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The cubic pancake graphs are Cayley graphs over the symmetric group Sym,, generated by three prefix reversals.
There is the following open problem: characterize all the sets of three prefix reversals that generate Sym,,. As the
largest prefix reversal of length n is always included in a triple, we give a complete solution of the problem when
any of the two smallest or the two largest lengths but n are included in a triple of prefix reversals. Moreover, some
conditions implying a triple of prefix reversals does not generate Sym,, are considered. Computational results on the
diameter and the girth of some cubic pancake graphs are presented, and conjectures for future research are formulated.
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1 Introduction

A classical and celebrated resultDixon| (2005) states that two random permutations of a set of n elements
almost surely generate either the symmetric or the alternating group of degree n, and similar results hold
when more generators are considered. In particular, the symmetric group can always be generated by
the transposition (1 2) together with the n-cycle (1 2 3...n). Two well-known generating sets of n — 1
transpositions are the Coxeter generators {(i (¢ + 1)) | 1 < 4 < n} and the star generators {(14) | 1 <
i < n} which give rise to two Cayley graphs known respectively as the bubble-sort graph and the star
graph (see Johnson| (1963); [Friedman| (2000); |/Akers and Krishnamurthyl| (1989); [Konstantinova) (2008)).
In convex geometry, the bubble-sort graph is known as a 1-skeleton of the permutahedron Thomas|(2006)).
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The Coxeter generators play an important role in computer science Johnson| (1963)); Knuth| (2011), knot
theory Birman and Brendle| (2005)), and the theory of reflection groups and Coxeter groups Humphreys
(1992). The above two generating sets of transpositions were considered in Kompel makher and Liskovets
(1975); [Slater| (1978) where more general result was proved. Namely, it was shown that if an arbitrary
generating set of the symmetric group of degree n is given by transpositions then one can generate all 7!
permutations with no repetitions which leads to a hamiltonian cycle in the corresponding Cayley graph.

The symmetric group Sym,, is also generated by a set of n — 1 involutions known as prefix reversals,
defined by

1 2 oot —=1 9 9+1 ... n
”‘(i i—1 .2 1 i+l .. n) M
where 1 < 7 < n. The action of r; is to reverse the order of the first ¢ elements while leaving the
remaining n — ¢ elements fixed. Equivalently, r; is the product of |i/2] disjoint transpositions, r; =
(L6)(2 (i —1))--- ([§/2) (i + 1 [i/2])).

The Cayley graph generated by the set {ra,73,...,7,} is called the pancake graph, denoted by P,,.
The pancake graph is famous because of the long-standing open problem, known as the pancake problem
which asks for the diameter of P,, [Dweighter| (1975). The girth of a graph I" refers to the length of the
shortest cycle of I, and the circumference of T" refers to the length of the largest cycle in I'. Moreover,
T is said to be weakly pancyclic if T has a cycle of length ¢ for all g(T') < ¢ < ¢(T'), where g(T')
and ¢(T") refer to the girth and circumference of T', respectively. Since the pancake graph is weakly
pancyclic | Kanevsky and Feng| (1995); Sheu et al.[(2006) (in fact, a larger family of graphs that include
Pn, called the generalized pancake graphs, are known to be weakly pancyclic|Blanco et al.|(2019)); Blanco
and Buehrle|(2023))), this problem remains difficult to resolve.

Our interest lies in describing sets of three prefix reversals that generate the entire symmetric group
Sym,,.

The importance of fixed-degree pancake graphs, in particular, cubic pancake graphs as models of net-
works was shown in |Bass and Sudborough| (2003). The authors of that work considered cubic pancake
graphs as spanning subgraphs of the pancake graph P,, and they identified the following combinatorial
necessary conditions for a triple of distinct prefix reversals {r;,r;, 7} to generate the symmetric group
Sym,,:

(1) One of the prefix reversals must be r,,, since otherwise no element can be moved to or from position
n.

(2) One of the prefix reversals, say r;, must satisfy [n/2] < i < n, since otherwise if we take g €
(rp,7j,7r;) with i < j < n/2, and if w < v < j then either g(u) < n/2 and g(v) < n/2 or
g(u) > n/2 and g(v) > n/2. Thus, in this case, 2-transitivity is lost, while Sym,, is known to be
2-transitive in its natural action for each n. Moreover, if n is odd, then ¢ > [n/2] since otherwise
[n/2] will remain fixed.

(3) Atleast one prefix reversal must have an even index, since otherwise no element can be moved from
an odd-numbered position to an even-numbered position.

(4) At least one prefix reversal must be an odd permutation, since otherwise the generated group con-
sists only of even permutations.
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(5) The indices must satisfy the condition ged (i, 7, k) = 1. Otherwise, if ged(4, j, k) = £ > 1 then the
elements of {1,2,...,n} are partitioned into blocks of £ consecutive positions that can never be
separated. In particular, at least one index should be odd.

Remark. Originally, in[Bass and Sudborough! (2003) the authors formulate Observation (5) as follows:
The generating set must contain at least two prefix reversals with relatively prime indices. Of course, if
this holds then gcd(i, §, k) = 1. The converse does not hold. Indeed, if i = 15, j = 12 and k = 10 then
ged(i, §) = 3, ged(4, k) = 2, and ged(i, k) = 5, however ged(i, 4, k) = 1. Moreover, it is easy to check
that <7’15, T12, 7‘10> = Sym15.

The above necessary conditions are not sufficient, however, they can be used to help guide the search
for generators. In particular, in |[Bass and Sudborough| (2003) it was shown that the symmetric group is
generated by the following six sets: {ry,r,—1,72} for any n > 4; {r,,r,_1,73} for any odd n > 5;
{rn,"n-1,"n—2} forany n > 4; {r,,rn_1, 7,3} for any odd n > 4; {r,, r,—2,r3} for any even n > 6;
and {r,,r,—2,7,—3} for any n > 5. The authors have used the following approach. For each of the sets
above, it was shown that the set can simulate the three generators of the shuffle-exchange permutation
network generated by the following three permutations written in cycle notation: (12 ... n— 1 n) (right
shuffle), (nn—1 ... 2 1) (left shuffle), and (1 2) (transposition of the first two elements). Using the same
approach, it was shown in|Son|(2022)) that the set {r,,,7,,—2, 72} for any odd n > 5 is also a generating
set of the symmetric group.

The set {7, n—1, "n—2} is known as Big-3 flips, and the corresponding cubic pancake graph generated
by this set is called the Big-3 pancake network|Sawada and Williams| (2016) for which it was conjectured
that there exists a cyclic Gray code. The girths and the diameters of the cubic pancake graphs generated
by the above seven sets were studied in |[Konstantinova and Son|(2022) and |Chervov et al.| (2025]).

1.1 Our contributions

In this paper, we focus on the following three problems.
Problem 1. Are there other generating sets of three prefix reversals for the symmetric group?

Problem 2. What are other necessary conditions for the set of three prefix reversals to generate the
symmetric group?

Problem 3. What are sufficient conditions for the set of three prefix reversals to generate the symmetric
group?

In addressing Problem 2] we prove the following assertions.
Proposition 1. Let 2 < k <n —1 <nandn > 3k + 1. Ifl > 2k + 1 then (ry, 7p—1, 1) < Sym,,.
Proposition 2. Letn > 6 and [ > k + 1. If [ divides n + 1 then (r,,, r,,_;, 7%) < Sym,,.

In addressing the above problems, we obtain the following four classification results.

Theorem The set {ry,, "m, T2}, with2 < m < n andn > 4, generates Sym,, if and only if one of the
following conditions holds:

(i) nisevenand m =n — 1,
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(it) nis odd and

(a) me{n—1,n—2}ifn=2 (mod 3) orifn =0 (mod 3);
) me{n-3,n—2,n—1}ifn=1 (mod 3).

Theorem The set {ry,rn_1,7k}, with 2 < k < n — 2, generates Sym,, if and only if one of the
following conditions holds:

(2) If nis even and k is even;
(1)) n=3 (mod 4)and2 < k< n—2;

(#1) n =1 (mod 4) and k = 2,3 (mod 4).

Theorem@ The set {ryp, Tm,rs}, with2 < m < n, m # 3 and n > 5, generates Sym,, if and only if one
of the following conditions holds:

(4) nisevenand m =n — 2,
(75) me{n—3,n—1}andn =1,5 (mod 6);

(i4i) m=n—1ifn=3 (mod 6).

Theorem@ The set {rp,Trn—2,7r}, with2 < k <n — 2andn > 5, generates Sym,, if and only if k and
n are of different parity.

Narrative of the results. The four classification theorems above provide a complete answer when one
of the indices is close to either end of the range. For a generating triple containing 75 or 73, the other
non-r, prefix reversal must have one of the few lengths closest to n: only r,_1, r,_2, and, in certain
congruence classes, 7,3 can occur. The exact list is determined by 7 modulo 6. If the triple contains
rn—1 then generation is determined entirely by congruence conditions on n and the third index modulo 4.
If the triple contains r,,_o the criterion is particularly simple: the third index and n must have opposite
parity. Thus, in each of these four broad families, the question of whether three prefix reversals generate
Sym,, reduces to an explicit arithmetic test. The complete conditions are stated formally in Theorems 1
through 4.

Organization of the paper. In Section [2| we describe group theory techniques, including some de-
veloped by the authors, that provide necessary and sufficient conditions for some triple {r,, 7, 7} to
generate Sym,,, in particular, we prove Propositions 1 and 2. In Section [3] we present our main results
relating to triples of prefix reversals that generate Sym,,, in particular, we prove Theorems 1 through 4.
Moreover, we formulate conjectures in Section [4] for future research. More specifically, Conjecture 1
concerns the asymptotic number of generating triples, Conjectures 2 and 3 describe the apparent shift
phenomena, Conjecture 4 describes the triangular non-generating region, and Conjecture 5 concerns the
number of possible middle indices when the smallest reversal length is fixed. We finish with Section
where we discuss computational results relating to the cubic pancake graphs such as their diameters,
girths, and hamiltonicity.
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2 Preliminaries

The following notation is used. Let {2 denote the set {1,2,...,n}, and let Sym,, and Alt,, denote the
symmetric group and the alternating group of degree n, respectively. We use two notations for a permu-
tation 7, namely, a cyclic notation for an n-cycle 7 = (myms ... m,), where w(1) — 7(2), 7(2) — =(3),

., m(n) = 7(1), and a one-line notation 7 = [my 73 ... 7,], where (i) = m; for any 1 < ¢ < n. For
o, € Sym,,, we compose them using right-to-left multiplication, so o7 (i) = o (7 (7)) forany 1 < i < n.
It is easy to see that by (1) we have r,7,—1 = (1 2...n — 1 n). Further, if it necessary in our proofs we
consider cyclic permutations as a product of appropriate prefix reversals.

We now proceed to describe some tools from group theory that are used in the proofs of our results.
Let GG be a finite group acting on a finite set (2. The G-orbit of x € (2, or simply the orbit of x, denoted
by O(x), refers to the set O(x) = {g(z) : ¢ € G}. A G-invariant set is a union of G-orbits. The action
is said to be transitive on  if for each z,y € 2 there is g € G such that g(z) = y. A nonempty subset
B C Qs called a block of imprimitivity (or simply a block) for the action if for every g € G either
g(B) = Bor g(B) N B = &, where g(B) = {g(b) : b € B}. Moreover, the family {g(B) : g € G}
of translates of a block B forms a G-invariant partition of €2, called a block system. There are at least
two block systems for every action: {x} for z € € and € itself, and one refers to these as trivial blocks.
The action of G on () is primitive if it is transitive and the only blocks are the trivial ones. Otherwise, a
transitive action is said to be imprimitive. Additionally, if H is a proper subgroup of G, we write H < G.

Main ideas in the proofs. The proofs use two recurring strategies.

1) To show that a triple does not generate Sym,,, we identify an invariant set of positions or a nontrivial
block system, thereby proving that the generated group is intransitive or imprimitive while Sym,, is known
to be primitive in the natural action on the set €.

2) To prove that a triple does generate Sym,,, we construct explicit cycles, transpositions, or 3-cycles as
words in the prefix reversals and then apply standard generation criteria for the symmetric and alternating
groups.

This division between obstruction arguments and explicit generation arguments provides a common
structure for the case analysis in Section [3]

In our proofs, we utilize a few results from group theory regarding generating sets of Sym,,.

Lemma 1 ((Wielandt, 1964, Theorem 13.3)). Let H < Sym(Q2) = Sym,, be a permutation group acting
naturally on the set Q = {1,...,n} such that there exists a transposition h € H. Then H = Sym(Q) if
and only if H is primitive on S).

The following fact is well-known, see, for example, (Iradmusa and Taleb| 2018, Theorem 1.1).
Lemma2. H=((12... n),(abd)) =Sym,, 1 <a<b<n, ifand only if gcd(b — a,n) = 1.

A more general result relating to generating sets of Sym,, formed by one n-cycle and one transposition
is proved in Janusz| (1992).
Lemma 3 ((Janusz, (1992, Corollary 4)). Let o be an n-cycle and T = (a b) be a transposition. Let q be
an integer satisfying c%(a) = b. Then {0, 7) = Sym,, if and only if gcd(q,n) = 1.

The following result proved in Iradmusa and Taleb| (2018)) is also used in our proofs.

Lemma 4 ((Iradmusa and Taleb| 2018 Theorem 1.3)). Let G be the permutation subgroup of Sym,,
generated by the n-cycle (12 ... n) and the 3-cycle (a bc) with1 < a < ¢ < b < n. Then,
(i) If n is even, then G = Sym,, if and only if gcd(b — a, ¢ — a,n) = 1.
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(i1) If n is odd, then G = Alt,, if and only if ged(b — a, ¢ — a,n) = 1.

We furthermore develop tools to detect when the action of {(r,,, 7, ) on {2 is intransitive, from which
it follows that (7, 7y, 7) < Sym,,.

2.1 Intransitive actions
Proposition 1. Ler2 < k<n—Il<nandn >3k+ 1 Ifl > 2k+ 1then H = (rp,rp_;, %) < Sym,,.

Proof: Let
o ={1,....k}Ur,({1,.. ., kD) ={1,.. ..k} U{n—k+1,...,n}.

Then |®| = 2k and ® is an (r,,, 7 )-invariant set. Let
A={teQ:t=s (modl)forse ®}.

We claim that A is a proper H-invariant subset of €2 (i.e., A is a union of H-orbits). Indeed, let x = s
(mod 1), where s € ®. We have x = s+w- forsome w and r, () = n—z+1 =n—s+1—w-l = n—s+1
(mod 1), and n—s+1 =r,(s) € ©. Ifx < kthenry(z) = k+1—2 = k—s+1—w-l = k—s+1 (mod 1),
andk—s+1=rg(s) € ®;ifx > kthenry(z) =z. fx <n—Ilthenr,_(z) =n—z—I1+1=r,(z)
(mod 1), otherwise 7, —;(z) = x. Thus, A is a union of H-orbits. Moreover, since |®| < [ we see that A
is a proper subset of (2. Thus, H < Sym,,. O

We illustrate this Proposition 1 by the following example.

Example 1. Taken =151 =5, andk =2. Then Q = {1,2,...,15},2<k<n—-Il<nn>3k+1,
and | = 2k + 1. Consider H = (r15,710,172). Following the construction in the proof of Proposition 1,
let

& = {1,2} Ur5({1,2}) = {1,2,14,15}.

The set @ is an (ri5,r2)-orbit. Modulo 5, the elements of ® represent the residue classes {0,1,2,4}.
Therefore

A={2xeQ:2=0,1,2, ord (mod?5)} =
= {1,2,4,5,6,7,9,10,11,12, 14, 15}.

Its complement is Q\ A = {3, 8, 13}. Notice that r15(A) = r10(A) = r2(A) = A, and so A is invariant
under all three generators of H. Thus, H is intransitive on Q) and consequently (115,710, 72) < S1s.

Not all examples of proper H-invariant subsets follow the construction from the proof of Proposition 1
as the following example illustrates.

Example 2. Consider the prefix reversals of lengths 2, 13, and 18 in Sym;g with Q = {1,2,...,18}.
In the notation of the proposition, we take n = 18,k = 2,n — 1 = 13, and hence | = 5 = 2k + 1.
Furthermore, let us consider the subset A = {4,5,9,10,14,15} C Q. Note that each of the three
generators preserves A as a set. Indeed, we have:

rs(A) = {15,14,10,9,5,4y = A and ri3(A) = {10,9,5,4,14,15} = A,



Generating the symmetric group by three prefix reversals 7

where r13 fixes 14 and 15. Moreover, 14 fixes every element of A\, since all of its elements are greater than
2. Consequently, A is invariant under H = (r1g, 713, 7'2).

Equivalently, beginning with the identity permutation and applying any sequence of these three prefix
reversals, the values 4,5,9,10, 14,15 must collectively occupy the positions 4,5,9,10,14,15. Thus,
every resulting permutation has the following form in one-line notation:

[x x xab x * x cd x x x ef x kx|, with {a,b,c,d,e, f} ={4,5,9,10,14, 15},
where the entries denoted by % are the elements of Q \ A. Since A is a nonempty proper H-invariant
subset of S, the action of H is intransitive. Therefore, H < Sym,g.

Similarly, we have the following proposition.
Proposition 2. Let H = (ry,,r_;,7%) forn > 6 andl > k + 1. If | divides n + 1, then

A = {t:ldividest}
is a proper H-invariant subset of Q2 (i. e., A is a union of H-orbits), therefore H < Sym,,.
Proof: If [ divides n + 1 and [ divides ¢ then r4(¢) = i, [ divides r,(i) = n — i + 1 and [ divides
Tn—i1(i) =n —1—1+ 1. So, H preserves A. O

We illustrate this proposition by the following example.

Example 3. Consider the prefix reversals of lengths 2, 8, and 11 in Symy,, with Q = {1,2,...,11}. In
the notation of the proposition, we haven = 11, k =2, n—1 =8, s0l = 3. Thus, L = k+1landl | n+1.
The corresponding subset is as follows:

A={teQ:3]|t} =1{3,6,9}.
Each of the three generators preserves A as a set. Indeed, we have:
r11(A) ={9,6,3} = A and rs(A)=1{6,3,9} = A.

Finally, ro fixes each element of A since all three elements are greater than 2. Hence, A is invariant
under H = (r11,r8,732).

Equivalently, beginning with the identity permutation and applying any sequence of these prefix re-
versals, the values 3, 6, and 9 must collectively occupy positions 3, 6, and 9. Thus, every resulting
permutation has the following form:

[* x @ x xb * xc x x|, where {a,b,c}={3,6,9},
where the entries denoted by x are the elements of 2\ {3, 6, 9}. Since A is a nonempty proper H-invariant

subset of S, the action of H is intransitive, and therefore H < Sym,;.

Since 7, for k € {2,3} is a transposition, by Lemma |I| we have H = Sym,, if and only if H is
primitive on 2. The following two lemmas are useful to establish which actions of the groups of the form
(Pn, m, Tr), With k < m < nand k € {2, 3} acting naturally on €2, are intransitive.

Lemma 5. If the set {r,,rm, 2}, where n > 7 and 2 < m < n, generates Sym,, then m > n — 4.
Furthermore, if n is odd then m > n — 3.



8 Blanco, Golubyatnikov, Konstantinova, Maslova, and Nikiforov
Proof: Let d = n — m and consider the following union of residue classes modulo d:
A={zeQ:z=1,2,n—1,orn (modd)}.

We claim that A is invariant under H = (r,, r,,, 72). First, notice that r swaps 1 and 2 and fixes every
element greater than 2 so it preserves A. Now let ¢t € {m,n}. If x > ¢ then r,(x) = x and there is
nothing to prove. If x < ¢ then r(x) =t + 1 — x. Moreover, since m = n (mod d) then we have:

ri(z)=n+1—z (mod d).

The involution s — n + 1 — s (mod d) permutes the four residue classes defining A. Thus, 7, and r,,
preserve A proving that A is H-invariant.

If d > 5 then A consists of at most four of the d residue classes modulo d. Since d < n then every
residue class modulo d occurs among the elements of 2. Hence, A is a proper nonempty H -invariant
subset of €2, so H is intransitive. Therefore, if H = Sym,, then d < 4 or equivalently m > n — 4.

It remains to consider the case d = 4. In this case the residue classes defining A are 1,2,n — 1,n
(mod 4). If n = 1 (mod 4) then they are 0,1,2 (mod 4), while if n = 3 (mod 4) they are 1,2, 3
(mod 4). Thus, when n is odd and d = 4, the set A is again a proper H-invariant subset, so H is
intransitive. Consequently, if n is odd and H = Sym,, then d < 3 which is equivalenttom > n —3. O

Lemma 6. Suppose thatn > 6, n =2 (mod 3) and m = n — 3. Then (r,,rn—3,72) < Sym,,.

Proof: Notice that m = n = 2 (mod 3). Let A = {z € Q : 2 #Z 0 (mod 3)}. We claim that A is
invariant under H = (ry,,7,_3,72). Indeed, lett € {n,n —3}. If z < tthenr(z) =t+1—2 = —x
(mod 3). So, r; swaps the residue classes 1 and 2 modulo 3. If > ¢ then r;(z) = =. Hence, both 7,
and r,,_5 preserve A. The reversal ry also preserves A. Since 3 ¢ A then the set A is a proper subset of
Q. Thus, H is intransitive, and consequently (r,,, 7,3, 72) < Sym,,. O

Similarly, we have the following lemma.

Lemma 7. If the set {r,,rm,r3}, where 3 < m < n and n > 8, generates Sym,, then m > n — 4.
Furthermore, if n is odd then m > n — 3.

Proof: The proof is analogous to that of Lemma As before, take d = n — m and consider A = {x €
[n]:x=1,3,n—2,n (mod d)}. As above, we prove that the set A is invariant under (r,, 7y, r3). O

3 Main results

We now re-state and prove the main theorems.
3.1 Casek=2

Theorem 1. The set {ry, 7, r2}, where 2 < m < n andn > 4, generates Sym,, if and only if
(i) nisevenand m =n — 1, or

(ii) n is odd and
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(@) me{n—1,n—2}ifn=2 (mod 3) orifn =0 (mod 3), or
(b)) me{n—-3,n—2,n—1}ifn=1 (mod 3).

Proof: The cases with n < 7 are easily verified to hold. So, we assume that n > 7. The case m = n — 2
was studied in |Son| (2022), where it was proved that H = (r,,7,_2,72) = Sym,, for any odd n > 5,
and the case m = n — 1 was considered in [Bass and Sudborough| (2003)) where it was shown that H =
(rm,Tn—1,72) = Sym,, for any n > 4. Thus, we can assume that m < n — 3.

If n is even then m > n — 4 by Lemma E} Moreover, not all three prefix reversals can have an even
index if they generate Sym,, (see Observation (5) in the Introduction); therefore, the only possible value
remaining for m is n — 3. If n is odd then by LemmaE]we have m > n — 3. Thus, all that remains is the
casem =n — 3.

If n =0 (mod 3) then the set

Bo={3a+b:1<b<3}with0<a<n/3-1

forms a non-trivial block system of (r,,r,_3,r2) acting on €. Hence, (r,,r,—3,72) < Sym,, by
Lemmal[ll

If n =2 (mod 3) then Lemmal6] gives that (r,,, r,_3,r2) < Sym,,.

If n =4 (mod 6) then the set

By ={6a+b,6a+b+1,6a+b+2:a>0}withd € {0,3}

forms a non-trivial block system of (r,,r,_3,72) acting on Q. Therefore, (r,,,r,_3,7r2) < Sym,,.
If n =1 (mod 6) then r,r,_372 is the n-cycle as follows:

c=(15811... (6s—1)36912 ... 652471013 ...(6s+ 1)),

where s = |n/6]. To see this, notice that 7,7, _372(1) = 5, r,, 7, —372(2) = 4. Since r9 fixes every ¢ with
3< i< n—3thenr,r,_srs(i) = i+3for3 < i < n—3. Moreover, r,1,_3r2(n—2) = r,(n—2) = 3,
Tnrn—3rae(n —1) =r,(n—1) = 2, and r,,r,_372(n) = r,(n) = 1. Thus, the following holds:

5, ifi=1;
L ifi = 2;
TnTn—3r2(1) =
2 i+3, if3<i<n—3

<
n+1l—i ifn—2<i<n.
From this, starting with 1 we have:
1-5—=28—=11—---—=6s—1=n-—2,
and starting with n — 2 one can continue as follows:
n—2—-3—-26—=---—=6s=n—-1,
such that starting with n — 1 we get the following chain:

n—-1-52—-4—-7—->10—.---—=>6s+1=n.
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Thus, finally we have n — 1 which gives the sought permutation o.

From the previous computation, notice that (7,7, _372)?*(1) = 3, and so we have (r,r,,_37r2)(1) =
(rnrn_3re)?*(3) = 2. Moreover, ged(4s,n) = ged(4s,6s + 1) = 1. Since 7o = (1 2) it follows that
(Fn,Tp—3,72) = Sym,, by Lemma[3] O

3.2 Casem=n-—1

Theorem 2. Let H = (ry,,rp_1,7k), where 2 < k < n —2andn > 4. Then H = Sym,, if and only if
(1) nis even and k is even, or
(75) n=3 (mod 4) and2 < k <n—2, or

(#1) n=1 (mod 4) and k = 2,3 (mod 4).

Proof:
Consider the following two permutations:

R=(012...n—1n)=ryrp_1=L""1,
L=mn-1...21)=r,_1r, =R .

By direct computations, we obtain the following 3-cycle:
o =ryRriyRriLriyL = (1 k k + 2).
We have:
1, if nis odd;
d=ged(k—1,k+1,n) =ged(2,k+1,n) = ¢ 1, ifnisevenandk is even;
2, if nis even and k is odd.

Let H, = (L,0) < H. By Lemmald] H; > Alt,, if and only if d = 1.

Let us show that if d = 2 then H; and H are imprimitive.

If n is odd then H; > Alt,,. If n = 3 (mod 4) then r,, € Sym,, \Alt,, and, therefore, Alt,, < H =
Sym,,. If n =1 (mod 4) then r,,r,—1 € Alt,, and r & Alt,, if and only if £k = 2,3 (mod 4).

If both n and k are even then H > H; = Sym,, by Lemma

It remains to show that in the case of even n and odd & the group H is imprimitive. Let D = (L, r,,) <
H. Then D is isomorphic to the dihedral group Ds,, of order 2n, and we claim that the following two
sets:

Bi={t|t=1 (mod2)}andBy={t|t=0 (mod2)}

are blocks of imprimitivity of D. Indeed, L(B;) = B; and r,,(B3;) = B; for j € {1,2} \ {i}. Now we
claim that r; and 7,,_1 also preserve blocks 3 and Bs. Indeed, since both k£ and n — 1 are odd then
ri(B;) = B; and r,_1(B;) = B, for each i € {1,2}. Thus, {B1, B2} is a non-trivial block system of H
acting on €2, and so H < Sym,,. O
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3.3 Casek=3

Theorem 3. The set {r,,,Tm,r3}, with2 < m < n, m # 3 andn > 5, generates Sym,, if and only if
one of the following conditions holds:

(i) nisevenand m =n —2;
(i) me{n—-3,n—1}andn =1,5 (mod 6);
(#i1) m=n—1ifn=3 (mod 6).

Proof: The case {r,, 73,72} is covered by Theorem 1, and the only triple which generates Sym,, in this
caseis {rs, 3, 72} when n = 5. Thus, one can assume that 75 is not included in a triple of prefix reversals.
The cases n < 8 are easily verified by direct computation, therefore we can assume thatn > 9.

By Lemma [/} it follows that m > n — 4. Moreover, it was shown in [Bass and Sudborough| (2003))
that (ry, r,_2,73) = Sym,, for any even n > 6 and (ry,7,_1,73) = Sym,, for any odd n > 5. These
establish all the sufficient conditions except m = n — 3.

Let us consider the case m = n—4 and n even, for which we show that (r,, 7,4, 73) < Sym,,. Notice
that n must be congruent to 0 or 2 modulo 4. If n = 0 (mod 4) then the set

B, ={4a+ 1,40+ 2,4a+3,4a+ 4} with0 < a<n/4—-1

forms a non-trivial block system of (r,,, 7,,_4, r3) acting on €.
Additionally, if n = 6 (mod 8) then the set

Bi={8a+b:a>0and0<b<3}

along with the set
By ={8a+b:a>0and4 < b7}

form a non-trivial block system of (r,,, 7,,_4, r3) acting on 2.
Finally, if n = 2 (mod 8) then the set

By ={8a+b:a>0andbe {1,3,4,6}}

along with the set
By={8a+b:a>0andbe {0,2,57}}

form a non-trivial block system of (r, r,,_4,73) acting on §2. Thus, (ry,,r,_4,73) < Sym,, by Lemma

Furthermore, if n is even then both n — 1 and n — 3 are odd. Therefore, (ry,r,—1,73) < Sym,, by
Theorem where in its proof it is shown that (r,,,r,,_1,r3) is imprimitive. For the case {r,, 73,73},
consider the partition B,, BB, of ), where B, = {2,4,...,n} and B, = {1,3,...,n—1}. Itis easy to see
that {B,, B.} is a nontrivial block system. Indeed, since 73 and r,_3 are odd-indexed they preserve the
blocks; furthermore, r,,(B.) = B,. Thus, (ry,,r,—3,7r3) < Sym,,.

Now let us suppose that n is odd. By Lemma [/| it follows that m > n — 3. If m = n — 2 then
{"n,rn—2, 73} cannot generate Sym,, since all the numbers 3, n — 2 and n are odd (see Observation (3) in
the Introduction). Thus, the only remaining values to consider are m = n — 1 and m = n — 3. Moreover,
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if n =3 (mod 6) then {r,, 7,—3, 73} cannot generate Sym,, since gcd(n,n—3,3) = 3 (see Observation
(5) in the Introduction).

Again, we know that (r,,, r,_1,73) = Sym,, for all odd » > 5 [Bass and Sudborough| (2003). We are
now only left with the cases n = 1,5 (mod 6) and m = n — 3, and we now proceed to show that all of
these generate Sym,,.

If n =1 (mod 6) then r,r,_3r3 is the n-cycle as follows (the proof is similar to that in Theorem 1):

= (16912 ...6s25811 ... (6s—1)34710 ... (6s+1)),

where s = |n/6]. To see this, we observe that r,,7,,_37r3(1) = 6,7,7,_373(2) = 5, and r,r,_373(3) = 4
using right-to-left composition. Since r3 fixes every ¢ with 4 < ¢ < n — 3 then we have 7,7, _3r3(i) =
TaTn—3(i) =rp(n—2—1) =i+ 3for4 < i< n—3. Moreover, 73 and 7,3 both fix {n —2,n—1,n},
and hence 7,7, —373(n — 2) = r,(n — 2) = 3, rprp_3r3(n — 1) = rp(n — 1) = 2, and r,ry—3r3(n) =
r(n) = 1. Therefore, we have:

6, ifi=1;

5, ifi =2
Tnrn—3rs(i) = < 4, ifi = 3;

i+3 ifa<i<n—3

1<
n+l—i, ifn—2<7<n.
Starting with 1, we obtain the following chain:
1-6—-9—-12—---—>6s=n-—1,
where the cycle can be continued as follows:
n—-1-2—-5—-8—=>11—.-.-—=6s—1=n-—2,
and further as follows:
n—2—-3—-4—->7—-10—>---—6s+1=n.

Thus, finally have n — 1 which gives us the sought n-cycle .

Notice that 01°(1) = 3 and ged(4s,n) = ged(4s,6s + 1) = 1. Thus, since r3 = (1 3) then by
Lemmathe set {ry, "n—_3, 73} generates Sym,,.

Similarly, if » = 5 (mod 6) then r,7,_3r3 is the following n-cycle:

o9=(16912 ... (6s+3)34710 ... (6s+4)25811 ... (6s+5)),

where s = |n/6]. To see this, we observe that r,,r,,—373(1) = 6,7,7,_373(2) = 5, and r, 1, _373(3) =
using right-to-left composition. Since r3 fixes every i with 4 < ¢ < n — 3 then we have 7,7, _37r3(i

)
Tnrn—3(i) =rp(n—2—14) =i+ 3ford <i < n—3. Moreover, r3 and 7,,_3 both fix {n —2,n— 1,n},
and hence r,7,_37r3(n — 2) = r,(n — 2) = 3, rprp_srz(n — 1) =rp(n — 1) = 2, and r,r,_3r3(n) =
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7, (n) = 1. Therefore, we have:

6, ifi = 1;

5, ifi =2
rpTn—3r3(i) = 1 4, ifi =3;

i+ 3, if4d<i<n-3,

U<
n+l—i, ifn—2<7<n.
Starting with 1, we obtain the following chain:
1+6—+9—=12— .- =6s+3=n—2.
Since n — 2 — 3 the cycle can be continued as follows:
n—2—-3—-4—-7—-10— .- —=>6s+4=n-—1,
and since n — 1 — 2 the cycle can be continued as follows:
n—1—-+2—=-5—=-8=11—=---—=6s+5=n.

Finally, n — 1 which gives the sought n-cycle os.

As before, o2°7(1) = 3 and ged(2s + 1,n) = ged(2s + 1,65 + 5) = 1. Hence, {1y, 7, 3,73}
generates Sym,, by Lemma 3] This completes the proof. O

3.4 Casem=n—2

Theorem 4. Let H = (rp,,rp_2,7k), with2 < k < n —2andn > 5. Then H = Sym,, if and only if n
and k are of different parities.

Proof: The cases k € {2, 3} were already handled in Theorems 1 and 3, respectively. Therefore, one can
assume that & > 3. We first establish the sufficient statement. Suppose n is even and k is odd. Then H
contains the following n-cycle:

oc=rporp,=(Mn—-2n—-4...2n—-1n-3... 31).
To see this, observe that the following holds:

n, ifi = 1;
o=rp_orp(i)=<n—1, ifi=2;
i—2, if3<i<n

Starting with n we obtain the chain:

n—-n—-2—-n—-4—=-..—=2.
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Since 2 — n — 1 the cycle can be continued as follows:
n—-1-n-3—-n-5—=3—=---—=1

Finally, we have 1 — n which gives the sought n-cycle o.
Since k is odd and k£ > 3 then for £ = 2m + 3 let us consider the following permutation:

k—3
p=(Tpn_arn) 2 rg =0"rg.

Fori > 2m+1 = k—2, applying o™ simply subtracts 2, m times; thus, we have p(1) = ¢™(2m+3) = 3,
p(2) = 0™ (2m +2) = 2 and p(3) = 0™ (2m + 1) = 1. Therefore, the restriction of p to the set {1, 2, 3}
satisfies the following:
pl{1,23y = (13).
Let4 <7 < n. Ifi <k then we have:
p(i) =0"rp(i) =c™(k+1—4)=c™(2m+4 —1),

and
o"(2zx)=n—-1-2(m—x), forl <z
<

c™2zx+1)=n—-2(m—x—1), for0

If ¢ is even then 2m + 4 — ¢ is even and the following holds:
c"2m+4—i)=n—-1-2m+2m+4—i=n+3—1i.
If ¢ is odd then 2m + 4 — ¢ is odd and the following holds:
c™2m+4—i)=n+5—1i.

If i > k = 2m + 3 then p(i) = ¢™ (i) = i — 2m. Thus, we have:

3, ifi=1;
2, ifi =2
1 ifi = 3;

n+3—i, if4d<i<kand:even;
n+5—1i, ifd<i<kandiodd;
1 —2m, ifk<i<n

Starting with 4 we obtain the chain:
4—-n—-1—=-n—-1-2m—=n—-1—-4m = --- = ay,
where a; € {4,...,k}anda; =n — 1 (mod 2m). Since n — 1 is odd then a; is odd and we have:

ap—n+d5—a >n+5—a—2m— - —ay,
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where as € {4,...,k}andas =n+5—a; =n+5—(n—1) =6 (mod 2m). Thus, we have the
following chain:
4—--->56—>---—>8—>---—=k—1

Since k — 1 +2=2m + 4 =4 (mod 2m) we continue as follows:
k—1—--- =4

It remains to observe that each interval @ — --- — a + 2 contains exactly 2m terms and all of them
belong to the same residue class modulo 2m, namely, the class containing n + 3 — a. Thus, all odd values
{5,7,...,k} occur in the sequence, and consequently p|;45.... »} is an (n — 3)-cycle.

Hence, the following two equations hold:

.....

(Facarn) T e = (13) (oo ),

((Tn—Qrvz)%rk)nig = (1 3)

Therefore, having the n-cycle r,,_o7, and the transposition (1 3) that swaps two adjacent entries in this
cycle, by Lemma 3} we have H = Sym,,.
Now, let us assume that n is odd and k is even. Then we have:

c=rporm=Mn—2n—-4...1)(n—1n—-3...2).
Indeed, since n is odd we have the following two chains:
n—-n—2-n—4—-...—=1->n

and
n—-1—-n-3—=-n-5—=-=2-=n-1

Since k is even and k£ > 2, we can set k = 2m + 2 and consider the following permutation:

k—

2
p= (rn—2Tn)Trk: = o™ry

with p(1) = 0™ (2m + 2) = 2 and p(2) = ¢ (2m + 1) = 1 which gives us:
plaay = (12).
Let 3 <7 < n. If ¢ < k then the following hold:
p(i) =omrp(i) =c™(k+1—1i)=0c"(2m+3 —1i)

and we have:
oc™2x)=n—-1-2(m—2x), forl <z <m

and
cm2zx+1)=n—-2m—-z—1), for0 <z <m—1.
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If 7 is odd then 2m + 3 — 7 is even and we have:
o"2m+3—i)=n—-1-2m+2m+3—i)=n+2—1.
If i is even then 2m + 3 — 7 is odd and we have:
c"2m+4—i)=n+4—1i.
If i > k = 2m + 2 then p(i) = 0™ (i) = ¢ — 2m. Hence, we have:

2, ifi=1;

1, ifi = 2;
p(i)=<n+4—1i, if3<i<kandieven;

n+2—i, if3<i<kandiodd;

i— 2m, ifk<i<n

It remains to show that the restriction of p to {3,4,...,n} is a single (n — 2)-cycle. Indeed, starting
with 3 we have the chain as follows:

3—-n—-1—=-n—-1-2m—-n—-1—-4m —--- = by,
where by € {3,...,k}andb; =n — 1 (mod 2m). Since n — 1 is even, we have b; is even and
by - >n+4—-by ->n+4-b-2m—->n+4—-by —4dm — --- — bo,

where by € {3,...,k}andbs =n+4—by =n+4— (n—1) =5 (mod 2m). Thus, finally we have
the following chain:
3= =252 27— =k-1=3.

It remains to see that each interval @ — - - - — a + 2 contains exactly 2m terms and all of them belong
to the same residue class modulo 2m, namely, the class containing n + 2 — a. Thus, all even values
{4,6,...,k} occur in the sequence, and consequently p|rs 4.... »} is an (n — 2)-cycle.

Thus, finally the following two equations hold:

(Fn—orn) T e =(12) (oo ),
—_————

(n—2)-cycle
E—2
((Tn—QTn)Trk')ni2 = (1 2)

Since the lengths of the two cycles in the permutation r,,_o7,, are coprime as they differ exactly by 1, it
follows that for any odd a and even b there is s € Z™ such that (r,7,_2)*(1 2)(rp_27,)° = (a b). Thus,
H contains the Coxeter generators of Sym,,, and therefore H = Sym,,.

For the necessary statement, notice that if both n, k£ have the same parity, then all generators of H
have indices that are all of the same parity. Therefore, by Observations (3) and (5) in the Introduction,
H < Sym,,. This completes the proof. O
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4 Conjectures and computational results
4.1 Generating sets

For a given n and a set {r,, 7,7k}, 2 < k < m < n, it is natural to ask the following question:
which fraction of pairs {r,,, r; } along with r,, generate the entire Sym,,? From computational results of
a numerical experiment over all pairs (m, k) for each 6 < n < 100, we have the following conjecture.

Conjecture 1. Let f(n) be the number of pairs (m, k) such that 2 < k < m < nand (ry, T, TK) =
Sym,,. Then

+n?+0(n) n=0 (mod4

);
in?+0(m) n=1 (mod 4);
)
)

(
(
fn) = (
(

5n?+0(n) n=2 (mod 4);

in?4+0(m) n=3 (mod4).

Figure [1|illustrates this conjecture. The plot displays the values of the function f(n) for all n < 100.
Four distinct subsets are highlighted, each corresponding to a residue class of n modulo 4. For each
subset, the best quadratic approximation with rational coefficients was computed using the Least Squares
Method. For every fitted curve, the parameters of the quadratic function and the Root Mean Square Error
(RMSE) metric are provided.

In addition, there seems to be a connection between the sets of triples generating the whole group
of degree n modulo 4 and modulo 2. Based on results of computational experiments for n < 100 the
following conjectures can be stated assuming that 2 < k < m < n.

Conjecture 2. If (1,7, 1) = Sym,, then (ry 4, "mid, Thta) = Sym,, 4.
Conjecture 3. Foranyn = 0,1 (mod 4), if (ry, "m, k) = Sym,, then (Ini2, "'my2, Tkyo) = Sym,, .

Conjecture 4. If m + k < n then (ry,"m, i) < Sym,,. Moreover, if n is odd and m + k < n — 1 then
Py Ty T) < Sym,,.

These conjectures arise naturally by visualizing the set of triples {r,,, 7., 7 } that generate the whole
group for a fixed value of n. Indeed, in Figure [2| and Figure |3} we plot the pairs (m, k) that generate
Sym,,. Then, to visualize Conjectures [2] and [3]in terms of these graphs notice that that triples seem to be
preserved by adding the same number to each of the indices. Moreover, Conjecture | can be seen as the
white triangle on the plots below the diagonal.

Both from Figures [2| and |3} one can see that for each “row” it is either “almost full” or contains only
half of the black dots. This observation along with other computational results gives us the following
conjecture.

Conjecture 5. Let
Fk(n) = {m ck<m< n, <Tn,rm7rk> == Symn}?

then

k+1, ifkiseven;

e, [Fk(m)] = {k;l if k is odd.
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Figure 1: Visualization of Conjecture I} The figure depicts the number f(n) of pairs (m, k) so that
Py T'm, Tk) = Sym,, for several values of n. Four colors are used representing the residue r of n modulo

4. The curves represent the best rational model (22 + w.

z+0)/q:

r = 0 (black): ¢ = 13, u = —0.5, v = 5, RMSE = 3.343;
r=1(green): ¢ =9, u =5, v = —45, RMSE = 12.132;
r =2 (blue): ¢ =10, u = —1,v = 0, RMSE = 11.408;

r=3(ed): ¢g="7u=3,v=—14, RMSE = 38.677.

Generating

Triples {ry, 7y, o5} for n =25 Generating Triples {ry, 7y, 45} for n =45 Gen -} forn =77
24 )
72
22
65
20
18 58
51
16 o
14 - 44 ik
< aan e 5k
12 j' 37 -
u | o
10 = [t | 30
o r L
8 T 23
o ] B nherited fom n = 25
6 101wl Inherited generating triples 1 e a"ullall 161 M Inherited from n = 45 (not n = 25
4| [ W Generating triples 6| | . New generating triples il of | New generating triples
) Non-generating triples Non-generating triples | Non-generating triples
e ——————————— 2

2 4 6 8 10 12 14 16 18 20 22 24

m

2

6 10 14 18 22 2
m

Figure 2: Visualization of Conjecture |2|to illustrate that
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as n grows, the previous triples are “preserved”

(mod 4). The left-most figure depicts all pairs (m, k) so that (r,, 7, ri) = Sym,,. These pairs give rise

to generating triples for n = 25 + 4 x 5 by adding 4

X 5 to each index, and these are depicted in the

middle figure (shown in black). There are other generating triples that are not inherited from the n = 45
case (shown in pink). The right-most figure is built similarly by adding 4 x 8 to each index for the triples

for n = 45. We see again that the previous pairs in bla
4 x 8 to each index.

ck and pink are preserved for n = 77 by adding
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Figure 3: Visualization of Conjecture [3|to show on how the n case is “embedded” to the n + 2 case. In
the first pictures in the left-most column, we depict all generating triples for n = 96. All of these triples
give rise to generating triples for n = 98 by adding 2 to each index (depicted in pink). The figures in the

right-most column are built in a similar fashion.
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Taken together, these conjectures suggest that the complete classification may have a periodic and
geometric description extending well beyond the four families settled in this paper.

For the interested reader, the code use to conduct the computations is available at the following link:
https://github.com/Luka5s5/prefix_reversal_triples.

4.2 Hamiltonicity, diameter, girth

One of the open problems on Cayley graphs is the conjecture stating that every connected Cayley graph
over a finite group has a Hamiltonian cycle. The conjecture was inspired by an open problem about Hamil-
tonicity of vertex-transitive graphs [Lovasz| (1970). Hamiltonicity of all 1939864 cubic Cayley graphs
on up to 5000 vertices is confirmed (see https://graphsym.net/). Computational experiments
showed that in the smallest case n = 7 that has not previously been verified (as 7! > 5000) there are eight
possible generating triples (n,m, k) as follows: (7,4,2), (7,5,2), (7,6,2), (7,4,3), (7,6, 3), (7,5,4),
(7,6,4), and (7,6, 5), and the corresponding cubic pancake graphs are Hamiltonian. Therefore, the fol-
lowing statement holds.

Statement 1. Any cubic pancake graph over the symmetric group of degree n = 4,5, 6,7 is Hamiltonian.

Moreover, diameters, girths and the shortest cycles were found for all cubic pancake graphs withn = 7,
and the results are summarized in Table[Il Let us note that Table [1] shows that for n = 7 the minimal
diameter among all the corresponding cubic pancake graphs are associated with the graphs whose gener-
ating triples are (7,6,4) and (7,6, 5). Meanwhile, girths of these graphs are different; indeed, the graph
generated by (7,6, 4) has the maximal girth and the graph generated by (7,6, 5) has the minimal girth
among them.

Additionally, for the Big-3 flips {7y, 7n—1,7n—2} it was conjectured in [Sawada and Williams| (2016)
that for any n > 4 the corresponding Big-3 pancake graph has cyclic Gray codes, which means it has a
Hamiltonian cycle. Due to our computational experiments the following statement holds.

Statement 2. The Big-3 pancake graph over the symmetric group of degree n = 4,5,6,7,8 is Hamilto-
nian.

Totally, for n = 8 there are five possible triples generating the whole group, namely, (8,7, 2), (8,6, 3),
(8,7,4), (8,6,5), and (8,7, 6). The data on diameters, girths and the shortest cycles of the corresponding
graphs are given in Table[2]

To represent the shortest cycles in Tableand Table we use their canonical forms C; =4, ... 715,
with taking the lexicographically maximal sequence of indices g .. .41, where 2 < i; < n, and 4; #
ij41 forany 0 < j < £ — 1. Contracted forms are also used in the tables such that (rarb)k corresponds
to the cycle Cy = rqry ... 747y, Where £ = 2k, a # b, and 7,1, appears exactly k times. A similar
notation is used for cycles of forms (7, ...7.)? and (rorpre)?, where (rq...7)% = (ra...7era .. .7¢)
and (rompre)t = (rarpreraroreratvrerarsre). For example, (r77¢74)* corresponds to a cycle of length
12 whose canonical form is C1o = (r77rgrarsrerarsrerarrers). All the forms presented in the tables
were obtained by Lemma 1 from |[Konstantinova and Medvedev|(2016)), Theorem 1.3 from |Konstantinova
and Medvedev|(2014), and computational experiments.

In Table 3] all generating sets are presented for the cubic pancake graphs that have minimal diameters
and girths among all possible cubic pancake graphs with a given n, where 4 < n < 10. As one can see
from the table, for any n > 6, the minimal girth is 8. These computational results are correlated with
theoretical results from |[Konstantinova and Son|(2022). All generating sets of the cubic pancake graphs
with maximal diameters and girths are given in Table[d]


https://github.com/Luka5s5/prefix_reversal_triples
https://graphsym.net/
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Graph diameter girth shortest cycles

(7.4.2) 20 8 (rar2)®, (rer2), (rerarsrs)?

(1.5.2) 20 8 (r5r2)", (rera2)?, (rersrrrs)?

(7,6,2) 18 8 (rer2)®, (r7r2)?,

(7.4.3) 20 8 (rars)*, (rerarors)?

(7,6,3) 16 8 (rer3)?

(7,5,4) 17 10 (rsr4)°, (r7rsrerarsryrarTsTy)
(7“67”4)6, (7”7T67“4)4,

. P rerarerargr)?, (revgrorerars)?

765 | 15 8 (rrrersrs)”

Table 1: Diameters, girths and shortest cycles for all cubic pancake graphs when n = 7. Cycles are
presented by their canonical and contracted forms.

Graph | diameter | girth shortest cycles
(8,7,2) 24 8 (r7r9)?

(8,6.3) 24 3 (rers)?

(8.7.4) 27 3 (rgra)?, (rgrarsrs)?
(8,6,5) 20 12 | (re75)°, (rsrersrsrsrs)?
(8,7,6) 16 8 (7"87“77“67“7)2

Table 2: Diameters, girths and shortest cycles for all cubic pancake graphs with n = 8, where cycles are
presented by their contracted forms.
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n | min diameter | min diameter min girth | min girth triples
triples
4 4 (4,3,2) 6 4,3,2)
5 7 (5,3,2), (5.4.2) 6 (5,3,2)
6 12 (6,5.2), (6,4.,3), 3 (6,5,2), (6,4,3), (6,5,4)
(6,5,4)
7 15 (7,6,4), (7,6,5) 8 (14,2, (1.5,2), (1,6,2),
(7,4,3), (7,6,3), (7,6,5)
8 20 (8,6,5) 8 (3,7,2), (8,6,3), (8,7.4),
(8,7,6)
9 23 9,6.4), (9,7,6) 8 9,7,2), 9,8,2), (9,8,3),
(9,6,4), (9,7,4), (9,8,7)
10 27 (10,9,6), (10,8,7) 8 (10,9,2), (10,8,3), (10,9,4),
(10,6,5), (10,8,5), (10,9,8)

Table 3: Minimal diameters and girths among all possible cubic pancake graphs generated by prefix-

reversal triples (n, m, k) for a given n, where n < 10and 2 < k < m < n.

n | max diameter | max diameter max girth | max girth triples
triples

4 4 (4,3,2) 6 (4.32)

5 8 (5:4.3) 8 (54.2), (54.3)

6 12 (6,5,2), (6,4,3), 8 (6,5,2), (6,4,3), (6,5,4)
(6,5.4)

7 20 (7,4,2), (1,5,2), 12 (7,6,4)
(7,4,3)

8 27 (8,7,4) 12 (8,6,5)

9 42 9,7,2) 12 9,6,5), (9,7,6), (9,8,6)

10 39 (10,9,2), (10,8,3) 16 (10,8,7)

Table 4: Maximal diameters and girths among all possible cubic pancake graphs generated by prefix-

reversal triples (n, m, k) for a given n, where n < 10and 2 < k < m < n.
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