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In an effort to further understanding g, ¢-Catalan statistics, a new statistic on Dyck paths called depth was proposed in
Pappe, Paul and Schilling (2022) and was shown to be jointly equi-distributed with the well-known area statistics. In
a recent preprint, Qu and Zhang (2025) generalized depth to so-called “E—Dyck paths”. They showed that area and
depth are also jointly equi-distributed over such paths with a fixed multiset of up-steps and a given first up-step, and
they conjectured that the same holds when also fixing the last up-step. In this short note, we settle this conjecture on
the more general context of Lukasiewicz paths by interpreting area and depth under the classical bijection between
Lukasiewicz paths and plane trees, through which the symmetry is transparent.
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1 Introduction

The study of ¢, t-Catalan polynomials C(g, t) started from two combinatorial formulas of the bi-graded
Hilbert series of the subspace of alternants in the diagonal coinvariant space with two sets of variables,
both describing Dyck paths of a given size with two jointly equi-distributed statistics: with area and
bounce by |Haglund| (2003), and with dinv and area by Haiman. The two pairs of statistics are related
by the famous zeta map (Andrews, Krattenthaler, Orsina, and Papil, [2002)) (see also (Ceballos, Fang, and
Miihlel 2020) for a simpler definition). For more details, readers are referred to|Haglund| (2008)).

From the algebraic definition, it is trivial that the g, ¢-Catalan polynomials are symmetric in ¢ and t.
However, on the combinatorial side, it is totally mysterious, with no bijective explanation known. In
an effort to better understand combinatorially the related statistics, [Pappe, Paul, and Schilling (2022)
proposed another statistic depth on Dyck paths and found that it is also jointly equi-distributed with
area by exhibiting an involution exchanging area and depth. The ¢, t-polynomial C(g, t) defined with
area and depth, which is different from the classical C(gq, t), is thus also ¢, t-symmetric.

There are many generalizations of the g, t-Catalan polynomials, usually defined on generalizations
of Dyck paths, sometimes with an algebraic motivation, but not always. For instance, Xin and Zhang
(2023)) considered in the so-called E-Dyck paths, on which they introduced the three classical statistics
dinv, area and bounce, although without direct algebraic supporting background. They then defined
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a generalized ¢, t-Catalan polynomial C)(q,t) on E-Dyck paths using these generalized statistics and
studied their properties. Unfortunately, C (g, t) is not g, t-symmetric in general.

In search for generalizations of the ¢, t-Catalan polynomials defined on E-Dyck paths with better g, t-
symmetric properties, [Qu and Zhang (2025) generalized the depth statistics from Pappe, Paul, and
Schilling| (2022) to E—Dyck paths. They defined a generalization of the area-depth ¢, t-polynomial
C (g,t) to k-Dyck paths with a given multiset M of up-steps, denoted here by C M (g, t). They also de-
fined variants of C (g, t) with extra conditions on the first and/or the last up-step. They then showed
bijectively that the variant of 5’M(q, t) fixing the first up-step is ¢, t-symmetric, and they conjectured that
it remains ¢, t-symmetric even when also fixing the last up-step. The main result of this short note is
a proof of this conjecture for Lukasiewicz paths, which generalize k-Dyck paths by allowing horizontal
steps. Precise definitions of notations are postponed to later sections.

Theorem 1.1 ((Qu and Zhang;, 2025, Conjecture 1.4)). We define 5'[17 Mb(q,t) as a sum over Eukasiewicz
paths P with the first (resp. last) up-step of degree a (resp. b) and M the multiset of the degrees of other
up-steps:
éa,M,b(qa t) _ Z qarea(P)tdepth(P) )
P

Then éa}M,b(q, t) is symmetric in q,t, i.e., aL,M,b(q, t) = 6a,M,b(t, q).

Our proof relies essentially on the observation that both statistics area and depth on Lukasiewicz
paths can be interpreted naturally over the classical bijection between Lukasiewicz paths and plane trees.

The rest of this article is organized as follows. We lay down the definitions of Lukasiewicz paths, the
statistics area and depth and the related polynomials in Section[2] Then we revisit the classical bijection
between Lukasiewicz paths and plane trees in Section 3] along with how area and depth are transferred
to plane trees. Finally, in Section [d] we show how to obtain ¢, t-symmetry results using simple bijections
in a transparent way.

Acknowledgment We would like to thank the anonymous reviewers for their helpful comments. This
work is not supported by any funding with a predefined goal, but by the publicly funded laboratory LIGM
of Université Gustave Eiffel.

2 tukasiewicz paths and its statistics

Lukasiewicz paths are lattices paths in Z? with steps of the form (1, k) with k¥ > —1 that go under the x-
axis only at the last step, which is always (1, —1). We denote by L the set of Lukasiewicz paths. Figureﬁ]
shows an example of Lukasiewicz paths. For the ease of notation, we denote by D the only down-step
(1,—1), and Uy, the up-step (1, k) for & > 0, and we say that Uy, is of degree k. The degree profile (or
simply profile) of a Lukasiewicz path P, denoted by Pr(P), is the sequence of degrees of up-steps in P
from left to right. In this case, the profile multiset of P, denoted by M(P), is the multiset of entries in
Pr(P). For a finite multiset M of natural numbers, we denote by M}, the multiplicity of & in M, and
we write M = [0Mo 1M1 2M2 ] while only listing elements in M. We note that k-Dyck paths, the
family of paths studied by |Qu and Zhang| (2025)), first introduced by |Xin and Zhang| (2019)), are simply
Lukasiewicz paths with Pr(P) = k without any 0 and with the last down-step removed.

We now introduce the statistics we consider on Lukasiewicz paths, which is a simple generalization of
those from |Qu and Zhang| (2025)) for E-Dyck paths.
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Pr(P) = (4,2,1,2,3,1,0,3,5,1,2,0,1) M(P) = [02,13,23,32 41, 51]
Area(P) = (0,3,5,5,4,2,3,0,1,2,3,0,0) area(P) = 28
Depth(P) = (0,1,1,2,2,2,2,4,6,10,10,7,7) depth(P) = 54

Fig. 1: Example of a Lukasiewicz path, with its statistics area and depth.

Definition 2.1. Given a Lukasiewicz path P, its area vector Area(P) is the vector whose i-th entry is the
y-coordinate of the starting point of the i-th up-step of P. The area of P, denoted by area(P), is the sum
of all entries in Area(P). See Figure|I|for an example.

Definition 2.2. In a Lukasiewicz path P, we associate each down-step P; = D except the last one with
an up-step P; = U}, with & > 0 such that, when drawing a horizontal ray from the midpoint of P; to the
left, the first non-horizontal up-step it hits in the middle is F;. In this case, we say that P; is matched with
P;. An up-step P; = Uy, has exactly k matching down-steps P, ..., P;, with j; <--- < ji, and we say
that P;, is the i-th matching down-step of P;. We then associate to each step P; a value d; as follows:

* The first step P;, which is always an up-step, has value d; = 0;

« If P, = D, let P; be its matching up-step, and suppose that P; is the /-th matching down-step of
P, then we take d; = d; + ¢;

o If P, = Uy withi > 0, we take d; = d;_;.

The depth vector of P, denoted by Depth(P), is the vector formed by the values d; for all up-steps P;
from left to right. The depth of P, denoted by depth(P), is the sum of all entries in Depth(P). See
Figure [T]for an example.

Remark 2.3. We note that our definition of depth seems different from the one in|Qu and Zhang| (2025),
which used two tableaux called “Filling tableau” and “Ranking tableau”, whose columns represent up-
steps in a E—Dyck path P. In a word, the Filling tableau of P can be seen as associating & down-steps to
each up-step P; = Uy, of degree k by scanning down-steps from left to right and associate each down-step
with the closest up-step before it that still needs new down-steps. This is clearly the same as our notion
of matching steps. The Ranking tableau pf P is then obtained by labeling the first up-step by 0, then the
i-th down-step associated to an up-step with label ¢ is labeled by ¢ + 4, while a remaining up-step is also
labeled ¢ if its previous step is labeled ¢. The depth of P is the sum of labels of all up-steps. This also
agrees with our definition here.

Now we define the ¢, t-polynomial associated to area and depth. We denote the concatenation of two
vectors P, ) by P - ), and the union of two multisets L, M by L & M. We further give four notations of
subsets of Lukasiewicz paths:
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* L)y: the set of Lukasiewicz paths P with M(P) = M,
* Lo 0 the set of Lukasiewicz paths P with U, as the first up-step, and M(P) = M W {a};
* L p: the set of Lukasiewicz paths P with Uy as the last up-step, and M(P) = M W {b};

* Lo, the set of Lukasiewicz paths P with U, (resp. Up) as the first (resp. last) up-step, and
M(P) = M W {a, b}, with {a, b} understood as a multiset.

We then define
éju (q,t) = Z qarea(P)tdepth(P)’ éa,JVI (q,t) = Z qarea(P)tdepth(P)7
PeLly PELam (])
éM,b(q; t) = Z qarea(P)tdepth(P)’ éa,Ai,b(qa t) = Z qarea(P)tdepth(P)'
PeLy PeLa b

We may also define a more refined version of these polynomials. Given a vector K, we define the
following polynomial summing over Lukasiewicz paths with profile K.

GK(qv t) = Z qarea(P)tdepth(P)' .
PeLpr(P)=K

In the following, the profile vector will always be given in boldface to avoid confusion between the
polynomials.

3 Plane trees and ¢, t-statistics

A plane tree is rooted trees in which each internal node, i.e., a node with at least one child, comes with
a left-to-right order of its children. The degree of an internal node is the number of its children. Nodes
that are not internal are called leaves. We denote by T the set of plane trees. There is a classical bijection
between Lukasiewicz paths and plane trees, see, e.g., (Flajolet and Sedgewick, [2009, Section 1.5.3), that
we describe below.

Construction 3.1. Given a plane tree T', we perform a contour walk from left to right, starting from the
root, and transcribe the nodes into steps upon their first encounter: D if it is a leaf, and Uy if it is an
internal node of degree k + 1. The lattice path thus obtained, denoted by A\(T), is a Lukasiewicz path.

Conversely, given a Lukasiewicz path P, starting with an empty positioning called bud, we construct a
plane tree by reading P from left to right: when reading an up-step Uy, (resp. down-step D), we replace
the leftmost empty bud by an internal node with & + 1 empty buds below (resp. a leaf). The plane tree
thus obtained is denoted by 7(P). It is clear that A and 7 are bijections between £ and 7, and are inverse
of each other.

The statistics area and depth on Lukasiewicz paths are transferred naturally to plane trees. We see in
Theorem that up-steps of a Lukasiewicz path P from left to right are converted to internal nodes of
T = 7(P) in the contour walk order, with Uy, translated to a node of degree k + 1. In the following, we
denote by u; the internal node in 7" associated to the i-th up-step of P.
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Fig. 2: Example of the bijections A and 7.

lthorn(T") = 54 rthorn(7") = 28

1
rthorn(u) =3

Fig. 3: (a) [llustration of 1thorn and rthorn on an internal node. (b) Example of 1thorn. (c) Example of rthorn.

Definition 3.2. Given a plane tree 7', for an internal node u, an edge e is called a left thorn (resp. right
thorn) of u if e is a descending edge of an ancestor v # w to the left (resp. right) of the path from v to
u. We denote by 1thorn(u) (resp. rthorn(u)) the number of left thorns (resp. right thorns) of , and by
lthorn(T) (resp. rthorn(T)) the sum of 1thorn(u) (resp. rthorn(u)) for all internal nodes u of T
See Figure [3|for an illustration.

Comparing the statistics in Figures [T|and [3] it seems that area and depth on Lukasiewicz paths are
transferred to rthorn and 1thorn on plane trees. This is indeed the case.

Proposition 3.3. Letr P be a Lukasiewicz path and T' = 7(P). Then area(P) = rthorn(T).

Proof: We show instead the stronger result Area(P); = rthorn(u;), with u; the internal node of T'
associated to the i-th up-step of P in Theorem Our original claim comes from summing on both
sides. We proceed by induction on the distance from the root to u;. For distance 0, we have ¢ = 1 and
uy is the root. It is clear that Area(P); = 0 = rthorn(u, ). For non-zero distance, u; is a child of some
internal node w;, and by induction hypothesis we have Area(P); = rthorn(u;). Suppose that u; has k
children, with u; the {-th one. By Theorem 3.2} we have rthorn(u;) = rthorn(u;) + k — £. Now, in
Theorem 3.1} it is clear that between the ending point of the j-th up-step of P and the starting point of the
i-th one is a concatenation of ¢ — 1 Lukasiewicz paths, each corresponding to the sub-trees of 7" induced
by the £ — 1 children of u; to the left of u;. As each Lukasiewicz path introduces a variation of —1 in the
y-coordinate, we have Area(P); = Area(P);+(k—1)—(£—1). We thus have Area(P); = rthorn(u;),
by which we conclude the induction. O

Proposition 3.4. Let P be a Lukasiewicz path and T = 7(P). Then depth(P) = 1thorn(T).

Proof: We show instead the stronger result Depth(P); = lthorn(u;), with u; the internal node of T'
associated to the i-th up-step of P in Theorem[3.1] Our original claim comes from summing on both sides.
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We proceed by induction on the root distance of u;. When wu; is the root, we have ¢ = 1, and it is clear that
Depth(P); = 0 = 1thorn(u,). In the case when u; has a parent u;, by induction hypothesis we have
Depth(P); = lthorn(u;). Suppose that u; has k children, with u; the /-th one. By Theorem [3.2f we
have 1thorn(u;) = lthorn(u,) + ¢ — 1. Now, as in a Lukasiewicz path, the only unmatched down step
is the last one, it is clear that the j-th up-step of P is matched with the down steps giving the rightmost
leaf of sub-trees of 1" induced by children of u;, except for the last one. As the step preceding the i-th
up-step of P is the down step giving the rightmost leaf of the sub-tree induced by the (£ — 1)-st child of
u; (or the j-th up-step if £ = 1), by Theorem 2.2] we have Depth(P); = Depth(P); + ¢ — 1. We thus
have Depth(P); = 1thorn(u;), by which we conclude the induction. O

4 Symmetries in ¢, t through trees

Given a plane tree T', we denote by mir(7") its image by left-right reflection. The following proposition
is clear from Theorem 3.2

Proposition4.1. Fora plane tree T, let T' = mir(T), then 1thorn(T) = rthorn(T") and rthorn(T) =
lthorn(T").

Proof: It is clear that a left thorn e of a node w is a right thorn of « in mir (7). O

Now the ¢, t-symmetry of éa, (g, t) is transparent.

Theorem 4.2 ((Qu and Zhang, 2025, Theorem 1.1)). For any a € N and multiset M with elements in N,
we have Cy 11(q,t) = Cq M (2, q).

Proof: Let P be a Lukasiewicz path, and T' = 7(P). From Theorem P € L, ) if and only if T has
aroot of degree a + 1, and the multiset of the degrees of non-root internal nodes is M’ = [1Mo 2M: ],
Thus P’ = A\(T") with T” = mir(T') is in £, if and only if P € £, ps, meaning that A o mir o7 is an
involution on £, »s. We then conclude by Equation (T)) and Theorems 3.3} [3.4)and .1} O

To show the ¢, t-symmetry of 5(1, Mb(q,t), we need an extra involution.

Construction 4.3. Given a plane tree 7T, it left lodestar (resp. right lodestar) is the leftmost (resp. right-
most) internal node whose children are all leaves. Note that the left (resp. right) lodestar of 7" is not
necessarily on its leftmost (resp. rightmost) path, and it is possible that both lodestars are the same. We
define the lodestar swap of T', denoted by swap(7'), to be the tree obtained by swapping the left and right
lodestars of T'. See Figure[d] for an example of the lodestar swapping map.

Proposition 4.4. Let T be a plane tree and T' = swap(T) its lodestar swap. Then lthorn(T) =
1thorn(T") and rthorn(T) = rthorn(T").

Proof: By Theorem [3.2] the descendant edges of lodestars are never thorns of any internal node, thus their
swapping does not affect 1thorn and rthorn of any node. O

Now we can show our main result Theorem [I.1]

Proof of Theorem Let P be a Lukasiewicz path, and T = 7(P). It is clear from Theorem
that the right lodestar of 7' corresponds to the last up-step of P. From Theorem 3.1, P € L, a1 if and
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swap

Fig. 4: Example of the lodestar swapping map.

only if T has a root of degree a + 1, the multiset of the degrees of non-root internal nodes is M’ =
[1Mo 2Mi " Jw {b+ 1}, and the right lodestar of T is of degree b + 1. We take P’ = \(T") with
T" = swap(mir(T")). It is clear that the left (resp. right) lodestar of mir(7’) is from the right (resp. left)
lodestar of T'. Hence, the right lodestar of 7" is from the right lodestar of T'. We thus know that P’ is also
in L4 if and only if P € £, pr,p, meaning that A o swap o mir o7 is an involution on £, /5. We then
conclude by Equation () and Theorems [3.3] [3.4] .1 and .4} O

We have the following corollary.

Corollary 4.5 ((Qu and Zhang, 2025, Conjecture 1.4)). For any b € N and multiset M with elements in
N, we have Cirp(q,t) = Carp(t, ).

Proof: It is clear that we may write éM_’b as a sum of éa, M, Where a runs over elements of M and
M’ = M \ {a}. We then conclude by Theorem |1} O
Using our bijections, we also get transparent proofs of some results in|Qu and Zhang| (2025).

Proposition 4.6 ((Qu and Zhang|, 2025, Proposition 5.3 and Corollary 5.4)). Given a vector K of natural
numbers, we have

1L 5K~(a) (Q7t) = 6;K(b) (Q7t)f0r any a, be N;
2. Ck (¢,t) = Ck (t,q) when K is of the form (a,b,b, ..., b, c), hence when K is of length 3.

Proof: For[I] we observe from the proof of Theorem [4.4] that changing the degree of a lodestar does not
change either 1thorn or rthorn. We thus conclude by the fact that the right lodestar of 7" is always the
rightmost internal node in the contour walk order.

For 2] we note that it is a natural consequence of Theorem [I.T] as there is only one possible sequence
K for L, 1, when M = [b¥]. O

Remark 4.1. We consider the following generating function for the two statistics area and depth on
Fukasiewicz paths refined by their profile multiset. Let F'(z, g, t; po, p1,--.) = F(z,q,t) be the generat-
ing function defined as

F’(Z7 q, t) = Z Z\M| Z qarea(P)tdepth(P) H piwk-

M multiset PeLl k>0
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Here, | M| denotes the number of elements in the multiset M counted with multiplicity. Through the
lens of Theorem using Theorems [3.3] and by decomposing plane trees at the root and using the
standard symbolic method (cf. [Flajolet and Sedgewick! (2009)), we have

k

F(z,q,t) = 14> pp [[ Flza" ", q,0). 3)
k>0 =1

Here, the first term 1 stands for the empty tree, and the second term for trees with a root. The degree of
the root is given by k + 1. For a node in the sub-tree induced by the ¢-th child of the root, its 1thorn
(resp. rthorn) increments by £ —1 (resp. k —¢). This explains the substitution of z, which counts internal
nodes, by z¢g*~‘t!~1.
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