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The relation between local structure and global cycle properties is a classical topic in graph theory. A graph G is
locally linear if G[N (v)] is a path for every v € V(G). It is locally Hamiltonian or locally traceable if every vertex
neighborhood induces a Hamiltonian or traceable graph, respectively. Earlier work by Pareek and Skupieri, Skupien,
Davies and Thomassen, Asratian and Oksimets, and de Wet and van Aardt studied extremal questions for these related
graph classes. We prove that the minimum order of a nonhamiltonian locally linear graph is 12 and that, for every
integer n > 12, the minimum size of such a graph of order n is 2n. We also prove that every nontraceable locally
linear graph of order n has at least 2n + 3 edges.
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1 Introduction

All graphs considered in this paper are finite, undirected, simple, connected, and of order at least 3. We
use the notation and terminology of Bondy and Murty| (2008). For a graph G, its vertex and edge sets are
denoted by V(G) and E(Q), respectively. Its order is |V (G)|, and its size is |[E(G)|. For S C V(G), we
denote by G[S] the subgraph induced by S. A Hamilton cycle is a cycle containing every vertex, and a
graph containing such a cycle is Hamiltonian. A Hamilton path is a path containing every vertex, and a
graph containing such a path is traceable.

Let v be a vertex in a graph G. The set of all neighbors of v, that is, the vertices adjacent to v, is denoted
by Ng(v); when no ambiguity arises, we write N (v) for simplicity. A graph G is called locally P with
respect to a graph property P if for each vertex v € V(G), the subgraph induced by N(v) possesses
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property P. For example, G is locally Hamiltonian if each neighborhood subgraph G[N(v)] contains
a Hamilton cycle. This notion was originally introduced by |Skupien! (1965). For further advancements
regarding locally Hamiltonian and locally traceable graphs, we direct the interested reader to/de Wet et al.
(2018);|de Wet and van Aardt (2016); Chilton et al.|(1974); Tang and Vumar|(2020). A graph G is locally
linear if G[N(v)] is a path for every v € V(G).

As pointed out by [Li, Tang, and Zhan| (2025)), deducing global properties from local neighborhood
structures is a classical theme in graph theory. A graph is locally forest if every vertex neighborhood
induces a forest. Moon| (1965) initiated the study of extremal problems for this class by determining its
maximum size. More recent work uses locally forest graphs to study sufficient size conditions for the
existence of forest vertex cuts (Chernyshev et al.,2025) and independent minimum vertex cuts (Li et al.,
2025)). Since a path is a forest and is also traceable, locally linear graphs provide a natural setting in which
to study how these two local conditions influence global paths and cycles.

By definition, locally linear graphs are locally traceable, and no locally linear graph is locally Hamil-
tonian. Graphs with this local condition have been of interest for decades. |Parsons and Pisanski| (1989)
investigated the topological properties of such graphs. Subsequently, [Laskar and Mulder| (2013) charac-
terized all locally linear graphs that are free of 3-suns, and also considered cases where G|N (v)] = P, for
k < 4. For broader results on neighborhood-induced substructures, see|Gavrilyuk and Makhnev|(2008);
Gavrilyuk et al.| (2009)); [Laskar et al.| (2012)); [Kardanova et al.| (2011); [Yu and Wu| (2021); |Chernyshev
et al.| (2025); Wang and Yang|(2025).

A fundamental problem in this area is to determine the minimum order of a locally P graph that does
not itself have property P. Pareek and Skupien|(1983) determined the minimum order of a nonhamiltonian
locally Hamiltonian graph. [De Wet and van Aardt|(2016) proved that the minimum order of a nontraceable
locally traceable graph is 10, whereas the corresponding minimum for locally Hamiltonian graphs is
14. These results answer two questions posed in [Pareek and Skupien| (1983). Moreover, Theorem 2.4
of de Wet and van Aardt (2016) implies that the minimum order of a nonhamiltonian locally traceable
graph is 7. We determine the corresponding minimum for locally linear graphs.

Theorem 1.1. The smallest nonhamiltonian locally linear graph has order 12.

The lower bound of 3n — 6 edges for locally Hamiltonian graphs of order n goes back to |Skupien
(1966)). Davies and Thomassen| (2020) completed the details of the earlier proof and extended the result to
graphs with multiple edges. Their theorem also characterizes equality by the existence of an embedding
that triangulates the sphere. |Asratian and Oksimets| (1998) proved that the minimum size of a locally
traceable graph of order n is 2n — 3. |De Wet and van Aardt| (2016)) asked for the minimum size of a
nontraceable locally traceable graph of order n. We study the corresponding size problems within the
class of locally linear graphs and prove the following results.

Theorem 1.2. For every integer n > 12, the minimum size of a nonhamiltonian locally linear graph of
order n is 2n.

Theorem 1.3. The number of edges in any nontraceable locally linear graph with n vertices is at least
2n + 3.
2 Preliminaries

In this section, we introduce the necessary notation and concepts that will be used throughout the paper.
For clarity and ease of reference, the basic symbols are summarized in Table[T]
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Tab. 1: Notation used in the paper.
Symbol  Meaning
N¢[v] closed neighborhood of v: Ng(v) U {v}
da(v) degree of vertex v in graph G, i.e., |[Ng(v)|
Ng(S)  {z € V(G)\ S : zhas aneighborin S}
dg(u,v)  distance between vertices v and v in G
A(G) maximum degree of G

0(G) minimum degree of G

Ch cycle graph on n vertices

K, complete graph on n vertices

[k] set of integers {1,2,...,k}

[a, b] set of integers {c € Z | a < ¢ < b}

For a path P in G and a vertex « € V(G), write
Np(z) = Ng(z) NV (P), Np(S) = Na(S)NV(P) (1)

for S C V(G). In particular, when P = vy - - - v; is induced,

{’1}2}, 7= 1,
Np(vi) =  {vic1,vi41}, 2<i<t—1, )
{vt—l}a i =t.

These formulas are used only for ¢ > 2. For a graph H, a vertex x € V(H) and a nonempty set
S C V(H), define

dp(z,S) = min{dg(z,y) : y € S}. (3)

Distances between vertices in different components are taken to be infinite.

For clarity, graph equality in our discussion refers to isomorphism; that is, G; = G means that G; and
G4 are isomorphic graphs.

We next introduce several additional definitions and concepts that are relevant to our discussion. A
graph G is said to be fully cycle extendable if each vertex lies in a 3-cycle and every nonhamiltonian cycle
in G can be extended to a larger cycle by the addition of exactly one new vertex. A diamond is the graph
obtained by removing one edge from the complete graph on four vertices, /4. The independence number
of a graph G is denoted by «(G). For vertices u,v € V(G), we write v ~ v to indicate that  and v are
adjacent, and u ~ v when they are not adjacent.

3 Smallest Nonhamiltonian Locally Linear Graphs

To establish our principal theorems, we first formulate several lemmas alongside a pivotal observation.

Let M3, My, and M5 be the graphs depicted in Figure|l} Each of these graphs is nonhamiltonian and
locally traceable. None is locally linear: the neighborhood of the central vertex of M, induces C; for
ie{3,4,5}
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Fig. 1: The graphs M3, M4, Ms.

Lemma 3.1 (van Aardt, Frick, Oellermann, and de Wet|2016)). Let G be a locally traceable graph with
maximum degree at most 5. Then G is fully cycle extendable exactly when it is not isomorphic to any of
the graphs Ms, My, or Ms.

The following two facts can be easily verified.

Fact 1. Let G be a locally linear graph of order at least 3. Then G is 2-connected. Furthermore, if G has
a vertex cut S with |S| = 2, then S is a clique.

Fact 2. Let G be a locally linear graph. Then every edge of G belongs to at most two triangles.

Observation 3.2. Let G be a locally linear graph and u € V(G). Suppose that the neighborhood of u
induces a path G[N (u)] = v1vs - - - vy. Then the following properties hold:

(1) Forany vertex v suchthat u ~ v and N (v) C N(u), there exists an index i € [t—1] with {v;,v;11} C
N(v).

(2) If x and y are adjacent vertices neither adjacent to u, and if N({z,y}) C N(u), then there exists
i € [t — 1] such that the induced subgraph G[{v;, viy1, x,y}] forms a diamond.

Lemma 3.3. Every nonhamiltonian locally linear graph G of order n > 3 satisfies A(G) < n — 5. For
every integer n. > 12, this bound is attained.

Proof of Lemma [3.3; To the contrary, let G be a nonhamiltonian locally linear graph of order n with
A(G) > n — 4. Clearly, A(G) < n — 2. Furthermore, the fact that G is nonhamiltonian, together with
Observation[3.2{[1), yields A(G) # n — 2; similarly, Observation3.22) yields A(G) # n — 3. Therefore,
A(G) = n—4. For convenience, assume V(G) = {v; : i € [0,n —1]}. Furthermore, let vy be a vertex of
degree n — 4, and let P = G[N(vg)] = v1va...Vp—4g. Put X = {vy_3,0p_2,0n_1}. By Observation
and Fact we are required to exclusively analyze the scenarios where the induced subgraph G[X] takes
the form of either the path graph P; or the complete graph K.

Claim 1. For any i € [n — 3, n — 1], v; has at most two consecutive neighbors on P.
Proof of Claim Otherwise, there exists j € [2,n — 5] such that {v;_1,v;,vj41} € N(v;). Nonethe-

less, it may be inferred that the subgraph G[N (v;)] encompasses a cycle vj_1v9v;j4+1v;v,_1, yielding a
contradiction. This reasoning validates Claim|[I] O
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Suppose that G[X] = Ps3. Set G[X] = vp_3vp_2Vn—1. f dgn (v, )] (Vn—3,Vn—1) > 3, then there ex-
ists i € [n—4] such that v,,_3v;v;11v,_1 is a subpath of G[N (v,,_2)]. This implies that G is Hamiltonian,
a contradiction.

Therefore, dg(n (v, _5)) (Vn—3,vn—1) = 2. Then there exists i € [n — 4] such that v,, _3v;v,,_1 is a sub-
path of G[N (v,—2)]. Now N (v;) = {vo} UNp(v;) U{vs_3,0n_2,0n_1}. Since G[N(v;)] is connected,
N({vn—3,vn-1}) N Np(v;) # (. Choose w € Np(v;) adjacent to an endpoint z of v, _30,_20,_1.
Replace the edge v;w of vgv; - - - v, —4v¢ by the path from v; through all three vertices of X, ending at z,
and then to w. This is a Hamilton cycle, a contradiction. The same insertion works when v; is an endpoint
of P.

Suppose that G[X| = K3. By symmetry, we may assume that Np(v,—3) # 0. Since G[N (v,—3)]
is connected, there exists ¢ € [n — 4] such that v; € N(v,—3) and N(v;) N {vp_2,vp-1} # 0. By
symmetry, assume that v; ~ v,_o. Clearly, v; % v,_1. Now N(v;) = {vg} U Np(v;) U{vn_3,0n_2}.
Since G[N (v;)] is connected, N ({v,,—3, vn—2}) N Np(v;) # 0. Choose w € Np(v;) adjacent to a vertex
z € {Un—3,Vn_2}, and let 2’ be the other vertex of this pair. Replacing the edge v;w of vgvy - - - vy — 40y
by v;2'v, 12w gives a Hamilton cycle, a contradiction. Again, w is an actual neighbor of v; on P, so
endpoints cause no exception.

For sharpness, let n > 12 and put £ = n — 5. Define H,, on

{uaxla"kavavbacvd} 4)
by taking all edges ux; (1 <17 < k), all edges x;z;41 (1 < ¢ < k), and the additional edges
ab, be, bd, axs, cxg, drs, dxs, bre, bxs, brs, bxg. &)

Figure [2) illustrates this family. We have d(u) = k, d(b) = 7, and all other degrees are at most 5. Thus
A(H,) = k = n — 5. The neighborhood of w is the path x; - - - x), and the neighborhoods of b and d
are the paths azsxsdrszec and x3bxs, respectively. The neighborhoods of a, ¢, 1, xj, are single edges.
Those of z9, 23, 24, x5, Tg are, respectively,

riuxrsba, x4ursbd, xT3uxs, xTeuTebd, TTUTSbC. (6)

For 7 < ¢ < k, the neighborhood of x; is z;_jux;11. Hence H, is locally linear.

If H,, had a Hamilton cycle, the degree-two vertices a and ¢ would force the edges ab and bc into it. The
cycle would therefore use neither bd nor any edge bz;, forcing both drs and dxs. Similarly, the degree-
two vertices x1 and zj, force both uz; and uzy, so the cycle must use x3xy4 and x4x5. It would then
contain x3drsr4T3 as a separate cycle, a contradiction. Thus H,, is nonhamiltonian for every n > 12. O

We are now ready to present the proof of Theorem [I.1]

Proof of Theorem Let G be a nonhamiltonian locally linear graph of order at most 11. Since none
of M3, My, M5 is locally linear, Lemma implies that A(G) > 6; indeed, a fully cycle extendable
graph is Hamiltonian. Lemmanow gives 6 < A(G) < n — 5. Therefore, we only need to consider
the case that G has order 11 and A(G) = 6. For convenience, we may assume that V(G) = {v; :
i € [0,10]}. Furthermore, let vy be a vertex of degree 6, and let P = G[N(vg)] = viva...vs. Put
X = {’1)7, Vs, Vg, 1)1()}.

Claim 2. For any i € [7, 10], v; has at most two consecutive neighbors on P.
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Fig. 2: The nonhamiltonian locally linear family H,,, where k = n — 5 > 7. The dotted segment represents the path
from x¢ to k.

Proof of Claim [2; Otherwise, there exists some j € [2,5] such that the set {v;_1,v;,vj41} is con-
tained in the neighborhood N (v;). Nevertheless, this implies that the subgraph G[N (v;)] includes a cycle
V;-100V;4+10;V;—1, thereby leading to a contradiction. This line of reasoning establishes the validity of
Claim O

Claim 3. G[X] is nonhamiltonian.

Proof of Claim |3t Otherwise, suppose that the cycle v7vgvgvigvy constitutes a Hamilton cycle within
the induced subgraph G[X]. First, it should be noted that G[X] is not a clique. Consequently, G[X]
must contain two nonadjacent vertices. Without loss of generality, we may assume that v; and vg are
nonadjacent. Suppose that vg = v1g. If dg[n(vg) (v7,v9) > 3, then by symmetry, there exists ¢ € [6] such
that v; ~ vy and v;41 ~ vg. However, it follows that vgv; ... v;V7010V9V8Vi41 - - . VeV 1S a Hamilton
cycle, a contradiction. Therefore, dg(n(vg))(v7,v9) = 2. Then there exists i € [6] such that v7v;v9
is a subpath of G[N(vg)]. Clearly, vig » v;. Now, N(v;) = {vo} U Np(v;) U {vr,vs,v9}. Since
G[N (v;)] is a path, N({v7,v9}) N Np(v;) # 0. In either case, we can deduce that G is Hamiltonian, a
contradiction. Therefore, vs ~ v19. By Fact[1] we have that Np({vs,vi0}) # (). By symmetry, we may
assume that Np(vs) # 0. Now, v7v19v9 is a subpath of G[N(vg)]. Then there exists ¢ € [6] such that
v;U7V10Vg 1s a subpath of G[N (vg)] by symmetry. Now, N (v;) = {vo} U Np(v;) U {v7,vs}. Therefore,
N({vrz,vs}) N Np(v;) # 0. But then G contains a Hamilton cycle, contradicting our assumption. This
proves Claim 3] |

Claim 4. G[X] is nontraceable.

Proof of Claim [ In the alternative scenario, postulate that the vertices v7, vs, vy, v19 form a Hamilton
path within the subgraph G/[X]. According to Claim [3| it holds that min{d¢(x(v7), dgx)(v10)} = 1.
Without loss of generality, let dgx)(v7) = 1.

Suppose that v1g ~ vg. Now {v7,v9,v10} € N(vs). If dgn(vg))(v7, {v9,v10}) > 3, then by sym-
metry, there exists ¢ € [6] such that v7v;v; 1109 is a subpath of G[N(vs)]. However, it follows that
VU1 - . . V;V7VV19V9Vi41 - - - Ug¥g 1S @ Hamilton cycle, a contradiction.
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Therefore, dg(n(vg))(v7, {v9,v10}) = 2. Then, by symmetry, there exists i € [6] such that v7v;v9
is a subpath of G[N(vg)]. Now N(v;) = {vo} U Np(v;) U {v7,vs,v9}. Since G[N(v;)] is a path,
N({{v7,v9}) N Np(v;) # 0. In either case, we can deduce that G is Hamiltonian, a contradiction.

Therefore, vg ~ v19. Suppose that v; ~ v1. We assert that if Np(vig) # 0, then Np(vig) = {v1}.
Indeed, if there exists j € [2, 6] such that v; ~ vy, then v1v7V8V9U1QV; . . . VUV —1 - . . ¥1 i @ Hamilton
cycle, a contradiction. Suppose that vig ~ v;. Similarly, we have that Np(v7) = {v1}. Since G[N (v7)]
is connected, v ~ vg. Similarly, v; ~ vg.

Now, N (v1) = {vo, v2,v7, Vs, Vg9, v10}. This implies that G[N (v1)] is not connected, a contradiction.
Therefore, v7 ~ v,. By symmetry, we have that

N({vr,v10}) N {v1,v6} = 0. (7)

Suppose dgn(vs)](V7,v9) > 3. Then by symmetry, there exists i € [6] such that v7v;vs41vg is a
subpath of G[N (vg)]. By (7)), we have that 2 < i < 5. Clearly, N (v19) N Np(v;) = 0 and Np(vio) N
N(vg) # 0. Let v; € Np(v10) N N (vg).

* Suppose i = 2. By (7)), we have that j € [2, 5]. Clearly, vig = vs. Since va = vg, j € {4,5}. If
J = 4, then vyv1v2v7V8V3V9V10V4V5 V6V 1S @ Hamilton cycle, a contradiction. Therefore, v; = vs.
Note that there exist two Hamilton paths:

{U9U10U5U6U0U4U3U8U7U2U1; (8)

V9V10V5V4V3V8VTV2V1 Vo Vg

Since G is nonhamiltonian, N (vg) N {v1,v6} = 0. By Claim 2] we have that vg = vs. Now

N(vg) = {vs,vs,vs,v10}. Since G[N(vg)] is connected, vs ~ vs. By Claim we have that

vg % V4. By (]Z[), we have that v1¢ ~ vg. Note that there exist two Hamilton paths
VgU7V2V1VgV4V3V9V10V5Vs; 9)
V10V5V6 V0 V1 V2UTV8V9 U3 V4.

Therefore, N ({vs,v10}) N {vg,v6} = 0. However, it follows that G[N (vs)] is not connected, a
contradiction.

* Suppose i = 3. Since vy = v3, j # 3. Clearly, N(vig) N {v2,v4} = 0. By (7), we have that j = 5.
However, it follows that vyvy v2vV3V7V8V4V9V1 Vs VeV 1S @ Hamilton cycle, a contradiction.

* Suppose 7 = 4. This case is similar to the case when 7 = 2.

* Suppose i = 5. Since vg = vs, j # 5. By , we have that j < 4. However, it follows that
VgUgV10V; . - . V1VQVj41 - - - UsU7VsVg 18 a Hamilton cycle, a contradiction.

Therefore, we have that dg(y (ve)) (V7, Vo) = 2. By symmetry, we have that dg(n(v,)) (vs, v10) = 2. Now
let i € [6] such that v7v;vg is a subpath of G[IN(vs)] and let j € [6] such that vgv,v1g is a subpath of
G[N(vg)]. Assuming i < j does not reduce generality. Clearly, j > i + 2. By symmetry, we only need to
consider the case where i = 2 and j € {4, 5}.
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* Suppose i = 2 and j = 4. By Claim 2] we have that N (v3) N {vs,v9} = 0. Clearly, N(v3) N
{vz,v10} = 0. By , we have that vg ~ v;. Now, there exist two Hamilton paths:

(10)

VgU7V2V1V9V10V4V3VoV6Us;
V10V9V1V2V7V8V4V3V0 V6 V5.

Since G is nonhamiltonian, N ({vs, v10}) N {vs,vs} = 0. However, it follows that G[N (v4)] is not
connected, a contradiction.

* Suppose that 7 = 2 and j = 5. If vg ~ vy, then there exist three Hamilton paths:

V10V9V1V2V7V8VU5V6V0VU3V4;
VgU7V2V1 VgU10V5 V6 U0 U3 V4, (11)

VgU7U2V1V9V10V5V4V3VV6 -

Since G is nonhamiltonian, N ({vs, v10}) N {v4, v6} = 0. However, it follows that G[N (vs)] is not
connected, a contradiction. Therefore, vg ~ v;. By symmetry, we have that vg ~ vg.

If v7 ~ v3, then there exist three Hamilton paths:

VgV9V10V5VeVoV1V2VTVU3V4;
VgV U10V5V4V3V7V2V1 Vo Us; (12)

V10U50V6V0V1V2UV9URV7V3 V4.

Since G is nonhamiltonian, N ({vs,v10}) N {vs,v6} = 0. However, it follows that G[N (vs)]
is not connected, a contradiction. Therefore, v7 ~ wvs. By symmetry, we have that vig ~ v4.
Since G[N(v2)] and G[N (vs)] are connected, vg ~ vz and vs ~ vs. However, it follows that
VQUgU5V10VgU3V4 Vg U7V2V1 Vg 1S @ Hamilton cycle, a contradiction.

Therefore, G[X] is nontraceable. This proves Claim 4] O
Claim 5. G[X] is connected.

Proof of Claim 5} To derive a contradiction, assume that the subgraph G[X] lacks connectivity. In light
of Fact |2] and Observation our analysis can be confined to two scenarios: G[X] = K; U K3 and
G[X] = K, UPs.

* In the case where G[X] is isomorphic to the disjoint union K7 U K5, we can assume, without loss of
generality, that the vertex v; constitutes the isolated component within G[X]. By symmetry, we may
assume that Np(vg) # ). Since G[N (vs)] is connected, there exists ¢ € [6] such that v; € N (vg)
and N(v;) N {vg,v10} # 0. By virtue of symmetry, let us assume that v; ~ vg. Suppose that
v; ~ v7. If 2 < ¢ < 5, then N(v;) = {vo,vi—1,Vit+1,07,0s,09}. In the path G[N(v;)], the
three components initially given by v;_1v9v;11, the isolated vertex v7, and the edge vgvg must
be joined. Since v7 has no neighbor in {vs, vg}, after reversing P and interchanging vs and vy if
necessary, we have v; ~ v;_; and vg ~ v;y;. Replacing the segment v;_1v;v;41 of vovy - - - Vg
by v;_107v;v8V10V9V; 41 gives a Hamilton cycle, a contradiction. Hence ¢ € {1, 6}. By symmetry,
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assume that ¢ = 1. Now, N (v1) = {vr,vs, vg, v2, vg }. Since N (v7) N {vg,v9} = 0, v2 € N(v7) N
N ({vs, vo}). However, it follows that dn (w, )] (v2) > 3, a contradiction. Therefore, v; ~ v7. Now
N(v;) = {vo} U Np(v;) U {vg,v9}. Since G[N(v;)] is connected, N ({vs,v9}) N Np(v;) # 0.
By symmetry, we may assume that vg ~ v;1;. By Observation there exists j € [6] such that
{vj,vj41} C N(v7). By Fact2] we have that j # i. This means G is Hamiltonian, standing in
direct contradiction to our initial assumption.

* In the case where G[X] is isomorphic to the disjoint union K7 U P, we can assume, without
loss of generality, that the vertex v, constitutes the isolated component within G[X], and the path
vgvgv1o forms the connected component Ps. If dgn vy (vs, v10) > 3, then there exists i € [6]
such that vgv;v; 41010 is a subpath of G[N(vg)]. By Observation there exists j € [6] such
that {v;,vj41} C N(v7). By Fact[2] we have that j # i. This implies that G is Hamiltonian, a
contradiction. Therefore, dgn (ve)(vs, v10) = 2. Then there exists ¢ € [6] such that vgv;vy is a
subpath of G[N(vg)]. If v; ~ vy, then i € {1,6}, since A(G) = 6. By symmetry, assume that
1 = 1. Now, N(’Ul) = {’07,’08,1}9,1}10,1}2,1}0}. Since N(’U7) n {’08,1}10} =0,vy € N(’U7) N
N({vs,v10}). However, it follows that dgn(v,)](v2) > 3, a contradiction. Therefore, v; = v7.
Now N(v;) = {vo} U Np(v;) U {vs,v9,v10}. Since G[N(v;)] is connected, N ({vs,v10}) N
Np(v;) # (). By symmetry, we may assume that v19 ~ v;41. By Observation there exists
j € [6] such that {v;,v;11} € N(v7). By Fact[2] we have that j # 4. This means G is Hamiltonian,
which contradicts our assumption.

Therefore, G[X| is connected. This proves Claim 3] 0

By Claims |5 and we have that G[X] = K; 3. Without loss of generality, we may assume that
dgix)(vr) = 3. Thatis, {vg,v9,v10} is an independent set. Since A(G) = 6, there exist r, s € [8, 10]
such that dg(n ;)] (Vr, vs) = 2. By symmetry, assume that vgv;vg is a subpath of G[N (v7)] for some
i € [6]. Clearly, v; » vig. Indeed, if v; ~ v1g, then dgn(v,)(v7) = 3, a contradiction.

Claim 6. i € [2,5].

Proof of Claim 6} Otherwise, by symmetry, assume that i = 1. Now, N (v1) = {vo, v2, vz, vs, vg}. Since
G[N(v1)] is connected, N(vg) N {vs,v9} # (. By symmetry, assume that vg ~ wvy. Since G[N(v7)]
is connected, there exists j € [6] such that v; € N(v7) N N(vig). Note that v, ~ wv7. Therefore,
J > 3. Nonetheless, it may be deduced that the sequence vgvs . . . V;V190V7U8V1UgV2 . . . Vj_1Vg constitutes
a Hamilton cycle, thereby yielding a contradiction. This line of reasoning establishes Claim [6] a

Since G[N (v7)] is connected, choose v; € Np(v7) N N(v1g). Note that ¢ # j and v; ~ v;. Therefore,
j <i—2orj>i+ 2. Note that N(v;) = {vo} U Np(v;) U{v7,vs,v9}. Since G[N (v;)] is connected,
N({vs,v9}) N Np(v;) # 0. This implies that v1o has no two consecutive neighbors on P.

Case 1. dgn(vy)] (vi,v5) = 2.

Without loss of generality, assume v; ~ vg. By Claim@ we have j € [2,5]. Similarly, vg has no two
consecutive neighbors on P. By symmetry, we may take 7 < j,so j > ¢+2. By symmetry considerations,
the analysis can be restricted to the case where ¢ = 2 and j is either 4 or 5.

* Suppose that ¢ = 2 and j = 4. Clearly, vg ~ vs. Since vg and v1o have no two consecutive neigh-
bors on P, we have vg ~ v1 and vg ~ v5. However, it follows that vovgv5V9V1 V2V8VTV10V4V3Vg 1S
a Hamilton cycle, a contradiction.
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* Suppose that ¢ = 2 and j = 5. If vg ~ w3, then Claim E] gives vg ~ v4. The connectedness of
G[N (vs)] therefore implies vg ~ vg. This implies that vov1V2UgV7V10U5V4V3V9VeVg 1s @ Hamilton
cycle, a contradiction. Then vg ~ wvs. By symmetry, we have that vg ~ wv4. This implies that
vg ~ v1 and vg ~ vg. However, it follows that vov3v4V5v10V7V8V2V1V9V6V is @ Hamilton cycle, a
contradiction.

Case 2. dg[N(v7)] (’Ui, Uj) =3.

Without loss of generality, let the distance between vg and v; in G[N (v7)] be 2, s0 dg (N (v;)) (ve, V) = 2.
Consequently, the neighborhood G[N (v7)] must be one of the two paths:

VgUiV9V;—1V;V10 O VgV;V9V;j41V;V10- (13)

Observe that v; and v; are not adjacent (v; ~ v;) and that ¢ # j. This fact ensures that vg does not have
two neighbors that are consecutive on the path P. Hence, the neighborhood of vg intersects with at least
one of the vertices v;_1 Or v;11, L.e., N(vg) N {v;_1,v;411} # 0. By virtue of symmetry, the analysis can
be confined to the scenario where the neighborhood subgraph G[N (v7)] is structured as the path

G[N (v7)] = v8v;v9v;_10;V10. (14)
e Assume ¢ > j + 2. If vg is adjacent to v;_1, then the cycle
VoUg - * - V;V8V7V10Vj - * - V;—1V9Vj—1 - - - V1Vq (15)

forms a Hamilton cycle, which contradicts our assumption. On the other hand, if vg is adjacent to
vi+1, the cycle

Vg6 * * * Vi+1V9UUgV7U10V; * * - V1 (16)

is a Hamilton cycle, again leading to a contradiction.
* Suppose 7 < j — 2. If vg is adjacent to v;_1, then the cycle
VoUg * * * VjV10V7V-Y; * * * Vj_1V9Vi—1 * * * V1VQ (17)

forms a Hamilton cycle, contradicting our assumptions. Hence, it must be that vg ~ v; 1. Note
that ¢ € [2,j — 2]. From Claim we deduce ¢ < j — 3, which forces i« = 2 and j = 6. However,
this leads to the cycle

VU1 V2U8V7V10V6 U5 V9 VU3 V40, (18)
a Hamilton cycle, again a contradiction.
Figure 3| presents a connected locally linear graph with 12 vertices. The four outer vertices of degree two

would force an 8-cycle in any Hamilton cycle, leaving the four inner vertices uncovered. Thus this graph
is nonhamiltonian and the bound is sharp. This proves Theorem[I.T} O
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Fig. 3: A connected nonhamiltonian locally linear graph of order 12.

4 On the Minimum Size of Nonhamiltonian and Nontraceable Lo-
cally Linear Graphs

In this section, we prove Theorems [I.2]and [I.3] [De Wet and van Aard{ (2016) introduced an edge iden-
tification operation for locally traceable graphs. An edge uv is suitable if G[N (u)] has a Hamilton path
with endpoint v, and G[N (v)] has a Hamilton path with endpoint .

Construction 4.1 (de Wet and van Aardt2016). Consider two locally traceable graphs GG; and G5, each
featuring a designated edge w;v; for ¢ = 1,2. A novel graph G with vertex cardinality |V (G1)| +
|V (G2)| — 2 is formed via the following procedure: Merge vertices u; and us into a single vertex u,
and similarly coalesce vertices v; and vy into a single vertex v. The resulting graph G retains all edges
from the original graphs (G; and G2. This operation yields G as the amalgamation of G; and G4 through
the identification of their respective edges u; v, and ugvs.

Observation 4.2 (de Wet and van Aardt|2016). In a locally traceable graph, any edge incident to a
degree-two vertex v is considered suitable for edge identification.

Lemma 4.3 (de Wet, Frick, and van Aardt[2018)). Assume that G and G5 are locally traceable graphs of
order at least 3, and let G be constructed by identifying suitable edges of G1 and G4. Then the following
properties are satisfied:

(a) The graph G stays locally traceable.
(b) In case both G and G5 are planar, G is also planar.
(c) If G is Hamiltonian, then each of Gy and G2 has to be Hamiltonian too.

For an edge e of a graph G, let tc(e) denote the number of triangles containing e, and let ¢(G) be the
number of triangles of GG. In a locally linear graph of order at least three, an edge is called a 1-edge or a
2-edge if it belongs to exactly one or exactly two triangles, respectively. The following lemma supplies
the embedding used in both proofs below. We do not require this embedding to be orientable.

Lemma 4.4. Let G be a connected locally linear graph of order n > 3 and size m. The 1-edges form a
spanning 2-regular subgraph of G. If this subgraph has b components, then G has a 2-cell embedding in
a connected closed surface 3 with precisely t(G) + b faces: one triangular face for each triangle of G,
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and one additional face bounded by each component of the 1-edge subgraph. Writing ® = x(X) for the
Euler characteristic of 2, we have ® < 2 and

3t(G)+n=2m, m—2n=3(b-— o). (19)

Proof: By Fact[I] we have 6(G) > 2. For a vertex v and a neighbor u of v, the number ¢ (uv) equals
the degree of u in the path G[N (v)]. Thus every edge is a 1-edge or a 2-edge, and the two endpoints of
G[N (v)] correspond to exactly two 1-edges incident with v. Consequently, the 1-edges form a spanning
2-regular subgraph, whose components are pairwise vertex-disjoint cycles C1,...,Cy, with b > 1. In
particular, there are exactly n 1-edges. Counting incidences between edges and triangles gives

3t(G) =n+2(m—n) =2m —n. (20)

Attach a triangular disk to every triangle of G, identifying its boundary with that triangle. The resulting
simplicial complex S is a compact connected surface with boundary. Indeed, an interior point of an edge
has a disk or a half-disk neighborhood according as the edge is a 2-edge or a 1-edge. At a vertex v, the
link is exactly the path G[N(v)], so v has a half-disk neighborhood. The boundary of S therefore consists
precisely of the cycles C1, ..., Cy.

Cap each boundary component by a disk to obtain a connected closed surface 3. This gives the claimed
2-cell embedding of G. The additional faces are the capping disks; they are distinguished from the original
triangular faces even if their boundaries are triangles. Let F'(G) be the face set of this embedding and let
B(G) be the set of capping faces. Then |B(G)| = b, |F(G)| = t(G) + b, and

3|F(G)| - 3|B(G)| = 2m — n. @1
Here B(G) records the capping faces, rather than all non-triangular faces. Euler’s formula now gives
®=n—-m+t(G)+b. (22)

Combining this identity with 3t(G) = 2m —n proves m —2n = 3(b— ®). Finally, the Euler characteristic
of a connected closed surface is at most two, whether or not the surface is orientable. d

4.1 Proof of Theorem

Proof: Let G be a nonhamiltonian locally linear graph of order n and size m, and let b and ® be as in
Lemmafd.4] If m < 2n, then (I9) gives

1<b<®<2. (23)

Hence b = 1 and & = 2, so the constructed embedding is planar. Since the 1-edges form a spanning
2-regular subgraph with just one component, they form a Hamilton cycle of G, a contradiction. Therefore
m > 2n.

By Theorem we have n > 12. Whenn = 12, Figure shows a connected, nonhamiltonian, locally
linear graph G152 with 12 vertices and 24 edges. For each ¢ > 13, define GG; by attaching a K3 to G;_; via
edge identification: initially along edge uv, and thereafter along the edge connecting the vertices of degree
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two and three in the last added triangle, as illustrated in Figure[d] Applying Lemma[4.3|{c) repeatedly, each
G; (1 > 13) is nonhamiltonian with ¢ vertices and 27 edges.

We prove inductively that every G; is locally linear. Suppose that G, is locally linear, where k& > 13,
and that Gy, is obtained by adding a vertex x with neighborhood {y, 2z}, where yz is the chosen edge of
G—1. Relabel its endpoints so that dg, _, (y) = 2, and write Ng,_, (v) = {z, w}. Since Gj,_ is locally
linear, z ~ w. The neighborhood of x induces the path yz, and the neighborhood of y in G, induces
the path wzz. In Gi_1[Ng,_,(2)], the vertex y has degree one, so it is an endpoint of this induced
path. Adding = extends that path at the endpoint y, because x is adjacent to y and to no other vertex of
Ng, _,(z). Thus Gi[Ng, ()] is also a path. The neighborhood subgraphs of all other old vertices are
unchanged. Therefore G, is locally linear, completing the induction. This completes the proof. a

Fig. 4: Building nonhamiltonian locally linear graphs with m = 2n.
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4.2 Proof of Theorem

Proof: Let G be a nontraceable locally linear graph of order n and size m. Then G is nonhamiltonian, so
Theorem|[I.2) gives m > 2n. By Lemma[d.4]

m—2n =3(b— D), (24)

where b > 1 is the number of components of the spanning 2-regular subgraph formed by the 1-edges, and
® < 2is an integer. Consequently, either m = 2n or m > 2n + 3.

Suppose that m = 2n. Then b = ®,s01 < b = & < 2. If b = 1, the 1-edges form a Hamilton
cycle, contradicting nontraceability. Hence b = ® = 2, so the constructed embedding is planar. Let C
and Cs be the two components of the 1-edge subgraph. They are vertex-disjoint cycles whose vertex sets
partition V(G). Since G is connected, there is an edge uv with w € V(C1) and v € V(C3). Delete an
edge incident with » from C; and an edge incident with v from C5, and join the resulting paths with uv.
This produces a Hamilton path of G, again a contradiction. Therefore m > 2n + 3. a

5 Conclusion

In this work, we have investigated structural properties of nonhamiltonian and nontraceable locally linear
graphs. In particular, we have shown that the maximum possible degree of a nonhamiltonian locally linear
graph of order n is n — 5 for every n > 12, the minimum order of such a graph is 12, and its minimum
size is 2n for every n > 12. Every nontraceable locally linear graph of order n has at least 2n + 3 edges.
We do not claim that this last bound is sharp.

A natural direction for future research is to study the corresponding extremal problems for the maximum
number of edges. Specifically, it would be interesting to determine the maximum size of a nonhamiltonian
locally linear graph, the maximum size of a nontraceable locally linear graph, and the maximum size of a
general locally linear graph for a given order. Investigating these dual problems could further deepen our
understanding of the extremal structure of locally linear graphs.

Although this work is primarily theoretical, the results on locally linear graphs have potential appli-
cations. For example, in communication networks, a locally linear neighborhood structure can model a
chain of routers where each router connects linearly to a few others, helping analyze reliable message
routing. In surveillance systems, sensors arranged in locally linear patterns can optimize coverage along
corridors or pipelines. In distributed computing, tasks with linear dependency chains can be represented
by locally linear subgraphs, facilitating scheduling and resource allocation analysis. These examples il-
lustrate that the structural properties studied here may provide useful insights beyond purely theoretical
Interest.
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