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1 Introduction

Stack sorting or West stack sorting of permutations is an interesting and well-studied field of research. See
Chapter 8 of Bona|(2022) for an introduction. The stack sorting operation s has three natural, equivalent
definitions. Here we mention one of them. We define s on all finite permutations p and their substrings
by setting s(¢) = ¢ for the empty permutation, and setting s(p) = s(LnR) = s(L)s(R)n, where n is the
maximum entry of the string p, while L is the substring of entries on the left of n, and R is the substring
on the entries on the right of n. Note that L and R can be empty.

The questions, methods and results about the stack sorting algorithm are intrinsically connected to the
theory of pattern-avoiding permutations, a large and rapidly evolving field. We say that a permutation p
contains the pattern (or subsequence) ¢ = q1q2 - - - q, if there is a k-element set of indices i < iy <
-+ < 1y such that p; < p;_ if and only if ¢, < gs. If p does not contain g, then we say that p avoids q.
For example, p = 3752416 contains ¢ = 2413, as the first, second, fourth, and seventh entries of p form
the subsequence 3726, which is order-isomorphic to ¢ = 2413. A recent survey on permutation patterns
by Vatter can be found in |Vatter| (2015)).

Recently, in a series of papers|Defant|(20201/,[2021/2022) Colin Defant studied the size of st (Classy,),
that is, he studied the number of permutations p of length n for which s(p) belongs to a certain permu-
tation class. Let Av,,(q) denote the set of permutations of length n that avoid the pattern ¢. The classic
result that the number of permutations p of length n for which s(p) is the identity permutation is the Cata-
lan number C, is a special case of this line of work. Namely, it is the result that |s~!(Av,,(21))] = C,.
Considering various permutation classes defined by sets of patterns of length three, Defant has proved the
chain of equalities
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This was not an easy feat. The enumeration formula for the first set of permutations was proved in
Defant| (2020/2021)), the formula for the second set was proved in [Defant| (2020), and the formula for the
third one was proved in Defant| (2021/2022)), and the techniques used in these proofs were also different.

In this paper, we give simple, but perhaps interesting proofs for the above enumeration result for
|s71(Av,,(132,312))| and |s~1(Av,(231,312))|. A key element in a proof will be the notion of a cer-
tain kind of partially labeled trees that we call (0, 1)-trees. We will show that the numbers counting our
permutations satisfy the same recurrence relation as these trees.

2 0-1-Trees

A plane binary tree is a rooted plane tree on unlabeled vertices in which every non-leaf vertex has one or
two children, and every child is a left child or a right child, even if it is the only child of its parent. It is
well-known that the number of such trees on n vertices is the nth Catalan number C,, = (*")/(n + 1).
We will consider an enhanced version of these trees.

Definition 2.1 A 0-1-tree is a binary plane tree in which every vertex that has two children is labeled 0
or 1.

Figure 1 shows the six 0-1-trees on three vertices.

YA G0 I
A A

Fig. 1: The six 0-1 trees on three vertices.

Let a,, be the number of 0-1-trees on n vertices, and let us set ag = 0.
Proposition 2.2 Let A(z) = ), . an2" be the ordinary generating function of the sequence {an }n>o.

Then
1 -2z —+vV1—4z—422

Alz) = 4z
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Proof: The root of a 0-1-tree that consists of more than one vertex either has a left child only, or a right
child only, or two children. It is only in the last case that the root will get a label. This implies the

recurrence relation
n—1

Ay = 2ap_1 +2Zai71an7i7 (D
i=2

for n > 2 with a; = 1, or, equivalently, the functional equation
A(2) = 2 + 22A(2) 4+ 2242 (2),

with A(0) = 0. Solving this quadratic equation and choosing the solution that satisfies the initial condition
yields our result. a

The sequence {ay},>1 appears in [Sloane as sequence A071356, with the indices shifted by 1. In
Hossain| (2019), Chetak Hossain suggests the name Boolean-Catalan numbers for the numbers a,,. Our
notion of (0-1)-trees supports this suggestion. Indeed, we take a structure counted by the Catalan numbers,
namely the binary trees, and enhance it by a ”"Boolean” structure, namely zeros and ones.

3 Determining |s~1(Av, (132, 312))].
Let us set b, = |s71(Av,,(132,312))| for ease of notation. Set by = 0.

Theorem 3.1 The sequence b,, satisfies the recurrence relation that is satisfied by the sequence a,.
As a1 = by = 1, this implies that a,, = b,, for all n.

For the rest of this paper, for a permutation p of length n, we use the notation p = LnR, where L and
R denote the possibly empty string of entries on the left of the entry » and on the right of the entry n. We
recall the crucial identity s(p) = s(L)s(R)n.

A left-to-right maximum (resp. minimum) in a permutation is an entry that is larger (resp. smaller) than
everything on its left. For shortness, we will call left-to-right maxima simply maxima, and left-to-right
minima simply minima.

Proof: Intuitively speaking, we will show that there are two ways to combine two shorter permutations
of the desired kind into one, just like there are two ways to join two smaller (0-1)-trees to a common root.
In order to make this idea more precise, we have to analyze the structure of our permutations.

If a permutation avoids 132 and 312, then it ends with 1 or n, and in general, moving right to left,
each entry is a left-to-right minimum or left-to-right maximum, and only one of those, except the leftmost
entry, which is both. (This is also an easy way to see that |Av,,(132,312))| = 2"~ 1.) See Figure 2 for an
illustration.

Now let p = LnR. It follows from the description in the previous paragraph that then s(p) =
s(L)s(R)n avoids both 132 and 312 if and only if s(L) and s(R) avoid these two patterns, the max-
ima of s(L) are smaller than the maxima of s(R) and the minima of s(L) are larger than the minima of
s(R). In other words, all the entries in L are smaller than the maxima in s(R) and larger than the minima
in s(R). (Note that the set of entries in L is the same as the set of entries in s(L).) This means that for each
ordered pair (¢, r) of nonempty patterns for which s(¢) and s(r) avoid 132 and 312 and |[¢| + |r| = n — 1,
there are exactly two permutations p € s~ 1(Av,,(132,312)) so that ¢ is isomorphic to the string L of
entries preceding n in p and 7 is isomorphic to the string R of entries following n in p. This is because the
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Fig. 2: A generic permutation avoiding 132 and 312.

leftmost entry of s(R) can be viewed as a left-to-right minimum or as a left-to-right maximum in s(R),
hence its value in p can be chosen to be smaller than all entries in L, or larger than all entries in L. See
Example[3.2|and Figure [3|for illustrations. Once that choice is made, p = LnR is determined, since L is
isomorphic to ¢, and R is isomorphic to r. This argument is valid as long as L and R are not empty, so
when 7 is in position ¢ € [2,n — 1]. This case contributes 2 Z?;zl b;—1b,—; permutations to b,,.

Finally, it is clear that if p’ € s~1(Av,,_1(132, 312)), then prepending or postpending p’ with n, we get
a permutation p € s~!(Av,,_1(132,312)). This case contributes 2b,,_; permutations to b,,, completing
the proof. O

Example 3.2 Ler s(¢) = 2134 and let s(r) = 32145. Then the entries 4 and 5 are maxima of s(r), the
entries 2 and 1 are minima of s(r), and the entry 3 is both. Therefore, we have two possibilities.

1. We can treat 3 as a minimum, and obtain the strings s(L) = 5467 and s(R) = 32189, leading to
the permutation s(p) =546732189 10, or

2. we can treat 3 as a maximum, and obtain the strings s(L) = 4356 and s(R) = 72189, leading to
the permutation s(p) =435672189 10.

Note that in the first case, the leftmost entry of s(R) is smaller than all entries in s(L) (and so all entries
in L); in the second case, the leftmost entry of s(R) is larger than all entries in L. See Figure|3|for an
illustration.

4 Determining |s~1(Av, (231, 312))].
Let us set f,, = |s71(Av, (132, 312))| for ease of notation. Set fy = 0.

Theorem 4.1 The sequence f,, satisfies the recurrence relation that is satisfied by the sequence a.,.
As f1 = 1, this implies that f,, = a,, for all n.

Proof: Just as in the proof of the previous theorem, we will show that there are two ways to combine two
shorter permutations with the desired properties into one. A permutation that avoids 231 and 312 is called
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Fig. 3: The two possible values of the leftmost entry of s(R) in p.

Fig. 4: A generic permutation avoiding 231 and 312, called a layered permutation.

a layered permutation. It consists of decreasing subsequences (the layers) so that the entries increase from
each layer to the next. See Figure ] for an illustration.

Let p = LnR. It follows from the description in the previous paragraph that then s(p) = s(L)s(R)n
avoids both 231 and 312 if and only if s(L) and s(R) avoid these two patterns and

1. either all entries in L are smaller than all entries in R, or

2. each entry of the last layer of s(L) is larger than each entry of the first layer of s(R), but otherwise
each entry of L is smaller than each entry of R.

It is easy to see that in the first case, each layer of s(L) and s(R) will become a layer of s(p) =
s(L)s(R)n, whereas in the second case, the last layer of s(L) and the first layer of s(R) will unite to form
anew layer of s(p).

We claim that for each ordered pair (¢,7) of nonempty patterns for which s(¢) and s(r) avoid 231
and 312 and |¢| + |r| = n — 1, there are exactly two permutations p € s~ '(Av,(231,312)) so that £
is isomorphic to the string L of entries preceding n in p and r is isomorphic to the string R of entries
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following n in p. This is because given ¢ and r with the required properties, there are two possibilites for
the underlying set of £. We can choose that set to be simply the set {1,2, - - -, £}, and then all entries in L
will be smaller than all entries in R, and s(L)s(R)n will be a layered permutation. This is the situation
described in (1). Or, if the last layer of £ is of length ¢; and the first layer of r is of length 71, then we can
choose the underlying set of £ to be the set {1,2, -+, £— 0 }U{l—l1+r1+1,0—b1+1m1+2,--- L+ }.
In that case, we are in the situation described in (2). Then the last layer of s(L) and the first layer of s(R)
will unite to form a layer of length ¢; 4+ 71 in s(p). Once that choice is made, p = LnR is determined,
since L is isomorphic to ¢, and R is isomorphic to r.

Again, this argument is valid as long as L and R are not empty, so when 7 is in position i € [2,n — 1].
This case contributes 2 Z?:_Ql fi—1fn—i permutations to f,,.

Finally, it is clear that if p’ € s~!(Av,,_1(132,231)), then prepending or postpending p’ with n, we get
a permutation p € s~(Av,,_1(231,312)). This case contributes 2f,,_; permutations to f,,, completing
the proof. O

Example 4.2 Ler s(¢) = 2134 and let s(r) = 32145. Then there are two possibilities for s(p).
1. Ifall entries in L are smaller than all entries in R, then we have s(p) =213476589 10, and

2. if the last layer of s(L) consists of entries larger than the first layer of s(R), then we have s(p) =
213765489 10.

See Figure 5 for an illustration.

Fig. 5: The two ways of combining s(L) and s(R).
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5 Further directions

Now that we have found simple proofs for first two results mentioned in the Introduction, it is natural
to ask for one for the third, that is, the equality a,, = |s~1(132,231)|. We point out that Defant [Defant
(2021/2022) used the kernel method to prove that result, so it is possible that this case is more complicated.
If that is the case, that is interesting on its own, since that would mean that three permutation classes of
identical size have stack sorting preimages of identical size, but for one of them, it is much more difficult
to prove that than for the other two.
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We develop a circular-street argument, in the style of Pollak, to obtain a new proof that there are C,, = %ﬂ (2:)

weakly increasing parking functions of length n > 1, where C, is the nth Catalan number.
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1 Introduction

Consider a one-way street with n € N := {1,2,3,...} numbered parking spots. A sequence of n cars
arrive to park on the street one at a time. When car i € [n] == {1,2,...,n} arrives, it immediately
drives to its preferred spot a; € [n]. If the spot is empty, then the car parks there. Otherwise, the
car continues driving down the street and parks in the first unoccupied spot it finds after its preference,
if any. If the car does not find any unoccupied spots, then it exits the street unable to park. Let the
tuple « = (a1, as9,...,a,) € [n]™ summarize the cars’ parking preferences; we refer to it as a parking
preference tuple. If all cars are able to park given the parking preferences in «, then « is said to be a
parking function of length n. Let PF,, C [n]™ denote the set of parking functions of length n > 1.

Parking functions were first studied by |Pyke| (1959) and by [Konheim and Weiss| (1966); they inde-
pendently showed that |PF,,| = (n + 1)"~! for all n > 1 (OEIS Foundation Inc., A000169). Riordan
(1969) credits Pollak with a different and particularly elegant proof of this result based on a circular-street
argument; refer to (Martinez Mori, |2024) for an expository description of Pollak’s technique.

Parking functions are also closely related to Catalan combinatorics; refer to Stanley| (2015) for a com-
prehensive survey of this area. In particular, a parking function o = (a1, as, ..., a,) € PF, is said to be
weakly increasing if a1 < as < --- < a,. Let PFZ C PF,, denote the set of weakly increasing parking
functions of length n > 1. Then, it is well-known that |PF!| = C,, = n%rl(i?), where C,, is the nth
Catalan number (OEIS Foundation Inc., |JAO00108). This result can be established in various ways, most
notably directly through the recursive relation C,, = Z?:l C;Cp—; forn > 1 with Cy = 1 or bijectively
through another known Catalan object (most typically Dyck paths, as in (Armstrong et al., 2016, Section
2.2)).

ISSN 1365-8050 © 2026 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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2 Harris, Martinez Mori, and Wilson
It is also well-known that, for any o = (a1, ag, ..., a,) € [n]™ with n > 1, we have that
ac€PF,ifandonlyif |[{i € [n]:a; > j} <n—j+1, forallj € [n]. (1)

This inequality-based characterization implies that parking functions are invariant under the action of the
symmetric group, which permutes the entries of a preference tuple: we leverage this property later in this
note. Lastly, as a notational convention, let [n]q := [r] U {0} and Ny := N U {0}.

Another way of establishing the count of a set of Catalan objects is through a cyclic shift argument.
For example, [Raney| (1960) developed this kind of proof to count ballot sequences. In fact, this is part of
a long tradition of proofs that partition combinatorial objects into equivalence classes through a rotation
action; the cycle lemma of |Dvoretzky and Motzkin| (1947) and |Golomb| (1956)’s proof of Fermat’s little
theorem are two additional examples. Pollak’s proof that |PF,| = (n + 1)"~! is another example of a
cyclic shift argument; one that makes specific use of the combinatorial interpretation of parking functions.
However, to the best of our knowledge, no proof in the style of Pollak has been given for the count of
weakly increasing parking functions, i.e., for [PF}| = C,, = 25 (%"). In Theorem 3| we provide such a
proof, along with an illustration of its main ideas in Theorem @]and its accompanying Figure[I] Although
our proof is a cyclic shift proof, we distinguish it from other cyclic shift proofs for the enumeration of
Catalan objects in that we only employ self-contained parking-related arguments. In other words, not only
is it based on a cyclic shift argument, but more specifically it is based on a circular-street argument.

Our proof makes use of the content of a parking preference tuple, i.e., a tuple that records the number of
cars that prefer each spot. Whereas (Riordan, |1969) proved that the number of contents (and therefore the
number of weakly increasing preference tuples) that meet (I)) satisfies the recurrence relation of the ballot
numbers, we instead use a cyclic shift argument to partition this set into equivalence classes each leading
to a unique weakly increasing parking function. The main difficulty lies in that a direct application of
Pollak’s preference rotations breaks the weakly increasing condition: we correct for this by mapping back
into the set of weakly increasing preferences while preserving the decision property of being a parking
function.

2 A Circular-Street Argument for Weakly Increasing Parking Func-
tions

Consider a sequence of n cars parking on a circular one-way street with n + 1 parking spots, numbered
1,2,...,n,n+ 1. Let PP,, := [n + 1]™ be the set of all possible parking preference tuples for the n cars.
Similarly, let

PPIL ={a=(a1,a9,...,a,) EPP, a1 <as <---<a,}

be the set of all possible weakly increasing parking preference tuples for the n cars. Before we present
our main result, we present two standalone lemmas that highlight its main ingredients.

PPl = (°7).

Lemma 1. Foranyn > 1, "

Proof: This follows as a direct application of the balls and bars method. Specifically, consider the place-
ment of n bars and n balls on a straight line from left to right. In this order, the :th ball corresponds to the
1th car, whose preference is 1 plus the total number of bars to its left. Therefore, the choice of n places for
the bars from the total of 2n different places fully determines the cars’ weakly increasing preferences. [
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Lemma 2. Let o = (a1, a2,...,a,) € PP, and o’ = (ay,d}, ..., a),) be any rearrangement of o. Then,

r'n

under either preference tuple o or o/, all cars park and ultimately leave the same, single spot unoccupied.

Proof: Since there are n + 1 spots but only n cars, regardless of the preference tuple, all cars park and
ultimately leave one spot unoccupied. Let i* € [n + 1] be the spot ultimately left unoccupied if the cars
arrive under ce. We claim that this is the same spot ultimately left unoccupied if the cars arrive under o’.
To show this, consider the bijective map o : [n + 1] — [n + 1] where

JHm+1—d%), ifl<j<i,
o(j) =<n+1, if j = 4*, and
j— i, ifi* <j<n+l,

for all j € [n 4 1]. Essentially, o relabels the spots so that spot i* + 1 becomes the new first spot, spot
i* + 2 becomes the new second spot, and so on. Let o(a) = (0(ay),0(asz),...,0(a,)) and note that,
based on the assumption that ¢* is the spot ultimately left unoccupied under o, n + 1 is the spot ultimately
left unoccupied under o(«). It follows that o(«) € PF,,. Next, consider o (o). Since o is bijective and
o/ is a rearrangement of «, o (') is a rearrangement of o(«). In particular, the fact that () € PF,,
and the permutation invariance property of parking functions from (I)) together imply that o(a’) € PF,,.
Therefore, n + 1 is the spot ultimately left unoccupied under o ('), which means that i* is the spot
ultimately left unoccupied under o’'. O

We are now ready to present our main result.

PF|=C, = - (*").

Theorem 3. Foranyn > 1, |

Proof: By Lemma we have that |PP] | = (27?) Note that PF] C PP]. Therefore, in the remainder of
this proof we partition PPZ into equivalence classes, each of size n + 1 and with a single element in PFZ.

First, let 7 : PP,, — PP,, be Pollak’s rotation. That is, for any o = (a1, as,...,a,) € PP, we have
7(a) = (r(a),re(a),...,ry(a)) € PP,, where

(@) n-+1, ifa;+1 mod (n+1) =0, and
ri(o) = .
a;+1 mod (n+1), otherwise,

for all i € [n]. By convention, let 7(®) = id be the identity map and 7(*) be the s-iterate of 7.
For each parking preference tuple a € PP,,, let

r(a) = (ki(a), k2(a), . k(@) knsa (@) € [n]5 ™

be its content, where
kj(e) = |{i € [n] - a; = j}|
for all j € [n + 1]. In other words, k; () is the multiplicity (or number of occurrences) of j in c.
Let 5(PP!) = {k(a) : @ € PP)} C [n]n™™ be the set of contents of weakly increasing parking
preference tuples for the n cars. In fact, |<(PP])| = |PP]| as any weakly increasing parking preference
tuple is uniquely identified by its content. Any content k = (ki, ko, ..., kn,kny1) € K(PPT) hasn + 1

non-negative integer) entries and satisfies "7} k; = n, so there always exists at least one pair 7, j’ €
g g y pair 3,7

Jj=1
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[n + 1] with k; # 0 and kj; = 0. Therefore, the circular shift w : x(PP]) — (PP} ), which moves
the final entry of a tuple to the first position and shifts all other entries to the next position on the right,
partitions the set K(PPIL) into equivalence classes, each of size n + 1; let I denote this collection of
equivalence classes. By convention, let w(®) = id be the identity map and w(®) be the s-iterate of w.

For each equivalence class K € IC, fix an arbitrary element as its canonical representative and denote
itk € K. Moreover, for each content k € K, let

(k) = (t1(k), ta(k), ..., tn(k)) € PP}

be its corresponding weakly increasing parking preference tuple. Note that the collection of sets {7 (k) :
k € K} for K € K, each of size n + 1, in turn partition the set PPIL.

Now, consider any equivalence class K € K, its canonical representative k e K, and its corresponding
weakly increasing parking preference tuple 7'(];3) € PPZ. For any s € Ny, the content of the sth Pollak
rotation of 7(k), i.e., x(7(*)(7(k))), is equivalently obtained as the sth circular shift of k, i.e., w(®) (k).
Therefore, the sets {7(*)(7(k)) : s € Ny} and K are in bijection. By transitivity, the sets {7(*) (7(k)) :
s € No}and {7(k) : k € K} are also in bijection, and each of them is of size n + 1. Let ¢ : {x(®) (7 (k)) :
s € No} = {7(k) : k € K} be the bijective map ¢ = 7 o &, i.e., (o) = 7(k(a)) for all o €
{7 (r(k)) : s € No}. In effect, ¢(cv) is the weakly increasing rearrangement of .

Lastly, consider the sequence of n cars parking on the circular one-way street with n + 1 numbered
parking spots under any parking preference tuple o € {7(*)(r(k)) : s € N} C PP, (note that, in
general, o need not be weakly increasing). Since there are n + 1 spots but only n cars, all cars park
and ultimately leave exactly one spot unoccupied. By Lemma [2] this is the same spot ultimately left
unoccupied if the cars arrive under the weakly increasing parking preference tuple ¢(«). Moreover,
exactly one preference tuple a € {7(*)(7(k)) : s € Ny} results in spot 7 + 1 ultimately left unoccupied:
the successive elements in {7(*)(7(k)) : s € Ny} rotate the unoccupied spot clockwise around the circular
street one spot at a time. Therefore, by our previous claim, exactly one weakly increasing preference tuple
a € {r(k) : k € K} results in spot n + 1 ultimately left unoccupied. Since the sets {7(k) : k € K} for
K € K are each of size n + 1 and partition PPIL, which is of size (2") there are

n
1 2n
n+1l\n
weakly increasing parking preference tuples that result in spot n + 1 ultimately left unoccupied. These

preference tuples form the set PF7,, which establishes the desired count [PF}| = C,, = =5 (*). O

To summarize:
1. Lemmaestablishes the (2:) count for the broader set of weakly increasing parking preferences.

2. Given this broader set, we would like to use Pollak’s rotation 7 to partition it into equivalence
classes, each of size n + 1 and with a single weakly increasing parking function. However, m need
not preserve the weakly increasing property, so it is not immediately clear how to form these. To do
so, we start with any weakly increasing parking preference and:

* Send its Pollak rotations to their weakly increasing rearrangements via the map ¢. The content
map ~ and the weakly increasing tuple map 7 make this precise: « links the Pollak rotations
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to circular shifts w of the initial content, while 7 in turn links these contents to the weakly
increasing rearrangements. Thatis, ¢ = 7 o k.

* Among these Pollak rotations, there is a single parking function (not necessarily weakly in-
creasing). Lemma [2]implies that the weakly increasing rearrangement of this unique parking
function is the unique weakly increasing parking function in its equivalence class.

Note that in the enumeration of parking functions, each equivalence class is the set of all Pollak
rotations of a given preference tuple. Conversely, in our enumeration of weakly increasing parking
functions, each equivalence class is instead formed by circular shifts of the content of a given
weakly increasing preference tuple: its Pollak rotations are instead used to keep track of the empty
spot. For example, as seen in Example ] and its accompanying Figure [I] (2,2,4,5) is not a Pollak
rotation of (1,2,4,4), yet (1,2,4,4) and (2,2,4,5) are in the same equivalence class.

K

T

y

K

K

K

v

‘ (1.2.4.4) ‘—ﬂ{ (2.3.5.5) }—ﬂvl (34.L.1) }—”v] 45.22) ‘—”{ (5.1.3.3) ‘

p :

v

a [43] ()] [4)]
k=(1,1,02.0) \—>] 0.1,1,0.2) %] (2.0.1,1,0) }—»]
7'y H ¥ X

A

A

0,2,0,1,1) ‘_” (1,0,2,0,1)

T K T K T K T K T K
A4 H A4 H A\ 4 A4 H A\ 4
’ (1,2,4,4) ‘ ’ (2,3,5,5) ‘ ‘ (1,1,3,4) ‘ 2,2,4,5) ‘ ’ (1,3,3,5)
v Y v v

S| S 83 84 S S| S 83 84 S5 S| s 83 Sy S S| S 83 84 S S| s 83 8, S

Fig. 1: Illustrations accompanying Theorem ]

In Theorem @] and its accompanying Figure[T] we illustrate the main ideas in our proof of Theorem 3]

Example 4. Consider 4 cars parking on a circular one-way street with 5 spots, i.e., after spot b, the street
loops back into spot 1. The weakly increasing preferences of length 4 are in bijection with the contents
of length 5 via the content map k whose inverse is the weakly increasing word map T. For example,
k((1,1,3,4)) = (2,0,1,1,0) and 7 ((2,0,1,1,0)) = (1,1, 3,4).

The circular shift operation on tuples, denoted by w, partitions the set of contents into equivalence
classes of size 5. In particular, the elements of the orbit

(1,1,0,2,0) % (0,1,1,0,2) = (2,0,1,1,0) = (0,2,0,1,1) = (1,0,2,0,1) = (1,1,0,2,0)

are all in the same equivalence class: without loss of generality, let k= (1,1,0,2,0) be its canonical
representative (shaded in grey in Figurell). We also rotate its corresponding weakly increasing preference
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(k) = (1,2,4,4) via the rotation map 7, which increases all of its entries by one modulo n + 1, as in
Pollak’s original proof. This forms the orbit

(1,2,4,4) 5 (2,3,5,5) = (3,4,1,1) = (4,5,2,2) 5 (5,1,3,3) = (1,2,4,4),

also of size 5, and with exactly one (not necessarily weakly increasing) parking function: (3,4,1,1).
Through K, these preference rotations are in bijection with the equivalence class of contents. For example,

r((3,4,1,1)) = (2,0,1,1,0).

Moreover, the composition ¢ = T o K bijectively maps these preference rotations to weakly increasing
preferences. For example,

$((3,4,1,1)) =7((2,0,1,1,0)) = (1,1, 3,4).

Finally, the spot ultimately left unoccupied is invariant under ¢, as noted by the dashed arrows and the
unlabeled parking outcomes. For example, the spot ultimately left unoccupied under both (3,4,1,1) and
(1,1,3,4) is spot 5. Since (3,4,1,1) is the unique parking function in its equivalence class of prefer-
ence rotations, (1,1,3,4) is the unique parking function in its equivalence class of weakly increasing
preferences (shaded in golden in Figure[I)).

3 Discussion

Circular-street arguments have been useful in combinatorics specific to parking-related objects. [Durmic
et al.|(2023) used a circular-street argument to show that, under a coin-flipping parking protocol in which
each car moves forward or backward depending on its coin-flipping outcome, the probability that a park-
ing preference tuple sampled uniformly at random is a parking function is independent of the coin bias
parameter 0 < p < 1. More recently, Rubey and Yin| (2025) developed circular-street arguments to enu-
merate certain permutation-related discrete statistics of parking functions. In a similar spirit, our proof of
Theorem 3] further demonstrates the versatility of circular-street arguments as a general proof technique.
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We consider a permutation analogue of Penney’s game for words. Two players, in order, each choose a permutation
of length k£ > 3; then a sequence of independent random values from a continuous distribution is generated, until the
relative order of the last k numbers coincides with one of the chosen permutations, making that player the winner. We
compute the winning probabilities for all pairs of permutations of length 3 and some pairs of length 4, showing that,
as in the original version for words, the game is non-transitive. Our proofs introduce new bijections for consecutive
patterns in permutations. We also give some formulas to compute the winning probabilities more generally, and
conjecture a winning strategy for the second player when k is arbitrary.

Keywords: Penney’s game, permutation, consecutive pattern, non-transitive game

1 Introduction

In Penney’s game, also known as Penney Ante [19]], player A selects a binary word of length k£ > 3, then
player B selects another binary word of the same length. A fair coin is tossed repeatedly to determine a
random binary word, until one of the players’ words appears as a consecutive subword, making that player
the winner. It is known that, for any word picked by player A, player B can always pick a word that will
be more likely to appear first. This property makes Penney’s game a non-transitive game.

The exact odds of winning can be computed using Conway’s formula [[12], in terms of the overlaps of
the two words with themselves and with each other. The same method applies to words over any finite
alphabet. Guibas and Odlyzko provided a proof of Conway’s formula using generating functions [13l],
as well as a winning strategy for player B, by describing how to choose a word that will be more likely
to appear first than player A’s word. Another proof of Conway’s formula, using induction, was given by
Collings [3] soon after. Extending Guibas and Odlyzko’s approach, Felix [11] characterized the words
that maximize the winning probabilty for player B, given the word chosen by player A, over an alphabet
of arbitrary size.

In this paper, we consider an analogue of Penney’s game for permutations. Now player A selects
a permutation of length &k > 3, then player B selects another permutation of the same length. Then
a sequence of independent random numbers is generated until the relative order of the & most recent
numbers agrees with one of the players’ permutations, making that player the winner.
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More specifically, let X = X3, X, ... be a sequence of i.i.d. continuous random variables; for exam-
ple, we can assume without loss of generality that they have a uniform distribution in [0, 1]. Let Sy, denote
the set of permutations of [k] := {1,2,...,k}. A consecutive occurrence of a permutation (often called a
pattern) o € Sy, is a subsequence X;, X;y1,...,X;+k—1 Whose entries are in the same relative order as
01,09, ...,0k, thatis, st(X;X;41 ... X;15—1) = o, where st denotes the standardization operation that
replaces the smallest entry with 1, the second smallest with 2, etc. After player A chooses a permutation
o and player B chooses a permutation 7, the random variables X1, X2, ... are drawn until a consecutive
occurrence of ¢ or 7 appears, which determines the winner. One can consider a more general version
where o and 7 may have different lengths. Using continuous random variables ensures that the event
Xi = X, (where ¢ # j) has probability zero.

In Section[2] we provide a simple expression for the expected time until a given pattern appears for the
first time. In Section[3] we study the probability that one pattern appears before another. We give a formula
for this probability in terms of expectations, inspired in Conway’s formula but significantly less practical,
and another one that relates to permutation enumeration. We then explicitly compute this probability in
some special cases, and we describe several families of pairs of patterns for which this probability is 1/2,
i.e., both patterns have equal probability of appearing first. In Section[d] we provide a complete table for
the probabilities of seeing one pattern before another when both patterns have length 3, computed using
bijections and recurrences. In Section[5] we consider some pairs patterns of length 4, including the curious
case of the patterns 2134 and 3241, each of which has equal probability of appearing before the other, but
for non-obvious reasons. Our proof of this fact introduces some new bijections for consecutive patterns
in permutations, in combination with an inclusion-exclusion argument. In Section [6] we conclude that
Penney’s game for permutations is non-transitive. We conjecture that for any permutation o . ..0,_10% €
Sk, where k > 3, the permutation o007 ...0k—1 is more likely to appear first, which would provide a
winning strategy for player B for permutations of arbitrary length.

2 The first occurrence of a pattern

In this section we analyze how long it takes for given pattern to appear for the first time in the random se-
quence X. The analogous problem for words over a finite alphabet was studied by Nielsen [[17], motivated
by frame synchronization methods in digital communication systems.

Given7 € S, and o € Sy, an occurrence of ¢ in 7 as a consecutive pattern is a subsequence of adjacent
entries of 7 that are in the same relative order as the entries of o. For example, occurrences of 132 and
231 are often called peaks, and occurrences of 321 are called double descents. If 7 does not contain any
occurrences of o, we say that m avoids . See [8] for a survey of consecutive patterns in permutations.
Unless otherwise stated, all the notions of patterns, occurrences, containment and avoidance in this paper
refer to the consecutive case. However, we will see later that the definitions and results in this section
extend immediately to so-called vincular patterns.

Let o, (o) be the number of permutations in S,, that avoid o as a consecutive pattern, and denote the
corresponding exponential generating function by

Po(z) = Zan(o)%.

Define the random variable T, as the smallest j such that X = X, ..., X; contains a consecutive occur-
rence of o. In other words, 7T, is the number of random draws until we see o for the first time. Our first
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result is that the expectation ET,, and the variance VT, have surprisingly simple expressions in terms of
this generating function.

Theorem 2.1. For every o,

ET, = P,(1),
VT, =2P.(1) + P,(1) — P, (1)

Proof. Let A; be the event that X, Xs, ..., X; avoids the pattern o. Then

N . a;—1(0)
Pr(T, > i) =Pr(4;—1) = R
from where ()
. o;—1(0
ET, = ZPr(Ta > i) = Z o P,(1).
i>1 i>1
Similarly,
ET? = 2(22 - 1)Pr(T, >i) = Z(2n + l)an(a) =2P/ (1) + P,(1)
7L - n! v ’
i>1 n>0
and so
VT, = ET? — (ET,)? = 2P, (1) + P,(1) — P,(1)*. O

Expressions for the generating function P, (z) for various patterns o have been obtained by Elizalde
and Noy [9,[10]]. In particular, for patterns of length 3, [9, Theorem 4.1] gives

V3 el 1

Pias(2) = 5 ——F——, Pi3o(2) = —=—575 0 ey
2 cos(?z +1) 1— [ye?/2dt
For an arbitrary monotone pattern, the following formula appears in [6]:
-1
L Lik+1
P12...k(2) = 0 0 . 2)
j; GR)! &5 (k+1)!
Using these expressions, it follows from Theorem 2.1 that, for example,
V3 1
ETlg =€, ET123 = T@ ~ 7924, ]ET132 = 1—1‘22 ~ 6926, (3)
2cos(% + %) 1— [y e t/2dt
VTis = 3e — e,  VTia3 ~ 27.981, VT30 &~ 17.148.

Recall that two patterns o and 7 are said to be Wilf-equivalent if P,(z) = Pr(z).

Corollary 2.2. If o and T are Wilf-equivalent, then the random variables T, and T, have the same
distribution. In particular, KT, = ET, and VT, = VT..
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Proof. The fact that ET,, = ET; and VT, = VT follows immediately from Theorem More gener-
ally, we have

Pr(T, = i) = Pr(T, > i) — Pr(T, > i — 1) = 2=1(@) _ ai=2(0)

(-1  (i—2)

Since o and 7 are Wilf-equivalent, we have o, (o) = a,(7) for all n, and so the above expression equals
Pr(T; =1). O

To study the analogue for permutations of Penney’s game, as described above, consecutive patterns
provide the suitable setting. However, the definition of 7, as well as Theorem 2.1 and Corollary [2.2]
can easily be extended to the case where o is a vincular or a classical pattern. A vincular pattern (called
generalized pattern in [1]]) is a permutation where dashes may be inserted between some of its entries,
indicating that the corresponding positions do not need to be adjacent in an occurrence of the pattern in a
permutation. For example, an occurrence of the vincular pattern 1-32 in 7 is any subsequence ;7,741
with? < jand m; < 741 < 7;. Vincular patterns with dashes in all positions are called classical patterns,
which have no adjacency requirement, and appear most frequently in the combinatorics literature [20].

In its extended version, Theorem [2.1] can be used compute that the expected number of draws before
the first occurrence of the vincular pattern 1-23 is

B,
ET} 05 = Z — = e“ 1 ~ 5.575,
n>0

where «,,(1-23) = B,, is the nth Bell number [3]. And if o is any classical pattern of length 3, this

expected number is

ET, =) Cn _ e*15(2) ~ 5.091,

n!
n>0

where o, (0) = C), is the nth Catalan number [20], and I,,(z) denotes the modified Bessel function of
the first kind.

For any vincular pattern o, the value ET,, gives a measure of how easy it is to avoid ¢ in a random
permutation. Unlike other measures commonly used in the literature, such as lim,, an(o)l/ ™ for classical
/

1
On (U)
!

n
patterns and lim,, ( for consecutive patterns, the advantage of using 7}, is that it can be defined

uniformly for all vincular patterns, providing always a positive number, which allows us to compare
different patterns.

The analogue of Theorem [2.1] for words, where an m-sided die is repeatedly rolled until a given word
W= wWiWsy... WL € [m]k appears, was obtained by Nielsen in [[L7]. If T}, is the random variable counting
the number of rolls until the first appearance of w, it is known that

ET, = Z m,
1E€By,

where B, = {i € [k] : w1 ... w; = wg—_;y1 ... wg} is the bifix set of w. It is interesting to note that ET,
is always an integer, unlike in the case of permutations.
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3 The probability of seeing one pattern before another

In the case of words, Conway gave a beautiful formula for the probability that an m-ary word appears
before another one in a sequence of tosses of an m-sided die, see Gardner’s account [12]]. Given two
words w € [m]* and v € [m]* such that neither of them is a consecutive subword of the other, let

Byw = {i € min{k, ¢}] : w1 ... w; = ve_jt1...ve},

and

b(v,w) = Z m'L,
1€By,w
Note that By, = Bw.

Theorem 3.1 (Conway [12]]). With the above definitions, the probability that w appears before v in a
random sequence is
b(U, U) — b(’U, UJ)
b(v,v) — b(v,w) + b(w,w) — blw,v)’
For example, the probability that the binary word w = 100 appears before v = 000 is

7—0 7

7-0+4-3 8

We now turn to the case of permutations. Given two patterns ¢ € S and 7 € S, such that neither
of them contains a consecutive occurrence of the other — we call these incomparable patterns — denote
by Pr(c < 7) the probability that o appears before 7 in the random sequence X. There seems to be no
simple expression for Pr(c < 7) for arbitrary o and 7, and we will see in Sectionthat this value is not
always a rational number.

We start with some observations that follow trivially by symmetry. These will reduce the number of
cases that we have to consider in Sections ] and 5] For o € Sy, define its complement & € Sy, by
ogi=k+1—o0;forl <i<k.

Observation 3.2. Let 0 and T be two incomparable patterns. Then
I. Pr(t<0)=1-Pr(oc < 1),
2. Pr(c <7)=Pr(c <7),
3. Pr(oc <o) =3.

Denoting the increasing monotone pattern by ¢, = 12. ..k, it is easy to see that

Pr(u < 21) = %, 4
since the only way for the pattern ¢, to appear first is if the initial k¥ random values are increasing. In this
section we give some general formulas for Pr(c < 7) that will help us compute these probabilities in
specific cases.

In the case of words, Collings’ proof [5] of Conway’s formula relies on the expected number of ad-
ditional tosses to see one word assuming that the sequence of tosses starts with the other word. For two
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incomparable permutations o € Si and 7 € Sy, there are multiple ways to define an analogue of this
notion. Next we define two different random variables, which we denote by I,_, and F,,_, ..

Define I,_,, as the smallest j such that X, ..., X} ; contains a consecutive occurrence of 7, condi-
tioning on the fact that X1, ..., X} is an occurrence of o. In other words, I,_, . is the number of further
draws needed to see 7, assuming that o occurs at the beginning of X (the letter I stands for initial). Dis-
regarding the requirement that the two patterns are incomparable, we could define I,,_,, as the number of
further draws needed to see a second occurrence of o (i.e., not counting the initial one). It is not hard to
see that EI,_,, = k! for any o € Sk, since the expected proportion of occurrences of ¢ in a long random
sequence is 1/k!, so each one is separated from the next by k! on average.

In general, for incomparable o € S;, and 7 € Sy, we have

. #{m € S, that start with o and avoid 7}
]EIO' T = E P IO' T > = § "
- t(gr 210) #{m € S, that start with o'}

i>0 =
— Z #{m € S, that start with o and avoid 7} ’ 5
n!
n>k

noting that the number of 7 € §,, that start with ¢ (meaning that w75 ... 7 is an occurrence of o) is
simply n!/k!. Let us show that, in some cases, it is possible to compute EI,,_,, using this formula.

Proposition 3.3. Forallk > 2,

k—1 1
El,, 21 = k! <e -3 Z'> :

i=0

Proof. Using equation (3)) with o = ¢;, and 7 = 21, and noting that the only permutation in S,, that avoids

21is 12...n, we have
1 ey |
— I E : — 7 _ E :f
Elbk__>21 = k.n>k ! = k! <€ v 7,') . L]

In the next example, we compute E/,,_, ., by adapting the cluster method from [10].

Theorem 3.4.

Ely; 195 = v/3tan (? 1 g) — 3~ 6.4554.

Proof. Let Pja3(z) be exponential generating function for 123-avoiding permutations, and let D(z) be
the exponential generating function for 123-avoiding permutations that start with the pattern 21.

Every non-empty 123-avoiding permutation 7 can be decomposed uniquely as 7 = a1/3, where st(«)
is an arbitrary 123-avoiding permutation, and st(() is an arbitrary 123-avoiding permutation that starts
with the pattern 21, or otherwise has length 0 or 1. It follows that

Pyp3(2) = Pia3(2)(D(2) + 1 + 2),

and so P
D(z 123(2) 1

~ Pras(2)
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Equation (3)) now implies that

Pl (1 3
Elo1 5123 = 2D(1) =2 123(1) —4=+/3tan £—|—E -3,
Pra3(1) 2

using the expression for Py23(z) given in equation (IJ). O

Unfortunately, finding EI,_,. and EI,_,, does not seem to help in computing Pr(c < 7). Instead,
one can define F,_,, as the number of further draws needed to see the pattern 7 after the first occurrence
of o, assuming that o occurs before 7 in X (the letter F' stands for first). The variables I,_,, and F,,_,,
are different in general; for example, we will see later that Elo; 193 =~ 6.4554 but EFs;_, 193 ~ 6.5092.
The following result shows that the expectation of the random variables F,_, is closely related to the
probability that one pattern occurs before another, in analogy to Collings’ formula for words [3].

Theorem 3.5. For any two incomparable patterns o and T,

EF,_,, +ET, — ET,

Pric <71) = EF. 1 EF
T—0 o—T

Proof. The expected (signed) difference between the ending positions of the first occurrence of ¢ and the
first occurrence of 7 is ET, — ET’,.

On those occasions when 7 precedes o, the average further draws to get o from 7 is EF._,,. Similarly,
on those occasions when o precedes 7, the average further draws to get 7 from o is EF,_, .. Therefore,

ET, —ET, =Pr(r < 0)EF;, —Pr(c < 7)EF,_,,.
Using part 1 of Observationand solving for Pr(c < 7), we get the stated formula. O

The downside of Theorem [3.3]is that obtaining expressions for EF,_, - for arbitrary patterns is difficult.
The next result shows that it can be done in some cases.

Proposition 3.6. Forallk > 2,

EFLk—>21 =kl|e—

P
< e
Il |
o =
S| =
\—/

EF5 ., =

where P, (1) is given by equation (2).

Proof. The first formula follows from Proposition using the fact that F,, 21 = I,, ,21. This is
because if ¢;, occurs before 21 in X, then X must start with ¢,.

To compute EF5;_,,, , we note that the condition that 21 appears before ¢, in X is equivalent to the fact
that the first & entries of X form a pattern in Sy, \ {¢x}. Suppose that the pattern formed by these entries
is o € Si \ {ux}, and let f(o) be the first descent of o, i.e., the smallest j such that o; > ¢;41. In this
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case, the variables F5,_,,, and I,_,,, differ by kK — (j + 1), since both count further draws until we see
Lk, starting after X ;1 and after X, respectively. Summing over the possible patterns, it follows that

k—1
1 .
EFQl—)Lk == m Z Z (EIO'HL)C + k - ] - 1) (6)
J=loeS\{w:}
flo)=j
Similarly, one can express ET,, by summing over the possible patterns o € Sy, formed by the first k
entries of X. If 0 = ¢y, then T,, = k; otherwise, T,, = I,_,,, + k, since I,_,,, counts the further draws
needed to see ¢}, after the initial occurrence of o. Thus,

1
BT, = | k+ > (Bl +k) |- 7)
c€SK\{tr}
Comparing equations (6) and (7) ,
k-1 Bl
KIET, — (k' = 1)EFy ., =k+> Y (j+1>=k+zf'1),. ®)
j=1 aeg(sk)\{%} j=1 J :
flo)=j

In the last equality, we used the fact that, in order to have f (o) = j, the first j + 1 entries of o must satisfy
o1 <09 <---<0; > 0j41. Of the (j + 1)! permutations of the first j + 1 entries, exactly j satisfy this

condition. Thus,
k!

G+

{o e S\ {u}: flo) =34} =
Equation (8] can be written as

1 1
]ETL;C == <1 - k") EF21*)L)€ + ; ZT

Solving for EF5;_,,, and using Theorem @ we obtain the stated expression. O
For example, for k = 3, Proposition [3.6] gives
EF193-01 = 6e — 15 ~ 1.3097,
and, using equation () for P23(2),

3v3
EF51 4103 = _OVPC 38 6.5092.

5 cos (? + %)

Plugging the above expressions for EFyo3_,91 and EF5;_, 103, along with the expressions for E7T5; =
ET2 and ET 53 from equation (3)), into Theorem [3.5] we deduce, after simplifying, that

1
Pr(123 < 21) = o,
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which agrees with equation ().

Another approach to computing the probability that o appears before 7 is to count the relevant permu-
tations. We will use this approach throughout the paper.

Denote by Av} (o, 7) the set of permutations in S,, that end with an occurrence of o, and avoid both o
and 7 elsewhere. Define Av] (o, 7) similarly.

Theorem 3.7. Let 0 € Sy, and 7 € Sy be incomparable patterns. Then
|Avy (o, 7)]
PI‘(U =< 7—) = Z 7'

n
n>k

Proof. Let L,, be the event that the first occurrence of either of the patterns ¢ or 7 appears exactly after n
draws X1,..., X,,. Observe that

_ [Avi (o, T)[ + [Av; (o, 7)]

Pr(L,) py ,
e AV (0,7)]
v (o, T
P L,) = ni) .
" <) = Eo, ] + Avie, ]
Therefore,
|Av; (0, 7)]
Pr(oc <7) = ZPr(Ln) Pr(oc < 7|Ly,) = Z — O

For example, since the set Av.* (i, 21) is empty unless n = k, in which case it has size 1, Theorem
gives Pr(t, < 21) = 1/k!, agreeing with equation (@).

Our next result is a simple consequence of Theorem We will use it to find several pairs of patterns
o, T that have equal probability of appearing first, that is,

1
Pr(c <7)=Pr(r <o) = 7

We write ¢ = 7 to denote this property, and we say that o and 7 are a tied pair. For example, Obser-
vation implies that 0 = 7 for all o. It is important to note that the relation = is not transitive. For
example, if o = 132, 7 = 123 and 7 = 321, then 0 = 7, 7 = 7, but 0 # 7, as we will see in Section
We noticed that, in fact, there is no pair o, 7 of patterns of length 3 or 4 satisfying 0 = 7and 0 = 7. An
example of non-transitivity that does not involve complements arises in length 4: if 0 = 1324, 7 = 1342
and p = 1432, we will see that 0 = 7 and 7 = p, but o # p.

Corollary 3.8. If there is a bijection between Av, (o, 7) and Av] (o, T) for all n, then o = 1.
Theorem 3.9. Forall2 < i<k —1, we have

=12 —1)(i+1)---ki.

Proof. Let 0 = 12---(i — 1)(¢ + 1) --- ki. We will construct a bijection between Avi* (i, o) and
Av? (i, o) for all n, and apply Corollary These sets are empty for n < k, and the bijection is trivial
for n = k, so let us assume that n > k.
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Given 7 € Av;* (1, 0), its last k£ + 1 entries must satisfy
MTn—k > Tn—k+1l < Tpn—ft2 < = < Ty,

since the only occurrence of ¢ is at the end of 7. The entry playing the role of 7 in this occurrence is
Tn_k1i. We map 7 to the permutation 7" obtained by moving this entry to the very end, that is

/
T =T1T2 ... Tn—k+i—1Tn—k+i+1Tn—k+i+2 -+ - TnTn—k-4i-

See Figure |1| for an illustration. The resulting permutation belongs to Av (i, o), as it ends with an
occurrence of o, while no other occurrences of ¢; or o have been created by this move.

/k
Ak -1
1,”

3 —

Fig. 1: The bijection in the proof of Theorem

Next we describe the inverse map. Given ' € Avy, (v, 0), its last k + 1 entries must satisfy
/ / / / / / / /
Tk = Tkl < Mg < < T g1 < Ty < Ty pogy < Tp_pgir1 < < M1,
using that 7’ avoids ¢,. We map 7’ to the permutation

R / ot ’ /
=TTy Tt i—1 T T —k+iTn—k+i+1 - - - Tn—1>

that is, we move entry 7}, to the left by inserting it into the preceding increasing run. Note that, since
W;lik > ﬂ';kk 11s this move does not create any occurrence of ¢ or ¢ in the permutation. It is clear that

these two operations are inverses of each other. O

In analogy to the case of words, for any o, 7 € Sk, we define the set
Byr={ic[k—1]:st(oh—it1...0k) =st(m1...7:)}

Note that 1 always belongs to this set. If neither B, » nor B, , contain any larger elements, we say that
o and T are non-overlapping, following [10, [7]. More generally, for any j > 2, we say that ¢ and 7
are non-j-overlapping if neither B, ; nor B, , contain any elements greater than or equal to j, that is, if
B, - UB: s C [j— 1]. In particular, non-2-overlapping means the same as non-overlapping.

We say that o is non-j-self-overlapping if B, , C [j — 1]. For j = 2, we will simply say that o is
non-self-overlapping.

Theorem 3.10. Let o, 7 € Sk, and suppose that there exists j € [k — 1] such that
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(i) o =T for1 <i <7y,
(ii) o and T are non-(j + 1)-overlapping, and
(iii) each of o and 7 is non-(j + 1)-self-overlapping.
Theno = T.

Proof. By Corollary[3.8] it suffices to describe a bijection between Av? (o, 7) and Av], (o, 7) for all n.

Given 7 € Av? (o, 7), its last k entries must satisfy st(m,—g41 ... 7,) = 0. We map 7 to the permuta-
tion w obtained by rearranging the last k entries of 7 to be in the same relative order as 7, that is, w € S,
is the only permutation such that w; = ; for ¢ € [n — k|, and

st(wp—gt1-.-wWp) =T 9)

Note that condition (i) implies that w; = m; forn —k+1<i<n —k+ j.

Clearly, w ends with 7. Thus, to show that w € Av] (o, 7), it remains to prove that w avoids o
and 7 elsewhere. Suppose, for contradiction, that w has an occurrence of ¢. Since the common prefix
Wl ...Wp—k4j = T ... Tp_k4; avoids o, such an occurrence must overlap with w,, _x41 ... w;, in at least
J + 1 positions. But, using equation (9), this contradicts condition (ii). Similarly, if w had an occurrence
of 7 other than the one at the end, it would contradict condition (iii) for 7.

The inverse map can be described similarly: given w € Av] (o, T), we rearrange its last & entries to put
them in the same relative order as o. O

Example. The patterns 24513 and 24531 agree in the first 3 positions, they are non-4-overlapping, and
each of them is non-4-self-overlapping. Thus, by Theorem [3.10] we have 24513 = 24531. On the other
hand, we will see in Section[5]that 2314 # 2341. These patterns agree in the first 2 positions, but they fail
the non-3-overlapping condition, since Baza1 2314 = {1, 3}.

The case j = 1 of Theorem [3.10]is already quite powerful. In this case, o and 7 are non-overlapping
and non-self-overlapping, and they start with the same letter. An example of this situation is the tie
2341 = 2431. Another example is the family of patterns in the next corollary. Notice that this result
cannot be deduced directly from Theorem [3.9] since = is not a transitive relation.

Corollary 3.11. Forall2 < i <i' <k — 1, we have
12 G-D@+1) - ki=12--- (' = 1)@ + 1) ki’

Next we give a family of tied pairs of patterns that can overlap in 2 positions, but not in 3 or more
positions. This results follows from Theorem [3.10] with j = 2.

Corollary 3.12. Forall k > 5, we have
134...(k—=2)k2(k—1)=134...(k—2)(k — 1)2k.

We conclude this section with another family of tied pairs of overlapping patterns, which cannot be
deduced from Theorems [3.9] and

Theorem 3.13. Let k > 4, and let 0 = 1ka(k — 2)(k — 1) and 7 = 1(k — 1)B(k — 2)k, where o and 3
are permutations of {2,3,...,k —3}. Theno = 7.
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le le

Fig. 2: The patterns ¢ and 7 in Theorem

Proof. As before, it suffices to construct a bijection between Av, (o, 7) and Av; (o, ) for all n. Given
m € Avy (o, T), its last k entries must satisfy

St (k1 Tn—kt2 - - - Tp) = O. (10)

We map 7 to the permutation w obtained by reordering these last & entries so that they form an occurrence
of 7, that is,
St(Wn—kt1Wn—k42 .- Wn) = T,

while keeping w; = m; for all i € [n — k]. Note that wy,— k41 = Tp—k+1, Wn—1 = Tn—1, Wn—k+2 = Tn,
and w, = Tp_k+t2.

By construction, w ends with an occurrence of 7. To show that w € Av;, (o, 7), it remains to show that
it has no other occurrence of o or 7.

Since the common prefix wy ... wp—_g+1 = 71 ... Tp—k+1 avoids the patterns o and 7, any occurrence
of such patterns must overlap with w,,_x41 ...w, in at least two positions. In fact, the overlap must be
in exactly two positions, noting that B, » = B, » = {1, 2}. So, the only possible occurrence of o and 7
(other than the one at the end) in w must be wy, — ok 3Wn—2k+4 - - - Wn—k+2-

Consider first the case that st(w;, —2k43Wn—2k+4 - - - Wn—k+2) = 0, Or equivalently,

St(ﬂn—2k+37rn—2k+4 cee 7Tn—k+17rn) =J0. (11)

By equation (I0), 7, < m,—k+2. We now have two cases depending on the relationship between 7, _ 12
and 7, —op 4. If Tp—gy2 < Tp_ok+4, equation (TI)) implies that

St(7T7L—2k+37Tn—2k'+4 cee 7Tn—k—‘,—lﬂn—k+2) =0,
contradicting the fact that 7 € Av? (0, 7). If mp—2p 44 < Tn—k+2, equation (TT)) implies that
St(Tn—2k+3Tn—2k+4 - - - Tn—k41Tn—k+2) = T,

again a contradiction.
Consider now the case that st(wy,—ok+3Wn—2k+4 - - - Wn—ka2) = T. SiNCE Wp_k12 = T < Tp_k+2s
this implies that
St(Tn—2k+3Tn—2k+4 - - - Tn—k41Tn—k+2) = T,
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the same contradiction as before.

The inverse map has a very similar description: given w € Av] (o, 7), we let 7 be the permutation
obtained by switching the entries 7,2 and m,. It is clear that 7w ends with an occurrence of o. The fact
that 7 avoids o and 7 elsewhere can be prove using an argument analogous to the one given above, noting
now that B, , = By, = {1,2}. O

For example, the above theorem implies that 1734256 = 1623457. Figure [2 shows the general shape
of the patterns in this theorem.
It is an interesting open problem to characterize all pairs of patterns o, 7 for which o = 7.

4 Winning probabilities for patterns of length 3

In this section we focus on patterns of length 3. We give formulas for the probabilities Pr(c < 7) for
all pairs 0,7 € S3. A summary of the numerical values is given in Table[I] It is enough to compute the
entries that are highlighted in , since the others follow from Observation [3.2] In the rest of this
section, we compute each of these six values.

h T123 | 132 | 213 | 231 | 312 | 321
123 Z 05
132 || 05 - 05 | 0.658
213 | 0588 | 0539 | - 05 | 0.524 | 0.450
231 || 0450 | 0.524 | 05 10539 | 0.588
312 |/ 0.658 | 05 | 0476 | 0.461 | = 05
321 05 | 0342 | 0550 | 0412 | 05 -

Tab. 1: The probabilities Pr(c < 7) for all pairs of patterns of length 3. Except for the values
0.5, which are exact, only the first 3 significant digits are given.

4.1 123 vs. 132

Theorem 3.9 with & = 3 and ¢ = 2 implies that 123 = 132. All the other tied pairs of patterns of length 3
follow now from Observation and are depicted in Figure[3]

213 123 — 132

231 321 — 312

Fig. 3: All tied pairs of patterns in Ss. Dashed edges indicate pairs of the form o = &.
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4.2 132 vs. 231
Theorem 4.1.

2 _9e—1
Pr(132 < 231) = % ~ 0.476.

Proof. We will compute the numbers |AV}L32(132, 231)| and apply Theorem A permutation avoids
132 and 231 if and only if it has no peaks, and so 7 € Av-*?(132,231) if and only if there exists some
i € [n — 2] such that

T >y > o > < Mg < -0 < Mg < MTp—1 > Ty
where 7, _s < m,. Switching the last two entries, this condition is equivalent to

T >Te > > < Mg < -0 < Mg < Ty < Tp—1.
For given ¢, a permutation satisfying this condition is determined by the choice of the entries to the left of
;. It follows that

n—2 n 1
132 _ - _ on—1 _
|Av,(132,231)| = > (Z - 1) =2 n.

i=1
Hence, by Theorem the desired probability is

Pr(132<231)222"17” *Z Zn,—m%~ -

n>3 n>3 n>2

We remark that the expression for Pr(c < 7) given in Theorem[4.1]is not a rational number, in contrast
with Conway’s formula for the case of words (Theorem3.1). This suggests that we cannot expect to have
a similar simple formula for the case of permutations.

4.3 123 vs. 213
In order to determine |Av,*(123,213)|,
Lemma4.2. Let b, = |Av)'?(123, 213)|. Then for all n > 5,

|Avi1?(123,213)| first.

bn = bn,1 + (TL — 1)bn,2,

with initial conditions by = by = bs = 0, by = 1 and by = 4. The corresponding exponential generating

function is
m2 v t2 :,CQ
B(z) =e""7 <1 —/ e_t_zdt> —-1-=.
0 2

Proof. In any permutation that avoids 123 and 213, the entry n must occur in one of the first two positions.
Thus, for n > 5, any 7 € Av3'2(123,213) is of the form 7 = nz’, where 7/ € Av3'? (123,213), or
of the form 7 = inn’, where ¢ € [n — 1] and st(n’) belongs to Av312 5(123,213). Since we have n — 1
choices for ¢, this decomposition gives the stated recurrence. The initial conditions are obtained easily
noting that any 7 € Av3'?(123, 213) must end with an occurrence of 312.
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From the recurrence, we obtain

xn—l
anm me +an2
n>5 n>5 n>5
which is equivalent to
/ 22 23 3
, 2%+ 23
B'(x) = (1+2)B() + 1
Solving this differential equation and using that B(0) = 0, we obtain the stated formula for B(x). O

The same sequence, up to initial terms, appears in work of Kitaev and Mansour [[14, Theorem 24(ii)]
(see also [[18, A059480]), where it has an interpretation in terms of vincular patterns. Specifically, they
consider permutations that avoid the patterns 12-3 and 21-3, and end with a 12. Let us show that these
coincide with our permutations.

Proposition 4.3. Forn > 3, we have Av>'?(123,213) = Av1?(12-3,21-3).

Proof. If n > 3and 7 € Av;,2(12-3, 21-3), the last three entries of = must form an occurrence of 312,
since otherwise they would create an occurrence of 12-3 or 21-3. Additionally, avoiding 12-3 or 21-3
requires avoiding 123 or 213 by definition, so 7 € Av3'%(123,213).

Conversely, given 7 € AV212(123, 213), we want to show that it avoids 12-3 and 21-3. Suppose, for
the sake of contradiction, that it contains occurrences of these patterns, and pick an occurrence 7;m;417;
of minimum width, definedas j — ¢+ 1 > 3. If j = ¢ + 2 or m;1 o > m;, then m;m;11m;12 would be
an occurrence of 123 or a 213, so we must have j > ¢ + 2 and m; 5 < 7;. But then ;4 1m;40m; would
be an occurrence of 12-3 and 21-3 with smaller width than the previously chosen one, contradicting its
minimality. O

In the following result, b, and B(x) are the ones given by Lemma[4.2]
Theorem 4.4. Let a, = |Av,>*(123,213)|. Then for alln > 5,

ap = Gp_1 + (n - l)an—2 + bn—la

with initial conditions ag = a1 = a3 = 0, ag = 1 and a4 = 2. The corresponding exponential generating
function is

Az) = et ((1 +z)—(2+2) /Ow et‘;dt> -

Proof. Inany 7 € Av71123(1237 213) with n > 5, the entry n must appear in the first, the second, or the
last position. If it appears in the first or the second position, we argue as in the proof of Lemma [4.2] to
obtain the terms a,,_1 + (n — 1)a,—o. If it appears in the last position, then we can write 7 = 7'n, where
e AV312 1(123,213); indeed, since 7,,_o < 7,_1, we must have 7,_3 > m,_1, because otherwise
Mp—3Tn—9Tn—1 Would form an occurrence of 123 or 213.
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From the recurrence, we obtain

Zann_l Zanl +Zan2n_2 +an1 _1

n>5 n>5 n>5

which is equivalent to

Afa) = 5 =257 = Ale) - 5 +wA@) + B(a) - 57,
A(z) = (1+2)A(z) + B(z) + %

Solving this differential equation and using that A(0) = 0, we get

which, using Lemma.2] equals the stated expression. O

The desired probability can now be computed from Theorems 3.7 and 4.4}
Corollary 4.5.

1 2
Pr(123 < 213) = A(1) = 2 (2 - 3/ etzdt> —1~0412.
0

4.4 123 vs. 231

In the remaining three cases we do not have closed formulas for the probability. The following result is
proved similarly to [14} Proposition 1], where Kitaev and Mansour give a recurrence for the number of
permutations avoiding 123 and 231, but without the condition of ending with an occurrence of 123.

Theorem 4.6. Let d(n,i) = |{r € Av:**(123,231) : my = i}|. Then for alln > 5 and all i € [n),

i—1 n—2
d(n,i) = dn—1,j)+ Y (n—1-j)d(n—2,j),
j=1 j=i

with d(3,1) = 1, d(3,2) = d(3,3) = 0; and d(4,1) = 0, d(4,2) = d(4,3) = d(4,4) =

Proof. To count permutations m = w2 ... T, € Av;23(123, 231) with m; = i, we consider two cases.

If 71 > 79, then mymoms cannot form a 123 or a 231. Thus, st(my .. .7, ) can be any permutation in
Av}?3 (123, 231) that starts with an entry j < 4. This gives the first term of the recurrence.

If m < T2, in order for w to avoid 123 and 231, m7moms must form a pattern 132. In this case,
st(ms ... m,) can be any permutation in Av}:23,(123,231) that starts with an entry j > i. Given such a
permutation, after inserting 71 = ¢ and shifting the values greater than or equal to ¢ up by one, the entry
7o can take any of the values {j + 2,7 + 3,...,n}, leaving n — j — 1 choices. O
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Corollary 4.7.
1 ,
Pr(123 < 231) = §>3 ] E_l d(n,i) =~ 0.550.

An interesting consequence of Corollary .7]is that, among 123 and 231, the pattern 123 is more likely
to appear first in the random sequence X. However, counterintuitively, the expected time until the first
occurrence of this pattern is actually larger, that is, ET}25 > ETb31, by equation (3) and Corollary

4.5 132 vs. 213
For this case and the next we obtain three-parameter recurrences, which are proved similarly.

Theorem 4.8. Let 5(n;i,j) = |[{r € Av,>*(132,213) : 7, = i,mo = j}|. Then, for all n > 4 and
i\j € [n] withi # j,

j—1 i—1
sin—1;5,0+ > s(n—1;4,0) ifi> ],
s(n;i, j) = fi £=j+5_1
s(n—l;j—1,€)+Zs(n—1;j—1,€) ifi <j,
=1 =j

with initial conditions s(3;1,3) = 1, and s(3;14,j) = 0 for all other i, j.

Proof. Letm = mymy---m, € Av3?(132,213) with 7; = i and mo = j. If i > 7, in order for 7 to avoid
213, we must have 73 < i. In this case, st(m2 ... 7,) can be any permutation in Av-*% (132,213) that
starts with j followed by an entry ¢ < i.

If ¢ < 4, in order for 7 to avoid 132, we must have w3 < ¢ or w5 > j. In this case, st(ma ... 7,) can
be any permutation in Av132 (132, 213) that starts with j — 1 (this entry becomes my = j after m; = 4 is

inserted) followed by an entry ¢ such that £ < ¢ or £ > j. O
Corollary 4.9.
Pr(132 <213) = Y Z (ns j ~ 0.461.
n>31,7=1
i#£]

4.6 123 vs. 312

Theorem 4.10. Let t(n;i,7) = |{r € Av}**(123,312) : 7, = i,my = j}|. Then, for all n > 4 and
i,j € [n] withi # j,

j—1 n—1

S otn— 15,0+ tn—1;5,0) ifi> ],
t(n;i, j) = 4 453 (=i

> tn—1j—1,0) ifi <,

/=1

with initial conditions t(3;1,2) = 1, and t(3;14,j) = 0 for all other i, j.



18 Sergi Elizalde, Yixin Lin

Proof. Let 1 = mymy---m, € Av.?(123,312) with m; = 4 and 7 = j. If i > j, in order for 7
to avoid 312, we must have 73 < j or w3 > ¢. In this case, st(ma ... m,) can be any permutation in
AV}12_31(123, 312) that starts with j followed by an entry ¢ such that £ < j or £ > 1.

If i < j, in order for 7 to avoid 123, we must have w3 < j. In this case, st(m2...m,) can be any

permutation in Av,->%; (123, 312) that starts with j — 1 (this entry becomes 7o = j after m; = i is inserted)
followed by an entry ¢ < j — 1. O

Corollary 4.11.

Pr(123 <312) =y > (”71"7) ~ 0.342.
n>31i,j=1 G
o

5 Some patterns of length 4

In this section we consider patterns of length 4. Even though we will not give formulas for Pr(c < 7)
for all pairs o, 7 € Sy, we will describe all the tied pairs, i.e., pairs where this probability is 1/2. Table
summarizes some of the numerical data, computed using Theorem[3.7} with the series truncated at n = 11.
The table describes, for each pair of patterns of length 4, which pattern is more likely to appear first in a
random sequence.

The numerical data suggests that, in addition to the twelve pairs of the form ¢ = 7, there are 11
non-trivial tied pairs 0 = 7, along with the corresponding pairs ¢ = 7 that follow from these by Obser-
vation[3:2] All the tied pairs of patterns of length 4 are depicted in Figure ]

LT 1324 1234
; 11/4|23 \13|42/
\14|32/ \12|43 ‘: 2143 — 2134 — 3241 2341 — 2431 — 2413
41:23 43:12 34:12 — 34:21 — 23:14 32:14 — 31:24 — 31:42
“\\41|32/ \42|13/

4231/ \43211

Fig. 4: All tied pairs of patterns in Sy. Dashed edges indicate pairs of the form ¢ = &.
The colors of the solid edges refer to the theorem proving that they are tied patterns: red
for Theorem 3.9} brown for Theorem [3.10] with j = 1 (including Corollary 3.TT)), violet for
Theorem [3.10|with j = 2, for Theorem [3.13] and gray for Theorem|[5.3]
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1234
1243
1324
1342
1423
1432
2134
2143
2314
2341
2413
2431
3124
3142
3214
3241
3412
3421
4123
4132
4213
4231
4312
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Tab. 2: The probabilities Pr(c < 7) for all pairs of length 4. Cells in blue represent ties,
cells in magenta represent values < 1/2 (i.e., 7 is more likely to appear first), and cells in cyan
represent values > 1/2 (i.e., o is more likely to appear first).

The results from Section [3](Theorems 3.9} [3.10] 3.13| and Corollary 3.T1)), along with Observation[3.2]
explain all of these ties except for the pair 2134 = 3241 (and its complement 3421 = 2314). In this
section we will give a proof of this relation. Interestingly, there does not appear to be an obvious bijec-
tion between Av2'3*(2134,3241) and Av>**! (3241, 2134). Instead, our proof will construct a bijection
between different sets, and then apply the principle of inclusion-exclusion.

Following [7], for o, 7 € Sy and 7 € S,,, define

Em({o,7},7) = {i:st(m...m1x-1) € {0,T}}.

This set keeps track of the positions of the occurrences of o and 7 in 7. For any S C Em({c, 7}, 7),
we call the ordered pair (7, .S) a marked permutation. The occurrences of o and 7 in positions in .S are
called marked occurrences. Suppose that the elements of S are i1 < iy < --- < i5. We say that (,.5)
is a o, T-tight cluster (or simply a tight cluster when the patterns are clear from the context) if iy = 1,
is=n—k+1,and i1 —i; < k—2forall j. Note that, in a tight cluster, adjacent marked occurrences
are required to overlap in at least two positions, whereas in the usual definition of a cluster (see e.g. [10]),
they could overlap in one position.
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Lemma 5.1. Forall S C [n — 3|, there is a bijection

{r €8, : Em({2134,3241},7) D S} — {n’ € S, : Em({2314,3421},7) 2 S}  (12)
such that, if ™ maps to 7', then my = w) and 7, = 7. Additionally, if n —3 € S, then we have
$t(Tp—3Tn—2mn—17,) = 2134 if and only if st(w),_qm), o), _17)) = 2314.

Proof. For the sets in equation (I2) to be nonempty, S cannot have two consecutive entries, since the
patterns 2134 and 3241 are non-3-overlapping, and so are the patterns 2314 and 3421.

Partition S into maximal arithmetic sequences with difference 2. In other words, consider the finest
partition such that if j, 7 + 2 € S for some j, then j and j + 2 belong to the same block. Suppose that
B={j,j+2,j+4,...,5+2(t — 1)} is one of the blocks, for some j,¢ > 1.

Let 7 be a permutation in left-hand side of (12)), and let

= Qap = St(ﬂ—jﬂ—jJrl . 7Tj+2t+1) € 82t+2; (13)

that is, the permutation obtained by restricting to the marked occurrences in positions B. Then the pair
(o, {1,3,...,2t — 1}) is a 2134, 3241-tight cluster. Note that for occurrences of these patterns to overlap
in two positions, the first pattern must be a 3241, whereas the second can be either 3241 or 2134. Thus,
the marked occurrences in the above tight cluster must be all 3241 except for the last one, which can be
either 3241 or 2134. We claim that, in each of these two cases, the permutation « is uniquely determined.

Indeed, when all the marked occurrences are 3241, we must have ;o < ag; < g1 < a4 for
all ¢ € [t], and so

Qopyo < Qgp < - <y <o <ag<--- <941,

or equivalently,
a={+2)t+D)E+3)tE+4)(E—-1)... (2t +1)2(2t + 2)1. (14)

When the last occurrence is 2134, we have ag; 12 < ag; < Qgi—1 < Qg4 forall ¢ € [t — 1], and
oy < a1 < Qg1 < Qgg42, and so

Qg <aagp2 < - <ax<ap <oz << ogp4l < 0242,
or equivalently,
a=(t+Dtt+2)(t—1)(E+3)(t—2)...(20)1(2t + 1)(2t + 2). (15)
Similarly, if 7’ is in the right-hand side of (I2), and o = st(mjm) | ...} 5 1) € Sait2, the pair
(o, {1,3,...,2t — 1}) is a 2314, 3421-tight cluster. The marked occurrences must be all 2314 except for
the last one, which can be either 2314 or 3421. In the first case, we must have
o = (t+ D) (E+2tE+3)(E—1)(t+4)... 22t + D12t +2). (16)
In the second case,

o =@E+2)E+3)(t+1)(E+4)t(E+5)...3(2t +2)21. (17
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Now we are ready to describe the bijection. Given 7 in the left-hand side of (T2), for each block B
in the partition of S, we consider the permutation « obtained by restricting to that block. If « is given
by equation (14), we turn it into o’ as given by equation (T7)), by permuting the corresponding entries of
m; if «v is given by equation (T3), we turn it into o’ as given by equation (T6). We let ’ be the resulting
permutation after these changes have been applied to each block B. Note that this transformation has
a simple description in both cases: «’ is obtained from « by transposing the entries in positions 2 and
2i + 1 for each ¢ € [t]. Thus, 7’ is obtained from 7 by transposing, for each block B = {j,j + 2,5 +
4,...,7+2(t — 1)} as above, the entries in positions j + 2i — 1 and j + 2i for each i € [t].

It is important that, in both cases, the first and the last entry of « are preserved. This property guarantees
that the changes applied to the restrictions of 7 to different blocks B; and Bj are independent. Indeed,
since elements in B; and B differ by at least 3 by construction, the restrictions v, and ap, do not
overlap in more than one position. The same property also guarantees that 7, = 7} and 7, = 7,.

Finally, if n — 3 € .S, then the last marked occurrence of the last block is 7,37, 27, _17,. This must
be an occurrence of 2134 or 3241. In both cases, the entries 7, 5 and 7, _ are transposed, so 7’ ends
with an occurrence of 2314 or 3421, respectively. O

Example. Let n = 15and S = {3,5,7,10,12} C [12], and let

T=786592111121310144153,

which satisfies Em ({2134, 3241}, 7) D S (the initial positions of marked occurrences of 3241 are under-
lined, and those of 2134 are overlined). Following the proof of Lemma[5.1] we partition .S into two blocks
{3,5,7} and {10,12}. Thus, 7’ is obtained from 7 by transposing the entries in positions (4, 5), (6,7)
and (8, 9) for the first block, and (11, 12) and (13, 14) for the second block, resulting in

7' =78695112121131410154 3,
which satisfies Em({2314, 3421}, 7’) D S (the initial positions of marked occurrences of 2314 are un-

derlined, and those of 3421 are overlined).

We remark that, in the above example, 7’ has an additional occurrence of 2314 at the very beginning,
which is not marked (i.e., 1 ¢ .S), whereas 7 did not have any occurrence of 2134 or 3241 in that position.
This highlights the fact that the bijection in Lemma [5.1] only works once we fix a subset S of marked
occurrences. This is why we have to resort to inclusion-exclusion to prove the following lemma.

Lemma 5.2. Forall a,b € [n),
[{m € Av}'®4(2134,3241) : 1y = a, m, = b}| = |{n’ € Av}*'%(2314,3421) : 7] = a, 7], = b}|.

Proof. For any set {n —3} C S C [n — 3], let

f=(S) =|{m €S8, : Em({2134,3241},71) = S, 71 = a, 7, = b, st(Mp_3Tp_ompn_17,) = 2134},
f>(8)=|{r €S8, : Em({2134,3241},7) D S, m = a,m, = b, st(mp_gTp_omp_17,) = 2134},
9=(8) = {7" € S, : Em({2314, 3421}, ') = S, 7} = a, 7|, = b,st(n|,_gm),_,m,_ym,) = 2314},
9>(S) = {n" € 8, : Em({2314,3421},7") D S, m} = a, 7, = b,st(n,_gm),_om,_ym,) = 2314}
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Since f>(S) = > r5g f=(S) and g>(S5) = > ;g 9=(95), the Principle of Inclusion-Exclusion [21]
Theorem 2.1.1] implies that -

f=(9) =D (~)TSIE(T) and g-(S) = Y (~1)"Vlgx(T).

28 728
By Lemma we know that f>(S) = ¢>(9) forall {n — 3} C S C [n — 3]. We conclude that
f=(S)=g=(S)forall {n—3} C S C [n— ] In particular, taking S = {n—3}, we have f_({n—3}) =

g—({n — 3}). Finally, note that

f=({n—3}) = |{m € Av2'**(2134,3241) : 1, = a, 7, =
9=({n—3}) = [{m € AvZ*'*(2314,3421) : 1y = a, 7, = b}|. O

We can now finally prove that 2134 and 3241 form a tied pair.

Theorem 5.3. We have
2134 = 3241.

Proof. Taking complements of the permutations in the right-hand-side of Lemma([5.2] we see that, for any
a,b € [n],

H c Avi134(2134,3241) M =Q, Ty = b}’
= 7T/€AV3241 2134, 3241 s ——n—&—l—aﬂr' =n+1-0>0}.
n 1 n

Summing over all a, b € [n], we obtain
|AvZI34(2134, 3241) | = [AvE>* (2134, 3241)]

and the result now follows from Corollary [3.8] O

6 Non-transitivity and a conjectural winning strategy

A surprising feature of the original Penney’s game on words is its non-transitivity, meaning that there are
cycles in the directed graph of beater relations, i.e., the graph on binary words of length & where there is
an edge from v to w if, among these two words, v is more likely to appear first in a random sequence of
coin flips. In fact, every vertex in this graph has incoming edges [[11} [13].

It follows from Tables [T] and 2] that the permutation analogue of Penney’s game is also non-transitive,
and that, at least for 3 < k < 5, every pattern of length k is beaten by some other pattern, where we say
that 7 beats o if Pr(c < 7) < 3.

Figure [5] shows the graph of beater relations among patterns of length 3, which has a directed edge
from 7 to o if 7 beats ¢. This edge is a solid edge if 7 is the best beater for o, meaning that it minimizes
Pr(o < 7) over all 7 of the same length as o.

A winning strategy for player B is a method that, given any choice of o € Sy, for player A, produces
a pattern 7 € Sy that beats o. For the original Penney’s game on words, it was shown by Guibas—
Odlyzko [[13] and Felix [[11]] that, if player A chooses a word a; . . . ak, then there is a winning strategy for
player B which consists of choosing a word of the form ba; . .. ax_1 for some suitable b. More generally,
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123 . 321
231 ) 213
312 . 132

Fig. 5: The beater relations among patterns in Ss. Solid edges indicate best beaters.

a description of the values of b that maximize the winning probability for player B was given in [[11] for
words over any finite alphabet. We conjecture that a similar winning strategy exists for our permutation
version of Penney’s game.

Conjecture 6.1. Forany k > 3 and any 0 = 01 ...0,5_10% € S, the permutation T = o071 ...0k_1
satisfies that

Pr(oc <7) <

)

NN

thus giving a winning strategy for player B.

This conjecture holds for k = 3, as can be seen from Table [I] or Figure [5] Based on the numerical
estimates obtained by truncating the series in Theorem[3.7]at n = 11, the conjecture also holds for k = 4
and k£ = 5. In many of the cases we tried, this strategy also seems to give the best beater, but not always.
For example, for length 4 we found one exception (two if we consider symmetries): letting o = 2341, the
pattern 7 = 1234 suggested by Conjecture [6.1] satisfies

Pr(o < 7) =~ 0.443,
whereas the best beater is 7/ = 2134, which satisfies
Pr(o < 7') ~ 0.420.

It would be interesting to describe an optimal strategy for player B.
Problem 6.2. For any k > 3 and any o € Sy, find a permutation T that minimizes Pr(c < 7).

For patterns of length 4, the graph of the best beater relations, obtained using numerical estimates, is
drawn in Figure[6]

We conclude by mentioning several directions for further work. In our permutation analogue of Pen-
ney’s game, we generated permutations by using a sequence X of i.i.d. continuous random variables.
However, there are other reasonable models to generate random permutations, which result in different
pattern probabilities. For example, one can use a Markov chain to generate each permutation from the
previous one by setting the transition probability from o € S, to 7 € Sy, to be 1/k if the last k — 1 entries
of o are in the same relative order as the first £ — 1 entries of 7, and 0 otherwise. An initial analysis of
Penney’s game under this model can be found in [[15].
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3124 <— 4312 4132 <— 2413 3142 <— 2314

L A I A |

1243 — 2431 1324 — 3241 1423 — 4231

4123 — 1234 4213 — 3421 — 3214 4321

| L

3412 < 2341 < 2134 > 1342 2143 —> 1432

Fig. 6: The best-beater relations among patterns in Sy.

Other interesting variations of our permutation analogue of Penney’s game arise when using different
notions of pattern containment. One downside of such variations is that, unlike in our version, it is not
enough to look at the last k£ values of the random sequence X to determine the appearance of a pattern
of length k. For example, using the classical notion of pattern containment, the game would end when
the random sequence X has any subsequence, not necessarily consecutive, whose entries are in the same
relative order as one of the permutations chosen by the players.

Alternatively, one could use a more restrictive notion of pattern containment by requiring both the
positions and the values of an occurrence to be consecutive. These are called Hertzsprung patterns in [4],
rigid patterns in [16]], and very tight patterns in [2]. Ordinary generating functions for occurrences of such
patterns in permutations have been obtained by Claesson [4] by adapting some of the techniques used
in the case of words [13]. However, a major drawback of Penney’s game in this setting is that it is not
guaranteed to end. Indeed, the expected time to find the first occurrence of the Hertzsprung pattern 12
is already infinite. And if o is a Hertzsprung pattern of length at least 3, there is a positive probability
that o will never appear at all in the random sequence. Another unusual feature in this setting is that
a Hertzsprung pattern that appears in X, Xo, ..., X; may no longer appear in X1, Xs,..., Xiy1. In
particular, the naive generalization of Theorem 2.1|does not work for Hertzsprung patterns.

A hybrid between our permutation version of Penney’s game and the original version is obtained by
letting the random variables X; take values in a finite set [m], and allowing patterns to have repeated
letters. Our version would then correspond to the case m — oco. Finally, one could also consider versions
of Penney’s game with more than two players.

Acknowledgements

The authors thank Peter Winkler, Anders Claesson, and some anonymous referees for helpful suggestions.

References

[1] Eric Babson and Einar Steingrimsson. Generalized permutation patterns and a classification of the
Mahonian statistics. Sém. Lothar. Combin., 44:Art. B44b, 18, 2000.

[2] Miklés Béna. On three different notions of monotone subsequences. In Permutation patterns, vol-
ume 376 of London Math. Soc. Lecture Note Ser., pages 89—114. Cambridge Univ. Press, Cambridge,
2010.



Penney’s game for permutations 25

[3] Anders Claesson. Generalized pattern avoidance. European J. Combin., 22(7):961-971, 2001.

[4] Anders Claesson. From Hertzsprung’s problem to pattern-rewriting systems. Algebr. Comb.,
5(6):1257-1277, 2022.

[5] Stanley Collings. Coin sequence probabilities and paradoxes. Bull. Inst. Math. Appl., 18(11-
12):227-232, 1982.

[6] F. N. David and D. E. Barton. Combinatorial chance. Hafner Publishing Co., New York, 1962.

[7] Tim Dwyer and Sergi Elizalde. Wilf equivalence relations for consecutive patterns. Adv. in Appl.
Math., 99:134-157, 2018.

[8] Sergi Elizalde. A survey of consecutive patterns in permutations. In Recent trends in combinatorics,
volume 159 of IMA Vol. Math. Appl., pages 601-618. Springer, [Cham], 2016.

[9] Sergi Elizalde and Marc Noy. Consecutive patterns in permutations. Adv. in Appl. Math., 30:110-
123, 2003.

[10] Sergi Elizalde and Marc Noy. Clusters, generating functions and asymptotics for consecutive pat-
terns in permutations. Adv. in Appl. Math, 49:351-374, 2012.

[11] Daniel Felix. Optimal Penney Ante strategy via correlation polynomial identities. Electron. J.
Combin., 13(1):Research Paper 35, 15, 2006.

[12] Martin Gardner. Mathematical games. Scientific American, 231(4):120-125, 1974.

[13] L. J. Guibas and A. M. Odlyzko. String overlaps, pattern matching, and nontransitive games. J.
Combin. Theory Ser. A, 30(2):183-208, 1981.

[14] Sergey Kitaev and Toufik Mansour. On multi-avoidance of generalized patterns. Ars Combin.,
76:321-350, 2005.

[15] Yixin Lin. Penney’s game for permutations, 2024. Dartmouth College Ph.D. Dissertations, 258.

[16] A. N. Myers. Counting permutations by their rigid patterns. J. Combin. Theory Ser. A, 99(2):345—
357, 2002.

[17] P. Tolstrup Nielsen. On the expected duration of a search for a fixed pattern in random data. /IEEE
Trans. Inform. Theory, IT-19:702-704, 1973.

[18] OEIS Foundation Inc. The On-Line Encyclopedia of Integer Sequences. Published electronically at
http://oeis.oraq.

[19] Walter Penney. Problem 95: Penney-ante. Journal of Recreational Mathematics, 2(4):241, October
1969.

[20] Rodica Simion and Frank W. Schmidt. Restricted permutations. European J. Combin., 6(4):383—
406, 1985.

[21] Richard P. Stanley. Enumerative combinatorics. Volume 1, volume 49 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, second edition, 2012.


http://oeis.org

arXiv:2505.05218v3 [math.CO] 13 May 2026

Discrete Mathematics and Theoretical Computer SCIENCe . ... ..o it
.................................................. vol. 28:1, Permutation Patterns 2025 #4 (2026)

Pattern avoidance in compositions and
powers of permutations

Kassie Archer!* Noel Bourne?

Y Department of Mathematics, United States Naval Academy, Annapolis, USA
2 Department of Mathematical Sciences, Tennessee State University, Nashville, USA

revisions 28™ Dec. 2025, 4™ May 2026; accepted 4™ May 2026.

A permutation 7 is said to avoid a chain (o : 7) of patterns if 7 avoids o and 7% avoids . In this paper, we define a
notion of pattern avoidance in compositions of positive integers and use that idea to enumerate permutations of length
n that avoid the chain (312,321 : o) for any pattern ¢ € |J,,~,; Sm. We also enumerate those permutations that
avoid the chain (312,4321 : o) for any o € Ss. -

Keywords: pattern avoidance, chain avoidance, generating functions, generalized Fibonacci numbers

1 Introduction

Let S,, denote the set of permutations of [n] = {1,2,...,n}. In this paper, we always write permutations
m € S, in their one-line form as m = w7y ... 7T,. We say that a permutation 7w € S,, contains a pattern
o € Sy, if there is some subsequence of 7 that appears in the same relative order as the elements of 0. We
say that 7 avoids o if it does not contain it. For example, the permutation m = 416728359 contains 312
since 635 is a subsequence of 7 that appears in the same relative order as 312. However, it avoids 321
since there is no subsequence of 7 of length 3 that appears in the same order as 321. We denote by S, ()
the set of permutations in S,, that avoid o. The study of pattern-avoiding permutations began in Knuth
(1968); Simion and Schmidt (1985); see also Béna (2012).

Recently, the notion of strong avoidance was defined in Béna and Smith (2019), in which a permutation
7 strongly avoids a pattern ¢ if both 7 and 72 avoid o. The authors of that paper consider permutations
that strongly avoid some o € Ss. They completely enumerate those that strongly avoid 312 or 123, and
find bounds on the number of those that strongly avoid 321 or 132. Later in Burcroff and Defant (2020),
permutations that strongly avoid the sets {132,3421}, {213,4312}, and {321, 3412} were enumerated
and in Pan (2023), those that strongly avoid {321, 1342} were shown to be enumerated by 2F,, 1 —n — 2,
where F, 11 is the (n + 1)-th Fibonacci number. In Pan and Guo (2025), the authors considered those
permutations that avoid certain patterns of length 3 or 4 and strongly avoid the pattern 312.

The notion of strong avoidance was generalized in Archer and Geary (2024) to the notion of chain
avoidance, in which 7 and 72 may avoid different patterns. We say 7 avoids the chain (o : T) if m avoids
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ISSN 1365-8050 © 2026 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License


http://dmtcs.episciences.org/
https://doi.org/10.46298/dmtcs.17199

2 Kassie Archer and Noel Bourne

o and 72 avoids 7. As with regular pattern avoidance, we can also consider the case where 7 and 72 avoid
sets of patterns. For example, we say 7 avoids (312,4321 : 213) if 7 avoids both 312 and 4321 while
72 avoids 213. In Archer and Geary (2024), the authors enumerate permutations that avoid the chain
(312,213 : o) or (231,321 : o) forany o € Ss.

In this paper, we will enumerate those permutations that avoid the chain (312,321 : o) for any pattern
o of any length. First, in Section 2 we define a notion of pattern avoidance in compositions of n. We
note that this definition differs from the definition of pattern avoidance for compositions that appears
in Heubach and Mansour (2006); Savage and Wilf (2006), but is related to the notion of composition
containment in Sagan and Vatter (2006); Vatter (2008) and of dominating compositions in Jelinek et al.
(2013); Menon and Singh (2022). In Section 3, we then define a set of compositions associated to any
possible pattern in 72 for a given 7 that avoids 312 and 321. We use this set of compositions and results
from Section 2 to find recursive formulas for permutations avoiding 312 and 321 whose square avoids any
given pattern o. Finally, in Section 4, we enumerate those permutations avoiding the chain (312,4321 : o)
for any o € S3 using different methods.

Throughout this paper, we will use the Fibonacci numbers (OEIS A000045) and their generalizations.
We define the Fibonacci sequence recursively as F,, = F,,_1 + F,,_o with F; = 0and F} = 1. For k > 2,
we similarly define the k-nacci sequence to be

k
i=1

with Fi(k) =0for0 <7< k—1and F,Eli)l = 1. In the special case where k = 3, we call these the
Tribonacci numbers (OEIS A000073) and denote them by 7;,, and in the case where k = 4, we call these
the Tetranacci numbers (OEIS A000078) and denote them by @,,.

2 Composition avoidance

A composition d of n is a sequence of positive integers d = (d1, da, . .., dy,) so that

Given a composition d = (dy,ds, . ..,d,,) of n, we say that the composition d contains another com-
position ¢ = (c1, ¢z, ..., ¢y) if there is some i1 < --- < 4 so that d;; > ¢; forall 1 < j < k. In this
case, we say the sub-composition (d;, , . . ., d;, ) dominates c. (The notion of one composition dominating

another also appears when studying pattern avoidance in set partitions as in Jelinek et al. (2013); Menon
and Singh (2022). There, the term “dominate” corresponds to our notion of containment.) We say that
a composition d avoids c if d does not contain c. For example, the composition d = (3,6,4,2,5,1)
contains (4, 1,2, 3) since (6,4, 2,5) dominates (4,1, 2,3) and d avoids (4, 1, 3, 2) since there is no sub-
sequence of d of length 4 that dominates this pattern. As another example, d = (2,1, 2,1, 1, 2) avoids the
composition (3) since there is no element of d greater than or equal to 3. Note that we are not requiring
(diy,...,d;,)and ¢ = (cq,...,ck) to be order-isomorphic as we do for permutation pattern containment.
Let b, (c) denote the number of compositions of n that avoid the composition c. We will take b,,(()) = 0,
i.e., by convention, we will say that no composition of n avoids the empty composition.

Given a composition ¢ = (¢, ¢, ..., cx) with k > 1, let € be the composition ¢ = (ca, ..., cx). Note
that if £ = 1, then ¢ = (c¢) for some ¢, so ¢ = (), the empty composition.
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Theorem 2.1. Forn > 1, and any composition ¢ = (c1, ca, . .., k), then:
c1—1 n
)= bui(c)+ Y bui(e)
i=1 i=cy

with b, (()) = 0 for alln > 0, and bo(c) = 1 for all nonempty compositions c.

Proof: First, let us consider the case where k& = 1. Then ¢ = (c¢) for some positive integer c. Clearly,
compositions that avoid this pattern are exactly those composed of elements less than ¢. Thus b,,(c) =

Z;:ll bn—i(c). Since b, (()) = 0 for any n, the theorem holds in this case.

Now consider the case when &k > 1. In this case, any composition d = (dy, ..., d,,) that avoids ¢ must
either have the property that d; < ¢; and (da, ..., d,,) avoids c or that d; > ¢; and (da, . .., d,,) avoids
¢. The statement of the theorem follows immediately from this observation. [

Example 2.2. Let us consider the example with ¢ = (3,2). Then ¢; = 3 and ¢ = (2). By Theorem 2.1,

we have that ) .
i=1 i=3
Since for any n, we have b,,((2)) = 1 (since any composition avoiding (2) must only be composed of
1’s), if we take b,, := b,,((3, 2)), then b,, satisfies
by =bp_1+bp_o+n—2

with initial conditions by = 1 and b, = 2. Solving this recurrence gives us that b,,((3,2)) = F,4+3—n—1.

Example 2.3. Let ¢ = (k + 1) for some & > 1. Note that compositions avoiding ¢ are exactly the
compositions with no part greater than k. The recurrence relation given by Theorem 2.1 is

i=k+1

Since the second sum is equal to 0, we have
(k+1)) Z b_i((k+1))

with bo((k + 1)) = 1and b;((k + 1)) = 0 when j < 0. Thus we must have
bu((k+1)) = F

for n > 0, where FW(LI—Ci-)k—l is the (n + k — 1)st k-nacci number.
We can also enumerate those compositions of n that avoid a set of compositions. Given a set of compo-
sitions C' = {cM,c® ... c(™} with ¢V = (ng)’ cg), e cfji)) for each 1 < i < m, ordered by their

first element (so that cgi) < cgiﬂ) for each 7), define the set (7 to be the set of compositions

G = [eD,6®,... D), e, c(m)
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Theorem 2.4. Forn > 1, m > 1, and any set of compositions C' = {c(l)7 c(2), R c(m)} with ¢() =
(ng)7 cg), . 701(;))’ and ng) < cglﬂ)for each i, then:
c(ll)—l CEQ)—l cgm)—l

ba(C) = 3 busi(C)+ D bui(CH 4+ Y bui(C™ ) + an b_i(C™)

i:C(ll) i:c(l"”’” i:c(l"")

with b.(C) = 0 for all r > 0 if C contains the empty composition, and bo(C) = 1 for all nonempty sets
C that do not contain the empty composition.

Proof: The proof follows in a similar way to that of Theorem 2.1, by considering the first element of a

composition d. If d = (dy, ds, . . ., d,,) avoids all patterns in C' and cgj) <d < cgjﬂ), then clearly d

must avoid every pattern in C7. This is because d; can act as the c(li) in any pattern c() for 1 < i < j, but
cannot act as the cgl) in any pattern ¢(¥) for j < i < m since the compositions c¢(*) are ordered by their
first element. 0

Example 2.5. Let’s consider the set C' = {(3,2), (6)}. Then C" = {(2), (6)} and C? = {(2), ()}, which
contains the empty composition. Notice that compositions that avoid the set C' are exactly those that avoid
(3,2) and that have no element greater than 5. Since b, (C'') = 1 and b, (C?) = 0, it is straightforward to
see from Theorem 2.4 that

bn(c) = bn—l(c) + bn—Q(C) + 3a
which implies that b, (C) = F,42 + 2F, — 3.

Several other examples can be found in the proof of Theorem 3.6 in the next section.

3 Permutations avoiding the chain (312,321 : o)

First, let us establish the form that permutations 7 € S,,(312,321) can take. Let ¢; = 1, o = 21, and
€q = 234...d1 for d > 3. Also, recall the definition of a direct sum of permutations. We say 7 = o @ 7
forsomeo € Syand T € S, ifm; =0;forl <i< kandm, =7, +kfork+1<+¢<k+ m.For
example, 2134 @ 43215 = 213487659. We can also take multiple sums. For example, if d = (2,5, 3,1),

then
4

Pew. =0 0eada =21023451 ©231@ 1 = 21456739(10)8(11).

i=1
Note that the resulting permutation avoids the patterns 312 and 321. The next lemma establishes that this
fact generalizes.

Lemma 3.1. Let n > 1. A permutation T € S,, avoids 312 and 321 if and only if m = @;11 €4, for some
compositiond = (dy,da, ... ,dy,) of n.

Proof: Suppose 7 € S,,(312,321). Since 7 avoids 312, if m; = 1, then 7 = o®7 where o € S;(312,321)
endsin | and 7 € S,,_;(312,321). However, since 7 avoids 321, we must have o = ¢;. Thus the lemma
follows inductively. O



Pattern avoidance in compositions and powers of permutations 5

It follows immediately that there are 2" ~! permutations that avoid 312 and 321 since this set of permu-
tations is in bijection with the set of compositions of n. Note that since squaring respects direct sums, this
lemma implies that 72 = @ ;4 €5, Where ¢f = 1, ¢3 = 12, and €5 = 34...d12ford > 3.

Let €2,, be the set of permutations ¢ € S, so that, when written as a direct sum of its simple parts, we

have
k
-
i=1

where 70 € {1} U{23...m1:m > 2} U {34...m12:m > 3} foreach 4, and let Q = |J, -, Qn.

In the next lemma, we show that we need only consider o € €2 in this section since these are exactly
those patterns that can appear in 72, Indeed, this lemma implies that if o ¢ €, then a,,(312,321 : 0) =
2"~ since for all 7 € S,,(312, 321), we would have that > avoids o.

Lemma 3.2. For 7 € S,,(312,321), ©% can only contain patterns in Q.

Proof: Suppose 7 € S,,(312,321). By Lemma 3.1, 7 = @Z’;l €q, for some d = (dy, ..., dy,), compo-
sition of n, and thus 72 = @Zl ei. Let o be a pattern contained in 72 and write o as a direct sum of its

simple parts as
k
o=@,
i=1

Since our assumption is that 7(*) cannot be written as a direct sum of smaller permutations, it must be

the case that 7(¥) is a pattern contained in eﬁj for some j. However, the possible patterns contained in

€2 for any d are: the increasing permutation 12...r for some r > 1, the permutation 23. . .71 for some
r>2,0r34...r12 for some r > 3. The result follows. O

Let us note that the number of permutations in the set §2,, satisfies the recurrence
n n
|Qn| = |Qn71| + Z ‘Qn71| + Z ‘ani|a
i=2 i=3

found by considering the first element of the direct sum, with |{2g| = 1, and is thus given by the sequence
A052980 from OEIS. We have that Q; = {1}, Qo = {12,21}, Q3 = {123,132,213, 231,312}, and

Q, = {1234, 1243, 1324, 1342, 1423, 2134, 2143, 2314, 2341, 3124, 3412}.

For any pattern o € §2, we can construct a set of compositions, which we will denote C'(c). Let us first

consider the case when ¢ = 12...k = @le 1. Then the set of compositions C(o) are exactly those
compositions obtained by taking all compositions of k£ and adding 2 to any element greater than or equal
to 3. (There are thus 2~ compositions in C(12...k).)

Example 3.3. Consider o = 12345. There are 16 compositions of 5. Taking each composition and adding
2 to each element greater than or equal to 3 yields
C(o)=4{(1,1,1,1,1),(1,1,1,2),(1,1,2,1),(1,2,1,1),(2,1,1,1), (1, 2,2),(2,1,2),(2,2,1),
(1,1,5),(1,5,1),(5,1,1),(2,5), (5,2), (1,6), (6,1), (7)}
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Notice that if you take 7 = @D~ | €4, forany d = (dy, ..., d,) € C(12345), 7? will containa o = 12345
pattern. For example, if d = (5,1,1), then 7 = 23451 ® 1 ® 1 = 2345167 and 72 = 345120 1 P 1 =
3451267, which contains the subsequence 34567, which is a 12345 pattern.

Now let us consider a more general pattern ¢ = @le 7 First construct a composition c(o) =

(c1,...,ck) where ¢; = |7 if 7)€ {1} U{34...m12 : m > 3} and ¢; = |7W| + 1if 7() ¢
{23...m1 : m > 2}. This composition will be one of the compositions in the set C' (o). Now, for every
consecutive run of 1s in ¢(o) of length r, the composition obtained by replacing that run of 1s by any of
the 2"~1 compositions in C(12...7) will also be in the set C(o). Each run of 1s should be considered
simultaneously.

Example 3.4. Suppose o = 2341567(10)89(11)(12) = 2341 @ 1@ 1 & 1 @ 3126 1 & 1. Then
(o) =(5,1,1,1,3,1,1) and

C(o) ={(5,1,1,1,3,1,1),(5,1,1,1,3,2), (5,2,1,3,1,1), (5,2, 1,3, 2),
(5,1,2,3,1,1),(5,1,2,3,2), (5,5,3,1,1), (5,5,3,2)}.

We are now ready to state the main theorem of this paper.

Theorem 3.5. For n > 1, the number of permutations in S,, that avoid the chain (312,321 : o) for any
o € Qis equal to the number of composition of n that avoid the set C(o).

Proof: Suppose that 7 = @, €4, with 72 = @ €5 for some dy + --- + d,, = n and that

o = @le 7). We claim that 7 avoids the chain (312,321 : o) if and only if the composition
d = (di,da, ..., dy) avoids all compositions in C'(o).

Since eft = 34...d12, a single block of 72 can only contain either one block of ¢, or a consecutive
sequence of blocks of size 1 (i.e., an increasing pattern). Additionally, € must be length d > k to contain
34...k12,length d > k + 1 to contain 23. .. k1, and length d > k 4 2 to contain 12. ..k for £ > 3 (and
only length d > k for k € {1,2}). Note that €2 contains 1 if |e4| > 1, contains 12 if |e4| > 2, and contains
12...r for r > 3 only if |e4] > r + 2, and so “adding 2” to any part greater than 2 of a composition of
length k will determine exactly the lengths needed for 72 to avoid 12.. . . k.

Now, let us consider the case when 72 contains o. In this case, each block 7(9) with |T(i)| > 1 must lie
within a single block eﬁj of w2 and any increasing sequence of 7(V)s of size 1 must appear across blocks
in 72. By construction of C(0), each ¢; is the minimum block length required to contain either a block
7 or an increasing run of 1s, and thus the composition d will dominate some ¢ € C(o).

Similarly, if d contains some ¢ € C(c), then by definition, there exist indices i1 < iy < --- < %, such
that dij > c; for each j. As observed above, by the construction of C (o), each ¢; is the minimum block
length required to contain either a block 7(*) or an increasing run of 1s. Because d;; > c;, each block of

the form €2 is sufficiently long to contain the corresponding part of o, and so 2 contains o. O
ij

Let us note that the number of permutations that avoid (312, 321 : o) is equal to the number that avoid
(312,321 : 0"¢%), where 0" is the reverse-complement-inverse of o, as follows from (Archer and Geary,
2024, Remark 4.1).

Theorem 3.6. For n > 2, the values of a,,(312,321 : o) in Table 1 hold.
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o C(o) an (312,321 : o) OEIS
123 (1,1,1),(1,2),(2,1), (5) 0 (for n > 5) N/A
132 (1,3)

Fri2—1 A000071
213 3,
231 4) Thto A000073
312 3) Foil A000045

(1,1,1,1),(1,1,2),(1,2,1),
1234 0 (forn > 6) N/A

(2,1,1),(2,2),(5,1),(1,5),(6)

1243 (1,1,3),(2,3)

2F, 41 —2 A019274
2134 (3,1,1),(3,2)
1324 (1,3,1) Fpiz—n—1 A000126
1342 (1,4) nt1

Z T, A008937

2314 (4,1) i=1
1423 (1,3)

Frio—1 A000071
3124 3,1
2143 (3.3) 1+ t(nFpya + (n—3)F,) | A023610 + 1
2341 (5) Qnis A000078
3412 (4) Tio A000073

Tab. 1: The number a, (312,321 : o) of permutations that avoid 312 and 321 whose square avoids o € €, for
k € {3,4} and n > 2 (unless otherwise stated), along with the associated composition for o. Here, F;, denotes the
n-th Fibonacci number, 77, denotes the n-th Tribonacci number, and @, denotes the n-th Tetranacci number.
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Proof: Let us consider the cases when |o| = 3 first. There are only five permutations in 23 to consider
since 321 ¢ 23. For the pattern o = 123, we need to avoid

C(123) = {(1,1,1),(1,2),(2,1),(5)}.

It is clear that for n > 5, it is impossible for a composition to avoid all of these patterns, so there are 0
permutations avoiding the chain (312,321 : 123).

Next, consider those that avoid 132. In this case, a, (312,321 : 132) is equal to the number that
avoid the composition (1,3). By Theorem 2.1, there are >, b,—;((3)) such compositions. Since
b, ((3)) = Fn41, the (n + 1)-st Fibonacci number, the result follows by a well-known identity about
Fibonacci numbers (see OEIS A000071). Since 213 is the reverse-complement-inverse of 132, the answer
is the same for a,, (312,321 : 213). For 0 = 231, we need only count those compositions that avoid the
composition (4), which is T},+2 and for 0 = 312, we need only count those compositions that avoid (3),
which is Fj, 1.

Next let us consider those permutations in S,, (312, 321 : o) with |o| = 4. In this case, there are 11 cases
to consider, but only 8 up to reverse-complement-inverse symmetry. For 0 = 1234, we must enumerate
compositions that avoid

C(1234) = {(1,1,1,1),(1,1,2),(1,2,1),(2,1,1),(2,2), (1,5), (5, 1), (6)}.

As before, it is clear this is impossible for n > 6. In particular, any composition avoiding those compo-
sitions in C'(1234) must have at most 3 parts of size at most 5 since (1,1,1, 1), (6) € C'(1234), and only
one part can be greater than 1 since (2,2) € ('(1234). This excludes any compositions of n > 8, and the
cases for n € {6, 7} are straightforward to check directly.

Let us next consider o = 1243. This amounts to enumerating compositions that avoid the compositions
in C(1243) = {(1,1,3), (2, 3)}. By Theorem 2.4, the number of such compositions is given by

bu_1((1,3)) + an_i({(1,3)7 (3)})-

We saw above that b,_1((1,3)) = Fj,+1 — 1 and that b,,_;({(1, 3), (3)}) = bn—i((3)) = F—iy1, which
has a sum of F;, ;1 — 1, so in total there are 2F},;; — 2. Since 2134 = 12437 the result is the same for
2134.

Next, let’s consider ¢ = 1324, which has C'(1324) = {(1,3,1)}. The number of compositions that
avoid (1, 3, 1) satisfy

bo((1,3,1)) = an_i((& 1)),

with by ((3,1)) = 1 and b,,((3,1)) = F,12—1 forn > 1, as we found previously. By computing the sum,
we get that b,,((1,3,1)) = F,,13 —n — 1. Now, let us consider the case when o = 1342, corresponding
to C'(1342) = {(1,4)}. Similar to the case when o = 132, we get that there are ) ., b,—;((4)) such
compositions. Since b, ((4)) = T},42, we get the sum >, T},_; 12, which can be reindexed to the sum
in the table. Since 2314 = 1342"¢*, the same result holds for o = 2314. For 0 = 1423 and 0 = 3124, the
result follows since C'(1423) = C'(132) and C(3124) = C(213).
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Now, for the case when o = 2143, we have C'(0) = {(3,3)} and so

bn((37 3)) = b71,—1((37 3)) =+ bn—2((37 3)) + Z bn—l((3))a

=3

where b,,((3)) = F,+1. Thus if we let b,, := b,,((3,3)), we have b,, = b,_1 + b,—2 + F,, — 1. Solving
this recurrence gives us the formula in the table. Finally, the cases when o = 2341 and 0 = 3412 follow
immediately from the fact that C'(2341) = {(5)} and C'(3412) = {(4)}. O

We conclude this section with a few more cases for when o takes a certain form and the answer is
straightforward.

Proposition 3.7. For k > 3 andn > (k — 1)%, we have a,,(312,321 : 12...k) = 0.

Proof: Note that C'(12. .. k) contains both the compositions (1,1, ...,1) of length k and the composition
(k). However, this implies that a composition that avoids those compositions in C(12... k) must have
at most k — 1 parts of size at most k — 1. If n > (k — 1)2, this is impossible and thus there are zero
compositions avoiding C(12... k), implying there are zero permutations avoiding the chain (312,321 :
12...k). O

The bound n > (k — 1)? given in Proposition 3.7 is sufficient to show that a,, (312,321 : 12...k) is
eventually zero, but it is not generally tight. For example, for k£ = 4, the upper bound guarantees a,, = 0
for n > 9, but as stated in Table 1, we have that a,, = 0 for n > 6.

Proposition 3.8. Forn > land k > 3,
(k)
Fo oc=23...k1

F&D o =34... k12,

an(312,321 : ) =

where F,Sk) denotes the n-th k-nacci number.

Proof: In the case 0 = 23...k1, we have C'(0) = {(k + 1)} and in the case that c = 34...k12, we
have that C(o) = {(k)}, and thus the result clearly follows (see Example 2.3). O

Finally, let us note that it is clear from the previous section that to enumerate permutations avoiding
the chain (312,321 : S) for any set .S of permutations, it is enough to enumerate those compositions that

avoid g C(0).

4 Permutations avoiding the chain (312,4321 : o) for o € S;

In the case that 7 avoids both 312 and 4321, the form 7 takes is not quite as nice as the case in the previous
section. However, we can still write 7 as a direct sum. In particular 7 = p @ 7 where p € S;(312,4321)
ends in 1 and 7 € S,,_x(312,4321) for some 1 < k < n. Note that 7 could be the empty permutation,
but o has length k£ > 1. Table 2 summarizes the results of this section.

Theorem 4.1. Forn > 7, a,(312,4321 : 123) = 0.



10 Kassie Archer and Noel Bourne

o an,(312,4321 : o) OEIS Theorem
123 eventually 0 N/A Theorem 4.1
132 Theorem 4.2

Trhyo+Thy1 —1 A001590 — 1
213 Corollary 4.3
1
231 gf. A(x) = R S - A381858 Theorem 4.4
312 Qn+3 A000078 Theorem 4.5
1—2
321 gf. B(x) = Ty g A381859 Theorem 4.6

Tab. 2: The number of permutations that avoid 312 and 4321 whose square avoids o € Ss. Here, 15, is the n-th
Tribonacci number and @, is the n-th Tetranacci number.

Proof: Let us first note that if 7 = p @ 7 with p ending in 1, then if |7| > 1, 7 must also end with 1.
Otherwise, we could write 7 = 71 &7, with | 72| > 1 and thus 72 = p>@72@73 which necessarily contains
a 123 pattern. We will show that there are no permutations in S, (312,4321 : 123) that end with 1 for
n > 8. Together with the note above, this would imply there are no permutations in S, (312,4321 : 123)
for n > 15. The cases for 7 < n < 14 are easily verified by computer using built-in Sage packages Sage
Developers (2022).

For the sake of contradiction, suppose 7 = 71 ...7,—11 € S,(312,4321 : 123) with n > 8. Then
since 7 avoids 312 and 4321, we must have that 7 ..., _1 avoids 312 and 321 (and is thus of the form
described in the previous section, with values shifted up by 1). This implies that 71 wo73 takes one of the
forms:

{234, 235,243,245, 324, 325, 342, 345}.

Let us proceed by cases. If mymoms = 234, then 34n is a 123 pattern in w2, If mimems = 235, then
35n is a 123 pattern in 2. If mymamy = 243, then w4 € {5,6}, so either 45n or 46n is a 123 pattern
in w2, If mymoms = 245, then my € {3,6}. If mymamgmy = 2456, then 46n is a 123 pattern in 72, If
T memamy = 2453, then 75 € {6,7} and so 46n or 47n is a 123 pattern in 2. If 7 mem3 = 324, then
74 € {5,6} so either 45n or 46n is a 123 pattern in 2. If mymams = 325, then 74 € {4,6}. If 14 = 4,
then 75 € {6, 7}, so 24n is a 123 pattern in 72. If 74 = 6 then w5 € {4, 7} so either 24n or 27n is a
123 pattern in 2. If mymems = 342, then 24n is a 123 pattern in 2. Finally, if mymoms = 345, then
ma € {2,6}. If my = 6, then 56n is a 123 pattern. If 74 = 2, then 75 € {6, 7} so either 56n or 57n is a
123 pattern in 72. Therefore, we have no such permutations in S,, (312, 4321 : 123) for n > 8. O

Theorem 4.2. Forn > 1, a,(312,4321 : 132) = T},10 + Ty1 — 1, where T, is the n-th Tribonacci
number.

Proof: The initial conditions are easily checked, so we let n > 5. In this case, we can write 7 = p @ 7
where p € Sk(312,4321) ends in 1 and 7 € S,,—£(312,4321). Note that 7> = p?> & 72, soif ™ €
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Sn(312,4321 : 132), then we must have that p € Sy, (312, 4321 : 132) and 1 appears in the first k elements
of 2. To avoid 132, this means that 72 is the identity permutation, i.e., is an involution. It is well known
that 312-avoiding involutions are of the form @, d4, for some composition d = (dy,...,dy,), where
04 = d(d — 1) ...21. However, since 7 also avoids 4321, the corresponding composition d is composed
only of 1s, 2s, and 3s, and are thus enumerated by the Tribonacci numbers 7}, 1 o.

Therefore, we need only know how many permutations in S,,(312,4321 : 132) end in 1. Let 7 =
71 ...Tn—11 be such a permutation. Note that since 7 avoids 312 and 4321, m; € {2, 3}, since otherwise
either 71321 or 7123 would be a subsequence and thus would give us either a 4321 or 312 pattern. If
71 = 2, then for a similar reason 7o € {3,4}.

If mymy = 23, then since 7, = 1, we have 7
and since m Ty = 23, we have w% = 3. Thus 72
75 ...m2_, isincreasing and thus 7 = 234 ...nl.

If mymo = 24, then similarly to above we have 72 = 473 ... w2_,12. If m; = 3, then all elements in
m3...m 1 are exactly {5,6,...,j+ 1}. However, if j > 4, this implies that 71'%71']2-7171']2- = 47,115 where
Tj+1 > j 4+ 2 > 6, which is a 132 pattern. Thus we have 73 = 3, so 72 = 4733...72_,12 and thus

2

2. Since 72 avoids 132, we must have 72 _; = 1

37r§ ...m2_,12. Since 72 avoids 132, it must be that

2
n
= .. 77471

n—1
mimy ... m2_, is increasing, so m = 243567 ...nl.
Finally, if m; = 3, then my € {2,4}. If mymp = 32, then 7% = 722...72_,3 and so 2m3 is a 132
pattern for some m € {73,...,m2_,} since n > 5. If mymy = 34 and 71, = 2, then in order to avoid 132,

k € {n —2,n — 1}. However, since the elements that appear before 2 must be smaller than the elements
that appear after 2 (except m,, = 1), and the elements that appear before 2 must be in increasing order in
order for 7 to avoid 4321, we must have that 7;_o = k, giving us a contradiction.

Therefore the only two permutations in S,,(312,4321 : 132) with 7, = 1 and n > 5 are 234...n1 and
2435...nl1. For n < 5, the only such permutations are 1,21,231, 321, 2341, 3241, 23451, and 24351.
Therefore, by considering the position of 1 in 7, we can write

4 (312,4321 1 132) = Ty + Ty + 2T + 2Tp_o + -+ + 2T}
n—1

=T+ T +2) T,

i=1
=Thio+Thp1 —1

where the last equality follows from a well-known identity about the sum of the Tribonacci numbers (see
for example OEIS A008937). O

As a corollary, we obtain a,,(312,4321 : 213) as well since the reverse-complement-inverse of the set
{312,4321} is {312,4321} and the reverse-complement-inverse of 132 is 213.

Corollary 4.3. Forn > 1, a,(312,4321 : 213) = Ty,yo + Tpy1 — L.
Theorem 4.4. The generating function A(x) =3, -, an(312,4321 : 231)a™ is given by

1
Ax) = .
(@) 1—2—a22 — 223 — 3a% — 225

Proof: The initial conditions are easily checked. As before, we can write 7 = p & 7, where p ends in 1.
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Since any occurrence of 231 in 2 must occur completely within p? or 72, we have that
n
a,(312,4321: 231) = Y b;(312,4321 : 231)a,,_;(312,4321 : 231),
i=1
where b, (312, 4321 : 231) is the number of permutations in S, (312, 4321 : 231) that end with 1. Thus it
suffices to find b,,(312, 4321 : 231).

Letm = 7y ...m—11 € 8,(312,4321 : 231) for some n > 6. We know that m; € {2,3}. First
consider the case that 71 = 2. Then we must have 75 € {3,4}. Note that 72 = mom5 ... 72_,2. Therefore
mon2is a 231 pattern in 7. If 7; = 3, then mo € {2,4} and 73 € {2,4,5}. Thus,in 7% = 7373 ... 72 _,3
either 3n3 is a 231 pattern or m3 = 2. But then 72 = 4 and so 73 = 4, so 4n3 or 4(n — 1)3 is a 231
pattern in 7w2. Thus if n > 6, there are no permutations in S, (312,4321 : 231) that end in 1.

If n < 6, it is easily verified that the permutations avoiding the chain (312,4321 : 231) that end in 1
are those in the set

{1,21,231, 321, 2431, 3241, 3421, 32541, 34521 }.

This implies that a,, := a,,(312,4321 : 231) satisfies:
Gp = Ap-1+ @n—2 + 20n_3 + 3an_4 + 2an_s,

which together with initial conditions, implies a,, (312, 4321 : 231) has the associated generating function
given in the statement of the theorem. O

Note that in the next theorem, the result given can also be described as the number of permutations
that strongly avoid 312 and classically avoid 4321. Recall that in Pan and Guo (2025), the authors do
enumerate those permutations that strongly avoid 312 and avoid some patterns o € S4. However, they do
not address this particular case in that paper.

Theorem 4.5. Forn > 1, a,(312,4321 : 312) = Q,t3, where Q,, is the n-th Tetranacci number.

Proof: The initial conditions are easily checked. As before, we can write 7 = p @ 7, where p ends in 1.
Since any occurrence of 312 in 72 must occur completely within p? or 72, we have that

an(312,4321 :312) = Y 0;(312,4321 : 312)a,,_;(312,4321 : 312),
i=1
where b,,(312, 4321 : 312) is the number of permutations in S, (312, 4321 : 312) that end with 1. Thus it
suffices to find b, (312, 4321 : 312).

In (B6na and Smith, 2019, Theorem 3.1), Béna and Smith characterize those permutations in S, (312 :
312) that end in 1. By that result, the only permutations in S,,(312,4321 : 312) that end in 1 are those in
the set

{1,21,321,3421}.
By considering the position of 1 in 7, it follows that
4
a,(312,4321 : 312) = ) " a,;(312,4321 : 312),
i=1

which is exactly the Tetranacci recurrence. O
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Theorem 4.6. The generating function B(x) =, - a,(312,4321 : 321)a™ is given by

1—2x

B(x) = 1—2z — a3+ 25

Proof: As before, we can write 7 = p @ 7, where p ends in 1. Since any occurrence of 321 in 72 must

occur completely within p2 or 72, and thus it suffices to find b, (312,4321 : 321), the number of such
permutations that end in 1.

As before, if 1, = 1 and n > 5, then m; € {2,3}. If 1, = 2, then we claim that 7 = 234...n1. If not
then there is some smallest k so that

7=23. k(k+2)(k+3)...(k+i)(k+1)...1

but then in 72, (k + 2)(k + 1)2 is a 321 pattern. Now consider the case when 71 = 3. If my = 2, then

nins = mamy = w32 with 3 # 1 since n > 5. Thus 7321 is a 321 pattern. If m; = 2 for j > 3, then

my is 4 and w3 > 4. Thus 77737, = w343 is a 321 pattern. Finally, if w3 = 2, then mmoms = 342, s0

72 = 2my4. .. 3, where m; > 3 since n > 5. Thus 7443 is a 321 pattern in 72.

This all implies that there is only one permutation in S,,(312,4321 : 321) that ends in 1 when n > 5.
For n < 5, it is straightforward to check that the permutations that end in 1 are those in the set:

{1,21,231, 321, 2341, 3421}.
Thus it follows that a,, (312,4321 : 321) satisfies

n—1
a,(312,4321 : 321) = a,,_5(312,4321 : 321) + a,4(312,4321 : 321) + > _ a;(312,4321 : 321).
=0

This implies the associated generating function B(z) = Y, - an(312,4321 : 321)2™ satisfies

xB(x)
1-2z

B(z) = 14 (2* + 2*)B(x) +

)

which in turn, implies the statement of the theorem. O

5 Further directions and open questions

There are many future possible directions of research. One interesting question that could be addressed
by using some of the ideas from this paper is to enumerate permutations 7 € S,, that avoid 312 and 321
whose cube (or a higher power) avoids a pattern o. It seems like you may be able to answer this question
generally in terms of the related compositions, but not directly in terms of composition avoidance as was
done in this paper. For example, based on the ideas similar to the ones in this paper, we conjecture that
the number of permutations that avoid the chain (312,321 : @ : 2143) (i.e, those with the property that
7 avoids {312,321} and 73 avoids 2143) is equal to the number of compositions d = (d1,ds, . .., d,,)
of n so that all d; are 1 or 3, except for at most one. Section 5 of Archer and Geary (2024) addresses a
similar question for when ¢ € S3. Those ideas combined with the ones in this paper may allow one to
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enumerate permutations avoiding any chain of any length of the form (312,321 : 74 : 75 : - -+ ) for any
patterns 7; € | J,,,~1 Sm-

Another possible direction is to enumerate permutations that avoid the chain (312, k...21 : o) for
some o € S3 and some k > 5. For example, we conjecture that if we take a,, := a,,(312, 54321 : 132)
then

p =0p_1+ap_2+a_3+ap_g4+n—1

for n > 6. Perhaps if this can be extended for further &, one could use these ideas to enumerate a,, (312 :
132) itself, or a,,(312 : o) for some other o € S3 \ {312}, each of which is currently unknown, though
lower bounds for these numbers can be found in Archer and Geary (2024).
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We prove an Erdés—Szekeres type result for finite words over N with repeated values. Specifically, we define a repeat
in a word to be an occurrence of a value which is not its first occurrence. We define an occurrence of a pattern
7 in a word w to be a (not necessarily consecutive) subword of w that is order isomorphic to 7. In this note, we
show that every word with kn® 4 1 repeats contains one of the following patterns: 0**2, 0011 - - - nn, nn - - - 1100,
012---n012---n,012---nn---210,n---210012---n,n---210n - - - 210. Moreover, when k£ = 1, we show that
this is best possible by constructing a word with n® repeats that does not contain any of these patterns.

Keywords: Combinatorics

1 Introduction

Let N={0,1,2,...}. A word of length n is an element w = wyws - - - w,, € N™. For example, 376885
is a word of length 6. A word w € N™ can also be represented on a grid with points at (¢, w;) for every
i € [n], where [n] = {1,2,...,n}. For example, the word 13043134 is shown in Figure[l}

We define a subword w' of a word w to be a word obtained by taking a subsequence of letters in
w which are not necessarily consecutive, for example 3313 is a subword of the word 13043134. The
standardization of a word w € N" is defined to be the word obtained by replacing every occurrence
of the smallest value in w by 0, the next smallest by 1, and so on. The standardization of a word is
called a patterrm For example, the standardization of the word 296893 is the pattern 042341. A word w
contains a pattern 7 if there exists a subword of w which standardizes to 7, otherwise w avoids m. As the
standardization of 3313 is 1101, the word 13043134 contains the pattern 1101. This definition of pattern
containment is a generalisation of classical pattern avoidance in permutations, and has also been used to
study pattern containment in words, see for example |Burstein et al.| (2003) on counting the number of
occurrences of patterns in words.

@ These are also called Cayley permutations; see Mor and Fraenkell (1984
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1 2 3 4 5 6 7 8

Fig. 1: The word 13043134.
proof

A word w = wiws - - - wy, is called non-decreasing if w; < w; forall1 < ¢ < j < n, and is called
strictly increasing if w; < wj forall 1 <4 < j < n. For example, 00122 is non-decreasing and 0123 is
strictly increasing. Non-increasing and strictly decreasing words are defined similarly.

The Erd6s—Szekeres Theorem, stated below in Theorem|1.1] is a landmark result in combinatorics with
many variants and generalisations, and wide-ranging applications in areas like discrete geometry, graph
theory, and computer science.

Theorem 1.1 (Erd6s—Szekeres Theorem, Erdds and Szekeres|(1935)). Let r, s € N. Every word of length
rs + 1 contains a non-decreasing subword of length r + 1 or a non-increasing subword of length s + 1
(or both).

For permutations, the Erd6s—Szekeres Theorem implies that any permutation of size n? + 1 contains
a strictly increasing or decreasing pattern of size n + 1, or equivalently either the pattern 01---n or
n---10. For general words that can have repeated values, this is no longer true. There have been many
variations of the Erd6s—Szekeres Theorem such as the containment of unimodal and more generally k-
modal sequences in permutations by [Chung| (1980), Xu| (2024) and |Gong| (2025); finding words with
non-decreasing or strictly increasing subwords of a given length by Schensted (1961) and [Itskovich and
Levit (2019); or the containment of convex and concave patterns by [Erdos and Szekeres|(1935) and [Suk
(2017) for example.

This project began at the 2025 Permutation Patterns Pre-Conference Workshop, where we aimed to find
an Erd6s—Szekeres type result for inversion sequences, specifically taking into account their structure and
the number of repeated values. For a positive integer n, we define a length n inversion sequence to be a
word wiws -+ - w, € N"™ where w; < i for each ¢ € [n], or equivalently wjws - - - w, is an element of
{0} x{0,1} x -+ x{0,1,...,n— 1}. For example, the inversion sequence 002135 is shown in Figure[2]
Due to the restriction on values in an inversion sequence, all of the points in an inversion sequence must
be below the dashed line in Figure

In this note, we prove Theorem which identifies a collection of unavoidable patterns in any word
with a given number of repeated values. This result can be applied to inversion sequences and will be
used in an upcoming work which outlines an algorithm for enumerating sets of inversion sequences using
generating trees. In the paper, this result is used to prove conditions for when the algorithm will terminate.

We define the number of repeats in a word to be the total number of occurrences of values which are
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A

; ;

~

1 2 3 4 5 6

Fig. 2: The inversion sequence 002135.

not the first occurrence of that value. Equivalently, for a word w = w; - - - w,,, the number of repeats is
number of ¢ € [n] such that there exists j < ¢ with w; = w;,. For example, 0000 has 3 repeats, and 00110
has 3 repeats as O is repeated twice and 1 is repeated once.

For a word w = wyws - - - wy, let wi® = w, and let W™’ = w,, - - - wow; be the reverse of w, e.g.
(2341) = 1432. We show that the types of unavoidable patterns are the constant patterns, patterns
of the form 001122 - --nn and their reverses, and patterns of the form u® u®? where v = 01---n and
e; € {id,rev}. These three types are defined as types and|[c)|in Theorem [1.2] respectively.

Theorem 1.2. Let k,n € N. Every word with kn® + 1 repeats contains one of the following patterns.
a) 0k+2.
b) (0011---nn)¢ fore € {id,rev}.
¢) (012---n)1(012---n) for ey, eq € {id, rev}.

When k = 1, Theorem [I.2] is best possible as shown by the following result. See Section [] for a
discussion when k£ > 1.

Proposition 1.3. There exists a word with n® repeats that does not contain any of the following patterns.
a) 03
b) (0011---nn)° fore € {id,rev}.
c) (012---n)®1(012---n)° for ey, e € {id, rev}.

The asymmetric versions of both Theorem [I:2] and Proposition [I.3] where the lengths of the patterns
in[b)|and[c)| are allowed to differ like in Theorem [I.1] can also be easily obtained by modifying our proof
(see Theorem [4.2).

We will prove Theorem [I.2) and Proposition [I.3]in Section 2] and Section 3] respectively. In Section 4]
we will discuss some related problems and future research directions.
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2 Unavoidable patterns

In this section, we prove Theorem [1.2] which states that any word with kn® + 1 repeats must contain one

of the patterns in[a)| [b)] and

Proof of Theorem Let w be a word with knS + 1 repeats. If w contains a value that occurs k + 2
times, then it contains the pattern 02, so holds. Now supppose that every value appears at most k + 1
times. Then, there are at least n% + 1 distinct values in w each with at least one repeat. Fix any n% + 1
distinct values in w with repeats, and let w’ be the subword of w consisting of the first two occurrences of
each of these values in w. In particular, w’ has length 2n% + 2.

Let aga - - - a,s be the subword of w’ consisting of the first occurrence of each of the n® + 1 distinct
values in w’. By Theorem (Erd6s—Szekeres), there is a subword aga’ - - - al 5 of agay - - - aye that is
monotone.

We first attempt to find a pattern in [c)] using Claim [2.1] below.

Claim 2.1. Ifthere exists an index 0 < j < n3 —n?, such that the second occurrences in w' of the values

!/ !/ / / ! . .
Wy Ao qy- s Gy AFE all after the first occurrence of the value Ay p2s then w' contains a pattern in

Proof of Cla Suppose the repeats of a,a’ ;... ,a;. 42 form the subword boby - - - b2 in w',
By Theorem [I.1] (ErdGs—Szekeres), by - - - b,z contains a monotone subword b, - - - b,. Let af ---all be
the subword of aja, , ---a}, . consisting of the values in b, - - - bj,, and note that it is also monotone.
Therefore, afy - - - allbf, - - - b, is a subword of w’ forming a pattern in D

If the hypothesis in Claim [2.1]holds for any j of the form j = (t — 1)n? with ¢ € [n], then we are done,
so let us assume the opposite. Hence, for each t € [n], there exists some (t — 1)n? < i; < tn? — 1, such
that both occurrences of a;, appear before the first occurrence of ay,, in w’ (see Figure . Therefore,
aj aj ---a; a; asal 5 is a subword of w'. Moreover, this forms a pattern inbecause ag, - a; alsis

a subword of aga’ - - - a5, and hence monotone.

we=l% 1 ¢ % p % o

I
%

—

<o~ ——

S~ ——
w

S~ ——
=

[y

a
3

Fig. 3: An occurrence of a pattern typein w'.

3 Extremal construction

In this section, we construct an example proving Proposition [1.3] which shows that when & = 1, Theo-
rem @]is best possible. In order to describe our construction, we first need the following definitions. For
convenience, all words in this section do not contain the value 0.

Let m = 7y - - - m,, be a word with length n and maximum value h = max{x; | ¢ € [n]}. In the same
way, let 0 = 071 - - - 0y, be a word with length m and maximum value ¢ = max{o; | j € [m]}.
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¢ The concatenation of m and o, denoted 7 - o, is the word

T TR0l Om-

e The direct sum of w and o, denoted 7 &@ o, is the word
Ty - Tpbibg - - by,

such that b; = o; + h for every j € [m]. Using the graphical representation in Figure|l| this can be
viewed as a grid where the bottom left corner of the grid represents m, the top right corner represents
o, and the other two corners are empty, as shown in Figure fal For example, 31422 @ 4132 =
314228576 and 21 @ 21 @ 21 = 214365.

* Similarly, the skew sum of 7 and o, denoted ™ © o, is the word
102 @01+ O,

such that a; = 7; + ¢ for every ¢ € [n]. A graphical representation is given in Figure For
example, 2413 © 121 = 4635121 and 12 © 12 © 12 = 563412.

o v

v o

(a) The direct sum 7 @ o. (b) The skew sum 7 © 0.

Fig. 4: The direct sum and skew sum of two words.

Note that both direct sums and skew sums are associative operations. We will also use w®" = w @
w®d - Dwand w®" = wOwO -+ S w to denote taking the direct sums or skew sums of n copies of
w. With these definitions, we can now construct the word we use to prove Proposition[I.3] This is done
in several steps. Throughout, let n be a fixed positive integer.

Let p denote the word 12 - - - n? of length 2 and let ¢ denote the word 12 - - - n of length n. Furthermore,
let r denote the word t©™ of length n? formed by taking the skew sums of n copies of ¢ (see also Figure/5)).
Since t = 19", we may also write r as (197)°™. For example, forn = 3 we have r = 12361236123 =
789456123. Observe that any monotone subword of  has length at most n.

With these words p and r, we create a word ¢ of length 2n* which is the main building block of our
construction in Proposition First, take the skew sums of n copies of r to create the length n® word

Pt =roroe---or.
Then, take the direct sums of n copies of this word to create the length n* word

r/:(ren)®n:((T@~~~@7‘)@“'EB(T@'”@T)),
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/

Fig. 5: The word r formed by taking the skew sums of n copies of the word ¢t = 12-- - n.

Fig. 6: The word ' = (r®")®n,

which is represented in Figure [6]
The word g is obtained by concatenating ' to the end of the skew sums of n? copies of p, as follows.

2

6’n2 . ’f‘/ n® . (Te'rb)@n

q=p =p°
:(p@~~@p)'((T@~~~@T)@~~@(7“@~~@7’))

For example, for n = 2 we have
g=@epopop)-(rere(rer),

and ¢ is depicted in Figure[7} with the grid arranged so that copies of p and r are in the same rows if and
only if they are words on the same set of values.

Note that the restriction of the word ¢ to any of the rows shown in Figure|/|is a concatenation of p and
r. A pictorial representation of p - r when n = 4 is shown in Figure[§]

We now prove a key property of the word ¢ in Lemma[3.1]

Lemma 3.1. The word q does not contain any of the following patterns:
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Fig. 7: The arrangement of p’s and ’s in ¢ when n = 2.

Fig. 8: A representation of p - » when n = 4.

a) 03,
b) 0011, 1100,

¢) (012---n)e*(012---n)® for ey, eq € {id, rev}.

Proof: We rule out these patterns one by one.

For[a)| every number appears exactly twice in g, so the pattern 0* does not appear.

For M let a,b € [n?] be distinct. Then, a and b each appears exactly once in p9712 and once in
(re™)®m . Since g is formed by concatenating these two words, the second occurrence of a in ¢ is after
the first occurrence of b, and vice versa. Therefore, neither 0011 nor 1100 can appear as a pattern.

For [c)} if any such pattern exists in g, then the (012---n)°! must appear entirely within p9"2, and
(012 - - - n)®2 must appear entirely within (r©™)®™. We split into two cases depending on whether e is
id or rev.

Case 1. If e; = id then (012---n)¢* = 012---n is increasing, so it must be within a single copy of
p, as across skew sums the entries are decreasing by definition. Thus, the occurrence of (012---7n)¢2 in
(r®™)®™ must be entirely within the copy of r corresponding to this p. In Figure this copy of r is the
one located in the same row as the corresponding copy of p. However, this would imply that this copy of
r contains a monotone subword of length n 4 1, which is a contradiction.

Case 2. If e; = rev then (012---n)°* = n---210 is decreasing, so the n + 1 numbers forming this
pattern must appear in pairwise distinct copies of p, as p itself is increasing. Then, the n+ 1 numbers in the
occurrence of (012 --n)2 in (r©™)®™ must also each come from different copies of r. Taking one value
from each copy of 7 in ¢ creates a subword which standardizes to (1°7)®" (see Figure@, taking one value
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from each copy of ), which is the reverse of the word r. As the longest monotone subword in 7 has length
n, the longest monotone subword in (19™)®™ also has length n. Hence, there is no monotone subword of
length n + 1 in (r®™)®" whose entries all come from different copies of r, which is a contradiction. [

Finally, we can define the word s we use to prove Proposition This is obtained by first taking the
direct sum of n copies of the word g to obtain the length 2n° word

" =qoq®-- oy,
and then taking the skew sums of n copies of this word to create the length 2n® word
s = (q@”)en =(@®qP---29S---0(@DqD---Bq).

For example, for n = 2, the word s is depicted in Figure[9]

Fig. 9: The arrangement of subwords in s for n = 2.

Now we can prove Proposition[I.3]

Proof of Proposition Let s be the word of length 2n® constructed above. We will prove that s does
not contain any of the patterns stated in the proposition. Clearly, s does not contain a pattern of type|a)|as
each value appears exactly twice.
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If s = (¢®™)©" contains a pattern 0011 - - - nn, then the pattern must be entirely contained within a copy
of ¢®™, because across skew sums the entries are decreasing from definition. Then, by the pigeonhole
principle, one copy of ¢ in this ¢®” must contain two distinct values that are part of this 0011 ---nn
pattern, and thus this ¢ contains a pattern 0011. However, this is not possible by Lemma[3.1]

If s = (¢®™)°™ contains a pattern nn - - - 1100, then by the pigeonhole principle, one copy of ¢®" must
contribute two distinct entries to this pattern. However, these two distinct entries cannot come from two
distinct copies of ¢ in this ¢®", as they must be in decreasing order. Thus, they come from the same copy
of ¢, which then contains a pattern 1100. This is again impossible by Lemma which proves that no
pattern of type[b)|is contained in s.

Any patterns of type[c)]in s must be entirely contained within a single copy of ¢ that forms s because
for every number in s, both of its occurrences in s lie in the same copy of ¢. But this is not possible as ¢
contains none of the patterns infc)|by Lemma 3.1

This covers all possibilities, so none of the patterns in the statement of the proposition is contained in
s. O

4 Concluding remarks

In this paper, we proved in Theorem the patterns that must be contained in a word with kn® + 1
repeated values. We also showed in Proposition [I.3] that Theorem is best possible when k£ = 1. For
k > 1, by changing the word ¢ in the construction of Proposition Efrom 12---nto 1¥2% ... nF while
keeping everything else the same, essentially the same proof shows that the resulting word s consists of
exactly k + 1 occurrences of every number in [n], and thus knS repeats, but does not contains any of the
seven patterns 0%+2, (0F+11F+1 ... nkt1ye and (012---n)°1 (012 --n)°2, where e, ey, ez € {id, rev}.
This suggests that Theorem is likely not optimal when k£ > 1, and it remains open to determine the
minimum number of repeats needed to guarantee one of the seven patterns considered there.

Question 4.1. For integers n > 1 and k > 1, what is the smallest m = m(n, k) such that every word
with m repeats contain one of the following patterns?

a) 0k+2.
b) (0011---nn) fore € {id,rev}.
¢) (012---n)1(012---n)° for ey, ey € {id, rev}.

By adapting our proof of Theorem [I.2] and Proposition [I.3] we can easily obtain the following asym-
metric version.

Theorem 4.2. Let k,x1,2,Y1, Y2, 21, 22 be positive integers. Every word with kx1x2y1y22122 + 1 re-
peats contains one of the following patterns.

a) 0F+2,
b) 0011---z12q or 925 - -+ 1100.

) 01241012+ -y 0r 012+ yoys - - 210 0r 21 - - - 210012 - - 21 0F 25 - - - 21025 - - - 210.
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Moreover, this result is best possible when k = 1, as there is a word with x1x21y1Yy221 22 repeats avoiding
all of the patterns above.

While in this note we only considered unavoidable patterns for words with a given number of repeats,
it is also natural to consider the same problem for a more restricted family of words of length (k + 1) N
consisting of exactly k + 1 occurrences of each number in [N], and thus kN repeats. In this setting,
as mentioned above, we can easily adapt our proofs of Theorem [I.2] and Proposition [I.3] to show the
following.

Proposition 4.3. For every integer k > 1, any word consisting of exactly k + 1 occurrences of each
number in [n% + 1] must contain one of the following patterns.

a) (0FHI1F+L. ke for e € {id, rev}.
b) (012---n)1(012---n)®2 for e1,es € {id, rev}.

Moreover, the choice of n® + 1 is best possible for every k.

In both settings, it would also be interesting to find other families of unavoidable patterns.
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We consider partially ordered sets of combinatorial structures under consecutive orders, meaning that two structures
are related when one embeds in the other such that ‘consecutive’ elements remain consecutive in the image. Given
such a partially ordered set, we may ask decidability questions about its avoidance sets: subsets defined by a finite
number of forbidden substructures. Two such questions ask, given a finite set of structures, whether its avoidance
set is well quasi-ordered (i.e. contains no infinite antichains) or atomic (i.e. cannot be expressed as the union of two
proper subsets). Extending some recent new approaches, we will establish a general framework, which enables us
to answer these problems for a wide class of combinatorial structures, including graphs, digraphs and collections of
relations.

Keywords: Combinatorics, combinatorics of partially ordered sets, directed graphs (digraphs), tournaments, paths
and cycles, model theory of finite structures.

1 Introduction

The purpose of this paper is to investigate some general conditions which render the well quasi-order
and atomicity problems decidable for various partially ordered sets (or posets) of combinatorial structures
under consecutive orders. Many combinatorial structures can be viewed as relational structures, and it is
this viewpoint that we will take. For example, a digraph consists of a set with a single binary relation,
while graphs can be viewed as sets with symmetric binary relations. Various orderings for such relational
structures have been studied, such as embedding orderings (e.g. [Ding| (1992)), strong embedding order-
ings (e.g. |Braunfeld| (2019)), homomorphic image orderings (e.g. Huczynska and Ruskuc| (2015a))), and
homomorphism orderings (e.g. [Foniok et al.| (2008)).

We will concentrate on consecutive orderings, a variation of (strong) embedding orderings in which
embeddings are required to preserve an underlying linear order. Intuitively, this can be thought of as
assigning points of structures the numbers 1,...,n and requiring embeddings to preserve the natural
linear order on N. Consecutive orders arise naturally for permutations and words, where the underlying
linear order gives the ‘left to right’ order of elements, and these posets have been studied in some depth

ISSN 1365-8050 © 2026 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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(see|Elizalde| (2016)) for a survey on permutations and Kitaev| (201 1)), Chapter 5, for information on both).
We will extend the notion of consecutive orderings to combinatorial structures more generally.

The set of all structures of a certain type becomes a poset with the consecutive order, and it is these
posets that we will investigate. We will consider certain distinguished subsets, namely downward closed
subsets, also called avoidance sets. Informally, given a finite set B, the avoidance set Av(B) is the subset
of structures which do not contain any element of B as a substructure.

We will study two order-theoretic properties for avoidance sets of these posets: well quasi-order, often
shortened to wgo (which corresponds to the absence of infinite antichains), and atomicity (the property
of being indecomposable as the union of two proper, downward closed subsets). We present our findings
within the framework of two decidability questions:

* The well quasi-order problem: is it decidable, given a finite set B, whether Av(B) is well quasi-
ordered?

* The atomicity problem: is it decidable, given a finite set B, whether Av(B) is atomic?

Two major theorems concern the well quasi-order problem for certain posets of combinatorial struc-
tures. It follows from Higman’s celebrated lemma |Higman| (1952)) that the wqo problem is trivially decid-
able for words under the non-consecutive subword order. Similarly, the Graph Minor Theorem |Robertson
and Seymour| (2004)) asserts that the poset of graphs under the minor order is wqo, rendering the wqo
problem trivially decidable. On the other hand, the wqo problem is notably open for graphs under the
induced subgraph order and permutations under the classical subpermutation order. Details on wqo for
various combinatorial posets can be found in [Huczynska and Ruskuc|(2015b)).

The atomicity problem is decidable for equivalence relations and words under non-consecutive orders
(Ironmonger and Ruskuc| (2024)), /Atminas and Lozin| (2024))), and open for permutations under the non-
consecutive subpermutation order. A recent significant contribution by Braunfeld shows that the atomicity
problem is undecidable for 3-dimensional permutations |[Braunfeld (2021-2022), which may indicate a
similar undecidable result for the permutation case. Braunfeld has also proved undecidability of the
atomicity problem for finite graphs under the induced subgraph order Braunfeld| (2019).

Turning to consecutive orders, in |[McDevitt and Ruskuc| (2021) and [ronmonger and Ruskuc| (2024) a
link was identified between paths in certain digraphs under the subpath order and the wqo and atomicity
problems for words, permutations and equivalence relations under consecutive orders. These results have
many similarities and also some intriguing differences. In this paper, we investigate the applicability of
this methodology in general. We formulate some conditions — called validity and bountifulness — under
which the well quasi-order and atomicity problems can be approached in a uniform manner by studying
certain digraphs, yielding various results on how well quasi-order and atomicity are governed (Theorems
and [8.T] and Corollaries [8.2] and [8.5). Many well known classes of structures satisfy these properties,
such a graphs, digraphs and collections of relations, enabling us to prove decidability of the wqo and
atomicity problems for these structures (see Corollaries and [8.4). At the end of the paper, we will
explore the limitations of these methods, and give an example of structures for which we need to make
adjustments to show decidability of the well quasi-order and atomicity problems.

The contents of this paper also appears in the first author’s thesis Ironmonger| (2026), and the structure
of this paper is as follows. In Section 2] we introduce the formal definitions of the concepts mentioned so
far, and in Section [3] we give the necessary ideas and results from graph theory. Section ] generalises the
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factor graphs of McDevitt and Ruskuc|(2021) and Ironmonger and Ruskuc|(2024) and gives some related
results which will prove useful later.

Sections[5]and [6introduce valid and bountiful types of structures respectively. These notions will allow
us to consider the wqo and atomicity problems for a wide class of structures in a uniform way. Following
this, Sections[7]and[§]explore the wqo and atomicity problems respectively for bountiful structures. These
investigations yield the main technical results of this paper: decidability of the wqo and atomicity prob-
lems for bountiful structures, and a result which offers considerable progress on the atomicity problem for
valid structures under the consecutive order (Corollary [8.5).

In the later sections, we take a different approach, and examine a type of structure which is not valid: a
class of permutations called double ascents. In this case, we prove the wqo and atomicity problems to be
decidable by relating them to the analogous questions for words. Section[J]sets the groundwork for this
by recalling McDevitt and Ruskuc’s investigation into words under the consecutive order McDevitt and
Ruskuc| (2021) and placing this in the overall framework we have developed. The final technical sections
consider the wqo and atomicity problems for double ascents. Section [10|introduces double ascents and
addresses a technicality in situating permutations within the framework we have established. Section
[[T] connects double ascents with words over an alphabet of size two, enabling us to tackle the wqo and
atomicity problems by applying the results for words in McDevitt and Ruskuc|(2021)). This is achieved in
Sections [12|and [13|for well quasi-order and atomicity respectively.

We finish with concluding remarks and a discussion of open problems in Section

2 Preliminaries

We will consider relational structures of the form (X, R), where X is a finite set and R is a sequence of
relations on X . The sequence of arities of the relations in IR forms the signature of a structure. In order to
define consecutive orders, we will require R to contain a linear order; without loss of generality we will
take this to be the first relation in K. We may view two such relational structures to be of the same kind if
they have the same signature and, perhaps, satisfy certain additional conditions. For example, graphs are
relational structures whose signature contains a single symmetric binary relation (plus a linear order, for
our purposes). We will study posets of relational structures of the same kind under the consecutive order.
Given a set X and a partial order < on X, we will denote the poset of X with < by (X, <).

Throughout this paper, we will take N = {1,2,3,...} and [m,n] = {m,m +1,...,n} form,n € N,
where m < n. We will take the underlying sets of our relational structures to be subsets of N, and the
linear order forming the first relation to be the natural one inherited from N. Two structures of the same
kind will be isomorphic if, when we relabel the smallest points in their natural linear orders ‘1’°, their
second smallest ‘2, and so on, the resulting structures are exactly the same; this will be denoted by ==.
As such, any structure is isomorphic to a unique structure whose underlying set is of the form [1, n] for
n € N. We consider isomorphic structures to be equal, and we will often use the structure with underlying
set [1, n] to represent its class of isomorphic structures. We denote the restriction of p = (X, R) to points
inY C X by ply. The length of (X, R) will be | X|.

Example 2.1 Consider digraphs — structures whose signature contains our obligatory linear order <
along with a binary relation. In a digraph G = (V, <, p) there is a directed edge from u € Vg to
v € Vg if and only if (u,v) € p. We view the numbers of their underlying sets to label the vertices of
digraphs. Figure shows two digraphs, called G and H, along with G |3 3] (reading left to right). It can
be seen that G = H and that |G| = 3.
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Fig. 1: The graphs G, H and G [[2 3) respectively from Example 2.1}

Consecutive orders have been studied for structures such as permutations and words (for example, in
McDevitt and Ruskuc|(2021)), both of which already have linear orders in their signatures. In these cases,
two structures are related under the consecutive order when there exists an embedding between them
which respects the underlying linear orders. The stipulation that the signatures of our relational structures
contain linear orders enables us to extend the concept of consecutive orders to relational structures more
generally.

Definition 2.2 Let X = {z1,...,2,}, Y = {y1,...,ym | be sets with linear orders <x, <y on them
respectively, such that x1 <x Ts--- <x xp and y1 <y Y2 <y -+ <y Ym. We will say a mapping
f + X — Y is contiguous with respect to <x and <y if, given f(x1) = y;, then f(xg) = yirr—_1 for
ke [1,n].

Definition 2.3 Ler R = (X, R’) and S = (Y, ') be relational structures of the same kind, with underly-
ing linear orders Ry and Sy respectively. Then (X, R') < (Y, S") under the consecutive order if and only
if there exists a contiguous mapping f : X — Y with respect to Ry and Sy such that R = S| (x).

Note that all contiguous maps are injective, meaning that, when two structures are related under the
consecutive order, one embeds in the other.
We will now introduce the main posets we will consider.

Definition 2.4 We will denote the posets of each of the following structures under consecutive orders as
described here:

Graphs: G; Permutations: P;

Simple graphs: S; Equivalence relations: &;
Digraphs: D; Linear orders: L;

Tournaments: T ; Posets: PO;

Forests: F; Words over a finite alphabet A: W .

Relational structures
with signature : Ry,

For most of these structures, it is clear how they can be viewed as relational structures and so how
they fit into our overall framework. Exceptions are perhaps words and permutations. Here, words are
sets with a linear order and a family of unary relations, while permutations may be viewed as relational
structures consisting of a set with two linear orders. We will explain these ideas fully in Sections[9]and [I0]
respectively.

It can be seen that each of these posets is infinite. We will be interested in two properties of these posets
— well quasi-order and atomicity.
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Definition 2.5 A poset is well quasi-ordered (wqo) if it contains neither infinite antichains nor infinite
descending sequences.

For all of the posets we consider, the latter condition holds, as any descending sequence of structures
cannot continue beyond structures of length one. Thus, for our purposes, wqo will be equivalent to the
absence of infinite antichains.

Example 2.6
* [t can immediately be seen that any finite poset is wqo.

* A celebrated result of Higman Higman| (1952), known as Higman’s Lemma, can be used to show
wqo for the poset of words over an alphabet A under the domination order. (The domination order
is defined as follows: uius ... Uy < V1Vs ... U, under the domination order if and only if there is
a sequence iy < iy < --- < iy from [1,m] such that u; = v;, for each j).

* On the other hand, the poset W4 is not wqo whenever |A| > 1 — for example, if A = {a,b} then
aa, aba, abba, abbba, . .. forms an infinite antichain.

Definition 2.7 A subsetY C X of a poset (X, <) is downward closed if x € Y and y < x together imply
thaty €Y.

Definition 2.8 An atomic set Y is a downward closed subset of a poset (X, <) which cannot be written
asY = U UV for any two downward closed, proper subsets U,V of Y.

Atomic sets are also known as ideals, ages and directed sets (for instance, in [Fraissé| (2000)). The
following proposition gives an equivalent condition to atomicity, which we will generally use rather than
the previous definition; a proof can be found in (Fraissé, 2000, Section 2.3.11).

Proposition 2.9 A subset Y of a poset (X, <) is atomic if and only if for any x,y € Y there exists z € Y
such that x,y < z; this property is know as the joint embedding property (JEP). When z,y < z, we will
say that z joins x and y, or simply that x and y join.

Example 2.10 The posets G,S,D and F are all atomic as they satisfy the JEP: for two graphs G, H
in any of these posets, taking F' to be the disjoint union of G and H, we obtain a graph F such that
G,H < F. In fact, all of the posets listed in Definition 2.4 are atomic. See Example | for an example
of a non-atomic poset.

Definition 2.11 Given a poset (X, <) and B C X, the avoidance set of B is the downward closed set of
elements which avoid B:
Av(B)={z € X | b zforallb € B}.

Downward closed subsets of a poset (X, <) may always be expressed as avoidance sets. To see this,
let Y be a downward closed subset of (X, <) and note that Y = Av(X\Y'). Further, since the posets we
consider do not contain infinite descending chains, we can express any such subset as Y = Av(B) where
B is the antichain consisting of the minimal elements of X\Y’; this choice of B is the unique antichain
such that Y = Av(DB). In this case, B is a basis for Y; if B is finite, then Y is finitely based.

Example 2.12 The avoidance set Av(ab, ba) of Wy, ) consists of all of the words containing either only
a’s or only b’s. It is not atomic because it does not satisfy the JEP — for instance, there is no word in
Av(ab, ba) containing both aa and bb as subwords. Indeed, observe that Av(ab,ba) = Av(a) U Av(b).
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Finitely based avoidance sets give rise to natural decidability questions: given a finite subset B of a
poset, we may ask about decidability of properties of Av(B). We study two such questions in this paper:
the well quasi-order and atomicity problems. The well quasi-order problem asks if it is decidable, given a
finite set B, whether Av(B) is well quasi-ordered? Similarly, the afomicity problem asks if it is decidable,
given a finite set B, whether Av(DB) is atomic?

We will be interested in these questions for the posets listed in Definition 2.4] They have already
been answered for V in McDevitt and Ruskuc| (2021)) (and, for wqo, in |/Atminas et al.| (2017)), for P in
McDevitt and Ruskuc|(2021)), and for £ in Ironmonger and Ruskuc|(2024)). In this paper we will answer
them for a broad class of posets, which includes G, S, D, T and R,. To do this, we present a framework
that generalises the methods of [McDevitt and Ruskuc| (2021)) and Ironmonger and Ruskuc| (2024). We
will also indicate how L fits into this overall picture, as well as giving examples which demonstrate the
limitations of this approach. One poset that cannot be studied in this way is F; in this case, the solution to
the wqo problem is presented in the first author’s thesis [ronmonger| (2026), while the atomicity problem
remains open. Our methods do not apply to PO, and so both the wqo and atomicity problems are open
for this poset.

To begin with, we will restrict our considerations to valid structures, and in particular to those which
have a certain additional property, called bountiful structures. Following this, we look into the wqo and
atomicity problems for an example of a structure type which is not valid.

3 Definitions and results from graph theory

In this section we give definitions and results from graph theory which will be needed later to tackle the
wqo and atomicity problems for the posets of interest. Note that this section pertains to standard graphs
and digraphs, so there is no assumption of an underlying linear order.

Definition 3.1 A digraph is a pair (V, E), where V is a set of vertices and E C'V x V is a set of directed
edges. If (u,v) € E, we will write w — v to indicate that there is an edge from u to v. A digraph is finite
if V is finite.

Definition 3.2 A path in a digraph is a sequence vi — --- — v, of vertices; the number of edges n — 1
is the path’s length. A path is simple if all of its vertices are distinct and is a cycle if v = v, and it
has length > 1. A loop is a cycle of length 1. A cycle is a simple cycle if its only repeated vertex is the
start/end vertex.

Definition 3.3 Letm = vy — -+ = u, and n = vy — --- — vy, be paths in a digraph such that
Uy, = v1. The concatenation of ™ and n is the path ) = uy; — + -+ = Up —> Vg —> -+ — Upy,.

Definition 3.4 Given a path m = vy — --- — vy, a subpath of 7 is any path v; — --- — v; where
1<i<ji<n

Definition 3.5 A digraph G = (V, E) is strongly connected if for any two vertices u,v € V there is a
path in G from u to v.

Definition 3.6 The in-degree of a vertex w in a digraph (V, E) is |{v € V : (v,u) € E}|. The out-degree
ofuis|{veV:(u,v) € E}.

Definition 3.7 A cycle is an in-out cycle if at least one vertex has in-degree > 1 and at least one vertex
has out-degree > 1.
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Fig. 2: Various examples of bicycles.

Definition 3.8 If n, m are paths in a finite digraph, they are related under the subpath order if and only if
n is a subpath of 7; this is written n < .

Definition 3.9 Let G be a finite digraph. A path complete decomposition of G is a collection of subgraphs
G1,...,Gyn of G such that every path in G is wholly contained in one of the G;.

We now introduce the concept of a bicycle, which will be key in identifying when the set of paths of a
digraph is wqo or atomic under the subpath order.

Definition 3.10 A bicycle in a digraph consists of two vertex-disjoint, simple cycles connected by a simple
path whose internal vertices are disjoint from both cycles. Either or both cycles may be absent, but if
neither cycle is absent then the connecting path must have length at least one. The first and second cycle
will be called the initial cycle and terminal cycle respectively.

Example 3.11 Figure[2| gives examples of different bicycles.

Our approach to both the wqo and atomicity problems involves encoding structures in our posets as
paths in certain digraphs. The following two results give a means of identifying when the set of paths of a
digraph are wqo or atomic under the subpath order. As such, they will be key tools in relating properties
of paths to properties of the structures they encode. These results are Theorem 3.1 and Theorem 2.1 from
McDevitt and Ruskuc| (2021}, where they were similarly used in the investigation of wqo and atomicity
for words and permutations under consecutive orders.
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Proposition 3.12 If G is a finite digraph, then the following are equivalent:
1. The set of paths of G is wqo under the subpath order;
2. G contains no in-out cycles;

3. G has a path complete decomposition into bicycles. O

Proposition 3.13 If G is a finite digraph, the set of paths of G is atomic if and only if G is strongly
connected or a bicycle. O

4 Factor Graphs

We will now associate the finitely based avoidance sets of our posets with certain digraphs, which will
enable us to encode structures as paths in these digraphs. This will lead to an investigation of the rela-
tionship between paths in the digraphs and structures in our avoidance sets, utilising observations such as
Propositions and

Throughout this paper, we will take C = Av(B) to be a finitely based avoidance set and let b be the
maximum length of an element of B; if B = &, we take b = 1. We willlet Cy = {0 € C : |o] € Y}
and shorten CY,,y to Cy,.

Definition 4.1 Let m > b. The m-dimensional factor graph I' of C = Av(B) is the digraph whose
vertices are all structures in Cy, and where there is an edge u — v if and only if u [[2 )= v [[1,m—1)-
We will usually work with the b-dimensional factor graph, in which case we omit the superscript and just
write I'c.

We briefly note that, since factor graphs are digraphs, they can have loops.
We associate a structure 0 € Cp, o) Of length n with the following path in the m-dimensional factor
graph:

H(U) = O—r[l,m]_> g r[2,m-‘,-1]_> e o—r[n—m+1,n] .
On the other hand, each path 7 in the m-dimensional factor graph will be associated with the set of
structures X(m) = {0 € Cpyp o) | H(0) = 7}
In this way, each structure in C';, ) is associated with a path in the m-dimensional factor graph (but
structures in CJ; ,,,—1) are not). Conversely, each path in the m-dimensional factor graph is associated

with zero, one, or several structures in Cf,,, ). Paths which are associated with several structures will
play an important role in relating C' to the poset of paths in I'%%, informing the next definition.

Definition 4.2 A path 7 in T} is ambiguous if |3(m)| > 1.
The following proposition follows directly from the definitions.

Proposition 4.3 [fm > band o,p € Cyy, o), then o < p implies that Tl(o) < TI(p) in T'¢:. O
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5 Valid structures

We will now introduce valid types of structures, for which it turns out that every path in a factor graph
is associated with at least one structure. Intuitively, for valid types of structures we can combine two
overlapping structures to create another structure of the same type.

Definition 5.1 Let o, p be structures of the same type such that |o| = p and |p| = q. We say that o and p
overlap if o [,z 11,p)= pl[1,4) for some x > 1.

Suppose that o and p overlap on x points. Let 0 be a structure of the same type such that |0| = p+q—.
We say that § combines o and p if 0y )= o and O] [p_v11,q4p—a)= P-

Definition 5.2 A type of structure is valid if for any two overlapping structures of this type there exists a
structure 0 of the same type which combines them. If a type of structure is not valid, we will say that it is
invalid.

We will always be working with posets whose underlying sets consist of structures of a single type.
As such, if this type of structure is valid, we will abuse the terminology slightly by referring to these
structures as valid structures.

It is interesting to note that the property of being valid is similar to the amalgamation property (e.g.
see Jelinek| (2017)), though validity is a weaker property, as we are only required to be able to combine
structures o, p that overlap on the ‘last’ points of o and the ‘first’ points of p, according to the underlying
linear order.

Indeed, we would like to thank one of the anonymous reviewers for highlighting the following close
relationship between validity and the strong amalgamation property. Denote by T a type of structure in
which there is no interaction between the distinguished linear order and other relations in the signature,
and denote by 7'~ the type of structure obtained by removing the distinguished linear order from 7'. Any
linear ordering of the underlying set of a structure of type 7'~ produces a structure of type 7. We will
briefly show that 7" is valid if and only if 7'~ satisfies the strong amalgamation property.

First suppose that 7" is a valid type of structure. Take o to embed in p and 7 as an amalgam of structures
of type T~ . We can add linear orders to o, p and 7 so that o embeds in the last |o| elements of p and the
first |o| elements of 7. The resulting structures are of type T" and so p and 7 can be |o|-combined by the
assumption of validity. Removing the linear order from the resulting structure yields a structure of type
T~ which witnesses that 7'~ satisfies the strong amalgamation property.

For the reverse direction, suppose that 7'~ satisfies the strong amalgamation property and take structures
o, p of type T which x-overlap for some . Take 6 to be the restriction of o (and p) to the points in this
overlap. Let 0, p—, 0~ be the structures of type 7T~ obtained by removing the distinguished linear orders
from o, p and f. Note that 8~ embeds in 0~ and p~. Since T~ satisfies the strong amalgamation property,
there is a structure 7~ such that both ¢~ and p~ embed in 7, the images of the copies of #~ in o~ and
p~ coincide, and the intersection of the copies of ¢~ and p~ in 7 is precisely this copy of 6~. We can
add a linear order to 7~ in such a way as to produce a structure 7 of type 1" which x-combines ¢ and p,
yielding validity of T'.
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Lemma 5.3 The following types of structures are all valid:

(1) Graphs, (6) Permutations;

(2) Simple graphs; (7) Equivalence relations;

(3) Digraphs; (8) Linear orders;

(4) Tournaments; (9) Words over a finite alphabet;
(5) Relational structures (10) Posets.

with signature o;

Proof: First consider graphs. Let G and H be two graphs on p, ¢ points respectively, and suppose
G lp—a+1,p)= H [[1,2) for some z > 1. Identifying the last = points of G with the first z points of
H uniquely determines the relative values of vertices with respect to the underlying linear order that
governs consecutivity. Doing this, we obtain another graph, so graphs are valid structures.

By replacing graphs with simple graphs or digraphs in the last paragraph, we see that each of these are
also valid structures.

For tournaments: Take S and 7" to be two tournaments on p and ¢ points respectively such that
S p—a+1,p)= T I[1,4) for some x > 1. As for graphs, we can identify the last  points of S with
the first = points of 7. We also need to add a directed edge between each pair of points which are not
already neighbours. The resulting tournament satisfies the conditions for validity.

For relational structures: Let B = (X, By, ..., By),C = (Y,C4, ..., Cy) be relational structures with
signature 0 = (n1,...,7) on p, q points respectively, such that B [f,_, 1 = C'[1,4 for some z > 1.
Once again, we identify the last x points of B with the first = points of C, so the last = points each B; are
identified with the first x points of C;. The resulting structure D is a relational structure with signature
o such that D [y ;)= B and D [[p_y 41, prq—a)= C, so relational structures with the same signature are
valid structures.

For permutations: Let ¢ and p be two permutations on p and ¢ points respectively such that, as usual,
O [[p—az+1,p)= Pl[1,2) for some z > 1. Again, we identify the last z points of o with the first z points of
p- Doing this uniquely determines the relative values of points with respect to the underlying linear order
that governs consecutivity. It may not uniquely determine the relative positions of points with respect to
the other linear order, but by taking any relative positions we obtain a permutation.

For equivalence relations: the process of identifying the overlapping points of two equivalence relations
results in identifying the equivalence classes of these points. This produces another equivalence relation,
giving validity.

For linear orders: since of course linear orders contain a linear order naturally in their signatures, we do
not need to add an additional linear order. Hence the only linear orders are of the form1 <2 < -.- < n.
Letlj =1<2<..-<nandly =1 <2< ... < m be two such linear orders, with n < m. It can be
seen that /; and /5 overlap on z points for any x < n, and that these are the only possible overlaps. In any
of these cases, by identifying the overlapping points we obtain another linear order. Hence linear orders
are valid.

For words: it is clear that identifying the suffix of one word with the (identical) prefix of another yields
a new word.

For posets: Let P = (P,<,) and Q = (Q,<,) be posets on p,q points respectively, such that
Plp_oq1, 9= Q1 for some z > 1. We assume without loss of generality that P N @ consists of
precisely the x overlapping points. We will combine and extend <, and <, to form an ordering <, on
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P U Q. We will say that a <, b if and only if one of the following holds:
1. a,b€ Panda <, b;
2. a,beQanda <, b;
3. a € P\Qand b € Q\P and there exists ¢ € P N Q such that a <,, ¢ <, b;
4. a € Q\P and b € P\Q and there exists c € PN Q such that a <, ¢ <, b.

We will show that (P U @, <,,) is a poset. It is clear that reflexivity is inherited from P and Q.

For transitivity, let a,b,c € PUQ suchthat a <,, band b <, c. If a,b,c € P (or Q), then transitivity
is inherited from P (or Q). So now consider the case where a,b € P\Q and ¢ € Q\P. Here, a <, b and
there exists d € P N @ such that b <, d <, c. Therefore, a <, b <, d <4 ¢, meaning that a <, c.
Next, consider the case where a, ¢ € P\Q and b € Q\P. Since a <, b, there exists d € P N () such that
a <, d <4 b. Similarly, there exists e € P N Q) such that b <, e <,, c. We observe that d <, b <, e, so
d <, e by transitivity of <,. Since P and Q are identical on the points of P N @), it follows that d <, e as
well. Therefore, a <, d <), e <, ¢, and so a <, ¢ by transitivity of P. It follows that a <,,, c. The other
cases are proven similarly.

Finally, we will prove that <, is antisymmetric. Suppose that a,b € P U @ such that a <,, b and
b <pq a. Ifa,b € P (or @), then a = b by antisymmetry of <, (or <,). Otherwise, suppose a € P\Q
and b € Q\P. There existc,d € PNQ suchthata <, ¢ <, band b <, d <, a. Therefore, d <, a <, c,
meaning that d <, c. Similarly, ¢ <, b <, d, so ¢ <, d. Since ¢,d € P N Q, their relationships in P and
Q are identical by assumption. Therefore, ¢ = d. It follows that d = ¢ = b = a, completing the proof. O

Recall that paths in factor graphs are associated with zero, one or several structures. Valid structures
are significant because in their factor graphs every path is associated with a non-empty set of structures,
as proved in the next lemma.

Lemma 5.4 Let (X, <) be a poset of valid structures under the consecutive order and C = Av(B) be an
avoidance set of (X, <). Then for any m > b, any path 7 in 'y satisfies |3(m)| > 1.

Proof: Consider an avoidance set C' = Av(B) of (X, <) and let m > b. Take a path 7 in I'}}. We will use
induction on the length of 7. Suppose the length of 7 is 0, say m = vg. Since vy is a vertex, it is an element
of C by definition, so vy € () and |X(7)| > 1. Now suppose the length of 7 is 1, say m = vy — v1.
This means that vg [[2, )= v1 [[1, m—1]> and so by the definition of validity there exists a structure v on
m + 1 points such that v [y, )= vo and v [[2, ;1 1)= v1. This structure v has associated path 7, meaning
that |[X(7)| > 1. To see that v € C, start by assuming for a contradiction that ¢ < v for some o € B.
Since o £ vg, v, it follows that the embedding of o in v must include both the first point of v, and the
last point of v;. Therefore, o = v, since the embedding is contiguous. However, |o| = [v| = b+ 1 > b,
so o ¢ B, a contradiction.

Now suppose all paths of length < £ in I'ZY have > 1 associated structure. Let m = vg — --- — vy, be
a path of length k in I'%. By assumption the paths vg — - -+ — vgx_; and vy_1 — vy each have at least
one associated structure; call these p and o respectively. Now p and o overlap on the m points of vj_1,
and so since the structures of this poset are valid there exists a structure § which combines ¢ and p. It is
clear that II(0) = , so |X(m)| > 1. That § € C can be shown using the reasoning given for the base
case. O
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Fig. 3: The factor graph from Example [5.5] whose paths can create cycles.

Fig. 4: A graph corresponding to the path 7 in Example[5.3]

The following example demonstrates a very natural instance of a poset which is not valid: the poset F
of forests under the consecutive order.

Example 5.5 We will show that forests are not a valid type of structures. Consider the following two
forests:

It can be seen that G || 3= H [[1 2. However, any graph which combines G and H contains the cycle
shown in Figure[|as a subgraph, and so is certainly not a forest. Hence forests are not valid structures.

We will now consider how this affects factor graphs. Consider the factor graph in Figure 5| which is
the factor graph of the avoidance set C' of F which avoids all forests on three points except for G and H.
One graph associated with the path 1 = G — H is that shown in Figured| Since this is a cycle, it is not
a forest, and therefore not in C. Every graph associated with 7 contains this cycle as a subgraph, so
has no associated forests. This means that (7)) = & and so we can also see that F is not valid using the
contrapositive of Lemma

Remark 5.6 We note that structures which can be defined as downward closed subsets of valid structures
are not necessarily valid themselves. One example of this is given by forests: even though they are a
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downward closed subset of a valid type of structure (namely, graphs), we have seen in Example[5.5|that
they are not valid. Another example is given by overlap free words. A word over an alphabet A is overlap
free if it does not contain any subword of the form xyxyx for x € A,y € AU{e}. Note that this definition
is different to the one commonly used in the literature (eg. |Allouche and Shallit|(2003))), where y can be a
word. To see that overlap free words are not valid structures, consider the set of overlap free words over
A = {a,b}. Take u = aba, v = baba, clearly u,v € A*. Moreover, u l2,3= ba = v [[1 2. However,
identifying these two letters yields the word ababa, which is not overlap free.

In this case we can use the methodology for words under the consecutive order to answer the wqo and
atomicity problems for overlap free words under the consecutive order. Let O A 4 be the poset of overlap
free words over an alphabet A under the consecutive order. We consider an avoidance set C = Av(B) of
OAy. Take Y = {zyzyx | x € A,y € AU {e}}. It can be seen that C is equal to the avoidance set
Av(BUY) of Wa. Hence wqo and atomicity for C are governed by wqo and atomicity respectively for
this avoidance set of W 4.

In the final sections of this paper we will exhibit a further example of a structure type which is not
valid — permutations consisting of at most two ascending sequences — and solve the wqo and atomicity
problems for these structures by adapting our techniques for valid structures.

We will finish this section with a couple of useful observations about posets of valid structures, begin-
ning with the fact that in these posets the absence of ambiguous paths yields the converse of Proposition

43

Lemma 5.7 Let C = Av(B) be an avoidance set of a poset of valid structures, m > band o, p € Cly, o).
IfT'% contains no ambiguous paths, then o < p if and only if (o) < I(p).

Proof: (=) This is Proposition[4.3] (<) If II(c') < II(p), then since there are no ambiguous paths, II(c)
is only associated with o. Similarly, the subpath of II(c) corresponding to II(p) is only associated with
p. Therefore, since we can extend II(p) to II(o), it must be the case that p is a substructure of o. O

Proposition 5.8 Let C' be an avoidance set of a poset of valid structures. If m = n€ in ¢, then for any
p € X(n) and v € X(§) there exists o € X(m) such that o [, ,)= p and o [{p|—p11, |p|+|v|—b]= Vs SO
p, v < o.

Proof: Suppose |p| = p and |v| = ¢. Since m = n¢&, the paths 1 and £ overlap on a vertex, meaning that
P lp—b+1, p)= v I[1,v)- By assumption, the underlying structures are valid, so by definition there exists
a structure ¢ on p + ¢ — b points such that o [; ;= p and 0 [[p_p11, pq—p)= V. It can be seen that
o € X(m) as required. O

6 Bountiful structures

This section introduces some special classes of structures, for which all paths in factor graphs are am-
biguous. We will answer the well quasi-order and atomicity problems for posets of these structures under
the consecutive order in the affirmative, meaning that these questions are decidable for a wide range of
structures, including graphs and digraphs.



14 V. Ironmonger, N. Ruskuc

Definition 6.1 A valid type of structure is said to be bountiful if for any structures o, p of this type which
satisfy

* |lo| = |p| = m for some m € N;

* olm= Plnm-1)

there exist at least two structures 01, 03 of the same type and of length m + 1, such that 0; [y )= o
and 0; 112, my1)= pfori=1,2.

As for valid structures, if the type of structure of the underlying set of a poset is bountiful, we will
abuse the terminology by referring to structures of this type as bountiful structures.

The next lemma shows that every non-trivial path is ambiguous in factor graphs of posets of bountiful
structures.

Lemma 6.2 Letr C = Av(B) be an avoidance set of a poset of bountiful structures under the consecutive
order and m > b. Then the following hold:

1. Any path  of length I in T'% is ambiguous (X(m) > 2);

2. All paths of length > 1 in 't are ambiguous.

Proof: We begin by showing that (1) holds. Given any path m = 0 — pin I'f}, o [[2, m)= p[1, m—1] 8O
there are two structures 61,62 on m + 1 points such that 6; [[1 ,,,)= o and 0; [[2, p,q-11= p, fori = 1,2,
by the assumption of bountifulness. That 6,0 € C follows by the same argument used in the proof of
Lemma|[5.4] Both 6 and 6, are in X(), so |S(m)| > 2 as required.

We will use the fact that (1) holds to prove (2). Let 7 = v; — --- — v, be a path in T'¢%. If
|| = 1 then 7 is ambiguous by (1), so suppose that |7| > 1 (meaning that n > 3). By (1), the subpath
7 = v — vg is ambiguous, so there exist two distinct structures 6;,6> € (7). Consider the subpath
T~ =wvg — -+ — vy of m. By Lemma there exists 0 € (7w ~). Now o overlaps with both 6, and 65
on the m vertices of vy, so since bountiful types of structures are also valid, there exist structures pi, p2
which combine o and 61, 05 respectively. Note that p; and p, are distinct because ¢, and 05 are distinct.
Again, that py, po € C follows in the same way as in the proof of Lemma|[5.4] To finish, we observe that,
since I1(p1) = II(p2) = , it follows that p;, p2 € X(7), and so 7 is ambiguous. 0

Lemma 6.3 Each of the following are bountiful structures:
(1) Graphs (2) Simple graphs (3) Digraphs
(4) Tournaments (5) Relational structures with signature o.

Proof: In each case, we show that the structures satisfy Definition[6.1}

(1) Let G, H be graphs on m points such that G [2 ,,y= H [[1, ,—1)- We can obtain two different
graphs Wy, W5 on m + 1 points so that W; [[y, )= G and W [[2, )= H (for i = 1,2) by either
including or excluding an edge from 1 to m + 1.

(2) For simple graphs, we do exactly the same as for graphs.

(3) For any digraphs D, E' on m points such that D [[2, ;)= E [[1, m—1], We can find two different
digraphs F1, F> on m + 1 points so that F; [[1 ,,)= D and F; |2 1= E (for i = 1,2) by either
including or excluding a directed edge from 1 to m + 1.
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(4) For any two tournaments .S, 7" on m points such that Sz ,,)= T'[[1, s,—1), We obtain two different
tournaments Uy, Uz on m + 1 points so that U; [[1, ,,)= S and U; [[2, ypq)= T (for i = 1,2) by either
including a directed edge from 1 to m + 1 or from m + 1 to 1.

(5) For any relational structures 12, S with signature o on m points such that R [z ;)= S [[1, m—1)s
we can construct two different relational structures C7,Cy with signature ¢ on m + 1 points so that
Cilp, m= Rand C; (g, 1= S (for i = 1, 2) by either including or excluding a relation including both
1 and m + 1 in any component. O

Remark 6.4 The following structures are not bountiful:
(1) Forests;

(2) Permutations;

(3) Equivalence relations;

(4) Linear orders;

(5) Posets;

(6) Words over a finite alphabet.

Proof: (1) Forests are not bountiful because they are not valid, as shown in Example@ For (2) and (6),
see McDevitt and Ruskuc| (2021)), and for (3), see [ronmonger and Ruskuc|(2024), for examples showing
paths which have only one associated structure, breaking condition (2) of Lemma

We will look at linear orders in a little more detail. As noted in the proof of Lemma [5.3] in our
framework the only linear order on m points is 1 < 2 < ... < m. Therefore, for linear orders, m-
dimensional factor graphs consist of a single vertex of this form with a loop on it. The only structure
associated with a path of length one in such a factor graphis 1 <2 < ... < m < m + 1, meaning that
condition (1) of Lemmais broken. Hence linear orders are not bountiful.

For (5), we consider two specific, identical posets: linear orders on m points, which of course overlap
on m — 1 points. Identifying these points yields exactly one poset: the linear order on m + 1 points.
Therefore, posets are not bountiful. O

7 Well quasi-order for bountiful structures

In this section we establish criteria for wqo of avoidance sets of bountiful structures. We begin with two
general results which show that two cycle types lead to non-wqo. These results mirror analogous results
in | McDevitt and Ruskuc|(2021) and [ronmonger and Ruskuc|(2024)).

Lemma 7.1 Let C be an avoidance set of a poset of valid structures under the consecutive order. If I'%%
contains an in-out cycle, then C' is not wqo.

Proof: Since I'% contains an in-out cycle, its paths are not wqo under the subpath order by Proposition
That C is not wqo follows by the contrapositive of Proposition[4.3] a

Lemma 7.2 Let C be an avoidance set of a poset of valid structures under the consecutive order. If I'c
contains an ambiguous cycle, C' is not wqo.
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Proof: We use the same method as given for P by McDevitt and Ruskuc in McDevitt and Ruskuc|(2021)).

Suppose n = 01 — 09 — - -+ — 0, is the ambiguous cycle and take k to be the length of the shortest
ambiguous subpath of 7. Now we consider all subpaths of 1 of length &, so for each i € [1,n], we take
Ny = 0y = 0iy1 — -+ —> Oiyk, Where 0; = o;_,, for j > n. For each such 4, let p; € ¥(n;). Suppose
that 7,,, is a (minimal) ambiguous subpath of 7.

Since p; [[2, p44) and pit1[[1, p4x—1) trace the same path in I'c for each 4, p; — p;41 is an edge in the
b + k-dimensional factor graph of C'. This means that # = p; — pa — - -+ — p, — p1 is a cycle in this
graph.

Since 7, is ambiguous, it has at least two associated structures p,,pl, € X(7m,), and so by the
previous discussion p/, — p,, 41 is an in-edge to 7 and p,,_1 — p.,, is an out-edge to 7. Thus 7 is an
in-out cycle, and so C' is not wqo by Lemma a

We are now ready to prove our main theorem on well quasi-order, which provides criteria for avoidance
sets of posets of bountiful structures to be wqo under the consecutive order. Perhaps surprisingly, this
result shows that the only such wqo avoidance sets are the finite ones.

Theorem 7.3 Let C = Av(DB) be a finitely based avoidance set of a poset of bountiful structures. The
following are equivalent:

1. C'is wqo under the consecutive order;
2. C is finite;

3. I'c contains no cycles.

Proof: In what follows, recall that if B = &, then b = 1 and so I'¢ is not empty. If I'¢ is empty, the
result is trivial, so we assume that this is not the case for the remainder of this proof.

(1) = (3) We prove the contrapositive. If I contains a cycle, it is ambiguous by Lemma It
follows that C'is not wqo by Lemma[7.2]

(3) = (2) Suppose I'¢ has no cycles and n vertices. The maximum length of a path is n — 1, so there
is a bound on the length of structures associated with paths of I'c. Hence, there is a bound on the length
of structures in C, so C'is finite.

(2) = (1) If C is finite, it is wqo as it cannot contain infinite antichains. 0

Since it is easy to construct I'c and check whether it contains cycles, we obtain the following corollary:

Corollary 7.4 The wqo problem is decidable for posets of bountiful structures under the consecutive
order. a

Corollary 7.5 In each of the following posets, a finitely based avoidance set is wqo if and only if it is
finite:

(1)G; (2)S; (3)D;

(4)T; (5) Ro.

Proof: All of these are posets of bountiful structures by Lemma and so the result follows from
Theorem[7.3] O
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8 Atomicity for Bountiful Structures

In this section, we turn to the atomicity problem for posets of valid structures and bountiful structures.
Our first theorem gives criteria for an avoidance set of a poset of valid structures to be atomic; this is a
generalisation of the results given for YW and P inMcDevitt and Ruskuc|(2021)) and for £ in|Ironmonger
and Ruskuc|(2024). Since all bountiful structures are valid, we use this theorem to prove decidability of
atomicity for posets of bountiful structures.

Theorem 8.1 Let C = Av(B) be an infinite, finitely based avoidance set of a poset of valid structures
under the consecutive order. Then C' is atomic if and only if:

1. T'¢ is strongly connected or a bicycle with no ambiguous paths; and

2. Foreach o € Cjyy_y) thereis p € Cy such that o < p.

Proof: (<) Take o, p € C and extend them to ¢/, p’ € C, respectively, using (2) if necessary.

If T is strongly connected, there is a path 5 from II(¢’) to II(p’). Let # = II(o’)nII(p’). By
Proposition there exists 7 € X(m) such that ¢/, p’ < 7, s0 0, p < 7. Therefore C satisfies the JEP
and so is atomic.

If T'¢ is not strongly connected, it is a bicycle with no ambiguous paths. Since there are no ambiguous
paths, by Lemma ['c is atomic if and only if Cf ) is atomic. As I'c is a bicycle, it is atomic by
Proposition meaning that Cj; ) is also atomic. Now, since (2) holds, we can conclude that C' is
atomic.

(=) Suppose C is atomic. We will show that (2) holds using the contrapositive. Assume that there is
o € Cyp—1) such that o & pforall p € Cy. Take 7 € Clp,00)- Since C' is atomic, there exists § € C' such
that o, 7 < 0. Since 7 < 6, || > b, so there is a subsequence of # of length b which contains o, yielding
a contradiction.

Now we turn to show that (1) holds. First, suppose that I' > is not atomic, so there exist paths 7, 77 which
do not join. Take o € ¥(m) and p € ¥(n). Since C is atomic, there exists § € C such that o, p < 6. Then
m,n < II(0) by Proposition a contradiction. Therefore I'c must be atomic, so it is strongly connected
or a bicycle by Proposition[3.13]

Suppose that I'¢ is a bicycle but is not strongly connected and, aiming for a contradiction, suppose
that it has an ambiguous path 7. By adding new vertices to the start or end of 7, we can extend 7 to
an ambiguous path 7’ which enters more than one strongly connected component. Take two distinct
structures 01,02 € w'. Since C is atomic, there exists # € C such that 01,00 < 6, meaning that
(1), II(c2) < TI(#) by Proposition 4.3 Since o1, 05 are distinct, they cannot embed in 6 via the same
embedding. Therefore, they correspond to different subsets of the points of 6, so their paths are different
subpaths of II(). In other words, II(#) has two distinct subpaths which are both isomorphic to /. This
means that I1(6) traverses every edge of 7’ twice, contradicting the assumption that 7’ enters more than
one strongly connected component. Hence I' cannot have ambiguous paths. a

Corollary 8.2 Let C = Av(B) be an infinite, finitely based avoidance set of a poset of bountiful struc-
tures under the consecutive order. Then C' is atomic if and only if:

1. T'¢ is strongly connected; and

2. Foreacho € Cpyp_q thereis p € Cy, such that o < p.
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Proof: (=) Since bountiful posets are valid, if C' is atomic then by Theorem (2) holds and T'¢
is strongly connected or a bicycle with no ambiguous paths. Since C' is bountiful, all paths in I'c are
ambiguous, so I'c must be strongly connected, giving (1).

(<) This is given by Theorem 8.1 0

Corollary 8.3 The atomicity problem is decidable for posets of bountiful structures under the consecutive
order.

Proof: It is easy to check whether a finitely based avoidance set is finite, as we can just check whether its
factor graph contains cycles. For the finite avoidance sets, we can algorithmically check for atomicity. For
infinite avoidance sets, consider the conditions of Corollary[8.2] It is easy construct I and check whether
it is strongly connected. For the second condition, there are only finitely many elements in Cy ;1) and
finitely many elements in C), that they could be contained in. So both conditions are decidable, giving the
result. O

Corollary 8.4 In of each of the following posets, an infinite, finitely based avoidance set C' is atomic if
and only if its factor graph is strongly connected and for each o € C[y ,_q) there is p € Cy, such that
o < p.

(1) G; (2)S; (3) D;
4)T: (5) Ro-

Proof: By Lemma[6.3] all of these are posets of bountiful structures, so the result follows from Corollary
O

Since Theorem [8.1] was stated for posets of valid structures, it also has the following consequence
beyond bountiful structures.

Corollary 8.5 Let (X, <) be a poset of valid structures under the consecutive order. If it is decidable
whether a given bicycle in a factor graph of (X, <) contains ambiguous paths, then the atomicity problem
is decidable for (X, <).

Proof: As in the proof of Corollary [8.2] it is decidable whether an avoidance set is finite, and whether
a finite avoidance set is atomic. For the infinite avoidance sets, it is easy to see that condition (2) of
Theoremis decidable. For condition (1), it is decidable whether the factor graph is strongly connected
or a bicycle. If it is a bicycle, by assumption, it is decidable whether it contains ambiguous paths. Hence,
it is decidable whether (X, <) is atomic. O

9 Words under the consecutive order

In the remaining sections we will give an example of invalid structures — permutations consisting of
at most two ascents. We will answer both the wqo and atomicity problems for these structures under
the consecutive order. This will involve relating these structures to certain posets of words under the
consecutive order, and making use of McDevitt and RuSkuc’s solutions to the wqo and atomicity problems
for words McDevitt and Ruskuc| (2021). The purpose of this section is to introduce the necessary ideas
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and results on words under the consecutive order, equipping us to tackle this example of an invalid type
of structure.

First, we will establish how to view words as relational structures, and hence how they fit into the
general framework we have established for considering consecutive orders. A word w of length n over an
alphabet A = {a; ...a,,} may be described as a relational structure on a set X of size n, together with a
linear order <,,, and a family of m unary relations u1, ..., u,,. The elements of X represent the letters
of w. The linear order <,, dictates the order of the letters, with x <,, y if and only if = appears to the left
of y in w. Since we take X C N, this linear order will be the natural one inherited from N. The unary
relations uy, . .., u| 4| indicate the letter of A taken by each element of X: each z € X occurs in precisely
one u;, meaning that the letter x = a;. For example, if A = {a, b}, the word w = abba can be viewed as
a relational structure (X, <., uq, up). Here: X = [1,4]; 1 <, 2 <4y 3 <y 45 1,4 € uy, (as the first and
fourth letters are a); and 2,3 € uy,.

Since words have a linear order in their signature, the consecutive order is defined with respect to this
linear order.

Definition 9.1 Let A = {a;...an} be an alphabet and take w and v to be two words over A, where
w=(X,<yp,u1,...,up)and v =(Y,<,, h1,...,hy). Then w < v under the consecutive order if and
only if there exists a contiguous mapping f : X — Y with respect to <, and <, such that X =Y [;x).

Example 9.2 Ler A = {a,b}, then w = abba < baabba = v. To see this, we wish to embed abba
in the last four letters of baabba. Formally, abba = (X, <y, uq,up), as we saw earlier, and similarly
baabba = (Y, <4, ha, hp), where Y = [1,6], <, is the natural order on'Y, 1,4,5 € hy and 2,3,6 € h,,.
The required contiguous mapping f : X — Y is f(x) = x + 2. To see that this embeds abba in baabba,
observe that x € u; if and only if f(x) € h; (for i = a,b), indicating that f preserves the value of each
letter.

It can be seen that Definition [9.1] mirrors the more common definition of consecutive subwords, which
states that u = uy...up, < U = v1...0,, if and only if u; ... %, = VEVg41 ... Vk+n—1 fOr some
k € [1,m]. From now on, we will tend to think of consecutive subwords using this less formal definition.

We are now ready to recount the necessary results from [McDevitt and Ruskuc| (2021}, which explore
the connection between words in avoidance sets and their paths in factor graphs, building to answer the
wqo and atomicity problems for WW4.

Proposition 9.3 Ler C = Av(B) be an avoidance set of Wa. Then I contains no ambiguous paths. O

Since words are valid by Lemma[5.3] paths in their factor graphs are always associated with at least one
structure by Lemma[5.4] Combining this with Proposition [9.3] gives the following consequence:

Proposition 9.4 For any path w in T, ¥() has size one. O

We will abuse notation and denote the single element of X(7) by (7).
We may also combine Proposition [0.3| with Lemma[5.7)to obtain the following result.

Proposition 9.5 Take C = Av(B) to be an avoidance set of words under the consecutive order. If
u,v € Cpp,o0) then w < v if and only if TI(u) < I1(v) under the subpath order in T p. O

From here, the wqo and atomicity problems for words reduce to those for paths under the subpath order.
The next two results follow from Propositions [3.12] [3.13] and[0.3]
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Proposition 9.6 An avoidance set C of W4 is wqo if and only if T' ¢ contains no in-out cycles. a

Proposition 9.7 An infinite avoidance set C of W4 is atomic if and only if the following hold:
1. T'¢ is strongly connected or a bicycle; and
2. For every word w € C|y 1) there is a word u € Cy such that w < u. O

Note that Proposition is the special case of Theorem for W4. Since factor graphs of words
contain no ambiguous paths by Proposition [0.3] the first criterion of Theorem [8.1] reduces to I'c being
strongly connected or a bicycle here.

The following proposition is Theorem 1.1 from McDevitt and Ruskuc|(2021) and follows almost im-
mediately from Propositions [9.6]and

Proposition 9.8 It is decidable whether a finitely based avoidance set of words under the consecutive
order is atomic or wqo. O

10 An invalid example: double ascents

In this section we will introduce an example of invalid structures: permutations with at most one inversion
between consecutive entries. These will be referred to as double ascents.

We will consider the poset of double ascents under the consecutive order. Unlike in previous work,
such as McDevitt and Ruskuc| (2021), we will define the consecutive order for permutations in terms of
their ‘vertical’ or value linear order rather than their ‘horizontal’ or position linear order. For clarity, we
give the formal definition of this consecutive order below. We take this approach to make the notation
consistent with the consecutive orders on other structures we have considered. However, it turns out that
the posets of permutations under the consecutive orderings defined with respect to the two linear orders
are isomorphic, where the isomorphism maps each permutation to its inverse. Therefore, our change
of viewpoint does not prevent the results of McDevitt and Ruskuc| (2021)) from fitting into our overall
framework for valid structures under consecutive orders.

Any sequence of distinct numbers 7 can be reduced to a permutation by changing the smallest number
into a 1, the second smallest into a 2, and so on. As for other structures we have considered, we will say
that two such sequences of numbers 7, 7 are isomorphic if they can be reduced to the same permutation,
and in this case write 7 =2 7. We will also denote the restriction of a sequence of numbers 7 = 71 ... 7,
to the points in a set X by 7[x. For example, 1625345 5)= 2534 = 1423.

As relational structures, permutations are sets with two linear orders: the ‘horizontal’ or position linear
order <, and the ‘vertical’ or value linear order <,. For example, the permutation 15423 is a relational
structure consisting of the set [1,5] with two linear orders given by 1 <, 2 <, 3 <, 4 <, 5 and
1<,55,45,25,3.

Definition 10.1 An adjacent inversion in a permutation o = o1 ... oy, is a pair (0;,0,11) of consecutive
entries such that ;11 <, 0.

Definition 10.2 A permutation 0 = o1 ...0, is a double ascent if it contains at most one adjacent
inversion. It is a single ascent if it contains no adjacent inversions.
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We will refer to increasing permutations as ascents, so single and double ascents are permutations
containing no ascents and at most 1 ascent as consecutive subpermutations respectively.

In previous work (e.g. [McDevitt and Ruskuc|(2021)), the consecutive order for permutations has been
defined with respect to <,); here we will define it with respect to <,, instead.

Definition 10.3 Letoc =01 ...0, and p = p; ... pm be permutations. Then o < p under the consecutive
order if and only if there exists a contiguous map f : [1,n] — [1,m] with respect to <, such that

0 = plim(f)-

Example 10.4 213 = 324 < 135246 under the consecutive order (which is defined with respect to the
value linear order, rather than the more usual position order, as discussed above). Here the underlying
contiguous mapping with respect to <, is f : [1,3] — [1, 6] defined by f(z) = z + 1.

Since double ascents are permutations, the consecutive order for them is inherited from P; let DA be
the poset of double ascents with this consecutive order.

Proposition 10.5 Double ascents are not valid structures.

Proof: Consider the double ascents 13245 and 12453. We see that
13245 (3,5= 345 = 123 = 12453 [}1 3] -

However, if we identify these points, we obtain the permutation 1324675, which has two adjacent inver-
sions: those given by the subsequences 32 and 75. Hence 1324675 is not a double ascent. |

11 Double ascents and words

We will be able to encode double ascents as words over an alphabet of size two, enabling us to employ
results from McDevitt and Ruskuc| (2021} for words under the consecutive order to tackle the wqo and
atomicity problems for double ascents. We will once again make use of Propositions[9.6]and

To begin, we will describe the relationship between double ascents and words over {r, [ }. The idea here
is that we assign entries of double ascents to the right (‘r’) or left (‘I”) according to whether they come to
the right or left of the adjacent inversion.

Definition 11.1 Ler w be a word over {l,r}. The associated permutation of w is the double ascent A(w)
formed from the empty permutation as follows. Reading left to right through w, for each letter we add a
point to the permutation, in increasing value order. If we read the letter |, we add the point to the rightmost
position on the left of the second point (with respect to <,)) of the adjacent inversion, and if we read the
letter v we add the point to the rightmost position on the right of the first point (again with respect to <,,)
of the adjacent inversion.

In this way, the points to the left of the second point of the adjacent inversion (those assigned ‘left’) are
the points in the first ascent. Similarly, points to the right of the first point of the adjacent inversion (those
assigned ‘right’) are the points of the second ascent.

Example 11.2 We will construct A(llrlr). For clarity, we will draw a bar through the position of the
adjacent inversion. The first two letters are l, so the first two entries of A(llrlr) by value are 12|. The
next entry is given by the letter r, so this will be added to the right of the adjacent inversion, giving 12|3.
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Following this, the next entry is to the left of the adjacent inversion, giving 124|3. Finally, the last letter r
gives the largest entry by value to the right of the adjacent inversion, so we obtain 124|35. Removing the
bar, A(llrlr) = 12435.

Definition 11.3 A double ascent o will be associated with the set of words
W(o)={w e {l,r}" |A(w) = o}

By inverting the process described in Definition [IT.1] for any double ascent o we can find the words in
W (o). To do this, begin with the empty word. We will then consider the entries o in order of their values,
smallest to largest, and for each entry add a letter to construct words in W(o). If an entry of o is to the
left of the second entry of the adjacent inversion, we will add the letter /. On the other hand, if an entry
is to the right of the first entry of the adjacent inversion, we will add the letter r. It can be seen that the
resulting words are in W(o) by constructing A (w) for each word w and observing that this is precisely o.

Since the above process can be carried out for any double ascent o, we obtain the following corollary.

Corollary 11.4 For any double ascent o, the set W(o) is non-empty. O
The following proposition is immediate from the definitions.

Proposition 11.5
1. For any double ascent o, if w € W(o) then 0 = A(w);
2. Foranywordw € {l,r}T, w € W(A(w)). O

Lemma 11.6 For a double ascent o,

W(o)| > 1 if and only if o is a single ascent.

Proof: (<) Let o be a single ascent of length n > 1. Then the words I, 7" € W(0o), so |[W(o)| > 1.
(=) We prove the contrapositive. Let o be a double ascent, but not a single ascent. Then the process
to find the words in W(o) yields exactly one word, as each letter is determined uniquely by its position
relative to the adjacent inversion in o. a

From now on, in the case where o is not a single ascent, we will abuse notation and denote the single
element of the set W(o) by W(o).

Lemma 11.7 A double ascent o is a single ascent of length n if and only if W(o) = {l*r¢ | a + ¢ = n}.

Proof: First note that since one letter is added to words in W(o) for each entry of o, words in W(o)
have length n. (=) Consider constructing words in W(o). Initially, we may start with either the letter
[ or r. Once we have added the letter r, every following letter must also be r, since the consecutive
subword 7! would correspond to an adjacent inversion. Hence, the possible words are precisely those
in {I%r°|a 4+ ¢ = n}. (<) It can easily be checked that the associated permutation of any word in
{l*r¢ | a 4+ ¢ = n} is o (the single ascent of length n). O

Lemma 11.8 Let o, p be double ascents which are not single ascents. If o < p, then W(o) < W(p) under
the consecutive subword order.
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Proof: Since o < p, it follows that 0 = p [}y, y4|o|-1) for some k € [1,[p|]. Since neither o nor p is a
single ascent, W(c) and W(p) are uniquely defined, so W(o) = W(pl, ktjo-11) < W(p). O

Lemma 11.9 Suppose o, p are double ascents of which at least one is a single ascent. If o < p, then for
any u € W(p) there exists w € W(o) such that w < w.

Proof: If p is a single ascent, then since o < p, it is also true that o is a single ascent. Therefore, we may
assume that o is a single ascent.

Since o0 < p, we know that 0 = p[[x, k4|s|—1) for some k € N (note that there may be more than one
choice for k). Take u = uy ... u, € W(p). We may take w = u[ [z, k+|o|—1]€ W(0) as required. O

Lemma 11.10 Ifu,v € {I,r}" and u < v under the consecutive subword order then A(u) < A(v).

Proof: Suppose that v = uy ... u, and v = vy ... V. Since u < v, U = V| [k, g4|u|—1) for some k € N.
This means that A(u) = A(v [, k+|u|—1)) < A(v) as required. O

12 WQO for double ascents

At this point, we are ready to work towards decidability of the wqo problem for double ascents under the
consecutive order. To do this, we will exploit the relationship between double ascents and words over
{l,7}, reducing the wqo problem for double ascents to certain instances of the wqo problem for Wy; 3.

Recall that single ascents are the only double ascents which are associated with more than one word; as
such, we need to treat them a little more carefully. To begin, we will show that the sets of words associated
with single ascents are wqo.

Lemma 12.1 The words associated with single ascents are precisely those in Av(rl).

Proof: We saw in Lemma that words associated with single ascents precisely are those of the form
[*r¢, where a, ¢ > 0. These words are exactly those avoiding ! under the subword order. |

Lemma 12.2 The avoidance set Av(rl) of words under the consecutive order is wqo.

Proof: C' = Av(rl) = {I%°| a,c > 0}. It can be seen that if u = [*7°* and v = [*2r°* then v < v if
and only if a1 < a9 and ¢; < c¢o. Therefore, (C, <) is isomorphic to N x N with the natural order, which
is wqo. a

Given a finitely based avoidance set C' = Av(B) of double ascents, let W(B) = {W(z) | z € B} be
the set of words associated with elements of B.

Lemma 12.3 Let p be a double ascent. The following are equivalent:
(i) p € Av(B);

(i) W(p) € Av(W(B));
(ili) There exists u € W(p) such that u € Av(W(B)).
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Fig. 5: I'x from Examples and[13.12

Proof: (i) (=) (ii) We know that o & p for all o € B. By the contrapositive of Lemma , for all
o € B, forany u € W(p) and t € W(0), it is the case that ¢ £ u, meaning that W(p) C Av(W(B)).

(ii) (=) (iii) This implication is straightforward.

(iii) (=) (i) Since u € Av(W(B)), t £ uforallt € W(B). Take o € B. If neither ¢ nor p is a
single ascent, it follows by the contrapositive of Lemma that o £ p. Otherwise, we can apply the
contrapositive of Lemmato show that o £ p. Therefore, o & pforall o € B, and so p € Av(B). O

Theorem 12.4 A finitely based avoidance set C = Av(B) of DA is wqo if and only if the avoidance set
K = Av(W(B)) of Wy vy is wqo, i.e. T contains no in-out cycles.

Proof: (=) We will prove this direction using the contrapositive. Suppose that X is an infinite antichain
in Av(W(B)). NowletY = {z € X | A(z) € Av(rl)} be the subset of X of words which are associated
with single ascents. Since Av(rl) is wqo, Y must be finite. We remove the elements of Y from X. Now
let X\Y = {wy,ws,...}. By Lemma[l1.8] A(w;),A(w,), ... is an infinite antichain. By Lemma[12.3]
A(w1),A(ws), ... isin C, and so C is not wqo.

(<) Again, we prove the contrapositive. Suppose o1, 04, ... is an infinite antichain in C. For each
i=1,2,...,letu; € W(o;). By Lemma and the contrapositive of Lemma 1 1.10} w1, us, ... is an
infinite antichain in Av(W(B)), so Av(W(B)) is not wqo. 0

Corollary 12.5 It is decidable whether a finitely based avoidance set of double ascents under the consec-
utive order is wqo.

Proof: This follows immediately from Theorem and Proposition[9.8] O

Example 12.6 Consider the avoidance set C = Av(B) of double ascents, where B = {123}. Here,
W(B) = {lil,lr,lrr,rrr}, so to determine wqo we need to look at the factor graph T i of the avoidance
set K = Av(W(B)) of Wy »y (shown in Figure nce 'k contains an in-out cycle, K is not wqo by
Proposition and so C'is not wqo by Theorem

Example 12.7 Now let B = {123,312} and consider the avoidance set C = Av(B) of double ascents.
Here, W(312) = rrl and W(123) = {llL, llr,lrr,rrr}, so W(B) = {rrl, UL, lr,lrr,rrr}. Now consider
the avoidance set K = Av(W(B)) of Wy,.13. As can be seen in Figure @ I'k contains no in-out cycles,
meaning that K is wqo by Proposition[9.6] Therefore, C' is wgo by Theorem|[I2.4]
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Fig. 6: I' ¢ from Example

——2

Fig. 7: I'x from Examples and|[13.11

13 Atomicity for double ascents

In this section, we will build up to proving our final theorem: decidability of the atomicity problem for
double ascents under the consecutive order. To do this, we will once again make use of the relationship
between avoidance sets of double ascents and avoidance sets of words. As for wqo, we will need to treat
single ascents carefully, as they have multiple associated words rather than just one. In this, we will start
by defining the single ascents which cannot be extended to double ascents and, following this, we will
explore how these single ascents translate into paths in factor graphs of words.

Throughout this section, we consider a finitely based avoidance set C = Av(B) of D.A. We will take
b to be the maximum length of an element of B, and if B = & we take b = 1. We also consider the
corresponding avoidance set X' = Av(W(B)) of Wy, ;3. Note that if B # &, then b is also the maximum
length of an element of W(B).

Definition 13.1 A single ascent o € C' is non-extendable if p € C and o < p together imply that p is a
single ascent.

Definition 13.2 A left-right bicycle is an induced subgraph of the b-dimensional factor graph T sy (w(B))
all of whose vertices are of the form [°r° such that a 4+ ¢ = b.

We will see in a moment that, as their name suggests, left-right bicycles are always bicycles.

Example 13.3 Consider the avoidance set K = Av(rl) of Wy,.1y. The factor graph Ty is shown in
Figure[7} and is a left-right bicycle.

Lemma 13.4 All left-right bicycles are bicycles.

Proof: Consider an avoidance set C' = Av(B) of double ascents and its associated avoidance set K. Let
X be a left-right bicycle in I'x. Since X contains at least one vertex, which must be of the form [%r¢
such that a 4+ ¢ = b, C' contains the single ascent o of length b by Lemma[12.3] Indeed, Lemma[12.3]tells
us that all elements of W (o) are vertices of I' .. These are precisely the words of the form ¢ such that
a + ¢ = b. Therefore, X contains all of these vertices. It follows that X is the bicycle whose initial cycle
is a loop on [°, whose terminal cycle is a loop on r* and whose connecting path introduces 7’s one at a
time. O
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Lemma 13.5 If an infinite avoidance set C' = Av(B) of double ascents contains non-extendable single
ascents, the following are equivalent:

1. C is atomic;
2. All elements of C are single ascents (i.e. C' C Av(21));

3. (i) Tk is a left-right bicycle and (ii) for any o € Cy, 1] there exists p € Cy, such that o < p.

Proof: (1) = (2) Since non-extendable single ascents can only be contained in single ascents, the JEP
immediately implies that all elements of C' are single ascents.

(2) = (1) Since single ascents form a chain, C' must be atomic.

(3) = (2) Since 'k is a left-right bicycle, the only words of length > b in Av(W(B)) are of the
form [®r¢, where a + ¢ > b. All of these words are associated with single ascents by Lemma|l1.7] so all
elements of Cy, . are single ascents by Lemma It follows from (3)(4¢) that in fact all elements of
C' are single ascents.

(2) = (3) B must contain 21, meaning that r € W(B). This means that vertices of "k avoid 7, so
are of the form [“r® where a + ¢ = b. Therefore, I'y(p) is a left-right bicycle. The second condition
follows since C' is atomic, as we know (1) is equivalent to (2). O

Proposition 13.6 If an infinite avoidance set C = Av(B) of double ascents contains no non-extendable
single ascents, then C' is atomic if and only if the following hold:

(1) 'k is strongly connected or a bicycle;

(i) For any double ascent o € C|y 1), there is a double ascent p € Cy, such that o < p.

Proof: (<=) Take 0~, p~ € C and extend them via (ii) to o, p € Cjj ) respectively, which we can take
not to be single ascents since C contains no non-extendable single ascents.

It follows from (i) and Proposition that the set of paths of I' is atomic. Therefore there exists a
path 7 in I'k such that II(W (o)), II(W(p)) < m. By Proposition[9.5] W(c), W(p) < E(7) in K. We
observe that , p < A(2()) in C by Lemma[11.10} Therefore C satisfies the JEP and so is atomic.

(=) First we will prove that (ii) holds. Suppose to the contrary that there exists o € Cpy ;1] which
is not contained in any element of Cj. Pick an element p € Cj. Since C is atomic, there exists 7 € C
such that 0, p < 7. As p < 7, we know that |7| > b. Further, since ¢ < 7, there is a consecutive
subpermutation 73, of 7 of length b such that o < 73, a contradiction. We conclude that (ii) holds.

Now we will prove that (i) holds. Again, suppose to the contrary that I" i is neither strongly connected
nor a bicycle. By Proposition [3.13] the set of paths of Ik is not atomic, so we may take paths 7, 7 in I'
which do not join. It follows that 3(n), $() do not join in K by Proposition[9.5] Therefore, (1), £ ()
cannot both be associated with single ascents, because their paths would be in the same left-right bicycle,
and so would join. If needed, extend 3(7) to be the word of a double ascent in C' which is not a single
ascent, call this w. Note that ¥(n) < w. Since C is assumed to be atomic, there exists § € C' such that
A(w), A(3(m)) < 6. Therefore, by Lemma[11.8] w, $(7) < W(6). Hence %(n), S(m) < W(6), yielding
a contradiction as »(n) and X(7) do not join. We conclude that I'x must be strongly connected or a
bicycle. a
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Definition 13.7 A left-right bicycle in a factor graph I i is isolated if it is a connected component of T k.

Lemma 13.8 C|; ) contains non-extendable single ascents if and only if 'k contains an isolated left-
right bicycle.

Proof: (=) Let 0 € Cj; o) be a non-extendable single ascent. By Lemma any word w € W(o) is
of the form w = [%r® where a + ¢ = b, and this cannot be extended to a word which is not of this form.
Hence in Ik, the path II(W(o)) must be wholly contained in a left-right bicycle X. Moreover, since any
possible extension of W(o) is of the form [%r¢, any extension of II(W(¢)) must also be wholly contained
in X. Therefore, in ', X cannot be connected to any vertices outside of itself. It follows that X is
isolated.

(<) Let X be an isolated left-right bicycle in I'c. Then any word associated with a path in X must
be of the form w = [*r® where a + ¢ = b. By Lemma|l1.7} w must be associated with a single ascent.
Since no path 7 in X can be extended to a path that leaves X, no word 3() can be extended to a word
not of the form [%r¢ where a + ¢ = b. Therefore, single ascents associated with 3(7) cannot be extended
to double ascents. O

Theorem 13.9 Let C = Av(B) be an infinite, finitely based avoidance set of double ascents under the
consecutive order and K = Av(W(B)). Then C is atomic if and only if the following hold:

1. Tk is strongly connected or a bicycle; and

2. For any double ascent o € C|y;,_1) there is a double ascent p € Cy, such that o < p.

Proof: If C' contains no non-extendable single ascents, the result is given by Proposition [I3.6] Now
consider the case where C contains non-extendable single ascents.

(=) By Theorem[13.5] ' is a left-right bicycle, so it is certainly a bicycle and condition (1) holds.
We will prove that (2) holds by contradiction. Suppose that o € C[; ;1) such that o is not contained in
any element of C}. Let v € (. Since C' is atomic, there exists 6 € C[b,oo) such that o, v < 6. Since
|| > b, we see that o must be contained in a factor of # of length b, a contradiction.

(<) For the reverse direction, first note that if Cl1,5—1) contains non-extendable single ascents, so does
Cib,) by condition (2). By Lemma I" i contains an isolated left-right bicycle. Since by assumption
I'k is either strongly connected or a bicycle, it must be an isolated left-right bicycle. Since (2) gives
condition (3)(ii) of Theorem [I3.5] the result follows from Theorem[13.5] O

Theorem 13.10 I7 is decidable whether a finitely based avoidance set C = Av(B) of double ascents
under the consecutive order is atomic.

Proof: We can determine whether C is finite by checking whether the factor graph I'c of K = Av(W(B))
contains cycles. If C' is finite, atomicity can be determined algorithmically. If C' is infinite, the conditions
of Theorem [I3.9)can be tested algorithmically, so the result follows. O

Example 13.11 Consider the avoidance set C = Av(21) of double ascents. Here W(21) = rl, so we
need to look at the factor graph of the avoidance set K = Av(rl), which is precisely the one we saw in
Figure[/] Since ' is a (left-right) bicycle, and it is easy to check condition (2) of Theorem Cis

atomic by Theorem[13.9]
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Fig. 8: I' x from Example|13.13

Example 13.12 Let us return to the avoidance set C = Av(B) of double ascents, where B = {123}
from Example Here, K = Av(lUll,llr,lrr,rrr) and Tk is given in Figure Since ' is neither
strongly connected nor a bicycle, C'is not atomic by Theorem[I3.9]

Example 13.13 Ler X = {2314,1243,1342,1324,2413} and let S be the set of double ascents on
4 points. Let B = S\X and consider the avoidance set C = Av(B). It can be seen that W(B)
contains all of the words of length four over {l,r} except for those associated with elements of X:
rllr, Url, Irll, Irlr, rirl. These will be the vertices of T'ic (shown in Figure[8). Here, condition (2) of
Theorem does not hold, since there is no element of Cy which contains 312. Therefore, C' is not

atomic by Theorem[13.9]

14 Concluding remarks and open problems

We begin with a brief discussion of our current knowledge of wqo for posets of combinatorial structures
under consecutive orders. In this paper, we have established decidability of the wqo problem for posets
of bountiful structures under consecutive orders, and we have seen that these are posets for which all
paths in factor graphs are ambiguous. Key to this was the result that ambiguous cycles give rise to infinite
antichains.

On the other hand, posets of valid structures for which all paths in factor graphs are unambiguous
also have decidable wqo problems. In these cases, structures and paths are in bijective correspondence,
and this also preserves the orderings. Hence, we can simply use Proposition [3.12]to determine whether
there are infinite antichains of paths, which must be in bijective correspondence with infinite antichains of
structures. In this, in-out cycles yield non-wqo. Examples of structures in this category are words (shown
in McDevitt and Ruskuc|(2021))) and linear orders.

Now we may ask about wqo for intermediate structures: valid structures whose factor graphs may
contain a mixture of ambiguous and unambiguous paths. Examples of these include permutations (studied
in McDevitt and Ruskuc| (2021))) and equivalence relations (see [ronmonger and Ruskuc| (2024))). Here,
both ambiguous cycles and in-out cycles still give rise to non-wqo. In the case of equivalence relations,
these are the only conditions on the factor graph for wqo, whereas for permutations there is an additional
condition requiring that there are no splittable pairs. Our first questions invite investigation into wqo
for intermediate structures and how this may relate to the cases discussed already. It is easy to see that
posets are intermediate structures; however, unlike for permutations and equivalence relations, the wqo
and atomicity problems are open for posets, leading to our first question.

Question 14.1 Are the wqo and atomicity problems decidable for posets under the consecutive order?
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Question 14.2 What are examples of other intermediate structures? Can we answer the wqo problem for
them using factor graphs, and, if so, what are the conditions required for wqo?

Question 14.3 Is there an overarching framework encompassing the wqo results for bountiful structures,
structures with no ambiguous paths, and intermediate structures?

Turning to the property of atomicity, we have proved decidability of the atomicity problem for bountiful
structures. Meanwhile, Corollary [8.5] reduces the atomicity problem for any poset of valid structures
under the consecutive order to the following question. If answered in the affirmative, this would yield
decidability of atomicity for all posets of valid structures under the consecutive order.

Question 14.4 Is it decidable whether a given bicycle in a factor graph of a poset of valid structures
contains ambiguous paths?

A further avenue for future research involves posets of invalid structures under consecutive orders.
In this paper we have shown the wqo and atomicity problems to be decidable for two types of invalid
structures: overlap free words and double ascents. For each of these, we exploited connections with
the poset of words under the consecutive order. We also noted in Example [5.5] that forests are invalid
structures; the solution to the wqo problem for forests is given in the first author’s thesis [[ronmonger
(2026), and proving this involves an extension of factor graphs.

Question 14.5 Is the atomicity problem decidable for forests under the consecutive order?

Question 14.6 What are other examples of invalid structures, and can we solve the wqo and atomicity
problems for them? Are there connections between these results and results for valid structures under
consecutive orders?
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The cubic pancake graphs are Cayley graphs over the symmetric group Sym,, generated by three prefix reversals.
There is the following open problem: characterize all the sets of three prefix reversals that generate Sym,,. As the
largest prefix reversal of length n is always included in a triple, we give a complete solution of the problem when
any of the two smallest or the two largest lengths but n are included in a triple of prefix reversals. Moreover, some
conditions implying a triple of prefix reversals does not generate Sym,, are considered. Computational results on the
diameter and the girth of some cubic pancake graphs are presented, and conjectures for future research are formulated.
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1 Introduction

A classical and celebrated resultDixon| (2005) states that two random permutations of a set of n elements
almost surely generate either the symmetric or the alternating group of degree n, and similar results hold
when more generators are considered. In particular, the symmetric group can always be generated by
the transposition (1 2) together with the n-cycle (1 2 3...n). Two well-known generating sets of n — 1
transpositions are the Coxeter generators {(i (¢ + 1)) | 1 < 4 < n} and the star generators {(14) | 1 <
i < n} which give rise to two Cayley graphs known respectively as the bubble-sort graph and the star
graph (see Johnson| (1963); [Friedman| (2000); |/Akers and Krishnamurthyl| (1989); [Konstantinova) (2008)).
In convex geometry, the bubble-sort graph is known as a 1-skeleton of the permutahedron Thomas|(2006)).
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The Coxeter generators play an important role in computer science Johnson| (1963)); Knuth| (2011), knot
theory Birman and Brendle| (2005)), and the theory of reflection groups and Coxeter groups Humphreys
(1992). The above two generating sets of transpositions were considered in Kompel makher and Liskovets
(1975); [Slater| (1978) where more general result was proved. Namely, it was shown that if an arbitrary
generating set of the symmetric group of degree n is given by transpositions then one can generate all 7!
permutations with no repetitions which leads to a hamiltonian cycle in the corresponding Cayley graph.

The symmetric group Sym,, is also generated by a set of n — 1 involutions known as prefix reversals,
defined by

1 2 oot —=1 9 9+1 ... n
”‘(i i—1 .2 1 i+l .. n) M
where 1 < 7 < n. The action of r; is to reverse the order of the first ¢ elements while leaving the
remaining n — ¢ elements fixed. Equivalently, r; is the product of |i/2] disjoint transpositions, r; =
(L6)(2 (i —1))--- ([§/2) (i + 1 [i/2])).

The Cayley graph generated by the set {ra,73,...,7,} is called the pancake graph, denoted by P,,.
The pancake graph is famous because of the long-standing open problem, known as the pancake problem
which asks for the diameter of P,, [Dweighter| (1975). The girth of a graph I" refers to the length of the
shortest cycle of I, and the circumference of T" refers to the length of the largest cycle in I'. Moreover,
T is said to be weakly pancyclic if T has a cycle of length ¢ for all g(T') < ¢ < ¢(T'), where g(T')
and ¢(T") refer to the girth and circumference of T', respectively. Since the pancake graph is weakly
pancyclic | Kanevsky and Feng| (1995); Sheu et al.[(2006) (in fact, a larger family of graphs that include
Pn, called the generalized pancake graphs, are known to be weakly pancyclic|Blanco et al.|(2019)); Blanco
and Buehrle|(2023))), this problem remains difficult to resolve.

Our interest lies in describing sets of three prefix reversals that generate the entire symmetric group
Sym,,.

The importance of fixed-degree pancake graphs, in particular, cubic pancake graphs as models of net-
works was shown in |Bass and Sudborough| (2003). The authors of that work considered cubic pancake
graphs as spanning subgraphs of the pancake graph P,, and they identified the following combinatorial
necessary conditions for a triple of distinct prefix reversals {r;,r;, 7} to generate the symmetric group
Sym,,:

(1) One of the prefix reversals must be r,,, since otherwise no element can be moved to or from position
n.

(2) One of the prefix reversals, say r;, must satisfy [n/2] < i < n, since otherwise if we take g €
(rp,7j,7r;) with i < j < n/2, and if w < v < j then either g(u) < n/2 and g(v) < n/2 or
g(u) > n/2 and g(v) > n/2. Thus, in this case, 2-transitivity is lost, while Sym,, is known to be
2-transitive in its natural action for each n. Moreover, if n is odd, then ¢ > [n/2] since otherwise
[n/2] will remain fixed.

(3) Atleast one prefix reversal must have an even index, since otherwise no element can be moved from
an odd-numbered position to an even-numbered position.

(4) At least one prefix reversal must be an odd permutation, since otherwise the generated group con-
sists only of even permutations.
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(5) The indices must satisfy the condition ged (i, 7, k) = 1. Otherwise, if ged(4, j, k) = £ > 1 then the
elements of {1,2,...,n} are partitioned into blocks of £ consecutive positions that can never be
separated. In particular, at least one index should be odd.

Remark. Originally, in[Bass and Sudborough! (2003) the authors formulate Observation (5) as follows:
The generating set must contain at least two prefix reversals with relatively prime indices. Of course, if
this holds then gcd(i, §, k) = 1. The converse does not hold. Indeed, if i = 15, j = 12 and k = 10 then
ged(i, §) = 3, ged(4, k) = 2, and ged(i, k) = 5, however ged(i, 4, k) = 1. Moreover, it is easy to check
that <7’15, T12, 7‘10> = Sym15.

The above necessary conditions are not sufficient, however, they can be used to help guide the search
for generators. In particular, in |[Bass and Sudborough| (2003) it was shown that the symmetric group is
generated by the following six sets: {ry,r,—1,72} for any n > 4; {r,,r,_1,73} for any odd n > 5;
{rn,"n-1,"n—2} forany n > 4; {r,,rn_1, 7,3} for any odd n > 4; {r,, r,—2,r3} for any even n > 6;
and {r,,r,—2,7,—3} for any n > 5. The authors have used the following approach. For each of the sets
above, it was shown that the set can simulate the three generators of the shuffle-exchange permutation
network generated by the following three permutations written in cycle notation: (12 ... n— 1 n) (right
shuffle), (nn—1 ... 2 1) (left shuffle), and (1 2) (transposition of the first two elements). Using the same
approach, it was shown in|Son|(2022)) that the set {r,,,7,,—2, 72} for any odd n > 5 is also a generating
set of the symmetric group.

The set {7, n—1, "n—2} is known as Big-3 flips, and the corresponding cubic pancake graph generated
by this set is called the Big-3 pancake network|Sawada and Williams| (2016) for which it was conjectured
that there exists a cyclic Gray code. The girths and the diameters of the cubic pancake graphs generated
by the above seven sets were studied in |[Konstantinova and Son|(2022) and |Chervov et al.| (2025]).

1.1 Our contributions

In this paper, we focus on the following three problems.
Problem 1. Are there other generating sets of three prefix reversals for the symmetric group?

Problem 2. What are other necessary conditions for the set of three prefix reversals to generate the
symmetric group?

Problem 3. What are sufficient conditions for the set of three prefix reversals to generate the symmetric
group?

In addressing Problem 2] we prove the following assertions.
Proposition 1. Let 2 < k <n —1 <nandn > 3k + 1. Ifl > 2k + 1 then (ry, 7p—1, 1) < Sym,,.
Proposition 2. Letn > 6 and [ > k + 1. If [ divides n + 1 then (r,,, r,,_;, 7%) < Sym,,.

In addressing the above problems, we obtain the following four classification results.

Theorem The set {ry,, "m, T2}, with2 < m < n andn > 4, generates Sym,, if and only if one of the
following conditions holds:

(i) nisevenand m =n — 1,
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(it) nis odd and

(a) me{n—1,n—2}ifn=2 (mod 3) orifn =0 (mod 3);
) me{n-3,n—2,n—1}ifn=1 (mod 3).

Theorem The set {ry,rn_1,7k}, with 2 < k < n — 2, generates Sym,, if and only if one of the
following conditions holds:

(2) If nis even and k is even;
(1)) n=3 (mod 4)and2 < k< n—2;

(#1) n =1 (mod 4) and k = 2,3 (mod 4).

Theorem@ The set {ryp, Tm,rs}, with2 < m < n, m # 3 and n > 5, generates Sym,, if and only if one
of the following conditions holds:

(4) nisevenand m =n — 2,
(75) me{n—3,n—1}andn =1,5 (mod 6);

(i4i) m=n—1ifn=3 (mod 6).

Theorem@ The set {rp,Trn—2,7r}, with2 < k <n — 2andn > 5, generates Sym,, if and only if k and
n are of different parity.

Narrative of the results. The four classification theorems above provide a complete answer when one
of the indices is close to either end of the range. For a generating triple containing 75 or 73, the other
non-r, prefix reversal must have one of the few lengths closest to n: only r,_1, r,_2, and, in certain
congruence classes, 7,3 can occur. The exact list is determined by 7 modulo 6. If the triple contains
rn—1 then generation is determined entirely by congruence conditions on n and the third index modulo 4.
If the triple contains r,,_o the criterion is particularly simple: the third index and n must have opposite
parity. Thus, in each of these four broad families, the question of whether three prefix reversals generate
Sym,, reduces to an explicit arithmetic test. The complete conditions are stated formally in Theorems 1
through 4.

Organization of the paper. In Section [2| we describe group theory techniques, including some de-
veloped by the authors, that provide necessary and sufficient conditions for some triple {r,, 7, 7} to
generate Sym,,, in particular, we prove Propositions 1 and 2. In Section [3] we present our main results
relating to triples of prefix reversals that generate Sym,,, in particular, we prove Theorems 1 through 4.
Moreover, we formulate conjectures in Section [4] for future research. More specifically, Conjecture 1
concerns the asymptotic number of generating triples, Conjectures 2 and 3 describe the apparent shift
phenomena, Conjecture 4 describes the triangular non-generating region, and Conjecture 5 concerns the
number of possible middle indices when the smallest reversal length is fixed. We finish with Section
where we discuss computational results relating to the cubic pancake graphs such as their diameters,
girths, and hamiltonicity.
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2 Preliminaries

The following notation is used. Let {2 denote the set {1,2,...,n}, and let Sym,, and Alt,, denote the
symmetric group and the alternating group of degree n, respectively. We use two notations for a permu-
tation 7, namely, a cyclic notation for an n-cycle 7 = (myms ... m,), where w(1) — 7(2), 7(2) — =(3),

., m(n) = 7(1), and a one-line notation 7 = [my 73 ... 7,], where (i) = m; for any 1 < ¢ < n. For
o, € Sym,,, we compose them using right-to-left multiplication, so o7 (i) = o (7 (7)) forany 1 < i < n.
It is easy to see that by (1) we have r,7,—1 = (1 2...n — 1 n). Further, if it necessary in our proofs we
consider cyclic permutations as a product of appropriate prefix reversals.

We now proceed to describe some tools from group theory that are used in the proofs of our results.
Let GG be a finite group acting on a finite set (2. The G-orbit of x € (2, or simply the orbit of x, denoted
by O(x), refers to the set O(x) = {g(z) : ¢ € G}. A G-invariant set is a union of G-orbits. The action
is said to be transitive on  if for each z,y € 2 there is g € G such that g(z) = y. A nonempty subset
B C Qs called a block of imprimitivity (or simply a block) for the action if for every g € G either
g(B) = Bor g(B) N B = &, where g(B) = {g(b) : b € B}. Moreover, the family {g(B) : g € G}
of translates of a block B forms a G-invariant partition of €2, called a block system. There are at least
two block systems for every action: {x} for z € € and € itself, and one refers to these as trivial blocks.
The action of G on () is primitive if it is transitive and the only blocks are the trivial ones. Otherwise, a
transitive action is said to be imprimitive. Additionally, if H is a proper subgroup of G, we write H < G.

Main ideas in the proofs. The proofs use two recurring strategies.

1) To show that a triple does not generate Sym,,, we identify an invariant set of positions or a nontrivial
block system, thereby proving that the generated group is intransitive or imprimitive while Sym,, is known
to be primitive in the natural action on the set €.

2) To prove that a triple does generate Sym,,, we construct explicit cycles, transpositions, or 3-cycles as
words in the prefix reversals and then apply standard generation criteria for the symmetric and alternating
groups.

This division between obstruction arguments and explicit generation arguments provides a common
structure for the case analysis in Section [3]

In our proofs, we utilize a few results from group theory regarding generating sets of Sym,,.

Lemma 1 ((Wielandt, 1964, Theorem 13.3)). Let H < Sym(Q2) = Sym,, be a permutation group acting
naturally on the set Q = {1,...,n} such that there exists a transposition h € H. Then H = Sym(Q) if
and only if H is primitive on S).

The following fact is well-known, see, for example, (Iradmusa and Taleb| 2018, Theorem 1.1).
Lemma2. H=((12... n),(abd)) =Sym,, 1 <a<b<n, ifand only if gcd(b — a,n) = 1.

A more general result relating to generating sets of Sym,, formed by one n-cycle and one transposition
is proved in Janusz| (1992).
Lemma 3 ((Janusz, (1992, Corollary 4)). Let o be an n-cycle and T = (a b) be a transposition. Let q be
an integer satisfying c%(a) = b. Then {0, 7) = Sym,, if and only if gcd(q,n) = 1.

The following result proved in Iradmusa and Taleb| (2018)) is also used in our proofs.

Lemma 4 ((Iradmusa and Taleb| 2018 Theorem 1.3)). Let G be the permutation subgroup of Sym,,
generated by the n-cycle (12 ... n) and the 3-cycle (a bc) with1 < a < ¢ < b < n. Then,
(i) If n is even, then G = Sym,, if and only if gcd(b — a, ¢ — a,n) = 1.
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(i1) If n is odd, then G = Alt,, if and only if ged(b — a, ¢ — a,n) = 1.

We furthermore develop tools to detect when the action of {(r,,, 7, ) on {2 is intransitive, from which
it follows that (7, 7y, 7) < Sym,,.

2.1 Intransitive actions
Proposition 1. Ler2 < k<n—Il<nandn >3k+ 1 Ifl > 2k+ 1then H = (rp,rp_;, %) < Sym,,.

Proof: Let
o ={1,....k}Ur,({1,.. ., kD) ={1,.. ..k} U{n—k+1,...,n}.

Then |®| = 2k and ® is an (r,,, 7 )-invariant set. Let
A={teQ:t=s (modl)forse ®}.

We claim that A is a proper H-invariant subset of €2 (i.e., A is a union of H-orbits). Indeed, let x = s
(mod 1), where s € ®. We have x = s+w- forsome w and r, () = n—z+1 =n—s+1—w-l = n—s+1
(mod 1), and n—s+1 =r,(s) € ©. Ifx < kthenry(z) = k+1—2 = k—s+1—w-l = k—s+1 (mod 1),
andk—s+1=rg(s) € ®;ifx > kthenry(z) =z. fx <n—Ilthenr,_(z) =n—z—I1+1=r,(z)
(mod 1), otherwise 7, —;(z) = x. Thus, A is a union of H-orbits. Moreover, since |®| < [ we see that A
is a proper subset of (2. Thus, H < Sym,,. O

We illustrate this Proposition 1 by the following example.

Example 1. Taken =151 =5, andk =2. Then Q = {1,2,...,15},2<k<n—-Il<nn>3k+1,
and | = 2k + 1. Consider H = (r15,710,172). Following the construction in the proof of Proposition 1,
let

& = {1,2} Ur5({1,2}) = {1,2,14,15}.

The set @ is an (ri5,r2)-orbit. Modulo 5, the elements of ® represent the residue classes {0,1,2,4}.
Therefore

A={2xeQ:2=0,1,2, ord (mod?5)} =
= {1,2,4,5,6,7,9,10,11,12, 14, 15}.

Its complement is Q\ A = {3, 8, 13}. Notice that r15(A) = r10(A) = r2(A) = A, and so A is invariant
under all three generators of H. Thus, H is intransitive on Q) and consequently (115,710, 72) < S1s.

Not all examples of proper H-invariant subsets follow the construction from the proof of Proposition 1
as the following example illustrates.

Example 2. Consider the prefix reversals of lengths 2, 13, and 18 in Sym;g with Q = {1,2,...,18}.
In the notation of the proposition, we take n = 18,k = 2,n — 1 = 13, and hence | = 5 = 2k + 1.
Furthermore, let us consider the subset A = {4,5,9,10,14,15} C Q. Note that each of the three
generators preserves A as a set. Indeed, we have:

rs(A) = {15,14,10,9,5,4y = A and ri3(A) = {10,9,5,4,14,15} = A,
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where r13 fixes 14 and 15. Moreover, 14 fixes every element of A\, since all of its elements are greater than
2. Consequently, A is invariant under H = (r1g, 713, 7'2).

Equivalently, beginning with the identity permutation and applying any sequence of these three prefix
reversals, the values 4,5,9,10, 14,15 must collectively occupy the positions 4,5,9,10,14,15. Thus,
every resulting permutation has the following form in one-line notation:

[x x xab x * x cd x x x ef x kx|, with {a,b,c,d,e, f} ={4,5,9,10,14, 15},
where the entries denoted by % are the elements of Q \ A. Since A is a nonempty proper H-invariant
subset of S, the action of H is intransitive. Therefore, H < Sym,g.

Similarly, we have the following proposition.
Proposition 2. Let H = (ry,,r_;,7%) forn > 6 andl > k + 1. If | divides n + 1, then

A = {t:ldividest}
is a proper H-invariant subset of Q2 (i. e., A is a union of H-orbits), therefore H < Sym,,.
Proof: If [ divides n + 1 and [ divides ¢ then r4(¢) = i, [ divides r,(i) = n — i + 1 and [ divides
Tn—i1(i) =n —1—1+ 1. So, H preserves A. O

We illustrate this proposition by the following example.

Example 3. Consider the prefix reversals of lengths 2, 8, and 11 in Symy,, with Q = {1,2,...,11}. In
the notation of the proposition, we haven = 11, k =2, n—1 =8, s0l = 3. Thus, L = k+1landl | n+1.
The corresponding subset is as follows:

A={teQ:3]|t} =1{3,6,9}.
Each of the three generators preserves A as a set. Indeed, we have:
r11(A) ={9,6,3} = A and rs(A)=1{6,3,9} = A.

Finally, ro fixes each element of A since all three elements are greater than 2. Hence, A is invariant
under H = (r11,r8,732).

Equivalently, beginning with the identity permutation and applying any sequence of these prefix re-
versals, the values 3, 6, and 9 must collectively occupy positions 3, 6, and 9. Thus, every resulting
permutation has the following form:

[* x @ x xb * xc x x|, where {a,b,c}={3,6,9},
where the entries denoted by x are the elements of 2\ {3, 6, 9}. Since A is a nonempty proper H-invariant

subset of S, the action of H is intransitive, and therefore H < Sym,;.

Since 7, for k € {2,3} is a transposition, by Lemma |I| we have H = Sym,, if and only if H is
primitive on 2. The following two lemmas are useful to establish which actions of the groups of the form
(Pn, m, Tr), With k < m < nand k € {2, 3} acting naturally on €2, are intransitive.

Lemma 5. If the set {r,,rm, 2}, where n > 7 and 2 < m < n, generates Sym,, then m > n — 4.
Furthermore, if n is odd then m > n — 3.
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Proof: Let d = n — m and consider the following union of residue classes modulo d:
A={zeQ:z=1,2,n—1,orn (modd)}.

We claim that A is invariant under H = (r,, r,,, 72). First, notice that r swaps 1 and 2 and fixes every
element greater than 2 so it preserves A. Now let ¢t € {m,n}. If x > ¢ then r,(x) = x and there is
nothing to prove. If x < ¢ then r(x) =t + 1 — x. Moreover, since m = n (mod d) then we have:

ri(z)=n+1—z (mod d).

The involution s — n + 1 — s (mod d) permutes the four residue classes defining A. Thus, 7, and r,,
preserve A proving that A is H-invariant.

If d > 5 then A consists of at most four of the d residue classes modulo d. Since d < n then every
residue class modulo d occurs among the elements of 2. Hence, A is a proper nonempty H -invariant
subset of €2, so H is intransitive. Therefore, if H = Sym,, then d < 4 or equivalently m > n — 4.

It remains to consider the case d = 4. In this case the residue classes defining A are 1,2,n — 1,n
(mod 4). If n = 1 (mod 4) then they are 0,1,2 (mod 4), while if n = 3 (mod 4) they are 1,2, 3
(mod 4). Thus, when n is odd and d = 4, the set A is again a proper H-invariant subset, so H is
intransitive. Consequently, if n is odd and H = Sym,, then d < 3 which is equivalenttom > n —3. O

Lemma 6. Suppose thatn > 6, n =2 (mod 3) and m = n — 3. Then (r,,rn—3,72) < Sym,,.

Proof: Notice that m = n = 2 (mod 3). Let A = {z € Q : 2 #Z 0 (mod 3)}. We claim that A is
invariant under H = (ry,,7,_3,72). Indeed, lett € {n,n —3}. If z < tthenr(z) =t+1—2 = —x
(mod 3). So, r; swaps the residue classes 1 and 2 modulo 3. If > ¢ then r;(z) = =. Hence, both 7,
and r,,_5 preserve A. The reversal ry also preserves A. Since 3 ¢ A then the set A is a proper subset of
Q. Thus, H is intransitive, and consequently (r,,, 7,3, 72) < Sym,,. O

Similarly, we have the following lemma.

Lemma 7. If the set {r,,rm,r3}, where 3 < m < n and n > 8, generates Sym,, then m > n — 4.
Furthermore, if n is odd then m > n — 3.

Proof: The proof is analogous to that of Lemma As before, take d = n — m and consider A = {x €
[n]:x=1,3,n—2,n (mod d)}. As above, we prove that the set A is invariant under (r,, 7y, r3). O

3 Main results

We now re-state and prove the main theorems.
3.1 Casek=2

Theorem 1. The set {ry, 7, r2}, where 2 < m < n andn > 4, generates Sym,, if and only if
(i) nisevenand m =n — 1, or

(ii) n is odd and
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(@) me{n—1,n—2}ifn=2 (mod 3) orifn =0 (mod 3), or
(b)) me{n—-3,n—2,n—1}ifn=1 (mod 3).

Proof: The cases with n < 7 are easily verified to hold. So, we assume that n > 7. The case m = n — 2
was studied in |Son| (2022), where it was proved that H = (r,,7,_2,72) = Sym,, for any odd n > 5,
and the case m = n — 1 was considered in [Bass and Sudborough| (2003)) where it was shown that H =
(rm,Tn—1,72) = Sym,, for any n > 4. Thus, we can assume that m < n — 3.

If n is even then m > n — 4 by Lemma E} Moreover, not all three prefix reversals can have an even
index if they generate Sym,, (see Observation (5) in the Introduction); therefore, the only possible value
remaining for m is n — 3. If n is odd then by LemmaE]we have m > n — 3. Thus, all that remains is the
casem =n — 3.

If n =0 (mod 3) then the set

Bo={3a+b:1<b<3}with0<a<n/3-1

forms a non-trivial block system of (r,,r,_3,r2) acting on €. Hence, (r,,r,—3,72) < Sym,, by
Lemmal[ll

If n =2 (mod 3) then Lemmal6] gives that (r,,, r,_3,r2) < Sym,,.

If n =4 (mod 6) then the set

By ={6a+b,6a+b+1,6a+b+2:a>0}withd € {0,3}

forms a non-trivial block system of (r,,r,_3,72) acting on Q. Therefore, (r,,,r,_3,7r2) < Sym,,.
If n =1 (mod 6) then r,r,_372 is the n-cycle as follows:

c=(15811... (6s—1)36912 ... 652471013 ...(6s+ 1)),

where s = |n/6]. To see this, notice that 7,7, _372(1) = 5, r,, 7, —372(2) = 4. Since r9 fixes every ¢ with
3< i< n—3thenr,r,_srs(i) = i+3for3 < i < n—3. Moreover, r,1,_3r2(n—2) = r,(n—2) = 3,
Tnrn—3rae(n —1) =r,(n—1) = 2, and r,,r,_372(n) = r,(n) = 1. Thus, the following holds:

5, ifi=1;
L ifi = 2;
TnTn—3r2(1) =
2 i+3, if3<i<n—3

<
n+1l—i ifn—2<i<n.
From this, starting with 1 we have:
1-5—=28—=11—---—=6s—1=n-—2,
and starting with n — 2 one can continue as follows:
n—2—-3—-26—=---—=6s=n—-1,
such that starting with n — 1 we get the following chain:

n—-1-52—-4—-7—->10—.---—=>6s+1=n.
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Thus, finally we have n — 1 which gives the sought permutation o.

From the previous computation, notice that (7,7, _372)?*(1) = 3, and so we have (r,r,,_37r2)(1) =
(rnrn_3re)?*(3) = 2. Moreover, ged(4s,n) = ged(4s,6s + 1) = 1. Since 7o = (1 2) it follows that
(Fn,Tp—3,72) = Sym,, by Lemma[3] O

3.2 Casem=n-—1

Theorem 2. Let H = (ry,,rp_1,7k), where 2 < k < n —2andn > 4. Then H = Sym,, if and only if
(1) nis even and k is even, or
(75) n=3 (mod 4) and2 < k <n—2, or

(#1) n=1 (mod 4) and k = 2,3 (mod 4).

Proof:
Consider the following two permutations:

R=(012...n—1n)=ryrp_1=L""1,
L=mn-1...21)=r,_1r, =R .

By direct computations, we obtain the following 3-cycle:
o =ryRriyRriLriyL = (1 k k + 2).
We have:
1, if nis odd;
d=ged(k—1,k+1,n) =ged(2,k+1,n) = ¢ 1, ifnisevenandk is even;
2, if nis even and k is odd.

Let H, = (L,0) < H. By Lemmald] H; > Alt,, if and only if d = 1.

Let us show that if d = 2 then H; and H are imprimitive.

If n is odd then H; > Alt,,. If n = 3 (mod 4) then r,, € Sym,, \Alt,, and, therefore, Alt,, < H =
Sym,,. If n =1 (mod 4) then r,,r,—1 € Alt,, and r & Alt,, if and only if £k = 2,3 (mod 4).

If both n and k are even then H > H; = Sym,, by Lemma

It remains to show that in the case of even n and odd & the group H is imprimitive. Let D = (L, r,,) <
H. Then D is isomorphic to the dihedral group Ds,, of order 2n, and we claim that the following two
sets:

Bi={t|t=1 (mod2)}andBy={t|t=0 (mod2)}

are blocks of imprimitivity of D. Indeed, L(B;) = B; and r,,(B3;) = B; for j € {1,2} \ {i}. Now we
claim that r; and 7,,_1 also preserve blocks 3 and Bs. Indeed, since both k£ and n — 1 are odd then
ri(B;) = B; and r,_1(B;) = B, for each i € {1,2}. Thus, {B1, B2} is a non-trivial block system of H
acting on €2, and so H < Sym,,. O
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3.3 Casek=3

Theorem 3. The set {r,,,Tm,r3}, with2 < m < n, m # 3 andn > 5, generates Sym,, if and only if
one of the following conditions holds:

(i) nisevenand m =n —2;
(i) me{n—-3,n—1}andn =1,5 (mod 6);
(#i1) m=n—1ifn=3 (mod 6).

Proof: The case {r,, 73,72} is covered by Theorem 1, and the only triple which generates Sym,, in this
caseis {rs, 3, 72} when n = 5. Thus, one can assume that 75 is not included in a triple of prefix reversals.
The cases n < 8 are easily verified by direct computation, therefore we can assume thatn > 9.

By Lemma [/} it follows that m > n — 4. Moreover, it was shown in [Bass and Sudborough| (2003))
that (ry, r,_2,73) = Sym,, for any even n > 6 and (ry,7,_1,73) = Sym,, for any odd n > 5. These
establish all the sufficient conditions except m = n — 3.

Let us consider the case m = n—4 and n even, for which we show that (r,, 7,4, 73) < Sym,,. Notice
that n must be congruent to 0 or 2 modulo 4. If n = 0 (mod 4) then the set

B, ={4a+ 1,40+ 2,4a+3,4a+ 4} with0 < a<n/4—-1

forms a non-trivial block system of (r,,, 7,,_4, r3) acting on €.
Additionally, if n = 6 (mod 8) then the set

Bi={8a+b:a>0and0<b<3}

along with the set
By ={8a+b:a>0and4 < b7}

form a non-trivial block system of (r,,, 7,,_4, r3) acting on 2.
Finally, if n = 2 (mod 8) then the set

By ={8a+b:a>0andbe {1,3,4,6}}

along with the set
By={8a+b:a>0andbe {0,2,57}}

form a non-trivial block system of (r, r,,_4,73) acting on §2. Thus, (ry,,r,_4,73) < Sym,, by Lemma

Furthermore, if n is even then both n — 1 and n — 3 are odd. Therefore, (ry,r,—1,73) < Sym,, by
Theorem where in its proof it is shown that (r,,,r,,_1,r3) is imprimitive. For the case {r,, 73,73},
consider the partition B,, BB, of ), where B, = {2,4,...,n} and B, = {1,3,...,n—1}. Itis easy to see
that {B,, B.} is a nontrivial block system. Indeed, since 73 and r,_3 are odd-indexed they preserve the
blocks; furthermore, r,,(B.) = B,. Thus, (ry,,r,—3,7r3) < Sym,,.

Now let us suppose that n is odd. By Lemma [/| it follows that m > n — 3. If m = n — 2 then
{"n,rn—2, 73} cannot generate Sym,, since all the numbers 3, n — 2 and n are odd (see Observation (3) in
the Introduction). Thus, the only remaining values to consider are m = n — 1 and m = n — 3. Moreover,
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if n =3 (mod 6) then {r,, 7,—3, 73} cannot generate Sym,, since gcd(n,n—3,3) = 3 (see Observation
(5) in the Introduction).

Again, we know that (r,,, r,_1,73) = Sym,, for all odd » > 5 [Bass and Sudborough| (2003). We are
now only left with the cases n = 1,5 (mod 6) and m = n — 3, and we now proceed to show that all of
these generate Sym,,.

If n =1 (mod 6) then r,r,_3r3 is the n-cycle as follows (the proof is similar to that in Theorem 1):

= (16912 ...6s25811 ... (6s—1)34710 ... (6s+1)),

where s = |n/6]. To see this, we observe that r,,7,,_37r3(1) = 6,7,7,_373(2) = 5, and r,r,_373(3) = 4
using right-to-left composition. Since r3 fixes every ¢ with 4 < ¢ < n — 3 then we have 7,7, _3r3(i) =
TaTn—3(i) =rp(n—2—1) =i+ 3for4 < i< n—3. Moreover, 73 and 7,3 both fix {n —2,n—1,n},
and hence 7,7, —373(n — 2) = r,(n — 2) = 3, rprp_3r3(n — 1) = rp(n — 1) = 2, and r,ry—3r3(n) =
r(n) = 1. Therefore, we have:

6, ifi=1;

5, ifi =2
Tnrn—3rs(i) = < 4, ifi = 3;

i+3 ifa<i<n—3

1<
n+l—i, ifn—2<7<n.
Starting with 1, we obtain the following chain:
1-6—-9—-12—---—>6s=n-—1,
where the cycle can be continued as follows:
n—-1-2—-5—-8—=>11—.-.-—=6s—1=n-—2,
and further as follows:
n—2—-3—-4—->7—-10—>---—6s+1=n.

Thus, finally have n — 1 which gives us the sought n-cycle .

Notice that 01°(1) = 3 and ged(4s,n) = ged(4s,6s + 1) = 1. Thus, since r3 = (1 3) then by
Lemmathe set {ry, "n—_3, 73} generates Sym,,.

Similarly, if » = 5 (mod 6) then r,7,_3r3 is the following n-cycle:

o9=(16912 ... (6s+3)34710 ... (6s+4)25811 ... (6s+5)),

where s = |n/6]. To see this, we observe that r,,r,,—373(1) = 6,7,7,_373(2) = 5, and r, 1, _373(3) =
using right-to-left composition. Since r3 fixes every i with 4 < ¢ < n — 3 then we have 7,7, _37r3(i

)
Tnrn—3(i) =rp(n—2—14) =i+ 3ford <i < n—3. Moreover, r3 and 7,,_3 both fix {n —2,n— 1,n},
and hence r,7,_37r3(n — 2) = r,(n — 2) = 3, rprp_srz(n — 1) =rp(n — 1) = 2, and r,r,_3r3(n) =
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7, (n) = 1. Therefore, we have:

6, ifi = 1;

5, ifi =2
rpTn—3r3(i) = 1 4, ifi =3;

i+ 3, if4d<i<n-3,

U<
n+l—i, ifn—2<7<n.
Starting with 1, we obtain the following chain:
1+6—+9—=12— .- =6s+3=n—2.
Since n — 2 — 3 the cycle can be continued as follows:
n—2—-3—-4—-7—-10— .- —=>6s+4=n-—1,
and since n — 1 — 2 the cycle can be continued as follows:
n—1—-+2—=-5—=-8=11—=---—=6s+5=n.

Finally, n — 1 which gives the sought n-cycle os.

As before, o2°7(1) = 3 and ged(2s + 1,n) = ged(2s + 1,65 + 5) = 1. Hence, {1y, 7, 3,73}
generates Sym,, by Lemma 3] This completes the proof. O

3.4 Casem=n—2

Theorem 4. Let H = (rp,,rp_2,7k), with2 < k < n —2andn > 5. Then H = Sym,, if and only if n
and k are of different parities.

Proof: The cases k € {2, 3} were already handled in Theorems 1 and 3, respectively. Therefore, one can
assume that & > 3. We first establish the sufficient statement. Suppose n is even and k is odd. Then H
contains the following n-cycle:

oc=rporp,=(Mn—-2n—-4...2n—-1n-3... 31).
To see this, observe that the following holds:

n, ifi = 1;
o=rp_orp(i)=<n—1, ifi=2;
i—2, if3<i<n

Starting with n we obtain the chain:

n—-n—-2—-n—-4—=-..—=2.
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Since 2 — n — 1 the cycle can be continued as follows:
n—-1-n-3—-n-5—=3—=---—=1

Finally, we have 1 — n which gives the sought n-cycle o.
Since k is odd and k£ > 3 then for £ = 2m + 3 let us consider the following permutation:

k—3
p=(Tpn_arn) 2 rg =0"rg.

Fori > 2m+1 = k—2, applying o™ simply subtracts 2, m times; thus, we have p(1) = ¢™(2m+3) = 3,
p(2) = 0™ (2m +2) = 2 and p(3) = 0™ (2m + 1) = 1. Therefore, the restriction of p to the set {1, 2, 3}
satisfies the following:
pl{1,23y = (13).
Let4 <7 < n. Ifi <k then we have:
p(i) =0"rp(i) =c™(k+1—4)=c™(2m+4 —1),

and
o"(2zx)=n—-1-2(m—x), forl <z
<

c™2zx+1)=n—-2(m—x—1), for0

If ¢ is even then 2m + 4 — ¢ is even and the following holds:
c"2m+4—i)=n—-1-2m+2m+4—i=n+3—1i.
If ¢ is odd then 2m + 4 — ¢ is odd and the following holds:
c™2m+4—i)=n+5—1i.

If i > k = 2m + 3 then p(i) = ¢™ (i) = i — 2m. Thus, we have:

3, ifi=1;
2, ifi =2
1 ifi = 3;

n+3—i, if4d<i<kand:even;
n+5—1i, ifd<i<kandiodd;
1 —2m, ifk<i<n

Starting with 4 we obtain the chain:
4—-n—-1—=-n—-1-2m—=n—-1—-4m = --- = ay,
where a; € {4,...,k}anda; =n — 1 (mod 2m). Since n — 1 is odd then a; is odd and we have:

ap—n+d5—a >n+5—a—2m— - —ay,
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where as € {4,...,k}andas =n+5—a; =n+5—(n—1) =6 (mod 2m). Thus, we have the
following chain:
4—--->56—>---—>8—>---—=k—1

Since k — 1 +2=2m + 4 =4 (mod 2m) we continue as follows:
k—1—--- =4

It remains to observe that each interval @ — --- — a + 2 contains exactly 2m terms and all of them
belong to the same residue class modulo 2m, namely, the class containing n + 3 — a. Thus, all odd values
{5,7,...,k} occur in the sequence, and consequently p|;45.... »} is an (n — 3)-cycle.

Hence, the following two equations hold:

.....

(Facarn) T e = (13) (oo ),

((Tn—Qrvz)%rk)nig = (1 3)

Therefore, having the n-cycle r,,_o7, and the transposition (1 3) that swaps two adjacent entries in this
cycle, by Lemma 3} we have H = Sym,,.
Now, let us assume that n is odd and k is even. Then we have:

c=rporm=Mn—2n—-4...1)(n—1n—-3...2).
Indeed, since n is odd we have the following two chains:
n—-n—2-n—4—-...—=1->n

and
n—-1—-n-3—=-n-5—=-=2-=n-1

Since k is even and k£ > 2, we can set k = 2m + 2 and consider the following permutation:

k—

2
p= (rn—2Tn)Trk: = o™ry

with p(1) = 0™ (2m + 2) = 2 and p(2) = ¢ (2m + 1) = 1 which gives us:
plaay = (12).
Let 3 <7 < n. If ¢ < k then the following hold:
p(i) =omrp(i) =c™(k+1—1i)=0c"(2m+3 —1i)

and we have:
oc™2x)=n—-1-2(m—2x), forl <z <m

and
cm2zx+1)=n—-2m—-z—1), for0 <z <m—1.
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If 7 is odd then 2m + 3 — 7 is even and we have:
o"2m+3—i)=n—-1-2m+2m+3—i)=n+2—1.
If i is even then 2m + 3 — 7 is odd and we have:
c"2m+4—i)=n+4—1i.
If i > k = 2m + 2 then p(i) = 0™ (i) = ¢ — 2m. Hence, we have:

2, ifi=1;

1, ifi = 2;
p(i)=<n+4—1i, if3<i<kandieven;

n+2—i, if3<i<kandiodd;

i— 2m, ifk<i<n

It remains to show that the restriction of p to {3,4,...,n} is a single (n — 2)-cycle. Indeed, starting
with 3 we have the chain as follows:

3—-n—-1—=-n—-1-2m—-n—-1—-4m —--- = by,
where by € {3,...,k}andb; =n — 1 (mod 2m). Since n — 1 is even, we have b; is even and
by - >n+4—-by ->n+4-b-2m—->n+4—-by —4dm — --- — bo,

where by € {3,...,k}andbs =n+4—by =n+4— (n—1) =5 (mod 2m). Thus, finally we have
the following chain:
3= =252 27— =k-1=3.

It remains to see that each interval @ — - - - — a + 2 contains exactly 2m terms and all of them belong
to the same residue class modulo 2m, namely, the class containing n + 2 — a. Thus, all even values
{4,6,...,k} occur in the sequence, and consequently p|rs 4.... »} is an (n — 2)-cycle.

Thus, finally the following two equations hold:

(Fn—orn) T e =(12) (oo ),
—_————

(n—2)-cycle
E—2
((Tn—QTn)Trk')ni2 = (1 2)

Since the lengths of the two cycles in the permutation r,,_o7,, are coprime as they differ exactly by 1, it
follows that for any odd a and even b there is s € Z™ such that (r,7,_2)*(1 2)(rp_27,)° = (a b). Thus,
H contains the Coxeter generators of Sym,,, and therefore H = Sym,,.

For the necessary statement, notice that if both n, k£ have the same parity, then all generators of H
have indices that are all of the same parity. Therefore, by Observations (3) and (5) in the Introduction,
H < Sym,,. This completes the proof. O
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4 Conjectures and computational results
4.1 Generating sets

For a given n and a set {r,, 7,7k}, 2 < k < m < n, it is natural to ask the following question:
which fraction of pairs {r,,, r; } along with r,, generate the entire Sym,,? From computational results of
a numerical experiment over all pairs (m, k) for each 6 < n < 100, we have the following conjecture.

Conjecture 1. Let f(n) be the number of pairs (m, k) such that 2 < k < m < nand (ry, T, TK) =
Sym,,. Then

+n?+0(n) n=0 (mod4

);
in?+0(m) n=1 (mod 4);
)
)

(
(
fn) = (
(

5n?+0(n) n=2 (mod 4);

in?4+0(m) n=3 (mod4).

Figure [1|illustrates this conjecture. The plot displays the values of the function f(n) for all n < 100.
Four distinct subsets are highlighted, each corresponding to a residue class of n modulo 4. For each
subset, the best quadratic approximation with rational coefficients was computed using the Least Squares
Method. For every fitted curve, the parameters of the quadratic function and the Root Mean Square Error
(RMSE) metric are provided.

In addition, there seems to be a connection between the sets of triples generating the whole group
of degree n modulo 4 and modulo 2. Based on results of computational experiments for n < 100 the
following conjectures can be stated assuming that 2 < k < m < n.

Conjecture 2. If (1,7, 1) = Sym,, then (ry 4, "mid, Thta) = Sym,, 4.
Conjecture 3. Foranyn = 0,1 (mod 4), if (ry, "m, k) = Sym,, then (Ini2, "'my2, Tkyo) = Sym,, .

Conjecture 4. If m + k < n then (ry,"m, i) < Sym,,. Moreover, if n is odd and m + k < n — 1 then
Py Ty T) < Sym,,.

These conjectures arise naturally by visualizing the set of triples {r,,, 7., 7 } that generate the whole
group for a fixed value of n. Indeed, in Figure [2| and Figure |3} we plot the pairs (m, k) that generate
Sym,,. Then, to visualize Conjectures [2] and [3]in terms of these graphs notice that that triples seem to be
preserved by adding the same number to each of the indices. Moreover, Conjecture | can be seen as the
white triangle on the plots below the diagonal.

Both from Figures [2| and |3} one can see that for each “row” it is either “almost full” or contains only
half of the black dots. This observation along with other computational results gives us the following
conjecture.

Conjecture 5. Let
Fk(n) = {m ck<m< n, <Tn,rm7rk> == Symn}?

then

k+1, ifkiseven;

e, [Fk(m)] = {k;l if k is odd.



18

Blanco, Golubyatnikov, Konstantinova, Maslova, and Nikiforov

f(n)
L]
) en=0 (mod4) ;
M0~ O®n) *
en=1 (mod4) o/’
2
1200 ~~%+0M0) o,
en=2 (mod4) 7
=~ 1 O(n) o,/ »
E g
10004 +n=3 (mod4) ./ A .
n? s 0
-~ ) ’
= +0(n) o R o’
A o7
800 1 ’ ,
P ) ,’ el
% R s
’ g 4 ~
600 AN i ¢
7 . P
[N 2 o4 _»
o Ay
VL d V4
400 Y ¢ 8" "
[ ~/ ,/ /,
34 .
200 1 IS e e
s~ ):.,0
s -
0 T . . . — N
20 40 60 80 100

Figure 1: Visualization of Conjecture I} The figure depicts the number f(n) of pairs (m, k) so that
Py T'm, Tk) = Sym,, for several values of n. Four colors are used representing the residue r of n modulo

4. The curves represent the best rational model (22 + w.

z+0)/q:

r = 0 (black): ¢ = 13, u = —0.5, v = 5, RMSE = 3.343;
r=1(green): ¢ =9, u =5, v = —45, RMSE = 12.132;
r =2 (blue): ¢ =10, u = —1,v = 0, RMSE = 11.408;

r=3(ed): ¢g="7u=3,v=—14, RMSE = 38.677.
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Figure 2: Visualization of Conjecture |2|to illustrate that
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as n grows, the previous triples are “preserved”

(mod 4). The left-most figure depicts all pairs (m, k) so that (r,, 7, ri) = Sym,,. These pairs give rise

to generating triples for n = 25 + 4 x 5 by adding 4

X 5 to each index, and these are depicted in the

middle figure (shown in black). There are other generating triples that are not inherited from the n = 45
case (shown in pink). The right-most figure is built similarly by adding 4 x 8 to each index for the triples

for n = 45. We see again that the previous pairs in bla
4 x 8 to each index.

ck and pink are preserved for n = 77 by adding
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Generating Triples {7, 7., 79} for n = 96
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Figure 3: Visualization of Conjecture [3|to show on how the n case is “embedded” to the n + 2 case. In
the first pictures in the left-most column, we depict all generating triples for n = 96. All of these triples
give rise to generating triples for n = 98 by adding 2 to each index (depicted in pink). The figures in the

right-most column are built in a similar fashion.
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Taken together, these conjectures suggest that the complete classification may have a periodic and
geometric description extending well beyond the four families settled in this paper.

For the interested reader, the code use to conduct the computations is available at the following link:
https://github.com/Luka5s5/prefix_reversal_triples.

4.2 Hamiltonicity, diameter, girth

One of the open problems on Cayley graphs is the conjecture stating that every connected Cayley graph
over a finite group has a Hamiltonian cycle. The conjecture was inspired by an open problem about Hamil-
tonicity of vertex-transitive graphs [Lovasz| (1970). Hamiltonicity of all 1939864 cubic Cayley graphs
on up to 5000 vertices is confirmed (see https://graphsym.net/). Computational experiments
showed that in the smallest case n = 7 that has not previously been verified (as 7! > 5000) there are eight
possible generating triples (n,m, k) as follows: (7,4,2), (7,5,2), (7,6,2), (7,4,3), (7,6, 3), (7,5,4),
(7,6,4), and (7,6, 5), and the corresponding cubic pancake graphs are Hamiltonian. Therefore, the fol-
lowing statement holds.

Statement 1. Any cubic pancake graph over the symmetric group of degree n = 4,5, 6,7 is Hamiltonian.

Moreover, diameters, girths and the shortest cycles were found for all cubic pancake graphs withn = 7,
and the results are summarized in Table[Il Let us note that Table [1] shows that for n = 7 the minimal
diameter among all the corresponding cubic pancake graphs are associated with the graphs whose gener-
ating triples are (7,6,4) and (7,6, 5). Meanwhile, girths of these graphs are different; indeed, the graph
generated by (7,6, 4) has the maximal girth and the graph generated by (7,6, 5) has the minimal girth
among them.

Additionally, for the Big-3 flips {7y, 7n—1,7n—2} it was conjectured in [Sawada and Williams| (2016)
that for any n > 4 the corresponding Big-3 pancake graph has cyclic Gray codes, which means it has a
Hamiltonian cycle. Due to our computational experiments the following statement holds.

Statement 2. The Big-3 pancake graph over the symmetric group of degree n = 4,5,6,7,8 is Hamilto-
nian.

Totally, for n = 8 there are five possible triples generating the whole group, namely, (8,7, 2), (8,6, 3),
(8,7,4), (8,6,5), and (8,7, 6). The data on diameters, girths and the shortest cycles of the corresponding
graphs are given in Table[2]

To represent the shortest cycles in Tableand Table we use their canonical forms C; =4, ... 715,
with taking the lexicographically maximal sequence of indices g .. .41, where 2 < i; < n, and 4; #
ij41 forany 0 < j < £ — 1. Contracted forms are also used in the tables such that (rarb)k corresponds
to the cycle Cy = rqry ... 747y, Where £ = 2k, a # b, and 7,1, appears exactly k times. A similar
notation is used for cycles of forms (7, ...7.)? and (rorpre)?, where (rq...7)% = (ra...7era .. .7¢)
and (rompre)t = (rarpreraroreratvrerarsre). For example, (r77¢74)* corresponds to a cycle of length
12 whose canonical form is C1o = (r77rgrarsrerarsrerarrers). All the forms presented in the tables
were obtained by Lemma 1 from |[Konstantinova and Medvedev|(2016)), Theorem 1.3 from |Konstantinova
and Medvedev|(2014), and computational experiments.

In Table 3] all generating sets are presented for the cubic pancake graphs that have minimal diameters
and girths among all possible cubic pancake graphs with a given n, where 4 < n < 10. As one can see
from the table, for any n > 6, the minimal girth is 8. These computational results are correlated with
theoretical results from |[Konstantinova and Son|(2022). All generating sets of the cubic pancake graphs
with maximal diameters and girths are given in Table[d]


https://github.com/Luka5s5/prefix_reversal_triples
https://graphsym.net/
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Graph diameter girth shortest cycles

(7.4.2) 20 8 (rar2)®, (rer2), (rerarsrs)?

(1.5.2) 20 8 (r5r2)", (rera2)?, (rersrrrs)?

(7,6,2) 18 8 (rer2)®, (r7r2)?,

(7.4.3) 20 8 (rars)*, (rerarors)?

(7,6,3) 16 8 (rer3)?

(7,5,4) 17 10 (rsr4)°, (r7rsrerarsryrarTsTy)
(7“67”4)6, (7”7T67“4)4,

. P rerarerargr)?, (revgrorerars)?

765 | 15 8 (rrrersrs)”

Table 1: Diameters, girths and shortest cycles for all cubic pancake graphs when n = 7. Cycles are
presented by their canonical and contracted forms.

Graph | diameter | girth shortest cycles
(8,7,2) 24 8 (r7r9)?

(8,6.3) 24 3 (rers)?

(8.7.4) 27 3 (rgra)?, (rgrarsrs)?
(8,6,5) 20 12 | (re75)°, (rsrersrsrsrs)?
(8,7,6) 16 8 (7"87“77“67“7)2

Table 2: Diameters, girths and shortest cycles for all cubic pancake graphs with n = 8, where cycles are
presented by their contracted forms.
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n | min diameter | min diameter min girth | min girth triples
triples
4 4 (4,3,2) 6 4,3,2)
5 7 (5,3,2), (5.4.2) 6 (5,3,2)
6 12 (6,5.2), (6,4.,3), 3 (6,5,2), (6,4,3), (6,5,4)
(6,5,4)
7 15 (7,6,4), (7,6,5) 8 (14,2, (1.5,2), (1,6,2),
(7,4,3), (7,6,3), (7,6,5)
8 20 (8,6,5) 8 (3,7,2), (8,6,3), (8,7.4),
(8,7,6)
9 23 9,6.4), (9,7,6) 8 9,7,2), 9,8,2), (9,8,3),
(9,6,4), (9,7,4), (9,8,7)
10 27 (10,9,6), (10,8,7) 8 (10,9,2), (10,8,3), (10,9,4),
(10,6,5), (10,8,5), (10,9,8)

Table 3: Minimal diameters and girths among all possible cubic pancake graphs generated by prefix-

reversal triples (n, m, k) for a given n, where n < 10and 2 < k < m < n.

n | max diameter | max diameter max girth | max girth triples
triples

4 4 (4,3,2) 6 (4.32)

5 8 (5:4.3) 8 (54.2), (54.3)

6 12 (6,5,2), (6,4,3), 8 (6,5,2), (6,4,3), (6,5,4)
(6,5.4)

7 20 (7,4,2), (1,5,2), 12 (7,6,4)
(7,4,3)

8 27 (8,7,4) 12 (8,6,5)

9 42 9,7,2) 12 9,6,5), (9,7,6), (9,8,6)

10 39 (10,9,2), (10,8,3) 16 (10,8,7)

Table 4: Maximal diameters and girths among all possible cubic pancake graphs generated by prefix-

reversal triples (n, m, k) for a given n, where n < 10and 2 < k < m < n.
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