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Given a point set, mostly a grid in our case, we seek upper and lower bounds on the number of curves that are needed
to cover the point set. We say a curve covers a point if the curve passes through the point. We consider such coverings
by monotonic curves, lines, orthoconvex curves, etc. We also study a problem that is converse of the covering problem
– if a set of n2 points in the plane is covered by n lines then can we say something about the configuration of the
points?
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1 Introduction
Let C be a family of curves (e.g., circle, convex curves, etc.) and P be a set of points in Rd. A curve
c ∈ C covers a point p ∈ P if p lies on the curve c. We say that C covers P if all points in P are covered
by the union

⋃
C of all members of C. We will be interested in the minimum cardinality of C that covers

P .

To start with, let us concentrate on the following problem. Let P be a set of points in R2 in general
position and the goal is to figure out the number of simple curves needed to cover P . The solution is trivial
– sort the points based on their x-coordinates and join them from left to right; that is we need just one
simple curve to cover P . As we move from a simple curve with no restrictions whatsoever, to a straight
line, the problem becomes hard and deserves non-trivial solutions Kratsch et al. (2016); Boissonnat et al.
(2018); Afshani et al. (2016); Langerman and Morin (2005). This obviously gives rise to a natural question
about what happens to this problem if we consider point sets with some special configuration, like grids
vis-a-vis different kinds of simple curves like circles, convex curves, orthoconvex curves, etc. To bring the
variety of different point sets and curves under a unifying framework, we propose the following definition
of geometric covering number.

Definition 1. (Geometric covering number) The geometric covering number of a point set P in Rd with
respect to a curve type C (like circle, convex curve, orthoconvex curve, etc.), denoted as GC(P, d), is the
minimum number of curves of type C needed to cover all the points in P . We say a curve covers a point if
the point lies on the curve. If the dimension is implicit, we will just write GC(P ) instead of GC(P, d).
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The notion of covering a point set with different geometric structures have been studied in the litera-
ture Brass et al. (2005); Keszegh (2014); Dillencourt et al. (2004); Dumitrescu and Tóth (2014); Grantson
and Levcopoulos (2006). The common theme running through all such problems is about figuring out
the minimum number of structures, e.g., trees, paths, line segments, etc., needed to form a cover of the
point set. Given a set of points, a covering path is a polygonal path that visits all the points and similarly
a covering tree is a tree whose edges are line segments that jointly cover all the points. There has been
considerable interest in the study of covering paths and trees in recent years, see e.g. Arkin et al. (2003);
Dumitrescu et al. (2014). Covering paths and trees for planar grids have been studied in Keszegh (2014),
where bounds on the minimum number of line segments of such paths and trees are given. Analogous
questions on covering paths and trees for higher dimensional grids have been studied in Dumitrescu and
Tóth (2014). Moreover covering paths and trees possessing the additional property of being non-crossing
have been studied in Biniaz (2024); Cerný et al. (2007). Given a set S of n points in the plane, the problem
of finding the smallest number l of straight lines needed to cover all n points in S have been studied in
Grantson and Levcopoulos (2006), where bounds on the time complexity of this problem in terms of n
and l (assuming l to be small) is given (see also Chen et al. (2021)). In Dillencourt et al. (2004), the notion
of geometric thickness of complete graphs is studied, where geometric thickness of a graph is defined to
be the smallest number of layers such that we can draw the graph in the plane with straight-line edges and
assign each edge to a layer so that no two edges on the same layer cross. The intersection of a convex
body with a lattice is called a convex set of lattice points. Several problems, conjectures and results on
covering a convex set of lattice points by minimum number of lines, hyperplanes, or other subspaces have
been discussed in Brass et al. (2005).

On the other hand, incidence theory in geometry Matousek (2002); Pach and Agarwal (1995) studies
questions about finding the maximum possible number of pairs (p, ℓ) such that p is a point belonging to
a set of points and ℓ is a line belonging to a set of lines and p lies on ℓ. Incidence between points and
other geometric structures like circles, planes, algebraic curves, etc. have also been studied and bounds
on the number of incidences were obtained (see e.g. Matousek (2002); Pach and Agarwal (1995)). On
the other hand, researchers have studied the problems of point line cover, or its more general form of
point curve cover Kratsch et al. (2016); Boissonnat et al. (2018); Afshani et al. (2016); Langerman and
Morin (2005). These problems consist of a set P of n points on the plane and a positive integer k, and
the question is whether there exists a set of at most k lines/hyperplanes/curves which cover all points in
P . They are computationally hard problems, motivated from SET COVER, and the effort has been mostly
in parametrized complexity where researchers focused on finding tight kernels Cygan et al. (2015) for
the problems Kratsch et al. (2016); Boissonnat et al. (2018); Afshani et al. (2016); Langerman and Morin
(2005).

One of the main problems we investigate in this paper is the geometric covering number of a planar
grid for orthoconvex curves (a rectilinear curve is called orthoconvex if for any two points with the same
x/y coordinate lying inside the curve, the vertical/horizontal line segment joining the two points also lies
inside the curve). Despite being natural, to the best of our knowledge, this problem has not been looked at
in the literature and our work seems to be the first to address it. To us, the general problem seems difficult
and we currently do not have any tight bounds for it. Note that, the number of such curves is exponential
in the grid-size, which might be the cause of hardness of this problem. So, as a first step towards the attack
on this problem, we restrict our attention to the simplest orthoconvex curves. These are the curves that
have few (constant) number of non-convex vertices (which we call inner-corners). Note that, the number
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of such curves is polynomial in the grid-size. We prove the following bounds (of which, the first one is
tight) on the geometric covering number of a square grid for orthoconvex curves with at most 1 and 2
inner-corners. Section 4 has the following results.

• If m orthoconvex curves with at most one inner corner cover the n× n grid, then m ≥ 2n/5.

• We need at least 2n/7 orthoconvex curves with at most two inner corners to cover an n× n grid.

Next we mention the following result that is a converse to the line-covering problem, which also gives a
counter-example to a conjecture recently published in Sheffer (2022). This result is discussed in Section 2.

• There exists a finite set P of n2 points in R2 which can be covered with n lines but no subset of P
of size Ω(n2) can be contained in a projective transformation of a rectangular grid of size o(n3).

In addition to the above major results, we also prove some minor ones on the geometric covering number
for lines, algebraic curves, monotonic curves and convex curves. These results are relatively immediate,
but our paper offers a full collection and puts them into a coherent picture.

Notations: [x] will denote the set of natural numbers {1, 2, . . . , x}. P will denote a set of n points in
dimension Rd. Unless otherwise stated, P will be finite.

Organization of the paper: In this paper, we study the notion of geometric covering number for a few
types of curves. For most of the cases, our point set is a grid that we want to cover with a particular kind
of curve. We start with lines, the simplest curve, covering a finite grid in Section 2. We also investigate
a converse question of covering in Section 2.2. Very simply put, the converse question deals with the
following notion – if there is a guarantee that some lines cover an “unknown” point set, then can we
say something about the configuration of the point set? From lines, we move onto monotone curves in
Section 3. Section 4 considers three types of closed curves – circles, convex curves, orthoconvex curves.
Finally, Section 5 sums up the findings in this work and mentions some open problems. We feel that our
work will motivate studying the geometric covering number for other point configurations and other types
of curves.

2 Covering by lines and its converse problem
In the first part of this section, we consider covering grids by lines. In the next part, we consider a
“converse” question – if a set of n2 points in R2 is covered by n lines, then can we say something about
the configuration of the points?

2.1 Covering by lines
Note that for any two points there exists a line covering them. Therefore, GC(P )≤ |P |

2 (the equality is
achieved for any set of points in general position). Now let ℓ(P ) denote the maximum number of points
in P any line can cover. Then we have GC(P )≥ |P | /ℓ(P ). Therefore, we get

|P |
ℓ(P )

≤ GC(P ) ≤ |P |
2

. (2.1.1)

Now we consider the case when P = [k1] × · · · × [kd]. Let M := max{k1, . . . , kd}. We prove the
following:
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Proposition 2. ℓ(P ) = M.

Proof: First we show that ℓ(P ) ≤ M by induction on d. The base case d = 1 is obvious. Now we
proceed to the induction step. Let L be a line segment that lies inside the rectangular parallelepiped

[1, k1] × · · · × [1, kd]. Then L has length at most
√∑d

i=1(ki − 1)2. Now let x := (x1, . . . , xd) and
y := (y1, . . . , yd) be two distinct points of P lying on L. If xi = yi for some i, then L lies inside a lower
dimensional rectangular parallelepiped. Then, by induction hypothesis, L covers at most max{kj | j ̸=
i} ≤ M many points. So let us assume xi ̸= yi for all i = 1, . . . , d. Then the distance between x and y is
at least

√
d. Suppose L covers a total of t points of P . Then we have

(t− 1)
√
d ≤

√√√√ d∑
i=1

(ki − 1)2 ≤
√
d ·max{k1 − 1, . . . , kd − 1}

and this implies t ≤ max{k1, . . . , kd}. Therefore, we conclude that ℓ(P ) ≤ M . On the other hand, there
clearly exist lines covering M points, namely the lines parallel to the coordinate axis i0, where M = ki0 .
Hence, we have shown that ℓ(P ) = M .

So, Proposition 2 implies that

GC(P ) ≥
∏d

i=1 ki
M

≥ min

∏
i̸=1

ki, . . . ,
∏
i̸=d

ki

 := N.

On the other hand, GC(P )≤ N since there clearly exists an explicit covering of P by N lines (namely, by
the lines parallel to the coordinate axis i0). Therefore, we get that

GC(P ) = min

∏
i̸=1

ki, . . . ,
∏
i̸=d

ki

 .

Next we mention the following two special cases.

(i) For P = [k1]× [k2] (2× 2 grid), GC(P ) = min{k1, k2}.

(ii) For P = {0, 1}d (hypercube), GC(P ) = 2d−1. Note that for hypercube both inequalities of Equa-
tion 2.1.1 become tight.

Remark 3 (Skew lines). We say that a line is skew if it is not parallel to x or y-axis. We look at the
question of covering an n× n grid by the minimum number of skew lines.

Note that the boundary of the n×n grid contains 4n−4 points. Now any skew line can contain at most
2 points from the boundary. So we need at least 2n − 2 skew lines to cover the grid. Also note that the
n×n grid can be covered by 2n−2 skew lines (consider the 2n−3 lines parallel to the off-diagonal except
the ones which pass through the bottom-left and top-right corners and these two corners are covered by
the main diagonal).

It is an open problem to find the minimum number of skew hyperplanes required to cover the d-
dimensional hypercube. Currently, the best known lower bound for the above problem is d/2 + 1 (see
Ivanisvili et al. (2025); Saurmann and Xu (2024); Linial and Radhakrishnan (2005))
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2.2 On the converse of the covering problem
We have seen that an n×n grid can be covered by n lines. Here we look at the converse question, namely,
if a set of n2 points in R2 is covered by n lines then can we say something about the configuration of the
points?

Suppose a set of n2 points is covered by n lines. Then there exists a line containing Ω(n) points, since
otherwise the total number of points is less than n2. Now if this line contains o(n2) points, then there
exists another line containing Ω(n) points. By continuing this, we can say that there exists a set of lines
each containing Ω(n) points such that the total number of points in the union of these lines is Θ(n2).

Now the following question seems natural. If a set P of n2 points is covered by n lines, then does
there always exist a subset of P of size Θ(n2) which can be put inside a grid of size Θ(n2), possibly after
applying a projective transformation? We show that the answer is no.

Theorem 4. There exists a finite set P of n2 points in R2 which can be covered with n lines but no subset
of P of size Ω(n2) can be contained in a projective transformation of a rectangular grid of size o(n3).

Proof: Given any two distinct points p, p′ ∈ R2, we denote by ℓ(p, p′) the unique line in R2 that contains
both p and p′. By an s × t grid, we mean a point set that can be obtained by a projective transform f of
the set [t]× [s]. By a “horizontal line” of the grid, we mean a line ℓ(f(1, j), f(t, j)) for some j ∈ [s], and
by a “vertical line” of the grid, we mean a line ℓ(f(i, 1), f(i, s)), for some i ∈ [t]. The “size” of an s× t
grid is st, i.e., the number of points in it. Note that every horizontal line of a grid intersects every vertical
line of the grid (since there is a point of the grid that is contained in both of them).

For each i ∈ [n], let Li denote the line with equation y = i and let L = {Li}1≤i≤n. Let P be the
set of points defined as follows. Define P1 to be some set of n distinct points from the line L1. For each
1 < i ≤ n, we define Pi to be a set of n distinct points from Li that do not lie on any of the lines formed
by points on other lines, i.e. in {ℓ(p, p′) : p ̸= p′ and p, p′ ∈

⋃
1≤j≤i−1 Pj}. Let P =

⋃
1≤i≤n Pi. Let

m = |P|. Note that we have |L| = n. We claim that for any P ′ ⊆ P such that |P ′| = Ω(m) = Ω(n2),
any grid that contains all the points of P ′ has size Ω(n3).

Note that by our construction, if any line contains two points p, p′ ∈ P such that p ∈ Pi and p′ ∈ Pj ,
where i ̸= j, then p and p′ are the only points in P that are contained in that line. This implies that the
following property is satisfied by P and L.

(*) Any line in R2 that contains more than two points in P belongs to L.

Since every line in L contains exactly n points of P , we then have another property.

(+) Any line in R2 contains at most n points in P .

Let P ′ ⊆ P be such that |P ′| = Ω(n2). Consider any grid G that contains all the points of P ′. Let
G be an s × t grid. Let h1, h2, . . . , hs denote the horizontal lines of G and let v1, v2, . . . , vt denote the
vertical lines of G. Suppose for the sake of contradiction that there exist i ∈ [s] and j ∈ [t] such that both
the lines hi and vj contain at least 3 points of P each. Then by property (*), hi and vj are both lines in L.
But as hi and vj intersect, they are two lines in L that intersect, which is a contradiction, since the lines
in L are all parallel to each other (Note that parallel lines under a projective transformation may not be
parallel but they do not intersect at any of the s× t grid points defined.). Thus, we can conclude without
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loss of generality that for each i ∈ [s], the horizontal line hi of G contains at most two points from P , and
hence at most two points from P ′. Since every point in P ′ is contained in at least one horizontal line of
G, we have that s ≥ |P ′|/2 and therefore s = Ω(n2). By property (+), each vertical line of G can contain
at most n points of P ′, and therefore, t ≥ |P ′|/n, which implies that t = Ω(n). Thus the size of the grid
G is st = Ω(n3).

Regarding a conjecture on incidence geometry
Given a set of points P and a set of lines L in the plane, an incidence is a pair (p, l) ∈ P × L such that
p ∈ l. Let I(P,L)denote the number of incidences. By a theorem of Szemerédi and Trotter Szemerédi and
Trotter (1983), it is known that I(P,L) = O(m2/3n2/3+m+n). On the other hand, Erdös Erdös (1985)
gave construction of m points and n lines with Θ(m2/3n2/3+m+n) incidences. In this construction, the
point set is a rectangular section of the integer lattice. One can also obtain somewhat different point sets by
applying various projective transformations. In Sheffer (2022), the following conjecture was mentioned.

Conjecture 5. Consider sufficiently large positive integers m and n that satisfy m = O(n2) and m =
Ω(

√
n). Let P be a set of m points and L be a set of n lines, both in R2, such that I(P,L) =

Θ(m2/3n2/3). Then there exists a subset P ′ ⊂ P such that |P ′| = Θ(m) and P ′ is contained in a
section of the integer lattice of size Θ(m), possibly after applying a projective transformation to it.

Note that, our construction (with with n2 points, n lines and n2 incidences) in the proof of Theorem 4
provides a counter-example to the above conjecture. This was communicated to Prof. Adam Sheffer
who told us that this only exposes a typo in the statement of the conjecture which is more interesting
and challenging when m = o(n2). Note that in our construction we have m = n2. Below we state the
modified conjecture.

Conjecture 6. Consider sufficiently large positive integers m and n that satisfy m = o(n2) and m =
Ω(

√
n). Let P be a set of m points and L be a set of n lines, both in R2, such that I(P,L) =

Θ(m2/3n2/3). Then there exists a subset P ′ ⊂ P such that |P ′| = Θ(m) and P ′ is contained in a
section of the integer lattice of size Θ(m), possibly after applying a projective transformation to it.

2.3 Covering by algebraic curves
In this subsection, we address the question of covering a grid by algebraic curves. The answer comes as a
direct application of the famous Combinatorial Nullstellensatz Theorem due to Noga Alon.

Lemma 7 (Combinatorial Nullstellensatz Alon (1999)). Let f = f(x1, . . . , xd) be a polynomial in
R[x1, . . . , xd]. Suppose the degree deg(f) of f is

∑d
i=1 ti where each ti is a non-negative integer, and

suppose the coefficient of
∏d

i=1 xi
ti in f is non-zero. Then, if S1, . . . , Sn are subsets of R with |Si| > ti,

there are s1 ∈ S1, s2 ∈ S2, . . . , sd ∈ Sd so that f(s1, . . . , sd) ̸= 0.

Theorem 8. Suppose the n×n grid is covered by m algebraic curves of degree at most k. Then m ≥ n/k.

Proof: Suppose m < n/k. Let the algebraic curves defined by f1(x, y) = 0, . . . , fm(x, y) = 0 cover
the n × n grid, where deg(fi) ≤ k. Then the polynomial f(x, y) :=

∏m
i=1 fi(x, y) vanishes at each

grid point. Suppose deg(f) = t1 + t2 with the coefficient of xt1yt2 in f being non-zero. Now note that
ti ≤ t1 + t2 = deg(f) ≤ mk < n, for each i = 1, 2. So by Lemma 7, there exists a grid point (s1, s2) so
that f(s1, s2) ̸= 0 and we arrive at a contradiction. Therefore, we conclude that m ≥ n/k.
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Corollary 9. GC(P )= ⌈n/k⌉, where P is an n × n grid and C denotes algebraic curves of degree at
most k.

Proof: The lower bound follows from the previous theorem and the upper bound follows from covering
by lines and then considering a set of k lines as one curve of degree k.

Remark 10 (Irreducible algebraic curves). By a result of Bombieri and Pila Bombieri and Pila (1989),
an irreducible algebraic curve of degree k can contain at most O(n1/k) points from an n × n grid and
hence, the minimum number of irreducible algebraic curves of degree k to cover the n× n grid is at least
Ω(n2−1/k).

Using the same reasoning as in the previous theorem and corollary, one also has the following result on
covering the n1 × · · · × nd grid by algebraic hypersurfaces.

Theorem 11. The minimum number of algebraic hypersurfaces of degree at most k needed to cover the
n1 × · · · × nd grid is equal to ⌈n/k⌉, i.e., GC(P )= ⌈n/k⌉, where P is an n1 × · · · × nd grid and C
denotes algebraic hypersurfaces of degree at most k.

3 Covering by monotonic curves
In this section, we consider the case when the the curve is monotonic.

Definition 12. Let f : [0, 1] → Rd be a curve and suppose f(t) = (f1(t), . . . , fd(t)) for t ∈ [0, 1]. Then
f is called monotonic if it satisfies the following property: t1 ≤ t2 ⇒ fi(t1) ≤ fi(t2) for each i =
1, . . . , d.

Preliminaries on posets: Let P be a finite set and ≤ be a binary relation on P . Then (P,≤) is called a
partially ordered set (poset for short) if it satisfies the following conditions.

1. Reflexivity: x ≤ x for all x ∈ P .

2. Antisymmetry: For x, y ∈ P , x ≤ y and y ≤ x implies x = y.

3. Transitivity: For x, y, z ∈ P , x ≤ y and y ≤ z implies x ≤ z.

A subset S of P is called a chain if for every pair x, y ∈ S, either x ≤ y or y ≤ x (i.e. any two elements
of S are comparable). Similarly a subset T of P is called an antichain if for every pair x, y ∈ T , neither
x ≤ y nor y ≤ x (i.e. no two elements of T are comparable).

We say that x < y if x ≤ y and x ̸= y. A poset (P,≤) is called graded if P is equipped with a rank
function r : P → N which satisfies the following two properties: (i) If x < y then r(x) < r(y), and (ii)
If x < y and there does not exist any z such that x < z < y, then r(y) = r(x) + 1.

Let (P,≤) be a graded poset with rank function r. Let Pi denote the set of elements of P of rank
i, i.e. Pi = {x ∈ P : r(x) = i}. Then P =

⊎n
i=1 Pi, where n = maxx∈P r(x). The poset P is

called rank symmetric if |Pi| = |Pn−i| for all i. It is called rank unimodal if there is some k such that
|P1| ≤ · · · ≤ |Pk| ≥ · · · ≥ |Pn|. Let m := maxi |Pi| be the size of the largest rank level. P is called
Sperner if no antichain within it is larger than m.

Given a finite subset P of Rd, we define the poset P := (P,≤) as follows. For x := (x1, . . . , xd) ∈ Rd

and y := (y1, . . . , yd) ∈ Rd, we define x ≤ y if xi ≤ yi for i = 1, . . . , d. We prove the following
proposition.
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Proposition 13. Let w(P) denote the size of the largest antichain, called the width, of P . Then GC(P )=
w(P), where P is any point set and C denotes monotonic curves.

Proof: Let xi ∈ P for i = 1, . . . , r. Then note that x1 ≤ · · · ≤ xr is a chain if and only if x1, . . . , xr lie
on the same curve (which is monotonic). Therefore, GC(P ) equals the number of chains in the minimal
chain decomposition of P , which by Dilworth’s theorem Dilworth (1950) equals the size of the largest
antichain of P . Hence GC(P )= w(P).

Note that the poset P can be decomposed into w(P) many disjoint chains. Therefore, the points in P
can be covered by GC(P ) many monotonic curves such that no two curves intersect at a point of P .

Now we consider the special case when P = [k1] × · · · × [kd], where ki ∈ N for each i. It is known
that the poset P is graded and Sperner. In fact, P is a Peck poset (i.e., rank symmetric, rank unimodal
and Sperner) since it is a product of Peck posets, namely chains (see Theorem 6.2.1 of Engel (1997) for a
proof of the fact that product of Peck posets is Peck). Therefore, w(P) equals the size of the largest rank
of P , i.e., w(P) = maxm Am = A⌊(k1+···+kd+d)/2⌋, where, Am equals the number of solutions of the
equation x1 + · · · + xd = m such that xi ∈ [ki] for each i = 1, . . . , d. We mention the following two
special cases.

(i) When d = 2 (i.e., P is a 2× 2 grid), w(P) = maxm Am = min{k1, k2}.

(ii) When k1 = · · · = kd = 2 (i.e., P is a Boolean lattice), w(P) = maxm Am = A⌊d+ d
2 ⌋ =

(
d

⌊d/2⌋
)
.

4 Covering by closed curves
In this section, we move onto closed curves; we consider covering grids by circles, convex curves and
orthoconvex curves. Notice that the curves need not be of the same size, e.g., when we are considering
covering by circles, all the circles need not be of the same size.

4.1 Covering by circles
A circle contains at most O(nϵ) points from an n × n grid for every ϵ > 0 (see e.g. Guth (2016)).
Therefore, the minimum number of circles required to cover an n× n grid is Ω(n2−ϵ), for every ϵ > 0.

Regarding upper bound, note that there is a covering of the n× n grid by O(n2/
√
log n) circles. This

is obtained by choosing a corner of the grid and drawing all concentric circles such that each of them is
incident to at least one grid point. The number of such circles is O(n2/

√
log n) by a well known theorem

of Ramanujan and Landau (Berndt and Rankin (1995),Landau (1908)). The theorem says that the number
of positive integers that are smaller than n that are the sum of two squares is Θ(n/

√
log n).

We sum it up as the following.

Proposition 14. Ω(n2−ϵ) ≤ GC(P )≤ O(n2/
√
log n), where P is an n× n grid and C denotes circles.

4.2 Covering by convex curves
A closed convex curve intersects non-trivially with a horizontal grid line if it contains more than two
points from the line. Note that, any closed convex curve can intersect at most two horizontal grid lines
non-trivially. This follows from the following lemma.
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Lemma 15. If a closed convex curve intersects a horizontal grid line non-trivially, then it must lie entirely
on one side of that line.

Proof: Suppose the curve intersects a horizontal line at three points p, q, r, where q lies in the interior
of line segment [p, r]. Since the curve is convex, there exists a line L through q such that the curve lies
entirely on one side of L (hyperplane separation theorem). Now if L is different from the horizontal line,
then p and r lie on different sides of L. But since the curve lies on one side of L, it can not pass through
both p and r, a contradiction. Therefore, L is same as the horizontal line and the curve lies entirely on one
side of this line.

Theorem 16. The points of the n × n grid cannot be covered with less than n/2 closed convex curves,
i.e. GC(P )≥ n/2 where P is an n× n grid and C denotes closed convex curves.

Proof: Suppose, for the sake of contradiction, that C1, C2, . . . , Ck are k closed convex curves such that
they together cover every point of the n × n grid and that k < n/2. Now, there are n horizontal grid
lines. By Lemma 15 above, each Ci can have a non-trivial intersection with at most 2 horizontal grid
lines. So we conclude that there is some horizontal grid line such that no curve in C1, C2, . . . , Ck has a
non-trivial intersection with that line. Now consider the points on that horizontal line. There are n points
on this line. Each curve in C1, C2, . . . , Ck can cover at most two points from that line, since none of them
intersects non-trivially with this horizontal line. But then, since k < n/2, there must be some point on
this horizontal line that is not covered by any curve in C1, C2, . . . , Ck, which is a contradiction.

Almost same argument can be used to show that at least min {⌈m/2⌉, ⌈n/2⌉} convex curves are re-
quired to cover an m× n grid.

Definition 17. In Rd, we say that a closed convex hypersurface intersects a hyperplane non-trivially if it
intersects the hyperplane in at least d + 1 points such that one of these d + 1 points lie in the interior of
the convex hull of the rest of the n points.

With this definition, the same argument (as in the 2-dimensional case) will go through. So, finally we
have the following theorem by inductive argument (where induction is on the dimension d of the grid).

Theorem 18. The minimum number of closed convex hypersurfaces required to cover the k1 × · · · × kd
grid is min {⌈k1/2⌉ . . . , ⌈kd/2⌉}, i.e. GC(P )= min {⌈k1/2⌉ . . . , ⌈kd/2⌉} where P is a k1 × · · · × kd
grid and C denotes closed convex hypersurfaces.

Remark 19 (Strictly convex curves). Any strictly convex curve (convex curve which does not contain a
line segment) can contain O(n2/3) points of an n × n grid by a theorem of Andrews (Andrews (1961)).
Therefore, we need Ω(n4/3) strictly convex curves to cover an n × n grid. On the other hand, it follows
from the result proved in Har-Peled and Lidický (2013) that one can cover the n × n grid by O(n4/3)
strictly convex curves. Hence we conclude that GC(P )= Θ(n4/3), where P is an n × n grid and C
denotes strictly convex curves.

4.3 Covering by orthoconvex curves
A set K ⊆ R2 is defined to be orthogonally convex if, for every line ℓ that is parallel to one of standard
basis vectors (1, 0) or (0, 1), the intersection of K with ℓ is empty, a point, or a single segment. The
orthogonal convex hull of a point set P ⊆ R2 is the intersection of all connected orthogonally convex
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supersets of P . If the boundary of orthogonal convex hull (of a set of points) is a simple closed curve then
we call it an orthoconvex curve. An orthoconvex curve has only two types of angles – 90 and 270 degrees.
By inner corner of an orthoconvex curve, we mean a point where the curve turns by 270 degrees. See
Figure 1 for an example of an orthoconvex where the red points are its inner corners.

Fig. 1: An othoconvex curve and its inner corners (in red)

If an orthoconvex curve (with k inner corners) covers a set of points, then there is also an orthoconvex
curve (with k inner corners) covering the same points which is not self-intersecting and all the corners
are grid points. This can be done by pushing the sides/edges of the curve “outwards” (instead of inwards
which corresponds to taking orthoconvex hull) till we hit a grid line. So w.l.o.g., we may impose the
following assumptions of ‘non-self-intersecting’ and ‘corners are grid points’.

In the following, by curve, we mean an orthoconvex curve having at most one inner corner (Figure 2
shows examples of such curves). We say that a curve hits a (horizontal or vertical) grid line if the curve
has a non-trivial intersection with that grid line (i.e., the curve follows that grid line for some distance,
rather than just crossing it). We say that a collection of curves C hits a (horizontal or vertical) grid line if
there is some curve in C that hits that grid line. Given a collection of curves C, we say that a grid point is
exposed (by C) if the grid point is not covered by any curve in C, but it lies on a horizontal grid line and
a vertical grid line both of which are hit by C. Given a collection of curves C, a corner of C is a corner
of the (minimum size) bounding box of C. So every collection C of curves has exactly 4 corners. If a
corner of C is an exposed grid point, then we call it an exposed corner. We say that a sequence of curves
c1, c2, . . . , ct is good if for every i ∈ {2, 3, . . . , t}, ci hits a grid line that is hit by {c1, c2, . . . , ci−1}.
Clearly, every prefix of a good sequence is also a good sequence.

Lemma 20. Let c1, c2, . . . , ct be a good sequence of curves. Then {c1, c2, . . . , ct} either: (a) hits at most
5t grid lines, or (b) hits 5t+ 1 grid lines and has an exposed corner.
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Fig. 2: Orthoconvex curves with at most one inner corner

Proof: We prove this by induction on t. It is not difficult to see that the lemma is true when t = 1. Let i >
1 and suppose that the lemma is true for the good sequence c1, c2, . . . , ci−1. Let C = {c1, c2, . . . , ci−1}.
Then either C hits (a) at most 5i− 5 grid lines, or (b) hits 5i− 4 grid lines and has an exposed corner.

In case (a), since the curve ci can hit at most 5 grid lines that are not hit by C (recall that ci hits at least
one grid line that is also hit by C), we have that C ∪ {ci} can hit at most 5i grid lines, and we are done.
Next, let us consider case (b). Note that if ci is a rectangle, then it can hit at most 3 grid lines that are
not hit by C, and therefore, C ∪ {ci} hits at most 5i − 1 grid lines, and we are done. So we can assume
that ci is not a rectangle. Also, if there are two grid lines that are hit by both C and ci, then C ∪ {ci}
hits at most 5i grid lines, and we are done. So we can assume that ci hits exactly one grid line that is
hit by C, and therefore, C ∪ {ci} hits exactly 5i + 1 grid lines. In this case, we have to show that one
of the corners of C ∪ {ci} is exposed. Let B be the bounding box of C ∪ {ci}. Let g0, g1, g2, g3 be the
grid lines on which the top, right, bottom, and left borders of B lie. Clearly, each of g0, g1, g2, g3 is hit
by either C or ci or both. Since ci hits exactly one grid line that is hit by C, we have that at most one of
g0, g1, g2, g3 is hit by both C and ci. This implies that C and {ci} do not have shared corners. Note that
a corner v of C is exposed, and a corner v′ of {ci} is exposed. If each of g0, g1, g2, g3 is hit by C, then
v is an exposed corner of C ∪ {ci} (observe that v cannot be covered by ci, because if it is, it has to be a
corner of {ci}, which would mean that C and {ci} have a shared corner) and we are done. Similarly, if
each of g0, g1, g2, g3 is hit by ci, then v′ is an exposed corner of C ∪ {ci} and we are again done. Thus
we can assume that neither C nor ci hits all the grid lines g0, g1, g2, g3. Recall that all grid lines except at
most one in g0, g1, g2, g3 are hit by exactly one of C or ci. Then there exists some j ∈ {0, 1, 2, 3} such
that one of gj , gj+1 mod 4 is hit by C and not by ci, and the other is hit by ci and not by C. Then the grid
point that is contained in both the grid lines gj and gj+1 mod 4 is an exposed corner of C ∪ {ci}. This
completes the proof.

Theorem 21. If m orthoconvex curves with at most one inner corner cover the n×n grid, then m ≥ 2n/5.

Proof: Let C be a collection of m curves that cover the n× n grid. For two curves c and d ∈ C, we say
that cRd if there is a grid line that is hit by both c and d. Let R∗ be the transitive closure of R. Clearly, R∗
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is an equivalence relation. Let S1, S2, . . . , Sp be the equivalence classes of R∗. We need the following
claims for the proof.

Claim 22. For each i ∈ [p], Si does not expose any grid point.

Proof: Suppose for some i ∈ [p], Si exposes a grid point v. That is, v is not covered by Si, but both the
horizontal grid line as well as the vertical grid line that contains v are hit by Si. Since C covers the whole
grid, there is a curve c ∈ C that covers v. As Si does not cover v, we have that c ∈ C − Si. As c covers
v, c hits either the horizontal grid line containing v or the vertical grid line containing v. Since both these
grid lines are hit by Si, it follows that there exists some d ∈ Si such that c and d hit a common grid line.
Then dRc, which implies that c ∈ Si, which is a contradiction. This proves the claim.

Claim 23. The curves of each equivalence class Si can be arranged in a good sequence.

Proof: Let G be the graph with vertex set Si and edge set R restricted to Si. We enumerate the curves of
Si in the order in which they are visited by a graph traversal algorithm starting from an arbitrary vertex.
Then we get a sequence of the curves in Si such that before a curve c is encountered in the sequence, we
encounter some curve d such that dRc (except for the first curve in the sequence). This sequence is clearly
a good sequence of the curves in Si. This proves the claim. By Lemma 20 and Claims 22 and

23, we know that for each i ∈ [p], Si hits at most 5|Si| grid lines. Thus the total number of grid lines that
are hit by C is at most 5(|S1|+ |S2|+ · · ·+ |Sp|) = 5|C| = 5m. If the the curves in C hit 2n grid lines,
we then have 5m ≥ 2n, which gives m ≥ 2n/5. Otherwise, suppose that the collection C of m curves,
where m ≤ 2n/5, hits less than 2n grid lines. That is, there is some (horizontal or vertical) grid line that
is not hit by any curve in C. Then every curve in C can cover at most two points on this grid line (if it
covers more than two, then the curve hits this grid line). So at most 2m ≤ 4n/5 points on this grid line
can be covered by the collection of curves C. Hence some points on this grid line are not covered by any
curve in C, which is a contradiction. So we conclude that m ≥ 2n/5 and this proves the theorem.

Note that, the inequality of the above theorem is tight for n = 5 since the 5× 5 grid can be covered by 2
curves (shown in Figure 3). As a consequence of the above theorem, we also get the following theorem
on orthoconvex curves with at most 2 inner corners.

Theorem 24. We need at least 2n/7 orthoconvex curves with at most two inner corners to cover an n×n
grid

Proof: Suppose we have a covering by m such curves. Note that we can decompose each orthoconvex
curve with two inner corners into an orthoconvex curve with at most one inner corner and a rectangle
(see Figure 4). Hence we obtain a covering by m orthoconvex curves with at most one inner corner and
m rectangles. These m orthoconvex curves with at most one inner corner can together hit at most 5m
grid lines (see proof of Theorem 21). The rectangles together hit at most 2m extra grid lines (since each
rectangle hit at most two extra grid lines). So the total number of grid lines hit by our original curves is at
most 7m. Since the curves have to hit 2n grid lines (by the same reasoning as in proof of Theorem 21),
we then have 7m ≥ 2n. Hence, we conclude that m ≥ 2n/7.

Remark 25. We think that the bound 2n/7 of Theorem 24 is probably not tight. So a natural problem
is to obtain a tight bound for covering by orthoconvex curves with at most 2 inner corners. The next
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Fig. 3: Covering of 5× 5 grid by two orthoconvex curves (with at most one inner corner)

Fig. 4: Decomposition of orthoconvex curves with 2 inner corners

natural follow up question would be: what happens for orthoconvex curves with at most k inner corners
for k = 3, 4 etc. It seems our arguments for k = 1, 2 can not be extended to these cases to obtain non-
trivial bounds and hence require new ideas. Another question of interest is to find the minimum number
of general orthoconvex curves (with no restrictions on the number of inner corners) required to cover
an n × n grid. One can check that for n = 4, 5, 6, 7, 8, 9 and 10, the n × n grid can be covered by
2, 2, 2, 3, 3, 3 and 4 orthoconvex curves, respectively. To us, the general problem of orthoconvex curves
seems difficult. Note that we have obvious lower and upper bounds of ⌈(n+1)/4⌉ and ⌊n/2⌋ respectively,
since, any orthoconvex curve can contain at most 4n − 4 grid points (the number of grid pounts on the
boundary of an n × n grid) and on the other hand, an n × n grid can be covered by ⌊n/2⌋ orthoconvex
curves. Any improvement over these bounds would be interesting.

5 Conclusion and discussion
In this paper, we mainly discussed the problem of covering a grid (mostly planar) by minimum number
of curves of various types. For lines and skew lines, we got the answer by straight forward arguments.
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An interesting open problem in this direction is to cover the hypercube by minimum number of skew
hyperplanes.

Problem 26. Find the minimum number of skew hyperplanes required to cover the d-dimensional hyper-
cube {0, 1}d.

For algebraic curves, the answer came as a consequence of the Combinatorial Nullstellensatz Alon
(1999) but the problem becomes non-trivial if we force the algebraic curves to be irreducible. As a
converse to the covering by lines problem, we also show that for a set P of n2 points covered by n lines,
it’s not true that there always exists a subset of P of size Θ(n2) that can be put inside a grid of size Θ(n2),
possibly after a projective transformation. An open problem here would be to obtain more information
about the point configuration P .

Problem 27. If a set of n2 points in the plane is covered by n lines, then what can be said about the point
configuration (in additon to Theorem 4)?

Next we considered monotonic curves, for which we obtained the answer by applying Dilworth’s the-
orem Dilworth (1950) on partially ordered sets. Then we looked at three types of closed curves, namely,
circles, convex curves and orthoconvex curves. For circles, the existing results in the literature imply very
close upper and lower bounds. The case of convex curves is settled by an easy argument; where as the
more non-trivial case of strictly convex curves comes as a consequence of a result on “grid peeling” Har-
Peled and Lidický (2013). Next we considered covering by orthoconvex curves. It seems that the case of
general orthoconvex curves is difficult.

Problem 28. Improve the trivial lower and upper bounds, ⌈(n + 1)/4⌉ and ⌊n/2⌋ respectively, of the
minimum number of orthoconvex curves required to cover an n× n grid.

So we focused on the simplest orthoconvex curves, namely those with at most one or two inner corners.
We showed that at least 2n/5 (which is achieved for n = 5) orthoconvex curves with at most one inner
corner and 2n/7 curves with at most two inner corners are required to cover an n× n grid.

Problem 29. Is the bound 2n/7 of Theorem 24 tight? Can one improve it?

We leave it as an open problem to figure out what happens when there are more inner corners.

Problem 30. What can be said about the minimum number of orthoconvex curves with at most k inner
corners, where k ≥ 3, required to cover an n× n grid?

Lastly, we mention that in this article we only considered 1-fold covering where every grid point was
covered at least once. But, in general, we could ask analogous questions for r-fold covering (i.e. we
require that every point is covered at least r times) for r ≥ 2. We feel that answering such questions will
be equally interesting and challenging.
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In an effort to further understanding q, t-Catalan statistics, a new statistic on Dyck paths called depth was proposed in
Pappe, Paul and Schilling (2022) and was shown to be jointly equi-distributed with the well-known area statistics. In
a recent preprint, Qu and Zhang (2025) generalized depth to so-called “k⃗-Dyck paths”. They showed that area and
depth are also jointly equi-distributed over such paths with a fixed multiset of up-steps and a given first up-step, and
they conjectured that the same holds when also fixing the last up-step. In this short note, we settle this conjecture on
the more general context of Łukasiewicz paths by interpreting area and depth under the classical bijection between
Łukasiewicz paths and plane trees, through which the symmetry is transparent.

Keywords: Łukasiewicz paths, q, t-Catalan statistics, plane trees

1 Introduction
The study of q, t-Catalan polynomials C(q, t) started from two combinatorial formulas of the bi-graded
Hilbert series of the subspace of alternants in the diagonal coinvariant space with two sets of variables,
both describing Dyck paths of a given size with two jointly equi-distributed statistics: with area and
bounce by Haglund (2003), and with dinv and area by Haiman. The two pairs of statistics are related
by the famous zeta map (Andrews, Krattenthaler, Orsina, and Papi, 2002) (see also (Ceballos, Fang, and
Mühle, 2020) for a simpler definition). For more details, readers are referred to Haglund (2008).

From the algebraic definition, it is trivial that the q, t-Catalan polynomials are symmetric in q and t.
However, on the combinatorial side, it is totally mysterious, with no bijective explanation known. In
an effort to better understand combinatorially the related statistics, Pappe, Paul, and Schilling (2022)
proposed another statistic depth on Dyck paths and found that it is also jointly equi-distributed with
area by exhibiting an involution exchanging area and depth. The q, t-polynomial C̃(q, t) defined with
area and depth, which is different from the classical C(q, t), is thus also q, t-symmetric.

There are many generalizations of the q, t-Catalan polynomials, usually defined on generalizations
of Dyck paths, sometimes with an algebraic motivation, but not always. For instance, Xin and Zhang
(2023) considered in the so-called k⃗-Dyck paths, on which they introduced the three classical statistics
dinv, area and bounce, although without direct algebraic supporting background. They then defined
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a generalized q, t-Catalan polynomial Cλ(q, t) on k⃗-Dyck paths using these generalized statistics and
studied their properties. Unfortunately, Cλ(q, t) is not q, t-symmetric in general.

In search for generalizations of the q, t-Catalan polynomials defined on k⃗-Dyck paths with better q, t-
symmetric properties, Qu and Zhang (2025) generalized the depth statistics from Pappe, Paul, and
Schilling (2022) to k⃗-Dyck paths. They defined a generalization of the area-depth q, t-polynomial
C̃(q, t) to k⃗-Dyck paths with a given multiset M of up-steps, denoted here by C̃M (q, t). They also de-
fined variants of C̃M (q, t) with extra conditions on the first and/or the last up-step. They then showed
bijectively that the variant of C̃M (q, t) fixing the first up-step is q, t-symmetric, and they conjectured that
it remains q, t-symmetric even when also fixing the last up-step. The main result of this short note is
a proof of this conjecture for Łukasiewicz paths, which generalize k⃗-Dyck paths by allowing horizontal
steps. Precise definitions of notations are postponed to later sections.

Theorem 1.1 ((Qu and Zhang, 2025, Conjecture 1.4)). We define C̃a,M,b(q, t) as a sum over Łukasiewicz
paths P with the first (resp. last) up-step of degree a (resp. b) and M the multiset of the degrees of other
up-steps:

C̃a,M,b(q, t) =
∑
P

qarea(P )tdepth(P ).

Then C̃a,M,b(q, t) is symmetric in q, t, i.e., C̃a,M,b(q, t) = C̃a,M,b(t, q).

Our proof relies essentially on the observation that both statistics area and depth on Łukasiewicz
paths can be interpreted naturally over the classical bijection between Łukasiewicz paths and plane trees.

The rest of this article is organized as follows. We lay down the definitions of Łukasiewicz paths, the
statistics area and depth and the related polynomials in Section 2. Then we revisit the classical bijection
between Łukasiewicz paths and plane trees in Section 3, along with how area and depth are transferred
to plane trees. Finally, in Section 4 we show how to obtain q, t-symmetry results using simple bijections
in a transparent way.

Acknowledgment We would like to thank the anonymous reviewers for their helpful comments. This
work is not supported by any funding with a predefined goal, but by the publicly funded laboratory LIGM
of Université Gustave Eiffel.

2 Łukasiewicz paths and its statistics
Łukasiewicz paths are lattices paths in Z2 with steps of the form (1, k) with k ≥ −1 that go under the x-
axis only at the last step, which is always (1,−1). We denote by L the set of Łukasiewicz paths. Figure 1
shows an example of Łukasiewicz paths. For the ease of notation, we denote by D the only down-step
(1,−1), and Uk the up-step (1, k) for k ≥ 0, and we say that Uk is of degree k. The degree profile (or
simply profile) of a Łukasiewicz path P , denoted by Pr(P ), is the sequence of degrees of up-steps in P
from left to right. In this case, the profile multiset of P , denoted by M(P ), is the multiset of entries in
Pr(P ). For a finite multiset M of natural numbers, we denote by Mk the multiplicity of k in M , and
we write M = [0M0 , 1M1 , 2M2 , . . . ] while only listing elements in M . We note that k⃗-Dyck paths, the
family of paths studied by Qu and Zhang (2025), first introduced by Xin and Zhang (2019), are simply
Łukasiewicz paths with Pr(P ) = k⃗ without any 0 and with the last down-step removed.

We now introduce the statistics we consider on Łukasiewicz paths, which is a simple generalization of
those from Qu and Zhang (2025) for k⃗-Dyck paths.
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Pr(P ) = (4, 2, 1, 2, 3, 1, 0, 3, 5, 1, 2, 0, 1) M(P ) = [02, 13, 23, 32, 41, 51]

Area(P) = (0, 3, 5, 5, 4, 2, 3, 0, 1, 2, 3, 0, 0) area(P) = 28

Depth(P) = (0, 1, 1, 2, 2, 2, 2, 4, 6, 10, 10, 7, 7) depth(P) = 54

Fig. 1: Example of a Łukasiewicz path, with its statistics area and depth.

Definition 2.1. Given a Łukasiewicz path P , its area vector Area(P ) is the vector whose i-th entry is the
y-coordinate of the starting point of the i-th up-step of P . The area of P , denoted by area(P ), is the sum
of all entries in Area(P ). See Figure 1 for an example.

Definition 2.2. In a Łukasiewicz path P , we associate each down-step Pj = D except the last one with
an up-step Pi = Uk with k > 0 such that, when drawing a horizontal ray from the midpoint of Pj to the
left, the first non-horizontal up-step it hits in the middle is Pi. In this case, we say that Pj is matched with
Pi. An up-step Pj = Uk has exactly k matching down-steps Pj1 , . . . , Pjk with j1 < · · · < jk, and we say
that Pji is the i-th matching down-step of Pj . We then associate to each step Pi a value di as follows:

• The first step P1, which is always an up-step, has value d1 = 0;

• If Pi = D, let Pj be its matching up-step, and suppose that Pi is the ℓ-th matching down-step of
Pj , then we take di = dj + ℓ;

• If Pi = Uk with i > 0, we take di = di−1.

The depth vector of P , denoted by Depth(P ), is the vector formed by the values di for all up-steps Pi

from left to right. The depth of P , denoted by depth(P ), is the sum of all entries in Depth(P ). See
Figure 1 for an example.

Remark 2.3. We note that our definition of depth seems different from the one in Qu and Zhang (2025),
which used two tableaux called “Filling tableau” and “Ranking tableau”, whose columns represent up-
steps in a k⃗-Dyck path P . In a word, the Filling tableau of P can be seen as associating k down-steps to
each up-step Pi = Uk of degree k by scanning down-steps from left to right and associate each down-step
with the closest up-step before it that still needs new down-steps. This is clearly the same as our notion
of matching steps. The Ranking tableau pf P is then obtained by labeling the first up-step by 0, then the
i-th down-step associated to an up-step with label ℓ is labeled by ℓ+ i, while a remaining up-step is also
labeled ℓ if its previous step is labeled ℓ. The depth of P is the sum of labels of all up-steps. This also
agrees with our definition here.

Now we define the q, t-polynomial associated to area and depth. We denote the concatenation of two
vectors P,Q by P ·Q, and the union of two multisets L,M by L ⊎M . We further give four notations of
subsets of Łukasiewicz paths:
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• LM : the set of Łukasiewicz paths P with M(P ) = M ;

• La,M : the set of Łukasiewicz paths P with Ua as the first up-step, and M(P ) = M ⊎ {a};

• LM,b: the set of Łukasiewicz paths P with Ub as the last up-step, and M(P ) = M ⊎ {b};

• La,M,b: the set of Łukasiewicz paths P with Ua (resp. Ub) as the first (resp. last) up-step, and
M(P ) = M ⊎ {a, b}, with {a, b} understood as a multiset.

We then define

C̃M (q, t) =
∑

P∈LM

qarea(P )tdepth(P ), C̃a,M (q, t) =
∑

P∈La,M

qarea(P )tdepth(P ),

C̃M,b(q, t) =
∑

P∈LM,b

qarea(P )tdepth(P ), C̃a,M,b(q, t) =
∑

P∈La,M,b

qarea(P )tdepth(P ).
(1)

We may also define a more refined version of these polynomials. Given a vector K, we define the
following polynomial summing over Łukasiewicz paths with profile K.

C̃K(q, t) =
∑

P∈L,Pr(P )=K

qarea(P )tdepth(P ). (2)

In the following, the profile vector will always be given in boldface to avoid confusion between the
polynomials.

3 Plane trees and q, t-statistics
A plane tree is rooted trees in which each internal node, i.e., a node with at least one child, comes with
a left-to-right order of its children. The degree of an internal node is the number of its children. Nodes
that are not internal are called leaves. We denote by T the set of plane trees. There is a classical bijection
between Łukasiewicz paths and plane trees, see, e.g., (Flajolet and Sedgewick, 2009, Section I.5.3), that
we describe below.

Construction 3.1. Given a plane tree T , we perform a contour walk from left to right, starting from the
root, and transcribe the nodes into steps upon their first encounter: D if it is a leaf, and Uk if it is an
internal node of degree k + 1. The lattice path thus obtained, denoted by λ(T ), is a Łukasiewicz path.

Conversely, given a Łukasiewicz path P , starting with an empty positioning called bud, we construct a
plane tree by reading P from left to right: when reading an up-step Uk (resp. down-step D), we replace
the leftmost empty bud by an internal node with k + 1 empty buds below (resp. a leaf). The plane tree
thus obtained is denoted by τ(P ). It is clear that λ and τ are bijections between L and T , and are inverse
of each other.

The statistics area and depth on Łukasiewicz paths are transferred naturally to plane trees. We see in
Theorem 3.1 that up-steps of a Łukasiewicz path P from left to right are converted to internal nodes of
T = τ(P ) in the contour walk order, with Uk translated to a node of degree k + 1. In the following, we
denote by ui the internal node in T associated to the i-th up-step of P .
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Fig. 2: Example of the bijections λ and τ .
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Fig. 3: (a) Illustration of lthorn and rthorn on an internal node. (b) Example of lthorn. (c) Example of rthorn.

Definition 3.2. Given a plane tree T , for an internal node u, an edge e is called a left thorn (resp. right
thorn) of u if e is a descending edge of an ancestor v ̸= u to the left (resp. right) of the path from v to
u. We denote by lthorn(u) (resp. rthorn(u)) the number of left thorns (resp. right thorns) of u, and by
lthorn(T ) (resp. rthorn(T )) the sum of lthorn(u) (resp. rthorn(u)) for all internal nodes u of T .
See Figure 3 for an illustration.

Comparing the statistics in Figures 1 and 3, it seems that area and depth on Łukasiewicz paths are
transferred to rthorn and lthorn on plane trees. This is indeed the case.

Proposition 3.3. Let P be a Łukasiewicz path and T = τ(P ). Then area(P ) = rthorn(T ).

Proof: We show instead the stronger result Area(P )i = rthorn(ui), with ui the internal node of T
associated to the i-th up-step of P in Theorem 3.1. Our original claim comes from summing on both
sides. We proceed by induction on the distance from the root to ui. For distance 0, we have i = 1 and
u1 is the root. It is clear that Area(P )1 = 0 = rthorn(u1). For non-zero distance, ui is a child of some
internal node uj , and by induction hypothesis we have Area(P )j = rthorn(uj). Suppose that uj has k
children, with ui the ℓ-th one. By Theorem 3.2, we have rthorn(ui) = rthorn(uj) + k − ℓ. Now, in
Theorem 3.1, it is clear that between the ending point of the j-th up-step of P and the starting point of the
i-th one is a concatenation of ℓ− 1 Łukasiewicz paths, each corresponding to the sub-trees of T induced
by the ℓ− 1 children of uj to the left of ui. As each Łukasiewicz path introduces a variation of −1 in the
y-coordinate, we have Area(P )i = Area(P )j+(k−1)−(ℓ−1). We thus have Area(P )i = rthorn(ui),
by which we conclude the induction.

Proposition 3.4. Let P be a Łukasiewicz path and T = τ(P ). Then depth(P ) = lthorn(T ).

Proof: We show instead the stronger result Depth(P )i = lthorn(ui), with ui the internal node of T
associated to the i-th up-step of P in Theorem 3.1. Our original claim comes from summing on both sides.
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We proceed by induction on the root distance of ui. When ui is the root, we have i = 1, and it is clear that
Depth(P )1 = 0 = lthorn(u1). In the case when ui has a parent uj , by induction hypothesis we have
Depth(P )j = lthorn(uj). Suppose that uj has k children, with ui the ℓ-th one. By Theorem 3.2 we
have lthorn(ui) = lthorn(uj) + ℓ− 1. Now, as in a Łukasiewicz path, the only unmatched down step
is the last one, it is clear that the j-th up-step of P is matched with the down steps giving the rightmost
leaf of sub-trees of T induced by children of uj , except for the last one. As the step preceding the i-th
up-step of P is the down step giving the rightmost leaf of the sub-tree induced by the (ℓ − 1)-st child of
uj (or the j-th up-step if ℓ = 1), by Theorem 2.2, we have Depth(P )i = Depth(P )j + ℓ − 1. We thus
have Depth(P )i = lthorn(ui), by which we conclude the induction.

4 Symmetries in q, t through trees
Given a plane tree T , we denote by mir(T ) its image by left-right reflection. The following proposition
is clear from Theorem 3.2.

Proposition 4.1. For a plane tree T , let T ′ = mir(T ), then lthorn(T ) = rthorn(T ′) and rthorn(T ) =
lthorn(T ′).

Proof: It is clear that a left thorn e of a node u is a right thorn of u in mir(T ).

Now the q, t-symmetry of C̃a,M (q, t) is transparent.

Theorem 4.2 ((Qu and Zhang, 2025, Theorem 1.1)). For any a ∈ N and multiset M with elements in N,
we have C̃a,M (q, t) = C̃a,M (t, q).

Proof: Let P be a Łukasiewicz path, and T = τ(P ). From Theorem 3.1, P ∈ La,M if and only if T has
a root of degree a+1, and the multiset of the degrees of non-root internal nodes is M ′ = [1M0 , 2M1 , . . . ].
Thus P ′ = λ(T ′) with T ′ = mir(T ) is in La,M if and only if P ∈ La,M , meaning that λ ◦mir ◦τ is an
involution on La,M . We then conclude by Equation (1) and Theorems 3.3, 3.4 and 4.1.

To show the q, t-symmetry of C̃a,M,b(q, t), we need an extra involution.

Construction 4.3. Given a plane tree T , it left lodestar (resp. right lodestar) is the leftmost (resp. right-
most) internal node whose children are all leaves. Note that the left (resp. right) lodestar of T is not
necessarily on its leftmost (resp. rightmost) path, and it is possible that both lodestars are the same. We
define the lodestar swap of T , denoted by swap(T ), to be the tree obtained by swapping the left and right
lodestars of T . See Figure 4 for an example of the lodestar swapping map.

Proposition 4.4. Let T be a plane tree and T ′ = swap(T ) its lodestar swap. Then lthorn(T ) =
lthorn(T ′) and rthorn(T ) = rthorn(T ′).

Proof: By Theorem 3.2, the descendant edges of lodestars are never thorns of any internal node, thus their
swapping does not affect lthorn and rthorn of any node.

Now we can show our main result Theorem 1.1.

Proof of Theorem 1.1: Let P be a Łukasiewicz path, and T = τ(P ). It is clear from Theorem 3.1
that the right lodestar of T corresponds to the last up-step of P . From Theorem 3.1, P ∈ La,M,b if and
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swap

Fig. 4: Example of the lodestar swapping map.

only if T has a root of degree a + 1, the multiset of the degrees of non-root internal nodes is M ′ =
[1M0 , 2M1 , . . . ] ⊎ {b + 1}, and the right lodestar of T is of degree b + 1. We take P ′ = λ(T ′) with
T ′ = swap(mir(T )). It is clear that the left (resp. right) lodestar of mir(T ) is from the right (resp. left)
lodestar of T . Hence, the right lodestar of T ′ is from the right lodestar of T . We thus know that P ′ is also
in La,M,b if and only if P ∈ La,M,b, meaning that λ ◦ swap ◦mir ◦τ is an involution on La,M,b. We then
conclude by Equation (1) and Theorems 3.3, 3.4, 4.1 and 4.4.

We have the following corollary.

Corollary 4.5 ((Qu and Zhang, 2025, Conjecture 1.4)). For any b ∈ N and multiset M with elements in
N, we have C̃M,b(q, t) = C̃M,b(t, q).

Proof: It is clear that we may write C̃M,b as a sum of C̃a,M ′,b where a runs over elements of M and
M ′ = M \ {a}. We then conclude by Theorem 1.1.

Using our bijections, we also get transparent proofs of some results in Qu and Zhang (2025).

Proposition 4.6 ((Qu and Zhang, 2025, Proposition 5.3 and Corollary 5.4)). Given a vector K of natural
numbers, we have

1. C̃K·(a)(q, t) = C̃K·(b)(q, t) for any a, b ∈ N;

2. C̃K(q, t) = C̃K(t, q) when K is of the form (a, b, b, . . . , b, c), hence when K is of length 3.

Proof: For 1, we observe from the proof of Theorem 4.4 that changing the degree of a lodestar does not
change either lthorn or rthorn. We thus conclude by the fact that the right lodestar of T is always the
rightmost internal node in the contour walk order.

For 2, we note that it is a natural consequence of Theorem 1.1, as there is only one possible sequence
K for La,M,c when M = [bk].

Remark 4.7. We consider the following generating function for the two statistics area and depth on
Łukasiewicz paths refined by their profile multiset. Let F (z, q, t; p0, p1, . . .) ≡ F (z, q, t) be the generat-
ing function defined as

F (z, q, t) =
∑

M multiset

z|M |
∑

P∈LM

qarea(P )tdepth(P )
∏
k≥0

pMk

k .
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Here, |M | denotes the number of elements in the multiset M counted with multiplicity. Through the
lens of Theorem 3.1, using Theorems 3.3 and 3.4, by decomposing plane trees at the root and using the
standard symbolic method (cf. Flajolet and Sedgewick (2009)), we have

F (z, q, t) = 1 +
∑
k≥0

pk

k∏
ℓ=1

F (zqk−ℓtℓ−1, q, t). (3)

Here, the first term 1 stands for the empty tree, and the second term for trees with a root. The degree of
the root is given by k + 1. For a node in the sub-tree induced by the ℓ-th child of the root, its lthorn
(resp. rthorn) increments by ℓ−1 (resp. k−ℓ). This explains the substitution of z, which counts internal
nodes, by zqk−ℓtℓ−1.
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Representing Hypergraphs by Point-Line
Incidences
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We consider hypergraph visualizations that represent vertices as points in the plane and hyperedges as curves passing
through the points of their incident vertices. Specifically, we consider several different variants of this problem
by (a) restricting the curves to be lines or line segments, (b) allowing two curves to cross if they do not share an
element, or not; and (c) allowing two curves to overlap, or not. We show ∃R-hardness for six of the eight resulting
decision problem variants and describe polynomial-time algorithms in some restricted settings. Lastly, we briefly
touch on what happens if we allow the lines of the represented hyperedges to have bends—to this we generalize a
counterexample to a long-standing result that was sometimes assumed to be correct.

Keywords: Hypergraph visualization, point-line incidences, ∃R-hardness

1 Introduction
Hypergraphs, or equivalently set systems, arise in many domains and visualizing them is a non-trivial chal-
lenge. Classical approaches, such as Venn and Euler diagrams (Alsallakh et al., 2016; Johnson and Pollak,
1987; Mäkinen, 1990) do not scale to large instances. Recent experimental work (Wallinger et al., 2021)
has shown that representing hypergraphs as collections of polylines (for the hyperedges) and common in-
tersection points (for the vertices) allows for faster and more accurate performance of hypergraph-related
tasks. In particular, the LineSets (Alper et al., 2011) and the MetroSets approach (Jacobsen et al., 2021)
use the metro map metaphor, where each hyperedge is a metro line and each vertex an interchange station.
While LineSets connects pre-embedded vertices with arbitary curves, MetroSets optimizes vertex posi-
tions and aims to visualize the result in an octolinear style; see Fig. 1. Minimizing the visual complexity
(which depends on the total number of bends along the metro lines), makes the representations simpler
to understand and work with. A natural question is: which hypergraphs can be represented with just one
bendless line segment per hyperedge?
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Fig. 1: A visualization of a Simpsons hypergraph dataset using the MetroSets metaphor (Jacobsen et al., 2021). The
visualization is taken from https://metrosets.ac.tuwien.ac.at/. Hyperedges are represented by metro
lines and elements are represented by stations.

With this in mind, we study the problem of representing a hypergraph with vertices as points in the plane
and hyperedges as straight lines through incident vertices. Specifically, we consider several problems by
varying one of the following requirements (see also Fig. 2 and formal definitions in Section 2):

(a) The curves must be line segments or (infinite) lines.

(b) Two curves are allowed to cross if they do not share an element, or not.

(c) Two curves are allowed to overlap (i.e., to share a line segment), or not (called strict).

Contributions. In an extensive complexity study, we investigate for which hyperedge cardinalities
and vertex degrees each of the eight problems is ∃R-hard or solvable in polynomial time. We also study
special graph classes that always admit such representations. Our contributions are detailed in Tables 1
and 2. Our results are structured by distinguishing representations, where crossings are permitted (Sec-
tion 4, Table 1) or not permitted (Section 5, Table 2). Section 5 further presents two hypergraph classes
that always admit a crossing-free representation with segments. Section 6 discusses a century-old claim
by Steinitz, and generalizes a counterexample. We start with preliminaries (Section 2) and a description
of the Pappus configuration (Section 3) as an essential tool for constructing gadgets in our reductions.

Related Work. Representing hypergraphs with one line per hyperedge relates to classical geometric
problems dating back to the 19th century, particularly in the study of configurations (Grünbaum, 2009).
A combinatorial (or geometric) configuration is an abstract (or Euclidean) incidence structure with points

https://metrosets.ac.tuwien.ac.at/
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Fig. 2: (a) A linear hypergraph H . (b) A strict line representation of H . (c) A strict segment representation of H . (d)
A crossing-free strict segment representation of H . (e)–(f) A hypergraph and its non-strict segment representation.

and lines where each point is incident to the same number of lines, and each line to the same number of
points. A realization of a combinatorial configuration is a geometric configuration, i.e., an embedding of
the points and lines in the Euclidean plane that contains exactly the incidences that appear in the config-
uration. This was central to Steinitz’s PhD thesis (Steinitz, 1894) and studied in notable configurations
like those of Desargues, Pappus, and Möbius–Kantor (Grünbaum, 2009). Steinitz (1894) claimed that in
a 3-uniform 3-regular linear hypergraph (where each point lies on three lines, each line passes through
three points, and no two lines share more than one point), removing one point allows for a realization.
This claim was later proven incorrect (Flowers, 2015; Grünbaum, 2009). Citetg-dc-95 had already noted
the connection between configurations and hypergraph drawings, arguing that using straight lines for hy-
peredges improves readability. He later collected classical results and posed hypergraph realizability as
an open question (Gropp, 1997).

Deciding whether the representation of a hypergraph can be a crossing-free straight-line drawing of a
tree can be done in polynomial time (Swaminathan and Wagner, 1994). A support graph G of a hyper-
graph H is a graph with the same vertex set where each hyperedge of H is connected in G. Techniques
for drawing hypergraphs via support graphs (Brandes et al., 2012; Buchin et al., 2009, 2011; Castermans
et al., 2018, 2019) have a different focus and do not take into account whether vertices along hyperedges
are collinear. Minimizing the number of crossings in a path-based support graph (hyperedges form a path
in G) is NP-hard (Frank et al., 2021). Firman and Spoerhase (2025) consider special representations of
k-uniform hypergraphs, where each vertex is an axis-aligned affine ℓ-dimensional plane in Rd (d > ℓ

Tab. 1: Complexity results for deciding whether a representation that possibly has crossings exists. The rank of a
hypergraph is the cardinality of its largest hyperedge. The value n.b. means unbounded max-degree or rank.

lines line segments

strict (= non-strict) strict non-strict

complexity rank max-deg ref rank max-deg ref rank max-deg ref

∃R-hard ≥ 3 n.b. Thm 2 ≥ 3 ≥ 16 Thm 5 ≥ 3 ≥ 6 Thm 3
n.b. ≥ 3 Cor 1 ≥ 5 ≥ 2 Thm 4

Poly-time ≤ 2 n.b. Obs 2 ≤ 2 n.b. Cor 2 ≤ 2 n.b. Cor 2
n.b. ≤ 2 Obs 2 n.b. ≤ 2 Cor 2 ≤ 3 ≤ 2 Thm 6
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Tab. 2: Complexity results for deciding whether a crossing-free representation exists. The value n.b. means un-
bounded max-degree or rank.

lines line segments

strict (= non-strict) strict non-strict

complexity rank max-deg ref rank max-deg ref rank max-deg ref

∃R-hard ? ? – ≥ 5 ≥ 12 Thm 9 ≥ 3 ≥ 6 Cor 3
n.b. ≥ 2 Thm 10 ≥ 5 ≥ 2 Cor 4

Poly-time ≤ 2 n.b. Thm 7 ≤ 2 n.b. Obs 3 ≤ 2 n.b. Obs 3
n.b. ≤ 2 Thm 8

and k =
(
d
ℓ

)
) and each hyperedge is a point in Rd that is part of the planes defined by its incident ver-

tices. They give a characterization by vertex cuts and give a polynomial-time algorithm to test whether
a hypergraph has such a representation. Bertschinger, Maalouly, Kleist, Miltzow, and Weber (2023) con-
sider the problem of representing hypergraphs such that vertices are points in Rd and hyperedges are
bi-curved, difference-separable, convex sets cointaining their incident points. They show ∃R-hardness of
the associated recognition problems.

The intersection graph of line segments (Matousek, 2014) can be seen as a strict segment representation
of a linear hypergraph. Gonçalves (2009) showed that some planar linear hypergraphs (see (Gonçalves,
2009) for a definition) cannot be represented with straight line segments (in contrast to planar graphs).
Segment contact representations of planar graphs can sometimes help in finding crossing-free strict line
representations for linear hypergraphs. A necessary and sufficient condition for representing a graph as
a contact system of segments is known (de Fraysseix and de Mendez, 2007; de Fraysseix et al., 2007),
but no polynomial-time algorithm exists to test it. The hypergraph visualization problem is also similar to
the stretchability problem (Schaefer, 2009; Shor, 1990): given an arrangement of pseudolines, is there a
combinatorially equivalent arrangement of lines? Unlike hypergraph representations, the order of vertices
along each pseudoline is fixed in the stretchability problem. Matroid representability (Kim et al., 2024) is
another related problem, asking whether elements of a matroid can be represented as vectors in R3 such
that independent sets are retained, becoming similar to hypergraph representations through projective
transformation onto the plane.

2 Preliminaries
A hypergraph H = (V,E) is defined by a vertex set V and a hyperedge set E, where each e ∈ E is a
distinct non-empty subset of V . The degree of a vertex v in H is the number of hyperedges containing v.
The rank of H is the maximum cardinality |e| over all hyperedges e in E. A hypergraph H is k-uniform if
every hyperedge has cardinality k and it is k-regular if every vertex has degree k. It is linear if |e∩e′| ≤ 1
for every pair of distinct hyperedges e, e′ ∈ E. The dual hypergraph of H is obtained by interchanging
the role of vertices and hyperedges, i.e., the dual of H = (V,E) is Hd = (E,E′) where E′ consists of
hyperedges {e | v ∈ e} for each v ∈ V . The hyperedge intersection graph G of H is a graph with E as its
vertex set, where two vertices are adjacent if and only if the corresponding hyperedges share a common
element.
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A point x is incident to a line/line segment ℓ if and only if ℓ contains x. A line representation of a
hypergraph consists of an injective mapping α of vertices to points in R2 and an injective mapping β of
hyperedges to lines in R2 such that v ∈ e if and only if α(v) ∈ β(e) for v ∈ V, e ∈ E. A segment
representation of a hypergraph is defined as a line representation with line segments instead of lines. A
line representation/segment representation is strict if every pair of lines/line segments share at most one
point. It is crossing-free if a pair of lines/line segments β(e) and β(e′) in the representation share a point
if and only if e ∩ e′ ̸= ∅. We are concerned with the problem of deciding whether a hypergraph has a
representation. We ask the following question.

Problem 1 (H-Representation). Given a hypergraph H , S ∈ {strict, non-strict}, C ∈ {non-crossing-free,
crossing-free}, and X ∈ {line, segment}, does H have an S C X representation?

In fact, this leads to eight problem variants for the combinations of S, C,X , which we all discuss.
We often omit non-crossing-free and non-strict, i.e., by a segment representation we mean a non-strict
non-crossing-free segment representation.

For simplicity of our presentation, we disallow two hyperedges to contain the same set of vertices. With
this in mind, let us point out the following observation, which helps combine some of our complexity
results.

Observation 1. Let H = (V,E) be a hypergraph. If H contains a pair of hyperedges e, e′ with |e∩ e′| ≥
2 and e ̸= e′, then H has no line representation, no strict line representation, no crossing-free line
representation, and no strict crossing-free line representation. Otherwise, H is linear. Hence, H

• has a line representation if and only if it has a strict line representation, and

• has a crossing-free line representation if and only if it has a crossing-free strict line representation.

We investigate complexity properties of all these problems, and show several of them are ∃R-hard.
Here the class ∃R is a complexity class between NP and PSPACE that contains all problems that can
be reduced to solving an existentially quantified formula of polynomial equations and inequalities with
integer coefficients; this means that ∃R-hardness implies NP-hardness.

3 Pseudoline Stretchability and the Pappus Configuration
We often reduce from the ∃R-hard problem PSEUDOLINE STRETCHABILITY (Schaefer, 2009) to prove
∃R-hardness of our problems. A pseudoline is an x-monotone curve in R2 and a simple pseudoline ar-
rangement is a set of pseudolines where every pair of pseudolines intersects exactly once and no three
pseudolines meet at a common point. The PSEUDOLINE STRETCHABILITY problem takes a simple pseu-
doline arrangement as input and seeks a combinatorially equivalent drawing where each pseudoline is
drawn as a straight line segment, i.e., a homeomorphic line segment arrangement (see Fig. 3(a)–(b)).

Many of our reductions make use of the Pappus hypergraph or Pappus configuration, and its ability to
force three points to be collinear, as stated below.

Definition 1. The Pappus hypergraph or Pappus gadget HP = (VP , EP ) is given as VP = {p1, . . . , p9}
and EP consists of the following hyperedges.

{p1, p2, p3}, {p4, p5, p6}, {p1, p4, p8}, {p1, p5, p9},
{p2, p4, p7}, {p2, p6, p9}, {p3, p5, p7}, {p3, p6, p8}

We call {p1, . . . , p6} the fixers and {p7, p8, p9} the anchors.
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For a line representation of the Pappus gadget see Fig. 3(c). Notice that all hyperedges have size three,
all fixers have degree three, and all anchors have degree two. The most important property is given next,
and follows directly from the well-known Pappus theorem.

Theorem 1. (Coxeter and Greitzer, 1967, Chapter 3.5) In every line or line segment representation (strict
and non-strict) of the Pappus gadget the anchors are collinear.

Intuitively, our reductions use newly introduced vertices as fixers to force existing vertices which are
the anchors to be represented in a collinear way. Next, we show that given a fixed embedding of the
anchors, the remaining part of the Pappus gadget can be represented somewhat flexibly such that it can
avoid a finite set of predefined points and lines.

Lemma 1. Let HP be a Pappus gadget such that γ1, γ2, and γ3 are three distinct collinear points, let
A be a finite set of points disjoint from {γ1, γ2, γ3}, and let B be a finite set of lines. There exists a line
representation (α, β) of HP with α(p7) = γ1, α(p8) = γ2, α(p9) = γ3, where none of the lines in β(EP )
passes through any of the points in A, and none of the fixers lie on any line in B.

Proof: Due to symmetries in the Pappus gadget we can assume that γ2 lies on the line segment from γ1
to γ3. Now let p be a point in the plane such that

1. p is not on the line through γ1, γ2, γ3,

2. p does not lie on any line in B, and

3. the three lines passing through p and γ1, p and γ2, and p and γ3 do not contain any point from A.

We now argue that for any ϵ > 0, HP can be represented such that α(pi) = γ(pi) for i = 7, 8, 9, and
the fixers of HP are represented inside the disk of radius ϵ around p (see Fig. 3(c)). Since γ2 lies on the
line segment from γ1 to γ3, we can represent HP such that the representation is homeomorphic to the
one in Fig. 3 (c) and p2 lies exactly on p. This is because we can freely choose three collinear points
defining the representation of p1, p2 and p3 on a line different from the one through p7, p8, p9. Together
with the representation of p7, p8, p9 this in turn defines the remaining representation of the Pappus gadget.
By decreasing both the distance of p1 to p2 and p3 to p2 (i.e. pushing them towards p2), all fixers of the
Pappus gadget get closer to α(p2) = x (see Fig. 3(d)). Thus, by making ϵ small enough, none of the

p7 p8 p9

p1 p2 p3

p4
p5

p6

p7 p8 p9p7 p8 p9

ϵ

(c) (d)(a) (b)

Fig. 3: (a) A simple pseudoline arrangement and (b) its stretched line segment representation. (c) A line representation
of the Pappus gadget. The three anchors p7, p8, p9 are always collinear. (d) “Pushing” the points p1 and p3 very close
to p2 forces all fixers p1–p6 to be inside a disk of arbitrarily small radius ϵ.
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following hyperedge representations contains any point of A, as they get “closer and closer” to the lines
defined by p and γ1, γ2, γ3, respectively.

{p1, p4, p8}, {p1, p5, p9}, {p2, p4, p7}, {p2, p6, p9}, {p3, p5, p7}, {p3, p6, p8}

We choose a small ϵ such that the disk around p with radius ϵ neither contains any point from A nor
intersects with any line from B. Lastly, we show that the two remaining hyperedges {p1, p2, p3} and
{p4, p5, p6} can be represented such they do not contain any point of A. To this end, we rotate the
representation of {p1, p2, p3} around the point p by some small angle ϵ′ and adjust the representation
accordingly. Notice that this also changes the slope of the representation of {p4, p5, p6}.

4 Representations without bends
Table 1 shows our results for deciding whether a representation exists (irrespective of line or line segment
crossings), which are proven in this section. The equivalence between results for line representations and
strict line representations in Table 1 comes from Observation 1.

4.1 Complexity results for lines
Hardness results. We show that it is ∃R-hard to decide whether there exists a line representation for

a given rank-3 hypergraph H . We reduce from MATROID REPRESENTABILITY (Kim et al., 2024). For
the purposes of a simple description, we give here a simplified description of a variant of that problem
that is still ∃R-hard (Kim et al., 2024). We start with definitions. A matroid M is given as M = (X, I)
where X is the finite ground set and I ⊆ 2X is the set of independent sets with

1. ∅ ∈ I,

2. I ′ ⊂ I ∈ I implies I ′ ∈ I, and

3. I1, I2 ∈ I with |I1| < |I2| implies that there is an x ∈ I2 \ I1 with I1 ∪ {x} ∈ I.

A representation of M is an injective mapping f(X) : X → R3 such that for any Y ⊆ X we have Y ∈ I
if and only if f(Y ) forms a set of linearly independent vectors in R3. The ∃R-hard problem MATROID
REPRESENTABILITY is given as input a matroid and the question is whether there is a representation f
of M . For the vectors v ∈ R3 we call the first, second, and third coordinate the x, y, and z-coordinates,
respectively. We start by making some normalizations to M .

1. First, we can assume that every independent set I ∈ I has cardinality at most 3, as otherwise there
is no representation.

2. Second, we can assume that each pair {x, x′} ∈
(
X
2

)
forms an independent set, i.e. {x, x′} ∈ I.

Otherwise, f(x) = cf(x′) for some c ∈ R must hold for any representation. We can remove
x′ from X and replace any occurrence of x′ in I by x, and obtain an equivalent instance w.r.t.
representability.

We are ready to prove the theorem.

Theorem 2. It is ∃R-hard to decide whether a rank-3 linear hypergraph has a line representation.
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Proof: We reduce from MATROID REPRESENTABILITY. We are given a matroid M = (X, I) (we as-
sume both discussed normalizations were applied already) and transform it to a hypergraph H = (V,E) as
follows. To construct H , we first add to H the set X as vertices. Now consider a triple t := {x, x′, x′′} ∈(
X
3

)
.

• If t does not form an independent set in M , we introduce a new Pappus gadget and let t be its anchor
(see Fig. 3(c)).

• Otherwise, we add a new point d, force d to be collinear with x and x′ using a new Pappus gadget
with anchors d, x and x′, and lastly add the hyperedge {d, x′′} to E (see Fig. 4(a)).

We argue that H has a line representation if and only if M has a representation:
“⇒”: let (α, β) be a line representation of H . For x ∈ X , let α(x) = (r, s)T . We set f(x) = (r, s, 1)T

and claim that f is a representation of M . Consider any triple t := {x, x′, x′′} ∈
(
X
3

)
.

• If t forms an independent set then x, x′, x′′ are not collinear: if they were, then consider the line
representation of the corresponding gadget (Fig. 4(a)). As x, x′, x′′ would be collinear, the line
through d and x′′ would also pass through x′ – a contradiction, because we assumed that (α, β) is
a line representation.

• Otherwise, the Pappus gadget involving t forces x, x′, x′′ to be on a line in (α, β) by Theorem 1 –
and hence x, x′, x′′ are on a common hyperplane containing the origin in f).

“⇐”: let f be a representation of M . First, if any f(x′), x′ ∈ X , has z-coordinate 0 we multiply
all f(x), x ∈ X , by the same rotation matrix R ∈ SO(3) ⊆ R3×3 such that no f(x) has z-coordinate
0. This is possible, as X is finite. Second, we scale each f(x) by 1 divided by its z-coordinate so that
the z-coordinates of all vectors in f(X) are 1. The new f is still a representation. For x ∈ X , we set
α(x) equal to the point defined by the first two coordinates of f(x). Essentially, we applied a projective
transformation. Lastly, we have to find a valid representation for the remaining vertices of H . Consider
the triples t := {x, x′, x′′} ∈

(
X
3

)
one by one. We find a representation for its involved gadgets one by

one.

• If t forms a dependent set in M , we place the Pappus gadget containing t such that none of the lines
of the gadget introduce unwanted incidences. This is always possible as α(x), α(x′), and α(x′′) are
collinear and because of Lemma 1.

• If t forms an independent set in M , let d be the newly introduced gadgets point. We first set α(d)
to be a point on the line segment connecting α(x) and α(x′), such that the line β({d, x′′}) through
d and x′′ has no unwanted incidences. This is possible as there is certainly no line through x and x′

by construction. Lastly, we represent the Pappus gadget containing x, x′, and d, such that there are
no unwanted incidences. Again, this is always possible because of Lemma 1.

The reduction in Theorem 2 produces a linear hypergraph without two degree-1 vertices being part of
the same hyperedge. Hence, applying a standard point-line duality transformation to a line representation
H results in a representation of its max-degree-3 dual hypergraph and vice versa. This is enough to show
that ∃R-hardness also holds for max-degree-3 hypergraphs.

Corollary 1. It is ∃R-hard to decide whether a max-degree-3 hypergraph has a line representation.



Representing Hypergraphs by Point-Line Incidences 9

x x′
d

x′′

Fig. 4: A gadget forcing x, x′, and x′′ not to be collinear in the proof of Theorem 2.

Solvable cases. By definition, non-linear hypergraphs do not have line representations. However,
every rank-2 hypergraph (which is linear) and every linear max-degree-2 hypergraph has a strict line
representation by starting with points or lines in general position, respectively.

Observation 2. Every rank-2 hypergraph and every linear max-degree-2 hypergraph has a line represen-
tation.

4.2 Complexity results for line segments
Hardness results. The first result is that deciding whether a hypergraph has a segment representation

is ∃R-hard, even for hypergraphs of constant rank and constant maximum degree.

Theorem 3. It is ∃R-hard to decide whether a rank-3 max-degree-6 hypergraph has a segment represen-
tation.

Proof: We reduce from PSEUDOLINE STRETCHABILITY (Schaefer, 2009). Given an instance I of PSEU-
DOLINE STRETCHABILITY, we construct a hypergraph H by taking intersection points as vertices. For
each pseudoline with the intersection points v1, v2, . . . , vt in this order, we construct hyperpaths consist-
ing of the hyperedges {v1, v2, v3}, {v2, v3, v4}, . . . , {vt−2, vt−1, vt} (Fig. 5(a)–(b)).

By the construction of H , a solution to the PSEUDOLINE STRETCHABILITY instance corresponds to a
representation with straight line segments (Fig. 5(c)): We assume that H has a representation with straight
line segments. Observe that then the union of hyperedges forming the hyperpaths as above appear together
as one single line segment with the vertices in the correct order. Conversely, if I is stretchable, then H
has a segment representation.

We show later that the problem becomes tractable for rank 2 instead of rank 3. Surprisingly, this is
not the case for maximum degree 2 even for constant rank, as shown with a similar but more involved
reduction.

Theorem 4. It is ∃R-hard to decide whether a rank-5 max-degree-2 hypergraph has a segment represen-
tation.

Proof: We reduce from PSEUDOLINE STRETCHABILITY (Schaefer, 2009). Let I be an instance of PSEU-
DOLINE STRETCHABILITY with at least five lines. To construct a hypergraph H , we first add to H all the
intersection points of I as vertices. For each pseudoline with the intersection points v1, v2, v3, v4, . . . , vt−2,
vt−1, vt in this order, we introduce the further vertices vi,1, vi,2 for all 1 ≤ i ≤ t − 1. We then add the
hyperedges {v1, v1,1, v1,2}, {vt, vt−1,1, vt−1,2}, and {vi, vi−1,1, vi−1,2, vi,1, vi,2} for all 2 ≤ i ≤ t − 1.
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Fig. 5: (a) A pseudoline arrangement. (b) Illustration of the hyperedges corresponding to a pseudoline as in the proof
of Theorem 3. (c) A corresponding segment representation. (d)–(f) Illustration for the reduction of Theorem 4.

By the construction of H , in any representation v1, v2, . . . , vt must be collinear and appear in the correct
order (Fig. 5(d)–(f)).

By careful use of the Pappus gadget, we can prove ∃R-hardness for strict segment representations, even
when the hypergraphs are of rank 3 and maximum degree 12.

Theorem 5. It is ∃R-hard to decide whether a rank-3 max-degree-16 hypergraph has a strict segment
representation.

Proof: Consider an instance of PSEUDOLINE STRETCHABILITY. We build a hypergraph H with intersec-
tion points as vertices. For each pseudoline let its intersection points be v1, v2, . . . , vt. We need to force
(1) all these points collinear, and (2) fix the correct order. For (1), we add for each triple vi, vi+1, vi+2

(i = 1, . . . , t − 2) a new Pappus gadget with the triple as its anchors. For (2), we add the hyperedges
{v1, v2}, {v2, v3}, . . . , {vt−1, vt}. We claim that I is stretchable if and only if H has a strict segment
representation, see Fig. 6.

“⇒”: Consider the placement of intersection points as they appear in the stretched pseudoline arrange-
ment. Every size-two hyperedge can be represented by drawing a line segment between their correspond-
ing vertices. We also need to represent the Pappus gadgets, which is possible because of the freedom of
the Pappus gadget (see Lemma 1).

“⇐” We built H such that in a strict segment representation the intersection points of a polyline are
collinear and ordered correctly, making I stretchable.
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Fig. 6: A strict segment representation of the hypergraph resulting from the reduction in Theorem 5 applied to the
pseudoline arrangement in Fig. 5(a).

Solvable cases. The first result is a direct consequence of Observation 2 and by the fact that rank-2
hypergraphs are linear by our assumptions.

Corollary 2. Every rank-2 hypergraph and every linear max-degree-2 hypergraph has a strict and non-
strict segment representation.

As we have seen, testing whether a max-degree-2 hypergraph has a segment representation is ∃R-hard
(Theorem 4). However, we can at least characterize all rank-3 max-degree-2 hypergraphs that have a
segment representation by a set of forbidden subhypergraphs:

• The rigid triangle consists of vertices a, b, c, d and hyperedges e1 = {a, b, c} e2 = {b, c, d}, and
e3 = {a, d}. The hyperedge e3 can furthermore also contain another vertex f , i.e., e3 = {a, d, f}.
See Fig. 7(a)–(b).

• The rigid parallel 2-path consists of the vertices a, b1, b2, c1, c2, d, and the hyperedges e1 =
{a, b1, c1}, e′1 = {b1, c1, d}, e2 = {a, b2, c2}, e′2 = {b2, c2, d}. See Fig. 7(c).

Theorem 6. A rank-3 max-degree-2 hypergraph has a segment representation if and only if it does not
contain a set of hyperedges that together form a rigid triangle or rigid parallel 2-path.

Proof: The forward direction is clear as rigid triangles and rigid parallel 2-paths themselves do not have
segment representation. For a rigid triangle (Fig. 7(a)–(b)), a segment representation of the hyperedges
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Fig. 7: (a)–(b) Illustration for rigid triangles. (c) A rigid parallel 2-path. (d) Illustration for Eb in purple where the
sibling pairs are x, x′ and z, z′. (e) Illustration for Ec, where the hyperedges ((x∪x′)\(x∩x′)) and ((z∪z′)\(z∩z′))
corresponding to sibling pairs are shown in gray. (f) A segment representation for Ec, where sibling pairs x, x′ and
z, z′ are mapped to s(e1) and s(e2), respectively. (g) Splitting s(e1) and s(e2) to create β(x), β(x′) and β(z), β(z′),
respectively.

e1 and e2 forces a, b, c, d to be collinear where b and c must appear between a and d. Hence, e3 cannot
be represented without an unnecessary adjacency. For a rigid parallel 2-path (Fig. 7(c)), a segment repre-
sentation of the hyperedges ei and e′i, where 1 ≤ i ≤ 2, forces a, bi, ci, d to be collinear where bi and ci
must appear between a and d. Since a segment representation of the hyperedges e1 and e2 forces a to lie
between b1, c1 and b2, c2, we cannot find a placement for d to satisfy the constraints imposed by ei and e′i.

Assume now that we are given a hypergraph H = (V,E) without any of the two forbidden substruc-
tures. We show how to construct a segment representation. Let Ea ⊆ E be defined as

Ea = {e ∈ E | ∀e′ ∈ E : e′ ̸= e ⇒ |e ∩ e′| ≤ 1},

and let Eb = E \ Ea. In other words, a hyperedge belongs to Ea if it has at most one vertex in common
with any other edge in the hypergraph, and Eb consists of the remaining set of hyperedges.

Since H is a max-degree-2 and rank-3 hypergraph, we can observe some structural properties of Eb.
For each e ∈ Eb there exists exactly one other e′ ∈ Eb with |e∩e′| = 2. Hence, we define sib(e) = e′ and
partition Eb into pairs of siblings (Fig. 7(d)). Now define the edge set Ec which consists of Ea plus for
each sibling pair {x, x′} it contains the hyperedge px,x′ = (x ∪ x′) \ (x ∩ x′) (Fig. 7(e)). Next, consider
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a line arrangement of |Ec| line segments in general position such that each pair of line segments crosses
exactly once. Assign to each hyperedge e ∈ Ec a distinct line segment s(e) from this arrangement. If
e = px,x′ for a sibling pair x, x′, we set s(x) = s(x′) = s(e). For e ∈ Ea we set β(e) = s(e). Next, for
each vertex v ∈ V that is not incident to two hyperedges of a sibling pair, we let α(v) be the intersection
point of the line segments s(e) and s(e′) of its two incident hyperedges e and e′ (Fig. 7(f)).

We now find the representations for the sibling pairs. It suffices to consider a sibling pair px,x′ such
that |x ∪ x′| = 4, otherwise the construction is trivial. For each sibling pair x, x′ we cover s(px,x′) by
β(x) and β(x′) as follows. Firstly, β(x) and β(x′) need to share a non-empty segment that will contain
the two points α(y) and α(y′) for y, y′ ∈ x ∩ x′ (Fig. 7(g)). Since the line segments are in general
position, α(y) and α(y′) can be chosen such that no other line segment besides β(px,x′) contains them.
Next, if for example x \ x′ = {v}, then we define β(x) such that it contains α(v) and β(x′) such that it
does not contain α(v). If x′ \ x = {v′} we define β(x′) such that it contains α(v′) and β(x) such that
it does not contain α(v′). Notice that all the requirements above are possible by splitting s(px,x′) into
three consecutive parts, the first being covered by β(x) and containing α(v), the second being covered by
both β(x) and β(x′) and containing α(y) and α(y′), and the third being covered by β(x′) and containing
α(v′). Suppose for a contradiction that the above construction generates unnecessary adjacencies among
the four vertices on β(px,x′). The sibling pair enforces y, y′ to lie between v, v′. Since v and v′ each are
of degree 2, an unnecessary adjacency can appear only if there exists another set S of hyperedges that
force a set of vertices to be collinear with v and v′. If |S| = 1, then we obtain a rigid triangle. If |S| > 1,
then we obtain a rigid parallel 2-path. Since H does not contain these structures, we obtain a correct
representation.

Notice that testing whether H contains a rigid triangle or a rigid parallel 2-path can be done in polyno-
mial time, so we have identified a problem variant that is polynomial-time solvable. We do not know the
complexity for hypergraphs with maximum degree 2 and rank 4.

5 Representations without bends and without crossings
In this section, we give some results on deciding the existence of crossing-free representations, which are
summarized in Table 2. Again, the equivalence between strict and non-strict is because of Observation 1.

5.1 Complexity results for lines
We have two positive results for rank-2 and max-degree-2 hypergraphs, respectively. The first follows due
to an easy case distinction, the second by an equivalence of crossing-free line representability of a linear
hypergraph H (non-linear hypergraphs are not line representable) and its hyperedge intersection graph
being a complete k-partite graph.

Theorem 7. We can decide in polynomial time whether a rank-2 hypergraph has a crossing-free line
representation.

Proof: Let H be a hypergraph. We assume H is linear, otherwise there is no such representation. We
consider different cases.

• If H only contains vertices of degree one then H has a crossing-free line representation with parallel
lines as it consists of pairwise independent hyperedges.
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• Otherwise, let v be a vertex of degree d > 1 and let e1, . . . , ed be its incident hyperedges. We again
consider two cases.

– If d = 2 then H has a crossing-free line representation if and only if the set of hyperedges
E′ = E \ {e1, e2} can be represented as a set of parallel lines without creating unnecessary
adjacencies with the representations of e1 and e2. This implies that no two hyperedges in E′

share a common vertex, and exactly one of the following conditions hold: (a) Every hyperedge
of E′ has a vertex in common with e1. (b) Every hyperedge of E′ has a vertex in common
with e2. (c) Every hyperedge of E′ has a vertex in common with e1 and a vertex in common
with e2.
For (a) and (b), the hyperedges of E′ can be drawn parallel to e1 and e2, respectively. For (c),
the hyperedges of E′ can be drawn with parallel lines where all of them intersect the lines for
e1 and e2.

– If d ≥ 3 then H cannot contain any hyperedge e ̸∈ {e1, . . . , ed}, because the representation
of e would intersect all the other lines implying a rank of at least 3. H can be represented
using a set of lines intersecting at a common point α(v).

Each of the above cases can be processed by iterating over the hyperedges a polynomial number of times.
Consequently, the overall running time is polynomial.

Theorem 8. Let H = (V,E) be a max-degree-2 hypergraph. Then, in polynomial time, one can decide
whether H admits a crossing-free line representation.

Proof: If H is not linear, then it does not have a crossing-free line representation. Thus, assume that
H is linear. Any two hyperedges that share a vertex must intersect. Since the representation is crossing
free, every intersection point must correspond to a vertex. Therefore, we construct the graph G having as
vertex set E and distinct e, e′ ∈ E are adjacent if and only if they share a vertex.

In a crossing-free line representation, a maximal set of parallel lines must intersect all the other re-
maining lines, and every intersection determines a vertex. Therefore, if H admits a crossing-free line
representation, then G is complete k-partite for some k ∈ N.

Assume now that G is complete k-partite for some k ∈ N, which can be tested in polynomial time by
checking whether each connected component in the complement graph of G is a clique. We can represent
H by choosing k representative lines in general position, and then creating a set of parallel lines for each
of these representative lines whose cardinality matches the size of the corresponding partite set in G.

5.2 Line segments
For line segments, we first present hardness results and then cases that we solve, in particular this will
include classes of hypergraphs that always have a crossing-free segment representation.

Hardness results. The reduction in the proof of Theorem 3 constructs a hypergraph that admits a
crossing-free segment representation if and only if the corresponding pseudoline arrangement is stretch-
able. Thus, the same reduction gives the following result.

Corollary 3. It is ∃R-hard to decide whether a rank-3 max-degree-6 hypergraph has a crossing-free
segment representation.
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The same holds for the reduction in the proof of Theorem 4, which gives the following.

Corollary 4. It is ∃R-hard to decide whether a rank-5 max-degree-2 hypergraph has a crossing-free
segment representation.

(a)

p7 p8 p9

p1 p2 p3

p4
p5

p6

(b)

p10 p11

p12 p13

Fig. 8: (a) A strict crossing-free segment representation of the hypergraph resulting from the reduction in Theorem 5
applied to the pseudoline arrangement in Fig. 5(a). (b) A strict crossing-free segment representation of the extended
Pappus gadget.

With a slightly more involved reduction from stretchability using an extended Pappus gadget (inter-
section points are replaced by vertices), we can show that it is ∃R-hard to decide whether a rank-5 max-
degree-10 hypergraph has a strict crossing-free segment representation.

Theorem 9. It is ∃R-hard to decide whether a rank-5 max-degree-10 hypergraph has a strict crossing-free
segment representation.

Proof: Let I be an instance of PSEUDOLINE STRETCHABILITY with at least 3 lines. We construct a
hypergraph H by taking intersection points as vertices. For each pseudoline let its intersection points be
v1, v2, v3, v4, . . . , vt−2, vt−1, vt. We need to construct gadgets such that
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(1) all these points are collinear, and

(2) they appear in the correct order.

For (1), consider two consecutive intersection points vi, vi+1. We add a new vertex wi. Now we want
to force vi, wi and vi+1 to be collinear. We cannot use the Pappus gadget as the Pappus gadget itself
has crossings. However, we can extend the Pappus gadget with new vertices that correspond to these
intersection points (see Fig. 8(b)). We call the hypergraph corresponding to the representation in Fig. 8
the extended Pappus gadget. As the Pappus gadget is a subhypergraph of the extended Pappus gadget, in
any strict crossing-free segment representation the anchors p7, p8, p9 must be collinear. Thus, for forcing
the triple vi, wi, vi+1 to be collinear, we introduce a new extended Pappus gadget and let the triple be
its anchors. It is important that vi corresponds to p7, wi to p8, and vi+1 to p9, as we do not have the
symmetries that were present in the standard Pappus gadget anymore. Next, for each triple vi, vi+1, vi+2

of consecutive intersection points we add the hyperedge wi, vi+1, wi+1. Together, the extended Pappus
gadgets and these line segments force v1, v2, . . . , vt to be collinear. For (2), the above construction already
ensures that vi, vi+1, vi+2 appear in the correct order for 2 ≤ i ≤ t − 3. We simply add two more
hyperedges {v1, w1} and {wt−1, vt} to ensure the order for all 1 ≤ i ≤ t− 2.

We claim that I is stretchable if and only if H has a crossing-free strict segment representation (this
correspondence is shown in Fig. 8(a)).

“⇒”: Consider the representation of intersection points as they appear in the stretched pseudoline
arrangement and for vi, vi+1 belonging to some pseudoline, represent wi somewhere along the line seg-
ment connecting vi and vi+1. The hyperedges corresponding to the hyperedges of size two and three not
belonging to the extended Pappus gadgets can be represented and pass through their two/three incident
vertices. We also need to represent the extended Pappus gadgets. Due to arguments similar to Lemma 1,
the extended Pappus gadget points that are not the anchors can be placed into an infinitesimally small disk
that is arbitrarily centered. Hence, we can place the Pappus gadgets such that the line segments of the
gadgets have no unwanted incidences of points (vertices) and lines (hyperedges), nor unwanted crossings.
Hence, H can be represented strictly by line segments.

“⇐” We constructed H such that in any strict crossing-free segment representation the intersection
points of a polyline appear collinear and in the correct order. Hence, I is stretchable.

A correspondence between strict crossing-free segment representations of degree-2 hypergraphs and
segment intersection graphs gives the following result.

Theorem 10. It is ∃R-hard to decide whether a max-degree-2 hypergraph has a strict crossing-free
segment representation.

Proof: We reduce from the problem SEGMENT INTERSECTION GRAPH RECOGNITION, which is ∃R-hard
(Matousek, 2014). This problem is given a simple graph G and asks whether there exists an arrangement
A of segments in the plane such that G is the intersection graph of A, i.e., the vertices of G correspond to
segments of A, and two vertices are connected by an edge if and only if the corresponding segments share
at least one point. In that case, we say that A represents G. We can assume that G is connected and has at
least two vertices as this restriction preserves the ∃R-hardness result of Matousek (2014). We construct a
hypergraph H as follows. For each edge e in G we add a vertex ve to H . For each vertex v in G that is
incident to edges e1, e2, . . . , eℓ we add the hyperedge {ve1 , ve2 , . . . , veℓ} to H . Notice that H has degree
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two as each edge in G is incident to two vertices. We show that G is a segment intersection graph if and
only if H has a strict crossing-free segment representation.

“⇒”: Let A be a representation of G. As G is simple, we can assume that no two segments in A lie on
the same line (see also (Matousek, 2014)). Thus, if two line segments share a non-empty intersection, this
intersection consists of a single point. Furthermore, with standard perturbation arguments we can assume
that no three line segments in A intersect at a single point, see e.g. (Eppstein, 2009, Section 5). It is now
easy to turn A into a strict crossing-free segment representation (α, β). For vertices ve in H , α(ve) is
simply the unique intersection point of the two line segments corresponding to the two incident vertices
of e. For the hyperedge ê = {ve1 , ve2 , . . . , veℓ}, β(ê) is the line segment in the line arrangement passing
through α(ve1), α(ve2), . . . , α(veℓ).

“⇐”: Let (α, β) be a strict crossing-free segment representation of H . Notice that when interpreting
the representation as line segment arrangement A, then A represents G.

Solvable cases. We now present some cases where the existence of a crossing-free segment representa-
tion can be decided in polynomial time.

The rank-2 case corresponds to deciding whether a graph is planar.

Observation 3. Let H be a rank-2 hypergraph without hyperedges of size 1. Then H is a simple graph,
and every crossing-free segment representation can be made strict. Furthermore, H has such a represen-
tation if and only if it is planar.

As hyperedges of size 1 do not affect segment representability, this solves the problem for rank-2
hypergraphs.

We now present some hypergraph classes for which we can decide the existence of a strict crossing-
free segment representation in polynomial time. The first class is based on permutation graphs which are
graphs with vertex set {v1, . . . , vn} and there exists a permutation π such that vi, vj , i < j, are adjacent
if and only if i comes after j in π.

Theorem 11. Let H be a degree-2 linear hypergraph and let G be its hyperedge intersection graph. If G
is a permutation graph (which is verifiable in linear time), then H admits a crossing-free strict segment
representation.

Proof: If G is a permutation graph, then by definition G admits a representation Γ with segments such
that two segments intersect if and only if the corresponding vertices are adjacent in G. Furthermore, the
segments lie between a pair of parallel lines ℓu and ℓb, where each segment has one endpoint on ℓu and
the other endpoint on ℓb. One can determine in linear time whether a graph is a permutation graph, and, if
so, then its segment representation can also be constructed in linear time (McConnell and Spinrad, 1999).
Figures 9(a)–(b) illustrate H and the corresponding segment representation Γ of its hyperedge intersection
graph. Note that a perturbation of the endpoints on ℓu does not change the intersection representation as
long as the order of the endpoints on ℓu is preserved, but it can ensure that no three segments meet at a
single point (Fig. 9(c)).

Consider now the segments of Γ as the hyperedges of H . Every vertex v with degree two in H can
be represented at the intersection point of the hyperedges in Γ that contain v. Finally, the vertices that
are unique to a hyperedge can be placed by choosing distinct points on the segment representing that
hyperedge.
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Fig. 9: (a) A degree-2 linear hypergraph H . (b) An intersection representation of the hyperedge intersection graph.
(c) A perturbation of the endpoints on ℓu and the representation of the vertices.

The vertex-edge incidence graph of a hypergraph H = (V,E) is a bipartite graph G = (V ∪ E,E′),
where an edge (v, e) ∈ E′, v ∈ V and e ∈ E, exists, if and only if e contains v. We obtain the following
result.

Theorem 12. Let H = (V,E) be a hypergraph with the vertex-edge incidence graph G = (V ∪ E,E′).
If G has a planar embedding with vertex set E on the outerface, then we can decide whether H admits a
crossing-free strict segment representation in polynomial time.

Proof: Since G is a bipartite graph, the girth (i.e., the length of a shortest cycle) of G is at least 4. If
G is of girth 4 then there are two hyperedges e, e′ in H that contain at least two vertices in common.
Therefore, H cannot have a strict line segment representation. We can check whether the girth of G is 4
in linear time (Chang and Lu, 2013). If the girth of G is at least 6, then we can construct a crossing-free
strict segment representation as described below.

Let Γ be an embedding of G where all the vertices of E are on the outerface. The embedding Γ can
be used to construct a straight-line planar drawing Γ′ where each vertex in E lies on a horizontal line L,
each vertex in V appears strictly above L with the x-coordinate lying between its leftmost and rightmost
neighbours, and each edge in E′ drawn with a straight line segment between the corresponding endpoints
(Fig. 10(a)). Such a drawing can be computed in polynomial time (Kaufmann and Wiese, 2002).

We repeatedly find the set of vertices S in Γ′ (i.e., vertices and hyperedges of H) that lie on the un-
bounded region above L and create points and segments to represent them. For example, in Fig. 10(a),
the selected set is S = {e1, a, e7, b, c, d, e13, e16}. Let Si be the set selected at the ith iteration.

Let ℓs be the line determined by a line segment s. We will use a drawing invariant that the leftmost
and rightmost hyperedges e, e′ of Si are already drawn with distinct line segments s, s′ and the rest of the
hyperedges of Si would be drawn using a convex chain in the region bounded by the lines ℓs, ℓs′ .

For S1, we draw the leftmost and rightmost hyperedges e, e′ using segments s, s′ of positive and neg-
ative slopes, respectively, so that their corresponding lines form a convex chain (Fig. 10(b)). If there is a
vertex in S that is incident to both e, e′, then we ensure that s and s′ intersect, otherwise, we keep them
disjoint. Let e1(= e), . . . , et(= e′) be the hyperedges of H in S which are in this left to right order on
L. We draw e2, . . . , et−1 using a convex polygonal chain between e, e′ and place the vertices of S on the
chain to realize the necessary adjacencies. Fig. 10(c)–(d) illustrate the scenario for S1. For each vertex v
on S, we now draw the hyperedges adjacent to it by splitting the angle created by leftmost and rightmost
hyperedges, e.g., see vertex a in Fig. 10(e)–(f). We now continue with Si, i ≥ 2. Note that some hyper-
edges of Si are already drawn and we can use them to find maximal sequences in Si where the leftmost
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Fig. 10: Illustration for Theorem 12. Construction of a crossing-free strict segment representation in Theorem 12
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Fig. 11: An infinite polygonal chain with 3 bends extending infinitely to the left and right.

and rightmost hyperedges are already drawn. For example, Fig. 10(g) shows the maximal sequences for
S2 in red, green, orange and purple. For each maximal sequence ep, . . . , eq , where 1 ≤ p, q ≤ |E|, we
draw the sequence with a convex chain between the segments representing ep and eq . However, we also
need to ensure the drawing remains crossing-free. If Si−1 contains a vertex that is adjacent to both ep
and eq , then Si cannot contain a vertex adjacent to both ep and eq (otherwise, the girth of G would be 4).
Therefore, we can draw ep, . . . , eq such that the drawing remains crossing-free. Fig. 10(h) illustrates the
line segment representation for the hypergraph of Fig. 10(g).

The representation that we construct in Lemma 12 can be seen as a contact system of segments, and
hence this identifies a class of graphs for which the existence of segment contact representation can be
tested in polynomial time without using the conditions of de Fraysseix and de Mendez (2007); de Frays-
seix et al. (2007) that check some properties over all subsystems of at least two paths.

6 Beyond 0-bend representations
Researchers have examined various geometric representations of rank-3 max-degree-3 hypergraphs (Glynn,
2000; Kocay and Szypowski, 1999). In this section, we discuss rank-3 max-degree-3 hypergraphs and
whether they have line representations with few bends. Indeed, the PhD thesis of Steinitz (1894) claims
that every 3-uniform 3-regular hypergraph can be represented with one line per hyperedge, except maybe
one hyperedge (which could be represented with one bend). However, more careful consideration shows
that this is indeed not true, as already pointed out by Grünbaum (2009).

We show a construction that has at least two hyperedges that must have a bend, and generalize this
construction. For this, we define, for t ∈ N0, a strict t-bend line representation for a hypergraph as follows.
In the original definition of line representations, we replace lines by what we call infinite polygonal chains.
An infinite polygonal chain consists of a (possibly empty) polygonal chain and two rays, one ending at the
first point of the chain, one ending at the last point (see Fig. 11). Essentially, an infinite polygonal chain
is a polyline whose first and last segment is extended infinitely. Further, two distinct infinite polygonal
chains β(e), β(e′) for e, e′ ∈ E must not share a line segment nor a bend point. Lastly, we require that
the total number of all bends in β(E) is exactly t, where β(E) = {β(e) | e ∈ E}.

Consider the connected 3-uniform 3-regular hypergraph H defined as follows. Let H1
P and H2

P be two
Pappus gadgets with vertices p1, . . . , p9 and p′1, . . . , p

′
9, respectively. The hypergraph H is the union of

H1
P , H

2
P , and the hyperedges {p′7, p8, p9} and {p7, p′8, p′9}. We have the following.

Lemma 2. There is no t-bend representation for H with t < 2.

Proof: If every hyperedge in the subhypergraph H2
P is represented without a bend, then β({p′7, p8, p9})

must pass through p7 due to Theorem 1. Thus, at least one hyperedge of H1
P must be represented with at

least one bend. Applying the same argument to H2
P , we see that we require at least two bends.

The above construction can be generalized so that there is no strict t-bend line representation for any
t < x for an arbitrary x ∈ N. Instead of one copy of H1

P , we add x − 1 copies H2
P , H

3
P , . . . ,H

x
P . See
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e1 e2 e3 e4

Fig. 12: A 3-uniform 3-regular hypergraph requiring at least 4 bends in a strict line representation.

also Fig. 12. Further, we add x hyperedges e1, e2, . . . , ex such that ei contains p8, p9 of Hi
P and p7 of

H
(i mod x)+1
P .

Theorem 13. For any x ∈ N there exists a connected rank-3 hypergraph H such that there exists no strict
t-bend representation for H for any t < x.

Similar constructions exist (at least for x = 2) (Grünbaum, 2009), the generalization has not been stated
explicitly.

7 Conclusions and open problems
We studied representations of hypergraphs by arrangements of lines/segments. While we answered several
complexity questions, many open problems remain:

• What is the time complexity of deciding whether a hypergraph has a crossing-free line representa-
tion?

• We have almost characterized the complexity of deciding whether a max-degree-2 hypergraph has a
segment representation (hardness for rank at least five and a polynomial algorithm for rank at most
three). What about max-degree-2 rank-4 hypergraphs?

• As most straight-line variants are hard, it is a natural question to explore the space where curves
can have bends.
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Recently, in the context of walks of hexagonal circle packings, interest has emerged in the family of skew Dyck paths
with two variants of down-steps. These paths have steps U,Dg, Db, L = Dr . Using generating functions, the kernel
method and (in)finite linear systems, contributions to the (average) height and other enumerations are made. As in
many similar instances, the average height is of order

√
n.

Keywords: Dyck path, skew Dyck paths, Generating functions, Kernel method

1 Skew Dyck paths
Dyck paths consist of up-steps U = (1, 1) and down-steps D = (1,−1), start at the origin, never go
below the x-axis and eventually return to the x-axis. This concept was and still is very popular, and since
such paths are enumerated by Catalan numbers, they figure prominently in [14].

Skew Dyck paths are a variation of the above; they consist of up-steps U = (1, 1) and down-steps D =
(1,−1), never go below the x-axis and return to the x-axis. Additionally, there is left step L = (−1,−1),
which justifies the epitheton skew. A left step is not allowed to follow an up-step, and an up-step is not
allowed to follow a left step. The following decomposition appears already in the pioneering paper [4]:

S = ε + +
S

SS
S \ {ε}

Fig. 1: Symbolic equation for the family of skew Dyck paths.

From this(i) the generating function S(z), where z marks the number of up-steps, is given by

S = 1 + zS2 + z(S − 1), or S(z) =
1− z −

√
1− 6z + 5z2

2z
.

Let us recall that we have up-steps and (possibly) coloured down-steps, denoted by U,Dg, Db, L = Dr.
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2 Helmut Prodinger

S = ε + +
S

S
S

S +
S \ {ε}

Fig. 2: Symbolic equation for the family of skew Dyck paths with two variants of down-steps.

Now we move to an extended family of skew Dyck paths, where two types of down-steps can occur.
They will be marked in green resp. blue. The generating function is then

S = 1 + 2zS2 + z(S − 1), or S(z) =
1− z −

√
1− 10z + 9z2

4z
.

The sequence of coefficients of S(z) is sequence A086871 in [13].
Note that the dominant singularity of this is at z = ϱ = 1

9 which leads to an exponential growth order
9n; a more precise statement follows later.

My interest in this particular family of skew Dyck paths was triggered by the recent paper [2], where it
was demonstrated that they are in bijection with a family of walks in hexagonal circle packings.

Here, we will consider the height of such skew Dyck paths, together with some additional observations.
The height is maximal level that the path reaches, which is an integer ≥ 0. We will however, not use the
language of walks in hexagonal circle packings.

A general reference about paths in lattice structures is [1]; various recent variations appear in [10].

2 Enumeration of skew Dyck paths with two variants of down-
steps

The generating function

S(z) =
1− z −

√
1− 10z + 9z2

4z

becomes nicer using the substitution z =
u

(1 + u)(1 + 4u)
, since it is simply S = 1 + 2u. Apparently,

this handy substitution wasn’t observed before. To read off coefficients, we use Cauchy’s integral formula,
see [5]:

[zn]S =
1

2πi

∮
dz

zn+1
S

=
1

2πi

∮
du(1− 4u2)

(1 + u)2(1 + 4u)2
(1 + u)n+1(1 + 4u)n+1

un+1
(1 + 2u)

=
1

2πi

∮
du(1− 4u2)(1 + 2u)

(1 + u)n−1(1 + 4u)n−1

un+1

= [un](1 + 2u− 4u2 − 8u3)(1 + u)n−1(1 + 4u)n−1

=

(
n− 1; 1, 5, 4

n

)
+ 2

(
n− 1; 1, 5, 4

n− 1

)
− 4

(
n− 1; 1, 5, 4

n− 2

)
− 8

(
n− 1; 1, 5, 4

n− 3

)
.

(i) One referee suggests an alternative notation S = ε+ USDS + U(S \ {ε})L; both notations are fine.
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We used the notion of weighted trinomial coefficients(
m; 1, 5, 4

k

)
= [vk](1 + 5v + 4v2)m = [vk](1 + v)m(1 + 4v)m =

k∑
j=0

4j
(
m

j

)(
m

k − j

)
.

The notion of (weighted) trinomial coefficients has successfully appeared in [6, 8] as well as in some
papers by Panny and coauthors, see for instance [7].

We found it more intuitive to draw a left step (−1,−1) as a marked (in red) down-step (1,−1), see [9].
In this setting, we have now Dyck paths with 3 types of down-steps (blue, green, red), say Db, Dg, Dr,
with the restriction that UDr and DrU are not allowed to occur.

Fig. 3: A path as studied in the paper of length 28 (=semi-length 14) and height 7.

We will construct an automaton that checks whether the syntactic conditions are still fulfilled, i. e., UL
and LU are forbidden. According to the three types of steps, we have three layers of states (current level
when scanning the word from left to right).

It will become important soon that the dominant singularity ϱ = 1
9 corresponds to the value uϱ = 1

2 .
The decomposition for the family S translates as well to Sh of bounded height, viz.

Sh = 1 + 2zSh−1Sh + z(Sh−1 − 1)

or
Sh(1− 2zSh−1) = 1− z + zSh−1,

resp.

Sh =
1− z + zSh−1

1− 2zSh−1
.

This recursion will be solved using the ansatz Sh = ph

qh
:

ph
qh

=
1− z + z ph−1

qh−1

1− 2z ph−1

qh−1

=
(1− z)qh−1 + zph−1

qh−1 − 2zph−1
.

Comparing numerators and denominators we derive

ph = (1− z)qh−1 + zph−1,

qh = qh−1 − 2zph−1;
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this system may be solved using the previous substitution

ph =
−2u

1− 2u

(
(4u+ 3)u

(1 + u)(1 + 4u)

)h

+
1

1− 2u

(
3u+ 1

(1 + u)(1 + 4u)

)h

,

qh =
−4u2

1− 4u2

(
(4u+ 3)u

(1 + u)(1 + 4u)

)h

+
1

1− 4u2

(
3u+ 1

(1 + u)(1 + 4u)

)h

.

Although a computer was used to get this, one could check that these answers indeed solve the recursions.
Now

ph
qh

= (1 + 2u)
−2u(4u+ 3)huh + (3u+ 1)h

−4u2(4u+ 3)huh + (3u+ 1)h
.

In the limit h → ∞ (no height restrictions) S∞ = limh→∞ Sh = 1 + 2u, as it should. Then we set
S[>h] := S∞ − Sh and

S[>h] := 1 + 2u− ph
qh

= (1 + 2u)

[
1− −2u(4u+ 3)huh + (3u+ 1)h

−4u2(4u+ 3)huh + (3u+ 1)h

]
= (1 + 2u)

−4u2(4u+ 3)huh + (3u+ 1)h + 2u(4u+ 3)huh − (3u+ 1)h

−4u2(4u+ 3)huh + (3u+ 1)h

= (1− 4u2)2u
(4u+ 3)huh

−4u2(4u+ 3)huh + (3u+ 1)h

= 2u(1− 4u2)
λh

1− 4u2λh
=

1− 4u2

2u

4u2λh

1− 4u2λh
,

with

λ :=
(4u+ 3)u

3u+ 1
.

The critical value uϱ = 1
2 corresponds to λϱ = 1. We approximate both, 2u and λ by e−t. Since they are

not the same, this will lead to a leading term in the asymptotic expansion only. In order to get the average
height of our family of skew Dyck paths we need to study

∑
h≥0

S[>h] =
1− 4u2

2u

∑
h≥1

4u2λh

1− 4u2λh

or, approximating it,

1− 4u2

2u

∑
h≥1

e−(h+2)t

1− e−(h+2)t
∼ (2t+ . . . )

∑
h≥1

e−ht

1− e−ht
.

The asymptotic expansion of the series appeared in many papers, in particular in [6], where many technical
details are provided. We continue with

∼ 1− λ2

λ

− log(1− λ)

1− λ
∼ −1 + λ

λ
log(1− λ).
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We need the expansion around the critical values;

√
1− 9z ∼

√
2

3
(1− 2u),

1− λ ∼ 4

5
(1− 2u) ∼ 4

5

3√
2

√
1− 9z =

6
√
2

5

√
1− 9z,

log(1− λ) ∼ log

(
6
√
2

5

√
1− 9z

)
∼ 1

2
log(1− 9z),

−1 + λ

λ
log(1− λ) ∼ (−2)

1

2
log(1− 9z) = − log(1− 9z).

By singularity analysis, the coefficient of zn in the last approximation is asymptotic to
9n

n
. For the average

height, we need to divide this by the total number of relevant paths of semi-length n.
The generating function S(z) will be expanded:

S(z) ∼ 2− 3√
2

√
1− 9z.

Thus (singularity analysis, [5])

[zn]S(z) ∼ − 3√
2
9n

n−3/2

Γ(− 1
2 )

=
3

2
√
2
9n

n−3/2

√
π

;

the desired quotient is then asymptotic to

9n

n
3

2
√
2
9n n−3/2√

π

=
2
√
2

3

√
πn ∼ 0.9428090414

√
πn.

Theorem 1. The average height of skew Dyck paths with two types of down-steps is
asymptotic to

2
√
2

3

√
πn

where all such paths of semi-length n are equally likely.
This may be compared to the formula of standard skew Dyck paths (see [10])

2√
5

√
πn

and for standard Dyck paths (not skew) √
πn.

The last result is classical [3].
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3 The recursions
We start with an automaton that scans an input word of the alphabet {up, blue down, green down, red
down} whether is satisfies the necessary syntactical conditions. It has three layers, according to the type
of the last step. Further, we will work with generating functions fi, gi, hi, for i ≥ 0, according to the state
in which the path has landed. Eventually, f0 + g0 + h0 will be the generating function S(z2); note that
for the present approach we need to consider the length, not the semi-length. We will be able to compute
fi, gi, hi explicitly.

Fig. 4: An automaton to check the syntax of skew Dyck paths with two types of down-steps (blue resp. green); the
left step is drawn in red.

The system of recursions can be directly read off, by considering the last step:

f0 = 1, fi+1 = zfi + zgi,

gi = 2zfi+1 + 2zgi+1 + 2zhi+1,

hi = zgi+1 + zhi+1.

The first method of solving this is using bivariate generating functions, viz.

F (u) = F (u, z) =
∑
i≥0

uifi, G(u) = G(u, z) =
∑
i≥0

uigi, H(u) = H(u, z) =
∑
i≥0

uihi.

From the recursions,∑
i≥0

ui+1fi+1 =
∑
i≥0

ui+1zfi +
∑
i≥0

ui+1zgi,∑
i≥0

ui+1gi =
∑
i≥0

ui+12zfi+1 +
∑
i≥0

ui+12zgi+1 +
∑
i≥0

ui+12zhi+1,∑
i≥0

ui+1hi =
∑
i≥0

ui+1zgi+1 +
∑
i≥0

ui+1zhi+1,

or

F (u)− 1 = zuF (u) + zuG(u),

uG(u) = 2z(F (u)− 1) + 2z(G(u)−G(0)) + 2z(H(u)−H(0)),

uH(u) = z(G(u)−G(0)) + z(H(u)−H(0)).
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This system can be solved:

F (u) =
−z(−3 + 2z2) + (2z2 + 2z2G(0) + 2z2H(0)− 1)u

zu2 − (1 + z2)u+ z(3− z2)
,

G(u) =
z(G(0) +H(0) + z2)− 2z2(G(0) +H(0) + 1)u

zu2 − (1 + z2)u+ z(3− z2)
,

H(u) =
−z(2z2H(0) + 2z2 + 2z2G(0)−H(0)−G(0)− z2(H(0) +G(0))u

zu2 − (1 + z2)u+ z(3− z2)
.

The denominator will be factored:

zu2 − (1 + z2)u+ z(3− z2) = z(u− µ1)(u− µ2)

with

µ1 =
1 + z2 +

√
1− 10z2 + 9z4

2z
,

µ2 =
1 + z2 −

√
1− 10z2 + 9z4

2z
.

In the spirit of the kernel method [10] the factor u− µ2 may be divided out from numerators and denom-
inators, with the result

F (u) =
−2z2g0 − 2z2h0 − 2z2 + 1

z(u− µ1)
,

G(u) =
2z(g0 + h0 + 1)

z(u− µ1)
,

H(u) =
z(g0 + h0)

z(u− µ1)
.

Now one can plug in u = 0 and identify f0 = 1, g0, h0;

G(0) = g0 =
2z(−z + µ1)

µ1(−3z + µ1)
,

H(0) = h0 =
2z2

µ1(−3z + µ1)
.

Hence

F (u) =
−2z2g0 − 2z2h0 − 2z2 + 1

z(u− µ1)
=

−µ1

u− µ1
=

1

1− u/µ1
,

G(u) =
2z(g0 + h0 + 1)

z(u− µ1)
=

µ1 − 1
z

u− µ1
=

1
zµ1

− 1

1− u/µ1
,

H(u) =
z(g0 + h0)

z(u− µ1)
=

µ1

2 + z − 1
2z

u− µ1
=

− 1
2 − (z − 1

2z )
1
µ1

1− u/µ1
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and further

[uk]F (u) =
1

µk
1

,

[uk]G(u) =
1

zµk+1
1

− 1

µk
1

[uk]H(u) = −1

2

1

µk
1

−
(
z − 1

2z

) 1

µk+1
1

.

Theorem 2. The generating functions of skew Dyck paths (or prefixes of them) with two variants of
down-steps leading to level i are given by

fi =
1

µi
1

,

gi =
1

zµi+1
1

− 1

µi
1

,

hi = −1

2

1

µi
1

−
(
z − 1

2z

) 1

µi+1
1

.

These may be rewritten using µ2 =
3− 2z2

µ1
. The total generating function leading to level i is

fi + gi + hi =
1

µi
1

+
1

zµi+1
1

− 1

µi
1

− 1

2

1

µi
1

−
(
z − 1

2z

) 1

µi+1
1

= −1

2

1

µi
1

−
(
z − 3

2z

) 1

µi+1
1

.

In particular

f0 + g0 + h0 =
1− z2 −

√
1− 9z2 + 10z4

4z2
.

The quantity F (1) +G(1) +H(1) is also of interest since it is the generating function of any prefix of
our class of skew Dyck paths. The series is

F (1)+G(1)+H(1) = 1+z+3z2+5z3+17z4+31z5+107z6+209z7+725z8+1483z9+5159z10+. . .

which is not in [13].
The denominator zu2 − (1 + z2)u+ z(3− z2) drives the recursions (i ≥ 0)

zfi − (1 + z2)fi+1 + z(3− 2z2)fi+2 = 0,

zgi − (1 + z2)gi+1 + z(3− 2z2)gi+2 = 0,

zhi − (1 + z2)hi+1 + z(3− 2z2)hi+2 = 0;

the quantities f0, g0, h0 are known, and further

−(1 + z2)f0 + z(3− z2)f1 = −zµ1,

(2− 3z2)g0 + z(3− 2z2)g1 =
2(1− z2)

z
,

−(2z + 1)(2z − 1)h0 − z(2z2 − 1)(2z2 − 3)h1 = 2z4.
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The last relations may be checked directly. Now we can express the sequences using matrices.
−(1 + z2) z(3− 2z2) 0 · · ·

z −(1 + z2) z(3− 2z2) · · ·
z −(1 + z2) z(3− 2z2)

...
. . . . . . . . .



f0
f1
f2
...

 =


−zµ1

0
0
...



(2− 3z2) z(3− 2z2) 0 · · ·

z −(1 + z2) z(3− 2z2) · · ·
z −(1 + z2) z(3− 2z2)

...
. . . . . . . . .



g0
g1
g2
...

 =


2(1−z2)

z
0
0
...



−(1− 4z2) z(3− 2z2)(1− 2z2) 0 · · ·

z −(1 + z2) z(3− 2z2) · · ·
z −(1 + z2) z(3− 2z2)

...
. . . . . . . . .



h0

h1

h2

...

 =


−2z4

0
0
...

 .

Now we will only work out f0, g0, h0, provided that the matrix is cut off after K + 1 rows/columns, i.e.
fi := 0 for i > K and similarly gi := 0 for i > K and hi := 0 for i > K. Since f0 = 1 independently
of K we only consider the g-matrix and the h-matrix. Let us use the notations f

[K]
0 , g

[K]
0 , h

[K]
0 . Since

f
[K]
0 = 1, for any K, we don’t need to compute it. For the remaining two quantities, we solve a linear

system using Cramer’s rule. So we have to deal with various determinants. Consider
−(1 + z2) z(3− 2z2) 0 · · · 0

z −(1 + z2) z(3− 2z2) · · · 0
z −(1 + z2) z(3− 2z2) 0

...
. . . . . . . . .

...
−(1 + z2)


with K rows and DK its determinant. Then D0 = 1, D1 = −(1 + z2), and by expansion

DK = −(1 + z2)DK−1 − z2(3− 2z2)DK−2.

This can be solved by standard methods;

DK =
1√

1− 10z2 + 9z4

[
(−zµ2)

K+1 − (−zµ1)
K+1

]
=

(−z)K+1

√
1− 10z2 + 9z4

[
µK+1
2 − µK+1

1

]
.

Notice that

DK−1

DK
=

(−z)K√
1−10z2+9z4

[
µK
2 − µK

1

]
(−z)K+1

√
1−10z2+9z4

[
µK+1
2 − µK+1

1

] = −1

z

µK
2 − µK

1

µK+1
2 − µK+1

1

.



10 Helmut Prodinger

We consider the truncated system
(2− 3z2) z(3− 2z2) 0 · · · 0

z −(1 + z2) z(3− 2z2) · · · 0
z −(1 + z2) z(3− 2z2) 0

...
. . . . . . . . .

...
z −(1 + z2)




g0
g1
g2
...
gK

 =


2(1−z2)

z
0
0
...
0


Then

g
[K]
0 =

2(1−z2)
z DK

(2− 3z2)DK − z2(3− 2z2)DK−1

=

2(1−z2)
z(2−3z2)

1− z2(3−2z2)
(2−3z2)

DK−1

DK

.

From
DK−1

DK
=

1

−(1 + z2)− z2(3− 2z2)DK−2

DK−1

one could write a continued fraction expansion for g[K]
0 , see [12] for similar expansions.

One could as well engage into asymptotics as we did earlier with S[h], but we won’t do that in order to
save space; the paper [11] has such expansions for the interested readers.

Let as briefly write the analogous developments for h[K]
0

−(1− 4z2) z(3− 2z2)(1− 2z2) 0 · · · 0
z −(1 + z2) z(3− 2z2) · · · 0

z −(1 + z2) z(3− 2z2) 0
...

. . . . . . . . .
...

z −(1 + z2)




h0

h1

h2

...
hK

 =


−2z4

0
0
...
0

 ;

h
[K]
0 =

−2z4DK

−(1− 4z2)DK − z2(3− 2z2)(1− 2z2)DK−1
.

4 Further research
Apart from possible considerations about restricted walks in the graph in Figure 4 we mention the pos-
sibility to allow more than two colors. Some brief computations seem to indicate that results about this
scenario would be less pretty.
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In 1977, Chung, Chung and Liu generalized the definition of the Ramsey number. They introduced the s-chromatic
Ramsey number as follows. Let 1 ≤ s < t be integers and let A1, A2, . . . , Ac be subsets with size s of [t], where
c =

(
t
s

)
. For given graphs G1, G2, . . . , Gc, the s-chromatic Ramsey number rs,t(G1, G2, . . . , Gc), is the minimum

positive integer N such that every t-coloring of E(KN ) yields a copy of Gi whose edges are colored by colors in the
color set Ai for some i ∈ [c]. The star-critical s-chromatic Ramsey number rs,t∗ (G1, G2, . . . , Gc), is the minimum
integer ℓ such that every t-coloring of the edges in KN −E(K1,N−1−ℓ) yields a copy of Gi whose edges are colored
by colors in the color set Ai for some i ∈ [c], where N = rs,t(G1, G2, . . . , Gc). If G1 = G2 = · · · = Gc = G,
then we simplify them to rs,t(G) (also called the weakened Ramsey number) and rs,t∗ (G), respectively. In this paper,
we determine all the values of rs,t(K1,m) and rs,t∗ (K1,m), and part of the value of rs,t(K1,m1 ,K1,m2 , . . . ,K1,mc).

Keywords: s-chromatic Ramsey number, star-critical s-chromatic Ramsey number, star

1 Introduction
All graphs in this paper are simple graphs. For a graph G, let V (G) and E(G) be the vertex set and
the edge set of G, respectively. The order of G, v(G), is |V (G)|. For given positive integer t, let
G1, G2, . . . , Gt be graphs and let [t] be the set {1, 2, . . . , t}. In 1930, Ramsey (1930) introduced the Ram-
sey number r(G1, G2, . . . , Gt), which is the minimum integer N such that every t-coloring of E(KN )
yields a monochromatic copy of Gi in color i for some i ∈ [t]. Moreover, if G1 = G2 = · · · = Gt = G,
then we simplify it to rt(G). Let K1,m be the star of order m+1. In 1972, Harary (1972) determined the
value of r(K1,m1 ,K1,m2), and Burr and Roberts extended it.

Theorem 1 (Burr and Roberts (1973)) If m1,m2, . . . ,mt are integers larger than one, exactly k of
which are even, then

r(K1,m1
,K1,m2

, . . . ,K1,mt
) =

{∑t
i=1 mi − t+ 1, k ≥ 2 is even,∑t
i=1 mi − t+ 2, otherwise.
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Provincial Natural Science Foundation of China (No.125QN209) and the Research Foundation Project of Hainan University (No.
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For more results on the Ramsey number, we refer to the dynamic survey Radziszowski (2024).
For a graph G and a subgraph H of G, let G−H be the graph obtained from G by removing a copy of

H . In 2010, Hook (2010) introduced the star-critical Ramsey number r∗(G1, G2, . . . , Gt), which is the
minimum integer ℓ such that every t-coloring of the edges in KN−E(K1,N−1−ℓ) yields a monochromatic
copy of Gi in color i for some i ∈ [t], where N = r(G1, G2, . . . , Gt). Moreover, if G1 = G2 = · · · =
Gt = G, then we simplify it to rt∗(G). Recently, Budden and DeJonge, and the second author determined
the star-critical Ramsey number for stars.

Theorem 2 (Budden and DeJonge (2022), Luo (2025)) If m1,m2, . . . ,mt are integers larger than one,
exactly k of which are even, then

r∗(K1,m1
,K1,m2

, . . . ,K1,mt
) =

{∑t
i=1 mi − t+ 1− k/2, k ≥ 2is even,

1, otherwise.

For more results on the star-critical Ramsey number, we refer to the survey Hook (2024) and the book
Budden (2023).

Let 1 ≤ s < t be integers and let A1, A2, . . . , Ac be subsets with size s of [t], where c =
(
t
s

)
is the

binomial coefficient. In 1977, Chung et al. (1997) generalized the definition of the Ramsey number. They
introduced the s-chromatic Ramsey number rs,t(G1, G2, . . . , Gc), which is the minimum positive integer
N such that every t-coloring of E(KN ) yields a copy of Gi whose edges are colored by colors in the
color set Ai for some i ∈ [c]. Moreover, if G1 = G2 = · · · = Gc = G, then we simplify it to rs,t(G)
(also called the weakened Ramsey number by Harborth and Möller (1999)). Meanwhile, they determined
the value of r2,3(K1,m1 ,K1,m2 ,K1,m3). In 2017, Khamseh and Omidi (2017) generalized it. They
determined the value of rt−1,t(K1,m1 ,K1,m2 , . . . ,K1,mt) under some conditions. In 2022, Khamseh and
Omidi also completely determined the value of rt−1,t(K1,m).

Theorem 3 (Khamseh and Omidi (2022)) Let x = ⌊(mt− 1)/(t− 1)⌋ and q = ⌊x/t⌋. Then

rt−1,t(K1,m) =

{
x, x = tq + 1 and x, q are odd,
x+ 1, otherwise.

Meanwhile, they determined the value of rt−2,t(K1,m).
We can also generalize the star-critical Ramsey number to the star-critical s-chromatic Ramsey number.

The star-critical s-chromatic Ramsey number, rs,t∗ (G1, G2, . . . , Gc), is the minimum integer ℓ such that
every t-coloring of the edges in KN − E(K1,N−1−ℓ) yields a copy of Gi whose edges are colored by
colors in the color set Ai for some i ∈ [c], where N = rs,t(G1, G2, . . . , Gc). Recently, Budden, Moun
and Jakhar determined the value of rt−1,t

∗ (K1,m).

Theorem 4 (Budden et al. (2025)) Let x = ⌊(mt− 1)/(t− 1)⌋ and q = ⌊x/t⌋. Then

rt−1,t
∗ (K1,m) =

{
x− 1, x = tq + 1 and x, q are odd,
1, otherwise.

Meanwhile, they determined the value of rt−2,t
∗ (K1,m). Moreover, they also determined the value of

r2,t(K1,3) and r2,t∗ (K1,3) for t ≥ 3.
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2 Results and Notations
Unfortunately, there is a calculation mistake in Corollary 2.4 in Khamseh and Omidi (2022) when t
is odd, s = t − 1 and m is large. In this paper, under some conditions, we determine the value of
rs,t(K1,m1

, . . . ,K1,mc
). As corollaries, we completely determine the value of rt−1,t(K1,m1

, . . . ,K1,mt
)

and rs,t(K1,m) for all 1 ≤ s < t.
For given integers 1 ≤ s < t, let c =

(
t
s

)
and let A1, A2, . . . , Ac be subsets with size s of [t]. For a

set A with size at least s, let
(
A
s

)
be the collection of all subsets with size s of A. For each i ∈ [c], let

mAi be a positive integer, and let K1,mAi
be the star whose edges are colored by colors in the color set

Ai. In this paper, we assume that all elements in color sets are modules in [t], that is, b ≡ t if b = at
for some integer a and b ≡ a′ if b = at + a′, where 0 < a′ < t. For a given positive integer a and
sets B1, B2, . . . , Ba, let B1 ∪ B2 ∪ · · · ∪ Ba be the union of B1, B2, . . . , Ba with repeat. Moreover, if
B1 = B2 = · · · = Ba = B, then we simplify it to aB. For example, if B1 = {1, 2, 3} and B2 = {1, 2, 3},
then B1 ∪B2 = {1, 1, 2, 2, 3, 3} = 2{1, 2, 3}. For each i ∈ [t], let

ℓi =

1
s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − 1




=
1

s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − ai

 .

Note that ai ∈ [s]. In fact, we will prove that ai = a for every i ∈ [t]. Now, we can show our main result.

Theorem 5 For given positive integers 1 ≤ s < t, let c =
(
t
s

)
. Suppose that

∑b
i=1 mApi

=
∑b

i=1 mAqi

if
⋃b

i=1 Api =
⋃b

i=1 Aqi . Let k be the number of odd numbers of {ℓ1, ℓ2, . . . , ℓt}. Then

rs,t
(
K1,mA1

,K1,mA2
, . . . ,K1,mAc

)
=

{∑t
i=1 ℓi + a, a = 1 and k ≥ 1 is even,∑t
i=1 ℓi + a+ 1, otherwise.

Assume that s = t − 1. We can show that if
⋃b

i=1 Api
=
⋃b

i=1 Aqi , then
∑b

i=1 mApi
=
∑b

i=1 mAqi
.

Thus, the condition of Theorem 5 holds.

Corollary 6 For a given positive integer t, let k be the number of odd numbers of {ℓ1, ℓ2, . . . , ℓt}. Then

rt−1,t
(
K1,mA1

,K1,mA2
, . . . ,K1,mAt

)
=

{∑t
i=1 ℓi + a, a = 1 and k ≥ 1 is even,∑t
i=1 ℓi + a+ 1, otherwise.

Note that the condition of Theorem 5 holds if K1,mA1
= K1,mA2

= · · · = K1,mAc
= K1,m. Thus, the

following holds.
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Corollary 7 Let m, k and t be positive integers. Let s and a′ be integers such that s ∈ [t − 1] and
0 ≤ a′ ≤ s− 1. Then

rs,t(K1,m) =



(2k − 1)t+ s+ 1, m = 2ks and s ̸= 1,

2kt+ a′ + 1, m = 2ks+ a′ and 1 ≤ a′ ≤ s− 1,

2kt+ s+ 1, m = (2k + 1)s,

(2k + 1)t+ 1, m = (2k + 1)s+ 1 and t is even,
(2k + 1)t+ 2, m = (2k + 1)s+ 1 and t is odd,
(2k + 1)t+ a′ + 1, m = (2k + 1)s+ a′ and 2 ≤ a′ ≤ s− 1.

Furthermore, we completely determine the value of rs,t∗ (K1,m) as follows.

Theorem 8 Let m, k and t be positive integers. Let s be an integer such that s ∈ [t− 1]. Then

rs,t∗ (K1,m) =


2kt+ t/2 + 1, m = (2k + 1)s+ 1, t is even and 1 ≤ s ≤ t/2,

2kt+ s+ 1, m = (2k + 1)s+ 1, t is even and t/2 + 1 ≤ s ≤ t− 1,

1, otherwise.

Notations and definitions: A cycle C of a graph G is Hamiltonian if V (C) = V (G). The center of a
star K1,m is the vertex of degree m. A graph G is r-regular if d(v) = r for each v ∈ V (G). A spanning
subgraph H of G is r-factor if H is r-regular. Let G be a t-edge-colored graph. For each i ∈ [t], let Gi

be the subgraph induced by all edges in color i. Moreover, let di(v) be the degree of v in Gi.

3 Proof of Theorem 5

In this section, let 1 ≤ s < t be integers and let c =
(
t
s

)
. Let A1, A2, . . . , Ac be subsets with size s of [t].

Before we prove Theorem 5, we still need some preparation. Firstly, we need the following decomposition
of a complete graphs (see Harary’s book Harary (1969)).

Theorem 9 (Harary (1969)) K2n can be decomposed into (2n− 1) edge-disjoint 1-factors, and K2n+1

can be decomposed into n edge-disjoint 2-factors.

Fact 10 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . Then for any set A ∈
(
[t]
s

)
,

we have

∑
i∈A

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i]

 = smA.
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Proof: Without loss of generality, suppose that A = {i1, i2, . . . , is}. Thus,

∑
i∈A

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i]


=
∑
i∈A

 s∑
j=1

m{i,i+1,...,i+s}\{i+j} − (s− 1)m{i+1,i+2,...,i+s}


=

s∑
ℓ=1

 s∑
j=1

m{iℓ,iℓ+1,...,iℓ+s}\{iℓ+j} − (s− 1)m{iℓ+1,iℓ+2,...,iℓ+s}


=

s∑
ℓ=1

s∑
j=1

m{iℓ,iℓ+1,...,iℓ+s}\{iℓ+j} − (s− 1)

s∑
ℓ=1

m{iℓ+1,iℓ+2,...,iℓ+s}

=sm{i1,i2,...,is} + (s− 1)

s∑
ℓ=1

m{iℓ+1,iℓ+2,...,iℓ+s} − (s− 1)

s∑
ℓ=1

m{iℓ+1,iℓ+2,...,iℓ+s}

=smA

where the second to the last equality is from our assumption since

s⋃
ℓ=1

 s⋃
j=1

{iℓ, iℓ + 1, . . . , iℓ + s} \ {iℓ + j}


=s{i1, i2, . . . , is} ∪

(
(s− 1)

s⋃
ℓ=1

{iℓ + 1, iℓ + 2, . . . , iℓ + s}

)
.

We finish the proof. 2

Recall that for any i ∈ [t],

ℓi =

1
s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − 1




=
1

s

 ∑
B∈([s+i]\[i]

s−1 )

m{i}∪B − (s− 1)m[s+i]\[i] − ai

 .

Fact 11 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . Then ai = aj = a for all
i, j ∈ [t]. Moreover, a ∈ [s].

Proof: For any set A ∈
(
[t]
s

)
, we have

∑
i∈A ℓi = mA −

∑
i∈A ai/s by Fact 10. Note that

∑
i∈A ai/s is

an integer since
∑

i∈A ℓi and mA are integers. Thus,
∑

i∈A ai ≡ 0 (mod s) for any set A ∈
(
[t]
s

)
. Let
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i1, i2 ∈ [t] be integers such that i1 ̸= i2. Let B ∈
(

[t]
s−1

)
be a set such that i1 ̸∈ B and i2 ̸∈ B (we can

do this since 1 ≤ s < t). Note that
∑

i∈B ai + ai1 ≡ 0 (mod s) and
∑

i∈B ai + ai2 ≡ 0 (mod s) since
B ∪ {i1} ∈

(
[t]
s

)
and B ∪ {i2} ∈

(
[t]
s

)
. Consequently, ai1 − ai2 ≡ 0 (mod s). Furthermore, ai1 = ai2

since ai1 , ai2 ∈ [s]. Thus, we are done by the arbitrariness of i1 and i2. 2

The following is deduced from Fact 10 and Fact 11.

Corollary 12 Suppose that
∑b

i=1 mApi
=
∑b

j=i mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . For any set A ∈
(
[t]
s

)
,

we have
∑

i∈A ℓi = mA − a, where a ∈ [s].

Now, we are ready to prove our main result. We divide Theorem 5 into three parts. Let k be the number
of odd numbers in {ℓ1, ℓ2, . . . , ℓt}.

Theorem 13 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . Then

rs,t
(
K1,mA1

,K1,mA2
, . . . ,K1,mAc

)
≥

{∑t
i=1 ℓi + a, a = 1 and k ≥ 1 is even,∑t
i=1 ℓi + a+ 1, otherwise.

Proof: We can split our discussion into the following cases since a ∈ [s].
Case 1. a = 1 and k ≥ 1 is even.
Note that

∑t
i=1 ℓi is even. Thus, K∑t

i=1 ℓi can be decomposed into
∑t

i=1 ℓi−1 edge-disjoint 1-factors
by Theorem 9. Furthermore, we have graphs G1, G2, . . . , Gt that satisfy the following. (1) Gi and Gj

are edge-disjoint for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t − 1] and Gt is
(ℓt − 1)-regular. Color Gi by color i for each i ∈ [t] and denote the resulting graph by G. Note that
G is a t-edge-colored K∑t

i=1 ℓi . Let v ∈ V (G) be a vertex and let A ∈
(
[t]
s

)
be a color set. Note that∑

i∈A di(v) ≤
∑

i∈A ℓi = mA − a = mA − 1 by Corollary 12 since a = 1. Consequently, there is
no copy of K1,mA

whose edges are colored by colors in the color set A for each A ∈
(
[t]
s

)
, and thus

rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≥

∑t
i=1 ℓi + 1 =

∑t
i=1 ℓi + a since a = 1.

Case 2. a = 1 and k = 0.
Note that ℓi is even for each i ∈ [t] and

∑t
i=1 ℓi + a is odd. Thus, K∑t

i=1 ℓi+a can be decom-
posed into

∑t
i=1 ℓi/2 edge-disjoint 2-factors by Theorem 9 since a = 1. Furthermore, we have graphs

G1, G2, . . . , Gt that satisfy the following since ℓi is even for each i ∈ [t]. (1) Gi and Gj are edge-disjoint
for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t]. Color Gi by color i for each i ∈ [t]
and denote the resulting graph by G. Note that G is a t-edge-colored K∑t

i=1 ℓi+a. Let v ∈ V (G) be a

vertex and let A ∈
(
[t]
s

)
be a color set. Note that

∑
i∈A di(v) =

∑
i∈A ℓi = mA − a = mA − 1 by

Corollary 12 since a = 1. Consequently, there is no copy of K1,mA
whose edges are colored by colors in

the color set A for each A ∈
(
[t]
s

)
, and thus rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) ≥
∑t

i=1 ℓi + a+ 1.
Case 3. a ≥ 2 and

∑t
i=1 ℓi + a is odd.

Note that
∑t

i=1 ℓi+a−1 is even. Thus, K∑t
i=1 ℓi+a−1 can be decomposed into

∑t
i=1 ℓi+a−2 edge-

disjoint 1-factors by Theorem 9. Furthermore, we have graphs G1, G2, . . . , Gt that satisfy the following.
(1) Gi and Gj are edge-disjoint for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t − 1]
and Gt is (ℓt + a − 2)-regular. Color Gi by color i for each i ∈ [t] and denote the resulting graph by
G. Let u ̸∈ V (G) be a vertex and add all edges between {u} and V (G). Color ℓi edges adjacent to u by
color i for each i ∈ [t − 1] and ℓt + a − 1 edges adjacent to u by color t. Denote the resulting graph by
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H . Note that H is a t-edge-colored K∑t
i=1 ℓi+a. Let v ∈ V (H) be a vertex and let A ∈

(
[t]
s

)
be a color

set. Note that
∑

i∈A di(v) ≤
∑

i∈A ℓi + a − 1 = mA − 1 by Corollary 12 since a ≥ 2. Consequently,
there is no copy of K1,mA

whose edges are colored by colors in the color set A for each A ∈
(
[t]
s

)
, and

thus rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≥

∑t
i=1 ℓi + a+ 1.

Case 4.
∑t

i=1 ℓi + a is even.
Note that K∑t

i=1 ℓi+a can be partitioned into
∑t

i=1 ℓi + a − 1 edge-disjoint 1-factors by Theorem 9.
Furthermore, we have graphs G1, G2, . . . , Gt that satisfy the following. (1) Gi and Gj are edge-disjoint
for all i ∈ [t], j ∈ [t] and i ̸= j. (2) Gi is ℓi-regular for each i ∈ [t − 1] and Gt is (ℓt + a − 1)-regular.
Color Gi by color i for each i ∈ [t] and denote the resulting graph by G. Let v ∈ V (G) be a vertex and
let A ∈

(
[t]
s

)
be a color set. Note that

∑
i∈A di(v) ≤

∑
i∈A ℓi + a − 1 = mA − 1 by Corollary 12 since

a ≥ 1. Consequently, there is no copy of K1,mA
whose edges are colored by colors in the color set A for

each A ∈
(
[t]
s

)
, and thus rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) ≥
∑t

i=1 ℓi + a+ 1. 2

Theorem 14 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api
=
⋃b

i=1 Aqi . If a = 1 and k ≥ 1 is
even, then rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) =
∑t

i=1 ℓi + a.

Proof: We just need to show that rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≤

∑t
i=1 ℓi + a = N by Theorem

13. Color KN arbitrarily by t colors and denote the resulting graph by G. Let u ∈ V (G) be a vertex.
Moreover, let di = di(u). Note that

∑t
i=1 di = d(u) = N−1 =

∑t
i=1 ℓi since a = 1. By the pigeonhole

principle, there is i0 ∈ [t] such that di0 ≥ ℓi0 . Without loss of generality, we may assume that d1 = ℓ1+c,
where c ≥ 0. Moreover, we may assume that

∑
B∈([t]\{1}s−1 )

∑
i∈{1}∪B di ≤

∑
B∈([t]\{1}s−1 )(m{1}∪B − 1).

Otherwise, there is a copy of K1,m{1}∪B
whose edges are colored by colors in the color set {1} ∪ B for

some B ∈
(
[t]\{1}
s−1

)
, and we are done. Consequently,∑

B∈([t]\{1}s−1 )

(m{1}∪B − 1) ≥
∑

B∈([t]\{1}s−1 )

∑
i∈{1}∪B

di

=

(
t− 1

s− 1

)
d1 +

(
t− 2

s− 2

) t∑
i=2

di =

(
t− 2

s− 1

)
d1 +

(
t− 2

s− 2

)
d(u)

=

(
t− 2

s− 1

)
ℓ1 +

(
t− 2

s− 1

)
c+

(
t− 2

s− 2

) t∑
i=1

ℓi

=
∑

B∈([t]\{1}s−1 )

(m{1}∪B − 1) +

(
t− 2

s− 1

)
c,

where the last equality is from Corollary 12 since a = 1. Thus, c = 0 and d1 = ℓ1. Consequently, there
is j0 ∈ [t]\{1} such that dj0 ≥ ℓi0 since

∑t
i=2 di =

∑t
i=2 ℓi. The same discussion as before, we have

di0 = ℓi0 . Repeat the process, either we have a copy of K1,mA
whose edges are colored by colors in

the color set A for some A ∈
(
[t]
s

)
or di = ℓi for each i ∈ [t]. We may assume the latter. Note that the

subgraph induced by all edges in color i is ℓi-regular for each i ∈ [t] since u ∈ V (G) is arbitrarily. Recall
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that a = 1 and k ≥ 1 is even. Thus, there is an i′ ∈ [t] such that ℓi′ is odd. Moreover,
∑t

i=1 ℓi + a is odd.
It is impossible since the odd regular graph on odd vertices does not exist by the Handshaking Lemma. 2

Theorem 15 Suppose that
∑b

i=1 mApi
=
∑b

i=1 mAqi
if
⋃b

i=1 Api =
⋃b

i=1 Aqi . If 2 ≤ a ≤ s, or k = 0,
or k is odd, then rs,t(K1,mA1

,K1,mA2
, . . . ,K1,mAc

) =
∑t

i=1 ℓi + a+ 1.

Proof: We just need to show that rs,t(K1,mA1
,K1,mA2

, . . . ,K1,mAc
) ≤

∑t
i=1 ℓi + a + 1 = N by

Theorem 13. Color KN arbitrarily by t colors and denote the resulting graph by G. Let u ∈ V (G) be a
vertex. Moreover, let di = di(u). Note that

∑t
i=1 di = d(u) = N − 1 =

∑t
i=1 ℓi + a. In the following,

we will show that G contains a copy of K1,mA
whose edges are colored by colors in the color set A for

some A ∈
(
[t]
s

)
by using induction in t.

Firstly, let t = s + 1. By the pigeonhole principle, there is i0 ∈ [s + 1] such that di0 ≥ ℓi0 + 1 since
a ∈ [s]. Without loss of generality, we may assume that d1 = ℓ1+1+ c, where c ≥ 0. Moreover, we may
assume that

∑
B∈([s+1]\{1}

s−1 )
∑

i∈{1}∪B di ≤
∑

B∈([s+1]\{1}
s−1 )(m{1}∪B − 1). Otherwise, there is a copy of

K1,m{1}∪B
whose edges are colored by colors in the color set {1} ∪B for some B ∈

(
[s+1]\{1}

s−1

)
, and we

are done. Consequently, ∑
B∈([s+1]\{1}

s−1 )

(m{1}∪B − 1) ≥
∑

B∈([s+1]\{1}
s−1 )

∑
i∈{1}∪B

di

=sd1 + (s− 1)

s+1∑
i=2

di = d1 + (s− 1)d(u)

=ℓ1 + 1 + c+ (s− 1)

(
s+1∑
i=1

ℓi + a

)
=

∑
B∈([s+1]\{1}

s−1 )

(m{1}∪B − a) + (s− 1)a+ 1 + c

=
∑

B∈([s+1]\{1}
s−1 )

(m{1}∪B − 1)− a+ s+ 1 + c

≥
∑

B∈([s+1]\{1}
s−1 )

(m{1}∪B − 1) + 1,

where the third to the last inequality comes from Corollary 12 and the last inequality comes from a ∈ [s]
and c ≥ 0. This is a contradiction. Consequently, the assertion holds for t = s+ 1.

Assume that t ≥ s + 2 and the assertion holds for t − 1. Let k′ be the number of odd numbers in
ℓ1, ℓ2, . . . , ℓt−1 and let c′ =

(
t−1
s

)
. Note that rs,t−1(K1,mA1

,K1,mA2
, . . . ,K1,mA

c′
) ≤

∑t−1
i=1 ℓi + a+ 1

by Theorem 14 or the induction hypothesis. Consequently, if
∑t−1

i=1 di ≥
∑t−1

i=1 ℓi + a, then there is a
copy of K1,mA′ whose edges are colored by colors in the color set A′ for some A′ ∈

(
[t−1]

s

)
, and we are

done. Thus, to finish the proof, we only need to show that
∑t−1

i=1 di ≥
∑t−1

i=1 ℓi + a.
By the pigeonhole principle, there is i0 ∈ [t] such that di0 ≤ ℓi0 since

∑t
i=1 di = d(u) =

∑t
i=1 ℓi +

a, a ∈ [s] and t ≥ s + 2. Without loss of generality, we may assume that i0 = t (if i0 ̸= t, then we can
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relabel the colors such that i0 = t). Note that

t−1∑
i=1

di = N − 1− dt ≥ N − 1− ℓt =

t−1∑
i=1

ℓi + a.

Thus, we finish the proof. 2

Combining Theorem 14 and Theorem 15, we obtain Theorem 5.

4 Proof of Theorem 8
Note that Theorem 8 holds for s = 1 by Theorem 2 and holds for s = t− 1 by Theorem 4. Thus, we may
assume that 2 ≤ s ≤ t− 2 in this section. Firstly, we need a stronger decomposition of a complete graph
from Bollabás.

Theorem 16 (Bollobás (2004)) K2n+1 can be decomposed into n edge-disjoint Hamiltonian cycles.

Let m, k and t be positive integers. Let s and a′ be integers such that s ∈ [t − 1] and 0 ≤ a′ ≤ s − 1.
Let b be an integer as follows.

b =



(2k − 1)t+ s, m = 2ks and s ̸= 1,

2kt+ a′, m = 2ks+ a′ and 1 ≤ a′ ≤ s− 1,

2kt+ s, m = (2k + 1)s,

(2k + 1)t+ 1, m = (2k + 1)s+ 1 and t is odd,
(2k + 1)t+ a′, m = (2k + 1)s+ a′ and 2 ≤ a′ ≤ s− 1.

Lemma 17 Let G be a graph, and let u ∈ V (G) be a vertex such that d(u) ≥ b. Then every t-coloring
of E(G) yields a copy of K1,m with center u, whose edges are colored by colors in the color set Ai for
some Ai ∈

(
[t]
s

)
.

Proof: Let di = di(u). Without loss of generality, we may assume that d1 ≥ d2 ≥ · · · ≥ dt. If∑s
i=1 di ≥ m, then we are done. Thus, we may assume that

∑s
i=1 di ≤ m − 1. Furthermore, ds ≤

⌊(m − 1)/s⌋ by the pigeonhole principle. Note that
∑t

i=s+1 di ≥ b −
∑s

i=1 di ≥ b − m + 1. Thus,
ds+1 ≥ ⌈(b−m+ 1)/(t− s)⌉ by the pigeonhole principle again. One can directly verify that

ds ≤ ⌊(m− 1)/s⌋ < ⌈(b−m+ 1)/(t− s)⌉ ≤ ds+1.

It is a contradiction to our assumption. 2

Theorem 18 If m ̸= (2k + 1)s+ 1, or t is odd, then rs,t∗ (K1,m) = 1.

Proof: Note that rs,t(K1,m) = b+1 by Corollary 7. Thus, rs,t∗ (K1,m) ≤ 1 by Lemma 17. Consequently,
rs,t∗ (K1,m) = 1 since rs,t∗ (K1,m) ≥ 1 by the definition of rs,t(K1,m). 2
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Theorem 19 If m = (2k + 1)s+ 1 and t is even, then

rs,t∗ (K1,m) =

{
2kt+ t/2 + 1, 2 ≤ s ≤ t/2,

2kt+ s+ 1, t/2 + 1 ≤ s ≤ t− 2.

Proof: Note that rs,t(K1,m) = (2k+1)t+1 = N by Corollary 7. Let x = 2kt+ t/2+1 for 2 ≤ s ≤ t/2
and x = 2kt+ s+ 1 for t/2 + 1 ≤ s ≤ t− 2.

Firstly, we will show that rs,t∗ (K1,m) ≥ x, that is, there is a t-coloring of the edges of KN−E(K1,N−x)

without copy of K1,m whose edges are colored by colors in the color set Ai for each Ai ∈
(
[t]
s

)
. Note

that (2k + 1)t + 1 is odd since t is even. Thus, K(2k+1)t+1 can be decomposed into (2k + 1)t/2 edge-
disjoint Hamiltonian cycles by Theorem 16. Denote them by C1, C2, . . . , C(2k+1)t/2. Let v ∈ V (KN )
be a vertex. For each i ∈ [t/2], let uiv ∈ E(Ci) be an edge and let Pi be the graph obtained from Ci

by removing uiv. Note that E(Pi) can be decomposed into two edge-disjoint matchings M2(i−1)+1 and
M2i. Color Ck(i−1)+1+t/2, Ck(i−1)+2+t/2, . . . , Cki+t/2 and Mi in color i for each i ∈ [t]. Denote the
resulting graph by H ′. Moreover, color uiv in color i for each i ∈ [s− t/2] if t/2+1 ≤ s ≤ t−2. Denote
the resulting graph by H ′′. Note that H ′ contains no copy of K1,m whose edges are colored by colors in
the color set Ai for each Ai ∈

(
[t]
s

)
since (2k+1)s = m−1 < m. Moreover, if t/2+1 ≤ s ≤ t−2, then

H ′′ contains no copy of K1,m whose edges are colored by colors in the color set Ai for each Ai ∈
(
[t]
s

)
since (2k + 1)s = m − 1 < m and (2k + 1)t/2 + 2k(s − t/2) + s − t/2 = (2k + 1)s = m − 1 < m.
Consequently, rs,t∗ (K1,m) ≥ x.

In the following, we will show that rs,t∗ (K1,m) ≤ x. Let v ̸∈ V (KN−1) be a vertex. Add x edges
between {v} and V (KN−1). Color the edges of the resulting graph arbitrarily by t colors. Denote the
resulting graph by G. Let u ∈ V (G) be a vertex and let di = di(u). Without loss of generality, we
may assume that d1 ≥ d2 ≥ · · · ≥ dt. If

∑s
i=1 di ≥ m, then we are done. Thus, we may assume that∑s

i=1 di ≤ m − 1 = (2k + 1)s. Moreover, ds ≤ 2k + 1 by the pigeonhole principle. If ds ≤ 2k,
then

∑t
i=s+1 di ≤

∑t
i=s+1 ds ≤ 2k(t − s). Note that

∑t
i=1 di = x,

∑t
i=1 di = (2k + 1)t − 1 or∑t

i=1 di = (2k + 1)t. Consequently,

x ≤
t∑

i=1

di =

s∑
i=1

di +

t∑
i=s+1

di ≤ m− 1 + 2k(t− s) = 2kt+ s ≤ x− 1.

This is a contradiction. Thus, we may assume that ds = 2k+1. Moreover, d1 = d2 = · · · = ds = 2k+1
since

∑s
i=1 di ≤ (2k + 1)s and d1 ≥ d2 ≥ · · · ≥ ds. Consequently, di(u) ≤ 2k + 1 for each vertex

u ∈ V (G) and each i ∈ [t]. Note that for each i ∈ [t], 2e(Gi) ≤ (2k + 1)N − 1 since N is odd (from
Corollary 9 in Luo (2025)). Consequently,

(2k + 1)2t2 + 2kt = [(2k + 1)N − 1]t ≥
t∑

i=1

2e(Hi)

=2e(H) = 2

(
N − 1

2

)
+ 2x = (2k + 1)2t2 − (2k + 1)t+ 2x

≥(2k + 1)2t2 + 2kt+ 2.
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This is a contradiction. 2

Combining Theorem 18 and Theorem 19, we obtain Theorem 8.
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The star chromatic number of a graph is the minimum number of colors in a proper vertex coloring forbidding any P4

with two colors (bicolored). This problem was introduced by Grünbaum (1973) together with the acyclic coloring of
graphs, where bicolored cycles are avoided. In this paper, we study a generalization of this problem, by considering
proper vertex coloring on graphs forbidding bicolored paths of a fixed length, which was initially discussed by Alon,
McDiarmid, and Reed (1991). Here, we study this problem on products of two paths. We show that at least 4 colors
are needed to properly color the product of paths, Pm□Pn, avoiding a bicolored Pk, unless n < k−2 or m < k−2.

With this result, the above question is settled for all k on 2-dimensional grids.

Keywords: star coloring, acyclic coloring, bicolored path, grid, graph product, Pk-coloring

1 Introduction
For a graph G, χ(G) denotes the chromatic number of G, that is, the minimum number of colors needed
to color V (G) without a monochromatic edge. The star coloring problem on a graph G asks to find the
minimum number of colors in a proper coloring forbidding a bicolored (2-colored) P4, called the star-
chromatic number χs(G). This problem was introduced by Grünbaum Grünbaum (1973), who proved
that a graph with maximum degree 3 has an acyclic coloring with 4 colors. An acyclic coloring of a graph
G was introduced in Grünbaum (1973), as the proper coloring of G not having any bicolored cycle. The
minimum number of colors needed in an acyclic coloring of a graph G is called the acyclic chromatic
number of G, denoted by a(G), where a(G) ≤ χs(G). Both the star coloring and acyclic coloring prob-
lems were shown to be NP-complete by Albertson et al. Albertson et al. (2004) and Kostochka Kostochka
(1978), respectively.

The star and acyclic coloring problems are also related to the proper coloring of G2, the square of a
graph G, where V (G2) = V (G) and any two vertices are adjacent in G2 if and only if they are at distance
at most two in G. In that sense, every proper coloring of G2 is a star and acyclic coloring of G. We study
a variation of these problems avoiding bicolored paths. We call a proper vertex coloring of a graph G
without a bicolored copy of Pk a Pk-coloring of G for k ≥ 3. The minimum number of colors needed for
a Pk-coloring of G is called Pk-chromatic number of G, denoted by sk(G). We note that, for k ≥ 4,

χ(G) ≤ sk(G) ≤ s4(G) = χs(G) ≤ χ(G2) = s3(G).
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Another relevant problem to Pk-coloring is nonrepetitive graph coloring. For a path P = (v1, . . . , v2k),
we say P is repetitively colored if the color of vi and vk+i are the same for each i, 1 ≤ i ≤ k. A coloring
of a graph G, where no path with even vertices is repetitively colored, is called a nonrepetitive coloring
of G. The (path-)nonrepetitive chromatic number, π(G), is the minimum integer k such that G admits a
nonrepetitive k-coloring. Since the seminal result by Alon et al. Alon et al. (2002), nonrepetitive colorings
of graphs have been widely studied. Wood Wood (2021) provides an extensive survey on this coloring.
The Pk coloring problem, k ≥ 4, is closely related to this problem as

sk(G) ≤ χs(G) ≤ π(G).

The Pk-coloring problem was posed by Alon, McDiarmid, and Reed Alon et al. (1991) who showed that
for any graph G with maximum degree d, a(G) = O(d

4
3 ), and claimed that a similar upper bound can

be shown for Pk-chromatic number. This coloring parameter is studied for paths of even order in Esperet
and Parreau (2013) and later for all paths in Hou and Zhu (2020); Kırtışoğlu and Özkahya (2024).

In this paper, we consider the Pk-coloring of 2-dimensional grid graphs, Pm□Pn. Graph products have
been studied widely for the problems listed above. In Fertin et al. (2003), Fertin, Godard and Raspaud
provide both lower and upper bound for the acyclic chromatic number of d-dimensional grid, that is
product of d paths. In Jamison and Matthews (2008b), Jamison and Matthews find the acyclic chromatic
number of Pm□Cn (cylinder) and Cm□Cn (torus) as at most 4 and 5, respectively. Borodin Borodin
(1979) showed that every planar graph has an acyclic 5-coloring. Alon, Mohar, and Sanders Alon et al.
(1996) showed that each projective plane graph has an acyclic 7-coloring. Acyclic coloring of products of
graphs are extensively studied also in Jamison et al. (2006); Jamison and Matthews (2008a). In all these
results, we observe that the difference between the chromatic number and acyclic chromatic number is
a constant value, independent from the length of the cycles that are avoided to be bicolored. Similarly,
the most recent result on nonrepetitive coloring of grids is studied in Tao (2026), showing that 5 ≤
π(Pn□Pn) ≤ 12, for sufficiently large n. There are studies showing constant (upper and lower, resp.)
bounds on the nonrepetitive chromatic number for graph families, such as paths (3,3) Thue (1906), cycles
(3,4) Currie (2002), outerplanar graphs (7, 12) Barát and Varjú (2007, 2008); Kündgen and Pelsmajer
(2008) and planar graphs (11,768) Dujmovic et al. (2013); Dujmović et al. (2020). As in these examples,
our result in Theorem 1 shows that the Pk-chromatic number of the grid increases by a constant with
respect to its chromatic number, independent of the value of k.

Theorem 1. For any k ≥ 5 and m,n ≥ k − 2, sk(Pm□Pn) = 4.

In Kırtışoğlu and Özkahya (2024), Kırtışoğlu and the second author showed that sk(Pk−3□Pn) = 3 for
all k ≥ 5 and n ≥ 1, by providing the following colorings for the case k = 5, 6, which can be generalized
to all k ≥ 5.

1 2 3 1 2 3 ...
2 3 1 2 3 1 ...

1 2 3 1 2 3 . . .
2 3 1 2 3 1 . . .
1 2 3 1 2 3 . . .

This coloring pattern having columns with alternating colors from (1, 2), (2, 3), (3, 1), respectively, yields
a valid 3-coloring for any k ≥ 6 and n ≥ 1, showing sk(Pk−3□Pn) = 3. Note that in such colorings, a
bicolored Pk has to have at least k − 2 vertices in the same column, thus cannot be found in Pk−3□Pn

colored according to the pattern above. In Kırtışoğlu and Özkahya (2024), it is also observed that for
k = 5, 6, sk(Pk−2□Pn) = 4 for all n ≥ k−2 and this is conjectured to hold for all k. By the monotonicity
of sk(G) with respect to k, this result implies, for any k ≥ 5 and m,n ≥ k − 2, sk(Pm□Pn) ≤ 4. With
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Theorem 1, we confirm this conjecture showing that there is no proper 3-coloring of Pm□Pn avoiding a
bicolored Pk, for m,n ≥ k − 2. In the following section, we provide the proof of Theorem 1.

2 Main Result
We call a maximal connected subgraph induced by vertices having only two colors a bicolored component.
In particular, a bicolored component that has colors c1 and c2 is called a c1-c2 colored component. To
prove Theorem 1, we analyze bicolored components containing vertices from one of the sides of the grid.
These bicolored components belong to one of the groups below:

• peripheral bicolored component: a bicolored component that has vertices in two opposite sides of
the grid, i.e., top and bottom sides, or left and right sides.

• partial bicolored component: a bicolored component that is not peripheral, but has vertices on at
least one of the sides of the grid.

In the rest, we assume that the sides of the grid that a partial bicolored component may intersect are top
and left sides, since remaining cases are symmetric. We categorize each partial bicolored component C
as:

• Type 1: if the vertices of C are only on the top side,

• Type 2: if the vertices of C are on the top and left sides.

We see examples of Type 1 and Type 2 partial bicolored components (as red-blue colored components) in
Figure 1 (a), and in Figure 1 (b),(c), respectively. The following definitions are associated with a (partial
or peripheral) bicolored component C.

Definition 1. When considering a bicolored component C as a planar subgraph in the grid drawing, the
boundary of C is a walk traversing the outer face of C, starting at any vertex, in clockwise direction.

For example, in Figure 1 (c), the boundary of C is the walk (s, a, b, a, d, e, t, e, d, a, s). In Figure 1 (b),
the boundary of C is the walk (s, a, b, c, d, c, t, c, e, a, s). In the rest, we make use of the term outside of
the grid in the following sense.

Definition 2. When walking clockwise on the boundary of C, if one’s left hand stays outside the grid
along some segment S of that walk, we say S is outside the grid. It is possible that a segment outside the
grid is a single vertex.

For example, in Figure 1 (c), the segment (t, e, d, a, s) of the boundary (s, a, b, a, d, e, t, e, d, a, s) is
outside the grid.

Definition 3. Given a fixed configuration of the grid, a partial walk BC is a maximal subwalk of the
boundary of a bicolored component C without any segment outside of the grid. In addition, if C is a
partial bicolored component of Type-1 or Type-2, we let the starting vertex of BC be the rightmost vertex
of C on the top side of the grid in order to make the partial walk BC of C unique for such C.

By Definition 3, on a fixed configuration of the grid, it is possible to have more than one partial walk on
the boundary of C only if C is a peripheral bicolored component. Some examples for the partial walks are
shown in Figure 1 (a), (b) and (c), where BC is described by the vertex sequence (s, a, b, a, c, a, d, a, s),
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(s, a, b, c, d, c, t), (s, a, b, a, d, e, t), respectively. In Figure 1 (a), the boundary of C happens to be the
same as BC . In Figure 1 (d), the red-blue colored peripheral component containing z1 has only one partial
walk (y6, y5, x5, y5, y4, y3, x3, y3, y2, y1, x1). The green-blue colored peripheral component containing
w1, has several partial walks, for example (v6, v5, u5) and (w1, w2, x2, w2, w3, w4, x4, w4, w5, v5, v6).
The partial red-blue colored component containing v1 has only one partial walk (v1, v2, w2, v2, v3, v4, w4,
v4, v5, v4, u4).

In the rest, for simplicity, we write 3-coloring to refer to a proper 3-coloring of Pk−2□Pk−2, k ≥ 5,
using colors red, blue and green, unless indicated otherwise. With Lemma 2, we make a generalization
about the boundary structure of bicolored components. To clarify the definition of the angles along BC ,
we first present some examples. In Figure 1 (a), the angles between the consecutive edges along BC are
alternating between 90◦ and 360◦, whereas in Figure 1 (c), these angles from s to t are 90◦, 360◦, 90◦,
180◦ and 90◦. In Figure 1 (d), for the red-blue colored component with z1 in it, these angles along the
only partial walk (starting at y6 ending at x1) follow as 90◦, 360◦, 90◦, 180◦, 90◦, 360◦, 90◦, 180◦, 90◦.

Lemma 2. For any k ≥ 5, let C be a (partial or peripheral) bicolored component in a 3-coloring
c : V (Pk−2□Pk−2) → {c1, c2, c3}, and label the vertices along a partial walk BC as v1, v2, . . . , vr.
Then, the following hold:

1. r ≥ 3.

2. The angles between the edges v1v2 and v2v3 and between vr−2vr−1 and vr−1vr are 90◦.

3. For i ≤ r − 2, the angle between the edges vivi+1 and vi+1vi+2 along BC is 90◦ if and only if i is
odd.

4. r is an odd integer.

5. Let c(v1) = c1 and C have colors c1 and c2. Then, there is a c1-c3 colored connected subgraph
containing the vertices vi and u(i+1)/2, for odd i, 1 ≤ i ≤ r − 2, where u(i+1)/2 is the c3-colored
vertex on the C4 containing {vi, vi+1, vi+2}.

Fig. 1: In (a)-(c), examples of bicolored components show the edges of BC (bold edges) and the neighboring edges
of another bicolored component (dashed edges). In (d), a coloring of the grid shows examples of peripheral bicolored
components.

Proof: For simplicity, let us consider the 3-coloring described above, using colors red, blue and green and
let C be colored with red and blue. Throughout the proof, we often make use of the fact that whenever a
vertex on the partial walk BC has a neighbor outside C, this neighbor has color green.
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(1) Since C is bicolored, it has at least one edge. C cannot be only a single edge, otherwise there are
green colored adjacent vertices. For example, in Figure 1 (d), if y1z1 is the only edge in its bicolored
component, then y2 and z2 would be green. Thus, C has at least two edges, the smallest case for C having
only the two edges incident to the top left corner vertex. Thus, r ≥ 3.
(2) Let the angle between v1v2 and v2v3 be θ and assume that v1v2 is a vertical edge, as in Figure 1 (a).

If C is a partial bicolored component, recall that, v1 is not part of the right side of the grid. Thus,
in case θ has one of the values 180◦, 270◦ or 360◦, by definition of BC , the neighbors of v1 and v2 to
their right are colored green and are adjacent, a contradiction. For example, in Figure 1 (a), if BC were
(s, a, c, a, d, a, s), then b had color green, a contradiction with proper coloring of the grid.

If C is a peripheral bicolored component, assume that v1 is on the top side of the grid and θ ̸= 90◦. If
v1 is not on the top right corner of the grid, then same arguments above hold. Otherwise, v1v2 is a vertical
edge on the right side of the grid. However, this is not possible, as by our assumption, BC is a clockwise
walk and does not contain a segment outside the grid. Hence, θ = 90◦.

If v1v2 is a horizontal edge as in Figure 1 (b) and (c), similar arguments as above show that θ = 90◦.
The angle between the edges vr−2vr−1 and vr−1vr cannot be other than 90◦.
(3) Let w, x, y, z represent the vertices vi, vi+1, vi+2, vi+3, respectively, for some i. Call the angle be-
tween the edge pairs (wx, xy) and (xy, yz), β and γ, respectively. In the following, we discuss invalid
values for (β, γ), letting w have color red. We omit the symmetric cases, where the listed pairs of angles
appear in reverse order. All cases are illustrated in Figure 2.

Fig. 2: Invalid cases listing values of (β, γ).

• (β, γ) = (180◦, 180◦), (270◦, 180◦), (270◦, 270◦): As BC has no segment outside the grid, x and
y have neighbors outside C that are adjacent and green.

• (β, γ) = (360◦, 180◦), (360◦, 270◦): In each of these cases, we use the fact that x is not on any
side of the grid, as in this ordering, x cannot be v1 or vr (endvertices of BC). Thus, one of the C4’s
containing the edge xy, shown in Figure 2, has two adjacent vertices that are not in C, hence green,
a contradiction.

• (β, γ) = (360◦, 360◦): This case is not possible as it implies that C consists of a single edge
contradicting (1).

Thus, we observe that either β or γ is 90◦ as listed in Figure 3, where the vertices marked with * are
implied to be in the bicolored component C to have a proper coloring. In Figure 3 the case (β, γ) =
(90◦, 90◦) gives a contradiction since the segment of BC should not be (w, x, y, z) but (w, z). Thus, (3)
follows from (2).
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Fig. 3: The only valid configurations for (β, γ), except the leftmost case. The vertices marked with * are part of C.
(symmetric cases are omitted, where the listed pairs of angles appear in reverse order.)

(4) This is implied by (2) and (3).
(5) Let u(i+1)/2 be the green vertex on the C4 containing {vi, vi+1, vi+2}, for each odd i, 1 ≤ i ≤ r − 2.
Note that u(i+1)/2 is not on BC , since two consecutive degrees along BC cannot be both 90◦. Also,
vertices u(i+1)/2 are not necessarily distinct, for example, in Figure 1 (c), u2 = u3 = c. As given in the
statement, let c1 be the color of v1 and let C be c1-c2 colored. The edges viu(i+1)/2 and vi+2u(i+1)/2

have colors c3 and c1, for each odd i, 1 ≤ i ≤ r − 2. So, we obtain a c1-c3 colored connected subgraph
induced by the vertices vi and u(i+1)/2, for odd i, 1 ≤ i ≤ r − 2. Some examples of this bicolored
subgraph neighboring C are shown in Figure 1 with dashed edges.

Lemma 3 below is used to show that Theorem 1 holds in case there is a peripheral bicolored component
in a 3-coloring of Pk−2□Pk−2, k ≥ 5.

Lemma 3. For any k ≥ 5, if a 3-coloring of Pk−2□Pk−2 has a peripheral bicolored component, then
there is a bicolored Pk.

Proof: If the 3-coloring of Pk−2□Pk−2 has a peripheral bicolored component, then let P be a maximal
bicolored path connecting two opposite sides, w.l.o.g. top and bottom sides, of the grid. We label the
columns of the grid as C1, . . . , Ck−2 from left to right. Let Cj be the leftmost column containing vertices
from P . If they exist, we label the vertex set in Cj−1, Cj , Cj+1, Cj+2 as vs, ws, xs, ys, 1 ≤ s ≤ k − 2,
respectively, s indicating the row index with s = 1 being the top row. Note that, it is possible that some
of these columns do not exist depending on whether P has edges on the right or left side of the grid. We
present below a case analysis considering these possibilities as well and find a bicolored Pk in each case.
There can be at most one adjacent pair of vertices from different columns (jump across columns) in P,
otherwise we have a bicolored Pk. Thus, P has vertices in at most two columns. Assume, w.l.o.g., that P
is a red-blue colored path and w1 has color red in the rest of the proof.
Case 1. |V (P )| = k − 2.

The only possibility of this case is that P contains only vertices from a single column (only Cj), i.e.
V (P ) = {w1, w2, . . . , wk−2}. Assuming that Cj+1 exists, x1 has color green by the maximality of P .
Since w2 has color blue, x2 has color red for a proper coloring. Also, the remaining vertices on Cj+1

have only red and green colors by maximality of P . Hence, the vertices on Cj+1 together with w1 induce
a red-green colored Pk−1. If Cj+1 does not exist and P is the right side of the grid, then the same
arguments yield a red-green colored Pk−1 similarly using the vertices on Cj−1 and w1. This contradicts
the maximality of P.
Case 2. |V (P )| = k − 1.

By symmetry, we assume w.l.o.g. that the jump of P (across columns) is from left to right, specifically
from Cj to Cj+1 with j ≥ 2 and at the i’th row with 2 ≤ i ≤ k− 2. Thus, P is w1, . . . , wi, xi, . . . , xk−2.
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Note that Cj−1 exists since j ≥ 2, and that wi−1 and xi−1 exist since i ≥ 2. By arguments as in Case
1, v1 is (colored) green, v2 is red, v3 is green,..., vi is red or green (depending on the parity of i). The
following can be proved similarly.

Claim 4. v1, . . . , vi and x1, . . . , xi−1 are green-red colored paths with v1 and x1 colored green. If α
is the color of xk−2, then wk−2, . . . , wi+1 and yk−2, . . . , yi (if it exists) are green-α colored paths with
wk−2 and yk−2 colored green.

If k is even and i = k − 2, then v1, w1, x1, . . . , xk−2 is a green-red colored path by Claim 4, contra-
dicting the maximality of P. If k is even, i < k − 2 and i is even, then wi+1 is colored red, which means
w1, . . . , wi+1, xi+1, . . . , xk−2 is also a red-blue colored path. Thus, if k is even and i < k − 2, we may
assume that i is odd. If k is even, i is odd, and i < k− 2, then w1, v1, . . . , vi, wi, . . . , wk−2 is a red-green
colored path by Claim 4, contradicting the maximality of P. Thus, we have the following.

Claim 5. k is odd.

If i is odd (i.e., k and i are both odd), then by Claim 4, xi−1 is colored red and wi+1 (if exists) is colored
blue, and therefore the path w1 . . . , wi−1, xi−1, xi, wi, wi+1, xi+1, . . . , xk−2 (or the part of it that exists)
is a red-blue colored path, contradicting the maximality of P. Thus, we have the following.

Claim 6. i is even (which also means that i < k − 2).

To complete the proof, it suffices to produce a contradiction assuming that k is odd and i is even. If
j ≤ k − 4, then Cj+2 exists and by Claim 4, the path xi, . . . , x1, w1, v1, . . . , vi is a red-green colored
P2i+1 and the path wi, . . . , wk−2, xk−2, yi, . . . , yk−2 is a blue-green colored P2(k−i−1)+1. One of these
bicolored paths has at least k vertices, depending on the value of i.

If j = k − 3, then Cj+2 does not exist. In this case, it is not guaranteed to have a bicolored Pk only
using vertices in P and their neighbors. So, we use Lemma 2 to show the existence of a bicolored Pk.
Let C be the bicolored red-blue component containing P. If C contains any vertex from the top or bottom
sides outside P, then C contains a red-blue Pk. If C contains any vertex from the left side, then the red-
blue path in C connecting P to the left side together with P yield a bicolored path with at least k vertices.
Thus, we assume that C is not connected to any side of the grid (other than the right side) outside P . This
implies that there exists a partial walk of C from xk−2 to w1. However, (4) of Lemma 2 yields that xk−2

and w1 have the same color, a contradiction.

Proof of Theorem 1
We know that sk(Pm□Pn) ≤ 4 as s5(Pm□Pn) = 4, for any m,n ≥ 3, k ≥ 5 Kırtışoğlu and Özkahya
(2024). To prove that sk(Pm□Pn) ≥ 4, it suffices to show that sk(Pk−2□Pk−2) ≥ 4. We consider any
3-coloring of Pk−2□Pk−2 for k ≥ 5 and show using Claim 7 that it has a peripheral bicolored component.
Hence, there is a bicolored Pk by Lemma 3.

Let Pk−2□Pk−2 be colored with colors {c1, c2, c3} and assume that such a 3-coloring does not have
a peripheral bicolored component. Let C be a partial, c1-c2 colored component containing vertices from
the top side and possibly left side of the grid. Let BC = (v1, v2, . . . , vr) be the partial walk of C, where
v1 has color c1. We need the following definitions associated with C:

• DC : By Lemma 2, there is a c1-c3 colored connected subgraph, induced by vi and u(i+1)/2, for odd
i, 1 ≤ i ≤ r−2, where u(i+1)/2 ̸∈ C is the c3-colored vertex on the C4 containing {vi, vi+1, vi+2}.
Let DC be the bicolored component containing this c1-c3 colored connected subgraph.
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• WC : Let this be the collection of C4’s induced by {u(i+1)/2, vi, vi+1, vi+2}, for odd i, 1 ≤ i ≤
r − 2. As r ≥ 3, WC ̸= ∅.

• RC : This is the region of the grid enclosed by BC and the walk along the four sides of the grid
in clockwise direction starting at v1 ending at vr. In other words, it is the region to the left when
walking on BC from v1 to vr that is enclosed by the four sides of the grid.

Claim 7. When C is replaced with DC iteratively, DC will be a peripheral bicolored component after a
finite number of iterations.

Proof: By definition and by Lemma 2, at each iteration, DC contains the vertices v1 and vr of BC =
(v1, . . . , vr), where v1 is on the top side and vr is either on the top side or left side of the grid. Let
B′

C = (v′1, . . . , v
′
r) be the partial walk of DC . Assuming DC is not peripheral, possible scenarios at each

iteration are:

1. C and DC have some vertices only from the top side and no other side of the grid. Thus, v1, v′1, vr,
v′r are on the top side of the grid.

2. C has some vertices only from the top side and no other side of the grid, whereas DC has vertices
from the top and one of the right or left sides of the grid. In case DC has some vertex on the
right side, we flip the grid to exchange the right and left sides of the grid so that DC satisfies our
assumptions. Thus, v1, v′1 are on the top side, vr is on the top side, v′r is on the left side.

3. Both C and DC have some vertices from the top and left side of the grid. Thus, v1, v′1 are on the
top side of the grid, vr, and v′r are on the left side of the grid.

Fig. 4: An example of Scenario (2), with the left and right grids showing the current C before and after the iteration
(and the flip), respectively. RC is shown with the shaded region and BC is marked with bold edges.

In Scenario except (2), the grid is not replaced with any of its automorphisms and the sides of the grid
to which the start and end vertices of BC belong do not change at any iteration. Note that an iteration in
Scenario (2) may occur at most once. In all iterations, except possibly one with Scenario (2), we observe
that v′1 is to the right of v1 on the top side of the grid or v1 = v′1. Similarly, in all iterations in Scenario
(1), v′r is to the left of vr on the top side of the grid or vr = v′r, and in Scenario (3), v′r is below vr on the
left side of the grid or vr = v′r.

Note that, after an iteration, the squares enclosed by the C4’s in WC are missing in RC . As WC ̸= ∅,
RC becomes smaller after each iteration with Scenario (1)-(3). Thus, as long as C is not peripheral,
v1 = v′1 or vr = v′r can happen at most once for each vertex, as there are exactly two C4’s that contain
v1 (same for vr) and no C4 belongs to RC in more than one iteration. In that sense, each vertex plays the
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role of v1 or vr with multiplicity at most two throughout all iterations. Consequently, at each consecutive
pair of iterations, the position of v1 approaches the top right corner by at least one edge, and the position
of vr approaches the top left or the bottom left corner of the grid by at least one edge, depending on the
case. These observations show that after some finite number of iterations, none of the Scenarios (1)-(3)
will hold and DC will become a peripheral bicolored component.
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Whitney proved that 3-connected planar graphs admit a unique embedding on the sphere. In contrast, Enami investi-
gated embeddings of 3-connected cubic planar graphs on non-spherical surfaces with non-negative Euler characteris-
tic. He established that such an embedding exists if and only if the dual graph contains a particular subgraph. Here,
strong embeddings are investigated motivated by the cycle double cover conjecture and the relation to triangulated
surfaces. We provide a complete characterization of strong embeddings on the projective plane, the torus, and the
Klein bottle in terms of a distinguished subset of Enami’s subgraphs. This characterization not only deepens the
structural understanding of graph embeddings on non-spherical surfaces, but also establishes a robust foundation for
computing cycle double covers. As a direct consequence, we derive explicit criteria that determine when a graph does
not admit a strong embedding on these surfaces—offering new tools for both theoretical analysis and algorithmic
applications.

Keywords: strong embeddings, facial walks, planar, cubic

1 Introduction
Combinatorial structures such as graphs are ubiquitous in mathematics. An important part of graph theory
is topological graph theory, which considers embeddings of graphs on surfaces. One of the earliest foun-
dational results in this area was established by Whitney (1933), who proved that every 3-connected planar
graph admits a unique embedding on the sphere. Building on this foundational result, subsequent research
has extended embeddings of planar graphs on surfaces beyond the sphere, including those of higher genus
and non-orientable types, as explored by Mohar and Robertson (1996) and Mohar et al. (1996). Enami
(2019) considers embeddings of 3-connected cubic planar graphs on the projective plane, the torus and the
Klein bottle. His approach involves re-embedding planar graphs on these non-spherical surfaces and in-
troduces an enumeration algorithm capable of computing the number of all such re-embeddings. Notably,
the algorithm guarantees polynomial-time complexity with respect to the number of vertices of the input
graph. A particularly important class of graph embeddings—closely related to the cycle double cover
conjecture (Jaeger, 1985)—are known as strong graph embeddings, or circular embeddings. These are
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embeddings in which every facial walk forms a cycle. Richter et al. (1994) showed that every 3-connected
planar graph admits a strong embedding on a non-spherical surface. Interestingly, certain cubic graphs
require surfaces of arbitrarily high genus to admit strong embeddings, as demonstrated by Mohar (2010).

Our results on strong graph embeddings are motivated by applications to simplicial surfaces and es-
tablish a foundation for further significant developments in the theory of strong embeddings. Roughly
speaking, simplicial surfaces describe the incidence structure of special triangulated surfaces. The undi-
rected graph formed by the edges and faces of a simplicial surface is called the face graph, which is
necessarily cubic due to the assumption of triangulated surfaces. Given a cubic graph G, our goal is to
compute all simplicial surfaces which haveG as their face graph. This task is equivalent to determining all
strong graph embeddings of G. The results presented here represent a significant step towards achieving
our goal.

Based on the results of Enami (2019) we prove a characterization for strong embeddings of 3-connected
cubic planar graphs on the projective plane, the torus and the Klein bottle as stated in Theorem 1. This
strengthening necessitated a more rigorous treatment of the embedding scheme and the resulting facial
walks. For this purpose, let Kn denote the complete graph on n vertices and, for a positive integer
k ≥ 2, let Kn1,n2,...,nk

denote the complete k-partite graph with k partition sets V1, V2, . . . , Vk such that
|Vi| = ni for 1 ≤ i ≤ k. We further denote by A3, A5 and A6 the graphs shown in Figure 1. Throughout
the paper, G∗ always refers to the dual graph with respect to the planar embedding of a 3-connected
planar graph G. Whitney’s theorem ensures that this dual graph is unique and, moreover, simple, planar,
and 3-connected. With this notation in place, we state the main result of this paper.

Theorem 1 Let G be a 3-connected cubic planar graph. There exists a one-to-one correspondence be-
tween inequivalent strong embeddings of G on

1) the projective plane and subgraphs of G∗ that are isomorphic to K4.

2) the torus and subgraphs of G∗ that are isomorphic to K2,2,2 or isomorphic to K2,2m for m ≥ 1,
where for K2,2m the vertices in the partition sets of size two are not adjacent in G∗.

3) the Klein bottle and subgraphs of G∗ that are isomorphic to A3, A5, A6 or K2,2m−1 for m ≥ 2,
where for K2,2m−1 the vertices in the partition set of size two are not adjacent in G∗.

(a) A3 (b) A5 (c) A6

Fig. 1: The three graphs A3 (a), A5 (b) and A6 (c)

This main result introduces a novel method for computing strong embeddings and cycle double covers.
Building on this framework, we implemented an algorithm for computing strong embeddings on surfaces
of non-negative Euler characteristic within the computer algebra system GAP (2025). These methods



Strong Embeddings of Cubic Planar Graphs 3

are available in the SimplicialSurfaces GAP package by Niemeyer et al. (2025). Furthermore, the un-
derlying characterization forms the basis for existence results concerning strong embeddings of specific
3-connected cubic planar graphs. The theoretical framework of visited edges established here extends
naturally to embedding problems on surfaces of higher genus. In a forthcoming paper, we build on these
findings to demonstrate that the dual graphs of Apollonian networks precisely characterize the class of
3-connected cubic planar graphs that admit a unique strong embedding on an orientable surface (Weiß
et al., 2025).

2 Preliminaries
In this section, we first consider graph embeddings and review a combinatorial way of describing them.
Then we examine embeddings of 3-connected cubic planar graphs on non-spherical surfaces of non-
negative Euler characteristic. We assume that all our graphs are undirected, connected, simple and finite.
Let G be such a graph. Then we denote by V (G) the vertices of G and by E(G) the edges of G which
are 2-subsets of V (G).

2.1 Graph Embeddings
We adopt the standard terminology of topological graph theory as established by Gross and Tucker (1987);
Mohar and Thomassen (2001). A surface is understood to be a compact two-dimensional manifold with-
out boundary. An embedding of a graph G on a surface S refers to a drawing of G on S without edge
crossings. Formally, we regard an embedding as an injective continuous map β : G → S. The cells
of β(G) are defined as the connected components of S \ β(G). Throughout this paper, we assume that
all embeddings are cellular embeddings, meaning that each cell is homeomorphic to an open disc. For
convenience, we often identifyG with its image under β, assuming it is already embedded on S. A closed
walk of an embedded graph is called a facial walk if it traverses the boundary of a cell. If a facial walk has
distinct vertices and edges, it is a facial cycle. Note that each edge of G is contained exactly twice in the
set of facial walks. If all facial walks are facial cycles, then each edge is contained in exactly two facial
cycles. We consider cycles to be identical up to cyclic permutation and reversal. If G is a planar graph,
we call the cells of the embedding on the plane faces. To describe a graph embedding combinatorially,
we employ rotation systems and signatures. Since they play an important role in this work, we repeat the
definitions here.

Definition 2 Suppose that a graphG is embedded on an orientable surface. A rotation ρv around a vertex
v ∈ V (G) is a circular ordering of the edges incident to v such that ρv(e) is the clockwise successor of
e around v. Analogously, ρ−1

v (e) is the anticlockwise successor of e around v. A rotation system of the
embedded graph G is defined by ρ = {ρv | v ∈ V (G)}.

Two rotation systems ρ and ρ′ of G are equivalent if either they are the same or if ρ′v = ρ−1
v for all

v ∈ V (G). A rotation system of a graph G uniquely describes the embedding of G on an orientable
surface, and an embedding of G on an orientable surface uniquely describes a rotation system up to
equivalence. The situation, however, is different for non-orientable surfaces, where more information is
needed. Therefore, the notion of rotation systems is extended to embedding schemes.

Definition 3 Let β(G) be an embedding of G on a not necessarily orientable surface and ρ = {ρv |
v ∈ V (G)} a rotation system of G. A signature on E(G) is a map λ : E(G) → {−1, 1}. For an
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edge e = {v, w} we define λ(e) = 1 if ρv(e), e and ρ−1
w (e) are included in a facial walk of β(G) as a

subwalk; otherwise ρv(e), e and ρw(e) are included in a facial walk of β(G) as a subwalk and we define
λ(e) = −1. The pair (ρ, λ) is called the embedding scheme of β(G) and an edge e ∈ E(G) is called
twisted if λ(e) = −1 and untwisted if λ(e) = 1.

Unlike in the orientable case, an embedding scheme is not uniquely determined by an embedding of G.
For instance, if we change the clockwise ordering at a vertex v ∈ V (G) to anticlockwise and for all edges
e incident to v we change λ(e) to −λ(e), the corresponding embedding does not change. This change in
the embedding scheme is referred to as a local change. Two embedding schemes are called equivalent if
they can be obtained from one another by a sequence of local changes. Note that an embedding scheme
defines an embedding of a given graph G on a non-orientable surface if and only if there is a cycle in G
containing an odd number of twisted edges.

With the combinatorial definition of a graph embedding provided by an embedding scheme, the corre-
sponding facial walks can be computed by the face traversal algorithm. At each step of this algorithm
we let κ denote whether we follow the clockwise successor at the current vertex (κ = 1) or the anticlock-
wise successor (κ = −1). Whenever the algorithm traverses an edge e with λ(e) = −1, the sign of κ
changes. To compute a facial walk of a graph G with an embedding scheme (ρ, λ), we begin by choosing
an edge e = {v, w} ∈ E(G) and setting κ = 1. We then traverse e from v to w. If λ(e) = 1, the walk
proceeds with the clockwise successor of e at w, namely ρw(e). If λ(e) = −1, the walk instead follows
the anticlockwise successor ρ−1

w (e) at w and the value of κ changes to −1. We proceed analogously:
we traverse edges by following the successor prescribed by κ and ρ until we encounter a twisted edge,
at which point the sign of κ changes, as illustrated in Figure 2. The facial walk is completed once we
return to v in such a way that the next edge to be traversed would be the starting edge e and with κ = 1.
In this way, a single facial walk of the given embedding is obtained. To compute all facial walks of the
embedding defined by (ρ, λ), we then select another starting edge that has not yet been traversed twice by
previously constructed facial walks. Further details of this well-known algorithm can be found in (Mohar
and Thomassen, 2001, Chapter 3.3.), for example.

e

(a)

e

(b)

Fig. 2: Segments of facial walks (blue and orange) for e not twisted (a) and e twisted (b).

2.2 Re-embeddings
In this section, we describe how an embedding of a 3-connected cubic planar graph G on a given non-
spherical surface can be characterized via twisted edges. The described approach was first investigated
by Enami (2019). Since a sphere is orientable, a planar embedding of G is uniquely defined by a rotation
system ρ. In fact, any drawing of G on the plane implicitly defines such a rotation system. An embedding
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β of G on a surface of higher genus can then be uniquely described by drawing G on the plane and
indicating which edges are twisted. In particular, we define a signature λ by specifying a set T ⊆ E(G)
with

λ : E(G) → {−1, 1}, e 7→

{
−1 if e ∈ T
1 otherwise.

We denote the embedding β with the embedding scheme (ρ, λ) as βT (G) to emphasize that the unique
planar embedding of G provides the rotation system ρ and that the edges in T define the signature λ.
We refer to the embedding βT (G) as a re-embedding of G. The subgraph of G∗ induced by the edges
dual to those in T is denoted by HT and referred to as the twisted subgraph of G∗. Moreover, a twisted
subgraph HT of G∗ determines the corresponding set of twisted edges of G by taking the dual edges of
HT . Note that each set of twisted edges together with the rotation system ρ, defines an embedding on
some surface. However, to obtain a re-embedding on a specific surface, it is essential to understand how
to select the twisted edges appropriately.

Enami (2019) characterizes the sets of twisted edges that yield embeddings on the projective plane,
the torus and the Klein bottle. His approach defines these admissible sets of twisted edges by specific
subgraphs of the dual graph, as summarized in the following theorem.

Theorem 4 (Enami, 2019, Theorem 1-3) Let G be a 3-connected cubic planar graph. There exists a
one-to-one correspondence between inequivalent embeddings of G on

1) the projective plane and subgraphs of G∗ that are isomorphic to K2 or K4.

2) the torus and subgraphs of G∗ that are isomorphic to K2,2,2,K2,2m or K1,1,2m−1 for m ≥ 1.

3) the Klein bottle and subgraphs of G∗ that are isomorphic to K2,2m−1 or K1,1,2m for m ≥ 1, or
one of the six graphs A1 to A6 shown in Figure 1 and 3.

(a) A1 (b) A2 (c) A4

Fig. 3: The three graphs A1 (a), A2 (b) and A4 (c)

This characterization yields a concrete approach for computing an embedding of a given 3-connected
cubic planar graph G on a surface S with non-negative Euler characteristic: First, the planar embedding
of G must be computed to obtain the dual graph G∗. Then, depending on the surface S, we have to find a
corresponding subgraphH ofG∗. We define the dual edges ofH to be the twisted edges T ⊆ E(G) of the
re-embedding βT (G), whereH = HT is the twisted subgraph ofG∗. With this, the facial walks of the re-
embedding βT (G) on the chosen surface can be computed by the face traversal algorithm. To compute all



6 Meike Weiß, Alice C. Niemeyer

inequivalent embeddings of G on a surface with non-negative Euler characteristic, we must first identify
all relevant subgraphs of G∗ and subsequently translate each into a corresponding re-embedding βT (G).

Example 5 As an example, we consider the graphGwith its planar embedding drawn in Figure 4a, which
we would like to embed on a torus. For this we compute the dual graph G∗, drawn in Figure 4b. The dual
graph G∗ has a subgraph H isomorphic to a K2,2, which defines an embedding on a torus as stated in
Theorem 4. The edges of H are colored red in Figure 4b. The rotation system ρ, defined by the drawing
of G on the plane, and the signature λ, defined by the dual edges of H , define an embedding scheme of G
on a torus. Since a torus is an orientable surface, there exists an equivalent embedding scheme such that
all edges are untwisted (Mohar and Thomassen, 2001, Chapter 3.3). Thus, by local changes we compute
an embedding scheme of G equivalent to (ρ, λ) without twisted edges. The resulting embedding of G on
the torus is shown in Figure 4c, where the edges of H are still colored red.

1

2 3

4

5

6

7

8

9

10
a b

c

d

e

f

g

(a)

a

b

f

g

e

c
d

(b) (c)

Fig. 4: The graph G embedded on the plane with twisted edges colored red (a), its dual graph G∗ with the
twisted subgraph colored red (b) and the embedding of G on a torus without twisted edges (c).

3 Characterizations of Strong Re-embeddings
In this section, we consider strong embeddings of 3-connected cubic planar graphs on surfaces with non-
negative Euler characteristic. As noted in the introduction, strong embeddings play a central role in the
study of simplicial surfaces. For a given cubic graph G, multiple simplicial surfaces may exist whose face
graphs are isomorphic to G. Note that computing all such surfaces is equivalent to enumerating all strong
embeddings of G.

3.1 Dual Facial Walks
We begin by identifying the conditions under which a twisted subgraph yields a strong embedding of a 3-
connected cubic planar graph, referred to as a strong re-embedding. The characterization of Theorem 14
serves as the foundation for the proof of Theorem 1. However, as the following lemma demonstrates,
certain choices of twisted edges never define strong re-embeddings.
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Lemma 6 Let G be a 3-connected cubic planar graph and T ⊆ E(G). If a face of the planar embedding
of G contains exactly two twisted edges in its boundary that are adjacent in G, then the resulting re-
embedding βT (G) is not strong.

Proof: Suppose C is a face of G embedded on the sphere whose boundary contains exactly two adjacent
twisted edges e1, e2 ∈ T with e1 = {v, w} and e2 = {v, u}, as illustrated in Figure 5. Let ρ be the
rotation system of βT (G) with ρv(e1) = e2. We start the face traversal algorithm by traversing e1 from v
to w. Since e1 is twisted, we consider the anticlockwise successor of e1 at w, i.e. ρ−1

w (e1). We continue
the face traversal algorithm by traversing C through the anticlockwise successors until we traverse e2.
Then we are back at v, but since e2 is twisted, we do not return to e1 and terminate, but continue with the
other face containing e2. Thus, the face traversal algorithm results in a closed walk which is not a cycle,
as shown in Figure 5. 2

v w

u
C

e1

e2

Fig. 5: A face that has exactly two adjacent twisted edges colored red contained in the boundary, together
with its facial walk colored blue.

Analogously, some of the twisted subgraphs mentioned in Theorem 4 give rise to facial walks that are
not cycles. We characterize the subgraphs that always give rise to strong re-embeddings and those that do
not. To do this, we need a better understanding of the cases in which the resulting embeddings are not
strong.

Let G be a 3-connected cubic planar graph embedded on the sphere with the rotation system ρ and let
λ be a signature of G that designates a subset T ⊆ E(G) as twisted. The embedding scheme (ρ, λ) of G
induces an embedding scheme (ρ∗, λ∗) of G∗, where ρ∗ denotes the rotation system defined by the planar
embedding ofG∗ induced by ρ, and λ∗ is defined such that all dual edges of T , denoted by T ∗, are twisted.
Moreover, we consider the restriction of (ρ∗, λ∗) to HT , denoted by (ρ∗, λ∗)

∣∣
HT

, obtained by simply
omitting everything not contained in HT . This embedding scheme defines an embedding of HT , which,
in analogy with the re-embeddings of G, is denoted by βT ∗(HT ). Note that in this embedding scheme
of HT the rotation system is uniquely determined by ρ and that all edges are twisted. Consequently, the
orientation in the facial walks alternates at every step. The facial walks of βT (G) and those of βT ∗(HT )
are closely related, as we will show in Lemma 9.

The following definition identifies those edges of the dual graph that are not part of the twisted subgraph
but whose position in the local rotation still influences the resulting facial walks. Based on this notion,
we formulate a characterization that determines whether a twisted subgraph defines a strong embedding,
independently of the underlying cubic planar graph. Here, we denote the rotation system of (ρ∗, λ∗)

∣∣
HT

by ρ′ for simplicity.

Definition 7 Let G be a 3-connected cubic planar graph, T ⊆ E(G) and ρ′ the rotation system of
the re-embedding βT ∗(HT ) determined by the unique planar embedding of G. Furthermore, let C =
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(w1, . . . , wℓ) be a facial walk of βT ∗(HT ) with ei = {wi−1, wi} ∈ E(HT ) for i ∈ {2, . . . , ℓ} and
e1 = {w1, wℓ} ∈ E(HT ). By definition the edges e1, . . . , eℓ are twisted in the re-embedding βT ∗(HT ).
First, consider the edge ei for i odd. Thus, along the facial walkC the edge ei+1 is the clockwise successor
under ρ′ of ei at wi with eℓ+1 := e1. Let f1i , . . . , f

k
i ∈ E(G∗) \ E(HT ) denote the edges of G∗ that are

incident to wi and lie between ei and ei+1 in the clockwise ordering defined by ρ′ where k depends on i.
This means that we have ρ′wi

(ei) = f1i , ρ′wi
(f ji ) = f j+1

i for j ∈ {1, . . . , k − 1} and ρ′wi
(fki ) = ei+1, as

shown in Figure 6a. We refer to the edges f1i , . . . , f
k
i ∈ E(G∗) \ E(HT ) as the visited edges of C at wi

and denote the tuple (f1i , . . . , f
k
i ) of visited edges at wi by Mi. The case for ei with even i is analogous,

replacing clockwise by anticlockwise and ρ′ by (ρ′)−1 with (ρ′)−1 = {(ρ′v)−1 | v ∈ V (HT )}. With this
we define the dual facial walk of HT in G∗, corresponding to C, as (wM1

1 , . . . , wMℓ

ℓ ), where the notation
wMi

i records the vertex wi of C together with its visited edges Mi for i ∈ {1, . . . , ℓ}.

For a better understanding of the definition, an illustration is given in Figure 6 showing the circular
ordering around a vertex wi in G∗ with its visited edges of C colored teal. In Figure 6a, the visited edges,
i.e. the edges ofG∗ that are not included inHT but still influence the facial walks of βT (G), are the edges
lying between ei and ei+1 in clockwise order. In Figure 6b, they are the edges lying between ei and ei+1

in anticlockwise order.

wi

ei ei+1

f1i fki

(a)

wiei ei+1

f1i fki

(b)

Fig. 6: The local rotation at a vertex wi ∈ HT of the planar embedding of G∗ with ei, ei+1 ∈ E(HT ) and
its visited edges f1i , . . . , f

k
i of C for i odd (a) and i even (b). The visited edges are shown in teal and the

twisted edges in red.

To proceed, we now establish a precise correspondence between the facial walks of βT (G) and the dual
facial walks of HT in G∗. For this, note first that a walk of a graph can be written as a sequence of edges.
For the following definition we additionally use the notation (E1, e1, E2, e2, . . . , Eℓ, eℓ) of a walk in G,
where ei ∈ E(G) and Ei is a sequence of edges of G forming a walk for i ∈ {1, . . . , ℓ}.

Definition 8 Let G be a 3-connected cubic planar graph with the facial cycles F1, . . . , Fm of its planar
embedding and T ⊆ E(G). Moreover, let F(βT (G)) denote the set of facial walks of βT (G) containing
twisted edges and D(HT ) the set of dual facial walks of HT in G∗. Let C be a facial walk of βT (G)
which can be written as (E1, e1, E2, e2, . . . , Eℓ, eℓ) such that (ei, Ei+1, ei+1) is a subwalk of a facial
cycle Fki

for all i ∈ {1, . . . , ℓ} with eℓ+1 = e1, Eℓ+1 = E1 and ei ∈ T for all i ∈ {1, . . . , ℓ}. Thus, ℓ
is even and the direction in which we traverse the faces of Fk1 , . . . , Fkℓ

alternates: for odd i the face is
traversed clockwise, whereas for even i it is traversed anticlockwise. All dual edges of the edges in the
subwalk (ei, Ei+1, ei+1) are incident to the vertex wi in HT that corresponds to the face Fki

. However,
only the dual edges of ei for i ∈ {1, . . . , ℓ} are actually contained in HT . We denote the sequence of the



Strong Embeddings of Cubic Planar Graphs 9

dual edges of the sequence Ei by E∗
i for i ∈ {1, . . . , ℓ}. With this, we define

φ : F(βT (G)) → D(HT ), (E1, e1, E2, e2, . . . , Eℓ, eℓ) 7→ (w
E∗

1
1 , w

E∗
2

2 , . . . , w
E∗

ℓ

ℓ ).

The following statement shows that the map φ describes a one-to-one correspondence between the
facial walks of βT (G) that contain twisted edges and the dual facial walks of HT in G∗. This means that
the dual facial walks can be used to uniquely determine the facial walks of βT (G).

Lemma 9 Let G be a 3-connected cubic planar graph and T ⊆ E(G). Moreover, let F(βT (G)) denote
the set of facial walks of βT (G) that contain twisted edges and D(HT ) the set of dual facial walks of HT
in G∗. The map φ : F(βT (G)) → D(HT ) defined in Definition 8 is well-defined and bijective.

Proof: We use the notation introduced in Definition 8. Thus, C = (E1, e1, E2, e2, . . . , Eℓ, eℓ) is a facial
walk of βT (G) such that (ei, Ei+1, ei+1) is a subwalk of a facial cycle Fki

of the planar embedding of G
for all i ∈ {1, . . . , ℓ} with eℓ+1 = e1 and Eℓ+1 = E1. Moreover, wi is the vertex of G∗ that corresponds
to Fki . First we show that C∗ := φ(C) = φ((E1, e1, E2, e2, . . . , Eℓ, eℓ)) = (w

E∗
1

1 , w
E∗

2
2 , . . . , w

E∗
ℓ

ℓ ) is
indeed a dual facial walk of HT in G∗ with E∗

1 , . . . , E
∗
ℓ denoting the dual edge sequences of E1, . . . , Eℓ.

Since C is a closed walk, it follows directly that (w1, w2, . . . , wℓ) is a closed walk in HT . We recall
that the facial cycles Fki

for i ∈ {1, . . . , ℓ} are traversed clockwise for i odd and anticlockwise for
i even. Since these cycles correspond to the vertices wi of HT for i ∈ {1, . . . , ℓ}, traversing e∗i =
{wi, wi+1} with wℓ+1 = w1 reverse the ordering in which we consider the successor at wi+1: for odd i
from clockwise to anticlockwise and for i even the other way around. Thus, (w1, w2, . . . , wℓ) is a facial
walk of the re-embedding βT ∗(HT ). Moreover, by definition, the dual sequence of Ei for i ∈ {1, . . . , ℓ}
is precisely the sequence of visited edges of (w1, w2, . . . , wℓ) at wi. Thus, C∗ is a dual facial walk of
HT in G∗. Note that a facial walk (E1, e1, E2, e2, . . . , Eℓ, eℓ) of βT (G) may be cyclically shifted or
reversed but it still represents the same facial walk of βT (G). The same holds for the dual facial walks
of HT where additionally the visited edges are reversed if the corresponding facial walk of βT ∗(HT ) is
reversed. Thus, φ is well-defined.

It remains to show that φ is bijective. We do this by defining

ψ : D(HT ) → F(βT (G)), (v
M1
1 , vM2

2 , . . . , vMℓ

ℓ ) 7→ (M∗
1 , f

∗
1 ,M

∗
2 , f

∗
2 , . . . ,M

∗
ℓ , f

∗
ℓ )

where f∗i denotes the dual edge of fi := {vi, vi+1} where vℓ+1 = v1 andM∗
i is the dual edge sequence of

Mi for i ∈ {1, . . . , ℓ}. We claim that ψ is the inverse map of φ. The closed walk (M∗
1 , f

∗
1 ,M

∗
2 , f

∗
2 , . . . ,

M∗
ℓ , f

∗
ℓ ) is indeed a facial walk of βT (G) since each edge fi for i ∈ {1, . . . , ℓ} is a twisted edge of βT (G)

and the ordering by traversing fi always changes by the definition of the dual facial walks. Consequently,
by the same reasoning as for φ, the map ψ is well-defined. It remains to show that φ and ψ are inverse to
each other. For this let C = (E1, e1, E2, e2, . . . , Eℓ, eℓ) be a facial walk of βT (G) as in Definition 8. We
compute

ψ(φ(C)) = ψ(φ((E1, e1, E2, e2, . . . , Eℓ, eℓ))) = ψ((w
E∗

1
1 , w

E∗
2

2 , . . . , w
E∗

ℓ

ℓ ))

= (E1, e1, E2, e2, . . . , Eℓ, eℓ) = C

since ei is the dual edge of {wi, wi+1} for i ∈ {1, . . . , ℓ} and wℓ+1 = w1. Similarly,

φ(ψ((vM1
1 , vM2

2 , . . . , vMℓ

ℓ ))) = φ((M∗
1 , f

∗
1 ,M

∗
2 , f

∗
2 , . . . ,M

∗
ℓ , f

∗
ℓ )) = (vM1

1 , vM2
2 , . . . , vMℓ

ℓ )
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by the definition of ψ and φ. Thus, ψ is inverse to φ and so φ is bijective. 2

This statement shows that the maps φ and ψ establish a one-to-one correspondence between the facial
walks of βT (G) that contain twisted edges and the dual facial walks of T ∗ in G∗. We will later use this
correspondence to identify conditions on the dual facial walks of HT in G∗ that ensure that the facial
walks of βT (G) are cycles. Before doing so, we present an example that illustrates the concept of the dual
facial walks of HT in G∗ and their correspondence to the facial walks of the re-embedding βT (G).

Example 10 As an example, consider the 3-connected cubic planar graph G with its planar embedding
shown in Figure 7a and let HT ∼= K2,2 be defined by T = { {1, 2}, {1, 3}, {4, 6}, {5, 6} } ⊆ E(G),
colored red. Let the faces of the planar embedding of G be labeled as follows:

a = (2, 3, 4, 5), b = (1, 2, 5, 6), c = (1, 2, 3), d = (1, 3, 4, 6) and e = (4, 5, 6).

In Figure 7b, the planar embedding of G∗, induced by the planar embedding of G, is drawn with the
labeling inherited from the face labels ofG. The red edges indicate the subgraphHT . Consider the facial
cycle C = (c, d, e, b) of βT ∗(HT ) starting in clockwise orientation. The twisted edges of C are colored
red, the visited edges of C at all vertices are colored teal and the facial cycle C is colored blue in Fig-
ure 7b. Thus, the dual facial walk of HT in G∗ corresponding to C is (c({a,c}), d({b,d}), e({a,e}), b({b,d})).
Translating all the twisted and visited edges to their dual edges we obtain (2, 3, 1, 6, 4, 5, 6, 1) as a facial
walk of βT (G), see Figure 7c. Thus, the re-embedding βT (G) is not strong.

1

2

3 4

5

6a

b

c

d

e

(a)

a

b

c

d

e

(b)

1

2

3 4

5

6

(c)

Fig. 7: A planar embedded graph G (a), its dual graph G∗ (b) with the twisted edges of βT ∗(HT ) colored
red and a facial walk of βT ∗(HT ) colored blue with the visited edges colored teal andGwith the resulting
facial walk of βT (G) colored in blue (c).

The goal is to use dual facial walks to characterize whether a given embedding scheme defines a strong
embedding or not. Before addressing this, we first establish a result concerning facial walks of βT ∗(HT )
that are not edge-simple. A closed walk is called edge-simple if all of its edges are distinct. In particular,
any edge-simple closed walk in a cubic graph is necessarily a cycle.

Proposition 11 LetG be a 3-connected cubic planar graph and T ⊆ E(G). If a facial walk of βT ∗(HT )
is not edge-simple, then the re-embedding βT (G) is not strong.
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Proof: Let C̃ be a facial walk of βT ∗(HT ) that traverses the edge e ∈ HT more than once. Then the dual
facial walk of HT in G∗ that corresponds to C̃ contains the edge e also more than once, but not among
the visited edges. By the bijection φ between the facial walks of βT (G) and the dual facial walks of HT
in G∗, as established in Lemma 9, the dual edge of e occurs twice in the corresponding facial walk C of
βT (G). Thus, C is not a cycle, and so the re-embedding βT (G) is not strong. 2

Corollary 12 Let G be a 3-connected cubic planar graph and T ⊆ E(G). If HT has a bridge, then the
re-embedding βT (G) is not strong.

Proof: Because HT has a bridge, the facial walks of βT ∗(HT ) cannot be edge-simple. Hence, by Propo-
sition 11, the re-embedding βT (G) is not strong. 2

To compute the facial walks of βT (G) without applying the face traversal algorithm to the correspond-
ing embedding scheme (ρ, λ) of G, we proceed as follows: We first compute all facial walks of βT ∗(HT )
using the face traversal algorithm for HT and (ρ∗, λ∗)

∣∣
HT

, as defined above. Since we are only interested
in edge-simple facial walks by Proposition 11, we exclude the cases where the facial walks of βT ∗(HT )
are not edge-simple. For each edge-simple facial walk, we compute the dual facial walk as described in
Definition 7. From these dual walks, we derive the sequence of twisted and visited edges, which in turn
yield the facial walks of βT (G) that contain twisted edges, as shown in Lemma 9. This method now
serves as the basis for characterizing which types of subgraphs fail to produce strong re-embeddings.

Lemma 13 Let G be a 3-connected cubic planar graph and T ⊆ E(G). If HT has a vertex of degree
one or is isomorphic to K1,1,m for m ≥ 1, the re-embedding βT (G) is not strong.

Proof: If HT has a vertex of degree one, HT has a bridge. Thus, the re-embedding βT (G) is not strong
by Corollary 12.

Let HT be isomorphic to K1,1,m for m ≥ 1 with the partition sets {w1}, {w2}, {w3, . . . , wm+2}.
Without loss of generality, we may assume that K1,1,m is planar embedded as shown in Figure 8, in
which the partition sets are distinguished by color. We compute the facial walks of βT ∗(HT ) with the
face traversal algorithm, starting at vertex w1 with the edge {w1, w2} in clockwise orientation. Then we
obtain the facial walk (w1, w2, wm+2, w1, w2, w3). This facial walk contains the edge {w1, w2} twice, so
it is not a cycle and therefore the re-embedding βT (G) is not strong. 2

The following theorem provides a criterion for determining whether a given twisted subgraph yields a
strong re-embedding. We will apply this criterion to each of Enami’s subgraphs to assess whether they
define a strong re-embedding.

Theorem 14 Let G be a 3-connected cubic planar graph and HT the twisted subgraph of G∗ for T ⊆
E(G) such that the facial walks of βT ∗(HT ) are edge-simple. The re-embedding βT (G) is strong if and
only if for every dual facial walk

C∗ =
(
wM1

1 , . . . , wMℓ

ℓ

)
of HT in G∗, the visited edges M1, . . . ,Mℓ are pairwise disjoint.

Proof: We prove both directions separately.
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w3 w4 wm+1 wm+2

w1

w2

. . .

Fig. 8: Planar embedding of HT ∼= K1,1,m

”⇒” Assume that the edge sets Ma and Mb of C∗ are not disjoint for a, b ∈ {1, . . . , ℓ}. Let e be an edge
with e ∈Ma ∩Mb, i.e. we visit e once at the vertex wa and once at wb in C∗. The dual facial walk
C∗ of HT can be translated to a facial walk C of βT (G) by ψ the inverse map of φ as described
in Definition 8 and the proof of Lemma 9. Thus, the dual edge of e is traversed twice by the facial
walk C: once in the face of the planar embedding of G corresponding to wa and once in the face
corresponding to wb. This means that the re-embedding βT (G) is not strong.

”⇐” Assume that the re-embedding βT (G) is not strong. The faces of the planar embedding ofGwithout
a twisted edge are facial cycles of βT (G). Since G is 3-connected, we only have to consider the
facial walks of βT (G) with at least one twisted edge. These are precisely the facial walks of βT (G)
obtained from the dual facial walks of HT in G∗ as shown in Lemma 9. Since βT (G) is not
strong, there exists a facial walk C of βT (G) that is not a cycle. Thus, C must traverse an edge
e ∈ E(G) \ T twice, since we assumed that the facial walks of βT ∗(HT ) are edge-simple. Hence,
in the dual facial walk C∗ of HT in G∗ corresponding to C exist two vertices wa and wb at which
the dual edge of e occurs among the visited edges Ma and Mb. So the sets Mj for j ∈ {1, . . . , ℓ}
are not pairwise disjoint.

2

Remark 15 Within the framework of the above theorem, it follows directly that if the visited edges of
a given facial walk of βT ∗(HT ) all lie in distinct faces of the planar embedding of HT induced by the
planar embedding of G, then the corresponding facial walk of βT (G) is a cycle. Consequently, if this
condition is satisfied for all dual facial walks of HT in G∗, then the re-embedding βT (G) is strong. Note
that the opposite direction is not true in general.

The simplification of Theorem 14 described in the remark is useful in situations where the graph under
consideration is large and it suffices, as a first step, to determine in which faces the visited edges lie.

Example 16 In Example 5 and 10 the considered twisted subgraph HT is isomorphic to K2,2. Note
that βT ∗(HT ) for HT ∼= K2,2 has two facial walks both containing the same edges but with different
visited edges. In Figure 9 the planar embedding of G∗ of Example 5 is drawn where the visited edges
of the two facial walks of βT ∗(HT ) are highlighted in teal and green, respectively. Both facial walks of
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βT ∗(HT ) have visited edges that lie in the same face of HT . However, all visited edges are incident to
only one vertex of HT , i.e. the visited edges are all disjoint and so the re-embedding βT (G) is strong. In
Example 10 the visited edges of the facial walk illustrated in Figure 7b at the vertices b and d intersect in
the edge {b, d}. Thus, the re-embedding described in Example 10 is not strong.

a

b

f

g

e

c

d

Fig. 9: The planar embedding of G∗ with G as drawn in Figure 4a where the edges of HT ∼= K2,2

are colored red and the disjoint visited edges of the two facial walks of the re-embedding βT ∗(HT ) are
colored teal and green.

3.2 On the Projective Plane
In this section, we consider strong re-embeddings of 3-connected cubic planar graphs on the projective
plane, i.e. on a non-orientable surface of genus 1. The theorem of Enami states that we need to find sub-
graphs of the dual graph that are isomorphic to K2 or K4 to obtain general embeddings on the projective
plane. Note that Lemma 13 already establishes that twisted subgraphs which are isomorphic to K2 do
not lead to strong re-embeddings. Thus the question arises, whether a twisted subgraph isomorphic to K4

always leads to a strong re-embedding.

Lemma 17 Let G be a 3-connected cubic planar graph and T ⊆ E(G). If HT is isomorphic to K4, then
the re-embedding βT (G) is strong.

Proof: We first compute the facial walks of βT ∗(HT ), which yields three facial cycles of length four,
see Figure 10. Thus, let C∗ = (wM1

1 , wM2
2 , wM3

3 , wM4
4 ) be a dual facial walk of HT in G∗. Suppose

Ma and Mb are not disjoint with e ∈ Ma ∩Mb for a, b ∈ {1, . . . , 4} and a ̸= b. This means that the
vertices wa and wb of HT are connected in G∗ by the untwisted edge e. However, wa and wb are also
adjacent by a twisted edge, since HT is a complete graph. This implies that the two faces wa and wb of
the planar embedding of G would intersect in two edges, which is not possible since G is 3-connected. So
the statement follows with Theorem 14. 2

By the characterization of Enami (2019) together with Lemma 13 and Lemma 17 we directly obtain the
first part of Theorem 1. Having established a complete characterization of strong re-embeddings on the
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Fig. 10: The facial cycles of βT ∗(HT ) for HT ∼= K4.

projective plane, along with an implementation of the corresponding algorithm by Niemeyer et al. (2025),
we now investigate the number of 3-connected cubic planar graphs that admit a strong embedding on the
projective plane.

Let Gn denote the set of 3-connected cubic planar graphs with n vertices and let Pn denote the set
of graphs in Gn that have a strong embedding on the projective plane. Table 1 shows that there are few
graphs in Gn for n ≥ 8 which do not have a strong embedding on the projective plane. This means that
their dual graphs have no subgraph isomorphic to K4.

n 4 6 8 10 12 14 16 18 20
| Gn | 1 1 2 5 14 50 233 1249 7595
| Pn | 1 1 1 4 12 45 222 1219 7485

Tab. 1: Number of graphs in Gn for n ∈ {4, 6, 8, 10, 12, 14, 16, 18, 20} with strong embeddings on the
projective plane.

It is clear that each vertex of degree three in the dual graph defines a subgraph isomorphic to K4.
Thus, all dual graphs of Gn that do not have a strong embedding on the projective plane have minimum
degree at least four. Thus, the number of | Gn | − | Pn | is always less than or equal to the number of
plane triangulations with n

2 + 2 vertices and minimum degree at least four. Note that Dillencourt (1996)
enumerates the number of plane triangulations for a given number of vertices with minimum degree at
least four. Their counts align with the numbers shown in Table 1.

3.3 On the Torus
In this section, we consider strong re-embeddings of 3-connected cubic planar graphs on the torus, i.e. on
an orientable surface of genus 1. The theorem of Enami states that we need to find subgraphs of the dual
graph that are isomorphic to K2,2,2,K2,2m or K1,1,2m−1 with m ≥ 1 to obtain general embeddings on
the torus. By Lemma 13 we already know that twisted subgraphs which are isomorphic to K1,1,2m−1 for
m ≥ 1 do not lead to strong re-embeddings. Thus, the question is whether a twisted subgraph which is
isomorphic to K2,2,2 or K2,2m for m ≥ 1 always leads to a strong re-embedding.
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Lemma 18 Let G be a 3-connected cubic planar graph and T ⊆ E(G). If HT is isomorphic to K2,2,2,
then the re-embedding βT (G) is strong.

Proof: The four facial walks of the re-embedding βT ∗(HT ) are edge-simple as depicted in Figure 11
and of length six. Let C∗ = (wM1

1 , . . . , wM6
6 ) be a dual facial walk of HT in G∗. Assume, towards a

contradiction, that the edge sets Ma and Mb for a, b ∈ {1, . . . , 6} are not disjoint, so that there exists
an edge e ∈ Ma ∩Mb with a ̸= b. This assumption implies that wa and wb are adjacent in G∗ by the
untwisted edge e. Consider the following two cases:

1. Supposewa andwb are in different partition sets ofHT . Thenwa andwb are additionally connected
by an edge ofHT , which contradicts the fact that two faces of a planar embedded 3-connected cubic
graph can intersect in at most one edge.

2. Suppose wa and wb are in the same partition set of HT . Since HT ∼= K2,2,2 is planar and 3-
connected, HT is uniquely embeddable on the sphere. Figure 11 shows such an embedding, where
the vertices of the different partition sets are highlighted in red, blue and green. Two vertices of the
same partition set of HT cannot be adjacent in G∗ by an untwisted edge, otherwise we could not
embed G∗ on the sphere. So we get a contradiction to the fact that wa and wb are both incident to e.

Thus, the edge sets Ma and Mb must be disjoint. Since the dual facial walk and the edge sets were chosen
arbitrary, we have shown that the visited edges are disjoint for all dual facial walks and the result follows
by Theorem 14. 2

Fig. 11: All facial walks of βT ∗(HT ) with HT ∼= K2,2,2, where vertices from the same partition set are
assigned the same color.

So twisted subgraphs which are isomorphic to K2,2,2 always lead to strong re-embeddings. In con-
trast, for twisted subgraphs isomorphic to K2,2m an additional property is needed. To establish this, we
examine more closely the configuration of the visited edges at a vertex. Recall that the Jordan Curve
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Theorem (Kline, 1942) states that each cycle C of a bridgeless planar graph divides the plane into the
interior of C, bounded by C and written as int(C), and the exterior of C, written as ext(C).

Let G again be a 3-connected cubic planar graph, HT a twisted subgraph of G∗ and C̃ a facial cycle
of βT ∗(HT ). We consider C̃ as a cycle in the planar embedding of HT induced by the planar embedding
of G. By the Jordan Curve Theorem the visited edges at a vertex v of C̃ are either all in int(C̃) or all in
ext(C̃), depending on whether we consider the clockwise or anticlockwise successor at v.

Lemma 19 Let G be a 3-connected cubic planar graph and T ⊆ E(G) such that HT ∼= K2,m for
m ≥ 2. The re-embedding βT (G) is strong if and only if the vertices of the partition set of size two of HT
are not adjacent in G∗. For m = 2, guaranteeing a strong embedding requires that no edges of G∗ occur
within either of the two partition sets.

Proof: Let HT consists of the vertices w1, . . . wm+2 where w1 and w2 are the vertices of the partition set
of size 2 and w3, . . . , wm+2 are the vertices of the partition set of size m.

”⇒” Let the two vertices w1 and w2 of the partition set of HT of size two be connected by the edge
e ∈ E(G∗). Then, without loss of generality, HT ∪ {e} is embedded on the plane as in Figure 12.
Consider the facial walk C = (w1, wm+2, w2, w3) in βT ∗(HT ). The visited edges at w1 and w2 of

wm+2

w1

w3

w2

. . .

Fig. 12: Planar embedding of HT ∪
{
{w1, w2}

}
with HT ∼= K2,m

C lie in ext(C). Thus, the edge {w1, w2} is a visited edge at w1 and w2 and so the re-embedding
cannot be strong by Theorem 14.

”⇐” The dual graph G∗ contains a subgraph isomorphic to K2,m, as drawn in Figure 13. The vertices of
the partition set of size two, called A ⊆ V (HT ), are colored red and the vertices of the partition set
of size m, called B ⊆ V (HT ), are colored blue.

The re-embedding βT ∗(HT ) has m facial cycles of length four, all of which are also facial walks
of the planar embedding of HT . Such a facial walk C of βT ∗(HT ) contains the vertices w1 and w2

of A and two vertices of B, called w3 and w4. We consider the planar embedding of HT induced
by the planar embedding of G, which is drawn in Figure 13, so w3 and w4 must be embedded next
to each other, see Figure 14b, or one is the leftmost vertex and the other is the rightmost vertex,
see Figure 14a. Thus, the facial walk C = (w1, w3, w2, w4) of βT ∗(HT ) can be an unbounded or
bounded face of the planar embedding ofHT . Let C∗ = (wM1

1 , wM3
3 , wM2

2 , wM4
4 ) be the dual facial

walk of HT in G∗ corresponding to C as described in Definition 8.
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w1

w2

. . .

Fig. 13: Planar embedding of K2,m for m ≥ 2

1. Let C = (w1, w3, w2, w4) be the unbounded face of the planar embedding of HT . Accord-
ingly, the facial walk C is depicted in blue in Figure 14a. We start at w1 with the edge
{w1, w3} in clockwise orientation. This means that the edges of M1 lie in the unbounded face
of HT . Now we have to consider the anticlockwise successor of {w1, w3} at w3, which is
{w2, w3}. Here the edges we are visiting, i.e. M3, are in int(C). Continuing this way, we
see that the edges of M2 lie in the unbounded face of HT and that the edges of M4 are in
int(C). Thus, according to Theorem 14 the re-embedding is strong if M1 ∩ M2 = ∅ and
M3 ∩M4 = ∅. If M3 and M4 would have a common edge, m must be equal to 2 because the
common edge must be in int(C). Since we assumed that the vertices of partition sets of size
two are not adjacent, both pairs of edge sets are disjoint.

2. Let C = (w1, w3, w2, w4) be a bounded face of HT . Accordingly, the facial walk C is
depicted in blue in Figure 14b. Analogous to the first case, we obtain that M1 and M2 are
in int(C). Moreover, M3 and M4 are in ext(C). Thus, according to Theorem 14 the re-
embedding is strong if M1 ∩ M2 = ∅ and M3 ∩ M4 = ∅. If M3 and M4 would have a
common edge, m must be equal to 2 because the common edge must be in ext(C). Since we
assumed that the vertices of partition sets of size two are not adjacent, both pairs of edge sets
are disjoint.

2

By the characterization of Enami (2019) together with Lemma 13, Lemma 18 and Lemma 19 we
directly obtain the second part of Theorem 1. Having established a complete characterization of strong re-
embeddings on the torus, along with an implementation of the corresponding algorithm by Niemeyer et al.
(2025), we now investigate the number of 3-connected cubic planar graphs that admit a strong embedding
on the torus.

Let Gn again denote the set of 3-connected cubic planar graphs with n vertices. Moreover, Rn denotes
the set of graphs in Gn that have strong embeddings on the torus. Table 2 shows that there are several
graphs in Gn, which do not have a strong embedding on the torus.

3.4 On the Klein Bottle
In this section we consider strong re-embeddings of 3-connected cubic planar graphs on the Klein bottle,
i.e. on a non-orientable surface of genus 2. The theorem of Enami states that we need to find subgraphs
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w3

w1

w4

w2
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Fig. 14: Planar embeddings of HT ∼= K2,m with (w1, w3, w2, w4) a face of HT and the corresponding
facial walk of βT ∗(HT ) colored in blue.

n 4 6 8 10 12 14 16 18 20
| Gn | 1 1 2 5 14 50 233 1249 7595
| Rn | 0 0 1 2 7 26 140 815 5484

Tab. 2: Number of graphs in Gn for n ∈ {4, 6, 8, 10, 12, 14, 16, 18, 20} with strong embeddings on the
torus.

of the dual graph that are isomorphic to the graphs A1, . . . A6, K2,2m−1 or K1,1,2m with m ≥ 1 to obtain
general re-embeddings on the Klein bottle. By Lemma 13 we already know that twisted subgraphs which
are isomorphic to K1,1,2m do not lead to strong re-embeddings. In addition, by Corollary 12 we know
that K2,1 also does not yield a strong re-embedding. Moreover, Lemma 19 implies that considering the
subgraphs of G∗ which are isomorphic to K2,2m−1 for m ≥ 2, where the vertices of the partition set of
size two are not adjacent in G∗ is enough. To get a complete characterization for strong re-embeddings
on the Klein bottle we need to take a look at the graphs A1, . . . A6, see Figure 1 and 3. Each of the graphs
A1, A2, and A4 contains a bridge and therefore does not define a strong embedding by Corollary 12.

Lemma 20 Let G be a 3-connected cubic planar graph and T ⊆ E(G). If HT is isomorphic to A3, A5

or A6, then the re-embedding βT (G) is strong.

Proof: The graph A3 is equal to the disjoint union of two copies of K4. Since the facial walks of these
two components of K4 are disjoint and edge-simple, Theorem 14 and Lemma 17 implies directly that the
re-embedding βT (G) is strong for HT ∼= A3.

The graph A5 consists of two copies of the K4 joined at a single vertex v. In the embedding βT ∗(HT ),
where HT ∼= A5, all but one facial walk contain vertices from only one of the two K4 components. By
Lemma 17, the visited edges of these facial walks are disjoint. The remaining facial walk, illustrated in
Figure 15a, traverses v twice. However, the two sets of visited edges at v must be disjoint since otherwise
a loop in G∗ would occur. All other visited edges lie in distinct faces and are therefore disjoint by
Remark 15. Furthermore, all facial walks of βT ∗(HT ) are edge-simple and therefore Theorem 14 implies
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that the re-embedding βT (G) is strong.
For HT ∼= A6 the facial walks of βT ∗(HT ) are edge-simple as depicted in Figure 15b. It can be easily

seen that all visited edges of the facial walks of βT ∗(HT ) lie in distinct faces of A6, and therefore, by
Remark 15 and Theorem 14, the re-embedding βT (G) is strong. 2

(a) (b)

Fig. 15: A facial walk of βT ∗(HT ) with HT ∼= A5 (a) and all facial walks of βT ∗(HT ) with HT ∼= A6.

By the characterization of Enami (2019) together with Lemma 13, Lemma 19 and Lemma 20 we
directly obtain the last part of Theorem 1. Having established a complete characterization of strong re-
embeddings on the Klein bottle, along with an implementation of the corresponding algorithm by Niemeyer
et al. (2025), we now investigate the number of 3-connected cubic planar graphs that admit a strong em-
bedding on the Klein bottle.

Let Gn again denote the set of 3-connected cubic planar graphs with n vertices. Moreover, Kn denotes
the set of graphs in Gn that have strong embeddings on the Klein bottle. Table 3 shows that all graphs in
Gn with n < 20 have a strong embedding on the Klein bottle. Furthermore, there is only one graph in G20

that does not have a strong embedding on the Klein bottle. This is the dodecahedral graph, which is the
dual graph of the icosahedral graph.

n 4 6 8 10 12 14 16 18 20
| Gn | 1 1 2 5 14 50 233 1249 7595
| Kn | 0 1 2 5 14 50 233 1249 7594

Tab. 3: Number of graphs in Gn for n ∈ {4, 6, 8, 10, 12, 14, 16, 18, 20} with strong embeddings on the
Klein bottle.

4 Existence of Strong Re-embeddings
Enami (2019) establishes that every 3-connected cubic planar graph can be embedded on the projective
plane, the torus and the Klein bottle, providing both lower and upper bounds on the number of inequivalent
embeddings for each of these surfaces. However, a closer examination of the proofs reveals that the lower
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bounds are not satisfied in the case of strong embeddings. This aligns with the observations based on the
data presented in Tables 1, 2 and 3.

In the following we show which graphs do not have strong embeddings on the projective plane, the
torus or the Klein bottle. For this, we need the following definition: A graph G is cyclically k-edge
connected if there is no set A ⊆ E(G) of at most k−1 edges such that the graph G \ A has at least two
connected components having a cycle.

Corollary 21 Let G be a 3-connected cubic planar graph with |V (G)| ≥ 5.

1) If G is bipartite or cyclically 4-edge connected, then G has no strong embedding on the projective
plane.

2) If G is cyclically 5-edge connected, then G has no strong embedding on the torus and the Klein
bottle.

3) If G is not cyclically 5-edge connected, but cyclically 4-edge connected, then G has a strong em-
bedding on the torus.

Proof:

1) Based on Theorem 1 we know that G∗ must have a subgraph isomorphic to K4 to ensure that G
can be strongly embedded on the projective plane. If G is bipartite then G∗ is an even triangulation
which does not have a subgraph isomorphic to K4. If G is cyclically 4-edge connected then G∗ has
no separating cycle of length three and so G∗ does not have a subgraph isomorphic to K4.

2) In Theorem 1 the subgraphs of G∗ that are required to obtain a strong embedding of G on the torus
and the Klein bottle are characterized. The graphs K2,2,2, A3, A5 and A6 all contain a separating
cycle of length four. Hence, if G∗ has a subgraph isomorphic to one of these graphs, then remov-
ing the dual edges of this cycle show that G is not cyclically 5-edge connected. In the proofs of
Corollaries 19 and 20 from Enami (2019) it is shown that G∗ cannot have a subgraph isomorphic to
K2,m for m ≥ 3. Thus, the only remaining possibility is that G∗ contains a subgraph isomorphic
to K2,2. Since G is cyclically 5-edge connected, no vertex of G∗ can lie in the interior of this
K2,2. This would require two vertices of the same partition set of the K2,2 to be adjacent, which is
incompatible with a strong embedding, as shown in Lemma 19. Hence, G has no strong embedding
on the torus and the Klein bottle.

3) Since G is not cyclically 5-edge connected but cyclically 4-edge connected, there exist four edges
whose removal disconnects the graph into exactly two components, each of which contains a cycle.
Let denote the set of these four edges by T . Thus, HT has to be isomorphic to K2,2, where the
vertices in the same partition set are not adjacent in G∗. Then, G has a strong embedding on
the torus defined by HT . This proof proceeds analogously to the proofs of Corollaries 19 and 20
from Enami (2019).

2

Since the dodecahedral graph is the smallest graph that is cyclically 5-edge connected, it is consequently
the smallest graph that fails to admit a strong embedding on the Klein bottle. Since Enami (2019) shows
that an upper bound on the number of subgraphs isomorphic to K4 in a triangulation exists, we get an
upper bound for strong re-embeddings on the projective plane.
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Corollary 22 A 3-connected cubic planar graphG has at most |V (G)|
2 −1 inequivalent strong embeddings

on the projective plane.

Proof: In (Enami, 2019, Lemma 15), the author shows that every triangulation T on the sphere has
at most |V (T )| − 3 subgraphs which are isomorphic to K4. The dual graph G∗ is a triangulation and
|V (G∗)| = 1

2 |V (G)|+2. Thus, we obtain thatG∗ has at most |V (G)|
2 −1 subgraphs which are isomorphic

to K4. The statement follows with Theorem 1. 2

As noted by Enami (2019), all embeddings of a given 3-connected cubic planar graph on the projective
plane can be computed in polynomial time and thus also all strong embeddings. This raises the question
of whether a similar computational efficiency holds for strong embeddings on the torus and the Klein
bottle. Such efficiency is achievable provided that the number of relevant subgraphs in the dual graph
grows polynomially with the size of the graph.

Let G be a 3-connected cubic planar graph, as usual. Enami (2019) shows that if the dual graph G∗

contains a subgraph isomorphic to K1,1,m, then G admits at least 2m − 1 inequivalent embeddings on
both the torus and the Klein bottle. However, the subgraphs isomorphic to K1,1,m for m ≥ 1 and those
isomorphic toK2,m form ≥ 1, as constructed in Enami’s proof, do not correspond to strong embeddings.
Consequently, that argument does not extend to the case of strong embeddings. Nevertheless, as the next
theorem shows, there can still be exponentially many inequivalent strong embeddings on the torus and the
Klein bottle.

Theorem 23 There exists a 3-connected cubic planar graph G with exponentially many inequivalent
strong embeddings on the torus and the Klein bottle in the size of G.

Proof: Let G be the 3-connected cubic planar graph consisting of an inner and an outer cycle each of
length 2m for m ≥ 2, where the two cycles are connected as shown in Figure 16. Then G∗ contains
K2,2m as a subgraph, where the vertices of the partition set of size 2m are adjacent such that they form
a cycle. The number of subgraphs isomorphic to K2,m in K2,2m is

(
2m
m

)
. With Stirling’s approximation

we obtain that
(
2m
m

)
is asymptotically equivalent to 1√

πm
4m, which grows exponentially in m. Thus, G∗

has exponentially many subgraphs isomorphic to K2,m. This directly implies an exponential number of
strong embeddings on the torus and the Klein bottle of G, depending on whether m is even or odd, by
Theorem 1. Therefore, the upper bounds for strong embeddings of 3-connected cubic planar graphs on
the torus and the Klein bottle is exponential. 2

5 Conclusion
In this paper, we have characterized strong graph embeddings of 3-connected cubic planar graphs on the
projective plane, the torus and the Klein bottle. These results enable us to make statements about the
existence or non-existence of strong embeddings of a given 3-connected cubic planar graph on one of
these three surfaces. Compared to Enami’s results for general graph embeddings, we have shown that
for strong embeddings we need to consider fewer types of subgraphs of the dual graph. This makes the
calculation simpler. It may be possible to extend the approach to surfaces of higher genus, but it will be
more complicated. The results presented here serve as a foundation for further significant developments in
the theory of strong embeddings. In particular, we demonstrate in a forthcoming paper—building on the
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. . .

Fig. 16: Graph G with two connected cycles of length 2m

current work—that Apollonian duals precisely characterize the class of 3-connected cubic planar graphs
admitting a unique strong embedding on orientable surfaces.
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Let D be a digraph of order p ≥ 5 with minimum degree at least p − 1 and with minimum semi-degree at least
p/2− 1. In his excellent and renowned paper, “Long Cycles in Digraphs” (Proc. London Mathematical Society (3),
42 (1981)), Thomassen fully characterized the following for p = 2n + 1: (i) D has a cycle of length at least 2n;
and (ii) D is Hamiltonian. Motivated by this result, and building on some of the ideas in Thomassen’s paper, we
investigated the Hamiltonicity (when p is even) and pancyclicity (when p is arbitrary) of such digraphs. We have
given a complete description of whether such digraphs are Hamiltonian (p is even), and pancyclic (p is arbitrary).
Since the proof is very long, we have divided it into three parts. In this paper, we provide a full description of the
following: (iii) for k = 3 and k = 4, the digraph D contains a cycle of length k; and (iv) the digraph D contains a
pre-Hamiltonian cycle, i.e., a cycle of length p− 1.

Keywords: Digraph, Cycle, Hamiltonian cycle, pre-Hamiltonian cycle, semi-degree

1 Introduction
In this paper, we consider finite digraphs without loops and multiple arcs, which may contain opposite
arcs with the same end-vertices, i.e., a cycle of length two. We shall assume that the reader is familiar with
the standard terminology on digraphs and graphs (undirected graphs). We refer the reader to Bang-Jensen
and Gutin (Springer-Verlag, London, 2000) for digraphs, and West (2000, Prentice Hall(@)) for graphs,
for the terminology and notation not defined in this paper. All cycles and paths are assumed to be simple
and directed. A cycle (respectively, path) in a digraph D is called a Hamiltonian cycle (respectively, a
Hamiltonian path) if it contains all the vertices of D and, if D has a Hamiltonian cycle, we say that D
is Hamiltonian. A cycle in a digraph D of order p ≥ 3 is called a pre-Hamiltonian cycle if it contains
exactly p− 1 vertices of D. Further digraph terminology and notation are given in the next section. One
of the most fundamental and widely studied problems in digraph theory is finding sufficient conditions
for a digraph to contain a Hamiltonian cycle or cycles with previously given properties.

There are many sufficient conditions for the existence of a Hamiltonian cycle in digraphs (see, e.g.,
Bang-Jensen, Gutin, and Li (1996), Bang-Jensen, Guo and Yeo (1999), Keevash, Kühn and Osthus
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(2009), Darbinyan (2021, 2024), Darbinyan (2024a), Ghouila-Houri (1960), Manoussakis (1992), Meyniel
(1973), Nash-Williams (1969) and Woodall (1972)). For more information on Hamiltonian digraphs, see
the survey papers Bermond and Thomassen (1981) and Kühn and Osthus (2012), as well as the book by
Bang-Jensen and Gutin (Springer-Verlag, London, 2000).

Ghouila-Houri (1960) proved that every strong digraph on p vertices and with minimum degree at least
p is Hamiltonian. Nash-Williams (1969) observed that a digraph of order p with minimum semi-degree at
least p/2 is Hamiltonian and raised the problem of describing all the strong non-Hamiltonian digraphs of
order p and minimum degree p− 1. In his excellent and renowned paper, Thomassen (1981) provided a
structural characterization of the Nash-Williams problem.

Let D be a digraph of order p ≥ 5 with minimum degree at least p− 1 and with minimum semi-degree
at least p/2− 1. In the same paper, Thomassen (1981) fully characterized the following for p = 2n+ 1:
(i) D has a cycle of length at least 2n; and (ii) D is Hamiltonian.

Motivated by the last results, we investigated the Hamiltonicity (when p is even) and pancyclcity (when
p is arbitrary) of such digraphs. Building on some of the ideas in Thomassen’s paper, we have given a
complete description of whether such digraphs are Hamiltonian (p is even) and pancyclic (p is arbitrary).
Since the proof is very long, we have divided it into three parts. Note that these results were only reported
in Darbinyan (1986) and in Darbinyan (1986a), without their proofs. The proof have never been published.
In this paper, we provide a full description of the following: (i) for k = 3 and k = 4, the digraph D
contains a cycle of length k; and (ii) the digraph D contains a pre-Hamiltonian cycle, i.e., a cycle of
length p− 1.

2 Terminology and notation
We denote the vertex set and arc set of a digraph D by V (D) and A(D), respectively. The order of a
digraph D is the number of its vertices. The arc of a digraph D directed from x to y is denoted by xy or
x → y. If xy is an arc, then we say that x dominates y (or y is dominated by x). For a pair of subsets F
and B of V (D), we define A(F → B) as the set {xy ∈ A(D)|x ∈ F, y ∈ B} and A(F,B) = A(F →
B) ∪ A(B → F ). If x ∈ V (D) and F = {x}, we often write x instead of {x}. For disjoint subsets
F and B of V (D), F → B means that every vertex of F dominates every vertex of B. If S ⊂ V (D),
F → B and B → S, then we write F → B → S (for short). The out-neighborhood of vertex x is the
set O(x) = {y ∈ V (D)|xy ∈ A(D)} and I(x) = {y ∈ V (D)|yx ∈ A(D)} is the in-neighborhood of
x. Similarly, if F ⊆ V (D) then O(x, F ) = {y ∈ F |xy ∈ A(D)} and I(x, F ) = {y ∈ F |yx ∈ A(D)}.
The out-degree of x is od(x) = |O(x)| and id(x) = |I(x)| is the in-degree of x. We call the out-degree
and in-degree of a vertex its semi-degrees. Similarly, od(x, F ) = |O(x, F )| and id(x, F ) = |I(x, F )|.
The degree of the vertex x in D is defined as d(x) = id(x) + od(x). A digraph D is k-regular if, for
any vertex x ∈ V (D), d(x) = k. The subdigraph of D induced by a subset F of V (D) is denoted by
D[F ]. A dipath (for short, path) is a digraph with the vertex set {x1, x2, . . . , xm} (m ≥ 2) and the arc
set {xixi+1 | i ∈ [1,m − 1]}. This path is called a path from x1 to xm or is an (x1, xm)-path and is
denoted by x1x2 . . . xm. The dicycle (for short, cycle) x1x2 . . . xnx1 is the digraph obtained from the
path x1x2 . . . xn by adding the arc xnx1. The length of a cycle or a path is the number of its arcs. A
k-cycle is a cycle of length k. Ck denotes a cycle of length k. For a cycle Ck := x1x2 . . . xkx1, the
indices are taken modulo k, i.e., xs = xi for every s and i such that i ≡ smod k.

If B ⊂ V (D) or B is a subdigraph of a digraph D, then we write D − B for D[V (D) − B] and
D[V (D)− V (B)]. Let x, y ∈ V (D) be two distinct vertices. We write a+(x, y) = 1, if xy ∈ A(D) and
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a+(x, y) = 0 otherwise, and a(x, y) means the number of arcs between the vertices x and y, in particular,
a(x, y) = 0 means that the vertices x and y are not adjacent. For integers a and b, a ≤ b, by [a, b] we
denote the set {a, a+ 1, . . . , b}.

A digraph D is strong if for every pair of distinct vertices x, y of D there exists an (x, y)-path and a
(y, x)-path. A digraph D is k-strong, k ≥ 1, if |V (D)| ≥ k + 1 and D − A is strong for any set A of at
most k− 1 vertices. The largest integer k such that D is k-strong is the vertex-strong connectivity number
of D (denoted by k(D)). Two distinct vertices x and y in D are adjacent if xy ∈ A(D) or yx ∈ A(D) (or
both). If xy is an arc of a digraph D, then we say that x dominates y. An empty digraph is a digraph that
contains no arcs. A set S of arcs in a digraph D is called independent if no two arcs of S have a common
vertex. For a graph (undirected graph) G, we denote by G∗ the symmetric digraph obtained from G by
replacing every edge xy with the pair xy, yx of arcs. The undirected cycle of length k in G, is denoted by
Qk. (As usual, we use Ck to represent a directed cycle of length k). A digraph D (undirected graph G)
of order p ≥ 3 is pancyclic if it contains a directed (undirected) cycle of length k for every k ∈ [3, p]. Kn

denotes the complete undirected graph with n vertices, and Kp,q denotes the complete undirected bipartite
graph with partite sets of cardinalities p and q. If G1 and G2 are undirected graphs, then G1 ∪ G2 is the
disjoint union of G1 and G2 and G1 +G2 is the join of G1 and G2. The converse digraph of a digraph D
is the digraph obtained from D by reversing the direction of all arcs, and is denoted by Drev . We will use
the principle of digraph duality: A digraph D contains a subdigraph H if and only if the converse digraph
of D contains the converse digraph of H .

3 Preliminaries and additional notation
Let us recall some well-known lemmas used in this paper.

Lemma 3.1. (Häggkvist and Thomassen (1976)). Let D be a digraph of order p ≥ 3 containing a cycle
Cm of length m with m ∈ [2, p−1]. Let x be a vertex not contained in this cycle. If d(x, V (Cm)) ≥ m+1,
then for every k ∈ [2,m+ 1], D contains a cycle Ckincluding x.

The following lemma, which is a slight modification of a lemma by Bondy and Thomassen (1977), will
be used extensively in the proofs our results.
Lemma 3.2. Let D be a digraph of order p ≥ 3 containing a path P := x1x2 . . . xm with m ∈ [2, p− 1]
and let x be a vertex not contained in this path. If one of the following holds:

(i) d(x, V (P )) ≥ m+ 2;
(ii) d(x, V (P )) ≥ m+ 1 and xx1 /∈ A(D) or xmx1 /∈ A(D);
(iii) d(x, V (P )) ≥ m, xx1 /∈ A(D) and xmx /∈ A(D); then there is an i ∈ [1,m − 1] such that

xix, xxi+1 ∈ A(D), i.e., D contains a path x1x2 . . . xixxi+1 . . . xm of length m (we say that x can be
inserted into P or the path x1x2 . . . xixxi+1 . . . xm is an extended path obtained from P with x).

The following is an immediate consequence of Lemma 3.2:
Lemma 3.3. Let D be a digraph of order p ≥ 4 and let P := x1x2 . . . xm with m ∈ [2, p − 2] be a
path of maximal length from x1 to xm in D. If the induced subdigraph D[V (D) \ V (P )] is strong and
d(x, V (P )) = m + 1 for every vertex x ∈ V (D) \ V (P ), then there is an integer l ∈ [1,m] such that
O(x, V (P )) = {x1, x2, . . . , xl} and I(x, V (P )) = {xl, xl+1, . . . , xm}.
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We will now introduce the following notation:

Notation 1. For every integer n ≥ 1, let H(n, n) denote the set of digraphs D of order 2n such that
V (D) = F ∪ B, D[F ] ∼= D[B] ∼= K∗

n, there is no arc from a vertex of B to a vertex of F , and for every
vertex x ∈ F (respectively, y ∈ B) d+(x,B) ̸= 0 (respectively, d−(y, F ) ̸= 0).

Notation 2. For every integer n ≥ 2, let H(n, n − 1, 1) denote the set of digraphs D of order 2n such
that V (D) = F ∪ B ∪ {a}, |F | = |B|+ 1 = n, D[F ] contains no arc, D contains all the possible arcs
between F and B, D[B ∪ {a}] is an arbitrary digraph of order n such that in D either I(a) = B and
a → F or O(a) = B and F → a.

Notation 3. For every integer n ≥ 2 define a digraph H2n of order 2n as follows: V (H2n) = F ∪ B ∪
{x, y}, H2n[F ∪ {x}] ∼= H2n[B ∪ {y}] ∼= K∗

n, there is no arc between F and B, O(x) = F ∪ {y},
I(y) = B ∪ {x} and I(x) = O(y) = F ∪ B. H ′

2n is a digraph obtained from H2n by adding the arc yx
(see Figure 1(a)).

Fig. 1: (a) The digraph H2n, (b) an illustration for (8) in the proof of Theorem 5.1.

It is not difficult to check that if D ∈ H(n, n) ∪H(n, n− 1, 1) ∪ {H2n, H
′
2n}, then D is not Hamilto-

nian and its each vertex has degree at least 2n− 1 and its semi-degrees are at least n− 1. Moreover, also
Drev ∈ H(n, n) ∪H(n, n− 1, 1) ∪ {H2n, H

′
2n}.

Notation 4. By B(n, n) we denote the set of balanced bipartite digraphs of order 2n ≥ 6, obtained from
K∗

n,n by deleting k independent arcs, where 0 ≤ k ≤ n.

Note that if D ∈B(n, n), then it is Hamiltonian, contains a cycle of length 4 and contains no cycle of
lengths 3 and 2n− 1.

Remark 1. Let D be a digraph of order 2n ≥ 6 with minimum degree at least 2n− 1 and with minimum
semi-degree at least n− 1. If V (D) = F ∪H such that |F | = |H| and D[F ], D[H] are empty digraphs,
then D ∈ B(n, n).
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It is easy to check that the following lemma is true.
Lemma 3.4. Let D be a digraph of order p ≥ 3 with minimum degree at least p − 1 and with minimum
in- and out-degrees at least p/2− 1. Then

(i) either D is strong or p = 2n and D ∈ H(n, n);
(ii) if B ⊂ V (D), |B| ≥ (p + 1)/2 and x ∈ V (D) \ B, then A(x → B) ̸= ∅ and A(B → x) ̸= ∅.

Moreover, if |B| = ⌊p/2⌋ and A(x → B) = ∅ (respectively, A(B → x) = ∅), then x → V (D)\(B∪{x})
(respectively, V (D) \ (B ∪ {x} → x).

4 A sufficient condition for the existence of cycles of lengths 3
and 4 in a digraph.

The next two results will be used in the proof of Theorem 4.3.

Theorem 4.1. (Häggkvist, Faudree and Schelp (1981)). Let G be an undirected graph of order 2n+1 ≥ 7
with minimum degree at least n. Then precisely one of the following holds: (a) G is pancyclic; (b)
G ∼= (Kn ∪Kn)+K1; or (c) Kn,n+1 ⊆ G ⊆ Kn+Kn+1, where Kn+1 is the empty digraph with n+1
vertices.

Theorem 4.2. (Thomassen (1977)). Let D be a strong digraph of order p ≥ 3. If for every pair x, y of
nonadjacent distinct vertices d(x) + d(y) ≥ 2p, then D is pancyclic or p is even and D ∼= K∗

p/2,p/2.

Now we define the digraphs H
′

6, H
′′

6 and H
′′′

6 as follows:

(i) Let Q6 be an undirected cycle xvwuyzx of length 6. We denote by H ′
6 the digraph obtained from

Q∗
6 by adding the arcs xy, xw, zu and vu. (See Figure 2 (a)).

(ii) Let C6 = xyvzwux be a cycle of length 6. We denote by H ′′
6 the digraph obtained from C6 by

adding the arcs xv, vx, xu, xw, uz, yu, yz, zy, wz and wv (see Figure 3 (a)).

(iii) Let C6 = xwvzyux be a cycle of length 6. We denote by H ′′′
6 the digraph obtained from C6 by

adding the arcs xy, yv, vx, uz, zw, wu, xu, yz and vw. (See Figure 2 (b)). In all figures, an undirected
edge represents two arcs of opposite directions.

Theorem 4.3. Let D be a digraph of order p ≥ 5 with minimum degree at least p− 1 and with minimum
semi-degree at least p/2− 1. Then the following holds:

(i) either D has a cycle of length 3 or D ∈ B(n, n) ∪{Q∗
5,K

∗
n,n+1}, where n = ⌊p/2⌋.

(ii) either D has a cycle of length 4 or D ∈ H(3, 3) ∪{Q∗
5, H

′

6, H
′′

6 , H
′′′

6 , [(K2 ∪K2) +K1]
∗}.

Proof: Suppose that D is a symmetric digraph, i.e., from xy ∈ A(D) it follows that yx ∈ A(D).
Therefore, id(x) = od(x) for all vertices of D. Then id(x) = od(x) ≥ n since d(x) ≥ p− 1. If p = 2n,
then D satisfies the conditions of Theorem 4.2. Therefore, either D is pancyclic or D = K∗

n,n ∈ B(n, n).
If p = 2n+ 1 ≥ 7, then the underlying graph G of D satisfies the conditions of Theorem 4.1. Therefore,
either (a) G is pancyclic or (b) G ∼= (Kn ∪Kn) +K1 or (c) Kn,n+1 ⊆ G ⊆ Kn +Kn+1. If (a) or (b)
holds, then it is clear that D contains cycles of lengths 3 and 4. In case (c), D contains a cycle of length 4,
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Fig. 2: (a) The digraph H ′
6 and (b) the digraph H ′′′

6 .

and contains no cycle of length 3 if and only if D = K∗
n,n+1. Thus we have, if D is a symmetric digraph

of order at least 6, then the theorem is true. Let now p = 2n+ 1 = 5. Then it is not difficult to show that
D contains no cycle of length 3 if and only if D ∈ {Q∗

5,K
∗
2,3)} and D contains no cycle of length four if

and only if D ∈ {Q∗
5, [(K2 ∪K2) +K1]

∗}.
In the following, suppose that D is not symmetric. Then D /∈ {Q∗

5,K
∗
n,n+1,K

∗
n,n, [(K2∪K2)+K1]

∗}.

(i) Assume, to the contrary, that D has no cycle of length 3. Then for any arc xy ∈ A(D) we have

O(y) ∩ I(x) = ∅. (1)

Let uv be an arbitrary arc in D such that vu /∈ A(D). Then from (1), od(v) ≥ p/2−1 and id(u) ≥ p/2−1
it follows that p ≥ |O(v)| + |I(u)| + 2 ≥ p/2 − 1 + p/2 − 1 + 2 = p. Therefore, p = 2n ≥ 6 and
od(v) = id(u) = n − 1. Hence we have id(v) ≥ n and od(u) ≥ n since d(x) ≥ 2n − 1 for ev-
ery vertex x of D. Since uv is an arbitrary arc in D, we can assume that u → I(u) and O(v) → v.
Therefore, D[O(v)] and D[I(u)] are empty digraphs. This together with n ≥ 3 and (1) implies that
for each vertex z1 ∈ O(v) and z2 ∈ I(u) we have A(z1 → I(u)) ̸= ∅ and A(O(v) → z2) ̸= ∅.
Therefore, A(u → O(v)) = A(I(u) → v) = ∅ since D contains no cycle of length 3. Thus we have
d(u,O(v)) = d(v, I(u)) = 0, and hence the digraphs D[{u} ∪ O(v)]) and D[{v} ∪ I(u)]) are empty
digraphs. Then by Remark 1, D ∈ B (n, n).

(ii) Assume that D contains no cycles of length 4, For each arc xy ∈ A(D) put

S(x, y) := I(x) ∩O(y) and E(x, y) := V (D) \ (O(y) ∪ I(x) ∪ {x, y}).

Since D has no cycle of length 4, we see that

A(O(y) \ {x} → I(x) \ {y}) = ∅. (2)

Let us consider the following cases.
Case 1. There exists an arc xy ∈ A(D) such that yx /∈ A(D) and od(y) ≥ n or id(x) ≥ n.

By the digraph duality, we can assume that od(y) ≥ n. Then from (2) and Lemma 4(ii) it follows that

I(x) ⊆ O(y), i.e., I(x) = S(x, y) and A(D[S(x, y)]) = ∅. (3)
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First, let us prove the following claim.
Claim 4.1. I(x) = O(y).

Proof: (of Claim 4.1) Assume that Claim 4.1 is not true. Then by (3), O(y) \ I(x) ̸= ∅. Let z be an
arbitrary vertex in O(y) \ I(x). By (2), we have A(z → {x} ∪ I(x)) = ∅. From this and Lemma 3.4(ii)
it follows that p/2 ≤ |{x} ∪ I(x)| ≤ ⌊p/2⌋, p = 2n ≥ 6, id(x) = n− 1 and

O(z) = V (D) \ ({x, z} ∪ I(x)), (4)

in particular, zy ∈ A(D), od(z) = n− 1, id(z) ≥ n and z → E(x, y). If xz ∈ A(D), then C4 = xzyux,
where u ∈ S(x, y), which contradicts our assumption. Therefore xz /∈ A(D). Then from id(x) = n− 1,
id(z) ≥ n and Lemma 3.4(ii) it follows that there exists u ∈ I(x) such that uz ∈ A(D). Then by
(4), it is not difficult to see that D[O(y) \ I(x)] is an empty digraph, and hence O(y) \ I(x) = {z},
|E(x, y)| = n − 2 ≥ 1. Notice that A(E(x, y) → y) = ∅, for otherwise, C4 = yuzwy, where
wy ∈ A(E(x, y) → y).

Now, we will prove Claim 4.1 by examining two cases (a) and (b).

Case (a). For each vertex v ∈ I(x) there is a vertex v′ ∈ E(x, y) such that v′v ∈ A(D).
If there exists a vertex v ∈ I(x) such that vy ∈ A(D), then C4 = vyzv′v, a contradiction. We may

therefore assume that A(I(x) → y) = ∅. Thus we have, A(I(x) ∪ E(x, y) → y) = ∅. Then by Lemma
3.4(ii), |I(x)|+|E(x, y)| = n−1+n−2 ≤ n, which in turn implies that n = 3 and |E(x, y)| = n−2 = 1.
Let E(x, y) := {w} and I(x) := {u, v}. Under the condition of Case (a), we have w → {u, v}. Note
that a(u, v) = a(x, z) = 0.

Assume first that wz ∈ A(D). (See Figure 3 (b)) for an illustration.) Then it is easy to see that
A({u, v} → w) = ∅. From a(u, v) = 0 and A(z → {u, v}) = A({u, v} → {w, y}) = ∅ it follows that
{u, v} → z, od(u) = od(v) = 2, id(u) = id(v) = 3 and x → {u, v, w}. Therefore, D ∼= H

′′

6 .

Fig. 3: (a) The digraph H ′′
6 , and (b), (c) an illustrations for Case (a)

in the proof of Theorem 4.3.

Assume second that wz /∈ A(D). Since A(w → {x, y, z}) = ∅, we have d+(w) = 2 and d−(w) ≥ 3.
From A({x,w} → z) = A(z → {u, v, x}) = ∅ it follows that I(z) = {u, v, y} and O(z) = {w, y}. (See
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Figure 3 (c) for an illustration.) Assume that xu ∈ A(D). Then A(u → {y, v, w}) = A({v, z} → u) =
∅. Since A({y, u} → w) = ∅ and d−(w) ≥ 3 it follows that {x, v} → w and xv /∈ A(D). Therefore,
C6 = zyuxwvz is a cycle in D, the arcs yv, vx, xy, uz, zw, wu, vw, xu, yz are in A(D) and D contains
no other arcs. This means that D ∼= H

′′′

6 . Now assume that xu /∈ A(D). By the symmetry between v and
u, if xv ∈ A(D), then again we obtain that either D contains a cycle of length 4 or D ∼= H

′′′

6 . We may
therefore assume that A(x → {u, v}) = ∅. Thus we have d+(x, {u, v, z}) = d−(x, {y, z, w}) = 0, i.e.,
d(x) ≤ 4, which is a contradiction.

Case (b). There exists a vertex v ∈ I(x) such that A(E(x, y) → v) = ∅.
Then we have, A(E(x, y) ∪ O(y) \ {v} → v) = ∅. By Lemma 3.4(ii), |E(x, y) ∪ O(y) \ {v}| ≤ n.

This together with |O(y)| ≥ n implies that |E(x, y)| = n − 2 = 1, n = 3, xv ∈ A(D) and od(v) ≥ 3.
If vy ∈ A(D), then C4 = xvyv1x, where v1 ∈ I(x) \ {v}. We may assume that vy /∈ A(D). Then
v → {z, w}, where E(x, y) = {w}. We have that A(w → {x, y, v}) = ∅. Therefore, wv1 ∈ A(D),
where {v, v1} = I(x), and C4 = xvwv1x, a contradiction. This completes the proof of Claim 4.1, i.e.,
I(x) = O(y) = S(x, y). 2

Now we divide Case 1 into two subcases.
Subcase 1.1. A(x → S(x, y)) ̸= ∅.

By Claim 4.1, I(x) = O(y) = S(x, y). Let xu be an arbitrary arc in A(x → S(x, y)). If uy ∈ A(D),
then C4 = xuyu1x, where u1 ∈ S(x, y) \ {u}, a contradiction. We may assume that uy /∈ A(D). Then,
A(u → S(x, y) ∪ {y} \ {u}) = ∅. This together with |S(x, y)| ≥ n and Lemma 3.4(ii) implies that
u → E(x, y). Note that |S(x, y)| = od(y) = n and |E(x, y)| = p − n − 2. If for some w ∈ E(x, y)
and v ∈ S(x, y) \ {u}, wv ∈ A(D), then C4 = xuwvx, a contradiction. We may therefore assume that
A(E(x, y) → {x} ∪ S(x, y) \ {u}) = ∅. Then by Lemma 3.4(ii), E(x, y) → y and D[E(x, y)] is a
complete digraph, which in turn implies that |E(x, y)| = 1 since for otherwise, we have C4 = yuww1y,
where w,w1 ∈ E(x, y). So, we have E(x, y) = {w}, O(w) = {u, y}, i.e., od(w) = 2 ≥ n − 1.
This means that n = 2 or n = 3. Let n = 2 and I(x) = {u, v}. Then it is not difficult to see that
id(v, {u,w}) = 0, xv ∈ A(D) and vy ∈ A(D) and C4 = xvyux, a contradiction. Let now n = 3. If
xw ∈ A(D), then C4 = xwyux, a contradiction. We may therefore assume that xw /∈ A(D). From
id(w) = 3 and A({y, x} → w) = ∅ it follows that S(x, y) → w. Since D[S(x, y)] is an empty digraph
and od(w, S(x, y) \ {u}) = 0, we obtain that x → S(x, y). Therefore, C4 = xvwux is a cycle of length
4 in D, a contradiction.

Subcase 1.2. A(x → S(x, y)) = ∅.
By the digraph duality, we can assume that A(S(x, y) → y) = ∅. This together with |S(x, y)| ≥ n

and Lemma 3.4(ii) implies that x → E(x, y) → y. Note that E(x, y) ̸= ∅ since od(x) ≥ 2. Therefore,
C4 = xwyux, where w ∈ E(x, y), u ∈ S(x, y), a contradiction. This completes the proof of Case 1.

Case 2. For each arc xy ∈ A(D) if yx /∈ A(D), then od(y) < n and id(x) < n.
From the conditions of the theorem it follows that od(y) = id(x) = n − 1, p = 2n ≥ 6, id(y) ≥ n

and od(x) ≥ n. If S(x, y) = ∅, then using (2) and Lemma 3.4(ii) it is easy to see that D[I(x) ∪ {x}]
and D[O(y) ∪ {y}] are complete digraphs. Therefore, either n ≥ 4 and D has a cycle of length 4 or
n = 3 and D ∈ H(3, 3). We may therefore assume that S(x, y) ̸= ∅. Since id(y)| ≥ n and od(x) ≥ n,
taking into account considered Case 1, we can assume that O(y) → y and x → I(x). Hence it is easy
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to see that |S(x, y)| = 1, I(x) ̸= O(y) and |E(x, y)| = 1. Let E(x, y) := {w} and S(x, y) := {z}.
From A(O(y) \ {z} → I(x) ∪ {x}) = ∅ and A(O(y) ∪ {y} → I(x) \ {z}) = ∅ it follows that
O(y) \ {z} → w → I(x) \ {z} and D[O(y) ∪ {y} \ {z}] and D[I(x) ∪ {x} \ {z}] are complete
digraphs. This together with xz ∈ A(D) and zy ∈ A(D) implies that a(z, w) = 0 since D has no cycle
of length four. From a(z, w) = 0, d(z) ≥ 2n − 1 ≥ 5 and the fact that A(O(y) \ {z} → z) = A(z →
I(x) \ {z}) = ∅, it follows that either there exists v ∈ I(x) \ {z} or u ∈ O(y) \ {z} such that vz ∈ A(D)
or zu ∈ A(D). Without loss of generality we may assume that zu ∈ A(D). From this it is easy to see
that A(I(x) \ {z} → z) = ∅, wy /∈ A(D) and n = 3. Thus we have O(y) = {z, u} and I(x) = {v, z}.
From d+(w, {x, y, z}) = d−(w, {y, z}) = 0 it follows that d+(w) = 2 and d−(w) ≥ 3. Therefore the
arcs wu, vw, xw, vu are present in A(D). Therefore, D contains only Q∗

6 = xzyuwvx and the arcs xy,
xw, vu and zu. This means that D ∼= H

′

6. We have completed the proof of the theorem. 2

5 A sufficient condition for the existence of a pre-Hamiltonian
cycle in a digraph

Theorem 5.1. Let D be a digraph of order p ≥ 5 with minimum degree at least p− 1 and with minimum
semi-degree at least p/2 − 1. Then either D contains a pre-Hamiltonian cycle or D ∈ H(n, n) ∪ B
(n, n) ∪ {[(Kn ∪Kn) +K1]

∗, H2n, H
′
2n, Q

∗
5}.

Proof: Suppose, on the contrary, that the theorem is not true. In particular, D contains no cycle of length
p − 1 and D /∈ H(n, n). Let C := Cm := x1x2 . . . xmx1 be an arbitrary non-Hamiltonian cycle of
maximum length in D. It is not difficult to see that m ∈ [3, p − 2] (if m = 2, then D = Q∗

5). From
Lemma 3.1 and the maximality of m it follows that for each vertex y ∈ B := V (D) \ V (C) and for each
i ∈ [1,m],

d(y, V (C)) ≤ m, d(y,B) ≥ p−m− 1 and if xiy ∈ A(D), then yxi+1 /∈ A(D). (5)

Using the inequality d(y,B) ≥ p−m− 1, it is not difficult to show that the following claim is true.

Claim 5.1. If for two distinct vertices u and v of B in subdigraph D[B] there is no (u, v)-path, then in
D[B] there is a (v, u)-path of length at most 2.

First, we will prove Claims 5.2 and 5.3.

Claim 5.2. The induced subdigraph D[B] is strong.

Proof: Suppose, on the contrary, that D[B] is not strong. Let D1, D2, . . . , Ds (s ≥ 2) be the strong
components of D[B], labeled in such a way that no vertex of Di dominates a vertex of Dj whenever
i > j. From Claim 5.1 it follows that for every pair of vertices y ∈ V (D1) and z ∈ V (Ds) in D[B] there
is a path from y to z of length 1 or 2. We choose vertices y from V (D1) and z from V (Ds) respectively,
such that the path y1y2 . . . yk, where y1 := y and yk := z, has the minimum length among all the paths
in D[B] with an origin vertex in D1 and a terminal vertex in Ds. By Claim 5.1, k = 2 or k = 3. We will
consider the following three possible cases.

Case 5.2.1. k < |B| = p−m.
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From the maximality of C it follows that if xiy1 ∈ A(D) with i ∈ [1,m], then A(yk → {xi+1, xi+2,
. . . , xi+k}) = ∅. Since D is strong, it follows that V (C) ̸⊆ I(y1). Therefore the vertex yk does not
dominate at least id(y1, V (C)) + 1 vertices of C. On the other hand, we have A(yk → V (D1)) = ∅
and I(y1) ⊂ V (C) ∪ V (D1). Hence the vertex yk does not dominate at least id(y1, V (C)) + 1 +
id(y1, V (D1))+|{y1, yk}| = id(y1)+3 vertices. From this we obtain od(yk) ≤ p−id(y1)−3 ≤ p/2−2,
which is a contradiction.

Case 5.2.2. k = |B| = 2.
It is easy to see that s = 2, m = p − 2, V (D1) = {y1}, V (D2) = {y2}, I(y1) ⊂ V (C) and

a+(xi, y1) + a+(y2, xi+2) ≤ 1 for all i ∈ [1,m]. Hence the vertex y2 does not dominate at least
id(y1) + |{y1, y2}| = id(y1) + 2 vertices. Therefore od(y2) ≤ p− id(y1)− 2 ≤ p/2− 1. This together
with id(y1) ≥ p/2 − 1 and od(y2) ≥ p/2 − 1 implies that id(y1) = od(y2) = p/2 − 1. Therefore,
p = 2n ≥ 6, m = p− 2 ≥ 4, id(y1) = od(y2) = n− 1 and

y2xi ∈ A(D) if and only if xi−2y1 /∈ A(D). (6)

By Lemma 3.1, it is easy to see that d(y1) = d(y2) = 2n − 1 and od(y1) = id(y2) = n. Now using
Lemma 3.2, we obtain, if a(yj , xi) = 0, then xi−1yj and yjxi+1 ∈ A(D). We divide this case into two
subcases.

Subcase 5.2.2.1. There exists an i ∈ [1,m] such that y1 → {xi, xi+1}.
Without loss of generality, we may assume that y1 → {x2, x3} and a(x1, y1) = 0. Therefore,

xmy1 ∈ A(D). From this, (5) and (6) it follows that x2y1 /∈ A(D), y2 → {x3, x4} and a(x2, y2) = 0.
Since d(y2, V (C)) = 2n−2 and the vertex y2 cannot be inserted into the path x3x4 . . . xmx1, by Lemma
3.2, we have x1y2 ∈ A(D). If x2x1 ∈ A(D), then C2n−1 = xmy1x2x1y2x4 . . . xm. This contradicts
our supposition that D contains no cycle of length p − 1. We may therefore assume that x2x1 /∈ A(D).
From this and a(x2, y2) = a+(x2, y1) = 0 it follows that d(x2, {x3, x4, . . . , xm}) ≥ 2n − 3. Therefore
by Lemma 3.2, xmx2 ∈ A(D) since the vertex x2 cannot be inserted into the path x3x4 . . . xm. Now it
is easy to see that a+(xi, y1) + a+(y2, xi+1) ≤ 1 for all i ∈ [2,m − 1]. Therefore, x3y1 /∈ A(D) since
y2x4 ∈ A(D). From this and (6) it follows that y2x5 ∈ A(D) and x4y1 /∈ A(D). Continuing in this
manner, we obtain that A({x4, x5, . . . , xm−1} → y1) = ∅. This together with A({x1, x2, x3} → y1) = ∅
implies that A({x1, x2, . . . , xm−1} → y1) = ∅, i.e., id(y1) = 1, which is a contradiction.

Subcase 5.2.2.2. For all i ∈ [1,m], |A(y1 → {xi, xi+1)| ≤ 1.
Since od(y1) = n, we can assume that O(y1) = {x1, x3, . . . , x2n−3, y2}. Using this and the fact that

od(y2) = id(y1) = n− 1, we obtain I(y1) = {x1, x3, . . . , x2n−3}. Then by (6),

O(y2) = {x2, x4, . . . , x2n−2} and I(y2) = {y1, x2, x4, . . . , x2n−2}.

If for two distinct vertices xi, xj ∈ {x1, x3, . . . , x2n−3}, xixj ∈ A(D), then C2n−1 = y1xixjxj+1 . . .
xi−1y2xi+1 . . . xj−2y1, when |{xi+1, xi+2, . . . , xj−1}| ≥ 2 and C2n−1 = xixjy1y2xj+1xj+2 . . . xi−1xi,
when |{xi+1, xi+2, . . . , xj−1}| = 1, respectively. This contradicts the supposition that Cp−1 ̸⊂ D. We
may therefore assume that D[{x1, x3, . . . , x2n−3, y2}] is an empty digraph. Considering the converse
digraph of D, by the same arguments we obtain that D[{x2, x4, . . . , x2n−2, y1}] also is an empty digraph.
Therefore D ∈ B(n, n), which contradicts our supposition that the theorem is not true.
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Case 5.2.3. k =| B |= 3.
From the minimality of k it follows that y1y3 /∈ A(D), s = 3, A({y2, y3} → y1) = ∅ and V (D1) =

{y1}. Hence I(y1) ⊂ V (C). On the other hand, from the maximality of the cycle C it follows that for
each i ∈ [1,m], if xiy1 ∈ A(D), then A(y2 → {xi+1, xi+2}) = ∅. Therefore, y2 does not dominate at
least id(y1)+1+ |{y1, y2}| = id(y1)+3 vertices, which means that od(y2) ≤ p− id(y1)−3 ≤ p/2−2,
a contradiction. This completes the proof that the induced subdigraph D[B] is strong. 2

Claim 5.3. There exist at least two distinct vertices of V (C) which are adjacent to some vertices of B.

Proof: Assume that Claim 5.3 is not true. Then exactly one vertex of C, say x, is adjacent to some
vertices of B. Therefore, for each vertex xi ∈ V (C) \ {x} and for each vertex y ∈ B we have

d(xi) = d(xi, V (C)) ≤ 2m− 2 and d(y) = d(y,B) + d(y, {x}) ≤ 2p− 2m.

Since d(xi) + d(y) ≥ 2p− 2, we conclude that the inequalities above are equalities. This implies that the
subdigraphs D[V (C)] and D[B∪{x}] are complete digraphs. From d(xi) = 2m−2 ≥ p−1 and d(y) =
2p−2m ≥ p−1, we obtain p = 2m−1, i.e., p−m = m−1. Therefore, D ∼= [(Km−1∪Km−1)+K1]

∗,
which contradicts our supposition. This proves Claim 5.3. 2

Since D is strong, we see that A(V (C) → B) ̸= ∅ and A(B → V (C)) ̸= ∅. This together with Claim
5.3 implies that there are vertices xa ̸= xb, xa, xb ∈ V (C) and x, y ∈ B such that D contains the arcs
xax, yxb. Without loss of generality, we can assume that |V (C[xa, xb])| is as small as possible. Note that
if xb ̸= xa+1, then

A({xa+1, xa+2, . . . , xb−1}, B) = ∅. (7)

For the sake of clarity, assume that xb := x1 and xa := xm−h, where 0 ≤ h ≤ m − 2. We consider the
following two cases, depending on whether x1 = xm−h+1 or not.

Case 1. xm−h+1 ̸= x1, i.e., h ≥ 1.
Consider the paths P0, P1, . . . , Pk (where 0 ≤ k ≤ h and k is as large as possible), where P0 :=

P = x1x2 . . . xm−h and each Pi path, where i ∈ [1, k], is an extended path obtained from the path Pi−1

with a vertex zi ∈ {xm−h+1, xm−h+2, . . . , xm} \ {z1, z2, . . . , zi−1}. Note that the path Pi, i ∈ [0, k],
contains m − h + i vertices. We may assume that the extended path Pk does not contain some vertices
y1, y2, . . . , yd ∈ {xm−h+1, xm−h+2, . . . , xm}, where 1 ≤ d ≤ h. Therefore, using (7) and Lemma 3.2,
for each z ∈ B and for each yi we obtain

d(z) = d(z,B) + d(z, V (C)) ≤ 2p− 2m− 2 +m− h+ 1 = 2p−m− h− 1

and
d(yi) = d(yi, V (C)) ≤ m− d+ 1 + 2d− 2 = m+ d− 1.

Hence it is clear that
2p− 2 ≤ d(z) + d(yi) ≤ 2p+ d− h− 2.

It is not difficult to see that h = d, d(z, V (C)) = m − h + 1, d(yi, V (C)) = m + h − 1 and both the
subdigraphs D[B] and D[{xm−h+1, xm−h+2, . . . , xm}] are complete digraphs. By Lemma 3.2(ii), we
also have xm−h → B ∪ {xm−h+1, xm−h+2, . . . , xm} → x1. Using the inequalities p − 1 ≤ d(yi) ≤
m+ h− 1 and p− 1 ≤ d(z) ≤ 2p−m− h− 1, it is easy to see that h = |B| = p−m ≥ 2 and the path
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P = x1x2 . . . xm−h has the maximum length among all the paths from x1 to xm−h in the subdigraphs
D[V (C)] and D[B ∪ {x1, x2, . . . , xm−h}]. Therefore by Lemma 3.3, there exist integers l ∈ [1,m− h]
and r ∈ [1,m − h] such that for all u ∈ B and for all z ∈ {xm−h+1, xm−h+2, . . . , xm} the following
holds {

O(u, V (P )) = {x1, x2, . . . , xl}, I(u, V (P )) = {xl, xl+1, . . . , xm−h},
O(z, V (P )) = {x1, x2, . . . , xr}, I(z, V (P )) = {xr, xr+1, . . . , xm−h}.

(8)

According to the digraph duality, we can assume that l ≤ r. (See Figure 1 (b) for an illustration).
Let l = 1 and let u be an arbitrary vertex of B. Then from od(u) ≥ p/2 − 1 and (8) it follows that

h ≥ p/2−1 and p ≥ 2(p/2−1)+m−h = p−2+m−h. So, m−h = 2 since m−h ≥ 2. We see that
h = p/2− 1, p = 2n ≥ 6, h = n− 1, and r = 2 since id(x2) ≥ n− 1 ≥ 2. Therefore D ∈ {H2n, H

′
2n},

which contradicts our supposition.
Let now l ≥ 2. By the digraph duality, we can assume that r ≤ m − h − 1. Since D[B] and

D[{xm−h+1, xm−h+2, . . . , xm}] are complete digraphs and (8), for each vertex z ∈ {xm−h+1, xm−h+2,
. . . , xm} we have I(z) = {xr, xr+1, . . . , xm} \ {z}. This implies that m − r ≥ p/2 − 1. If i ∈
[r + 1,m − h] and x1xi ∈ A(D) then by (8) and 2 ≤ l ≤ r ≤ m − h − 1, we have Cm+1 =
x1xixi+1 . . . xmx2 . . . xi−1xx1, where x ∈ B, a contradiction. Because of this and 2 ≤ l ≤ r, we
may assume that A(x1 → B ∪ {xr+1, xr+2, . . . , xm}) = ∅. Therefore, since m − r ≥ p/2 − 1 and
|B| = h ≥ 2, we obtain od(x1) ≤ p − 1 − h − (m − r) ≤ p/2 − h ≤ p/2 − 2, which contradicts that
od(x1) ≥ p/2− 1. This contradiction completes the discussion of Case 1.

Case 2. xm−h+1 = x1, i.e., h = 0.
Recall that x, y ∈ B, xm−hx = xmx ∈ A(D) and yx1 ∈ A(D). Therefore, any path from x to y in

D[B] is a Hamiltonian path. Let u1u2 . . . up−m be an (x, y)-Hamiltonian path in D[B], where u1 := x,
up−m := y. Observe that if 1 ≤ i < j ≤ p−m, then uiuj ∈ A(D) if and only if j = i+ 1. For Case 2
(h = 0), we will first prove a number of claims (Claims 5.4-5.8).

Claim 5.4. p−m = 2, i.e., m = p− 2.

Proof: Suppose, to the contrary, that p −m ≥ 3. From the above observation it follows that u1up−m /∈
A(D) and od(u1, B) = id(up−m, B) = 1. Using this and (5), we obtain

p− 1 ≤ d(u1) ≤ m+ 1 + id(u1, B) and p− 1 ≤ d(up−m) ≤ m+ 1 + od(up−m, B).

Therefore, id(u1, B) ≥ p −m − 2 and od(up−m, B) ≥ p −m − 2. Therefore, in D[B] there is a path
from up−m to u1 of length k = 1 or k = 2, for otherwise p−m ≥ 2p− 2m− 2, which contradicts that
p−m ≥ 3. For any integer l ≥ 1, put

I+l (up−m) := {xj |xj−lup−m ∈ A(D)}.

Since id(up−m, V (C)) = id(up−m)− 1 and V (C) ̸⊆ I(up−m), we see that for each l ∈ [1, 2],

|I+l (up−m) ∪ I+l+1(up−m)| ≥ id(up−m).

From the maximality of the cycle C it follows that A(u1 → I+k (up−m)∪I+k+1(up−m)) = ∅. This together
with A(u1 → {u3, u4, . . . , up−m}) = ∅ implies that

p/2− 1 ≤ od(u1) ≤ p− 1− |I+k (up−m) ∪ I+k+1(up−m)| − (p−m− 2)
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≤ m+ 1− id(up−m) ≤ m+ 1− p/2 + 1 = m+ 2− p/2.

Therefore, since m ≤ p − 3, we obtain that p = 2n, p − m = 3 and od(u1) = id(u3) = n − 1.
Hence, id(u1) ≥ n and od(u3) ≥ n. We now claim that D contains the arcs u3u1 and u2u1. Indeed,
for otherwise, id(u1, V (C)) ≥ n − 1 and if xiu1 ∈ A(D), then od(u3, {xi+2, xi+3}) = 0. From this
it is not difficult to see that od(u3) ≤ n − 1, which contradicts the fact that od(u3) ≥ n. Similarly, we
can see that u3u2 ∈ A(D). So, the arcs u3u1, u2u1, u3u2 are in A(D). Since id(u3, V (C)) = n − 2,
m ≥ n, m ≥ id(u3, V (C)) + 2 and C is a non-Hamiltonian cycle of maximal length, it follows that
| ∪3

i=1 I
+
i (up−m)| ≥ n and od(u1,∪3

i=1I
+
i (up−m)) = 0. This together with u1u3 /∈ A(D) implies that

od(u1) ≤ n− 2, a contradiction. This completes the proof that p−m = 2. 2

Let B := {u, v}. Then by the Claim 5.2 we have uv ∈ A(D) and vu ∈ A(D).

Remark 2. Claims 5.5–5.8 also hold for vertex v by virtue of the symmetry between u and v.

Claim 5.5. If xiu and uxi+2 ∈ A(D) with i ∈ [1,m], then a(xi+1, v) = 2, i.e., xi+1v and vxi+1 ∈
A(D).

Proof: Notice that the cycle xiuxi+2xi+3 . . . xi has length m and the vertices v and xi+1 are not on this
cycle. By Claim 5.2, the subdigraph D[{v, xi+1}] is strong. Therefore vxi+1 and xi+1v ∈ A(D). 2

Using Claim 5.5, the facts that uv, vu ∈ A(D) and C is a non-Hamiltonian cycle of maximum length
in D, we obtain the following claim.
Claim 5.6. If i ∈ [1,m], then

|A({xi, xi+1} → u)|+ |A(u → xi+3)| ≤ 2 and |A(xi−2 → u)|+ |A(u → {xi, xi+1})| ≤ 2.

Claim 5.7. If k ∈ [1,m], then |A({xk−1, xk} → u)| ≤ 1 and |A(u → {xk−1, xk})| ≤ 1.

Proof: By the digraph duality, it is enough to prove that if k ∈ [1,m], then |A({xk−1, xk} → u)| ≤ 1.
Suppose, to the contrary, that there exists k ∈ [1,m] such that {xk−1, xk} → u. Without loss of generality,
we may assume that a(u, xk+1) = 0. For the sake of clarity, assume that xk+2 = x1. Then xm = xk+1,
xm−1 = xk, xk−1 = xm−2, and by Claim 5.6, ux1 /∈ A(D).

Let us first assume that x1u ∈ A(D). It is easy to see that p ≥ 6, m ≥ 4 and od(u, {xm−1, xm,
x1, x2}) = 0. Using this and od(u) ≥ p/2− 1 ≥ 2, we see that A(u → {x3, x4, . . . , xm−2}) ̸= ∅, which
in turn implies that m − 2 − 2 ≥ 1, i.e., m ≥ 5. If m = 5, then p = 7 and od(u) ≥ 3. We know that
od(u, {xm−1, xm, x1, x2}) = 0 and hence, od(u) ≤ 2, a contradiction. We may therefore assume that
m ≥ 6. Now, we need to show that, for every j ∈ [3,m− 3],

od(u, {xj , xj+1}) ≤ 1. (9)

Assume that (9) is not true. Then there exists j ∈ [3,m − 3] such that u → {xj , xj+1}. Assume
that j is as small as possible. Then a(u, xj−1) = 0, and xj−2u /∈ A(D) by Claim 5.6. Hence j ≥ 4.
Since the vertex u cannot be inserted into the cycle C, ux1 /∈ A(D) and xj−2u /∈ A(D), using Lemma
3.2, we obtain p − 1 ≤ d(u) = d(u, {x1, x2, . . . , xj−2}) + d(u, {xj , xj+1, . . . , xm−1}) + d(u, {v})≤
j − 3 +m− 1− j + 4 = m = p− 2, which is a contradiction. This proves (9).
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Recall that A(u → {xm−1, xm, x1, x2}) = ∅. From this and (9) it follows that: If |{x3, x4, . . . ,
xm−2}| = p− 6 is even, then p/2− 1 ≤ od(u) ≤ (p− 6)/2 + 1 a contradiction. If |{x3, x4, . . . ,
xm−2}| = p− 6 is odd, then p is odd and (p− 1)/2 ≤ od(u) ≤ (p− 7)/2 + 2, a contradiction.

Suppose next that x1u /∈ A(D). Then by Claim 5.6, a(u, x1) = 0. Notice that m ≥ 4 and
d(u, {x2, x3, . . . , xm−1}) ≥ p − 3. Hence by Lemma 3.2(ii), ux2 ∈ A(D). We have a(v, xm) = 0 and
vx1 /∈ A(D). By Lemma 3.2(iii), it is easy to see that xm−1v ∈ A(D) and d(v, {x1, x2, . . . , xm−1}) =
p − 3. If x1v /∈ A(D), then a(v, x1) = 0, and by Lemma 3.2, vx2 ∈ A(D). Now we have xm−1u,
vx2 ∈ A(D) and A({u, v}, {xm, x1}) = ∅. Thus we have the considered Case 1 (h ≥ 1). We
may therefore assume that x1v ∈ A(D). We also may assume that xm−2v /∈ A(D) (for otherwise
{xm−2, xm−1, x1} → v and for the vertex v the considered case x1u ∈ A(D) holds). Since v cannot
be inserted into the path x1x2 . . . xm−2, using the facts that xm−2v /∈ A(D), vx1 /∈ A(D) and Lemma
3.2(iii), we obtain that d(v, {x1, x2, . . . , xm−2}) ≤ m− 3 = p− 5. Then from a(xm, v) = 0 and d(v) ≥
p − 1 it follows that vxm−1 ∈ A(D). If xmx2 ∈ A(D), then Cm+1 = xmx2x3 . . . xm−2uvxm−1xm,
a contradiction. If xm−2xm ∈ A(D), then Cm+1 = xm−2xmx1vux2x3 . . . xm−2, a contradiction.
We may therefore assume that xmx2 /∈ A(D) and xm−2xm /∈ A(D). Note that xm cannot be in-
serted into the path x2x3 . . . xm−1 (for otherwise there exists an (x2, xm−1)-path, say R, with vertex
set {x2, x3, . . . , xm}, and hence xm−1vuRxm−1 is a cycle of length p − 1, a contradiction). From
this, d(xm, {u, v}) = 0, d(xm) ≥ p − 1 and Lemma 3.2(iii) it follows that p − 1 ≤ d(xm) =
d(xm, {u, v}) + d(xm, {xm−1, x1}) + d(xm, {x2, x3, . . . , xm−2}) ≤ 4 + m − 4 = m = p − 2, a
contradiction. Claim 5.7 is proved. 2

Claim 5.8. If k ∈ [1,m], then a+(xk, u) + a+(u, xk−1) ≤ 1.

Proof: Suppose, to the contrary, that there exists k ∈ [1,m] such that xku, uxk−1 ∈ A(D). For the
sake of clarity, let us assume that xk := x2. From Claim 5.7 and (5) it follows that d(u, {xm, x3}) =
a+(x1, u) = a+(u, x2) = 0. First we show that m ≥ 5. Assume that this is not the case. Then either
m = 4 or m = 3. Let m = 4, i.e., p = 6. Using Claim 5.7 and (5), we obtain that d(u, {x3, x4}) = 0,
which together with a+(x1, u) = a+(u, x2) = 0 implies that d(u) = 4, a contradiction. Let now
m = 3, i.e., p = 5. From a+(x1, u) = 0 it follows that D is not a symmetric digraph. Therefore,
D /∈ {Q∗

5, [K2 ∪K2] +K1]
∗}. Then by Theorem 4.3(ii), D contains a cycle of length 4 = p− 1, which

contradict our initial supposition. So, m ≥ 5. It is easy to see that d(u, {x4, x5, . . . , xm−1}) ≥ p − 5.
Then, since the vertex u cannot be inserted into the path x4x5 . . . xm−1, from Lemma 3.2 it follows that
ux4 ∈ A(D) and xm−1u ∈ A(D). Then by Claim 5.5, a(v, x3) = a(v, xm) = 2. Therefore by Claim
5.7, d(v, {x1, x2}) = 0. Since D contains no cycle of length m + 1, it is not difficult to see that xmx2,
x2x4 and x3x2 are not in A(D) (if x3x2 ∈ A(D), then Cm+1 = xmvx3x2ux4x5 . . . xm). So we have
d(x2, {u, v, x1, x3}) ≤ 4 and d(x2, {x4, x5, . . . , xm}) ≥ p− 5. Therefore, since neither xmx2 nor x2x4

are in A(D), using Lemma 3.2(iii), we can insert the vertex x2 into the path x4x5 . . . xm, i.e., for some
i ∈ [4,m − 1], xix2, x2xi+1 ∈ A(D), and obtain a cycle xmvx3x4 . . . xix2xi+1 . . . xm of length m,
which does not contain the vertices x1 and u. By Claim 5.2, the subdigraph D[{x1, u}] must be strong.
But this is not the case since x1u /∈ A(D). This contradiction completes the proof of Claim 5.8. 2

We now divide Case 2 (h = 0) into two subcases depending on whether p is odd or not.

Subcase 2.1. p = 2n+ 1.
Then m = 2n−1, od(u, V (C)) ≥ n−1 and id(u, V (C)) ≥ n−1. From (5), and Claims 5.7 and 5.8 it

follows that each of vertices u and v is adjacent to at most one of the two consecutive vertices of the cycle
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C. Then it is not difficult to see that od(u, V (C)) = od(v, V (C)) = n − 1, O(u, V (C)) = I(u, V (C))
and O(v, V (C)) = I(v, V (C)). Therefore, without loss of generality, we may assume that

d(u, {x2, x3}) = 0 and O(u) = I(u) = {x1, x4, x6, . . . , xp−3 = x2n−2, v}.

Let m = 3, i.e., p = 5. If vx3 ∈ A(D), then C4 = x3x1uvx3, a contradiction. Assume that
vx3 /∈ A(D) and x3v ∈ A(D). Then by Claims 5.7 and 5.8, d(v, {x1, x2}) = 0. Therefore, d(v) ≤ 3,
which contradicts that d(v) ≥ 4. We may therefore assume that a(v, x3) = 0. Then by Claim 5.3, we have
that a(v, x2) ̸= 0. If x2v ∈ A(D), then C4 = x1x2vux1, a contradiction. Therefore, we may assume that
x2v /∈ A(D). Then vx2 ∈ A(D) and by Claim 5.7, a(v, x1) = 0. Therefore, d(v) = a(v, u)+a(v, x2) ≤
3, a contradiction.

Let now m = 2n − 1 ≥ 5. Since xm−1u ∈ A(D), by Claim 5.5 we have a(xm, v) = 2. Then by
Claims 5.7 and 5.8, d(v, {xm−1, x1}) = 0. Since a(u, x1) = a(u, x4) = 2, it follows that neither vx3 nor
x2v are in A(D). This together with O(v, V (C)) = I(v, V (C)) implies that d(v, {x2, x3}) = 0. Thus,
we have d(v, {x1, x2, x3}) = 0, which is a contradiction. This contradiction completes the discussion of
case p = 2n+ 1.

Subcase 2.2. p = 2n.
From d(u) ≥ 2n − 1 it follows that either od(u) ≥ n or id(u) ≥ n. By the digraph duality, assume

that od(u) ≥ n. Now using Claims 5.7 and 5.8, we may assume that{
u → {x1, x3, . . . , x2n−3}, A(u, {x2, x4, . . . , x2n−2}) = ∅,

I(u) ⊆ {v, x1, x3, . . . , x2n−3}.
(10)

Since id(u) ≥ n − 1, without loss of generality, we may assume that {x1, x3, . . . , x2n−5} → u. From
this, (10) and Claim 5.5 it follows that for each i ∈ [1, n− 2],

a(u, x2i−1) = a(v, x2i) = 2. (11)

Then by Claims 5.7 and 5.8, we have d(v, {x1, x3, . . . , x2n−3}) = 0. Therefore a(v, x2n−2) ̸= 0 since
d(v) ≥ 2n−1, i.e., either vx2n−2 ∈ A(D) or v2n−2v ∈ A(D). If vx2n−2 ∈ A(D), then using Claim 5.5,
we obtain x2n−3u ∈ A(D) and x2n−2v ∈ A(D). So, in any case we can assume that x2n−2v ∈ A(D).
Then id(v) ≥ n and {x2, x4, . . . , x2n−2} → v.

Let us now prove that D[{x1, x3, . . . , x2n−3}] is an empty digraph.
Assume that this is not the case, i.e., for some distinct vertices xi, xj ∈ {x1, x3, . . . , x2n−3}, xixj ∈

A(D). If |{xi+1, xi+2, . . . , xj−1}| = 1, then from (11) and x2n−2v ∈ A(D) it follows that: If j = 2n−3,
then i = 2n − 5 and Cm+1 = x2n−5x2n−3x2n−2vux1x2 . . . x2n−5. If j ̸= 2n − 3, then Cm+1 =
xixjuvxj+1 . . . xi−1xi. We may therefore assume that |{xi+1, xi+2, . . . , xj−1}| ≥ 2. Then m ≥ 6. Us-
ing the above arguments, we obtain: If i = 2n− 3, then Cm+1 = x2n−3xj . . . x2n−5ux1 . . . xj−1vx2n−4

x2n−3. If i ̸= 2n − 3 and j ̸= 1, then the arcs xi−1v, vxi+1, xj−2u are in A(D), and hence Cm+1 =
xixjxj+1 . . . xi−1vxi+1 . . . xj−2uxi. Let now j = 1, then Cm+1 = xix1uxi+2 . . . x2n−2vx2x3 . . . xi.
So, in each case we have that D contains a cycle of length m + 1, which is a contradiction. This proves
that D[{x1, x3, . . . , x2n−3}] is an empty digraph.
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By a similar argument, one can show that D[{x2, x4, . . . , x2n−2}] is also an empty digraph. Therefore,

A(B[{v, x1, x3, . . . , x2n−3}]) = A(B[{u, x2, x4, . . . , x2n−2}]) = ∅.

Then by Remark 1, D ∈B(n, n), which contradicts our supposition. The discussion of Case 2 is
completed and Theorem 5.1 is proved. 2

It is worth mentioning that, for several sufficient conditions for a digraph to be Hamiltonian, it has been
shown that, under these conditions, the digraph also contains a pre-Hamiltonian cycle, except some cases.
These can be seen in Darbinyan (2025), Darbinyan and Karapetyan (2013); Darbinyan and Karapetyan
(2015), Darbinyan and Karapetyan (2017) and the references therein, among others. In addition, a num-
ber of papers have considered the existence of the pre-Hamiltonian cycles in balanced bipartite digraphs.
For example, see Darbinyan (2016) and Darbinyan and Karapetyan (2017a).
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The relation between local structure and global cycle properties is a classical topic in graph theory. A graph G is
locally linear if G[N(v)] is a path for every v ∈ V (G). It is locally Hamiltonian or locally traceable if every vertex
neighborhood induces a Hamiltonian or traceable graph, respectively. Earlier work by Pareek and Skupień, Skupień,
Davies and Thomassen, Asratian and Oksimets, and de Wet and van Aardt studied extremal questions for these related
graph classes. We prove that the minimum order of a nonhamiltonian locally linear graph is 12 and that, for every
integer n ≥ 12, the minimum size of such a graph of order n is 2n. We also prove that every nontraceable locally
linear graph of order n has at least 2n+ 3 edges.
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1 Introduction
All graphs considered in this paper are finite, undirected, simple, connected, and of order at least 3. We
use the notation and terminology of Bondy and Murty (2008). For a graph G, its vertex and edge sets are
denoted by V (G) and E(G), respectively. Its order is |V (G)|, and its size is |E(G)|. For S ⊆ V (G), we
denote by G[S] the subgraph induced by S. A Hamilton cycle is a cycle containing every vertex, and a
graph containing such a cycle is Hamiltonian. A Hamilton path is a path containing every vertex, and a
graph containing such a path is traceable.

Let v be a vertex in a graph G. The set of all neighbors of v, that is, the vertices adjacent to v, is denoted
by NG(v); when no ambiguity arises, we write N(v) for simplicity. A graph G is called locally P with
respect to a graph property P if for each vertex v ∈ V (G), the subgraph induced by N(v) possesses
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property P . For example, G is locally Hamiltonian if each neighborhood subgraph G[N(v)] contains
a Hamilton cycle. This notion was originally introduced by Skupień (1965). For further advancements
regarding locally Hamiltonian and locally traceable graphs, we direct the interested reader to de Wet et al.
(2018); de Wet and van Aardt (2016); Chilton et al. (1974); Tang and Vumar (2020). A graph G is locally
linear if G[N(v)] is a path for every v ∈ V (G).

As pointed out by Li, Tang, and Zhan (2025), deducing global properties from local neighborhood
structures is a classical theme in graph theory. A graph is locally forest if every vertex neighborhood
induces a forest. Moon (1965) initiated the study of extremal problems for this class by determining its
maximum size. More recent work uses locally forest graphs to study sufficient size conditions for the
existence of forest vertex cuts (Chernyshev et al., 2025) and independent minimum vertex cuts (Li et al.,
2025). Since a path is a forest and is also traceable, locally linear graphs provide a natural setting in which
to study how these two local conditions influence global paths and cycles.

By definition, locally linear graphs are locally traceable, and no locally linear graph is locally Hamil-
tonian. Graphs with this local condition have been of interest for decades. Parsons and Pisanski (1989)
investigated the topological properties of such graphs. Subsequently, Laskar and Mulder (2013) charac-
terized all locally linear graphs that are free of 3-suns, and also considered cases where G[N(v)] = Pk for
k ≤ 4. For broader results on neighborhood-induced substructures, see Gavrilyuk and Makhnev (2008);
Gavrilyuk et al. (2009); Laskar et al. (2012); Kardanova et al. (2011); Yu and Wu (2021); Chernyshev
et al. (2025); Wang and Yang (2025).

A fundamental problem in this area is to determine the minimum order of a locally P graph that does
not itself have property P . Pareek and Skupień (1983) determined the minimum order of a nonhamiltonian
locally Hamiltonian graph. De Wet and van Aardt (2016) proved that the minimum order of a nontraceable
locally traceable graph is 10, whereas the corresponding minimum for locally Hamiltonian graphs is
14. These results answer two questions posed in Pareek and Skupień (1983). Moreover, Theorem 2.4
of de Wet and van Aardt (2016) implies that the minimum order of a nonhamiltonian locally traceable
graph is 7. We determine the corresponding minimum for locally linear graphs.

Theorem 1.1. The smallest nonhamiltonian locally linear graph has order 12.

The lower bound of 3n − 6 edges for locally Hamiltonian graphs of order n goes back to Skupień
(1966). Davies and Thomassen (2020) completed the details of the earlier proof and extended the result to
graphs with multiple edges. Their theorem also characterizes equality by the existence of an embedding
that triangulates the sphere. Asratian and Oksimets (1998) proved that the minimum size of a locally
traceable graph of order n is 2n − 3. De Wet and van Aardt (2016) asked for the minimum size of a
nontraceable locally traceable graph of order n. We study the corresponding size problems within the
class of locally linear graphs and prove the following results.

Theorem 1.2. For every integer n ≥ 12, the minimum size of a nonhamiltonian locally linear graph of
order n is 2n.

Theorem 1.3. The number of edges in any nontraceable locally linear graph with n vertices is at least
2n+ 3.

2 Preliminaries
In this section, we introduce the necessary notation and concepts that will be used throughout the paper.
For clarity and ease of reference, the basic symbols are summarized in Table 1.
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Tab. 1: Notation used in the paper.
Symbol Meaning
NG[v] closed neighborhood of v: NG(v) ∪ {v}
dG(v) degree of vertex v in graph G, i.e., |NG(v)|
NG(S) {x ∈ V (G) \ S : x has a neighbor in S}
dG(u, v) distance between vertices u and v in G
∆(G) maximum degree of G
δ(G) minimum degree of G
Cn cycle graph on n vertices
Kn complete graph on n vertices
[k] set of integers {1, 2, . . . , k}
[a, b] set of integers {c ∈ Z | a ≤ c ≤ b}

For a path P in G and a vertex x ∈ V (G), write

NP (x) = NG(x) ∩ V (P ), NP (S) = NG(S) ∩ V (P ) (1)

for S ⊆ V (G). In particular, when P = v1 · · · vt is induced,

NP (vi) =


{v2}, i = 1,

{vi−1, vi+1}, 2 ≤ i ≤ t− 1,

{vt−1}, i = t.

(2)

These formulas are used only for t ≥ 2. For a graph H , a vertex x ∈ V (H) and a nonempty set
S ⊆ V (H), define

dH(x, S) = min{dH(x, y) : y ∈ S}. (3)

Distances between vertices in different components are taken to be infinite.
For clarity, graph equality in our discussion refers to isomorphism; that is, G1 = G2 means that G1 and

G2 are isomorphic graphs.
We next introduce several additional definitions and concepts that are relevant to our discussion. A

graph G is said to be fully cycle extendable if each vertex lies in a 3-cycle and every nonhamiltonian cycle
in G can be extended to a larger cycle by the addition of exactly one new vertex. A diamond is the graph
obtained by removing one edge from the complete graph on four vertices, K4. The independence number
of a graph G is denoted by α(G). For vertices u, v ∈ V (G), we write u ∼ v to indicate that u and v are
adjacent, and u ≁ v when they are not adjacent.

3 Smallest Nonhamiltonian Locally Linear Graphs
To establish our principal theorems, we first formulate several lemmas alongside a pivotal observation.

Let M3, M4, and M5 be the graphs depicted in Figure 1. Each of these graphs is nonhamiltonian and
locally traceable. None is locally linear: the neighborhood of the central vertex of Mi induces Ci for
i ∈ {3, 4, 5}.
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Fig. 1: The graphs M3,M4,M5.

Lemma 3.1 (van Aardt, Frick, Oellermann, and de Wet 2016). Let G be a locally traceable graph with
maximum degree at most 5. Then G is fully cycle extendable exactly when it is not isomorphic to any of
the graphs M3, M4, or M5.

The following two facts can be easily verified.

Fact 1. Let G be a locally linear graph of order at least 3. Then G is 2-connected. Furthermore, if G has
a vertex cut S with |S| = 2, then S is a clique.

Fact 2. Let G be a locally linear graph. Then every edge of G belongs to at most two triangles.

Observation 3.2. Let G be a locally linear graph and u ∈ V (G). Suppose that the neighborhood of u
induces a path G[N(u)] = v1v2 · · · vt. Then the following properties hold:

(1) For any vertex v such that u ≁ v and N(v) ⊆ N(u), there exists an index i ∈ [t−1] with {vi, vi+1} ⊆
N(v).

(2) If x and y are adjacent vertices neither adjacent to u, and if N({x, y}) ⊆ N(u), then there exists
i ∈ [t− 1] such that the induced subgraph G[{vi, vi+1, x, y}] forms a diamond.

Lemma 3.3. Every nonhamiltonian locally linear graph G of order n ≥ 3 satisfies ∆(G) ≤ n − 5. For
every integer n ≥ 12, this bound is attained.

Proof of Lemma 3.3: To the contrary, let G be a nonhamiltonian locally linear graph of order n with
∆(G) ≥ n − 4. Clearly, ∆(G) ≤ n − 2. Furthermore, the fact that G is nonhamiltonian, together with
Observation 3.2(1), yields ∆(G) ̸= n−2; similarly, Observation 3.2(2) yields ∆(G) ̸= n−3. Therefore,
∆(G) = n−4. For convenience, assume V (G) = {vi : i ∈ [0, n−1]}. Furthermore, let v0 be a vertex of
degree n− 4, and let P = G[N(v0)] = v1v2 . . . vn−4. Put X = {vn−3, vn−2, vn−1}. By Observation 3.2
and Fact 2, we are required to exclusively analyze the scenarios where the induced subgraph G[X] takes
the form of either the path graph P3 or the complete graph K3.

Claim 1. For any i ∈ [n− 3, n− 1], vi has at most two consecutive neighbors on P .

Proof of Claim 1: Otherwise, there exists j ∈ [2, n − 5] such that {vj−1, vj , vj+1} ⊆ N(vi). Nonethe-
less, it may be inferred that the subgraph G[N(vj)] encompasses a cycle vj−1v0vj+1vivj−1, yielding a
contradiction. This reasoning validates Claim 1. 2
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Suppose that G[X] = P3. Set G[X] = vn−3vn−2vn−1. If dG[N(vn−2)](vn−3, vn−1) ≥ 3, then there ex-
ists i ∈ [n−4] such that vn−3vivi+1vn−1 is a subpath of G[N(vn−2)]. This implies that G is Hamiltonian,
a contradiction.

Therefore, dG[N(vn−2)](vn−3, vn−1) = 2. Then there exists i ∈ [n− 4] such that vn−3vivn−1 is a sub-
path of G[N(vn−2)]. Now N(vi) = {v0}∪NP (vi)∪{vn−3, vn−2, vn−1}. Since G[N(vi)] is connected,
N({vn−3, vn−1}) ∩ NP (vi) ̸= ∅. Choose w ∈ NP (vi) adjacent to an endpoint z of vn−3vn−2vn−1.
Replace the edge viw of v0v1 · · · vn−4v0 by the path from vi through all three vertices of X , ending at z,
and then to w. This is a Hamilton cycle, a contradiction. The same insertion works when vi is an endpoint
of P .

Suppose that G[X] = K3. By symmetry, we may assume that NP (vn−3) ̸= ∅. Since G[N(vn−3)]
is connected, there exists i ∈ [n − 4] such that vi ∈ N(vn−3) and N(vi) ∩ {vn−2, vn−1} ̸= ∅. By
symmetry, assume that vi ∼ vn−2. Clearly, vi ≁ vn−1. Now N(vi) = {v0} ∪ NP (vi) ∪ {vn−3, vn−2}.
Since G[N(vi)] is connected, N({vn−3, vn−2})∩NP (vi) ̸= ∅. Choose w ∈ NP (vi) adjacent to a vertex
z ∈ {vn−3, vn−2}, and let z′ be the other vertex of this pair. Replacing the edge viw of v0v1 · · · vn−4v0
by viz

′vn−1zw gives a Hamilton cycle, a contradiction. Again, w is an actual neighbor of vi on P , so
endpoints cause no exception.

For sharpness, let n ≥ 12 and put k = n− 5. Define Hn on

{u, x1, . . . , xk, a, b, c, d} (4)

by taking all edges uxi (1 ≤ i ≤ k), all edges xixi+1 (1 ≤ i < k), and the additional edges

ab, bc, bd, ax2, cx6, dx3, dx5, bx2, bx3, bx5, bx6. (5)

Figure 2 illustrates this family. We have d(u) = k, d(b) = 7, and all other degrees are at most 5. Thus
∆(Hn) = k = n − 5. The neighborhood of u is the path x1 · · ·xk, and the neighborhoods of b and d
are the paths ax2x3dx5x6c and x3bx5, respectively. The neighborhoods of a, c, x1, xk are single edges.
Those of x2, x3, x4, x5, x6 are, respectively,

x1ux3ba, x4ux2bd, x3ux5, x4ux6bd, x7ux5bc. (6)

For 7 ≤ i < k, the neighborhood of xi is xi−1uxi+1. Hence Hn is locally linear.
If Hn had a Hamilton cycle, the degree-two vertices a and c would force the edges ab and bc into it. The

cycle would therefore use neither bd nor any edge bxi, forcing both dx3 and dx5. Similarly, the degree-
two vertices x1 and xk force both ux1 and uxk, so the cycle must use x3x4 and x4x5. It would then
contain x3dx5x4x3 as a separate cycle, a contradiction. Thus Hn is nonhamiltonian for every n ≥ 12. 2

We are now ready to present the proof of Theorem 1.1.

Proof of Theorem 1.1: Let G be a nonhamiltonian locally linear graph of order at most 11. Since none
of M3,M4,M5 is locally linear, Lemma 3.1 implies that ∆(G) ≥ 6; indeed, a fully cycle extendable
graph is Hamiltonian. Lemma 3.3 now gives 6 ≤ ∆(G) ≤ n − 5. Therefore, we only need to consider
the case that G has order 11 and ∆(G) = 6. For convenience, we may assume that V (G) = {vi :
i ∈ [0, 10]}. Furthermore, let v0 be a vertex of degree 6, and let P = G[N(v0)] = v1v2 . . . v6. Put
X = {v7, v8, v9, v10}.

Claim 2. For any i ∈ [7, 10], vi has at most two consecutive neighbors on P .
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x1 x2 x3 x4 x5 x6 xk

u

a b c

d

Fig. 2: The nonhamiltonian locally linear family Hn, where k = n− 5 ≥ 7. The dotted segment represents the path
from x6 to xk.

Proof of Claim 2: Otherwise, there exists some j ∈ [2, 5] such that the set {vj−1, vj , vj+1} is con-
tained in the neighborhood N(vi). Nevertheless, this implies that the subgraph G[N(vj)] includes a cycle
vj−1v0vj+1vivj−1, thereby leading to a contradiction. This line of reasoning establishes the validity of
Claim 2. 2

Claim 3. G[X] is nonhamiltonian.

Proof of Claim 3: Otherwise, suppose that the cycle v7v8v9v10v7 constitutes a Hamilton cycle within
the induced subgraph G[X]. First, it should be noted that G[X] is not a clique. Consequently, G[X]
must contain two nonadjacent vertices. Without loss of generality, we may assume that v7 and v9 are
nonadjacent. Suppose that v8 ≁ v10. If dG[N(v8)](v7, v9) ≥ 3, then by symmetry, there exists i ∈ [6] such
that vi ∼ v7 and vi+1 ∼ v8. However, it follows that v0v1 . . . viv7v10v9v8vi+1 . . . v6v0 is a Hamilton
cycle, a contradiction. Therefore, dG[N(v8)](v7, v9) = 2. Then there exists i ∈ [6] such that v7viv9
is a subpath of G[N(v8)]. Clearly, v10 ≁ vi. Now, N(vi) = {v0} ∪ NP (vi) ∪ {v7, v8, v9}. Since
G[N(vi)] is a path, N({v7, v9}) ∩ NP (vi) ̸= ∅. In either case, we can deduce that G is Hamiltonian, a
contradiction. Therefore, v8 ∼ v10. By Fact 1, we have that NP ({v8, v10}) ̸= ∅. By symmetry, we may
assume that NP (v8) ̸= ∅. Now, v7v10v9 is a subpath of G[N(v8)]. Then there exists i ∈ [6] such that
viv7v10v9 is a subpath of G[N(v8)] by symmetry. Now, N(vi) = {v0} ∪NP (vi) ∪ {v7, v8}. Therefore,
N({v7, v8}) ∩ NP (vi) ̸= ∅. But then G contains a Hamilton cycle, contradicting our assumption. This
proves Claim 3. 2

Claim 4. G[X] is nontraceable.

Proof of Claim 4: In the alternative scenario, postulate that the vertices v7, v8, v9, v10 form a Hamilton
path within the subgraph G[X]. According to Claim 3, it holds that min{dG[X](v7), dG[X](v10)} = 1.
Without loss of generality, let dG[X](v7) = 1.

Suppose that v10 ∼ v8. Now {v7, v9, v10} ⊆ N(v8). If dG[N(v8)](v7, {v9, v10}) ≥ 3, then by sym-
metry, there exists i ∈ [6] such that v7vivi+1v9 is a subpath of G[N(v8)]. However, it follows that
v0v1 . . . viv7v8v10v9vi+1 . . . v6v0 is a Hamilton cycle, a contradiction.
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Therefore, dG[N(v8)](v7, {v9, v10}) = 2. Then, by symmetry, there exists i ∈ [6] such that v7viv9
is a subpath of G[N(v8)]. Now N(vi) = {v0} ∪ NP (vi) ∪ {v7, v8, v9}. Since G[N(vi)] is a path,
N({v7, v9}) ∩NP (vi) ̸= ∅. In either case, we can deduce that G is Hamiltonian, a contradiction.

Therefore, v8 ≁ v10. Suppose that v7 ∼ v1. We assert that if NP (v10) ̸= ∅, then NP (v10) = {v1}.
Indeed, if there exists j ∈ [2, 6] such that vj ∼ v10, then v1v7v8v9v10vj . . . v6v0vj−1 . . . v1 is a Hamilton
cycle, a contradiction. Suppose that v10 ∼ v1. Similarly, we have that NP (v7) = {v1}. Since G[N(v7)]
is connected, v1 ∼ v8. Similarly, v1 ∼ v9.

Now, N(v1) = {v0, v2, v7, v8, v9, v10}. This implies that G[N(v1)] is not connected, a contradiction.
Therefore, v7 ≁ v1. By symmetry, we have that

N({v7, v10}) ∩ {v1, v6} = ∅. (7)

Suppose dG[N(v8)](v7, v9) ≥ 3. Then by symmetry, there exists i ∈ [6] such that v7vivi+1v9 is a
subpath of G[N(v8)]. By (7), we have that 2 ≤ i ≤ 5. Clearly, N(v10) ∩ NP (vi) = ∅ and NP (v10) ∩
N(v9) ̸= ∅. Let vj ∈ NP (v10) ∩N(v9).

• Suppose i = 2. By (7), we have that j ∈ [2, 5]. Clearly, v10 ≁ v3. Since v2 ≁ v9, j ∈ {4, 5}. If
j = 4, then v0v1v2v7v8v3v9v10v4v5v6v0 is a Hamilton cycle, a contradiction. Therefore, vj = v5.
Note that there exist two Hamilton paths:{

v9v10v5v6v0v4v3v8v7v2v1;

v9v10v5v4v3v8v7v2v1v0v6.
(8)

Since G is nonhamiltonian, N(v9) ∩ {v1, v6} = ∅. By Claim 2, we have that v9 ≁ v4. Now
N(v9) = {v3, v5, v8, v10}. Since G[N(v9)] is connected, v5 ∼ v8. By Claim 2, we have that
v8 ≁ v4. By (7), we have that v10 ≁ v6. Note that there exist two Hamilton paths{

v8v7v2v1v0v4v3v9v10v5v6;

v10v5v6v0v1v2v7v8v9v3v4.
(9)

Therefore, N({v8, v10}) ∩ {v4, v6} = ∅. However, it follows that G[N(v5)] is not connected, a
contradiction.

• Suppose i = 3. Since v9 ≁ v3, j ̸= 3. Clearly, N(v10) ∩ {v2, v4} = ∅. By (7), we have that j = 5.
However, it follows that v0v1v2v3v7v8v4v9v10v5v6v0 is a Hamilton cycle, a contradiction.

• Suppose i = 4. This case is similar to the case when i = 2.

• Suppose i = 5. Since v9 ≁ v5, j ̸= 5. By (7), we have that j ≤ 4. However, it follows that
v6v9v10vj . . . v1v0vj+1 . . . v5v7v8v6 is a Hamilton cycle, a contradiction.

Therefore, we have that dG[N(v8)](v7, v9) = 2. By symmetry, we have that dG[N(v9)](v8, v10) = 2. Now
let i ∈ [6] such that v7viv9 is a subpath of G[N(v8)] and let j ∈ [6] such that v8vjv10 is a subpath of
G[N(v9)]. Assuming i < j does not reduce generality. Clearly, j ≥ i+2. By symmetry, we only need to
consider the case where i = 2 and j ∈ {4, 5}.
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• Suppose i = 2 and j = 4. By Claim 2, we have that N(v3) ∩ {v8, v9} = ∅. Clearly, N(v3) ∩
{v7, v10} = ∅. By (7), we have that v9 ∼ v1. Now, there exist two Hamilton paths:{

v8v7v2v1v9v10v4v3v0v6v5;

v10v9v1v2v7v8v4v3v0v6v5.
(10)

Since G is nonhamiltonian, N({v8, v10})∩ {v3, v5} = ∅. However, it follows that G[N(v4)] is not
connected, a contradiction.

• Suppose that i = 2 and j = 5. If v9 ∼ v1, then there exist three Hamilton paths:
v10v9v1v2v7v8v5v6v0v3v4;

v8v7v2v1v9v10v5v6v0v3v4;

v8v7v2v1v9v10v5v4v3v0v6.

(11)

Since G is nonhamiltonian, N({v8, v10})∩ {v4, v6} = ∅. However, it follows that G[N(v5)] is not
connected, a contradiction. Therefore, v9 ≁ v1. By symmetry, we have that v8 ≁ v6.

If v7 ∼ v3, then there exist three Hamilton paths:
v8v9v10v5v6v0v1v2v7v3v4;

v8v9v10v5v4v3v7v2v1v0v6;

v10v5v6v0v1v2v9v8v7v3v4.

(12)

Since G is nonhamiltonian, N({v8, v10}) ∩ {v4, v6} = ∅. However, it follows that G[N(v5)]
is not connected, a contradiction. Therefore, v7 ≁ v3. By symmetry, we have that v10 ≁ v4.
Since G[N(v2)] and G[N(v5)] are connected, v9 ∼ v3 and v8 ∼ v4. However, it follows that
v0v6v5v10v9v3v4v8v7v2v1v0 is a Hamilton cycle, a contradiction.

Therefore, G[X] is nontraceable. This proves Claim 4. 2

Claim 5. G[X] is connected.

Proof of Claim 5: To derive a contradiction, assume that the subgraph G[X] lacks connectivity. In light
of Fact 2 and Observation 3.2, our analysis can be confined to two scenarios: G[X] = K1 ∪ K3 and
G[X] = K1 ∪ P3.

• In the case where G[X] is isomorphic to the disjoint union K1∪K3, we can assume, without loss of
generality, that the vertex v7 constitutes the isolated component within G[X]. By symmetry, we may
assume that NP (v8) ̸= ∅. Since G[N(v8)] is connected, there exists i ∈ [6] such that vi ∈ N(v8)
and N(vi) ∩ {v9, v10} ̸= ∅. By virtue of symmetry, let us assume that vi ∼ v9. Suppose that
vi ∼ v7. If 2 ≤ i ≤ 5, then N(vi) = {v0, vi−1, vi+1, v7, v8, v9}. In the path G[N(vi)], the
three components initially given by vi−1v0vi+1, the isolated vertex v7, and the edge v8v9 must
be joined. Since v7 has no neighbor in {v8, v9}, after reversing P and interchanging v8 and v9 if
necessary, we have v7 ∼ vi−1 and v9 ∼ vi+1. Replacing the segment vi−1vivi+1 of v0v1 · · · v6v0
by vi−1v7viv8v10v9vi+1 gives a Hamilton cycle, a contradiction. Hence i ∈ {1, 6}. By symmetry,



Nonhamiltonian locally linear graphs 9

assume that i = 1. Now, N(v1) = {v7, v8, v9, v2, v0}. Since N(v7) ∩ {v8, v9} = ∅, v2 ∈ N(v7) ∩
N({v8, v9}). However, it follows that dG[N(v1)](v2) ≥ 3, a contradiction. Therefore, vi ≁ v7. Now
N(vi) = {v0} ∪ NP (vi) ∪ {v8, v9}. Since G[N(vi)] is connected, N({v8, v9}) ∩ NP (vi) ̸= ∅.
By symmetry, we may assume that v9 ∼ vi+1. By Observation 3.2, there exists j ∈ [6] such that
{vj , vj+1} ⊆ N(v7). By Fact 2, we have that j ̸= i. This means G is Hamiltonian, standing in
direct contradiction to our initial assumption.

• In the case where G[X] is isomorphic to the disjoint union K1 ∪ P3, we can assume, without
loss of generality, that the vertex v7 constitutes the isolated component within G[X], and the path
v8v9v10 forms the connected component P3. If dG[N(v9)](v8, v10) ≥ 3, then there exists i ∈ [6]
such that v8vivi+1v10 is a subpath of G[N(v9)]. By Observation 3.2, there exists j ∈ [6] such
that {vj , vj+1} ⊆ N(v7). By Fact 2, we have that j ̸= i. This implies that G is Hamiltonian, a
contradiction. Therefore, dG[N(v9)](v8, v10) = 2. Then there exists i ∈ [6] such that v8viv10 is a
subpath of G[N(v9)]. If vi ∼ v7, then i ∈ {1, 6}, since ∆(G) = 6. By symmetry, assume that
i = 1. Now, N(v1) = {v7, v8, v9, v10, v2, v0}. Since N(v7) ∩ {v8, v10} = ∅, v2 ∈ N(v7) ∩
N({v8, v10}). However, it follows that dG[N(v1)](v2) ≥ 3, a contradiction. Therefore, vi ≁ v7.
Now N(vi) = {v0} ∪ NP (vi) ∪ {v8, v9, v10}. Since G[N(vi)] is connected, N({v8, v10}) ∩
NP (vi) ̸= ∅. By symmetry, we may assume that v10 ∼ vi+1. By Observation 3.2, there exists
j ∈ [6] such that {vj , vj+1} ⊆ N(v7). By Fact 2, we have that j ̸= i. This means G is Hamiltonian,
which contradicts our assumption.

Therefore, G[X] is connected. This proves Claim 5. 2

By Claims 5 and 4, we have that G[X] = K1,3. Without loss of generality, we may assume that
dG[X](v7) = 3. That is, {v8, v9, v10} is an independent set. Since ∆(G) = 6, there exist r, s ∈ [8, 10]
such that dG[N(v7)](vr, vs) = 2. By symmetry, assume that v8viv9 is a subpath of G[N(v7)] for some
i ∈ [6]. Clearly, vi ≁ v10. Indeed, if vi ∼ v10, then dG[N(vi)](v7) = 3, a contradiction.

Claim 6. i ∈ [2, 5].

Proof of Claim 6: Otherwise, by symmetry, assume that i = 1. Now, N(v1) = {v0, v2, v7, v8, v9}. Since
G[N(v1)] is connected, N(v2) ∩ {v8, v9} ̸= ∅. By symmetry, assume that v9 ∼ v2. Since G[N(v7)]
is connected, there exists j ∈ [6] such that vj ∈ N(v7) ∩ N(v10). Note that v2 ≁ v7. Therefore,
j ≥ 3. Nonetheless, it may be deduced that the sequence v0v6 . . . vjv10v7v8v1v9v2 . . . vj−1v0 constitutes
a Hamilton cycle, thereby yielding a contradiction. This line of reasoning establishes Claim 6. 2

Since G[N(v7)] is connected, choose vj ∈ NP (v7) ∩N(v10). Note that i ̸= j and vi ≁ vj . Therefore,
j ≤ i− 2 or j ≥ i+ 2. Note that N(vi) = {v0} ∪NP (vi) ∪ {v7, v8, v9}. Since G[N(vi)] is connected,
N({v8, v9}) ∩NP (vi) ̸= ∅. This implies that v10 has no two consecutive neighbors on P .

Case 1. dG[N(v7)](vi, vj) = 2.

Without loss of generality, assume vj ∼ v9. By Claim 6, we have j ∈ [2, 5]. Similarly, v8 has no two
consecutive neighbors on P . By symmetry, we may take i < j, so j ≥ i+2. By symmetry considerations,
the analysis can be restricted to the case where i = 2 and j is either 4 or 5.

• Suppose that i = 2 and j = 4. Clearly, v9 ≁ v3. Since v8 and v10 have no two consecutive neigh-
bors on P , we have v9 ∼ v1 and v9 ∼ v5. However, it follows that v0v6v5v9v1v2v8v7v10v4v3v0 is
a Hamilton cycle, a contradiction.
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• Suppose that i = 2 and j = 5. If v9 ∼ v3, then Claim 2 gives v9 ≁ v4. The connectedness of
G[N(v5)] therefore implies v9 ∼ v6. This implies that v0v1v2v8v7v10v5v4v3v9v6v0 is a Hamilton
cycle, a contradiction. Then v9 ≁ v3. By symmetry, we have that v9 ≁ v4. This implies that
v9 ∼ v1 and v9 ∼ v6. However, it follows that v0v3v4v5v10v7v8v2v1v9v6v0 is a Hamilton cycle, a
contradiction.

Case 2. dG[N(v7)](vi, vj) = 3.

Without loss of generality, let the distance between v9 and vj in G[N(v7)] be 2, so dG[N(v7)](v9, vj) = 2.
Consequently, the neighborhood G[N(v7)] must be one of the two paths:

v8viv9vj−1vjv10 or v8viv9vj+1vjv10. (13)

Observe that vi and vj are not adjacent (vi ≁ vj) and that i ̸= j. This fact ensures that v8 does not have
two neighbors that are consecutive on the path P . Hence, the neighborhood of v9 intersects with at least
one of the vertices vi−1 or vi+1, i.e., N(v9) ∩ {vi−1, vi+1} ̸= ∅. By virtue of symmetry, the analysis can
be confined to the scenario where the neighborhood subgraph G[N(v7)] is structured as the path

G[N(v7)] = v8viv9vj−1vjv10. (14)

• Assume i ≥ j + 2. If v9 is adjacent to vi−1, then the cycle

v0v6 · · · viv8v7v10vj · · · vi−1v9vj−1 · · · v1v0 (15)

forms a Hamilton cycle, which contradicts our assumption. On the other hand, if v9 is adjacent to
vi+1, the cycle

v0v6 · · · vi+1v9viv8v7v10vj · · · v1v0 (16)

is a Hamilton cycle, again leading to a contradiction.

• Suppose i ≤ j − 2. If v9 is adjacent to vi−1, then the cycle

v0v6 · · · vjv10v7v8vi · · · vj−1v9vi−1 · · · v1v0 (17)

forms a Hamilton cycle, contradicting our assumptions. Hence, it must be that v9 ∼ vi+1. Note
that i ∈ [2, j − 2]. From Claim 2, we deduce i ≤ j − 3, which forces i = 2 and j = 6. However,
this leads to the cycle

v0v1v2v8v7v10v6v5v9v3v4v0, (18)

a Hamilton cycle, again a contradiction.

Figure 3 presents a connected locally linear graph with 12 vertices. The four outer vertices of degree two
would force an 8-cycle in any Hamilton cycle, leaving the four inner vertices uncovered. Thus this graph
is nonhamiltonian and the bound is sharp. This proves Theorem 1.1. 2
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Fig. 3: A connected nonhamiltonian locally linear graph of order 12.

4 On the Minimum Size of Nonhamiltonian and Nontraceable Lo-
cally Linear Graphs

In this section, we prove Theorems 1.2 and 1.3. De Wet and van Aardt (2016) introduced an edge iden-
tification operation for locally traceable graphs. An edge uv is suitable if G[N(u)] has a Hamilton path
with endpoint v, and G[N(v)] has a Hamilton path with endpoint u.

Construction 4.1 (de Wet and van Aardt 2016). Consider two locally traceable graphs G1 and G2, each
featuring a designated edge uivi for i = 1, 2. A novel graph G with vertex cardinality |V (G1)| +
|V (G2)| − 2 is formed via the following procedure: Merge vertices u1 and u2 into a single vertex u,
and similarly coalesce vertices v1 and v2 into a single vertex v. The resulting graph G retains all edges
from the original graphs G1 and G2. This operation yields G as the amalgamation of G1 and G2 through
the identification of their respective edges u1v1 and u2v2.

Observation 4.2 (de Wet and van Aardt 2016). In a locally traceable graph, any edge incident to a
degree-two vertex v is considered suitable for edge identification.

Lemma 4.3 (de Wet, Frick, and van Aardt 2018). Assume that G1 and G2 are locally traceable graphs of
order at least 3, and let G be constructed by identifying suitable edges of G1 and G2. Then the following
properties are satisfied:

(a) The graph G stays locally traceable.

(b) In case both G1 and G2 are planar, G is also planar.

(c) If G is Hamiltonian, then each of G1 and G2 has to be Hamiltonian too.

For an edge e of a graph G, let tG(e) denote the number of triangles containing e, and let t(G) be the
number of triangles of G. In a locally linear graph of order at least three, an edge is called a 1-edge or a
2-edge if it belongs to exactly one or exactly two triangles, respectively. The following lemma supplies
the embedding used in both proofs below. We do not require this embedding to be orientable.

Lemma 4.4. Let G be a connected locally linear graph of order n ≥ 3 and size m. The 1-edges form a
spanning 2-regular subgraph of G. If this subgraph has b components, then G has a 2-cell embedding in
a connected closed surface Σ with precisely t(G) + b faces: one triangular face for each triangle of G,



12 Feng Liu and Leilei Zhang

and one additional face bounded by each component of the 1-edge subgraph. Writing Φ = χ(Σ) for the
Euler characteristic of Σ, we have Φ ≤ 2 and

3t(G) + n = 2m, m− 2n = 3(b− Φ). (19)

Proof: By Fact 1, we have δ(G) ≥ 2. For a vertex v and a neighbor u of v, the number tG(uv) equals
the degree of u in the path G[N(v)]. Thus every edge is a 1-edge or a 2-edge, and the two endpoints of
G[N(v)] correspond to exactly two 1-edges incident with v. Consequently, the 1-edges form a spanning
2-regular subgraph, whose components are pairwise vertex-disjoint cycles C1, . . . , Cb, with b ≥ 1. In
particular, there are exactly n 1-edges. Counting incidences between edges and triangles gives

3t(G) = n+ 2(m− n) = 2m− n. (20)

Attach a triangular disk to every triangle of G, identifying its boundary with that triangle. The resulting
simplicial complex S is a compact connected surface with boundary. Indeed, an interior point of an edge
has a disk or a half-disk neighborhood according as the edge is a 2-edge or a 1-edge. At a vertex v, the
link is exactly the path G[N(v)], so v has a half-disk neighborhood. The boundary of S therefore consists
precisely of the cycles C1, . . . , Cb.

Cap each boundary component by a disk to obtain a connected closed surface Σ. This gives the claimed
2-cell embedding of G. The additional faces are the capping disks; they are distinguished from the original
triangular faces even if their boundaries are triangles. Let F (G) be the face set of this embedding and let
B(G) be the set of capping faces. Then |B(G)| = b, |F (G)| = t(G) + b, and

3|F (G)| − 3|B(G)| = 2m− n. (21)

Here B(G) records the capping faces, rather than all non-triangular faces. Euler’s formula now gives

Φ = n−m+ t(G) + b. (22)

Combining this identity with 3t(G) = 2m−n proves m−2n = 3(b−Φ). Finally, the Euler characteristic
of a connected closed surface is at most two, whether or not the surface is orientable. 2

4.1 Proof of Theorem 1.2

Proof: Let G be a nonhamiltonian locally linear graph of order n and size m, and let b and Φ be as in
Lemma 4.4. If m < 2n, then (19) gives

1 ≤ b < Φ ≤ 2. (23)

Hence b = 1 and Φ = 2, so the constructed embedding is planar. Since the 1-edges form a spanning
2-regular subgraph with just one component, they form a Hamilton cycle of G, a contradiction. Therefore
m ≥ 2n.

By Theorem 1.1, we have n ≥ 12. When n = 12, Figure 3 shows a connected, nonhamiltonian, locally
linear graph G12 with 12 vertices and 24 edges. For each i ≥ 13, define Gi by attaching a K3 to Gi−1 via
edge identification: initially along edge uv, and thereafter along the edge connecting the vertices of degree
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two and three in the last added triangle, as illustrated in Figure 4. Applying Lemma 4.3(c) repeatedly, each
Gi (i ≥ 13) is nonhamiltonian with i vertices and 2i edges.

We prove inductively that every Gi is locally linear. Suppose that Gk−1 is locally linear, where k ≥ 13,
and that Gk is obtained by adding a vertex x with neighborhood {y, z}, where yz is the chosen edge of
Gk−1. Relabel its endpoints so that dGk−1

(y) = 2, and write NGk−1
(y) = {z, w}. Since Gk−1 is locally

linear, z ∼ w. The neighborhood of x induces the path yz, and the neighborhood of y in Gk induces
the path wzx. In Gk−1[NGk−1

(z)], the vertex y has degree one, so it is an endpoint of this induced
path. Adding x extends that path at the endpoint y, because x is adjacent to y and to no other vertex of
NGk−1

(z). Thus Gk[NGk
(z)] is also a path. The neighborhood subgraphs of all other old vertices are

unchanged. Therefore Gk is locally linear, completing the induction. This completes the proof. 2

v

u

v

u

v

u

v

u

Fig. 4: Building nonhamiltonian locally linear graphs with m = 2n.
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4.2 Proof of Theorem 1.3

Proof: Let G be a nontraceable locally linear graph of order n and size m. Then G is nonhamiltonian, so
Theorem 1.2 gives m ≥ 2n. By Lemma 4.4,

m− 2n = 3(b− Φ), (24)

where b ≥ 1 is the number of components of the spanning 2-regular subgraph formed by the 1-edges, and
Φ ≤ 2 is an integer. Consequently, either m = 2n or m ≥ 2n+ 3.

Suppose that m = 2n. Then b = Φ, so 1 ≤ b = Φ ≤ 2. If b = 1, the 1-edges form a Hamilton
cycle, contradicting nontraceability. Hence b = Φ = 2, so the constructed embedding is planar. Let C1

and C2 be the two components of the 1-edge subgraph. They are vertex-disjoint cycles whose vertex sets
partition V (G). Since G is connected, there is an edge uv with u ∈ V (C1) and v ∈ V (C2). Delete an
edge incident with u from C1 and an edge incident with v from C2, and join the resulting paths with uv.
This produces a Hamilton path of G, again a contradiction. Therefore m ≥ 2n+ 3. 2

5 Conclusion
In this work, we have investigated structural properties of nonhamiltonian and nontraceable locally linear
graphs. In particular, we have shown that the maximum possible degree of a nonhamiltonian locally linear
graph of order n is n − 5 for every n ≥ 12, the minimum order of such a graph is 12, and its minimum
size is 2n for every n ≥ 12. Every nontraceable locally linear graph of order n has at least 2n+ 3 edges.
We do not claim that this last bound is sharp.

A natural direction for future research is to study the corresponding extremal problems for the maximum
number of edges. Specifically, it would be interesting to determine the maximum size of a nonhamiltonian
locally linear graph, the maximum size of a nontraceable locally linear graph, and the maximum size of a
general locally linear graph for a given order. Investigating these dual problems could further deepen our
understanding of the extremal structure of locally linear graphs.

Although this work is primarily theoretical, the results on locally linear graphs have potential appli-
cations. For example, in communication networks, a locally linear neighborhood structure can model a
chain of routers where each router connects linearly to a few others, helping analyze reliable message
routing. In surveillance systems, sensors arranged in locally linear patterns can optimize coverage along
corridors or pipelines. In distributed computing, tasks with linear dependency chains can be represented
by locally linear subgraphs, facilitating scheduling and resource allocation analysis. These examples il-
lustrate that the structural properties studied here may provide useful insights beyond purely theoretical
interest.
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We study a variant of the Cops and Robbers game on graphs in which the robbers damage the visited vertices, aiming
to maximize the number of damaged vertices. For that game with one cop against s robbers a conjecture was made
by Carlson, Halloran and Reinhart that the cop can save three vertices from being damaged as soon as the maximum
degree of the base graph is at least

(
s
2

)
+ 2. We are able to verify the conjecture and prove that it is tight once we

add the assumption that the base graph is triangle free. We also study the game without that assumption, disproving
the conjecture in full generality and further attempting to locate the smallest maximum degree of a base graph which
guarantees that the cop can save three vertices against s robbers. We show that this number is between 2

(
s
2

)
− 3 and

2
(
s
2

)
+1. Furthermore, after the game has been previously studied with one cop and multiple robbers, as well as with

one robber and multiple cops, we initiate the study of the game with two cops and two robbers. In the case when the
base graph is a cycle we determine the exact number of damaged vertices. Additionally, when the base graph is a path
we provide bounds that differ by an additive constant.

Keywords: cops and robber, pursuit-evasion games, games on graphs

1 Introduction
The Cops and Robbers game is a famous graph-based pursuit-evasion game with perfect information,
where multiple cops try to catch a single robber. It was introduced independently by Quilliot [15] and
by Nowakowski and Winkler [13]. A book by Bonato and Nowakovski [2] covers this general subject in
great detail.

The Cops and Robbers game is famous for the long standing Meyniel’s conjecture, see [1], which states
that Θ(

√
n) cops always suffice to catch a robber on any graph. The best known bounds today on the

number of required cops is only known to lie between Ω(
√
n) [14] and O(n/2(1+o(1))

√
logn) [6, 12, 16].

Over the years, the game has seen many variants and suggested modifications. In several of these
modifications, including the original game, the cops’ goal is merely to catch the robber in finitely many
moves. In such a setting it clearly makes no sense to add more robbers into the picture.
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Cox and Sanai [5] introduced a variant of the game that gives the robber a more active role than simply
evading the cops: the robber tries to damage as many vertices as possible, by visiting them before getting
captured, and the cops attempt to minimize this damage. While the damage variant was originally studied
with one cop and one robber, it was later extended to multiple cops by Carlson, Halloran and Reinhart
[3]. Unlike the original game, in the damage variant it makes sense to introduce multiple robbers, which
was done recently by Carlson, Eagleton, Geneson, Petrucci, Reinhart, and Sen [4]. Finally, Huggan,
Messinger and Porter [9, 10] consider the damage number of a graph as a parameter, and analyzed how
this parameter behaves with respect to the graph product.

For a formal definition of the problem, let G be a graph and s a positive integer. In round 0 the cop
first chooses an initial vertex to occupy, and then each of the s robbers chooses an initial vertex. Each
subsequent round consists of a turn for the cop followed by a turn for the robbers, where each individual
has the opportunity to (but is not required to) move to a neighboring vertex on their turn. If the cop ever
occupies the same vertex as a robber, we say that that robber is captured, and it is subsequently removed
from the game. All information about the locations and movements of everyone is publicly available, i.e.,
this is a perfect information game.

Now it remains to add the concept of damage to the setup. If a vertex v is occupied by a robber at the
end of a round and the robber is not caught in the following round, then v becomes damaged and stays
damaged for the rest of the game. In this version of the game the cop is trying to minimize the number of
damaged vertices, while the robbers play to damage as many vertices as possible. The s-robber damage
number of G, denoted dmg(G; s), is the number of damaged vertices when both the cop and the s robbers
play optimally on G.

We note that this is not the only version of Cops and Robbers where the robbers’ movement on the
base graph is tracked. Kinnersley and Peterson [11] introduced the “burning bridges” variant, where the
robbers actually change the base graph as the game is played (unlike in our case), by removing edges that
they traverse. See [8] for further progress. Clearly, adding more robbers in this variant could change the
outcome, just as it might in our setting.

Our results. In Section 2, we consider the setting with one cop and multiple robbers. We say that the
cop saves k vertices, if dmg(G; s) ≤ n−k. In other words, assuming optimal play from both the cop and
the robbers, we have that k out of the n vertices do not get damaged. We can now ask how many vertices
can the cop save?

As it was observed by Carlson, Halloran and Reinhart [4], it is always possible for a single cop to save
two vertices (assuming the graph has at least one edge): if the cop simply patrols a fixed edge of the graph,
none of its endpoints can ever get damaged. Therefore we trivially have that two vertices can always get
saved. This begs the question: When is it possible to save three vertices?

This question was studied thoroughly in [4] for the case of s = 2 robbers. They showed that on any
graph G with ∆(G) ≥ 3 (that is, there is at least one vertex of degree at least 3) the cop can indeed save
three vertices. They used this insight to give a full characterization of all the graphs where the cop can
save three vertices against 2 robbers.

For the case of more than two robbers, they proposed the following conjecture.

Conjecture 1.1 ([4]). For all s > 2, if G is a graph with ∆(G) ≥
(
s
2

)
+ 2, then the cop can save three

vertices against s robbers.

It turns out that this conjecture is “almost true”, as we are able to prove it with an additional condition,
that the graph G is triangle-free. In the general case, when G is not necessarily triangle-free, we have
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found counterexamples that falsify the conjecture. It becomes true and (asymptotically) tight again, if the
right side of the corresponding bound ∆(G) ≥

(
s
2

)
+ 2 is multiplied by a factor of 2.

Before we state our two main results, we introduce a notation for the two extremal values that we are
after.

Definition 1.2. For s ≥ 1, let ∆s denote the smallest integer such that for all graphs G with ∆(G) ≥ ∆s,
the cop can save three vertices against s robbers.

Further, let ∆′
s denote the smallest integer such that for all triangle-free graphs G with ∆(G) ≥ ∆′

s,
the cop can save three vertices against s robbers.

In the case of triangle-free graphs we can determine the exact value of the critical number of robbers.

Theorem 1.3. For s ≥ 2, we have

∆′
s =

(
s

2

)
+ 2.

For general graphs we get the following bounds for the critical number of robbers.

Theorem 1.4. For s ≥ 2, we have

2

(
s

2

)
− 3 ≤ ∆s ≤ 2

(
s

2

)
+ 1.

For the second part of this paper, we recall that Carlson, Halloran and Reinhart [3] considered the
setting with a single cop and multiple robbers, while Carlson, Eagleton, Geneson, Petrucci, Reinhart, and
Sen [4] considered the setting with a single robber and multiple cops.

In Section 3 we naturally broaden the study to the next feasible case, with two cops and two rob-
bers. This setting is considered on the two families of underlying graphs, cycles and paths. We define
dmg(G; s, t) to be the damage number of the graph G when s robbers are facing t cops. We let Cn be the
cycle on n edges and Pn+1 be the path on n+ 1 vertices and n edges, and we prove the following.

Theorem 1.5. When two cops are playing against two robbers on a cycle, we have

dmg(Cn; 2, 2) =

⌊
2

3
n− 5

2

⌋
.

This means that as n approaches infinity the additive constant 5/2 becomes negligible, and an optimal
play asymptotically results in a fraction of 2/3 of the cycle damaged.

To get the exact value we performed a meticulous analysis supported by extensive technical calcula-
tions. Having this in mind, along with the fact that strategies on a cycle and on a path share similarities,
we decided not to overload the paper by determining the value of dmg(Pn+1; 2, 2) that precisely. For the
path we obtain bounds that are an additive constant away from each other, showing that, asymptotically,
just like in the case of the cycle, a fraction of 2/3 of the path will be damaged by the robbers, assuming
optimal play from both sides.

Theorem 1.6. When two cops are playing against two robbers on a path, we have

dmg(Pn+1; 2, 2) =
2n

3
−Θ(1).
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Finally, let us note that, after the first version of this paper appeared, Gagarova [7] also investigated the
multi-robber damage number. For s robbers against one cop, all graphs on n ≥ 2s + 2 vertices with the
smallest possible damage number are characterized. Furthermore, it was established that the sole cop can
save k > 3 vertices from damage against s robbers, provided that ∆(G) ≥

(
s
2

)
+ k − 1, extending the

upper bound we obtained for Theorem 1.3. The investigation in [7] is further broadened by deriving a
number of bounds for special families of graphs.

2 Can one cop protect three vertices?
2.1 Upper bounds
Lemma 2.1. If the graph G contains an induced star K1,t with t ≥

(
s
2

)
+ 2, then the cop can save 3

vertices against s robbers.

Proof: Assume G contains an induced star K1,t. We have to give a strategy for the cop which saves three
vertices. Let v be the central vertex of the star and let W = {w1, . . . , wt} be the set of its leaves. Recall
that every round consists of a cop move followed by the robbers moves. The strategy of the cop is to guard
the central vertex v. Note that any robber that never enters any of the vertices of W can obviously never
damage any of them.

Let the i1-th round be the first round where a robber enters N(v). The cop immediately moves to catch
this robber in round i1+1 and afterwards moves back to v in round i1+2. Now, the cop repeats the same
strategy: We let i2 be the smallest integer satisfying i2 ≥ i1 + 2 such that a robber enters N(v) in round
i2. The cop catches this robber and afterwards moves back to vertex v, and so on.

We claim that this strategy guarantees that vertex v and at least two vertices from W do not get damaged.
Indeed, vertex v stays undamaged, because there are no two consecutive rounds where v is not occupied
by the cop. Furthermore, the only rounds where some vertex in W can get damaged are by definition the
rounds i1, i1+1, i2, i2+1, i3, i3+1, and so on. Observe that after round ir +1 the last remaining robber
is caught (of the robbers that ever enter W ). Furthermore, for all j = 1, . . . , r, we have that in the rounds
ij , ij +1 at most s− j robbers are not caught. In these two rounds, each one of them can damage at most
one vertex from W , because no two vertices of W are connected by an edge. In total, the robbers damage
at most (s− 1) + (s− 2) + · · ·+ 1 =

(
s
2

)
vertices, so at least 2 vertices from W survive. Therefore the

cop saved three vertices.

The strategy described in the proof of Lemma 2.1 will be useful in other situations too, so we give it
a name. We define the strategy GUARD(v) to be the strategy for the cop of initially starting at vertex v
and waiting until a robber enters N(v), then catching this robber, and then immediately going back to v.
(Even if there is a second robber in N(v) that could potentially be caught, the cop still moves back to v.)

First we prove that the upper bound in Theorem 1.3 holds.

Proposition 2.2. For all s ≥ 2, we have ∆′
s ≤

(
s
2

)
+ 2.

Proof: Let t :=
(
s
2

)
+ 2. If G is triangle-free and ∆(G) ≥ t, then G contains an induced star K1,t. By

Lemma 2.1 this proves that the cop can save three vertices.

The following Proposition 2.4 ensures the upper bound in Theorem 1.4. For the proof we require a
helpful lemma, by Carlson, Halloran, and Reinhart [4].
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Lemma 2.3. [4, Proposition 2.7] If G is any graph containing a vertex with three neighbors, then one
cop can protect at least three vertices against two robbers.

Proposition 2.4. For all s ≥ 2, we have ∆s ≤ 2
(
s
2

)
+ 1.

Proof: Let s ≥ 2. We have to prove that for all graphs G with ∆(G) ≥ 2
(
s
2

)
+ 1, the cop can save three

vertices. For this purpose, assume G contains a vertex v of degree at least 2
(
s
2

)
+1. The general approach

of the cop is to apply the strategy GUARD(v) until only two robbers remain.
First of all, if the robbers never enter N(v) all the vertices in the neighborhood will remain intact and

we are done.
Otherwise, assuming s > 2, let i be the first round such that the following holds: the cop moved from

vertex v to catch a robber in round i− 1 and returned to vertex v in round i, at that point there are at most
two remaining robbers, and it is their turn to move in round i. If s = 2, then let i = 1.

We claim that in this exact situation, in round i where the cop has moved (and finds himself on v) and
the robbers have not yet moved, there are at least three vertices in N(v) which are not yet damaged and
which are not currently occupied by a robber.

Indeed, if s > 2, observe that previous to that point, whenever the cop catches a robber and goes back
to v, the k robbers that are still not captured can enter at most 2k vertices from N(v) in these two rounds.
Furthermore, v itself is never damaged. It then follows that the number of vertices in N(v) which were
entered by a robber is at most 2(s−1)+2(s−2)+ · · ·+2 ·2 = 2

(
s
2

)
−2. Therefore at that point there are

at least three vertices in N(v) which are not damaged and not occupied by a robber. If s = 2, the same
condition for N(v) is satisfied at the start of the game. The proof now simply follows by Lemma 2.3.

2.2 Lower bounds
The goal of this subsection is to give examples of graphs with high degree, where the cop can not save
three vertices. In particular, to show lower bounds for ∆′

s and ∆s, we introduce the graphs G′ and G
which are depicted in Figure 1. The graph G′ consists of vertices v1 and v2 and a total of ℓ internally
vertex-disjoint paths P1, . . . , Pℓ of length 7 from v1 to v2. If N(v1) = {w1, . . . , wℓ} and N(v2) =
{u1, . . . , uℓ}, then G is created from G′, with an additional assumption that ℓ is even, by adding the edges
{w1, w2}, {w3, w4}, . . . , {wℓ−1, wℓ} and {u1, u2}, {u3, u4}, . . . , {uℓ−1, uℓ}.

We now proceed to prove some helpful auxiliary statements which establish that the robbers can achieve
certain goals when playing on the graphs G and G′. A great cycle in G is a cycle of length 14 which
contains both v1 and v2 and has no chord. In other words, a great cycle in G′ is created by any two paths
Pi, Pj with i ̸= j, and a great cycle in G is created by any two paths Pi, Pj with ⌈i/2⌉ ̸= ⌈j/2⌉.

We will say that a robber is cautious if his first priority is not to get caught by the cop. When we say
that a cautious robber is playing according to a certain strategy, we mean that he plays according to the
strategy unless that takes him within the cop’s neighborhood, in which case he suspends the strategy and
avoids getting caught.

Lemma 2.5. If a cautious robber finds himself on a great cycle C̃ of G (respectively G′), at distance at
least two from the cop’s position, he can stay on C̃ indefinitely.

Proof: No matter on which vertex v ∈ V (C̃) the robber is, when the cop gets onto some vertex w ∈
N(v) there is always a vertex on C̃ that the robber can move to and stay out of the cop’s reach (even if
w ̸∈ V (C̃)).
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u1 u`

w1 w`

P1 P`

v2

v1

. . .

G′

u1 u`

w1 w`

P1 P`

v2

v1

. . .

G

Figure 1: Graphs G′ and G used for proving the lower bounds on ∆′
s and ∆s.

Lemma 2.6. Assume that there are at least three robbers positioned on vertices of G (respectively G′),
such that they are all at distance at least two from the cop’s position. If C̃ is a great cycle, then the
robbers have a strategy such that no robber gets caught and at least two robbers can enter C̃ and stay on
it indefinitely.

Proof: First we show that two robbers, R1 and R2, can make sure that one of them gets onto C̃. Suppose
w.l.o.g. that R1 is not further away from v1 than R2, then R1 will cautiously move towards v1, and R2

will cautiously move towards v2. Since the robbers start at distance two away from the cop, the cop cannot
catch them in the first round. Since they move into opposite directions, the cop cannot stop both of them
at the same time from moving closer to their target. Therefore at least one of the robbers will manage to
reach his target, thus getting on C̃.

Now we apply this reasoning twice. First we pick arbitrary two robbers and one of them moves onto
C̃. Note that he can stay on C̃ indefinitely without getting caught, by Lemma 2.5. If no other robber is on
C̃ at that point, then there exist two robbers that are not on C̃. Then one of them moves onto C̃ using the
same strategy.

Given a great cycle C̃ of either G or G′ and three robbers R1, R2, R3, we are going define a strategy
CYCLE-ATTACK(C̃, R1, R2, R3). The idea behind this strategy is that the robbers, without getting caught
by the cop, either manage to damage all vertices of C̃, or do a considerable damage to the rest of the
graph.

Formally, the strategy CYCLE-ATTACK(C̃, R1, R2, R3) is defined as follows. All three robbers re-
main cautious for the whole duration of the strategy. As soon as all vertices of C̃ are damaged, the
CYCLE-ATTACK is concluded.



On the multi-robber damage number 7

In Stage 1, the robbers R1 and R2 enter the cycle C̃, on which they are going to stay for the remainder
of the CYCLE-ATTACK. In Stage 2, the robber R1 attempts to move clockwise (CW) around C̃ while the
robber R2 attempts to move counter-clockwise (CCW) around C̃.

If during Stage 2 the robbers R1 and R2 are both halted while failing to damage all the vertices of C̃,
Stage 3 starts. In Stage 3 the robbers R1 and R2 now swap their directions, R1 going CCW on C̃ and
R1 going CW on C̃ for the remainder of the CYCLE-ATTACK. If after that they again both stop their
rotational movement before all the vertices of C̃ are damaged, Stage 4 starts and the robber R3 comes
into play. Suppose that w.l.o.g. at that point the cop is closer to v2 than to v1. The robber R3 goes to v1,
and then for every i ∈ {1, . . . , ℓ} he attempts to move down the path Pi from v1 towards v2 for as long as
possible while staying cautious, returning to v1 between each two paths. Meanwhile, the robbers R1 and
R2 remain on the same task as in Stage 3. Once the robber R3 has executed this strategy for all the paths
Pi for i ∈ {1, . . . , ℓ}, Stage 4 and the whole CYCLE-ATTACK is concluded.

Lemma 2.7. Let C̃ be a great cycle of G (respectively G′). If there are at least three rob-
bers positioned at distance at least two from the cop’s position, then they can execute the strategy
CYCLE-ATTACK(C̃, R1, R2, R3) in finitely many moves without being caught.

Proof: Stage 1 can be completed by Lemma 2.6. If in Stage 2 the robbers R1 and R2 stop moving around
the cycle, that means that the cop is at distance at most two from each of them. Note that at most three
vertices of C̃ can be between them at that point.

Once Stage 3 starts the robbers R1 and R2 will clearly be able to meet each other on C̃ after changing
the orientation of their rotational movement. If after that they are both halted, at most three vertices on C̃
can remain undamaged. Note that from that point on, if the cop wishes to protect at least one of the three
remaining undamaged vertices of C̃, the cop must remain tied up within distance one from at least one of
those three vertices to the end of the CYCLE-ATTACK.

During Stage 4, as long as the cop remains at distance at most one to at least one undamaged vertex of
C̃ he will not be able to enter the neighborhood of v1 (assuming w.l.o.g. that v1 was chosen in Stage 4).
Hence, the robber R3 will be able to repeatedly find an unobstructed route to v1, before starting the
traverse for each of the paths Pi.

Clearly, the duration of each of the stages is limited and thus the CYCLE-ATTACK must conclude.

Lemma 2.8. If CYCLE-ATTACK(C̃, R1, R2, R3) is performed on G (respectively G′) for every great cycle
C̃, then all of its undamaged vertices are contained in the closed neighborhood of a single vertex.

Proof: Let us assume that CYCLE-ATTACK(C̃, R1, R2, R3) was performed on G or G′ for every great
cycle C̃.

Suppose first that a vertex x that is neither in N [v1] nor in N [v2] remains undamaged. Due to the
symmetry of the base graph w.l.o.g. we can assume that x ∈ V (P1). As the closed neighborhood of x
belongs to V (P1), the cop must have stayed on P1 in Stage 4 of every CYCLE-ATTACK(C̃, R1, R2, R3)
where C̃ contained P1. If during any of these implementations of Stage 4, the cop got to either u1 or w1,
then all the undamaged vertices of the base graph must be, respectively, either in N [u1] or in N [w1]. On
the other hand, if in all those implementations of Stage 4, the cop remained out of both N [v1] and N [v2],
then all the undamaged vertices of the base graph must be consecutive vertices of P1, at most three of
them, which are clearly within a closed neighborhood of a vertex.
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The case that remains to be considered is when all of the undamaged vertices are in N [v1] ∪ N [v2].
Clearly, it cannot be that there are undamaged vertices in both N [v1] and N [v2], as the cop cannot simul-
taneously be at both of the neighborhoods during the CYCLE-ATTACK’s. Hence, the undamaged vertices
are either all within N [v1] or all within N [v2].

We are now ready to prove the two main results of this section. The first one gives the lower bound in
Theorem 1.3. Recall that this theorem concerns the triangle-free setting.

Proposition 2.9. For all s ≥ 2, we have ∆′
s ≥

(
s
2

)
+ 2.

Proof: First, let s = 2. Consider the triangle-free graph G′ = Cn for some n ≥ 5. Then G′ has
maximum degree 2 =

(
s
2

)
+ 1. We need to show that for the game with s = 2 robbers and one cop, the

cop cannot save three vertices. Indeed, this is true: One robber can cautiously go clockwise, while the
other cautiously goes counterclockwise. At the end, both robbers are still alive while only three vertices
remain undamaged. Then one of the robbers sacrifice themselves to get caught, while the other damages
one additional vertex.

We now generalize this argument to all s > 2. We will show that s robbers have a strategy to damage
all but at most two vertices, when playing on the triangle-free graph G′ from Figure 1 with ℓ =

(
s
2

)
+ 1

paths.
If s > 2, an arbitrarily chosen three robbers R1, R2, R3 will first perform the

CYCLE-ATTACK(C̃, R1, R2, R3) for every great cycle C̃ of G′. By Lemma 2.8, all of the undam-
aged vertices are contained in the closed neighborhood of a single vertex. Lemma 2.7 ensures that the
three involved robbers will not be caught in the process, while the remaining robbers can clearly remain
cautious.

Let us first suppose that all the undamaged vertices are in the closed neighborhood of either v1 or v2,
w.l.o.g. assume they are all in N [v2]. That means there are at most

(
s
2

)
+ 2 undamaged vertices. For the

remainder of the game, the k robbers that are not captured yet repeatedly perform the following strategy
that we call ALL-OUT-ATTACK(k).

We start with the preparation phase, whose aim is to keep the cop occupied so that all of the robbers can
eventually reach v1. A great cycle C̃ containing two undamaged vertices ui and uj is chosen, and some
three robbers R1, R2, R3 perform the CYCLE-ATTACK(C̃, R1, R2, R3) on the cycle C̃. If they manage
to damage either ui and uj , the preparation phase is restarted with another great cycle. Note that such
restarts are possible as long as there are at least two undamaged vertices among u1, . . . , uℓ. Otherwise,
the only way that both ui and uj remain undamaged is that the cop occupies v2 and is surrounded by the
two robbers, say R1 and R2, that went around C̃.

The strategy continues with all the robbers, except R1 and R2 (who remain pinning the cop on v2),
gathering on v1. Again, if at any point the cop leaves v2 one of the two vertices ui and uj gets damaged
by either R1 or R2, the preparation phase is restarted. Otherwise, all the other robbers will manage to
gather on v1. Once that is done, R1 and R2 also move to v1 (which is possible, since the cop occupies
v2). Note that this way R1 and R2 maintain a distance of at least two from the cop.

Once all the robbers are on v1 the attack phase starts. Each of the robbers picks a different path Pi such
that ui is undamaged, and they simultaneously move down their picked paths towards ui. Even if a robber
gets within distance two from the cop, the robber proceeds towards ui risking getting caught. Each robber
that reaches its designated ui becomes cautious immediately, and the ALL-OUT-ATTACK(k) is complete.
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Note that in the preparation phase there are no caught robbers. Furthermore, each time a preparation
phase is restarted, at least one of the undamaged neighbors of v2 is damaged. Hence, the number of
restarts is limited.

Now during the attack phase with k robbers at most one robber gets caught, as once the cop catches one
robber performing the attack he cannot reach another one before the attack is complete and the remaining
robbers become cautious. That means that at least k−1 undamaged vertices in N [v2] get damaged during
the attack.

All in all, the ALL-OUT-ATTACK(k) will get completed for k = s, s − 1, . . . , 2, damaging at least
(s− 1) + (s− 2) + · · ·+1 =

(
s
2

)
undamaged vertices. That means all but

(
s
2

)
+2−

(
s
2

)
= 2 vertices are

damaged, and we are done.
In the case when all the undamaged vertices are in the closed neighborhood of a vertex x that is neither

v1 nor v2, the situation is much simpler. It is enough to perform an attack analogous to the all out attack
above, but with just two robbers on two internally disjoint paths towards x, and the number of undamaged
vertices will get reduced to 2.

In the following, we prove the lower bound in Theorem 1.4. Recall that this theorem is concerned with
the case of general, not necessarily triangle-free graphs.

Proposition 2.10. For all s ≥ 2, we have ∆s ≥ 2
(
s
2

)
− 3.

Proof: The statement trivially holds for s = 2 and s = 3, so from now on we can assume that s ≥ 4. We
will show that s robbers have a strategy to damage all but at most two vertices, when playing on G with
ℓ = 2

(
s
2

)
− 4, for which we have ∆(G) = 2

(
s
2

)
− 4.

An arbitrarily chosen three robbers R1, R2, R3 will first perform the CYCLE-ATTACK(C̃, R1, R2, R3)
for every great cycle C̃ of G. By Lemma 2.8, all of the undamaged vertices are contained in the closed
neighborhood of a single vertex. Lemma 2.7 ensures that the three involved robbers will not be caught in
the process, while the remaining robbers can clearly remain cautious.

Let us first suppose that all the undamaged vertices are in the closed neighborhood of either v1 or v2,
w.l.o.g. assume they are all in N [v2]. That means there are at most 2

(
s
2

)
− 3 undamaged vertices. From

that point on, the k robbers that are not captured yet repeatedly perform the following strategy that we call
ALL-OUT-ATTACK-2(k), until there are only three robbers left.

In the preparation phase a great cycle C̃ containing two undamaged vertices ui and uj is chosen,
and some three robbers R1, R2, R3 perform the CYCLE-ATTACK(C̃, R1, R2, R3) on the cycle C̃. If they
manage to damage either ui and uj , the preparation phase is restarted with another great cycle. Note
that such restarts are possible as long as there are at least three undamaged vertices among u1, . . . , uℓ.
Otherwise, the only way that both ui and uj remain undamaged is that the cop is pinned on v2 by the two
robbers, say R1 and R2, that went around C̃.

The strategy continues with all the robbers, except R1 and R2 (who remain pinning the cop on v2),
gathering on v1. Again, if at any point the cop leaves v2 one of the two vertices ui and uj gets damaged
by either R1 or R2, and the preparation phase is restarted. Otherwise, all the other robbers manage to
gather on v1. Once that is done, R1 and R2 also move straight towards v1, thus maintaining a distance of
at least two from the cop.

Once all the robbers are on v1 the attack phase starts. Each of the robbers picks a different pair of paths
P2i−1, P2i such that u2i−1 and u2i are not both damaged (one of them might have been damaged during
any of the previous preparation phases), and then they simultaneously move down P2i−1 towards u2i−1.
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Even if a robber gets within distance two from the cop, the robber proceeds towards u2i−1 risking getting
caught. Crucially, when a robber gets to distance one from the cop, he will not move onto the cop’s vertex
but rather wait, maintaining a distance one from the cop. If the cop does not get to the robber’s vertex
but decides to move towards v2, the robber will follow tightly at distance one. Every robber that gets to
u2i−1, then visits u2i and immediately after that gets cautious. Once all the robbers that are not caught in
the process complete this task, the ALL-OUT-ATTACK-2(k) is finished.

Note that in the preparation phase there are no caught robbers. Furthermore, each time a preparation
phase is restarted, at least one of the undamaged neighbors of v2 is damaged. Hence, the number of
restarts is limited.

Now during the attack phase with k robbers at most one robber gets caught, as once the cop catches
one robber performing the attack he cannot reach another one before the attack is complete and all the
remaining robbers became cautious. That means that at least k− 1 pairs of vertices in N [v2] get damaged
during the attack. (To be a bit more precise here, it is possible to associate to the attack phase k − 1 pairs
of vertices, such that different attack phases are associated with disjoint set of pairs, and after each attack
we can be sure that all vertices from the associated pairs are in a damaged state – either damaged before
or during that attack phase.)

All in all, the ALL-OUT-ATTACK-2(k) will get completed for k = s, s − 1, . . . , 4, damaging at least
2(s− 1) + 2(s− 2) + · · ·+ 2 · (4− 1) = 2

(
s
2

)
− 6 vertices. That means all but 2

(
s
2

)
− 3− 2

(
s
2

)
− 6 = 3

vertices are damaged.
The final three undamaged vertices are forming a triangle. The remaining three robbers can target

one undamaged vertex each, approaching them on three disjoint paths. If they remain cautions on the
approach, one more vertex will clearly get damaged, completing the proof in this case.

In the case when all the undamaged vertices are in the closed neighborhood of a vertex x that is neither
v1 nor v2, we again have a considerably simpler situation to analyze. No matter what vertex x is, at most
two coordinated attacks by three robbers towards the neighbors of x are needed to reduce the total number
of undamaged vertices to at most two.

3 Two cops and two robbers on paths and cycles
Here we study the game played by two cops against two robbers, on two particular families of graphs –
cycles and paths. Eventually, we provide the proofs of Theorem 1.5 and Theorem 1.6.

3.1 Tools
We start by proving several general results which will be utilized to establish the exact damage number
on paths and cycles. In all of them it is assumed that each of the cops and robbers has a certain starting
position, and either the cops or the robbers follow a certain behavior. Note that, as usual, the cops have
the first move.

Observation 3.1. If a cop and a robber are placed at the ends of a path of length γ, see Figure 2 (top),
and move towards each other each time step, then exactly ⌊γ/2⌋ vertices are damaged.

Proof: By case distinction whether γ is even or odd. Observe that if the robber enters a vertex and gets
caught immediately after, the vertex stays undamaged.
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γ

C R
dmg = bγ/2c

α

C1 C2R

β
dmg = bβ/2c
α ≤ β

R1 R2C

α β
dmg = b(2α+ β)/2c
α ≤ β

Figure 2: Positions of cops and robbers in Observation 3.1 and Lemmas 3.2 and 3.3 with α = 4 and β = 5 and
γ = 9. The number of damaged vertices equals ⌊γ/2⌋ = 4 in the first case, ⌊β/2⌋ = 2 in the second case, and
⌊(2α+ β)/2⌋ = 6 in the last case.

Lemma 3.2. We assume two cops and one robber play on a path, and their starting positions are such that
the robber starts between the two cops and has distance α and β to the two cops, respectively, see Figure 2
(middle).

If the cops move towards the robber each time step, then at most max{⌊α/2⌋, ⌊β/2⌋} vertices are
damaged. Furthermore, if α, β ̸= 1, then the robber can also achieve this bound.

Proof: Assume that from left to right we have the cop C1, the robber R and the cop C2. In every round,
the robber can make a left step, a right step, or pass his move and thereby remain on his vertex. Clearly,
passing offers no advantage since it results in a total damage that is lower. (Observe that even if the case
appears that the robber is surrounded by two cops and both a left step and a right step would enter a vertex
with a cop, passing the move still does not damage more vertices than moving.) Therefore we can assume
that every move of the robber is a left or a right step. We say that the robber turns around if he switches
direction from left to right, or from right to left in two successive rounds. We claim that in an optimal
strategy, the robber turns around either one or zero times. Indeed, it is easy to check that if the robber
would turn around two or more times, there is a strategy damaging the same number of vertices with less
turns.

Now assume the robber makes zero turns and goes left in every round. By Observation 3.1 exactly
⌊α/2⌋ vertices get damaged. Likewise, if the robber goes right, he will damage ⌊β/2⌋ vertices.

Finally, assume the robber makes c1 steps to the left, turns around, and makes c2 steps to the right
before getting caught. First, if c1 ≥ c2, then this strategy is dominated by the strategy to always move
left. Second, observe that if c1 < c2, then the robber damages exactly c2 vertices. However, while R
moved c1 vertices to the left, the cop C2 also moved c1 vertices to the left. Therefore, this strategy is
analogous to the strategy with zero turns. Hence exactly ⌊β/2⌋ vertices are damaged. Finally, if R first
goes to the right and then turns around to the left, by the same argument at most ⌊α/2⌋ vertices get
damaged.

To show that this bound can always be attained when α, β ̸= 1, observe that the robber can simply
check which of the α and β is larger, and move in the corresponding direction. However, if α = 1 or
β = 1, the closer cop immediately catches him (as the game always starts with a cop move).
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Lemma 3.3. Assume one cop and two robbers play on a path of length α + β, and their starting posi-
tions are such that the cop starts between the two robbers and has distance α and β to the two robbers,
respectively, with α ≤ β, see Figure 2 (bottom). Furthermore assume that the robbers move towards the
cop without ever stopping. If the cop plays optimally, then exactly ⌊(2α+ β)/2⌋ vertices are damaged.

Proof: We assume that from left to right we have the robber R1, the cop C and the robber R2 in this
order, and we assume that C has distance α to R1 and distance β to R2. As we assumed that the robbers
move towards the cop each time step, it is clear that the cop should either move first towards R1 to catch
it and then catch R2 afterwards, or the other way around. Let us first assume that the cop goes to catch
R1 before R2. We distinguish the case whether α is even or odd:
α is even: In this case, after α/2 cop moves, when the robber does his (α/2)-st move, the robber R1

steps onto the cop and is caught. This results in R1 damaging α/2 vertices in total. We can now ask
how many vertices did R2 damage? Note that C is α/2 left steps away from its starting position, so after
another α/2 right steps, C will be back at the starting position. We can apply Observation 3.1 to a path of
length 2 · α/2 + β, so we see that R2 damaged ⌊(α + β)/2⌋ vertices. As α/2 is an integer, together the
robbers damaged exactly ⌊(2α+ β)/2⌋ vertices.
α is odd: Consider the situation after (α − 1)/2 steps: In this situation, R1 and C are on adjacent

vertices. Now there seem to be two reasonable strategies for the cop: Either the cop could immediately
catch R1 and prevent R1 from damaging the vertex R1 is currently on. This way the cop would prevent
the robber from damaging a vertex, but would also move one unit away from the starting position. The
second option would be to pass for a single round, and let the robber R1 walk onto the cop. In this strategy,
robber R1 damages one more vertex, but C is one unit closer towards R2.

First we examine the strategy where R1 is caught immediately: There R1 damages (α− 1)/2 vertices.
Now C is (α + 1)/2 left steps away from the starting position. By an analogous argument as in the case
where α is even, the robber R2 damages ⌊(α+1+β)/2⌋ vertices before getting caught. Together, exactly
⌊(2α+ β)/2⌋ vertices are damaged.

Secondly, we examine the strategy where C passes for a single round. There R1 damages (α + 1)/2
vertices and R2 damages ⌊(α + β)/2⌋ vetrices (because Observation 3.1 is applied to a path of length
2 · (α− 1)/2 + 1 + β). In total, ⌊(2α+ β + 1)/2⌋ vertices are damaged. Hence we see that the strategy
of passing is inferior to the other strategy.

This concludes the case distinction. Finally, if C goes to catch R2 first, by symmetry we see that
⌊(2β + α)/2⌋ vertices are damaged. This is inferior to the strategy of catching R1 first. Therefore we
conclude that under optimal play by the cop, exactly ⌊(2α+ β)/2⌋ vertices are damaged.

3.2 Two cops and two robbers on a cycle

Here we investigate the damage number dmg(Cn; 2, 2) of the cycle Cn with two cops and two robbers.
Our goal is to eventually, in several steps, prove Theorem 1.5.

At first glance, one might think that the best strategy for t = 2 cops should be to initially position
themselves in such a way that the cycle is divided into two pieces of roughly equal length, but interestingly
that is not the case. Our analysis shows that the cops’ initial positions should divide the cycle into two
parts of length roughly n/3 and 2n/3 each. The rest of the section is devoted to establishing the exact
number dmg(Cn; 2, 2) for all n ≥ 4.
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Notation. We will encounter the same setting multiple times, so we establish a standard notation. In
this setting we have the cycle on n vertices, and the cops C1 and C2 have already chosen their starting
positions such that the cycle is divided into two paths PA and PB of length a and b, such that a+ b = n.
We always assume a ≤ b. W.l.o.g., the cycle is arranged so that we have in clockwise order the cop C1,
the path PA, the cop C2 and the path PB , see Figure 3. Let x0, . . . , xa be the a + 1 vertices of PA and
y0, . . . , yb be the b+ 1 vertices of PB in clockwise order, i.e., cop C1 starts at vertex x0 = yb and cop C2

starts at vertex y0 = xa. First the cops choose the starting position and hence the values of a and b. After
that, the robbers choose their starting position, followed by the cop’s first move.

yb = x0 x1

x2

xa−1

xa = y0

y1y2

yb−1

...

. . .

a

b

C1

C2

Figure 3: Notation used in Section 3.2

Lemma 3.4. Consider the cycle Cn for n ≥ 4. If the cops choose initial positions such that b ≥ 6, where
a, b are defined as above, see Figure 3, then the cops have a strategy to ensure that at most max{b −
3, ⌊(n+ a)/2⌋ − 3} vertices get damaged.

Proof: The two cops subdivide the cycle of length n = a + b into two paths PA, PB of length a and b
each. Note that the direction of clockwise and counterclockwise is defined on the cycle, and by extension
it is also defined on PA, PB . If both robbers choose to begin on the same path, then at most b− 3 vertices
are damaged (because the path PB has b + 1 vertices, and the four distinct vertices y0, y1, yb−1, yb can
never get damaged if the cops immediately move towards the robbers). Therefore we assume for the rest
of the proof that one robber RA starts on the path PA and one robber RB starts on the path PB , and we
prove that in this case at most ⌊(n+ a)/2⌋ − 3 vertices get damaged.

As soon as the game starts, the cops check whether a robber chose x1, xa−1, y1, or yb−1 as starting
position. In this case they immediately catch this robber and then both cops approach and catch the re-
maining robber. It is easy to see that this way at most ⌊b/2⌋ vertices get damaged (one can use Lemma 3.2
with α = 2, β = b). Using the assumption b ≥ 6 we have ⌊b/2⌋ ≤ b − 3. Therefore we can assume for
the remaining proof that no robber starts at one of those four vertices.

We distinguish two cases: when a is odd and when a is even.
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a is odd: The cops employ the following strategy. In Phase 1, cop C1 goes (a−1)/2 steps in clockwise
direction, while C2 goes (a− 1)/2 steps in counterclockwise direction. Observe that after this maneuver,
the cops are on adjacent vertices and so robber RA is caught. After this phase 2 starts, both cops turn
around and cop C1 goes in counterclockwise direction while cop C2 goes in clockwise direction until the
two cops meet again. We claim that the robbers damage at most ⌊(n+ a)/2⌋ − 3 vertices.

Robber RA gets caught after (a − 1)/2 cop moves, so he clearly damaged at most (a − 1)/2 − 1
vertices. How many vertices can RB damage before being caught? Consider the following change of
perspective: Instead of cops C1 and C2 first moving away from RB for (a − 1)/2 steps each in Phase 1
and then moving towards RB in Phase 2, we imagine they are located on the endpoints of a path of length
b + 4(a − 1)/2 = b + 2a − 2 and right away move towards RB . This way, after the initial (a − 1)/2
steps they will be at the same relative positions as they were right after Phase 1 (at distance n − 1, with
a robber between them), but during those initial (a− 1)/2 steps the robber has more freedom than in the
actual scenario. Hence, an upper bound for damage in the imagined setting is an upper bound for the
actual setting as well.

Now we can apply Lemma 3.2 in the imagined setting. Note that RB does not start on y1, yb−1 and so
the maximal distance RB can have from the endpoint of the path is (b − 2) + (a − 1) = n − 3. By the
lemma, RB damages at most ⌊(n − 3)/2⌋ vertices. Using the fact that (a − 1)/2 is an integer, we have
that the robbers combined cause at most (a− 1)/2− 1 + ⌊(n− 3)/2⌋ = ⌊(n+ a)/2⌋ − 3 damage.

a is even: The cops employ the following strategy. First, C1 moves a/2 − 1 steps clockwise and C2

moves a/2 − 1 steps anticlockwise. After this, cop C1 occupies vertex xa/2−1, cop C2 occupies vertex
xa/2+1 and it is possible that the robber RA could be waiting on xa/2, not moving. Which of the cops
should capture the robber? This is an important decision because the cop that does not capture the robber
can immediately move towards the other robber RB and capture RB one round earlier, preventing one
vertex from being damaged.

To resolve this issue, the cops consider the vertex vB which the robber RB chose as its initial starting
position. If vB = y2 or vB = y3, then C2 goes one step counter-clockwise and captures RA, and C1 also
goes one step counter-clockwise already heading towards the other robber. In all other cases C1 goes one
step clockwise and captures RA, and C2 also goes one step clockwise. After that, the two cops proceed
like in Case 1, i.e., cop C1 goes counter-clockwise and C2 goes clockwise until the remaining robber is
caught.

Because robber RA is caught after a/2 cop moves, it causes at most a/2−1 damage. How much damage
can RB cause? We again change our perspective and imagine a path consisting of the concatenation of
the three paths Q1 and PB and Q2, where in the case vB ∈ {y2, y3} the path Q1 has length 2a − 2 and
path Q2 has length 2a, and in all other cases path Q1 has length 2a and path Q2 has length 2a − 2. The
path PB is as previously defined.

We can imagine that cop C1 is at the far end of Q1 and the cop C2 is at the far end of Q2 and they are
both moving towards the robber RB . As in the previous case, it is straightforward to conclude that an upper
bound obtained in this imagined situation will be an upper bound for the actual situation. We now apply
Lemma 3.2 to give a bound on the number of vertices damaged by RB . For every i ∈ {2, . . . , b− 2}, we
consider the case where vB = yi and we let d1(i) in this case denote the distance of the robber’s starting
position vB to the cop C1 on the new path (Q1, PB , Q2). Let d2(i) be defined analogously for cop C2.
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We then have

d1(i) =

{
b− i+ a− 2, if i ∈ {2, 3}
b− i+ a, otherwise,

d2(i) =

{
i+ a, if i ∈ {2, 3}
i+ a− 2, otherwise.

Furthermore, by Lemma 3.2, the robber RB damages at most max{⌊d1(i)/2⌋, ⌊d2(i)/2⌋} vertices. We
claim that both ⌊d1(i)/2⌋, ⌊d2(i)/2⌋ ≤ ⌊n/2⌋ − 2, for all values of i. Indeed, observe that in the cases
i = 4, . . . , b− 2, we have

d1(b− 2) ≤ · · · ≤ d1(4) = b− 4 + a = n− 4,

d2(4) ≤ · · · ≤ d2(b− 2) = a+ b− 4 = n− 4.

Note that d2(b−2) = a+b−4, because b−2 ≥ 4, by assumption on b. Furthermore in the cases i = 2, 3,
we have

d1(3) ≤ d1(2) = b− 2 + a− 2 = n− 4,⌊
d2(2)

2

⌋
≤

⌊
d2(3)

2

⌋
=

⌊
a+ 3

2

⌋
≤

⌊
n− 4

2

⌋
.

Note that the last inequality is true, because in the case b ≥ 7 we have a + 3 ≤ n − 4, while in the case
b = 6, we have a+ 3 ≤ n− 3, but also n is even and so ⌊(n− 3)/2⌋ = ⌊(n− 4)/2⌋. In total, robber RB

causes at most ⌊(n− 4)/2⌋ damage, and both robbers combined cause at most a/2− 1 + ⌊(n− 4)/2⌋ =
⌊(n+ a)/2⌋ − 3 damage. This concludes the proof.

We note that if the assumption b ≥ 6 is dropped from the lemma statement, then it is not true anymore.
Indeed, in the case b = 5 and a = 4, a clever robber RB can start on vertex y2 and observe which cop C1

or C2 catches RA to adjust its direction accordingly. This way, the two robbers damage ⌊(n+ a)/2⌋ − 2
vertices.

Lemma 3.5. For all n ≥ 9, the cops have a strategy ensuring that at most ⌊2n/3 + 1/2⌋ − 3 vertices get
damaged. In other words, dmg(Cn; 2, 2) ≤ ⌊2n/3 + 1/2⌋ − 3 for n ≥ 9.

Proof: The idea is that the cops position themselves to divide the cycle into parts of size roughly 1/3 and
2/3. The exact size depends on whether n = 0, 1, 2 (mod 3).

Case 1: n = 3k for some k ∈ N, k ≥ 3.
We have ⌊2n/3 + 1/2⌋ − 3 = 2k − 3. The cops choose initial positions such that a = k and b =
2k, then b ≥ 6, and Lemma 3.4 is applicable, and hence the number of damaged vertices is at most
max{b− 3, ⌊(n+ a)/2⌋ − 3} = max{2k − 3, 2k − 3} = 2k − 3.

Case 2: n = 3k + 1 for some k ∈ N, k ≥ 3.
We have ⌊2n/3 + 1/2⌋ − 3 = 2k − 2. The cops choose initial positions such that a = k + 1 and
b = 2k, then b ≥ 6, and Lemma 3.4 is applicable, and hence the number of damaged vertices is at most
max{b− 3, ⌊(n+ a)/2⌋ − 3} = max{2k − 3, ⌊(4k + 2)/2⌋ − 3} = max{2k − 3, 2k − 2} = 2k − 2.
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Case 3: n = 3k + 2 for some k ∈ N, k ≥ 3.
We have ⌊2n/3 + 1/2⌋ − 3 = 2k − 2. The cops choose initial positions such that a = k + 1 and
b = 2k + 1, then b ≥ 6, and Lemma 3.4 is applicable, and hence the number of damaged vertices is at
most max{b−3, ⌊(n+a)/2⌋−3} = max{2k−2, ⌊(4k+3)/2⌋−3} = max{2k−2, 2k−2} = 2k−2.

Lemma 3.6. For all n ≥ 6, the robbers have a strategy ensuring that at least ⌊2n/3 + 1/2⌋ − 3 vertices
get damaged. In other words, dmg(Cn; 2, 2) ≥ ⌊2n/3 + 1/2⌋ − 3 for n ≥ 6.

Proof: The robbers have two principal strategies. By Strategy I, they start at vertices y2 and yb−2 and
walk towards each other to damage most of the path PB . Under the assumption b ≥ 3, this way b − 3
vertices are damaged. The second one, denoted by Strategy II, is for robber RA to start at x2 and walk
clockwise without ever stopping while robber RB starts at yb−2 and walks counterclockwise without ever
stopping. As the robbers do not ever stop and both run away from cop C1, it is clear that C1 can never
catch any robber and cop C2 has to catch both robbers (as it is safe to assume that the two cops do not
cross over each other).

Therefore, under the assumption a, b ≥ 2, we have that Lemma 3.3 is applicable with α = a − 2 and
β = b− 2, and hence the number of damaged vertices is ⌊(2a+ b− 6)/2⌋ = ⌊(n+ a)/2⌋ − 3. We now
make a case distinction whether n = 0, 1, 2 (mod 3).

Case 1: n = 3k for some k ∈ N, k ≥ 3.
We have ⌊2n/3 + 1/2⌋ − 3 = 2k − 3. The robbers observe the cops. If b ≥ 2k, they use Strategy I.
This damages at least 2k − 3 vertices. Otherwise, we have b ≤ 2k − 1, a ≥ k + 1 and the robbers use
Strategy II. This damages at least ⌊(n+ a)/2⌋ − 3 = ⌊(3k + k + 1)/2⌋ − 3 = 2k − 3 vertices.

Case 2: n = 3k + 1 for some k ∈ N, k ≥ 3.
We have ⌊2n/3+1/2⌋−3 = 2k−2. The robbers observe the cops. If b ≥ 2k+1, they use Strategy I. This
damages at least 2k − 2 vertices. Otherwise, we have b ≤ 2k, a ≥ k + 1 and the robbers use Strategy II.
This damages at least ⌊(3k + 1 + k + 1)/2⌋ − 3 = 2k − 2 vertices.

Case 3: n = 3k + 2 for some k ∈ N, k ≥ 3.
We have ⌊2n/3+1/2⌋−3 = 2k−2. The robbers observe the cops. If b ≥ 2k+1, they use Strategy I. This
damages at least 2k − 2 vertices. Otherwise, we have b ≤ 2k, a ≥ k + 2 and the robbers use Strategy II.
This damages at least ⌊(3k + 2 + k + 2)/2⌋ − 3 = 2k − 1 vertices.

Lemma 3.7. For n ∈ {4, 5, 6, 7, 8}, we have dmg(C7; 2, 2) = ⌊2n/3 + 1/2⌋ − 3.

Proof: Using a few case distinctions, it is easy to verify dmg(C4; 2, 2) = 0, dmg(C5; 2, 2) = 0, and
dmg(C6; 2, 2) = 1. Consider n = 7. By Lemma 3.6, the robbers have a strategy to damage two vertices.
On the other hand, the cops have the following strategy to prevent more than two damaged vertices: They
choose a = 3, b = 4. If both robbers start on the same path, they cause at most b − 3 = 1 damage. If
one robber starts on path PA and the other on PB , note that because a = 3, one of the robbers is on a
vertex directly next to a cop. This cop can immediately catch the robber. The other robber causes at most
⌊b/2⌋ = 2 damage, because of Lemma 3.3 applied with α = 2, β = b. This shows dmg(C7; 2, 2) = 2.

Finally consider the case n = 8. By Lemma 3.6, the robbers have a strategy to damage two vertices.
On the other hand, the cops can choose a = 3, b = 5. Again we have a = 3, so by an analogous
argument, the damage the robbers cause is either at most b − 3 = 2, or at most ⌊b/2⌋ = 2. This shows
dmg(C8; 2, 2) = 2.



On the multi-robber damage number 17

Theorem 1.5 follows directly from Lemma 3.5, Lemma 3.6 and Lemma 3.7.

3.3 Two cops and two robbers on a path
We now consider the damage number dmg(Pn+1; 2, 2) of a path on n edges with two cops and two
robbers. We believe that with a more rigorous analysis the exact value of this number could be determined,
with meticulous calculations similar to the ones performed in the previous subsection. In order not to
overload the paper with technicalities we choose to prove only bounds that are an additive constant away.

We prove Theorem 1.6 in two steps, first providing a strategy of the cops to protect roughly n/3 vertices,
and then providing a matching strategy of the robbers, damaging roughly 2n/3 vertices. This suffices to
show the theorem.

Lemma 3.8. For all n ≥ 1, we have dmg(Pn+1; 2, 2) ≤ 2n/3.

Proof: The cops choose their starting positions such that the path is divided into roughly three equal parts,
and after that they never move again. Since the robbers can not pass a cop, no matter where they start, at
most 2n/3 of the vertices are accessible for them to damage.

Lemma 3.9. We have dmg(Pn+1; 2, 2) ≥ 2n/3−Θ(1), when n tends to infinity.

Proof: The robbers observe the initial placement C1, C2 of the cops, which divide the path into three seg-
ments, PA, PB , PC , of length a, b, c, respectively, such that from left to right we have PA, C1, PB , C2, PC

in that order, and a+b+c = n. By symmetry, we can assume that a ≤ c, so we will make that assumption
for the rest of the proof. We list a set of potential strategies for the robbers, depicted in Figure 4.

a C1 C2b c

R2R1

a C1 C2

R2

b c

R1

a C1 C2b c

R2R1

Figure 4: Strategies I, II and III (from top to bottom), used by the robbers in Lemma 3.9.

In Strategy I, robber R1 initially lands directly right of C1 (at a distance of 2) and moves right after-
wards, and robber R2 positions himself directly left of C2 (at a distance of 2) and moves left afterwards.
Strategy I ensures the robbers at least b−Θ(1) damage.
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In Strategy II, robber R1 initially lands directly left of C1 (at a distance of 2) and moves left afterwards,
and robber R2 positions himself directly right of C2 (at a distance of 2) and moves right afterwards.
Strategy II ensures the robbers at least a+ c−Θ(1) damage.

In the case of either a + c ≥ 2n/3 or b ≥ 2n/3, the lemma is thus proven. Hence we can assume for
the rest of the lemma that both a+ c < 2n/3 and b < 2n/3. In this case, the robbers employ Strategy III,
which is defined as follows.

Robber R1 positions himself directly right of C1, at a distance of two, and moves right afterwards.
However, Robber R2 has a more complex task. Initially he lands directly right of C2 at a distance 2,
and tries to follow the movements of C2, “shadowing” him. That is, if C2 takes a step to the right (left,
respectively), then R2 also takes a step to the right (left, respectively), thus maintaining the distance 2. He
continues this behavior until he is either forced into the right end of the path and caught by C2, or until
R1 and C2 meet. If R1 and C2 meet, then R2 changes his behavior and starts moving right for as long as
possible.

We claim that under our assumptions Strategy III surely damages roughly 2n/3 vertices. Indeed, con-
sider first the case that the cop C2 has as first priority to catch R1. Knowing that R2 is shadowing him,
and because R2 is not caught before R1, we have that the robbers damage b+ c−Θ(1) ≥ 2n/3−Θ(1)
vertices. Here the previous calculation follows due to a ≤ c and a + c < 2n/3, hence a < n/3 and
b+ c > 2n/3.

In the final case we consider what happens if C2 goes to catch R2 first. Note that it takes C2 a total
number of 2c steps to catch R2 and return to his starting position afterwards. Hence if 2c ≥ b, again the
robbers damage b+ c−Θ(1) vertices, so we are done.

Lastly, if 2c < b, then robber R1 only damages b′ vertices for some 0 ≤ b′ < b. (And robber R2 still
damages c vertices.) This b′ satisfies b′ = 2c + (b − b′), since both R1 and C2 take the same number of
steps until they meet, implying b′ = c+ b/2, so the total damage is 2c+ b/2. Now, note that since a ≤ c
we have b = n− a− c ≥ n− 2c. Hence we have n− 2c ≤ b < 2n/3, which implies c > n/6. We come
to the conclusion that up to Θ(1) vertices, the total damage is at least

2c+ b/2 ≥ 2c+
n− 2c

2
= c+

n

2
>

2n

3
.

We conclude that in all cases, one of the three described strategies ensures that the robbers can damage
at least 2n/3−Θ(1) vertices.

4 Conclusion
We studied a variant of Cops and Robbers on graphs in which the robbers damage the visited vertices. Our
initial interest was with the game with one cop against s robbers, and particularly the conjecture from [4]
stating that the cop can save three vertices from damage as soon as the maximum degree of the base graph
is at least

(
s
2

)
+ 2. We verified the conjecture and proved that it is tight with an additional assumption

that the base graph is triangle free. However, without that assumption, while we were able to disprove
the conjecture and provide bounds an additive constant away, the exact number remains out of our reach,
leaving an enticing open problem.

Furthermore, we initiated the study of the same game with two cops and two robbers. We deter-
mined exactly the damage number dmg(Cn; 2, 2) when the game played on a cycle, and gave bounds for
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dmg(Pn+1; 2, 2) an additive constant away for the game on a path. It would be interesting to determine
the damage number for any other families of base graphs.

We note that, all in all, the game has been studied with one cop against a number of robbers, one robber
against a number cops, and in the two-against-two setting. To our knowledge there are no results covering
any other pairs of cardinalities of the cops and robbers teams.
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