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For integers k, g, d, a (k; g, d)-cage (or simply girth-diameter cage) is a smallest k-regular graph of girth g and
diameter d (if it exists). The order of a (k; g, d)-cage is denoted by n(k; g, d). We determine asymptotic lower and
upper bounds for the ratio between the order and the diameter of girth-diameter cages as the diameter goes to infinity.
We also prove that this ratio can be computed in constant time for fixed k and g.

We theoretically determine the exact values n(3; g, d), and count the number of corresponding girth-diameter cages,
for g ∈ {4, 5}. Moreover, we design and implement an exhaustive graph generation algorithm and use it to determine
the exact order of several open cases and obtain – often exhaustive – sets of the corresponding girth-diameter cages.
The largest case we generated and settled with our algorithm is a (3; 7, 35)-cage of order 136.

Keywords: cage problem, degree diameter problem, extremal graphs, generation algorithm.

1 Introduction
In this paper, we study girth-diameter cages, a concept recently introduced by Araujo-Pardo et al. [1], which
is closely related to the Cage Problem and also has connections to the Degree Diameter Problem. These
are two important problems in the area of extremal graph theory. We first introduce these two problems
before discussing girth-diameter cages.

Given integers k ≥ 2, g ≥ 3, the Cage Problem asks for the minimum order of a k-regular graph of girth
g (denoted by n(k, g)) and the corresponding graphs (called (k, g)-cages). This problem started receiving
a lot of attention after Sachs [16] proved that k-regular graphs with girth g (called (k, g)-graphs) exist for
every value of k ≥ 2 and g ≥ 3. The exact value of n(k, g) has only been determined for a few infinite
families and for some specific small pairs (k, g) (mainly using clever algorithmic searches [7]), but remains
wide open for many pairs (k, g). Apart from some exceptional cases, the best upper bounds on n(k, g)
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are given by an explicit construction due to Lazebnik, Ustimenko and Woldar [11]. The state of the art as
such tells us that M(k, g) ≤ n(k, g) ≤ C ·M(k, g)3/2 for some constant C, where M(k, g) denotes the
well-known Moore bound (also presented later in (1)) for k-regular graphs of girth g.

The Degree Diameter Problem asks for the order of the largest graph of given maximum degree ∆ and
diameter d (denoted by n′(∆, d)) as well as the corresponding graphs. The Cage Problem and the Degree
Diameter Problem are connected through the Moore bound, which simultaneously gives a lower bound for
n(k, g) as well as an upper bound for n′(∆, d).

For more detailed information, we refer the interested reader to the Dynamic Cage Survey by Exoo
and Jajcay [7] on the Cage Problem and to the excellent survey by Miller and Širáň [15] on the Degree
Diameter Problem.

A (k; g, d)-graph is a k-regular graph of girth g and diameter exactly d. Analogously to the classical
cage problem, a smallest (k; g, d)-graph is called a (k; g, d)-cage (or simply a girth-diameter cage if the
values of k, g and d are not specified) and its order is denoted by n(k; g, d). The authors of [1] mainly
studied the case n(k; 5, 4). We will be interested in the exact determination of n(k; g, d) for certain specific
tuples (k, g, d) as well as determining the smallest real number f(k, g) such that, as the diameter d goes to
infinity, we have n(k; g, d) ≤ f(k, g)d+ Ok,g(1). Here, Ok,g(1) is a constant depending only on k and
g. In cases where the exact determination of f(k, g) or n(k; g, d) is not possible, we will be interested in
lower and upper bounds instead.

Our main theorem can be stated as follows and is proven in Section 2.

Theorem 1 For all integers k, g ≥ 3, we have M(k,g)
g ≤ f(k, g) and f(k, g) ≤ n(k,g)

g . Moreover, neither
of the two bounds are sharp for all pairs (k, g).

The exact value of n(k; g, d) is open for most cases except for some notable examples from the
literature that were already known (and are implied by our result). When the girth equals 4, using
n(k, 4) = M(k, 4) = 2k, Theorem 1 implies that n(k; 4, d) = k

2d+Ok(1), which is already known by [6,
Thm. 2] (it is stated for K3-free graphs). Also without girth condition, up to the Ok(1) term, sharpness of
the ratio M(k,3)

3 = k+1
3 was already known by classical results in [6], and made precise by [10].

Note that if a (k, g)-Moore graph exists, i.e., M(k, g) = n(k, g), then n(k; g, d) is determined up to a
constant by Theorem 1. This is the case when g ∈ {3, 4}, g = 5 and k ∈ {2, 3, 7} and possibly k = 57
(the existence of such a Moore graph is a famous open problem [7]), and g ∈ {6, 8, 12} for some values of
k (e.g. when k − 1 is a prime power). So the smallest cases (for k resp. g) for which the bounds are not
asymptotically determined, are (k, g) ∈ {(3, 7), (4, 5)}. We will study these pairs in Section 4.

We also prove in Section 3 that for all integers k, g ≥ 3, determining f(k, g) is a task that requires only
finitely many computations(i).

Theorem 2 For all integers k, g ≥ 3, one can compute f(k, g) in Ok,g(1) time.

In Section 4, we compute several previously unknown values of n(k; g, d), starting with the theoretical
determination of n(3; 4, d) and n(3; 5, d), as well as the number of corresponding girth-diameter cages.
Additionally, we design and implement an exhaustive generation algorithm for (k; g, d)-graphs. This
allowed us to determine the values of n(k; g, d) for 107 new triples (k, g, d) and the corresponding
(k; g, d)-cages (often exhaustive). The results derived from the computations are listed in Appendix B.

Finally, in Section 5 we conclude with some further observations and open questions, in particular a
question relating (k; g, d)-cages to the conjecture that every even girth (k, g)-cage is bipartite.
(i) We remark that this is mainly of theoretical importance, since for many (k, g) this finite number is extremely large.
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2 Proof of Theorem 1
In this section, we prove Theorem 1 in three parts separately. First, we prove a lower bound M ′(k; g, d)

on n(k; g, d) in Proposition 1 which implies that M(k,g)
g ≤ f(k, g). As a side result, we also prove a

better lower bound M ′′(k; g, d) for d ≤ g where g is even, i.e., g = 2t ≥ 4 for some t, in Proposition 2.
The proofs of these lower bounds contain the underlying ideas for the generation algorithm described in
Subsection 4.2. Second, we prove f(k, g) ≤ n(k,g)

g in Proposition 3. Third, we prove that neither of the
two bounds on f(k, g) are sharp for all pairs (k, g) in Proposition 4.

Recall the Moore bound M(k, g), defined by

n(k, g) ≥M(k, g) =

{
1 + k

∑t−1
i=0(k − 1)i for g = 2t+ 1

2
∑t−1

i=0(k − 1)i for g = 2t.
(1)

This bound is obtained by realising that for any vertex u in a (k, g)-graph, there cannot be an edge
between two vertices v and w if the sum of the distance between u and v and between u and w is strictly
smaller than g − 1. Hence, locally around every vertex u in a (k, g)-graph, the graph looks like a tree
of order M(k, g) (and we call this tree a Moore tree). We will furthermore split M(k, 2t + 1) in the
sum of the sizes of even and odd neighbourhoods towards the center of the Moore tree; M(k, 2t+ 1) =
M0(k, 2t+ 1) +M1(k, 2t+ 1), where

M0(k, 2t+ 1) = 1 + k

⌊ t−2
2 ⌋∑

i=0

(k − 1)2i+1 and M1(k, 2t+ 1) = k

⌊ t−1
2 ⌋∑

i=0

(k − 1)2i.

Note that it is usually only defined for k ≥ 2 and g ≥ 3, but we allow the formula to be interpreted for
any g > 0 and further define M(k, g) = 0 for every g ≤ 0.

In Proposition 1, we give a lower bound for n(k; g, d), which we denote by M ′(k; g, d) in analogy to
this. For certain values, this lower bound will turn out to be exact (see Section 4). A direct corollary of this
theorem is that f(k, g) ≥ M(k,g)

g .

Proposition 1 Suppose k ≥ 3, g ≥ 3, d ≥ t := ⌊g/2⌋, then n(k; g, d) ≥M ′(k; g, d), where

M ′(k; g, d) =


M(k, g) +M(k, 2d− 2t− 1) for t ≤ d ≤ 2t,

(r + 2)M(k, g) +M(k, s) for
d = 2t+ 1 + rg + s with
r ≥ 0, s ∈ {0, . . . , g − 1}

Proof: Let G be a (k; g, d)-graph of order n = n(k; g, d) and let u, v be two vertices for which d(u, v) =
d = diam(G).

We define the neighbourhoods Ni := Ni(u) = {w ∈ V (G) | d(u,w) = i}. It holds that |V (G)| =∑d
i=0 |Ni|. Since G is a (k, g)-graph, we claim that

t∑
i=0

|Ni| ≥M(k, g). (2)
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To see this, note that if g is odd, ∪0≤i≤tNi spans a (supergraph of a) k-ary tree of order M(k, g), as one
can see by taking a rooted tree starting from u with height t, i.e., by considering a (k, g)-Moore tree rooted
at the vertex u. If g is even, the claim follows by considering ∪1≤i≤t−1 (Ni(u) ∪Ni(z)) ⊆ ∪0≤i≤tNi(u)
for a neighbour z of u, i.e., by considering a (k, g)-Moore tree rooted at the edge uz.

We now deal with the case t ≤ d ≤ 2t. Similarly, by considering a rooted subtree in v of height d− t−1,
one concludes that

d−t−1∑
i=0

|Nd−i| ≥M(k, 2(d− t)− 1).

Hence, for t ≤ d ≤ 2t, we obtain |V (G)| ≥M(k, g) +M(k, 2(d− t)− 1).
Henceforth, we focus on the other case. Let G′ be a (k; g, d)-graph with d = 2t + 1 + rg + s where

r ≥ 0, s ∈ {0, . . . , g − 1}. For every 1 ≤ j ≤ g and for every 0 ≤ q ≤ d − j, similarly as before, we
conclude that

∑j
i=1 |Nq+i| ≥M(k, j), by considering rooted subtree(s) from a vertex w ∈ Nq+⌈ j

2⌉ if j is
odd, or edge xy ∈ Nq+ j

2
×Nq+ j

2+1 if j is even. Hence, the theorem follows since

|V (G′)| =
t∑

i=0

|Ni|+
r−1∑
l=0

g∑
i=1

|Nt+lg+i|+
s∑

i=1

|Nt+rg+i|+
t∑

i=0

|Nd−i|

≥M(k, g) + rM(k, g) +M(k, s) +M(k, g)

= (r + 2)M(k, g) +M(k, s).

2

When the girth g is even, and d ≤ g, the above bounds can be sharpened.

Proposition 2 Suppose k ≥ 3 and d ≤ g = 2t ≥ 4, then n(k; g, d) ≥M ′′(k; g, d), where

M ′′(k; g, d) = M(k, g) + 2max{M0(k, 2d− 2t− 1),M1(k, 2d− 2t− 1)}.

Furthermore, this bound can only be attained by bipartite graphs.

Proof: Let u, v be vertices satisfying d(u, v) = d. Since ∪t−1
i=0Ni(u) and ∪t−1

i=0Ni(v) span a tree, we can
deduce that in each case (depending on d (mod 2) and t (mod 2)) the following neighbourhoods form an
independent set (and so does their union, since distances between vertices of different neighbourhoods are
at least two)

(N1(u) ∪N3(u) ∪ . . . ∪Nt−1(u)) ∪ (N1(v) ∪N3(v) ∪ . . . ∪Nd−t−1(v)) ,

(N1(u) ∪N3(u) ∪ . . . ∪Nt−1(u)) ∪ (N0(v) ∪N2(v) ∪ . . . ∪Nd−t−1(v)) ,

(N0(u) ∪N2(u) ∪ . . . ∪Nt−1(u)) ∪ (N0(v) ∪N2(v) ∪ . . . ∪Nd−t−1(v)) ,

(N0(u) ∪N2(u) ∪ . . . ∪Nt−1(u)) ∪ (N1(v) ∪N3(v) ∪ . . . ∪Nd−t−1(v)) .

Since the graph needs to be k-regular, its order is at least two times the independence number (and
equality implies the bipartiteness), which is at least the sum of sizes of the corresponding neighbourhoods
listed above. Here M(k, g) = 2Mε(k, 2t − 1) for ε ∈ {0, 1} satisfying 2 ∤ t + ε (ε ≡ t − 1 (mod 2)).
This can be concluded from the fact that if M(k, g) would be attained, the extremal graph is bipartite and
regular, but also from direct verification where one uses k = 1 + (k − 1). 2
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Corollary 1 Suppose k ≥ 3, g ≥ 3, d ≥ t := ⌊g/2⌋, then n(k; g, d) ≥M(k; g, d), where

M(k; g, d) =

{
M ′′(k; g, d) for d ≤ g = 2t,

M ′(k; g, d) otherwise.

Note here that M ′′(k; g, d) ≥ M ′(k; g, d) for all t ≤ d ≤ g = 2t ≥ 4, since M(k, 2d − 2t − 1) =
M0(k, 2d− 2t− 1) +M1(k, 2d− 2t− 1) ≤ 2max{M0(k, 2d− 2t− 1),M1(k, 2d− 2t− 1)}.

We now discuss a construction leading to an infinite family of (k, g)-graphs for which the ratio between
the order and the diameter tends to n(k,g)

g as the diameter of the graph tends to infinity.

Proposition 3 For all integers k, g ≥ 3, we have f(k, g) ≤ n(k,g)
g .

Proof: Let M be a (k, g)-cage of order n(k, g).
If k is even, let M ′ be the graph obtained by removing a vertex u (disjoint from at least one shortest

cycle of M ), adding two vertices v and w and adding edges between v and 2 of the initial neighbours of u
and edges between w and the k− 2 remaining initial neighbours of u. Let r ≥ 1 be an integer and consider
the graph M ′

r obtained by taking r copies of M ′ (where vertices in copy i receive the subscript i) and
identifying vi with wi−1 for each 2 ≤ i ≤ r. Note that |V (M ′

r)| = r|V (M)| + 1, that M ′
r has girth g,

that the distance between v1 and wr is at least gr and that every vertex in M ′
r has degree k, except for v1

(having degree 2) and wr (having degree k − 2). Let G′ be the graph obtained by taking a (k, g + 2)-cage,
removing a vertex x, removing an edge yz where y was initially a neighbour of x and adding a matching
of size k/2 between the vertices of degree k − 1. Note that G′ has girth at least g and all vertices have
degree k, except for y (having degree k − 2). We can complete M ′

r to a (k, g)-graph G′′ by identifying y
with v1 and adding another copy of M with one edge subdivided, and identifying this additional vertex (of
degree 2) with wr. Now G′′ is k-regular, the diameter of G′′ is at least as large as the diameter of M ′

r, G′′

has girth g and for r tending to infinity, the ratio of its order and diameter tends to n(k,g)
g .

If k is odd, let M ′ be the graph obtained by removing an edge vw (disjoint from at least one shortest
cycle) from M . Let r ≥ 1 be an integer and consider the graph M ′

r obtained by taking r copies of M ′

and adding an edge between vi and wi−1 for each 2 ≤ i ≤ r. Now |V (M ′
r)| = r|V (M)|, M ′

r has girth
equal to g, the distance between v1 and wr is at least gr − 1 and each vertex in M ′

r has degree k, except
for v1 and wr, which each have degree k − 1. Let G′ be the graph obtained by taking a (k, g + 1)-cage,
removing a vertex x and adding a matching of size k−1

2 between k − 1 of the initial neighbours of x (so
G′ has girth at least g and all vertices, except for an initial neighbour y of x, have degree k). Let G′′ be
the graph obtained by taking M ′

r, taking two copies G′
1 and G′

2 of G′, adding an edge between y1 and v1
and an edge between y2 and wr. Again, G′′ is a k-regular graph with girth g for which the ratio between
its order and diameter tends to n(k,g)

g as r tends to infinity. An illustration of this is presented in Fig. 1.
Here the matching of order (3− 1)/2 = 1 in G′ is the dashed line, and dotted lines are used for the edge
connecting M ′

r and G′, as well as the edges viwi−1. 2

Next, it is natural to wonder whether for all integers k, g ≥ 3, we have f(k, g) = M(k,g)
g or f(k, g) =

n(k,g)
g . We will show that this is not the case.

Proposition 4 Neither of the two bounds M(k,g)
g ≤ f(k, g) and f(k, g) ≤ n(k,g)

g are sharp for all pairs
(k, g).
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y1 y2v1 w3

Figure 1: Illustration of the construction in Proposition 3 for (k, g) = (3, 4) and r = 3.

Proof: Let G be a large enough (to be determined later) (3; 7, d)-cage, let u, v ∈ V (G) be such that
d(u, v) = d = diam(G) and define Ni := {w ∈ V (G) | d(u,w) = i}. If f(3, 7) = M(3,7)

7 = 22
7 , then

there exists an integer c1 such that |Ni|+ |Ni+1|+ . . .+ |Ni+6| = 22 for all i ∈ {0, 1, . . . , d− 6} except
for at most c1 choices of i. Therefore, we may assume that there exists some i ∈ {0, 1, . . . , d− 13} such
that |Ni|+ |Ni+1|+ . . .+ |Ni+6| = 22, |Ni+1|+ |Ni+2|+ . . .+ |Ni+7| = 22, . . ., |Ni+7|+ |Ni+7+1|+
. . . + |Ni+7+6| = 22 (by choosing G large enough in terms of c1). Since the sums are all equal to 22,
we have for every j ∈ {0, . . . , 6} that |Ni+j | = |Ni+j+7|, i.e. the neighbourhood sizes are repetitive. By
the pigeonhole principle, there exists some j ∈ {0, . . . , 6} such that |Ni+j | ≤ 3. If |Ni+j | = 1, then
|Ni+j+7| = 1. Let G′ be the graph induced by Ni+j ∪ . . . ∪ Ni+j+7. By identifying u ∈ Ni+j with
v ∈ Ni+j+7, we would obtain a (3, 7)-graph of order 22, which is impossible since n(3, 7) = 24 > 22.
If |Ni+j | = 2 or |Ni+j | = 3, then we checked that this substructure is again impossible, by computer
verification (more precisely, by exhaustively generating graphs) based on this condition and the 7 next
neighbourhoods. Details of the computer verification can be found in Appendix A. So we conclude that
f(3, 7) > 22

7 .
For (k, g) = (4, 7), there is a graph G with girth 7, order 76, with all vertices having degree 4 except

for 2 which have degree 2 and are distance 8 apart (see Fig. 2, it is derived from the data set from [9]).
This graph is made publicly available on the House of Graphs [5], as the graph with HoG-id 54041(ii).
By letting M ′ = G in the proof of Proposition 3 and using the construction described therein, we obtain
f(4, 7) ≤ 75

8 < n(4,7)
7 = 67

7 . 2

Together, Propositions 1 to 4 yield Theorem 1.

3 Proof of Theorem 2
We now define the notion of a repeatable graph (this notion is based on a similar notion as discussed in [4],
but slightly adjusted to fit the precise context of the current paper). We will define this notion in such a way
that every repeatable graph (with respect to k and g) gives rise to an upper bound on f(k, g).

Definition 1 Let G be a graph and let N0 ⊂ V (G) be a subset of vertices. For all i ≥ 1, define
Ni = Ni(N0) := {v ∈ V (G) | minu∈N0

(d(u, v)) = i}. Let d be the largest integer for which Nd is non-
empty. For integers k and g, we call a graph G induced by consecutive neighbourhoods N0, N1, . . . , Nd a
repeatable graph (with respect to k and g) if

(ii) It can be downloaded from https://houseofgraphs.org/graphs/54041

https://houseofgraphs.org/graphs/54041
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Figure 2: The example showing that f(4, 7) < n(4,7)
7

= 67
7
.

1. G has girth at least g,
2. every vertex in N1 ∪ . . . ∪Nd−1 has degree k,
3. the sum of the degrees of vertices in N0 is even whenever k is even,
4. the sum of the degrees of vertices in Nd is even whenever k is even,
5. d+ 1 ≥ 2g and
6. there exists an isomorphism between the graph induced by N0 ∪ . . . ∪Ng−1 and the graph induced

by Nd−g+1 ∪ . . . ∪Nd such that for every ℓ ∈ {0, 1, . . . , g − 1} the isomorphism maps every vertex
in Nℓ to a vertex in Nℓ+d−g+1.

The graph in Fig. 3 shows an example of a graph that is repeatable with respect to k = 3 and g = 4.

Figure 3: A graph that is repeatable with respect to k = 3 and g = 4 (where vertices in N0 are shown larger).

We now show that repeatable graphs indeed give rise to an upper bound on f(k, g). Here, we will make
use of the following two near-trivial lemmas, that can be used to extend partial constructions to desired
ones.

Lemma 1 Given any sequence of natural numbers such that the sum is even, there is a (not necessarily
connected) multigraph which has these numbers as its degree sequence.

Proof: This is trivial, since once can draw iteratively edges between any two vertices which did not attain
the desired degree yet (even if it is the vertex itself and so a loop is created). 2
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Lemma 2 For every k, g ≥ 3, any k-regular multigraph G can be modified into a (k, g)-graph G′, by
replacing some of its edges with a fixed graph.

Proof: Let H be any (k, g)-graph (one can take a (k, g)-cage), and H− be H with one edge removed.
Every edge ab ∈ E(G) (or iteratively some of its edges which belong to cycles of length smaller than g)

can be removed, after which a and b are connected to the degree k − 1 vertices of a copy of H−.
By construction, the resulting graph is still k-regular, and has girth at least g, since H has this property

(note that every cycle in G′ using initial edges has the property by definition).
By choosing H− such that it has a cycle of length exactly g (and executing one replacement if the girth

of G is larger than g), we can ensure that G has girth exactly g. 2

Proposition 5 For integers k and g, let G be induced by consecutive neighbourhoods N0, N1, . . . , Nd be
a repeatable graph with respect to k and g. Then f(k, g) ≤ |N0∪...∪Nd−g|

d+1−g .

Proof: Let G′ be the graph obtained by taking two disjoint copies G1 and G2 of G and identifying
the vertices in neighbourhood Nℓ+d−g+1 of G2 with the vertices in neighbourhood Nℓ of G1 for every
ℓ ∈ {0, 1, . . . , g−1} (according to the isomorphism that maps the vertices in these neighbourhoods to each
other). Now notice that by this construction G′ is again repeatable with respect to k and g. By iteratively
applying this construction, we obtain (repeatable) graphs for which the ratio between the order and the
diameter goes to |N0∪...∪Nd−g|

d+1−g . Moreover, we can complete any of these graphs to (k, g)-graphs by only
introducing Ok,g(1) extra vertices using the extension lemmas 1, 2.

We illustrate this for the extension at N0. By Lemma 1 applied to the degree sequence {k − deg(v) |
v ∈ N0} (possibly with k appended to this sequence if k is odd to correct the parity), we can add edges
between the vertices in N0 (and one optional additional vertex if necessary) such that it becomes k-regular.
Next, we can apply Lemma 2 on the graph induced by the new edges to satisfy the girth condition. Finally,
one can also apply this extension to Nd to obtain a (k, g)-graph. 2

We now prove Theorem 2 based on the notion of repeatable graphs.

Proof of Theorem 2: We will show that there exists a graph induced by consecutive neighbourhoods
N0, N1, . . . , Nd that is repeatable with respect to k and g for which f(k, g) =

|N0∪...∪Nd−g|
d+1−g and that it

suffices to only consider Ok,g(1) different graphs to find such a graph. Hence, f(k, g) can be computed in
Ok,g(1) time.

Consider a (k; g, d)-cage for d sufficiently large. Since f(k, g) ≤ n(k,g)
g , at least 1/2 − o(1) of all

tuples of g consecutive neighbourhoods have a sum of sizes bounded by 2n(k, g). In the latter case,
there are Ok,g(1) possibilities for the graph induced by these g consecutive neighbourhoods. By the
pigeonhole principle, this means that if we consider sufficiently many (but bounded number of) consecutive
neighbourhoods, we can find some, Na, Na+1, . . . , Nb, such that the graph induced by Na∪Na+1∪. . .∪Nb

must be a repeatable graph. So both the diameter of this graph as well as the neighbourhood sizes of this
graph are all bounded by Ok,g(1), which means there are only Ok,g(1) such graphs in total. We will now
argue that at least one of those Ok,g(1) graphs achieves the equality.

By choosing d arbitrarily large, we can obtain arbitrarily many repeatable subgraphs. We now claim that
it is impossible that for all of these graphs the ratio |Na∪...∪Nb−g|

b−a+1−g exceeds f(k, g) (clearly the ratio cannot
be smaller than f(k, g) because of Proposition 5).
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We now define the notion of removing a repeatable graph: if G[∪bi=aNi] is repeatable, removing
it implies we replace G by the graph G′ which is formed by adding edges to the disjoint union of
G[∪a+g−2

i=0 Ni] and G[∪di=bNi] between Na+g−2 and Nb such that G′[∪a+g−2
i=a Ni∪Nb] ∼= G[∪bi=b−g+1Ni]

and the isomorphism maps the vertices of consecutive neighbourhoods to each other. Note that this yields
again a k-regular graph of girth at least g. Fig. 4 shows an example where the repeatable graph from Fig. 3
is removed from a larger graph G.

Figure 4: Removing a repeatable subgraph (k = 3, g = 4, a = 1, b = 8, d = 9).

Removing iteratively a repeatable subgraph of minimum length, if all ratios |Na∪...∪Nb−g|
b−a+1−g would exceed

f(k, g), one deduces a contradiction as follows. (This is similar to [4, page 3], with the difference that
not every neighbourhood needs to be bounded.) Due to the finite number of combinations, the ratio
|Na∪...∪Nb−g|

b−a+1−g is always at least a fixed constant c > f(k, g). One can repeat the removal process until the
diameter of the resulting graph is smaller than some fixed value x, depending on the Ok,g(1) term.

Initially, we start with a graph of order n = f(k, g)d + Ok,g(1). After removing sufficiently many
repeatable graphs, the diameter is d′ < x and the order is n′ < f(k, g)d − c(d − d′) + Ok,g(1) ≤
f(k, g)x − (c − f(k, g))(d − x) + Ok,g(1). Since d could be chosen arbitrarily large at the start, for d
sufficiently large we have n′ < 0, which is a contradiction. 2

4 Determining n(k; g, d) for several open cases
In this section, we first theoretically determine the values of n(k; g, d), and count the number of girth-
diameter cages for (k, g) = (3, 4) and (k, g) = (3, 5) in Section 4.1. Then, in Section 4.2, we present an
exhaustive generation algorithm for (k; g, d)-graphs and use it to computationally determine several more
values of n(k; g, d) and the corresponding (k; g, d)-cages.

4.1 Theoretical determination of n(3; g, d) for g ∈ {4, 5}
In what follows, we determine n(k; g, d) when (k, g) ∈ {(3, 4), (3, 5)}. Hence the Ok,g(1) term for
these values is determined exactly. The fact that this is in general a hard task, can be concluded from
the computational results in Appendix B, e.g. observe the values for (k, g) = (3, 7) when 7 | d; for
d ∈ {7, 14, 21}, the lower bound M(k; g, d) is sharp, but for d ∈ {28, 35} it is not. The data seems to
suggest that n(k; g, d) = n(k; g, d− 7) + 24 for d ≥ 23 and all further results may be analogous to the
cases where (k, g) ∈ {(3, 4), (3, 5)}.

Proposition 6 Let d = 5 + 4k + j, where 0 ≤ j ≤ 3 and k ≥ 0. A (3; 4, d)-cage G has at least k bridges
and the order of G is n = 14 + 2j + 6k.

Proof: Let u and v be vertices such that d(u, v) = d. Notice that |N1(u)| = |N1(v)| = 3 and
|N2(u)|, |N2(v)| ≥ 3 (if N1(u) has exactly 3 neighbours, G being regular would imply that G = K3,3
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and d = 2). If G has no bridges (equivalently, no cutvertices), then |Ni(u)| ≥ 2 for every 3 ≤ i ≤ d− 3,
which implies n ≥ 14 + 2j + 8k. If G has bridges, we consider the components of such a graph with the
bridges removed. Here we distinguish the two end blocks (i.e., first and last neighbourhood) containing
one of the two vertices u and v, and the gadgets which contain two vertices of degree two. A gadget which
has distance i− 1 between the degree two vertices and thus contributing i to the diameter, has either order
at least 8 > 2i for i ∈ {2, 3}, or order at least 2i − 2 if i ≥ 4. An end block containing u, where u has
eccentricity i, contains at least 2i + 3 vertices. The number of gadgets for which the order is less than
twice the contributed distance, is upper bounded by k. This results in n ≥ 2d + 4− 2k, as desired. By
inserting gadgets K−

3,3 (K3,3 minus one edge) to (3; 4, d)-cages for small d, it is easy to see that the bound
is tight. 2

With a careful analysis of components, we can also characterise the (3; 4, d)-cages, and in particular
count them.

Proposition 7 The number of (3; 4, d)-cages for d ≥ 9 equals
1 for d ≡ 1 (mod 4)

4 for d ≡ 2 (mod 4)

17 +
⌊
d
8

⌋
for d ≡ 3 (mod 4)

27 + d+
⌊
d−4
8

⌋
for d ≡ 0 (mod 4).

Proof: Since we study the case d ≥ 9, by Proposition 6, we know that every (3; 4, d)-cage has at least one
bridge. For the end blocks, we can consider the sizes (1, |N1(u)|, |N2(u)|, . . . , |Ni(u)|) (and analogous
for v). Since the end block needs to have 2i+ 3 vertices in total and have i ≤ 6, taking into account the
other conditions, there are only a few possibilities for the tuples. The following pairs consist of 1) a string
representing a concatenation of the neighbourhood sizes and 2) the number of possibilities for the end
block:

(133, 1), (1341, 3), (1332, 1), (13421, 5),

(13331, 2), (134221, 3), (133231, 2), (133321, 2).

The gadgets are unique based on the sizes

(1, 2, 2, 1), (1, 2, 2, 2, 2, 1) or (1, 2, 2, 2, 2, 2, 1)

of the neighbourhoods Ni(w), where w is a degree two vertex.
For d ≡ 1 (mod 4), the only optimal combination is when two 133s are combined with 1221s, which

gives a unique cage.
For d ≡ 2 (mod 4), we can combine one 1341 or 1332 with a 133 and some 1221s.

For d ≡ 3 (mod 4), not mentioning the 1221s, one can have the combinations 133 + 122221 + 133,
1341 + 1341, 1341 + 1332, 1332 + 1332, 13421 + 133 and 13331 + 133. This results in

⌊
d
8

⌋
+ 6 + 3 +

1 + 5 + 2 = 17 +
⌊
d
8

⌋
possible girth-diameter cages.

For d ≡ 0 (mod 4), the options are 133+1222221+133, 133+122221+1332, 133+122221+1341,
1341+13421, 1332+13421, 1341+13331, 1332+13331, 134221+133, 133231+133 and 133321+133.
This results in

⌊
d−4
8

⌋
+(3+1)d−4

8 +(1+3)(5+2)+(3+2+2) = 27+d+
⌊
d−4
8

⌋
possible girth-diameter

cages. 2
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Figure 5: Example of end block and gadget which are decoded by 133 and 1221.

Proposition 8 For d ≥ 5, n(3; 5, d) = 2d+10 if d ≡ 0, 1 (mod 5) and n(3; 5, d) = 2d+8 if d ≡ 2, 3, 4
(mod 5). For 2 ≤ d ≤ 4, n(3; 5, d) = 2d+ 6.

Proof: The proof of Proposition 1 explained
∑j

i=1 |Nq+i| ≥ M(k, j), which for j = 5 and k = 3
implies here that 5 consecutive neighbourhoods cover at least M(3, 5) = 10 vertices. We also note
that |N0| + |N1| ≥ 4, |N0| + |N1| + |N2| ≥ 10, |Nd| + |Nd−1| + |Nd−2| ≥ 10, and |Ni| ≥ 1,
|Ni|+ |Ni+1|+ |Ni+2| ≥ 4 for every 0 ≤ i ≤ d− 2. Finally, we know that the order of a cubic graph is
even. This implies the lower bound for all cases.

For 2 ≤ d ≤ 4, equality is attained by e.g. the Petersen graph, Twinplex graph and Banffrican graph
(graphs with HoG-id 660, 27409, 50487 at the House of Graphs [5]).

For d ≥ 5, we can paste Petersen graphs with a little modification together, to match the observed
bounds. An example is presented in Fig. 6 for d ≡ 3 (mod 5) (by modifying the left or right to make it
more symmetric, one also obtains d ≡ 2, 4 (mod 5)), where it is easy to adjust the center with one less or
adding multiple copies of P−

5,2 (Petersen graph minus one edge).
For d ≡ 0, 1 (mod 5), we can adjust the construction as presented (in Fig. 6) with the red curvy lines

replacing 5 other edges. 2

Figure 6: (3, 5, 13)-graph of order 34, easily modified to (3, 5, d)-graph for 10 ≤ d ≤ 14.

By a careful analysis, one can also count the number of (3; 5, d)-cages.

Proposition 9 The number of (3; 5, d)-cages for d ≥ 6 equals

d−
⌊

d
10

⌋
for d ≡ 1 (mod 5)

1 for d ≡ 2 (mod 5)

4 for d ≡ 3 (mod 5)

10 for d ≡ 4 (mod 5)

128 + 11.3d for d ≡ 0 (mod 10)

138.5 + 11.3d for d ≡ 5 (mod 10).
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Proof: Except for some small values of d, by the proof of Proposition 8 and the observation that no 4
consecutive neighbourhoods can have size 2, the extremal graphs have bridges. For the components of
such a graph with the bridges removed, we can consider the ones (end blocks) with the vertices u, v for
which d(u, v) = d, and the ones (gadgets) with two vertices of degree 2.

For an end block, we start with N0 equal to u or v and consider the next neighbourhoods. Then the
sizes (|N0(v)|, |N1(v)|, |N2(v)|, . . . , |Ni(v)|) (here i is the eccentricity of v in this end block) have the
property that |N0(v)| = 1, |N1(v)| = 3, |N2(v)| = 6 and |Ni(v)| = 1. If i ≥ 5, |Nj(v)| = 2 for every
3 ≤ j ≤ i− 1 different from i− 2 since |Ni−2(v)| = 4 is necessary. Also i ≤ 8, by the observation on
consecutive neighbourhoods of size 2.

For a gadget with degree two vertices w and x, (|N0(w)|, |N1(w)|, |N2(w)|, . . . , |Ni(w)|) (here i is
the eccentricity of w in this gadget), we have |N0(w)| = 1, |N1(w)| = 2, |N2(w)| = 4 and |Ni(w)| =
1, |Ni−1(w)| = 2, |Ni−2(w)| = 4. Here i ≤ 8 again and i = 5 is impossible.

The only sequences that do not have an additional loss compared to the bound 2d+ 8 are (1, 3, 6, 1),
(1, 3, 6, 2, 1), (1, 2, 4, 2, 1).

The combination of these leads to d ≡ 2, 3, 4 (mod 5).
The components with sizes (1, 3, 6, 1) and (1, 2, 4, 2, 1) are unique. For the end block with sizes

(1, 3, 6, 2, 1), there are 4 possibilities. This gives 1, 1 · 4 = 4 and
(
4
2

)
+ 4 = 10 possibilities resp. for

d ≡ 2, 3, 4 (mod 5).
A gadget with sizes (1, 3, 6, 2, 2, 2, 4, 1) can only be extended to potential extremal graphs with d ≡ 2, 3

(mod 5), which is not extremal.
For the other sizes, we list the number of possible components.

Claim 1 There is only one possible component with sizes (1, 3, 6, 2, 4, 2, 1), (1, 2, 4, 2, 2, 4, 2, 1) or
(1, 2, 4, 2, 2, 2, 4, 2, 1). For sizes (1, 2, 4, 4, 2, 1) and (1, 3, 6, 2, 2, 4, 2, 1) there are 6 for each tuple. For
sizes (1, 3, 6, 4, 2, 1) there are 60 options.

Not mentioning the filling with the unique optimal gadget (1, 2, 4, 2, 1), we have the following options.
For d ≡ 0 (mod 5) with d ≥ 10, there are 4 × 60 possibilities that combine (1, 3, 6, 4, 2, 1) and

(1, 3, 6, 2, 1). There is one option using (1, 3, 6, 2, 4, 2, 1) and (1, 3, 6, 1). There are
⌊
d−5
10

⌋
extremal graphs

having components (1, 2, 4, 2, 2, 4, 2, 1) and two (1, 3, 6, 1)s. There are 112 using two (1, 3, 6, 2, 1)s and
a (1, 2, 4, 2, 2, 4, 2, 1) at fixed non-central location (

⌊
d−5
10

⌋
choices), and 66 options if the latter is central

(which only can happen if d ≡ 5 (mod 10).
For d ≡ 1 (mod 5), we have again 4 compositions.
There are four using (1, 3, 6, 2, 4, 2, 1) and (1, 3, 6, 2, 1), and six using (1, 3, 6, 2, 2, 4, 2, 1) and (1, 3, 6, 1).
There are four per location of the (1, 2, 4, 2, 2, 4, 2, 1) gadget between end blocks (1, 3, 6, 1) and

(1, 3, 6, 2, 1). This implies an additional four per increase of d with 5. There is one per location of
(1, 2, 4, 2, 2, 2, 4, 2, 1) gadget between two (1, 3, 6, 1)s. By symmetry, the increase happens when d in-
creases by 10. 2

4.2 Further values of n(k; g, d) with exhaustive generation
Using the exhaustive generation algorithm for (k; g, d)-graphs which we will describe in this section, we
could determine the value of n(k; g, d) for 177 different triples (k, g, d) of which 107 triples are “new”
(in the sense that they have not yet been determined in Section 4.1 of this paper or in the literature).
We considered triples with k, g, d in the following sets: k ∈ {3, . . . , 7}, g ∈ {4, . . . , 8, 10} and d ∈
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{2, . . . , 40}. For all 177 triples we determine at least one (k; g, d)-cage and we determine the exhaustive
set for 123 triples. The (k; g, d)-cages we obtained with the algorithm can be downloaded from [18]
and a selection of these cages can be found on the House of Graphs [5] by searching for the keyword
“girth-diameter cages”.

In the rest of this subsection we will describe our generation algorithm and explain the sanity checks
that we performed to verify the correctness of our implementation.

Our algorithm, whose pseudocode can be found in Algorithm 1 and 2, generates all (k; g, d)-graphs of
order n. It is based on the generation algorithm for (k, g)-graphs by McKay, Myrvold and Nadon [12]
complemented with an extra pruning rule by the same authors and Exoo [8]. Their algorithm receives
as input k, g and the order n. It starts from a (k, g)-Moore tree, adds n−M(k, g) isolated vertices, and
recursively adds edges one by one. To limit the search space, several pruning rules are applied. Additionally,
a heuristic is applied to choose the next edge to add. In particular, the algorithm first adds the edge incident
to the vertex x that has the fewest available incident edges that can be added without violating the degree
or girth constraint. As mentioned in [12], this heuristic was one of the factors for the significant speedup
compared to the previous best algorithm for (k, g)-graphs described in [3].

Our algorithm extends theirs with new optimisations to incorporate the diameter constraint. Contrary to
their algorithm, we start from the tree T of order M ′(k; g, d) corresponding to Proposition 1. However,
when g = 2t and d = 2t−1, we start from the tree of girth g−1 (instead of g) since this tree contains more
vertices, i.e., M ′(k; 2t− 1, 2t− 1) > M ′(k; 2t, 2t− 1), and is still a subgraph of any (k; 2t, 2t− 1)-graph.
After the construction of the tree, we proceed in a similar way: add isolated vertices until there are n
vertices and recursively add edges with an analogous heuristic that also incorporates the diameter. In
addition to the pruning rules of [8, 12], we also prune the search space by disallowing an edge that would
decrease the distance between the two vertices u, v at distance d in T . All of this is described in more
detailed pseudocode in Algorithm 1 and 2.

Algorithm 1: genGirthDiamGraphs(n, k, g, d)

1 if n < M(k; g, d) or d < ⌊g/2⌋ then
// If the order n is smaller than M(k; g, d) or if d < ⌊g/2⌋, there are

definitely no graphs.

2 return
// Make tree corresponding to Proposition 1.

3 T ← makeTree(n, k, g, d)
// Add n−M(k; g, d) isolated vertices to T.

4 Gstart ← addIsoVertices(T, n−M(k; g, d))
// Determine which edges can be added without exceeding the degree k and

without violating the girth g and diameter d

5 Eadd ← calcValidAddableEdges(Gstart, k, g, d)
// Heuristic: edges will be added incident with the vertex x that has

the fewest options in Eadd

6 x← argminw∈V (G),deg(w)<r(|{e : e ∈ Eadd and w ∈ e}|)
7 recursivelyAddEdges(Gstart, Eadd, k, g, d, x) // See Algorithm 2

The graph isomorphism detection is done with nauty [13] by computing and comparing the canonical
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form of two graphs. Here it is important to notice that u and v are two distinguished vertices in our
algorithm (i.e., the pruning rules related to the diameter treat u and v different from other vertices in the
graph). Therefore, one has to only consider isomorphisms between two graphs that map these distinguished
vertices to each other. To achieve this, we compute the canonical form of the graph G′ that is obtained
by adding two vertices u′, v′ and two edges uu′, vv′ to the original graph G. This leads u and v to be
of degree k + 1. Since no other vertex can be of degree k + 1, u and v will never be mapped to other
vertices. The source code of our implementation of this algorithm can be found in the GitHub repository
https://github.com/AGT-Kulak/girthDiamGen [18].

Algorithm 2: recursivelyAddEdges(G,Eadd, k, g, d, x)
// x: current vertex to add edges to

1 if method was called with graph that is isomorphic with G (where the isomorphism maps the two
distinguished vertices whose distance is d to each other) then

2 return
3 if ∀v ∈ V (G) : deg(v) = k then // G is a k-regular graph.

4 if g(G) = g and diam(G) = d then
5 output G
6 return
// Choose new x, if the current vertex x has been completed to degree k.

7 if deg(x) = k then
8 x← argminw∈V (G),deg(w)<k(|{e : e ∈ Eadd and w ∈ e}|)
// Apply pruning rule from [8] on all Eadd.

9 Eadd ← pruneValidEdgesExoo(G,Eadd)
10 if ¬enoughValidEdgesLeft(G,Eadd) then
11 return

// Try adding each valid edge incident to x.

12 foreach w ∈ {w : xw ∈ Eadd} do
// Copy Eadd in prevEadd to restore it after removing xw again.

13 prevEadd ← Eadd
14 E(G)← E(G) ∪ {xw}

// Remove edges from Eadd resulting from adding edge xw.

15 Eadd ← updateValidAddableEdges(G,Eadd, k, g, d)
// Check if we can prune xw.

16 if none of the pruning rules can be applied then
17 recursivelyAddEdges(G,Eadd, k, g, d, x)

18 E(G)← E(G) \ {xw}
// Restore Eadd and remove xw from it.

19 Eadd ← prevEadd \ {xw}
20 if ¬enoughValidEdgesLeft(G,Eadd) then
21 return

We ran the algorithm for various small values of n, k, g, d, leading to the determination of n(k; g, d) and
the corresponding cages. Table 1 and Tables 2 to 6 in Appendix B show the results we obtained using

https://github.com/AGT-Kulak/girthDiamGen
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our algorithm, i.e. the values of n(k; g, d), the lower bound M(k; g, d), (a lower bound on) the number of
pairwise non-isomorphic (k; g, d)-cages and whether all generated (k; g, d)-cages are bipartite. In case
M(k; g, d) = n(k; g, d), both values are marked in bold. The generated (k; g, d)-cages can also be found
in graph6 format on the GitHub repository [18].

k g d M(k; g, d) n(k; g, d) Number of cages All bipartite

3 6 3 14 14 1 Yes
3 6 4 16 16 1 Yes
3 6 5 20 20 6 Yes
3 6 6 28 28 3016 Yes
3 6 7 28 30 8 No
3 6 8 29 32 7 No
3 6 9 30 34 9 No
3 6 10 32 36 6 No
3 6 11 34 38 6 No
3 6 12 38 44 13953 No
3 6 13 42 44 1 No
3 6 14 43 46 2 No
3 6 15 44 48 6 No
3 6 16 46 50 6 No
3 6 17 48 52 6 No
3 6 18 52 58 13987 No
3 6 19 56 58 1 No
3 6 20 57 60 2 No

Table 1: Values of M(k; g, d), n(k; g, d), number of (k; g, d)-cages and bipartiteness for (3; 6, d) with d ∈
{3, . . . , 20}. In case M(k; g, d) = n(k; g, d), both values are marked in bold.

Lastly, we explain which extra steps we took to ensure the correctness of the implementation of our
exhaustive generation algorithm. We used the generator GENREG [14] to generate (k, g)-graphs of order
n (for small values of n, k, g) and split the graphs based on the diameter d, to obtain all (k; g, d)-graphs.
More specifically, we checked for k = 3 and g ∈ {3, . . . , 8} and for k ∈ {4, 5} and g ∈ {3, 4, 5} for
orders n(k, g), n(k, g) + 1, . . . , n(k, g) + C, where C was chosen such that GENREG was able to finish
the computation within 100 CPU hours for the given k, g and n. For each n, k, g, d, we obtained exactly
the same set of (k; g, d)-graphs with our generator as GENREG.

Besides that, we checked that we obtained all (k, g)-cages (for small k, g) with our generator by running
it for the corresponding diameter of these (k, g)-cages. Moreover, Araujo-Pardo et al. found (k; 5, 4)-cages
for k ∈ {3, 4, 5, 6} [1]. For each k, we obtained the same number of (k; 5, 4)-cages with our algorithm
as Araujo-Pardo et al. Finally, we also verified that the results of our generator agree with the theoretical
results for (3; g, d) with g ∈ {4, 5} in Section 4.1 (both for the order and number of girth-diameter cages).
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5 Further observations on (k; g, d)-cages
5.1 Remark on (k; 3, 3)

Knor [10] considered the question of finding the minimum order of a k-regular graph of diameter d, which
we will denote by n(k; d). He determined n(k; d) for all k ≥ 2 and d ≥ 1. He also describes k-regular
graphs with diameter d of order n(k; d). For k ≥ 3 the described families have girth 3, besides for d = 3,
where the family has girth 4. Hence, we know n(k; 3, d) for all d ̸= 3. In Proposition 10 we “complete”
the determination of n(k; 3, d) by proving the order for d = 3.

Proposition 10 For all k ≥ 3, it holds that

n(k; 3, 3) = 2(k + 1)

Proof: Since the two vertices at distance 3 have disjoint closed neighbourhoods, n(k; 3, 3) ≥ 2(k + 1).
Let Kk+1,k+1 be a complete bipartite graph with bipartition classes U = {u0, u1, . . . , uk} and V =
{v0, v1, . . . , vk}. Let M = {uivi : 0 ≤ i ≤ k} be a perfect matching. Let G = Kk+1,k+1 \ M \
{u1v2, u2v1} ∪ {u1u2, v1v2}. Now diam(G) = d(u3, v3) = 3, while the girth is exactly three (u1u2v3 is
a triangle) and G is k-regular. Hence G certifies the equality n(k; 3, 3) = 2(k + 1). 2

5.2 Behaviour of (k; g, d)-cages
Despite the existence of non-bipartite (k; g, d)-cages with even g, we can observe in Table 1 and Tables 2
to 6 (in the Appendix) that all generated even girth (k; g, d)-cages with d ≤ g are bipartite. In other words,
we only found non-bipartite (k; g, d)-cages for d > g. Often this is the case exactly when G has a cutvertex
(a regular bipartite graph cannot have a cutvertex), as is the case for the (3; 6, 12)-cages, but e.g. the graph
depicted in Fig. 7 (also added as https://houseofgraphs.org/graphs/54022 on the House
of Graphs [5]) is a 2-connected non-bipartite (4; 4, 5)-cage.

Figure 7: A 2-connected non-bipartite (4; 4, 5)-cage.

Moreover, (k; g, d)-cages with d > g can never be (k, g)-cages since Sauer proved that every (k, g)-cage
G satisfies diam(G) ≤ g [17]. Hence, if it holds that every (k; g, d)-cage with g even and d ≤ g is
bipartite, then this proves the longstanding conjecture that every even girth (k, g)-cage is bipartite [7, 19].

Therefore, the following question can be of interest.

Question 1 For even g and d ≤ g, is every (k; g, d)-cage bipartite?

Notice that Proposition 2 is sharp for the smallest case, g = 4, by observing the extremal graphs Kk,k,
Kk+1,k+1\M (a perfect matching M removed), and the graph formed from two copies of K−

k,k (Kk,k

minus one edge) connected with edges between the degree (k − 1)-vertices. Equality in the latter case can

https://houseofgraphs.org/graphs/54022
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only be attained by a k-regular (connected) bipartite graph of order 4k for which there are two vertices u, v
in the same bipartition class with N(u) ∩N(v) = ∅.

Also for g = 6, 8 and 12 one can conclude that the answer for Question 1 is positive for d ∈ {g/2, g}
whenever a (k, g)-Moore graph exists.

Further investigating n(k; g, d)-graphs for
⌊
g
2

⌋
< d ≤ g may lead to improvements on the gap between

the Moore bound and the known upper bound on the order of cages. In particular, a sharp bound on
n(k; g, g− 1) might possibly be obtained by finding a good construction of a set of perfect matchings. The
latter would already be interesting to think about for g = 10.
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A Details on computer verification used in Proposition 4
In this section we present some details of the computer verification we used in the proof of Proposition 4.
Let G′ be the graph induced by Ni+j ∪ . . . ∪Ni+j+7 (as presented in the proof). We were left to prove
that there exists no G′ such that |Ni+j | + . . . + |Ni+j+6| = 22 and |Ni+j | = |Ni+j+7| = α ∈ {2, 3}.
We obtained this result by making use of multigraph, an unpublished generator written by Gunnar
Brinkmann, which is a generalisation of the generator for cubic graphs described in [2]. The program
multigraph generates all connected graphs of given minimum girth and given degree sequence (i.e., the
amount of vertices of each degree). We want to generate graphs with 22 + α vertices. All vertices have
degree 3, except for the ones in |Ni+j | and |Ni+j+7|. The ones in Ni+j have degree 0, 1 or 2, and at least
one in Ni+j needs to have degree at least 1. The ones in Ni+j+7 have degree at most 3, and at least one in
Ni+j+7 has degree strictly less than 3. We determined each degree sequence that satisfies the mentioned
conditions (and such that the number of odd degree vertices is even) and were able to generate these graphs
using multigraph. We then applied a simple filter program to the generated graphs that checks that each
vertex of degree less than 3 has at least one vertex at distance at least 7 (which is a necessary condition).
Since none of the generated graphs passed this filter, we can conclude that no such G′ exists.

B Determined values of n(k; g, d) with exhaustive generation

k g d M(k; g, d) n(k; g, d) Number of cages All bipartite

3 4 2 6 6 1 Yes
3 4 3 8 8 1 Yes
3 4 4 12 12 4 Yes
3 4 5 12 14 4 No
3 4 6 13 16 7 No
3 4 7 14 18 20 No
3 4 8 16 20 38 No
3 4 9 18 20 1 No
3 4 10 19 22 4 No
3 4 11 20 24 18 No
3 4 12 22 26 40 No
3 4 13 24 26 1 No

Table 2: Values of M(k; g, d), n(k; g, d), number of (k; g, d)-cages and bipartiteness for (3; 4, d) with d ∈
{2, . . . , 13}. In case M(k; g, d) = n(k; g, d), both values are marked in bold.
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k g d M(k; g, d) n(k; g, d) Number of cages All bipartite

3 5 2 10 10 1
3 5 3 11 12 2
3 5 4 14 14 2
3 5 5 20 20 470
3 5 6 21 22 6
3 5 7 22 22 1
3 5 8 24 24 4
3 5 9 26 26 10
3 5 10 30 30 241
3 5 11 31 32 10
3 5 12 32 32 1
3 5 13 34 34 4
3 5 14 36 36 10
3 5 15 40 40 308
3 5 16 41 42 15
3 5 17 42 42 1
3 5 18 44 44 4
3 5 19 46 46 10
3 5 20 50 50 354
3 5 21 51 52 19
3 5 22 52 52 1
3 5 23 54 54 4
3 5 24 56 56 10
3 5 25 60 60 421
3 5 26 61 62 24
3 5 27 62 62 1
3 5 28 64 64 4
3 5 29 66 66 10
3 5 30 70 70 467
3 5 31 71 72 28
3 5 32 72 72 1
3 5 33 74 74 4
3 5 34 76 76 10
3 5 35 80 80 534
3 5 36 81 82 33
3 5 37 82 82 1
3 5 38 84 84 4
3 5 39 86 86 10
3 5 40 90 90 580
3 6 3 14 14 1 Yes
3 6 4 16 16 1 Yes
3 6 5 20 20 6 Yes
3 6 6 28 28 3016 Yes
3 6 7 28 30 8 No
3 6 8 29 32 7 No

Table 3: Values of M(k; g, d), n(k; g, d), number of (k; g, d)-cages and bipartiteness for (3; 5, d) with d ∈
{2, . . . , 40} and (3; 6, d) with d ∈ {3, . . . , 8}. In case M(k; g, d) = n(k; g, d), both values are marked in bold.
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k g d M(k; g, d) n(k; g, d) Number of cages All bipartite

3 6 9 30 34 9 No
3 6 10 32 36 6 No
3 6 11 34 38 6 No
3 6 12 38 44 13953 No
3 6 13 42 44 1 No
3 6 14 43 46 2 No
3 6 15 44 48 6 No
3 6 16 46 50 6 No
3 6 17 48 52 6 No
3 6 18 52 58 13987 No
3 6 19 56 58 1 No
3 6 20 57 60 2 No
3 7 4 23 24 1
3 7 5 26 26 1
3 7 6 32 32 19
3 7 7 44 44 ≥ 1
3 7 8 45 48 ≥ 1
3 7 9 46 48 ≥ 1
3 7 10 48 50 ≥ 1
3 7 11 50 50 ≥ 1
3 7 12 54 54 ≥ 1
3 7 13 58 58 ≥ 1
3 7 14 66 66 ≥ 1
3 7 15 67 72 ≥ 1
3 7 16 68 72 ≥ 1
3 7 17 70 74 ≥ 1
3 7 18 72 74 ≥ 1
3 7 19 76 78 ≥ 1
3 7 20 80 82 ≥ 1
3 7 21 88 88 ≥ 1
3 7 22 89 94 ≥ 1
3 7 23 90 96 ≥ 1
3 7 24 92 98 ≥ 1
3 7 25 94 98 ≥ 1
3 7 26 98 102 ≥ 1
3 7 27 102 106 ≥ 1
3 7 28 110 112 ≥ 1
3 7 29 111 118 ≥ 1
3 7 30 112 120 ≥ 1
3 7 31 114 122 ≥ 1
3 7 32 116 122 ≥ 1
3 7 33 120 126 ≥ 1
3 7 34 124 130 ≥ 1
3 7 35 132 136 ≥ 1
3 8 4 30 30 1 Yes

Table 4: Values of M(k; g, d), n(k; g, d), number of (k; g, d)-cages and bipartiteness for (3; 6, d) with d ∈
{9, . . . , 20}, (3; 7, d) with d ∈ {4, . . . , 35} and (3; 8, d) with d = 4. In case M(k; g, d) = n(k; g, d), both
values are marked in bold.
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k g d M(k; g, d) n(k; g, d) Number of cages All bipartite

3 8 5 32 34 1 Yes
3 8 6 36 36 2 Yes
3 8 7 44 44 802 Yes
3 8 8 60 60 ≥ 7170730 All found graphs are bipartite
3 8 9 60 62 4 No
3 8 10 61 64 1 Yes
3 10 6 64 70 3 Yes
3 10 7 68 72 1 Yes
3 10 8 76 80 5 Yes
3 10 9 92 92 ≥ 19495 All found graphs are bipartite
4 4 2 8 8 1 Yes
4 4 3 10 10 1 Yes
4 4 4 16 16 102 Yes
4 4 5 16 18 10 No
4 4 6 17 20 10 No
4 4 7 18 22 7 No
4 4 8 21 24 6 Yes
4 4 9 24 26 6 Yes
4 4 10 25 28 6 Yes
4 4 11 26 30 6 Yes
4 5 3 18 19 1
4 5 4 22 22 4
4 5 5 34 34 ≥ 1
4 5 6 35 37 ≥ 1
4 5 7 36 38 ≥ 1
4 5 8 39 39 ≥ 1
4 5 9 42 45 ≥ 1
4 5 10 51 51 ≥ 1
4 5 11 52 55 ≥ 1
4 5 12 53 57 ≥ 1
4 5 13 56 58 ≥ 1
4 5 14 59 62 ≥ 1
4 5 15 68 68 ≥ 1
4 5 16 69 73 ≥ 1
4 5 17 70 76 ≥ 1
4 5 18 73 77 ≥ 1
4 5 19 76 81 ≥ 1
4 5 20 85 85 ≥ 1
4 5 21 86 91 ≥ 1
4 5 22 87 95 ≥ 1
4 5 23 90 96 ≥ 1
4 6 3 26 26 1 Yes
4 6 4 28 28 1 Yes
4 6 5 34 34 146 Yes
4 6 6 52 52 ≥ 396779 All found graphs are bipartite

Table 5: Values of M(k; g, d), n(k; g, d), number of (k; g, d)-cages and bipartiteness for (3; 8, d) with d ∈
{5, . . . , 10}, (3; 10, d) with d ∈ {6, . . . , 9}, (4; 4, d) with d ∈ {2, . . . , 11}, (4; 5, d) with d ∈ {3, . . . , 23} and
(4; 6, d) with d ∈ {3, . . . , 6}. In case M(k; g, d) = n(k; g, d), both values are marked in bold.
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k g d M(k; g, d) n(k; g, d) Number of cages All bipartite

4 6 7 52 54 14 Yes
4 6 8 53 56 4 Yes
4 6 9 54 60 272 Yes
4 8 4 80 80 1 Yes
5 4 2 10 10 1 Yes
5 4 3 12 12 1 Yes
5 4 4 20 20 176581 Yes
5 4 5 20 22 19 Yes
5 4 6 21 24 9 Yes
5 4 7 22 28 537 No
5 4 8 26 32 25408 No
5 5 3 27 30 4
5 5 4 32 32 7
5 6 3 42 42 1 Yes
5 6 4 44 46 1 Yes
5 6 5 52 52 ≥ 440 All found graphs are bipartite
6 4 2 12 12 1 Yes
6 4 3 14 14 1 Yes
6 4 4 24 24 ≥ 20343552 All found graphs are bipartite
6 4 5 24 26 49 Yes
6 4 6 25 28 19 Yes
6 4 7 26 32 1184 Yes
6 5 3 38 40 1
6 5 4 44 44 2
6 6 3 62 62 1 Yes
7 4 2 14 14 1 Yes
7 4 3 16 16 1 Yes
7 4 4 28 28 ≥ 2987496 All found graphs are bipartite
7 4 5 28 30 113 Yes
7 5 2 50 50 1

Table 6: Values of M(k; g, d), n(k; g, d), number of (k; g, d)-cages and bipartiteness for (4; 6, d) with d ∈ {7, 8, 9},
(4; 8, d) with d = 4, (5; 4, d) with d ∈ {2, . . . , 8}, (5; 5, d) with d ∈ {3, 4}, (5; 6, d) with d ∈ {3, 4, 5}, (6; 4, d)
with d ∈ {2, . . . , 7}, (6; 5, d) with d ∈ {3, 4}, (6; 6, d) with d = 3, (7; 4, d) with d ∈ {2, . . . , 5} and (7; 5, d) with
d = 2. In case M(k; g, d) = n(k; g, d), both values are marked in bold.
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Given a set of n colored points P ⊂ Rd we wish to store P such that, given some query region Q, we can efficiently
report the colors of the points appearing in the query region, along with their frequencies. This is the color frequency
reporting problem. We study the case where query regions Q are axis-aligned boxes or dominance ranges. If Q
contains k colors, the main goal is to achieve “strictly output sensitive” query time O(f(n) + k). Firstly, we show
that, for every s ∈ {2, . . . , n}, there exists a simple O(ns logs n) size data structure for points in R2 that allows
frequency reporting queries in O(logn + k logs n) time. Secondly, we give a lower bound for the weighted version
of the problem in the arithmetic model of computation, proving that with O(m) space one can not achieve query

times better than Ω
(
ϕ log(n/ϕ)

log(m/n)

)
, where ϕ is the number of possible colors. This means that our data structure

is near-optimal. We extend these results to higher dimensions as well. Thirdly, we present a transformation that
allows us to reduce the space usage of the aforementioned data structure to O(n(sϕ)ε logs n). Finally, we give an
O(n1+ε + m logn + K)-time algorithm that can answer m dominance queries in R2 with total output complexity
K, while using only linear working space.

Keywords: Data structure, Range searching, Lower bound, Frequency reporting

1 Introduction
Let P be a set of n points in Rd, with d = O(1), each of which has a color in {1, . . . , ϕ}, and let Pc

denote the subset of points of color c. We want to store P so that given an axis aligned query box Q we
can efficiently report the colors of the points appearing in the query range, together with their frequency.
That is, we wish to report a set of k color, frequency pairs (c, f) so that f = |Pc ∩Q| > 0 and the sum of
the frequencies is |P ∩Q|. See Figure 1. We call this color frequency reporting, but it is also known by the
rather vague name of type-2 color counting (Gupta et al., 1995). More generally, we may associate every
point p ∈ P with a weight w(p) from some appropriate semigroup, and instead report, for each color c
appearing in the query range, the total weight w(Pc ∩Q) =

∑
p∈Pc∩Q w(p) in the query range. Our main

goal is to obtain small, ideally (near-)linear-space data structures for these problems that achieve a strictly
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output sensitive query time of the form O(f(n) + k), i.e. a query time strictly linear in the output size
k (and whose dependency f(n) on n is of course also sublinear, and preferably even (poly-)logarithmic).
We are generally interested in data structures in the pointer machine model, as this tends to give relatively
simple and flexible data structures.

Q

Fig. 1: A set of colored points P in R2 and a query box Q with color frequencies (red, 4) and (blue, 3). There are no
green or purple points in Q, hence they do not appear in the output.

Related work. Color frequency reporting is a form of generalized intersection searching (Gupta et al.,
1995, 2004; Janardan and López, 1993). For points in R1, the problem was already solved optimally in
1995: Bozanis et al. (1995) gave a data structure of linear size and query time O(logn + k). Similarly,
there is an optimal data structure for the dual problem of reporting the frequencies of a set of colored
intervals stabbed by a query point by Gupta et al. (1995).

In R2, it is relatively simple to obtain a data structure of size O(n log n) with query time O(logn +
k log n): we first report all intersected colors in O(logn+ k) time using a colored range reporting query
(Shi and JáJá (2005)), and then for all k colors separately perform a standard uncolored range counting
query in O(logn) time each using range trees (de Berg et al. (2008)).

Gupta et al. (2004) describe an O(n1+ε) space data structure that, given a set of n points in Rd, can
report the k distinct colors appearing in the query range in O(logn+k) time. Here, and throughout the rest
of the paper ε > 0 is an arbitrarily small constant. It is possible to adapt their approach, which is based on
bootstrapping, to support frequency reporting queries as well. To achieve query time O(polylogn + k),
we need at least Ω(n(log n/ log log n)d−1) space, as the lower bound for range reporting by Chazelle
(1990b) applies (just assign each point a unique color), however, we are not aware of any near-linear-
space structures that achieve strictly output sensitive query times. In particular, it is open whether one can
achieve even a query time of O(n0.99 + k) using near-linear space.

In the more powerful word-RAM model, some recent progress has been made towards near linear
space structures for points in R2. Chan et al. (2020) achieve query time O

(
logn

log logn + k log logn
)

using O(n log1+ε n) space. They use a recursive grid approach and several “bit-tricks”, which allows
them to sum the counts of multiple colors simultaneously. Afshani et al. (2023) present a linear-space
data structure for simplex color frequency reporting queries. They achieve query time O(n1−1/d +
n1−1/dϕ1/d/wα), where α > 0 is some constant and w is the word size (which is typically Θ(log n)).
Furthermore, they solve approximate color frequency counting with an additive error εn for dominance
queries with O(n) space and O

(
log n+ ε−1n+ k

)
query time.

In external memory with block size B, Ganguly et al. (2019) give a data structure of size O(n) that
answers constant-factor approximate frequency reporting queries in O(logB n+log∗ B+k/B) time (here,
log∗ B is the iterated logarithm of B, i.e. the smallest value i for which log(i) B = log(log(i−1) B) ≤ 2
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(and using that log(1) B = logB)). In the pointer machine model, their techniques can be used to answer
(1 + ε)-approximate frequency reporting queries using O(n/ε) space in O(logn+ k) time.

Challenges. Achieving our goal of strict output sensitivity using near linear space turns out to be
extremely challenging. Most data structuring approaches (including the techniques used in the above
results) follow a divide-and-conquer approach that partitions the space (and thereby the input point set).
However, this may cause the points Pc ∩ Q of color c to be stored in many, say g(n), different places in
the data structure. This means that we have to aggregate their frequencies at query time. If this happens
for Ω(k) colors, we get an Ω(kg(n)) cost in the query time. If we instead store the points per color, we
may have to spend Θ(log n) time per color to actually count the subset that lies in Q. Filtering search
(Chazelle, 1986) is a common technique used in reporting queries which allows us to charge some of
the “searching” costs to the output. However, as our main challenge is combining the color counts, even
filtering search is of limited use.

Results & Organization. We present the following results:

• When P is a set of n points in R2, and we are given a parameter s ∈ {2 . . . n}, we present a simple
O(ns logs n) size data structure storing P that allows frequency reporting queries for dominance
ranges in O(logn + k logs n) time. See Section 3. For ease of exposition, we present our data
structure for color frequency reporting, but our results apply also to the weighted version of the
problem. Setting s = nε, this then yields an O(n1+ε) space structure with strictly output sensitive
O(logn+ k) query time. This matches, and we believe simplifies, the result of Gupta et al. (2004).
With this structure we can essentially interpolate between the O(n1+ε) space data structure with
O(logn + k) query time, and the O(n logn) space data structure with O(logn + k log n) query
time. Setting e.g. s = 2

√
logn reduces the space to O(n2

√
logn) space, while still answering queries

at a cost of
√
log n per reported color.

• We extend the above results to queries with arbitrary axis aligned boxes in Rd. Every additional
dimension comes at the cost of an O(s logs n) factor in space, and an O(logs n) factor per color
(and an additive O(logd−1 n) term) in query time. Every additional side we allow in the query
range (from d-sided dominance ranges to arbitrary 2d-sided axis-aligned boxes) comes at the cost
of a factor logn in space, and a factor 2 in query time. With s ≈ nε, this still leads to strictly output
sensitive query time O(logn+ k) using O(n1+ε) space.

• We prove a lower bound for the weighted case with dominance queries in the arithmetic model;
see Section 4. In this model, computation is essentially free: we count only the number of pre-
computed weights (of subsets of points) stored by the data structure, and the number of these
weights we have to combine to obtain the answer to a query. Building on the lower bounds for
counting queries in this model by Chazelle (1990a), we prove that using O(m) space one can not

achieve query time faster than Ω

(
ϕ
(

log(n/ϕ)
log(m/n)

)d−1
)

. In particular, compare this to our tradeoff

data structure from Section 3, which uses O(nsd−1 polylogn) space for O(polylogn+k logd−1
s n)

query time; the lower bound says that using O(nsd−1) space, one cannot achieve query time

better than Ω

(
ϕ
(

log(n/ϕ)
log((nsd−1)/n)

)d−1
)

= Ω

(
ϕ
(

log(n/ϕ)
log(sd−1)

)d−1
)

= Ω

(
ϕ
(

log(n/ϕ)
log s

)d−1
)

=
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Ω(ϕ logd−1
s (n/ϕ)). So for ϕ ≤ nc with c < 1, our data structure is worst-case optimal with respect

to the query dependency on k, up to log n factors in space.

This suggests that it will be hard to get strictly output-sensitive query times for (weighted) color
frequency reporting queries using near linear space. At the very least, one has to use properties
specific to counting (e.g. that we can subtract frequencies) to achieve this goal. Note however that
even in the uncolored case no such results are known.

• We present a transformation that, for some values of s and ϕ, allows us to reduce the space for 2D
dominance queries to O(n(sϕ)ε logs n), by answering several one dimensional dominance queries
simultaneously; see Section 5. Hence, this allows us to shave some logarithmic factor in space in
certain scenarios.

• Lastly, we present a result on the algorithmic version of the problem in which we are given a set of
n colored points P ⊂ R2 as well as a set Q of m 3-sided color frequency reporting queries that we
all have to answer. See Figure 2. Our algorithm in Section 6 uses linear, i.e. O(n +m), working
space, and answers all m queries in O(n1+ε +m log n+K) total time, where K is the total output
complexity of all queries. Note that e.g. for m = Θ(n) we thus essentially obtain O(nε + k) time
per query.

Q2

Q1

Q3

q1

q2

q3

Fig. 2: A set of points and three dominance queries. In the offline version, we would want to answer all three queries
at once.

2 Preliminaries
We focus on range searching where the query region Q = [a1, b1] × [a2, b2] × · · · × [ad, bd] is an axis-
aligned box in d-dimensional space. A box in R1 is an interval, and a box in R2 is a rectangle. In the
simplest case, the box is unbounded in one direction for every dimension, e.g. towards −∞. A query
Q = (−∞, x] × (−∞, y] × (−∞, z] × . . . of this type is a dominance query; see Fig. 2. We will often
identify a dominance query Q with its corner point q = (x, y, z, . . . ). A dominance query can be seen
as a d-sided box: it is bounded on one side in each of the d dimensions. Similarly an i-sided box, for
d ≤ i ≤ 2d, is bounded on two sides in i − d dimensions, and on one side in the remaining 2d − i
dimensions. See Fig. 3.

Color frequency reporting queries in R1. We briefly review the approach of Bozanis et al. (1995)
(which itself uses ideas from Gupta et al. (1995)) that solves frequency reporting queries in R1. We focus
on the case of dominance queries (−∞, q]. Fix a color c ∈ {1, . . . , ϕ}, and let xi be the ith smallest point
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q

Fig. 3: From left to right: 2-, 3-, and 4-sided boxes in R2, and a 5-sided box in R3.

in Pc. They then map xi to the point (xi, xi+1) in R2 (or (xi,∞) if no successor exists). Let P̃c denote
the resulting set of mapped points, and let P̃ =

⋃
c P̃c. See Fig. 4. Bozanis et al. observe that the query

quadrant Q̃ = (−∞, q] × [q,∞) contains at most one point (xi, xi+1) ∈ P̃ of each color c, namely the
rightmost point of color c in (−∞, q]. Thus if for color c query Q̃ contains point xi, then the original
query Q contains exactly i points of color c. They store the set P̃ in a priority search tree in order to
quickly report (the ranks of) all k points contained in query Q̃ in O(logn+ k) time.

We can answer weighted queries as well simply by setting the weight of the point (xi, xi+1) to be∑
h≤i xh. For two-sided query intervals [ℓ, r] one can similarly report the leftmost points of each color

c in the query range, and then instead report the difference in ranks as the final count for color c; in this
case the queries Q̃ will be three-sided. In the weighted case this requires the weights to be taken from a
group (rather than a semigroup).

∞

y = x

1 2 31 2 321 43
Q1

Q2

Q̃1

Q̃2

R1

∞
y = x

1 2 31 2 321 43
Q1

Q2

Q̃1

Q̃2

R1

Fig. 4: Left: an illustration of the 1D data structure from Bozanis et al. (1995). A set of points in R1 and two
queries (on the x-axis) mapped to their corresponding counterparts in R2. Note that a mapped query corresponds to a
quadrant originating from the line y = x, and that each query indeed contains at most one point of each color. Right:
the same data structure implemented with halflines.
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3 A strictly output sensitive data structure
We first describe a generic data structure for dominance queries in R2. We then extend the result to
dominance queries in Rd, and finally to arbitrary axis-aligned query boxes.

We first show that the 1D data structure by Bozanis et al. (1995) can be implemented using a binary
search rather than a priority search tree (which will allow us to use fractional cascading (Chazelle and
Guibas, 1986) to speed up multiple 1D queries on different data structures with the same query).

Lemma 1. Let P be a set of n points in R1 with colors from {1 . . . ϕ}. In O(n logn) time we can build
an O(n) space data structure, so that we can answer dominance color frequency reporting queries using
a binary search and O(k) additional time.

Proof: We implement the structure by Bozanis et al. (1995) using a hyve graph (Chazelle, 1986). That is,
Bozanis et al. transform every point p ∈ P to a point p̃ in R2, so that one can answer a frequency counting
query by reporting all points (one per color) from P̃ = {p̃ | p ∈ P} in a quadrant Q̃ = (−∞, q]× [q,∞).
We now map every point p̃ into a rightward ray starting at p̃, and store them in Chazelle’s hyve graph
(Chazelle, 1986, Corollary 1). We can then report all points in Q̃ by reporting all halflines that intersect
the upward vertical ray originating from (q, q). See the right side of Fig. 4. In particular, by doing a
binary search for the topmost segment at q, and then walking vertically down, reporting the k segments
intersected by the ray until we reach point (q, q). The construction time remains O(n logn).

Note that this technique does not extend to two sided query intervals [ℓ, r], since in that case we need to
perform three-sided queries in R2 rather than dominance queries.

We now use this structure to answer dominance queries for points in R2.

Lemma 2. Let P be a set of n points in R2, each of which has a color from {1, . . . , ϕ}, and let 2 ≤ s ≤ n
be a parameter. In O(ns log n logs n) time we can construct a data structure of size O(ns logs n) that
can answer dominance frequency reporting queries in O(logn+ k logs n) time.

Proof: We build a balanced s-ary tree on the x-coordinates of the points, of height O(logs n). See Fig. 5.
Every node ν corresponds to a vertical strip Sν and the subset of points Pν = P ∩ Sν in Sν ; the root
node r corresponds to a singular ’strip’ covering the whole plane, and Pr = P . Each strip Sν is then
horizontally partitioned into s vertical strips S1, . . . , Ss, one strip Si for each child ci of ν, each of which
contains a 1/s fraction of the points.

Consider a node ν. Let Li =
⋃

h<i Pch be the subset of points in Pν that lie left of Si, and for a point
p ∈ Li let p′ be the y-coordinate of p, and let L′

i = {p′ | p ∈ Li} denote the resulting set of 1D points
(y-coordinates). We essentially regard p′ as the projection of p onto the left boundary of strip Si, see
Fig. 6. We store each set L′

i in a one-dimensional color frequency reporting data structure Li as described
in Lemma 1. We do this for every node ν and every strip Si in ν.

We use fractional cascading (Chazelle and Guibas, 1986) to link all of these Li data structures in the
entire tree together, so that given a query value y we can perform the binary searches for y in all O(logs n)
nodes along a root-to-leaf path in O(logn) time in total, rather than O(logs n logn) time. To this end, we
actually implement every node ν as a small binary tree on its s children (so that the degree of each node
is constant).

The total space usage is O(ns) per level, and thus O(ns logs n) in total. Furthermore, constructing all
these data structures takes O(ns log n) time per level, and thus O(ns log n logs n) time in total.
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Sr
Sν

P4

︸ ︷︷ ︸

ν

c1 c2 c3 c4 c5

r

. . .. . .

. . . . . .
S1 S2 S3 S4 S5. . . . . .

L4

︸ ︷︷ ︸
Fig. 5: A set of points in R2 with an s-ary strip-tree on its x-coordinates (with s = 5). The points P4 and L4 for strip
S4 are indicated.

Si+1SiSi−1Si−2

q

p p′

q′

Fig. 6: A dominance query whose corner point q = (x, y) lies in strip Si.

The query algorithm. To answer a query Q = (−∞, x] × (−∞, y] we follow a root-to-leaf path
towards x while maintaining the frequency of each (relevant) color. At node ν, let Si be the (sub)strip of
Sν containing x. We then query Li with (−∞, y] and update the frequencies of the at most k reported
colors. Indeed observe that (i) a point p ∈ Li left of strip Si appears in Q if and only if p′ ∈ (−∞, y], (ii)
that none of the points right of Si lies in Q, and (iii) that the points in Si are accounted for in the subtree
corresponding to Si.

At each node of the search path we have to update the frequencies for at most k reported colors. Note
that this is not as trivial as it might sound, especially in the pointer machine model, as the data structures of
Lemma 1 do not report the colors in a fixed order. Hence, we may have to sort these colors in O(k log k)
time before merging the two lists of color counts. To update the color frequencies in O(k) time per node,
we instead use a mechanism similar to Gupta et al. (1997). Our data structure also stores a linked list of
length ϕ whose cth node µc (with c ∈ {1, 2, . . . ϕ}) maintains the current total count of color c. If a query
on one of the subsets returns some tuple (c, kc) in an answer, we increment the value at µc by kc. For each
point of color c stored in one of the Lemma 1 data structures, we also store a pointer to node µc. This
allows us to update the answer in O(1) time per color, at no extra space cost. We additionally maintain
a list of pointers to all non-zero nodes to report all final counts in O(k) time (whenever we increment
the count of a color c and the previous count of that color was 0, we add a pointer to µc to this list). We
appropriately reset these linked lists after answering a query.

Query time. We can find the root-to-leaf path towards x in O(logn) total time by doing a single
binary search on the leaves, and walking up towards the root. This path has length O(logs n), and at
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each node we perform one 1D query in O(logn + k) time; note that each of the k output colors may
appear in every node. Using the above procedure of updating frequencies, the total query time is thus
O(logn+ k logs n) (recall that the 1D structures are linked using fractional cascading).

3.1 Dominance queries in higher dimensions.
We extend the above approach to the case of dominance queries in Rd, for d ≥ 2. Again, this result
applies to the weighted case as wel.

Theorem 1. Let P be a set of n points in Rd, with d ≥ 2, each of which has a color from {1, . . . , ϕ},
and let s ∈ {2, . . . , n} be a parameter. In O(n log n(s logs n)

d−1) time, we can build a data structure of
size O(n(s logs n)

d−1) that can answer a frequency reporting dominance query Q in O(log n logd−2
s n+

k logd−1
s n) time.

Proof: We prove this by induction on d. For d = 2, we simply build the data structure of Lemma 2, which
has the desired space usage, and query and preprocessing time.

For the inductive step we first describe the data structure and query algorithm, and then analyze the
space usage and query time.

The data structure and the query algorithm. As in Lemma 2 we build a balanced s-ary tree on
the x-coordinates of the points in P . Let S1, . . . , Ss again denote the vertical strips (whose bounding
planes have a normal in the direction of the x-axis) that partition the strip of a node ν. Define Pi and
Li as before. For each point p ∈ Li we again consider the (d − 1)-dimensional point p′ obtained by
discarding the x-coordinate of p, and similarly let P ′ = {p′ | p ∈ P}. For each strip Si we construct the
(d− 1)-dimensional data structure Li on the points L′

i.
To answer a dominance query Q = (−∞, qx] × Q′ we again follow the root-to-leaf path towards qx,

query the appropriate associated structures Li at each node, and keep track of the color frequencies as
before.

Space usage and preprocessing time. Consider the space used by the root node of the tree. Each (d−
1)-dimensional data structure stored there takes O(n(s logs n)

d−2) space. We build s of them for a total
space usage of O(sn(s logs n)

d−2). Every point is involved in only one recursive subproblem, so the total
number of points on each level of the recursion tree is n, and thus on each level we use O(sn(s logs n)

d−2)
space. The total space usage is thus O((logs n)sn(s logs n)

d−2) = O(n(s logs n)
d−1), as claimed.

Analogously, the total preprocessing time is O(n log n(s logs n)
d−1).

Query time. We find the root-to-leaf path in O(log n) time. For each node on this path we query the
appropriate (d− 1)-dimensional data structure in O(logn logd−3

s n+k logd−2
s n) time. Since the tree has

height O(logs n), the total query time is O(logs n(log n logd−3
s n + k logd−2 n)) = O(log n logd−2

s n +
k logd−1

s n).

3.2 From dominance queries to general box queries
We now consider answering queries for more general types of boxes.

Lemma 3. Assume we are given a data structure that can report color frequencies with i-sided box
queries (with d ≤ i ≤ 2d), using S(n) ≥ O(n) space with Q(n, k) ≥ O(log n) query time. We can then
create a data structure that can answer j-sided box queries (with i ≤ j ≤ 2d using O(S(n) logj−i n)
space with O(2j−iQ(n, k)) query time.
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Proof: We first show how to answer (i + 1)-sided box queries using the given data structure; we can
answer j-sided box queries by repeating this procedure j − i times. We assume the (i + 1)-sided box
is bounded from two sides in the x-dimension; by reordering the coordinates we can answer any type of
(i+ 1)-sided query.

We build a balanced binary tree T on the x-coordinates of the points P . For a node u, let Pu be the set
of points contained in the subtree of u, and let xu be the median x-coordinate in Pu (the x-coordinate that
splits u’s children).

Let Q be an (i+1)-sided query with x-range [x1, x2] that we wish to answer. We find the highest node
u ∈ T such that xu ∈ [x1, x2]; let c1 and c2 be its children. Note that Q is split in two by xu. See Figure 7.
Consider the two i-sided queries Q1 and Q2 that are equivalent to Q except for their x-range, where Q1

has range [x1,∞) and Q2 has range (−∞, x2]. Now it holds that Q∩Pu = (Q1 ∩Pc1)∪ (Q2 ∩Pc2), i.e.
the set of points from Pu contained in Q is the same as the set of points from its left child contained in Q1

(the red area in the figure) combined with the set of points from its right child contained in Q2 (the green
area); note that this is a disjoint union. Therefore, by answering these two i-sided queries and combining
the answers we can answer the (i+ 1)-sided query Q. So, we store an i-sided data structure in each node
of the tree, using O(S(n) log n)) total space, answering queries in O(logn+ 2Q(n)) = O(2Q(n)) time.

Each of the j − i steps we add one side to the query box, and we gain a factor log n in space and a
factor 2 in query time. The lemma follows.

xu

Pc1 Pc2

(x2, y)(x1, y)

q

Fig. 7: A 3-sided query q at node u, with xu shown.

Remark. One might think inclusion/exclusion offers a simpler solution. Consider a 2D rectangle query Q
with corners tl, tr, bl, br (topright, topright, bottomleft, bottomright). We can perform a dominance query
on all four cornerpoints and combine the resulting counts using inclusion/exclusion (tr− tl− br+ bl) to
obtain the answer to the rectangle query. However, suppose that rectangle query Q contains only very few
colors k ≪ ϕ, but the dominance query from e.g. tr contains all ϕ colors. Answering dominance query
tr would take at least Ω(ϕ) time, so this technique is not strictly output sensitive, and thus not applicable
for our use-case.

Combining Theorem 1 and Lemma 3 we thus get the following result for general (2d)-sided query
boxes:

Theorem 2. Let P be a set of n points in Rd, each of which has a color from {1, . . . , ϕ}, and let
2 ≤ s ≤ n be a parameter. In O(n logd+1 n(s logs n)

d−1) time, we can build a data structure of size
O(n logd n(s logs n)

d−1) that can answer axis-aligned frequency reporting queries in O(log n logd−2
s n+

k logd−1
s n) time.
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This result again also applies to the weighted case.
Our main goal was to achieve strictly output sensitive query time. We can achieve this by using Theo-

rem 2 with s = nε/d, for any constant ε > 0, resulting in a data structure with O(n logd n(nε/dd/ε)d−1) ≤
O(n1+ε) space, O(n logd+1 n(nε/dd/ε)d−1) ≤ O(n1+ε) preprocessing time, and O(logn(d/ε)d−2 +
k(d/ε)d−1) = O(log n+ k) query time (using that logn(ε/d)(n) = d/ε = O(1)). (In this version, we can
even forgo the fractional cascading approach, and use the original data structure by Bozanis et al. (1995)
to solve the queries in R1, since the recursion tree has constant height.) The overall result matches that of
Gupta et al. (1997, Corollary 4), however we believe that our approach is simpler.

4 A lower bound in the arithmetic model
In this section we focus on the weighted version of the problem, where each point in P ⊂ Rd also has
a weight from some semigroup (S,+). Given a (dominance) query Q we now wish to report, for every
color c appearing in Q, the total weight w(Pc ∩Q).

Our lower bound holds in the arithmetic model, and builds on a result by Chazelle (1990a) for the
uncolored version of this problem. We describe the model here briefly, see Section 2 of Chazelle’s article
for more detail. We then state Chazelle’s result, and afterwards show how to apply it to obtain a lower
bound for our colored problem.

The arithmetic model. In the arithmetic model we can store generators, which consist of a subset of
points, and the total sum of their weights. A collection of generators is called a storage scheme Γ if, for
any query Q, we can find a subset of generators containing exactly the points in P ∩Q. The answer to an
(uncolored) query is then simply the sum of the values of these generators. The size of Γ is the number
of generators stored, and the cost of answering a query is the number minimum number of generators
required to compute the answer. Importantly, the query cost does not include the time required to actually
find the correct generator(s), nor the size of these generators, and as such the arithmetic model is very
suitable for proving lower bounds.

As a simple example, consider the 1D colored weight reporting problem in the arithmetic model. The
data structure from Lemma 1 stores n generators: each point p of color c stores the total weight of all
points of color c left of p. For any query, the correct weight for each color is thus stored in a single
generator. In the arithmetic model, the query cost is thus simply k, while in the pointer machine model we
still need extra techniques (a transformation to 2D and a priority search tree) to find the correct generators
in O(logn) time.

We require that the used semi-group (S,+) is faithful, which is the case if for each n > 0, ∅ ⊂
T1, T2 ⊆ [1 . . . n], T1 ̸= T2, and every sequence of integers αi, βj > 0 (i ∈ T1, j ∈ T2), the equation∑

i∈T1
αisi =

∑
j∈T2

αjsj is not an identity (i.e., cannot be satisfied for all assignments of the variables
s1, . . . , sn ∈ S) (definition from Chazelle (1990a, Section 2.3)). Most semigroups arising in practice,
e.g. (N,+), (N,max), ({0, 1}, or), have this property. Essentially, this means that a storage scheme must
work for any weight assignment: if we change the weight assignment, then the storage scheme must still
work without changing the subset of points contained in a generator (but of course the total sum of the
weights of the points in a generator may change).

The uncolored lower bound. For a point set P in Rd of a single color, a storage scheme Γ for P ,
and a dominance query Q, let t(P,Γ, Q) be the cost of answering query Q, i.e. the smallest number of
generators from Γ needed to answer Q. Chazelle shows the following:
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Lemma 4 (Chazelle’s uncolored lower bound (Chazelle, 1990a, Theorem 2.1) ). Let ε > 0 be a constant,
let P be a random set of n points in Rd (each drawn randomly and independently from a uniform distri-
bution on [0, 1]d), each with a weight from some faithful semigroup, let Γ be any storage scheme for P of
size m, and let Q be a random dominance query. There exists a constant r (depending on ε) such that,

with probability (1− ε), it holds that t(P,Γ, Q) ≥ r
(

logn
log(2m/n)

)d−1

.

Essentially, there is a high probability that a query Q is “difficult” to answer, meaning that we have to

add together at least r
(

logn
log(2m/n)

)d−1

generators.

The colored lower bound. We now show how to extend this lower bound to the colored version of
the problem. The input point set now contains points of multiple colors, and thus in principle we could
have generators consisting of points of multiple colors too. We first show that a storage scheme can never
use such multi-colored generators, using the assumption that the semi-group is faithful.

Lemma 5. Let P be a random set of n colored points, each with a weight from some faithful semigroup,
and let Γ be any optimal storage scheme for P . Each generator in Γ contains points of only a single color.

Proof: Recall that faithfulness implies that a storage scheme must work for any assignment of weights to
the points. Assume that there exists some storage scheme Γ that, to compute the weight of some color c1
in some query Q, uses a generator γ that contains (among others) a point p of a different color c2. Then
if we change the weight of point p, e.g. by doubling its weight, the total weight of color c1 computed by
storage scheme Γ also changes, even though the actual weight of all points of color c1 did not change. This
means that storage scheme Γ does not work for all weight assignments, and is thus not a proper storage
scheme; a contradiction. We conclude that, to compute the weight of some color c1 in a query Q, a storage
scheme may only use generators that exclusively contain points of color c1. The lemma follows.

Since each generator contains points of only a single color, we can view the generators as being colored
too. If we group the generators by color, we observe that a colored storage scheme for points of ϕ colors
is simply a collection of ϕ uncolored storage schemes. Similar to the uncolored case, let t(P,Γ, Q) be the
cost of answering query Q using storage scheme Γ on the colored point set P . The above lemma implies
that t(P,Γ, Q) =

∑
c t(Pc,Γc, Q); the weights for each color c must be summed independently, using

the generators Γc of color c, so the total query cost is simply the sum of the query cost for all colors.
Essentially, the problems are entirely separate, and thus Lemma 4 applies to each color separately.

We first prove the following technical lemma, which we then use in our lower bound.

Lemma 6. Consider a Bernoulli process with n independent trials, each of which succeeds with probabil-
ity p. Let X be a random variable denoting the number of successes. If p ≥ 0.5, then P(X ≥ n/2) ≥ p.

Proof: We look at the first trial separately. Let Y be a random variable denoting the number of successes
in the remaining n − 1 trials, and let Y ′ = n − 1 − Y be the number of failures in the remaining trials.
We wish to show that:
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P(X ≥ n/2) ≥ p (1)
pP(Y ≥ n/2− 1) + (1− p)P(Y ≥ n/2) ≥ p (2)

(1− p)P(Y ≥ n/2) ≥ p(1− P(Y ≥ n/2− 1)) (3)
(1− p)P(Y ′ ≤ n/2− 1) ≥ pP(Y < n/2− 1) (4)

(1− p)

⌊n/2⌋−1∑
i=0

(
n− 1

i

)
pn−i−1(1− p)i ≥ p

⌈n/2⌉−2∑
i=0

(
n− 1

i

)
pi(1− p)n−i−1 (5)

⌊n/2⌋−1∑
i=0

(
n− 1

i

)
pn−i−1(1− p)i+1 ≥

⌈n/2⌉−2∑
i=0

(
n− 1

i

)
pi+1(1− p)n−i−1 (6)

Explanation of steps:

(1) – (2): if the first trial succeeds (with probability p) we only need n/2 − 1 more successes in Y ,
otherwise (with probability (1− p)) we need n/2 more successes.

(2) – (3): rewriting.

(3) – (4): the probabilities P(Y ≥ n/2) and P(Y ′ ≤ n/2 − 1) are equivalent (by definition of Y ′), and
the probabilities P(Y ≥ n/2− 1) and P(Y < n/2− 1) are complementary and add up to 1.

(4) – (5): summing over probability of getting exactly i failures for all integers 0 ≤ i ≤ n/2 − 1 on the
left, and the probability of getting exactly i successes for each integer 0 ≤ i < n/2−1 on the right.

(5) – (6): distributing the (1− p) and p factors over the summands.

The above equations are all equivalent. In order to show that Eq. (6) holds we compare each summand
separately. If we can show that for each 0 ≤ i ≤ ⌈n/2⌉ − 2 the left hand side is larger than the right hand
side, this certainly also holds for the whole sum; the left hand side even has one extra summand if n is
even, which we can ignore since it is non-negative. We thus wish to show that:

(
n− 1

i

)
pn−1−i(1− p)i+1 ≥

(
n− 1

i

)
pi+1(1− p)n−1−i (7)

pn−2i−2 ≥ (1− p)n−2i−2 (8)
p ≥ (1− p) (9)

(7) – (8): rewriting and canceling of terms

(8) – (9): n− 2i− 2 is positive for 0 ≤ i ≤ ⌈n/2⌉ − 2, so Equation (9) implies Equation (8).

Equation (9) follows from the assumption that p ≥ 0.5. The lemma follows.

We can now prove the main result of this section:
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Theorem 3. Let ε > 0 be a constant, let P be a random set of n points in Rd of ϕ colors such that
there are n/ϕ points of each color, each with a weight from some faithful semigroup, let Γ be any storage
scheme for P of size m, and let q be a random point defining a dominance query Q. There exists a
constant R (depending on ε) such that, with probability at least (1 − ε), it holds that t(P,Γ, Q) ≥

Rϕ
(

log(n/ϕ)
log(2m/n)

)d−1

.

Proof: Assume that (1− ε) ≥ 0.5; otherwise the result follows from using the lemma with (1− ε) = 0.5.
As we noted before, a storage scheme on P consists of ϕ separate storage schemes, one for each color

c. For each of these schemes Γc, Lemma 4 holds (using the same value for ε). Let q be a random query
point defining a dominance query Q, and consider a color c. Let the size of the storage scheme for color c
be mc, with

∑
c mc = m. Lemma 4 tells us that, with probability (1−ε), Q will be a “difficult” query for

color c, i.e. t(Pc,Γ, Q) ≥ rc

(
log(n/ϕ)

log(2mc/(n/ϕ))

)d−1

(since each color contains n/ϕ points). This holds for
every color c. However, Q does not need to be “difficult” for every color; it is sufficient if it is “difficult”
for, say, half the colors, which by Lemma 6 happens with probability at least (1− ε). Let Ĉ be this set of
difficult colors.

The cost to answer query Q is thus t(P,Γ, Q) ≥
∑

c∈Ĉ rc

(
log(n/ϕ)

log(2mc/(n/ϕ))

)d−1

. Let R′ = minc∈Ĉ rc

be the lowest among the constants for all difficult colors; then

t(P,Γ, Q) ≥
∑
c∈Ĉ

rc

(
log(n/ϕ)

log(2mc/(n/ϕ))

)d−1

≥ R′
∑
c∈Ĉ

(
log(n/ϕ)

log(2mc/(n/ϕ))

)d−1

. Assume for now that the mc’s are distributed evenly, that is, the number of generators for each color is
m/ϕ. That gives total query cost

t(P,Γ, Q) ≥ R′
∑
c∈Ĉ

(
log(n/ϕ)

log(2(m/ϕ)/(n/ϕ))

)d−1

= R′
∑
c∈Ĉ

(
log(n/ϕ)

log(2m/n)

)d−1

≥ R′ϕ/2

(
log(n/ϕ)

log(2m/n)

)d−1

. Choosing R = R′/2 gives the claimed result.
We now show that we did not lose generality because of the assumption that the mc’s are divided evenly.

Since we want to prove a lower bound, we want our statement to hold for any distribution of mc’s, and in
particular also for the distribution for which t(P,Γ, Q) is the smallest; we thus have to prove that dividing
the mc’s evenly minimizes t(P,Γ, Q).

Let Lc = log(2mc/(n/ϕ)) and let f(mc) =
(

1
Lc

)d−1

, and note that minimizing
∑

c f(mc) also

minimizes R′ ∑
c

(
log(n/ϕ)

log(2mc/(n/ϕ))

)d−1

Ṫhe function f(mc) is convex w.r.t. mc: the second derivative

f ′′(mc) =
(d−1)L−d−1

c (d+L)
m2

c
is non-negative for any mc >

n
2ϕ (the case where mc <

n
ϕ is irrelevant since

we have n
ϕ points per color, and thus need at least n

ϕ generators per color). It follows that
∑

c f(mc) is
convex too, and thus that choosing mc = m/ϕ for all colors c indeed minimizes

∑
c f(mc).

Since our bound is in the arithmetic model, it essentially gives a lower bound on the number of values
that we need to add together to compute an answer. The real-valued pointer machine model is weaker
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than the arithmetic model, so the lower bound directly holds there. In contrast, in the word-RAM model
we can encode multiple values in a single word, and sum them up using a single operation, so the lower
bound does not hold there.

5 A transformation for reducing space in 2D
For certain values of ϕ and s we can reduce the space usage in Lemma 2 for 2D dominance queries
using one level of “bootstrapping”. The main observation is that using the structure for weighted color
frequency queries in R3, we can actually support simultaneously answering a dominance query in R1 on
a prefix P1, . . . , Pj of t point sets in R1. This allows us to reduce the space used at every node in the
structure of Lemma 2.

Querying multiple sets simultaneously. Let P1, . . . , Pt be t sets of points in R1, and let n denote
the total number of points in P = P≤t =

⋃
j≤t Pj . Following the same strategy as Bozanis et al. (1995),

consider a point set Pj and a color c, and let xi be the ith point of color c in Pj . We map point xi to the
point (xi, xi+1, j) ∈ R3, and associate it with weight i. We do this for every point set Pj and every color
c. Let P̃ be the resulting set of points. A quadrant of the form (−∞, x]× [y,∞)× (−∞, i] is k-shallow
with respect to a set P̃ if it contains at most k points of P̃ . We then observe:

Lemma 7. For any 1 ≤ i ≤ t and any x, y, the query Q̃ = (−∞, x] × [y,∞) × (−∞, i] is iϕ-shallow
with respect to P̃ .

Proof: For every j ≤ i, Q̃ contains at most one point from P̃j,c for every color c; for j > i, Q̃ contains
no points.

Set r = tϕ and build an r-shallow cutting for such quadrants on P̃≤s (Afshani and Tsakalidis, 2018).
An r-shallow cutting Ξ is a set of O(n/r) quadrants (of the above form) such that (i) every k ≤ r-shallow
quadrant is contained in a quadrant in Ξ, and (ii) every quadrant γ ∈ Ξ contains at most O(r) points P̃γ

from P̃ . This set P̃γ is the conflict list of γ. One can compute an r-shallow cutting of size O(n/r) and
process it so that given a query point q we can find a quadrant of Ξ that contains it (if such a quadrant
exists) in O(n log n) time (Afshani and Tsakalidis, 2018).

We build a data structure for 3D weighted color frequency reporting queries on the conflict list P̃γ for
every quadrant γ ∈ Ξ; say this uses S(n) space for n points, with O(Q(n) + k) query time. Hence, the
total space used is O((n/r)S(r)).

Now consider a query, consisting of an integer j ∈ {1, . . . , t} and a range (−∞, q]. Observation 7
guarantees that the quadrant Q̃ = (−∞, q]× [q,∞)× (−∞, j] is contained in a quadrant γ ∈ Ξ. Hence,
querying with the corner point (q, q, j) we we find such a quadrant γ in O(log(n/r)) time. We then
query its associated data structure in O(Q(r, k)) time. Since γ contains Q̃, any point contained in Q̃ is
contained in γ, and none of the points outside of γ can be contained in Q̃. Moreover, for each color c; the
total number of points in P≤j is exactly the total weight of the points in Q̃ ∩ P̃≤j,c.

Lemma 8. Given an S(n) space data structure that supports weighted color frequency queries for dom-
inance ranges in R3 in O(Q(n) + k) time, we can build a data structure of size O((n/tϕ)S(tϕ)) that
stores t sets of points P1, . . . , Pt in R1 of total size n. We can answer color frequency reporting queries
for dominance ranges (−∞, q] in any P≤j =

⋃
i≤j Pi in O

(
log n

tϕ +Q(tϕ) + k
)

time.
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Note that unfortunately we cannot easily extend this idea to simultaneously answer dominance queries
on a prefix P1, . . . , Pj of points in R2, as shallow cuttings in R4 use quadratic space.

Reducing the space for dominance queries in R2. For points in R2 and parameter s, we now follow
the same recursive approach as in Theorem 2, recursively partitioning the set of points using t = s vertical
strips S1, . . . , Ss. However, we now build the data structure from Lemma 8 on (the y-coordinates of) the
point sets Pj = Sj ∩P , instead of constructing s one-dimensional structures on (the y-coordinates of the)

points in each Lj =
⋃

i<j Pi. At every level we thus use O
(

S(sϕ)n
sϕ

)
space, and thus O

(
S(sϕ)n logs n

sϕ

)
space in total.

Consider a dominance query whose corner point lies in strip Sj . We can now compute the contribution
of the points in strips S1, . . . , Sj−1 in O(log(n/(sϕ)) + Q(sϕ) + k) time by querying the Lemma 8
data structure. Therefore, by doing this on all O(logs n) levels of the tree, the total query time becomes
O(logn+ logs n(k + log(n/(sϕ)) +Q(sϕ))).

Lemma 9. Let P be a set of n points in R2, each of which has a color from {1 . . . ϕ}, and let 2 ≤
s ≤ n be a parameter. Given an S(n) space data structure that supports weighted color frequency
queries for dominance ranges in R3 in O(Q(n) + k) time, then we can build a data structure of size

O
(

S(sϕ)n logs n
sϕ

)
that can answer a color frequency reporting query for a dominance range in O(logn+

logs n(k + log(n/(sϕ)) +Q(sϕ))) time.

In particular, starting with the data structure from Theorem 1 (set to use O(r1+ε) space for r points)
gives an O(nsεϕε logs n) space structure with query time O(logs n(log n + k)). Hence, it allows us to
reduce the space by a factor s1−ε/ϕε while not losing anything in the query time when k and ϕ and s are
sufficiently large.

Consider for example the case when ϕ = Θ(log n), for a query where k = Θ(logn), and we choose
s = log n. Lemma 2 yields an O(ns logs n) = O

(
n log2 n

log logn

)
space data structure with O(log n +

k logs n) = O
(

log2 n
log logn

)
query time, and Lemma 9 yields an O(n(sϕ)ε logs n) = O

(
n log1+2ε n

log logn

)
space

data structure with O(logs n(log n+ k)) = O
(

log2 n
log logn

)
query time; the latter improves the space usage

by almost a factor logn.

Corollary 1. When ϕ = Θ(log n), we can build an O(n log2ε n logn
log logn ) space data structure with

O( log2 n
log logn ) query time.

6 Low-space algorithms in 2D
In this section we turn to the algorithmic problem in which we are given a set Q of m queries that we all
wish to answer. For every query Q ∈ Q we must output a list of kQ (color,count) tuples, one for each
color contained in Q. The colors in each of these lists do not have to be in any specific order, as long as
all color counts of a specific query are together. Ideally, we provide these answers in a stream so that we
do not have to store the entire output of size K =

∑
Q kQ.

Note that for point sets in R1 we can simply build and query the linear space solution from Boza-
nis et al. (1995). For point sets in R2, one approach could be to first perform a color reporting query
(Shi and JáJá, 2005) in order to construct, for each color c with nc points Pc, the set of mc queries
Qc that contain at least one point of color c; then

∑
c nc = n and

∑
c mc = K. We can now use
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the algorithm by Chan and Pătraşcu (2010) for offline uncolored orthogonal range counting, which is in
the word-RAM model. For each color c we separately compute the count for color c for each query in
Qc in O((nc + mc)

√
log(nc +mc)) time, resulting in total time O(

∑
c(nc + mc)

√
log(nc +mc)) ≤

O(
√

log(n+m)
∑

c(nc +mc)) = O((n+K)
√
log(n+m)). Note that, since we require all the color

counts of a single query to be grouped, we would need to store the entire output in memory using O(K)
additional working space.

In the remainder of this section we focus on dominance queries. A simple approach would be to
simply build the data structure from Theorem 1 and use it to answer each query, using O(n(s logs n)

d−1)
working space. We now show how to reduce the working space of this algorithm by a factor s logs n,
while obtaining the same runtime. This thus yields a linear space algorithm in R2.

Theorem 4. Let P be a set of n points in Rd, with d ≥ 2, each of which has a color from {1, . . . , ϕ}, and
let Q be a set of m dominance queries, and let 2 ≤ s ≤ n be a parameter. We can answer all queries in
O(n log n(s logs n)

d−1 + m log n logd−2
s n + K logd−1

s n) time, where K is the total output size, using
O(n(s logs(n))

d−2 +m) working space.

Proof: We follow a similar approach as in Theorem 1. We use induction on d, and for the inductive
step we build a strip-tree with fanout s on the x-coordinates of the points. We do not build the (d − 1)-
dimensional data structures yet, as they would take up too much space. The main idea is to build them
only when we need them, and destroy them afterwards. We additionally distribute the queries Q over the
tree, placing each query Q in the leaf strip containing its cornerpoint q.

We sweep a plane z, that is perpendicular to the x-axis, from x = −∞ towards x = ∞. Consider
the root node of the recursion tree. Whenever z enters a strip Si of this root node, we build the (d − 1)-
dimensional data structure Li on L′

i. When z leaves strip Si we destroy this data structure again (and
subsequently build the data structure Li+1 when z enters strip Si+1). We recursively do the same for
the recursive d-dimensional data structure on strip Si. As such, each point is contained in at most one
(d − 1)-dimensional data structure at a time, so the total space required for these data structures at any
time is O(n(s logs n)

d−2). Including the space required for storing the queries in the tree this yields
O(n(s logs n)

d−2 +m) working space.
Whenever z enters a leaf containing a query q we immediately answer this query using the same pro-

cedure as before. This is possible since the (d − 1)-dimensional data structures on L′
i for every strip Si

containing z are exactly the data structures we wish to query.
We build every (d − 1)-dimensional data structure exactly once, so the total runtime is still the sum

of building the data structure from Theorem 1 (O(n logn(s logs n)
d−1)) plus the cost of querying it m

times (O(m log n logd−2
s n + K logd−1

s )). The sweeping adds only O(n logn) time to this, which is
dominated.

We would like to reduce the space usage even further, preferably all the way down to O(n+m) for any
dimension d, but this may not be as easy as it sounds.

One idea would be to apply the sweeping strategy from Theorem 4 across multiple dimensions, not just
one. Consider a (d − 1)-dimensional data structure built on some set of points L′

i whenever z entered a
strip Si. The queries that are asked of this data structure come in order of increasing x-coordinate, but in
arbitrary order w.r.t. their other coordinates; this means we can not easily use a sweeping strategy in more
dimensions.
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Another idea is to use the fact that we are given all queries in advance, and rather than building a (d−1)-
dimensional data structure on L′

i and querying it one by one, instead performing all queries on L′
i at once.

However, this makes combining the answers of all these queries more difficult. The technique discussed
in Theorem 1 for combining the answers of multiple sub-queries only works if we are handling one query
at a time. If we obtain a partial answer for all m queries, each of which may have to be combined with
other partial answers, we have two issues. Firstly we would need O(K) additional storage to store a table
with all these partial answers, and secondly we would need additional time to find the correct entry in the
table for each partial answer, resulting in e.g. an O(K log ϕ) term in the running time.

For the same reason, it is difficult to extend this result to general more-sided queries using techniques
similar to Lemma 3; this would also require combining many sub-queries. We can however increase the
number of sides by 1, using the fact that we can answer dominance queries in order of any coordinate.

Theorem 5. Let P be a set of n points in R2, each of which has a color from {1, . . . , ϕ}, and let Q be a
set of 3-sided queries of the form [x1, x2]× (−∞, y), and let 2 ≤ s ≤ n be a parameter. We can answer
all queries in O(n log2 ns logs n+m log n+K logs n) time, using O(n+m) space.

Proof: We use the same technique as in Lemma 3 by building a binary tree T on the x-coordinates of
P . Additionally we distribute all queries over the tree, by placing each query Q = [x1, x2] × −∞, y]
in the highest node u ∈ T such that xu ∈ [x1, x2]. For a node u with children c1 and c2 let Qu be the
set of queries placed in it, with total output complexity Ku. We split each 3-sided query Q ∈ Qu in two
dominance queries Q1 and Q2 as before, resulting in the sets Q1 and Q2. Importantly, note that each
pair Q1 and Q2 have the same y-coordinate. We use Theorem 4 twice to solve the queries Q1 on the
points Pc1 , and the queries Q2 on the points Pc2 . We are then left with two lists of query answers that
we need to combine. We observe that Theorem 4 yields the answers to the queries in order of the sweep
direction; by sweeping in the y-direction, we can thus receive the answers to queries Q1 and Q2 in order
of y-coordinate. Both lists of answers will thus be in the same order, and we can combine them in O(Ku)
time by simply scanning through both lists simultaneously.

At each node u with nu points and mu queries with output complexity Ku we thus use
O(nu log nus logs nu + mu log nunu + Ku logs nu) time. Since each query appears only once in the
tree, and each point appears O(logn) times, this results in O(n log2 ns logs n+m logn+K logs n) total
time.

7 Concluding remarks
In this article we have considered the frequency reporting problem. We have presented a simple param-
eterized data structure, and have shown an almost-matching lowerbound for the weighted case in the
arithmetic model. A prominent open question is whether we can still actually achieve strictly output sen-
sitive O(f(n) + k) query time with linear space by circumventing the lower bound; for example in the
case where all weights are one, so the frequency reporting case; or by exploiting the fact that we can
subtract counts; or in a different computational model. Note that even in the uncolored case, where the
lower bound for counting queries uses the same assumptions, no such results are known.

Here, we focused on axis-aligned query boxes. It would be interesting to know if the parameterized data
structure could be adapted to more general or different query ranges, such as (regular) convex polygons
or circles.
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For the offline problem in R2, we presented a linear space algorithm that was strictly output sensitive,
but which essentially used O(nε + k) time per query for m = Θ(n) queries. Another open question is
whether it is possible to reduce this nε factor, ideally all the way to log n, so using O((n+m) log n+K)
time to answer all m queries using O(n + m) space. Our algorithm currently uses linear space in R2,
but super-linear space for d > 2; new techniques could also help in achieving a strictly output sensitive
algorithm using linear space in higher dimensions.
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In a recent paper, Francis, Illickan, Jose and Rajendraprasad showed that every plane graph G has (under some natural
restrictions) a vertex-partition into two sets V1 and V2 such that each Vi is dominating (every vertex of G contains a
vertex of Vi in its closed neighbourhood) and face-hitting (every face of G is incident to a vertex of Vi). Their proof
works by considering a plane supergraph G′ of G that has certain properties, and among all such graphs, taking one
that has the fewest edges. As such, their proof is not obviously algorithmic. Their proof also relies on the 4-colour
theorem, for which the fastest known algorithm is quadratic (and not simple).

In this paper, we give a new proof that every plane graph G has (under the same restrictions) a vertex-partition into
two face-hitting dominating sets. Our proof is constructive, and requires nothing more complicated than splitting a
graph into 2-connected components, finding an ear decomposition, and computing a perfect matching in a 3-regular
2-connected plane graph. For all these problems, linear-time algorithms are known and so we can find the vertex-
partition in linear time.

A crucial ingredient in our proof is to find (for a 2-connected plane graph G) a plane supergraph G+ that is a
triangulation, possibly with parallel edges. Furthermore, for every vertex v (with one exception) the cyclic order of
edges around v in G+ contains two consecutive edges that are in G. We study this problem further, and show that
except for the case where G is an odd cycle, we can actually find a triangulation where every vertex has such a pair
of edges.

Keywords: plane graph, dominating set, face-hitting, ear decomposition, triangulating

1 Introduction
One of the oldest problems in graph theory is how to find a small dominating set in a graph G, i.e., a
set S of vertices such that for every vertex v, either v is in S, or some neighbour of v is in S. The goal
is to minimize |S|, and the corresponding decision problem is NP-complete and remains NP-complete
even in planar graphs under restrictions such as being 4-regular or having maximum degree 3 (Garey and
Johnson, 1979). However, in a planar graph one can efficiently approximate a minimum dominating set
arbitrarily closely, using Baker’s approximation scheme (Baker, 1994).

∗This research was supported by NSERC, FRN RGPIN-2020-03958. The author would like to thank Daniel Rutschmann for
inspiring discussions, and Dinis Vitorino for careful proofreading.
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Related to finding a minimum dominating set is the question how big it may be required to be. Since a
graph consisting of n isolated vertices clearly requires size n for any dominating set, one typically imposes
some restriction on the class of graphs studied. One interesting result here was given by Matheson and
Tarjan (1996), who showed that every n-vertex simple triangulated planar graph G has a dominating set
of size at most n/3. (See Section 2 for definitions.) In fact, they show the stronger result that the vertices
of G can be partitioned into three disjoint sets that each are dominating. By combining disjoint copies of
K4, one can easily construct planar triangulated graphs that require at least n/4 vertices in any dominating
set, and the quest to bring the upper bound closer to n/4 has given rise to a number of interesting research
insights. See the paper by Christiansen, Rotenberg, and Rutschmann (2024) for the currently best upper
bound of 2

7n (if n > 10), and the references therein for more results for other related classes of planar
graphs.

In a recent paper, Francis, Illickan, Jose, and Rajendraprasad (2024) studied an interesting variant of
this problem, where they are looking for a vertex set that is not only a dominating set, but that also is face-
hitting, i.e., they presume that the planar graph G comes with a fixed crossing-free drawing (it is plane),
and they want a dominating set S where additionally every face of the drawing is incident to at least one
vertex of S. It is known from an earlier construction by Bose, Shermer, Toussaint, and Zhu (1997) that
there are simple triangulated planar graphs where every face-hitting vertex set has size at least ⌊n/2⌋.
(In a triangulated planar graph, such a set is automatically also dominating.) Francis et al. match this
bound, and in particular, show that any plane graph (under some natural restrictions, such as “no isolated
vertices”) has a vertex-partition into two face-hitting dominating sets; the smaller of these sets has size at
most ⌊n/2⌋. (See also Figure 1(a).) This in turn can be used to improve the bound of Christiansen et al.
(2024) in some triangulated planar graphs: If G has an independent set I of size exceeding 3n/7, then
G \ I has fewer than 4n/7 vertices, and by taking a small face-hitting dominating set of G \ I one can
obtain a dominating set of G of size less than 2n/7.

From a mathematical point of view the result of Francis et al. is very nice since it matches the lower
bound. But from an algorithmic point of view it is somewhat disappointing, since the authors do not
discuss how to find the vertex-partition efficiently, and it is not obvious how to do so. In particular, a
crucial ingredient of their proof is to use a plane supergraph G′ of G that has the maximum number of
so-called “happy vertices” and “happy faces”, and among all such graphs, take the one with the fewest
added edges. Clearly G′ always exists, but it is not clear how to find it. From later properties that the
authors show about G′, it seems likely that one could simply start with G′ := G, search for a violation of
those properties, and then update G′ according to the steps in their proofs. It is not clear how fast such a
procedure would be, but it would likely take at least quadratic time.

A second bottleneck is that Francis et al. use the 4-colour theorem to colour the graph G′ (and extract
the vertex-partition by combining two colour-classes). While there is an algorithm to find the 4-colouring
of a planar graph by Robertson, Sanders, Seymour, and Thomas (1997), the run-time is quadratic (with a
very large constant factor).

In this paper, we therefore re-prove the result by Francis et al. in a different way that immediately leads
to a linear-time algorithm to find the vertex-partition. Rather than relying on the 4-colour theorem, we
find a bipartite subgraph H of G whose 2-colouring then gives the vertex-partition. We ensure that for
every vertex and every face of G at least one incident edge is retained in H , so either colour-class is a
face-hitting dominating set. We sketch here an outline of how to find H . This is easy if G is triangulated:
remove the edges corresponding to a perfect matching in the dual of G (this always exists by Petersen’s
theorem). If G is not triangulated but 2-connected, then we first create a triangulated plane supergraph G+
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Figure 1: (a) A plane graph G, not simple, with a partition into two face-hitting dominating sets. (b) A supergraph
G+ (added edges are blue dotted). Graph G+ is a triangulation where every vertex is happy due to the green shaded
angles.

of G where every vertex v (with one exception) is happy: in the cyclic order of edges around v in G+ there
are two consecutive edges that are in G. (See also Figure 1(b).) Graph G+ is obtained by computing an
ear decomposition of G, and triangulating each face suitably when its corresponding ear is added. Since
vertices of G+ are happy, removing the edges of a perfect matching in the dual of G+ then again gives
H . Finally, for a graph G that is not 2-connected, we simply combine the subgraphs of the 2-connected
components. All steps can easily be implemented in linear time, leading us to our main result:

Theorem 1. There exists a linear-time algorithm for the following task: Given a plane graph G = (V,E)
without isolated vertices or faces incident to at most two vertices, partition V into two vertex sets V1, V2

that both are dominating as well as face-hitting.

The main new ingredient in our paper is an algorithm that finds, for a given 2-connected plane graph
G, a triangulated supergraph G+ with many happy vertices. This problem is related to other papers
that dealt with triangulating a planar graph under some constraint, see e.g. Kant and Bodlaender (1997)
for triangulating planar graphs while keeping the maximum degree small, and Biedl et al. (1997) for
triangulating planar graphs while making them 4-connected. There are also many papers that consider
triangulating geometric objects (such as a set of points or a polygon) under some constraints, see e.g. Bern
et al. (1993) and the references therein. Finally, making vertices happy can be seen as the problem of
assigning angles to vertices under some constraints, and as such our problem is also related to papers that
studied angle-assignments (under different constraints), see e.g. Evans et al. (2021). But to our knowledge
the question of triangulating a planar graph while making vertices happy has not been studied previously
except by Francis et al. (2024). We feel that it deserves more attention, and therefore study it beyond what
is needed as ingredient for the proof of Theorem 1. Specifically, we show the following.

Theorem 2. Let G be a 2-connected plane graph with at least three vertices. If G is not an odd-length
cycle, then there exists a (possibly non-simple) triangulated plane supergraph G+ without loops such that
all vertices are happy. It can be found in linear time.

We will also show that the restrictions “2-connected”, “not an odd-length cycle” and “possibly non-
simple” are required in the sense that for some graphs, not all vertices can be made happy otherwise.
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2 Preliminaries
This section clarifies some notation for a graph G = (V,E); for most standard notation, see for example
Diestel’s book (Diestel, 2012). Throughout, n is the number of vertices, and we assume that n ≥ 2. A
loop is an edge where the two endpoints coincide, while two parallel edges are two edges with the same
set of endpoints. A graph is simple if it has no loops and no parallel edges. We do not assume that G
is simple (except where explicitly stated below). A k-walk is a closed walk with k edges; it is called a
k-cycle if no vertex repeats.

Recall that a vertex set S is dominating if for every v ∈ V either v ∈ S or some neighbour of v is in S.
An edge cover is a set S of edges such that for every v ∈ V at least one incident edge is in S. A perfect
matching is a set M of edges where every vertex is incident to exactly one edge in M .

Throughout the paper, we will assume that G is connected, since otherwise we can obtain a partition
into face-hitting dominating sets in each component and combine them to get one for G. Graph G is
called 2-connected if it does not contain a cut-vertex, i.e., a vertex v such that G \ v has more connected
components than G. A 2-connected component C is a maximal subgraph of G that is 2-connected. For
the borderline case of a vertex v with incident loop(s) in a graph with at least two vertices, we consider v
to be a cut-vertex and each subgraph formed by taking v and one of the loops to be a trivial 2-connected
component.

A planar graph is a graph G that can be drawn without crossing in the plane, or equivalently, on the
sphere S2. Consider a crossing-free drawing Γ of G on the sphere. The maximal regions of S2 \ Γ are
called the faces. Since G is connected, drawing Γ can be described by specifying the rotation scheme, i.e.,
the clockwise cyclic order of edges at each vertex. In this paper, the input graph G will always be planar,
and in fact it will be plane, i.e., it comes with a fixed rotation scheme. This rotation scheme determines
the faces implicitly: Every face can be described via the walk that defines its facial boundary, and this
walk can be read from the rotation scheme. An angle ∠uvw incident to vertex v consists of two edges
(u, v) and (v, w) that are consecutive in the cyclic order of edges at v. If deg(v) = 1 then v has exactly
one incident angle (using the same edge twice); if deg(v) ≥ 2 then at all incident angles the two edges are
distinct. For every angle the two edges are consecutive on the facial boundary of some face F ; we hence
also call it an angle incident to F .

The degree of a face F is the number of angles incident to it, while the size of F is the number of vertices
incident to F . For a 2-connected plane graph the two concepts coincide since the boundary of F is a cycle.
A bigon is a face whose boundary consists of two parallel edges and so has degree 2. A triangulated graph
is a plane graph where every face has degree 3, i.e., it is triangular. Note that this definition forbids bigons
and faces bounded by loops, but in this paper we specifically allow a triangulated graph to have parallel
edges or loops as long as they do not bound a face. (We use the term “simple triangulated graph” if no
loops or parallel edges are allowed.) A 3+-face is a face with size 3 or more; this obviously excludes faces
of degree 1 or 2, but it also excludes some faces of higher degrees, for example a triangular face that is
bounded by a loop and two parallel edges.

Let S be either a vertex-set or an edge-set. A face F is hit by S if it is incident to at least one element
of S. Set S is called face-hitting if it hits every face, and 3+-face hitting if it hits every 3+-face.

In this paper, we are usually given a plane graph G, and we will work with some subgraph or planar
supergraph of G obtained by deleting/adding edges. Without further mentioning we assume that these
graphs use the rotation schemes obtained as explained below. For a subgraph H of G, we use the inherited
rotation scheme, i.e., we keep the same cyclic order of edges at all vertices except for deleting edges that
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are not in H . Any planar supergraph G+ that we construct is a plane supergraph, i.e., it respects the
embedding of G. This means that for any newly added edge e = (v, w) there is a face F incident to both v
and w, and we add the edge inside face F , which means that edge e gets inserted into the cyclic orders at
v and w between the two edges of an angle that is incident to F . (We will do this only if G is 2-connected
and the angles are hence unique.)

The dual graph of G is the graph G∗ = (F , E∗) that has a vertex vF for every face F of G, and a
dual edge e∗ = (vF , vF ′) whenever faces F and F ′ share an edge e on their boundary; it includes a loop
at vertex vF whenever face F is incident twice to an edge e. The degree of vertex vF in G∗ equals the
degree of face F in G. The dual graph G∗ has a natural rotation scheme: For every vertex vF of the dual
graph, list the incident edges in the order in which their dual edges appeared around the facial boundary
of face F .

It will sometimes be convenient to choose an outer face of G as follows. We have a spherical drawing
Γ of G (this can be read from the rotation scheme). For any face F of our choice, we can pick a point
p strictly inside F and project the drawing Γ into the plane using p as projection point. With this, every
cycle of G then has an interior and exterior side. Also face F gets projected to an unbounded area of the
plane, and we hence call it the outer face while all other faces are interior. An interior vertex is a vertex
not incident to the outer face.

3 Bipartite Edge Covers
To prove Theorem 1, it suffices to prove the following result.

Theorem 3. Let G be a connected plane graph with at least two vertices. Then G has a bipartite subgraph
H whose edges form a 3+-face-hitting edge cover of G. Furthermore, we can pre-specify a reference-
edge ê of G and require that H includes ê. Subgraph H can be found in linear time.

To see why this implies Theorem 1, consider a 2-colouring of H , say into vertex-sets V1 and V2, and
let i ∈ {1, 2}. Since E(H) is an edge cover, for every vertex v there exists an edge (v, w) in H . Since H
is 2-coloured, either v ∈ Vi or w ∈ Vi, and so v is dominated by Vi. Since E(H) is 3+-face-hitting, for
every 3+-face F of G there exists an edge (x, y) incident to F in H; either x ∈ Vi or y ∈ Vi, and so Vi is
3+-face-hitting. Since by assumption of Theorem 1 all faces of G are 3+-faces, the result holds. (We note
here that Theorem 1, which we intentionally kept very similar to the statement in Francis et al. (2024),
could be strengthened ever so slightly to permit faces of size 1 or 2, as long as they need not be hit.)

3.1 Triangulated graphs
We first prove Theorem 3 for a triangulated planar graph without loops, where this is very easy. For later
use as a subroutine, we actually prove a stronger claim on the edges E(H) of H: at every angle at least
one edge is retained. This immediately implies that E(H) is a face-hitting edge cover of G since by
connectivity every vertex and every face is incident to an angle.

Lemma 4. Let G be a triangulated planar graph with at least three vertices and no loops. Fix a refe-
rence-edge ê. Then G has a bipartite subgraph H that contains ê, and where for every angle ∠uvw of G,
at least one of the edges (u, v) and (v, w) is in H . Subgraph H can be found in linear time.

Proof: The technique to find H is well known, see e.g. (Bose et al., 1996; Biedl et al., 2001), but we
review it here to prove the additional claims and verify that it works even if G has parallel edges. Since
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G is triangulated, its dual graph G∗ is 3-regular. Graph G∗ is also 2-connected, for otherwise it (as a
3-regular graph) would have an edge e∗ whose removal disconnects G∗, and this edge is dual to a loop of
G. By Petersen’s theorem (Petersen, 1891), G∗ therefore has a perfect matching M∗. In fact (see e.g. the
proof of Petersen’s theorem by Biedl et al. (2001)) we can require one edge of our choice to be in the
perfect matching M∗; we choose it here to be an edge that shares exactly one endpoint with ê∗ so that ê∗

is not in M∗. This matching can be computed in linear time (Biedl et al., 2001).
Define M to be those edges of G whose dual edges are in M∗, and let H := (V,E \ M), see also

Figure 2. Since M∗ is a perfect matching, all faces of H have degree 4, which makes H a bipartite
subgraph of G. Since the dual of ê is not in M∗, reference-edge ê is in H . Consider any angle ∠uvw
of G, say incident to face F , and observe that its two edges (u, v) and (v, w) are distinct since G has no
vertices of degree 1. Since M∗ contains exactly one edge incident to vF , at most one of (u, v) and (v, w)
can be in M , and the other is retained in H .

ê

ê∗

(a)

1

1

11

2 2

2

2
2

1

ê

(b)

Figure 2: (a) The triangulation from Figure 1(b), with its dual graph (red dotted) and a perfect matching in it (thick
dashed). (b) The resulting bipartite graph H; its 2-coloring gives the face-hitting dominating sets from Figure 1(a).

3.2 2-Connected Plane Graphs
Next we prove Theorem 3 for a 2-connected plane graph G in the special case where G has no bigons.
The plan is to find a plane triangulation of G (i.e., a supergraph G+ that is triangulated and respects the
embedding of G), and apply Lemma 4 to G+. For this to work out, we need that some angles of G are
preserved in G+, i.e., no edge of G+ \ G has been inserted into the angle, and so the angles are also
angles of G+. This concept can be applied to any plane supergraph G+; when G+ is a triangulation then
“∠uvw has been preserved” is equivalent to what Francis et al. (2024) called being happy: G+ contains a
triangular face that includes the edges (u, v) and (v, w) of the angle. Call a vertex happy if it has at least
one incident happy angle. The following result is crucial for proving Theorem 3, but we defer its proof to
Section 4 where we will actually prove a stronger result.

Proposition 5. Let G be a 2-connected plane graph with at least three vertices and no bigons. Fix a
vertex s. Then G has a triangulated plane supergraph G+ without loops in which all vertices except
perhaps s are happy. Supergraph G+ can be found in linear time.

We also need an easy observation about angles incident to faces, which implies that there is no need to
explicitly ensure that faces have incident happy angles (the approach taken by Francis et al. (2024)).
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Observation 1. Let G be a 2-connected plane graph with at least three vertices and no bigons, and let
G+ be any plane supergraph of G. Then every face F of G has at least two incident angles that are
preserved in G+.

Proof: The boundary B of F is a cycle with at least three vertices since G is 2-connected without bigons.
Consider the subgraph GF of G+ formed by B and all edges that were inserted inside F . This is a
2-connected graph with at least three vertices that can be drawn with all vertices on one face (it is outer-
planar). It is well-known that such a graph has at least two vertices of degree exactly 2. Let w be one of
these vertices. It lies on B, hence its two incident edges in GF belong to B, and form an angle in G+

since GF includes all edges that we added inside F . So the angle incident to F at w is preserved.

Corollary 6. Theorem 3 holds for any 2-connected plane graph G with n ≥ 2 vertices and no bigons.

Proof: Clearly the theorem holds if n = 2 since G itself is then bipartite, so we may assume that n ≥ 3.
Let s be an endpoint of the reference-edge ê. Using Proposition 5, find a triangulated plane supergraph
G+ of G where all vertices except perhaps s are happy. Apply Lemma 4 to G+ with respect to edge ê.
This gives us, in linear time, a bipartite subgraph H+ of G+ that contains ê; in particular vertex s has ê as
an incident edge in E(H+) ∩ E(G). For every vertex v ̸= s there exists an incident angle in G+ where
both edges belong to G. At least one of these edges is retained in H+, so v also has at least one incident
edge in E(H+) ∩ E(G). Define H to be the bipartite subgraph of H+ with edge set E(H+) ∩ E(G);
by the above E(H) is an edge-cover. By Observation 1 edge set E(H) is also face-hitting: For any face
F of G, some incident angle was preserved in G+, at least one edge of this angle is retained in H+, and
hence F has an incident edge in E(H).

As it turns out, bigons do not pose a problem either.

Corollary 7. Theorem 3 holds for any 2-connected plane graph G with at least two vertices.

Proof: Let G′ be the subgraph of G obtained by deleting, for every bigon of G, one of the parallel edges
that bound the bigon (choosing one that is not reference-edge ê, if ê is in a bigon). Graph G′ is 2-connected
(adding parallel edges cannot increase vertex-connectivity) and has no bigons, and so by Corollary 6 we
can find a bipartite subgraph H ′ such that E(H ′) is a face-hitting edge cover of G′. Let H be the bipartite
subgraph of G obtained by adding to H ′ all bigon-edges where one edge of the bigon was in H ′. Clearly
H is bipartite and all steps to find it can be implemented in linear time.

We claim that E(H) is 3+-face-hitting (and of course it is an edge cover since already E(H ′) was one).
Let F be any 3+-face of G. If F was also a face of G′, then it was hit by E(H ′) and so also by E(H).
If F was not a face of G′, then it was replaced in G′ by a face F ′ that is, roughly speaking, the union of
F and a number of bigons. Formally, the facial boundary of F ′ is the symmetric difference of the facial
boundary of F with all those bigons where the deleted edge was incident to F . Some edge e′ of F ′ was
in E(H ′), hence e′ is either on F or it belongs to a bigon {e′, e′′} with e′′ incident to F . In the latter case
we added e′′ to H . Therefore either way some edge of F is in E(H).

3.3 Putting It All Together
We now put all ingredients together to prove Theorem 3 as follows. We already know the result for 2-
connected graphs (Corollary 7). The way to generalize it to arbitrary connected graphs is very standard:
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Compute the bipartite subgraph for each 2-connected component of G, and combine them to obtain a
bipartite subgraph of G. However, if G is not simple then we have to be a bit more careful in choosing
the reference-edge so that a 3+-face is hit even if its boundary contains loops.

The details are as follows. For ease of description choose the outer face of G such that it contains the
reference-edge ê. Compute the 2-connected components of G; this can be done in linear time (Hopcroft
and Tarjan, 1973). Consider a non-trivial 2-connected component C (i.e., C has at least two vertices). If
C does not contain ê, then choose as reference-edge êC of C an arbitrary edge on the outer face of C in
the induced planar embedding; otherwise set êC = ê. Apply Corollary 7 to C with êC as reference-edge.
This gives a bipartite subgraph HC of C for which E(HC) is a 3+-face hitting edge cover. Let H be the
union of all these subgraphs; since 2-connected components intersect in at most one vertex and H has no
loops, this is bipartite. Since (in a connected graph with at least two vertices) every vertex belongs to at
least one non-trivial 2-connected component C, and is incident to an edge of HC , the set E(H) is an edge
cover.

Now we must show that E(H) hits any 3+-face F of G. (Figure 3 illustrates some possibilities for F .)
If F is a face of one 2-connected component C, then E(HC) (and hence E(H)) hits F . If F is not a face
of one 2-connected component, then let B be the boundary walk of F and let C1, . . . , Cℓ for ℓ ≥ 2 be the
2-connected components intersected by B. Note that B ∩ E(Ci) is a face of Ci (in the induced planar
embedding of Ci) for all i. If this is a 3+-face of Ci then E(HCi

) will include an edge of it and so E(H)
hits F . If B ∩ E(Ci) is the outer face of Ci, and Ci is not a loop, then reference edge êCi

was chosen on
B ∩ E(Ci) and included in E(HCi), and so E(H) hits F .

ê

F3

C2

êC2

F2
C1

F0

F1

C3

êC1

Figure 3: A graph that is not 2-connected; non-trivial 2-connected components are shaded. Face F0 is a face of C1,
hence is hit by E(HC1). The boundary of F1 meets C1 in a 3+-face, hence F1 is hit by E(HC1). The boundary of
face F2 meets C2 in the outer face of C2, hence F2 is hit by êC2 . Face F3 is incident only to loops and a bigon of C3

and not a 3+-face.

So we are done unless for i = 1, . . . , ℓ, either B ∩E(Ci) is a loop, or B ∩E(Ci) bounds a bigon of Ci

that is an inner face of Ci and hence contains face F in its interior. The latter can happen for at most one
index i since face F cannot be interior to two bigons that both share edges with it. Therefore the boundary
of F consists either only of loops, or of one bigon with some loops attached at its endpoints. Either way
F has size at most 2 and is not a 3+-face.

In summary, the edges of H are a 3+-face-hitting edge cover, which proves Theorem 3 and hence
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Theorem 1 (subject to proving Proposition 5, which will happen in Section 4.3).

3.4 Hitting faces of smaller sizes
We briefly discuss here how the bounds change if we want to hit not only the 3+-faces but in fact all faces
with a dominating set S. (This makes a difference only if the graph is allowed to be not simple.)

If we permit faces of degree 1 (i.e., faces whose boundary is a loop), then we must include the unique
vertex of each such face in S to be face-hitting, and so |S| = n may be required since we may have a
degree-1 face at every vertex. See Figure 4(a).

In fact, |S| ≈ n may be required even in a graph that does not have faces of degree 1 but may have
loops. A face that is bounded by two parallel loops has degree 2, but still forces its unique vertex to be in
any face-hitting vertex set S. We can build a graph that has such faces at n− 2 vertices, without having a
face of degree 1, see Figure 4(b). Hence |S| ≥ n− 2 may be required.

If we forbid loops, but permit bigons, then |S| ≥ 3
4n may be required: Take n/4 copies of K4, replace

every edge by a bigon, and then connect the copies with arbitrary further edges to make the graph con-
nected and planar (we can even achieve higher connectivity, see Figure 4(c)). To hit the bigons at each
K4, set S must include a vertex cover of K4, i.e., a vertex set C such every edge has an endpoint in C.
Any vertex cover of K4 must include 3 out of 4 vertices, and so |S| ≥ 3

4n.

(a) (b) (c)

Figure 4: Graphs where any face-hitting dominating set S must be large. (a) With faces of degree 1, we may need
|S| = n. (b) With loops, we may need |S| ≥ n− 2 even if all faces have degree 2 or more. (c) With bigons, we may
need |S| ≥ 3

4
n even if there are no loops.

On the positive side, for any connected plane graph G, any vertex cover is a face-hitting dominating
set since every vertex and face is incident to at least one edge. If G has no loops then it is 4-colourable,
and the three smallest colour classes form a vertex cover of size at most 3

4n. So the lower bound for plane
graphs without loops can be matched. Note that due to the use of the 4-colour theorem, this proof only
yields a quadratic-time (and difficult to implement) algorithm to find the vertex cover. Reducing this run-
time to linear would be equivalent to finding an independent set of size at least n/4 in any planar graph in
linear time, and no such results seem known (see Biedl and Wilkinson (2005) for related discussion).

4 Making Everyone Happy
To goal of this section is to prove Proposition 5, and more generally to study the problem of finding a
triangulated plane supergraph of a given plane graph G such that many (ideally all) vertices are happy. As
before, we assume that G is connected and has at least two vertices. We also assume that all faces of G
have degree 3 or more, otherwise we cannot hope to make the graph triangulated by adding edges.

For ease of reference, we repeat and clarify here a few definitions. Let G be a plane graph and G+ be
a supergraph (not necessarily a triangulation). We say that an angle ∠uvw of G+ is happy if the incident
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face in G+ is a triangle, and both edges (u, v) and (v, w) are edges of G. We say that adding another
edge (u,w) to G+ makes ∠uvw happy if it is happy afterwards due to this edge, i.e., (u,w) closed up
a triangular face {u, v, w} and both (u, v) and (v, w) are edges of G. Note that once an angle ∠uvw
has been made happy, it will remain happy even during later edge-additions since {u, v, w} will remain
a face. A vertex v of G+ is happy there exists a happy angle ∠uvw, and v is made happy by adding an
edge (u,w) if this made an angle ∠uvw happy.

4.1 Some bad examples
We first give some examples of graphs that justify the restrictions/permission made on the input and output
of Proposition 5 (this will also be a convenient warm-up). These graphs are illustrated in Figure 5. First,
the proposition assumes that the input graph G is 2-connected. This is required: we can otherwise make
only a fraction of the vertices happy in some graphs.

Lemma 8. For n divisible by 3, there exists a connected plane n-vertex graph G where any plane trian-
gulation has at most 2

3n happy vertices.

Proof: Let C be a cycle with n/3 vertices, and attach two vertices x, y of degree 1 at every vertex v of the
cycle. Fix a plane embedding and outerface such that x is inside C and y is outside. Now consider adding
edges to create some plane triangulation of this graph. To make vertex x happy, we must make its unique
incident angle happy, which can be done only by adding a loop at v that encloses x. (So in particular, we
cannot make x happy at all if adding loops is forbidden.) To make vertex y happy, we must add another
loop that encloses y, and the two loops together add edges inside all four angles incident to v. So if x, y
are both happy then v cannot be happy, meaning that out of each triple of vertices at least one is never
made happy.

Next, the proposition permits parallel edges in the triangulation. Again this is required: we can other-
wise make only a constant number of vertices happy in some graphs.

Lemma 9. For any n ≥ 4, there exists a 2-connected plane n-vertex graph G where any simple triangu-
lation has at most four happy vertices.

Proof: Consider the graph K2,n−2, i.e., two vertices a, a′ are both adjacent to all of n−2 vertices
b0, . . . , bn−3. This has a unique rotation scheme (up to renaming), and its faces are bounded by the
4-cycles {a, bi, a′, bi+1} for i = 0, . . . , n−3, addition modulo n−2. To triangulate such a face, we can
either insert (a, a′) or (bi, bi+1), and a vertex bi is made happy only if it is incident to a face where we
inserted (a, a′). But in a simple triangulation we can only have one copy of (a, a′), so at most a, a′ and
two of the vertices b0, . . . , bn−3 can be happy.

Finally, the proposition permits that one vertex s is not happy. Again this is required.

Lemma 10. For any n ≥ 5 odd, any triangulation of the n-cycle has at most n− 1 happy vertices.

Proof: If all vertices were happy, then in one of the two faces we would have at least ⌈n/2⌉ happy angles,
and by n odd and the pigeonhole principle hence have two consecutive ones. This is impossible, since the
edge that makes an angle happy necessarily gets inserted into the two adjacent angles of the face.

Surprisingly, as we will prove below, Cn (for n ≥ 5 odd) is the only 2-connected graph where we have
to have an unhappy vertex if the triangulation is allowed to have parallel edges.
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(a) (b)

?
(c)

Figure 5: Graphs where triangulations have few happy angles (shaded green). (a) A graph with cutvertices. (b)
Demanding a simple triangulation. (c) We cannot make two consecutive angles happy.

4.2 Triangulating a single face
Towards the proof of Proposition 5, we first study how to triangulate a single face (modelled here as
triangulating the interior of a cycle). We show a stronger statement: we can prescribe which angles
become happy (presuming none of them are consecutive, which is obviously necessary). In fact, we can
even prescribe which angles should not be happy (as long as at least two are allowed to be happy); this is
not a property that will be used later, but we find it interesting in its own right.

Lemma 11. Let Cn be an n-cycle for n ≥ 3, and let A be any subset of the vertices such that no two of
them are consecutive on the cycle. There exists a simple triangulation of the interior of Cn such that all
interior angles at vertices of A are happy. It can be found in linear time.

If |A| ≥ 2 then we can furthermore ensure that an interior angle of Cn is happy if and only if it belongs
to a vertex of A.

Proof: Nothing is to show if n = 3 since then Cn is already a triangulated graph and all angles are happy.
So assume that n ≥ 4 and pad A, if needed, with extra vertices to achieve |A| ≥ 2. If n = 4 then
by |A| ≥ 2 and assumption we alternatingly have vertices in A and not in A along Cn; adding an edge
between the two vertices not in A then satisfies all conditions.

So assume that n ≥ 5 and consult Figure 6 for an illustration of the following steps. We first add, for
every vertex v ∈ A, an edge inside Cn between its two neighbours v′, v′′ on Cn; the naming is such that
v′ is the ccw neighbour of v. This makes the interior angle incident to v happy and does not add a bigon
by n ≥ 5. It also maintains planarity since vertices of A are not consecutive along Cn, and so none of the
added edges cross each other.

Let F be the face of the resulting graph that is incident to all added edges. If we did not care about
accidentally creating further happy vertices, then we could simply triangulate F arbitrarily. To make only
the vertices of A happy, we have to be a bit more careful. Recall that |A| ≥ 2, and let v, w be two vertices
in A. Their neighbours v′, v′′, w′, w′′ are incident to F (where possibly v′′ = w′ or w′′ = v′). If w′ ̸= v′′

then add an edge (v′, w′) (if w′ = v′′ then this edge exists already). Then add edges from v′ to everyone
that is strictly between v′′ and w′ on F in clockwise order, and add edges from w′ to everyone that is
strictly between w′′ and v′ on F in clockwise order. This does not make any other interior angle of Cn

happy since each of the resulting triangular faces has at most one edge on Cn.

4.3 Triangulating all faces
We know from Lemma 10 that odd-length cycles will be a special case for Proposition 5, and so we prove
the result for them separately.
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(a)

v

v′′

w′

w

w′′

v′

(b)

v

v′′

w′

w

w′′

v′

(c)

Figure 6: Triangulating the interior such that a prescribed set of angles (indicated by green circles) is happy.

Observation 2. Proposition 5 holds for any odd-length cycle Cn.

Proof: Recall that we are given one vertex s that need not be made happy. Enumerate the vertices of Cn

as s, v1, . . . , vn−1. Apply Lemma 11 to triangulate the interior of Cn to make v2, v4, . . . , vn−1 happy,
and apply it again to triangulate the exterior of Cn to make v1, v3, . . . , vn−2 happy. This can clearly be
implemented in linear time.

As promised, for all other 2-connected plane graphs we can make all vertices happy. Put differently, we
now prove Theorem 2, which together with Observation 2 implies Proposition 5. We restate the theorem
here for ease of reference, and then devote the rest of the subsection to proving it.

Theorem 2. Let G be a 2-connected plane graph with at least three vertices. If G is not an odd-length
cycle, then there exists a (possibly non-simple) triangulated plane supergraph G+ without loops such that
all vertices are happy. It can be found in linear time.

Crucial to the proof of this theorem is the idea of building up the graph G “piece by piece”, adding one
face at a time, and triangulating this face while maintaining a suitable invariant. This “building up the
graph” uses a well-known tool that we define first.

Definition 12. An ear decomposition of a graph G is a collection ⟨P1, . . . , Pf ⟩ of paths (“ears”) in G
with the following properties:

• Every edge of G belongs to exactly one path.

• P1 is a cycle, i.e., its endpoints coincide.

• For i > 1, Pi is a path with two distinct endpoints. The endpoints of Pi are in Vi−1:=V (P1)∪ . . .
∪V (Pi−1), while the interior vertices of Pi (if any) are not in Vi−1.

It is well-known that a graph G with at least three vertices is 2-connected if and only if it has an ear
decomposition (Whitney, 1931). Given an ear decomposition, we define (for i ≥ 1) the partial graph Gi

to be the graph with vertices Vi and all edges of P1, . . . , Pi; note that Gi is 2-connected since it has an ear
decomposition.
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It is known that if G is a plane graph, then we can put extra conditions on ear decompositions. We have
not been able to find an explicit reference for this result, and hence provide a short proof, mostly based on
the insights in Rosenstiehl and Tarjan (1986) and illustrated in Figure 7.

Lemma 13. Let G be a 2-connected plane graph with at least three vertices. Then for any face F of G,
there exists an ear decomposition ⟨P1, . . . , Pf ⟩ of G and a choice of outer face of G such that P1 bounds
face F , and for i > 1 path Pi lies on the outer face of the partial graph Gi in the induced embedding of
Gi. Such an ear decomposition can be found in linear time.

Proof: Let (s, t) be an arbitrary edge on F . Since G is 2-connected, it has a vertex ordering v1, . . . , vn
such that v1 = s, vn = t, and every other vertex has at least one earlier and at least one later neighbour
(Lempel et al., 1967). This can be computed in linear time (Even and Tarjan, 1976). Direct every edge
from the lower-indexed to the higher-indexed endpoint to obtain a bipolar orientation (Rosenstiehl and
Tarjan, 1986), i.e., an acyclic edge-orientation where s is the only source and t is the only sink. Consider
the dual graph G∗, and direct it such that every dual edge e∗ crosses the corresponding edge e of G
left-to-right. If we delete the edge dual to (s, t) from G∗, then the resulting orientation is also a bipolar
orientation, with the source and sink the two faces incident to (s, t) (Rosenstiehl and Tarjan, 1986). Up to
reversal of edges we may therefore assume that vF is the source of G∗ while the vertex of the outer face is
the sink. Compute a topological order of G∗ to enumerate the faces of G as F1, . . . , Ff+1, with F1 = F
and Ff+1 the outer face.

Set P1 to be the boundary of F=F1. To define Pi for 2 ≤ i ≤ f , consider the interior face Fi. Since
we have a bipolar orientation of G∗, vertex vFi is neither a source nor a sink. It is known that its outgoing
edges are consecutive in the clockwise order of edges, as are its incoming edges (Tamassia and Tollis,
1986). Translated from G∗ to G, therefore the boundary of Fi is split into two non-empty parts, one part
with edges shared with smaller-indexed faces (hence in earlier paths), and one part with edges shared with
larger-indexed faces. Define Pi to be to be this latter part. One easily verifies all required properties.

st

F4F3

F=F1

F2

st

F4F3

F=F1

P4

P1

P2

P3

F2

Figure 7: Finding an ear decomposition of a plane 2-connected graph via a topological order in the bipolar orientation
of the dual graph.

Continuing the proof of Theorem 2, we compute an ear decomposition ⟨P1, . . . , Pf ⟩ of the given graph
G by using Lemma 13, choosing as face F one of even degree if there are such faces, and an arbitrary
one otherwise. This also enumerates the interior faces as F1, . . . , Ff , with Pi on the boundary of Fi for
i = 1, . . . , f . As outlined earlier, the plan is to triangulate Fi, for i = 1, . . . , f , such that the resulting
supergraph G+

i of Gi satisfies the following invariant:
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(a) Every interior vertex of G+
i is happy.

(b) For any edge e on the outer face of G+
i , at least one endpoint of e is interior-happy, i.e., it is incident

to a happy angle at an interior face.

Since we build G+
i by triangulating F1, . . . , Fi, and always do so by appealing to Lemma 11, it also

follows automatically that the outer face of G+
i is the same as the outer face of Gi, every interior face of

G+
i has degree 3, and no loops are added.

Base case if G has a face of even degree: If G has a face of even degree, then with our choice of
ear decomposition face F1 has even degree. See also Figure 8(a). We can then appeal to Lemma 11 to
triangulate F1 while making every second interior angle happy. Since G1 has no interior vertices, the
invariant then clearly holds for the resulting G+

1 .

Base case if G has only faces of odd degree: In this case we will triangulate faces F1 and F2 at the
same time such that the invariant holds for G+

2 . Note first that F2 must exist since otherwise G would be
a cycle of odd length. It also must share some edges with F1 since the endpoints of P2 are distinct. So G2

consists of three disjoint paths, call them πa = ⟨a1, . . . , ap⟩, πb = ⟨b1, . . . , bq⟩, and πc = ⟨c1, . . . , cr⟩,
with a1 = b1 = c1 and ap = bq = cr. We assume that the naming is such that F1 borders πa and πb while
F2 borders πb and πc, hence the interior vertices of πb are not on the outer face of G2. See also Figure 8(b)
and (c). We know that p+ q is odd, as is q + r, since all faces have odd degree. In consequence the outer
face of G2 (which is bounded by the cycle formed by πa ∪ πc) has even degree. Set A0 to be every other
vertex on the outer face, choosing among the two possibilities such that a1 is not in A0. For i ∈ {1, 2},
write Ai

0 for all those vertices in A0 that are incident to face Fi.
We now have two subcases. If q is even (hence p and r are odd) then vertex bq is not in A0. Set A1 to

be {b3, b5, . . . , bq−1} and A2 to be {b2, b4, . . . , bq−2}. Observe that for i ∈ {1, 2} the set Ai
0∪Ai consists

of vertices on Fi, no two of which are consecutive. We can hence appeal to Lemma 11 to make the angles
incident to Fi at (A0 ∩V (Fi))∪Ai happy by triangulating Fi. Thus in the resulting graph G+

2 all interior
vertices of πb are happy, and every other vertex on the outer face is interior-happy, and the invariant holds.

If q is odd, then define A1 and A2 similarly, but this time A1 := {b3, b5, . . . , bq} includes bq while
A2 = {b2, b4, . . . , bq−1}. Observe that we had bq ∈ A0, and we now, for i = 1, 2, appeal to Lemma 11
to triangulate face Fi using set (Ai

0 \ bq)∪Ai after verifying that no two of these vertices are consecutive
on Fi. This makes all interior vertices of πb happy in G+

3 . It also makes all vertices of A0 happy since
bq ∈ A1, and the invariant holds.

Step: Assume now that G+
i−1 (for some i ≥ 2) satisfies the invariant. Let Pi = ⟨y0, y1, . . . , yk, yk+1⟩ for

some k ≥ 0 be the next ear, so y0 ̸= yk+1 are vertices of Gi−1 while all other vertices of Pi (if any) are
new. Enumerate the interior face Fi incident to Pi as

Fi = ⟨y0, y1, . . . , yk, yk+1=z0, z1, . . . , zℓ, zℓ+1 = y0⟩,

so ⟨z0, z1, . . . , zℓ, zℓ+1⟩ for some ℓ ≥ 0 was a path along the outer face of Gi−1 between the ends of Pi.
The plan is again to appeal to Lemma 11, and to this end, we define a set A as follows (see also Figure 9).

First we want to ensure Invariant (a), i.e., that all interior vertices of G+
i are happy. This holds for all

such vertices except z1, . . . , zℓ by induction. So set A1 to be the set of all vertices of z1, . . . , zℓ that were
not interior-happy in G+

i−1. Since the invariant held for G+
i−1, no two of them were consecutive on the

outer face of Gi−1, hence no two of them are consecutive on Fi, not even if k = 0 since y0, yk+1 ̸∈ A1.
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F1

(a)

F1 F2

a1=b1=c1

a2

b2

b3

ap=bq=cr

c2

(b)

F1 F2

a1=b1=c1

a2
b2

ap=bq=cr

c2

(c)

Figure 8: Three base cases: (a) F1 has even degree. (b) All faces have odd degree, and q is even. (c) All faces have
odd degree, and q is odd.

Next we want to ensure Invariant (b), i.e., that for any edge on the outer face at least one endpoint is
interior-happy. This holds for all edges except the ones of Pi by induction. To ensure it for Pi, we have
have two cases.

1. In the first case, one of y0 and yk+1 (say yk+1) is interior-happy already. We set A2 := {y1, y3, . . . ,
y2⌈k/2⌉−1}, i.e., we take every odd-indexed vertex of Pi until yk−1 or yk, depending on the parity
of k. See Figure 9(a-b). Note that every edge in Pi has one endpoint in A2 ∪ {yk+1}, so creating
happy angles at the vertices of A2 suffices to satisfy (b) since yk+1 is already interior-happy. Also
none of the vertices in A2 is consecutive on Fi with a vertex of A1 since y0, yk+1 ̸∈ A1.

2. In the second case, neither y0 nor yk+1 was already interior-happy. This implies that ℓ ≥ 1, since by
Invariant (b) they then must not be consecutive on the outer face of G+

i−1. Again using Invariant (b),
this implies that z1 and zℓ were interior-happy, and in particular, do not belong to A1. Set A2 :=
{y0, y2, . . . , y2⌈k/2⌉}, i.e., we take every even-indexed vertex of Pi until yk or yk+1, depending
on the parity of k. See Figure 9(c). Note that none of these vertices (not even y0 or yk+1) are
consecutive in Fi with a vertex of A1 since z1, zℓ ̸∈ A1.

So we have chosen A1 and A2 such that no two vertices of A := A1 ∪ A2 are consecutive along Fi,
and such that creating happy angles at the vertices in A ensures the invariant. We hence use Lemma 11
with A to triangulate Fi and obtain the desired graph G+

i

Triangulating the outer face. Using the algorithm inherent in the above inductive proof, we can build
G+

n in linear time since triangulating face Fi takes time proportional to its degree. With this all interior
vertices are happy. Let A be the set of vertices on the outer face of G+

n that are not interior-happy. By
Invariant (b) no two of these are consecutive on the outer face, so by appealing to Lemma 11 once more
with the outer face and A, we have hence proved Theorem 2 and Proposition 5.

5 Further Thoughts
In this paper, we gave a new proof that every simple planar connected graph with at least two vertices has a
vertex partition into two face-hitting dominating sets, with the goal of developing a linear-time algorithm
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G+
i−1 Fi

y0=zℓ+1

yk+1=z0

y1

z1

zℓ

yk

(a)

Fi

y0=zℓ+1

yk+1=z0

y1

yk

z1

zℓ

G+
i−1

(b)

Fi

y0=zℓ+1

yk+1=z0

y1

yk

z1

zℓ

G+
i−1

(c)

Figure 9: Three examples of the step: (a) yk+1 was interior-happy, k odd. (b) yk+1 was interior-happy, k even. (c)
Neither end of Pi was interior-happy. Vertices that were already happy in G+

i−1 are indicated with filled circular arcs.

to find this vertex partition. The proof extends to graphs that are not simple, as long as we are content
with hitting only those faces that are incident to at least three distinct vertices. We also studied one crucial
ingredient, the problem of triangulating a given plane graph such that (almost) all vertices are happy. We
characterized exactly when this can be done for a 2-connected graph if parallel edges are allowed, and
gave various examples where it cannot be done if the graph is not 2-connected or the triangulation must
be simple.

One natural open problem concerns bounds for face-hitting dominating sets in 4-connected planar
graphs. The lower-bound example of Bose et al. (1997) has 3-cycles that are not faces, i.e., it is not
4-connected. Can we improve the upper bound on the size of face-hitting dominating sets for 4-connected
planar graphs, at least for triangulations? Another open problem concerns making (almost) all vertices
happy in plane graphs that are not necessarily 2-connected. Are vertices of degree 1 the only obstacle, so
can we make (almost) all vertices happy in a connected plane graph with minimum degree 2, or at least in
any 2-edge-connected plane graph?

References
Brenda S. Baker. Approximation algorithms for NP-complete problems on planar graphs. J. ACM, 41(1):

153–180, 1994. doi: 10.1145/174644.174650.

Marshall W. Bern, Herbert Edelsbrunner, David Eppstein, Scott A. Mitchell, and Tiow Seng Tan. Edge
insertion for optimal triangulations. Discret. Comput. Geom., 10:47–65, 1993. doi: 10.1007/
BF02573962.

Therese Biedl and Dana F. Wilkinson. Bounded-degree independent sets in planar graphs. Theory Comput.
Syst., 38(3):253–278, 2005. doi: 10.1007/S00224-005-1139-0.

Therese Biedl, Goos Kant, and Michael Kaufmann. On triangulating planar graphs under the four-
connectivity constraint. Algorithmica, 19(4):427–446, 1997. doi: 10.1007/PL00009182.

Therese Biedl, Prosenjit Bose, Erik D. Demaine, and Anna Lubiw. Efficient algorithms for Petersen’s
matching theorem. J. Algorithms, 38(1):110–134, 2001. doi: 10.1006/JAGM.2000.1132.

https://doi.org/10.1145/174644.174650
https://doi.org/10.1007/BF02573962
https://doi.org/10.1007/BF02573962
https://doi.org/10.1007/S00224-005-1139-0
https://doi.org/10.1007/PL00009182
https://doi.org/10.1006/JAGM.2000.1132


Face-hitting Dominating Sets 17

Prosenjit Bose, David G. Kirkpatrick, and Zaiqing Li. Efficient algorithms for guarding or illuminating
the surface of a polyhedral terrain. In Frank Fiala, Evangelos Kranakis, and Jörg-Rüdiger Sack, editors,
Canadian Conference on Computational Geometry, pages 217–222. Carleton University Press, 1996.
URL http://www.cccg.ca/proceedings/1996/cccg1996_0037.pdf.

Prosenjit Bose, Thomas C. Shermer, Godfried T. Toussaint, and Binhai Zhu. Guarding polyhedral terrains.
Comput. Geom., 7:173–185, 1997. doi: 10.1016/0925-7721(95)00034-8.

Aleksander B. G. Christiansen, Eva Rotenberg, and Daniel Rutschmann. Triangulations admit dominating
sets of size 2n/7. In David P. Woodruff, editor, ACM-SIAM Symposium on Discrete Algorithms, SODA
2024, pages 1194–1240. SIAM, 2024. doi: 10.1137/1.9781611977912.47.

Reinhard Diestel. Graph Theory, 4th Edition, volume 173 of Graduate texts in mathematics. Springer,
2012. ISBN 978-3-642-14278-9.

William S. Evans, Ellen Gethner, Jack Spalding-Jamieson, and Alexander Wolff. Angle covers: Algo-
rithms and complexity. J. Graph Algorithms Appl., 25(2):643–661, 2021. doi: 10.7155/JGAA.
00576.

Shimon Even and Robert Endre Tarjan. Computing an st-numbering. Theor. Comput. Sci., 2(3):339–344,
1976. doi: 10.1016/0304-3975(76)90086-4.

P. Francis, Abraham M. Illickan, Lijo M. Jose, and Deepak Rajendraprasad. Face-hitting dominating
sets in planar graphs. In Daniel Král and Martin Milanic, editors, International Workshop on Graph-
Theoretic Concepts in Computer Science, WG 2024, Lecture Notes in Computer Science, pages 211–
219. Springer, 2024. doi: 10.1007/978-3-031-75409-8_15.

Michael R. Garey and David S. Johnson. Computers and Intractability: A Guide to the Theory of NP-
Completeness. W. H. Freeman, 1979. ISBN 0-7167-1044-7.

John E. Hopcroft and Robert Endre Tarjan. Efficient algorithms for graph manipulation [H] (algorithm
447). Commun. ACM, 16(6):372–378, 1973. doi: 10.1145/362248.362272.

Goos Kant and Hans L. Bodlaender. Triangulating planar graphs while minimizing the maximum degree.
Inf. Comput., 135(1):1–14, 1997. doi: 10.1006/INCO.1997.2635.

Abraham Lempel, Shimon Even, and Israel Cederbaum. An algorithm for planarity testing of graphs.
In Pierre Rosenstiehl, editor, Theory of Graphs, International Symposium Rome 1966, pages 215–232.
Gordon and Breach, 1967.

Lesley R. Matheson and Robert Endre Tarjan. Dominating sets in planar graphs. Eur. J. Comb., 17(6):
565–568, 1996. doi: 10.1006/EUJC.1996.0048.
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For a sequence of tasks, each with a positive integer period, the pinwheel scheduling problem involves finding a valid
schedule in the sense that the schedule performs one task per day and each task is performed at least once every
consecutive days of its period. It had been conjectured by Chan and Chin (1993) that there exists a valid schedule
for any sequence of tasks with density, the sum of the reciprocals of each period, at most 5

6
. Recently, Kawamura

(2024, in press) settled this conjecture affirmatively. In this paper we consider an extended version with real periods
proposed by Kawamura, in which a valid schedule must perform each task i having a real period ai at least l times
in any ⌈lai⌉ consecutive days for all positive integer l. We show that any sequence of tasks such that the periods
take three distinct real values and the density is at most 5

6
admits a valid schedule. We hereby conjecture that the

conjecture of Chan and Chin is true also for real periods.

Keywords: pinwheel scheduling, perpetual scheduling, density conjecture, task packing, Beatty sequence

1 Introduction
In the pinwheel scheduling problem introduced by Holte et al. (1989), we are given a sequence of tasks,
each with a positive integer period, and want to find a schedule that performs one task per day such that
each task is performed at least once every consecutive days of its period. Let N and Z be the set of all
positive integers and the set of all integers, respectively, and let [k] = {i | i ∈ N, 1 ≤ i ≤ k}. Formally,
an integer-valued instance of the pinwheel scheduling problem is a sequence A = (ai)i∈[k] ∈ Nk, where
ai is the period of task i. The goal is to find a schedule S : Z → [k], which indicates that task S(t) is
performed on day t, such that the following condition is satisfied for each task i ∈ [k]:

for each m ∈ Z, there exists a day t ∈ [m,m+ ai) ∩ Z such that S(t) = i.

Such a schedule is said to be valid for the instance A. In particular, when a schedule S is periodic, that is,
there exists p ∈ N such that S(t) = S(t+ p) holds for all t ∈ Z, we represent the schedule by a sequence
of |S(0)S(1) · · ·S(p− 1)|. We say that an instance is schedulable if there exists a valid schedule for the
instance. For example, the instance (2, 4, 4) is schedulable, since schedule |1213| is valid for it.
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2 Hiroshi Fujiwara et al.

The density of an instance A = (ai)i∈[k] is defined as D(A) =
∑

i∈[k]
1
ai

. Intuitively, the density of
an instance means how many tasks a valid schedule for the instance has to perform on average per day.
Obviously, D(A) ≤ 1 is necessary for the instance A to admit a valid schedule. (See that the density of
instance (2, 4, 4) above is 1.) However, this is not sufficient. Chan and Chin conjectured as follows:

Conjecture 1 (Chan and Chin (1993)). If an integer-valued instance A satisfies D(A) ≤ 5
6 , then A is

schedulable.

This conjecture is best possible, since for any a3, the instance (2, 3, a3), whose density is 5
6+

1
a3

> 5
6 , is

not schedulable. After much work by many researchers such as Lin and Lin (1997); Fishburn and Lagarias
(2002); Gąsieniec et al. (2022), Kawamura (in press) finally settled this conjecture in the affirmative.
Please refer to Kawamura (2024) for the conference version of the paper.

Theorem 1 (Kawamura (2024, in press)). If an integer-valued instance A satisfies D(A) ≤ 5
6 , then A is

schedulable.

Kawamura (2024, in press) proposed an extended version of the pinwheel scheduling problem that
allows real values at least 1 for periods of tasks, replacing the validity condition for each task i ∈ [k] by:

for each l ∈ N and m ∈ Z, there exist at least l values of t ∈ [m,m + ⌈lai⌉) ∩ Z such that
S(t) = i.

In other words, this condition is that for each l ∈ N, task i is performed at least l times in any ⌈lai⌉
consecutive days. Note that when ai is an integer, the condition is equivalent to that of the original
integer-valued problem. For example, a task with period 7

2 has to be performed at least once every 4 days
and at least twice every 7 days. The schedule |1112112| is valid for the instance (2, 7

2 ).
It should be remarked that this is not a simple relaxation of the problem. More specifically, even

if one identifies n tasks each with period a in a valid schedule, the identified task may not be performed
according to a period of a

n . For example, the schedule |1111213| is valid for the instance (2, 7, 7). Identify
tasks 2 and 3. Then, the identified task fails to meet the validity condition for a period of 7

2 ; the task is not
performed once every 4 days, though it is performed twice every 7 days.

Nevertheless, we conjecture that Theorem 1 holds true also for the real-valued version:

Conjecture 2. If a real-valued instance A satisfies D(A) ≤ 5
6 , then A is schedulable.

This is also best possible for the same reason as the integer-valued problem. Our main theorem, Theo-
rem 2, is a partial solution to Conjecture 2, which strengthens the plausibility of the conjecture.

Theorem 2. If a real-valued instance A consists of three distinct values and satisfies D(A) ≤ 5
6 , then A

is schedulable.

1.1 Previous Results

The integer-valued pinwheel scheduling problem. The next theorem is one of the results aimed at
solving Conjecture 1, which can be regarded as an integer-valued version of our main theorem.

Theorem 3 (Lin and Lin (1997)). If an integer-valued instance A consists of three distinct values and
satisfies D(A) ≤ 5

6 , then A is schedulable.



Pinwheel Scheduling with Real Periods 3

We will see below that it seems hopeless to extend Theorem 3 directly to the real-valued problem. (Con-
versely, our proof of Theorem 2 can be seen as a simpler proof of Theorem 3.) The proof of Theorem 3
in Lin and Lin (1997) constructs a valid schedule for a given integer-valued instance

(c1, · · · , c1︸ ︷︷ ︸
q1

, c2, · · · , c2︸ ︷︷ ︸
q2

, c3, · · · , c3︸ ︷︷ ︸
q3

).

In the schedule, for each i = 1, 2, and 3, identify all the tasks with period ci and rename them as task i.
If the resulting schedule were valid for the instance ( c1q1 ,

c2
q2
, c3
q3
), this would give a solution to the problem

with rational periods. However, this attempt fails. We have a counterexample: the instance

(13, · · · , 13︸ ︷︷ ︸
5

, 14, · · · , 14︸ ︷︷ ︸
5

, 78, · · · , 78︸ ︷︷ ︸
5

).

Run the construction for this instance and identify all the 5 tasks with period 14 in the resulting schedule.
It will turn out that the identified task is not performed at a period of 14

5 .
Gąsieniec et al. (2022) partially solved Conjecture 1 for the case of 12 or fewer tasks. The authors

provided a Pareto surface of the whole set of such instances, where a Pareto surface C for a set of
pinwheel scheduling instances I is an inclusion minimal set of pairs of an instance with minimum periods
and a schedule that is valid for the instance such that, for every instance A in I , C includes a valid schedule
for A. We will also consider this point of view in Sections 2 and 3.

We introduce a stronger conjecture recently made by Kawamura:

Conjecture 3 (Kawamura (2025)). If an integer-valued instance A = (ai)i∈[k] satisfies D(A) ≤ 1 −
a1−1

a1(a1+1) , then A is schedulable.

The real-valued pinwheel scheduling problem. Kawamura (2024, in press) extended the pinwheel
scheduling problem to real periods as one of the techniques for proving Theorem 1. The following theorem
is a partial solution to Conjecture 2.

Theorem 4 (Kawamura (2024, in press)). If a real-valued instance A contains at most two periods and
satisfies D(A) ≤ 1, then A is schedulable.

Theorem 5 below can be seen as a partial solution to Conjecture 2 for the case where a1 > 103, since
the density threshold in the statement exceeds 5

6 in this case.

Theorem 5 (Kawamura et al. (2025)). If a real-valued instance A = (ai)i∈[k] satisfies D(A) ≤ 1 −
1+ln 2
1+

√
a1

− 3
2a1

, then A is schedulable.

Other related problems. The pinwheel scheduling problem can be viewed as a task packing problem.
Its dual problem, called the pinwheel covering problem, has recently been studied by Kawamura and
Soejima (2020); Kawamura et al. (2025). The bamboo garden trimming problem (Gąsieniec et al. (2024);
Kawamura (in press)) is an optimization problem closely related to the pinwheel scheduling problem.
Refer to Kawamura (2025) for further variants and related problems.

2 A Warm-Up: Case of Two Distinct Real Values
To demonstrate the idea of the proof of our main theorem, Theorem 2, for a simpler case, we first attempt
to prove a weaker theorem for the case of two distinct real values, Theorem 6. We mention that this can
be obtained as a corollary of Theorem 4 and Lemma 2 below.
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Theorem 6. If a real-valued instance A consists of two distinct values and satisfies D(A) ≤ 5
6 , then A is

schedulable.

The following two lemmas play an important role. All schedulability throughout this paper, except for
that of some individual instances, is derived from these lemmas. Note in Lemma 1 that the same schedule
remains valid for the new instance.

Lemma 1 (Kawamura (2024, in press)). If a schedule S is valid for a real-valued instance (ai)i∈[k], then
S is valid also for the instance obtained by replacing some period aj (j ∈ [k]) by a real b ≥ aj .

Lemma 2 (Kawamura (2024, in press)). If a real-valued instance (ai)i∈[k] is schedulable, so is the in-
stance obtained by replacing some period aj (j ∈ [k]) by q copies of qaj for any q ∈ N.

Lemma 3 below states that any real-valued instance with two periods and a density of exactly 5
6 is

schedulable. Instead of such an instance (a1, 1
5
6−

1
a1

) itself, we focus on the value a1 ∈ R as the projection

of the instance onto the real line. Note that the condition 6
5 < a1 ≤ 12

5 in the statement ensures, without
loss of generality, that the periods are ordered in non-decreasing order. Lemmas 1, 2, and 3 immediately
imply Theorem 6.

Lemma 3. Every real-valued instance A = (a1,
1

5
6−

1
a1

) with 6
5 < a1 < 12

5 satisfies at least one of the

following conditions and the schedule S defined there is valid for the instance A:
(i) If 6

5 < a1 ≤ 3
2 , then,

S(t) =

{
1, t ≡ 0, 1, 2, 3, 4;

2, t ≡ 5 (mod 6),
(1)

which is represented as |111112|.
(ii) If 3

2 ≤ a1 ≤ 2, then,

S(t) =

{
1, t ≡ 0, 1;

2, t ≡ 2 (mod 3),
(2)

which is represented as |112|.
(iii) If 2 ≤ a1 ≤ 3, then,

S(t) =

{
1, t ≡ 0;

2, t ≡ 1 (mod 2),
(3)

which is represented as |12|.
It does not matter that the ranges of a1 in the cases (i), (ii), and (iii) are not exclusive and even include

values out of 6
5 < a1 ≤ 12

5 . The former fact means that there may exist multiple valid schedules for a
single instance.

Now we are going to provide some lemmas for the proof of Lemma 3. We have found by hand that
the three instances each with a density of 1 in the following Lemma 4 are schedulable and each period is
minimum possible.
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Lemma 4. The schedules defined by (1), (2), and (3) are valid for the real-valued instances ( 65 , 6), (
3
2 , 3),

and (2, 2), respectively.

Proof: It is immediate to see that each of the schedules satisfies the condition for the tasks having an
integer period. All that remains is to confirm the schedulability of the tasks having a rational period.

We first demonstrate that S in (1) satisfies the condition for task 1 with period 6
5 in the instance ( 65 , 6).

We denote by Pi(y, l) the proposition that for each m ∈ Z, there exist at least l values of t ∈ [m,m+y)∩Z
such that S(t) = i, which means that the schedule S performs task i at least l times in any y consecutive
days. The schedulability of task 1 in the instance ( 65 , 6) is represented as P1(⌈l · 6

5⌉, l) for all l ∈ N. We
are going to prove this.

For each l = 1, 2, . . . , 5, we have ⌈l · 65⌉ = l+1. According to (1), S(t) = 1 if t ≡ 0, 1, 2, 3, 4 (mod 6).
It is clear that every l + 1 consecutive days, task 1 is performed at least l times. That is, P1(⌈l · 6

5⌉, l) is
true.

For l ≥ 6, let q be the quotient and r be the remainder when l is divided by 5. We have ⌈l · 6
5⌉ =

⌈(5q + r) · 6
5⌉ = 6q + ⌈r · 6

5⌉. Using what we have already shown, we obtain that: Task 1 is done at least
r times in any ⌈r · 6

5⌉ consecutive days by P1(⌈z · 6
5⌉, z) for z = 1, 2, 3, 4, while it is done at least 5q

times in any 6q consecutive days by P1(⌈5 · 6
5⌉, 5). In total, task 1 is done at least 5q+ r = l times in any

6q + ⌈r · 6
5⌉ consecutive days, which implies P1(⌈l · 6

5⌉, l).
We next check task 1 with period 3

2 in the instance ( 32 , 3) for S in (2) in the same way. Using the
notation Pi(y, l) again, we can state that our goal is to show P1(⌈l · 3

2⌉, l) for all l ∈ N.
For l = 1 or 2, we have ⌈l · 3

2⌉ = l + 1. According to (2), S(t) = 1 if t ≡ 0, 1 (mod 3). Clearly, every
l + 1 consecutive days, task 1 is performed at least l times. That is, P1(⌈l · 3

2⌉, l) is true.
For l ≥ 3, let q be the quotient and r be the remainder when l is divided by 2. We have ⌈l · 3

2⌉ =
⌈(2q + r) · 3

2⌉ = 3q + ⌈r · 3
2⌉. We obtain that: Task 1 is done at least r times in any ⌈r · 3

2⌉ consecutive
days by P1(⌈1 · 3

2⌉, 1), while it is done at least 2q times in any 3q consecutive days by P1(⌈2 · 3
2⌉, 2).

Therefore, task 1 is done at least 2q + r = l times in any 3q + ⌈r · 3
2⌉ consecutive days, which implies

P1(⌈l · 3
2⌉, l).

Using the following helper lemma, we can further derive a set of schedulable instances from those
found to be schedulable by Lemma 4. Note that the resulting set includes instances whose periods are not
in non-decreasing order. The lemma follows immediately from Lemma 1.

Lemma 5. If a schedule S is valid for the real-valued instance (b1, b2), then S is valid also for the
real-valued instance (a1,

1
5
6−

1
a1

) with a1 ≥ b1 and 1
5
6−

1
a1

≥ b2.

Proof of Lemma 3: Applying Lemma 5, the schedulability of the instance (65 , 6) by Lemma 4 leads us
to the fact that the schedule defined by (1) is valid for the instance (a1,

1
5
6−

1
a1

) if a1 ≥ 6
5 and 1

5
6−

1
a1

≥ 6,

equivalently,
6

5
< a1 ≤ 3

2
. (4)

Similarly, we derive that the schedule defined by (2) is valid for the instance (a1,
1

5
6−

1
a1

) if

3

2
≤ a1 ≤ 2, (5)
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and that the schedule defined by (3) is valid for the instance (a1,
1

5
6−

1
a1

) if

2 ≤ a1 ≤ 3. (6)

It is obvious that a1 such that 6
5 < a1 < 12

5 satisfies at least one of (4), (5), or (6).

We focus on real-valued instances with two periods. The proof of Theorem 6 based on Lemma 3 tells
us that for any real-valued instance with two periods and density less than or equal to 5

6 , the schedule
defined by either (1), (2), or (3) is valid. Note that each schedule is instance-insensitive in the sense that
the same schedule remains valid as long as either (4), (5), or (6) holds for the instance.

Consider the above results in terms of the Pareto surface proposed by Gąsieniec et al. (2022). They
showed that {((2, 2), |12|)} is a Pareto surface of the set of all integer-valued instances with two periods
and density less than or equal to 5

6 . In contrast, we have the following corollary for real-valued instances.
One can see that adding two instance-schedule pairs to the Pareto surface for integer-valued instances
yields a Pareto surface for real-valued instances.

Corollary 1. {(( 65 , 6), |111112|), ((
3
2 , 3), |112|), ((2, 2), |12|)} is a Pareto surface of the set of all real-

valued instances with two periods and density less than or equal to 5
6 .

3 Proof of Theorem 2
Theorem 2 is proved in essentially the same way as Theorem 6. The following Lemma 6 is the heart
of the argument. It states that any real-valued instance with three periods and a density of exactly 5

6 is
schedulable. We deal with a pair (a1, a2) as a projection of such an instance. Note that the conditions
a1 < a2 and 5

6 ≤ 1
a1

+ 2
a2

in the statement guarantee, without loss of generality, that the periods are
ordered in non-decreasing order. Lemmas 1, 2, and 6 immediately imply Theorem 2.

Lemma 6. Every real-valued instance A = (a1, a2,
1

5
6−

1
a1

− 1
a2

) with a1 < a2, 5
6 < 1

a1
+ 2

a2
, and

1
a1

+ 1
a2

< 5
6 satisfies at least one of the following conditions and the schedule S defined there is valid for

the instance A:
(I) If 1

a1
+ 2

a2
≤ 1, then, letting a′2 = 2

1− 1
a1

,

S(t) =


1, t ∈ {⌈ja1⌉ − 1 | j ∈ Z};
2, t ∈ {⌊ja′2⌋ | j ∈ Z};
3, t ∈ {⌊(j + 1

2 )a
′
2⌋ | j ∈ Z}.

(7)

(II) If a1 ≥ 3
2 , a2 > 5, and 5

6 − 1
9 ≤ 1

a1
+ 1

a2
< 5

6 then

S(t) =


1, t ≡ 0, 1, 3, 4, 6, 7;

2, t ≡ 2, 5;

3, t ≡ 8 (mod 9),

(8)

which is represented as |112112113|.
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(III) If a1 ≥ 11
7 , a2 > 4, and 5

6 − 1
11 ≤ 1

a1
+ 1

a2
< 5

6 then

S(t) =


1, t ≡ 0, 1, 3, 4, 6, 7, 9;

2, t ≡ 2, 5, 8;

3, t ≡ 10 (mod 11),

(9)

which is represented as |11211211213|.
(IV) If a1 ≥ 12

7 , a2 > 3, and 5
6 − 1

12 ≤ 1
a1

+ 1
a2

< 5
6 then,

S(t) =


1, t ≡ 0, 2, 3, 5, 7, 8, 10;

2, t ≡ 1, 4, 6, 9;

3, t ≡ 11 (mod 12),

(10)

which is represented as |121121211213|.
(V) If a1 > 2, a2 ≥ 3, and 5

6 − 1
6 ≤ 1

a1
+ 1

a2
< 5

6 then

S(t) =


1, t ≡ 0, 2, 3;

2, t ≡ 1, 4;

3, t ≡ 5 (mod 6),

(11)

which is represented as |121123|.
(VI) If a1 > 2, a2 ≥ 12

5 , and 5
6 − 1

12 ≤ 1
a1

+ 1
a2

< 5
6 , then

S(t) =


1, t ≡ 0, 2, 4, 5, 7, 9;

2, t ≡ 1, 3, 6, 8, 10;

3, t ≡ 11 (mod 12),

(12)

which is represented as |121211212123|.
(VII) If a1 ≥ 12

5 , a2 ≥ 12
5 , and 5

6 − 1
6 ≤ 1

a1
+ 1

a2
< 5

6 then

S(t) =


1, t ≡ 0, 2, 4, 7, 9;

2, t ≡ 1, 3, 6, 8, 10;

3, t ≡ 5, 11 (mod 12),

(13)

which is represented as |121213212123|.
Lemma 6 splits the whole set of real-valued instances with three periods and a density of exactly 5

6 into
seven cases (I) through (VII). In particular, for the analysis of cases (II) through (VII), we discovered six
real-valued instances of Lemma 8 for which the covering of Lemma 10 succeeds by trial and error while
checking schedulability by an integer programming solver.

We discuss some lemmas for the proof of Lemma 6. We begin with instances that satisfy the condition
of case (I) of Lemma 6, that is 1

a1
+ 2

a2
≤ 1. We here insist on a valid schedule in an explicit form

of S(t) = . . .. Otherwise, the schedulability itself can easily be shown by Lemmas 1 and 2, and the
schedulability of the instance (a1,

a2

2 ) implied by Theorem 4.
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Lemma 7. The schedule S defined by (7) is valid for the real-valued instance (a1, a2, 1
5
6−

1
a1

− 1
a2

) for any

a1 and a2 such that a1 < a2, 5
6 < 1

a1
+ 2

a2
≤ 1, and 1

a1
+ 1

a2
< 5

6 .

Proof: First, we confirm that S performs a single task for every day. Since a′2 = 2
1− 1

a1

> 2, the

set of days when task 2 is performed {⌊ka′2⌋ | k ∈ Z} and the set of days when task 3 is performed
{⌊(k + 1

2 )a
′
2⌋ | k ∈ Z} have no intersection. Their union is {⌊k · a′

2

2 ⌋ | k ∈ Z}. (See that S for tasks 2

and 3 is constructed by treating them as a single task with period a′
2

2 and then assigning tasks 2 and 3 in

turn.) Moreover, for a1 and a′2 such that 1
a1

+ 2
a′
2
= 1, {⌊k · a′

2

2 ⌋ | k ∈ Z} and the set of days when task 1
is performed {⌈ja1⌉ − 1 | j ∈ Z} are known to be a partition of Z (Golomb (1976)). (When a1 and a′2
are irrational numbers, this partition is called Rayleigh’s or Beatty’s theorem.)

Next, we show that S is valid for the instance (a1, a
′
2, a

′
2), which is sufficient to prove the lemma due

to a2 ≥ a′2, 1
5
6−

1
a1

− 1
a2

≥ a′2, and Lemma 1.

According to (7), for any l ∈ N, the maximum time span in which task 1 is performed exactly (l − 1)
times is from day ⌈ma1⌉ to day (⌈(m+ l)a1⌉ − 2) for some integer m, and its length is (⌈(m+ l)a1⌉ −
⌈ma1⌉−1) days. (i) If la1 is an integer, we evaluate ⌈(m+l)a1⌉−⌈ma1⌉−1 = ma1+⌈la1⌉−ma1−1 =
la1−1 = ⌈la1⌉−1. (ii) Otherwise, we get ⌈(m+ l)a1⌉−⌈ma1⌉−1 ≤ (⌈ma1⌉+⌈la1⌉)−⌈ma1⌉−1 =
⌈la1⌉ − 1. In any case, we observe that task 1 is done at least l times in any ⌈la1⌉ consecutive days.

We finally check the validity of tasks 2 and 3 together. Set d = 0 for task 2 and 1
2 for task 3. For

any l ∈ N, the maximum time span in which the task is performed exactly (l − 1) times is from day
(⌊(m + d)a′2⌋ + 1) to day (⌊(m + d + l)a′2⌋ − 1) for some integer m, and its length is (⌊(m + d +
l)a′2⌋ − ⌊(m+ d)a′2⌋ − 1) days. (i) If la′2 is an integer, we obtain ⌊(m+ d+ l)a′2⌋ − ⌊(m+ d)a′2⌋ − 1 =
⌊(m+ d)a′2⌋+ la′2 −⌊(m+ d)a′2⌋− 1 = la′2 − 1 = ⌈la′2⌉− 1. (ii) Otherwise, we get ⌊(m+ d+ l)a′2⌋−
⌊(m+ d)a′2⌋ − 1 ≤ (⌊(m+ d)a′2⌋+ ⌊la′2⌋+ 1)− ⌊(m+ d)a′2⌋ − 1 = ⌊la′2⌋ = ⌈la′2⌉ − 1. In any case,
we see that the task is done at least l times in any ⌈la′2⌉ consecutive days.

The following lemma ensures the schedulability of the six real-valued instances. Each of the peri-
ods, except those involving ε, is minimum possible. Substituting zero for ε makes the instance non-
schedulable.

Lemma 8. The schedules defined by (8), (9), (10), (11), and (12) are valid for the real-valued instances
( 32 , 5+ ε, 9), ( 117 , 4+ ε, 11), ( 127 , 3+ ε, 12), (2 + ε, 3, 6), and (2 + ε, 12

5 , 12) for any ε > 0, respectively.
The schedule defined by (13) is valid for ( 125 , 12

5 , 6).

Proof: It is easy to check for the tasks with integer periods. For the tasks with rational periods, we can
verify the validity as the same as in the proof of Lemma 4. We therefore focus on the tasks with periods
that involve ε. We will demonstrate that for any ε > 0, S in (8) satisfies the condition for task 2 with
period 5 + ε in the instance ( 32 , 5 + ε, 9).

Fix ε > 0 arbitrarily. As in the proof of Lemma 4, we denote by Pi(y, l) the proposition that for
each m ∈ Z, there exist at least l values of t ∈ [m,m + y) ∩ Z such that S(t) = i, which means
that the schedule S performs task i at least once every y consecutive days. Clearly, for y ≤ y′ and
l ≥ l′, Pi(y, l) ⇒ Pi(y

′, l′) holds true. In addition, if Pi(y, l) and Pi(y
′, l′) hold true, then so does

Pi(y + y′, l + l′).
The schedulability of task 2 in the instance ( 32 , 5 + ε, 9) is equivalent to P2(⌈l · (5 + ε)⌉, l) for all

l ∈ N. We are going to prove this. We know from (8) that S is itself has a period of 9 and S(t) = 2 for
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t ≡ 2, 5 (mod 9), which implies that P2(9, 2) is true. See that P2(9, 2) indicates that task 2 is performed
approximately on average once every 9

2 (< 5 + ε) days. Roughly speaking, P2(⌈l · (5 + ε)⌉, l) holds true
for large l and therefore we only need to check this for small l. We will often use the following inequality,
⌈l · (5 + ε)⌉ = 5l + ⌈lε⌉ ≥ 5l + 1 for any integer l.

For l = 1, (8) says that there is at least one day t satisfying t ≡ 2, 5 (mod 9) in any 5l + 1 = 6
consecutive days, thus P2(6, 1) ⇒ P2(⌈1·(5+ε)⌉, 1). For l = 2, since ⌈2·(5+ε)⌉ ≥ 5·2+1 = 11 > 1·9,
P2(9, 2) ⇒ P2(⌈2 · (5+ ε)⌉, 2) holds. For l = 3, it follows that ⌈3 · (5+ ε)⌉ ≥ 5 · 3+1 = 16 = 1 · 9+7.
Since P2(6, 1) ⇒ P2(7, 1) and P2(9, 2), we have P2(9 + 7, 2 + 1) ⇒ P2(⌈3 · (5 + ε)⌉, 3). For l = 4,
⌈4 ·(5+ε)⌉ ≥ 5 ·4+1 = 21 > 2 ·9 holds. Using P2(9, 2), we derive P2(2 ·9, 2 ·2) ⇒ P2(⌈4 ·(5+ε)⌉, 4).
For l = 5, we have ⌈5·(5+ε)⌉ ≥ 5·5+1 = 26 = 2·9+8. From P2(6, 1) ⇒ P2(8, 1) and P2(9, 2), we get
P2(2 ·9+8, 2 ·2+1) ⇒ P2(⌈5 ·(5+ε)⌉, 5). For l = 6, ⌈6 ·(5+ε)⌉ ≥ 5 ·6+1 = 31 > 3 ·9 holds. We have
P2(3·9, 3·2) ⇒ P2(⌈6·(5+ε)⌉, 6) by P2(9, 2). Finally, for l ≥ 7, we have ⌈l·(5+ε)⌉ ≥ 5l+1 ≥ 9·⌊ 5l+1

9 ⌋.
It also holds true that 2 · ⌊ 5l+1

9 ⌋ ≥ l, since 2 · ⌊ 5l+1
9 ⌋ − l > 2 · ( 5l+1

9 − 1) − l = l−7
9 ≥ 0. Applying

P2(9, 2), we conclude P2(9 · ⌊ 5l+1
9 ⌋, 2 · ⌊ 5l+1

9 ⌋) ⇒ P2(⌈l · (5 + ε)⌉, l).

Lemma 9 below is a helper lemma that derives a set of schedulable real-valued instances from those
found to be schedulable by Lemma 8, which is the counterpart of Lemma 5 in Section 2. Note that
the resulting set includes instances whose periods are not in non-decreasing order. Lemma 9 follows
immediately from Lemma 1.

Lemma 9. If a schedule S is valid for the real-valued instance (b1, b2, b3), then S is valid also for the
real-valued instance (a1, a2,

1
5
6−

1
a1

− 1
a2

) with a1 ≥ b1, a2 ≥ b2, and 1
5
6−

1
a1

− 1
a2

≥ b3.

The conditions of cases (II) through (VII) of Lemma 6 turn out to be the conditions that are fulfilled by
schedulable real-valued instances obtained by applying Lemma 9 to the instances found to be schedulable
by Lemma 8.

Lemma 6 holds if the union of such real-valued instances and real-valued instances that apply to case (I),
which are shown to be schedulable by Lemma 7, includes all real-valued instances that have three periods
and a density of exactly 5

6 . To facilitate this discussion, we map a projection of a real-valued instance
(a1, a2) ∈ {(x, y) | 1 ≤ x, 1 ≤ y} by a bijection (a1, a2) 7→ ( 1

a1
, 1
a2
) ∈ {(X,Y ) | 0 < X ≤ 1, 0 < Y ≤

1}. In other words, we look at frequencies rather than periods.

The image of the whole set of real-valued instances with three periods and a density of exactly 5
6 is

J :=
{
(X,Y )

∣∣∣ X > Y,
5

6
< X + 2Y,X + Y <

5

6

}
.

(Refer to the beginning of the statement of Lemma 6 for the condition.) The images of the whole set of
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Fig. 1: Illustration of the region J . The dashed lines are
excluded. Each point in J corresponds to a real-valued
instance with three periods and a density of exactly 5

6
.

Fig. 2: Illustration of the region M1. The dashed lines
are excluded.

M2

M4

M7

( 5
12 ,

5
12 )( 14 ,

5
12 )

( 5
12 ,

1
4 )

( 5
12 ,

1
3 )

( 12 ,
1
3 )

( 7
12 ,

1
4 )

( 7
12 ,

1
6 )

( 4790 ,
1
5 )

( 1930 ,
1
5 )

( 23 ,
1
6 )

( 23 ,
1
18 )

M3

M5

M6

( 7
11 ,

13
66 )

( 7
11 ,

7
66 )

( 65
132 ,

1
4 )

( 7
12 ,

1
4 )

( 12 ,
1
3 )( 13 ,

1
3 )

( 13 ,
5
12 )

( 12 ,
1
6 )

( 12 ,
1
4 )

( 5
12 ,

5
12 )

Fig. 3: Illustration of the regions M2, M4, and M7. The
dashed lines are excluded. The colored regions indicate
subregions of J \ M1 which are each covered by M2,
M4, and M7.

Fig. 4: Illustration of the regions M3, M5, and M6. The
dashed lines are excluded. The colored regions indicate
subregions of J \ M1 which are each covered by M3,
M5, and M6.
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real-valued instances that apply to cases (I) through (VII) are, respectively,

M1 :=
{
(X,Y )

∣∣∣ X > Y,
5

6
< X + 2Y ≤ 1, X + Y <

5

6

}
,

M2 :=
{
(X,Y )

∣∣∣ X ≤ 2

3
, Y <

1

5
,
5

6
− 1

9
≤ X + Y <

5

6

}
,

M3 :=
{
(X,Y )

∣∣∣ X ≤ 7

11
, Y <

1

4
,
5

6
− 1

11
≤ X + Y <

5

6

}
,

M4 :=
{
(X,Y )

∣∣∣ X ≤ 7

12
, Y <

1

3
,
5

6
− 1

12
≤ X + Y <

5

6

}
,

M5 :=
{
(X,Y )

∣∣∣ X <
1

2
, Y ≤ 1

3
,
5

6
− 1

6
≤ X + Y <

5

6

}
,

M6 :=
{
(X,Y )

∣∣∣ X <
1

2
, Y ≤ 5

12
,
5

6
− 1

12
≤ X + Y <

5

6

}
, and

M7 :=
{
(X,Y )

∣∣∣ X ≤ 5

12
, Y ≤ 5

12
,
5

6
− 1

6
≤ X + Y <

5

6

}
.

See Figures 1, 2, 3 and 4.
Lemma 10 may be visually clear from the figures.

Lemma 10. It holds that J ⊂
⋃7

i=1 Mi.

Proof: First, we obtain J \M1 = {(X,Y ) | X > Y, 1 < X +2Y,X +Y < 5/6}, which is the interior of
the triangle (2/3, 1/6), (5/12, 5/12), (1/3, 1/3) (see Figures 1 and 2). We will show that J \M1 ⊂

⋃7
i=2 Mi

by dividing into regions 7/11 < X ≤ 1, 7/12 < X ≤ 7/11, 1/2 ≤ X ≤ 7/12, 5/12 < X < 1/2, and
0 < X ≤ 5/12 (see Figures 3 and 4).

(i) (J \ M1) ∩ {(X,Y ) | 7/11 < X ≤ 1, 0 < Y ≤ 1} is the interior of the triangle (2/3, 1/6),
(7/11, 13/66), (7/11, 2/11). On the other hand, M2 ∩ {(X,Y ) | 7/11 < X ≤ 1, 0 < Y ≤ 1} is the
sides and interior of the parallelogram (2/3, 1/18), (2/3, 1/6), (7/11, 13/66), (7/11, 17/198), excluding the side
(7/11, 13/66), (7/11, 17/198). Noting that 17/198 < 2/11 < 13/66 for the Y coordinates of the vertices, we
obtain (J \M1) ∩ {(X,Y ) | 7/11 < X ≤ 1, 0 < Y ≤ 1} ⊂ M2 ∩ {(X,Y ) | 7/11 < X ≤ 1, 0 < Y ≤ 1}
(see Figure 3).

(ii) (J \ M1) ∩ {(X,Y ) | 7/12 < X ≤ 7/11, 0 < Y ≤ 1} is the sides and interior of the trape-
zoid (7/11, 2/11), (7/11, 13/66), (7/12, 1/4), (7/12, 5/24), excluding the three sides (7/11, 13/66), (7/12, 1/4),
(7/12, 1/4), (7/12, 5/24), and (7/12, 5/24), (7/11, 2/11). M3 ∩ {(X,Y ) | 7/12 < X ≤ 7/11, 0 < Y ≤ 1} is the
sides and interior of the parallelogram (7/11, 7/66), (7/11, 13/66), (7/12, 1/4), (7/12, 7/44), excluding the two
sides (7/11, 13/66), (7/12, 1/4) and (7/12, 1/4), (7/12, 7/44). Since 7/66 < 2/11 < 13/66 and 7/44 < 5/24 < 1/4,
we have (J \M1) ∩ {(X,Y ) | 7/12 < X ≤ 7/11, 0 < Y < 1} ⊂ M3 ∩ {(X,Y ) | 7/12 < X ≤ 7/11, 0 <
Y ≤ 1} (see Figure 4).

(iii) (J \ M1) ∩ {(X,Y ) | 1/2 ≤ X ≤ 7/12, 0 < Y ≤ 1} is the sides and interior of the trape-
zoid (7/12, 5/24), (7/12, 1/4), (1/2, 1/3), (1/2, 1/4), excluding the two sides (7/12, 1/4), (1/2, 1/3) and (1/2, 1/4),
(7/12, 5/24). M4 ∩ {(X,Y ) | 1/2 ≤ X ≤ 7/12, 0 < Y ≤ 1} is the sides and interior of the parallelogram
(7/12, 1/6), (7/12, 1/4), (1/2, 1/3), (1/2, 1/4), excluding the side (7/12, 1/4), (1/2, 1/3). Due to 1/6 < 5/24 < 1/4,
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it holds that (J \M1) ∩ {(X,Y ) | 1/2 ≤ X ≤ 7/12, 0 < Y ≤ 1} ⊂ M4 ∩ {(X,Y ) | 1/2 ≤ X ≤ 7/12, 0 <
Y ≤ 1} (see Figure 3).

(iv) (J \ M1) ∩ {(X,Y ) | 5/12 < X < 1/2, 0 < Y ≤ 1} is the interior of the trapezoid (1/2, 1/4),
(1/2, 1/3), (5/12, 5/12), (5/12, 7/24). M5∩{(X,Y ) | 5/12 < X < 1/2, 0 < Y < 1} is is the sides and interior
of the trapezoid (1/2, 1/6), (1/2, 1/3), (5/12, 1/3), (5/12, 1/4), excluding the two sides (1/2, 1/6), (1/2, 1/3),
and (5/12, 1/3), (5/12, 1/4). Besides, M6 ∩ {(X,Y ) | 5/12 < X < 1/2, 0 < Y ≤ 1} is the sides and
interior of the parallelogram (1/2, 1/4), (1/2, 1/3), (5/12, 5/12), (5/12, 1/3), excluding the two sides (1/2, 1/4),
(1/2, 1/3), and (5/12, 5/12), (5/12, 1/3). Note that 1/6 < 1/4 and 1/4 < 7/24 for the Y coordinates of the
vertices. The part of region (J \ M1) ∩ {(X,Y ) | 5/12 < X < 1/2, 0 < Y ≤ 1} where Y ≤ 1/3 is
a subset of M5 ∩ {(X,Y ) | 5/12 < X < 1/2, 0 < Y ≤ 1}, while the rest of the region is a subset of
M6 ∩ {(X,Y ) | 5/12 < X < 1/2, 0 < Y ≤ 1}. Thus, (J \M1) ∩ {(X,Y ) | 5/12 < X < 1/2, 0 < Y ≤
1} ⊂ (M5 ∪M6) ∩ {(X,Y ) | 5/12 < X < 1/2, 0 < Y < 1} (see Figure 4).

(v) (J \M1)∩{(X,Y ) | 0 < X ≤ 5/12, 0 < Y ≤ 1} is the sides and interior of the triangle (5/12, 7/24),
(5/12, 5/12), (1/3, 1/3), excluding the two sides (5/12, 5/12), (1/3, 1/3) and (1/3, 1/3), (5/12, 7/24). On the other
hand, M7 ∩ {(X,Y ) | 0 < X ≤ 5/12, 0 < Y ≤ 1} is the sides and interior of the triangle (5/12, 1/4),
(5/12, 5/12), (1/4, 5/12). Noting that 1/4 < 7/24 for the Y coordinates of the vertices and the point (1/3, 1/3)
lies on the side (1/4, 5/12), (5/12, 1/4), we obtain (J \ M1) ∩ {(X,Y ) | 0 < X ≤ 5/12, 0 < Y < 1} ⊂
M7 ∩ {(X,Y ) | 0 < X ≤ 5/12, 0 < Y < 1} (see Figure 3).

Proof of Lemma 6: Lemmas 7, 8, and 9 imply that instances that apply to cases (I) through (VII) are
schedulable and a valid schedule is given either of by (7), (8), (9), (10), (11), (12), or (13). Lemma 10
states that any real-valued instance with three periods and density less than or equal to 5

6 satisfies one of
the conditions of cases (I) through (VII).

We continue the analysis of real-valued instances with three periods. The proof of Theorem 2 based on
Lemma 6 provides us with valid schedules for real-valued instances with three periods and density less
than or equal to 5

6 . For an instance that applies to case (I) of Lemma 6, the schedule is determined by the
individual period values of the instance. Namely, the schedule is instance-sensitive, which did not occur
in the case of two periods in Section 2. (The same is true if the schedulability is derived from Lemmas 1
and 2, and Theorem 4.)

On the other hand, for an instance that applies to cases (II) through (VII), the schedule is independent of
the individual period values of the instance. In particular, the last instance of Lemma 8, which corresponds
to the condition of case (VII), has no ε, and the instance itself is the one with minimum periods among
those schedulable. This fact can be expressed in the context of Gąsieniec et al. (2022) as follows:

Corollary 2. {((125 , 12
5 , 6), |121213212123|)} is a Pareto surface of the set of all real-valued instances

(a1, a2, a3) such that a1 ≥ 12
5 , a2 ≥ 12

5 , a3 ≥ 6, and 1
a1

+ 1
a2

+ 1
a3

≤ 5
6 .

Unlike Corollary 1, we conjecture that there is no Pareto surface of the set of all real-valued instances
with three periods and density less than or equal to 5

6 . In contrast, {((2, 4, 4), |1213|), (3, 3, 3), |123|)} is
known to be a Pareto surface of the set of all integer-valued instances with three periods and density less
than or equal to 5

6 (Gąsieniec et al. (2022)).
Rather than a Pareto surface, let us focus on a common valid schedule for a given set of instances.

As we have seen in Lemmas 6, 8, and 9, such a schedule is found for instances that apply to each of
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cases (II) through (VII). Then, what about the condition of case (I)? Note in Figures 3 and 4 that almost
half area of the trapezoid M1 is covered by M2,M3, . . . ,M7, which means that there is a finite set of
valid schedules for instances that correspond to the covered region. However, we do not know anything
about the uncovered region.

4 Future Work
Towards Conjecture 2, we would like to build a framework that comprehensively handles real-valued
instance sets, analogous to the Pareto surface for integer-valued instance sets, considered by Gąsieniec
et al. (2022). Although our current methodology could be extended to the case where the periods take
four or five distinct values, solving the general case would be difficult.

The method of Kawamura (2024, in press) for deriving Theorem 4 seems hopeless to immediately
apply. The method relies on the fact that: The subset of all integer-valued instances such that the periods
and the density are less than a certain threshold is finite and therefore the schedulability can be investigated
using a computer. However, a subset of such real-valued instances is in general infinite.
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L. Gąsieniec, B. Smith, and S. Wild. Towards the 5/6-density conjecture of pinwheel scheduling. In Proc.
ALENEX ’22, pages 91–103, 2022. doi: 10.1137/1.9781611977042.8.
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