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In this note, we prove that all2 × 2 monotone grid classes are finitely based, i.e., defined by a finite collection of
minimal forbidden permutations. This follows from a slightly more general result about certain2 × 2 (generalised)
grid classes that have two monotone cells in the same row.
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1 Introduction
In recent years, the emerging theory of grid classes has led to some of the major structural and enumerative
developments in the study of permutation patterns. Particular highlights include the characterisation of all
possible “small” growth rates (Huczynska and Vatter, 2006; Kaiser and Klazar, 2003; Vatter, 2011) and
the subsequent result that all classes with these growth rates have rational generating functions (Albert
et al., 2015).

To support results such as these, the study of grid classes themselves has gained importance. Restrict-
ing one’s attention tomonotonegrid classes, it is known that the structure of the matrix defining a grid
class determines both its growth rate (Bevan, 2015), and whether it is well-partially-ordered (Murphy and
Vatter, 2003).

One remaining open question about monotone grid classes concerns theirbases, that is, the sets of
minimal forbidden permutations of the classes. Backed up bysome computational evidence, it is widely
believed that all monotone grid classes are finitely based, but this is only known to be true for certain
families, most notably those whose row-column graphs(i) are forests(Albert et al., 2013). To date, the
only other instances of monotone grid classes that are knownto have a finite basis are two2 × 2 grid
classes. The first concerns the class ofskew-mergedpermutations,Av(2143, 3412), in (Stankova, 1994),
while the second is in Waton’s PhD thesis (Waton, 2007). Inspired by Waton’s approach, we show that a
certain family of (non-monotone)2 × 2 grid classes are all finitely based, from which we can conclude
the following result.

Theorem 1.1. Every2× 2 monotone grid class is finitely based.

(i) The row-column graph of a{0,±1}-matrixM is the bipartite graph whose biadjacency matrix hasij-th entry equal to|Mij |.
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The rest of this section covers a number of prerequisite definitions. In Section2 we introduce a more
general construction than grid classes, based on juxtapositions, that are known to be finitely based, and
use these to characterise the grid classes they contain. In Section3 we consider three separate cases that
will enable us to prove our more general result (Theorem1.2), and thence Theorem1.1.

Writing permutations in one-line notation, we say that the permutationσ is containedin a permutation
π, denotedσ ≤ π, if there is a subsequence of the entries ofπ that have the same relative ordering as the
entries ofσ. A specific instance of a set of entries ofπ witnessing this containment is called acopyof σ
in π. Containment forms a partial order on the set of all permutations, and sets of permutations which are
closed downwards in this order are calledpermutation classes. Specifically, ifC is a permutation class,
π ∈ C andσ ≤ π, then we must haveσ ∈ C. For convenience later, we regard the empty permutation as
belonging to every permutation class.

While permutation classes can be defined in a number of ways (for example, the set of all permutations
that can be sorted by a stack forms a permutation class), a convenient characterisation can be given in
terms of the unique set of minimal forbidden permutations that donot lie in the class. We call the setB
thebasisof a classC if

C = {π : β 6≤ π for all β ∈ B},

andB is minimal with this property, and we writeC = Av(B). By its minimality, the setB must form an
antichain under≤, but since infinite antichains are know to exist in the containment partial order,B need
not be finite. When the basis ofC is finite, we say thatC is finitely based.

We frequently make use of a graphical perspective, in which we represent a permutationπ by plotting
the points(i, π(i)) (i = 1, . . . , |π|) in the plane. Indeed, we do not distinguish between the permutation
π written in one-line notation, and the graphical representation of π.

Form,n ≥ 1, letM be anm× n matrix whose entries are permutation classes (including possibly the
empty class). Thegrid classof the matrixM, denotedGrid(M), is the permutation class consisting of
all permutationsπ for which (in the graphical perspective) there existm− 1 horizontal andn− 1 vertical
lines which divide the entries ofπ into mn rectangles, so that the (possibly zero) entries ofπ in each
rectangle form a copy of a permutation from the class in the corresponding entry ofM. When the entries
of M are all eitherAv(12), Av(21) or ∅, thenGrid(M) is amonotonegrid class.

We are mostly concerned with2 × 2 matrices in this paper, and in this case it will prove convenient

to refer to these grid classes more succinctly. IfM =

(

A B
C D

)

is a matrix consisting of permutation

classes, then we write

A B

C D

to meanGrid(M). Additionally, when (say)A = Av(21), then we may refer to the cellA using ,

reflecting the fact that all points in this cell are increasing. Similarly, we may write whenA = Av(12).
Finally, where the entries of the2 × 2 matrixM are either arbitrary or clear from the context, we may
also simply refer toGrid(M) as .

We are ready to state our general theorem, from which Theorem1.1will follow.

Theorem 1.2. LetC andD be finitely based permutation classes. Then the three grid classes
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C D C D C D

are all finitely based.

Our approach makes use of an existing result, which althoughnot originally presented in this way, can
be cast in terms of grid classes. For permutation classesC andD, the(horizontal) juxtapositionof C and

D is the1 × 2 grid class C D . Similarly, thevertical juxtapositionof C andD is the2 × 1 grid class

C

D
.

Lemma 1.3 (Atkinson, 1999). WheneverC andD are finitely based, so are the horizontal and vertical
juxtapositions ofC andD.

For clarity, we occasionally write
[

C D
]

for the horizontal juxtapositionC D (we do not need
the corresponding vertical juxtaposition notation).

2 Juxtapositions and relative bases
In this section, we give a characterisation of2× 2 grid classes of the form

E =
A B

C D

whereA, B, C andD are four fixed (but arbitrary) permutation classes.
We begin by considering the following related class, formedby the horizontal juxtaposition of two

vertical juxtapositions:

F =

[

A

C

B

D

]

.

Note that ifA,B, C andD are finitely based, then by repeated application of Lemma1.3so too isF .
Clearly,E ⊆ F . We are interested in the basis ofE , which we can separate into two parts: those basis

elements ofE that lie withinF , and those basis elements ofE that are not inF . By minimality and since
E ⊆ F , this latter set must also be basis elements ofF . The set of basis elements ofE that are contained
in F we call therelative basisof E in F , and we have the following observation.

Observation 2.1. Let C andD be two permutation classes such thatD finitely based, andC ⊆ D. Then
C is finitely based if and only if the relative basis ofC in D is finite.

Consider any permutationπ in the setF \ E . Sinceπ lies in the juxtaposition classF , we can write
π = π1π2 with

π1 ∈
A

C
andπ2 ∈

B

D
.

We refer to the division linev that separatesπ1 from π2 as av-line. Additionally, any horizontal division
line in π1 that demonstratesπ1 as a member of the vertical juxtaposition is called aleft h-lineof π, and
similarly any valid horizontal division line inπ2 is called aright h-line. Thus, we can recogniseπ ∈ F
by means of adivision triple, (v, r, ℓ), wherev is the v-line,r the right h-line, andℓ the left h-line.
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r
r′

ℓ

ℓ′

vv′

Fig. 1: The relationship between the division(v, r, ℓ) and(v′, r′, ℓ′) in the proof of Lemma2.2. The small arrows
indicate that the corresponding division lines have been chosen to be extremal in the direction specified by the arrows.

The condition thatπ ∈ F \ E can now be described as follows: for every division triple(v, r, ℓ) that
recognisesπ ∈ F , the right h-liner and the left h-lineℓ cannot be at the same height. We use the symbol

to denote the set of permutations inF which have a division triple(v, r, ℓ) whereℓ is no higher than
r, and to denote those permutations which have a division whereℓ is no lower thanr. Note that
and are both in fact permutation classes, and also thatF = ∪ .

Our main result of this section now follows. It shows in particular thatπ ∈ F \E cannot simultaneously
lie in and , and hence the relative basis ofE in F can be divided into two disjoint parts: those that
lie in and those that lie in .

Lemma 2.2. Any2 × 2 grid classE = is equal to the intersection of the corresponding classes
and . That is,

E = = ∩ .

Proof: First, it is clear that ⊆ ∩ , so suppose that we have a permutationπ in ∩ .
Considerπ first as a member of . There exists at least one division triple(v, r, ℓ) which recognises

this, and we choose any valid v-linev, together with the lowest right h-liner and the highest left h-lineℓ.
Note in particular that for any right h-line that is lower than r, there must exist a basis element in the top
right cell. If ℓ andr coincide, then we haveπ ∈ and we are done, so we may assume thatℓ is strictly
lower thanr.

Next, considerπ as an element of . We pick a division(v′, r′, ℓ′) by first choosing any v-linev′

which either coincides withv or lies further to the left (the case wherev′ is to the right ofv will follow
upon rotating the picture by180◦). Next choose any validr′, noting thatr′ must be at least as high as
r to avoid introducing a basis element into the top right cell.Finally, chooseℓ′ to be as low as possible,
subject to the division triple(v′, r′, ℓ′) remaining a valid division for membership of (see Figure1).
We claim thatℓ′ is at the same height asr′.

Suppose, for a contradiction, thatℓ′ lies strictly abover′, and letℓ′′ be the left h-line that has the same
height asr′. Since the division triple(v′, r′, ℓ′′) does not witnessπ ∈ (but(v′, r′, ℓ′) does), there must
exist some basis element in the top left region defined by(v′, r′, ℓ′′). However, this region is contained in
the top left region defined by(v, r, ℓ), so this is impossible.
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Thusℓ′ has the same height asr′, and(v′, r′, ℓ′) is a division triple that recognisesπ ∈ , and hence
π ∈ .

3 Main results
We are ready to start proving our three main results.

Lemma 3.1. For finitely based classesC andD, the class

E =
C D

is finitely based.

Proof: First, letB denote the relative basis ofE inside the juxtaposition

F =

[

C D
]

.

SinceF is finitely based, by Observation2.1 it suffices to show thatB is finite. By Lemma2.2 and the
comments preceding it, anyπ ∈ B lies in exactly one of or . Consider first the case whereπ ∈ .
We will identify a bounded number of points inπ that demonstrateπ 6∈ E .

We begin by identifying two division triples,(vL, rL, ℓL) and(vR, rR, ℓR): vL is the leftmost v-line
recognisingπ ∈ , andvR is the rightmost such v-line. Subject to these choices, we pick ℓL andℓR to
be as high as possible, andrL andrR as low as possible.

We now prove the following claim: if(v, r, ℓ) is any other division triple recognisingπ ∈ where the
left h-line ℓ is chosen as high as possible, thenℓ is at the same height as eitherℓL or ℓR.

If ℓL andℓR are at the same height, the claim follows immediately, so we can assume thatℓL is strictly
higher thanℓR. The situation is as depicted in Figure2: we identify four points,a, b, c andd, which are
distinct (except possiblyb = c) and which form the copies of 21 that defineℓL andℓR. Note thata and
c lie immediately aboveℓL andℓR, and, except that the relative positions ofa andc can be interchanged
providingb 6= c, the points must be arranged in the way shown in Figure2 in order thatπ ∈ . For the
same reason, all other points ofπ that lie in the marked rectangular regions 1, 2, 3 and 4 (defined by the
bounding dotted and dashed lines) in Figure2 must lie on the diagonal segments indicated.

Consider any division triple(v, r, ℓ) recognisingπ ∈ whereℓ is chosen as high as possible. Ifv lies
further left than all points in the region labelled 4 in Figure2, then we can chooseℓ at the same height as
ℓL. On the other hand, if any point from region 4 lies to the left of v, thenc must lie aboveℓ, and thusℓ is
at the same height asℓR. This completes the claim.

We can now identify the following bounded collection of points ofπ: (i) a basis element ofC which

definesvR, (ii) a basis element ofD to definevL, and (iii) at most 4 pointsa, b, c andd defining the two

left h-linesℓR andℓL.
It remains to identify a bounded number of points to ensure that any division triple(v, r, ℓ) recognising

π ∈ hasℓ strictly lower thanr. For this, it suffices to consider only theextremaltriples(v, r, ℓ) where
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a

b

c

d

rL

rR

ℓL

ℓR

vL vR

1

2

3 4

Fig. 2: The relationships between the division triples(vL, rL, ℓL) and(vR, rR, ℓR), the points definingℓL andℓR,
and the restrictions on the placement of points in the four rectangular regions 1—4.

ℓ is as high as possible, andr is as low as possible. We identify the extremal triple(vX , rX , ℓX) where
the v-linevX is chosen to lie immediately to the left of all points in region 4 of Figure2. By the earlier
claim,ℓX has the same height asℓL. The lowest right h-linerX must lie strictly aboveℓX , and is defined
by a basis element ofD to the right ofvX , with one point lying immediately belowrX . Observe that for
any extremal triple(v, r, ℓ) wherev lies to the left ofvX , we have thatℓ is at the same height asℓX , and
r can be no lower thanrX . In particular, sinceπ as a basis element is minimally not inE , if r is higher
thanrX then it is because of points inπ that we have already identified.

Similarly, the position of the linerR is fixed by a basis element ofD to the right ofvR. For any extremal
triple (v, r, ℓ) wherev is further right thanvX , we know thatℓ is at the same height asℓR, andr can be
no lower thanrR (because of the basis element ofD). Thus, again by the minimality ofπ, if r is strictly
higher thanrR it is because of points that we have already identified.

From this, we conclude that ifπ ∈ is a basis element ofE relative toF then the number of points
in π is bounded, asπ comprises the points identified in (i), (ii) and (iii) above,and by at most two basis
elements ofD.

The argument for a basis elementπ that lies in is similar, and we omit some of the details. The
process begins by identifying the leftmost and rightmost v-linesvL andvR, and the corresponding highest
right h-linesrL andrR. The left hand picture in Figure3 illustrates thatrL andrR cannot have different
heights (elseπ ∈ ). In the right hand picture of Figure3, the points forming a basis element ofC that
defines the lineℓL ensures that in any extremal triple(v, r, ℓ), r is lower thanℓ. Thusπ consists of (i) a

basis element ofC which definesvR, (ii) a basis element ofD to definevL, (iii) a copy of21 to define

rR, and (iv) a basis element ofC to defineℓL.

A similar approach, of bounding the number of possible left and right h-lines, can be applied for the
other two cases, so we only sketch the proofs.

Lemma 3.2. For finitely based classesC andD, the class

E =
C D
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rL

rR

ℓR

ℓL

vL vR

∅

rL = rR

ℓL

ℓR

vL vR

∅

∅

Fig. 3: The relationships between the division triples(vL, rL, ℓL) and(vR, rR, ℓR) whenπ ∈ . On the left, ifrL
andrR are at different heights, thenℓL is at the same height asrL. On the right, ifrL andrR are at the same height,
then the points definingℓL guaranteeπ 6∈ E for every triple(v, r, ℓ) recognisingπ ∈ .

c

b

a

rL

rR

ℓR = ℓL

vL vR

∅

Fig. 4: The left h-lineℓR is defined by the pointsa andb which form a copy of 21. Botha andb must lie to the left
of vL, so this also definesℓL.

is finitely based.

Proof (sketch): We need only consider relative basis elements ofE that lie in , as the argument for
is symmetric. Thus, consider a basis elementπ ∈ of E .

Define the division triples(vR, rR, ℓR) and(vL, rL, ℓL) recognisingπ ∈ by choosingvR to be the
rightmost v-line, andvL the leftmost, and then selectingrL andrR as low as possible, andℓL andℓR as
high as possible.

We claim thatℓR andℓL have the same height. In Figure4, the pointc which defines the linerR, forces
the region belowℓR and betweenvL andvR to be empty. Consequently, the pair of pointsa andb (which
forms a copy of 21 and hence defines the height ofℓR) must lie to the left ofvL. This means thata andb
also define the highest position ofeveryleft h-lineℓ in a division triple(v, r, ℓ) recognisingπ ∈ .

The proof concludes by noting that we can demonstrateπ 6∈ E by the following points: (i) a basis

element of C which definesvR, (ii) a basis element ofD to definevL, (iii) a copy of21 to defineℓR,
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and (iv) a basis element ofD to definerR.

Lemma 3.3. For finitely based classesC andD, the class

E =
C D

is finitely based.

Proof (sketch): As before, by symmetry it suffices to consider a relative basis elementπ ∈ of E .
Define the division triples(vR, rR, ℓR) and(vL, rL, ℓL) as in earlier proofs.

We claim that in any division triple(v, r, ℓ) recognisingπ ∈ whereℓ is as high as possible,ℓ has
the same height as eitherℓL or ℓR. The situation is illustrated in Figure5: if v lies to the right of the point
a thenℓ can be no higher thanℓR. On the other hand, ifv lies to the left ofa, then the only available copy
of 12 hasb as the ‘2’, soℓ has the same height asℓL.

c
a

b

rL

rR

ℓL

ℓR

vL vR

Fig. 5: The left h-lineℓR is defined by the pointsa andb which form a copy of 12. Sincea lies to the left ofvL, the
left h-line ℓL can be no higher thanℓR.

With these two left h-lines defined, we need only identify twocopies of basis elements ofD to define
corresponding lowest right h-lines in each case. Thus,π 6∈ E is identified by the following points: (i) a

basis element ofC to definesvR, (ii) a basis element ofD to definevL, (iii) at most two copies of21 to

defineℓR andℓL, and (iv) at most two basis elements ofD to definerR andrL.

Proof of Theorem 1.1: First, the only2 × 2 monotone grid classes whose row-column graphs are not
forests (and hence finitely based byAlbert et al.(2013)) are those where all four cells are non-empty.

Any such2 × 2 monotone grid class can be described as a grid class in one of the three forms covered
by Lemmas3.1, 3.2 and3.3, upon taking the classesC andD to beAv(12) or Av(21), and possibly
appealing to symmetry.
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4 Concluding remarks
Non-monotone 2 × 2 grids One obvious question arising from this work is how far one might be able
to extend Theorem1.2within the context of2× 2 grids: in particular, can one replace the two monotone
classes in the lower row by something more general? Any approach to this question would need to bear
in mind that there do exist2 × 2 grid classes which arenot finitely based, even though each entry of the
matrix is finitely based. The primary example of this, given both in Murphy’s PhD thesis (Murphy, 2002)
and in (Atkinson and Stitt, 2002), is

C

C∅

∅

whereC = Av(321654). (Note this example is more normally written as adirect sum, C ⊕ C.) This
example can likely be adapted to produce other instances where the grid class is not finitely based, even
though its individual entries are.

Larger grids There are a number of difficulties encountered when one triesto extend our results here to
larger grids. Even in the “next” case of2× 3 grids, there seems to be no obvious analogue to Lemma2.2
to enable us to consider relative bases inside some larger class. The primary issue is that our proof relied
on the fact that the heights of all possible left-h-lines (or, analogously, right-h-lines) form a contiguous set
of values, but this need no longer be the case.

Acknowledgements We are grateful to Mike Atkinson for several fruitful discussions about this prob-
lem, from which most of the ideas for this note emerged.
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M. H. Albert, N. Ruškuc, and V. Vatter. Inflations of geometric grid classes of permutations.Israel J.
Math., 205(1):73–108, 2015.

M. D. Atkinson. Restricted permutations.Discrete Math., 195(1-3):27–38, 1999. ISSN 0012-365X. URL
http://dx.doi.org/10.1016/S0012-365X(98)00162-9.

M. D. Atkinson and T. Stitt. Restricted permutations and thewreath product.Discrete Math., 259(1-
3):19–36, 2002. ISSN 0012-365X. URLhttp://dx.doi.org/10.1016/S0012-365X(02)
00443-0.

D. Bevan. Growth rates of permutation grid classes, tours ongraphs, and the spectral radius.Trans. Amer.
Math. Soc., 367(8):5863–5889, 2015.

S. Huczynska and V. Vatter. Grid classes and the Fibonacci dichotomy for restricted permutations.Elec-
tron. J. Combin., 13:R54, 14 pp., 2006. URLhttp://www.combinatorics.org/Volume_
13/Abstracts/v13i1r54.html.

http://dx.doi.org/10.1090/S0002-9947-2013-05804-7
http://dx.doi.org/10.1016/S0012-365X(98)00162-9
http://dx.doi.org/10.1016/S0012-365X(02)00443-0
http://www.combinatorics.org/Volume_13/Abstracts/v13i1r54.html


10 Michael Albert, Robert Brignall

T. Kaiser and M. Klazar. On growth rates of closed permutation classes. Electron. J. Combin.,
9(2):Research paper 10, 20 pp. (electronic), 2003. ISSN 1077-8926. URL http://www.
combinatorics.org/Volume_9/Abstracts/v9i2r10.html.

M. M. Murphy. Restricted permutations, antichains, atomic classes, andstack sorting. PhD thesis, Univ.
of St Andrews, 2002.

M. M. Murphy and V. Vatter. Profile classes and partial well-order for permutations. Electron.
J. Combin., 9(2):Research paper 17, 30 pp. (electronic), 2003. ISSN 1077-8926. URLhttp:
//www.combinatorics.org/Volume_9/Abstracts/v9i2r17.html.

Z. E. Stankova. Forbidden subsequences.Discrete Math., 132(1-3):291–316, 1994. ISSN 0012-365X.
URL http://dx.doi.org/10.1016/0012-365X(94)90242-9.

V. Vatter. Small permutation classes.Proc. Lond. Math. Soc. (3), 103:879–921, 2011.

S. Waton.On Permutation Classes Generated by Token Passing Networks, Gridding Matrices and Pic-
tures: Three Flavours of Involvement. PhD thesis, Univ. of St Andrews, 2007.

http://www.combinatorics.org/Volume_9/Abstracts/v9i2r10.html
http://www.combinatorics.org/Volume_9/Abstracts/v9i2r17.html
http://dx.doi.org/10.1016/0012-365X(94)90242-9


ar
X

iv
:1

51
0.

05
43

4v
4 

 [m
at

h.
C

O
]  

28
 M

ar
 2

01
6

Discrete Mathematics and Theoretical Computer Science DMTCS vol. 18:2, 2016, #2

Patterns in Inversion Sequences I

Sylvie Corteel1∗ Megan A. Martinez2 Carla D. Savage3

Michael Weselcouch4
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Permutations that avoid given patterns have been studied ingreat depth for their connections to other fields of math-
ematics, computer science, and biology. From a combinatorial perspective, permutation patterns have served as a
unifying interpretation that relates a vast array of combinatorial structures. In this paper, we introduce the notion of
patterns in inversion sequences. A sequence(e1, e2, . . . , en) is an inversion sequence if0 ≤ ei < i for all i ∈ [n].
Inversion sequences of lengthn are in bijection with permutations of lengthn; an inversion sequence can be obtained
from any permutationπ = π1π2 . . . πn by settingei = |{j | j < i and πj > πi}|. This correspondence makes
it a natural extension to study patterns in inversion sequences much in the same way that patterns have been studied
in permutations. This paper, the first of two on patterns in inversion sequences, focuses on the enumeration of inver-
sion sequences that avoid words of length three. Our resultsconnect patterns in inversion sequences to a number of
well-known numerical sequences including Fibonacci numbers, Bell numbers, Schröder numbers, and Euler up/down
numbers.

Keywords: inversion sequences, pattern avoidance, enumeration, Schröder numbers

1 Overview
A permutationπ = π1π2 . . . πn ∈ Sn is said tocontaina patternσ = σ1σ2 . . . σk ∈ Sk if there exist
indicesi1 < i2 < · · · < ik such that for everya, b ∈ {1, 2, . . . , k}, we haveπia < πib if and only if
σa < σb. Otherwise,π is said toavoid the patternσ. Let Sn(σ) = {π ∈ Sn | π avoidsσ}. Given any
σ ∈ Sk, theavoidance sequenceof σ is the integer sequence,

|S1(σ)|, |S2(σ)|, |S3(σ)|, . . . .

The avoidance sequences for variousσ count a great number of well-known combinatorial structures. As
a result, the study of permutation patterns provides a unifying interpretation for a number of disparate
discrete structures. Early work of MacMahon [15] enumerating permutations avoiding 123 and of Knuth
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[12, 13] on 231 and stack-sortable permutations established by 1973 that for everyσ ∈ S3, Sn(σ) is
counted by the Catalan numbers. In 1985 Simion and Schmidt published the first systematic study of
pattern avoidance in permutations [23]. Thirty years later, there is a rich body of work demonstrating
the connections between pattern avoidance and many areas ofmathematics and computation. See, for
example, the survey of Kitaev [11].

Recently, thes-inversion sequences,I(s)n , defined for a positive integer sequences = (s1, . . . , sn) by

I
(s)
n = {(e1, e2, . . . , en) | 0 ≤ ei < si},

were introduced in [20] to enumerate certain families of partitions via Ehrhart theory. For a variety of
sequencess, natural statistics onI(s)n have the same distribution as natural statistics on other equinumerous
combinatorial families, a phenomenon that was used to settle an open question about Coxeter groups in
[21].

The words of lengthn over the alphabet{0, 1, . . . , k − 1} can be viewed as the inversion sequences

I
(k,k,...,k)
n . Whens = (1, 2, . . . , n), thes-inversion sequencesIn = I

(1,2,...,n)
n have been used in various

ways to encode permutationsSn. For example, the mapΘ(π) : Sn → In defined forπ = π1 . . . πn ∈ Sn

by Θ(π) = (e1, e2, . . . , en), whereei = |{j | j < i and ej > ei}|, is a bijection with several nice
properties. These connections to words and permutations make it natural to study pattern avoidance in
inversion sequences in the same way that pattern avoidance has been studied in words and permutations.

Given a wordp = p1p2 . . . pk ∈ {0, 1, . . . , k−1}k, define thereductionof p to be the word obtained by
replacing theith smallest entries ofpwith i−1. For instance, the reduction of3052662 is2031441. We say
that an inversion sequencee ∈ In containsthe patternp, if there exist some indicesi1 < i2 < · · · < ik
such that the reduction ofei1ei2 . . . eik is p. Otherwise,e is said toavoid p. Let In(p) = {e ∈ In |
e avoidsp}. Theavoidance sequenceof p is the integer sequence

|I1(p)|, |I2(p)|, |I3(p)|, . . . .

Our focus in this paper is a study of inversion sequences avoiding a three-letter wordp. We discover
a surprisingly rich collection of enumerative results, as well as intriguing conjectures. There will be sev-
eral examples where pattern-avoiding inversion sequencesprovide more natural models of combinatorial
sequences than previously known.

This paper is one of the first(i) systematic studies of pattern avoidance in inversion sequences, although
in [7] Duncan and Steingrı́msson considered pattern avoidance inascent sequences, introduced in [3],
and obtained interesting enumerative results. (An ascent sequence is an integer sequence(e1, e2, . . . , en)
in which e1 = 0 andei is a nonnegative integer at most one more than the number of ascents in the
sequences(e1, e2, . . . , ei−1). The ascent sequences of lengthn thus form a subset ofIn.) Some of the
open questions posed in [7] were settled by Mansour and Shattuck in [17].

Our approach in this paper is combinatorial. For each pattern p, we first observe an alternate charac-
terization of thep-avoiding inversion sequences. For example:the inversion sequences avoiding 011 are
those whose positive elements are distinct(see Section 3.3). We then use the observation to define the
structure of thep-avoiding inversion sequences and relate them to equinumerous combinatorial families

(i) When our paper was first posted to the arXiv we were notified by Mansour that he and Shattuck had independently obtained
results on|In(σ)| for the patternsσ = 012, 021, 102, 201, 210 in [16]. Their methods are quite complementary to ours, as we
will describe in Section 2.
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via bijections, recurrences or generating functions. In the process, we discover and prove refinements via
correspondences between natural statistics. For example,the number of 011-avoiding inversion sequences
in In with k zerosis equal to the number of partitions of ann-element set intok nonempty blocks(Section
3.3).

In Section 2 we consider inversion sequencesIn avoiding a given 3-letter permutation of{0, 1, 2}.
We show that the number of inversion sequences avoiding012 is given by theodd-indexed Fibonacci
numbersand that the inversion sequences avoiding021are counted by thelarge Schröder numbers. We
prove that the patterns201and210areWilf equivalent, i.e. that they have the same avoidance sequence.
This sequence does not appear in the OEIS, but we derive a recurrence for it. Enumerative results for the
patterns 012, 021, 201, 102, and 210 also appear in [16], where Mansour and Shattuck additionally prove
that the number of inversion sequences avoiding102 is given by the sequence A200753 in the On-Line
Encyclopedia of Integer Sequences (OEIS) [10]. The number of inversion sequences avoiding120does
not appear in the OEIS and counting them remains an open problem.

In Section 3 we consider inversion sequencesIn avoiding a given 3-letter pattern with repeated symbols.
We prove that the inversion sequences avoiding000are counted by theEuler up/down numbers. We
show that the inversion sequences avoiding001are counted bypowers of two, and those avoiding011are
counted by theBell numbers. Additionally, we prove that the number of inversion sequences avoiding
101is the same as the number avoiding110and this is the same as the number ofpermutations avoiding
the vincular pattern 1-23-4. The avoidance sequence for the pattern010does not appear in the OEIS nor
does the number of inversion sequences avoiding100. Counting either of these sets is an open problem.

In Section 4, we return to021-avoiding inversion sequences. We examine the correspondence between
In(021) and Schröder(n − 1)-paths, and betweenIn(021) and certain binary trees by introducing two
further bijections. Each bijection succeeds in relating a variety of different statistics in inversion sequences
and those combinatorial families. Surprisingly, the ascent statistic inIn(021) is symmetric, and we prove
this by defining a bijection betweenIn(021) and a tree structure that is known to be counted by the
Schröder numbers. Section 4 is a testament to the rich combinatorial structure that can be uncovered
when examining a class of pattern-avoiding inversion sequences in-depth.

The results on inversion sequences avoiding permutations and words of length 3 are summarized in
Table 1. In the last column of the table, we use|I7(p)| as an identifier for the avoidance sequence of
In(p).

This paper is the first part of a larger study on patterns in inversion sequences. In subsequent work,
we consider a generalization of pattern-avoiding inversion sequences that includes many more surprising
results and conjectures.

Throughout this paper, we let[n] = {1, 2, . . . , n}. For an inversion sequencee = (e1, e2, . . . , en) ∈ In,
let σt(e) = (e′1, e

′
2, . . . , e

′
n) wheree′i = 0 if ei = 0 and otherwisee′i = ei + t (we allow for negativet).

This operation will also be applied to substrings of an inversion sequence.
We use concatenation to add an element to the beginning or endof an inversion sequence:0 · e is the

inversion sequence(0, e1, e2, . . . , en) and for0 ≤ i ≤ n, e · i is the inversion sequence(e1, e2, . . . , en, i).

2 Inversion sequences avoiding permutations
2.1 Avoiding 012: F2n−1 and Boolean permutations
LetFn denote thenth Fibonacci number, whereF0 = 0,F1 = 1 and forn ≥ 2,Fn = Fn−1+Fn−2. Note
thatan = F2n−1 satisfies the recurrencean = 3an−1 − an−2, with initial conditionsa1 = 1, a2 = 2.
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Patternp an = |In(p)| counted by: in OEIS? sequence identifiera7

012 F2n−1 (Boolean permutations) A001519 233
021 Large Schröder numbers A006318 1806
102 A(x) = 1 + (x− x2)(A(x))3 [16] A200753 1694
120 ? no (A263778) 2803
201 Theorem 6 and (5) no (A263777) 4306
210 Theorem 6 and (5) no (A263777) 4306

000 Euler up/down numbers A000111 1385
001 2n−1 (|Sn(132, 231)|) A000079 64
010 ? no (A263779) 979
100 ? no (A263780) 3399
011 Bell numbers A000110 877
101 |Sn(1-23-4)| A113227 3207
110 |Sn(1-23-4)| A113227 3207

Tab. 1: Enumeration of inversion sequences avoiding permutationsand words. (OEIS numbers in parentheses were
newly assigned after this paper was posted to the arXiv)

Permutations avoiding both321 and3412 are known asBoolean permutations[18, 25] and are counted
byF2n−1. In this section we show thatIn(012) is the number of Boolean permutations of[n].

Observation 1 The inversion sequences avoiding012 are those whose positive elements form a weakly
decreasing sequence.

Theorem 1 |In(012)| = F2n−1.

Proof: By Observation 1, ife ∈ In−1(012), the following are all inIn(012): e·0, e·1, and0·σ1(e). Every
element inIn(012) arises from an element ofIn−1(012) in at least one of these three ways, but certain
elements are counted twice, namely those of the form0 · x · 0 wherex ∈ In−2(012). Thus|In(012)|
satisfies the recurrencean = 3an−1 − an−2, with initial conditionsa1 = 1, a2 = 2. This is the same
recurrence satisfied byF2n−1. ✷

In view of the connection between Boolean permutations and Coxeter groups highlighted in the recent
paper of Petersen and Tenner [18], it would be nice to have a simple bijection encoding them as012-
avoiding inversion sequences.

2.2 Avoiding 021: the large Schröder numbers

A Schr̈odern-path is a path in the plane from(0, 0) to (2n, 0), never going below thex-axis, using only
the steps(1, 1) (up),(1,−1) (down) and(2, 0) (flat). For example, usingU , D, andF for up, down, and
flat steps, respectively, the Schröder 14-pathp = UUDUFUDUFDDDUUDUDDUUUFDDD is
shown in Figure 1.
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Fig. 1: The Schröder 14-pathp = UUDUFUDUFDDDUUDUDDUUUFDDD

Let Rn denote the set of Schrödern-paths and letrn = |Rn|. It is well known that the generating
function forrn is

R(x) =

∞
∑

n=0

rnx
n =

1− x−
√
x2 − 6x+ 1

2x
. (1)

To relate Schröder paths to inversion sequences, first notethat the021-avoiding inversion sequences have
the following simple characterization.

Observation 2 An inversion sequence avoids021 if and only if its positive entries are weakly increasing.

Using this characterization, we show that the elements ofIn(021) are in bijection with the Schröder
paths inRn−1.

Theorem 2 For n ≥ 1, |In(021)| = rn−1.

Proof: Let E(x) =
∑∞

n=1 |In(021)|xn. We show thatE(x) satisfies

E(x) = x+ xE(x) + E2(x), (2)

which has solution

E(x) =
1− x−

√
x2 − 6x+ 1

2
= xR(x),

and the result will follow from (1).
Givene ∈ In(021), consider the last positionj + 1 such thatej+1 attains its maximal valuej. If j=0,

then eithere = (0) or e = 0 · e′ for somee′ ∈ In−1(021). This accounts for thex + xE(x) in (2). We
show that thee for which j > 0 are counted byE2(x).

If j > 0, then(e1, . . . , ej) ∈ Ij(021). As for (ej+2, . . . , en), we know that fori = 2, . . . , n − j, by
Observation 2 and by choice ofj, eitherej+i = 0 or

j ≤ ej+i < j + i− 1.

It follows that subtractingj−1 from the positive entries of(ej+2, . . . , en) and adding a0 to the beginning
of the sequence gives an element ofIn−j(021). Conversely, for any sequences(e1, . . . , ej) ∈ Ij(021)
andf ∈ In−j(021), if we addj − 1 to all the positive elements off and remove the initial 0 off , we
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can append the result to(e1, . . . , ej , j) to obtain an element ofIn(021) in whichj + 1 is the last position
whose entry attains its maximal value. ✷

We recall the operationσk defined in Section 1 to facilitate describing a bijection. Ife is an inver-
sion sequence, and(ei, ei+1, . . . , ej) is a substring ofe in which all positive entries are larger than
k, then σ−k(ei, ei+1, . . . , ej) is the sequence obtained by subtractingk from the positive entries of
(ei, ei+1, . . . , ej).

The proof of Theorem 2 gives rise to the following recursive bijection ρ from In(021) to Schröder
(n − 1)-paths. Fore ∈ In(021), let j + 1 be the last position such thatej+1 attains its maximal valuej.
Setρ(0) to be the empty path. Then the Schröder pathp = ρ(e) is defined by

ρ(e) =

{

Fρ(e2, . . . , en) if j = 0
Uρ(e1, . . . , ej)Dρ(σ1−j(0 · (ej+2, . . . , en))) otherwise.

For example,p = ρ(0, 1, 0, 1, 0, 2, 5, 7, 7, 7, 9, 0, 10, 11, 12) is the Schröder 14-path shown in Figure 1.
By definition,ρ gives the following result.

Theorem 3 For n ≥ 1, the number of021-avoiding inversion sequences of lengthn with k maximal
elements is the same as the number of Schröder(n− 1)-paths withk − 1 initial up steps.

The number of Schröder(n − 1)-paths withk initial up steps is counted by sequence A132372 in the
OEIS [10].

Ira Gessel considered in [9] the generating function

R(x, z) =

∞
∑

n=0

∑

p∈Rn

xnzflat(p),

whereflat(p) is the number of flat steps in a Schröder pathp. He showed that

R(x, z) =
1− xz −

√

(1− xz)2 − 4x

2x
. (3)

Similarly define

E(x, z) =

∞
∑

n=1

∑

e∈In(021)

xnzzeros(e),

wherezeros(e) is the number of zeros in the inversion sequencee. Following the proof of Theorem 2, we
have

E(x, z) = xz + xzE(x, z) + E2(x, z)/z.

Solving, and comparing to (3) we have

E(x, z) =
z(1− xz −

√

(1− xz)2 − 4x)

2
= xzR(x, z).

This proves the following.

Theorem 4 For n ≥ 1, the number of021-avoiding inversion sequences of lengthn with k zeros is the
same as the number of Schröder(n− 1)-paths withk − 1 flat steps.
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Note that the number of Schröder(n− 1)-paths withk− 1 flat steps is equal to the number of Schröder
(n− 1)-paths withk − 1 peaks (where a peak is an occurrence ofUD). This can be seen by applying an
involution that replaces everyUD with F and everyF with UD. This gives us the following.

Corollary 1 For n ≥ 1, the number of021-avoiding inversion sequences of lengthn with k zeros is the
same as the number of Schröder(n− 1)-paths withk − 1 peaks.

In Section 4 we provide a second bijection relating different statistics in 021-avoiding inversion se-
quences and Schröder paths. We also show a correspondence with certain trees counted by the Schröder
numbers and use this to prove that the ascent statistic on 021-avoiding inversion sequences is symmetric.

2.3 The patterns 201and 210

In this section we prove that the patterns201 and210 are Wilf equivalent on inversion sequences. This
has also been shown in [16]. The avoidance sequence for thesepatterns did not appear in the OEIS, (it
has now been assigned A263777) but we derive a recurrence to compute it.

Fore ∈ In, call positionj aweak left-to-right maximumif ei ≤ ej for all 1 ≤ i < j.

Observation 3 The210-avoiding inversion sequences are precisely those that canbe partitioned into two
weakly increasing subsequences.

Proof: Supposee has such a partitionea1
≤ ea2

≤ · · · ≤ eat
andeb1 ≤ eb2 ≤ · · · ≤ ebn−t

. If there
existsi < j < k such thatei > ej > ek, then no two ofi, j, k can both be in{a1, . . . , at} or both be
in {b1, . . . , bn−t}, so e avoids210. Conversely, ife avoids210, let a = (a1, . . . , at) be the sequence
of weak left-to-right maxima ofe. Thenea1

≤ ea2
≤ · · · ≤ eat

. Consideri, j 6∈ {a1, . . . , at} where
i < j. The fact thatei is not a weak left-to-right maxima implies there exists somees such thats < i and
es > ei. Thus to avoid 210, we must haveei ≤ ej . ✷

Observation 4 Let (e1, e2, . . . , en) ∈ In. Additionally, for anyi ∈ [n], letMi = max(e1, e2, . . . , ei−1).
Thene ∈ In(201) if and only if for everyi ∈ [n], the entryei is a weak left-to-right maximum, or for
everyj > i, we haveej ≤ ei or ej > Mi.

Proof: Let e ∈ In satisfy the conditions of Observation 4 and, to obtain a contradiction, assume there
exist i < j < k such thateiejek forms a 201 pattern (i.e.ej < ek < ei). Notice thatMj =
max{e1, e2, . . . , ej−1} ≥ ei. It follows thatMj > ek > ej, which contradictions our assumption.

Conversely, if(e1, e2, . . . , en) ∈ In(201), consider anyei. If ei is not a weak left-to-right maximum,
then there exists some maximum valueMi = es such thats < i andes > ei. Therefore, in order to avoid
a 201 pattern, anyej wherej > i must haveei ≥ ej or ej ≥ Mi = es. ✷

Theorem 5 For n ≥ 1, |In(210)| = |In(201)|.

Proof: We exhibit a bijection based on the characterizations in Observations 3 and 4.
Givene ∈ In(210), definef ∈ In(201) as follows. Letea1

≤ ea2
≤ · · · ≤ eat

be the sequence of
weak left-to-right maxima ofe and leteb1 ≤ eb2 ≤ · · · ≤ ebn−t

be the subsequence of remaining elements
of e.
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For i = 1, . . . , t, setfai
= eai

. For eachj = 1, 2, . . . , n − t, we extract an element of the multiset
B = {eb1 , eb2 , . . . , ebn−t

} and assign it tofb1 , fb2 , . . . , fbn−t
as follows:

fbj = max{k | k ∈ B − {fb1 , fb2 , . . . , fbj−1
} and k < max(e1, . . . , ebj−1)}.

By definition,f will satisfy the characterization property in Observation4 of In(210). ✷

In order to get a recurrence that allows us to compute a few terms of |In(210)| = |In(201)|, we
define two statistics,top andbottom , on e ∈ In(210) based on the decomposition ofe described in
Observation 3. Letea1

≤ ea2
≤ · · · ≤ eat

be the sequence of weak left-to-right maxima ofe and let
eb1 ≤ eb2 ≤ · · · ≤ ebn−t

be the subsequence of remaining elements ofe. Then

top (e) = eat
; bottom (e) = ebn−t

.

If e is weakly increasing, thent = n so we definebottom (e) = −1.

Theorem 6 LetTn,a,b be the number ofe ∈ In(201) with top (e) = a andbottom (e) = b. Then

Tn,a,b =

b
∑

i=−1

Tn−1,a,i +

a
∑

j=b+1

Tn−1,j,b, (4)

with initial conditionsTn,a,b = 0 if a ≥ n andTn,a,−1 = n−a
n

(

n−1+a

a

)

.

Proof: Tn,a,−1 is the number of weakly increasing inversion sequences withen = a. This is the number
of Dyck paths whose last horizontal step is at heighta which is n−a

n

(

n−1+a
a

)

. For b ≥ 0, an inversion
sequencee of lengthn with top (e) = a andbottom (e) = b can be obtained by addingb to ane′ of
lengthn − 1 with top (e′) = a andbottom (e′) ≤ b; or by addinga to ane′ of lengthn − 1 with
b < top (e′) ≤ a andbottom (e′) = b. ✷

From Theorems 5 and 6 we have

|In(210)| = |In(201)| =

n−1
∑

a=0

a−1
∑

b=−1

Tn,a,b =
1

n+ 1

(

2n

n

)

+

n−1
∑

a=0

a−1
∑

b=0

Tn,a,b. (5)

The first 12 terms of the sequence|In(210)| are

1, 2, 6, 24, 118, 674, 4306, 29990, 223668, 1763468, 14558588, 124938648.

This sequence did not appear in the OEIS, but has now been assigned A263777.
A different recurrence to compute|In(210)| = |In(201| is derived in [16]. It is more complicated than

(4) due to the choice of statistics. Nevertheless it is used to produce a generating function. Can (4) be
used to derive a simpler generating function?
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2.4 Inversion sequences avoiding 102
Our calculations showed that the number of inversion sequences inIn avoiding 102 is:

1, 2, 6, 22, 89, 381, 1694, 7744, 36168, . . . .

We checked forn ≤ 9 that this matches the sequence A200753 in the OEIS [10], whose generating
function is given by

A(x) = 1 + (x − x2)(A(x))3 (6)

but we were unable to prove this.
In [16], Mansour and Shattuck used a delicate generating function argument to confirm that the gen-

erating function
∑

n≥0 |In(102)|xn does satisfy (6) and from that they provide an explicit formula for
|In(102)|.

Is there a direct combinatorial argument to show that the generating function for the102-avoiding
inversion sequences satisfies (6)?

2.5 Avoiding 120
Our calculations show that the number of inversion sequences avoiding the pattern120 is given by:

1, 2, 6, 23, 103, 515, 2803, 16334, 100700, . . . ,

but this sequence did not appear in the OEIS (it has now been assigned A263778) and we do not yet know
how to count it. This remains an open question.

3 Avoiding patterns with repeated letters
3.1 Avoiding 000: the Euler numbers and simsun permutations
The Euler up/down numberEn is the number of permutationsπ of [n] such thatπ1 < π2 > π3 < π4 >
· · · . This is a well-known interpretation of the coefficients in the Taylor series expansion oftan(x) +
sec(x):

tan(x) + sec(x) =
∑

n≥0

En

xn

n!
.

Several families are known to be in bijection with the up/down permutations, including 0-1-2-increasing
trees [14]. These aren-vertex rooted unordered trees in which each vertex has at most two children. Each
vertex has a distinct label from the set[n] and labels increase along any path from the root to a leaf.

Theorem 7 |In(000)| = |En+1|

Proof: Observe thate ∈ In avoids000 if and only if no entry occurs more than twice. We consider
0-1-2-increasing treesT with n+ 1 vertices labeled0, 1, . . . , n, which are counted byEn+1. It is easy to
check that the mapping sending such a treeT to the inversion sequencee, whereei is the parent ofi in T,
is a bijection between these trees andIn(000). ✷

For an example of this bijection, see Figure 2. The bijectionof Theorem 7 shows that the set of labels
on the internal vertices ofT is exactly the set{e1, . . . , en}.
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Fig. 2: The tree corresponding toe = (0, 1, 0, 3, 2, 1, 2, 4, 6, 4) under the bijection of Theorem 7

Theorem 8 Let En,k be the number of000-avoiding inversion sequences of lengthn with k distinct
entries. Then

En,k = (n− k + 1)En−1,k−1 + (2k − n+ 1)En−1,k

with initial conditionsE0,0 = 1 andEn,k = 0 for k > n or k < ⌈(n/2)⌉.

Proof: Elements ofIn(000) with k distinct entries can be constructed either by appending an unused
entry to end of ane ∈ In−1(000) with k−1 distinct entries or by appending a used (but unrepeated) entry
to the end of ane ∈ In−1(000) with k distinct entries.

If e ∈ In−1(000) hask − 1 distinct entries, thenn− k of the possible entries are unused and available
for en. Additionally, sinceen = n− 1 is also possible, there are a total ofn− k + 1 choices.

If e ∈ In−1(000) hask distinct entries, then the othern− 1− k are repeats. To append a used entry to
e, while avoiding 000,en must be one of thek − (n− 1− k) used, but unrepeated, elements. This gives
a total of2k − n+ 1 choices. The recurrence follows. ✷

Another family counted by the Euler up-down numbers is the set RSn of simsun permutations[24]. A
permutation is simsun if it has no double descents, even after removingn, n − 1, . . . , k for anyk. For
example, 25637814 is not simsun: removing8, 7, 6 yields the permutation 25314, where5 < 3 < 1 is
a double descent. It is known (e.g. [5]) that ifrsn,k is the number of simsun permutations of[n] with k
descents then

rsn,k = (k + 1)rsn−1,k + (n− 2k + 1)rsn−1,k−1 (7)

with initial conditionsrs0,0 = 1 andrsn,k = 0 for k > ⌊n/2⌋.
We have the following relationship between simsun permutations and 000-avoiding inversion sequences.

Corollary 2 The number of000-avoiding inversion sequences inIn with n − k distinct entries is the
number of simsun permutations of[n] with k descents.

Proof: The number ofe ∈ In(000) with n − k distinct entries is obtained by replacingk by n − k in
the recurrence of the previous theorem. LetFn,k = En,n−k be the number of000-avoiding inversion
sequences inIn with n− k distinct entries. This gives:

Fn,k = (n−(n−k)+1)Fn−1,k+(2(n−k)−n+1)Fn−1,k−1 = (k+1)Fn−1,k+(n−2k+1)Fn−1,k−1
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with initial conditionsF0,0 = 1 andFn,k = 0 for k > ⌊(n/2)⌋, the same recurrence satisfied byrsn,k. ✷

It would be interesting to have a natural bijection for Corollary 2.
The Entringer numbers, dn,k, count the number of down/up permutations of[n + 1] with first entry

equal tok + 1. (These are A008281 in the OEIS [10].) They satisfy the recurrence

dn,k = dn,k−1 + dn−1,n−k.

Our calculations suggest the following.

Conjecture 1 For n ≥ 1 and0 ≤ k ≤ n− 1, dn,k is the number ofe ∈ In(000) with en = k − 1.

3.2 Avoiding 001: 2n−1 and Sn(132, 231)

In this section, we show that the 001-avoiding inversion sequences are counted by powers of 2. This
indicates a natural connection betweenIn(001) and permutations of lengthn avoiding certain patterns
of length 3: the permutations inSn avoiding both213 and312 are counted by2n−1, as are nine other
pairs of permutations of123. This was shown by Simion and Schmidt in [23]. Rotem in [19] showed the
(231, 312) case.

Theorem 9 (Simion-Schmidt) |Sn(α, β)| = 2n−1 for any of the following pairs(α, β) of patterns:

(123, 132), (123, 213), (132, 213), (132, 231), (132, 312),

(213, 231), (213, 312), (231, 312), (231, 321), (312, 321).

Observation 5 For n ≥ 1, In(001) is the set ofe ∈ In satisfying, for somet ∈ [n],

e1 < e2 < · · · < et ≥ et+1 ≥ et+2 ≥ · · · ≥ en. (8)

Theorem 10 For n ≥ 1, |In(001)| = 2n−1.

Proof: We give two proofs based on Observation 5.
First proof. In an inversion sequencee satisfying (8) for somet, it must be the case thatei is maximal

(i.e. ei = i − 1) whenever1 ≤ i ≤ t. It follows that the rest of the sequencep = (et+1, . . . , en) can
be viewed as a partition that fits in ann − t by t − 1 box, of which there are

(

(n−t)+(t−1)
t−1

)

=
(

n−1
t−1

)

.
Summing overt from 1 to n gives the result.

Second proof.Recall from Section 1 the bijectionΘ(π) : Sn → In for π = π1 . . . πn ∈ Sn defined by
Θ(π) = (e1, e2, . . . , en), whereei = |{j | j < i and ej > ei}|. Note thate ∈ In satisfies (8) if and only
if π = Θ−1(e) satisfies

π1 > π2 > · · · > πt < πt+1 < πt+2 < · · · < πn.

Such permutations are the ones that avoid both132 and231, so the result follows by Theorem 9. ✷
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3.3 Avoiding 011: the Bell numbers
In this section we show that the011-avoiding inversion sequences are counted by the Bell numbers.

TheBell numberBn is the number of ways to partition ann-element set into nonempty subsets called
blocks. The numbersSn,k of such set partitions intok blocks are known as theStirling numbers of
the second kindand they satisfy the recurrenceSn,k = kSn−1,k + Sn−1,k−1 with initial conditions
Sn,1 = Sn,n = 1.

Observation 6 The011-avoiding inversion sequences are those in which the positive entries are distinct.

Theorem 11 The number of011-avoiding inversion sequences inIn with k zeros isSn,k.

Proof: An inversion sequencee ∈ In(011) with k zeros can arise from an inversion sequence in
In−1(011) in one of two ways. Ifen = 0 then(e1, . . . , en−1) ∈ In−1(011) hask − 1 zeros. Other-
wise,(e1, . . . , en−1) ∈ In−1 hask zeros and, by Observation 6, it hasn− 1− k distinct positive entries
(out of the possiblen − 2 positive elements of[n − 2].) This means that any of the remainingk − 1
positive elements can be assigned toen, as well as the new possibilityn − 1, for a total ofk. Since the
only e ∈ In(011) with one zero is(0, 1, 2, . . . , n) and the onlye ∈ In(011) with n zeros is(0, 0, . . . , 0),
the recurrence of the Stirling numbers is satisfied with the same initial conditions. ✷

A restricted growth functionis a finite integer sequencev = (v1, . . . , vn) with v1 = 1 and for1 < i ≤
n, vi ≤ 1 + max{v1, . . . , vi−1}. LetGn be the set of restricted growth functions of lengthn. Elements
of Gn encode partitions of[n]: given a partitionΠ of [n], order the blocks ofΠ asB1, . . . , Bk so that
min(Bi) < min(Bi+1) for 1 ≤ i < k. Thenv ∈ Gn corresponds to the set partitionΠ wherei is in block
Bb of Π if and only if vi = b. The number of distinct entries ofv is the number of blocks ofΠ.

For example ifv = (1, 2, 3, 1, 3, 2, 4, 5, 6, 3, 4, 2) then

Π = ({1, 4}, {2, 6, 12}, {3, 5, 10}, {7, 11}, {8}, {9}).

The proof of Theorem 11 gives rise to a bijection fromIn(011) to Gn. For an integer sequences,
let zeros(s) be the number of zeros ins. Let I(011) be the set of all011-avoiding inversion sequences,
regardless of length andG the set of all restricted growth sequences.

Define a mapκ : I(011) → G for e ∈ I(011) recursively. If|e| = 1, thene = (0) and we define
κ(e) = (1). For |e| = n > 1, assumeκ(e1, . . . , en−1) has been defined and letk = zeros(e). Recall
from the proof of Theorem 11 that sincee ∈ In(011), if en > 0 thenen must be one of thek elements
of [n − 1] − {e1, . . . en−1}, call thema1 < a2 < · · · < ak. So with that notation, we defineκ(e) =
κ(e1, . . . , en−1) · vn wherevn = k + 1 if en = 0 andvn = i if 0 < en = ai.

For example,κ(0, 0, 0, 1, 4, 3, 0, 0, 0, 6, 8, 5) = (1, 2, 3, 1, 3, 2, 4, 5, 6, 3, 4, 2)
It is not hard to prove by induction that ife = (e1, . . . , en) ∈ I(011) andκ(e1, . . . , en) = (v1, . . . , vn)

then1 ≤ vi ≤ zeros(e1, . . . , ei) for all i, from which it clearly follows that(v1, . . . , vn) ∈ G. It is
straightforward to reverseκ, giving a length-preserving bijection betweenI(011) andG.

3.4 Wilf-equivalent patterns 101and 110: Sn(1-23-4)
Our calculations suggested that the patterns101 and100 are Wilf equivalent on inversion sequences. The
avoidance sequence for both patterns agree with sequence A113227 in the OEIS [10], where it is said to
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be |Sn(1-23-4)|, the number of permutations avoiding the pattern 1-23-4, that is, with noi < j < k such
thatπi < πj < πj+1 < πk. The asymptotics of|Sn(1-23-4)| were studied by Elizalde in [8], where he
established good upper and lower bounds.

The OEIS led us to a paper of David Callan [4], which shows thatpermutations of[n] avoiding 1-23-4
are in bijection with increasing ordered trees withn+ 1 vertices whose leaves, taken in preorder, are also
increasing. Callan showed that ifun,k is the number of such trees withn + 1 vertices in which the root
hask children then

un,k = un−1,k−1 + k
n−1
∑

j=k

un−1,j (9)

with initial conditionsu0,0 = 1 andun,k = 0 if k > n, orn > 0 andk = 0.

Theorem 12 |In(101)| = |Sn(1-23-4)|.

Proof: Let Zn,k be the number ofe ∈ In(101) with exactlyk zeros and letzn,k = |Zn,k|. We show that
zn,k satisfies (9) with the same initial conditions.

Let Zn,k,ℓ be the number ofe ∈ Zn,k with exactlyℓ ones. Recall that applyingσ−1 to an inversion
sequence decreases the positive entries by 1.

Defineγ : In → In−1 by γ(e1, . . . , en) = σ−1(e2, . . . , en). Note thatγ(Zn,k,ℓ) = Zn−1,k+ℓ−1. In
fact, if ℓ = 0, γ is a bijection betweenZn,k,0 andZn−1,k−1. However, ifℓ > 0, each element ofZn−1,k−1

is the image underγ of k elements ofZn,k,ℓ. To see this, lete ∈ Zn,k,ℓ and letẽ = (eb1 , eb2 , . . . , ebk+ℓ
),

be the subsequence ofe consisting of the zeros and ones ine. Noteeb1 = 0 and, sincee avoids101, theℓ
ones inẽ must be consecutive. There arek such ways to place the ones inẽ, namely as:

(eb2 , . . . , eb1+ℓ
), (eb3 , . . . , eb2+ℓ

), . . . (ebk+1
, . . . , ebk+ℓ

).

Thus, sincezn,k =
∑n−k

ℓ=0 |Zn,k,ℓ| = |Zn,k,0|+
∑n−k

ℓ=1 |Zn,k,ℓ|, we have

zn,k = |Zn−1,k−1|+
n−k
∑

ℓ=1

k|Zn−1,k+ℓ−1| = zn−1,k−1 + k

n−k
∑

ℓ=1

zn−1,k+ℓ−1.

Clearlyz0,0 = 1 andzn,k = 0 if k > n, orn > 0 andk = 0. Re-indexing the summation gives (9). ✷

Comparing the proof of the recurrence forzn,k here with Callan’s proof of the recurrence forun,k gives
rise to a bijection between101-avoiding inversion sequences withk zeros and ordered increasing trees
with increasing leaves in which the root hask children. We omit the details for now.

Theorem 13 |In(101)| = |In(110)|.

Proof: We observe that the number ofe ∈ In(110) with k zeros andℓ ones satisfies the same recurrence
(9). The proof follows the same process as that of Theorem 12 to the point of considering the substring
of 0’s and 1’s for somee ∈ In(110). Sincee now avoids110, in the substring̃e = (eb1 , eb2 , . . . , ebk+ℓ

),
consisting of its zeros and ones, all but the firstℓ ones must be in the lastℓ− 1 positions of̃e. This leaves
k possible positions for the first one:b2, b3, . . . , bk+1. ✷
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Using the recursion (9) forun,k+1 andun,k, if we takekun,k+1 and subtract(k + 1)un,k the result is

un,k+1 + kun−1,k =
k + 1

k
(un,k − un−1,k−1) .

Is there a simple interpretation for this in terms of inversion sequences, trees, or permutations?

3.5 Avoiding 010, avoiding 100
Our calculations show that the number of inversion sequences avoiding the pattern010 is given by:

1, 2, 5, 15, 53, 215, 979, 4922, 26992, . . . ,

but this sequence did not appear in the OEIS (is is now A263779) and we do not yet know how to count
it.

Similarly, we have calculated that|In(100)| begins like this:

1, 2, 6, 23, 106, 565, 3399, 22678, 165646, . . . ,

but it also did not appear in the OEIS (it is now A263780).

4 Revisiting 021-avoidance
In this section, we delve deeper into the structure of 021-avoiding inversion sequences and their relation-
ship to structures counted by the Schröder numbers. First,we introduce a bijection that illustrates further
natural correspondences between statistics in inversionssequences and Schröder paths. After, we consider
the ascent statistic, which we show is symmetric inIn(021) via a bijection with certain black/white binary
trees.

4.1 Another correspondence between In(021) and Schröder paths
Now we define a different bijection, which serves as a tool to relate different statistics between inversion
sequences and Schröder paths. Using Observation 2, we can see that for anye ∈ In(021), e can be written
ase = b0b1b2 . . .bn−1 wherebk is the substring(ei, ei+1, . . . , ej) such thatei is the first occurrence
of k, and, for everyt ∈ {i, i + 1, . . . , j}, we haveet = k or et = 0. We call eachbk a block and say
that somebk is maximalif bk = (ek+1, ek+2, . . . , ej) (makingek+1 a maximal entry). Notice that any
maximal entryej+1 must be the first entry ofbj .

For example, ife = (0, 1, 0, 1, 0, 2, 5, 7, 7, 7, 9, 0, 10, 11, 12), thenb0 = (0), b1 = (1, 0, 1, 0), b2 =
(2), b5 = (5), b7 = (7, 7, 7), b9 = (9, 0), b10 = (10), b11 = (11), b12 = (12), andb3 = b4 = b6 =
b8 = b13 = b14 are all empty strings. Additionally,b0, b1 andb7 are maximal.

This decomposition is essential to describing our bijection. It also produces a recurrence relation on
021-avoiding inversion sequences.

Theorem 14 Let Yn,k be the number of021-avoiding inversion sequences of lengthn with k maximal
elements, includinge1 = 0. Then

Yn,k = Yn−1,k−1 + 2

n−1
∑

i=k

Yn−1,i, (10)

with initial conditionY1,1 = 1.
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Proof: Given a 021-avoiding inversion sequence of lengthn with k maximal elements, letbj be the last
maximal block. Consider the effect of removing the last entry of bj . If bj contains only one element, then
bj = bn since it is the last maximal block, and removingbn gives an inversion sequence contributing
to Yn−1,k−1. If bj contains more than one element, it could end inj or 0. Either way, removing the last
entry shifts everything followingbj one position earlier. This shift may result in a number of additional
maximal blocks followingbj , so the resulting inversion sequence contributes to the term Yn−1,i where
k ≤ i ≤ n− 1.

Conversely, a 021-avoiding inversion sequence of lengthn with k maximal elements can be obtained
from a 021-avoiding inversion sequence of lengthn − 1 with k − 1 maximal elements by appending
n − 1 to the end. Additionally, given any 021-avoiding inversionsequence of lengthn − 1 with at least
k maximal elements, ifbj is thekth maximal block, we can obtain a somee ∈ In(021) with k maximal
blocks by appending eitherj or 0 to the end ofbj . By doing this, all maximal blocks followingbj are no
longer maximal, since the entries have been shifted, resulting in the desired number of maximal blocks.
✷

A valley in a Schröder Path is aD step immediately followed by anU step. Let thevalley wordof a
Schröder Path be the word obtained when any consecutiveDU is replaced with aV . So the Schröder path
UUDUFUDUFDDDUUDUDDUUUFDDD from Figure 1 would have valley word

UUV FUV FDDV UVDV UUFDDD.

We define a mappingφ : Rn−1 −→ In(021) using the valley word for each element inRn−1. The entries
of the valley word are interpreted as instructions for building an inversion sequence.

Let p be the valley word of a path inRn−1. DefineM to be a word on the elements{0, 1, 2, . . . , n− 1}
that keeps track of the current maximal blocks in the inversion sequence being built, which we denotee.
Initially, setM = 0 ande = b0 whereb0 = (0). So, the initial length ofe is 1.

The valley wordp = p1p2 . . . pℓ is read left to right and eachpi interpreted as an action performed on
M ande.

• If pi = U , appendℓi to the end ofe andM , whereℓi is equal to the current length ofe. This is
equivalent to starting a new blockbℓi at the end ofe.

• If pi = D, delete the last entry ofM .

• If pi = V , append a 0 to the end of blockbj wherej is the last entry ofM .

• If pi = F , append aj to the end of blockbj wherej is the last entry ofM .

Notice that this construction yields an inversion sequencewith weakly increasing positive entries and
therefore avoids 021. Additionally,φ is reversible and is a bijection. As an example,

φ(UUV FUV FDDV UV DV UUFDDD) = (0, 1, 0, 0, 2, 0, 2, 5, 0, 5, 9, 0, 12, 13, 13),

is the image of the Schröder path in Figure 1. Notice that this is not the same as

ρ(UUV FUV FDDV UVDV UUFDDD)

from Section 2.1.
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The bijectionφ succeeds in relating different statistics in 021-avoidinginversion sequences and Schröder
paths. In the following theorem, the number oflate zerosin an inversion sequencee ∈ In(021) is the
number of zeros occurring in the blocksb1b2 . . .bn−1. Additionally, the number of distinct nonzero
values in an inversion sequencee = b0b1b2 . . .bn−1 ∈ In(021) is |{bi | i 6= 0,bi 6= ǫ}|. By using the
definition ofφ, we achieve the following results.

Corollary 3 For n ≥ 1,

1. if p ∈ Rn−1 with k valleys, thenφ(p) is an inversion sequence inIn(021) with k late zeros.

2. if p ∈ Rn−1 wherek is the number of occurrences ofU in the valley word ofp (alternatively, this
is the total number of up steps minus the number of valleys), thenφ(p) is an inversion sequence in
In(021) with k distinct nonzero values.

3. if p ∈ Rn−1 hask flat steps at height 0, thenφ(p) ∈ In(021) begins withk + 1 zeros.

The number of Schröder paths of lengthn with k valleys is counted by A101282 in OEIS.
Based on our computations, the following statistic seems tocorrespond between inversion sequences

and Schröder paths. However, neitherρ nor φ provide the necessary correspondence. Anascentin a
Schröder path is a maximal sequence of consecutive up steps.

Conjecture 2 The number ofp ∈ Rn−1 with k − 1 ascents is equal to the number ofe ∈ In(021) with k
distinct values.

The sequence in Conjecture 2 is counted by A090981 is OEIS. Additionally, notice that Conjecture 2 in
tandem with (2) from Corollary 3 would prove that the number of Schröder paths inRn−1 with k ascents
is equal to the number of paths inRn−1 with k occurrences ofU that are not a part of a valley,DU .

4.2 A symmetric statistic on 021-avoiding inversion sequences
As ascentin an inversion sequencee is an indexi such thatei < ei+1; the number of ascents ine
is denoted byasc (e). In this section, we show that the ascent statistic is symmetric on 021-avoiding
inversion sequences. That is, ifan,k is the number ofe ∈ In(021) with k ascents thenan,k = an,n−k−1.

We make use of a tree structure that appears in the thesis of Brian Drake [6]. DefineTn−1 to be the
set of rooted binary trees onn − 1 nodes, where each node is either black or white, and no node isthe
same color as its right child. For an example, see Figure 3. Let T be the set of all such trees with no
restriction on the number of nodes. In [6], Drake uses an inversion theorem for labeled trees to compute
the generating function forT , keeping track of the number of black nodes. One consequenceis that
|Tn| = rn, thenth large Schröder number.

The trees inTn are also related by a natural bijection to the separable permutations inSn. A separable
permutationis a permutation that can be completely decomposed with direct and skew sums; the trees
in Tn provide the recipe for this decomposition. (See [2].) The separable permutations inSn are exactly
those that avoid2413 and3142 and it is known that|Sn(2413, 3142)| = rn ([22, 26]).

Returning to the ascent statistic on inversions sequences,observe that for a fixed number of nodes, the
number of trees inT with k black nodes is the same as the number withk white nodes. Thus the symmetry
of the ascent statistic onIn(021) is a consequence of the following, which we will prove.

Theorem 15 The number of trees inTn−1 with k black nodes is the same as the number of inversion
sequences inIn(021) with k ascents.
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Theorem 15 will follow from Proposition 1 below once we definean appropriate bijection. From that
we will have the following.

Corollary 4 Letan,k be the number ofe ∈ In(021) with k ascents. Thenan,k = an,n−k−1.

We define a bijection betweenIn(021) andTn−1 such that the number of ascents in an inversion se-
quence is equal to the number of black nodes in the corresponding tree. Define two operations onT .
GivenT, S ∈ T , let ω(T, S) be the tree with a white root that has left subtreeT and right subtreeS.
Similarly, defineβ(T, S) to be the tree with a black root that has left subtreeT and right subtreeS. Note
that inω(T, S) andβ(T, S), the treeS is required to have a black root and white root, respectively.

Throughout this section, letI00n (021) = {e ∈ In(021) | e2 = 0} andI01n = {e ∈ In(021) | e2 = 1}.
These sets are nonempty only forn ≥ 2.

We define a bijectionτ : In(021) → Tn−1 recursively. Setτ(0) to be the empty tree. The mapping
τ will be defined such that any inversion sequence inI

00
n (021) maps to a tree with a white root and any

inversion sequence inI01n (021) maps to a tree with a black root. Anytime we consider the operations
ω(τ(e′), τ(e′′)) andβ(τ(e′), τ(e′′)), we will ensure thate′′ begins with0, 1 and0, 0, respectively, or
e′′ = (0) in order to satisfy the condition on right children.

Given any inversion sequencee = (e1, e2, e3, . . . , en) ∈ In(021), we can consider two cases based on
whethere2 = 0 or e2 = 1 (which is equivalent toe ∈ I

00
n (021) or e ∈ I

01
n (021), respectively). Letℓ be

the largest value such thate2 = e3 = . . . = eℓ+1. Additionally, letk + 1 be the earliest position after
ℓ+ 1 such thatek+1 ≥ k − ℓ+ 1. If there is no such position, setk = n. Define

τ(e) =

{

ω(τ(0ℓ · σℓ−k(ek+1, ek+2, . . . , en)), τ(0, eℓ+2, eℓ+3, . . . , ek)) if e2 = 0

β(τ(0ℓ · σℓ−k(ek+1, ek+2, . . . , en)), τ(0, eℓ+2, eℓ+3, . . . , ek)) if e2 = 1
.

where0ℓ denotes the sequence ofℓ zeros. For an example, see Figure 3.
First we show that0ℓ · σℓ−k(ek+1, ek+2, . . . , en) is a 021-avoiding inversion sequence. For0ℓ ·

σℓ−k(ek+1, ek+2, . . . , en) each entryek+i is in the (ℓ + i)-th position. So we must show that when-
everek+i 6= 0, we have1 ≤ ek+i − k + ℓ < ℓ + i. By choice ofk and Observation 2, it follows that
k−ℓ+1 ≤ ek+i < k+i and the result immediately follows. Finally, note that0ℓ·σℓ−k(ek+1, ek+2, . . . , en)
will avoid the pattern 021, since its nonzero entries must weakly increase.

Now consider(0, eℓ+2, eℓ+3, . . . , ek). We know the nonzero entries of(0, eℓ+2, eℓ+3, . . . , ek) will
weakly increase. Additionally, fori ∈ {ℓ + 2, ℓ + 3, . . . , k}, ei is in positioni − ℓ. Wheneverei 6= 0
we want1 ≤ ei < i − ℓ; this immediately follows by choice ofk. Therefore,(0, eℓ+2, eℓ+3, . . . , ek) is a
021-avoiding inversion sequence. Notice that the definitions ofℓ andk imply thateℓ+2 = 1 whene2 = 0
andeℓ+2 = 0 whene2 = 1, which is necessary to satisfy the condition on right children.

The mappingτ has an inverse, ensuring that it is a bijection fromIn(021) to Tn−1.
Our bijection provides a correspondence between a number ofstatistics on inversion sequences and

trees. First, we settle Theorem 15 with the following proposition. GivenT ∈ T , defineB(T ) to be the
number of black nodes inT .

Proposition 1 For anye ∈ In(021), asc (e) = B(τ(e)).

Proof: (Induction.) We immediately see that this is true forn = 1. Forn > 1, let e ∈ In(021) with j
ascents. We show thatτ(e) hasj black nodes. Setℓ andk to be defined as in the definition ofτ .
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τ(0, 0, 0, 1, 0, 0, 4, 7, 7, 0, 9, 0, 9, 11, 14) =

Fig. 3: An example ofτ : In(021) → Tn−1.

If ℓ = n − 1, then e = (0, 0, . . . , 0) or e = (0, 1, 1, . . . , 1). In either of these cases, the only
nodes ofτ(e) are in the leftmost branch. Additionally,τ(0, 0, . . . , 0) is a tree with all white nodes and
τ(0, 1, 1, . . . , 1) is a tree whose root is black and all other nodes are white. So,B(τ(e)) = asc (e) in
either case.

If ℓ < n− 1 andk = n, thenℓ+1 is an ascent; additionally, ife ∈ I
01
n (021), then1 is guaranteed to be

an ascent. The only ascents ofe besides these are elements of{ℓ + 2, ℓ + 3, . . . , n}. Notice thatτ(e) =
ω(τ(0ℓ), τ(0, eℓ+2, eℓ+3, . . . , en)) if e ∈ I

00
n (021) or τ(e) = β(τ(0ℓ), τ(0, eℓ+2, eℓ+3, . . . , en)) if e ∈

I
01
n (021). In each of these,B(τ(e)) = B(τ(0, eℓ+2, eℓ+3, . . . , en)) andB(τ(e)) = 1 + τ(0, eℓ+2, eℓ+3,
. . . , en) respectively. It follows inductively thatB(τ(e)) = asc (e).

Now, if ℓ < n − 1 andk < n, we have the following argument, which we break into two cases. If
e2 = 0, then the choice ofℓ andk requires thatℓ+1 andk are ascent positions. Additionally, there are no
ascents in(e1, e2, e3, . . . , eℓ+1), soasc (e) = 1+asc (eℓ+2, eℓ+3, . . . , ek)+1+asc(ek+1, ek+2, . . . , en).
It follows that

B(τ(e)) = B(τ(0ℓ · σℓ−k(ek+1, ek+2, . . . , en))) +B(τ(0, eℓ+2, eℓ+3, . . . , ek))
= asc (0ℓ · σℓ−k(ek+1, ek+2, . . . , en)) + asc (0, eℓ+2, eℓ+3, . . . , ek)
= asc (ek+1, ek+2, . . . , en) + 1 + asc (eℓ+2, eℓ+3, . . . ek) + 1
= asc (e).

If e2 = 1, then the definitions ofℓ andk require that1, ℓ + 1, andk are ascent positions. Addition-
ally, there are no ascents in(e2, e3, . . . , eℓ+1), so asc (e) = 1 + 1 + asc (eℓ+2, eℓ+3, . . . , ek) + 1 +
asc (ek+1, ek+2, . . . , en). It follows that

B(τ(e)) = 1 +B(τ(0ℓ · σℓ−k(ek+1, ek+2, . . . , en))) +B(τ(0, eℓ+2, eℓ+3, . . . , ek))
= 1 + asc (0ℓ · σℓ−k(ek+1, ek+2, . . . , en)) + asc (0, eℓ+2, eℓ+3, . . . ek)
= 1 + asc (ek+1, ek+2, . . . , en) + 1 + asc (eℓ+2, eℓ+3, . . . , ek) + 1
= asc (e).

✷

It would be nice to have a direct combinatorial proof of Corollary 4.
There are two other natural statistics on trees and inversion sequences for whichτ provides a corre-

spondence.



Patterns in Inversion Sequences I 19

Theorem 16 The number of maximal values in an inversion sequencee ∈ In(021), not counting the
initial zero ofe, is equal to the number of black nodes in the leftmost branch in τ(e).

Proof: Let e ∈ In(021) with t maximal values. By choice ofℓ andk in the definition ofτ , none of the
entriese3, e4, . . . , ek of e can be maximal. Therefore, the maximal values ofe will all occur among the
entriese1, e2, ek+1, ek+2, . . . , en. Additionally, if ei is maximal, wherei ∈ {k + 1, k + 2, . . . , n}, then
that corresponding entry will be maximal in0ℓ · σℓ−k(ek+1, ek+2, . . . , en).

The number of black nodes in the left branch ofτ(e) is equal to the number of black nodes in the left
branch ofτ(0ℓ ·σl−k(ek+1, ek+2, . . . , en)) if e2 = 0. If e2 = 1, then the number of black nodes in the left
branch ofτ(e) exceeds the number of black nodes in the left branch ofτ(0ℓ · σℓ−k(ek+1, ek+2, . . . , en))
by one. The result follows inductively. ✷

The mappingτ visibly encodes the number of initial zeros in an inversion sequence. The following
corollary follows quickly from the definition ofτ .

Corollary 5 Let e ∈ In(021) where0 = e1 = e2 = · · · = eℓ+1. Then the topℓ nodes of the leftmost
branch ofτ(e) are white.

5 Concluding remarks
This report only scratches the surface of pattern-avoidance in inversion sequences, but we hope that it
demonstrates the surprising ability of pattern-avoiding inversion sequences to provide simple and natural
models for familiar combinatorial sequences.

A number of open questions have been raised throughout this paper; most notably, finding general
expressions for the avoidance sequences for the patterns120, 110, and010. In addition to settling Con-
jecture 1 in Section 3.1 and Conjecture 2 in Section 4.1, it would be nice to see a simple bijection between
In(012) and Boolean permutations of[n] (Section 2.1); a combinatorial interpretation of the recurrence
at the end of Section 3.4 for the number of inversion sequences in In(101) with k zeros; and a direct
combinatorial proof of Corollary 4 in Section 4.2.

There are many obvious ways to extend or generalize this work: consider longer patterns, sets of pat-
terns, other statistics,q-analogs, bijective proofs, or more natural bijections; settle enumeration questions;
or even consider pattern avoidance inI

(s)
n for other sequencess of positive integers.

In Part II of this report, we consider a different generalization of pattern-avoidance in inversion se-
quences and discover some nice surprises, a few conjectures, and several open questions.
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We have extended classical pattern avoidance to a new structure: multiple task-precedence posets whose Hasse diagrams
have three levels, which we will call diamonds. The verticesof each diamond are assigned labels which are compatible
with the poset. A corresponding permutation is formed by reading these labels by increasing levels, and then from left
to right. We used Sage to form enumerative conjectures for the associated permutations avoiding collections of patterns
of length three, which we then proved. We have discovered a bijection between diamonds avoiding 132 and certain
generalized Dyck paths. We have also found the generating function for descents, and therefore the number of avoiders,
in these permutations for the majority of collections of patterns of length three. An interesting application of this work
(and the motivating example) can be found when task-precedence posets represent warehouse package fulfillment by
robots, in which case avoidance of both 231 and 321 ensures wenever stack two heavier packages on top of a lighter
package.

Keywords: permutation pattern, poset

1 Introduction
In this paper, we continue a rich tradition of extending the notion of classical pattern avoidance in permuta-
tions to other structures. Given permutationsπ = π1π2 · · ·πn andρ = ρ1ρ2 · · · ρm we say thatπ contains
ρ as a pattern if there exist1 ≤ i1 < i2 < · · · < im ≤ n such thatπia < πib if and only if ρa < ρb. In this
case we say thatπi1πi2 · · ·πim is order-isomorphicto ρ and thatπi1πi2 · · ·πim reduces toρ. If π does not
containρ, thenπ is said toavoidρ. The classical definition of pattern avoidance in permutations has shown
itself to be worthwhile in many fields including algebraic geometry [17] and theoretical computer science
[9]. Analogues of pattern avoidance have been developed fora variety of combinatorial objects including
Dyck paths [1], tableaux [11], set partitions [15], trees [14], posets [8], and many more. We use a definition
of pattern avoidance that is similar to that used in the studyof heaps [10], but distinct from that used in
previous studies of trees. Unlike the question studied by Hopkins and Weiler [8] which identified classes of
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Fig. 1.1: An element ofD5,2(321).

posets for which certain properties are preserved, we extend the enumerative question of pattern avoidance
to a particular class of posets.

A task-precedence posetis a poset which represents the order relations between several tasks to be com-
pleted. We are particularly interested in consideringd identical task-precedence posets, and here we focus
our attention on those sets of tasks that require one task be completed before any others, and one final task
after any others, with no restrictions on the rest of the tasks in the list. When considering a list of4 tasks,
the Hasse diagram of this poset is a diamond, and as such we will refer to a task-precedence poset of this
type with v tasks as adiamondwith v vertices (each withv − 2 vertices in the middle level). We then
assign unique labels from{1, 2, . . . , vd} to each vertex such that the labels obey the order relations of each
diamond. We then refer to the set of all such labelled collections of diamonds asDv,d.

Given an elementD of Dv,d we associate a permutationπD by recording the vertex labels as they are
encountered reading the labels on each diamond consecutively, left to right by levels, beginning with the
least element. For example, ifD is as pictured in Figure 1.1, thenπD = 156273498(10). We say thatD
contains (respectively avoids)ρ as a pattern ifπD contains (respectively avoids)ρ as a classical pattern, using
the definition above. We will abuse notation and sometimes refer to an element ofDv,d and it’s associated
permutation interchangeably. LetDv,d(P ) be the elements ofDv,d that avoid all patterns in listP. While
Figure 1.1 contains123, 132, 213, 231, 312, it is a member ofD5,2(321). Two patterns on diamonds,α and
β, are said to bed-Wilf-equivalentif they have the same enumeration, that is, if|Dv,d(α)| = |Dv,d(β)| for
all v andd. If so, we writeα ∼W β.

Our motivation comes from a real-life application, namely afleet of robots all completing the same se-
quence of tasks in a warehouse for package fulfillment. In 2011, instead of having human employees walk
the warehouse floor retrieving items one after another to complete an order, Amazon began utilizing Kiva
robots in their package fulfillment warehouses [12]. Each robot executes4 pieces of the larger task. We
assign robots to diamonds ordered by the weight of the objectthey will deliver, heaviest object first, so that
the tasks to retrieve the first, heaviest object are represented in diamond1, and the lightest object by the final
diamond. First the robot drives to the appropriate inventory rack and mounts the rack on its back. Then it
can either drive through the warehouse highways to its picker (the human employee who will retrieve the
item off the rack without leaving their station), or it can rotate itself so that the appropriate side of the rack
is facing the picker. Both of these need to be completed before the final step: having the item picked off the
rack by the human employee in order to place it in its shippingbox. In this way, completing one order of
d items from Amazon.com is exactly the task-precedence posetrepresented byd diamonds with4 vertices
each.

We now give an example of this process, referring throughoutto Figure 1.2. A customer has made an order
for 3 objects,o1, o2, o3, with weightsw(o1) > w(o2) > w(o3). Thus the leftmost diamond will represent
the tasks completed by the robot retrieving object1, the center diamond for retrieving object2, and the
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rightmost diamond for retrieving object3. The labels represent the order in which each task of the12 total
tasks is executed. Each robot operates autonomously and independently, and each faces its own challenges.
For example one of the objects may be at the back of the warehouse, there may be significant traffic along
some of the paths the robots travel through the warehouse, orthe robot assigned to retrieve an object may
still be executing its previous assignment. Thus the labelson the least elements of each diamond can vary
significantly, and there can be a large difference in the labelling of the least element of a particular diamond
and its greatest element. In Figure 1.2, the first task completed is that the robot for object3 arrives and picks
up the rack containing object3. Next, the robot retrieving object1 arrives at the rack containing object1.
Next, the robot carrying object1 rotates its rack on its back to have the correct orientation to the picker.
This continues, and based on the labelling of the elements, we see that object3 (the lightest) is placed in its
shipping box first (in step9), then object1 (in step11), and then object2 (in step12). So our human picker
has placed two heavier objects on a lighter object (unless they rearrange the objects after packing). Then a
a sufficient (though not necessary) condition to ensure thattwo heavier objects do not arrive after a lighter
object is that the associated permutation avoid231 and321.

2

10

11

5

4

6

12

8

1

7

9

3

Fig. 1.2: An example of a3 robot task-precedence poset whose associated permutationdoes not avoid231 and321.

One could consider other applications that arise from task-precedence problems, but our motivating ex-
ample can be generalized most appropriately by changing4 tasks per autonomous robot tov tasks.

Thegenerating function for descents (gfd) for Dv,d(P ) is fP
v,d(x, y) =

∑

D∈Dv,d(P ) x
desyd, and

fP
v (x, y) =

∑∞
d=1 f

P
v,d(x, y). For example,D4,2(213) is the set of diamonds with associated permuta-

tions1 2 3 4 5 6 7 8, 1 2 3 8 4 5 6 7, 1 2 7 8 3 4 5 6, 1 6 7 8 2 3 4 5, and5 6 7 8 1 2 3 4. So,f213
4,2 (x, y) =

y2(1 + 4x).
Throughout this paper, the main question we answer is “How many elements are inDv,d(P )?” for any

collectionP of patterns of length3. In general we fixv ≥ 4 and a set of patternsP and then determine a for-
mula for the sequence{|Dv,d(P )|}

d≥1, with key results forv = 4 shown in Table 1. The third column of the
table gives entries from the Online Encyclopedia of IntegerSequences [13]. Our results for pattern-avoiding
diamonds have connections with many other combinatorial objects, as evidenced by the low reference num-
bers. Sequences A260331, A260332 and A260579, however, arenew results particular to this study of task
precedence posets.

Our task, which answers our primary question, is to findfP
v,d(x, y). Then when we substitutex = 1 and

take the coefficient ofyd, we obtain|Dv,d(P )|.
In Section 2 we consider collections of diamonds that avoid asingle pattern of length 3. In Section 3

we consider collections of diamonds that avoid a pair of patterns of length 3, and in Section 4 we consider
collections of diamonds avoiding three or more patterns of length 3. Finally in Section 5, we list some open
problems relating to this work.
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PatternsP {|D4,d(P )|}
d≥1 OEIS Result

∅ 2, 280, 277200, 10090080000, . . . A260331 Theorem 1

123 0, 0, 0, 0, 0, 0, 0, 0, 0, . . . A000007 Theorem 2
132

1, 5, 35, 285, 2530, 23751, 231880, 2330445, . . . A002294 Theorem 3
213
231

2, 18, 226, 3298, 52450, 881970, . . . A260332 Theorem 4
312
321 2, 106, 5976, . . . A260579 OPEN

132, 213 1, 2, 4, 8, 16, 32, 64, 128, 256, . . . A000079 Theorem 5
132, 312

1, 2, 4, 8, 16, 32, 64, 128, 256, . . . A000079 Theorem 6
213, 231
132, 321

1, 5, 13, 25, 41, 61, 85, 113, 145, . . . A001844 Theorem 7
213, 321
231, 312 2, 8, 32, 128, 512, 2048, . . . A004171 Theorem 8
231, 321

2, 14, 98, 686, 4802, 33614, 235298, . . . A109808 Theorem 9
312, 321

132, 213, 321 1, 2, 3, 4, 5, 6, 7, 8, 9, . . . A000027 Theorem 10
231, 312, 321 2, 8, 32, 128, 512, 2048, 8192, 32768, 131072 . . . A081294 Theorem 11

Tab. 1: Enumeration of pattern-avoiding diamonds whenv = 4

2 Diamonds avoiding a single pattern of length 3
Before we count pattern-avoiding diamonds, it is useful to enumerateall diamonds.

Theorem 1. |Dv,d(∅)| =
(vd)!

vd(v−1)d

Proof: Let v ≥ 4 andd ≥ 1, first we choosev labels for each diamond, and then there are(v − 2)! ways to
arrange the internal vertex labels of any given diamond. We obtain

(
vd

v, . . . , v

)

(v − 2)!d =
(vd)!

(v!)d
((v − 2)!)

d

=
(vd)!

vd(v − 1)d
.

Theorem 2. |Dv,d(123)| = 0.

Proof: It is impossible to avoid123 while having a diamond since the pattern is inherent in all valid diamond
labellings.

2.1 The patterns 132 and 213
The complementof a permutationπ of lengthn, denoted byπc, is obtained by replacing each letterj by
the lettern − j + 1. Thereverseof π = π1π2 . . . πn, denoted byπr, is πnπn−1 . . . π1. We letπrc be the
reverse-complementof π andDv,d(p)

rc be{πrc
D | D ∈ Dv,d(p)}.
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Proposition 1. The reverse-complement of a task precedence poset remains alegal poset andDv,d(p)
rc =

Dv,d(p
rc). In addition, fork ≥ 1, Dv,d(p1, p2, . . . , pk)

rc = Dv,d(p
rc
1 , prc2 , . . . , prck ).

Proof: This is clear from the definitions and from howDv,d(p)
rc is created fromp.

Thus we immediately see that a)132 ∼W 213, b)231 ∼W 312, c)132, 312 ∼W 213, 231, d)132, 321 ∼W

213, 321, and e)231, 321 ∼W 312, 321.
Given a permutationπ in Sn, lis(π) is the length of a longest increasing subsequence inπ. For example, in

the permutation1 2 5 6 3 4 7 8 a longest increasing subsequence is1 2 5 6 7 8 andlis(1 2 5 6 3 4 7 8) = 6.
Given a permutationπ in Sn, rlmax(π) is the number of right-left maxima inπ. For example, in the permu-
tation2 4 6 8 1 3 5 7 a maximum is reached when reading right-to-left twice andrlmax(2 4 6 8 1 3 5 7) =
2. Let Dyckv,d be the set of all paths from(0, 0) to (d, vd) using only(0, 1) and (1, 0) steps (East and
North steps) which stay weakly undery = vx. Given anyp ∈ Dyckv,d, touchpoints(p) is the number of
timesp touches the liney = vx, excluding the point(v, vd). In Figure 2.1, the Dyck path touches the line
y = 4x three times andtouchpoints(p) = 3. Given anyp ∈ Dyckv,d, corners(p) is the number of North
steps that are followed by one or more East steps inp. In Figure 2.1, there are three places where the Dyck
path has one or more North steps followed by one or more East steps andcorners(p) = 3. Given anyp ∈
Dyckv,d, height(p) is the greatest vertical distance from any point onp to the liney = vx. In figure 2.1,
the longest distance from a corner in the Dyck path to the liney = 4x is seven (from(3, 5) to (3, 12)) and
height(p) = 7.

Lemma 1. Any element ofDv,d(132) has the elements on each diamond labelled in increasing order.

Otherwise the label of the first element of the diamond together with the first descent would form a132
pattern.

Theorem 3.
∑

σ∈Dv,d(132)

wrlmax(σ)xdes(σ)ydzlis(σ) =
∑

p∈Dyckv,d

wtouchpoints(p)xcorners(p)ydzheight(p).

Proof:
We define a mapφ fromDyckv,d to Dv,d(132). To findφ(p), first write out the heights of the East steps.

For each height, include a subscriptj that indicates how many East steps are at that height. Reverse this
sequence and add1 to every item in the list, leaving the subscripts unchanged.Each of the elements of this
list becomes the first label of a diamond, and then placevj labels in increasing order using the smallest
elements that have not already been used as labels.

As an example, refer to Figure 2.1. The heights of the East steps are0, 4, 5, 12. When this sequence
is reversed and1 is added to each term, the resulting sequence is131, 61, 51, 11. Thus the permutation
associated with this Dyck path is13 14 15 16 6 7 8 9 5 10 11 12 1 2 3 4.

The importance of the subscriptsj are evident from the image of Figure 2.3 underφ. The heights of the
East steps are0, 3, 3, 10, and the resulting sequence is111, 42, 11. Thus the permutation associated to image
is 11 12 13 14 4 5 6 7 8 9 10 15 1 2 3 16.

This map is certainly reversible, with the first label on eachdiamond forming a list, unless there is an
increase between diamonds, in which case the first label is repeated. Then the list is reversed and1 is
subtracted from each element, giving us the heights of the East steps in the Dyck path.

This bijection is particularly natural when you examine common statistics on both paths and permutations.
Following touchpoints, corners, and height through the bijection, we find they correspond exactly to right-
left maximum, descents, and longest increasing sequence onthe permutation.
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(0,0)

(4,16)

(1,4)

(2,5)

(3,12)

Fig. 2.1: A Dyck path from (0,0) to (4,16)

13
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Fig. 2.2: Diamonds labelled according to the image of Figure 2.1 underthe bijection

(0,0)

(4,16)

(1,3)
(3,3)

(3,10)

Fig. 2.3: A second Dyck path from(0, 0) to (4, 16).
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Fig. 2.4: An unlabelled member ofDd
v,j for d/geq3, v/geq5, andj/geq4.

Corollary 1. |Dv,d(132)| = |Dv,d(213)| = |Dyckv,d| =
(d(v+1)

d )
(vd+1) .[5]

Proof: These equalities hold by the bijection in Theorem 3 and trivial Wilf equivalence from Proposition
1.

2.2 The patterns 231 and 312
ConsiderD in Dv,d(231), and suppose labelvd occurs in positionk. Then for alli < k and for allj >
k, ai < aj . Consequently, if labelvd is in positionk, then labels(1, . . . , k − 1) appear in positions
(1, . . . , k − 1). We defineDd

v,j to be the collection of labelled diamonds ford − 1 full diamonds withv
vertices each followed by an incomplete diamond withj vertices forj = 1, . . . , v − 1. LikewiseDd

v,j(p)
are those diamonds that avoid patternp. Note, whenj = 1 there exist no order relations in the final partial
diamond. An example is shown in Figure 2.4.
αd
v,j(x) (or sometimes simplyαd

v,j for brevity) is the generating function for descents inDd
v,j(231). In

other words,
αd
v,j(x) =

∑

D∈Dd
v,j

(231)

xdes(πD).

For example,D2
5,1(231) contains the diamonds with the following associated permutations: 123456,

124356, 142356, 132456, 143256, 123465, 124365, 142365, 132465, 143265. Counting descents in these
ten permutations gives the generating function for descentsα2

5,1(x) = 1 + 4x+ 4x2 + x3.

Theorem 4.

f
(231)
v,d (x, 1) = αd

v,v(x) = αd
v,(v−1) + x

d−1∑

i=1

αi
v,(v−1)α

d−i
v,v

where

α1
v,j =







1, if j = 1

Cj−1, if j = 2, . . . , v − 1

Cv−2, if j = v

.

andCi is theith Catalan number.

Proof: We proceed by partitioning elements ofDd
v,j(231) by where the largest label occurs. Letm =

v(d − 1) + j be the largest label in(d − 1) diamonds withv vertices followed by an incomplete diamond
with j vertices.

Now, assumej = 1. Them label can appear on the final element or on the greatest element of any of the
full diamonds. Whenm occurs on the final least element there are(d − 1) diamonds withv vertices that
precedem, so we then haveαd−1

v,v as the generating function for descents (gfd) for the vertices beforem that



8 Mitchell Paukner, Lucy Pepin, Manda Riehl, Jarred Wieser

m

︸ ︷︷ ︸ ︸ ︷︷ ︸

αd−1
v,v α1

v,1

Fig. 2.5: αd
v,1 whenm appears on the greatest element of the last full diamond.

m

︸ ︷︷ ︸ ︸ ︷︷ ︸

αd
v,(j−g) α1

v,g

Fig. 2.6: αd
v,j whenm appears on the final (partial) diamond.

will avoid 231. Whenm appears on the greatest element of theith complete diamond,1/leqi/leqd− 1, we
haveαi

v,v−1 as the gfd for the vertices beforem, andαd−i
v,1 as the gfd for the vertices followingm. Because

we have created a descent fromm to the least element of the next diamond or partial diamond, we must also
multiply by x to account for this extra descent.

Hence

αd
v,1(x) = αd−1

v,v + x

d−1∑

i=1

αi
v,(v−1)α

d−i
v,1 .

Now, assume we have(d − 1) diamonds followed by an incomplete diamond withj vertices wherej =
2, . . . , v − 1. Themth element can appear on any of the interior vertices but not on the least element of the
incomplete diamond, orm can appear on the greatest element of any complete diamond. Whenm appears
on any of the interior vertices of the final diamond we need to count the descents beforem, afterm, and
fromm itself. The descents that occur beforem can be counted byαd

v,j−g whereg is the number of interior
vertices followingm includingm. The descents followingm are counted byα1

v,g because the same number
of descents can occur in the remaining interior vertices as when we have a single incomplete diamond. We
then count the descent that results fromm by multiplying our gfd byx, but we do not get a descent from
m when it appears on the final interior vertex. We then sum over all possible values ofg to give us the gfd

whenm appears on the interior vertices of the final diamond which gives usαd
v,j−1α

1
v,1+x

j−1
∑

g=2

αd
v,j−gα

1
v,g.

Also,m can appear on the greatest element of any of the full diamonds. Whenm appears on the greatest
element of theith complete diamond the gfd for vertices that appear beforem is αi

v,(v−1) andαd−i
v,j for the

vertices followingm. We count the descent fromm by multiplying our gfd byx. The total gfd whenm
appears on the greatest element of theith diamond is thenαi

v,(v−1)α
d−i
v,j x.
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v=5
d 1 2 3
αd
5,1 1 1 + 4x+ 4x2 + x3 1 + 13x + 54x2 + 95x3 +

74x4 + 25x5 + 3x6

αd
5,2 1 1 + 5x+ 7x2 + 2x3 1 + 15x + 72x2 + 149x3 +

138x4 + 53x5 + 7x6

αd
5,3 1 + x 1+7x+15x2+10x3+2x4 1 + 18x + 106x2 + 281x3 +

362x4 +225x5+65x6 +7x7

αd
5,4 1+ 3x+x2 1 + 10x+ 31x2 + 36x3 +

15x4 + 2x5
1 + 22x + 161x2 + 544x3 +
938x4 + 840x5 + 383x6 +
84x7 + 7x8

αd
5,5 1+ 3x+x2 1 + 11x+ 37x2 + 47x3 +

21x4 + 3x5
1 + 24x + 188x2 + 677x3 +
1246x4 + 1193x5 + 579x6 +
135x7 + 12x8

Tab. 2: The recursive steps necessary to find the generating function for descents inD5,3(231).

Thus

αd
v,j(x) = αd

v,j−1α
1
v,1 + x

j−1
∑

g=2

αd
v,j−gα

1
v,g + x

d−1∑

i=1

αi
v,(v−1)α

d−i
v,j

for j = 2, . . . , v − 1.
Lastly, we look at when we haved complete diamonds. Themth element can appear on any of the greatest

elements. Whenm appears on the greatest element of the last diamond, the gfd is αd
v,(v−1) which counts

descents beforem.
Whenm appears on the greatest element of theith complete diamond (1 ≤ i ≤ d−1), the gfd for vertices

that appear beforem is αi
v,(v−1) andαd−i

v,v for vertices followingm. We count the descent fromm to the
following least element by multiplying the gfd byx.

Hence

αd
v,v(x) = f

(231)
v,d (x, 1) = αd

v,(v−1) + x
d−1∑

i=1

αi
v,(v−1)α

d−i
v,v .

We can use this result to recursively obtainf231
v,d (x, 1) for anyv andd.

Corollary 2. f231
v,d (1, y)

∣
∣
∣
yd

= αd
v,v(1) = |Dv,d(231)|

Tables 2 and 3 are an example of the steps of such a computationfor α3
5,5(x) andD5,3(231).

Corollary 3. |Dv,d(231)| = |Dv,d(312)| .

Proof: By Proposition 1,231 is d-Wilf-equivalent to312.

2.3 The pattern 321
We were unable to find a closed formula for the pattern321. In Table 4, we present the first few terms
of the sequence and the first few generating functions for descents, which we found using Sage. We are
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v=5
d 1 2 3
αd
5,1 1 10 265

αd
5,2 1 15 435

αd
5,3 2 35 1065

αd
5,4 5 95 2980

αd
5,5 5 120 4055

Tab. 3: The total number of permutations forD5,d that avoid the pattern231 for d = 1, 2, 3.

v=4

d |Dv,d(321)| f321
v,d (x)

1 2 1 + x
2 106 1 + 71x+ 29x2 + 5x3

3 5976 1 + 991x+ 2747x2 + 1765x3 + 430x4 + 42x5

Tab. 4: |Dv,d(321)| andf321

v,d (x) for d = 1, 2, 3.

confident that a technique recently used by Bevan, et.al. [2]would be successful in this case too. Their
technique involved refining a bivariate generating function via a statistic called last inversion foot, using
a result of Bousquet-Mélou, and finding a functional equation, to eventually give a growth rate for the
sequence. This suspicion was confirmed by Bevan, and in fact the sequence begins: 2, 106, 5976, 387564,
27247446, 2020632046, 155622020610, 12327937844924, 998103225615208, 82224228576059340 [3].
However the authors were unable, in the time available for this project, to learn all the tools necessary to
enact the technique and so the problem remains officially open.

3 Diamonds avoiding a pair of patterns of length 3
Next, we study pairs of patterns of length3. While there are15 such pairs of patterns, we focus on the8
pairs of patternsσ, ρ where|Dv,d(σ, ρ)| is non-trivial.

3.1 Diamonds avoiding the set of patterns 132, 213

Lemma 2. In order to avoid132 and213, the labels on each diamond must be increasing and consecutive.

Proof: By Lemma 1, the labels appear in increasing order on each diamond. Then any label “missing”
from consecutive labelling would either create213 if it occurred before its surrounding labels, or a132 if it
occurred after. Therefore the labels on each diamond must beconsecutive and increasing.

Theorem 5. f132,213
v,d (x, y) =

∞∑

d=1

∑

σ∈D(132,213)

ydxdes(σ) =
1− yx

1− y(1 + x)
.

Proof: By Lemma 2, we know that the labels on each diamond are consecutive and increasing, so there is a
diamond labelled1, 2, . . ., v, another labelledv + 1, . . ., 2v, etc. So the only thing we must ensure is that
the entire collection of diamonds avoids132 and213 between the respective diamonds. In their foundational
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paper, Simion and Schmidt enumerated permutations avoiding 132 and213 [16], and the recursive nature of
their proof can also be adapted to find our generating function for descents.

The labelsv(d − 1) + 1, . . . , vd must occur on either the first diamond, or the last. In the firstcase, they
create a descent. In the second, they do not, giving a(1 + x) term in the generating function. We continue
recursively and obtain:

∑

D∈Dv,d(132,213)

ydxdes(σ(D)) = 1 +
∞∑

d=1

yd(1 + x)d−1

= 1 +
1

1 + x

(

−1 +
1

1− y(1 + x)

)

=
x

1 + x
+

1

(1 + x)(1 − y(1 + x))

=
x(1 − y(1 + x)) + 1

(1 + x)(1 − y(1 + x))

=
1− yx

1− y(1 + x).

Corollary 4. f132,213
v,d (1, y)

∣
∣
∣
yd

= |Dv,d(132, 213)| = 2d−1.

3.2 Diamonds avoiding 132, 312 and 213, 231

Lemma 3. In order to avoid132 and312, the final diamond is labelled with eitherv(d− 1)+1, v(d− 1)+
2, . . . , vd or 1, v(d− 1) + 2, . . . , vd

Proof: Sincev ≥ 4, the labelvd must appear on the final diamond in order to avoid312. Likewise the
interior vertices on the final diamond must be in consecutiveincreasing order in order to avoid132, so the
v − 1 final vertices arev(d − 1) + 2, . . . , vd. If the label on the first vertex of the last diamond were some
numberj other than1 or v(d− 1) + 1, then the first vertex of whichever diamondv(d− 1) + 1, along with
v(d− 1) + 1, andj would form a132.

Theorem 6. f132,312
v,d (x, y) =

∞∑

d=1

∑

σ∈D(132,312)

ydxdes(σ) =
1− yx

1− y(1 + x)
.

Proof: We proceed similarly to the proof of Theorem 5 with a recursive argument. By Lemma 2, the final
diamond has only two possibilities, one of which forms a descent with the previous diamond, and one of
which doesn’t. Thus our descent generating function gains a(1 + x) term for each additional diamond, and
exactly as in Theorem 5, the result follows.

Corollary 5. f132,312
v,d (1, y)

∣
∣
∣
yd

= |Dv,d(132, 312)| = |Dv,d(213, 231)| = 2d−1.

Proof: By Proposition 1,213, 231 is d-Wilf-equivalent to132, 312.
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3.3 Diamonds avoiding 132, 321 or 213, 321
Lemma 4. Any diamond avoiding132 and321 has at most one descent. Moreover, if there is a descent, it
involves the label1.

Proof: By examination of cases, any arrangement of two descents forms either a132 or a321. If a descent
does not involve the1, then either the1 occurs before, causing a132, or the1 occurs after, causing a321.

Theorem 7. f132,321
v,d (x, y) =

∞∑

d=1

∑

σ∈D(132,321)

ydxdes(σ) =
1− 2y + y2 + vxy2

(1− y)3
.

Proof:
By Lemma 4, we need only enumerate those diamonds with one descent where the descent involves the

1. Everything after the1 increases, as does everything before the1. In fact, the permutations associated to
diamonds that avoid132 and321 look like a portion of the identity permutation was deleted from the front
and inserted after positionvi, for i = 1, . . . , d− 1. Wheni = d− 1, there arev possibilities for how many
numbers appear consecutively with1, including1. Wheni = d − 2, there are2v possibilities, etc. When
i = 1, there are(d − 1)v possibilities. Thus we havev2d(d − 1) diamonds with one descent, and one with
zero descents. Thus,

∑

ydxdes(σ) =

∞∑

d=0

yd[1 +
v

2
d(d− 1)x]

=
∞∑

d=0

yd +
vx

2

∞∑

d=0

ydd(d− 1)

=
1

1− y
+

vx

2
(y2)

(
2

(1− y)3

)

=
1

1− y
+

vxy2

(1− y)3

=
(1− y)2

(1− y)3
+

vxy2

(1− y)3

=
1− 2y + y2 + vxy2

(1 − y)2
.

Corollary 6. f132,321
v,d (1, y)

∣
∣
∣
yd

= |Dv,d(132, 321)| = |Dv,d(213, 321)| = 1 + v
(

d(d−1)
2

)

Proof: Dv,d(213, 321) andDv,d(132, 321) ared-Wilf Equivalent by Proposition 1.

3.4 Diamonds avoiding 231, 312

Theorem 8. f231,312
v,d (x, y) =

∞∑

d=1

∑

σ∈D(231,312)

ydxdes(σ) =
x+ yx(1 + x)v−2 + 1

(1 + x)(1 − y(1 + x)v−2)
.
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Proof: Let n = vd be the largest label on a diamondD ∈ Dv,d(231, 312). Avoiding the pattern231 means
the1 must be at the beginning and avoiding the pattern312 implies everything aftern must be decreasing
which forcesn to the end of the permutation. By a result of Simion and Schmidt on permutations, there are
2v−3 ways to arrange the middle-level vertices within each of thed diamonds in order to avoid both231 and
312 creating between0 andv − 3 descents [16]. There are also two ways to either swap or not swap the last
element of each diamond with the first element of the next. This gives the following generating function.

∑

D∈Dv,d(231,312)

ydxdes(σ(D)) = 1 +

∞∑

d=1

yd(1 + x)(v−2)d−1

= 1 +
1

(1 + x)

∞∑

d=1

(y(1 + x))(v−2)d

= 1−
1

(1 + x)
+

1

(1 + x)(1 − y(1 + x)v−2)

=
x+ yx(1 + x)v−2 + 1

(1 + x)(1 − y(1 + x)v−2).

Corollary 7. f231,312
v,d (1, y)

∣
∣
∣
yd

= |Dv,d(231, 312)| = 2d(v−2)−1

3.5 Avoiding 231, 321

Lemma 5. All labels that appear aftern = vd must be consecutive and increasing, and ifan 6= n, then
an = n− 1.

Let βd
v,j be the generating function for descents inDv,d(231, 321). Recall Figure 2.4 is an example of

d− 1 full diamonds withv vertices followed by an incomplete diamond withj vertices forj = 1, . . . , v− 1.

Theorem 9.

f231,321
v,d (x, 1) = βd

v,v = βd
v,(v−1) + x

d−1∑

i=1

βd−i
v,(v−1)

where

β1
v,j =







1, if j = 1

2j−1, if j = 2, . . . , v − 1

2v−2, if j = v

is the generating function for descents forDv,d(231, 321).

Proof:
We approach the proof similarly to that of Theorem 4 and partition our diamonds by the position of the

largest element and proceed recursively. Because the proofs are very similar, we omit the details of this
proof for brevity. The only differences are that since we arenow avoiding321, we have no descents after
the appearance of the largest label, and we have different initial conditions on one diamond.

Table 5 is an example of using this recursive technique to findthe generating function for descents in
D5,3(231, 321).
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v=5
d 1 2 3
βd
5,1 1 1 + 4x+ 3x2 1+13x+41x2+37x3+12x4

βd
5,2 1 1 + 5x+ 6x2 1+15x+54x2+62x3+24x4

βd
5,3 1 + x 1 + 7x+ 13x2 + 3x3 1 + 18x + 80x2 + 128x3 +

73x4 + 12x5

βd
5,4 1 + 3x 1 + 10x+ 25x2 + 12x3 1 + 22x + 121x2 + 248x3 +

184x4 + 48x5

βd
5,5 1 + 3x 1 + 11x+ 28x2 + 12x3 1 + 24x + 134x2 + 273x3 +

196x4 + 48x5

Tab. 5: The recursive steps necessary to find the generating function for descents inD5,3(231, 321).

v=5
d 1 2 3
βd
5,1 1 8 104

βd
5,2 1 12 156

βd
5,3 2 24 312

βd
5,4 4 48 624

βd
5,5 4 52 676

Tab. 6: The total number of permutations forD5,d that avoid the patterns(231, 321) whend = 1, 2, 3.

Corollary 8. f231,321
v,d (1, y)

∣
∣
∣
yd

= βd
v,v(1) = |Dv,d(231, 321)| = |Dv,d(312, 321)|.

Proof: By Proposition 1,231, 321 is d-Wilf-equivalent to312, 321.

4 Diamonds avoiding three or four patterns of length 3
There are only two nontrivial cases to examine when we avoid three patterns of length 3:132, 213, 321 and
231, 312, 321.

4.1 Diamonds avoiding 132, 213, 321

Theorem 10. f132,213,321
v,d (x, y) =

∞∑

d=1

∑

σ∈D(132,213,321)

ydxdes(σ) =
1− y + xy2

(1− y)2
.

Proof: Let n = vd be the largest label ind diamonds withv vertices. Avoiding the pattern132 forces all
labels beforen to be larger than all labels after. Avoiding the pattern213 forces all labels beforen to be
increasing. Avoiding the pattern321 forces all labels aftern to be increasing. This indicates that all vertices
that appear beforen will be the consecutive numbers prior ton and all vertices aftern will be the remaining
elements ordered consecutively. A labelai = n iff i = vs for somes = 1, . . . , d, and there is only one
arrangement for the rest of the elements. Therefore, there can only be, at most, one descent and it occurs
between diamonds. So,
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∑

ydxdes(σ) = 1 +

∞∑

d=1

yd(1 + (d− 1)x)

=
1

1− y
+ xy2

∞∑

d=1

(d− 1)yd−2

=
1− y + xy2

(1 − y)2.

Corollary 9. f132,213,321
v,d (1, y)|yd = |Dv,d(132, 213, 321)|= d.

4.2 Diamonds avoiding 231, 312, 321

We will proceed by examining what changes can be made to the identity permutation while still avoiding
231, 312, and321.

Lemma 6. For labelsai, aj , ak if ai, aj < ak, theni < k or j < k in order to avoid the patterns312 and
321.

A swapis when two consecutive labels from the identity permutation switch positions in the permutation.
Since any permutation can be created from the identity usingswaps, restricting our changes to swaps will
not exclude any possibilities.

Lemma 7. All swaps must be disjoint in order to avoid321.

Proof: We simply examine the cases when two swaps overlap in some way, either with two swaps executed
on3 elements, or two overlapping swaps on4 elements.

Theorem 11. The generating function for descents inDv,d(231, 312, 321) is

f231,312,321
v,d (x) = (1 + x)d−1d

⌊ v−2
2 ⌋

∑

k=0

(
v − 2− k

k

)

xk.

Proof: Every final element of a diamond can either remain unchanged or be swapped with the least element
of the next diamond. This then gives the generating function(1 + x)d−1 for each possible swap. Letk
represent the nonconsecutive positions from which to choose a swap among the interior vertices. Note that
in a diamond there arev−3 positions to swap since there arev−2 interior vertices. By Lemma 6 and Lemma
7 any consecutive interior vertices can only be swapped disjointly. Since the swaps must be nonconsecutive,
k must be chosen fromv − 3 − (k − 1). This gives

(
v−2−k

k

)
. We then sum over allk in order to generate

all possible descents for a single diamond. Since we haved diamonds in which to execute these swaps, we

raise to thedth power. The gfd forDv,d(231, 312, 321) is then(1 + x)d−1
(
Σ

⌊ v−2
2 ⌋

k=0

(
v−2−k

k

)
xk

)d
.

Corollary 10. f231,312,321
v,d (1, y)

∣
∣
∣
yd

= |Dv,d(231, 312, 321)|= 2 · 4d−1.

Corollary 11. {|Dv,1(231, 312, 321)|}v≥1 is the Fibonacci numbers.
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Proof: The base cases are|D3,1(231, 312, 321)| = 1 which is the identity, and|D4,1(231, 312, 321)| = 2,
which is the identity permutation and the permutation with the interior vertices swapped. Let there be
a single diamond withv vertices, where arev − 2 interior vertices that can be swapped which gives
the theDv,1(231, 312, 321) permutations that avoid the three patterns. Now consider a single diamond
with v + 1 vertices. The final interior vertex will either be thev element when there is no descent in
the last two interior vertices, or thev − 1 element when there is a descent between the final two inte-
rior vertices. Whenv is the final interior vertex, there arev − 2 vertices that can be re-arranged. Thus
there are theDv,1(231, 312, 321) permutations. When there is a descent in the final two interior vertices,
there arev − 3 interior vertices that can be re-arranged, thus there are the Dv−1,1(231, 312, 321) per-
mutations. Hence|Dv+1,1(231, 312, 321)| = |Dv,1(231, 312, 321)|+ |Dv−1,1(231, 312, 321)|. Therefore,
|Dv,1(231, 312, 321)| follows the Fibonacci numbers.

4.3 Diamonds avoiding four patterns of length 3

Theorem 12. LetS be a set of at least4 distinct permutations of length3.

Then|Dv,d(S)| =

{

0, if 123 ∈ S

1, if 123 6∈ S
.

Proof: Let n be the largest label in any permutation. Due to the structureof the diamonds, any set of
permutations involving123 cannot be avoided. For any other collection of4 or more patterns, the result is
easily seen using the lemmas for avoiding a single pattern earlier in the paper.

5 Open problems
This investigation leaves several directions open for future study. We did not touch on patterns of length
4, they all remain open. We are confident the techniques of Bevan et.al. [2] will give the growth rate and
minimal polynomial for diamonds avoiding321, but in addition it is likely that these techniques would
also work for some patterns of length4. Although the minimal polynomials are unlikely to generalize,
the transition operators in particular cases could potentially even generalize to lengthk for the decreasing
patternk k − 1 . . . 2 1. There are also a wide variety of other poset classes that could be approached in
this manner other than diamonds. We generalized our diamonds by adding additional elements and order
relations between the least and greatest elements, but one could also imagine creating a diamond-type poset
with more than3 levels as another generalization.
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Let C be a permutation class that does not contain all layered permutations or all colayered permutations. We prove
that every permutation inC contains a monotone subsequence of linear size.
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Ramsey’s Theorem tells us that every graph onn vertices has a clique or independent set of size at least
a constant timeslogn. In 1989, Erdős and Hajnal conjectured that one can do much better when avoiding
a fixed induced subgraph:

The Erdős–Hajnal Conjecture [2]. For every graphH there is a constantδ > 0 such that every graph
onn vertices which does not containH as an induced subgraph has a clique or independent set of sizeat
leastnδ.

We refer to Chudnovsky’s survey [1] for an account of the progress that has been made toward the
Erdős–Hajnal Conjecture. Here we investigate a version ofthis conjecture for permutations. In this
context, the analogue of the induced subgraph order is the permutation pattern order and the analogues
of cliques and independent sets are decreasing and increasing subsequences, respectively. Thus the naive
translation of the Erdős–Hajnal Conjecture to permutations is well known to hold withδ = 1/2:

The Erdős–Szekeres Theorem [3].Every permutation of length at least(k − 1)(ℓ − 1) + 1 contains
either a decreasing subsequence of lengthk or an an increasing subsequence of lengthℓ.

We instead ask for a stronger conclusion. Apermutation classis a downset of permutations under the
containment order. We show (Theorem 1) that unless a permutation class contains all layered permutations
or all colayered permutations, its members contain monotone subsequences of linear size.

The Erdős–Szekeres Theorem is best possible in that there are permutations of length(k − 1)(ℓ − 1)
which have neither decreasing subsequences of lengthk nor increasing subsequences of lengthℓ. Focusing
on the casek = ℓ, we call a permutation of lengthk2 Erdős–Szekeres extremalif it does not contain a
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Fig. 1: The layered permutation321 654 987 = ⊕
3(321) and the colayered permutation789 456 123 = ⊖

3(123).

monotone subsequence of lengthk+ 1. If follows from the Robinson–Schensted correspondence and the
Hook Length Formula that the number of Erdős–Szekeres extremal permutations of lengthk2 is

(
(k2)!

11 · 22 · 33 · · · kk · (k + 1)k−1 · (k + 2)k−2 · · · (2k − 1)1

)2

,

sequence A079402 in the OEIS [15]. One of the earliest references to this formula is Stanley’sMonthly
solution [12] from 1969. There has also been some recent interest in these permutations. In particular,
Romik [11] computed the limit shape of Erdős–Szekeres extremal permutations. Additional results in this
direction have been obtained by Kim [9], Pittel and Romik [10], and Su [13].

Despite the fact that there are a great many extremal Erdős–Szekeres permutations, we need to define
only two families, thelayeredandcolayeredextremal Erdős–Szekeres permutations, of which examples
are plotted in Figure 1. It is convenient to use thesumandskew sumoperations in defining these permu-
tations, which can be defined pictorially as below.

π ⊕ σ =
π

σ π ⊖ σ = π

σ

We use the symbols⊕k and⊖k to denote repeated sums and skew sums, respectively, so the extremal
Erdős–Szekeres layered permutation of lengthk2 is

⊕k(k · · · 21) = (k · · · 21)⊕ · · · ⊕ (k · · · 21)
︸ ︷︷ ︸

k summands

.

We show that these two families of extremal permutations arethe only obstructions preventing a class
from having a linear bound on monotone subsequences:

Theorem 1. Let C be a permutation class that does not contain the class of layered permutations or the
class of colayered permutations. There is a constantc > 0 such that every permutation of lengthn in C
contains a monotone subsequence of length at leastcn.

One special case of Theorem 1 is quite easy. By the folklore result that every permutation avoiding
k · · · 21 can be written as the union ofk − 1 increasing sequences (which can also be viewed as a conse-
quence of Greene’s Theorem [4]), we obtain the following.

Proposition 2. Let C be a permutation class that does not containk · · · 21 (or, by symmetry,12 · · · k).
Then every permutation of lengthn in C contains a monotone subsequence of length at leastn/(k − 1).
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1
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Ly
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Fig. 2: A set of2-intervals (left) arising from a set of axis-parallel rectangles (right).

To establish Theorem 1 we first recall some results on transversals of (nonhomogeneous†) d-intervals
(although we only appeal to the cased = 2 in what follows). LetL1, . . . , Ld be disjoint copies of the real
line. A d-intervalI is a nonempty subset ofL1∪· · ·∪Ld such that eachcomponentI∩Li is either empty
or a closed interval. Thepacking numberof a setI of d-intervals is the maximum number of pairwise
disjoint elements ofI, and this quantity is denotedν(I). A subset ofL1 ∪ · · · ∪Ld which intersects every
member ofI is called atransversalof I and the minimum size of a transversal ofI is its transversal
number, τ(I).

An example of a set of2-intervals is shown on the left of Figure 2. In this example, the two copies
of the real line areLx andLy and the2-intervals areI = {I1, I2, I3}. We haveν(I) = 1 because the
2-intervals are pairwise intersecting, whileτ(I) = 2 because2 points ofLx ∪Ly are required to intersect
each ofI1, I2, andI3.

It is trivial to see thatτ(I) ≥ ν(I). In the other direction, building on and improving work of Gyárfás
and Lehel [5] and Károlyi and Tardos [8], Tardos established the following.

Theorem 3(Tardos [14]). For every systemI of 2-intervals,τ(I) ≤ 2ν(I).

Note that the bound in Theorem 3 is best possible given the example from Figure 2.
Henceforth we adopt a geometric viewpoint of permutations where a permutationπ is identified with

its plot, the set of points{(i, π(i))} in the plane. Given two intervalsX andY of real numbers, we denote
byX × Y the axis-parallel rectangle consisting of the points{(x, y) : x ∈ X, y ∈ Y }. We further define
π(X × Y ) to be the subpermutation ofπ formed by the entries ofπ whose indices lie inX and values lie
in Y .

Given a set of closed axis-parallel rectanglesR we can naturally associate to it a setI of 2-intervals
in the following manner. LetLx andLy be disjoint copies of the real line. For eachR ∈ R we create a
2-intervalIR such thatIR ∩ Lx is the projection ofR onto thex-axis andIR ∩ Ly is the projection ofR
onto they-axis. The set of three rectangles shown on the right of Figure 2 corresponds in this manner to
the set of2-intervals shown on the left of the figure.

We say that two rectangles areindependentif both theirx- andy-axis projections are disjoint. A set
of rectangles is said to be independent if they are pairwise independent, and we define theindependence
numberof a set of axis-parallel rectangles to be the size of the largest independent set of rectangles it

† There is also a homogeneous case, for which we refer to Kaiser[7].
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contains.
It follows readily that ifR is a set of closed axis-parallel rectangles andI is the corresponding set of

2-intervals then the independence number ofR is equal to the packing number ofI. Therefore Theorem 3
shows thatI has a transversal of size at most2ν(I). That is, there is a set of at most2ν(I) points of
Lx ∪ Ly which intersect every2-interval in I. We want to convert this transversal ofI into a set of
vertical and horizontal lines thatslice(i.e., intersect the interior) of every rectangle inR, but we must be
careful because the transversal is allowed to contain endpoints of 2-intervals. Thus given a transversal
T ⊆ Lx ∪ Ly we associate to it a set of vertical and horizontal linesLT in the following way: if t ∈ T
is fromLx we associate the two vertical linesx = t ± ǫ while if t ∈ T is fromLy we associate the two
horizontal linesy = t ± ǫ whereǫ > 0 is a small constant (depending onR). These are the dotted lines
shown in Figure 2. This construction yields the following result.

Corollary 4. If a finite collectionR of axis-parallel rectangles has independence number at most m then
there is a collection of4m vertical and horizontal lines which slice every rectangle inR.

We need one more definition. Anincreasing sequenceof rectangles is a sequenceR1, . . . , Rm of
independent rectangles such thatRi+1 lies above and to the right ofRi for all i. Decreasing sequencesof
rectangles are defined analogously. We are now ready to proveTheorem 1.

Proof of Theorem 1: Let C be a permutation class which does not contain the class of layered permu-
tations or the class of colayered permutations. Thus there is an integerk such thatC contains neither
⊕k(k · · · 21) nor ⊖k(12 · · · k). Now choose a permutationπ ∈ C and letRπ denote the collection of
all axis-parallel rectanglesR such thatπ(R) contains bothk · · · 21 and12 · · ·k. If Rπ were to contain
an independent set of(k − 1)2 + 1 rectangles then the Erdős–Szekeres Theorem would imply that Rπ

contained an increasing or decreasing sequence ofk rectangles, but that would imply thatπ (and hence
alsoC) contained⊕k(k · · · 21) or⊖k(12 · · · k), a contradiction. Thus the independence number ofRπ is
at most(k − 1)2.

Corollary 4 now shows that there is a collection of at most4(k−1)2 vertical and horizontal lines which
slice every rectangle inRπ. These lines divide the plot ofπ into a t × u grid of unsliced regions for
integerst andu satisfyingt+ u ≤ 4(k − 1)2 + 2. Moreover, each unsliced region avoids eitherk · · · 21
or 12 · · ·k and thus can be expressed as the union ofk − 1 increasing or decreasing permutations by
Proposition 2. All of the entries ofπ in regions avoidingk · · · 21 can be expressed as the union of at most
(t + u − 1)(k − 1) ≤ 4k3 increasing permutations while the entries lying in regionsavoiding12 · · ·k
can be expressed as the union of the same number of decreasingpermutations. Thereforeπ itself can
be expressed as the union of at most8k3 monotone permutations and thusπ must contain a monotone
subsequence of length at leastn/8k3, proving the theorem.

In the language of generalized grid classes introduced in Vatter [16], the proof of Theorem 1 shows
that all permutation classes that do not contain the layeredor colayered permutations areAv(k · · · 21) ∪
Av(12 · · · k)-griddable. In fact, this follows from [16, Theorem 3.1], though the bounds given in the proof
above are better than that theorem gives.

Theorem 1 can also be interpreted in the context of splittability, which has recently been studied in
general by Jelı́nek and Valtr [6]. Given two permutation classesC andD, their merge, C ⊙ D, consists
of those permutations whose entries can be partitioned intotwo subsequences, one order isomorphic to a
permutation inC and the other order isomorphic to a permutation inD. Thus Theorem 1 shows that every
class which does not contain the layered or colayered classes can be expressed as the merge of a finite
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number of monotone classes (i.e., classes of the formAv(21) or Av(12)). Note that the converse—if
a class does contain all layered or colayered permutations then it is not the merge of a finite number of
monotone classes—holds trivially. The proof of Theorem 1 also gives a bound on how many monotone
classes are required:

Corollary 5. If a permutation class avoids both⊕k(k · · · 21) and⊖k(12 · · · k) then it can be expressed
as the merge of at most8k3 monotone classes.
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Caffrey, Egge, Michel, Rubin and Ver Steegh recently introduced snow leopard permutations, which are the anti-
Baxter permutations that are compatible with the doubly alternating Baxter permutations. Among other things, they
showed that these permutations preserve parity, and that the number of snow leopard permutations of length 2n − 1

is the Catalan number Cn. In this paper we investigate the permutations that the snow leopard permutations induce
on their even and odd entries; we call these the even threads and the odd threads, respectively. We give recursive
bijections between these permutations and certain families of Catalan paths. We characterize the odd (resp. even)
threads which form the other half of a snow leopard permutation whose even (resp. odd) thread is layered in terms of
pattern avoidance, and we give a constructive bijection between the set of permutations of length n which are both
even threads and odd threads and the set of peakless Motzkin paths of length n+ 1.

Keywords: Baxter permutation, Catalan path, Motzkin path, snow leopard permutation

1 Introduction
A complete Baxter permutation π, as introduced by Baxter (1964) and characterized by Chung et al.
(1978), is a permutation of length 2n+ 1 such that, for all i with 1 ≤ i ≤ 2n+ 1,

• π(i) is even if and only if i is even and

• if π(x) = i, π(y) = i + 1, and z is between x and y (that is, x < z < y or y < z < x), then
π(z) < i if i is odd and π(z) > i+ 1 if i is even.

As Chung and her coauthors note, each complete Baxter permutation is uniquely determined by its odd en-
tries. Accordingly, for each complete Baxter permutation π of length 2n+1, the associated reduced Baxter
permutation of length n + 1 is the permutation π induces on its odd entries. For example, 981254367
is a complete Baxter permutation of length nine, whose associated reduced Baxter permutation is 51324.
One can show that a permutation is a reduced Baxter permutation if and only if it avoids the vincular
patterns 3142 and 2413. That is, if π has length n, then π is a reduced Baxter permutation whenever

∗Corresponding author.
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there are no indices 1 ≤ i < j < j + 1 < k < n such that π(j) < π(k) < π(i) < π(j + 1) (for
3142) or π(j + 1) < π(i) < π(k) < π(j) (for 2413). For example, the complete Baxter permutation
3 2 1 4 13 12 7 8 11 10 9 6 5 has reduced Baxter permutation 2174653, which has no instances of 3142
or 2413. In contrast, 4613752 is not a reduced Baxter permutation because the subsequence 6375 is an
instance of 3142. We sometimes refer to reduced Baxter permutations as Baxter permutations for short.

For each complete Baxter permutation π of length 2n + 1, the associated anti-Baxter permutation is
the permutation of length n that π induces on its even entries. Although complete Baxter permutations
are determined by their associated Baxter permutations, they are not determined by their associated anti-
Baxter permutations: many anti-Baxter permutations appear in several complete Baxter permutations. For
example, 4123 is the anti-Baxter permutation associated with both of the complete Baxter permutations
981254367 and 983214765. On the other hand, anti-Baxter permutations are characterized by pattern
avoidance conditions nearly identical to those which characterize the Baxter permutations: a permutation
π is anti-Baxter if and only if it avoids the vincular patterns 3412 and 2143. That is, if π has length n, then
π is anti-Baxter whenever there are no indices 1 ≤ i < j < j + 1 < k < n such that π(j + 1) < π(k) <
π(i) < π(j) (for 3412) or π(j) < π(i) < π(k) < π(j + 1) (for 2143). We say a Baxter permutation
π1 and an anti-Baxter permutation π2 are compatible whenever there is a complete Baxter permutation π
such that π1 and π2 are the permutations induced on the odd and even entries of π, respectively. One can
show that this definition of compatibility is equivalent to the definition of compatibility given by Caffrey
et al. (2015).

Baxter first introduced the permutations that now bear his name in connection with a problem involving
fixed points of commuting continuous functions on the closed interval [0, 1], but they have also appeared
in a variety of other settings. One such setting involves the Aztec diamond of order n, which is an array
of unit squares with 2i squares in row i for 1 ≤ i ≤ n and 2(2n− i+1) squares in row i for n < i ≤ 2n,
in which the squares are centered in each row. In Figure 1 we have the Aztec diamond of order three. The

Fig. 1: The Aztec diamond of order 3.

entries of our complete Baxter permutations will be at the vertices of an Aztec diamond. We prefer to
arrange these vertices in rows and columns, so we will orient all of our Aztec diamonds as in Figure 2.

Aztec diamonds can be tiled by dominos, and Elkies et al. (1992) have described how to construct,
for each such tiling of the Aztec diamond of order n, a pair of matrices SASM(T ) and LASM(T )
of sizes n × n and (n + 1) × (n + 1), respectively. Each of these matrices is an alternating-sign matrix
(ASM), which is a matrix with entries in {0, 1,−1}whose nonzero entries in each row and in each column
alternate in sign and sum to one. (Note that SASM and LASM above are short for small ASM and large



Snow Leopard Permutations and their Even and Odd Threads 3

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
��

�
��

�
�
�
�
�
�
�

�
�
�
��

�
��

@
@@

@
@

@
@@

@
@

@
@

@
@
@

@
@
@

@
@
@

@
@
@

@
@
@

@
@
@
@

@
@

@
@@

@
@@

Fig. 2: The Aztec diamond of order 3, reoriented.

ASM, respectively. For an introduction to ASMs and a variety of related combinatorial objects, see the
work of Robbins (1991), Bressoud (1999), and Propp (2001).) To carry out this construction, first note
that a tiling of an Aztec diamond with dominos gives rise to a graph whose vertices are lattice points, as
in Figure 3. Each exterior vertex of this graph has the same degree in all domino tilings, so we disregard

Fig. 3: The graph of a domino tiling of the Aztec diamond of order 3.

these vertices. The remaining vertices fall naturally into two sets as in Figure 4: the black vertices form an
(n+1)× (n+1) matrix while the white vertices form an n× n matrix. We construct LASM(T ) on the
black vertices by labeling each vertex of degree four with a 1, labeling each vertex of degree three with a
0, and labeling each vertex of degree two with a −1. We construct SASM(T ) on the white vertices by
labeling each vertex of degree four with a −1, labeling each vertex of degree three with a 0, and labeling
each vertex of degree two with a 1. For example, the tiling T in Figure 4 has

LASM(T ) =


0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0


and

SASM(T ) =

0 0 1
1 0 0
0 1 0

 .
Canary (2010) has shown that LASM(T ) is a permutation matrix if and only if it is the matrix for a
Baxter permutation. In this case, if we now introduce gray dots inside the dominos as in Figure 5, and
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Fig. 4: The graph of a domino tiling of the Aztec diamond of order 3 with outer vertices removed.

Fig. 5: The entries of the associated complete Baxter permutation are at the black, white, and gray dots.

assign 0s to each of them, then the black, white, and gray dots together form the matrix for a complete
Baxter permutation.

While Baxter permutations have been studied in several other combinatorial incarnations (see, for ex-
ample, the papers of Asinowski et al. (2013) and Dilks (2014)), we focus on a certain subset of the Baxter
permutations, and their compatible anti-Baxter permutations. Specifically, an alternating permutation, or
an up-down permutation, is a permutation which begins with an ascent, and in which ascents and descents
alternate. Similarly, a doubly alternating permutation is an alternating permutation whose inverse is also
alternating. Guibert and Linusson (2000) have shown that the number of doubly alternating Baxter permu-
tations of length 2n is the Catalan number Cn = 1

n+1

(
2n
n

)
, as is the number of doubly alternating Baxter

permutations of length 2n+ 1. Building on this, Caffrey et al. (2015) make the following definition.

Definition 1.1. A snow leopard permutation is an anti-Baxter permutation which is compatible with a
doubly alternating Baxter permutation.

Caffrey et al. (2015) show that compatibility is a bijection between the set of doubly alternating Baxter
permutations of length n and the set of snow leopard permutations of length n − 1. They also give a
simple bijection between the set of snow leopard permutations of length 2n and the set of snow leopard
permutations of length 2n − 1 (see Theorem 3.1), so we focus our attention on the snow leopard permu-
tations of odd length. We write SLn to denote the set of snow leopard permutations of length 2n− 1; in
Table 1 we list the snow leopard permutations of lengths one, three, and five.
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n SLn

1 1
3 123,321
5 12345,14325,34521,54123,54321

Tab. 1: The snow leopard permutations of lengths one, three, and five.

Like the complete Baxter permutations, and as Caffrey et al. (2015) show, the snow leopard permuta-
tions preserve parity. In this paper, we study the permutations the snow leopard permutations induce on
their odd and even entries; we call these induced permutations odd threads and even threads, respectively.
In Section 2 we recall some useful permutation tools. In Section 3 we give recursive decompositions of
the even and odd threads, and we explore the extent to which these decompositions are unique. In Section
4 we use our decompositions to give recursive bijections between the set of even threads of length n and
the set of Catalan paths of length n + 1 with no ascent of length two, and between the set of odd threads
of length n and the set of Catalan paths of length n with no four consecutive steps NEEN . In Section
5 we begin to describe which even and odd threads are induced by the same snow leopard permutation.
In particular, we show that the even threads which can be paired with the increasing odd thread to form a
snow leopard permutation are exactly the 3412-avoiding involutions, we show that the odd threads which
can be paired with the decreasing even thread to form a snow leopard permutation are exactly the com-
plements of the 3412-avoiding involutions, and we extend these results in a natural way to layered even
and odd threads. Finally, in Section 6 we give a constructive bijection between the set of permutations
of length n which are both even threads and odd threads and the set of peakless Motzkin paths of length
n+ 1.

2 Permutation Tools
Throughout we write Sn denote the set of all permutations of length n, written in one-line notation, and
for any permutation π we write |π| to denote the length of π. The complement operation on permutations
will be useful for us, so we recall it next.

Definition 2.1. Following Kitaev (2011), for any permutation π ∈ Sn, we write c(π) to denote the
complement of π, which is the permutation in Sn with

c(π)(j) = n+ 1− π(j)

for all j, 1 ≤ j ≤ n.

We will also make extensive use of the following two ways of combining two permutations.

Definition 2.2. For permutations π ∈ Sn and σ ∈ Sm we write π⊕σ to denote the permutation in Sn+m

with

(π ⊕ σ)(j) =

{
π(j) if 1 ≤ j ≤ n
n+ σ(j − n) if n+ 1 ≤ j ≤ n+m

for all j, 1 ≤ j ≤ n, and we write π 	 σ to denote the permutation in Sn+m with

(π 	 σ)(j) =

{
m+ π(j) if 1 ≤ j ≤ n
σ(j − n) if n+ 1 ≤ j ≤ n+m
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for all j, 1 ≤ j ≤ n.

Example 2.3. If π = 14235 and σ = 312 then c(π) = 52431, π⊕σ = 14235867, and π	σ = 47568312.

At times we will be working with permutations of length 0 or −1. For these, we use the following
convention.

Definition 2.4. We write ∅ to denote the empty permutation, which is the unique permutation of length
0, and we write @ to denote the antipermutation, which is the unique permutation of length −1. We have
c(@) = @ and 1⊕@ = @⊕ 1 = 1	@ = @	 1 = ∅.

Note that 1 is a complete Baxter permutation, whose corresponding (reduced) Baxter permutation is
also 1. Since 1 is also doubly alternating, ∅ (its compatible anti-Baxter permutation) is a snow leopard
permutation. Similarly, ∅ is a complete Baxter permutation, whose corresponding Baxter permutation is
also ∅. Since ∅ is also doubly alternating and has length 0, its compatible anti-Baxter permutation is @.
In particular, @ is a snow leopard permutation.

3 Even Threads, Odd Threads, and their Decompositions
Our starting point, and one of the main results of Caffrey et al. (2015), is the following recursive decom-
position of the snow leopard permutations of odd positive length.

Theorem 3.1. (Caffrey et al., 2015, Thm. 2.20 and Prop. 2.22) For any permutation π of odd positive
length, π is a snow leopard permutation if and only if there exist snow leopard permutations π1 and π2 of
odd length such that π = (1 ⊕ c(π1) ⊕ 1) 	 1 	 π2. For any permutation σ of even length, σ is a snow
leopard permutation if and only if σ = 1 ⊕ c(σ1) for some snow leopard permutation σ1. In addition,
these decompositions are uniquely determined by π and σ, respectively.

We use the term connector to refer to the entry in π corresponding to the final 1 in the decomposition
of π. From the recursive decomposition of π in Theorem 3.1, we see that the connector of π will always
equal π(1)− 1 if π(1) > 1. When π(1) = 1, the permutation will not have a connector. Note that when a
snow leopard permutation π does have a connector, the corresponding entry in c(π) will be a left-to-right
maximum and a fixed point in c(π).

Example 3.2. Let π = 587694321 = (1 ⊕ c(123) ⊕ 1) 	 1 	 321. Since both 123 and 321 are snow
leopard permutations, π must also be a snow leopard permutation, with connector π(6) = 4. Here,
c(π) = 523416789 so c(π)(6) = 6 is both a left-to-right maximum and a fixed point in c(π).

Note that for snow leopard permutations of lengths one and three we have

1 = 1⊕ c(@)⊕ 1,

123 = 1⊕ c(1)⊕ 1,

and
1 = (1⊕ c(@)⊕ 1)	 1	 (1⊕ c(@)⊕ 1),

so by using Theorem 3.1 inductively we get the following natural “block decomposition” for snow leopard
permutations of odd positive length.
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Corollary 3.3. For any permutation π of odd positive length, π is a snow leopard permutation if and only
if there is a sequence π1, . . . , πk of snow leopard permutations of odd length such that

π = (1⊕ c(π1)⊕ 1)	 1	 (1⊕ c(π2)⊕ 1)	 1	 · · · 	 1	 (1⊕ c(πk)⊕ 1).

In addition, the sequence π1, . . . , πk is uniquely determined by π.

Theorem 3.1 tells us that the set of snow leopard permutations of odd length is closed under a compli-
cated operation, but we might hope it is also closed under some simpler operation. Unfortunately, this set
is not closed under ⊕ or 	: neither 321 	 123 = 654123 nor 321 ⊕ 123 = 321456 are snow leopard
permutations, even though 321 and 123 are. However, we do have the following result.

Theorem 3.4. Suppose π and σ are snow leopard permutations of odd length. Then π 	 1	 σ is also a
snow leopard permutation.

Proof: Suppose π and σ are snow leopard permutations of odd length with |π| = 2n − 1. We argue by
induction on n.

When n = 0 we have π = @ and π 	 1	 σ = @	 1	 σ = σ, which is a snow leopard permutation.
When n = 1 we have π = 1 and

π 	 1	 σ = 1	 1	 σ
= (1⊕@⊕ 1)	 1	 σ,

which is a snow leopard permutation by Theorem 3.1.
Now suppose π 	 1 	 σ is a snow leopard permutation whenever |π| < 2k − 1 and let |π| = 2k − 1.

Since π is a snow leopard permutation of odd positive length, by Theorem 3.1 there are snow leopard
permutations π1 and π2 with

π 	 1	 σ = ((1⊕ c(π1)⊕ 1)	 1	 π2)	 1	 σ
= (1⊕ c(π1)⊕ 1)	 1	 (π2 	 1	 σ).

Since |π| = 2k− 1 and |(1⊕ c(π1)⊕ 1)	 1| ≥ 2, we must have |π2| < 2k− 1. Now, since π2 and σ are
snow leopard permutations with |π2| < 2k − 1, π2 	 1 	 σ is a snow leopard permutation by induction.
Thus, π 	 1	 σ = (1⊕ c(π1)⊕ 1)	 1	 π3, where π3 is a snow leopard permutation, so π 	 1	 σ is a
snow leopard permutation by Theorem 3.1.

Caffrey et al. (2015) show in their Corollary 2.24 that snow leopard permutations preserve parity. That
is, for any snow leopard permutation π and for all j with 1 ≤ j ≤ |π|, we know that π(j) is even if and
only if j is even. We can separate any parity-preserving permutation into two smaller permutations as
follows.

Definition 3.5. For any permutation π which preserves parity, we write πe to denote the permutation π
induces on its even entries and we write πo to denote the permutation π induces on its odd entries. Note
that if |π| = 2n+ 1 then |πe| = n and |πo| = n+ 1.

Although in general we will only consider snow leopard permutations of positive odd length, we include
one special case. If π = @, then since |π| = −1, we must have |πo| = 0 and |πe| = −1. This gives us
πo = ∅ and πe = @.
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Definition 3.6. We say a permutation σ is an even thread (resp. odd thread) whenever there is a snow
leopard permutation π of odd length such that πe = σ (resp. πo = σ), and we say an even thread α and
an odd thread β are entangled whenever there is a snow leopard permutation π with πe = α and πo = β.
We write ETn (resp. OTn) to denote the set of even (resp. odd) threads of length n.

Example 3.7. The permutation π = 587694321 is a snow leopard permutation with πo = 34521 and
πe = 4321, so 34521 is an odd thread, 4321 is an even thread, and these threads are entangled with each
other.

The recursive decomposition for snow leopard permutations that we gave in Theorem 3.1 induces a
similar decomposition on the odd and even threads.

Theorem 3.8. A permutation α is an even thread of nonnegative length if and only if there is an even
thread α1 and an odd thread β1 with

α = c(β1)	 1	 α1. (1)

Similarly, a permutation β is an odd thread of positive length if and only if there is an even thread α2 and
an odd thread β2 with

β = (1⊕ c(α2)⊕ 1)	 β2. (2)

Proof: (⇒) If α is an even thread of length n, then by definition there is a snow leopard permutation π of
length 2n+1 such that πe = α. Since π is a snow leopard permutation of odd positive length, by Theorem
3.1 there are snow leopard permutations π1 and π2 of odd length such that π = (1⊕ c(π1)⊕ 1)	 1	 π2.
We see that πe = c(πo

1)	 1	 πe
2.

If β is an odd thread of length n + 1, then by definition there is a snow leopard permutation π of
length 2n + 1 such that πo = β. Again, we can write π = (1 ⊕ c(π1) ⊕ 1) 	 1 	 π2. Here we see that
πo = (1⊕ c(πe

1)⊕ 1)	 πo
2 .

(⇐) Now suppose α is a permutation of length n and there are permutations β1 ∈ OTk and α1 ∈
ETn−k−1 such that α = c(β1) 	 1 	 α1. There must be snow leopard permutations π1 and π2 of
lengths 2k − 1 and 2n − 2k − 1, respectively, such that πo

1 = β1 and πe
2 = α1. By Theorem 3.1,

π = (1⊕c(π1)⊕1)	1	π2 is a snow leopard permutation of length 2n+1. Here, πe = c(πo
1)	1	πe

2 =
c(β1)	 1	 α1 = α.

Finally, suppose β is a permutation of length n + 1 and there are permutations α2 ∈ ETk and β2 ∈
OTn−k−1 such that β = (1 ⊕ c(α2) ⊕ 1) 	 β2. Since α2 is an even thread of length k, there is a snow
leopard permutation π1 of length 2k + 1 such that πe

1 = α2. Similarly, since β2 is an odd thread of
length n − k − 1, there is a snow leopard permutation π2 of length 2n − 2k − 3 such that πo

2 = β2. By
Theorem 3.1, π = (1 ⊕ c(π1) ⊕ 1) 	 1 	 π2 is a snow leopard permutation of length 2n + 1. Here,
πo = (1⊕ c(πe

1)⊕ 1)	 πo
2 = (1⊕ c(α2)⊕ 1)	 β2 = β.

Note that the decomposition of an odd thread given in Theorem 3.8 is unique, while the decomposition
of an even thread is not. That is, for a given odd thread β there is a unique even thread α1 and a unique
odd thread β1 for which (2) holds. The first entry of β corresponds to the first 1 in the decomposition, the
largest entry of β corresponds to the second 1, and then α1 and β1 are determined. But for a given even
thread there can be more than one pair (α2, β2), consisting of an even thread and an odd thread, for which
(1) holds.
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Example 3.9. The odd threads 4657312 and 7243561 can be decomposed as (1⊕ c(12)⊕ 1)	 312 and
(1⊕@⊕ 1)	 243561, respectively.

Example 3.10. The even thread α = 653421 can be decomposed as c(∅)	 1	 53421, c(1)	 1	 3421
or c(12435)	 1	 ∅.

In each of the three decompositions of α in Example 3.10, we see that the middle 1 corresponds to
a left-to-right maximum and fixed point in c(α). It’s not difficult to see that this will hold for all even
threads. In particular, suppose α is an even thread, and α1 and β1 are an even thread and an odd thread,
respectively, for which α = c(β1)	 1	α1. Then c(α) = β1 ⊕ 1⊕ c(α1), and there are exactly k = |β1|
entries of c(α) preceding c(α)(k + 1), all of which are less than c(α)(k + 1). It follows that c(α)(k + 1)
is a left-to-right maximum and fixed point in c(α). Since the connector of a snow leopard permutation
π is both a left-to-right maximum and fixed point in c(π), and the 1 in the decomposition of an even
thread corresponds to the connector of a snow leopard permutation, we will refer to an entry of an even
thread α as an eligible connector whenever it corresponds to an entry of c(α) which is both a left-to-right
maximum and a fixed point.

It is worth noting that the converse of the above statement does not hold: some even threads have
eligible connectors which do not arise from a decomposition of the thread. For example, α = 354621
is an even thread with eligible connectors 2 and 1. If 1 is to correspond to the 1 in a decomposition
c(β)	 1	 α1, then c(β) = 24351 and β = 42315. However, 42315 is not an odd thread. We will prove
that although not every eligible connector in an even thread α corresponds to a 1 in a decomposition of
α, the leftmost eligible connector does always correspond to such a 1. We begin with two simple ways
of constructing new threads from old threads, which arise from the fact that if π and σ are snow leopard
permutations of odd length then π 	 1	 σ is, too.

Proposition 3.11. Suppose β1 and β2 are odd threads. Then β1 	 β2 is also an odd thread, and the
permutations which are entangled with β1 	 β2 are exactly the permutations of the form α1 	 1 	 α2,
where α1 and α2 are entangled with β1 and β2, respectively.

Proof: If β1 and β2 are odd threads, then there exist snow leopard permutations π1 and π2 such that
πo
1 = β1 and πo

2 = β2. From Theorem 3.4, we know that π = π1 	 1	 π2 is a snow leopard permutation
with πo = πo

1 	 πo
2 . Thus, πo

1 	 πo
2 = β1 	 β2 is an odd thread.

To prove the rest of the Proposition, first suppose α1 and α2 are even threads which are entangled with
the odd threads β1 and β2, respectively. Then there are snow leopard permutations π1 and π2 such that
πe
1 = α1, πo

1 = β1, πe
2 = α2, and πo

2 = β2. By Theorem 3.4, π = π1 	 1 	 π2 is a snow leopard
permutation, and we find πe = α1 	 1	α2 and πo = β1 	 β2. Therefore, every permutation of the form
α1 	 1	 α2, where α1 and α2 are entangled with β1 and β2, respectively, is entangled with β1 	 β2.

To prove the reverse inclusion, suppose α is an even thread entangled with β1	β2, and π is a snow leop-
ard permutation with πe = α and πo = β1 	 β2. By Corollary 3.3, there are snow leopard permutations
π1, . . . , πk of odd length such that

π = (1⊕ c(π1)⊕ 1)	 1	 (1⊕ c(π2)⊕ 1)	 1	 · · · 	 1	 (1⊕ c(πk)⊕ 1).

The 1s in each summand 1 ⊕ c(πj) ⊕ 1 are all in odd positions, so there must be some m for which
β1 = πo

1 and β2 = πo
2 , where

π1 = (1⊕ c(π1)⊕ 1)	 1	 · · · 	 1	 (1⊕ c(πm)⊕ 1)
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and
π2 = (1⊕ c(πm+1)⊕ 1)	 1	 · · · 	 1	 (1⊕ c(πk)⊕ 1).

By Corollary 3.3, π1 and π2 are snow leopard permutations of odd length, so if α1 = πe
1 and α2 = πe

2,
then we have α = α1 	 1	 α2, and α1 and α2 are entangled with β1 and β2, respectively.

It is worth noting that even though @ is not an odd thread, it behaves like one in some circumstances.
For instance, if @ were an odd thread, then for any odd thread 1 	 β we could use Proposition 3.11 to
conclude that @ 	 1 	 β = β is also an odd thread. And if @ were an odd thread then we could use a
similar argument to show that if β 	 1 is an odd thread then β is also an odd thread. Even though these
arguments fail, the results still hold, as we show next.

Proposition 3.12. For any permutation β of nonnegative length, if 1	 β or β 	 1 is an odd thread then
β is an odd thread.

Proof: Suppose 1	 β is an odd thread. Then by (2) there is an even thread α2 and an odd thread β2 such
that 1	 β = (1⊕ c(α2)⊕ 1)	 β2, and it’s not hard to see that this decomposition is unique. Comparing
the largest elements on each side, we find α2 = @ and β2 = β, so β is an odd thread.

Now suppose β	1 is an odd thread; we argue by induction on |β	1|. If |β	1| = 1 then β	1 = 1 and
β = ∅, and the result holds. If |β	1| = 2 then β	1 = 21 and β = 1, and the result holds. If |β	1| ≥ 3
then by (2) there is an even thread α2 and an odd thread β2 such that β	 1 = (1⊕ c(α2)⊕ 1)	β2. Since
|1⊕c(α2)⊕1| ≥ 1, we must have |β2| < |β	1|. By construction there is a permutation β1 of nonnegative
length such that β2 = β1	 1, and by induction β1 is an odd thread. Therefore, (1⊕ c(α2)⊕ 1)	 β1 = β
is also an odd thread, by Theorem 3.8.

We now turn our attention to constructing new even threads from old even threads.

Proposition 3.13. Suppose α1 and α2 are even threads. Then α1	1	α2 is also an even thread, and if β1
and β2 are odd threads entangled with α1 and α2, respectively, then β1 	 β2 is an odd thread entangled
with α1 	 1	 α2.

Proof: If α1 and α2 are even threads, then there exist snow leopard permutations π1 and π2 such that
πe
1 = α1 and πe

2 = α2. From Theorem 3.4, we know that π = π1	 1	π2 is a snow leopard permutation,
with πe = πe

1 	 1	 πe
2. Thus, πe

1 	 1	 πe
2 = α1 	 1	 α2 is an even thread.

To prove the rest of the Proposition, suppose β1 and β2 are odd threads which are entangled with the
even threads α1 and α2, respectively. Then there are snow leopard permutations π1 and π2 such that
πe
1 = α1, πo

1 = β1, πe
2 = α2, and πo

2 = β2. By Theorem 3.4, π = π1 	 1 	 π2 is a snow leopard
permutation, and we find πe = α1 	 1 	 α2 and πo = β1 	 β2. In particular, β1 	 β2 is an odd thread
which is entangled with α1 	 1	 α2.

Note that if α1 and α2 are even threads, then there may be an odd thread β entangled with α1	 1	α2

which does not have the form β1 	 β2 for odd threads β1 and β2 which are entangled with α1 and α2,
respectively. For example, if α1 = ∅ and α2 = 1 then α1 	 1 	 α2 = 21, which is entangled with 123.
But α1 is only entangled with 1, α2 is only entangled with 12 and 21, and neither 1 	 12 = 312 nor
1	 21 = 321 is equal to 123.

The next step in proving that the leftmost eligible connector in an even thread always corresponds to a
connector in some snow leopard permutation is to show that if any other eligible connector corresponds
to a connector in a snow leopard permutation, then the even thread must begin with its largest element.
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Lemma 3.14. Suppose α is an even thread of length n, the permutation π is a snow leopard permutation
with πe = α, and the connector of π does not correspond with the leftmost eligible connector of α. Then
α(1) = n.

Proof: Let α(j) be the leftmost eligible connector in α. Since this eligible connector does not correspond
to the connector in π, there must be an eligible connector in α to the right of α(j) which does correspond
to the connector in π. Let this eligible connector be α(k), and note that k > j. Since α is an even thread,
(1) there is an even thread α1 and an odd thread β1 such that |β1| = k − 1 and

α = c(β1)	 1	 α1.

In particular, α(j) is among β1(1), . . . , β1(k − 1). Now by (2) there is an even thread α2 and an odd
thread β2 such that

β1 = (1⊕ c(α2)⊕ 1)	 β2. (3)

We claim that β2 = ∅.
To prove our claim, first note that c(β1)(j) is an eligible connector in α, so it is a left-to-right maximum

in c(α), a left-to-right minimum in α, and a left-to-right minimum in c(β1). But c(α)(j) is also a fixed
point in c(α), so the entries to its left in c(α) are exactly 1, 2, . . . , j − 1. This means the entries to the
left of α(j) in α are n, n− 1, . . . , n− j + 2, which are all of the entries of α which are larger than α(j).
Therefore, the entries to the left of c(β1)(j) are k − 1, k − 2, . . . , k − j + 1, the largest entries of c(β1),
and c(β1)(j) = k − j. But c(β1) = (1 	 α2 	 1) ⊕ β2, as in Figure 6. Now if c(β2) 6= ∅, and c(β1)(j)

j

β1(j)

α2

β2

Fig. 6: A decomposition of c(β1).

falls in 1	 α2 	 1, then one of k − 1, . . . , k − j + 1 is to the right of c(β1)(j), which is a contradiction.
On the other hand, if c(β1)(j) falls in c(β2), then there is an entry smaller than c(β1)(j) to the left of
c(β1)(j) (since 1	 α2 	 1 must be nonempty), which is also a contradiction. Therefore, β2 = ∅.

Since β2 = ∅, by (3) we have β1 = 1⊕ c(α2)⊕ 1, so β1(1) = 1 and α(1) = n, as desired.

Now that we have assembled all of the necessary tools, we are ready to show that the leftmost eligible
connector in an even thread always corresponds to a connector in some snow leopard permutation.
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Theorem 3.15. If α is an even thread of length n, then there exists a snow leopard permutation π with
πe = α whose connector corresponds to the leftmost eligible connector in α. In particular, if this entry is
c(α)(n− j + 1), then π(1) = 2j + 1. By convention, we say j = 0 if no such entry exists.

Proof: Suppose α is an even thread of length n, and π is a snow leopard permutation with πe = α. If the
connector of π corresponds with the leftmost eligible connector of α, then the result holds. If not, then by
Lemma 3.14 we have α(1) = n. By (1) there is an even thread α and an odd thread β such that

α = c(β1)	 1	 α1. (4)

We claim that α = 1	 α4 for some even thread α4.
Our claim follows from (4) if β1 = ∅, so suppose β1 6= ∅. By (2) there is an odd thread β2 and an even

thread α2 with
β1 = (1⊕ c(α2)⊕ 1)	 β2,

which implies
α = ((1	 α2 	 1)⊕ c(β2))	 1	 α1.

Since α(1) = n, we must have β2 = ∅. Furthermore, 1	α1 = ∅	1	α1 is an even thread by Proposition
3.13; writing α3 to denote this thread, we have

α = 1	 α2 	 1	 α3.

Using Proposition 3.13 again, we see that α2	 1	α3 is also an even thread, which we denote by α4, and
our claim follows.

To complete the proof, note that since α4 is an even thread, there is a snow leopard permutation π with
πe = α4. By Theorem 3.4, 1	 1	 π is a snow leopard permutation with even thread α, whose connector
corresponds to α(1), the leftmost eligible connector of α.

Theorem 3.15 tells us that while a given even thread α may have several decompositions as in (1), it
always has such a decomposition in which the 1 in (1) corresponds to the leftmost eligible connector in
α. This decomposition is clearly unique, so we will call it the leftmost decomposition of α.

4 Even Threads, Odd Threads, and Restricted Catalan Paths
Now that we have recursive decompositions of the even and odd threads, and we have investigated the
extent to which these decompositions are unique for a given thread, it’s natural to consider the numbers of
these threads of each length. In Table 2 we have the number of even and odd threads of length six or less.

n −1 0 1 2 3 4 5 6
|ETn| 1 1 1 2 6 17 46 128
|OTn| 0 1 1 2 4 9 23 63

Tab. 2: The number of even threads and odd threads of length six or less.

It turns out that these numbers also count some more familiar combinatorial objects. To describe these
objects, recall that a Catalan path of length n is a lattice path from (0, 0) to (n, n) consisting of unit North



Snow Leopard Permutations and their Even and Odd Threads 13

(0, 1) and East (1, 0) steps which does not pass below the line y = x. For convenience, we sometimes
write a Catalan path as a sequence of Ns and Es, with N denoting a North step and E denoting an East
step. For instance, the five Catalan paths of length three are NNNEEE, NNENEE, NNEENE,
NENNEE, and NENENE. If p is a Catalan path of length n, then we will write pr to denote the
reverse of p, which is the path obtained by reflecting p over the line x + y = n. In terms of Ns and Es,
reversing a Catalan path is equivalent to reversing the corresponding string and then exchanging Ns and
Es. For example, if p = NENNEE then pr = NNEENE.

Sapounakis et al. (2007) show that the number of Catalan paths of length n ≥ 1 with k occurrences of
NEEN (in consecutive entries) is given by

an,k =
1

n

(
n

k

) bn−1
2 c∑

j=k

(−1)j−k
(
n− k
j − k

)(
2n− 3j

n− j + 1

)
.

Notice that when k = 0 the first few terms of this sequence (beginning with n = 1) are 1, 2, 4, 9, and
23, which suggests that |OTn| = an,0. On the other hand, the values of |ETn| appear to match OEIS
sequence A102403, whose nth term is the number of Catalan paths of length n with no ascent of length
exactly two. With this in mind, we introduce some notation for the sets of these paths of a given length.

Definition 4.1. For each n ≥ 0, we write ENNEn to denote the set of Catalan paths of length n which
have no ascent of length exactly two. Similarly, we write NEENn to denote the set of Catalan paths of
length n which do not contain the four consecutive steps NEEN .

Our data suggest that |ETn| = |ENNEn+1| and |OTn| = |NEENn| for each nonnegative integer n.
To prove these results, we introduce decompositions of the paths in ENNEn and NEENn which mirror
our decompositions of the even and odd threads, respectively.

Theorem 4.2. Suppose n is a positive integer. For each p ∈ ENNEn, there are unique nonnegative
integers k and l, and unique Catalan paths a ∈ ENNEk and b ∈ NEENl, such that n = k + l + 1,
p = aNbrE, and b does not end with NE. Conversely, for every a ∈ ENNEk and b ∈ NEENl such
that b does not end with NE, the path aNbrE is in ENNEn, where n = k + l + 1.

Proof: (⇒) Suppose p ∈ ENNEn. Since p is a Catalan path which begins at (0, 0) and ends at (n, n),
it must return to the diagonal y = x at least once. Suppose the last time p touches the diagonal before
(n, n) is at (k, k). Let a denote the subpath of p from (0, 0) to (k, k) and let b denote the subpath of p
from (k, k + 1) to (n − 1, n). Then a and b are Catalan paths, and |a| = k and |b| = n − k − 1, so
|a| + |b| = n − 1. Furthermore, if c and d are any Catalan paths with |c| = k and |d| = n − k − 1
then the Catalan path cNdrE has its last return to the diagonal before (n, n) at (k, k). Therefore, a, b,
k, and l = n − k − 1 are uniquely determined by p, and it remains only to show that a ∈ ENNEk and
br ∈ NEENn−k−1.

Since a is a subpath of p and p contains no ascent of length exactly two, neither does a. Thus a ∈
ENNEk.

To show br ∈ NEENn−k−1, first notice that since NbE ∈ ENNEn−k, if b contains an ascent of
length exactly two then this ascent must start the path. Equivalently, if br contains a plateau of length ex-
actly two, then this plateau must end the path. Thus, br does not containNEEN , so br ∈ NEENn−k−1.
In addition, br cannot start with NE, for otherwise the Nb portion of p would contain an ascent of length
exactly two. Thus, br does not end with an NE.
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(⇐) Suppose a ∈ ENNEk and b ∈ NEENl, and b does not end with NE. We want to show that
the path aNbrE does not contain an ascent of length exactly two. Since a ∈ ENNEk, if aNbrE did
contain such an ascent, it would have to occur in the NbrE portion of the path. Additionally, b contains
no NEEN , so br contains no ENNE. Thus, the problematic ascent would have to begin with the N of
NbrE. However, we assumed that b does not end with NE, so br does not begin with NE. Thus, there
is no problematic ascent in aNbrE, and this path of length n = k + l + 1 will be in ENNEn.

Theorem 4.3. Suppose n is a positive integer. For each p ∈ NEENn there are unique nonnegative
integers k and l, and unique Catalan paths a ∈ ENNEk and b ∈ NEENl, such that n = k + l+ 1 and
p = arNbE. Conversely, for every a ∈ ENNEk and b ∈ NEENl, the path arNbE is in NEENn,
where n = k + l + 1.

Proof: (⇒) Suppose p ∈ NEENn. As in the proof of Theorem 4.2, let a denote the subpath of p from
(0, 0) to (k, k) and let b denote the subpath of p from (k, k + 1) to (n − 1, 1), where (k, k) is the point
at which p last touches the diagonal before (n, n). As before, for any Catalan paths c and d with |c| = k
and |d| = n − k − 1 the Catalan path crNdE has its last return to the diagonal at (k, k), so a, b, k, and
l = n− k − 1 are uniquely determined by p.

Since NbE is a path in NEENn−k, we have b ∈ NEENn−k−1. Similarly, since a does not contain
NEEN , the path ar does not contain ENNE. Therefore, if ar contains an ascent of length exactly two,
then this ascent must come at the beginning of the path, in which case ar begins with NNE. In this case,
a would end with NEE, so p would contain NEEN . This contradiction shows ar ∈ ENNEk.

(⇐) Suppose a ∈ ENNEk and b ∈ NEENl, and let p = arNbE. We want to show that p does
not contain NEEN . Since there is no NEEN in b, if p contains NEEN , then it must fall in the
arN portion of p. However, a ∈ ENNEk so a has no ascent of length exactly two, meaning ar has
no plateau of length exactly two. Thus, arN also cannot contain NEEN , so p ∈ NEENn, where
n = |a|+ |b|+ 1 = k + l + 1.

Now that we can decompose threads and Catalan paths in similar ways, we can recursively define
functions from ENNEn+1 to ETn, and from NEENn to OTn; these functions will turn out to be
bijections.

Theorem 4.4. For each nonnegative integer n, there exist unique functions

H : ENNEn+1 → ETn

J : NEENn → OTn

such that H(∅) = @, J(∅) = ∅, if p = aNbrE for Catalan paths a and b then

H(p) = c(J(b))	 1	H(a), (5)

and if p = arNbE for Catalan paths a and b then

J(p) = (1⊕ c(H(a))⊕ 1)	 J(b). (6)

Proof: The result is clear for n = 0, so suppose n ≥ 1.



Snow Leopard Permutations and their Even and Odd Threads 15

Since every Catalan path p of positive length has unique decompositions into the forms aNbrE and
arNbE, some simple computations with lengths shows that there exist unique functionsH : ENNEn+1 →
Sn and J : NEENn → Sn satisfying (5) and (6). So it’s sufficient to show that if p ∈ ENNEn+1 then
H(p) ∈ ETn and if p ∈ NEENn then J(p) ∈ OTn.

The result is true by construction for n = 0, and it’s routine to check that H(NE) = ∅ ∈ ET0 and
J(NE) = 1 ∈ OT1, so suppose n ≥ 2 and the result holds for all paths of length n − 1 or less. If
p ∈ ENNEn then by Theorem 4.2 there are unique paths a ∈ ENNEk and b ∈ NEENl, such that
n = k+ l+1, p = aNbrE, and b does not end with NE. By induction H(a) ∈ ETk−1 and J(b) ∈ OTl,
so by (5) and (1) the permutation H(p) is in ETn−1. The proof that if p ∈ NEENn then J(p) ∈ OTn is
similar, using Theorem 4.3, along with (6) and (2).

In Table 3 we have the values of H and J on paths of length three or less. This data suggests H and J

path a H(a)
∅ @
NE ∅

NENE 1
NENENE 21
NNNEEE 12

NNNNEEEE 123
NNNENEEE 132
NNNEENEE 213
NNNEEENE 312
NENNNEEE 231
NENENENE 321

path a J(a)
∅ ∅
NE 1

NENE 12
NNEE 21

NNNEEE 321
NNENEE 312
NENNEE 231
NENENE 123

Tab. 3: Values of H(a) and J(a) for small |a|.

are bijections; to prove this, we construct their inverses.

Theorem 4.5. For each nonnegative integer n, there exist unique functions

F : ETn → ENNEn+1

G : OTn → NEENn

such that F (@) = ∅, G(∅) = ∅, if π = c(β) 	 1 	 α for an even thread α and an odd thread β is the
leftmost decomposition of the even thread π, then

F (π) = F (α)NG(β)rE, (7)

and if π = (1⊕ c(α)⊕ 1)	 β for an even thread α and an odd thread β then

G(π) = F (α)rNG(β)E. (8)

Proof: This is similar to the proof of Theorem 4.4.
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Theorem 4.6. F and G are the inverse functions of H and J , respectively.

Proof: It’s routine to check that H(F (@)) = @, H(F (∅)) = ∅, F (H(∅)) = ∅, J(G(∅)) = ∅, and
G(J(∅)) = ∅, so the map H ◦ F is the identity on ET−1 and ET0, the map F ◦ H is the identity on
ENNE0, the map J ◦G is the identity on OT0, and the map G ◦ J is the identity on NEEN0. Now fix
n ≥ 1, and suppose by induction that for all k < n we have that H ◦ F is the identity on ETk, F ◦H is
the identity on ENNEk, J ◦G is the identity on OTk, and G ◦ J is the identity on NEENk. It turns out
that the four facts we need to prove are not completely independent, so we start with J ◦G.

To show J ◦G is the identity on OTn, suppose we have β ∈ OTn, and let β = (1 ⊕ c(α1) ⊕ 1) 	 β1
be the decomposition of β from (2). By (8) we have

G(β) = F (α1)
rNG(β1)E.

Now when we decompose G(β) in the form arNbE, we find a = F (α1) and b = G(β1). Therefore, by
(6) we have

J(G(β)) = (1⊕ c(H(F (α1)))⊕ 1)	 J(G(β1)).

Since |β1| < n and |α1| < n, by induction we have

J(G(β)) = (1⊕ c(α1)⊕ 1)	 β1
= β,

as desired.
To show H ◦ F is the identity on ETn, suppose we have α ∈ ETn, and let α = c(β1)	 1	 α1 be the

leftmost decomposition of α. By (7) we have

F (α) = F (α1)NG(β1)
rE.

Now when we decompose F (α) in the form aNbrE, we find a = F (α1) and b = G(β1). Therefore, by
(5) we have

H(F (α)) = c(J(G(β1)))	 1	H(F (α1)).

Now if α1 = @ then |β1| = n, and by induction and our previous case we have

H(F (α)) = c(β1)	 1	 α1

= α,

as desired. On the other hand, if α1 6= @ then |α1| < n and |β1| < n, and the result follows by induction.
To show F ◦H is the identity on ENNEn, suppose we have p ∈ ENNEn, and let p = aNbrE for

Catalan paths a and b. By (5) we have

H(p) = c(J(b))	 1	H(a). (9)

We claim this is the leftmost decomposition of H(p). To see this, first note that since J(b) is an odd
thread and H(a) is an even thread, there are snow leopard permutations π1 and π2 such that J(b) = πo

1

and H(a) = πe
2. Observe that

((1⊕ c(π1)⊕ 1)	 1	 π2)e = c(J(b))	 1	H(a),
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and the connector in (1⊕ c(π1)⊕ 1)	 1	 π2 corresponds with the 1 in c(J(b))	 1	H(a). Therefore,
by Lemma 3.14, if c(J(b))	 1	H(a) is not the leftmost decomposition of H(p) then it begins with its
largest entry. This implies that J(b) begins with 1. Now by (6), if b = ar1Nb1E then J(b) = ∅, so b1 = ∅,
and b ends with NE. This means br begins with NE, and p = aNbrE has an ascent of length exactly
two, contradicting the fact that p ∈ ENNEn.

Since the right side of (9) is the leftmost decomposition of H(p), by (7) we have

F (H(p)) = F (H(a))NG(J(b))rE

= aNbrE

= p,

by induction.
To show G ◦ J is the identity on NEENn, suppose we have p ∈ NEENn, and let p = arNbE for

Catalan paths a and b. By (6) we have

J(p) = (1⊕ c(H(a))⊕ 1)	 J(b).

Since H(a) is an even thread, J(b) is an odd thread, and the decomposition of an odd thread in (2) is
unique, by (8) we have

G(J(p)) = F (H(a))rNG(J(b))E.

Now the result follows by induction.

5 Entangled Threads
For each n ≥ −1, there is a bipartite graph whose vertices are the even threads of length n and the odd
threads of length n+ 1, in which two vertices are adjacent whenever they are entangled. In Section 4 we
gave a partial answer to the question of how many vertices this graph has, by giving bijections between the
even threads and the Catalan paths with no ascent of length exactly two, and between the odd threads and
the Catalan paths with noNEEN . Nevertheless, there are numerous other questions one might ask about
this graph. In this section we start to answer one of these questions, by characterizing the even threads
of length n − 1 which are entangled with the increasing permutation 12 · · ·n, and by characterizing the
odd threads of length n + 1 which are entangled with the decreasing permutation n · · · 21. Throughout
we write �n (resp. �n) to denote the increasing (resp. decreasing) permutation 12 · · ·n (resp. n · · · 21).

To state and prove our results, we first need some terminology. Recall that an involution π is a per-
mutation π with π = π−1. As Guibert (1995) and Egge (2004) have noted, involutions which avoid the
classical pattern 3412 have a simple recursive structure: a permutation π is a 3412-avoiding involution if
and only if one of the following mutually exclusive conditions holds: (i) π = ∅, (ii) π = 1 ⊕ π1 for a
3412-avoiding involution π1, or (iii) π = (1 	 π1 	 1) ⊕ π2 for 3412-avoiding involutions π1 and π2.
Moreover, when π satisfies (ii) or (iii), the 3412-avoiding involutions π1 and π2 are uniquely determined.
Using these results, it is routine to show that the number of 3412-avoiding involutions of length n is the
Motzkin number Mn, which may be defined by M0 = 1 and Mn = Mn−1 +

∑n
k=2Mk−2Mn−k for

n ≥ 1. We will encounter another family of objects counted by the Motzkin numbers in Section 6, and the
interested reader can find still more such families of objects in the paper of Donaghey and Shapiro (1977)
and Exercise 6.38 of the book of Stanley (1999). As we show next, the even threads entangled with �n

and the odd threads entangled with �n are easy to describe in terms of 3412-avoiding involutions.
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Theorem 5.1. (i) For any integer n ≥ 1, the even threads entangled with the odd thread �n are the
3412-avoiding involutions of length n− 1.

(ii) For any integer n ≥ 0, the odd threads entangled with the even thread �n are the complements of
the 3412-avoiding involutions of length n+ 1.

Proof: The odd thread �1 = 1 is only entangled with the even thread ∅, which is the only 3412-avoiding
involution of length 0. Similarly, the even thread �1 = 1 is entangled with both 12 and 21, which are the
complements of the 3412-avoiding involutions of length 2. Therefore, the results holds for n = 1. Now
fix n ≥ 2, and suppose the result holds for all k < n; we argue by induction on n.

Suppose α is an even thread entangled with �n. Then there is a snow leopard permutation π such
that πe = α and πo = �n. By Theorem 3.1, there are snow leopard permutations π1 and π2 such that
π = (1 ⊕ c(π1) ⊕ 1) 	 1 	 π2. Since πo = �n, we see that π(1) = 1, which means π2 = @ and
π = 1⊕ c(π1)⊕ 1. Now πe

1 = �n−2, so by induction c(πo
1) is a 3412-avoiding involution. On the other

hand, α = πe = c(πo
1), so α is also a 3412-avoiding involution.

For the reverse inclusion, suppose α is a 3412-avoiding involution of length n − 1. By induction c(α)
is an odd thread entangled with �n−2, so there is a snow leopard permutation π1 with πo

1 = c(α) and
πe
1 = �n−2. By Theorem 3.1, the permutation 1⊕c(π1)⊕1 is a snow leopard permutation with πo = �n

and πe = α, so α is an even thread entangled with �n.
Suppose β is an odd thread entangled with �n. Then there is a snow leopard permutation π such

that πo = β and πe = �n. By Theorem 3.1, there are snow leopard permutations π1 and π2 such that
π = (1⊕ c(π1)⊕ 1)	 1	 π2. In addition,

β = πo = (1⊕ c(πe
1)⊕ 1)	 πo

2

and
�n = πe = c(πo

1)	 1	 πe
2,

which implies πo
1 = �k and πe

2 = �n−k−1 for some k with−1 ≤ k ≤ n−1. By induction and a previous
case, πe

1 and c(πo
2) are 3412-avoiding involutions, so c(β) = (1	πe

1	1)⊕ c(πo
2) is also a 3412-avoiding

involution.
For the reverse inclusion, suppose c(β) is a 3412-avoiding involution of length n + 1. Then there are

3412-avoiding involutions α1 of length k and β1 of length n− k − 1, where −1 ≤ k ≤ n− 1, such that

c(β) = (1	 α1 	 1)⊕ β1.

By induction and a previous case, α1 is an even thread entangled with �k+1 and c(β1) is an odd thread
entangled with �n−k−2. Therefore, there are snow leopard permutations π1 and π2 with πe

1 = α1,
πo
1 = �k+1, πo

2 = c(β1), and πe
2 = �n−k−2. Now π = (1 ⊕ c(π1) ⊕ 1) 	 1 	 π2 is a snow leopard

permutation by Theorem 3.1, and it has

πo = (1⊕ c(πe
1)⊕ 1)	 πo

2

= (1⊕ c(α1)⊕ 1)	 c(β1)

and

πe = c(πo
1)	 1	 πe

2

= �k+1 	 1	�n−k−2

= �n.
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Since c(πo) = (1	 α1 	 1)⊕ β1 = c(β), we see that β is an odd thread entangled with �n.

By combining Theorem 5.1 with Proposition 3.11, we can characterize the even threads entangled with
a much larger class of odd threads.

Definition 5.2. For m ≥ 1 and any positive integers l1, . . . , lm, we write �l1,...,lm to denote the permu-
tation �l1 	�l2 	 · · · 	�lm . We sometimes call a permutation of the form �l1,...,lm up-layered.

Corollary 5.3. Form ≥ 1 and any positive integers l1, . . . , lm, the permutation �l1,...,lm is an odd thread,
and the even threads entangled with it are the permutations of the form π1 	 1	 π2 	 1	 · · · 	 1	 πm,
where πj is a 3412-avoiding involution of length lj − 1 for 1 ≤ j ≤ m.

Proof: This follows from Theorem 5.1(i) and Proposition 3.11 by induction on m.

Corollary 5.4. For any m ≥ 1 and any positive integers l1, . . . , lm, there are exactly Ml1−1 · · ·Mlm−1
even threads entangled with the odd thread �l1,...,lm .

Proof: This is immediate from Corollary 5.3, since the number of 3412-avoiding involutions of length
lj − 1 is Mlj−1 for 1 ≤ j ≤ m.

It is natural at this point to try to use Theorem 5.1(ii) and Proposition 3.13 to prove a analogues of
Corollaries 5.3 and 5.4 for even threads which are layered in the opposite direction. Unfortunately, doing
this only allows us to recover Theorem 5.1(ii). Nevertheless, we can use Corollary 5.3 to prove the
analogues we seek. We begin by making the phrase “layered in the opposite direction” precise.

Definition 5.5. For m ≥ 1 and any positive integers l1, . . . , lm, we write �l1,...,lm to denote the permu-
tation �l1 ⊕�l2 ⊕ · · · ⊕�lm . We sometimes call a permutation of the form �l1,...,lm down-layered.

We now have a natural analogue of Corollary 5.3 for down-layered even threads.

Theorem 5.6. For m ≥ 1 and any positive integers l1, . . . , lm, the permutation �l1,...,lm is an even
thread, and the odd threads entangled with it are the permutations of the form 1⊕π1⊕1⊕π2⊕1⊕· · ·⊕
1⊕ πm ⊕ 1, where πj is the complement of a 3412-avoiding involution of length lj − 1 for 1 ≤ j ≤ m.

Proof: First note that the result is Theorem 5.1(ii) when m = 1, so we may assume m ≥ 2.
Since @ is an even thread and �l1,...,lm is an odd thread, by Theorem 3.8 we see that �l1,...,lm =

c(�l1,...,lm 	 1	@ is an even thread.
To prove the rest of the result, suppose π is a snow leopard permutation with πe = �l1,...,lm . By

Theorem 3.1, there are snow leopard permutations σ1 and σ2 such that π = (1	 c(σ1)	 1)	 1	 σ2. If
σ2 6= @ then there is an odd thread β1 and a nonempty even thread α1 such that πe = c(β1)	 1	 α1. In
c(β1)	 1	 α1, the largest entry appears to the left of the smallest entry, but in πe = �l1,...,lm the largest
entry appears to the right of the smallest entry (since m ≥ 2). Therefore, σ2 = @ and π = 1⊕ c(σ1)⊕ 1.

Since πe = �l1,...,lm , we have σo
1 = c(�l1,...,lm) = �l1,...,lm . Now by Corollary 5.3, the permutation

σe
1 has the form π1 	 1 	 · · · 	 1 	 πlm , where πj is a 3412-avoiding involution of length lj − 1 for

1 ≤ j ≤ m. This means πo = 1⊕ c(π1)⊕ 1⊕ · · · ⊕ 1⊕ c(πlm)⊕ 1, and the result follows.

Corollary 5.7. For m ≥ 1 and any positive integers l1, . . . , lm, there are exactly Ml1−1 · · ·Mlm−1 odd
threads entangled with the even thread �l1,...,lm .
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Proof: This is immediate from Theorem 5.6, since the number of 3412-avoiding involutions of length
lj − 1 is Mlj−1 for 1 ≤ j ≤ m.

Inspired by Corollaries 5.4 and 5.7, along with some numerical data, we make the following conjecture.

Conjecture 5.8. For any even (resp. odd) thread α (resp. β), the number of odd (resp. even) threads
entangled with α (resp. β) is a product of Motzkin numbers.

We have verified Conjecture 5.8 for all even threads of length eleven or less and all odd threads of
length twelve or less.

6 Janus Threads
Having investigated the entanglement relation between even and odd threads, we now turn our attention
to those threads which are both even and odd.

Definition 6.1. We say a permutation is a Janus thread whenever it is both an even thread and an odd
thread. For convenience, we also regard the antipermutation @ as a Janus thread (of length −1). For
each n ≥ −1, we write JTn to denote the set of Janus threads of length n.

Remarkably, for small n nearly every odd thread is also a Janus thread: the smallest odd thread that is
not also an even thread is 3412. Nevertheless, it’s natural to ask how many Janus threads of length n there
are. In Table 4 we have the number of Janus threads of length nine or less.

n −1 0 1 2 3 4 5 6 7 8 9
|JTn| 1 1 1 2 4 8 17 37 82 185 423

Tab. 4: The number of Janus threads of length nine or less.

As was the case for even and odd threads, Janus threads are related to a certain kind of lattice path. To
describe these lattice paths, first recall that a Motzkin path of length n is a lattice path from (0, 0) to (n, 0)
consisting of unit Up (1, 1), Down (1,−1), and Level (1, 0) steps which does not pass below the x-axis.
As their name suggests, the Motzkin paths of length n are counted by the Motzkin number Mn, which we
met in Section 5. A peak in a Motzkin path is a pair of consecutive steps in which the first step is an Up
step and the second is a Down step. We say a Motzkin path is peakless whenever it has no peaks, and we
write UDn to denote the set of peakless Motzkin paths of length n. For example, UD5 consists of eight
Motzkin paths: LLLLL, LLULD, LULDL, ULDLL, LULLD, ULLDL, ULLLD, and ULLLD. In
Table 5 we have the number of peakless Motzkin paths of length ten or less. These paths are counted by

n 0 1 2 3 4 5 6 7 8 9 10
|UDn| 1 1 1 2 4 8 17 37 82 185 423

Tab. 5: The number of peakless Motzkin paths of length ten or less.

a certain sequence of generalized Catalan numbers, which is sequence A004148 in the OEIS; its terms
satisfy an = an−1 +

∑n−2
k=1 akan−2−k for n ≥ 0.

As a comparison of Tables 4 and 5 suggests, Janus threads of length n are in bijection with peakless
Motzkin paths of length n + 1. As a first step in constructing a bijection between these two sets, we
describe how to construct peakless Motzkin paths recursively.



Snow Leopard Permutations and their Even and Odd Threads 21

Theorem 6.2. Suppose n is a positive integer. For each p ∈ UDn, exactly one of (i) and (ii) below holds.

(i) There is a unique Motzkin path a ∈ UDn−1 such that p = La.

(ii) There are unique integers k ≥ 1 and l ≥ 0 and unique Motzkin paths a ∈ UDk and b ∈ UDl such
that n = k + l + 2 and p = UaDb.

Conversely, both of the following hold.

(iii) For every a ∈ UDn−1, we have La ∈ UDn.

(iv) For any integers k ≥ 1 and l ≥ 0 with n = k + l + 2, and any a ∈ UDk and b ∈ UDl, we have
UaDb ∈ UDn.

Proof: This is similar to the proof of Theorem 4.2.

We can also use our recursive decompositions of the even and odd threads in Theorem 3.8 to describe
how to construct Janus threads recursively.

Theorem 6.3. Suppose γ is a permutation of length at least one which begins with its largest entry. Then
γ is a Janus thread if and only if there is a Janus thread γ1 such that γ = 1 	 γ1. Moreover, when these
conditions hold, γ1 is determined by γ.

Proof: (⇒) Suppose γ is a Janus thread which begins with its largest entry. Since γ begins with its largest
entry, it has the form 1 	 γ1 for a unique permutation γ1. In particular, the last statement of the theorem
holds.

To show γ1 is an odd thread, first note that since γ is an odd thread, by (2) there is an even thread α1

and an odd thread β1 such that γ = (1⊕ c(α1)⊕ 1)	 β1. Since γ begins with its largest entry, we must
have α1 = @ and β1 = γ1, so γ1 is an odd thread.

To show γ1 is an even thread, and therefore a Janus thread, first note that since γ is an even thread, by
(1) and Theorem 3.15 there is an even thread α2 and an odd thread β2 such that γ = c(β2)	 1	 α2, and
the 1 corresponds to the leftmost eligible connector in γ. If c(β2) begins with its largest entry, then β2
begins with 1, and the first entry of γ is an eligible connector. However, this contradicts the fact that the
leftmost eligible connector in γ is not in β2. Therefore, c(β2) cannot begin with its largest entry. Since
γ = c(β2)	 1	 α2 does begin with its largest entry, we must have β2 = @ or β2 = ∅. The first of these
contradicts the fact that the leftmost eligible entry of γ does not occur in α2, so we must have γ = 1	α2.
Therefore, γ1 = α2 is an even thread.

(⇐) This is immediate from Propositions 3.11 and 3.13, the fact that 1 is an odd thread, and the fact
that ∅ is an even thread.

Theorem 6.4. Suppose γ is a permutation of length at least two which does not begin with its largest entry.
Then γ is a Janus thread if and only if there are Janus threads γ1 and γ2 such that γ1 has nonnegative
length and γ = (1⊕c(γ1)⊕1)	1	γ2. Moreover, when these conditions hold, γ1 and γ2 are determined
by γ.

Proof: (⇒) Suppose γ is a Janus thread which does not begin with its largest entry. Since γ is an odd
thread, by (2) there is an even thread α1 and an odd thread β1 such that γ = (1 ⊕ c(α1) ⊕ 1) 	 β1. The
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second 1 in this decomposition corresponds to the largest entry of γ, so this decomposition is unique, and
the last statement of the theorem holds. Moreover, since γ does not begin with its largest entry, α1 has
nonnegative length. Since all odd threads have nonnegative length, β1 also has nonnegative length.

We claim β1 begins with its largest entry. To prove this, suppose by way of contradiction that β1 does
not begin with its largest entry. Then by (2) there is an even thread α2 of nonnegative length and an odd
thread β2 such that β1 = (1 ⊕ c(α2) ⊕ 1) 	 β2. Repeating this argument as long as βj does not begin
with its largest entry, we find there are even threads α1, . . . , αk of nonnegative length and an odd thread
βk+1 such that

γ = (1⊕ c(α1)⊕ 1)	 (1⊕ c(α2)⊕ 1)	 · · · 	 (1⊕ c(αk)⊕ 1)	 1	 βk+1. (10)

Furthermore, because γ is an even thread, c(γ) must have a fixed point which is a left-to-right maximum.
This cannot occur in any of the summands 1 ⊕ c(αj) ⊕ 1, so the leftmost eligible connector in γ must
correspond to the rightmost 1 in the decomposition in (10). By Theorem 3.15, the permutation (1 ⊕
c(α1)⊕ 1)	 (1⊕ c(α2)⊕ 1)	 · · · 	 (1⊕ c(αk)⊕ 1) is the complement of an odd thread and βk+1 an
even thread. Now it follows that (1	 α1 	 1)⊕ · · · ⊕ (1	 αk 	 1) is an odd thread, and by (2) there is
an even thread α and an odd thread β such that (1	α1 	 1)⊕ · · · ⊕ (1	αk 	 1) = (1⊕ c(α)⊕ 1)	 β.
Matching largest entries on each side of this equation, we find β = αk 	 1. But all of the entries of β
in (1 ⊕ c(α) ⊕ 1) 	 β are less than every entry to the left of the largest entry, while all of the entries of
αk 	 1 in (1 	 α1 	 1) ⊕ · · · ⊕ (1 	 αk 	 1) are greater than all of the entries to the left of the largest
entry. This contradicts the facts that k ≥ 2 and α1 6= @.

Since β1 begins with its largest entry, we now know that we have γ = (1⊕c(γ1)⊕1)	1	γ2, where γ1
has nonnegative length, γ1 is an even thread, 1	γ2 is an odd thread, and 1⊕ c(γ1)⊕1 is the complement
of an odd thread. Furthermore, the rightmost 1 in this decomposition is the leftmost eligible connector in
γ, so by Theorem 3.15 we see that γ2 is an even thread. On the other hand, since 1	 γ2 is an odd thread,
by Proposition 3.12, we have that γ2 is also an odd thread. Therefore, γ2 is a Janus thread.

To see that γ1 is an odd thread, first note that 1⊕ c(γ1)⊕ 1 is the complement of an odd thread means
1	 γ1 	 1 is an odd thread. Now the result follows from Proposition 3.12.

(⇐) Suppose γ1 and γ2 are Janus threads. The fact that (1 ⊕ c(γ1) ⊕ 1) 	 1 	 γ2 is an odd thread is
immediate from Proposition 3.11, the fact that 1 is an odd thread, and (2). Similarly, since γ1 is an odd
thread, 1	 γ1 	 1 is also an odd thread by Proposition 3.11. Now the fact that (1⊕ c(γ1)⊕ 1)	 1	 γ2
is an even thread follows from (1), since γ2 is an even thread.

The fact that our Janus thread decompositions exactly match our peakless Motzkin path decompositions
allows us to construct a recursive bijection between these two sets.

Theorem 6.5. For each integer n ≥ −1, there is a unique bijection

K : JTn → UDn+1

such that K(@) = ∅, K(∅) = L, if γ = 1 	 γ1 for a Janus thread γ then K(γ) = LK(γ1) and if
γ = (1⊕ c(γ1)⊕ 1)	 1	 γ2 for Janus threads γ1 and γ2 then K(γ) = UK(γ1)DK(γ2).

Proof: This is similar to the proof of Theorems 4.4 and 4.6, using Theorems 6.2, 6.3, and 6.4.

Although our description of K above is recursive, it turns out this map has an elegant direct combina-
torial description as well. We close the section with this alternative description of K.
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Definition 6.6. For any Janus thread of length n ≥ −1, we define the lattice path K(γ) as follows. For
n = −1 or n = 0 we have K(@) = ∅ and K(∅) = L. If n ≥ 1, then we obtain K(γ) as follows.

1. Write n+ 1, followed by γ, followed by 0.

2. For each pair of consecutive entries in this new sequence, if the entries are consecutive integers (in
either order) then write L between them. If the consecutive entries are not consecutive integers,
then write U between them if they form an ascent, and D if they form a descent.

3. In the resulting sequence of n+1 Us, Ls, and Ds, number the subsequence of Us and Ds from left
to right, beginning with 1. Change every odd-numbered U to a D and every odd-numbered D to a
U .

The resulting sequence of Us, Ls, and Ds is the lattice path K(γ).
Example 6.7. When γ = 576894312 we write 10 576894312 0, and we obtain the sequenceDULULDLDLD.
Changing the odd-numbered Us to Ds and the odd-numbered Ds to Us, we find that K(578694312) =
UULDLDLULD.

In Example 6.7 we obtain a peakless Motzkin path, and in fact it’s not difficult to check thatK(576894312) =
K(576894312). As we show in our final result, K(γ) is a peakless Motzkin path for every Janus thread
γ, and K(γ) = K(γ).

Theorem 6.8. For any Janus thread γ, we have K(γ) = K(γ).

Proof: The result is easy to check when γ has length less than two, so suppose |γ| ≥ 3; we argue by
induction on the length of γ.

If γ begins with its largest entry, then by Theorem 6.3 there is a Janus thread γ1 for which γ = 1	 γ1.
Since |γ1| = |γ| − 1 ≥ 2, we have K(γ) = LK(γ1). By induction, K(γ1) = K(γ1), so K(γ) = K(γ) by
the definition of K.

If γ does not begin with its largest entry, then by Theorem 6.4 there are Janus threads γ1 and γ2 for
which γ = (1⊕c(γ1)⊕1)	1	γ2, where γ1 has nonnegative length. ExaminingK((1⊕c(γ1)⊕1)	1	γ2),
we find K(γ) = UK(γ1)DK(γ2). Now the result follows by induction and the definition of K.

7 Future Directions
This work originated in a larger effort to give a nonrecursive characterization of the snow leopard per-
mutations. For instance, we have made extensive use of the fact that snow leopard permutations preserve
parity, but most permutations which preserve parity are not snow leopard permutations. Similarly, we
noted in the Introduction that snow leopard permutations are anti-Baxter permutations, so they avoid the
vincular patterns 3412 and 2143. Still, most anti-Baxter permutations which preserve parity are not snow
leopard permutations. Caffrey et al. (2015) introduce in their Definition 3.2 a function κ which maps
each permutation to a lattice path consisting of North and East steps, and they show that κ is a bijection
between the set of snow leopard permutations of length 2n− 1 and the set of Catalan paths from (0, 0) to
(n, n). However, there are many other permutations π for which κ(π) is a Catalan path. Indeed, let’s call
a permutation SLP-like whenever it is an anti-Baxter permutation which preserves parity and maps to a
Catalan path under κ. Then in Table 6 we see that most SLP-like permutations are still not snow leopard
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length 1 3 5 7 9
number of SLP-like permutations 1 2 7 32 175

number of snow leopard permutations 1 2 5 14 42

Tab. 6: The number of SLP-like permutations compared with the number of snow leopard permutations.

permutations. Giving a nonrecursive characterization of the snow leopard permutations remains an open
problem. Similarly, it remains an open problem to prove our Conjecture 5.8. Finally, as far as we know no
one has investigated the permutations which are compatible with alternating Baxter permutations, even
though Cori et al. (1986) have shown that the number of alternating Baxter permutations of length 2n
(resp. 2n + 1) is C2

n (resp. CnCn+1). We conjecture that the compatibility relation is a bijection in this
case, just as it is in the case of doubly alternating permutations and snow leopard permutations.
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Snow Leopard Permutations and their Even and Odd Threads 25

O. Guibert and S. Linusson. Doubly alternating Baxter permutations are Catalan. Discrete Math., 217
(1–3):157–166, 2000.

S. Kitaev. Patterns in Permutations and Words. Springer-Verlag, 2011.

J. Propp. The many faces of alternating-sign matrices. Discrete Math. Theor. Comput. Sci. Proc., AA,
2001.

D. P. Robbins. The story of 1, 2, 7, 42, 429, 7436, · · · . Math. Intelligencer, 13(2):12–19, 1991.

A. Sapounakis, I. Tasoulas, and P. Tsikouras. Counting strings in Dyck paths. Discrete Math., 307(23):
2909–2924, 2007.

R. P. Stanley. Enumerative Combinatorics, volume 2. Cambridge University Press, 1999.



Discrete Mathematics and Theoretical Computer Science DMTCS vol. 18:2, 2016, #6

Asymptotics for minimal overlapping patterns
for generalized Euler permutations, standard
tableaux of rectangular shapes, and column
strict arrays

Ran Pan1 Jeffrey B. Remmel2
1 Department of Mathematics, UCSD La Jolla, CA, 92093-0112, r1pan@ucsd.edu
2 Department of Mathematics, UCSD La Jolla, CA, 92093-0112, jremmel@ucsd.edu

received 29th Oct. 2015, revised 26th Feb. 2016, accepted 24th Mar. 2016.

A permutation τ in the symmetric group Sj is minimally overlapping if any two consecutive occurrences of τ in
a permutation σ can share at most one element. Bóna showed that the proportion of minimal overlapping patterns
in Sj is at least 3 − e. Given a permutation σ, we let Des(σ) denote the set of descents of σ. We study the class
of permutations σ ∈ Skn whose descent set is contained in the set {k, 2k, . . . (n − 1)k}. For example, up-down
permutations in S2n are the set of permutations whose descent equal σ such that Des(σ) = {2, 4, . . . , 2n−2}. There
are natural analogues of the minimal overlapping permutations for such classes of permutations and we study the
proportion of minimal overlapping patterns for each such class. We show that the proportion of minimal overlapping
permutations in such classes approaches 1 as k goes to infinity. We also study the proportion of minimal overlapping
patterns in standard Young tableaux of shape (nk).

Keywords: permutations, arrays, minimal overlapping patterns

1 Introduction
Let Sn denote the set of permutations of [n] = {1, . . . , n}. We let k[n] = {k, 2k, . . . , nk} if k, n ≥ 1. If
σ = σ1 . . . σn is an element of Sn, we let Des(σ) = {i : σi > σi+1}. For any k, n ≥ 1, C=k[n−1] denote
the set of all σ in Skn such that Des(σ) = k[n− 1] and C⊆k[n−1] denote the set of all σ in Skn such that
Des(σ) ⊆ k[n − 1]. For example, elements of C=2[n−1] are permutations σ = σ1σ2 . . . σ2n ∈ S2n such
that

σ1 < σ2 > σ3 < σ4 > · · · .

These are called up-down permutations or even alternating permutations.
One way to think of elements in C⊆k[n−1] is as column strict arrays which were studied by Harmse and

Remmel in [6] and [7]. A column-strict array P is a filling of a k × n rectangular array with 1, 2, · · · , kn
such that elements increase from bottom to top in each column. Let Fn,k denote the set of all the column-
strict arrays with n columns and k rows. Given a P ∈ Fn,k, we let P [i, j] denote element in the ith
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2 Ran Pan, Jeffrey B. Remmel

column and jth row where the columns are labeled from left to right and the rows are labeled from bottom
to top. We let σP denote the permutation

σp = P [1, 1]P [1, 2] . . . P [1, k]P [2, 1]P [2, 2] . . . P [2, k] . . . P [n, 1]P [n, 2] . . . P [n, k].

For example, if P is the element of F4,3 pictured in Figure 1, then σP = 3 11 12 1 2 4 6 8 10 5 7 9. This
given, it is easy to see that σP ∈ C=k[n−1] if and only if P [i, k] > P [i + 1, 1] for all 1 ≤ i ≤ n − 1. An
array P ∈ Fn,k is a standard tableau of shape (nk) if P is strictly increasing in rows, reading from left
to right. That is, P is strictly increasing in rows if for all 1 ≤ j ≤ k,

P [1, j] < P [2, j] < · · · < P [n, j].

We let ST (nk) denote the set of all standard tableaux of shape (nk).

3 1 6 5 

7 

9 4 

2 8 11 

12 10 

Fig. 1: An element of F4,3.

Given any sequence of pairwise distinct positive integers, α = α1 . . . αn, we let red(α) denote the
permutation of Sn that results from α by replacing the ith smallest element of α by i for i = 1, . . . , n. For
example, red(3 6 8 2 9) = 2 3 4 1 5. Given a permutation τ ∈ Sj and permutation σ = σ1 . . . σn ∈ Sn,
we say that

1. τ occurs in σ if there are 1 ≤ i1 < i2 < · · · < ij ≤ n such that red(σi1 . . . σij ) = τ ,

2. σ avoids τ if there is no occurrence of τ in σ, and

3. there is a τ -match in σ starting at position i if red(σiσi+1 . . . σi+j−1) = τ .

We let τ -mch(σ) denote the number of τ -matches in σ. We say that τ has the minimal overlapping prop-
erty or τ is minimally overlapping if the smallest n such that there exists σ ∈ Sn such that τ -mch(σ) = 2
is 2j− 1. This means in any two consecutive τ -matches in a permutation σ can share at most one element
which must necessarily be at the end of the first τ -match and the start of the second τ -match. It fol-
lows that if τ ∈ Sj is minimally overlapping, then the smallest n such that there exist a σ ∈ Sn such that
τ -mch(σ) = k is k(j−1)+1. We call these particular elements of Sk(j−1)+1 maximum packings for τ and
we letMPτ,k(j−1)+1 = {σ ∈ Sk(j−1)+1 : τ -mch(σ) = k}. We let mpτ,k(j−1)+1 = |MPτ,k(j−1)+1|

Minimal overlapping permutations are nice in that we have a nice expression for the generating function
of xτ -mch(σ) over permutations. That is, Duane and Remmel [3] proved the following theorem.

Theorem 1. If τ ∈ Sj has the minimal overlapping property, then∑
n≥0

tn

n!

∑
σ∈Sn

xτ -mch(σ)pcoinv(σ)qinv(σ) =

1

1− (t+
∑
n≥1

tn(j−1)+1

[n(j−1)+1]p,q !
(x− 1)nmpτ,n(j−1)+1(p, q))

. (1)



Asymptotics for minimal overlapping patterns 3

Here if σ = σ1 . . . σn ∈ Sn, then inv(σ) = |{(i, j) : 1 ≤ i < j ≤ n & σi > σj}| and coinv(σ) =
|{(i, j) : 1 ≤ i < j ≤ n & σi < σj}| and

mpτ,n(j−1)+1(p, q) =
∑

σ∈MPτ,n(j−1)+1

pcoinv(σ)qinv(σ).

Harmse and Remmel generalized these definitions and results to Fn,k. However, as we shall see their
definitions make perfectly good sense in the the setting of C=k[n−1] or ST (nk). That is, if F is any filling
of a k × n-rectangle with distinct positive integers such that elements in each column increase, reading
from bottom to top, then we let red(F ) denote the element of Fn,k which results from F by replacing the
ith smallest element of F by i. For example, Figure 2 pictures a filling F with its corresponding reduced
filling, red(F ).

8 10 

17 

13 15 

20 

1 

4 

3 

2

5 

8 red
6 

9 

7 

2 

9 

7 

Fig. 2: An example of red(F ).

If F ∈ Fn,k and 1 ≤ c1 < · · · < cj ≤ n, then we let F [c1, . . . , cj ] be the filling of the k × j
rectangle where the elements in column a of F [c1, . . . , cj ] equal the elements in column ca in F for
a = 1, . . . , j. We can then extend the usual pattern matching definitions from permutations to elements
of Fn,k, C=k[n−1], or ST (nk) as follows.

Definition 2. Let P be an element of Fj,k (C=k[j−1], ST (jk)) and F ∈ Fn,k (C=k[n−1], ST (nk)) where
j ≤ n. Then we say

1. P occurs in F if there are 1 ≤ i1 < i2 < · · · < ij ≤ n such that red(F [i1, . . . , ij ]) = P ,

2. F avoids P if there is no occurrence of P in F , and

3. there is a P -match in F starting at position i if red(F [i, i+ 1, . . . , i+ j − 1]) = P .

We let P -mch(F ) denote the number of P -matches in F . For example, if we consider the fillings
P ∈ F3,3 and F,G ∈ F6,3 shown in Figure 3, then it is easy to see that there are no P -matches in F but
there is an occurrence of P in F since red(F [1, 2, 5]) = P . Also, there are 2 P -matches in G starting at
positions 1 and 2, respectively, so P -mch(G) = 2.

We say that an element P in Fj,k (C=k[n−1], ST (nk)) has the minimal overlapping property or is
minimally overlapping if the smallest i such that there exists an F ∈ Fi,k (C=k[i−1], ST (ik)) with
P -mch(F ) = 2 is 2j − 1. Thus if P has the minimal overlapping property, then two consecutive P -
matches can only overlap in a single column, namely the last column of the first match and first column
of the second match. We say that P is overlapping if P is not minimal overlapping.

If P ∈ Fj,k (C=k[j−1], ST (jk)) has the minimal overlapping property, then the smallest i such
that there exists an F ∈ Fi,k (C=k[i−1], ST (ik)) such that P -mch(F ) = n is n(j − 1) + 1. If
P ∈ Fj,k, we let MPP,n(j−1)+1 denote the set of all F ∈ Fn(j−1)+1,k such that P -mch(F ) = n
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1 4 

3 

2 5 

6 

P

F
5 1 6 7 

9 

14 4 

2 8 10 

11 15 

7 

8 

9 

G
1 5 

6 

7 4 

2 

3 

13 

16 

12 

17 

18 

8 

10 

11 

12 

13 

16 

15 

17 

18 

3 

9 

14 

Fig. 3: Examples of P -matches and occurrences of P .

and set mpP,n(j−1)+1 = |MPP,n(j−1)+1|. If P ∈ C=k[j−1], we let CMPP,n(j−1)+1 denote the set
of all F ∈ C=k[n(j−1)+1] such that P -mch(F ) = n and set cmpP,n(j−1)+1 = |CMPP,n(j−1)+1|.
If P ∈ ST (jk), we let STMPP,n(j−1)+1 denote the set of all F ∈ ST ((n(j − 1) + 1)k) such
that P -mch(F ) = n and set stmpP,n(j−1)+1 = |STMPP,n(j−1)+1|. In each case we shall call an
F ∈MPP,n(j−1)+1 (F ∈ CMPP,n(j−1)+1, F ∈ STMPP,n(j−1)+1) a maximum packing for P .

Given P ∈ Fj,k, let

AP (x, t) =
∑
n≥0

tn

(kn)!

∑
F∈Fn,k

xP -mch(F ).

Clearly, when x = 0,

AP (0, t) =
∑
n≥0

tn

(kn)!
|{F ∈ Fn,k : P -mch(F ) = 0}| .

For P,Q ∈ Fj,k, if AP (0, t) = AQ(0, t), we say P and Q are c-Wilf equivalent. If AP (x, t) = AQ(x, t),
we say P and Q are strongly c-Wilf equivalent. In [10], in the case where k = 1, Nakamura conjectured
that if two permutations are c-Wilf equivalent then they are also strongly c-Wilf equivalent. Harmse and
Remmel gave a similar conjecture in [7] when k ≥ 2. That is, they made the following conjecture.

Conjecture 3. P,Q ∈ Fn,k are c-Wilf equivalent if and only if P and Q are strongly c-Wilf equivalent.

It has been shown that the conjecture holds for minimal overlapping patterns and the first and the last
column of a pattern determines which c-Wilf equivalence class it belongs to (see [2], [3], [4], and [7]).
The key to proving such results is to prove an analogue to Theorem 1. This was done by Harmse and
Remmel [7] who proved the following theorem for minimal overlapping patterns in Fj,k.

Theorem 4. Suppose that k ≥ 2, j ≥ 2, and P ∈ Fj,k has the minimal overlapping property. Then

AP (t, x) =
1

1− ( tk! +
∑
n≥1

tn(j−1)+1

(k(n(j−1)+1))! (x− 1)nmpP,n(j−1)+1)
. (2)

One can prove analogous results for minimal overlapping patterns P in C=k[j−1] and for minimal over-
lapping patterns P in ST (jk). However, such results can no longer be expressed just in terms of maxi-
mum packings, but require a more sophisticated concept of generalized maximum packing. This will be
the subject of a forthcoming paper [11].

The main focus of this paper is the following questions.
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How many minimal overlapping patterns are there in Fn,k?
How many minimal overlapping patterns are there in ST (nk)?
How many minimal overlapping patterns are there in C=k[n−1]?

We letMn,k (STMn,k, CMn,k) denote the number of minimal overlapping patterns in Fn,k ( ST (nk),
C=k[n−1]). Then we will be interested in the following quantities:

an,k =
Mn,k

|Fn,k|
,

bn,k =
STMn,k

|ST (nk)|
, and

cn,k =
CMn,k

|C=k[n−1]|
.

Bóna studied the behavior of an,1 in [1]. In [1], Bóna proved that an,1 ≥ 3 − e ≈ 0.2817. That is, he
proved that at least 28.17% of the permutations in Sn are minimimal overlapping. Moreover, he proved
that lim

n→∞
an,1 exists. The main goal of this paper is to prove similar results for an,k, bn,k, and cn,k.

The outline of this paper is as follows. In Section 2, we shall give general lower bound for an,k for all
k. In Section 3, we shall give formulas for Mn,k and an,k. In Section 4, we shall study the asymptotic
behavior of {an,k} for fixed k. In Section 5, we shall analyze bn,k and in Section 6, we shall analyze
cn,k. In section 7, we shall briefly discuss some open questions about the problem of finding the number
of minimal overlapping permutations that start with a given initial segment.

2 Lower Bound for an,k
Bóna proved that the probability that a randomly selected pattern in Fn,1 is minimal overlapping is at
least 3 − e ≈ 0.282, that is, L1 = 3 − e is a lower bound for {an,1}n≥1, independent on n. Based on
Bóna’s idea in [1], we are able to find a basic lower bound Lk for {an,k}n≥1 for any given k ≥ 1.

We say that P ∈ Fn,k is overlapping at position i if red(P [1, . . . , i]) = red(P [n − i + 1, . . . , n]).
That is, the reduction of the first i columns of P is equal to the reduction of the last i columns of P .
Suppose P ∈ Fn,k is overlapping, then there exists integer i, 2 ≤ i ≤ n − 1 such that P is overlapping
at position i. Furthermore, one can easily check that P is overlapping if and only if there exists integer
i, 2 ≤ i < n

2 + 1 such that P is overlapping at position i. Let Ei be the event that P is overlapping at

position i. If 2 ≤ i ≤ n
2 + 1, the probability that Ei happens Pr(Ei) =

(k!)i

(ik)! . That is, we can partition
the elements of Fn,k by the set of elements that lie in the first i columns of P and the set of elements
that lie in the last i columns of P . Once the filling of the first i columns of P is fixed, there are (ik)!

(k!)i

ways to arrange the elements in the last i columns and only one of them is favorable. If n2 < i < n
2 + 1,

Pr(Ei) ≤ (k!)i

(ik)! . Then the probability that a randomly selected pattern in Fn,k is overlapping is bounded
by

Pr

 ⋃
2≤i<n

2 +1

Ei

 ≤ ∑
2≤i<n

2 +1

Pr(Ei) ≤
∑

2≤i<n
2 +1

(k!)i

(ik)!
<
∑
i≥2

(k!)i

(ik)!
.

Then for a fixed k, we get a lower bound Lk for {an,k}n≥1.
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Theorem 5.
Lk = 1−

∑
i≥2

(k!)i

(ik)!
. (3)

Then by Theorem 5, we can compute L1 and L2 directly.

L1 = 1−
∑
i≥2

1

i!
= 1− (−2 + e) = 3− e ≈ 0.282.

L2 = 1−
∑
i≥2

(2!)i

(2i)!
= 3−

∑
i≥0

2i

(2i)!
= 3− 1

2

(∑
i=0

(
√
2)i

i!
+
∑
i=0

(−
√
2)i

i!

)

= 3− 1

2

(
e
√
2 + e−

√
2
)
= 3− cosh(

√
2) ≈ 0.822.

The results above indicate there are at least 28.2% of patterns in Fn,1 that are minimal overlapping, and
at least 82.2% of patterns in Fn,2 that are minimal overlapping, no matter what n is.

Moreover, by observing Equation (3), one can easily find that the sequence {Lk} is monotone increas-
ing. It agrees with our intuition because a pattern is minimal overlapping as long as there exists one
row whose reduction is minimal overlapping and, hence, more rows means higher chance to be minimal
overlapping. Also, since {Lk} is bounded by 1, the sequence converges.

Theorem 6.
lim
k→∞

Lk = 1. (4)

Proof: Since

Lk = 1−
∑
i≥2

(k!)i

(ik)!
,

to show (4) it suffices to show

lim
k→∞

∑
i≥2

(k!)i

(ik)!
= 0.

For i ≥ 2,

lim
k→∞

(k!)i

(ik)!
= 0,

∣∣∣∣ (k!)i(ik)!

∣∣∣∣ ≤ 1

i2
and

∑
i≥2

1

i2
<∞.

Then by the dominated convergence theorem,

lim
k→∞

∑
i≥2

(k!)i

(ik)!
=
∑
i≥2

lim
k→∞

(k!)i

(ik)!
= 0.

Thus we have the following corollary.

Corollary 7. For a given n,
lim
k→∞

an,k = 1. (5)

Now we see no matter how large n is, almost every pattern in Fn,k is minimal overlapping as long as k
is large enough. Another fact worth mentioning is that {Lk} converges to 1 rapidly. By (3), L1 ≈ 0.282,
L2 ≈ 0.822, L3 ≈ 0.950, L4 ≈ 0.986, L5 ≈ 0.996, · · · .
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3 Formulas for Mn,k and an,k
It follows from our observations in the previous section that a pattern P ∈ Fn,k is overlapping if and only
if there exists a unique integer i such that P is overlapping at position i and the reduction of the first i
columns of P is minimally overlapping with 2 ≤ i < n

2 + 1. The basic idea of obtaining the formula
for Mn,k, the number of minimal overlapping patterns in Fn,k, is to subtract the number of overlapping
patterns from the total number.

Assuming n is fixed, we separate the discussion of Mn,k into two cases.
Case 1. k is an even number.

Mn,k =

(
nk

k, k, . . . , k

)
−M2,k

(
nk

2k, 2k

)(
(n− 4)k

k, k, · · · , k

)
−M3,k

(
nk

3k, 3k

)(
(n− 6)k

k, k, · · · , k

)
−M4,k

(
nk

4k, 4k

)(
(n− 8)k

k, k, . . . , k

)
− · · · −Mn

2 ,k

(
nk

1
2nk,

1
2nk

)

=
(nk)!

(k!)n
−

n
2∑
i=2

Mi,k

(
nk

ik, ik

)
((n− 2i)k)!

(k!)n−2i
.

The only significant difference between the even case and the odd case is the term corresponding to
patterns overlapping at position n+1

2 .
Case 2. n is an odd number.

Mn,k =

(
nk

k, k, . . . , k

)
−M2,k

(
nk

2k, 2k

)(
(n− 4)k

k, k, · · · , k

)
−M3,k

(
nk

3k, 3k

)(
(n− 6)k

k, k, · · · , k

)
− · · · −Mn−1

2 ,k

(
nk

1
2 (n− 1)k, 12 (n− 1)k

)
−

∑
P∈Mn+1

2
,k

mpP,n

=
(nk)!

(k!)n
−

n−1
2∑
i=2

Mi,k

(
nk

ik, ik

)
((n− 2i)k)!

(k!)n−2i
−

∑
P∈Mn+1

2
,k

mpP,n.

Dividing Mn,k by |Fn,k|, we get formula of an,k as follows
Theorem 8.

If n is even, an,k = 1−
n
2∑
i=2

ai,k
(k!)i

(ik)!
. (6)

If n is odd, an,k = 1−

n−1
2∑
i=2

ai,k
(k!)i

(ik)!
− bn,k, (7)

where bn,k =

∑
P∈Mn+1

2
,k

mpP,n

|Fn,k| .

It may seem that (6) and (7) gives us a way to recursively compute an,k, but unfortunately this is not
the case. That is, while the even terms depend only on the previous values, the odd terms rely on both
previous terms and

∑
P∈M(n+1)/2,k

mpP,n which is difficult to compute. Indeed, we have no general way
to compute mpP,n for a fixed minimal overlapping P .
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4 The limit of an,k
In this section, we study the asymptotic behavior of {an,k}n≥1, for any given integer k ≥ 1. Throughout
this section, we shall assume that k is a fixed number greater than or equal to 1. We let {dn} be the
subsequence of {an,k}n≥1 consisting of odd terms, ie., dj = a2j−1,k, j = 1, 2, 3, · · · . We let {en} be the
subsequence consisting of even terms.

From equation (6) in Theorem 8, we see {en} is a monotone decreasing sequence and an,k has lower
bound Lk, hence {en} is convergent. To show an,k has a limit, we need to show {dn} converges to the
limit of {en}. This will result in the following theorem.

Theorem 9. For a fixed integer k ≥ 1, lim
n→∞

an,k exists.

Proof: We only need to show the limit of dn equals the limit of en. Since dn+1 = a2n+1,k and en = a2n,k,
by (6) and (7), we have en − dn+1 = b2n+1,k.

b2n+1,k =

∑
P∈Mn+1,k

mpP,2n+1

|F2n+1,k|
≤
Mn+1,k

(
(2n+1)k
nk

)
|F2n+1,k|

(8)

The inequality holds because that the fact that the reduction of the first n + 1 columns of a pattern in
F2n+1,k is minimal overlapping does not guarantee the pattern is overlapping at position n+ 1. In other
words, it is a necessary condition that the reduction of the first n + 1 columns is minimal overlapping
but that it is not sufficient. Take patterns in F5,1 as an example. Assume the reduction of the first three
numbers is 1 3 2 which is minimal overlapping. If the initial three numbers are 3 4 2, we can put 5 1 in
the end to make 3 4 2 5 1 overlapping at the middle position. However, a pattern with prefix 3 4 2 can not
be overlapping at position 3. We use RHS for the right-handed side of (8).

RHS =

(
(2n+1)k
nk

)
Mn+1,k

|F2n+1,k|
=

(
(2n+1)k
nk

)
|Fn+1,k|an+1,k

|F2n+1,k|

=
(2nk + k)!(nk + k)!(k!)2n+1

(nk)!(nk + k)!(k!)n+1(2nk + k)!
an+1,k

=
(k!)n

(nk)!
an+1,k

=
an+1,k

|Fn,k|
.

As n goes to infinity, |Fn,k| goes to infinity and because an+1,k is bounded by 1,

lim
n→∞

en − dn+1 = lim
n→∞

b2n+1,k = 0.

Therefore, lim
n|∞

dn = lim
n|∞

en and then hence lim
n→∞

an,k exists. Note that |Fn,k| increases rapidly as n

increases so that an,k converges rapidly. The larger k becomes, the faster an,k converges.
Let lk be the limit of an,k as n goes to infinity. Using Monte Carlo methods, we computed approximate

values for lk for k = 1, 2, 3, 4: l1 ≈ 0.364, l2 ≈ 0.823, l3 ≈ 0.949 and l4 ≈ 0.986. Comparing Lk and
lk, we find they are very close. This is not a coincidence because (3) is almost the same as (6) and (7) and
we know an,k is close to 1 when n is large.
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5 Standard tableaux of rectangular shapes
The set of all the standard Young tableaux of rectangular shape nk is denoted by ST (nk) and clearly it
is a subset of Fn,k. It is well-known that the cardinality of ST (n2) is the nth Catalan number Cat(n) =
1

n+1

(
2n
n

)
. Then using the similar argument of Theorem 5, we have a lower bound for bn,2, where bn,2 is

proportion of minimal overlapping patterns in ST (n2)

LS2 = 1−
∑
i≥2

1

Cat(i)
.

To find the exact value of the lower bound, we must compute the sum
∑
i≥2

1
Cat(i) . Define a power series

f(x) as follows

f(x) =
∑
i≥1

1

Cat(i)
xi.

Then

xf ′(x) = x
∑
i≥1

i

Cat(i)
xi−1 =

∑
i≥1

i

Cat(i)
xi

By the recursion of Catalan numbers Cat(i+ 1) = 4i+2
i+2 Cat(i),

xf ′(x) =
∑
i≥1

i+ 2− 2

Cat(i)
xi =

∑
i≥1

i+ 2

Cat(i)
xi − 2

∑
i≥1

1

Cat(i)
xi =

∑
i≥1

4i+ 2

Cat(i+ 1)
xi − 2f(x)

=
∑
i≥1

4(i+ 1)− 2

Cat(i+ 1)
xi − 2f(x) = 4

∑
i≥1

i+ 1

Cat(i+ 1)
xi − 2

∑
i≥1

1

Cat(i+ 1)
xi − 2f(x)

=
4

x
(xf ′(x)− x)− 2

x
(f(x)− x)− 2f(x) = 4f ′(x)− 2x+ 2

x
f(x)− 2.

So we obtain a first-order ordinary differential equation

f ′(x) +

(
2x+ 2

x2 − 4x

)
f(x) =

2

4− x
. (9)

Solving this differential equation (9) with the initial value condition f(0) = 0 for f(x) yields

(x− 10)(x− 4)x+ 24
√
4x− x2 arcsin

(√
x
2

)
(4− x)3

Setting x = 1 in this formula for f(x) gives our next theorem.

Theorem 10. ∑
i≥1

1

Cat(i)
= 1 +

4
√
3π

27
. (10)
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Then by the above equation, we have the lower bound LS2 = 1− 4
√
3π

27 ≈ 0.194.
Similarly, for any given k, lower bounds for bn,k, that is, lower bound for the proportion of minimal

overlapping patterns in ST (nk) is

LSk = 1−
∑
i≥2

1

Yik
,

where Yik = |ST (ik)| which could be counted by the hook-length formula. We computed the following
approximations for Lk for k = 3, 4, 5, 6.

LS3 ≈ 0.774, LS4 ≈ 0.926, LS5 ≈ 0.976, LS6 ≈ 0.992.

It is easy for one to show that lim
k→∞

LSk = 1 which implies almost every pattern in ST (nk) is minimal

overlapping as k is very large.
Next we shall find an upper bound for the proportion of minimal overlapping standard tableaux of shape

n2. This is equivalent to finding a lower bound for the proportion of overlapping patterns. For a pattern
P ∈ ST (n2), n ≥ 3, we only consider patterns where the reduction of the first two columns is the same
as the reduction of the last two columns. There are only two cases for such overlapping patterns. For Case
1 (Figure 4), the number of such overlapping patterns in ST ((n+ 2)2) is equal to |ST (n2)|.

1 

2 

3 

4 

1 

2 
P

3 

4 

Fig. 4: Reducing via the patterns in the first two columns for Case 1

For Case 2 (Figure 5), the number of such overlapping patterns in ST ((n+2)2) is equal to the number
of standard Young tableaux of skew shape (n + 2, n)/(2). It is easy to see that the number of standard

1 

3 

2 

4 

1 

3 
P

2 

4 

Fig. 5: Reducing via the patterns in the first two columns for Case 2

tableaux of shape (n+ 2, n)/(2) is equal to the number of standard tableaux of shape (n+ 2, n) where 1
and 2 lie in the first row. But then the number of standard tableaux of (n+ 2, n) where 1 and 2 lie in the
first row is equal to the number of standard tableaux of shape (n + 2, n) minus the number of standard
tableaux of shape (n + 2, n) where 1 and 2 lie first column. But then the number of standard tableaux
of shape (n + 2, n) where 1 and 2 lie first column is equal to the number of standard tableaux of shape
(n+ 1, n− 1). Using the hook length formula for the number of standard tableaux, it follows that

|ST (n+ 2, n)/(2)| = |ST (n+ 2, n)| − |ST (n+ 1, n− 1)|

=
3(2n+ 2)!

(n+ 3)!n!
− 3(2n)!

(n+ 2)!(n− 1)!

=
9n2 + 9n+ 6

(n+ 3)(n+ 2)(n+ 1)

(
2n

n

)
.
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Since the lower bound for number of overlapping patterns in ST ((n + 2)2) is |ST (n2)| + |ST ((n +
2, n)/(2))|, an upper bound for bn+2,2, n ≥ 3 is

USn+2,2 = 1− |ST (n
2)|+ |ST ((n+ 2, n)/(2))|
|ST ((n+ 2)2)|

=
3n2 + 9n

8n2 + 16n+ 6
.

As n goes to infinity, USn+2,2 converges to 0.375. Therefore, {bn,2} is asymptotically between 0.194
and 0.375.

6 Generalized Euler permutations
Elements in C=k[n−1] are called generalized Euler permutations or k-up-down permutations. Note that
2-up-down permutations are usually called up-down permutations. For example, σ = 2 3 5 8 1 4 6 7 is a
4-up-down permutation of length 8 and µ = 1 5 2 6 3 4 is an up-down permutation permutation of length
6.

Next we give a lower bound LEk for {cn,k}n≥2, that is, the proportion of minimal overlapping patterns
in C=k[n−1]. Using essentially the same argument that we used to prove Theorem 5, we have a lower
bound LEk

LEk = 1−
∑
j≥2

1

|C=k[j−1]|
,

where |C=k[j−1]| is the number of k-up-down permutations of length kj. The generating function of
|C=k[j−1]| is ∑

n≥0

|C=k[j−1]|
tkn

(kn)!
=

1∑
n≥0

(−1)ntkn
(kn)!

.

See Stanley’s book, Chapter 3, page 389 [14]. It is apparent that for fixed k, LEk converges so we can
calculate numerical approximation

LE2 = 1−
∑
j≥2

1

|C=2[j−1]|
= 1− 1

5
− 1

61
− 1

1382
− 1

50521
− · · · ≈ 0.783,

LE3 = 1−
∑
j≥2

1

|C=3[j−1]|
= 1− 1

19
− 1

1513
− 1

315523
− · · · ≈ 0.947,

LE4 = 1−
∑
j≥2

1

|C=4[j−1]|
= 1− 1

69
− 1

33661
− 1

60376809
− · · · ≈ 0.985,

LE5 = 1−
∑
j≥2

1

|C=5[j−1]|
= 1− 1

251
− 1

750751
− 1

11593285251
− · · · ≈ 0.996.

It is easy for one to show that lim
k→∞

LEk = 1 which means almost all patterns in C=k[n−1] are minimal

overlapping when k is large.
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Next we will find an upper bound for cn,2. It is well-known that numbers of up-down permutations are
Euler numbers. Suppose E(n) is the nth Euler number, then |C=2[n−1]| = E(2n). By [15], the ratio of
two adjacent Euler numbers have asymptotic estimation as follows

E(n+ 1)

E(n)
∼ 2(n+ 1)

π
. (11)

To find an upper bound of minimal overlapping patterns, we only need to find a lower bound for
overlapping up-down permutations. Similar to Section 5, we only consider patterns where the reduction
of the first two columns is the same as the reduction of the last two columns. In other words, we only
consider prefixes and suffixes of length 4 in an up-down permutation and they have the same reduction.
In [12], the number of such overlapping up-down permutations of length 2n is given as

13E(2n)− 32nE(2n− 1) + 10n(2n− 1)E(2n− 2),

where n ≥ 4. Hence we can get an upper bound for the percentage of minimal overlapping patterns in
C=2[n−1].

UEn,2 = 1− 13E(2n)− 32nE(2n− 1) + 10n(2n− 1)E(2n− 2)

E(2n)
.

Applying (11), we get an asymptotic upper bound

UE2 = lim
n→∞

UEn,2 = 8π − 5

4
π2 − 12 ≈ 0.795.

Therefore, {cn,2} is asymptotically between 0.783 and 0.795.

7 Open questions
A natural extension of our results would be to find the proportion of minimal overlapping patterns in Fn,k
(C=k[n−1], ST (nk)) whose first j columns is equal to some fixed P ∈ Fj,k among all the elements ofFn,k
(C=k[n−1], ST (nk)) whose first j columns is equal to P . For example, in the simplest case, we would be
interested in the question of how many permutations in Sn starting with m are minimal overlapping.

It is not hard to see that for a fixed m, as n approaches to infinity, there are at least (3 − e)(n − 1)!
permutations in Sn starting with m are minimal overlapping. Similar to Theorem 9, we can show that the
proportion of minimal overlapping patterns in Sn starting with m converges as n goes to infinity.

We have used Monte Carlo methods to estimate the limit of the proportion of minimal overlapping
permutations starting among all permutations that start with m for m = 1, 2, 3, 4, 5, 6, 7. Our computa-
tions yielded the following estimates: 0.392, 0.384, 0.375, 0.368, 0.365, 0.361 and 0.358 respectively.
Noting that the sequence is monotone decreasing, we ask whether this is true in general. That is, if
1 ≤ a < b ≤ dn2 e, is it the case that as n approaches infinity, is the proportion of minimal overlapping
permutations in Sn that start with a among all the permutations of Sn that start with a greater than the
proportion of minimal overlapping permutations in Sn that start with b among all the permutations of Sn
that start with b?
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Packing densities of layered permutations
and the minimum number of monotone
sequences in layered permutations
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In this paper, we present two new results of layered permutation densities. The first one generalizes theorems
from Hästö (2003) and Warren (2004) to compute the permutation packing of permutations whose layer sequence
is (1a, ℓ1, ℓ2, . . . , ℓk) with 2a−a−1 ≥ k (and similar permutations). As a second result, we prove that the minimum
density of monotone sequences of lengthk + 1 in an arbitrarily large layered permutation is asymptotically 1/kk.
This value is compatible with a conjecture from Myers (2003)for the problem without the layered restriction (the
same problem where the monotone sequences have different lengths is also studied).

Keywords: permutations, packing densities, extremal combinatorics, monotone subsequences

1 Introduction
As usual, apermutationover [n] = {1, 2, . . . , n} is a bijective function of[n] onto itself. We denote the
set of all permutations over[n] by Sn and, for everyσ ∈ Sn, we say that thelengthof σ (denoted|σ|)
is n.

We denote byN the set of non-negative integers and letN∗ = N\{0}. We also denote byS =
⋃

n∈N
Sn

the set of all finite permutations.
We also use the notation{i1, i2, . . . , ik}< ⊂ A as a shorthand for{i1, i2, . . . , ik} ⊂ A with i1 < i2 <

· · · < ik. Furthermore, we frequently denote a permutationσ ∈ Sn by (σ(1)σ(2) · · · σ(n)) using extra
parentheses whenever the notation starts to get too ambiguous.

Let σ ∈ Sn and let{i1, i2, . . . , im}< ⊂ [n], the subpermutation inducedby {i1, i2, . . . , im} in σ
is the unique permutationτ ∈ Sm such that for everyj, k ∈ [m] we haveσ(ij) < σ(ik) if and only
if τ(j) < τ(k) and it is denoted byσ[{i1, i2, . . . , im}]. For example, ifσ = (68153427), then we
haveσ[{1, 3, 6}] = (312) andσ[{2, 4, 7, 8}] = (4213).

∗Supported by Coordenação de Aperfeiçoamento de Pessoalde Nı́vel Superior (CAPES/Brazil).
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Furthermore, ifτ ∈ Sm andσ ∈ Sn, then we define thenumber of occurrencesΛ(τ, σ) of the
permutationτ in σ as

Λ(τ, σ) = |{A ⊂ [n] : σ[A] = τ}| =

∣∣∣∣
{
A ∈

(
[n]

m

)
: σ[A] = τ

}∣∣∣∣ ,

where
(
[n]

m

)
= {A ⊂ [n] : |A| = m}.

We also define thedensityp(τ, σ) of τ in σ as

p(τ, σ) =





(
n

m

)−1

Λ(τ, σ), if m ≤ n;

0, if m > n;

which, whenm ≤ n, coincides with the probability that we induceτ by picking uniformly at random
an element of

(
[n]
m

)
= {A ⊂ [n] : |A| = m}. We extend the definitions ofΛ andp linearly in the

first coordinate to (finite) formal linear combinations of elements ofS (i.e., we extend their domain
toRS×S). Let f ∈ RS be a formal linear combination of permutations. For everyN ∈ N, define

pN(f) = max{p(f, σ) : σ ∈ SN};

ExtN (f) = {σ ∈ SN : p(f, σ) = pN (f)};

p(f) = lim
N→∞

pN (f).

The following argument, which has already become part of thefolklore of extremal combinatorics,
proves that the above limit indeed exists.

Lemma 1.1.For everyf ∈ RS, there existsN0 ∈ N such thatpN (f) ≥ pN+1(f) for everyN ≥ N0.

Proof: Write f =
∑k

i=1 ciτi and letN0 = max{|τi| : i ∈ [k]}.
Note that ifN ≥ N0 andσ ∈ SN+1 is such thatpN+1(f) = p(f, σ), then we can computep(τi, σ)

using the following random experiment. We first pickj ∈ [N +1] uniformly at random then we compute
the density ofτi in σ[[N + 1] \ {j}]. Note that

p(τi, σ) = E[p(τi, σ[[N + 1] \ {j}])].

But then, by linearity of expectation, we have

pN+1(f) = p(f, σ) = E[p(f, σ[[N + 1] \ {j}])] ≤ pN(f),

as desired. �

One of the most studied problems involving permutations is thepacking density problemstated below.

Problem 1.2 (Permutation packing). Let f ∈ RS be a formal linear combination of permutations. For
everyN ∈ N, how large canp(f, σ) be and what are the properties that aσ ∈ ExtN (f) has?



Packing densities and minimum number of monotone sequences 3

In this problem, one interesting subfamily ofS is the family of layered permutations. A permuta-
tion σ ∈ Sn of lengthn is called layered if there exists{i1, i2, . . . , ik}< ⊂ [n + 1] with i1 = 1
andik = n+ 1 such that

σ[{ij, ij + 1, . . . , ij+1 − 1}] = ((ij+1 − 1)(ij+1 − 2) · · · (ij + 1)ij),

for everyj ∈ [k− 1], andσ(a) < σ(b) whenevera, b ∈ [n] are such thata < ij ≤ b for somej ∈ [k− 1].
This means that the permutationσ consists of an increasing sequence of decreasing sequences. Such

decreasing sequences are calledlayersof σ. We denote a layered permutation by the sequence of lengths
of its layers as(ℓ1, ℓ2, . . . , ℓk) (it is easy to see that such representation is unique) and we call such a
sequence thelayer sequenceor layer decompositionof σ.

Note that the function that maps a layered permutation to itslayer sequence provides an isomorphism
to the theory of compositions (i.e., ordered partitions ofn).

An antilayer of a layered permutationσ is a maximal contiguous non-empty sequence of layers of
length1. A block of a layered permutation is either a layer of length at least2 or an antilayer,i.e., a
block is a maximal monotone interval. When it is convenient,we also denote a layered permutation by
the sequence of lengths of its blocks using a “hat” to denote when the corresponding block is an antilayer,
and we call this sequence, theblock sequenceor theblock decompositionof the permutation,e.g., the
permutationσ = (321457689) has block decomposition(3, 2̂, 2, 2̂). The theorem below shows that the
problem of packing a layered permutation is much easier thanthe general case.

Throughout this paper, we letRS denote the set of formal linear combinations of elements ofS with
real coefficients and we say thatf ∈ RS is a conical combination when all its coefficients are non-
negative.

Theorem 1.3(Albert et al. (2002)). If f ∈ RS is a conical combination of layered permutations then, for
everyN ∈ N, there exists a layered permutation inExtN (f). This in particular means that

pN (f) = max{p(f, σ) : σ ∈ SN is layered}.

Based on the theorem above, Price (1997) suggested an algorithm that, given a conical combinationf
of layered permutations, computes lower bounds top(f) converging top(f).

Much more work has been done to compute the packing density problem of layered permutations than
of non-layered permutations. Albert et al. (2002) solved the problem of layered permutations with two
layers. Hästö (2002/03) solved the problem for any layered permutation that hasr layers of length at
leastlog r + 1. He also solved the problem for all layered permutations of the form(k, 1, k) with k ≥ 3.
Our first result in this work is the following.

Theorem 1.4.Let a, ℓ1, ℓ2, . . . , ℓk ∈ N∗ be positive integers such that2 ≤ a ≤ ℓ1 ≤ ℓ2 ≤ · · · ≤ ℓk
and2a − a− 1 ≥ k. If σ is the layered permutation(â, ℓ1, ℓ2, . . . , ℓk), then we have

p(σ) =
|σ|!

|σ||σ|
aa

a!

k∏

i=1

ℓℓii
ℓi!

.

The packing density problem is focused on estimating the permutation that maximizes the number of
occurrences of a smaller permutation. It is natural to thinkof the dual problem,i.e., trying to find the
permutation thatminimizesthe number of occurrences of a smaller permutation.
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Problem 1.5(Permutation minimization). Let f ∈ RS be a formal linear combination of permutations.
For everyN ∈ N, define

p′N(f) = min{p(f, σ) : σ ∈ SN};

Ext′N (f) = {σ ∈ SN : p(f, σ) = p′N (f)};

p′(f) = lim
N→∞

p′N (f).

The problem then consists of computing explicitly the values above, which basically means answering the
question: how small canp(f, σ) be and what are the properties that aσ ∈ Ext′N (f) has?

Although we can restate the minimization problem as a permutation packing problem, we lose the result
from Theorem 1.3 by doing so. So the next problem is a completely different problem.

Problem 1.6(Layered permutation minimization). Let f ∈ RS be a formal linear combination of layered
permutations. For everyN ∈ N, define

p′′N(f) = min{p(f, σ) : σ ∈ SN andσ is layered};

Ext′′N (f) = {σ ∈ SN layered: p(f, σ) = p′′N (f)};

p′′(f) = lim
N→∞

p′′N (f).

The problem then consists of computing explicitly the values above, which basically means answering
the question: how small canp(f, σ) be if σ is layered and what are the properties that aσ ∈ Ext′′N (f)
has?

For every lengthn ∈ N, two particular permutations deserve special notation. One is theidentity,
denoted byIdn = (12 · · ·n), and the other is thereverse, denoted byRevn = (n(n− 1) · · · 1).

A well-known theorem by Erdös and Szekeres (1935) states that every permutation ofk2 + 1 elements
must contain a monotone subsequence of lengthk + 1. Later, Myers proved the following quantitative
version of this theorem.

Theorem 1.7(Myers (2002/03)). We have

p′(Id3 +Rev3) =
1

4
.

Furthermore, for everyk ≥ 2, we have

lim
N→∞

min{p(Revk+1, σ) : σ ∈ SN with p(Idk+1, σ) = 0} =
1

kk
.

The second part of the theorem above led Myers to conjecture thatp′(Idk+1 +Revk+1) = 1/kk for
everyk ≥ 2 (the casek = 2 is the first part of the theorem). We state a generalized version of Myers’
Conjecture below.

Conjecture 1.8(Generalization of Myers (2002/03)). For everyk, ℓ ≥ 2, we have

p′(Idℓ+1 +Revk+1) = min

{
1

kℓ
,
1

ℓk

}
.
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The minimum above is actually an upper bound top′(Idℓ+1 +Revk+1), obtained by considering per-
mutations that have only one of the monotone sequences counted.

Using the tool of Flag Algebras developed by Razborov (2007), the casek = ℓ = 3 was proved to be
true by Balogh et al. (2013).

We also remark that Samotij and Sudakov (2015) proved a version of this conjecture whenn ≤ k2 +
ck3/2/ log k andk andc are sufficiently large.

As our second result, we solve the simpler version of this problem when we restrict ourselves to the
class of layered permutations, that is, we computep′′(Idℓ+1 +Revk+1).

Theorem 1.9.If k ≥ ℓ ≥ 3, then we havep′′(Idℓ +Revk) = 1/(ℓ− 1)k−1. In particular, form ≥ 2, we
havep′′(Idm+1 +Revm+1) = 1/mm.

The paper is organized as follows. In Section 2, we present Price’s Algorithm, one generalization of
it, and the first result, which concerns permutation packing. In Section 3, we present the second result,
which concerns minimization of the asymptotic density of monotone sequences in layered permutations.
Finally, in Section 4, we conclude the text by presenting some related work and conjectures.

2 Generalizing Price’s Algorithm
We start by presenting the original Price’s Algorithm to compute a lower bound for the packing density
of a layered permutation. The idea behind the algorithm is tonote that the density of a layered permu-
tation in an arbitrarily large layered permutation with a bounded number of layers can be expressed by a
polynomial.

Let τ ∈ Sm be a layered permutation with layer sequence(ℓj)
k
j=1. We define thePrice Polynomialof

ordern ∈ N∗ for τ to be the real polynomial overn variables given by

qn,τ (x1, x2, . . . , xn) = m!
∑

{i1,i2,...,ik}<⊂[n]

k∏

j=1

x
ℓj
ij

ℓj!
=

(
m

ℓ1, ℓ2, . . . , ℓk

) ∑

{i1,i2,...,ik}<⊂[n]

k∏

j=1

x
ℓj
ij
,

where an empty sum is taken to have result0 and an empty product is taken to have result1.
We also define the Price Polynomial of ordern ∈ N∗ for a linear combination of layered permuta-

tionsf =
∑k

i=1 aiτi as

qn,f ≡

k∑

i=1

aiqn,τi .

ThePrice Boundof ordern ∈ N∗ for a linear combination of layered permutationsf is the value

Ln,f = max



qn,f (x1, x2, . . . , xn) :

n∑

j=1

xj = 1 and∀j ∈ [n], xj ≥ 0



 .

Remark. This maximum exists since the set{(x1, x2, . . . , xn) ∈ [0, 1]n :
∑n

j=1 xj = 1} is compact
andqn,f is continuous.
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Proposition 2.1 (Price (1997)). If f ∈ RS is a conical combination of layered permutations, then, for
everyn ∈ N∗, we haveLn,f ≤ Ln+1,f ≤ p(f).

The proposition above suggests a simple algorithm of computing approximations for the valuesLn,f

(which are maxima of polynomials) to get lower bounds forp(f). This is why this is called “Price’s
Algorithm”.

Corollary 2.2 (of Theorem 1.3 and Proposition 2.1, Price (1997)). If f ∈ RS is a conical combination of
layered permutations, then we have

lim
n→∞

Ln,f = p(f).

We now present some definitions that will be useful for generalizing Price’s Algorithm to consider
antilayers.

Recall that an antilayer is a maximal contiguous non-empty sequence of layers of length1 and that a
block is either a layer of length at least2 or an antilayer. We formalize the definition of theblock sequence
of a layered permutationσ as the unique sequence(ℓi, ξi)ki=1 of elements ofN∗ × {0, 1} such that, for
everyi ∈ [k], we have





i−1∑

j=1

ℓj + t : t ∈ [ℓi]



 is

{
a layer andℓi ≥ 2, if ξi = 0;

an antilayer, if ξi = 1.

In other words, the valueξi = 1 corresponds to the “hat” in the notation of block sequence defined
previously.

We will also need some slightly different notions from the above. Anantilayeroidof a layered permuta-
tionσ is a contiguous non-empty subsequence of an antilayer. Aquasi-blockof a layered permutationσ is
either a layer of length at least2 or an antilayeroid. Aquasi-block sequenceor quasi-block decomposition
of a layered permutationσ is a sequence(ℓi, ξi)ki=1 of elements ofN∗×{0, 1} such that, for everyi ∈ [k],
we have





i−1∑

j=1

ℓj + t : t ∈ [li]



 is

{
a layer andℓi ≥ 2, if ξi = 0;

an antilayeroid, if ξi = 1.

Informally, a quasi-block decomposition ofσ is obtained from the block decomposition by splitting
antilayers ofσ into any number of (pairwise disjoint) antilayeroids.

Note that, in the quasi-block decomposition, we can have twoconsecutive antilayeroids (the analogous
situation for block decompositions never happens).

We extend the “hat” notation of block decompositions to quasi-block decompositions by using a “hat”
to indicate which quasi-blocks are antilayeroids.

We denote the set of quasi-block decompositions of a layeredpermutation byQσ.
As an example, forσ = (321457689), we have

Qσ = {(3, 2̂, 2, 2̂), (3, 2̂, 2, 1̂, 1̂), (3, 1̂, 1̂, 2, 2̂), (3, 1̂, 1̂, 2, 1̂, 1̂)}.

Note that, the block decomposition ofσ is also a quasi-block decomposition ofσ. Note also that
quasi-block decompositions are not unique (unless every antilayer has length1).
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The usefulness of this decomposition arises when we consider an occurrence of a layered permutationτ
in another layered permutationσ, because if two points ofτ occur in the same block ofσ, then there must
be a quasi-block ofτ that has both points (note that this is no longer true if we replace quasi-block by
block since it is possible to split an antilayer ofτ to fit into two or more blocks ofσ). Within this context
of occurrences, we can define the concept of natural decomposition as follows.

Let A = {i1, i2, . . . , in}< be an occurrence of a layered permutationτ in another layered permuta-
tion σ. The natural decompositioninduced byA andσ in τ is the unique quasi-block decomposition
(denoted byN(A, σ)) of τ such that points ofτ are in the same quasi-block ofN(A, σ) if and only if the
corresponding indices ofA in the same block ofσ.

As an example, ifσ = (21346587), τ = (21345), andA = {1, 2, 3, 4, 8}, thenN(A, σ) = (2, 2̂, 1̂).
An easy way to obtain the natural decomposition ofτ from its occurrenceA in σ and the block decom-

position(ℓ′i, ξ
′
i)

k
i=1 of σ is to first takeℓi as the number of points ofA in thei-th block ofσ andξi = ξ′i

and then remove any zero-length quasi-blocks that arose in the process and change anyξi of the layers of
length1 to 1.

In the example given, this process yields

(2, 2̂, 2, 2) −→ (2, 2̂, 0, 1) −→ (2, 2̂, 1̂).

The uniqueness of natural decompositions allows us to partition the occurrences according to the natural
decompositions that they induce.

Although “Price’s Algorithm” always converges to the packing density, when we have a layered per-
mutation with an antilayer, the natural way to fit it in another layered permutation is to put it in another
antilayer. Since “Price’s Algorithm” uses only layers, if the extremal permutation has an antilayer, the al-
gorithm will gradually produce it through a sequence of small variables. With this in mind, we generalize
“Price’s Algorithm” to consider antilayers. The intuitionis to construct polynomials analogous to Price
Polynomials but alternating antilayers and layers in the “arbitrarily large permutation” representing the
polynomial (i.e., variables with odd subscripts correspond to antilayers and variables with even subscripts
correspond to layers).

Definition 2.3.Let τ ∈ Sm be a layered permutation of lengthm.
We define theExtended Price Polynomialof ordern ∈ N∗ for τ to be the real polynomial over2n

variables given by

gn,τ (x1, x2, . . . , x2n) = m!
∑

(ℓj,ξj)kj=1∈Qτ

∑

{i1,i2,...,ik}<⊂[2n]

k∏

j=1

x
ℓj
ij

ℓj !
1{ij mod 2=ξj or ℓj=1},

where1 denotes the indicator function.
We also define the Price Polynomial of ordern ∈ N∗ for a linear combination of layered permuta-

tionsf =
∑k

i=1 aiτi as

gn,f ≡
k∑

i=1

aign,τi.
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Note that the indicator function is responsible for making sure that variables with odd subscripts cor-
respond to antilayers (which can contain only antilayeroids of τ ) and that variables with even subscripts
correspond to layers (which can contain only layers ofτ ).

The Extended Price Bound defined below has yet another parameter which is responsible for forcing
some of the antilayers of the “arbitrarily large permutation” to have length zero.

Definition 2.4.Let f ∈ RS be a linear combination of layered permutations, letn ∈ N∗ be a positive
integer, and letW ⊂ [n].

The Extended Price Boundof ordern relative toW for f is the value

Ln,W,f = max



gn,f(x1, x2, . . . , x2n) :

2n∑

j=1

xj = 1 and∀j ∈ [n], xj ≥ 0 and∀j ∈ W,x2j−1 = 0



 .

Remark. Once again this maximum exists by a compactness argument. Furthermore, note thatLn,f =
Ln,[n],f .

Let us now prove the convergence of the analogous “Extended Price’s Algorithm”.

Theorem 2.5.If f =
∑k

t=1 atτt ∈ RS is a conical combination of layered permutations and(Wn)n∈N∗

is a sequence of sets such thatWn ⊂ [n] for everyn ∈ N∗, then we have

lim
n→∞

Ln,Wn,f = p(f).

Proof: Note first that ifx1, x2, . . . , xn ≥ 0 are such that
∑n

j=1 xj = 1 andqn,f(x1, x2, . . . , xn) = Ln,f ,
then we have

Ln,Wn,f ≥ gn,f (0, x1, 0, x2, . . . , 0, xn) = qn,f(x1, x2, . . . , xn) = Ln,f .

Therefore, by Corollary 2.2, we havelim infn→∞ Ln,Wn,f ≥ p(f).
Now let us prove the other inequality withlim sup. Fix n ∈ N∗ and let us prove thatLn,Wn,f ≤ p(f).
Let ǫ > 0 be an arbitrary positive real number andb1, b2, . . . , b2n, N ∈ N with N 6= 0 be such

that
∑2n

j=1 bj = N , b2j−1 = 0 for everyj ∈ Wn, b2j 6= 0 for everyj ∈ [n] and

gn,f

(
b1
N

,
b2
N

, . . . ,
b2n
N

)
≥ Ln,Wn,f − ǫ.

Now, for everym ∈ N∗, let σm ∈ SmN be the layered permutation of lengthmN and with block
sequence(m̂b1,mb2, m̂b3,mb4, . . . , m̂b2n−1,mb2n) (if any of these numbers is zero, we remove it from
the sequence to formσm).

Now, for everyt ∈ [k], we count the occurrences ofτt in σm according to the natural decomposition
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that they induce inτt. So we have

p(τt, σm) =

(
mN

|τt|

)−1 ∑

(ℓj ,ξj)kj=1∈Qτt

∑

{i1,...,ik}<⊂[2n]

k∏

j=1

(
mbij
ℓj

)
1{ij mod 2=ξj or ℓj=1}

∼
|τt|!

(mN)|τt|

∑

(ℓj ,ξj)kj=1∈Qτt

∑

{i1,...,ik}<⊂[2n]

k∏

j=1

(mbij )
ℓj

ℓj !
1{ij mod 2=ξj or ℓj=1}

= |τt|!
∑

(ℓj,ξj)kj=1∈Qτt

∑

{i1,...,ik}<⊂[2n]

k∏

j=1

(bij/N)ℓj

ℓj!
1{ij mod 2=ξj or ℓj=1}.

= gn,τt

(
b1
N

,
b2
N

, . . . ,
b2n
N

)
,

where∼ means that the ratio between both sides goes to1 asm goes to∞ and the first equality after∼
follows from the fact that

∑k
j=1 ℓj = |τt| for every quasi-block decomposition(ℓj , ξj)kj=1 of τt.

Therefore, we have

p(f, σm) =

k∑

t=1

atp(τt, σm)

∼

k∑

t=1

atgn,τt

(
b1
N

,
b2
N

, . . . ,
b2n
N

)

= gn,f

(
b1
N

,
b2
N

, . . . ,
b2n
N

)

≥ Ln,Wn,f − ǫ.

So, for everyǫ > 0, we have

p(f) ≥ lim
m→∞

p(f, σm) ≥ Ln,Wn,f − ǫ.

Sinceǫ is arbitrary, we haveLn,Wn,f ≤ p(f) for everyn ∈ N∗, hence

p(f) ≥ lim sup
n→∞

Ln,Wn,f .

Thereforelimn→∞ Ln,Wn,f = p(f). �

2.1 Using generalizations
We now introduce some notation to help in the proof of Theorem1.4.

Notation 2.6.Let T ⊂ Z be a set of integers and(xt)t∈T be a sequence indexed by elements ofT . Let
alsoI = {i1, . . . , ik}< ⊂ T be a subset ofT . We denote byxI the (ordered) sequence(xi1 , . . . , xik).
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Furthermore, ifx = (x1, x2, . . . , xk) andy = (y1, y2, . . . , yk) are sequences of non-negative real
numbers of the same length, then we denote byxy the value

k∏

i=1

xyi

i ,

where00 = 1.
We abuse the notation sometimes by using a setT ⊂ Z to denote the sequence of its elements in

increasing order indexed by{1, 2, . . . , |T |}.
For instance, ifT = {1, 3, 6, 7}, we haveT{3} = 6.

We need a straightforward technical result, which can be proved by induction ink.

Lemma 2.7.If x = (x1, x2, . . . , xk) andy = (y1, y2, . . . , yk) are two non-decreasing sequences of non-
negative real numbers of the same length andz = (z1, z2, . . . , zk) is a permutation of the sequencey,
then we have

xz ≤ xy .

Let us now fix some notation that will be used along the proof ofTheorem 1.4 and some auxiliary
lemmas. This proof is based on proofs by Hästö (2002/03, Theorem 3.3) (see Theorem 4.1) and Warren
(2004, Theorem 3.8).

Let σ = (â, ℓ1, . . . , ℓk) a layered permutation with2 ≤ a ≤ ℓ1 ≤ · · · ≤ ℓk, let ℓ = a+
∑k

i=1 ℓi be the
length ofσ and letℓi = 1 for everyi ≤ 0.

For everyN ∈ N∗, define the polynomialpN ∈ R[y, x1, x2, . . . , xN ] by letting

pN (y, x1, x2, . . . , xN ) =

∏k
i=1 ℓi!

ℓ!
gN,σ(y, x1, 0, x2, 0, x3, . . . , 0, xN )

=
a∑

u=0

yu

u!

∑

{i1,i2,...,ia−u+k}<⊂[N ]




a−u+k∏

j=1

x
ℓj−a+u

ij




=
a∑

u=0

yu

u!

∑

I∈( [N ]
a−u+k)

x
ℓ[−a+u+1..k]

I ,

where[−a+ u+ 1..k] denotes the set{−a+ u+ 1,−a+ u+ 2, . . . , k}.
Note that

LN,[N ]\{1},σ = max

{
ℓ!

∏k
i=1 ℓi!

pN (y, x1, . . . , xN ) : y +

N∑

j=1

xj = 1

and∀j ∈ [N ], xj ≥ 0 andy ≥ 0

}
.

Furthermore, by Theorem 2.5, we have

p(σ) = lim
N→∞

LN,[N ]\{1},σ.
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Our objective is to prove thatLN,[N ]\{1},σ ≤ LN−1,[N−1]\{1},σ wheneverN > k.
To do this, we first show that we can find an optimal point(y, x) for pN that has some “good” prop-

erties. Lemma 2.8 below shows that we that there is an optimal(y, x) such that the coordinates ofx are
increasing. To show this, we prove that ifx does not have increasing coordinnates and we switch the
position of two consecutive decreasing coordinates, then the value ofpN does not decrease.

Lemma 2.8.For everyN ≥ k andi0 ∈ [N − 1], we have

pN (y, x1, x2, . . . , xN ) ≤ pN (y, x1, x2, . . . , xi0−1, xi0+1, xi0 , xi0+2, . . . , xN ),

whenevery, x1, x2, . . . , xN ≥ 0 andxi0 ≥ xi0+1.

Proof: Throughout this proof, we denote bypN (y, xi0 ↔ xi0+1) the value

pN (y, x1, x2, . . . , xi0−1, xi0+1, xi0 , xi0+2, . . . , xN ),

where we exchange the variablesxi0 andxi0+1 of pN .
We now study the differencepN (y, xi0 ↔ xi0+1)− pN(y, x1, . . . , xN ).
Note that the summands in whichI does not contain eitheri0 or i0 + 1 cancel out.
Furthermore, the summands ofpN(y, xi0 ↔ xi0+1) in which I containsi0 but does not containi0 + 1

cancel out with the summands ofpN (y, x1, . . . , xN ) in which I containsi0 + 1 but does not containi0
(because in the first, the valuesxi0 andxi0+1 are swapped).

Analogously, the summands ofpN(y, xi0 ↔ xi0+1) in which I containsi0 + 1 but does not containi0
cancel out with the summands ofpN (y, x1, . . . , xN ) in whichI containsi0 but does not containi0 + 1.

This means that we have

pN (y, xi0 ↔ xi0+1)− pN (y, x1, x2, . . . , xN )

=

a∑

u=0

yu

u!

a−u+k−1∑

j=1

∑

I∈( [N ]
a−u+k):

I{j}=i0, I{j+1}=i0+1

x
ℓ[−a+u+1..k]\{j,j+1}

I\{i0,i0+1}

(
x
ℓj−a+u

i0+1 x
ℓj+1−a+u

i0
− x

ℓj−a+u

i0
x
ℓj+1−a+u

i0+1

)
.

Now, sincexi0 ≥ xi0+1 ≥ 0 and

ℓk ≥ ℓk−1 ≥ · · · ≥ ℓ1 ≥ ℓ0 ≥ ℓ−1 ≥ · · · ≥ ℓ1−a,

we havexℓt
i0+1x

ℓt+1

i0
≥ xℓt

i0
x
ℓt+1

i0+1 for everyt < k, hence

pN(y, xi0 ↔ xi0+1)− pN (y, x1, x2, . . . , xN ) ≥ 0.

�

Lemma 2.8 immediately implies that we may add the restriction

x1 ≤ x2 ≤ · · · ≤ xN

to the maximum that definesLN,[N ]\{1},σ.
Lemma 2.9 below, shows that there is an optimal point(y, x) such thaty ≤ xN−k+1. To do this, we

use a calculus argument to show that ify > xN−k+1, then there existsǫ > 0 such that if we increasey
by ǫ and decreasexN−k+1 by ǫ, then the value ofpN increases.
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Lemma 2.9.For everyN > k, we may also add the restrictiony ≤ xN−k+1 to the maximum that
definesLN,[N ]\{1},σ, i.e., we have

LN,[N ]\{1},σ = max

{
ℓ!

∏k
i=1 ℓi!

pN (y, x1, x2, . . . , xN ) : 0 ≤ x1 ≤ x2 ≤ · · · ≤ xN and

0 ≤ y ≤ xN−k+1 andy +
N∑

j=1

xj = 1

}
.

Proof: Suppose not and lety, x1, x2, . . . , xN ≥ 0 be such thatx1 ≤ x2 ≤ · · · ≤ xN ; y +
∑N

j=1 xj = 1
and

LN,[N ]\{1},σ =
ℓ!

∏k
i=1 ℓi!

pN (y, x1, x2, . . . , xN ),

and suppose thaty > xN−k+1.
For everyt ∈ R, let

f(t) = pN(y − t, x1, x2, . . . , xN−k, xN−k+1 + t, xN−k+2, . . . , xN ),

and note that, for every0 ≤ t ≤ y, we have

LN,[N ]\{1},σ ≥
ℓ!

∏k
i=1 ℓi!

f(t),

with equality if t = 0 (we may lose the conditionx1 ≤ x2 ≤ · · · ≤ xN for t > 0).
Sincef is differentiable, we must havef ′(0) ≤ 0. But note that

f ′(0) = −

a∑

u=0

uyu−1

u!

∑

I∈( [N ]
a−u+k)

x
ℓ[−a+u+1..k]

I +

a∑

u=0

yu

u!

a−u+k∑

j=a−u+1

∑

I∈( [N ]
a−u+k):

I{j}=N−k+1

x
ℓ[−a+u+1..k]\{j}

I\{N−k+1} ℓj−a+ux
ℓj−a+u−1
N−k+1 ,

where the first sum groups terms that derived fromy − t and the second sum groups terms derived
from xN−k+1 + t.

We now split the first sum according to summands in whichI has or not the elementN − k + 1,
obtaining

a∑

u=0

uyu−1

u!

∑

I∈( [N ]
a−u+k)

x
ℓ[−a+u+1..k]

I

=
a∑

u=1

yu−1

(u− 1)!

∑

I∈([N ]\{N−k+1}
a−u+k )

x
ℓ[−a+u+1..k]

I +
a∑

u=1

yu−1

(u− 1)!

a−u+k∑

j=a−u+1

∑

I∈( [N ]
a−u+k):

I{j}=N−k+1

x
ℓ[−a+u+1..k]\{j}

I\{N−k+1} x
ℓj−a+u

N−k+1

=

a−1∑

u=0

yu

u!

∑

I∈([N ]\{N−k+1}
a−u−1+k )

x
ℓ[−a+u+2..k]

I +

a∑

u=1

yu−1

(u − 1)!

a−u+k∑

j=a−u+1

∑

I∈( [N ]
a−u+k):

I{j}=N−k+1

x
ℓ[−a+u+1..k]\{j}

I\{N−k+1} x
ℓj−a+u

N−k+1,
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where in the last equality we applied the change of variablesu → u+ 1 to the first sum.
Grouping back in the original equation yields

f ′(0) = −

a−1∑

u=0

yu

u!

∑

I∈([N ]\{N−k+1}
a−u−1+k )

x
ℓ[−a+u+2..k]

I

+

a∑

u=1

yu−1

(u− 1)!

a−u+k∑

j=a−u+1

∑

I∈( [N ]
a−u+k):

I{j}=N−k+1

x
ℓ[−a+u+1..k]\{j}

I\{N−k+1} x
ℓj−a+u−1
N−k+1

( y
u
ℓj−a+u − xN−k+1

)

+

a+k∑

j=a+1

∑

I∈( [N ]
a+k):

I{j}=N−k+1

x
ℓ[−a+1..k]\{j}

I\{N−k+1} ℓj−ax
ℓj−a−1
N−k+1.

Now we give a lower bound for the last two sums. First, note that, for everyu ∈ [a] and everya−u+1 ≤
j ≤ a− u+ k, we have

y

u
ℓj−a+u − xN−k+1 ≥

y

u
ℓ1 − xN−k+1 ≥ 0,

sinceu ≤ a ≤ ℓ1 andy ≥ xN−k+1.
Using the first inequality and Lemma 2.7, we have

a−u+k∑

j=a−u+1

∑

I∈( [N ]
a−u+k):

I{j}=N−k+1

x
ℓ[−a+u+1..k]\{j}

I\{N−k+1} x
ℓj−a+u−1
N−k+1

(y
u
ℓj−a+u − xN−k+1

)

≥
a−u+k∑

j=a−u+1

∑

I∈( [N ]
a−u+k):

I{j}=N−k+1

x
ℓ[−a+u+2..k]

I\{N−k+1}x
ℓ1−a+u−1
N−k+1

( y
u
ℓ1 − xN−k+1

)

=
∑

I∈( [N ]
a−u+k):

N−k+1∈I

x
ℓ[−a+u+2..k]

I\{N−k+1}x
ℓ1−a+u−1
N−k+1

(y
u
ℓ1 − xN−k+1

)

=
∑

I∈([N ]\{N−k+1}
a−u−1+k )

x
ℓ[−a+u+2..k]

I x
ℓ1−a+u−1
N−k+1

( y
u
ℓ1 − xN−k+1

)
,

where in the last equality we applied the change of variablesI → I \ {N − k + 1}.
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Analogously, we have

a+k∑

j=a+1

∑

I∈( [N ]
a+k):

I{j}=N−k+1

x
ℓ[−a+1..k]\{j}

I\{N−k+1} ℓj−ax
ℓj−a−1
N−k+1 ≥

a+k∑

j=a+1

∑

I∈( [N ]
a+k):

I{j}=N−k+1

x
ℓ[−a+2..k]

I\{N−k+1}ℓ1x
ℓ1−a−1
N−k+1

=
∑

I∈( [N ]
a+k):

N−k+1∈I

x
ℓ[−a+2..k]

I\{N−k+1}ℓ1

=
∑

I∈([N ]\{N−k+1}
a−1+k )

x
ℓ[−a+2..k]

I ℓ1,

sinceℓ1−a = 1.
Gathering all up, we have

f ′(0) ≥ −

a−1∑

u=0

yu

u!

∑

I∈([N ]\{N−k+1}
a−u−1+k )

x
ℓ[−a+u+2..k]

I

+

a∑

u=1

yu−1

(u− 1)!

∑

I∈([N ]\{N−k+1}
a−u−1+k )

x
ℓ[−a+u+2..k]

I x
ℓ1−a+u−1
N−k+1

(y
u
ℓ1 − xN−k+1

)

+
∑

I∈([N ]\{N−k+1}
a−1+k )

x
ℓ[−a+2..k]

I ℓ1

=

a−1∑

u=1

yu−1

(u− 1)!

∑

I∈([N ]\{N−k+1}
a−u−1+k )

( y
u
ℓ1 − xN−k+1 −

y

u

)
x
ℓ[−a+u+2..k]

I

+
ya−1

(a− 1)!

∑

I∈([N ]\{N−k+1}
k−1 )

(y
a
ℓ1 − xN−k+1

)
x
ℓ[2..k]

I xℓ1−1
N−k+1

+
∑

I∈([N ]\{N−k+1}
a−1+k )

x
ℓ[−a+2..k]

I (ℓ1 − 1).

Note that, for everyu ∈ [a− 1], we have

y

u
ℓ1 − xN−k+1 −

y

u
=

y

u
(ℓ1 − 1)− xN−k+1 ≥

ℓ1 − 1

a− 1
y − xN−k+1 ≥ y − xN−k+1 > 0,

sinceℓ1 ≥ a.
Furthermore, note that

y

a
ℓ1 − xN−k+1 ≥ y − xN−k+1 > 0,

and alsoℓ1 − 1 > 0, hence we havef ′(0) > 0, which is a contradiction. �
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Lemma 2.10 below shows that it is enough to consider the Extended Price Bound of orderk relative
to [k] \ {1}. To do this, we start with an optimal point(y, x) as provided by Lemma 2.9 and we show
that if we join the smaller layer (corresponding tox1) with the antilayer (corresponding toy) then the
objective value does not decrease,i.e., we haveLN,[N ]\{1},σ ≤ LN−1,[N−1]\{1},σ.

Lemma 2.10.For everyN > k, we have

LN,[N ]\{1},σ ≤ LN−1,[N−1]\{1},σ.

Proof of Lemma 2.10:From Lemma 2.9, we know that there existy, x1, x2, . . . , xN ≥ 0 such thatx1 ≤
x2 ≤ · · · ≤ xN , y +

∑N
j=1 xj = 1, y ≤ xN−k+1, and

LN,[N ]\{1},σ =
ℓ!

∏k
i=1 ℓi!

pN (y, x1, x2, . . . , xN ).

We now consider what happens when we use the Extended Price Polynomial of orderN − 1 on the
point(y + x1, x2, x3, . . . , xN ). This corresponds to merging the first two blocks ofpN into an antilayer.

Note that

LN−1,[N−1]\{1},σ ≥
ℓ!

∏k
i=1 ℓi!

pN−1(y + x1, x2, x3, . . . , xN ),

hence it is enough to prove that

pN−1(y + x1, x2, x3, . . . , xN ) ≥ pN (y, x1, x2, . . . , xN ).

To do this, we reorganize the summands that occur inpN−1 and inpN in a way that, when we compute
their difference, each summand ofpN−1 corresponds to a smaller summand ofpN .

First, we split the sum in the definition ofpN according to summands that havex1 and summands that
do not. So note that

pN(y, x1, x2, . . . , xN )

=

a∑

u=0

yu

u!

∑

I∈( [N ]
a−u+k)

x
ℓ[−a+u+1..k]

I

=

a∑

u=0

yu

u!

∑

I∈([N ]\{1}
a−u+k)

x
ℓ[−a+u+1..k]

I +

a−1∑

u=0

yu

u!
x1

∑

I∈( [N ]\{1}
a−u−1+k)

x
ℓ[−a+u+2..k]

I +
ya

a!
xℓ1
1

∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I

=

a∑

u=0

yu

u!

∑

I∈([N ]\{1}
a−u+k)

x
ℓ[−a+u+1..k]

I +

a∑

u=1

yu−1

(u− 1)!
x1

∑

I∈([N ]\{1}
a−u+k)

x
ℓ[−a+u+1..k]

I +
ya

a!
xℓ1
1

∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I

=

a∑

u=1

yu−1

(u− 1)!

∑

I∈([N ]\{1}
a−u+k)

x
ℓ[−a+u+1..k]

I

(y
u
+ x1

)
+

∑

I∈([N ]\{1}
a+k )

x
ℓ[−a+1..k]

I +
ya

a!
xℓ1
1

∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I ,
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where in the third equality we applied the change of variablesu → u− 1 to the second sum.
On the other hand, we can also separate the summand ofpN−1 that hasu = 0, obtaining

pN−1(y + x1, x2, x3, . . . , xN ) =

a∑

u=1

(y + x1)
u

u!

∑

I∈([N ]\{1}
a−u+k)

x
ℓ[−a+u+1..k]

I +
∑

I∈([N ]\{1}
a+k )

x
ℓ[−a+1..k]

I .

So, computing the difference, we have

pN−1(y + x1, x2, x3, . . . , xN )− pN(y, x1, x2, . . . , xN )

=

a∑

u=1

∑

I∈([N ]\{1}
a−u+k)

x
ℓ[−a+u+1..k]

I

(
(y + x1)

u

u!
−

yu−1

(u− 1)!

(y
u
+ x1

))
−

ya

a!
xℓ1
1

∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I .

Now, for everyu ∈ [a], we have

(
(y + x1)

u

u!
−

yu−1

(u− 1)!

( y
u
+ x1

))
=

1

u!
((y + x1)

u − yu − ux1y
u−1) =

1

u!

u−2∑

v=0

(
u

v

)
yvxu−v

1 ≥ 0.

This yields

pN−1(y + x1, x2, x3, . . . , xN )− pN (y, x1, x2, . . . , xN )

≥
1

a!

a−2∑

v=0

(
a

v

)
yvxa−v

1

∑

I∈([N ]\{1}
k )

x
ℓ[k]

I −
ya

a!
xℓ1
1

∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I .

Note now that

∑

I∈([N ]\{1}
k )

x
ℓ[k]

I =
∑

I∈([N ]\{1}
k )

1

k

∑

i∈I

x
ℓ[k]

I ≥
∑

I∈([N ]\{1}
k )

1

k

∑

i∈I

x
ℓ[2..k]

I\{i}x
ℓ1
i =

1

k

∑

i∈[N ]\{1}

xℓ1
i

∑

I∈([N ]\{1}
k ):

i∈I

x
ℓ[2..k]

I\{i} ,

where the inequality follows from Lemma 2.7.
Now we can apply the change of variablesI → I \ {i} and obtain

∑

I∈([N ]\{1}
k )

x
ℓ[k]

I ≥
1

k

∑

i∈[N ]\{1}

xℓ1
i

∑

I∈([N ]\{1}
k−1 ):
i/∈I

x
ℓ[2..k]

I

=
1

k

∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I

∑

i∈[N ]\{1}:
i/∈I

xℓ1
i

≥
1

k

∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I xℓ1
N−k+1,
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where the last inequality follows from the fact that the inner sum has to contain at least one of the sum-
mandsxℓ1

N−k+1, x
ℓ1
N−k+2, . . . , x

ℓ1
N and they are all greater or equal toxℓ1

N−k+1.
Using this new inequality, we have

pN−1(y + x1, x2, x3, . . . , xN )− pN(y, x1, x2, . . . , xN )

≥
1

a!

(
1

k

a−2∑

v=0

(
a

v

)
yvxa−v

1 xℓ1
N−k+1 − yaxℓ1

1

) ∑

I∈([N ]\{1}
k−1 )

x
ℓ[2..k]

I .

Finally, sincexN−k+1 ≥ x1 andxN−k+1 ≥ y, we have

1

k

a−2∑

u=0

(
a

u

)
yuxa−u

1 xℓ1
N−k+1 − yaxℓ1

1 ≥
1

k

a−2∑

u=0

(
a

u

)
yaxℓ1

1 − yaxℓ1
1

=
2a − a− 1

k
yaxℓ1

1 − yaxℓ1
1

≥ 0,

where the last inequality follows from the hypothesis that2a − a− 1 ≥ k.
Therefore we have

pN−1(y + x1, x2, x3, . . . , xN ) ≥ pN (y, x1, x2, . . . , xN ).

�

Finally, Theorem 1.4 follows by a simple argument.

Proof of Theorem 1.4: By definition, we know thatLk,[k]\{1},σ ≤ p(σ). On the other hand, by
Lemma 2.10 we have

lim
N→∞

LN,[N ]\{1},σ ≤ Lk,[k]\{1},σ .

Then, by Theorem 2.5, we conclude thatp(σ) = Lk,[k]\{1},σ .
The value

p(σ) =
|σ|!

|σ||σ|
aa

a!

k∏

i=1

ℓℓii
ℓi!

.

can now be computed with a standard calculus argument involving Lagrange multipliers. �

The corollary below follows from a simple argument presented by Hästö (2002/03, Lemma 3.4) (see
Corollary 4.2). In simple words, the corollary below says that Theorem 1.4 remains valid even if we
change the order of the blocks.

Corollary 2.11. Let a, k ∈ N∗ be positive integers such thata ≥ 2 and2a − a− 1 ≥ k.
Let alsoσ be a layered permutation having exactly one antilayer of lengtha andk layers of lengths at

least two. Furthermore, suppose the lengths of all thesek layers are greater or equal toa.
If the antilayer is thej-th block ofσ andj ≤ k, then we have

p(σ) = Lk,[k]\{j},σ .
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Proof: Let ℓ1 ≤ ℓ2 ≤ · · · ≤ ℓk be the lengths of the layers ofσ of length at least2 and letσ′ be the
permutation of block sequence(â, ℓ1, ℓ2, . . . , ℓk).

First we prove that for everyN ∈ N∗, we haveLN,σ ≤ LN,σ′ (note that we are using the common
Price Bound).

Let (r1, r2, . . . , rm) be the layer sequence ofσ (note that the sequence includes theℓi’s in some order
and includes a sequence of1’s of lengtha, hencem = k + a).

Let x = (x1, x2, . . . , xN ) be such thatxi ≥ 0 for everyi ∈ [N ],
∑N

i=1 xi = 1, and

qN,σ(x) = LN,σ.

Finally, for every sequence of real numberss, let s≤ be the ordering ofs (i.e., the sequences≤ is
non-decreasing and has the same elements ofs).

Note now that

qN,σ(x) =
|σ|!∏m
i=1 ri!

∑

I∈([N ]
m )

x
r[m]

I ≤
|σ|!∏m
i=1 ri!

∑

I∈([N ]
m )

(xI)
(r[m])≤
≤

=
|σ|!∏m
i=1 ri!

∑

I∈([N ]
m )

(x≤)
(r[m])≤
I = qN,σ′(x≤) ≤ LN,σ′ .

Therefore, we havep(σ) ≤ p(σ′).

Now, from Theorem 1.4, we know thatp(σ′) = Lk,[k]\{1},σ′ , so lety, x1, x2, . . . , xk ≥ 0 be such

thaty +
∑k

i=1 xi = 1 and

gk,σ′ (y, x1, 0, x2, 0, x3, . . . , 0, xk) = Lk,[k]\{1},σ′ .

Let τ be a permutation such that the block sequence ofσ is

(ℓτ(1), ℓτ(2), . . . , ℓτ(j−1), â, ℓτ(j), . . . , ℓτ(k)).

Note that

p(σ′) = Lk,[k]\{1},σ′ = gk,σ′(y, x1, 0, x2, 0, x3, . . . , 0, xk)

=
|σ′|!

a!
∏k

i=1 ℓi!
yaxℓ[k] =

|σ|!

a!
∏k

i=1 ℓi!
ya

k∏

i=1

x
ℓτ(i)

τ(i)

= gk,σ(0, xτ(1), 0, xτ(2), . . . , 0, xτ(j−1), y, xτ(j), 0, xτ(j+1), . . . , 0, xτ(k))

≤ Lk,[k]\{j},σ ≤ p(σ).

Thereforep(σ) = p(σ′) = Lk,[k]\{j},σ . �

Remark. Note that we do not allow the antilayer to be the last block simply because the Extended Price
Polynomial does not end with an antilayer.

If the antilayer happens to be the last block ofσ, we cannot apply Corollary 2.11 directly, but it is easy
to see thatσ must have the same packing density as the permutation whose block sequence is the reverse
of the block sequence ofσ (and this permutation does not have an antilayer as its last block).
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3 Minimization problem
We now study the dual problem of minimizing the density of permutations asymptotically.

Definition 3.1.The Minimization Price Boundof ordern ∈ N∗ for a linear combination of layered
permutationsf is the value

Un,f = min



qn,f (x1, x2, . . . , xn) :

n∑

j=1

xj = 1 and∀j ∈ [n], xj ≥ 0



 .

Remark. This minimum exists by a compactness argument.

For the Minimization Price Bound, we have the following analogous results.

Proposition 3.2.If f ∈ RS is a conical combination of layered permutations, then, foreveryn ∈ N∗, we
haveUn,f ≥ Un+1,f and

lim
n→∞

Un,f ≥ p′′(f).

Proof : Analogous to the proof of Proposition 2.1. ✷

Theorem 3.3.If f ∈ RS is a conical combination of layered permutations, then we have

lim
n→∞

Un,f = p′′(f).

Proof : Analogous to the proof of Corollary 2.2. ✷

Remark. An analogous result is also valid for Extended Price Polynomials if we define the Minimization
Extended Price Bound.

Proof of Theorem 1.9:First note that, for everyN ∈ N∗, we have

qN,Idl +Revk
(x1, x2, . . . , xN ) = ℓ!

∑

I∈([N ]
ℓ )

∏

i∈I

xi +
∑

i∈[N ]

xk
i .

Let x1, x2, . . . , xN ≥ 0 with
∑N

i=1 xi = 1 be such that

qN,Idℓ +Revk
(x1, x2, . . . , xN ) = UN,Idℓ +Revk

,

and, without loss of generality, we may suppose thatx1 ≤ x2 ≤ · · · ≤ xN by symmetry ofqN,Idℓ +Revk
.

Our objective is to prove thatUN,Idℓ +Revk
≥ UN−1,Idℓ +Revk

wheneverN ≥ ℓ. To do that, we group
the summands inqN,Idℓ +Revk

andqN−1,Idℓ +Revk
according to which ofx1 and/orx2 they contain. So

note that

qN,Idℓ +Revk
(x1, x2, . . . , xN )

= ℓ!


x1x2

∑

I∈([N ]\{1,2}
ℓ−2 )

∏

i∈I

xi + (x1 + x2)
∑

I∈([N ]\{1,2}
ℓ−1 )

∏

i∈I

xi +
∑

I∈([N ]\{1,2}
ℓ )

∏

i∈I

xi


+ xk

1 + xk
2 +

∑

i∈[N ]\{1,2}

xk
i .
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On the other hand, we have

qN−1,Idℓ +Revk
(x1 + x2, x3, x4, . . . , xN )

= ℓ!


(x1 + x2)

∑

I∈([N ]\{1,2}
ℓ−1 )

∏

i∈I

xi +
∑

I∈([N ]\{1,2}
ℓ )

∏

i∈I

xi


 + (x1 + x2)

k +
∑

i∈[N ]\{1,2}

xk
i .

Subtracting the polynomials then yields

qN,Idℓ +Revk
(x1, x2, . . . , xN )− qN−1,Idℓ +Revk

(x1 + x2, x3, x4, . . . , xN )

= ℓ!x1x2

∑

I∈([N ]\{1,2}
ℓ−2 )

∏

i∈I

xi + xk
1 + xk

2 − (x1 + x2)
k

≥ ℓ!x1x2

∑

I∈([N ]\{1,2}
ℓ−2 )

xℓ−2
2 + xk

1 + xk
2 − (x1 + x2)

k

= ℓ!x1x
ℓ−1
2

(
N − 2

ℓ− 2

)
−

k−1∑

v=1

(
k

v

)
xv
1x

k−v
2

≥ ℓ!x1x
ℓ−1
2

(
N − 2

ℓ− 2

)
−

k−1∑

v=1

(
k

v

)
x1x

k−1
2

= x1x
ℓ−1
2

(
ℓ!

(
N − 2

ℓ− 2

)
− (2k − 2)xk−ℓ

2

)
.

Now, sincex2 is the second smallest of thexi’s, we havex2 ≤ 2/N , hence, sincek ≥ ℓ, we have

qN,Idℓ +Revk
(x1, x2, . . . , xN )− qN−1,Idℓ +Revk

(x1 + x2, x3, x4, . . . , xN )

≥ x1x
ℓ−1
2

(
ℓ!

(
N − 2

ℓ− 2

)
− (2k − 2)

(
2

N

)k−ℓ
)
.

To prove that this value is non-negative, we consider three cases.
Case1. If N ≥ ℓ+ 1, thenN ≥ 4, hence

ℓ!

(
N − 2

ℓ− 2

)
− (2k − 2)

(
2

N

)k−ℓ

≥ ℓ!

(
N − 2

ℓ− 2

)
− (2k − 2)2ℓ−k

≥ ℓ!
(N − ℓ+ 1)ℓ−2

(ℓ− 2)!
− 2ℓ

= ℓ(ℓ− 1)(N − ℓ+ 1)ℓ−2 − 2ℓ,

and sinceℓ ≥ 3 andN − ℓ+ 1 ≥ 2, this value is non-negative.
Case2. If N = ℓ andℓ ≥ 4, then

ℓ!

(
N − 2

ℓ− 2

)
− (2k − 2)

(
2

N

)k−ℓ

≥ ℓ!

(
N − 2

ℓ− 2

)
− (2k − 2)2ℓ−k

= ℓ!− 2ℓ + 2ℓ−k+1,
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which is also non-negative.
Case3. If N = ℓ = 3, then we have

q3,Id3 +Revk
(x1, x2, x3)− q2,Id3,Revk

(x1 + x2, x3)

= 3!x1x2x3 + xk
1 + xk

2 − (x1 + x2)
k

= 6x1x2x3 −

k−1∑

v=1

(
k

v

)
xv
1x

k−v
2

= x1x2

(
6x3 − kxk−2

1 − kxk−2
2 −

k−2∑

v=2

(
k

v

)
xv−1
1 xk−v−1

2

)

= x1x2

(
6x3 − kxk−2

1 − kxk−2
2 −

k−3∑

v=1

(
k

v + 1

)
xv
1x

k−v−2
2

)

= x1x2

(
6x3 − k

k−2∑

v=0

(
k − 2

v

)
xv
1x

k−2−v
2 + k

k−3∑

v=1

(
k − 2

v

)
xv
1x

k−2−v
2 −

k−3∑

v=1

(
k

v + 1

)
xv
1x

k−2−v
2

)

= x1x2

(
6x3 − k(x1 + x2)

k−2 +

k−3∑

v=1

(
k

(
k − 2

v

)
−

(
k

v + 1

))
xv
1x

k−v
2

)
,

where in the fourth equality, we applied the change of variablesv → v + 1.
Let us prove that this value is non-negative.
Sincex3 is the greatest of thexi’s, we havex3 ≥ 1/3, hencex1 + x2 ≤ 2/3. Sincek(2/3)k−2 is a
non-increasing function ofk whenk ≥ 2, we have

6x3 − k(x1 + x2)
k−2 ≥ 2− k

(
2

3

)k−2

≥ 2− 2

(
2

3

)2−2

= 0.

It remains to prove that the sum
∑k−3

v=1

(
k
(
k−2
v

)
−
(

k
v+1

))
is non-negative. Let us prove something slightly

stronger, namely let us prove thatk
(
k−2
v

)
−
(

k
v+1

)
≥ 0 for k ≥ 2 and1 ≤ v ≤ k − 3. So note that

k

(
k − 2

v

)
−

(
k

v + 1

)
=

k(k − 2)!

(v + 1)!(k − 1− v)!
((v + 1)(k − v − 1)− (k − 1))

=
k(k − 2)!

(v + 1)!(k − 1− v)!
(v(k − v − 2))

≥
k(k − 2)!

(v + 1)!(k − 1− v)!
(v(k − (k − 3)− 2))

≥ 0.

Therefore, by Proposition 3.2 and Theorem 3.3, we havep′′(Idℓ +Revk) = Uℓ−1,Idℓ +Revk
.
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Now, by the definition of the Minimization Price Bound and a straightforward analysis argument, we
have

Uℓ−1,Idℓ +Revk
= min





ℓ−1∑

j=1

xk
i :

ℓ−1∑

j=1

xj = 1 and∀j ∈ [ℓ− 1], xj ≥ 0



 =

1

(ℓ− 1)k−1
.

�

4 Concluding remarks
As we mentioned in Section 2.1, Theorem 1.4 can be seen as a generalization of the following theorem.

Theorem 4.1(Hästö (2002/03, Theorem 3.3)). If σ ∈ S is a layered permutation whose layer sequence
is (ℓ1, ℓ2, . . . , ℓk), andℓ1 ≤ ℓ2 ≤ · · · ≤ ℓk and2ℓ1 ≥ 1 + k, thenp(σ) = Lk,σ.

As we also mentioned, Hästö presented the argument of the proof of Corollary 2.11 to give the following
corollary.

Corollary 4.2 (Hästö (2002/03, Lemma 3.4)). If σ ∈ S is a layered permutation withk layers, all of
which have lengths greater or equal toℓ and we have2ℓ ≥ 1 + k, thenp(σ) = Lk,σ.

The condition2ℓ ≥ 1 + k of the above theorem can be seen as an analogous the condition2a −
a − 1 ≥ k of Theorem 1.4. The fact thata + k is the number of layers of the permutation of block
sequence(â, ℓ1, ℓ2, . . . , ℓk) leads us to the following conjecture.

Conjecture 4.3.Let σ ∈ S be a layered permutation withk layers and a total ofb blocks and suppose
that every block ofσ has length greater or equal toℓ. If we have2ℓ ≥ 1 + k, then there exists a
sequence(τn)n∈N of layered permutations ofb blocks such that|τn| < |τn+1| for everyn ∈ N and

lim
n→∞

p(σ, τn) = p(σ).

Furthermore, Albert et al. (2002, Theorem 2.7) proved that if σ ∈ S is a layered permutation with every
layer of length at least2, then there is a sequence(τn)n∈N of layered permutations with|τn| < |τn+1| for
everyn ∈ N and such thatlimn→∞ p(σ, τn) = p(σ) and the number of layers of theτn’s are uniformly
bounded. For clarity, we state below a simplified version of their theorem.

Theorem 4.4(Albert et al. (2002, Theorem 2.7)). If σ ∈ S is a layered permutation withk layers and
every layer of length at least2, then there existsK such thatp(σ) = Lk+K,σ .

Later, Warren (2005) defined the smallest suchK to be thepacking complexityof σ (denotedκ(σ)).
The bound toκ(σ) provided by Albert et al. (2002, Theorem 2.7), however, seems to be quite far from

the real value.
Hästö’s proof of Theorem 4.1 was generalized by Warren to improve this bound for the case when the

layer sequence is non-decreasing.

Theorem 4.5(Warren (2005, Theorem 3.3.7)). If σ ∈ S is a layered permutation whose layer sequence
is (ℓ1, ℓ2, . . . , ℓk) and2 ≤ ℓ1 ≤ ℓ2 ≤ · · · ≤ ℓk, thenκ(σ) ≤ max{(k − 1)/(2ℓ − 2), 0}.

A natural question would then be if the proof of Theorem 1.4 can be generalized to prove the following
conjecture.
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Conjecture 4.6.If σ has block sequence(â, ℓ1, ℓ2, . . . , ℓk) with 2 ≤ a ≤ ℓ1 ≤ ℓ2 ≤ · · · ≤ ℓk, then there
existsK such that

p(σ) = LK,[K]\{1},σ.

As several papers on permutation packing suggest, the family of layered permutations is much easier
to work with than the general family of permutations due to Price Polynomials. Using the theory of
permutons (i.e., limits of permutations, see Hoppen et al. (2013)), the factthat Price Bounds converge
to p(σ) can be seen as a topological property of permutons as we illustrate below.

Proposition 4.7.If Lk is the family of permutons that can be obtained as limits of layered permutations
with at mostk layers, then

⋃
k∈N

Lk is dense in the family of layered permutons (limits of layered per-
mutations) with respect to the permuton topology (a sequence of permutons(Wn)n∈N converges toW if
and only if limn→∞ p(σ,Wn) = p(σ,W ) for everyσ ∈ S).

Proof : Either analogous to the proofs of Corollary 2.2 and Theorem 3.3 or by a standard diagonalization
argument. ✷

The proposition above by itself is not interesting, what is interesting is the fact that computing densities
of layered permutations in permutons ofLk is easy (yields Price Polynomials). In this light, Extended
Price Polynomials can be seen simply as replacingLk with the family of permutonsBk that can be
obtained as limits of layered permutations with at mostk blocks instead ofk layers, which trivially
preserves the density property (sinceLk ⊂ Bk), but still yields a family in which densities of layered
permutations are easy to compute.

As mentioned before, Price Polynomials are quite a useful tool when studying packing of layered
permutations and there is still not an analogous tool for non-layered permutations, so the following natural
question arises.

Question 4.8.Is there a family of permutonsF that is dense in the family of all permutons and is such
that computing densities of permutations in permutons ofF is still easy?

Finally, Theorem 1.9 is a double-edged knife in the problem of minimization of monotone sequences,
because, on the diagonal case (i.e., when k = ℓ) it suggests that Conjecture 1.8 is true (since we
havep′′(Idm+1 +Revm+1) = 1/mm). On the other hand, on the general case, it proves that

p′′(Id3 +Rev4) =
1

23
>

1

32
≥ p′(Id3 +Rev4),

which means that, whenk 6= ℓ, the problem restricted to the class of layered permutations is a distinct
problem.
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We investigate pattern avoidance in permutations satisfying some additional restrictions. These are

naturally considered in terms of avoiding patterns in linear extensions of certain forest-like partially

ordered sets, which we call binary shrub forests. In this context, we enumerate forests avoiding patterns

of length three. In four of the five non-equivalent cases, we present explicit enumerations by exhibiting

bijections with certain lattice paths bounded above by the line y = ℓx, for some ℓ ∈ Q+, one of these

being the celebrated Duchon’s club paths with ℓ = 2/3. In the remaining case, we use the machinery of

analytic combinatorics to determine the minimal polynomial of its generating function, and deduce its

growth rate.

Keywords: permutation patterns, linear extensions

1 Introduction

In this paper, we extend pattern avoidance to a previously unexamined combinatorial structure.
Let Sn be the set of permutations of length n. First, given permutations π = π1π2 · · · πn ∈ Sn

and ρ = ρ1ρ2 · · · ρm ∈ Sm we say that π contains ρ as a (classical) pattern if there exist 1 ≤ i1 <
i2 < · · · < im ≤ n such that πia

< πib
if and only if ρa < ρb. In this case we say that πi1

πi2
· · · πim

is order-isomorphic to ρ (denoted πi1
πi2

· · · πim
∼ ρ) and that πi1

πi2
· · · πim

reduces to ρ. If π
does not contain ρ, then π is said to avoid ρ. This definition of pattern avoidance in permutations
appears in many differing applications ranging from the analysis of sorting algorithms to algebraic
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H =

1

5

89

2

43

76

Fig. 1: A binary heap on 9 vertices

geometry, and has generated a number of enumeration and classification questions that are of
interest in their own right.

Motivated by work with trees [4, 9, 14] and comb posets [17], Levin, Pudwell, Riehl and
Sandberg [10] considered pattern avoidance in heaps. In particular a complete k-ary tree is a
tree where each node has k or fewer children, all levels except possibly the last are completely
full (i.e. level i contains ki−1 vertices), and the last level has all of its nodes to the left side (i.e.
for any two vertices in the penultimate level, if the right vertex has a positive outdegree, then
the outdegree of the left vertex is k, and no more than one vertex in the penultimate level has
outdegree not equal to 0 or k).

A k-ary heap is a complete k-ary tree labeled with {1, . . . , n} such that every child has a larger
label than its parent. We draw trees (respectively heaps) with the root at the bottom of the
figure. An example of a 2-ary (i.e. binary) heap on 9 vertices is shown in Figure 1. Let Hk

n

denote the set of k-ary n-vertex heaps. The heap in Figure 1 is a member of H2
9. Given a heap

H , we associate a permutation πH with it by recording the vertex labels as they are encountered
in a breadth-first search. For example, if H is the heap in Figure 1, then πH = 125349867. We
say that heap H contains (respectively avoids) ρ as a pattern if πH contains (respectively avoids)
ρ as a classical pattern, using the definition above. Let Hk

n(P ) be the set of members of Hk
n that

avoid all patterns in the list P . While the heap in Figure 1 contains 123, 132, 213, 312, and 321,
it is a member of H2

9(231). In [10], the authors determined
∣

∣Hk
n(ρ)

∣

∣ for ρ ∈ (S3 \ {321}), and
∣

∣Hk
n(P )

∣

∣ when |P | ≥ 2 and P ⊆ S3.

In this paper we extend their pattern avoidance in a new direction by considering forests of
heaps. A heap forest is an ordered collection of heaps. Given a forest F of heaps H1, H2, . . . , Hn,
we label all vertices in F with distinct integers from {1, . . . , |F |} (where |F | = |H1| + · · · + |Hn|),
and then associate the permutation πF = πH1

πH2
· · · πHn

. In other words, we concatenate the
associated permutations for each heap to obtain the permutation associated to the forest. Given
the forest in Figure 2, πF = 165(10)92438(11)7(12)(13). As before, we say that forest F avoids
pattern ρ if πF avoids ρ. Note, from our example, that forests can be composed of heaps with
varying numbers of vertices or even heaps that are k-ary for different values of k.

The consideration of heap forests introduces a number of new parameters to our problem, so
we restrict our work to forests of binary (or more generally k-ary) shrubs. A shrub is a tree whose
root has only leaves as children. In a binary shrub, each root vertex has exactly two descendants,
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F =

1

56

910

2

834

11

7

1312

Fig. 2: A 13-node binary heap forest

F =

10

1112

1

92

3

84

5

67

Fig. 3: A binary shrub forest with 12 vertices

so a binary shrub forest has 3n vertices where n is the number of heaps in the forest, while
similarly in a k-ary shrub forest we have (k + 1)n vertices.

Let Fk
n be the set of all k-ary shrub forests of n heaps. In Figure 3, we see a member F of

F2
4 where πF = (10)(12)(11)129348576. Let Fk

n(P ) be the set of members of Fk
n that avoid all

patterns in list P and

S2
n(P ) =

{

π ∈ S3n | π = πf for some f ∈ F2
n(P )

}

.

Equivalently,

S2
n(P ) = {π ∈ S3n(P ) | π3i+1 < π3i+2 and π3i+1 < π3i+3 for all 0 ≤ i < n} .

Our main goal is to determine
∣

∣S2
n(P )

∣

∣ where P ⊆ S3.

In the rest of this paper, we determine
∣

∣S2
n(ρ)

∣

∣ exactly for each ρ 6= 321. A list of sequences
and corresponding reference numbers from the On-Line Encyclopedia of Integer Sequences [13]
is given in Table 1. This includes results for S2

n(P ) where P contains more than one pattern of
length 3. Details of the enumerations when |P | > 1 are omitted from this paper due to length,
but can be found as an ancillary file attached to this arXiv submission at

http://arxiv.org/src/1510.08036/anc/MultiplePatterns.pdf.

In the next section, we look at each of the sets avoiding a single pattern of length 3. For five
of the patterns, we enumerate the set by establishing a bijection with a family of lattice paths
from (0, 0) to (m, ℓm) for some ℓ ∈ Q+, bounded above by the line y = ℓx. In four cases, these
lattice paths consist of unit east and north steps. S2

n(123) is shown to be equinumerous to such
paths with ℓ = 2 (Theorem 2.4), and more generally Fk

n(123) is equinumerous to such paths with
ℓ = k (Theorem 2.3). S2

n(132) is in bijection with these paths with ℓ = 3. Indeed, we prove a
more general result concerning k-ary forests, that Fk

n(132) is equinumerous to these lattice paths
with ℓ = k +1 (Theorem 2.6). In the case of S2

n(231), we establish a bijection with the celebrated
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case of paths bounded above by y = 2
3 x, the so-called “Duchon’s club model” (Theorem 2.15),

and more generally we outline how Fk
n(231) is equinumerous to such paths bounded above by

y = k
k+1 x.

We prove that S2
n(213) and S2

n(312) are equinumerous (Theorem 2.12) and establish a bijection
with lattice paths having east, north and northeast steps, bounded by y = 3x (Theorem 2.11).
Finally, we investigate S2

n(321). We are unable to enumerate this set explicitly. However, using
functional equations, we are able to generate nearly a thousand terms of its enumeration sequence,
prove that its generating function is algebraic and determine its minimal polynomial and growth
rate (Theorem 2.18). We conclude in Section 3 with some questions.

P
(
∣

∣S2
n(P )

∣

∣

)

n≥1
OEIS Result

∅ 2, 80, 13440, 5913600, . . . A210277
123 1, 3, 12, 55, 273, . . . A001764 Theorem 2.4
132 1, 4, 22, 140, 969, . . . A002293 Corollary 2.8
213

2, 14, 134, 1482, 17818, . . . A144097 Theorem 2.13
312
231 2, 23, 377, 7229, 151491, . . . A060941 Theorem 2.15
321 2, 37, 866, 23285, 679606, . . . A257995 Theorem 2.16
132,213

1, 2, 4, 8, 16, . . . A000079
132,312
132,321 1, 4, 10, 19, 31, . . . A005448
213,231

2, 8, 32, 128, 512, . . . A004171
231,312
213,312

2, 2, 2, 2, 2, . . . A007395
213,231,312
213,312,321
213,231,312,321
213,321 2, 6, 13, 23, 36, . . . A143689
231,321 2, 12, 72, 432, 2592, . . . A167747
312,321 2, 10, 50, 250, 1250, . . . A020699
132,213,321 1, 2, 3, 4, 5, . . . A000027
213,231,321 2, 4, 6, 8, 10, . . . A005843
231,312,321 2, 6, 18, 54, 162, . . . A025192

Tab. 1:
∣

∣S2
n

(P )
∣

∣ where P ⊆ S3

2 Avoiding a pattern of length 3

To enumerate our first two sets, we make use of the following result, concerning lattice paths in
a wedge, first proved by Fuss at the end of the 18th century. See [11, Section 12.1] for a modern
presentation of the proof.
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Proposition 2.1 (Fuss [8]). The number of lattice paths with unit East and North steps from
(0, 0) to (m, ℓm) remaining weakly under the line y = ℓx is given by

1

ℓm + 1

(

(ℓ + 1)m

m

)

.

2.1 Avoiding 123

We enumerate forests avoiding 123 by exhibiting a bijection with lattice paths bounded above by
y = kx. We begin by establishing the fact that the labels of a 123-avoiding forest are uniquely
determined by their root labels.

Lemma 2.2. For any F ∈ Fk
n(123) with k ≥ 2 and n ≥ 0, the roots of the forest of F have

decreasing labels as do the leaves.

Proof: Consider πF and suppose to the contrary that πi and πj are root labels where i < j and
πi < πj . Then πiπjπk ∼ 123 where πk is a descendant of πj . Similarly if πi and πj are leaf labels
where i < j and πi < πj , then πkπiπj ∼ 123 where πk is the parent of πi.

Therefore if we know only the root labels of a labeled forest avoiding 123, the labels for the
entire forest are uniquely determined. Note however, this is not the same as saying that any
labeling of roots corresponds with a forest that avoids 123.

We are now in a position to enumerate Fk
n(123) and consequently S2

n(123).

Theorem 2.3. For k ≥ 2 and n ≥ 0,

∣

∣Fk
n(123)

∣

∣ =
1

kn + 1

(

(k + 1)n

n

)

.

Proof: We will show that Fk
n(123) is in bijection with NE lattice paths from (0, 0) to (n, kn)

weakly below the line y = kx. The result then follows by Proposition 2.1 with ℓ = k.
A 123-avoiding forest of k-ary shrubs is uniquely determined by its roots. Therefore, we must

choose a set of n root labels, 1 = r1 < r2 < · · · < rn such that there are at least k unused labels
larger than rn, at least 2k unused labels larger than rn−1, and in general at least k(n−i+1) unused
labels larger than ri for 1 ≤ i ≤ n. Then the roots of the forest have labels rn, rn−1, . . . , r2, r1,
the leaves use the remaining labels in decreasing order, and each tree has leaves with larger labels
than the roots.

Similarly, in a NE lattice path from (0, 0) to (n, kn) weakly below the line y = kx, we must
choose n steps to be East steps. To stay below the line y = kx, the ith east step must have
k(n − i + 1) north steps after it (1 ≤ i ≤ n).

Thus, 123-avoiding k-ary shrub forests are in bijection with NE lattice paths below the line
y = kx in the following way: given F ∈ Fk

n(123), let ri = π(k+1)(i−1)+1 for 1 ≤ i ≤ n be the
roots of the forest corresponding to πF . Now construct a NE-lattice path of n East steps and kn
North steps so that the jth step is an East step if and only if j ∈ {r1, . . . , rn}. This map is easily
invertible. Given a NE-lattice path below y = kx, let r1 < · · · < rn be the positions of the East
steps. Then use r1, . . . , rn in decreasing order as the labels of the roots for a forest, and place
the unused labels in decreasing order on the roots.

We then obtain our desired result by setting k = 2.
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EENNNN
265143

ENENNN
365142

ENNENN
465132

Fig. 4: S2
2(123) and corresponding lattice paths

Corollary 2.4.
∣

∣S2
n(123)

∣

∣ =
1

2n + 1

(

3n

n

)

.

The 3 members of S2
2 (123) and their corresponding NE lattice paths are shown in Figure 4.

2.2 Avoiding 132

We enumerate forests avoiding 132 by giving a bijection with lattice paths bounded above by
y = 3x. Indeed, we establish a stronger result, applicable to all k-ary shrub forests, exhibiting a
bijection between Fk

n(132) and lattice paths bounded in the wedge below y = (k + 1)x.

As with forests avoiding 123, we start by establishing that the labels of a 132-avoiding forest
are also determined by their root labels.

Lemma 2.5. The labels of a 132-avoiding k-ary shrub forest are uniquely determined by their
root labels.

Proof: Define S to be the ordered set of currently unused labels in a forest of t heaps with
v = k + 1 vertices each, and imagine we are assigning labels from left to right on heaps, and in
breadth-first order on each heap. Initially, S = {1, 2, . . . , vt}. The labels in each heap are clearly
larger than the label of their root, and in each heap are increasing (in order to avoid 132). In
fact, not only are they larger, they are the smallest possible unused labels. In other words, the
leaves of each root are labelled, from left to right, by the k smallest unused labels greater than
the root. If not, the next largest label y would be used later (on its right) and would create a
xzy ∼ 132 pattern where z is a leaf of (the root) x but not y. Thus we only need know the label
of the roots in order to deduce the entire labeling of a 132-avoiding k-ary shrub forest of heaps.
Furthermore, knowing the first root and the longest decreasing subsequence of roots is sufficient
since if the roots are r1, r2, . . . , rt and we have ri < ri+1 < · · · < rj−1 > rj then ri > rj in order
to avoid 132.

Again, Lemma 2.5 is not equivalent to saying that any labeling of roots corresponds with a
forest that avoids 132.

It turns out that we can use the structure of 132-avoiding forests to describe not only S2
n(132),

but more generally Fk
n(132).

Theorem 2.6.
∣

∣Fk
n(132)

∣

∣ =
1

(k + 1)n + 1

(

(k + 2)n

n

)

.
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Proof: We provide a bijection from Fk
n(132) to the set P of paths under the line y = (k + 1)x

from (0, 0) to (n, (k + 1)n) using North (0, 1) and East (1, 0) steps. The result then follows by
Proposition 2.1 with ℓ = k + 1.

Define φ : P → Fk
n(132) as follows. Given p ∈ P , let 0 = w1 ≤ w2 ≤ · · · ≤ wn be the heights of

the East steps in p. Let w′ := (wn + 1)(wn−1 + 1) · · · (w1 + 1). Label the first root w′
1. For each

subsequent root, if w′
i 6= w′

i−1, then label root i with w′
i. If w′

i = w′
i−1, leave root i unlabeled.

Now, by Lemma 2.5 label the remaining forest vertices from left to right (and in breadth-first
order on each heap), at each point using the smallest unused label larger than the most recent
root. We claim this forest avoids 132. Suppose there were a 132 pattern not involving a root
where ℓ plays the role of 1. Since ℓ’s root is smaller than ℓ, there is another copy of 132 using
ℓ’s root. Now, by construction, all entries larger than a given root and after the root appear in
increasing order, so this forest is 132-avoiding.

Next we describe φ−1 : Fk
n(132) → P , beginning with a 132-avoiding forest. We create a string

y, with y1 being the root of the first heap. We add an element to the string y for each root ri. If
the permutation has been only increasing since ri−1, set yi = yi−1. If the permutation has had
a descent (which could only occur between the last leaf of the tree with root ri−1 and the root
ri), set yi = ri. We then create a string y′ by subtracting 1 from each element of y. Finally we
reverse the string to obtain y′r, which is our string displaying heights of the East steps in our
path, which we claim lies below the line y = (k + 1)x. Notice that a path lies below y = (k + 1)x
if and only if y′r

i ≤ (i − 1)(k + 1) for i ≥ 1. By construction, y1 = r1 ≤ n − k since r1 has k leaves
larger than itself. In general, if r∗

i = min(r1, . . . , ri), then r∗
i ≤ n− ((i−1)+ki) = n+1− (k +1)i

since there are i − 1 other roots and ki leaves larger than ri as labels on the first i shrubs.
Since yi = r∗

i , we have that yi ≤ n + 1 − (k + 1)i for all i, and thus y′
i ≤ n − (k + 1)i for

all i. Let t = n
k+1 be the number of trees in our shrub forest. Our bound on y′

i implies that
y′r

t+1−i ≤ n − (k + 1)(t + 1 − i) = t(k + 1) − (k + 1)(t + 1 − i) = (i − 1)(k + 1), as desired.

This proof gives two easy corollaries. The first demonstrates that although we considered
shrubs here, in special cases (such as avoiding 132) we can characterize the shrub condition more
simply in terms of a permutation composed of a string of equal-length subpermutations. The
second is our result restricted to binary shrubs.

Corollary 2.7. Let σ be a permutation composed of a concatenation of m increasing sequences
of length n. The number of such σ ∈ Snm(132) is given by

1

nm + 1

(

(n + 1)m

m

)

.

Also,
∣

∣S2
n(132)

∣

∣ is a special case of Theorem 2.6.

Corollary 2.8.
∣

∣S2
n(132)

∣

∣ =
∣

∣F2
n(132)

∣

∣ =
1

3n + 1

(

4n

n

)

.

Figure 5 shows two examples of lattice paths below y = 3x that correspond to members of
S2(132).

2.3 Avoiding 213 or 312

The only pair of permutations ρ1, ρ2 ∈ S3 for which
∣

∣S2(ρ1)
∣

∣ =
∣

∣S2(ρ2)
∣

∣ is {ρ1, ρ2} = {213, 312}.
We prove this equivalence in Theorem 2.12 below.
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w = 034 = y′r w = 022 = y′r

w′ = 541 = y w′ = 331 = y
π = 567 489 123 π = 345 678 129

Fig. 5: Two lattice paths and the permutations corresponding to the 132-avoiding binary shrubs

To enumerate these sets, we make use of a variant of the result of Fuss we used above, in which
diagonal, as well as horizontal and vertical, steps are permitted.

Proposition 2.9 (Schröder [15, Theorem 2.9]). The number of lattice paths with steps (0, 1),
(1, 0) and (1, 1), from (0, 0) to (m, ℓm), remaining weakly below the line y = ℓx is given by

1

ℓm + 1

m
∑

v=0

(

ℓm + 1

m − v

)(

ℓm + v

v

)

.

We also require the following ‘folklore’ bijection between two families of lattice paths. This
proposition follows directly from the invertibility of the affine map of the Euclidean plane implied
in its statement.

Proposition 2.10 (Banderier and Wallner [2, Proposition 2.1]). Lattice paths with step set S,
from (0, 0) to (m, ℓm) remaining weakly below y = ℓx are in bijection with lattice paths with step
set {(x + y, ℓx − y) : (x, y) ∈ S}, from (0, 0) to ((ℓ + 1)m, 0) remaining weakly above the x-axis.

We enumerate forests avoiding 213 by exhibiting a bijection with a family of lattice paths
which, by Proposition 2.10, are known to be equinumerous to paths bounded above by y = 3x.

Theorem 2.11.
∣

∣S2
n(213)

∣

∣ = an where an is the number of lattice paths from (0, 0) to (4n, 0)
with unit steps (1, 3), (2, 2), and (1, −1) staying weakly above the x-axis.

Proof: First we give a correspondence from lattice paths to 213-avoiding permutations.
Begin with a lattice path from (0, 0) to (4n, 0) that contains only (1, 3), (2, 2), and (1, −1) steps

and stays weakly above the x-axis. Partition the path into segments that traverse exactly one
unit in the vertical direction. (Each (2, 2) step will be partitioned into 2 segments and each (1, 3)
step will be partitioned into 3 segments.) We label each segment of a (1, 3) or (2, 2) step as well
as the midpoint of each (2, 2) step with a distinct label from {1, 2, . . . , 3n} in the following way:
Locate the lowest line y = i from which an unlabeled up-segment begins. Find the rightmost
such segment s beginning at y = i, and give s the lowest unused label. Let j be the number
of segments and midpoints to the right of s. We now apply the j smallest unused labels to the
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subpath to the right of s and the remaining (larger) unused labels to the subpath to the left of s,
and repeat this construction recursively. In the case that a subpath has no up-segments, it must
consist of a single midpoint of a (2, 2)-step and so it receives the only unused label reserved for
the subpath. Now, read the labels from left to right to obtain a permutation π.

Notice that π can be the labels of a binary shrub forest since the three labels on each increasing
(1, 3) step or (2, 2) step correspond to the labels of a heap. By construction, the labels on a (1, 3)
step form a 123 pattern while the labels on a (2, 2) step form a 132 pattern. Further, π avoids
213 since for each digit i, all labels larger than and left of i are greater than all labels larger than
and right of i.

Next, we show how to reverse this correspondence, by giving a map from 213-avoiding permu-
tations to lattice paths. Start with a binary shrub forest f . Consider f one heap at a time. A
heap with an increasing pair of leaves corresponds to a (1, 3) step and a heap with a decreasing
pair of leaves corresponds to a (2, 2) step. The (1, 3) and (2, 2) steps can be separated by (1, −1)
steps. To determine the placement of the (1, −1) steps, we look at the roots of the heaps.

Take π and mark any digit that is the first digit of a pair of leaves with decreasing labels.
Now, for each root, count the number of unmarked digits (roots and unmarked leaves) before
the root and larger than the root. This is the number of (1, −1) steps that immediately precede
the increasing step corresponding to that heap. Mark the digits that were just used and repeat.
Finally, end the path by adding (1, −1) steps to return to the x-axis.

As an example, consider the path in Figure 6. Here, (2, 2) steps are shown with doubled lines
to make them clearly distinct from (1, 3) steps. For the map from π to the path, the heaps 7 15
14, 11 13 12, and 2 4 3 have decreasing leaves, so each of them correspond to a (2, 2) step. The
heaps 8 9 10 and 1 5 6 have increasing leaves, so each of them correspond to a (1, 3) step. The
increasing steps in the path alternate between (2, 2) steps and (1, 3) steps. Now, we mark the
digits 15, 13, and 4 in π. For the root 8, we see that 14 is unmarked and prior to 8, so we put
one (1, −1) step between the first two upsteps and mark 14. For the root 11, we see no numbers
larger than 11 and prior to 11 that have not yet been used, so we put zero (1, −1) steps between
the second and third upsteps. For the root 1, we see 12, 11, 10, 9, 8, and 7 larger than 1 and
prior to 1 that have not yet been used, so we put six (1, −1) steps between the third and fourth
upsteps and mark 12, 11, 10, 9, 8, and 7. For the root 2, we see 5 and 6 larger than 2 and prior to
2 that have not yet been used, so we put two (1, −1) steps between the fourth and fifth upsteps
and mark 5 and 6. Finally, we must take three (1, −1) steps at the end of the path to return to
the x-axis.

We now show that 213-avoiding forests are equinumerous to those avoiding 312.

Theorem 2.12.
∣

∣S2
n(213)

∣

∣ =
∣

∣S2
n(312)

∣

∣.

Proof: Consider a forest avoiding 213 as it is built from left to right. According to our corre-
spondence a (2, 2) upstep indicates that the next heap forms a 132 pattern while a (1, 3) upstep
indicates that the next heap in the forest forms a 123 pattern. The (1, −1) steps between the
upsteps indicate the labels of the next in the following way:

Suppose that the first k upsteps in our path encode a forest with labels {1, 2, . . . , 3k} where
the last heap forms a 123 pattern with labels ℓ − 2, ℓ − 1, ℓ. We wish to append a single new
heap to this forest. In order for the shrub forest to avoid 213, all labels on the new heap must
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π =7 15 14 8 9 10 11 13 12 1 5 6 2 4 3

Fig. 6: A lattice path and its corresponding 213-avoiding permutation

be consecutive. In particular, the labels on the new heap may be i + 1, i + 2, i + 3 for 0 ≤ i ≤ ℓ
(and all labels larger than i on the original forest are incremented by 3). Let d be the number
of downsteps immediately after the (1, 3) upstep corresponding to the last 123 pattern; then
ℓ − d = i indicates the labels on the next heap to be appended are i + 1, i + 2, and i + 3.

Similarly, suppose that the first k upsteps in our path encode a forest with labels {1, 2, . . . , 3k}
where the last heap forms a 132 pattern with labels ℓ − 2, ℓ − 1, ℓ. We wish to append a single
new heap to this forest. In order for the shrub forest to avoid 213, all labels on the new heap
must be consecutive. In particular, the labels on the new heap may be i + 1, i + 2, i + 3 for
0 ≤ i ≤ ℓ − 1 (and all labels larger than i on the original forest are incremented by 3). Let d
be the number of downsteps immediately after the (2, 2) upstep corresponding to the last 132
pattern; then ℓ − d − 1 = i indicates the labels on the next heap to be appended are i + 1, i + 2,
and i + 3.

In general, when we append a new 123 heap to the end of a 213-avoiding forest, we increase the
number of sets of labels we can use on the next heap by 3, and when we append a new 132 heap
to the end of a 213-avoiding forest, we increase the number of sets of labels we can use on the
next heap by 2. The number k of (1, −1) downsteps tells us to use the (k + 1)st highest possible
value for the root of the next appended heap.

We can construct 312-avoiding forests in a similar way, encoding 123 heaps with (1, 3) steps
and 132 heaps with (2, 2) steps.

Suppose that the first k upsteps in our path encode a forest with labels {1, 2, . . . , 3k} where
the last heap forms a 123 pattern with labels ℓ − 2, ℓ − 1, ℓ. We wish to append a single new heap
to this forest. In order for the shrub forest to avoid 312, all labels that are used on leaves of the
new heap must be larger than all existing labels, but the root can appear lower. In particular,
the labels on the new heap may be i, 3k + 2, 3k + 3 for 1 ≤ i ≤ 3k + 1 (and if i ≤ 3k then i may
not be the larger digit in an inversion in the original forest on {1, 2, . . . , 3k}). Then, all labels
larger than i−1 on the original forest are incremented by 1 to obtain the new forest. Let d be the
number of downsteps immediately after the (1, 3) upstep corresponding to the last 123 pattern;
then ℓ − d = i indicates the labels on the next heap to be appended are i, 3k + 2, and 3k + 3.

Similarly, suppose that the first k upsteps in our path encode a forest with labels {1, 2, . . . , 3k}
where the last heap forms a 132 pattern with labels ℓ − 2, ℓ − 1, ℓ. We wish to append a single
new heap to this forest. In order for the shrub forest to avoid 312, all labels that are used on
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leaves of the new heap must be larger than all existing labels, and the root can appear lower. In
particular, the labels on the new heap may be i, 3k + 2, 3k + 3 for 1 ≤ i ≤ 3k + 1 (and if i ≤ 3k
then i may not be the larger digit in an inversion in the original forest on {1, 2, . . . , 3k}, so we
know i 6= 3k in this case).

As before, when we append a new 123 heap to the end of a 312-avoiding forest, we increase
the number of sets of labels we can use on the next heap by 3 (since i ∈ {3k − 1, 3k, 3k + 1} are
new), and when we append a new 132 heap to the end of a 312-avoiding forest, we increase the
number of sets of labels we can use on the next heap by 2 (since i ∈ {3k − 1, 3k + 1} are new).
The number k of (1, −1) downsteps tells us to use the (k +1)st highest possible value for the root
of the next appended heap.

Since both 213 and 312-avoiding forests are in bijection with the same set of lattice paths using
(1, 3), (2, 2), and (1, −1) steps, the two sets of forests are equinumerous.

For example, the path in Figure 6 corresponds to the 213-avoiding forest 7 15 14 8 9 10 11 13 12
1 5 6 2 4 3. Earlier, we built this forest by labeling up-segments in the path, but we can also follow
the argument of Theorem 2.12 for an alternate construction. The first upstep is a (2, 2) step, so
we begin with the forest 1 3 2. Next, we have d = 1 downsteps, so i = ℓ − d − 1 = 3 − 1 − 1 = 1.
Our next tree has labels 2, 3, and 4, and since the next upstep is a (1, 3) step, we have 1 6 5
2 3 4. Next, we have d = 0 downsteps, so i = ℓ − d = 4 − 0 = 4. Our next tree has labels 5, 6,
and 7, and since the next upstep is a (2, 2) step, we have 1 9 8 2 3 4 5 7 6. Next, we have d = 6
downsteps, so i = ℓ − d − 1 = 7 − 6 − 1 = 0. Our next tree has labels 1, 2, and 3, and since the
next upstep is a (1, 3) step, we have 4 12 11 5 6 7 8 10 9 1 2 3. Next, we have d = 2 downsteps,
so i = ℓ − d = 3 − 2 = 1. Our next tree has labels 2, 3, and 4, and since the next upstep is a
(2, 2) step, we have 7 15 14 8 9 10 11 13 12 1 5 6 2 4 3.

Similarly, we can construct a 312-avoiding forest from the same path working from left to right.
The first upstep is a (2, 2) step, so we begin with the forest 1 3 2. Next, we have d = 1 downsteps,
and the possible values of the next root are 1, 2, or 4. We choose the 2nd highest value. Our next
tree has labels 2, 5, and 6, and since the next upstep is a (1, 3) step, we have 1 4 3 2 5 6. Next,
we have d = 0 downsteps, and the possible values of the next root are 1, 2, 5, 6, or 7. We choose
the highest value. Our next tree has labels 7, 8, and 9, and since the next upstep is a (2, 2) step,
we have 1 4 3 2 5 6 7 9 8. Next, we have d = 6 downsteps, and the possible values of the next
root are 1, 2, 5, 6, 7, 8, or 10. We choose the 7th highest value. Our next tree has labels 1, 11,
and 12, and since the next upstep is a (1, 3) step, we have 2 5 4 3 6 7 8 10 9 1 11 12. Next, we
have d = 2 downsteps, and the possible values of the next root are 1, 11, 12, or 13. We choose
the 3rd highest value. Our next tree has labels 11, 14, and 15, and since the next upstep is a
(2, 2) step, we have 2 5 4 3 6 7 8 10 9 1 12 13 11 15 14.

By combining our results, we can enumerate forests avoiding either 213 or 312.

Theorem 2.13.
∣

∣S2
n(213)

∣

∣ =
∣

∣S2
n(312)

∣

∣ =
1

3m + 1

m
∑

v=0

(

3m + 1

m − v

)(

3m + v

v

)

.

Proof: The result follows directly from Theorems 2.12 and 2.11, and Propositions 2.10 and 2.9
with ℓ = 3.

The bijection presented in Theorem 2.12 can be generalized to k-ary shrub forests, for which we
provide an outline in the interest of length. For example, the number of ternary shrubs avoiding
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213 is in bijection with lattice paths using the steps (1, −1), (1, 4) (corresponding to 1234), red
(2, 3) (corresponding to 1243), red (3, 2) (corresponding to 1342), blue (2, 3) (corresponding to
1423), and blue (3, 2) (corresponding to 1432). Notice that since we wish to use (2, 3) labels and
(3, 2) labels for different kinds of heaps, we need colored labels.

For example, the path (red (3, 2)) (1, −1) (blue (2, 3)) (1, −1) (1, −1) (1, 4) (1, −1)6 corresponds
to 1(11)(12)(10) 2978 3456.

In general, k-ary shrub forests avoiding either 213 or 312 are in bijection with lattice paths
using (1, −1) steps and 1

k+1

(

2k
k

)

steps of the form (j, k − j + 2) going from (0, 0) to ((k + 2)n, 0)
and staying weakly above the x-axis. To find the step corresponding to a particular k-ary shrub
permutation π let i be the value of the smallest number that plays the role of a 2 in a 21-pattern,
or i = k + 2 if π is the identity. Then the corresponding step is (k + 2 − (i − 1), i − 1). This
makes sense since if i is the smallest number that plays the role of 2 in a 21 pattern, then all
digits greater than or equal to i must be larger than labels in new 213-avoiding shrubs appended
to the end of the forest. With i − 1 smaller digits, there are i sets of consecutive values that can
be used on the labels of a newly appended shrub. Using an upstep that takes i − 1 vertical units
allows i choices for how many (1, −1) steps may come after it.

2.4 Avoiding 231

To enumerate S2
n(231), we make use of the following celebrated result of Duchon concerning

lattice paths bounded by y = 2
3 x.

Proposition 2.14 (Duchon [5, Theorem 11]). The number of lattice paths of length 5n from the
origin to the line y = 2

3 x with unit East and North steps that stay weakly below the line is given
by

n
∑

i=0

1

5n + i + 1

(

5n + 1

n − i

)(

5n + 2i

i

)

.

This sequence was investigated further by Banderier and Flajolet [1] under a slightly different
formulation, whose equivalence follows from Proposition 2.10. This alternative perspective is
known as “Duchon’s club model”: People arrive at a club by pairs and leave in threesomes. What
is the number of possible scenarios from the club opening until it closes?

We enumerate forests avoiding 231 by exhibiting a bijection with Duchon’s club paths.

Theorem 2.15. The equality
∣

∣S2
n(231)

∣

∣ =

n
∑

i=0

1

5n + i + 1

(

5n + 1

n − i

)(

5n + 2i

i

)

holds.

Proof: Let An be the set of 231-avoiding permutations realizable on a binary shrub forest
containing n heaps. Let Bn be the set of lattice paths with 3n East (1, 0) and 2n North (0, 1)
steps that stay at or below the line y = 2x

3 .
To prove the theorem, we give a map φ : Bn → An; then we prove that it is indeed a bijection by

showing that it is injective, well-defined, and surjective. The result then follows by the application
of Proposition 2.14.

To explain φ rigorously, we must first introduce some notation. Given b ∈ Bn, we partition b
into blocks of the form EkN with k ≥ 0. Since there are 2n Ns (and b ends in N), there are 2n
blocks in b; call them B1, . . . , B2n.
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To determine φ(b), we first construct a permutation with vertical bars between certain pairs of
adjacent digits. Given such a permutation a, write a = A1|A2| · · · |Aℓ. Also, given a subpermu-
tation Ai|Ai+1| · · · |Ai+j , let Ai − Ai+j be the permutation formed by erasing all bars between
these blocks. Finally, given a string of digits a, write ai+ for the string formed by incrementing
all digits greater than or equal to i by 1.

We are now ready to describe φ. Let b ∈ Bn have blocks B1, . . . , B2n.

1. Let i = 2n, and let a = 1.

2. (a) If block Bi = N then let a = 1|(a)1+.

(b) If block Bi = EkN where k ≥ 1, then determine m = max(Ak) + 1. Let
a = m(A1 − Ak|Ak+1| · · · |Aℓ)

m+.

3. If i is even, then let a = 1|(a)1+.

4. Decrement i by 1.
If i = 1 then we are done. Return φ(b) = A1 − Aℓ.
If i > 1, then return to step 2.

Recall that a value in a permutation is a left-to-right maximum if it is larger than all the
values to its left. Notice that by construction, at the end of each step, the vertical bars appear
immediately before each left-to-right maximum of a (except the first one). We add a bar in steps
2a and 3 when we introduce an ascent at the beginning of a by a = 1|(a)1+ (and thus a create new
left-to-right maximum). We erase bars in step 2b when we create a new left-to-right maximum
that supersedes the left-to-right maxima from a previous step. It follows that while we do not
use B1 to encode additional digits of A, the number of E’s in B1 is the number of left-to-right
maxima of a at the end of the algorithm describing the map φ. In general, notice that since
max(Ak) = max(A1 − Ak) = m − 1, a = A1| · · · |Ak−1|(m − 1)A′

k|(m′)A′
k+1| · · · where A′

i is Ai

with its first entry deleted, and m′ > m − 1.
It is clear that φ is injective; consider the rightmost block where two paths differ and thus two

different digits will be appended to the beginning of a, resulting in different outputs. It remains
to show that φ is well-defined and surjective.

To show that φ is well-defined, we must show that when we read a block B = EkN with k ≥ 0 in
step 2 (including both cases 2a and 2b), a = A1|A2| · · · |Aℓ with ℓ ≥ k. Let b′ = B2n−j+1 · · · B2n,
the rightmost j blocks of b. We claim that the number of bars in a after we have read j blocks
of b is given by

nN (b′) − nE(b′) +

⌊

nN (b′) + 1

2

⌋

= j − nE(b′) +

⌊

j + 1

2

⌋

,

where nE(W ) (resp. nN (W )) is the number of E (resp. N) steps in word W . We begin with no
bars. Every N block creates one more bar in step 2a. Every occurrence of an EkN block with
k ≥ 1 (step 2b) creates a descent and reduces the number of bars by k − 1. After every second
block (i.e.

⌊

j+1
2

⌋

times) we create an additional bar in step 3. We add 1 to the number of bars
to compute ℓ.
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It is immediate from the fact that b ∈ Bn lies below the line y = 2
3 x that for all b = b′′b′ ∈

Bn we have (3n − nE(b′), 2n − nN (b′)) ∈ {(x, y) | x, y ∈ N and 2x ≥ 3y} so 2(3n − nE(b′)) ≥
3(2n − nN (b′)) ⇐⇒ nE(b′) ≤ 3/2nN(b′). Now let b′ = B2n−j+1 · · · B2n as above, let b∗ =
B2n−jB2n−j+1 · · · B2n, and suppose B2n−j = EkN . We must show k ≤ ℓ. k = nE(b∗)−nE(b′) ≤
3
2 nN (b∗) − nE(b′) = 3

2 (j + 1) − nE(b′) ≤ (j + 1) − nE(b′) + j+1
2 , as desired. Therefore, step 2

above is always possible.
Now, we check that φ(b) ∈ S2

n(231). First, a is indeed a permutation at each step in the
algorithm for φ. We begin with a = 1. Each time we use step 2 or step 3 to prepend a new digit,
all larger digits are incremented by 1 so a always consists of a string of consecutive non-repeating
digits. Next, φ(b) has length 3n since we begin with 1 digit and obtain (2n − 1) new digits from
step 2 and n new digits from step 3. Finally, φ(b) avoids 231 since the digit inserted into the first
position of a must play the role of 2 in the 231 pattern. It is impossible for this digit to play the
role of 2 in steps 2a and 3 since the first digit is the smallest. In case 2b, the permutation has
all digits smaller than m appearing before all digits larger than m. Therefore, φ : Bn → An is
well-defined.

Finally, to show that φ is surjective, we show that every a ∈ An has a path b ∈ Bn that is
mapped to it. Given a, we can certainly reverse the encoding of ascents and descents prescribed
by φ. To be rigorous, given a ∈ An, we build the corresponding path b in the following way:

1. Let b be the empty path and let i = 3n − 1.

2. (a) If i = 3z + 1 for some integer z, then b remains unchanged.
(This is the inverse of step 3 above.)

(b) If i 6= 3z + 1 for some integer z and ai < ai+1 then b = Nb.
(This is the inverse of step 2a above.)

(c) If i 6= 3z + 1 for some integer z and ai > ai+1, then b = EkNb where k is the number
of left-to-right maxima of ai+1 · · · a3n that are less than ai.
(This is the inverse of step 2b above).

3. Decrement i.
If i = 1, then φ−1(a) = E3n−nE(b)Nb.
If i > 1 then return to step 2.

To show φ is surjective, we must verify that any path b formed in this way stays below the line
y = 2

3 x. Suppose we have a ∈ An such that φ−1(a) /∈ Bn. Consider the first block Bℓ−1 = EkN
(reading from right to left) where the corresponding path goes above the line y = 2

3 x, but
Bℓ · · · B2n is below the line. We have nE(Bℓ · · · B2n) ≤ 3

2 nN (Bℓ · · · B2n) but nE(Bℓ−1 · · · B2n) >
3
2 nN (Bℓ−1 · · · B2n), or equivalently, nE(Bℓ · · · B2n) + k > 3

2 (nN (Bℓ · · · B2n) + 1). Since b comes
from the map φ−1, we know that

k ≤ 1 + nN (Bℓ · · · B2n) − nE(Bℓ · · · B2n) +

⌊

nN (Bℓ · · · B2n) + 1

2

⌋

.

Therefore,

nE(Bℓ · · · B2n) + k ≤ 1 + nN (Bℓ · · · B2n) +

⌊

nN (Bℓ · · · B2n) + 1

2

⌋

.
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But by assumption nE(Bℓ · · · B2n) + k > 3
2 (nN(Bℓ · · · B2n) + 1) , so

3

2
nN (Bℓ · · · B2n) +

3

2
< 1 + nN (Bℓ · · · B2n) +

⌊

nN (Bℓ · · · B2n) + 1

2

⌋

.

Simplifying,
1

2
nN (Bℓ · · · B2n) +

1

2
<

⌊

nN (Bℓ · · · B2n) + 1

2

⌋

.

If nN (Bℓ · · · B2n) is even, then nN (Bℓ · · · B2n) = 2z for some integer z, so z + 1
2 <

⌊

2z+1
2

⌋

= z,
which is a contradiction. On the other hand, if nN (Bℓ · · · B2n) is odd, then nN (Bℓ · · · B2n) = 2z+1
for some integer z, so z + 1 <

⌊

2z+2
2

⌋

= z + 1, which is also a contradiction. Therefore, any
permutation in An does indeed correspond to a path below the line y = 2

3 x.

For example, consider b = EENENEEEEEENNENNENEN . We have n = 4. Here
B1 = EEN , B2 = EN , B3 = EEEEEEN , B4 = N , B5 = EN , B6 = N , B7 = EN , and
B8 = EN .

• We begin with i = 8 and a = 1.

• Since B8 = EN and k = 1, we see that m = max(1) + 1 = 2, so we have a = 21 by step 2b.

Since i = 8 is even, a = 1|32 by step 3.

Decrement i to 7 and return to step 2.

Since B7 = EN and k = 1, we see that m = max(1) + 1 = 2, so we have a = 21|43 by step
2b.

Decrement i to 6 and return to step 2.

Since B6 = N , a = 1|32|54 by step 2a.

Since i = 6 is even, a = 1|2|43|65 by step 3.

Decrement i to 5 and return to step 2.

Since B5 = EN and k = 1, we see that m = max(1) + 1 = 2, so we have a = 21|3|54|76 by
step 2b.

Decrement i to 4 and return to step 2.

Since B4 = N , a = 1|32|4|65|87 by step 2a.

Since i = 4 is even, a = 1|2|43|5|76|98 by step 3.

Decrement i to 3 and return to step 2.

Since B3 = EEEEEEN and k = 6, we see that m = max(98) + 1 = 10, so we have
a = (10)124357698 by step 2b.

Decrement i to 2 and return to step 2.

Since B2 = EN and k = 1, we see that m = max((10)124357698) + 1 = 11, so we have
a = (11)(10)124357698 by step 2b.

Since i = 2 is even, a = 1|(12)(11)2354687(10)9 by step 3.
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• Decrement i to 1. Since i = 1, we are done.
φ(EENENEEEEEENNENNENEN ) = 1(12)(11)2354687(10)9 ∈ S2

4 (231).

Notice that Theorem 2.15 generalizes as follows: Fk
n(231) is equinumerous with paths with

unit East and North steps from (0, 0) to ((k + 1)n, kn) bounded above by y = k
k+1 x. Given a

path bounded by y = k
k+1 x, we build the permutation for a 231-avoiding k-ary shrub forest from

right to left. Each EiN block encodes information about a leaf of the forest, and after every set
of k leaves we add a new right-to-left minimum as a root.

2.5 Avoiding 321

In contrast to the situation with other patterns of length 3, we are unable to present an explicit
expression for the enumeration of forests avoiding 321. Nor do we exhibit a bijection with a
family of lattice walks (though it is possible that such a bijection exists). However, using the
techniques of analytic combinatorics, we are able to determine the generating function for this
set, and its growth rate.

2.5.1 Deriving a functional equation

We begin by deriving a functional equation for a bivariate generating function, making use of a
catalytic variable.

Recall that an inversion is an occurrence of 21 in a permutation. Given a permutation π, let
its last inversion foot be the lower point of the rightmost inversion of π (if there is one), and
let the statistic lif(π) count the number of entries of π with value greater than that of its last
inversion foot. In other words, if |π| = n and π(i) is the rightmost entry that is not a left-to-right
maximum, then lif(π) = n − π(i). If π is an increasing permutation (i.e., π = 12 · · · n), then we
set lif(π) = n.

Theorem 2.16. Let H(x, u) be the bivariate generating function for 321-avoiding binary shrub
forests, where the coefficient of xnuk is the number of forests consisting of n shrubs whose un-
derlying permutation σ (of length 3n) satisfies lif(σ) = k.

Then, H(x, u) satisfies the functional equation

H(x, u) = 1 +
xu

1 − u

(

u2(1 − 3u + 2u2 − u3)

(1 − u)2
H(x, u) +

1 − 3u + 3u2 − u3 + u4

(1 − u)2
H(x, 1)

+
2 − 2u − u2

1 − u

∂H

∂u
(x, 1) +

1

2

∂2H

∂u2
(x, 1)

)

.

Proof: Consider S2
n(321). These are permutations avoiding 321 of length 3n such that each of

the n blocks of three consecutive values is an occurrence of either a 123 or a 132.
Let us consider how a permutation in S2

n(321) may be extended by adding three points to its
right in such a way that the resulting permutation is also a member of S2

n(321). First of all,
observe that whenever a point is added, it must have value greater than that of the last inversion
foot, or else a 321 will be formed.
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Suppose lif(σ) = k. Adding a new maximum entry to σ in the rightmost position does not
alter the last inversion foot. In this case, the lif statistic of the resulting permutation is k + 1.
On the other hand, if a new point is added in any other valid location it results in a permutation
whose lif statistic is at least 1 but is not greater than k, as 321 avoidance implies that the new
point must have value greater than that of the previous last inversion foot.

Define the following four transition rules for the lif statistic:

A: k → {1, . . . , k},

B: k → {1, . . . , k + 1},

C: k → {k + 1},

D: k → {1, k + 1}.

We now verify that the only valid ways to extend a permutation in S2
n(321) (i.e., the only ways

to add a 123 or 132 to the right without creating a 321) are either A then B then B, or else C

then C then D.
To see this, first observe that if we wish to add a 123 or 132 pattern to the right of σ using

values {|σ| + 1, |σ| + 2, |σ| + 3}, then adding the first two entries (12 if adding a 123, 13 if adding
a 132) corresponds to applying C twice. Appending the rightmost entry effects the transition
k → {k + 1} if a 123 is created and effects the transition k → {1} if a 132 is created. Therefore,
if the 123 or 132 pattern is added entirely above the maximum entry of σ, the rule C then C then
D captures all possible transitions for the lif statistic.

Suppose next that the first two entries in the pattern to be appended to σ are added below the
maximum entry of σ. This corresponds to applying rule A twice. Moreover, we are now forbidden
from creating a 132 pattern, as the maximum of σ together with the 32 would be a 321 pattern.
The only option is to create a 123 pattern, and the placement of the last entry corresponds to
rule B.

If on the other hand the first entry to be added lies below the maximum of σ but the second
entry lies above (corresponding to applying rule A and then rule C), either a 123 or a 132 pattern
can be created and the insertion of the last entry corresponds to rule B. This case (A then C

then B), together with the previous case (A then A then B) combine to give the transition rule A

then B then B.
Each of these transition rules can be represented as a linear operator acting on the generating

functions, as follows (see [7, Exercises III.22, p.199 and V.20, p.365]):

ΩA

[

uk
]

= u + u2 + . . . + uk = u
1−u

(1 − uk) ΩA

[

f(u)
]

= u
1−u

(

f(1) − f(u)
)

ΩB

[

uk
]

= u + u2 + . . . + uk+1 = u
1−u

(1 − uk+1) ΩB

[

f(u)
]

= u
1−u

(

f(1) − uf(u)
)

ΩC

[

uk
]

= uk+1 ΩC

[

f(u)
]

= uf(u)

ΩD

[

uk
]

= u + uk+1 ΩD

[

f(u)
]

= u
(

f(1) + f(u)
)

Thus H(x, u) satisfies the functional equation

H(x, u) = 1 + x
(

ΩB

[

ΩB

[

ΩA

[

H(x, u)
]]]

+ ΩD

[

ΩC

[

ΩC

[

H(x, u)
]]]

)

,
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where the initial 1 corresponds to the empty shrub forest.
Observing by arithmetic of formal power series that if

f(u) =
H(x, 1) − H(x, u)

1 − u
, then f(1) =

∂H

∂u
(x, 1),

a computer algebra system can easily simplify the resulting expression to give the functional
equation in the statement of the theorem.

The most efficient way to generate coefficients of H(x, u), and hence of H(x, 1), is to iterate
the transition rules. Greater performance is achieved by combining the valid sequences of three
steps into one rule,

ABB+CCD: k →
{

1(k+2

2 ), 2(k+2

2 )−1, 3(k+1

2 ), 4(k

2), . . . , k6, (k + 1)3, k + 2, k + 3
}

,

the right hand side being a multiset in which multiplicities are represented by exponents.
Using Mathematica [16], we were able to calculate 993 values in the enumeration sequence for

binary shrub forests avoiding 321. The first ten terms (including the empty forest) are:

1, 2, 37, 866, 23285, 679606, 20931998, 669688835, 22040134327, 741386199872.

See A257995 in [13] for more.
A Maple program was then used to find a possible polynomial equation satisfied by the gener-

ating function. The first 250 terms sufficed to suggest that H(x, 1) was a root of the polynomial
given in the statement of Theorem 2.18 below, and hence is algebraic.

2.5.2 Confirming algebraicity

To prove that H(x, u), and hence H(x, 1), is algebraic, we make use of a general result of
Bousquet-Mélou and Jehanne [3]. To state their theorem, we first need to introduce some nota-
tion. Suppose

F (x, u) = f0(x) + f1(x)u + f2(x)u2 + . . .

is a bivariate formal power series. We define a sequence of operators ∆, ∆2, ∆3, . . ., that discard
the low order terms, as follows:

∆i
[

F (x, u)
]

= fi(x) + fi + 1(x)u + fi + 2(x)u2 + . . . .

Theorem 2.17 (Bousquet-Mélou and Jehanne [3], Theorem 3). If P and Q are polynomials,
then the functional equation

F (x, u) = P (u) + xQ
(

F (x, u), ∆
[

F (x, u)
]

, ∆2
[

F (x, u)
]

, . . . , ∆k
[

F (x, u)
]

, x, u
)

has a unique solution for F (x, u) that is a formal power series in x whose coefficients are poly-
nomials in u. Moreover, this solution is algebraic.

The functional equation in Theorem 2.16 is not in the appropriate form to apply Theorem 2.17
directly. Setting G(x, u) = H(x, u + 1), we have

∂H

∂u
(x, 1) =

∂G

∂u
(x, 0) and

∂2H

∂u2
(x, 1) =

∂2G

∂u2
(x, 0)
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Upon making these substitutions, the functional equation stated in Theorem 2.16 becomes

G(x, u) = 1 +
x(1 + u)

u

(

1 + 4u + 6u2 + 5u3 + 3u4 + u5

u2
G(x, u)

−
1 + 4u + 6u2 + 3u3 + u4

u2
G(x, 0) −

1 + 4u + u2

u

∂G

∂u
(x, 0) −

1

2

∂2G

∂u2
(x, 0)

)

.

In addition, the definition of the ∆ operator implies that

∂kG

∂uk
(x, 0) = k!(∆k[G(x, u)] − u∆k+1[G(x, u)]),

for k ≥ 0. Hence, the functional equation for G can be transformed into the form in Theorem 2.17
by making this substitution for k = 0, 1, 2, clearing denominators, and rearranging. Thus G(x, u)
is algebraic, and hence so are H(x, u) and H(x, 1) and its derivatives.

2.5.3 Solving the functional equation

We would like to solve our functional equation to get an explicit expression for H(x, 1). Unfortu-
nately, this is not possible. However, it is possible to determine the minimal polynomial of which
H(x, 1) is a root.

Theorem 2.18. The generating function H0(x) = H(x, 1) for 321-avoiding binary shrub forests
is a root of the polynomial

(4x2 + 4x + 1) − (x4 − 24x3 + 8x2 − 54x + 1)H0(x)2

+ (15x4 + 24x3 − 71x2 − 54x)H0(x)4 + (18x5 − 215x4 + 2x3 − 360x2)H0(x)6

+ (3x6 − 228x5 − 213x4 + 162x3 + 729x2)H0(x)8 − (138x6 − 354x5 − 1053x4)H0(x)10

− (36x7 − 751x6 − 486x5)H0(x)12 − (3x8 − 420x7 − 54x6)H0(x)14

+ 123x8H0(x)16 + 18x9H0(x)18 + x10H0(x)20.

Consequently, the growth rate of 321-avoiding binary shrub forests is approximately 39.88873, the
greatest real root of the quartic polynomial

729x4 − 28674x3 − 15505x2 − 25758x + 621.

Given a suitable functional equation, Bousquet-Mélou and Jehanne [3] present a way of setting
up a system of polynomial equations that can then be solved to yield a polynomial having a root
that is the desired generating function. They suggest that the “laziest approach” is to feed this
system of equations to a Gröbner basis package and let it work. Unfortunately, as they comment,
“this lazy approach often fails, because the computation tends to take forever”. This has also
been our experience. Submission of the appropriate equations to Singular, a computer algebra
system optimized for working with polynomials, yielded no output after a week of processing.

We use a more practical strategy, derived from the results in [3] (see also Section 4 of [6]). For
the necessary algebraic manipulation, Maple [12] was used.
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Proof Proof of Theorem 2.18:
To start with, since our functional equation is linear in H(x, u), it can be expressed in the form

K(x, u)H(x, u) = P (H0(x), H1(x), H2(x), x, u),

where both K and P are polynomials that we omit for brevity and Hi(x) =
∂iH

∂ui
(x, 1).

Thus, we can use the kernel method to eliminate both H(x, u) and u. Observe that the kernel
K(x, u) = 0 if and only if P (H0(x), H1(x), H2(x), x, u) = 0. We want to eliminate u from this
pair of equations.

To do so, we calculate the resultant of K and P . The resultant of two polynomials is a monomial
multiple of a polynomial in their coefficients which has the property that it is equal to zero if
and only if the polynomials have a common root. The resultant is given by the determinant of a
matrix (known as the Sylvester matrix) whose entries are coefficients of the polynomials.

Let R be the resultant of K and P with respect to u. Then we have

R(H0(x), H1(x), H2(x), x) ≡ 32x5R1(H0(x), H1(x), H2(x), x) = 0,

where R1 is a large polynomial that cannot be factored.
To eliminate H1(x) and H2(x), the discriminant of P can be used. The discriminant of a

polynomial is a polynomial function of its coefficients which has the property that it is equal to
zero if and only if the original polynomial has a multiple root. For example, it is well known that
the discriminant of the quadratic ax2 + bx + c with respect to x is b2 − 4ac.(i)

We now apply this approach twice. We do not give the polynomials involved explicitly, as they
would cover many pages. Firstly, taking the discriminant of R1 with respect to H1(x) yields a
new equation

S(H0(x), H2(x), x) ≡ S1(x)2S2(H0(x), H2(x), x)2 = 0,

where S1 is a polynomial only in x, and S2 cannot be factored further.
Then, taking the discriminant of S2(H0(x), H2(x), x) with respect to H2(x) yields

T (H0(x), x) ≡ T1(x)2T2(H0(x), x)2T3(H0(x), x)6 = 0.

where T1, T2 and T3 are polynomials. Thus both T2 and T3 are possibilities for the minimal
polynomial of H(x, 1) = H0(x).

We rule out the first choice by observing that T2(1, 0) is nonzero, whereas T3(1, 0) = 0 as is
required from considering the constant term of the series expansion of H0(x). T3 is, in fact,
the polynomial presented in the statement of the theorem, which is the same as the minimal
polynomial that we were able to guess based on the first 250 terms of the enumeration sequence.

The growth rate of the 321-avoiding binary shrub forests is then determined from the minimal
polynomial by taking its discriminant with respect to H0(x). The growth rate is given by the
reciprocal of one of the positive real roots of the discriminant (see [7, Note VII.36, p.504]). As
the growth rate must be at least 1, the positive real root whose reciprocal gives the growth rate
must be at most 1. This leaves only one candidate, which is the greatest real root of the quartic
polynomial in the statement of the theorem.

(i) Resultants and discriminants are closely related, the discriminant of P with respect to x being, up to a monomial
factor, the resultant of P (x) and P

′(x).
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3 Summary

Throughout this paper we have studied forests of binary shrubs that avoid any permutation
pattern of length 3. This adds a new restriction to the classical pattern avoidance problem by
requiring the digits π3i+1π3i+2π3i+3 to form a 123 or a 132 pattern for all i.

Remarkably, forests avoiding a single pattern ρ ∈ {123, 132, 213, 231, 312} are in bijection with
lattice paths in a wedge. It would be interesting to explore whether this phenomenon is more
widespread. Are other similar pattern-avoiding structures equinumerous to such lattice paths?
If so, is it possible to develop a more general theory to explain this?

In contrast to the other patterns, the enumeration of forests avoiding 321 required us to use the
machinery of analytic combinatorics. However, perhaps, in this case too, there is a connection to
lattice paths that remains to be uncovered.

One natural generalization also merits further investigation. In Theorem 2.6 and the discussion
after Theorems 2.13 and 2.15, we generalized our results to the case of k-ary shrubs rather than
binary shrubs. More of our results could be generalized in this way or to forests of tree structures
other than shrubs.
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In 2000 Klazar introduced a new notion of pattern avoidance in the context of set partitions of[n] = {1, . . . , n}.
The purpose of the present paper is to undertake a study of theconcept of Wilf-equivalence based on Klazar’s notion.
We determine all Wilf-equivalences for partitions with exactly two blocks, one of which is a singleton block, and we
conjecture that, forn ≥ 4, these are all the Wilf-equivalences except for those arising from complementation. Ifτ
is a partition of[k] andΠn(τ ) denotes the set of all partitions of[n] that avoidτ , we establish inequalities between
|Πn(τ1)| and|Πn(τ2)| for several choices ofτ1 andτ2, and we prove that ifτ2 is the partition of[k] with only one
block, then|Πn(τ1)| < |Πn(τ2)| for all n > k and all partitionsτ1 of [k] with exactly two blocks. We conjecture
that this result holds for all partitionsτ1 of [k]. Finally, we enumerateΠn(τ ) for all partitionsτ of [4].

Keywords: set partitions, Klazar, Wilf-equivalence, restricted growth functions

1 Introduction
A set partitionof a setS is a collection of disjoint nonempty subsetsB1, . . . , Bm of S whose union isS.
We call the subsetsBi blocks, and we write

σ = B1/ · · · /Bm ⊢ S.

If S is a set of positive integers andσ ⊢ S, then thestandardizationof σ is the set partition of{1, 2, . . . , |S|}
obtained by replacing the smallest element ofS by 1, the second smallest element ofS by 2, and so on.

If n is a positive integer we let[n] = {1, 2, . . . , n} and define

Πn = {σ : σ ⊢ [n]}.

The concept of pattern avoidance for set partitions was introduced by Klazar in Klazar (2000). Ifk ≤ n
and we haveσ ⊢ [n] andτ ⊢ [k], then we sayσ containsτ as a patternif there is a subsetS of [n] such
that the standardization of the restriction ofσ to S is τ . If σ does not containτ , we say thatσ avoidsτ .
We let

Πn(τ) = {σ ∈ Πn : σ avoidsτ}.
ISSN 1365–8050 c© 2016 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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The present paper is a contribution to the study of Klazar’s definition of pattern avoidance, but we
should mention right away that there are other definitions. One of these arises from the well-known
correspondence between set partitions and restricted growth functions. Recall that arestricted growth
function (RGF)is a worda1a2 · · · aℓ of positive integers such thata1 = 1 and, for i ≥ 2, we have
ai ≤ 1 + max{a1, . . . , ai−1}. The integerℓ is called thelengthof the RGF. Ifσ ∈ Πn, we define a
correspondingRGF of lengthn, denoted byRGF(σ), as follows. First writeσ = B1/B2/ · · · /Bm,
where

minB1 < minB2 < · · · < minBm.

(This is called thestandard form ofσ.) Then letRGF(σ) = a1 · · ·an, wherei ∈ Bai
. We can obtain

an alternative notion of pattern avoidance for set partitions by using a natural notion of avoidance for
RGF’s. If k ≤ n anda = a1 · · ·an andb = b1 · · · bk are RGFs, we say thata containsb if a has a
subsequence whose standardization isb, otherwise we say thata avoidsb. This notion of RGF avoidance
has been studied extensively (see Mansour’s comprehensivebook Mansour (2013)). It does not coincide
with Klazar’s notion. For ifσ avoidsτ in Klazar’s sense, thenRGF (σ) avoidsRGF (τ); but the converse
may fail. For example145/23 contains12/34, yetRGF(145/23) = 12211 avoidsRGF(12/34) = 1122.

There is yet a third notion of pattern avoidance for set partitions that involves arc-diagrams (See Bloom
and Elizalde (2013); Chen et al. (2007); Riordan (1975); Touchard (1952)). A well studied notion in this
context is that of non-nesting and non-crossing set partitions which arise from the avoidance of certain
arc-configurations. We wish to point out that under Klazar’sdefinition non-crossing set partitions are
those that omit13/24. Interestingly, there is no single patternσ such that the non-nesting partitions
are precisely those that omitσ, in Klazar’s sense. To see this, observe that the only candidate forσ is
14/23 since the non-nesting set partitions of length4 areΠ4 \ {14/23}. Yet, the set partition135/24 is
non-nesting but contains14/23.

Klazar’s definition has not been as well studied as the RGF definition. The earliest paper is of course
Klazar’s Klazar (2000), and the most recent paper of which weare aware is the paper Dahlberg et al.
(2016) by Dahlberg, et al. We also mention Sagan’s paper Sagan (2010), which contains, along with
many other results, an enumeration ofΠn(τ) for all τ ⊢ [3]. In Section 4 of our paper we enumerate
Πn(τ) for all τ ⊢ [4], although our main purpose is to undertake a study of Wilf-equivalence in the
context of Klazar’s definition of avoidance. Ifτ, π ⊢ [k], we say thatτ andπ areWilf-equivalent, and we
write τ ∼ π, if |Πn(τ)| = |Πn(π)| for all n > k. The fact that1/2/3 ∼ 13/2 is established in Sagan
(2010). In Section 2 of our paper we establish the new Wilf-equivalences

12 · · ·a− 1, a+ 1 · · · k/a ∼ 12 · · · b− 1, b+ 1 · · · k/b

for all k ≥ 4 and1 < a, b < k, and based on computer evidence, we conjecture (Conjecture2.1) that
these,1/2/3 ∼ 13/2, andτ ∼ τc are the only Wilf-equivalences, whereτc is called thecomplement
of τ and is obtained fromτ by subtracting each number fromk + 1. (There are similar conjectures for
Wilf-equivalences in other contexts, all of which seem quite difficult to prove. See Albert and Bouvel
(2014); Kitaev et al. (2009).) We also show that

|Πn(2 · · · k/1)| < |Πn(13 · · · k/2)| and|Πn(1 · · · k − 1/k)| < |Πn(13 · · · k/2)|

for all n ≥ 2k − 2 but that these inequalities may become equalities whenn < 2k − 2. For example, this
occurs whenk = 5 andn = 6, 7.
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Motivated by the results indicated in the last sentence, we introduce a partial ordering≺ of Πk, as
follows. Forτ, π ∈ Πk we writeτ ≺ π if |Πn(τ)| ≤ |Πn(π)| for all n > k, and there exists somem ≥ k
such that|Πn(τ)| < |Πn(π)| for all n > m.

If βk denotes the partition of[k] that has only one block, then computer evidence suggests that, for every
k ≥ 4 and everyτ 6= βk in Πk we haveτ ≺ βk, and in fact|Πn(τ)| < |Πn(βk)| for all n > k. In Section 3
of our paper we prove this result for allτ with exactly two blocks, and we conjecture (Conjecture 3.1)
that the result holds for allτ 6= βk. We also consider partitionsπ such that there is exactly one doubleton
block and all other blocks are singletons. We prove that for every suchπ, if σk denotes the partition all of
whose blocks are singletons, then

|Πn(π)| < |Πn(σk)| < |Πn(βk)|

for all n > k. This result should be compared with Klazar’s result in Klazar (2000) that for all suchπ and
σk the generating function of|Πn(π)| is rational (whereas the generating function for|Πn(βk)| is not).

2 Wilf-equivalence
For a fixedk, we first determine all Wilf-equivalences among the patterns

βk,a = 1 · · · (a− 1)(a+ 1) · · · k/a,

where1 ≤ a ≤ k.

Theorem 2.1. We haveβk,1 ∼ βk,k. For n > k and2 ≤ a ≤ k − 1 we have

|Πn(βk,a+1)| ≤ |Πn(βk,a)|,

with equality ifa < k − 1, and thereforeβk,a ∼ βk,b when2 ≤ a, b ≤ k − 1. Finally, we have

|Πn(βk,k)| < |Πn(βk,k−1)|

whenn ≥ 2k − 2, soβk,k ≺ βk,a for 2 ≤ a ≤ k − 1.

This theorem together with computational evidence for all patterns of length≤ 9 suggests the following
conjecture.

Conjecture 2.1. The only Wilf-equivalences are1/2/3 ∼ 13/2, the equivalences established by Theo-
rem 2.1, and the equivalences resulting from complementation.

The first assertion of Theorem 2.1 is a simple consequence of complementation. To prove the second
assertion, we construct an injection

φa : Πn(βk,a+1) → Πn(βk,a),

for each2 ≤ a ≤ k − 1, and show thatφa is a bijection ifa < k − 1. Before we can write down this
mapping we need a few lemmas and observations. We start with these immediately and delay the proof
of Theorem 2.1 to the end of this section.

To begin, fixk and2 ≤ a ≤ k− 1. Observe thatπ ⊢ [n] containsβk,a if and only if π contains a block
B such that

a− 1 ≤ |{x ∈ B : x < c}| and k − a ≤ |{x ∈ B : x > c}| (2.1)
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for somec /∈ B.
Consequently, we say a finite setB of integerscontainsβk,a if it satisfies (2.1), otherwise we sayB

avoidsβk,a. Consequently, a set partitionπ avoidsβk,a if and only if all of its blocks avoidβk,a.
Now, consider the anatomy of a blockB that avoidsβk,a+1 but containsβk,a. SinceB containsβk,a,

there exists somec /∈ B so that

a− 1 ≤ |{x ∈ B : x < c}| and k − a ≤ |{x ∈ B : x > c}|.

Furthermore, sinceB avoidsβk,a+1, the set on the left must have size exactlya− 1. For the same reason,
the set on the right must be of the form

y1 − ℓ, . . . , y1 − 2, y1 − 1, y1 < · · · < yk−a−1,

for someℓ ≥ 1. Therefore the blockB looks like

< c

a− 1 ℓ k − (a+ 1)

,
(2.2)

where the elements in the shaded block are consecutive in value and the rightmost block’s smallest element
is y1. By decrementing the values in the shaded region, we effectively slide the gray rectangle as far left
as possible, obtaining the new blockB′:

< c

a− 1 ℓ k − (a+ 1)

.
(2.3)

Remark 2.1. We remark that inB′, the elements in the gray block are consecutive in value and the largest
element in the leftmost block is one less than the smallest element in the gray block. Consequently,B′

avoidsβk,a while containingβk,a+1.

The new blockB′ gives rise to a new set partition as summarized in our next definition.

Definition. Let π ⊢ [n] and assume theith blockB of π avoidsβk,a+1 and containsβk,a. SoB is as
depicted in (2.2). Now letB′ be the block depicted in (2.3). We defineslidei(π) ⊢ [n] to be the set
partitionπ′ = B′/σ whereσ is the set partition of[n] \ B′ that is order-isomorphic to the set partition
obtained by deletingB from π.

We illustrate this definition with the following short example.

Example 2.2. Let k = 5, a = 2 so thatβ5,3 = 1245/3 andβ5,2 = 1345/2. If

π = 1 3 /2 5 6 7 8 9/4 10 ∈ Π10,

then, since its second block avoidsβ5,3 and containsβ5,2, we have

slide2(π) = 1 6 /2 3 4 58 9/7 10,

where the elements affected by our sliding operation are highlighted.
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Lemma 2.1. If π,B, andB′ are as in the above definition andB is theith block (in standard form) ofπ,
thenB′ is theith block inslidei(π).

Proof: First observe that asa ≥ 2, thenmin(B) = min(B′). Now set

[n] \B = {w1 < w2 < · · · } and [n] \B′ = {w′
1 < w′

2 < · · · }.

It follows from our construction ofB′ that

ws < min(B) =⇒ ws = w′
s,

soB′ is no earlier than theith block inslidei(π) and

ws > min(B) =⇒ ws ≤ w′
s,

soB′ is no later than theith block inslidei(π).

As the definition of our mappingφa involves repeated “slide” operations, we require a lemma guaran-
teeing that blocks not involved in the slide operation do notchange “too much”. Our next lemma spells
out exactly what is meant by this.

Lemma 2.2. Letπ = B1/B2/ · · · /Bm ⊢ [n]. Assume that for some fixedi, the blockBi avoidsβk,a+1

and containsβk,a and set
slidei(π) = B′

1/B
′
2/ · · · /B′

m.

Then for any1 ≤ c ≤ k andj 6= i, the blockB′
j avoidsβk,c if and only ifBj avoidsβk,c.

Proof: Fix j 6= i, 1 ≤ c ≤ k and set

[n] \Bi = {w1 < w2 < · · · } and [n] \B′
i = {w′

1 < w′
2 < · · · }.

First, we claim thatwt + 1 = wt+1 if and only if w′
t + 1 = w′

t+1. For the moment, let us assume this
claim. Next we make the following general observation: Any blockBj avoidsβk,c if and only if whenever
x ∈ Bj is such that

c− 1 ≤ |{y ∈ Bj : y ≤ x}| and k − c ≤ |{y ∈ Bj : y ≥ x}|,

thenx+ 1 ∈ Bj .
As π − Bi is order-isomorphic toslidei(π) − B′

i, it now follows thatBj avoidsβk,c if and only ifB′
j

does too.
It only remains to prove our claim. SinceBi avoidsβk,a+1 and containsβk,a it is depicted in (2.2) and

B′
i is depicted in (2.3). Observe that ifI is the set of values in[n] \Bi that fall in the gap to the left of the

gray block in (2.2) andJ is the set of values in[n] \ B′
i that fall in the gap to the right of the gray block

in (2.3), thenI andJ are both intervals and|I| = |J |. If in (2.2) ℓ is the maximum of the values in the
leftmost block and (fora < k − 1) r is the minimum of the values in the rightmost block, then it follows
that

{ws : ws < ℓ} = {w′
s : w′

s < ℓ} (2.4)
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and
{ws : ws > r} = {w′

s : w′
s > r}. (2.5)

Assumingwt andwt+1 are consecutive in value it follows that they both lie in either the set (2.4), the
set (2.5), or in the intervalI. In the first two cases, it easily follows from our above equalities that
w′

t + 1 = w′
t+1. In the third case, the set equality in (2.4) along with the fact that|I| = |J | implies that

w′
t, w

′
t+1 ∈ J . SinceJ is an interval, we conclude thatw′

t, w
′
t+1 are consecutive in value.

The proof that ifw′
t andw′

t+1 are consecutive in value, thenwt andwt+1 are too, is analogous. Its
details are omitted.

Finally, we are in a position to defineφa. For anyπ ∈ Πn(βk,a+1) first setπ0 = π and letm be
the number of blocks inπ. Having definedπi we obtainπi+1 by considering the(i + 1)st block ofπi.
If this block containsβk,a, then setπi+1 = slidei+1(πi), otherwise we setπi+1 = πi. Lastly we set
φa(π) = πm.

We pause to point out that our mappingφa is well defined. First, we note that Lemma 2.2 guarantees
that the(i + 1)st block inπi avoidsβk,a+1. (This is crucial since if this block containedβk,a+1 and
also containedβk,a our sliding operation would not be defined.) Additionally, Lemma 2.2 together with
Remark 2.1 guarantees thatφa(π) avoidβk,a.

Before proving thatφa is a bijection we demonstrate this mapping.

Example 2.3. Considerβ5,3 = 1245/3 andβ5,2 = 1345/2 and fix

π = 1 10 11 12/2 4 5 8/3 6 7 9 ∈ Π12(β5,3).

The above algorithm forφ3 yields the following steps, where the elements affected by each slide are
highlighted.

π0 =1 10 11 12/2 4 5 8/3 6 7 9

π1 =1 2 11 12/3 5 6 9/4 7 8 10

π2 =1 2 11 12/3 4 6 9/5 7 8 10

π3 =1 2 11 12/3 4 7 9/5 6 8 10

Proof Proof of Theorem 2.1:
As each slide in the definition ofφa is certainly reversible, it follows that the mapping

φa : Πn(βk,a+1) → Πn(βk,a),

is injective, provided2 ≤ a ≤ k − 1. Under this restriction we therefore have

|Πn(βk,a+1)| ≤ |Πn(βk,a)|.

If a < k − 1, thenk − a ≥ 2, so the composition of injective maps

Πn(βk,a)
Comp−−−−→ Πn(βk,k+1−a)

φk−a−−−→ Πn(βk,k−a)
Comp−−−−→ Πn(βk,a+1),

implies that
|Πn(βk,a)| ≤ |Πn(βk,a+1)|
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and proves thatφa is bijective. This completes the proof of the second assertion of Theorem 2.1.
To prove the third assertion, we show that the injectionφk−1 : Πn(βk,k) → Πn(βk,k−1) is not surjec-

tive whenn ≥ 2k − 2. To see this, it will be helpful to observe that ifπ ∈ Πn(βk,k) then at most one
block ofπ hask− 1 or more elements. For if one block has elementsx1 < · · · < xk−1 and another block
has elementsy1 < · · · < yk−1, then eitherxk−1 < yk−1 or yk−1 < xk−1, soπ contains the partition
βk,k, a contradiction. It now follows from the definition ofφk−1 that for everyπ ∈ Πn(βk,k) there is at
most one block of size greater than or equal tok − 1 in φk−1(π). But if n ≥ 2k − 2 then the element
1, 2, . . . , k − 1/k, . . . , 2k − 2/(2k − 1), . . . , n of Πn(βk,k−1) has at least two blocks of sizek − 1.

3 Partial Ordering by ≺
3.1 The pattern βk

We recall thatβk denotes the element ofΠk that has only one block. Ifτ is any element ofΠk other than
βk itself, computer evidence suggests thatτ ≺ βk and|Πn(τ)| < |Πn(βk)| for all n > k.

Conjecture 3.1. Letk ≥ 4. If τ ∈ Πk andτ 6= βk, thenτ ≺ βk and|Πn(τ)| < |Πn(βk)| for all n > k.

It follows from Theorems 3.1, 3.2, and 3.3 that Conjecture 3.1 is true fork = 4.

Theorem 3.1. Let k ≥ 4. If σ ∈ Πk andσ has exactly two blocks, thenσ ≺ βk. In fact, |Πn(σ)| <
|Πn(βk)| for all n > k.

Proof: Supposeσ ∈ Πk andσ has exactly two blocks, soσ = A/B,with 1 ∈ A.Supposea1, b1, a2, b2, . . . , aj , bj
are positive integers andaj+1 is a nonnegative integer such that the firsta1 elements of[k] are inA, the
nextb1 elements of[k] are inB, the nexta2 elements of[k] are inA, and so on, so thataj+1 = 0 if k ∈ B
andaj+1 > 0 if k ∈ A.

To prove the theorem we establish, for any givenn > k, a nonsurjective injection

ϕ : Πn −Πn(βk) → Πn −Πn(σ).

To defineϕ, take anyπ ∈ Πn −Πn(βk). If π ∈ Πn −Πn(σ), letϕ(π) = π.
Now supposeπ ∈ Πn(σ). Sinceπ ∈ Πn − Πn(βk), π has at least one block with at leastk elements.

We obtainϕ(π) from π by partitioning each such blockC in the following way.
Recalling thatσ = A/B, let |B| = m, so thatm = b1 + · · ·+ bj . Write

|C| − |A| = qm+ r,

whereq ≥ 1 and0 ≤ r < m are integers. Then we have

|C| = |A|+ r + q(b1 + · · ·+ bj).

We order the elements ofC from smallest to largest and define a subsetA∗ of C of cardinality|A|+ r, as
follows. Let the firsta1 elements ofA∗ be the firsta1 elements ofC. Skip over the nextqb1 elements of
C, and let the nexta2 elements ofC be the nexta2 elements ofA∗. Then skip over the nextqb2 elements
of C and let the nexta3 elements ofC be the nexta3 elements ofA∗. Continuing in this way, define the
first a1+· · ·+aj+1 = |A| elements ofA∗. Then add the lastr elements ofC toA∗, so that|A∗| = |A|+r.
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Next we define subsetsB1, . . . , Bq of C such that|Bi| = m for 1 ≤ i ≤ q. Take the firstqb1 elements
of C that were skipped over in the construction ofA∗, and put the firstb1 of these elements inB1, the
nextb1 of these elements inB2, and so on. Then take the nextqb2 elements ofC that were skipped over
in the construction ofA∗ and put the firstb2 of these elements inB1, the nextb2 of these elements inB2,
and so on. Continuing in this way, complete the constructionof B1, . . . , Bq.

We partitionC into blocksA∗, B1, . . . , Bq. By construction, we see that for eachBi, the partition
A∗/Bi contains the partitionσ. We have|Bi| = m < k and|A∗| = |A|+ r < |A|+m = k.

Whenπ ∈ Πn(σ), we obtainϕ(π) from π by partitioning each blockC of size at leastk in the way
just indicated. Clearly,ϕ(π) ∈ Πn − Πn(σ). We also haveϕ(π) ∈ Πn(βk), by the last sentence of the
preceding paragraph. Forπ ∈ Πn −Πn(σ) we hadϕ(π) = π /∈ Πn(βk), so to show thatϕ is one-to-one
it suffices to show that, forπ ∈ Πn(σ), we can recoverπ fromϕ(π).

To show this, observe that each block ofϕ(π) is a subset of a block ofπ, and that ifD,E are blocks
of ϕ(π) such that the partitionD/E containsσ, then sinceπ ∈ Πn(σ), D andE must be subsets of the
same block ofπ. Thus we obtainπ from ϕ(π) by coalescing into one block the elements of any blocks
D,E of ϕ(π) such thatD/E containsσ.

Finally, to show thatϕ is not surjective, first suppose thatm + 1 < k and consider the partitionγ of
[n] whose blocks areA,B ∪ {k + 1} andn− k − 1 singleton blocks. Thenγ ∈ Πn − Πn(σ). Suppose
π ∈ Πn−Πn(βk) andϕ(π) = γ. Sincem+1 < k, we haveγ ∈ Πn(βk), soγ 6= π and thusπ ∈ Πn(σ).
Sinceϕ(π) = γ, it follows from the definition ofϕ thatA ∪ B ∪ {k + 1} is contained in some blockF
of π, and|F | > k. In definingϕ(π), the blockA∗ derived fromF contains the smallest element ofF ,
namely 1, soA∗ = A (sinceA is the block ofγ that contains 1). The other blocks derived fromF have
m elements each. This is impossible, since the blockB ∪ {k + 1} is derived fromF .

Now consider the casem + 1 = k. In this caseσ = βk,1. Sinceβk,1 ∼ βk,k by Theorem 2.1 and
ϕ is not surjective whenσ = βk,k by the preceding paragraph, it follows thatϕ is not surjective when
σ = βk,1.

3.2 The pattern σk

We recall thatσk = 1/2/3/ · · ·/k. In this subsection we prove that for allδ ∈ Πk, whose blocks consist
of all singletons except for one doubleton block,

δ ≺ σk ≺ βk.

We begin with a lemma.

Lemma 3.1. Letα ⊢ [k − 1]. If
|Πn(α)| < |Πn(σk−1)|

for all n > k − 1, then

|Πn(1/α
′)| < |Πn(σk)| and |Πn(α/k)| < |Πn(σk)|,

for all n > k, whereα′ is obtained by incrementing all the values inα by1.

Proof: Proving the inequality on the left is sufficient, since the inequality on the right then follows by
complementation.
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To do this, fixn > k and assume there exists nonsurjective injectionsφm : Πm(α) → Πm(σk−1) for
all m > k − 1. Observe that for anyB1/B2/ · · · /Bm ∈ Πn(1/α

′), in standard form, the set partition
B2/ · · · /Bm avoidsα as1 ∈ B1. Therefore we obtain a nonsurjective injectionψ from Πn(1/α

′) to
Πn(σk) as follows: Ifn− |B1| > k − 1 we let

ψ(B1/B2/ · · · /Bm) = B1/φn−|B1|(B2/ · · · /Bm).

(To be preciseφn−|B1|(B2/ · · · /Bm) is obtained by first standardizing the partitionB2/ · · · /Bm, then
applyingφn−|B1|, and then incrementing the values.) Ifn− |B1| ≤ k − 1 we let

ψ(B1/B2/ · · · /Bm) = B1/B2/ · · · /Bm,

unlessB2/ · · · /Bm consists of exactlyk−1 singleton blocks whose union is[n]\B1. In this exceptional
case we setψ(B1/B2/ · · · /Bm) to be the partitionB1/A whereA is the partition of[n] \ B1 whose
standardization isα.

The existence of this injection proves our claim.

To prove our next theorem, we first recall the bijection between restricted growth functions and set
partitions as described in the Introduction. Next, defineRGF<k

n to be the set of allw ∈ RGF in the
letters{1, . . . , k− 1} with lengthn. It immediately follows that the standard bijection betweenRGF and
set partitions restricts to a bijection betweenRGF<k

n andΠn(σk).

Theorem 3.2. Let δ be a pattern of lengthk ≥ 4 that consists of all singletons except for exactly one
doubleton. Then

|Πn(δ)| < |Πn(σk)|
for all n > k ≥ 3. Consequently,δ ≺ σk.

Proof: If a andb are the elements of the doubleton block ofδ, we consider cases depending on the value
of |a− b|.

If |a − b| = 1, then sincek ≥ 4 we see by using Lemma 3.1 that it suffices to show that|Πn(α)| <
|Πn(σ4)| wheren > 4 andα is one of12/3/4, 1/23/4, or 1/2/34. By Lemma 3.1 again, it then suffices
to show that|Πn(β)| < |Πn(σ3)| wheren > 3 andβ is one of12/3 or 1/23. For either choice ofβ we
have|Πn(β)| = 1+

(
n
2

)
and|Πn(σ3)| = 2n−1 by Theorem 2.5 of (Sagan (2010)), and this concludes the

proof when|a− b| = 1.
If |a− b| = 2, then we see by using Lemma 3.1 that it suffices to show that|Πn(α)| < |Πn(σ4)| when

n > 4 andα is one of13/2/4 or 1/3/24. Since13/2/4 is obtained from1/3/24 by complementation it
suffices to deal with1/3/24. We do so in Lemma 4.3, following the enumeration of|Πn(1/3/24)|.

To deal with the case|a−b| ≥ 3, it suffices, by Lemma 3.1, to prove the result forδ = 1k/2/3/ · · ·/k−
1. For such aδ, we see that every set partition inΠn(δ) is obtained from a unique set partitionB1/ · · · /Bm ∈
Πn−1(δ) by insertingn into one of thek − 2 rightmost blocksBm−(k−3), . . . , Bm or by insertingn into
a new singleton block. We encode these insertion choices as follows:

1 ↔ into a new singleton block
2 ↔ intoBm

3 ↔ intoBm−1

...
k − 1 ↔ intoBm−(k−3).
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Now define the setR<k
n to be the set of all wordsw in the letters1, 2, . . . , k − 1 such thatw1 = 1 and

ws ≤ 1 + # of 1’s in the subwordw1 · · ·ws−1.

Using the above encoding, it is clear that we have an injective mapping fromΠn(δ) into the setR<k
n . This

mapping is not surjective forn > k ≥ 4 since then the set partition

1(k − 1)/2(k + 1)/3/ · · ·/k − 2/k/k + 2/ · · ·/n /∈ Πn(δ)

is mapped, under the above encoding, to the word

11 · · · 1
︸ ︷︷ ︸

k−2

(k − 1)1(k − 1) 11 · · ·1
︸ ︷︷ ︸

n−k−1

∈ R<k
k+1.

It now suffices to prove that|RGF<k
n | = |R<k

n | since|RGF<k
n | = |Πn(σk)| as mentioned above. To

see this consider a wordw ∈ RGF<k
n and decompose it according to the first occurrence, from leftto

right, of each letter. Doing sow decomposes into the subwords

1 1’s 2 1,2’s 3 1,2,3’s · · · m 1, 2, . . . ,m′s

u1 u2 u3 um.

Asw ∈ RGF<k
n we know thatm ≤ k− 1. In the case thatm < k− 1 we definew′ to be the new word

given by incrementing each of the subwordsui by 1 and replacing each letter’s first occurrence by a 1. So
w′ decomposes, according to its occurrences of 1’s, as

1 u1 + 1 1 u2 + 1 1 u3 + 1 · · · 1 um + 1

.

It easily follows thatw′ ∈ R<k
n since the letters inui + 1 are at mosti+ 1 and are preceded by exactlyi

occurrences of the letter 1.
In the case thatm = k − 1, we modify this mapping only slightly. Here we definew′ to be the word

1 u1 + 1 1 u2 + 1 · · · 1 uk−2 + 1 1 uk−1 ,

so that all subwords, except the last one,uk−1, are incremented by 1. Note this second case is needed
since the letterk−1 might occur inuk−1 and the letterk is not available. Again it is clear thatw′ ∈ R<k

n .
In this way we obtain an injective mapping fromRGF<k

n to R<k
n . Furthermore, this mapping is easily

seen to be surjective as we can decompose any wordv in R<k
n according to its firstk − 1 ones and then

reverse the above mapping. It only remains to prove that applying the reverse mapping to anyv ∈ R<k
n

results in a wordw ∈ RGF<k
n . This easily follows from the observation that ifvs is a letter inv with j

ones to its left, then
vs ≤ j + 1 = max(w1, . . . , ws−1) + 1.

First assumej < k − 1. In this case, ifvs 6= 1, thenws = vs − 1 and ifvs = 1, thenws = j + 1. Either
way, such letters satisfy the condition of a restricted growth function. The case whenj ≥ k− 1 is similar.
Its details are left to the reader.
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Theorem 3.3. For all k ≥ 2 andn ≥ 1

|Πn(σk)| ≤ |Πn(βk)|.

Moreover, this inequality is strict providedn > k > 2.

Proof: First, we show, by induction onk, that there exists a family of injections

ψk,n : Πn(σk) → Πn(βk),

for all k ≥ 2 andn ≥ 1. To streamline this notation we drop the subscriptn and writeψk instead ofψk,n.
To begin our induction argument note that|Πn(σ2)| = 1 = |Πn(β2)|. Now, considerπ = B1/ · · · /Bm ∈

Πn(σk+1) and observe thatB2/ · · · /Bm can be considered a set partition of[n − |B1|] that avoidsσk.
Thereforeψk(B2/ · · · /Bm) is well defined, avoidsβk, and has blocks of size< k. (If B2/ · · · /Bm = ∅
we setψk(∅) = ∅.) With this in mind, the division algorithm yields

|B1| = q · k + r,

where0 ≤ r ≤ k−1. Providedr > 0 letC0/C1/C2/ · · · /Cq be the set partition ofB1 whereC0 consists
of the firstr numbers ofB1 andC1 consists of the nextk numbers, etc. Note that in the caser = 0 we
simply ignoreC0. Finally, we define

ψk+1(π) = C0/C1/ · · · /Cq/ψk(B2/ · · · /Bm),

so thatC1, . . . , Cq are the only blocks of sizek in this partition. Note that ifr > 0, then1 ∈ C0,
otherwise1 ∈ C1. Consequently,ψk+1 is injective sinceψk is injective andB1 may be recovered by
taking the union of all blocks of sizek in ψk+1(π) along with the block containing 1.

It only remains to show that our mappingsψn,k are not surjective whenn > k > 2. To see this observe
that in the construction ofψn,k(π) the first block ofπ (in standard form) is partitioned into consecutive
segments as described above. As a result, no partition in theimage ofψn,k could contain the blocks:

1 3/2 4 5 · · · (k + 1),

because both blocks would have to come fromB1, but this violates consecutiveness. Hence these map-
pings cannot be surjective.

Corollary 3.1. Let δ be any pattern of lengthk consisting of all singletons except for one doubleton.
Then,

|Πn(δ)| < |Πn(σk)| < |Πn(βk)|,

for all n > k ≥ 4.

The proof of this corollary is a direct consequence of the previous two theorems.
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4 Enumeration
In this section we concentrate on the enumeration of|Πn(τ)| for patternsτ ⊢ [4]. As enumerations for
the patterns1/2/3/ · · ·/k andβk = 12 · · · k are well known using exponential generating functions and
Sagan in Sagan (2010) enumerated the general pattern12/3/4/ · · ·/k, we concentrate on all others with
one exception. As the enumeration for the pattern1/23/4 devolves into numerous (uninteresting) cases
and Klazar in Klazar (2000) showed that the resulting generating function is rational, we choose to omit
this pattern from our discussion.

To summarize the enumerations established in the followingsubsections (as well as those mentioned

above) we include the following table of results whereexpm =

m∑

i=0

xi

i!
andS(n, k) denotes the Stirling

numbers of the second kind andG(z) =
z − 2z2(1 + z)− z

√
1− 4z2

−2 + 2z(1 + z)2
. Aside from the omitted pattern

1/23/4, every pattern of length 4 is, up to complementation, included in the table.

Pattern Enumeration Reference

1234 exp(exp3(z)− 1) -

1/2/3/4 exp3(e
z − 1) -

12/3/4 1 +

n−1∑

k=1

m−2∑

j=1

S(n− k, j)

j
∑

i=1

(
j − 1

i− 1

)

(k)i Sagan (2010)

12/34

⌊n/2⌋
∑

k=0

k!

(
n

2k

)

+
n−2k∑

ℓ=3

(
n

2k + ℓ

)

k!(k + 1)2 (4.3)

1/234

n∑

ℓ=1

M(n− ℓ) +

n−2∑

ℓ=1

(n− ℓ− 1)M(n− ℓ− 1) +

n−3∑

ℓ=1

(
n− ℓ− 1

2

)

M(n− ℓ− 2) (4.5)

134/2 1 +

⌊n/2⌋
∑

k=1

n−2k∑

f=0

(
n− f − k − 1

k − 1

)(
2k + f

f

)

(2k)!! (4.6)

14/23 G

(
z

1− z

)
1

1− z
+

1

1− z
(4.4)

13/24
1−

√
1− 4z

2z
-

14/2/3
z − 3z2 + 3z3

1− 5z + 8z2 − 5z3
(4.1)

1/24/3
z − 4z2 + 6z3 − 2z4

(1 − 3z + 2z2)2
(4.2)
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4.1 The pattern 14/2/3

Let us begin by recalling the standard recursive construction for building set partitions. That is, every
set partition inΠn is obtained by taking a set partition inΠn−1 and either addingn to an existing block
or appendingn as a singleton. To enumerateΠn(14/2/3) we consider a refinement of this recursive
construction. First, observe that ifπ ∈ Πn(14/2/3), where in standard formπ = B1/ · · · /Bm, we have
eithern ∈ Bm−1 orn ∈ Bm, as any other choice would force an occurrence of the pattern14/2/3. From
this observation we may immediately restrict our attentionto set partitions which are built by recursively
placing the next largest element into either a singleton block, the last block, or the second to last block.
To formalize this refinement let us defineWn to be the subset of all words in the lettersa, b, c, that start
with ana and have the property that any occurrence of the letterc must be preceded by at least twoa’s.
Using this we obtain an injection

ϕ :Wn → Πn

which is defined recursively as follows. First, setϕ(a) = 1. Then, for anyw ∈ Wn, defineϕ(w) to be
the set partition obtained fromπ′ = ϕ(w1 · · ·wn−1) by appendingn as a singleton ifwn = a, inserting
n into the (existing) rightmost block ofπ′ if wn = b, or insertingn into the second to last block ofπ′ if
wn = c. Note that our insistence that words inWn have the property that anyc is preceded by at least
two a’s guarantees that ifwn = c, thenπ′ contains at least two blocks.

It is clear for our definition thatϕ is injective. Additionally, it follows from our first observation in this
subsection that

Πn(14/2/3) ⊆ ϕ(Wn).

Before continuing we next provide an example of this construction in Example 4.1.

Example 4.1. If w = aaccba, then
ϕ(w) = 134/25/6,

and ifv = aacabc, then
ϕ(v) = 13/26/45

which is not14/2/3-avoiding.

An immediate consequence of Example 4.1, is thatΠn(14/2/3) ( ϕ(Wn). Consequently, we seek
a subset ofWn whose image underϕ is preciselyΠn(14/2/3). To this end consider the subsetW ∗

n

consisting of allw ∈Wn with the property that the letters between any twoc’s do not contain exactly one
a. Observe that in Example 4.1w ∈W ∗

n butv is not.

Lemma 4.1. The restricted mappingϕ :W ∗
n → Πn(14/2/3) is a bijection.

Proof: We first show thatΠn(14/2/3) ⊆ ϕ(W ∗
n ). To this end considerw ∈ Wn \W ∗

n and leti < j < k
be such thatwi = wk = c andwj = a is the only occurrence of the lettera between these twoc’s. Next,
set

ϕ(w) = B1/ · · · /Bm

so thati ∈ Bt, for somet. Aswi = c that means thatℓ := min(Bt+1) < i. As there is noa betweenwi

andwj we see thatj ∈ Bt+2. Moreover, as there is noa betweenwj andwk we see thatk ∈ Bt+1. This
provides our desired contradiction since the integersℓ < i < j < k in the blocksBt, Bt+1, andBt+2

create an occurrence of the forbidden pattern14/2/3.
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To establish the other inclusion, considerw ∈ W ∗
n and assume for a contradiction thatϕ(w) /∈

Πn(14/2/3). Again set
ϕ(w) = B1/ · · · /Bm.

By definition of the mapϕ, we see thatmin(Bi) > max(Bj) for all j + 1 < i. From this it follows
that any occurrence of14/2/3 in ϕ(w) must occur among three consecutive blocksBt, Bt+1, Bt+2 and
involve integersℓ < i < j < k such thatℓ, k ∈ Bt+1, i ∈ Bt, andj ∈ Bt+2. This immediately implies
thatwi = wk = c and thatwj = a is the onlya between these twoc’s. This contradiction permits us to
conclude thatϕ(W ∗

n) = Πn(14/2/3) as claimed.

Theorem 4.2. We have

F14/2/3(z) =
∑

n≥1

|Πn(14/2/3)|zn =
z − 3z2 + 3z3

1− 5z + 8z2 − 5z3
.

Proof: By our previous lemma it suffices to find
∑

n≥1 |W ∗
n |zn. To this end we consider three cases

depending on how manyc’s our word contains.
The words inW ∗

n with noc’s are easily counted by the expressionz1−2z . On the other hand, the words
with exactly onec’s are counted by

z2
(

1

1− 2z
− 1

1− z

)
1

1− 2z

where the second term follows since any occurrence of ac must be preceeded by at least twoa’s. Lastly,
we consider words containing at least twoc’s. It is clear from the definitions that such words decompose
as

a b′s anda′s
︸ ︷︷ ︸

at least onea

c · · · c · · · c · · · c b′s anda′s ,

so that between any two consecutivec’s we do not have exactly onea. Counting the words between any
two consecutivec’s we have

G(z) =
1

1− 2z
−
∑

i≥1

izi =
1

1− 2z
− z

(1− z)2

since such words are in the lettersa andb but cannot have exactly onea. In terms ofG(z) we see that

z

(
1

1− 2z
− 1

1− z

)(
z2G(z)

1− zG(z)

)(
1

1− 2z

)

counts the case where our words have at least twoc’s. Summing these three cases yields the desired
result.



Pattern avoidance for set partitions̀a la Klazar 15

4.2 The pattern 1/24/3

The enumeration of the pattern1/24/3 closely resembles that of the enumeration of14/2/3 found in the
previous section. As a result, we begin similarly by observing that ifπ = B1/ · · · /Bm ∈ Πn(1/24/3)
then we can only haven ∈ B1 or n ∈ Bm, as any other choice creates our forbidden pattern. Recalling
the setWn defined in the previous subsection, we define (recursively) the function

φ :Wn → Πn.

First setφ(a) = 1. Next, for anyw ∈Wn, defineφ(w) to be the set partition obtained fromφ(w1 · · ·wn−1) =
B1/ · · · /Bm by insertingn into a singleton block ifwn = a, insertingn into the blockBm if wn = b,
and lastly, insertingn into the blockB1 providedwn = c. It now follows, since the words inWn have
the property that anyc must be preceded by at least twoa’s, thatφ is injective. It also follows, from our
initial observation, thatΠn(1/24/3) ⊆ φ(Wn).

Example 4.3. If w = abbacb, then
φ(w) = 1235/46,

and ifv = aacac, then
φ(v) = 135/2/4.

Note thatφ(v) /∈ Π5(1/24/3).

We see from this example thatΠn(1/24/3) ( φ(Wn). As in the previous section, we seek a subset of
Wn whose image underφ is preciselyΠn(1/24/3). To this end, defineW ∗∗

n to be the set of allw ∈ Wn

such that

1) noa falls between any twoc’s in w, and

2) anyc in w which is preceded by at least threea’s cannot be immediately followed by ab.

In the next lemma we prove thatW ∗∗
n is this desired set. To facilitate the reading of its proof wepause

to highlight a couple key observations. Settingw ∈ Wn with φ(w) = B1/ · · · /Bm, we first see that
max(Bs) < min(Bs+1) for all s > 1. Our second observation is thatwi = a is thetth a in our word
(from left to right) if and only ifmin(Bt) = i. With these observations in mind we now state and prove
our lemma.

Lemma 4.2. The restricted mapφ :W ∗∗
n → Πn(1/24/3) is a bijection.

Proof: We first show thatΠn(1/24/3) ⊆ φ(W ∗∗
n ). To do so, it suffices to show that ifw ∈ Wn \W ∗∗

n ,
thenφ(w) /∈ Πn(1/24/3). Begin by settingφ(w) = B1/ · · · /Bm. We address the two ways in whichw
can fail to be a member ofW ∗∗

n separately. First, assume condition 1) fails, and leti < j < k be such
thatwi = wk = c andwj = a. In particular,i, k ∈ B1. Moreover, as anyc must be preceded by at least
two a’s, then it follows thatmin(B2) < i < k. It also follows that ifwj is thetth a in w, thent ≥ 3.
Consequently, the blocksB1, B2, andBt contain an occurrence of1/24/3.

Next, let us assume condition 2) fails. Here we assume that there exists some indexi so thatwiwi+1 =
cb andwi is preceded by at least threea’s. It immediately follows thatφ(w1 · · ·wi−1) hast ≥ 3 blocks
and that inφ(w), i ∈ B1, i + 1 ∈ Bt andmin(B2) < min(Bt) < i < i + 1. Consequently, the
blocksB1, B2, andBt, contain an occurrence of our forbidden pattern. We conclude thatΠn(1/24/3) ⊆
φ(W ∗∗

n ).
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Next, we demonstrate the other inclusion. Fixw ∈ W ∗∗
n and, for a contradiction, assume thatφ(w) /∈

Πn(1/24/3). Setφ(w) = B1/ · · · /Bm. Asφ(w) contains an occurrence of1/24/3we must havem ≥ 3.
Asmax(Bs) < min(Bs+1) for all s > 1 we see that any occurrence of1/24/3 in φ(w) must involveB1

and two other blocksBr andBs with r < s. If the integers that form this pattern arei < j < k < ℓ then
we have exactly two cases.

Case 1: j, ℓ ∈ B1, i ∈ Br, andk ∈ Bs

In this case, we see that asi ∈ Br, thenwj = wℓ = c. As the letters betweenwj andwℓ cannot contain
ana we conclude thatwk = b. It now follows thatwj · · ·wℓ must contains acb. Additionally, the facts
that the letters betweenwj andwℓ do not contain ana, and thatj < k < ℓ, and thatwmin(Bs) = a, imply
thatmin(Bs) < j. Furthermore, asmin(Br) ≤ i < j we see that

w1 = wmin(Br) = wmin(Bs) = a,

and1 < min(Br) < min(Bs) < j. This contradicts the fact thatw satisfies condition 2) in the definition
of W ∗∗

n .

Case 2: i ∈ Br, j, ℓ ∈ Bs andk ∈ B1

From the definition ofφ, we clearly have

w1 = wmin(Br) = wmin(Bs) = a.

Moreover, asi ∈ Br andi < k, thenwk = c. Further asℓ 6= min(Bs), thenwℓ = b. Lastly, it is clear that
the subwordwk+1 · · ·wℓ−1 cannot contain the lettera. (If it did, thenℓ could not be inBs.) This means
w contains acb preceded by at least threea. Again this contradicts the fact thatw satisfies condition 2) in
the definition ofW ∗∗

n . This completes our proof.

Theorem 4.4. We have

F1/24/3(z) =
∑

n≥1

|Πn(1/24/3)|zn =
z − 4z2 + 6z3 − 2z4

(1− 3z + 2z2)2
.

Proof: By our previous lemma it suffices to enumerateW ∗∗
n . To do so we consider three cases depending

on the number ofc’s. Clearly, the words inW ∗∗
n with no c’s are counted by the expressionz1−2z . Next

consider words that contain at least onec and have the additional property that the firstc appears after the
seconda but before the thirda (if it exists). Such words must be of the form

ab · · ·ba b′s andc′s
︸ ︷︷ ︸

at least 1c

or ab · · ·ba b′s andc′s
︸ ︷︷ ︸

at least 1c

a a′s andb′s .

These two forms are counted by

z2

1− z

(
1

1− 2z
− 1

1− z

)(

1 +
z

1− 2z

)

.
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Lastly, we consider the case that our firstc is preceded by at least threea’s. In this case such words must
be of the form

ab · · ·bab · · · ba a′s andb′s c · · · c or ab · · · bab · · ·ba a′s andb′s c · · · c a a′s andb′s .

Together such words are counted by the expression

z3

(1− z)2
z

(1− 2z)(1− z)

(

1 +
z

1− 2z

)

.

Adding these three terms together and simplifying yields the desired expression.

With the recursive structure of1/24/3-avoiding set partitions established, we now conclude the proof
the case|a− b| = 2 in the proof of Theorem 3.2, by establishing the following lemma.

Lemma 4.3. For n ≥ 5, we have|Πn(1/24/3)| < |Πn(1/2/3/4)|.

Proof: Let An be the set of all partitions of[n] with exactly 2 blocks and letA∗
n be the set of all par-

titions with exactly 3 blocks in whichn is a singleton. (NoteA∗
n is a subset of bothΠn(1/24/3) and

Πn(1/2/3/4).) Now letCn be the set of all partitions inΠn(1/24/3) with the property that removingn
gives a partition with at least 3 blocks. Similarly, letDn be the set of all partitions inΠn(1/2/3/4) with
the property that removingn results in a set partition with exactly 3 blocks. By our abovenote and the
fact that the patterns involved have at least 3 blocks, it follows that

Πn(1/24/3) = {βn} ·∪ An ·∪ A∗
n ·∪ Cn and Πn(1/2/3/4) = {βn} ·∪ An ·∪ A∗

n ·∪Dn.

It now suffices to show that|Cn| < |Dn| for n ≥ 5. We proceed by induction onn. As |Π5(1/24/3)| =
39 and |Π5(1/2/3/4)| = 41, we must have|C5| < |D5|. From the description of1/24/3-avoiding
permutations given in the first paragraph of this section, itfollows that|Cn+1| ≤ 3|Cn|. Additionally, it
is clear that|Dn+1| = 3|Dn|. Together we get

|Cn+1| ≤ 3|Cn| < 3|Dn| = |Dn+1|

where the second inequality follows by our inductive hypothesis. (Note the first inequality may not be an
equality as in Example 4.3.)

4.3 The pattern 12/34

Theorem 4.5. We have

|Πn(12/34)| =
⌊n/2⌋
∑

k=0

k!

(
n

2k

)

+

n−2k∑

ℓ=3

(
n

2k + ℓ

)

k!(k + 1)2.

Before proving this result it will be helpful to state and prove a couple of lemmas.

Lemma 4.4. Any set partition which avoids12/34 has at most one block of size greater than2.
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Proof: For a contradiction assumeπ ∈ Πn(12/34) contains two blocksB = {x1, . . . , xa} andC =
{y1, . . . , yb} wherea, b ≥ 3. Without loss of generality we may further assume thatx2 < y2. On the other
hand, this implies that the blocksB andC must contain an occurrence of12/34 which is impossible.

The proof of the next lemma is straightforward. The details are left to the reader.

Lemma 4.5. Let B = {z1 < · · · < za}, C = {x1 < y1}, andD = {x2 < y2} be blocks inπ ∈
Πn(12/34) so that3 ≤ a. Then

a) max(x1, x2) < min(y1, y2).

b) x1 < z2 andza−1 < y1.

Remark 4.1. It immediately follows from the previous lemma that ifx1 < · · · < xk are the minimum
entries among all the blocks of size 2 andy1, . . . , yk are the maximum entries among all the blocks of
size 2 then we must have

xi < min(y1, . . . , yk),

for 1 ≤ i ≤ k.

Proof Proof of Theorem 4.5: To start, let us first count those set partitions inΠn(12/34) whose block
sizes do not exceed 2. To count such set partitions with exactly k blocks of size 2, we first choose a subset
x1 < · · · < xk < y1 < · · · yk of size2k from [n]. (Then − 2k integers not chosen become singletons.)
We then may choose to match up each of thexi’s with exactly one of theyi’s in any of thek! ways. It
follows from the above remark that all set partitions inΠn(12/34) whose block sizes do not exceed 2 are
of this form. A simple argument further shows that any set partition built in this manner must also avoid
12/34. Consequently, the number of such set partitions is given by

⌊n/2⌋
∑

k=0

k!

(
n

2k

)

.

Now let us consider the set partitions inΠn(12/34) that containk blocks of size 2 and exactly one
block of sizeℓ ≥ 3. To build such a partition, we first choose a subset of size2k + ℓ from [n]. Let us
denote the members of this subset by

x1 < · · · < xk+1 < z1 < · · · < zℓ−2 < y1 < · · · < yk+1.

(Again, then − 2k − ℓ integers not chosen become singletons in our final set partition.) Next, choose
exactly one element from thexi’s and one element from theyi’s along with all thezi’s to form our block
of sizeℓ. Next, as in the preceding case we are free to match each of theremainingxi’s to each of the
remainingyi’s in all k! possible ways to form ourk blocks of size 2. Lemma 4.5 guarantees that any such
set partition is built in this manner. Furthermore, it is straightforward to show that any set partition built
in this manner avoids12/34. Consequently, the number of such set partitions is given by

⌊n/2⌋
∑

k=0

n−2k∑

ℓ=3

(
n

2k + ℓ

)

k!(k + 1)2.

Adding these two terms gives our final result.
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4.4 The pattern 14/23

To begin, let us concentrate on the subsetΠ∗
n(14/23) consisting of all set partitions inΠn(14/23) that do

not contain singletons. We first show that the set partitionsin this subset can be constructed via a simple
recursive procedure. To do this we first need the following definition.

Definition. For anyπ ∈ Π∗
n(14/23) we sayk is acapprovided eachi ≥ k is the maximum element in

its block. Letι(π) be the number of caps inπ.

Next, we define the setsΠ∗
n as follows. First, setΠ∗

2 = {{1, 2}}. Forn ≥ 3, defineΠ∗
n to be the set of

all partitions obtained by either of the following two operations.

n-insertion

For anyπ ∈ Π∗
n−1 insertn into the block containingn− 1.

n-augmentation

For σ ∈ Π∗
n−2 wheren ≥ 4 doing the following. Fixk to be either one of theι(π) caps inσ or set

k = n−1. Then, increment all the values inσ which are≥ k. Finally, append the doubleton block{k, n}.
We note that no partition inΠ∗

n contains a singleton.

Lemma 4.6. We haveΠ∗
n = Π∗

n(14/23).

Proof: We leave it to the reader to convince themselves thatΠ∗
n ⊆ Π∗

n(14/23). We show the other inclu-
sion by induction onn. First note thatΠ∗

2 = {{1, 2}} = Π∗
2(14/23). Now take anyπ ∈ Π∗

n+1(14/23)
and letB be the block whose cap isn+ 1. If |B| ≥ 3, then we claim thatn ∈ B as well. It then follows
(inductively) thatπ ∈ Π∗

n+1. To prove this claim, letB = {x1 < x2 < · · · < xk} so thatk ≥ 3 and
xk = n+1. For a contradiction assumexk−1 < n. So there exists a blockC, distinct fromB, whose cap
is n. SetC = {y1 < · · · < yℓ} so thatyℓ = n andℓ ≥ 2, asπ does not contain singletons. We must have

yℓ−1 < xk−2 < xk−1 < n = yℓ or xk−2 < yℓ−1 < yℓ = n < n+ 1 = xk.

But either choice results in an occurrence of the forbidden pattern14/23. Hencen ∈ B as claimed.
The other possibility is forB = {k, n+ 1}. As π avoids14/23 it follows that everyi strictly between

k andn+1 must be a cap. Consequently,π was constructed from some set partition inΠ∗
n(14/23) = Π∗

n

via n+ 1-augmentation. With this lemma established, we are now ready to enumerate this pattern.

Theorem 4.6. We have

F14/23(z) =
∑

n≥0

|Πn(14/23)| zn = G

(
z

1− z

)
1

1− z
+

1

1− z
,

where

G(z) =
z − 2z2(1 + z)− z

√
1− 4z2

−2 + 2z(1 + z)2
.

Proof: In light of the previous lemma we know that

G(z) =
∑

n≥2

|Π∗
n(14/23)| zn =

∑

n≥2

|Π∗
n| zn.



20 Jonathan Bloom, Dan Saracino

It is straightforward to see that an arbitrary set partitionin Πn(14/23) is obtained by insertingk singleton
blocks into some set partition inΠn−k(14/23). In terms of generating functions this corresponds to

F14/23(z) = G

(
z

1− z

)
1

1− z
+

1

1− z
.

It only remains to prove thatG is given by the desired generating function. To do this, firstdefine

H(z, t) =
∑

n≥2

∑

π∈Π∗

n

zntι(π).

The recursive description ofΠ∗
n translates into the functional equation

H(z, t) = z2t+ ztH(z, 1) +
z2t

1− t
(H(z, 1)− tH(z, t)) ,

where the second term corresponds ton-insertion and the third term corresponds ton-augmentation.
Solving forG(z) = H(z, 1) using the kernel method results in the desired expression.

4.5 The pattern 1/234

Theorem 4.7. We have

|Πn(1/234)| =
n∑

ℓ=1

M(n− ℓ) +

n−2∑

ℓ=1

(n− ℓ− 1)M(n− ℓ − 1) +

n−3∑

ℓ=1

(
n− ℓ− 1

2

)

M(n− ℓ− 2),

where

M(n) =

⌊n/2⌋
∑

k=0

(
n

2k

)

(2k)!! .

Proof: Let π = B1/ · · · /Bm ∈ Πn(1/234). First observe that|Bi| ≤ 2 for all i ≥ 2 since1 ∈ B1 and
π avoids1/234. This means that the set partitionB2/ · · · /Bm is a matching with fixed points of the set
[n] \B1 which has sizen0 = n− |B1|. It is a well known result that such objects are counted by

M(n0) =

⌊n0/2⌋∑

k=0

(
n0

2k

)

(2k)!! .

Next, observe thatB1 is not free to be any subset of[n]. In factB1 must be of either the form

1) {1, . . . , ℓ}, or

2) {1, . . . , ℓ, k} for somek > ℓ+ 1, or

3) {1, . . . , ℓ, k,m} for somem > k > ℓ+ 1,

as any other possibility would result in an occurrence of1/234.
Combining these two observations we see that the first term inour formula counts the set partitions in

Πn(1/234) whose first block is of the form in 1). Likewise, the second andthird terms count those set
partitions whose first block is of the form in 2) and 3) respectively.
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4.6 The pattern 134/2

To enumerate this pattern we require the well studied notionof weak integer compositions. In particular,
we denote byCn,k the set of all weak integer compositions ofn with k parts. Additionally we denote
by Mk,f the set of all set partitions of[2k + f ] with f singletons andk doubletons. (Observe these are
just matchings withf fixed points.) Lastly, we define the refined setΠn,k,f (134/2) to be the set of all set
partitions inΠn(134/2) with exactlyk + f blocks where exactlyf of them are singletons.

Lemma 4.7. Provided,k ≥ 1 and2k + f ≤ n, there exists an explicit bijection

φ : Πn,k,f (134/2) → Cn−f−2k,k ×Mk,f .

Deferring the proof of this lemma to the end of this section, we continue with our enumeration.
As it is well known that|Cn−f−2k,k| =

(
n−f−k−1

k−1

)
and|Mk,f | =

(
2k+f

f

)
(2k)!! it now follows from

Lemma 4.7, that

|Πn(134/2)| = 1 +

⌊n/2⌋
∑

k=1

n−2k∑

f=0

|Πn,k,f (134/2)|

= 1 +

⌊n/2⌋
∑

k=1

n−2k∑

f=0

(
n− f − k − 1

k − 1

)(
2k + f

f

)

(2k)!!.

We record this result in our last theorem.

Theorem 4.8. We have the following formula

|Πn(134/2)| = 1 +

⌊n/2⌋
∑

k=1

n−2k∑

f=0

(
n− f − k − 1

k − 1

)(
2k + f

f

)

(2k)!!.

We now turn our attention to the proof of Lemma 4.7. We begin with a simple characterization of
134/2-avoiding set partitions. Its straightforward proof is omitted.

Lemma 4.8. For any set partitionπ = B1/ · · · /Bm, we have thatπ is 134/2-avoiding if and only if any
non-singleton block is of the form

{a, a+ 1, . . . , a+ ℓ, b},
whereℓ ≥ 0 andb ≥ a+ ℓ+ 1.

Proof Proof of Lemma 4.7: Consider a set partitionπ = B1/ . . . /Bm ∈ Πn(134/2) so thatf of the
blocks are singletons and the remainingk = m− f blocksBi1 , . . . , Bik are not singletons. Now let

λ = (|Bi1 | − 2, |Bi2 | − 2, . . . , |Bik | − 2)

be the resulting weak composition ofn−f−2k with k parts. (As each of the blocksBij are of the form in
Lemma 4.8, the parts of our composition are just their corresponding values forℓ in this decomposition.)
Furthermore, by throwing out all but the min and max of each block, and applying standardization map,



22 Jonathan Bloom, Dan Saracino

we obtain a set partitionσ of [f + 2k] with exactlyf singletons andk doubletons. Finally, we define
φ(π) = (λ, σ). (We illustrate this construction in Example 4.9.) As this map is easily seen to be bijective,
the proof is complete.

Example 4.9. Consider the set partition127/3/4568/9/10 11 12 wheref = 2 andk = 3. Then

φ(127/3/4568/9/10 11 12) = (λ, σ)

whereλ = (1, 2, 1) ∈ C4,3 andσ = 14/2/35/6/78 ∈M3,2.
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We determine the structure of permutations avoiding the patterns 4213 and 2143. Each such permutation
consists of the skew sum of a sequence of plane trees, together with an increasing sequence of points above
and an increasing sequence of points to its left. We use this characterisation to establish the generating
function enumerating these permutations. We also investigate the properties of a typical large permutation
in the class and prove that if a large permutation that avoids 4213 and 2143 is chosen uniformly at random,
then it is more likely than not to avoid 2413 as well.

Keywords: permutation class, exact enumeration, asymptotic enumeration

1 Introduction
Towards the end of his talk at Permutation Patterns 2015, Vince Vatter pointed out that four of
the permutation classes avoiding two patterns of length four remaining to be enumerated are
subclasses of generalised grid classes. We illustrate the value of this observation by using it to
determine the generating function of the class D = Av(4213, 2143) and to explore the structure
of permutations in D.

Breaking somewhat with tradition, we assume familiarity with the standard terminology and
notation used for permutation classes. See [4] for a very brief introduction, or Vatter’s survey
article [18] for a much more thorough exposition. Other overviews of the field can be found in
the books by Bóna [8] and Kitaev [14].

The concept of a generalised grid class was introduced by Vatter in [17, Section 2]. A gener-
alised grid class is defined by a matrix M = (Mi,j), whose entries are permutation classes. The
class Grid(M) consists of those permutations σ whose plot can be partitioned into rectangular
cells, one corresponding to each entry ofM, such that the subpermutation of σ consisting of any
points in the cell corresponding toMi,j is a member of the permutation classMi,j. Such a parti-
tion is known as a gridding of σ. See Figure 1 for an illustration. With a slight abuse of notation,
we tend to identify a grid class with its defining matrix.

We prove (Proposition 7) that D = Av(4213, 2143) is a subclass of the generalised grid class

Av(21)
Av(21) Av(213) ,
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Fig. 1: The gridding of a permutation in generalised grid class Av(21)
Av(21) Av(213)

each permutation in D consisting of the skew sum of a sequence of plane trees, with an increas-
ing sequence of points above (top points) and an increasing sequence of points to its left (left
points). See Figures 1 and 6 for illustrations. By analysing the structure of certain “canonical”
griddings, we establish (Theorem 9) that the generating function enumerating D is

D(z) =
(1 − 2z)

(
−1 + 5z− 7z2 + 2z3 + (1 − z)

√
1 − 6z+ 5z2

)
1 − 10z+ 24z2 − 20z3 + 4z4 .

We also investigate the properties of a typical large permutation in D and determine (Corol-
lary 10) that, asymptotically, one fifth of the points in a permutation in D are top points, and
that more than half of the permutations in D have a gridding with no left points and hence
contain no occurrences of 2413.

In the rest of this introductory section, we present various definitions, notation and results
that we use later. In Section 2, we investigate the structure of Av(4213, 2413, 2143), a subclass
of D first studied by Bloom & Burstein [7]. Then, in Section 3, we build on our analysis of this
subclass to explore the structure of permutations in D and prove our main results. We conclude
with some questions.

To establish generating functions, we make use of the symbolic method as presented in Flajolet
& Sedgewick [12, Chapters I and III]. We use Z to denote the atomic class consisting of a single
point in a permutation, SEQ[C] to represent a possibly empty sequence of elements of C and
SEQ+[C] to represent a non-empty sequence of elements of C.

We also use TREE[C] to denote the class of non-empty plane trees whose vertices are drawn
from C, defined by the structural equations

TREE[C] = C× SEQ
[
TREE[C]

]
or TREE[C] = C+ TREE[C]2.

We make repeated use of the fact that any permutation τ ∈ Av(213) consists of the skew sum of a
sequence of plane trees, and thus Av(213) ∼= SEQ[TREE[Z]]. This is made evident by constructing
the Hasse graph of τ, the graph corresponding to the Hasse diagram of the poset on the points of
τ in which u < v if u is to the lower left of v. See the lower cell in Figure 3 and the lower right cell
in Figure 6 for illustrations. Hasse graphs of permutations were introduced by Bousquet-Mélou
& Butler in [9], and previously used by the present author in [5] and [6].
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We make use of the following terminology. The uppermost (and leftmost) tree in such a skew
sum is the upper tree. In each tree, the left to right maxima (the vertices in the leftmost maximal
path from the root) constitute the trunk, the uppermost point of which is its tip. The uppermost
branching point in the trunk of a tree is the uppermost point in the trunk of degree greater than 2.

To conclude this introductory section, we state three general propositions of analytic combi-
natorics that we require. Recall that

[
zn
]
f(z) denotes the coefficient of zn in f(z).

Proposition 1 enables us to determine the complete asymptotics of
[
zn
]
f(z) by repeated appli-

cation to successive terms of the (Puiseux) expansion for f(z) around its dominant singularity,
and Proposition 2 can be used to determine the mean and standard deviation of some parameter.

Proposition 1 (Flajolet & Odlyzko [11]; see [12, Theorem VI.1]). The coefficient of zn in λ(1−z/ρ)α

admits for large n the following asymptotic expansion:

[
zn
]
λ(1 − z/ρ)α ∼

λ

Γ(−α)
ρnn−α−1

(
1 +

∞∑
k=1

ek

nk

)
,

where

ek =

2k∑
`=k

λk,`

∏̀
j=1

(α+ j) and λk,` =
[
vkt`

]
et (1 + vt)−1−1/v.

Proposition 2 ([12, Proposition III.2]). Suppose that A(z, x) is the bivariate generating function for
some combinatorial class, in which z marks size and x marks the value of a parameter ξ. Then the mean
and variance of ξ for elements of size n are given by

En[ξ] =

[
zn
]
∂xA(z, x)

∣∣
x=1[

zn
]
A(z, 1)

and Vn[ξ] =

[
zn
]
∂2
xA(z, x)

∣∣
x=1[

zn
]
A(z, 1)

+ En(ξ) − En(ξ)2

respectively.

Proposition 3, which is a consequence of Hwang’s Quasi-powers Theorem [13], allows us
to establish that a parameter is asymptotically normally distributed from the fact that its PGF
behaves nearly like a large power of a fixed function.

Proposition 3 ([12, Theorem IX.12]). Let F(z, x) be a bivariate function, analytic at (0, 0) and with
non-negative Taylor coefficients, and let ξn be the sequence of random variables with probability generat-
ing functions [

zn
]
F(z, x)[

zn
]
F(z, 1)

.

If the following conditions hold:

(i) There exist positive r and ε and functions A, B and C, analytic in
{
(z, x) : |z| 6 r, |x − 1| 6 ε

}
,

such that F(z, x) = A(z, x) + B(z, x)C(z, x)α for some α /∈ N0.

(ii) The equation C(z, 1) = 0 has a unique root, ρ, with |ρ| 6 r, ρ is a simple root, B(ρ, 1) 6= 0,
∂zC(ρ, 1) 6= 0 and ∂xC(ρ, 1) 6= 0.

Then, as long as its asymptotic variance is non-zero, ξn converges in law to a Gaussian distribution.
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2 Av(4213,2413,2143)
Let us begin by considering a subclass of D, the permutation class Av(4213, 2413, 2143). First,
we present a characterisation of the class, which we then use to establish its generating function
and determine some asymptotic properties.

This class was first investigated by Bloom & Burstein [7]. Although they don’t explicitly make
use of the notion of a generalised grid class, they prove a result equivalent to our first proposi-
tion.

Proposition 4 ([7, Lemma 1.5]). Av(4213, 2413, 2143) is the generalised grid class H =
Av(21)
Av(213) .

4213 2413 2143

Fig. 2: The basis of class H

Proof: Let B = {4213, 2413, 2143}. Suppose we have a gridding of a permutation π ∈ H, and that
β ∈ B. Inspection of Figure 2 shows that no more than one point of an occurrence of β in π can
occur in the upper cell, or else it would contain a 21, and neither can three or more points of β
occur in the lower cell, or else it would contain a 213. Thus H is a subclass of Av(B).

On the other hand, suppose σ is a permutation in Av(B) of length n, and let τ be the maximal
increasing subsequence of σ of the form (k,k+1, . . . ,n−1,n) for some k 6 n. Note that if k > 1,
then, by the maximality of τ, the term k− 1 occurs to the right of k in σ.

We claim that σ can be gridded in H by placing the points of τ in the upper cell, and any
remaining points in the lower cell. Clearly, τ avoids 21. Suppose there was an occurrence of 213
in the lower cell. Inspection of Figure 2 shows that, since σ avoids elements of B, the occurrence
of 213 must occur to the left of all the points in the upper cell. However, in this case, the leftmost
two points of this 213 together with k and k− 1 would form a 2143, which is impossible because
σ avoids 2143. Thus Av(B) is a subclass of H.

Proposition 4 can also be deduced from Atkinson [2, Theorem 2.2], which specifies the struc-
ture of basis elements of juxtapositions of finitely based permutation classes.

Bloom & Burstein also enumerate H. We present our own proof here so that we can make use
of it later when considering class D.

Proposition 5 ([7, Lemma 1.6]). The generating function for H = Av(4213, 2413, 2143) is

H(z) =
1 − 3z+ 2z2 −

√
1 − 6z+ 5z2

2z(2 − z)
.

Proof: For each permutation σ in H, we consider the gridding of σ in which the number of points
in the upper cell is minimal (see Figure 3 for an illustration). We call this the canonical gridding of
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Fig. 3: The canonical gridding of a permutation in H

σ in H, and refer to the points in the top cell as the top points. Clearly, there is a bijection between
permutations in H and their canonical griddings.

The minimality of the set of top points implies that they all occur to the right of the first
occurrence of a 21 in the lower cell. In other words, the leftmost top point must be to the right
of the (tip of the) trunk of the upper tree and not adjacent to it.

We use the symbolic method to construct the class, marking top points with t for clarity (al-
though we don’t actually need an extra catalytic variable). The structural equations are as fol-
lows:

P = SEQ+[Z] (1)

T = TREE
[
Z× SEQ[tZ]

]
(2)

U = P + SEQ+[Z]× (Z× SEQ+[T])× SEQ
[
Z× SEQ[T]

]
(3)

H = U × SEQ[T] (4)

In (1), we use P to denote a tree consisting only of a trunk (a path tree).
In (2), we use T to denote a tree together with any top points that occur to the right of some

of its vertices. In Figure 3, the dashed lines illustrate how the top points are associated with the
trees.

In (3), we use U to denote the upper tree, together with its top points. This is either a path tree
(with no top points), or else is constructed (tip downwards) from

(i) at least one point on the trunk above the uppermost branching point,

(ii) the uppermost branching point on the trunk, rooting at least one subtree, which may have
top points to the right of some of its vertices, and

(iii) any points on the trunk below the uppermost branching point, each possibly rooting a
subtree that may have top points to the right of some of its vertices.
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Finally, in (4), the class H is constructed from the upper tree, U, and zero or more T trees.
Translation into functional equations yields:

T(z, t) =
z

(1 − tz)(1 − T(z, t))
,

U(z, t) =
z

1 − z
+

z

1 − z
× zT(z, t)

1 − T(z, t)
× 1

1 − z
1−T(z,t)

,

H(z, t) =
U(z, t)

1 − T(z, t)
.

Solving, expanding, simplifying and rearranging gives

H(z, t) =
1 − (t+ 2)z+ 2tz2 −

√
1 − (2t+ 4)z+ t(t+ 4)z2

2z(t+ 1 − tz)
.

The univariate generating function then results from setting t = 1.

From the generating function, we can determine the following asymptotic behaviour.

Corollary 6. Asymptotically, |Hn| ∼ 5
18

√
5
π

5nn−3/2 and the number of top points in the canonical

gridding of a permutation in Hn is normally distributed with mean n
5 and standard deviation 2

√
n

5 .

Proof: These results follow in the standard way from singularity analysis and the extraction of
moments from the generating function.

The asymptotics of |Hn| results from the application of Proposition 1 to the first nonconstant
term of the Puiseux expansion for H(z) around its dominant singularity ρ = 1

5 :

H(z) ∼ 2
3 − 5

√
5

9

√
1 − 5z + O(1 − 5z).

The asymptotic mean and standard deviation for the number of top points follow by the appli-
cation of Propositions 1 and 2. It is also readily verified thatH(z, t) is amenable to Proposition 3.
Indeed, in the notation of that proposition, we have

A(z, t) =
1 − (t+ 2)z+ 2tz2

2z(t+ 1 − tz)
,

B(z, t) =
−1

2z(t+ 1 − tz)
,

C(z, t) = 1 − (2t+ 4)z+ t(t+ 4)z2,

and the exponent α = 1/2. The relevant conditions are then satisfied for any r ∈ [1/5, 1) and
ε ∈ (0, 1), with ρ = 1/5, as expected, being the unique root of C(z, 1) = 0 whose magnitude
is at most r. The number of top points thus exhibits a Gaussian limit distribution concentrated
around n/5.

The first twelve terms of the sequence |Hn| are 1, 2, 6, 21, 79, 311, 1265, 5275, 22431, 96900,
424068, 1876143. More values can be found at A033321 in OEIS [16].

http://oeis.org/A033321
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Av(4213)⋃
G =

Av(21)
Av(21) Av(213)⋃

D = Av(4213, 2143)⋃
H = Av(4213, 2413, 2143) =

Av(21)
Av(213)

Av(4213) is enumerated by A022558, D by A165537, and H by A033321.

Fig. 4: The permutation class hierarchy

3 Av(4213,2413)
Let us now turn to a consideration of the structure and enumeration of class D. In the first two
propositions, we present a characterisation of the class, which we then use to enumerate the
class in our main theorem. We conclude by determining some asymptotic properties.

Proposition 7. The class D = Av(4213, 2143) is a subclass of G =
Av(21)

Av(21) Av(213) , which is itself a

subclass of Av(4213).

These class inclusions are illustrated in Figure 4.

Proof: Suppose σ is a permutation in D of length n, and let τ be the maximal increasing subse-
quence of σ of the form (k,k + 1, . . . ,n − 1,n) for some k 6 n. If k > 1, then, by the maximality
of τ, the term k − 1 occurs to the right of k in σ. Now let λ be the maximal increasing prefix
(σ1, . . . ,σj) of (σ1, . . . ,σk−1). If σj+1 < k, then, by the maximality of λ, we have σj+1 < σj.

We claim that σ can be gridded in G by placing the points of τ in the upper right cell, the points
of λ in the lower left cell, and any remaining points in the lower right cell. Clearly, both τ and λ
avoid 21. Suppose there was an occurrence of 213 in the lower right cell. The point k can’t occur
to the left of the 213, since that would form a 4213. Thus k− 1 occurs to the right of k, σj+1 < k,
and thus σj+1 < σj. But that is impossible, because the points σj, σj+1, k and k − 1 would form
a 2143.

On the other hand, we claim that there is no gridding of π = 4213 in G. From Proposition 4,
we know that such a gridding would require at least one point in the lower left cell. Moreover,
only the first point of π can occur in that cell without creating a 21 there. But, if the lower left
cell were to contain only the first point of π, then its remaining points would form a 213 in the
lower right cell.

Let us now determine the structure of griddings in G of permutations in D. Given a gridding
of a permutation in G, we refer to the points in the lower left cell as the left points. We also make

http://oeis.org/A022558
http://oeis.org/A165537
http://oeis.org/A033321


8 David Bevan

use of the concept of a top or left point splitting (part of) a tree in the lower right cell. A top point
splits (part of) a tree if it occurs to the right of its leftmost point and to the left of its rightmost
point. Analogously, a left point splits (part of) a tree if it occurs above its lowermost point and
below its uppermost point. Splitting is illustrated in the figures by pale stripes.

Proposition 8. A gridding of a permutation in G avoids 2143 if and only if

(a) no left point splits a tree below its uppermost non-trunk vertex, and

(b) if a left point splits a tree, then no top point splits its trunk.

Proof: If a left point ` splits a tree below its uppermost non-trunk vertex, then ` and the root, tip
and uppermost non-trunk vertex of the tree form a 2143. Similarly, if a left point ` splits a tree
and a top point t splits its trunk, then `, the root of the tree, t and the tip of the tree form a 2143.

Γ1 Γ2

Fig. 5: The two griddings of 2143 in G

On the other hand, there are only two griddings of 2143 in G, which we denote Γ1 and Γ2 as
shown in Figure 5. A gridding of a permutation in G can only contain an occurrence of Γ1 if the
left point of Γ1 splits a tree below its uppermost non-trunk vertex. If a gridding of a permutation
in G contains an occurrence of Γ2 but no occurrence of Γ1, then the left point of Γ2 splits a single
edge in the trunk of a tree and the top point of Γ2 splits the same edge.

We are now in a position to enumerate D.

Theorem 9. The generating function for D = Av(4213, 2143) is

D(z) =
(1 − 2z)

(
−1 + 5z− 7z2 + 2z3 + (1 − z)

√
1 − 6z+ 5z2

)
1 − 10z+ 24z2 − 20z3 + 4z4 .

Proof: For each permutation σ in D, we consider the gridding of σ in G in which the number of
left points is minimal, with the remaining points canonically gridded (as a gridding in H) in the
two cells at the right. See Figure 6 for an illustration. We call this the canonical gridding of σ in
G. Clearly, there is a bijection between permutations in D and their canonical griddings in G.

The minimality of the set of left points implies that the uppermost left point is the first point
in an occurrence of 2413. Since the leftmost top point occurs to the right of a 21 in the lower left
cell, this 2413 must be gridded as in Figure 7. This is the case if and only if the uppermost left
point splits a tree and this tree is not the upper tree.

To enumerate D, it thus suffices to enumerate griddings of permutations in G satisfying the
following four constraints, the first two of which characterise the avoidance of 2143 (Proposi-
tion 8), and the last two of which characterise canonical griddings:
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Fig. 6: The canonical gridding in G of a permutation in D

Fig. 7: The canonical gridding of 2413 in G

(a) No left point splits a tree below its uppermost non-trunk vertex.

(b) If a left point splits a tree, then no top point splits its trunk.

(c) The uppermost left point splits a tree and this tree is not the upper tree.

(d) The leftmost top point occurs to the right of the (tip of the) trunk of the upper tree and not
adjacent to it.

Let us consider the set of permutations in D containing 2413 (i.e. those whose griddings have
at least one left point).

As in the proof of Proposition 5, we use the symbolic method to construct this set, reusing
the definitions of P, T and U in (1)–(3) in the proof of Proposition 5. We mark left points with `
and top points with t for clarity (although, again, we don’t actually need any extra catalytic
variables for the enumeration). In Figure 6, the dashed lines illustrate how top and left points
are associated with the trees.

The structural equations are as follows:

L = Z× SEQ
[
Z× SEQ[`Z]

]
(5)

Q = (L− P)× SEQ[tZ] (6)

S = Q + Q× SEQ+[T]× SEQ
[
Z× SEQ[T]

]
(7)

D \H = U × SEQ[T] × S × SEQ
[
SEQ[`Z]× (T + S)

]
× SEQ[`Z] (8)
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In (5), we use L to denote a path tree together with any left points that split it.
In (6), we use Q to denote a path tree split by at least one left point, together with any top

points that occur to its right. By constraint (b), a path tree may not be split by both left and top
points.

In (7), we use S to denote a tree split by at least one left point, together with any top points
that occur to the right of some of its vertices. By constraint (b), these top points must occur to
the right of its tip.

An element of S is either a path tree split by at least one left point, or else is constructed (tip
downwards) from

(i) the trunk above the uppermost branching point, split by at least one left point, which may
have top points to the right of the tip,

(ii) at least one subtree rooted at the the uppermost branching point on the trunk, which may
have top points to the right of some of its vertices, and

(iii) any points on the trunk below the uppermost branching point, each possibly rooting a
subtree that may have top points to the right of some of its vertices.

Finally, in (8), the set of canonical griddings of permutations in D whose griddings have at
least one left point is constructed, starting at the upper left, from

(i) the upper tree, which, by constraint (c), is never split by a left point,

(ii) zero or more T trees, which are not split by a left point,

(iii) a S tree, split by the uppermost left point,

(iv) zero or more T or S trees, each possibly with left points above it, and

(v) zero or more left points below the lowermost tree.

Translation into functional equations yields:

L(z, t, `) =
z

1 − z
1−`z

,

Q(z, t, `) =
(
L(z, t, `) −

z

1 − z

) 1
1 − tz

,

S(z, t, `) = Q(z, t, `) +
Q(z, t, `)T(z, t)

1 − T(z, t)
× 1

1 − z
1−T(z,t)

,

D(z, t, `) −H(z, t) =
U(z, t)

1 − T(z, t)
× S(z, t, `)

1 − 1
1−`z

(
T(z, t) + S(z, t, `)

) × 1
1 − `z

.

Solving, expanding, simplifying and rearranging yields a (very complicated) algebraic expres-
sion for D(z, t, `). The univariate generating function then results from setting t = 1 and ` = 1
and simplifying.

From the generating function, we can determine the asymptotic behaviour.
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Corollary 10. The following properties hold in the limit:

(i) Asymptotically, |Dn| ∼ 60
121

√
5
π

5nn−3/2, so the probability that a random large permutation avoid-

ing 4213 and 2143 also avoids 2413 tends to 121
216 >

1
2 .

(ii) The number of left points in the canonical gridding of a permutation in D has asymptotic mean
175
132 ≈ 1.326 and standard deviation

√
74795
132 ≈ 2.072.

(iii) The number of top points in the canonical gridding of a permutation in Dn is normally distributed
with mean n

5 and standard deviation 2
√
n

5 .

Proof: For part (i), the asymptotics of |Dn| results from the application of Proposition 1 to the
first nonconstant term of the Puiseux expansion forD(z) around its dominant singularity ρ = 1

5 :

D(z) ∼ 9
11 − 129

√
5

121

√
1 − 5z + O(1 − 5z).

Note that, although the denominator of the expression for D(z) has a real root whose value is
1
4

(
5 +
√

5 −
√

22 + 10
√

5
)
≈ 0.143922 < 1/5, this value is also a root of the numerator.

The ratio |Hn|/|Dn| gives the proportion of permutations in D avoiding 2413. The asymptotic
limit of this ratio is 121

216 .
For part (ii), substituting t = 1 and simplifying yields

D(z, 1, `) =
(1 − z− z`)

(
P1(z, `) − (1 − z`)(1 − `+ z`+ z`2)

√
1 − 6z+ 5z2

)
2zP2(z, `)

,

where

P1(z, `) = (1 − `) − z(3 − 3`− 2`2) + z2 (2 − 4`− 7`2 − `3)

+ z3 (2`+ 9`2 + 3`3) − z4 (2`2 + 2`3),

P2(z, `) = (2 − 3`) − z(3 − 5`− 8`2) + z2 (1 − 3`− 15`2 − 7`3)

+ z3 (`+ 8`2 + 9`3 + 2`4) − z4 (`2 + 2`3 + `4).

The asymptotic mean and standard deviation for the number of left points follow by the appli-
cation of Propositions 1 and 2. The limiting distribution is illustrated in Figure 8.

For part (iii), , substituting ` = 1 and simplifying yields

D(z, t, 1) =
(1 − 2z)

(
P3(z, t) − (1 − z)(1 + t− 2tz)

√
1 − (2t+ 4)z+ t(t+ 4)z2

)
2P4(z, t)

,

where

P3(z, t) = (1 − 2z)(1 − tz)
(
(1 + t)(1 − 3z) + 2tz2),

P4(z, t) = −1 + (7 + 3t+ t2)z − (14 + 14t+ 6t2)z2 + (9 + 22t+ 13t2)z3

− (12t+ 12t2)z4 + 4t2z5.
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Fig. 8: The asymptotic distribution of the number of left points in the canonical gridding of a permutation
in class D

The asymptotic mean and standard deviation for the number of left points follow by the appli-
cation of Propositions 1 and 2.

Although D(z, t, 1) can easily be expressed in the form A(z, t) + B(z, t)
√
C(z, t), when this is

done, both A(z, 1) and B(z, 1) have singularities at z ≈ 0.143922 < 1
5 . Thus, Proposition 3 is not

applicable and can’t be used to deduce an asymptotic Gaussian distribution.
However, it is not difficult to rearrange the functional equations to show thatD = D(z, t, 1) is

a solution of the following system of polynomial equations,

R1 = 1 + zR1

R2 = 1 + ztR2

T = zR2 + T 2

R3 = 1 + T R3

R4 = 1 + zR3R4

S = z3R2
1R2 (1 + T R3R4) + zR1S

R5 = 1 + R1 (T + S)R5

D = zR1R3 (1 + zT R3R4)(1 + R1SR5),

in which T = T(z, t) and S = S(z, t, 1). The significance of this particular reformulation is that
each polynomial has positive coefficients. This allows us to apply a variant of the limiting distri-
bution version of the Drmota–Lalley–Woods Theorem [10], which states that, under very general
conditions, a parameter of a combinatorial class satisfying such a system of equations exhibits a
Gaussian limit law (see also [12, Proposition IX.17 and subsequent discussion]).

The original version of this theorem requires the dependency graph of the system of equa-
tions to be strongly connected, something that is evidently not the case here. However, a recent
generalisation by Banderier & Drmota [3, Theorem 8.2] addresses the non-strongly connected
scenario, and, with care, can be applied in this case to prove that the number of top points does
indeed exhibit a Gaussian limit distribution concentrated around n/5. We leave the details to be
filled in by the assiduous reader.
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The first twelve terms of the sequence |Dn| are 1, 2, 6, 22, 88, 366, 1556, 6720, 29396, 129996,
580276, 2611290. More values can be found at A165537 in OEIS [16].

4 Questions
The somewhat unexpected result that more than half of the permutations in Av(4213, 2143) are,
in fact, members of Av(4213, 2413, 2143), is a consequence of the fact that |Hn|/|Dn| has a positive
limit as n tends to infinity. This phenomenon deserves further investigation, as does the weaker
property that the growth rates of H and D are equal: gr(H) = gr(D).

Question 11. When is lim
n→∞

∣∣Avn(B ∪ {β})
∣∣∣∣Avn(B)

∣∣ positive?

Question 12. When do we have gr
(
Av(B ∪ {β})

)
= gr

(
Avn(B)

)
?

We conclude with the observation which initiated this investigation. Suppose K = {S1, . . . , Sk}
is a finite collection of permutation classes. We say that another permutation class C is K-
griddable if there is a finite matrix M each entry of which is one of the Si, such that C is a subset
of the generalised grid class Grid(M). Vatter gave the following characterisation of the property
of being K-griddable.

Proposition 13 (Vatter [17, Theorem 3.1]). The permutation class C is K-griddable if and only if it
does not contain arbitrarily long sums or skew sums of basis elements of members of K, that is, if there
exists a constantm so that C does not contain β1⊕. . .⊕βm or β1	. . .	βm for any sequence β1, . . . ,βm
of basis elements of members of K.

Consequently, three of the permutation classes avoiding two patterns of length four that were
still waiting to be enumerated when this paper was first written (see [19]) are subclasses of a
generalised grid class.

• Av(4312, 3214) is {Av(12), Av(321)}-griddable.

• Av(4231, 3214) is {Av(12), Av(321)}-griddable.

• Av(4132, 3214) is {Av(132), Av(321)}-griddable.

Miner [15] has subsequently derived the generating functions for these classes, using techniques
very similar to those used here.
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The PERMUTATION PATTERN MATCHING problem, asking whether a pattern permutationπ is contained in a text
permutationτ , is known to beNP-complete. We present two polynomial time algorithms for special cases. The first
is applicable if bothπ andτ are321-avoiding while the second is applicable if both permutations are skew-merged.
Both algorithms have a runtime ofO(kn), wherek is the length ofπ andn the length ofτ .

Keywords: pattern matching, permutation class, permutation pattern

1 Introduction
In this paper, a permutation is a bijective function from[n] to itself, wheren is a positive integer and
[n] = {1, 2, . . . , n}. Therefore, a permutation,π : [n] → [n] is the set of ordered pairs(i, π(i)). We
occasionally write specific permutations in the usual one line notation, e.g.,321 represents the permutation
of [3] equal to{(1, 3), (2, 2), (3, 1)}. Thesizeof π is just the cardinality of this set, and we denote the
elements, also called points, of a permutation by variablessuch asx andy. We adopt the usual conventions
with respect to order of such points, i.e.,(i, π(i)) lies to the left of(j, π(j)) if i < j and above(k, π(k))
if π(i) > π(k), with corresponding definitions for ‘to the right of’ and ‘below’. Given an elementx in a
permutationπ, we define (wherever possible):
x the element immediately to its left,
x the element immediately to its right,
x the element immediately above it, and
x the element immediately below it.
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We use the symbol⊥ to represent ‘undefined’. Any operator applied to⊥ also yields⊥. For example, in
the permutation31254 and forx = 3 we have:x = ⊥, x = 1, x = 4 andx = 2.

Let π andτ be two permutations. An injective function,f , from π into τ is anembeddingif, for all
elementsx andy of π, the elementsf(x) andf(y) of τ are in the same relative order asx andy (e.g., ifx
lies below and to the right ofy, thenf(x) also lies below and to the right off(y)). If there is an embedding
from π into τ then we say thatτ containsπ. If not, then we say thatτ avoidsπ. The following problem,
analogous to problems related to detecting occurrences of patterns in words, is central with respect to
these concepts:

PERMUTATION PATTERN MATCHING (PPM)

Input: A text permutationτ of sizen and a patternπ of sizek.
Question: Doesτ containπ?

Bose, Buss, and Lubiw [5] showed in 1998 that the PPM problem isNP-complete(i).
The recent work of Guillemot and Marx [9] shows that the PPM problem can be solved in time

2O(k2 log k)n, i.e., linear-time inn whenk is viewed as a constant. In particular, this implies that the
PPM problem isfixed-parameter tractable (fpt)with respect to the size of the patternk. Work prior to this
breakthrough result achieved runtimes ofO(n1+2k/3 · logn) [2] andO(n0.47k+o(k)) [1]. Usingrun(τ) as
parameter, i.e., the number of alternating runs ofτ , Bruner and Lackner [6] present an fpt algorithm with
runtimeO(1.79run(τ) · kn).

A permutation class, C, is a set of permutations with the property that ifτ ∈ C andτ containsπ then
π ∈ C. In other words,C is closed downwards with respect to the partial ordering of permutations given
by the relation “is contained in”. A permutation class is proper if it does not contain every permutation.
Permutation classes are frequently defined in terms of avoidance conditions, namely, for any setB of
permutations, the setAv(B) consisting of those permutations which avoid every elementof B is a per-
mutation class (and it is always proper ifB is non-empty). Conversely, every permutation class is equal to
the class of permutations avoiding its complement, or even avoiding the minimal elements (with respect
to the partial ordering mentioned above) of its complement.For an overview of results on permutation
classes, we refer to the corresponding chapter in theHandbook of Enumerative Combinatorics[15].

This leads to two natural ways in which one might restrict thePPM problem. One is to impose ad-
ditional structure on the pattern, most naturally, to insist that the pattern belongs to a particular (proper)
permutation class. One example which has been studied is theclass ofseparablepermutations, which
are those avoiding both3142 and2413. If the pattern is separable, PPM can be solved in polynomial
time [2, 5, 11, 13, 16]. The fastest algorithm for this case isby Ibarra [11] with a runtime ofO(kn4).
Formally, we define this class of problems as follows:

C-PATTERN PERMUTATION PATTERN MATCHING (C-PATTERN PPM)

Input: A text permutationτ of sizen and a patternπ of sizek, whereπ belongs to
a fixed proper permutation classC.

Question: Doesτ containπ?

A second and more restrictive specialisation of the PPM problem is to insist that both the pattern and
text belong to a (proper) permutation class. This is the version of the problem that we study.

(i) Note that because both the pattern and text are regarded as input, the size of the input isn+ k. Were we to regard the size of the
pattern as fixed, then the trivialO

((

n

k

)

· k
)

algorithm would be polynomial time.
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C PERMUTATION PATTERN MATCHING (C-PPM)

Input: A text permutationτ of sizen and a patternπ of sizek, both belonging to a
fixed proper permutation classC.

Question: Doesτ containπ?

Clearly, for a fixedC, polynomial time algorithms forC-PATTERN PPM apply toC-PPM as well.
Consequently, the separable case, i.e.,Av(3142, 2413)-PPM, can be solved inO(kn4) time [11]. Note
that if the pattern avoids132, 231, 213 or 312 then it is automatically separable and thus theC-PATTERN

PPM problem for all four classesAv(132), Av(231), Av(213) or Av(312) can be solved in polynomial
time. Most relevant to our work is a result by Guillemot and Vialette [10] that establishes anO(k2n6)-time
algorithm forAv(321)-PPM. In Sections 2 and 3, we improve their approach to give the following.

Theorem 1.1. Given321-avoiding permutationsτ of sizen and π of sizek, there is anO(kn)-time
algorithm which determines whetherτ containsπ.

In Section 4 we show how to adapt this approach to the class of skew-merged permutations, which are
those permutations whose elements can be partitioned into an increasing subsequence and a decreasing
subsequence. Skew-merged permutations can also be characterised as those permutations that avoid both
3412 and2143 [14].

Theorem 1.2. Given skew-merged permutationsτ of sizen and π of sizek, there is anO(kn)-time
algorithm which determines whetherτ containsπ.

The following elementary observation will be used repeatedly.

Lemma 1.3. Letπ andτ be permutations andf : π → τ . Thenf is an embedding ofπ into τ if and only
if for every elementx of π:
• if x 6= ⊥ thenf(x) lies strictly to the right off(x ) and
• if x 6= ⊥ thenf(x) lies strictly abovef(x ).

Proof: Suppose thatx andy are points ofπ and that, without loss of generality,y lies strictly to the left
of x. Theny occurs in the sequencex , x , x , . . . . So, by inductive use of the first property,f(x) lies
strictly to the right off(y). Similarly, inductive use of the second property establishes that the vertical
relationship betweenf(x) andf(y) is the same as that betweenx andy, and the result follows.

The other direction follows directly from the definition of embeddings given on page 2:x is an element
strictly to the left ofx and thusf(x) lies strictly to the right off(x ) for an embeddingf . In the same
way,x is an element strictly belowx and thusf(x) lies strictly abovef(x ).

2 The Lattice of Rigid Embeddings of 321-Avoiding Permutations
It is easy to see that the elements of any321-avoiding permutationπ can be partitioned into two increasing
subsequences. This partition is in general not unique but inany such partition, one of these subsequences
will contain all those elements which participate as the ‘2’ in a copy of21—called theupper elements
of π and denotedUπ— and the other will contain all those elements which participate as the ‘1’ in a
copy of21—called thelower elementsof π and denotedLπ. Elements that are neither upper nor lower
elements, i.e., those that are not involved in a copy of21, can be part of either of the two subsequences.
Let us formalise these definitions: An elementx of π is an upper element if there is some embedding of
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upper
lower
fluid

rigid

Fig. 1: The decomposition of the321-avoiding permutationπ = 3 1 2 4 5 9 6 7 10 8 11 13 12 into rigid and fluid
elements.

21 = {(1, 2), (2, 1)} intoπ such thatx is the image of(1, 2) and a lower element if there is an embedding
of 21 such thatx is the image of(2, 1).

Following Albert, Atkinson, Brignall, Ruškuc, Smith, andWest [3], elements which are either upper
or lower elements ofπ are referred to asrigid elements, andπ is called arigid permutationif all of its
elements are rigid (i.e., ifπ = Uπ ∪ Lπ). The remaining elements will be calledfluid elements. For an
example of a321-avoiding permutation and its decomposition into rigid andfluid elements, see Figure 1.

Note that it can be determined in linear time which elements are upper, lower and fluid in a permutation.
For this purpose one simply needs to scan the permutation from left to right and record the largest element
encountered so far, denoted byℓ, and the smallest element yet to come at the right, denoted bys. When
we read an elementx, three cases can occur:
• x > s: In this casex s forms a21-pattern and thusx is an upper element.
• x < ℓ: In this caseℓ x forms a21-pattern and thusx is a lower element
• x ≤ s andx ≥ ℓ (which implies thatx = s ands > ℓ): In this casex does not occur in a21-pattern

and is thus a fluid element.
The existence of fluid elements in a pattern will be the sourceof some difficulty in solving theAv(321)-

PPM problem, and will be addressed in the next section. For the remainder of this section we consider
a rigid patternπ of sizek and a321-avoiding textτ of sizen. Since an embedding preserves relative
locations of points, the image of any rigid element must be rigid. More precisely, we have the following:

Observation 2.1. Letπ be a rigid pattern andτ be an arbitrary321-avoiding permutation. If there exists
an embedding ofπ into τ , then it must map upper (resp., lower) elements ofπ to upper (resp., lower)
elements ofτ and the fluid elements ofτ will never occur in an embedding.

In order to look for such embeddings we must widen our search space. A mapf : π → τ is called
a rigid mappingif f maps upper (resp., lower) elements ofπ to upper (resp., lower) elements ofτ . As
noted above, becauseπ is rigid, every embedding ofπ into τ is a rigid mapping, but the converse is far
from true since, among other reasons, rigid mappings need not be injective.

Given two points,x andy, in Uπ, we sayx ≤ y if y lies above and to the right ofx. This is a linear
order onUπ, and we have similar linear orders (all denoted≤) onLπ, Uτ andLτ . This makes the set of
all rigid mappings ofπ into τ into a partially ordered set using point-wise comparison; that is, given rigid
mappingsf, g : π → τ , we writef ≤ g if f(x) ≤ g(x) for all elementsx of π. In fact, it is easy to see
that this partially ordered set is a distributive lattice; given two rigid mappingsf, g : π → τ their meet
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andjoin can be defined, respectively, by

(f ∧ g)(x) = min{f(x), g(x)},

(f ∨ g)(x) = max{f(x), g(x)}

for all elementsx of π.
It is notable that these observations also hold for embeddings. That is, the set of embeddings fromπ

into τ is a sublattice of the lattice of rigid mappings:

Theorem 2.2. bruner [[3, Theorem 2]] Given a rigid patternπ and a321-avoiding textτ , the set of
embeddings ofπ into τ forms a distributive lattice under the operations of meet and join defined above.

It follows from Theorem 2.2 that ifπ is contained inτ then there is aminimum embeddingof π into τ
which we denote byemin.

Given an elementx of some321-avoiding permutationσ we definexU to be the rightmost element of
Uσ that is to the left ofx. Of course, we have corresponding notations such asxL, xU and so on. In all
cases, if no such element exists we get⊥ as usual. We also define thetypeof x, T (x) to beU if x ∈ Uσ

andL if x ∈ Lσ. The following result forms the core of our algorithm for determining whether there is
an embedding ofπ into τ , at least for the case whereπ is rigid. It will allow us to turn an arbitrary rigid
mapping into an embedding, if possible.

Proposition 2.3. Suppose thate : π → τ is an embedding,f : π → τ is a rigid mapping, and, for all
x ∈ π, f(x) ≤ e(x). Then, for allx ∈ π:

max{f(x )T (x), f(x )T (x)} ≤ e(x),

where we definemax{y,⊥} = y andmax{⊥} = 0.

Proof: We first establish thatf(x )T (x) ≤ e(x). Sincex lies strictly to the right ofx (ande is an
embedding),e(x) lies strictly to the right ofe(x ) and is of the same type asx, so, it does not lie to the left
of e(x )T (x). Consequently,e(x )T (x) ≤ e(x). Butf(x ) ≤ e(x ) and sof(x )T (x) ≤ e(x )T (x) ≤ e(x).
The arguments for the other case are exactly the same.

Applying the proposition above in the case wheref = e, we see that for any embedding,e, from a rigid
π into τ , and anyx ∈ π:

max{e(x )T (x), e(x )T (x)} ≤ e(x).

Now suppose thatf is any rigid mapping fromπ to τ . We say thatx is a problemif it violates the above
condition, i.e.,x is a problem if

f(x) < max{f(x )T (x), f(x )T (x)}. (1)

Intuitively , x is a problem iff(x) is too low compared withf(x ) or too far left compared withf(x ).
We letP (f) be the set of problems forf , for which the following holds:

Corollary 2.4. Letπ be a rigid permutation andτ a 321-avoiding permutation. A rigid mappingf is an
embedding ofπ into τ if and only if the set of problemsP (f) is empty.
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Proof: If f is an embedding, it follows from Proposition 2.3 that no elementx ∈ π fulfills condition (1).
ThusP (f) is empty.

For the other direction, assume thatf is not an embedding. From Lemma 1.3 we know that there exists
anx ∈ π such thatf(x) is below or equal tof(x ) or such thatf(x) is left of or equal tof(x ). First, if
f(x) is below or equal tof(x ) this implies thatf(x) is strictly belowf(x )T (x) and hencex ∈ P (f).
Second, iff(x) is left of or equal tof(x ), we have thatf(x) is strictly left off(x )T (x). Now note that
for f(x), f(y) ∈ τ of the same type,f(x) is left of f(y) if and only if f(x) is belowf(y). Moreover
we know thatf preserves types and thusf(x) andf(x )T (x) have the same type. We conclude that
f(x) < f(x )T (x) and thusx ∈ P (f).

We now describe an algorithm, displayed as Algorithm 1. Given as input a rigid permutationπ and a
321-avoiding permutationτ , it returns the minimum embeddingemin of π into τ when it exists, and fails
otherwise. The algorithm constructs and updates a rigid mappingf , ensuring thatf ≤ emin at all times
(if an embedding exists). Letf0 be the map that sends all the elements ofUπ to the least element ofUτ

and all elements ofLπ to the least element ofLτ .

Algorithm 1 Find a minimum embedding ofπ into τ , or demonstrate that no embeddings exist.
Initialise: f ← f0.
Compute:P (f).
while f is defined everywhere, andP (f) is non-emptydo

Choosex ∈ P (f).
Update:f(x)← max{f(x )T (x), f(x )T (x)}

Recompute:P (f).
end while
Return: f , which, if everywhere defined, equalsemin.

The correctness of this algorithm is easy to establish. Within the while loop, iff is everywhere defined,
P (f) is non-empty, andx is chosen for the update step, then the updated version off is strictly greater
than the original atx, and has the same value elsewhere. Since the set of rigid mapsis finite, the loop
can be executed a bounded number of times, and the algorithm halts. In the case whereemin exists, we
certainly havef0 ≤ emin. So, by Proposition 2.3, it is always the case thatf ≤ emin. Therefore, when
the loop terminates, the algorithm returns an embedding that is less than or equal toemin, and hence must
equalemin. Shouldemin not exist, then termination can only occur becausef is not everywhere defined,
and so the algorithm fails as required in this case.

We can further combine the correctness analysis with a run-time analysis to obtain the following.

Proposition 2.5. Given a rigid321-avoiding permutationπ of sizek and a321-avoiding permutationτ of
sizen there is an algorithm which determines an embedding ofπ into τ if one exists, and fails otherwise,
whose run-time isO(kn).

Proof: The algorithm in question is Algorithm 1, and it remains to show that we can achieve the bound
claimed for the run-time. As noted, each execution of the loop increases the value off(x) for at least one
x (in the linear ordering,≤, of eitherUτ or Lτ ). Since there are at mostn possible values anyf(x) can
take, and onlyk distinctx, the loop certainly executes not more thankn times. So, if we can establish
that the computation in the loop can be carried out in constant time, the claim follows.
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In an initialisation phase (not part of the algorithm proper) we can certainly compute tables of all the
valuesxa

b for x in bothπ andτ , a ∈ { , , , } andb either absent or equal to one ofL or U . Forπ this
can be done inO(k) time, and forτ in O(n) time, so this initialisation can be absorbed into the claimed
run-time. This ensures that the “Update” operations in the loop can be carried out in constant time. We
can maintainP (f) as a queue, and separately maintain an array of boolean values that indicate whether or
notx ∈ P (f). To start the loop, we dequeue somex. The update operation ensures thatx is no longer a
problem, so we can set its value in the array tofalse. Moreover, the update operation only changes the
value off(x), and increases it. So it cannot “solve” any existing problem(other than that ofx) and the
only other way that it could change the problem set would be iff(x) moved to the right off(x ) or above
f(x ). Therefore, in the recompute phase we only need to check those two possibilities, and enqueuex
and/orx (setting their boolean values in the array totrue) if necessary. By making reference to the
array, we can ensure that we never have duplicate elements inthe queue – so every iteration of the loop
really does result in a proper update.

Let us end this section by providing a simple example illustrating how the presented algorithm works.

Example 2.6. Let us consider the text permutationτ = 3 1 2 4 5 9 6 7 10 8 11 13 12 represented in Figure 1
and the patternπ = 2 1 4 5 3. Note thatπ is indeed rigid, whereasτ is not; we can however ignore the
fluid elements when looking for an embedding ofπ into τ as explained above. The upper elements inπ
are2, 4 and5 and the lower elements are1 and3. We now describe a possible run of the algorithm (the
order in which problems are resolved is not determined):

1. We start with the initial rigid mappingf = f0 defined as follows:f0(1) = f0(3) = 1 andf0(2) =
f0(4) = f0(5) = 3. By checking the condition in equation (1) we see that all elements except1
and2 are problems:P (f0) = P0 = {3, 4, 5}.

2. We resolve the problemx = 4 for which we havemax{f(x )U , f(x )U} = 9 and updatef such
thatf(4) = 9. In order to recomputeP (f), we only need to checkx = x = 5. We cannot possibly
have resolved the problem5 at the same time, so it remains inP (f) and we haveP (f) = {3, 5}.

3. We resolve the problemx = 5 for which we havemax{f(x )U , f(x )U} = 10 and updatef such
thatf(5) = 10. In order to recomputeP (f), we only need to checkx = 3 (5 is not defined). We
cannot possibly have resolved the problem3 at the same time, so it remains inP (f) and we have
P (f) = {3}.

4. We resolve the last problemx = 3 for which we havemax{f(x )L, f(x )L} = 8 and updatef
such thatf(3) = 8. In order to recomputeP (f), we only need to checkx = 4 (3 is not defined).
The element4 is no longer a problem since it is large enough and thusP (f) is empty.

5. The algorithm terminates successfully sinceP (f) is empty and has found the minimal embedding
e = emin of π into τ defined as follows:e(2) = 3, e(1) = 1, e(4) = 9, e(5) = 10 ande(3) = 8.

3 Fluid Elements and the O(kn) Algorithm for 321-Avoiding Per-
mutations

In this section we aim to complete the proof of Theorem 1.1 andto do so we must face the issue of fluid
elements in the patternπ. Since a fluid element participates in no21, each other element ofπ is either
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below and left of it, or above and right of it. This is represented most easily using another notational
convention. Suppose thatσ andθ are two permutations of sizem andn respectively. Thenσ ⊕ θ is the
permutation whose points are:

σ ∪ {(i+m, θ(i) +m) : i ∈ [n]}.

Informally, to formσ ⊕ θ we just placeθ above and to the right ofσ. Clearly⊕ is associative, though of
course not commutative.

For any321-avoiding permutationπ there is a unique decomposition:

π = π1 ⊕ π2 ⊕ · · · ⊕ πt

where, for1 ≤ i ≤ t, πi is either rigid or a singleton, and it is never the case that both πi andπi+1

are rigid. The singleton elements of this representation correspond precisely to the fluid elements ofπ.
For an example, consider again Figure 1 where the black squares correspond to the blocksπi of this
representation.

Givenπ of sizek we can easily compute this representation inO(k) time, simply by finding the fluid
elements ofπ (which are those elements that are both left-to-right maxima and right-to-left minima).
Henceforth, we assume that this representation is given.

In the algorithm to determine whetherπ embeds inτ we will construct, for each1 ≤ i ≤ t at most two
embeddings ofπ1 ⊕ · · · ⊕ πi into τ in such a way that, if any embedding ofπ into τ exists, then at least
one of the two partial embeddings can be extended to a full embedding.

So we first consider the following question: given an embedding, ei, of π1 ⊕ · · · ⊕ πi into τ that
extends to an (unknown) embedding,e, of π into τ , how can we construct a pair of embeddings of
π1 ⊕ · · · ⊕ πi ⊕ πi+1 into τ , at least one of which extends to an embedding ofπ into τ?

We distinguish three cases forπi+1. For this purpose, letTi denote the set of elements that lie above
and to the right of the image ofei. Then, the image ofe restricted to the elements corresponding to
πi+1 is contained inTi. Let us first consider the case whereπi+1 is rigid. Then the image ofe on the
elements corresponding toπi+1 must be greater than or equal to (point by point), the image ofπi+1 under
its minimum embedding intoTi. Thus, if we choose the minimal embedding ofπi+1 intoTi, the resulting
embeddingei+1 extends to an embedding ofπ into τ . ThoughTi is, strictly speaking, not a permutation
all of its associated operators are the same as those ofτ (except some are undefined, e.g., the leftmost
element ofTi has no left neighbour inTi but may well have one inτ ). So, in this case we can use
Algorithm 1 in order to find the minimal embedding ofπi+1 into Ti and hereby obtain a single extension
of ei with the required property.

A similarly easy case is whereπi+1 is a singleton, i.e., a fluid element andTi begins with its least
element (which is a fluid element as well). Then nothing can belost by mappingπi+1 to that element.

The only remaining case is whereπi+1 is a singleton and the first element ofTi is not its minimum.
Since every element ofTi lies above its first element, or above and to the right of its minimum, we can
extendei in two ways – one sendingπi+1 to the leftmost element ofTi (which is an upper element) and
one to its minimum (which is a lower element), and one of thesemust be extensible.

Now it seems that we might have a problem – given two partial embeddings ofπ1 ⊕ · · · ⊕ πi might
they not extend to three or four candidate embeddings ofπ1 ⊕ · · · ⊕ πi ⊕ πi+1? Indeed this is the case,
but only if πi+1 is a singleton. If it has four possible images, two belong toUτ and two toLτ . Since all
further elements ofπ lie above and to the right of this fluid element, we only need toretain the embeddings
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where its image is the lesser of the two in each of these sets. Likewise, if it has three possible images
(one of which might be fluid), at least one of them can be ignored. Another way to say this is that because
π1 ⊕ · · · ⊕ πi ⊕ πi+1 ends with its maximum element, so do its images under the embedding. Among
three or more elements of a321-avoiding permutation there are at least one and at most two elements that
do not participate as the2 in a 12 pattern. We need retain only those embeddings whose maximumis not
such a2, as otherwise they could be replaced by an embedding with a smaller maximum in forming a full
extension.

Since the sum of the size of the rigid permutations in the representation ofπ is at most the total size
of π, the parts of the algorithm where we construct minimal rigidembeddings still require at mostO(kn)
time in total. Dealing with singletons (fluid elements) clearly requires only constant time since we can
find the next (to the right) fluid/upper/lower element inτ in constant time. Also, filtering out non-optimal
extensions can be done in constant time since only the maximal elements of these extensions have to
be compared and at most four extensions exist at the same time. We conclude that the total cost of the
algorithm is stillO(kn). If τ containsπ the algorithm terminates successfully and returns one or possibly
two embeddings.

What if no embedding exists? Then, following the plan above as if it did (beginning from an empty
map, i.e., the casei = 0) we must at some point reach a failing case of Algorithm 1, or possibly encounter
an emptyTi. In either case, we fail since we have demonstrated that no embedding can be possible.

This completes the proof of Theorem 1.1.
Again, let us provide an example demonstrating how the algorithm for arbitrary321-avoiding patterns

works.

Example 3.1. As in Example 2.6, we consider the text permutationτ = 3 1 2 4 5 9 6 7 10 8 11 13 12 rep-
resented in Figure 1. The pattern isπ = 2 1 3 4 5 7 6 8. The upper elements inπ are2 and7, the lower
ones are1 and6, and the fluid elements are3, 4, 5 and8. The algorithm proceeds block by block in the
decomposition ofπ.

1. It starts with the rigid block consisting of the elements2 and1. Algorithm 1 takes care of this block
and, as in Example 2.6,e(2) = 3 ande(1) = 1.

2. The next blockπ2 is the singleton element3. T1, the set of elements that lie above and to the right
of the image ofe starts with a fluid element and thus we can sete(3) = 4.

3. We have the same situation forπ3 which consists of the singleton element4 and sete(4) = 5.

4. The blockπ4 is again a singleton element. However,T3 does not start with its minimal element and
thus two choices are possible fore(5): we can either send5 to the leftmost upper element inT3 or
to the leftmost lower element. We store these two possibilities: eU (5) = 9 andeL(5) = 6.

5. The next blockπ5 is rigid and we thus apply Algorithm 1 which is not detailed here. For the choice
eU (5) = 9 it leads toeU (7) = 13 andeU (6) = 12 whereas foreL(5) = 6 it leads toeL(7) = 10
andeL(6) = 8. These two partial embeddings are rigid and thus comparable: eL ≤ eU and we can
disregardeU . This is a good choice, sinceeU cannot be extended to an embedding ofπ into τ since
the last element8 cannot be mapped anywhere.

6. It remains to determinee(8). SinceT5 starts with its minimal element we can choose this one and
sete(8) = 11.
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SW SE
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Fig. 2: The decomposition of a skew-merged permutation into its centre and four corners.

7. The algorithm terminates successfully and returns an embedding ofπ into τ : e(2) = 3, e(1) = 1,
e(3) = 4, e(4) = 5, e(5) = 6, e(7) = 10, e(6) = 8 ande(8) = 11.

4 Skew-Merged Permutations
The permutations avoiding321 can be partitioned into two monotone increasing sequences.Of course the
permutations avoiding123 can be similarly partitioned (into decreasing sequences) and the results of the
previous section apply to them as well. However, the class ofskew-merged permutations, those that can
be partitioned into an increasing and a decreasing sequence, requires further analysis, though as we shall
see the analogue of Theorem 1.1 is also true in this context.

Towards this goal, we first identify a set ofrigid elements of a skew-merged permutation. In Figure 2
these are the elements lying in the corner regions. Specifically we say that an element of a skew-merged
permutation is of type:

NE if it participates as a3 in a213;
NW if it participates as a3 in a312;
SW if it participates as a1 in a132;
SE if it participates as a1 in a231,

and we call any other element of a skew-merged permutationcentral. We first verify that the illustration
of a skew-merged permutation shown in Figure 2 is correct. This is a result due to Atkinson [4], and so
we only sketch part of the proof to give its flavour.

Proposition 4.1. The elements of a skew-merged permutation decompose by typeas shown in Figure 2.
Moreover, the central elements form a monotone subsequence.

Proof: Recall that another characterisation of skew-merged permutations is the following: they are those
permutations that do not contain either3412 or 2143.

Let a skew-merged permutationπ be given, and suppose thatπ = I ∪ D is a partition ofπ into a
monotone increasing and monotone decreasing sequence. Consider first elements of type NE (all other
types can be handled by parallel arguments due to symmetry).Since any such participates as a3 in a213,
it must belong toI (otherwise, the elements participating as the2 and1 would both belong toI which is
of course impossible). So the elements of type NE form a monotone increasing sequence.

Suppose thatC is of type NE, withBAC an occurrence of213 anda is of type SW withacb an
occurrence of132. Thena ∈ I for similar reasons to the preceding ones. IfC precededa (and hence was
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also smaller than it) then,BAcb would be an occurrence of2143. So, all elements of type SW lie below
and to the left of those of type NE. Now suppose thatz is of type NW, withzxy an occurrence of312. If
C were to precedez we would have various cases: first ifC lay belowy thenBAzy would be2143, if C
lay abovey but belowz thenCzxy would be3412, if C lay abovez andB abovey, thenBCxy would be
3412, but if B lay belowy thenBAzy would be2143. As all these cases lead to contradictions,C must
follow z.

All other cases can be dealt with similarly. Finally, to see that the central elements form a monotone
sequence observe that they must certainly avoid all of132, 213, 231, and312 lest some of them be non-
central. But, only monotone permutations (of either type) avoid these four permutations.

This decomposition can be computed in linear time:

Lemma 4.2. Given a skew-merged permutation of sizen, there is an algorithm that computes its partition
into types inO(n)-time.

Proof: Let θ be an arbitrary skew-merged permutation. Notice that the part of θ to the left of the leftmost
element of type NE or SE avoids231 and213. Such permutations have a characteristic> shape since
any element must not be intermediate in value between two to its right. We are interested in finding the
maximum prefix ofθ which has this characteristic shape, or what amounts to the same thing, the leftmost
element ofθ such that the prefix ending at that element involves231 or 213.

This can be accomplished in linear time: we scanθ from left to right and determine for every position
i whether it is an ascent (θ(i) < θ(i + 1)) or a descent (θ(i) > θ(i + 1)). At any moment we only store
the last encountered ascenta and descentd. The elementθ(i) plays the role of a1 in a 231 pattern, if
θ(i) < θ(a); it plays the role of a3 in a 213, if θ(i) > θ(d). If either of the two conditions apply to
positioni, we have identified the leftmost element of type NE or SE. Thatis, we have found the boundary
line between the centre region and the Eastern region ofθ.

In a similar manner we can find all of the boundary lines: by scanningθ from right to left we find the
boundary between West and centre, by scanning from bottom totop we find the boundary between South
and centre and by scanning from top to bottom we find the boundary between North and centre. We can
thus compute the partition ofθ into types by scanningθ four times.

We will now describe an algorithm for skew-merged patterns and texts and provide the necessary the-
oretic background. This algorithm consists of two main parts: In the first part, the non central elements
of the patternπ are embedded intoτ using a similar approach as for rigid permutations and adapting
Algorithm 1 which will deliver a minimal embedding of the non-central elements. In the second part, we
will extend this minimal embedding to the central elements of π.

In this sense, the non-central elements of a skew-merged permutation correspond to the rigid elements
of a 321-avoiding permutation. Since they are defined by the occurrence of certain patterns and since
embeddings preserve such patterns it is immediately clear that if e : π → τ is an embedding of one
skew-merged permutation into another, thene must preserve the type of all non-central elements.

In order to be able to speak of minimal embeddings in the context of skew-merged permutations, we
need to introduce some new notation. For two non-central elements of the same type we writex ✁ y if x
lies strictly further out from the center thany (x✂ y will mean that eitherx✁ y or x = y). The minimum
with respect to this relation✁ is denoted byouterand the maximum byinner. For two embeddings,e1
ande2 of the non-central elements ofπ into τ that preserve types we can define their meet by

e1 ∧ e2(x) = outer{e1(x), e2(x)}
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for all non-centralx ∈ π. Then, just as in the321-avoiding case,e1 ∧ e2 is also an embedding of the
non-central elements ofπ into those ofτ :

Lemma 4.3. Letπ be a skew-merged pattern with no central elements andτ be an arbitrary skew-merged
permutation. Then the following holds: Ife1 ande2 are embeddings ofπ intoτ then their meetf := e1∧e2
as defined above is an embedding as well.

Proof: Let x 6= y be two elements inπ and let us assume thatx lies to the left ofy in π. We need to
show thatf(x) lies to the left off(y) in τ and that the horizontal relation betweenx andy is preserved
as well. The key argument is that taking the minimum of the elements in the above sense automatically
translates into taking their actual minimum or maximum (equivalently, the leftmost or rightmost element),
depending on the type of element. In order to give a formal proof, we distinguish between three cases.

• If x andy are of the same type. We detail the case of SW elements here, asthe other ones are
analogous (one simply needs to replace “minimum” by “maximum” and/or “left of” by “right
of” depending on the type). In this case, taking the minimum of the elements in the sense de-
fined earlier is nothing else than taking their actual minimum, which again is the same as tak-
ing the left-most element. Since we have thatf(x) ≤ e1(x) < e1(y) (andf(x) is to the left
of e1(y)) as well asf(x) ≤ e2(x) < e2(y) (and f(x) is to the left ofe2(y)), it follows that
f(x) < outer(e1(y), e2(y)) = f(y) (andf(x) is to the left off(y)).

• If x andy lie in opposite corners of the diagram. In this case the statement follows immediately
from the fact that an embedding preserves types. Indeed, allSW elements are to the left of and
smaller than NE ones and all NW elements are to the left of and larger than SE ones. Thus both the
vertical as well as the horizontal relation betweenx andy is preserved.

• The remaining cases, wherex andy are not of the same type, but are both elements in the south,
north, east or west. We detail the case of two elements in the north, i.e.,x is a NW element andy a
NE one. The other cases can be dealt with analogously (by interchanging minimum with maximum
or vertical with horizontal positions). Without loss of generality, we further assume thatx < y.
First, it is clear thatf(x) lies strictly to the left off(y) since types are preserved. Second, regarding
the horizontal relation betweenx andy, let us note that taking the element that is furthest away
from the centre translates into taking the maximum. Thus, wehave thatf(y) ≥ e1(y) > e1(x) as
well asf(y) ≥ e2(y) > e2(x) which implies thatf(y) > f(x).

The consideration of these cases completes the proof.

Observe the following: if eithere1 or e2 was the restriction of an actual embedding,e, of π into τ to
the non-central elements then we can extend the mappinge1 ∧ e2 to central elements usinge there, and
thereby obtain an embedding. So, among all embeddings ofπ into τ there is one whose effect on the
non-central elements is the minimum of all the embeddings ofthe non-central elements ofπ into those of
τ . We will see later on how such an extension to the central elements ofπ can be found.

This minimum embedding of the non-central elements can be found by modifying the definition of the
problem set and the update rule of Algorithm 1. The only thingwe need to do in order to reflect the new
notion of minimum/maximum in this definition, is to redefine the notation introduced in the Introduction.
Given a non-central elementx in a skew-merged permutationπ, we denote by (wherever possible):
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xoh the next non-central element further out from the center in horizontal direction,
xih the next non-central element towards the center (inwards) in horizontal direction,
xiv the next non-central element towards the center (inwards) in vertical direction, and
xov the next non-central element further out from the center in vertical direction.

For example, in the skew-merged patternπ depicted in Figure 3 andx = 7, we have:xoh = 1, xih = ⊥,
xiv = 6, andxov = ⊥.

We also define the type of a non-central elementx in a skew-merged permutation,T (x), to be the
corner in whichx lies, i.e.,T (x) can be NW, SW, NE or SE. Moreover, we extend the notation introduced
above as follows: Fora ∈ {oh, ih, iv, ov} andb ∈ {NE,SE, SW,NW}, we definexa

b to be the next
non-central element inπ according to directiona that is of typeb. In other words,xa

b is the first element
in the sequence(xa, (xa)a, . . . ) of typeb. If there is no such element, i.e., no element in(xa, (xa)a, . . . )
is of typeb, then we setxa

b = ⊥. For example, in the skew-merged patternπ depicted in Figure 3 and
x = 5, we havexov

NW = 7, xov
NE = 6, whereasxoh

SE = ⊥ andxiv
SE = ⊥.

With this new notation, one can see that an analogue of Proposition 2.3 holds for skew-merged permu-
tations:

Proposition 4.4. Suppose thate is an embedding of the non-central elements ofπ into τ , f is a mapping
of the non-central elements ofπ into τ that preserves types, and, for all non-centralx ∈ π, f(x) ✂ e(x).
Then, for all non-centralx ∈ π:

inner
{

f(xoh)ihT (x), f(x
ov)ivT (x)

}

✂ e(x).

The proof of this Proposition is analogous to the one of Proposition 2.3.
We thus say that a non-central elementx of a skew-merged permutation is aproblemif:

f(x)✁ inner
{

f(xoh)ihT (x), f(x
ov)ivT (x)

}

, (2)

for a mappingf of the non-central elements ofπ into τ that preserves types. Moreover, when we re-
solve the problemx by updating the value off(x) this is done analogously to the case of321-avoiding

permutations and we setf(x) = inner
{

f(xoh)ihT (x), f(x
ov)ivT (x)

}

.

This finishes the description of the necessary modificationsof Algorithm 1. As for Algorithm 1 we
assume thatxa andxa

b for a ∈ {oh, ih, iv, ov} andb ∈ {NE,SE, SW,NW} is precomputed and thus
can be found in constant time. Given the decomposition ofπ andτ into types, these precomputations can
be done in linear time. Both the steps required for the updateof f and the recomputation of the problem
setP (f) can be carried out in constant time.

To complete the proof of Theorem 1.2 we must show that, havingfound a minimum embedding of
the non-central elements ofπ to those ofτ , the existence of a full embedding can also be determined
sufficiently quickly. We need to determine whether or not thecentral part ofπ can be embedded into the
remainder ofτ , i.e., the set of elements inτ which consists of central elements and all adjacent elements
that have not yet been used in the minimum embedding. The central part ofπ is a monotone pattern of a
certain size at mostk, and the remaining part ofτ is a skew-merged permutation of size at mostn (whose
endpoints we know).

In general, finding a longest increasing (or decreasing) subsequence of sizek in a permutation of size
n can be done in timeO(n log log k) [7]. Thus, checking whether the central part can be embeddedinto
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π = 1 7 3 4 2 5 6 τ = 10 1 9 3 5 4 6 2 7 8

Fig. 3: Decomposition of the skew-merged permutationsπ andτ into their centres and four corners.

the remaining part ofτ can be done within theO(nk) runtime bound of our algorithm. In the special case
of skew-merged permutations, finding a longest increasing (resp., decreasing) subsequence can even be
done inO(n) time. To be more precise,O(n) time is only required for obtaining the partition into five
types as represented in Figure 2 (which is already availablein our case); the remaining steps require only
constant time.

Indeed, for longest increasing subsequences the followingobservations can be made (the case of de-
creasing subsequences can be treated analogously): The elements of type SW and NE will always con-
tribute to a longest increasing subsequence. Moreover, such a subsequence also contains as many elements
as possible from the centre, i.e., if the center is increasing then all elements contribute to a longest increas-
ing subsequence and if the center is decreasing we can arbitrarily pick one centre element. Note that it is
never advantageous to include elements of type NW or SE. Thiscan be seen as follows: At most one NW
or SE element can be part of an increasing subsequence. Thus,if the centre is non-empty, it is certainly
not advantageous to include a NW or SE element. Let us assume that the centre is empty. An element of
type NW occurs as a3 in a 312 pattern. Among the elements playing the role of the1 and the2, at least
one element (and possibly both of them) is of type SW or NE. Thus, including an element of type NW
would force us to exclude one or two elements of type SW or NE. In other words, we cannot increase
the size of an increasing subsequence by adding an element oftype NW. A similar argument holds for
elements of type SE. We conclude that for the size of the longest increasing subsequence we only have to
add the number of elements of type SW and NE as well as the size of the longest increasing subsequence
in the central part. Let us end this section by providing a simple example illustrating how this modified
version of Algorithm 1 works.

Example 4.5. Let us consider the text permutationτ = 10 1 9 3 5 4 6 2 7 8and the patternπ = 1 7 3 4 2 5 6.
Both permutations and their decomposition into types are shown in Figure 3. We start by describing a
possible run of the algorithm (the order in which problems are resolved is not determined) finding the
minimal embedding of the non-central elements ofπ into τ :

1. We start with the initial mappingf = f0 that sends all non-central elements of one type inπ to the
minimal element of this type inτ (i.e., the element that is furthest out from the center). It is defined
as follows:f(1) = 1, f(7) = 10, f(5) = f(6) = 8 andf(2) = 2. We compute the problem set
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using the condition in equation (2) and obtainP (f) = {5, 7}.

2. We resolve the problemx = 5 for which we haveinner
{

f(xoh)ihNE , f(x
ov)ivNE

}

= 7 and update
f such thatf(5) = 7. In order to recomputeP (f), we only need to checkxih = 2 sincexiv is
not defined. The choicef(2) = 2 does not create a problem with this new choice forf(5). We
cannot possibly have resolved the problem7 at the same time, so it remains inP (f) and we have
P (f) = {7}.

3. We resolve the problemx = 7 for which we haveinner
{

f(xoh)ihNW , f(xov)ivNW

}

= 9 and update
f such thatf(7) = 9. In order to recomputeP (f), we only need to checkxiv = 6 sincexih is not
defined. The choicef(6) = 8 does not create a problem with this new choice forf(7).

4. The algorithm has found the minimal embeddinge = emin of the non-central elements ofπ into τ
defined as follows:f(1) = 1, f(7) = 9, f(2) = 2, f(5) = 7 andf(6) = 8.

5. We need to map the central elements3 and4 of π into the remaining part ofτ (marked by a dotted
line in Figure 3). Since the central elements ofπ consist of an increasing subsequence of size two,
we can choose any such subsequence within the dotted area inτ . We decide to setf(3) = 3 and
f(4) = 5 which finally gives an embedding ofπ into τ .

5 Concluding Remarks
We conclude by mentioning some open problems related to thiswork. We have seen in Theorem 1.1
thatAv(321)-PPM can be solved inO(kn) time. Guillemot and Vialette showed that the more general
Av(321)-PATTERN PPM problem can be solved inO(kn4

√

k+12) time. It is an open problem whether
Av(321)-PATTERN PPM can be solved in polynomial time. Note that if the patternavoids132, 231,
213 or 312 then it is automatically separable and thus theC-PPM problem and theC-PATTERN PPM
problem for all four classesAv(132), Av(231), Av(213) or Av(312) can be solved in polynomial time.
Consequently theAv(321)-PATTERN PPM—which is equivalent to theAv(123)-PATTERN PPM—is the
only open case forAv(β)-PATTERN PPM whereβ has size3.

In caseAv(321)-PATTERN PPM turns out to beNP-complete,Av(β)-PATTERN PPM will also be
NP-complete ifβ is any permutation of size four other than2143, 3142, 2413, or3412. Interestingly, this
list contains exactly those patterns that define the classesof skew-merged and of separable permutations.
Moreover,NP-completeness ofAv(321)-PATTERNPPM would imply thatAv(β)-PATTERNPPM isNP-
complete forβ of size five or more, since by Erdős–Szekeres Theorem [8] every permutation of size at
least five contains123 or 321.

Looking at the big picture, Theorems 1.1 and 1.2 show thatC-PPM can be solved in polynomial time for
Av(321) andAv(2143, 3412), respectively. It might be thatC-PPM is always polynomial-time solvable
for a fixed, proper classC. It would be of considerable interest to either establish this statement or to
prove a dichotomy theorem that distinguishes permutation classes for whichC-PPM is polynomial-time
solvable and those that yield hardC-PPM instances. The same question can be asked forC-PATTERN

PPM, although it seems rather unlikely that this problem is polynomial time solvable for every fixed,
proper classC.



16 Michael Albert, Marie-Louise Lackner, Martin Lackner, andVincent Vatter

Note added in proof. After a draft of this paper was posted on the arXiv, Jelı́nek and Kynčl [12] estab-
lished that theAv(β)-PATTERN PPM problem is indeedNP-complete for every

β /∈ {1, 12, 21, 132, 213, 231, 312}.

They further showed that theAv(4321)-PPM problem isNP-complete, even when the pattern is restricted
to be321-avoiding.
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subclasses of Av(321). Electron. J. Combin., 17:Paper 141, 16 pp., 2010.

[4] M. D. Atkinson. Permutations which are the union of an increasing and a decreasing subsequence.
Electron. J. Combin., 5:Paper 6, 13 pp., 1998.

[5] P. Bose, J. F. Buss, and A. Lubiw. Pattern matching for permutations. Inform. Process. Lett.,
65(5):277–283, 1998.

[6] M.-L. Bruner and M. Lackner. A fast algorithm for permutation pattern matching based on alternat-
ing runs.Algorithmica, 75(1):84–117, 2016.

[7] M. Crochemore and E. Porat. Fast computation of a longestincreasing subsequence and application.
Inform. and Comput., 208(9):1054–1059, 2010.
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We study the iteration of the process of moving values to the right in permutations. We prove that the set of per-
mutations obtained in this model after a given number of iterations from the identity is a class of pattern avoiding
permutations. We characterize the elements of the basis of this class and enumerate it by giving their bivariate expo-
nential generating function: we achieve this via a catalytic variable, the number of left-to-right maxima. We show that
this generating function is a D-finite function satisfying a differential equation of order 2. We give some congruence
properties for the coefficients of this generating function, and show that their asymptotics involves a rather unusual
algebraic exponent (the golden ratio (1 +

√
5)/2) and some closed-form constants. We end by proving a limit law: a

forbidden pattern of length n has typically (lnn)/
√
5 left-to-right maxima, with Gaussian fluctuations.

Keywords: Permutation pattern, left-to-right maximum, insertion sort, generating function, analytic combinatorics,
D-finite function, supercongruence

1 Introduction
In computer science, many algorithms related to sorting a permutation have been analysed and shown to
have behaviours linked to nice combinatorial properties (see e.g. Knuth (1998)). Their complexity can be
analysed in terms of memory needed, or number of key operations (like comparisons or pointer swaps). An
important family of algorithms, like the so-called insertion algorithms, or in situ permutations, are quite
efficient in terms of the number of pointer swaps (but are not the fastest ones in terms of comparisons).
Due to this higher cost, they have been much less studied than the faster stack sorting algorithms. Like
for the stack algorithms, instead of seeing them as an input/output pair, we can see them like a process:
input and set of intermediate steps. This opens a full realm of questions on such processes, and they often
lead to nice links with other parts of mathematics (like the link between trees, birth and death processes,
random walks in probability theory, or permutations and Young tableaux in algebraic combinatorics). Our
article will investigate a link between a sorting algorithm, patterns in permutations, and their asymptotics
counterparts.
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Another motivation to analyse such processes comes from the field of bioinformatics. Indeed, in ge-
nomics, a crucial part of study is to estimate the similarity of two genomes. This consists in finding the
length of a shortest path of evolutionary mutations that transforms one genome into another. Usually, the
main operations used in the rearrangement of a genome are of three different types: substitutions (one
gene is replaced with another), insertions (a gene is added) and deletions (a gene is removed). For in-
stance, we refer to Jones and Pevzner (2004); Meidanis and Setubal (1997) for an explanation of these
operations, and the notions of transposons or jumping genes.

As the problem is too hard in full generality, many simpler mathematical models of the genome are
used (see Ewens et al. (1982)): one of them is using permutations of {1, 2, . . . , n} where each gene is
assigned a number. Following the idea of transposition mutations (see Jones and Pevzner (2004)), our
motivation is to find some combinatorial properties in terms of pattern avoiding permutations whenever
one element is deleted and inserted in a position to its right. This operation will be called a right-jump.

1 2 3 4 5 6 7  1 2 4 5 6 3 7

Figure 1: A right-jump in the permutation σ = 1234567. In this article, we investigate the structure of permutations
obtained after several iterations of such right-jumps.

This operation is a variant of genome duplication, which consists of copying a part of the original
genome inserted into itself, followed by the loss of one copy of each of the duplicated genes. In particular,
it is comparable to the whole duplication-random loss model studied in Chaudhuri et al. (2006). Although
there are many connections between these models, it is surprising that the behaviour of their combinato-
rial properties depends on different parameters: the right-jump model reveals some links with left-to-right
maximum statistics (see Baril (2013); Bóna (2012)), while the whole duplication-random loss model re-
veals links with descent statistics (see Baril and Vernay (2010); Bouvel and Ferrari (2013); Bouvel and
Pergola (2010); Bouvel and Rossin (2009); Chaudhuri et al. (2006); Mansour and Yan (2010)).

In the literature, such right-jumps in permutations are also found in the domain of sorting theory. In-
deed, it corresponds (modulo a mirror symmetry) to the insertion-sorting algorithms on permutations
(see Knuth (1998)). Since the seminal work of Knuth on this subject, many articles related to sorting with
a stack exhibit links with pattern avoiding permutations. In contrast, for insertion sorting algorithms (also
the subject of a vivid literature), only one study exhibits links with pattern avoiding permutations. Indeed,
in his thesis, Magnússon (2013) proves that the set of permutations that can be sorted with one step of the
insertion-sorting operator is the class of permutations avoiding the three patterns 321, 312 and 2143.

Plan of the article. In Section 2, we recall some basic facts on permutations patterns. In Section 3, we
generalize the result of Magnússon by studying the iteration of right-jumps in terms of pattern avoiding
permutations: we prove that the set of permutations obtained from the identity after a given number of
right-jumps is the class of permutations avoiding some patterns, which we characterize. In Section 4, we
enumerate these forbidden patterns by giving their bivariate exponential generating function (involving
an additional parameter: the number of left-to-right maxima), and we give the corresponding asymptotics
and limit law. We also give some modular congruences for our main enumeration sequence. In Section 5,
we conclude with several possible extensions of this work.
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2 Patterns in permutations
In this section, we give some classical definitions and properties on patterns in permutations. For any
permutation σ ∈ Sn (the set of permutations of length n), the graphical representation of σ = σ1σ2 . . . σn
is the set of points in the plane at coordinates (i, σi) for i ∈ JnK(i). For instance, the permutation 53621487

has the graphical representation illustrated in Figure 2. A left-to-right maximum of σ ∈ Sn is a value σi,
1 ≤ i ≤ n, such that σj ≤ σi for j ≤ i. A value σi of σ, 1 ≤ i ≤ n which is not a left-to-right maximum
will be called a non-left-to-right-maximum of σ. For instance, if σ = 53621487 then the left-to-right
maxima are 5, 6, 8 and the non-left-to-right-maxima are 1, 2, 3, 4, 7.

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

Figure 2: The graphical representation of σ = 53621487. We show an occurrence of a pattern 213 with a dashed
line; big green points are the left-to-right maxima and small black points are non-left-to-right-maxima.

A permutation π of length k, is a pattern of a permutation σ ∈ Sn if there is a subsequence of σ which
is order-isomorphic to π, i.e., if there is a subsequence σi1 . . . σik of σ with 1 ≤ i1 < · · · < ik ≤ n and
such that σij < σi` whenever πj < π`. We write π ≺ σ to denote that π is a pattern of σ. A permutation
σ that does not contain π as a pattern is said to avoid π. For example, σ = 2413 contains the patterns
231, 132, 213 and 312, but σ avoids the patterns 123 and 321. The set of all permutations avoiding
the patterns π1, . . . , πm is denoted by Avoid(π1, . . . , πm). We say that Avoid(π1, . . . , πm) is a class
of pattern avoiding permutations with basis {π1, . . . , πm}. For instance, we refer to the book of Kitaev
(2011) and Bóna (2012) to deepen these notions. A set C of permutations is stable for the involvement
relation ≺ if, for any σ ∈ C, for any π ≺ σ, then we also have π ∈ C.

Now, we formulate a definition that is crucial for the present study.

(i) In this article, we write JnK for {1, 2, . . . , n}.
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Definition 1 (Permutation basis and basis permutations). If a set C of permutations is stable for the
involvement relation ≺, then C is a class of pattern avoiding permutations: C = Avoid(B). The basis B
of forbidden patterns is then given by B = {σ /∈ C,∀π ≺ σ with π 6= σ, π ∈ C} . In other words, the basis
B is the set of minimal permutations σ that do not belong to C, where minimal is intended in the sense of
the pattern-involvement relation ≺ on permutations, that is: if π ≺ σ and π 6= σ then π ∈ C. Notice that
B might be infinite. We call basis permutations the permutations belonging to B.

Equipped with these definitions, our mission consists now in giving a description of the permutations
belonging to the basis Bp (the permutations which are the minimal forbidden patterns) for the set Cp of
permutations at distance at most p from the identity, i.e., permutations obtained from the identity after at
most p right-jumps.

3 Iteration of right-jumps in permutations: a structural description
of the forbidden patterns

In this section we study the iteration of right-jumps in terms of pattern avoiding permutations. We es-
tablish that the set Cp of permutations obtained from the identity after at most p right-jumps is a class of
permutations avoiding some patterns that we characterize.

Lemma 1 (Characterization of the distance). A permutation obtained from the identity after p right-jumps
contains at most p non-left-to-right-maxima.

Proof: The result holds for p = 1; indeed a right-jump transformation of the identity permutation creates
the permutation 1 2 . . . (i− 1) (i+ 1) . . . (j − 1) i j . . . n for 1 ≤ i < j, where i is the only one non-left-
to-right-maximum. Now, let us assume that each permutation π obtained from the identity after (p − 1)

right-jumps contains at most p − 1 non-left-to-right-maxima. Let σ be a permutation obtained from the
identity after p right-jumps. Using the recurrence hypothesis, σ is obtained from a permutation π with at
most p− 1 non-left-to-right-maxima by moving an element πi, 1 ≤ i < n, in a position to its right.

We distinguish two cases: (1) πi is a non-left-to-right-maximum, and (2) πi is a left-to-right maximum.
Case (1): Since πi is a non-left-to-right-maximum, there exists j < i such that πj is a left-to-right

maximum satisfying πj > πi. Since we move πi to its right, πj remains on the left of πi in σ which implies
that πi is a non-left-to-right-maximum in σ. Using the same argument, any non-left-to-right-maximum
πk in π remains a non-left-to-right-maximum in σ. Moreover, let πk be a left-to-right maximum in π,
i.e., πj < πk for all j < k. Since the right-jump transformation moves to the right of a non-left-to-right-
maximum, all values on the left of πk in σ are lower than πk, which proves that πk remains a left-to-right
maximum in σ. Therefore, σ contains at most p− 1 non-left-to-right-maxima (as π does).

Case (2): πi is a left-to-right maximum, i.e., πj < πi for all j < i. Since πi is moved to its right, any
left-to-right maximum located on the left of πi in π remains a left-to-right maximum in σ. On the other
hand, any left-to-right maximum located on the right of πi in π is greater than πi and thus, it remains a
left-to-right maximum in σ. Therefore, the number of left-to-right maxima in σ is at least the number of
left-to-right maxima in π minus one (we do not consider πi). This means that the number of non-left-to-
right-maxima in σ is at most p.

Considering the two previous cases allows to complete the proof, by induction.
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We now derive our first enumeration result for the setDp of permutations at distance p from the identity,
i.e., the set of permutations reachable from the identity with p right-jumps, but that one cannot reach with
less than p right-jumps: Cp = ∪k∈JpKDk, and this union is disjoint.

Theorem 1 (Permutations after p right-jumps). The set Dp of permutations at distance p from the iden-
tity is the set of permutations with exactly p non-left-to-right-maxima. Accordingly, the number dn,p of
permutations of length n in Dp is counted by the Stirling numbers s(n, n− p):

dn,p = s(n, n− p) =
∑

0≤j≤h≤p

(−1)j
(
h

j

)(
n− 1 + h

p+ h

)(
n+ p

p− h

)
(j − h)p+h

h!
.

Proof: After considering Lemma 1, it suffices to prove that any permutation σ with at most p non-left-
to-right-maxima can be obtained from the identity after p right-jumps. Let σ be a permutation with
p ≥ 1 non-left-to-right-maxima. Let us assume that the leftmost non-left-to-right-maximum is σi and
let j < i be the position of the smallest left-to-right maximum σj such that σj > σi. Then we set
σ′ = σ1 . . . σj−1σiσj . . . σi−1σi+1 . . . σn. Since we have σj > σi and also σi > σj−1 (if σj−1 exists),
σi becomes a left-to-right maximum in σ′. Thus, σ′ contains exactly p− 1 non-left-to-right-maxima and
by construction, σ can be obtained from σ′ by a right-jump. This proves that permutations at distance p
from the identity are exactly the permutations with n − p left-to-right-maxima, which are known to be
counted by s(n, n− p), the signless Stirling number of the first kind (see Flajolet and Sedgewick (2009)
for the closed-form formula due to Schlömilch, and sequence OEIS A094638 in Sloane and collaborators
(2016) for many occurrences of the corresponding triangular array).

For instance, the values of dn,p for n = 7 and 0 ≤ p < 7 are 1, 21, 175, 735, 1624, 1764, 720.

The following corollary says a little more on the lattice structure associated to our process ”a particle
jumps to the right”.

Corollary 1 (Changing the starting point and sorting algorithms). For any permutation p, one denotes
by tp its number of non-left-to-right-maxima. Let σ and π be two permutations, then tσ−1·π right-jumps
are necessary to obtain π from σ. In particular, tσ−1 right-jumps are necessary and sufficient to sort by
insertion the permutation σ into the identity.

Proof: Firstly, tσ right-jumps are necessary and sufficient to obtain σ from the identity. Therefore, tσ−1·π
transformations are sufficient and necessary to obtain σ−1 · π from the identity. We set t = tσ−1·π and
let Id = χ0, χ1, . . . , χt−1, χt = σ−1 · π be a shortest path between the identity and σ−1 · π. Now,
let us prove that if a permutation β is obtained from α by one right-jump, then for any permutation
γ, γ · β is also obtained from γ · α by one right-jump. Indeed, if we have α = α1α2 . . . αn then β
can be written as β = α1 . . . αi−1αi+1 . . . αj−1αiαj . . . αn. Composing by a permutation γ, we obtain
γ · α = γ(α1)γ(α2) . . . γ(αn) and γ · β = γ(α1) . . . γ(αi−1)γ(αi+1) . . . γ(αj−1)γ(αi)γ(αj) . . . γ(αn)

which proves that γ · β is also obtained from γ · α by one right-jump. So if we compose by σ at each
step of the above shortest path, then we obtain a shortest path of tσ−1·π right-jumps from σ to π, which
completes the proof.

https://oeis.org/A094638


6 Cyril Banderier, Jean-Luc Baril, Céline Moreira Dos Santos

Since the set Cp of permutations obtained after p right-jumps is stable for the relation≺, Cp is also a class
Avoid(Bp) of pattern avoiding permutations where Bp is the basis consisting of minimal permutations σ
that are not in Cp (see Definition 1). Theorem 2 gives the explicit description of these basis permutations.

Theorem 2 (Structural description of the basis permutations). A permutation σ ∈ Sn belongs to the basis
Bp of forbidden patterns, if and only if the following conditions hold:

(i) σ contains exactly p+ 1 non-left-to-right-maxima.

(ii) n− 1 is a non-left-to-right-maximum.

(iii) σ2 is a non-left-to-right-maximum.

(iv) For any three left-to-right maxima, σi, σj and σk (with i < j < k) such that there is no left-to-right
maximum between them, there exists a non-left-to-right-maximum σt (with j < t < k) satisfying
σt > σi.

Proof: N.B.: Figure 3 on next page illustrates the different claims and notations of this theorem.
Let σ ∈ Sn be a permutation belonging to the basis Bp, i.e., σ /∈ Cp and π ≺ σ implies π ∈ Cp.

Throughout this proof, we refer to Figure 3 for an illustration of the three conditions (ii), (iii) and (iv).
- First, the deletion of a non-left-to-right-maximum in σ decreases the number of non-left-to-right-

maxima by one exactly. Therefore, the minimality of σ implies that σ necessarily contains exactly p + 1

non-left-to-right-maxima, which proves (i).
- For a contradiction, assume that (ii) is not satisfied, i.e., n − 1 is a left-to-right maximum. Since n

is always a left-to-right maximum, n is on the right of n − 1 in σ. Thus, the permutation π obtained by
deleting n from σ also contains p+ 1 non-left-to-right-maxima (a non-left-to-right-maximum on the right
of n in σ remains a non-left-to-right-maximum on the right of n− 1 in π). Therefore, π does not belong
to Cp; this gives a contradiction with the minimality of σ.

- For a contradiction, assume that (iii) is not satisfied, i.e., σ2 is a left-to-right maximum and thus,
σ1 is smaller than σ2. Thus, the permutation π obtained by deleting σ1 from σ also contains p + 1

non-left-to-right-maxima. Indeed, a non-left-to-right-maximum σi in σ such that σi < σ1 becomes a
non-left-to-right-maximum σi < σ2 − 1 in π. Moreover, a non-left-to-right-maximum σi in σ such that
σi > σ1 (there is `, 2 ≤ ` < i, with σi < σ`) becomes a non-left-to-right-maximum σi − 1 in π with
σi − 1 < σ` − 1. Therefore, π does not belong to Cp; this gives a contradiction with the minimality of σ.

- For a contradiction, assume that (iv) is not satisfied; i.e., there are (i, j, k), 1 ≤ i < j < k ≤ n,
such that σi, σj and σk are three consecutive left-to-right maxima of σ (consecutive means that there is
no other left-to-right maximum between σi and σj and between σj and σk), and such that there is no
non-left-to-right-maximum σ`, j < ` < k, satisfying σi < σ`. Let π be the permutation obtained from σ

by deleting σj . It is clear that any non-left-to-right-maximum on the left of σj in σ remains a non-left-to-
right-maximum in π. Let σ`, ` > k, be a non-left-to-right-maximum on the right of σk in σ. If σ` < σj
then σ` < σj ≤ σk − 1 and σ` remains a non-left-to-right-maximum in π. If σ` > σj then there is σt,
t ≥ k, such that σ` ≤ σt ≥ σk, and thus, there is σt − 1 on the left of σk − 1 in π with σt − 1 > σk − 1

which means that σ` − 1 is a non-left-to-right-maximum in π. Let σ`, j < ` < k, be a non-left-to-right-
maximum between σj and σk in σ. Assuming that (iv) is not satisfied, we deduce that σ` < σi, and σ`
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remains a non-left-to-right-maximum in π. Finally, π also contains p + 1 non-left-to-right-maxima; this
gives a contradiction with the minimality of σ.

Conversely, let σ be a permutation satisfying (i), (ii), (iii) and (iv) and π be a permutation obtained
by deleting σi, 1 ≤ i ≤ n, from σ. Let us prove that π belongs to Cp, that is, π contains at most p
non-left-to-right-maxima.

- If σi is a non-left-to-right-maximum of σ, then π has p non-left-to-right-maxima and thus, π ∈ Cp.
- Now, let us assume that σi is a left-to-right maximum of σ. If σi = n, then (ii) implies that n− 1 is a

non-left-to-right-maximum of σ and a left-to-right maximum in π; this implies that π contains p non-left-
to-right-maxima and thus, π ∈ Cp. If σi = σ1, then (iii) implies that σ2 is a non-left-to-right-maximum
of σ and σ2 − 1 is a left-to-right maximum in π; this implies that π contains p non-left-to-right-maxima
and thus, π ∈ Cp. If there exists (j, k), 1 ≤ j < i < k ≤ n, such that σj and σk are left-to-right maxima
(we choose j the greatest possible and k the lowest possible with this property). Then, (iv) implies that
there is σ`, i < ` < k, such that σj < σ` < σi (we choose the lowest possible ` > i). Thus, σ` is a
non-left-to-right-maximum in σ and becomes a left-to-right maximum in π, which implies that π contains
exactly p non-left-to-right-maxima, and thus π ∈ Cp.

Finally, the permutation π necessarily belongs to Cp, which completes the proof.

(iii)

σ2 σi σj σt σk

(ii) n− 1

(iv)

Figure 3: An illustration of Theorem 2 that characterizes the basis permutations of Bp. Condition (i) states such a
basis permutation has p+1 non-left-to-right maxima (drawn with a small black point, while left-to-right maxima are
drawn with a big green point), condition (ii) states that n − 1 is not a left-to-right maximum, condition (iii) states
that σ2 is not a left-to-right maximum, and condition (iv) states that there is a ”higher” non-left-to-right maximum
between 3 left-to-right maxima.
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Corollary 2 (Length of the forbidden patterns). Permutations in Bp have length ≤ 2(p+ 1) and ≥ p+ 2.
As a consequence, Bp is a finite set.

Proof: Theorem 2 implies that the number of left-to-right maxima in a basis permutation is at most the
number of non-left-to-right-maxima. Since a basis permutation of Bp has p+ 1 non-left-to-right-maxima,
its length is at most 2(p+ 1).

For instance, the basis for p = 0, 1, 2 are respectively B0 = {21}, B1 = {312, 321, 2143} (recov-
ering the result of Magnússon), and B2 = {4123, 4132, 4213, 4231, 4312, 4321, 21534, 21543, 31254,

32154, 31524, 31542, 32514, 32541, 214365}.

4 Enumerative results for basis permutations
In order to obtain a recursive formula for the number bn,p of permutations of length n in the basis Bp, we
present the following preliminary lemma.

Lemma 2 (A recursive description). Let σ ∈ Sn be a basis permutation having p ≥ 1 non-left-to-right-
maxima and such that σk+1 = n, k ≥ 0. Let α be the subsequence σ1σ2 . . . σk and π be the permutation
in Sk isomorphic to α. Then, π is a basis permutation with p− n+ k + 1 non-left-to-right-maxima.

Proof: Any permutation σ can be uniquely written as σ = αnβ where α and β are two subsequences of
Jn− 1K. Let k be the length of α and let π = π1π2 . . . πk be the permutation of JkK that is isomorphic to
the subsequence α. Let us prove that π is minimal.

Since σ is minimal, it satisfies the three conditions (ii), (iii) and (iv) of Theorem 2. Since all elements
in β are non-left-to-right-maxima in σ, π contains exactly p− (n− 1− k) non-left-to-right-maxima and
thus, n− p− 1 left-to-right maxima.

- The condition (iii) of Theorem 2 on σ does not involve the part nβ. Therefore, π satisfies (iii).
- The deletion of nβ from σ preserves the condition (iv) on π. Thus, π satisfies (iv).
- Let σi, σj and σk+1 = n, 1 ≤ i < j ≤ k, be the last three left-to-right maxima of σ. After the

deletion of nβ, the two left-to-right maxima of σ, σi and σj , are respectively transported in π into πi and
πj = k. Condition (iv) on σ ensures that there is σ`, between σj and n such that σ` > σi. The greatest
value σ` satisfying this property is then transported in π into k− 1, which proves that k− 1 is on the right
of k in π. Thus, π satisfies (ii).

Using Theorem 2, the permutation π is a basis permutation with p + ` − n + 1 non-left-to-right-
maxima.

Theorem 3 (An infinite recursion). The number bn,p of basis permutations of length n in Bp (or equiv-
alently having exactly p + 1 non-left-to-right-maxima) is given by the following recurrence relation (for
p < n− 2):

bn,p =

p−1∑
`=0

(`+ 1)! ·
(
n− 2

`

)
· bn−`−2,p−`−1

anchored with bn,p = 0 if p < (n− 2)/2 or p > n− 2, and bn,n−2 = (n− 1)! for n > 1.
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Proof: Any permutation σ of length n ≥ 1 contains at least one left-to-right maximum and thus, at most
n−1 non-left-to-right-maxima which implies that bn,p = 0 for n ≤ p+1. Using the proof of Corollary 2,
we also have bn,p = 0 for n > 2(p+1). Moreover, the basis permutations of length n with n−1 non-left-
to-right-maxima are the permutations of the form nα where α ∈ Sn−1. So, we have bn,n−2 = (n − 1)!

for n > 1.
Now, let us prove the recursive relation. Let σ ∈ Sn be a basis permutation with p + 1 non-left-to-

right-maxima. We consider its unique decomposition σ = αnβ where α and β are some subsequences of
Jn − 1K. Let ` + 2, ` ≥ 0, be the length of nβ and let π be the permutation in Sn−`−2 isomorphic to α.
Using Lemma 2 with k = n − ` − 2, π is minimal with p − ` − 1 non-left-to-right-maxima. So, we can
associate to σ = αnβ the pair (π, γ) where π ∈ Sn−`−2 is minimal with p−`−1 non-left-to-right-maxima
and γ ∈ S`+1 is isomorphic to β.

Conversely, let π be a basis permutation of length n − ` − 2 with p − ` − 1 non-left-to-right-maxima
and γ ∈ S`+1. We construct a basis permutation σ of length n with p + 1 non-left-to-right-maxima as
follows. From γ ∈ S`+1, we construct a subsequence β of Jn − 1K of length ` + 1 such that β contains
the value n − 1 and such that β is isomorphic to γ. Since n − 1 belongs to β, its position in β also is
the position of the greatest value of γ. So, β is characterized by the choice of ` values among Jn − 2K.
Now, we define the unique subsequence α of Jn − 2K\X isomorphic to π where X is the set of values
used in β. This construction ensures that σ = αnβ is a basis permutation of length n with p+ 1 non-left-
to-right-maxima, and so σ ∈ Bp. So, there are

(
n−2
`

)
possibilities to choose the values of β and (` + 1)!

possibilities to choose γ and bn−`−2,p−`−1 possibilities to choose a basis permutation π ∈ Sn−`−2 with
p− `− 1 non-left-to-right-maxima. Varying ` from 0 to p− 1, we obtain the recursive formula.

Theorem 3 allows us to find the bivariate exponential generating function for the number of basis
permutations according to the number of non-left-to-right-maxima.

Theorem 4 (Closed-form for the bivariate generating function). Consider the bivariate exponential gen-
erating function B(x, y) =

∑
n≥0,p≥0 bn,p

xnyp

n! where the coefficient of x
nyp

n! is the number bn,p of basis
permutations of length n in Bp. Then, we have

B(x, y) =
1

2y

(
1− 1

V

)
(1− xy)

1
2 (1+V ) +

1

2y

(
1 +

1

V

)
(1− xy)

1
2 (1−V ) − 1

y
,

where V :=
√

1 + 4/y .

Proof: SettingFp(x) :=
∑
n≥0 bn,n−p

xn

n! andF (x, y) :=
∑
p≥0 Fp(x)yp, we haveB(x, y) = F (xy, 1/y).

(We work with the generating function Fp(x) of the (bn,n−p)’s rather than the generating function of the
(bn,p)’s because then the derivation of the proof is simpler to write).

Taking the second derivative of F (x, y) with respect to x gives

∂2xF (x, y) = ∂2x

∑
p≥0

Fp(x)yp

 = ∂2xF0(x) + ∂2xF1(x)y + ∂2xF2(x)y2 +
∑
p≥3

∂2xFp(x)yp . (1)
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Now, the recursive relation of Theorem 3 for bn+2,n−p+2 implies for p ≥ 3:

∂2xFp(x) =
∑
n≥0

bn+2,n−p+2
xn

n!
=
∑
n≥0

xn

n!

n−p+1∑
`=0

(`+ 1)! ·
(
n

`

)
· bn−`,(n−`)−(p−1)

=
∑
n≥0

(n+ 1)!
xn

n!
·
∑
n≥0

bn,n−p+1
xn

n!
=

1

(1− x)2
Fp−1(x).

Plugging this recurrence into the equation (1) (and using F0(x) = F1(x) = 0) gives:

∂2xF (x, y) = ∂2xF2(x)y2 +
∑
p≥2

y

(1− x)2
Fp(x)yp.

It remains to simplify F2(x); the initial conditions of Theorem 3 (bn,n−2 = (n − 1)! and bn,p = 0 for
n < 2) imply that

F2(x) =
∑
n≥2

bn,n−2
xn

n!
=
∑
n≥2

(n− 1)!

n!
xn = − ln(1− x)− x .

This leads to the main differential equation:

∂2xF (x, y) = ∂2xF2(x)y2 +
y

(1− x)2
F (x, y) =

y

(1− x)2
(y + F (x, y)) . (2)

First, by plug & prove, the solutions of ∂2xF (x) = yF (x)/(1−x)2 are a linear combination of (1−x)α,
with α = (1 +

√
1 + 4y)/2, or α = (1−

√
1 + 4y)/2. Now, F (x, y) = −y is a trivial particular solution

of the non-homogeneous differential equation (2), so the general solution of this differential equation is
of the form:

F (x, y) = K(y) · (1− x)
1
2 (1+

√
1+4y) + L(y) · (1− x)

1
2 (1−

√
1+4y) − y.

Since F (0, y) = 0 and ∂F (x,y)
∂x cx=0 = 0, we respectively deduce the two equations

K(y) + L(y)− y = 0 and −K(y) · (1 +
√

1 + 4y)− L(y) · (1−
√

1 + 4y) = 0 ,

thus we obtain

K(y) =
y

2

√
1 + 4y − 1√

1 + 4y
and L(y) =

y

2

√
1 + 4y + 1√

1 + 4y
.

This gives

F (x, y) =
y

2

√
1 + 4y − 1√

1 + 4y
· (1− x)

1
2 (1+

√
1+4y) +

y

2

√
1 + 4y + 1√

1 + 4y
· (1− x)

1
2 (1−

√
1+4y) − y ,

and therefore the theorem, as B(x, y) = F (xy, 1/y).
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Theorem 5 (Asymptotics). The exponential generating function for the number of basis permutations
with respect to their length is given by

B(x) = B(x, 1) =
∑
n≥0

bn
xn

n!
=

√
5− 1

2
√

5
· (1− x)

1+
√

5
2 +

√
5 + 1

2
√

5
· (1− x)

1−
√

5
2 − 1

=
x2

2!
+ 2

x3

3!
+ 7

x4

4!
+ 32

x5

5!
+ 179

x6

6!
+ 1182

x7

7!
+ 8993

x8

8!
+O(x9).

It is a D-finite transcendental function satisfying the following differential equation

B(x)− (1− x)2∂2xB(x) + 1 = 0, B(0) = B′(0) = 0 . (3)

Equivalently, its coefficients bn satisfy the recurrence

bn+2 = 2nbn+1 + (1 + n− n2)bn, b0 = b1 = 0, b2 = 1 , (4)

and the asymptotics are given by

bn ∼
φ√

5 Γ(φ− 1)

1

n2−φ
(1 + o(1)) ,

where φ is the golden ratio φ = (1 +
√

5)/2, and Γ(z) :=
∫ +∞
0

tz−1 exp(−t)dt is the Euler gamma
function.

Accordingly, a permutation of length n has a probability asymptotically 0 to be an element of the basis
of forbidden patterns, however, this probability is not “very small” as it decays only polynomially:

Prob(s ∈ Sn belongs to ∪p∈N Bp) =
bn
n!
≈ 0.499/n0.381(1 + o(1)) .

Proof: Setting y = 1 in the bivariate exponential generating function given in Theorem 4 gives B(x).
If a function B(z) =

∑
bnz

n is D-finite (it is satisfying a linear differential equation, with polynomial
coefficients in z), then its coefficients bn are polynomially recursive (in short, P-recursive): they satisfy
a linear recurrence, with polynomial coefficients in n. See e.g. Flajolet and Sedgewick (2009); Stanley
(2012) for more on these two equivalent notions. Starting from the building blocks (1 − x)a, which
are D-finite, and then using the closure properties of D-finite functions (by sum and product) gives the
differential equation (3) (this is e.g. implemented in the Gfun Maple package, see Salvy and Zimmermann
(1994)). The recurrence is obtained by extracting the coefficient of xn on both sides of the differential
equation. The asymptotics follows from a singularity analysis (see Flajolet and Sedgewick (2009)) on
each term of the shape (1− x)a, indeed, for any a ∈ R which is not an integer, one has:

[xn](1− x)a =
1

Γ(−a)n1+a

(
1 +

1

2
a(a+ 1)

1

n
+O(

1

n2
)

)
.
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Note that B(x, y) is D-finite in the variable x:

1 + yB(x, y)− (1− xy)2∂2xB(x, y) = 0 with B(0, y) = (∂xB)(0, y) = 0,

but it is not D-finite in the variable y. This follows from a saddle point analysis on B(1, y) =
∑
n βny

n,
indeed the asymptotics of βn involve arbitrarily large (lnn)d, while the asymptotics of a D-finite function
can only have a finite sum of such powers of log, see Flajolet and Sedgewick (2009). This argument is
thus similar to a proof that (1− y)1−y is not D-finite.

Remark [Irrational critical exponent]: It is very seldom that a combinatorial problem leads to some
asympotics involving an irrational number as exponent. In fact, in combinatorics and in statistical physics,
most of the asymptotics of integer sequences are of the shape bn ∼ CnαAn, and the exponent α which
appears there is a key quantity: its value is often the signature of some universal phenomena (in physics,
it is called a critical exponent). For D-finite sequences, the theory implies that it is an algebraic number,
however, this exponent is very often -3/2, or a dyadic number (for the reasons explained in Banderier and
Drmota (2015)), or a rational number (due to a results on G-functions). Indeed, a theorem (resulting from
the works of Katz, André, Chudnovsky & Chudnovsky, see Chambert-Loir (2002)) states that G-functions
(D-finite functions with integer coefficients and non-zero radius of convergence) have a rational critical
exponent. Now, instead of considering the exponential generating function B(x) =

∑
bnx

n/n!, we may
consider its inverse Borel transform, i.e., the ordinary generating function

∑
bnx

n. It is also a D-finite
function, because D-finite functions are closed by Hadamard product, and therefore the Borel transform
(and the inverse Borel transform) of a D-finite function is D-finite (i.e., if the sequence bn is P-recursive,
so are n!bn and bn/n!). We have thus a new D-finite function with integer coefficients and irrational
critical exponent (involving the golden ratio φ), but this is not contradicting the G-function theorem,
because, due to the multiplication by n!, we now have a 0 radius of convergence. In conclusion, we have
the pleasure to have here one of the few examples in combinatorics of a problem leading to an irrational
critical exponent. Other examples are given via the KPZ formula in physics, or via quantities related to
quadtrees, see Flajolet and Sedgewick (2009).

Pushing further the asymptotics from Theorem 5, we get the following limit law:

Theorem 6 (Limit Law). In the model where all permutations of length n are equidistributed, a random
permutation of length n in ∪p∈NBp is typically a member of Bp, for p ∼ n − (lnn)/

√
5, with Gaussian

fluctuations. Equivalently, the average number of left-to-right-maxima in a random basis permutation is
p ∼ (lnn)/

√
5 with Gaussian fluctuations.

Proof: This follows from the closed-expression for B(x, y), or from a singularity analysis of the differ-
ential equation. Indeed, the average and standard deviation follow from the computation of ∂yB(x, y)

and ∂2yB(x, y) at y = 1. The Gaussian limit law follows from the quasi-power theorem applied to a vari-
able exponent perturbation or to our non-confluent differential equation (see Theorem IX.11 and Theorem
IX.18 from Flajolet and Sedgewick (2009)).

As a random permutation of Sn has lnn left-to-right maxima on average, the above theorem quantifies
to what extent the right-jump process kills the left-to-right maxima when one starts from the identity
permutation.
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Figure 4: This histogram illustrates Theorem 6: the average number of left-to-right-maxima in a random basis
permutation is p ∼ (lnn)/

√
5 with Gaussian fluctuations. However the speed of convergence and the small amplitude

of the variance makes that large values of n have to be considered to recognize clearly the bell curve of the Gaussian
(above, this is a histogram for n = 4000).

For the combinatorial structure Bp, it could be possible that its complementary set has a nicer structure.
Those permutations not in the basis are for sure counted by un = n!− bn; this sequence satisfies un+3 =

(n + 1)(n2 − n − 1)un − (3n2 + 3n − 1)un+1 + 3(n + 1)un+2, which is still a nice recurrence but of
order one more than the recurrence for bn, so it is a heuristic confirmation than bn is a more fundamental
sequence than un.

The first values of bn (the number of basis permutations of length n) are 1, 2, 7, 32, 179, 1182, 8993,
77440 for 2 ≤ n ≤ 9. We added this sequence to the On-line Encyclopedia of Integer Sequences (hereafter
abbreviated OEIS), see Sloane and collaborators (2016):

p\n 2 3 4 5 6 7 8 9 10 11 #Bp
0 1 1
1 2 1 3
2 6 8 1 15
3 24 58 18 1 101
4 120 444 244 32 1 841
5 720 3708 3104 700 50 8232
6 5040 33984 39708 13400 78732
Σ 1 2 7 32 179 1182 8993 77440 744425 7901410

Table 1: Number bn,p of basis permutations of length n (the ”minimal forbidden patterns” of Bp, or equivalently,
with p + 1 non-left-to-right-maxima) where 2 ≤ n ≤ 11 and 0 ≤ p ≤ 6 (OEIS A265163). The last column
contains βp :=

∑
n bn,p (OEIS A265164); the last line contains bn :=

∑
p bn,p (OEIS A265165).

There is a vast literature in number theory analysing the modular congruences of famous sequences

https://oeis.org/A265163
https://oeis.org/A265164
https://oeis.org/A265165
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(Pascal triangle, Fibonacci, Catalan, Motzkin, Apéry numbers, see Deutsch and Sagan (2006); Xin and Xu
(2011); Rowland and Zeilberger (2014); Kauers et al. (2011)). The properties of bn modm are sometimes
called ”supercongruences” when m is the power of a prime number: many articles consider m = 2r, or
m = 3r. We now give a result which holds for any m (not necessarily the power of a prime number).

Theorem 7 (Supercongruences for D-finite functions).
Consider any P-recurrence of order r:

P0(n)un =

r∑
i=1

Pi(n)un−i .

If the polynomial P0(n) is ultimately invertible modm (i.e., gcd(P0(n),m) = 1, for all n large
enough), then the sequence (un) is ultimately periodic(ii) modm, and there is an algorithm to get this
period.

In particular, recurrences such that P0(n) = 1 are periodic modm.
Accordingly, our sequence bn modm (defined by recurrence (4)) is periodic for any m.

Proof: Indeed, as the leading term P0 is invertible, we can write:

un modm =

r∑
i=1

Pi(n) modm

P0(n) modm
(un−i modm) ,

in which each term has just a finite set of possible values. What is more, for any polynomial P (n)

with integer coefficients, P (n) modm is of period p, for some p|m. (This follows from the fact that
the sum and the product is preserving periodicity modm, as we did not require in the definition of ”pe-
riod” that m is the smallest m such that the sequence is m periodic). Therefore, one can then con-
struct a Markov chain (an automaton): the states are all the possible 2r + 2-tuples of values modm for
(P0(n), . . . , Pr(n), un, . . . , un−r), and the recurrence dictates the transitions in this Markov Chain. The
pigeonhole principle implies that there is a loop in this finite graph, and this gives our period.

Besides, starting with the hypothesis that un = un+p modm for n ∈ [n1 + 1, n1 + p] (such a p can
be found by brute-force, as n1 has to be smaller than the number of states in the automaton, and p has to
be smaller than m2r), it is enough to check that this property goes on for r + 1 steps to prove that un is p
periodic.

This theorem explains the periodic behaviour of bn modm. By brute-force computation, we can get
bn modm, for any given m. For example bn mod 15 is periodic of period 12: for n ≥ 9, one has

bn mod 15 = (10, 5, 10, 10, 0, 10, 5, 10, 5, 5, 0, 5)∞.

The period can be quite large, for example bn mod 3617 has period 26158144. We say more on this
phenomena for P-recursive sequences in Banderier et al. (2017).

(ii) In the sequel, we will omit the word ”ultimately”: a periodic sequence of period p is thus a sequence for which un+p = un for
all large enough n. Some authors use the terminology ”eventually periodic” instead.
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5 Conclusion
In this article, we analysed the iteration of the process ”a particle jumps to the right” in a permutation, and
we gave the typical properties of the patterns which are not reached after pmoves. We expect our approach
(introducing a catalytic variable and getting a D-finite function) to work in many other cases. However,
we already know a nice permutation class for which the basis is not D-finite. Indeed, as an extension of
this work, an interesting question is to consider a model in which both right-jumps and left-jumps are
allowed: this is a very natural process, also related to sorting algorithms and bioinformatics processes.
In a forthcoming work, we show that for this new model, the basis of forbidden minimal patterns for
permutations obtained by p iterations of the process is related to Young Tableaux with 2 equally long first
rows (but it is no longer D-finite, unlike the pure right-jump iteration process that we considered in this
article).

Another natural question is: is it the case that using e.g. the correspondence between records and
cycles in permutations, there is an elegant process corresponding to a ”particle jumps to the right”, with
permutations at distance p from identity being counted in terms of cycles in the permutation? To get direct
”bijective” proofs of our formulae is also an interesting question: as a credo, it cannot be the case that such
nice formulae/recurrences are only reached by solving differential equations (like we did in this article).
It may be the case that a generating tree approach leads to the simple recurrence (4) we get for bn (see
e.g. Banderier et al. (2002) or Barcucci et al. (1999)). With respect to the asymptotics, it is noteworthy that
the process analysed in the present article involves the golden ratio (this is very unusual in combinatorics
to have this constant as critical exponent): is it the trace of some universality class? (Like it is sometimes
the case for problems coming from statistical mechanics, see our remark after Theorem 5.)

Last but not least, we already mentioned a vast literature of publications in number theory analysing the
modular congruences of famous sequences (Pascal triangle, Fibonacci, Catalan, Motzkin, Apéry numbers,
. . . , Deutsch and Sagan (2006); Xin and Xu (2011)). It seems to us that our approach to tackle them at
the level of D-finite functions is new (see also Kauers et al. (2011); Rowland and Zeilberger (2014)), and
it would be worth analysing these properties in full generality. In this article, we proved by a mixture of
Ansatz and brute force proof that bn modm (wherem can be any integer) is a periodic function (of period
bounded by a polynomial inm). In fact, we prove in Banderier et al. (2017) that this period and the values
of bn modm for any given m can be made explicit.

Acknowledgments: We thank our laboratories (LE2I and LIPN) for funding this collaboration, and
presentation of preliminary results at the conferences AofA’15 and Permutation Patterns’15. We also
thank the two referees for their careful reading.
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Let Sn denote the symmetric group. For any σ ∈ Sn, we let des(σ) denote the number of descents of σ, inv(σ) denote
the number of inversions of σ, and LRmin(σ) denote the number of left-to-right minima of σ. For any sequence of
statistics stat1, . . . , statk on permutations, we say two permutations α and β in Sj are (stat1, . . . statk)-c-Wilf
equivalent if the generating function of

∏k
i=1 x

stati
i over all permutations which have no consecutive occurrences

of α equals the generating function of
∏k

i=1 x
stati
i over all permutations which have no consecutive occurrences of

β. We give many examples of pairs of permutations α and β in Sj which are des-c-Wilf equivalent, (des, inv)-c-
Wilf equivalent, and (des, inv,LRmin)-c-Wilf equivalent. For example, we will show that if α and β are minimally
overlapping permutations in Sj which start with 1 and end with the same element and des(α) = des(β) and inv(α) =

inv(β), then α and β are (des, inv)-c-Wilf equivalent.

Keywords: pattern avoidance, consecutive pattern, permutation, pattern match, descent, left to right minimum, sym-
metric polynomial, exponential generating function

1 Introduction
Let Sn denote the group all permutations of n. That is, Sn is the set of all one-to-one maps σ :
{1, . . . , n} → {1, . . . , n} under composition. If σ = σ1 . . . σn ∈ Sn, then we let Des(σ) = {i :
σi > σi+1} and des(σ) = |Des(σ)|. We say that σj is a left-to-right minima of σ if σi > σj for all i < j.
For example the left-to-right minima of σ = 938471625 are 9, 3 and 1.

Given a sequence τ = τ1 · · · τn of distinct positive integers, we define the reduction of τ , red(τ), to be
the permutation of Sn that results by replacing the i-th smallest element of τ by i for each i. For example
red(53962) = 32541. Let τ = τ1 . . . τj ∈ Sj and σ = σ1 . . . σn ∈ Sn. Then we say that

1. τ occurs in σ if there exists 1 ≤ i1 < · · · < ij ≤ n such that red(σi1σi2 . . . σij ) = τ ,

2. there is a τ -match starting in position i in σ if red(σiσi+1 . . . σi+j−1) = τ , and

3. σ avoids τ is there is no occurrence of τ in σ.

We let Sn(τ) denote the set of permutations of Sn which avoid τ and NMn(τ) denote the set of permu-
tations of Sn which have no τ -matches. We let Sn(τ) = |Sn(τ)| and NMn(τ) = |NMn(τ)|. If α and β
are elements of Sj , then we say that α is Wilf equivalent to β if Sn(α) = Sn(β) for all n ≥ 1 and we say
that α is c-Wilf equivalent to β if NMn(α) = NMn(β) for all n. For any permutations τ and σ, we let
τ -mch(σ) denote the number of τ -matches of σ.

These definitions are easily extended to sets of permutations. That is, if Γ ⊆ Sj , then we say that
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1. Γ occurs in σ if there exists 1 ≤ i1 < · · · < ij ≤ n such that red(σi1σi2 . . . σij ) ∈ Γ,

2. there is a Γ-match starting in position i in σ if red(σiσi+1 . . . σi+j−1) ∈ Γ, and

3. σ avoids Γ is there is no occurrence of Γ in σ.

We let Sn(Γ) denote the set of permutations of Sn which avoid Γ and NMn(Γ) denote the set of per-
mutations of Sn which have no Γ-matches. We let Sn(Γ) = |Sn(Γ)| and NMn(Γ) = |NMn(Γ)|. If Γ
and ∆ are subsets of Sj , then we say that Γ is Wilf equivalent to ∆ if Sn(Γ) = Sn(∆) for all n and we
say that Γ is c-Wilf equivalent to ∆ if NMn(Γ) = NMn(∆) for all n. For any permutation σ and set of
permutations Γ, we let Γ-mch(σ) denote the number of Γ-matches of σ.

We let

[n]p,q = pn−1 + pn−2q + · · ·+ pqn−2 + qn−1 =
pn − qn

p− q
,

[n]p,q! = [1]p,q[2]p,q · · · [n]p,q, and[
n

k

]
p,q

=
[n]p,q!

[k]p,q![n− k]p,q!

denote the usual p, q-analogues of n, n!, and
(
n
k

)
. We shall use the standard conventions that [0]p,q = 0

and [0]p,q! = 1. Setting p = 1 in [n]p,q , [n]p,q!, and
[
n
k

]
p,q

yields [n]q , [n]q!, and
[
n
k

]
q
, respectively.

The main goal of this paper is to study refinements of the c-Wilf equivalence relation. For any per-
mutation statistic stat on permutations and any pair of permutations α and β in Sj , we say that α is
stat-c-Wilf equivalent to β if for all n ≥ 1∑

σ∈NMn(α)

xstat(σ) =
∑

σ∈NMn(β)

xstat(σ). (1)

More generally, if stat1, . . . , statk are permutations statistics, then we say that two permutations α and
β are (stat1, . . . , statk)-c-Wilf equivalent if for all n ≥ 1,

∑
σ∈NMn(α)

k∏
i=1

x
stati(σ)
i =

∑
σ∈NMn(β)

k∏
i=1

x
stati(σ)
i .

The first question is whether there are interesting examples of stat-c-Wilf equivalent permutations.
The answer is yes. There are a number of such examples in the case where stat(σ) is either inv(σ), the
number of inversions of σ, or coinv(σ), the number of co-inversions of σ. Here if σ = σ1 . . . σn ∈ Sn,
then

inv(σ) = |{(i, j) : 1 ≤ i < j ≤ n & σi > σj}| and
coinv(σ) = |{(i, j) : 1 ≤ i < j ≤ n & σi < σj}|.

Since for any permutation σ ∈ Sn, inv(σ) + coinv(σ) =
(
n
2

)
, it follows that∑

σ∈NMn(α)

xinv(σ) =
∑

σ∈NMn(β)

xinv(σ). (2)
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if and only if ∑
σ∈NMn(α)

xcoinv(σ) =
∑

σ∈NMn(β)

xcoinv(σ). (3)

Thus we will only consider inv-c-Wilf equivalence. It turns out that there are a large number of examples
of α and β which are inv-c-Wilf equivalent when α and β are minimal overlapping permutations.

We say that a permutation τ ∈ Sj where j ≥ 3 has the minimal overlapping property, or is minimal
overlapping, if the smallest i such that there is a permutation σ ∈ Si with τ -mch(σ) = 2 is 2j − 1. This
means that in any permutation σ = σ1 . . . σn, any two τ -matches in σ can share at most one letter which
must be at the end of the first τ -match and the start of the second τ -match. For example, τ = 123 does
not have the minimal overlapping property since τ -mch(1234) = 2 and the τ -match starting at position
1 and the τ -match starting at position 2 share two letters, namely, 2 and 3. However, it is easy to see
that the permutation τ = 132 does have the minimal overlapping property. That is, the fact that there
is an ascent starting at position 1 and descent starting at position 2 means that there cannot be two τ -
matches in a permutation σ ∈ Sn which share two or more letters. If τ ∈ Sj has the minimal overlapping
property, then the shortest permutations σ such that τ -mch(σ) = n will have length n(j − 1) + 1. Thus,
we let MPτ,n(j−1)+1 be the set of permutations σ ∈ Sn(j−1)+1 such that τ -mch(σ) = n. We shall
refer to the permutations in MPn,n(j−1)+1 as maximum packings for τ . Then we let mpτ,n(j−1)+1 =
|MPτ,n(j−1)+1| and

mpτ,n(j−1)+1(p, q) =
∑

σ∈MPτ,n(j−1)+1

qinv(σ)pcoinv(σ).

Duane and Remmel [9] proved the following theorem about minimal overlapping permutations.

Theorem 1. If τ ∈ Sj has the minimal overlapping property, then

∑
n≥0

tn

[n]p,q!

∑
σ∈Sn

xτ -mch(σ)pcoinv(σ)qinv(σ) =

1

1− (t+
∑
n≥1

tn(j−1)+1

[n(j−1)+1]p,q !
(x− 1)nmpτ,n(j−1)+1(p, q))

. (4)

They also proved the following theorem.

Theorem 2. Suppose that τ = τ1 . . . τj where τ1 = 1 and τj = s, then

mpτ,(n+1)(j−1)+1(p, q) =

pcoinv(τ)qinv(τ)p(s−1)n(j−1)

[
(n+ 1)(j − 1) + 1− s

j − s

]
p,q

mpτ,n(j−1)+1(p, q)

so that

mpτ,(n+1)(j−1)+1(p, q) =
(
pcoinv(τ)qinv(τ)

)n+1

p(s−1)(j−1)(n+1
2 )

n+1∏
i=1

[
i(j − 1) + 1− s

j − s

]
p,q

. (5)

An immediate consequence of Theorems 1 and 2 is the following theorem.
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Corollary 3. Suppose that α = α1 . . . αj and β = β1 . . . βj are permutations in Sj such that α1 = β1 =
1, αj = βj = s, inv(α) = inv(β), and α and β have the minimal overlapping property. Then∑

n≥0

tn

[n]q!

∑
σ∈Sn

xα-mch(σ)qinv(σ) =
∑
n≥0

tn

[n]q!

∑
σ∈Sn

xβ-mch(σ)qinv(σ). (6)

We shall give several examples of a pair of permutations that α and β that satisfy the hypotheses of
Corollary 3 and thus are inv-c-Wilf equivalent. It is easy to see that there are no pairs α and β satisfying
the hypothesis of Corollary 3 in S4. That is, there are only three possible pairs α and β which start with 1
and end with the same numbers, namely,

1. α = 1342 and β = 1432,

2. α = 1243 and β = 1423, and

3. α = 1234 and β = 1324.

In each case, inv(α) 6= inv(β). However α = 14532 and β = 15342 do satisfy the hypothesis of
Corollary 3. Moreover it is easy to check that for any n > 5, any two permutations of the from α =
1453σ2 and β = 1534σ2, where σ is the increasing sequence 678 · · ·n, satisfy the hypothesis of Corollary
3. Thus, there are non-trivial examples of inv-c-Wilf equivalence for all n ≥ 1. In fact, Duane and
Remmel proved an even stronger result than Theorem 2. That is, they proved the following theorem.

Theorem 4. Suppose α = α1 . . . αj and β = β1 . . . βj are minimal overlapping permutations in Sj and
α1 = β1 and αj = βj , then for all n ≥ 1,

mpα,n(j−1)+1 = mpβ,n(j−1)+1. (7)

If in addition, pcoinv(α)qinv(α) = pcoinv(β)qinv(β), then

mpα,n(j−1)+1(p, q) = mpβ,n(j−1)+1(p, q). (8)

Combining Theorems 1 and 4, we have the following theorem.

Theorem 5. Suppose that α = α1 . . . αj and β = β1 . . . βj are permutations in Sj such that α1 = β1,
αj = βj , inv(α) = inv(β), and α and β have the minimal overlapping property. Then∑

n≥0

tn

[n]q!

∑
σ∈Sn

xα-mch(σ)qinv(σ) =
∑
n≥0

tn

[n]q!

∑
σ∈Sn

xβ-mch(σ)qinv(σ). (9)

Theorem 5 above relaxes the condition that α and β both have to start with 1 and thus, introduces a
stronger condition than just being inv-c-Wilf equivalent. In fact, we shall say that α and β are strongly
inv-c-Wilf equivalent if they satisfy the hypotheses of Theorem 5. As an example, one can check that
α = 241365 and β = 234165 both start and end with the same element and have the same number of
inversions. Therefore, they are strongly inv-c-Wilf equivalent.

Of course, one can make similar definitions in the case where we replace c-Wilf equivalence by Wilf
equivalence. For example, we say that α is stat-Wilf equivalent to β if for all n ≥ 1∑

σ∈Sn(α)

xstat(σ) =
∑

σ∈Sn(β)

xstat(σ). (10)
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Although this language has not been used, there are numerous examples in the literature where researchers
have given a bijection φn : Sn(α)→ Sn(β) to prove that α and β are Wilf equivalent where the bijection
φn preserves other statistics. One example of this phenomenon is the work of Claesson and Kitaev [7] who
gave a classification of various bijections between 321-avoiding and 132-avoiding permutations according
to what statistics they preserved.

The main goal of this paper is to give examples of α and β such that α and β are des-c-Wilf equivalent.
Our main result is the following.

Theorem 6. Suppose that α = α1 . . . αj and β = β1 . . . βj are permutations in Sj such that α1 = β1 =
1, αj = βj , des(α) = des(β), and α and β have the minimal overlapping property. Then∑

n≥0

tn

n!

∑
σ∈NMn(α)

xdes(σ) =
∑
n≥0

tn

n!

∑
σ∈NMn(β)

xdes(σ). (11)

Thus α and β are des-c-Wilf equivalent.
If in addition, inv(α) = inv(β), then∑

n≥0

tn

[n]q!

∑
σ∈NMn(α)

xdes(σ)qinv(σ) =
∑
n≥0

tn

[n]q!

∑
σ∈NMn(β)

xdes(σ)qinv(σ). (12)

Thus α and β are (des, inv)-c-Wilf equivalent.

To prove Theorem 6, we will modify the reciprocity method of Jones and Remmel [15–17]. The
reciprocity method was designed to study generating functions of the form

NMΓ(t, x, y) =
∑
n≥0

tn

n!
NMΓ,n(x, y) (13)

where NMΓ,n(x, y) =
∑

σ∈NMn(Γ)

xLRmin(σ)y1+des(σ). In the special case where Γ = {τ} is a set with a

single permutation τ , we shall write NMτ (t, x, y) for NMΓ(t, x, y) and NMτ,n(x, y) for NMΓ,n(x, y).
The basic idea of their approach to study the generating functions NMτ (t, x, y) is as follows. First,

assume that τ starts with 1 and des(τ) = 1. It follows from results in [16] that if τ starts with 1, then we
can write NMτ (t, x, y) in the form

NMτ (t, x, y) =

(
1

Uτ (t, y)

)x
(14)

where Uτ (t, y) =
∑
n≥0

Uτ,n(y)
tn

n!
.

Next one writes
Uτ (t, y) =

1

1 +
∑
n≥1 NMτ,n(1, y) t

n

n!

. (15)

One can then use the homomorphism method to give a combinatorial interpretation of the right-hand side
of (15) which can be used to find simple recursions for the coefficients Uτ,n(y). The homomorphism
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method derives generating functions for various permutation statistics by applying a ring homomorphism
defined on the ring of symmetric functions Λ in infinitely many variables x1, x2, . . . to simple symmetric
function identities such as

H(t) = 1/E(−t), (16)

where H(t) and E(t) are the generating functions for the homogeneous and elementary symmetric func-
tions, respectively:

H(t) =
∑
n≥0

hnt
n =

∏
i≥1

1

1− xit
and E(t) =

∑
n≥0

ent
n =

∏
i≥1

(1 + xit). (17)

In their case, Jones and Remmel defined a homomorphism θτ on Λ by setting

θτ (en) =
(−1)n

n!
NMτ,n(1, y).

Then
θτ (E(−t)) =

∑
n≥0

NMτ,n(1, y)
tn

n!
=

1

Uτ (t, y)
.

Hence
Uτ (t, y) =

1

θτ (E(−t))
= θτ (H(t)),

which implies that
n!θτ (hn) = Uτ,n(y). (18)

Thus, if we can compute n!θτ (hn) for all n ≥ 1, then we can compute the polynomials Uτ,n(y) and the
generating function Uτ (t, y), which in turn allows us to compute the generating function NMτ (t, x, y).
Jones and Remmel [17,18] showed that one can interpret n!θτ (hn) as a certain signed sum of the weights
of filled, labeled brick tabloids when τ starts with 1 and des(τ) = 1. They then defined a weight-
preserving, sign-reversing involution I on the set of such filled, labeled brick tabloids which allowed
them to give a relatively simple combinatorial interpretation for n!θτ (nn). Then they showed how such
a combinatorial interpretation allowed them to prove that for certain families of such permutations τ , the
polynomials Uτ,n(y) satisfy simple recursions.

For example, in [17], Jones and Remmel studied the generating functions NMτ (t, x, y) for permutations
τ of the form τ = 1324 · · · p where p ≥ 4. Using the reciprocity method, they proved that U1324,1(y) =
−y and for n ≥ 2,

U1324,n(y) = (1− y)U1324,n−1(y) +

bn/2c∑
k=2

(−y)k−1Ck−1U1324,n−2k+1(y), (19)

whereCk = 1
k+1

(
2k
k

)
is the kth Catalan number. They also proved that for any p ≥ 5,U1324···p,n(y) = −y

and for n ≥ 2,

U1324···p,n(y) = (1− y)U1324···p,n−1(y) +

bn−2
p−2 c+1∑
k=2

(−y)k−1U1324···p,n−((k−1)(p−2)+1)(y). (20)
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In [2], the authors extended the reciprocity method of Jones and Remmel to study the polynomials
UΓ,n(y) where

UΓ(t, y) = 1 +
∑
n≥1

UΓ,n(y)
tn

n!
=

1

1 +
∑
n≥1 NMΓ,n(1, y) t

n

n!

in the case where Γ is a set of permutations such that for all τ ∈ Γ, τ starts with 1 and des(τ) ≤ 1. For
example, suppose that k1, k2 ≥ 2, p = k1 + k2, and

Γk1,k2
= {σ ∈ Sp : σ1 = 1, σk1+1 = 2, σ1 < σ2 < · · · < σk1

& σk1+1 < σk1+2 < · · · < σp}.

That is, Γk1,k2
consists of all permutations σ of length p where 1 is in position 1, 2 is in position k1 + 1,

and σ consists of two increasing sequences, one starting at 1 and the other starting at 2. In [2], we proved
that for Γ = Γk1,k2

, UΓ,1(y) = −y, and for n ≥ 2,

UΓ,n(y) = (1− y)UΓ,n−1(y)− y
(
n− 2

k1 − 1

)(
UΓ,n−M (y) + y

m−1∑
i=1

UΓ,n−M−i(y)

)
,

where m = min{k1, k2}, and M = max{k1, k2}.
Furthermore, in [2], we investigated a new phenomenon that arises when we add the identity permuta-

tion 12 . . . k to the family Γ. For example, if Γ = {1324, 123}, then we proved that UΓ,1(y) = −y, and
for n ≥ 2,

UΓ,n(y) = −yUΓ,n−1(y)− yUΓ,n−2(y) +

bn/2c∑
k=2

(−y)kCk−1UΓ,n−2k(y), (21)

and when Γ = {1324 . . . p, 123 . . . p− 1} where p ≥ 5, then UΓ,1(y) = −y, and for n ≥ 2,

UΓ,n(y) =

p−2∑
k=1

(−y)UΓ,n−k(y) +

p−2∑
k=1

bn−k
p−2 c∑
m=2

(−y)mUΓ,n−k−(m−1)(p−2)(y). (22)

While on the surface, the recursions (21) and (22) do not seem to be simpler than the corresponding
recursions (19) and (20), they are easier to analyze because adding an identity permutation 12 . . . k to Γ
ensures that all the bricks in the filled brick tabloids used to interpret n!θτ (hn) have length less than k. For
example, in [2], we were able to prove the following explicit formula for the polynomialsU{1324,123},n(y).

Theorem 7. Let Γ = {1324, 123}. Then for all n ≥ 0,

UΓ,2n(y) =

n∑
k=0

(2k + 1)
(

2n
n−k
)

n+ k + 1
(−y)n+k+1 (23)

and

UΓ,2n+1(y) =

n∑
k=0

2(k + 1)
(

2n+1
n−k

)
n+ k + 2

(−y)n+k. (24)
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Another example in [2] where we could find an explicit formula is the following. Let Γk1,k2,s =
Γk1,k2

∪ {1 · · · s(s + 1)} for some s ≥ max(k1, k2). In [2], we showed that UΓ2,2,s,1(y) = −y, and for
n ≥ 2,

UΓ2,2,s,n(y) = −yUΓ2,2,s,n−1(y)−
s−2∑
k=0

(
(n− k − 1)yUΓ2,2,s,n−k−2(y) + (n− k − 2)y2UΓ2,2,s,n−k−3(y)

)
. (25)

Using these recursions, we then proved that

UΓ2,2,2,2n(y) =

n∑
i=0

(2n− 1) ↓↓n−i (−y)n+i and

UΓ2,2,2,2n+1(y) =

n∑
i=0

(2n) ↓↓n−i (−y)n+1+i,

where for any x, (x) ↓↓0= 1 and (x) ↓↓k= x(x− 2)(x− 4) · · · (x− 2k − 2) for k ≥ 1.
In a subsequent paper [3], the authors further extended the reciprocity method to study the generating

functions NMΓ(t, x, y) where all the permutations Γ start with 1 but where we do not put any condition on
the number of descents in a permutations in Γ. It is this extension that we shall modify to prove Theorem
6. In particular, we shall be interested in computing generating functions of the form

INMΓ(t, q, z) = 1 +
∑
n≥0

tn

[n]q!
INMΓ,n(q, z),

where INMΓ,n(q, z) =
∑

σ∈NMn(Γ)

zdes(σ)+1qinv(σ), which is a q-analogue of NMΓ(t, 1, y). We shall

write
INMΓ(t, q, z) =

1

1 +
∑
n≥1 IUΓ,n(q, z) tn

[n]q !

so that
IU(t, q, z) = 1 +

∑
n≥1

IUΓ,n(q, z)
tn

[n]q!
=

1

INMΓ(t, q, z)
. (26)

Again if Γ = {τ}, we shall write INMτ (t, q, z) for INMΓ(t, q, z), INMτ,n(q, z) for INMΓ,n(q, z),
IUτ (t, q, z) for IUΓ(t, q, z), and IUτ,n(q, z) for IUΓ,n(q, z). As before, we shall use the homomorphism
method to give us a combinatorial interpretation of the right-hand side of (26) which can be used to develop
recursions for IUΓ,n(q, z). In the case where α and β satisfy all the hypothesis of Theorem 6, then we will
show that IUα,n(q, z) and IUβ,n(q, z) satisfy the same recursions so that INMα(t, q, z) = INMβ(t, q, z).

Finally, there are stronger conditions on permutations α and β in Sj which will guarantee that α and
β are des-c-Wilf equivalent, (des, inv)-c-Wilf equivalent, or (des, inv,LRmin)-c-Wilf equivalent. That
is, we say that α and β are mutually minimal overlapping if α and β are minimal overlapping and the
smallest n such that there exist a permutation σ ∈ Sn with α-mch(σ) ≥ 1 and β-mch(σ) ≥ 1 is 2j − 1.
This ensures that in any permutation σ, any pair of α-matches, any pair of β matches, and any pair of
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matches where one match is an α-match and one match is a β-match can share at most one letter. There
are lots of examples of minimal overlapping permutations α and β in Sj such that α and β are mutually
minimal overlapping. For example, we shall prove that any minimal overlapping pair of permutations α
and β in Sj which start with 1 and end with 2 are automatically mutually minimal overlapping. We will
also give examples of minimal overlapping permutations α = α1 . . . αj and β = β1 . . . βj in Sj such that
α1 = β1 = 1 and αj = βj which are not mutually minimal overlapping. Then we shall give a bijective
proof the following theorem.

Theorem 8. Suppose α = α1 . . . αj and β = β1 . . . βj are permutations in Sj which are mutually
minimal overlapping and there is an 1 ≤ a < j such that αi = βi for all i ≤ a, αa = βa = 1, αj = βj ,
and des(α) = des(β). Then∑

n≥0

tn

n!

∑
σ∈NMn(α)

zdes(σ)uLRmin(σ) =
∑
n≥0

tn

n!

∑
σ∈NMn(β)

zdes(σ)uLRmin(σ). (27)

Thus α and β are (des,LRmin)-c-Wilf equivalent.
If in addition, inv(α) = inv(β), then∑
n≥0

tn

[n]q!

∑
σ∈NMn(α)

xdes(σ)qinv(σ)uLRmin(σ) =
∑
n≥0

tn

n!

∑
σ∈NMn(β)

xdes(σ)qinv(σ)uLRmin(σ). (28)

Thus α and β are (des, inv,LRmin)-c-Wilf equivalent.

The outline of this paper is the following. In section 2, we shall give the background in symmetric
functions needed for our proofs. In Section 3, we shall modify the involution defined in [3] to give a
combinatorial interpretation to give IUΓ,n(q, z). In section 4, we shall use the results of Section 3 to
prove Theorem 6 and give several examples of families of pairs of permutations satisfying the hypothesis
of Theorem 6. Finally in section 5, we shall prove a stronger result than Theorem 8 which will immediately
imply Theorem 8 and give several examples of families of pairs of permutations satisfying the hypothesis
of Theorem 8.

2 Symmetric Functions
In this section, we give the necessary background on symmetric functions that will be used in our proofs.

A partition of n is a sequence of positive integers λ = (λ1, . . . , λs) such that 0 < λ1 ≤ · · · ≤ λs and
n = λ1 + · · · + λs. We shall write λ ` n to denote that λ is partition of n and we let `(λ) denote the
number of parts of λ. When a partition of n involves repeated parts, we shall often use exponents in the
partition notation to indicate these repeated parts. For example, we will write (12, 45) for the partition
(1, 1, 4, 4, 4, 4, 4).

Let Λ denote the ring of symmetric functions in infinitely many variables x1, x2, . . .. The nth el-
ementary symmetric function en = en(x1, x2, . . .) and nth homogeneous symmetric function hn =
hn(x1, x2, . . .) are defined by the generating functions given in (17). For any partition λ = (λ1, . . . , λ`),
let eλ = eλ1 · · · eλ` and hλ = hλ1 · · ·hλ` . It is well known that e0, e1, . . . is an algebraically independent
set of generators for Λ, and hence, a ring homomorphism θ on Λ can be defined by simply specifying
θ(en) for all n.
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If λ = (λ1, . . . , λk) is a partition of n, then a λ-brick tabloid of shape (n) is a filling of a rectangle
consisting of n cells with bricks of sizes λ1, . . . , λk in such a way that no two bricks overlap. For example,
Figure 1 shows the six (12, 22)-brick tabloids of shape (6).

Fig. 1: The six (12, 22)-brick tabloids of shape (6).

Let Bλ,n denote the set of λ-brick tabloids of shape (n) and let Bλ,n be the number of λ-brick tabloids
of shape (n). If B ∈ Bλ,n, we will write B = (b1, . . . , b`(λ)) if the lengths of the bricks in B, reading
from left to right, are b1, . . . , b`(λ). For example, the brick tabloid in the top right position in Figure 1 is
denoted as (1, 2, 2, 1). Eğecioğlu and the second author [10] proved that

hn =
∑
λ`n

(−1)n−`(λ)Bλ,n eλ. (29)

This interpretation of hn in terms of en will aid us in describing the coefficients of θΓ(H(t)) = IUΓ(t, q, z)
coming in the next section, which will in turn allow us to compute the coefficients INMΓ,n(q, z).

3 A q-analogue of the reciprocity method
In the section, we shall modify the results of [3] to give a combinatorial interpretation of IUΓ,n(q, z) in
the case where all the permutations in Γ start with 1.

Let

INMΓ,n(q, z) =
∑

σ∈NMn(Γ)

zdes(σ)+1qinv(σ). (30)

We define a ring homomorphism θΓ on the ring of symmetric functions Λ by setting θΓ(e0) = 1 and

θΓ(en) =
(−1)n

[n]q!
INMΓ,n(q, z) (31)

for n ≥ 1. It then follows that

θΓ(H(t)) =
∑
n≥0

θΓ(hn)tn =
1

θτ (E(−t))
=

1

1 +
∑
n≥1(−t)nθΓ(en)

=
1

1 +
∑
n≥1

tn

[n]q !
INMΓ,n(q, z)

= IUΓ(t, q, z). (32)
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Using (29), we can compute

[n]q!θΓ(hn) = [n]q!
∑
λ`n

(−1)n−`(λ)Bλ,n θΓ(eλ)

= [n]q!
∑
λ`n

(−1)n−`(λ)
∑

(b1,...,b`(λ))∈Bλ,n

`(λ)∏
i=1

(−1)bi

[bi]q!
INMΓ,bi(q, z)

=
∑
λ`n

(−1)`(λ)
∑

(b1,...,b`(λ))∈Bλ,n

[
n

b1, . . . , b`(λ)

]
q

`(λ)∏
i=1

INMΓ,bi(q, z). (33)

To give combinatorial interpretation to the right hand side of (33), we select a brick tabloid B =
(b1, b2, . . . , b`(λ)) of shape (n) filled with bricks whose sizes induce the partition λ. Given an ordered set
partition S = (S1, S2, . . . , S`(λ)) of {1, 2, . . . , n} such that |Si| = bi, for i = 1, . . . , `(λ), let S1 ↑ S2 ↑
. . . S`(λ) ↑ denote the permutation of Sn which results by taking the elements of Si in increasing order
and concatenating them from left to right. For example,

{1, 5, 6} ↑ {7, 9} ↑ {2, 3, 4, 8} ↑= 156792348.

It follows from results in [6] that we can interpret the q-multinomial coefficient
[

n
b1,...,b`(λ)

]
q

as the sum

of qinv(S1↑S2↑...S`(λ)↑) over all ordered set partitions S = (S1, S2, . . . , S`(λ)) of {1, 2, . . . , n} such that
|Si| = bi, for i = 1, . . . , `(λ). For each brick bi, we then fill the cells of bi with numbers from Si such
that the entries in the brick reduce to a permutation σ(i) = σ1 · · ·σbi in NMbi(Γ). It follows that if we
sum qinv(σ) over all possible choices of (S1, S2, . . . , S`(λ)), we will obtain

[
n

b1, . . . , b`(λ)

]
q

`(µ)∏
i=1

qinv(σ(i)).

We label each descent of σ that occurs within each brick as well as the last cell of each brick by z. This
accounts for the factor zdes(σ(i))+1 within each brick. Finally, we use the factor (−1)`(λ) to change the
label of the last cell of each brick from z to−z. We will denote the filled labeled brick tabloid constructed
in this way as 〈B,S, (σ(1), . . . , σ(`(λ)))〉.

For example, when n = 17,Γ = {1324, 1423, 12345}, and B = (9, 3, 5, 2), consider the ordered
set partition S = (S1, S2, S3, S4) of {1, 2, . . . , 19} where S1 = {2, 5, 6, 9, 11, 15, 16, 17, 19}, S2 =
{7, 8, 14}, S3 = {1, 3, 10, 13, 18}, S4 = {4, 12} and the permutations σ(1) = 1 2 4 6 5 3 7 9 8 ∈
NM9(Γ), σ(2) = 1 3 2 ∈ NM3(Γ), σ(3) = 5 1 2 4 3 ∈ NM5(Γ), and σ(4) = 2 1 ∈ NM2(Γ). Then
the construction of 〈B,S, (σ(1), . . . , σ(4))〉 is pictured in Figure 2.

It is easy to see that we can recover the triple 〈B, (S1, . . . , S`(λ)), (σ
(1), . . . , σ(`(λ)))〉 from B and the

permutation σ which is obtained by reading the entries in the cells from right to left. We let OΓ,n denote
the set of all filled labeled brick tabloids created this way. That is, OΓ,n consists of all pairs O = (B, σ)
where

1. B = (b1, b2, . . . , b`(λ)) is a brick tabloid of shape n,
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= 2 1σ(4)= 1 3 2(2)σ = 5 1 2 4 3(3)σ

{2,5,6,9,11,15,16,17,19} {7,8,14} {1,3,10,13,18} {4,12} 

σ(1)

2 7 814 18 1 3 1013 12 4

= 1 2 4 6 5 3 7 9 8 

65 9 1115 1916 17

z z z −z z −z z z −z z −z

Fig. 2: The construction of a filled, labeled brick tabloid.

2. σ = σ1 · · ·σn is a permutation in Sn such that there is no Γ-match of σ which lies entirely in a
single brick of B, and

3. if there is a cell c such that a brick bi contains both cells c and c + 1 and σc > σc+1, then cell c is
labeled with a z and the last cell of any brick is labeled with −z.

We define the sign of eachO to be sgn(O) = (−1)`(λ). The weightW (O) ofO is defined to be qinv(σ)

times the product of all the labels z used in the brick. Thus, the weight of the filled, labeled brick tabloid
from Figure 2 above is W (O) = z11q84.

It follows that
[n]q!θΓ(hn) =

∑
O∈OΓ,n

sgn(O)W (O). (34)

Next we define a sign-reversing, weight-preserving mapping JΓ : OΓ,n → OΓ,n as follows. Let
(B, σ) ∈ OΓ,n where B = (b1, . . . , bk) and σ = σ1 . . . σn. Then for any i, we let first(bi) be the element
in the left-most cell of bi and last(bi) be the element in the right-most cell of bi. Then we read the cells
of (B, σ) from left to right, looking for the first cell c that belongs to either one of the following two cases.

Case I. Either cell c is in the first brick b1 and is labeled with a z, or it is in some brick bj , for j > 1, with
either

i. last(bj−1) < first(bj) or

ii. last(bj−1) > first(bj) and there is a τ -match contained in the cells of bj−1 and the cells bj that end
weakly to the left of cell c for some τ ∈ Γ.

Case II. Cell c is at the end of brick bi where σc > σc+1 and there is no Γ-match of σ that lies entirely in
the cells of the bricks bi and bi+1.

In Case I, we define JΓ((B, σ)) to be the filled, labeled brick tabloid obtained from (B, σ) by breaking
the brick bj that contains cell c into two bricks b′j and b′′j where b′j contains the cells of bj up to and
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including the cell c while b′′j contains the remaining cells of bj . In addition, we change the labeling
of cell c from z to −z. In Case II, JΓ((B, σ)) is obtained by combining the two bricks bi and bi+1

into a single brick b and changing the label of cell c from −z to z. If neither case occurs, then we let
JΓ((B, σ)) = (B, σ).

ΓJ

2 5 9 15 11 16 13 17 7 14 8 18 1 3 6 19 12 410

2 5 9 15 11 16 13 17 10 7 14 8 18 1 3 6 19 12 4

−z z z −z z −z z −z z −z

−z z −z z −z z −zz −z −z

Fig. 3: An example of the involution JΓ.

For example, suppose Γ = {τ} where τ = 14253 and (B, σ) ∈ OΓ,19 pictured at the top of Fig-
ure 3. We cannot use cell c = 4 to define JΓ(B, σ), because if we combined bricks b1 and b2, then
red(9 15 11 16 13) = τ would be a τ -match contained in the resulting brick. Similarly, we cannot use
cell c = 6 to apply the involution because it fails to meet condition (b.2). In fact the first c for which either
Case I or Case II applies is cell c = 8 so that JΓ(B, σ) is equal to the (B′, σ) pictured on the bottom of
Figure 3.

We now prove that JΓ is an involution by showing J2
Γ is the identity mapping. Let (B, σ) ∈ OΓ,n

where B = (b1, . . . , bk) and σ = σ1 . . . σn. The key observation here is that applying the mapping JΓ to
a brick in Case I will produce one in Case II, and vice versa.

Suppose the filled, labeled brick tabloid (B, σ) is in Case I and its image JΓ((B, σ)) is obtained by
splitting some brick bj after cell c into two bricks b′j and b′′j . There are now two possibilities.

(a.) c is in the first brick b1. In this case, c must be the first cell which is labeled with z so that
the elements in b′1 will be increasing. Furthermore, since we are assuming there is no Γ-match
in the cells of brick b1 in (B, σ), there cannot be any Γ-match that involves the cells of bricks
b′1 and b′′1 in JΓ((B, σ)). Hence, when we consider JΓ((B, σ)), the first possible cell where we
can apply JΓ will be cell c because we can now combine the b′1 and b′′1 . Thus, applying JΓ to
JΓ((B, σ)), we will recombine bricks b′1 and b′′1 into b1 and replace the label of −z on cell c by z.
So JΓ(JΓ((B, σ))) = (B, σ) in this case.

(b.) c is in brick bj , where j > 1. Note that our definition of when a cell labeled z can be used in
Case I to define JΓ depends only on the cells and the brick structure to the left of that cell. Hence,
we can not use any of the cells labeled z to the left of c to define JΓ(JΓ((B, σ))). Similarly, if
we have two bricks bs and bs+1 which lie entirely to the left of cell c such that last(bs) = σd >
first(bs+1) = σd+1, the criteria to use cell d in the definition of JΓ on JΓ((B, σ)) depends only on
the elements in bricks bs and bs+1. Thus, the only cell d which we could possibly use to define JΓ

on JΓ((B, σ)) that lies to the left of c is the last cell of bj−1. However, our conditions that either
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last(bj−1) < first(bj) = first(b′j) or last(bj−1) > first(bj) = first(b′j) with a Γ-match contained in
the cells of bj−1 and b′j force the first cell that can be used to define JΓ on JΓ((B, σ)) to be cell c.
Thus, applying JΓ to JΓ((B, σ)), we will recombine bricks b′j and b′′j into bj and replace the label
of −z on cell c by z. So JΓ(JΓ((B, σ))) = (B, σ) in this case.

Suppose (B, σ) is in Case II and we define JΓ((B, σ)) at cell c, where c is last cell of bj and σc > σc+1.
Then by the same arguments that we used in Case I, there can be no cell labeled z to the left of this cell
c in (B, σ) nor J(B, σ). This follows from the fact that the brick structure before cell c is unchanged
between (B, σ) and J(B, σ). In addition, there can be no two bricks that lie entirely to the left of cell c in
JΓ((B, σ)) that can be combined under JΓ. Thus, the first cell that we can use to define JΓ to JΓ((B, σ))
is cell c and it is easy to check that it satisfies the conditions of Case I. Thus, in going from (B, σ) to
JΓ((B, σ)) we combine bricks bj and bj+1 into a single brick b and replaced the label on cell c by z. Then
it is easy to see that when applying JΓ to JΓ((B, σ)), we will split b back into bricks bj and bj+1 and
change the label on cell c back to −z. Thus JΓ(JΓ((B, σ))) = (B, σ) in this case.

Hence JΓ is an involution. It is clear that if JΓ(B, σ) 6= (B, σ), then

sgn(B, σ)W (B, σ) = −sgn(JΓ(B, σ))W (JΓ(B, σ)).

Thus, it follows from (34) that

n!θΓ(hn) =
∑

O∈OΓ,n

sgn(O)W (O) =
∑

O∈OΓ,n,JΓ(O)=O

sgn(O)W (O). (35)

Hence if all permutations in Γ start with 1, then

UΓ,n(y) =
∑

O∈OΓ,n,IΓ(O)=O

sgn(O)W (O). (36)

Thus, to compute UΓ,n(y), we must analyze the fixed points of JΓ.
Let Γ be a finite set of permutations which all start with 1 and there is a k ≥ 2 such that there exists

a τ ∈ Γ with des(τ) = k and for all α ∈ Γ, des(α) ≤ k. Let Q[y] be the set of rational functions in
the variable y over the rationals Q and let θΓ : Λ → Q[y] be the ring homomorphism defined by setting
θΓ(e0) = 1, and θΓ(en) = (−1)n

n! NMΓ,n(1, y) for n ≥ 1. Then

n!θΓ(hn) =
∑

O∈OΓ,n,JΓ(O)=O

sgn(O)W (O), (37)

where OΓ,n is the set of objects and JΓ is the involution defined above. Suppose that (B, σ) ∈ OΓ,n

where B = (b1, . . . , bk) and σ = σ1 · · ·σn. Then we have the following lemma describing the fixed
points of the involution JΓ.

Lemma 9. (B, σ) is a fixed point of JΓ if and only if it satisfies the following properties:

1. if i = 1 or i > 1 and last(bi−1) < first(bi), then bi can have no cell labeled z so that σ must be
increasing in bi,

2. if i > 1 and σe = last(bi−1) > first(bi) = σe+1, then there must be a Γ-match contained in the
cells of bi−1 and bi which must necessarily involve σe and σe+1 and there can be at most k−1 cells
labeled z in bi, and
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3. if Γ has the property that, for all τ ∈ Γ such that des(τ) = j ≥ 1, the bottom elements (i) of these
descents are 2, . . . , j + 1 when reading from left to right, then the first elements of each brick in
(B, σ) form an increasing sequence.

Proof. Suppose (B, σ) is a fixed point of JΓ. Then it must be the case that (B, σ) contains no cell c
that belongs to neither Case I nor Case II. That is, when applying the involution JΓ to (B, σ), we cannot
break nor combine the bricks after any cell in (B, σ).

For (1.), note that if there is a cell labeled z in bi and c is the left-most cell of bi labeled with z, then c
satisfied the conditions of Case I. Thus there can be no cell labeled z in bi.

For (2.), note that if there is no Γ-match contained in the cells of bi−1 and bi, then e satisfies the
conditions of Case II. Thus, there must be a Γ-match contained in the cells of bi−1 and bi. If there are k
or more cells labeled z in bi, then let c be the k-th cell, reading from left to right, which is labeled with z.
Then we know there is τ -match contained in the cells of bi−1 and bi which must necessarily involve σe
and σe+1 for some τ ∈ Γ. But this τ -match must end before cell c since otherwise τ would have at least
k + 1 descents. Thus c would satisfy the the conditions of Case I.

To prove (3.), suppose there exist two consecutive bricks bi and bi+1 with initial elements σe and σf ,
respectively, such that σe > σf . There are two cases.

Case A. σ is increasing in bi.
Then σf−1 is that last cell of bi. If σf−1 < σf , then we know that σe ≤ σf−1 < σf which contra-
dicts our choice of σe and σf . Thus it must be the case that σf−1 > σf . But then there is τ ∈ Γ such
that des(τ) = j ≥ 1 and there is a τ -match in the cells of bi and bi+1 involving the σf−1 and σf . By
our assumptions, σf can only play the role of 2 in such a τ -match. Hence there must be some σg with
e ≤ g ≤ f − 2 which plays the role of 1 in this τ -match. But then we would have σe ≤ σg < σf which
contradicts our choice of σe and σf . Thus σ cannot be increasing in bi.

Case B. σ is not increasing in bi.
In this case, by part (1), we know that it must be the case that σe−1 = last(bi−1) > σe = first(bi) and, by
(2), there is τ ∈ Γ such that des(τ) = j ≥ 1 and there is a τ -match in the cells of bi−1 and bi involving
the cells σe−1 and σe. Call this τ -match α and suppose that cell h is the bottom element of the last descent
in α. It cannot be that σe = σh. That is, there can be no cell labeled z that occurs after cell h in bi since
otherwise the left-most such cell c would satisfy the conditions of Case I of the definition of JΓ. But this
would mean that σ is increasing in bi starting at σh so that if σe = σh, then σ would be increasing in bi
which contradicts our assumption in this case. Thus there is some 2 ≤ i ≤ j such that σe plays the role of
i in the τ -match α and σh plays the role of j + 1 in the τ -match α. But this means that σe is the smallest
element in brick bi. That is, let σc be the smallest element in bi. If σe 6= σc, then σc must be the bottom
of some descent in bi which implies that c ≤ h. But then σc is part of the τ -match α which means that
σc must be playing the role of one of i + 1, . . . , j + 1 in the τ -match α and σe is playing the role of i
in the τ -match α which is impossible if σe 6= σc. It follows that σe ≤ σf−1. Hence, it can not be that
case that σf−1 < σf since otherwise σe < σf . Thus it must be the case that σf−1 > σf . But this means
that there exists some δ ∈ Γ such that des(δ) = p ≥ 1 and there is a δ-match in the cells of bi and bi+1

involving the σf−1 and σf . Call this δ-match β. By assumption, the bottom elements of the descents in δ

(i) If σ is a permutation with σi > σi+1, i.e. there is a descent in σ at position i, then we shall refer to σi+1 as the bottom element
of this descent.
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are 2, 3, . . . , p + 1 so that σf must be playing the role of 2, 3, . . . , p + 1 in the δ-match β. Let σg be the
element that plays the role of 1 in the δ-match β. σg must be in bi since δ must start with 1. But then we
would have that σe ≤ σg < σf since σe is the smallest element in bi.

Thus, both Case A and Case B are impossible and, hence the minimal elements in the bricks of (B, σ)
must be increasing reading from left to right.

We note that if condition (3) of the Lemma fails, it may be that the first elements of the bricks do
not form an increasing sequence. For example, it is easy to check that if Γ = {15342}, then the (B, σ)
pictured in Figure 4 is such a fixed point of JΓ.

161921 3 18415 5 6 7 8 17 9 10 11 1213 14

−z z −z −z −z z −z −z

Fig. 4: A fixed point of J{15342}.

4 The proof of Theorem 6
In this section, we shall prove Theorem 6. To remind the readers of the result, we shall restate the theorem
below.

Theorem. Suppose that α = α1 . . . αj and β = β1 . . . βj are permutations in Sj such that α1 = β1 = 1,
αj = βj , des(α) = des(β), and α and β have the minimal overlapping property. Then∑

n≥0

tn

n!

∑
σ∈NMn(α)

xdes(σ) =
∑
n≥0

tn

n!

∑
σ∈NMn(β)

xdes(σ). (38)

Thus α and β are des-c-Wilf equivalent.
If in addition, inv(α) = inv(β), then∑

n≥0

tn

[n]q!

∑
σ∈NMn(α)

xdes(σ)qinv(σ) =
∑
n≥0

tn

[n]q!

∑
σ∈NMn(β)

xdes(σ)qinv(σ). (39)

Thus α and β are (des, inv)-c-Wilf equivalent.

This theorem is an immediate consequence of our next result.

Theorem 10. Let τ = τ1τ2 · · · τp ∈ Sp be such that τ1 = 1, τp = s where 2 ≤ s < p, and τ has the
minimal overlapping property. Then

INMτ (t, q, z) =
1

IUτ (t, q, z)
where IUτ (t, q, z) = 1 +

∑
n≥1

IUτ,n(q, z)
tn

[n]q!
,

with IUτ,1(q, z) = −z, and for n ≥ 2,

IUτ,n(q, z) = (1− z)IUτ,n−1(q, z)− zdes(τ)qinv(τ)

[
n− s
p− s

]
q

Uτ,n−p+1(q, z).
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Proof. When n = 1, the only fixed point comes from the configuration that consists of a single cell
filled with 1 and labeled −z. Therefore, it must be the case that IUτ,1(q, z) = −z.

For n ≥ 2, let (B, σ) be a fixed point of Jτ where B = (b1, . . . , bk) and σ = σ1 · · ·σn. We claim that
1 is in the first cell of (B, σ). To see this, suppose 1 is in cell c where c > 1. Hence σc−1 > σc. We claim
that whenever σc−1 > σc, σc−1 and σc must be elements of some τ -match in σ. That is, c cannot be in
brick b1 because the elements in the first brick of any fixed point must be increasing. So we assume that
c is in brick bi where 2 ≤ i ≤ k. If c is the first cell of bi, then last(bi−1) > first(bi) and there must be a
τ -match in the cells of bi−1 and bi which involves cells c− 1 and c. If c is not the first cell of bi, then we
can not have that last(bi−1) < first(bi) since this would force σ to be increasing in the cells of bi. Thus,
we must have that last(bi−1) > first(bi) and there must be a τ -match in the cells of bi−1 and bi. This
τ -match cannot end before cell c since then c would satisfy the conditions of Case I of our definition of
Jτ which would contradict the fact that (B, σ) is a fixed point of Jτ . Hence, cell c must be part of this
τ -match. Thus if σc = 1 where c > 1, then σc−1 and σc are elements of a τ -match in σ. But since τ starts
with 1, the only role σc = 1 can play is a τ -match is 1 and hence σc−1 and σc cannot be elements of a
τ -match in σ. Hence, σ1 = 1. We now have two cases.

Case 1. There is no τ -match in (B, σ) that starts from the first cell.

In this case, we claim that 2 must be in cell 2 of (B, σ). By contradiction, suppose 2 is in cell c where
c 6= 2. For any c > 2, it is easy to see that σc−1 > 2 = σc so there is a decrease between the two cells
c − 1 and c in (B, σ). By our argument above, there must exist a τ -match α that involves the two cells
c − 1 and c. In this case, α must include 1 which is in cell 1 because it must be the case that 1 and 2
play the role of 1 and 2 in the τ -match α, respectively. This contradicts our assumption that there is no
τ -match starting from the first cell. Hence, σ2 = 2.

In this case there are two possibilities, namely, either (i) 1 and 2 are both in the first brick b1 of (B, σ)
or (ii) brick b1 is a single cell filled with 1 and 2 is in the first cell of the second brick b2 of (B, σ). In
either case, we know that 1 is not part of a τ -match in (B, σ). So if we remove cell 1 from (B, σ) and
subtract 1 from the elements in the remaining cells, we will obtain a fixed point (B′σ′) of JΓ in OΓ,n−1.

Moreover, we can create a fixed point O = (B, σ) ∈ On satisfying the three conditions of Lemma
9 where σ2 = 2 by starting with a fixed point (B′, σ′) ∈ OΓ,n−1 of JΓ, where B′ = (b′1, . . . , b

′
r) and

σ′ = σ′1 · · ·σ′n−1, and then letting σ = 1(σ′1 + 1) · · · (σ′n−1 + 1), and setting B = (1, b′1, . . . , b
′
r) or

setting B = (1 + b′1, . . . , b
′
r).

It follows that fixed points in Case 1 will contribute (1− z)IUΓ,n−1(q, z) to IUΓ,n(q, z).

Case 2. There is a τ -match in (B, σ) that starts from the first cell.

In this case, the τ -match that starts from the first cell of (B, σ) must involve the cells of the first two
bricks b1 and b2 in (B, σ). Since there is no decrease within the first brick b1 of (B, σ), it must be the
case that the first brick b1 has exactly d cells, where 1 < d < p is the position of the first descent in τ,
and the brick b2 has at least p − d cells. Furthermore, we can see that the brick b2 consists of exactly
des(τ)−1 decreases, positioned according to their corresponding descents in τ . We first claim that all the
integers in {1, . . . , s−1, s}must belong to the first p cells of (B, σ). To see this, suppose otherwise and let
m = min{i : 1 ≤ i ≤ s, σk = i for some k > p}. That is,m is the smallest integer from {1, . . . , s−1, s}
that occupies a cell k strictly to the right of cell p in (B, σ). It follows that m is the smallest number that
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occupies a cell strictly to the right of cell p in O and thus, it is the case that σk−1 ≥ s > m = σk. Then
there are three possibilities:

(i) brick b2 has more than p− d cells and m is in brick b2,

(ii) m starts some brick bj for j > 2, or

(iii) m is in the middle of some brick bj for j > 2.

We will show that each of these cases contradicts our assumption (B, σ) is a fixed point of JΓ.
In case (i), since σk−1 > σk, there is a decrease in brick b2 that occurs strictly to the right of cell p.

However, due to the τ -match starting from cell 1 of O, brick b2 already has des(τ) − 1 descents, the
maximum number of allowed descents in a brick. Thus, by the second property of Lemma 9, this is a
contradiction.

In case (ii), since last(bj−1) = σk−1 > σk = first(bj), by Lemma 9, there must be a τ -match that is
contained in the cells of bj−1 and bj and ends weakly to the left of cell k which contains m. Since τ is
a minimal overlapping permutation, the only possible τ -match beside from the first one that starts from
cell 1 in (B, σ) must occur weakly to the right of cell p in O. However, since m is the smallest number in
the cells to the right of cell p and τ starts with 1, any match that involves m must also start from this cell.
Thus, we can never have a τ -match in (B, σ) that involves both cells k − 1 and k in (B, σ).

In case (iii), suppose that m occupies cell k that is in the middle of brick bj . There are now two
possibilities between the last cell of bj−1 and the first cell of brick bj : either last(bj−1) < first(bj) or
last(bj−1) > first(bj). If last(bj−1) < first(bj) then we can simply break the brick bj after cell k − 1,
contradicting the fact that (B, σ) is a fixed point. On the other hand, if last(bj−1) > first(bj) then by
Lemma 9, there must be a τ -match that ends weakly to the left of cell k, and involves the two cells k − 1
and k. However, by previous argument, this cannot hold.

Hence, it must be the case that all the integers {1, 2, . . . , s − 1, s} belong to the first p cells of (B, σ).
Furthermore, we only have one way to arrange these entries, according to their respective position within
the τ -match. This also implies that σp = s. We will then choose p − s numbers and fill these numbers
in the empty cells within the first p cells of (B, σ) such that red(σ1σ2 · · ·σp) = τ . There are

(
n−s
p−s
)

ways
to do this and keeping track of the inversions between our choice of p − s numbers and the elements of
(B, σ) which occurs after cell p, we obtain a factor of

[
n−s
p−s
]
q

from our possible choices. Then we have

to count the inversions among the first p elements of (B, σ), which contributes a factor of qinv(τ). We
notice that since τ has the minimal overlapping property, the next possible τ -match in (B, σ) must start
from cell p that contains s. In addition, according to Lemma 9, any brick in a fixed point of the involution
can have at most des(τ) − 1 descents within the brick so there cannot be any descents in b2 after cell p.
By construction, σp = s is less than the elements which occur to the right of cell p. Therefore, we can
remove the first p− 1 cells of (B, σ) and obtain a fixed point (B, σ′) of length n− p+ 1.

This process is also reversible. Suppose τ ∈ Sp is a minimal overlapping permutation with τ1 = 1, τp =
s, and the first descent in τ occurs at position d. Given a fixed point (B′, σ′) of length n − p + 1 where
B′ = (b′1, . . . , b

′
r) and a choice T of p− s elements from {s+ 1, . . . , n}, we let σ∗ be the permutation of

{1, . . . , s} ∪ T such that red(σ∗) = τ and σ∗∗ be the permutation of {1, . . . , n} − ({1, . . . , s} ∪ T ) such
that red(σ∗) = σ′. Then if we let σ = σ∗σ∗∗ and B = (d, p − d − 1 + b′1, b

′
2, . . . , b

′
r), then (B, σ) will

be a fixed point of JΓ of length n that has τ -match starting in cell 1.
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It follows that the contribution of the fixed points in Case 2 to IUτ,n(q, z) is

−zdes(τ)qinv(τ)

[
n− s
p− s

]
q

IUτ,n−p+1(q, z).

Combining Cases 1 and 2, we see that for n ≥ 2,

IUτ,n(q, z) = (1− z)IUτ,n−1(q, z)− zdes(τ)qinv(τ)

[
n− s
p− s

]
q

IUτ,n−p+1(q, z) (40)

which is what we wanted to prove.
It is easy to see that Theorem 6 follows immediately from Theorem 10. That is, Theorem 10 shows that

for a minimal overlapping permutation τ ∈ Sj that starts with 1, the generating function

INMτ (t, 1, z) = 1 +
∑
n≥1

tn

n!

∑
σ∈NMn(τ)

zdes(σ)+1

depends only on s = τj and des(τ). Thus if α and β are minimal overlapping permutations which start
with 1 and end with s and des(α) = des(β), then INMα(t, 1, z) = INMβ(t, 1, z) so that α and β are
des-c-Wilf equivalent. Similarly, Theorem 10 shows that for a minimal overlapping permutation τ ∈ Sj
that starts with 1, the generating function

INMτ (t, q, z) = 1 +
∑
n≥1

tn

[n]q!

∑
σ∈NMn(τ)

zdes(σ)+1qinv(σ)

depends only on s = τj , des(τ), and inv(τ). Thus if α and β are minimal overlapping permutations
which start with 1 and end with s and des(α) = des(β) and inv(α) = inv(β), then INMα(t, q, z) =
INMβ(t, q, z) so that α and β are (des, inv)-c-Wilf equivalent.

There are lots of examples of minimal overlapping permutations α and β for which the hypothesis of
Theorem 6 apply. For example, consider n = 5. Since we are only interested in permutations that start
with 1, we know that such a permutation α starts with a rise. Then α cannot end in a rise since otherwise α
is not minimal overlapping. Thus αmust start with 1 and end in a descent. There are no such permutations
that end in 5 and there are only two such permutations that end in 4, namely, 12354 and 13254 and these
two permutations do not have the same number of descents. This leaves us 10 possible permutations to
consider which we have listed in the following table. For each such σ, we have list des(σ), inv(σ), and
indicated whether is minimal overlapping.

σ des(σ) inv(σ) Is minimal overlapping?
12453 1 1 yes
12543 2 3 yes
14253 2 3 no
15243 2 4 no
13452 1 3 yes
13542 2 4 yes
14352 2 4 yes
14532 2 5 yes
15342 2 5 yes
15432 3 6 yes



20 Quang T. Bach, Jeffrey B. Remmel

Thus, Theorem 6 tells us that all the elements in the set {13542, 14352, 14532, 15342} are des-c-Wilf
equivalent. It also tells that the same set breaks up into 2 (des, inv)-c-Wilf equivalence classes, namely,
{13542, 14352} and {14532, 15342}.

Another natural question to ask is whether the size of (des, inv)-c-Wilf equivalence classes can get
arbitrarily large as n goes to infinity. The answer to this question is yes. First, it is easy to see that if σ
is a permutation that starts with 1 and ends with 2, it is automatically minimal overlapping. That is, if
σ = σ1 . . . σn where σ1 = 1 and σn = 2, then there can be no 2 ≤ i ≤ n− 1 such that the first i elements
of σ has the same relative order as the last i elements of σ because in the first i elements of σ the smallest
element is at the start while in the last i elements of σ, the smallest element is at the end.

Now consider three consecutive elements x, x+ 1, x+ 2. Then the sequences t1(x) = (x+ 1)(x+ 2)x
and t2(x) = (x + 2)x(x + 1) each have one descent and two inversions. It follows that if we start with
the permutation σ = 1 t1(3) t1(6) t1(9) · · · t1(3n) 2, then we can replace any of the sequence t1(3k) by
its corresponding sequence t2(3k) and it will keep the inversion number and the descent number of the
permutation the same. Thus, the size of the (des, inv)-c-Wilf equivalence class of σ is at least 2n.

There are lots of other examples of this type. For example, consider four consecutive elements x, x +
1, x + 2, x + 3. Then the sequences s1(x) = (x + 1)(x + 2)x(x + 3) and s2(x) = x(x + 3)(x +
1)(x + 2) each have one descent and two inversions. It follows that if we start with the permutation
τ = 1 s1(3) s1(7) s1(11) . . . s1(4n − 1) 2, then we can replace any of the sequence s1(4k − 1) by its
corresponding sequence s2(4k − 1) and it will keep the inversion number and the descent number of the
permutation the same. This same argument can also be extended to permutations σ ∈ Sn that start with
123 · · · k and end with k + 1, for any k > 0. Hence, the size of the (des, inv)-c-Wilf equivalence class of
τ is at least 2n.

5 The proof of Theorem 8
In Theorem 8, we study the (des,LRmin)-c-Wilf equivalent relation and its q-analog which arise as
another consequence of Theorem 10. First, we observe that for any permutation τ , NMτ (t, 1, y) =
INMτ (t, z, 1) and hence, Uτ (t, y) = IUτ (t, z, 1). Thus, if α and β are minimal overlapping permutations
which start with 1 and end with s with des(α) = des(β), then Uα(t, y) = Uβ(t, y). This leads to

NMα(t, x, y) =

(
1

Uα(t, y)

)x
=

(
1

Uβ(t, y)

)x
= NMα(t, x, y).

Hence, if α and β are minimal overlapping permutations which start with 1 and end with s and des(α) =
des(β), then α and β are (des,LRmin)-c-Wilf equivalent. In fact, by relaxing the condition that α and
β start with 1, we can generalize this result for pairs of permutations α and β that satisfy the condition
which we refer to as mutually minimal overlapping.

Before proceeding with the proof of Theorem 8, we first recall the definition of mutually minimal
overlapping permutations. Here, we say that α and β are mutually minimal overlapping if α and β are
minimal overlapping and the smallest n such that there exist a permutation σ ∈ Sn such that α-mch(σ) ≥
1 and β-mch(σ) ≥ 1 is 2j − 1. This ensures that in any permutation σ, any pair of α-matches, any pair
of β matches, and any pair of matches where one match is an α-match and one match is a β-match can
share at most one letter.

Note that if α = α1 . . . αj and β = β1 . . . βj are minimal overlapping permutations in Sj that start
with 1 and end with 2, then α and β are mutually minimal overlapping. That is, it cannot be that there is
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1 < i < j such that the last i elements of α have the same relative order as the first i elements of β since
the first i elements of α has its smallest element at the start while the last i elements of β has it smallest
element at the end. Similarly, it can not be that there is 1 < i < j such that that last the last i elements of
β have the same relative order as the first i elements of α. On the other hand, if

α = 1 9 3 8 2 7 6 5 4 and
β = 1 3 9 8 7 5 2 6 4,

then one can check that α and β are minimal overlapping, des(α) = des(β) = 4, and inv(α) = inv(β) =
19. However α and β are not mutually minimal overlapping since the first 3 elements of α have the same
relative order as that last three elements of β.

We shall give a bijective proof for a slightly stronger version of Theorem 6. In fact, Theorem 6 is the
special case of the following result when a = 1.

Theorem. Suppose α = α1 . . . αj and β = β1 . . . βj are permutations in Sj which are mutually minimal
overlapping and there is an 1 ≤ a < j such that αi = βi for i ≤ a, αa = βa = 1, αj = βj , and
des(α) = des(β).

Then ∑
n≥0

tn

n!

∑
σ∈NMn(α)

xdes(σ)yLRmin(σ) =
∑
n≥0

tn

n!

∑
σ∈NMn(β)

xdes(σ)yLRmin(σ). (41)

Thus α and β are (des,LRmin)-c-Wilf equivalent.
If in addition, inv(α) = inv(β), then∑
n≥0

tn

[n]q!

∑
σ∈NMn(α)

xdes(σ)yLRmin(σ)qinv(σ) =
∑
n≥0

tn

[n]q!

∑
σ∈NMn(β)

xdes(σ)yLRmin(σ)qinv(σ). (42)

Thus α and β are (des,LRmin, inv)-c-Wilf equivalent.

Proof: For any n ≥ 0, we can partition the elements of Sn into four sets:

1. An equals the set of σ ∈ Sn such that α-mch(σ) > 0 and β-mch(σ) = 0,

2. Bn equals the set of σ ∈ Sn such that β-mch(σ) > 0 and α-mch(σ) = 0,

3. Cn equals the set of σ ∈ Sn such that β-mch(σ) > 0 and α-mch(σ) > 0,

4. Dn equals the set of σ ∈ Sn such that β-mch(σ) = 0 and α-mch(σ) = 0.

Clearly NMn(α) = Dn ∪Bn and NMn(β) = Dn ∪An. Thus, to prove that∑
σ∈NMn(α)

zdes(σ)uLRmin(σ) =
∑

σ∈NMn(β)

zdes(σ)uLRmin(σ),

we need only prove that ∑
σ∈An

zdes(σ)uLRmin(σ) =
∑
σ∈Bn

zdes(σ)uLRmin(σ).
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Thus, we need to define a bijection φ : An → Bn such that for all σ ∈ An, des(σ) = des(φ(σ))
and LRmin(σ) = LRmin(φ(σ)). One simply replaces each α-match σi . . . σi+j−1 in σ by the β-match
where we rearrange σi+1 . . . σi+j−2 so that it matches β. Given our conditions on α and β, this mean that
we will simply rearrange σi+a . . . σi+j−2 to match the order of the elements βa+1 . . . βj−1. Since α is
minimal overlapping, the elements that we rearrange in any two α matches of σ are disjoint. Hence φ is
well defined.

The fact that αa = βa = 1 ensures that σi+a−1 is less than each of the elements σi+a . . . σi+j−2 so
that rearranging these can not effect the number of left-to-right minima. So LRmin(σ) = LRmin(φ(σ)).
The fact that des(α) = des(β) ensures that our rearrangement σi+1 . . . σi+j−1 does not effect the num-
ber of descents so that des(σ) = des(φ(σ)). Moreover, if inv(α) = inv(β), then our rearrangement
σi+a . . . σi+j−2 does not effect the number of inversions so that inv(σ) = inv(φ(σ)).

Next we claim the fact that α and β are mutually minimal overlapping ensures that φ(σ) is in Bn. That
is, if φ(σ) has an α match, then if must have been the case that there was α-match σi . . . σi+j−1 in σ such
that the rearrangement of σi+a . . . σi+j−2 or possibly two consecutive α-matches in σ σi . . . σi+2j−2 such
that the rearrangement of σi+a . . . σi+j−2 and the rearrangement of σi+j−1+a . . . σi+2j−3 caused an α-
match to appear. In either case, this would mean that that there is an α-match in φ(σ) which shares more
than 2 letters with a β-match in φ(σ). This is impossible since α and β are mutually minimal overlapping.

Finally, it is clear how to define φ−1(σ). One simply replaces each β-match σi . . . σi+j−1 in σ by the
α-match where we rearrange σi+a . . . σi+j−2 so that it matches α. The same arguments will ensure that
φ−1 is well defined and maps Bn into An. Thus φ proves theorem.

Finally, we observe that our proof of Theorem 10 can also be modified to prove the following theorem
which allows us to study the c-Wilf equivalent relations between families of permutations.

Theorem 11. Suppose Γ = {α(1), . . . , α(k)} is a set of minimal overlapping permutations in Sp which
all start with 1 and α(i) and α(j) are mutually minimal overlapping for all 1 ≤ i < j ≤ k. For each
1 ≤ i ≤ k, let si be the last element of α(i). Then

INMΓ(t, q, z) =
1

IUΓ(t, q, z)
where IUΓ(t, y) = 1 +

∑
n≥1

IUΓ,n(q, z)
tn

[n]q!
,

with IUΓ,1(q, z) = −z, and for n ≥ 2,

IUΓ,n(q, z) = (1− z)IUΓ,n−1(q, z)−
k∑
i=1

zdes(α(i))qinv(α(i))

[
n− si
p− si

]
q

Uτ,n−p+1(q, z).
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Given permutations σ of size k and π of size n with k < n, the permutation pattern matching problem is to decide

whether σ occurs in π as an order-isomorphic subsequence. We give a linear-time algorithm in case both π and σ

avoid the two size-3 permutations 213 and 231. For the special case where only σ avoids 213 and 231, we present a

O(max(kn2, n2 log log n)-time algorithm. We extend our research to bivincular patterns that avoid 213 and 231 and

present a O(kn4)-time algorithm. Finally we look at the related problem of the longest subsequence which avoids

213 and 231.

Keywords: Permutation Pattern matching

1 Introduction

A permutation σ is said to occur in another permutation π (or π contains σ), denoted σ � π, if there

exists a subsequence of elements of π that has the same relative order as σ. Otherwise, π is said to avoid

the permutation σ. For example a permutation contains the permutation 123 (resp. 321) if it has an

increasing (resp. a decreasing) subsequence of size 3. Similarly, 213 occurs in 6152347, but 231 does not

occurs in 6152347. During the last decade, the study of patterns in permutations has become a very active

area of research [14] and a whole annual conference (PERMUTATION PATTERNS) focuses on patterns in

permutations.

We consider here the so-called permutation pattern matching problem (also sometimes referred to as the

pattern involvement problem): Given two permutationsσ of size k and π of size n, the problem is to decide

whether σ � π (the problem is attributed to Wilf in [5]). The permutation pattern matching is known to be

NP-hard [5]. It is however polynomial-time solvable by brute-force enumeration if σ has bounded size.

Improvements to this algorithm were presented in [3] and [1], the latter describing a O(n0.47k+o(k))-
time algorithm. Bruner and Lackner [7] gave a fixed-parameter algorithm solving the permutation pattern

matching problem with an exponential worst-case runtime of O(1.52n.n.k). This is an improvement upon

the O(k
(
n

k

)
) runtime required by brute-force search without imposing restrictions on σ and π, where one

has to enumerate all the
(
n

k

)
different subsequences of size k in π and test if one of them has the same

relative order as σ. Guillemot and Marx [10] showed that the permutation pattern matching problem is

ISSN subm. to DMTCS c© 2017 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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solvable in 2O(n.k2 log k), and hence is fixed-parameter tractable with respect to the length k of the pattern

σ (standard parameterization). However, Mach proved that the permutation involvement problem under

the standard parameterization does not have a polynomial size kernel (assuming NP 6⊆ coNP/poly
[15]).

A few particular cases of the permutation pattern matching problem have been attacked successfully.

The case of increasing patterns is solvable in O(n log log k)-time [8], improving the previous 30-year

bound of O(n log k). Furthermore, the patterns 132, 213, 231, 312 can all be handled in linear-time by

stack sorting algorithms. Any pattern of size 4 can be detected in O(n logn) time [3]. Algorithmic issues

for 321-avoiding patterns matching for permutations have been investigated in [11] and more recently in

[2]. The permutation pattern matching problem is also solvable in polynomial-time for separable patterns

[12, 5] (see also [6] for the longest common subsequence problem and related ones on separable permu-

tations). Separable permutations are permutations that do not have an occurrence of 2413 nor 3142, and

they are enumerated by the Schröder numbers.

(Notice that the separable permutations include as a special case the stack-sortable permutations, which

avoid the pattern 231.) The major negative result is given in [13]. They prove that the permutation

pattern matching problem is NP-complete when σ has no decreasing subsequence of length 3 and π has

no decreasing subsequence of length 4. This provides the first known example of the permutation pattern

matching problem being hard when one or both of π and σ are restricted to a proper hereditary class of

permutations.

There exist many generalisations of patterns that are worth considering in the context of algorithmic

issues in pattern matching (see [14] for an up-to-date survey). Vincular patterns, also called general-

ized patterns, resemble (classical) patterns with the additional constraint that some of the elements in a

occurrence must be consecutive in positions. Of particular importance in our context, Bruner and Lack-

ner [7] proved that deciding whether a vincular pattern σ of size k occurs in a longer permutation π is

W [1]-complete for parameter k; for an up-to-date survey of the W [1] class and related material, see [9].

Bivincular patterns generalize classical patterns even further than vincular patterns by adding a constraint

on values.

We focus in this paper on pattern matching issues for wedge permutations (i.e., those permutations

that avoid both 213 and 231). This paper is organized as follows. In Section 2 the needed definitions are

presented. Section 3 is devoted to presenting an online linear-time algorithm in case both permutations are

wedge permutations, whereas Section 4 focuses on the case where only the pattern is a wedge permutation.

In Section 5 we give a polynomial-time algorithm for a bivincular wedge permutation pattern. In Section 6

we consider the problem of finding the longest wedge permutation pattern in permutations.

2 Definitions

A permutation of size n is a linear ordering of an ordered set of size n. When writing the permutation we

omit the < sign, thus writing the permutation as a word: π = π1π2 . . . πn, whose elements are distinct

and usually consist of the integers 1, 2, . . . , n.

We need to consider both the natural order of the set and the linear order given by the permutation.

When talking about an element, we refer to the relative position in the natural order of the set as its value

and we refer to the relative position in the order given by the permutation as its position. We write π[i] to

indicate the value of the element at position i (i.e. πi). For example, in the permutation π = 51342, The

element 1 is at position 2 and the element at position 1 has value 5. Conveniently, we let π[i : j] stand for
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Fig. 1: The pattern σ = 51342 and four occurrences of σ in 391867452.

Fig. 2: The element is a RLMax if and only if the hashed area is empty.

πiπi+1 . . . πj , π[: j] stand for π[1 : j] and π[i :] stand for π[i : n].

It is convenient to use a geometric representation of permutations to ease the understanding of algo-

rithms. The geometric representation corresponds to the set of points with coordinate (i, π[i]) (see Figure

1).

When an element π[α] is smaller (resp. larger) than an element π[β] by value (in the natural order of

the set), we say that π[α] is below (resp. above) π[β], as a reference to the geometric representation of the

permutation. Besides, the element with the largest value is called the topmost element and the element

with the smallest value is called the bottommost element. For example, in the permutation π = 51342, 2
is below 4, the topmost element is 5 and the bottommost element is 1.

When an element π[α] is smaller (resp. larger) than an element π[β] by position (in the order given by

the permutation), we say that π[α] is on the left of (resp. on the right of) π[β]. Besides, the element with

the largest position is called the rightmost element and the element with the smallest position is called the

leftmost element. For example, in the permutation π = 51342, 5 is on the left of 3, the leftmost element

is 5 and the rightmost element is 2.

A permutation σ is said to occur in the permutation π, written σ � π, if there exists a subsequence

of (not necessarily consecutive) elements of π that has the same relative order as σ. Such a subsequence

is called an occurrence of σ in π. Otherwise, π is said to avoid the permutation σ. For example, the

permutation π = 391867452 has an occurrence of the pattern σ = 51342, as can be seen in the highlighted

subsequence of π = 391867452 (or π = 391867452 or π = 391867452 or π = 391867452 ). Since

the permutation π = 391867452 contains no increasing subsequence of size four, π avoids 1234. For an

occurrence s of σ in π, we say that π[j] correspond σ[i] in the occurrence or that σ[i] is matched to π[j]
in the occurrence if and only if π[j] = s[i]. Geometrically, π has an occurrence of σ if there exists a set

of points in π whose relative positions are the same as those of σ (see Figure 1). A right-to-left maximum

(RLMax, for short) of π is an element that does not have any element above it and to its right (see Figure

2). Formally, π[i] is a RLMax if and only if π[i] is the topmost element of π[i :]. Similarly π[i] is

a right-to-left minimum (RLMin, for short) if and only if π[i] is the bottommost element of π[i :]. A

bivincular permutation pattern σ̃ of size k is a permutation written in two-line notation (the top row is

12 . . . k and the bottom row is a permutation σ1σ2 . . . σk) with overlined elements in the top row and

underlined elements in the bottom row. We have the following conditions on the top and bottom rows of
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Fig. 3: From left to right, the bivincular pattern σ̃ = 1234q
x2143 , an occurrence of σ̃ in 3216745, an occurrence

of σ in 3216745 but not an occurrence of σ̃ because the points (1, 3) and (5, 7) are in the forbidden areas.

σ, as seen in [14] in Definition 1.4.1:

• If the bottom line of σ̃ contains σiσi+1 . . . σj then the elements corresponding to σiσi+1 . . . σj in

a occurrence of σ in π must be adjacent, whereas there is no adjacency condition for non-underlined

consecutive elements. Moreover if the bottom row of σ̃ begins with xσ1 then any occurrence of σ̃
in a permutation π must begin with the leftmost element of π, and if the bottom row of σ ends with

σky then any occurrence of σ̃ in a permutation π must end with the rightmost element of π.

• If the top line of σ̃ contains i i+ 1 . . . j then the elements corresponding to i, i + 1, . . . , j in an

occurrence of σ in π must be adjacent in values, whereas there is no value adjacency restriction for

non-overlined elements. Moreover, if the top row of σ̃ begins with p1 then any occurrence of σ̃ in

a permutation π must contain the bottommost element of π, and if top row of σ ends with kq then

any occurrence of σ̃ in a permutation π must contain the topmost element of π.

Given a bivincular permutation pattern σ̃, σ refers to the bottom line of σ̃ without any element under-

lined. For example, let σ̃ = 1234q
x2143 , in 3217845, 3217845 is an occurrence of σ̃ but 3217845 is not and

σ = 2143. The best general reference for bivincular pattern is [14].

Geometrically, we represent underlined and overlined elements by forbidden areas. If two elements are

overlined then we draw a horizontal forbidden area between those two points. In an occurrence, we also

draw the forbidden area between the matching of two overlined elements. This area must be empty to have

a valid occurrence of the bivincular pattern. If the area is empty then there is no element between them

when reading the permutation from bottom to top, in other words the matching elements are consecutive

in value. If two elements are underlined then we draw a vertical forbidden area. (See Figure 3).

3 Both π and σ are wedge permutation

This section is devoted to present a fast algorithm for deciding if σ � π in case both π and σ are wedge

permutations. We begin with an easy and folk but crucial structure lemma.

Lemma 1 The first element of any wedge permutations must be either the bottommost or the topmost

element.

Proof: Any other initial element would serve as a ‘2’ in either a 231 or 213 with 1 and n as the ‘1’ and

‘3’ respectively. 2
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Corollary 2 π is a wedge permutation of size n if and only if for 1 ≤ i ≤ n, π[i] is a RLMax or a

RLMin.

As a consequence, a wedge permutation can be partitioned into three sets: the set of RLMax elements,

the set of RLMin elements and the rightmost element which can be both a RLMax element and a RLMin
element. The partition gives a bijection between the set of wedge permutations of size n with elements

1, . . . , n and the set of binary words of size n − 1. The word w which corresponds to π is the word

where each letter at position i represents whether π[i] is a RLMax element or a RLMin element. We

call this bijection B. We also extend this transformation to subsequence of wedge permutations: Given a

subsequence s, the binary word B(s) is the word where the letter at position i represents whether s[i] is a

RLMax element or a RLMin element.

Remark 3 The set of RLMax elements is a decreasing subsequence, indeed each element is on the left

and above the next RLMax element by definition of a RLMax element. In the same fashion, the set of

RLMin elements is an increasing subsequence. See Figure 4.

Remark 4 We can draw a horizontal line (passing thought the rightmost element) on a wedge permuta-

tions such that the upper half contains only a decreasing subsequence and the lower half contains only an

increasing subsequence. This shape the permutation as a >, hence the name of wedge permutations. See

Figure 4.

For any permutation, to figure out whether or not an element is a RLMax element or a RLMin element,

one has to read the whole permutation from left to right starting from the position of the element. We give

a corollary of Lemma 1, to guess it in constant time for a wedge permutation.

Corollary 5 Let π be a wedge permutation and 1 ≤ i < n. Then,

1. π[i] is a RLMin element if and only if π[i] < π[i+ 1];

2. π[i] is a RLMax element if and only if π[i] > π[i + 1].

Now that we have highlighted some structural properties of wedge permutations, we can use this struc-

ture to solve the permutation pattern matching. More precisely, we use the bijection from wedge permu-

tations to binary words to solve this problem, thanks to the following lemma.

Lemma 6 Let π and σ be two wedge permutations. Then, π has an occurrence of σ if and only if there

exists a subsequence t of π such B(t) = B(σ).

Proof: The forward direction is obvious. We prove the backward direction by induction on the size of σ:

if B(t) = B(σ) then t is an occurrence of σ. The base case is a pattern of size 2. Suppose that σ = 12
and thus B(σ) = RLMin. Let t = πi1πi2 , i1 < i2, be a subsequence of π such that B(t) = RLMin, this

reduces to saying that πi1 < πi2 , and hence that t is an occurrence of σ = 12 in π. A similar argument

shows that the lemma holds for σ = 21. Now, assume that the lemma is true for all patterns up to size

k ≥ 2. Let σ be a wedge permutation of size k+1 and let t be a subsequence of π of size k+ 1 such that

B(t) = B(σ). As B(t)[2 :] = B(σ)[2 :] by the induction hypothesis, it follows that t[2 :] is an occurrence

of σ[2 :]. Moreover B(t)[1] = B(σ)[1] thus t[1] and σ[1] are both either the bottommost or the topmost

element of their respective sequences. Therefore, t is an occurrence of σ in π.

2
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Fig. 4: The wedge permutation 123984765. Every line represents a factor, every circled point represents

the leftmost element of each factor.

We are now ready to solve the permutation pattern matching problem in case both π and σ are wedge

permutations.

Proposition 7 Let π and σ be two wedge permutations. One can decide whether π has an occurrence of

σ in linear time.

Proof: According to Lemma 6 the problem reduces to deciding whether B(σ) occurs as a subsequence

in B(π). This can be solved in linear time with a straightforward greedy approach as follows. We read

both B(σ) and B(π) from left to right; when two letters are equal, we match them, and move to the next

in both B(σ) and B(π) (if such letters exist); otherwise we stay at the same letter of B(σ) but move to

the next one in B(π) (if it exists); we accept exactly when all letters of B(σ) have been matched.

2

Thanks to Corollary 5, we do not need to compute the words B(σ) and B(π) before running the greedy

algorithm. This computation can be done at the same time as running the algorithm, thus, giving an

on-line algorithm.

4 Only σ is a wedge permutation

This section focuses on the permutation pattern matching problem in case only the pattern σ is a wedge

permutation. We need to consider a specific decomposition of σ into factors: we split the permutation into

maximal sequences of consecutiveRLMin and RLMax elements, respectively called a RLMin factor and

a RLMax factor. This corresponds to splitting the permutation between every pair of RLMin−RLMax
and RLMax−RLMin elements (see Figure 4). For the special case of a wedge permutation, this also

corresponds to splitting the permutation into maximal sequences of elements consecutive in value. We

label the factors from right to left. Note that the rightmost element can be both a RLMin or a RLMax,

we take the convention that it is of the same type as the element before it for the factorization, so that the

first factor (the rightmost factor) always contains at least two elements. For example, σ = 123984765 is

split as 123− 98 − 4 − 765. Hence σ = factor(4) factor(3) factor(2) factor(1) with factor(4) = 123,

factor(3) = 98, factor(2) = 4 and factor(1) = 765. See Figure 4.

Remark 8 A factor is either an increasing or a decreasing sequence of elements.

To lighten a figure of an occurrence and to help the comprehension, we represent an occurrence in π
(or a part of it) by a rectangle ((Ax, Ay), (Bx, By)) that contains at least all the points of the elements of

the occurrence, where A is the bottom left corner and B is the top right corner. Formally the rectangle
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((Ax, Ay), (Bx, By)) is the set of points in π[Ax : Bx] where each element is in [Ay , By]. Moreover we

say that a rectangle is minimal if and only if it is the smallest rectangle that contains all of the elements of

the occurrence. Consequently, the minimal rectangle of an occurrence is ((lm, bm), (rm, tm)) where lm
stands for the position of the leftmost element, bm stands for the value of the bottommost element, rm
stands for the position of the rightmost element and tm stands for the value of the topmost element. See

Figure 5.

Remark 9 A rectangle contains an occurrence of a RLMin (resp. RLMax) factor if and only if the

rectangle contains an increasing (resp. decreasing) subsequence of same size or larger than the size of

the factor.

We give a property of a wedge permutation that allows us to decide whether a rectangle contains an

occurrence of the wedge permutation: given a rectangle we show that we can split the rectangle in two

smaller rectangles. The splitting transforms the problem in deciding whether or not each of the two

rectangles contains part of the wedge permutation. Intuitively, the problems on the two rectangles are

easier than the problem on the original rectangle.

Lemma 10 There exists an occurrence of a wedge permutation starting with a leftmost RLmin (resp.

RLmax) factor if and only if there exist two rectangles R1 and R2, such that R1 is to the left and below

(resp. to the left and above) R2, R1 contains an occurrence of the leftmost factor and R2 contains an

occurrence of the rest.

Proof: This is true as the leftmost factor is to the left and below (resp. to the left and above) the rest of

the wedge permutation. 2

We show how to compute the permutation pattern matching using this lemma. Note that the algorithm

given in the proof is not the best we can do with respect to the time and space complexity, but it helps

understanding the better version described in the proof of Proposition 15.

Lemma 11 Let σ be a wedge permutation of size k and π a permutation of size n. One can decide in

polynomial time and space whether π contains an occurrence of σ.

Proof: We introduce a set of values needed in computing the permutation pattern matching. Let LISπ

(((j, lb), (j′, ub))) (resp. LDSπ(((j, lb), (j
′, ub)))) be the size of the longest increasing (resp. decreas-

ing) subsequence in ((j, lb), (j′, ub)). For all the rectangles LISπ(((j, lb), (j
′, ub))) and LDSπ(((j, lb)

, (j′, ub))) are computed in O(n2 log(log(n))) time (see [4]). LISπ(((j, lb), (j
′, ub))) (resp. LDSπ

(((j, lb),(j′, ub)))) allows us to decide the existence of an occurrence of any LRMin (resp. LRMax)

factor in the rectangle ((j, lb), (j′, ub)) in constant time if we precomputed it for all the rectangles.

We solve the problem of deciding whether a rectangle ((j, lb), (j′, ub)) contains an occurrence of

factor(i) . . . factor(i′), More formally:

PMπ
σ(i, i

′, ((j, lb), (j′, ub))) =





True if and only if ((j, lb), (j′, ub)) contains

an occurrence of factor(i) . . . factor(i′)

False Otherwise

By definition π contains an occurrence of σ if and only if PMπ
σ(ℓ, 1, ((1, 1), (n, n))) is true where ℓ is

the number of factors in σ. We show how to compute PMπ
σ(i, i

′, ((j, lb), (n, ub))) recursively.
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• If the permutation is reduced to a factor then one has to decide if the rectangle contains an increasing

or a decreasing factor with the same size or larger than the size of the unique factor. This case

happens when i = i′:

– if factor(i) is a LRMin factor:

PMπ
σ(i, i, ((j, lb), (n, ub))) =

{
True if |factor(i)| ≤ LISπ(((j, lb), (n, ub)))

False Otherwise

– if factor(i) is a LRMax factor:

PMπ
σ(i, i, ((j, lb), (n, ub))) =

{
True if |factor(i)| ≤ LDSπ(((j, lb), (n, ub)))

False Otherwise

• Otherwise, assuming that factor(i) is a LRMin (resp. LRMax) factor, we need to decide if there

exists a splitting of ((j, lb), (n, ub)) into two rectangles R1 and R2 such that R1 is to the left and

below (resp above) R2, R1 contains an occurrence of factor(i) and R2 contains an occurrence of

factor(i−1) . . . factor(i′). A direct strategy is to try every pair of rectangles where one rectangle is

to the left and below (resp. above) the other and to decide whether the first one contains a occurrence

of factor(i) and the second one contains an occurrence of factor(i − 1) . . . factor(i′). Note that

to reduce the number of pairs of rectangles to test, it is better to consider the biggest rectangles

possible as long as the positions of the two rectangles are respected. Indeed if R′ is contained in

R and R′ contains an occurrence then R also contains this occurrence, so we do not need to find

an occurrence in both R and R′ but only in R. Concretely we can always consider that R1 has for

bottom left corner (j, lb) (resp. top right corner (j, ub)) and that R2 has for top right corner (n, ub)
(resp. bottom right corner (n, lb)) and R1 is next to R2. More formally:

– if factor(i) is a LRMin factor:

PMπ
σ(i, i

′, ((j, lb), (n, ub))) =

∨

j≤j′<n

ub′<ub

PMπ
σ(i, i, ((j, lb), (j

′, ub′))) ∧ PMπ
σ(i − 1, i′, ((j′ + 1, ub′ + 1), (n, ub)))

– if factor(i) is a LRMax factor:

PMπ
σ(i, i

′, ((j, lb), (n, ub))) =

∨

j≤j′<n

lb′>lb

PMπ
σ(i, i, ((j, lb

′), (j′, ub))) ∧ PMπ
σ(i − 1, i′, ((j′ + 1, lb), (n, lb′ − 1)))
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Fig. 5: From left ro right, an occurrence of a permutation, the same occurrence where each occurrence

of a factor is represented by the minimal rectangle, the same occurrence where the occurrence of the first

two factors are represented by the minimal rectangle, and the same occurrence represented by its minimal

rectangle.

2

Remark that given that the pattern starts with a RLMin (resp. RLMax), if the occurrence starts at the

left edge of the rectangle (ie. π[j] is part of the occurrence), then as the leftmost element of the pattern

is a RLMin (resp RLMax) value, every element of the occurrence is above (resp. below) it, so π[j] can

be used as lower (resp. upper) bound and thus as the bottom (resp. top) edge of the rectangle. In the

algorithm, instead of finding any occurrence we find an occurrence starting at the left edge. This has two

consequences: First we can remove one argument corresponding to the bottom (resp. top) edge as it can

be easily computed and second, the condition of whether σ occurs in π is changed as we have to try every

element of π as a starting element of an occurrence.

We extend our research to reduce the number of pairs of rectangles that we have to test. The idea is

that when deciding whether a rectangle contains an occurrence of a pattern, to split the rectangle, the

algorithm first ”cuts” the rectangle vertically, so that we obtain two rectangles, the first one being on the

left of the second one. Then the algorithm decides whether the second rectangle contains an occurrence

of the ”right part of the pattern”. From all the occurrences that the algorithm could find, it is in our best

interest to select the occurrence which is contained in the smallest rectangles possible, so that the first

rectangle is bigger and thus it will contains more elements and so, will have a better chance to contain

an occurrence of the left part of the pattern. Note that given that the leftmost factor of the pattern is a

RLMin (resp. RLMax) factor, the left, right and top (resp. bottom) edges of the second rectangle is fixed.

Indeed remember that in the algorithm, the second rectangle shares it top (resp. bottom) right corner with

the original rectangle which gives the right and top (resp. bottom) edges and the algorithm has already

”cut” the original rectangle vertically which gives the left edge. So the ”smallest rectangle” can only by

obtained using the bottom (resp. top) edge which should be the upmost (resp. bottommost) possible. The

next lemma indicates which element is the topmost and the bottommost, and the next one and its corollary

formalize what said above. But first we introduce another notation.

We introduce the notation LMEp(s) (which stands for the leftmost element position): Suppose that

s is a subsequence of S, LMEp(s) is the position of the leftmost element of s in S. Thus for every

factor, LMEp(factor(j)) stands for the position in σ of the leftmost element of factor(j). For the ex-

ample preceding Remark 8, LMEp(factor(4)) = 1, LMEp(factor(3)) = 4, LMEp(factor(2)) = 6 and

LMEp(factor(1)) = 7.

Lemma 12 Given a wedge permutation σ, if factor(i) is a RLMin (resp. RLMax) factor the topmost

(resp. bottommost) element of factor(i) . . . factor(1) is the leftmost element of factor(i − 1).
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factor(i− 1)

factor(i)

factor(i+ 1)

topmost element

bottommost element

Suffix starting at factor(i)

Fig. 6: The topmost element of the suffix starting at factor(i) is the leftmost element of factor(i − 1)
(represented by the grey dot). PMπ

σ(i, j) is the smallest value of the matching of the topmost element (the

grey dot) in all the occurrences of the suffix starting at LMEp(factor(i)) in π[j :].

Proof: This lemma states that, given a wedge permutation if the permutation starts with a RLMin (resp.

RLMax) element then the topmost (resp. bottommost) element of this permutation is the first RLMax
(resp. RLMin) element (see Figure 6). This is easy to see from the shape of a wedge permutation.

Formally, the RLMin elements are below the RLMax elements, thus the topmost element must be the

first RLMax element, which is the leftmost element of factor(i− 1).
2

We also define Sπσ(i, j) as the set of all subsequences s of π[j :] that start at π[j] and that are occurrences

of factor(i) . . . factor(1).

Lemma 13 Let σ be a wedge permutation and factor(i) be a RLMin (resp. RLMax) factor σ. Let π
be a permutation and s a subsequence of π such that s ∈ Sπσ(i, j) and s minimizes (resp. maximizes)

the matching of the leftmost element of factor(i − 1). Let s′ be a subsequence of π such that s′ ∈
Sπσ(i, j) and let t = t′s′ be a subsequence of π that extends s′ on the right. Assume t is an occurrence

of factor(i + 1) . . . factor(1) such that the leftmost element of factor(i) is matched to π[j]. Then the

subsequence t′s is also an occurrence of factor(i + 1) . . . factor(1) such that the leftmost element of

factor(i) is matched to π[j].

Informally, this lemma states that we can replace the rectangle of an occurrence in Sπσ(i, j) by another

rectangle of an occurrence in Sπσ(i, j) such that the second rectangle shares the same edges as the first

one, except for the top edge which is lower. Especially the second rectangle can be chosen as the one with

the lowest top edge in all the rectangles sharing the right, bottom and left edges. More formally, given

any occurrence of factor(i + 1) factor(i) . . . factor(1), where factor(i) is a RLMin (resp. RLMax)

factor, we can replace the part of the occurrence where factor(i) . . . factor(1) occurs, by any occurrence

that minimises (resp. maximises) the leftmost element of factor(i − 1). Indeed the leftmost element of

factor(i− 1) is the topmost (resp. bottommost) element of factor(i) . . . factor(1) (see Figure 6).

Proof: Let us consider the case where factor(i) is a RLMin factor. By definition s is an occurrence of

σ[LMEp(factor(i)) :]. First of all, remark that t′ is an occurrence of factor(i + 1). So to prove that

t′s is an occurrence of factor(i + 1) . . . factor(1) we need to prove that the elements of t′ are above the

elements of s. Since t′s′ is an occurrence of factor(i+1) . . . factor(1) it follows that the elements of t′ are
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above the elements of s′. Moreover the topmost element of s is below (or equal to) the topmost element

of s′ thus the elements of s are below the elements of t′. We use a symmetric argument if factor(i) is a

RLMax factor.

2

Corollary 14 Let σ be a wedge permutation, factor(i) be a RLMin (resp. RLMax) factor and s be a

subsequence of π such that s ∈ Sπσ(i, j) and that minimizes (resp. maximizes) the matching of the leftmost

element of factor(i − 1). The following statements are equivalent:

• There exists an occurrence of σ in π where the leftmost element of factor(i) is matched to π[j].

• There exists an occurrence t of factor(ℓ) . . . factor(i+1) in π[: j−1] such that ts is an occurrence

of σ in π with the leftmost element of factor(i) matched to π[j].

Proof: The backward direction is trivial and the forward direction follows from Lemma 13.

2

This corollary takes a step further from the previous one, as it states that if there is no occurrence of

σ in π where the leftmost element of factor(i) is matched to π[j] and such that the leftmost element of

factor(i− 1) is minimized (resp. maximized) then there does not exist any occurrence at all.

Proposition 15 Let σ be a wedge permutation of size k and π a permutation of size n. One can decide in

O(max(kn2, n2 log(log(n))) time and O(n3) space if π contains an occurrence of σ.

Proof: The algorithm follows the previous one, it takes a rectangle and decide whether this rectangle

contains an occurrence of σ, but instead of returning true or false, assuming that factor(i) is a RLMin
(resp. RLMax) factor the algorithm return the optimal value of the top (resp. bottom) edge of a rectangle

containing the pattern (or a special value that indicates that no occurrence exists). So that in the recursion

the computed value of the right rectangle is used as the top (resp. bottom) edge of the left rectangle.

We first introduce a set of values needed in the problems. Let LISπ(j, j
′, bound) (resp. LDSπ(j,

j′, bound)) be the longest increasing (resp. decreasing) subsequence in π[j : j′] starting at π[j], with

every element of this subsequence being smaller (resp. larger) or equal than bound. LISπ and LDSπ can

be computed in O(n2 log(log(n))) time (see [4]). LISπ(j, j
′, bound) (resp. LDSπ(j, j

′, bound)) allows

us to decide the existence of an occurrence starting at π[j] of any LRMin (resp. LRMax) factor in the

rectangle ((j,π[j]), (j′, bound)) (resp. ((j, bound) ,(j′, π[j])).

Given a RLMin (resp. RLMax) factor factor(i) of σ and a position j in π, we want the value of the

top (resp. bottom) edge of any rectangle with bottom left (resp. with top left) corner (j, π[j]) containing

an occurrence of factor(i) . . . factor(1) starting at π[j] and which minimizes (resp. maximizes) its top

(resp. bottom) edge or a value which indicates that no occurrence exists in this rectangle. More formally:

• If factor(i) is RLMin factor.

PMπ
σ(i, j) =



12 Both Emerite Neou, Romeo Rizzi, Stéphane Vialette






The top edge of any rectangle with bottom left corner (j, π[j])

with right edge n containing an occurrence of

factor(i) . . . factor(1) starting at π[j] which minimizes the top edge

Or ∞ if no occurrence exists

• If factor(i) is RLMax factor.

PMπ
σ(i, j) =




The bottom edge of any rectangle with top left corner (j, π[j])

with right edge n containing an occurrence of

factor(i) . . . factor(1) starting at π[j] which maximizes its bottom edge

Or 0 if no occurrence exists

By definition, there exists an occurrence of σ in π if and only if there exists a j ∈ {1, . . . , n} such that

PMπ
σ(ℓ, j) 6= 0 and PMπ

σ(ℓ, j) 6= ∞ with ℓ the number of factors in σ.

We show how to compute recursively those values.

• If the permutation is reduced to a RLMin (resp. RLMax) factor then one has to compute the top

(resp. bottom) edge of a rectangle that contains an increasing or a decreasing subsequence of the

same size or larger than the size of the unique factor starting at π[j]. This case happens when i = 1:

– If factor(i) is a RLMin factor, then

PMπ
σ(1, j) = min {π[j′] | |factor(1)| ≤ LISπ(j, j

′, π[j′])}j′≥j ∪ {∞}.

– If factor(i) is a RLMax factor, then

PMπ
σ(1, j) = max {π[j′] | |factor(1)| ≤ LDSπ(j, j

′, π[j′])}j′≥j ∪ {0}.

• Otherwise, if factor(i) is a RLMin (resp. RLMax) factor, we split the rectangle into two rectangles

R1 and R2 such that R1 is to the left and below (resp. to the left and above) R2, R1 contains an

occurrence of factor(i) starting at j and R2 contains an occurrence of factor(i − 1) . . . factor(1)
starting at j′ > j. As said before, we only need to test the pair of rectangles where the rectangle R2

has for left edge j′ and has the highest bottom (resp. lowest top) edge containing an occurrence. So

forR2 we want a rectangle starting at j′ which contains an occurrence of factor(i−1) . . . factor(i′)
starting at j′ with maximize the bottom (resp. minimize the top) edge. Moreover we also want to

know the value of the bottom (resp. top) edge to use it as a bound for R1 so that that R1 is below

R2, in other words we want PMπ
σ(i− 1, j′). As before R1 has to be biggest possible and to ensure

that R1 is to the left and below (resp. to the left and above) R2, R1 must have for top right corner

(j′ − 1,PMπ
σ(i − 1, j′) − 1) (resp. bottom right corner (j′ − 1,PMπ

σ(i − 1, j′) + 1)). Finally in

all the ”correct” pairs of rectangles, we need the value of the top (resp. bottom) edge of a rectangle

minimizing the top edge (resp. maximizing the bottom edge) containing the pair of rectangles.

Note that the top (resp. bottom) edge has for value π[j′] (the matching of LMEp(factor(i − 1))).
Formally:
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• If factor(i) is a RLMin factor:

PMπ
σ(i, j) =

min{∞} ∪ {π[j′] | b = PMπ
σ(i− 1, j′) is not 0 and |factor(i)| ≤ LISπ(j, j

′ − 1, b− 1)}j′<j

• If factor(i) is a RLMax factor:

PMπ
σ(i, j) =

max{0} ∪ {π[j′] | b = PMπ
σ(i − 1, j′) is not ∞ and |factor(i)| ≤ LDSπ(j, j

′ − 1, b+ 1)}j′<j

The number of factors is bounded by k. All instances of LISπ and LDSπ can be computed in

O(n2 log(log(n)) time and this takes O(n3) space (see [4]). There are n base cases that can be com-

puted in O(n) time, thus computing every base case takes O(n2) time. There are kn different instances

of PM and each one of them takes O(n) time to compute, thus computing every instance of PM takes

O(kn2) time. Thus computing all the values takes O(max(kn2, n2 log(log(n))) time. Every value takes

O(1) space, thus the problem takes O(kn2) space but LISπ and LDSπ take O(n3) space.

2

5 Bivincular wedge permutation patterns

This section is devoted to the pattern matching problem with a bivincular wedge permutation pattern.

Recall that a bivincular pattern generalizes a permutation pattern by being able to force elements in an

occurrence to be consecutive in value or/and in position. Intuitively we cannot use the previous algorithm,

as the restrictions on position and value are not managed.

Given a bivincular permutation pattern σ̃, we let σ̃[i :] refer to the bivincular permutation pattern which

has for top line the top line of σ̃ where we remove the elements before i and has for bottom line the

elements of σ[i :] where m and m+ 1 are underlined if and only if m and m+ 1 are in σ[i :], and m and

m+ 1 are underlined in σ̃. For example given σ̃ = 1234q
x2143 , σ = 2143 and σ̃[2 :] = 234q

143 .

We describe other structure properties of wedge permutations needed to solve the problem.

Lemma 16 Let σ be a wedge permutation.

• If σ[i] is a RLMin element and is not the rightmost element, then σ[i] + 1 is to the right of σ[i].

• If σ[i] is a RLMax element and is not the rightmost element, then σ[i]− 1 is to the right of σ[i].

Proof: For the first point, by contradiction, σ[i] + 1 would serve as a ‘2’, σ[i] would serve as a ‘1’ and

σ[i + 1] would serve as a ‘3’ in an occurrence of 213. For the second point, by contradiction, σ[i] − 1
would serve as a ‘2’, σ[i] would serve as a ‘3’ and σ[i+ 1] would serve as a ‘1’ in an occurrence of 231.

2

Lemma 17 Let σ be a wedge permutation.

• If m and m + 1 are both RLMin elements then any element between m and m + 1 (if any) is a

RLMax element.
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• If m and m − 1 are both RLmax elements then any element between m and m − 1 (if any) is a

RLMin element.

Proof: For the first point, by contradiction, let σ[α] = m and σ[β] = m + 1 and suppose that there

exists α < γ < β, such that σ[γ] is a RLMin element. We know that RLMin are strictly increasing so

σ[α] < σ[γ] < σ[β], which contradicts the fact that σ[β] = σ[α] + 1.

2

Proposition 18 Let σ̃ be a bivincular wedge permutation pattern of size k and π be a permutation of size

n. One can decide in O(kn4) time and O(kn3) space if π contains an occurrence of σ̃.

Proof:

Consider the following problem: Given a lower bound lb, an upper bound ub, a position i of σ and a

position j of π, we want to know if there exists an occurrence of σ̃[i :] in π[j :] with every element of the

occurrence in [lb, ub] and starting at π[j]. In other words, we want to know if the rectangle with bottom

left corner (j, lb) and with top right corner (n, ub) contains an occurrence of σ̃[i :] starting at π[j]. More

formally:

PMσ̃
π(lb, ub, i, j) =






true if π[j :] has an occurrence of the bivincular pattern σ̃[i :]

with every element of the occurrence in [lb, ub]

and starting at π[j]

and if σ[i](σ[i] + 1) or σ[i]q appear in σ̃ then π[j] = ub

and if (σ[i]− 1)σ[i] or pσ[i] appear in σ̃ then π[j] = lb

false otherwise

Clearly if xσ[1] does not appear in σ̃ then π contains an occurrence of σ̃ if and only if
⋃

0<j PM
σ̃
π(1, n, 1, j)

is true. If xσ[1] appear in σ then π contains an occurrence of the bivincular wedge permutation pattern σ̃
if and only if PMσ̃

π(1, n, 1, 1) is true.

We show how to compute recursively those values. Informally, to find an occurrence of σ̃[i :] in π[j :],
given that σ[i] is a RLMin element, we need to find a rectangle R in π such that R contains an occurrence

of σ̃[i+ 1 :] and R is to the right and above π[j]. Moreover

• If σ[i]σ[i + 1] then we require that π[j] and R are next to each other horizontally and that the

occurrence in R starts at the left edge of R. In other words R has for left edge j + 1.

• If σ[i](σ[i] + 1) then we require that π[j] and R are next to each other vertically and that the

minimal element in the occurrence is on the bottom edge of R. In other words R has for bottom

edge π[j] + 1.

Note that the parameters lb, ub and j corresponding to the occurrence of σ̃[i + 1 :] are respectively, the

bottom edge, the top edge and the left edge of the rectangle R. The case where σ[i] is a RLMax element

can be dealt with symmetrically. More formally:
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BASE:

PMσ̃
π(lb, ub, k, j) =






true if π[j] ∈ [lb, ub]

and if σ[k]
y

appears in σ̃ then j = n

and if xσ[k] appears in σ̃ then j = 1

and if σ[k]q appears in σ̃ then π[j] = ub = n

and if pσ[k] appears in σ̃ then π[j] = lb = 1

and if (σ[k]− 1)σ[k] appears in σ̃ then π[j] = lb

and if (σ[k]σ[k] + 1) appears in σ̃ then π[j] = ub

false otherwise

The base case finds an occurrence for the rightmost element of the pattern. If the rightmost element

does not have any restriction on positions and on values, then PMσ̃
π(lb, ub, k, j) is true if and only if

σ[k] is matched to π[j]. This is true if π[j] ∈ [lb, ub]. If σ[k]
y

appears in σ̃ then σ[k] must be matched

to the rightmost element of π thus j must be n. If xσ[k] appears in σ̃ then σ[k] must be matched to

the leftmost element thus j must be 1. If σ[k]
q

appears in σ̃ then σ[k] must be matched to the topmost

element which is n. If pσ[k] appears in σ̃ then σ[k] must be matched to the bottommost element which is

1. If (σ[k]− 1)σ[k] appears in σ̃ then the matching elements of σ[k] and σ[k] − 1 must be consecutive

in value, by recursion the value of the element matching σ[k]− 1 plus 1 will be recorded in lb, thus σ[k]
must be matched to lb. If (σ[k]σ[k] + 1) appears in σ̃ then the element matching σ[k] and σ[k] + 1 must

be consecutive in value, by recursion the value of the element matching σ[k]+ 1 minus 1 will be recorded

in ub, thus σ[k] must be matched to ub.

STEP:

We consider 3 cases for the problem PMσ̃
π(lb, ub, i, j):

• If π[j] /∈ [lb, ub] then:

PMσ̃
π(lb, ub, i, j) = false

which is immediate from the definition.

• If π[j] ∈ [lb, ub] and σ[i] is a RLMin element then:

PMσ̃
π(lb, ub, i, j) =
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




∨
ℓ>j PM

σ̃
π(π[j] + 1, ub, i+ 1, ℓ) if σ[i] is not underlined

and σ[i] is not overlined∨
ℓ>j PM

σ̃
π(π[j] + 1, ub, i+ 1, ℓ) if σ[i] is not underlined

and (σ[i]− 1)σ[i] or pσ[i]

appears in σ̃

and π[j] = lb

PMσ̃
π(π[j] + 1, ub, i+ 1, j + 1) if σ[i]σ[i + 1]

appears in σ̃

and σ[i] is not overlined

PMσ̃
π(π[j] + 1, ub, i+ 1, j + 1) if σ[i]σ[i + 1]

and (σ[i]− 1)σ[i] or pσ[i]

appear in σ̃

and π[j] = lb

false otherwise

Remark that σ[i] can be matched to π[j] because π[j] ∈ [lb, ub]. Thus if π[j+1 :] has an occurrence

of σ̃[i+ 1 :] with every element of the occurrence in [π[j] + 1, ub] and if the condition on position

between σ[i] and σ[i+1] (if any) is respected and the condition on value between σ[i] and σ[i]+1 (if

any) is respected then π[j :] has an occurrence of σ̃[i :]. To decide the latter condition, by recursion

it is enough to know if there exists ℓ, j < ℓ such that PMσ̃
π(π[j] + 1, ub, i + 1, ℓ) is true. The first

case corresponds to an occurrence without restriction on position and on value, it is enough to know

if there exists ℓ > j such that PMσ̃
π(π[j] + 1, ub, i + 1, ℓ) is true. The second case asks for the

matching of σ[i]− 1 and σ[i] to be consecutive in value, but the matching of σ[i]− 1 is lb−1 thus

we want π[j] = lb. The third case asks for the matching of σ[i] and σ[i + 1] to be consecutive in

positions, thus the matching of σ[i + 1] must be π[j + 1]. The fourth case is a union of the second

and third case.

• If π[j] ∈ [lb, ub] and σ[i] is a RLMax element then:

PMσ̃
π(lb, ub, i, j) =



Permutation Pattern matching in(213, 231)-avoiding permutations 17






∨
ℓ>j PM

σ̃
π(lb, π[j]− 1, i+ 1, ℓ) if σ[i] is not underlined

and σ[i] is not overlined∨
ℓ>j PM

σ̃
π(lb, π[j]− 1, i+ 1, ℓ) if σ[i] is not underlined

and σ[i](σ[i] + 1) or σ[i]
q

appear in σ̃

and π[j] = ub

PMσ̃
π(lb, π[j]− 1, i+ 1, j + 1) if σ[i]σ[i+ 1]

appears in σ̃

and σ[i] is not overlined

PMσ̃
π(lb, π[j]− 1, i+ 1, j + 1) if σ[i]σ[i+ 1]

and σ[i](σ[i] + 1) or σ[i]
q

appear in σ̃

and π[j] = ub

false otherwise

The same remark as in the previous case holds.

Remark that there are constraints that do not appear when we compute PMσ̃
π(∗, ∗, i, ∗). Especially in

the case where σ[i] is a RLMin the conditions of σ[i− 1]σ[i] or/and σ[i](σ[i] + 1) are not considered

in the recursion. σ[i − 1]σ[i] is not considered because it is up to PMσ̃
π(∗, ∗, i − 1, ∗) to ensure that the

elements corresponding to elements at position i − 1 and i in an occurrence are next to each other in

position. σ[i](σ[i] + 1) is not in considered because σ[i] + 1 is on the right of σ[i] (see Lemma 16) and

thus will be taken care during the calls of PMσ̃
π(∗, ∗, i

′, ∗) for some i′ > i. In the same fashion, when σ[i]
is a RLMax σ[i − 1]σ[i] does not appear in the conditions for the exact same reason and (σ[i]− 1)σ[i]
because σ[i]− 1 is on the right of σ[i].

Clearly the procedure returns true if π contains an occurrence of σ̃ if there is no constraint on position

and on value. We now discuss how the position and value constraints are taken into account so that the

algorithm returns true if and only if π has an occurrence of σ̃.

Position Constraint. There are 3 types of position constraints that can be added by underlined elements.

• If xσ[1] appears in σ̃ then the leftmost element of σ must be matched to the leftmost element of π
(σ[1] is matched to π[1] in an occurrence of σ̃ in π). This constraint is satisfied by requiring that the

occurrence starts at the leftmost element of π: if PMσ̃
π(1, n, 1, 1) is true.

• If σ[k]
y

appears in σ̃ then the rightmost element σ must be matched the rightmost element of π
(σ[k] is matched to π[n] in a occurrence of σ̃ in π). This constraint is checked in the base case.

• If σ[i]σ[i+ 1] appears in σ̃ then the positions of the element matching σ[i] and σ[i + 1] must be

consecutive. In other words, if σ[i] is matched to π[j] then σ[i + 1] must be matched to π[j + 1].
We ensure this restriction by recursion by requiring that the matching of σ[i+ 1 :] starts at position

j + 1.
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Value Constraint. There are 3 types of value constraints that can be added by overlined elements.

• If pσ[i] appears in σ̃ (and thus σ[i] = 1) then the bottommost element of σ must be matched to the

bottommost element of π.

– If σ[i] is a RLMin element, then remark that:

∗ Every problem PMσ̃
π(lb, ∗, i, ∗) is true only if σ[i] is matched to the element with value

lb (by recursion). So it is enough to require that lb = 1.

∗ The recursive calls for σ[1], . . ., σ[i− 1] do not change the lower bound as σ[i] is the left-

most RLMin element, indeed the element 1 is the leftmost RLMin for any permutation.

Finally the recursive calls for RLMax elements do not change the lower bound.

∗ The first call of the problem has for parameter lb = 1.

So PMσ̃
π(∗, ∗, i, ∗) return true only if σ[i] is matched to 1.

– If σ[i] is a RLMax element then i = k (σ[i] is the rightmost element). Thus every PMσ̃
π(∗, ∗, i

,∗) is a base case and is true only if σ[i] is matched to lb. Moreover recursive calls for RLMax
elements do not change the lower bound. So PMσ̃

π(∗, ∗, i, ∗) return true only if σ[i] is matched

to lb = 1.

• If σ[i]q appears in σ̃ (and thus σ[i] = k) then the topmost element of σ must be matched to the

topmost element of π.

– If σ[i] is a RLMax element, then remark that:

∗ Every problem PMσ̃
π(∗, ub, i, ∗) is true only if σ[i] is matched to the element with value

ub (by recursion). So it is enough to require that ub = n.

∗ The recursive calls for σ[1], . . ., σ[i−1] do not change the upper bound as σ[i] is the left-

most RLMax element, indeed the element k is the leftmost RLMax for any permutation.

Finally the recursive calls for RLMin elements do not change the upper bound.

∗ The first call of the problem has for parameter ub = n.

So PMσ̃
π(∗, ∗, i, ∗) return true only if σ[i] is matched to n.

– If σ[i] is a RLMin element then i = k (σ[i] is the rightmost element). Thus every PMσ̃
π(∗, ∗, i

, ∗) is a base case and is true if σ[i] is matched to ub. Moreover recursive calls for RLMin
elements do not change the upper bound. So PMσ̃

π(∗, ∗, i, ∗) return true only if σ[i] is matched

to ub = n.

• If σ[i]σ[i′] appears in σ̃, (which implies that σ[i′] = σ[i] + 1) and i < i′ (the case where i > i′ can

be dealt with symmetry) so σ[i] is matched to π[j] and σ[i′] is matched to π[j] + 1.

– The case where σ[i] is a RLMax element is impossible, since σ[i′] is to the right and above

σ[i]

– If σ[i] is a RLMin element, σ[i′] is a RLMax element, then remark that

∗ i′ = k, indeed if σ[i′] is not the rightmost element, there would exist an element between

σ[i] and σ[i′]. So every recursive call PMσ̃
π(lb, ∗, i

′, ∗) is solved as a base case. So

PMσ̃
π(lb, ∗, i

′, ∗) is true only if σ[i′] is matched to the element lb.
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∗ The recursive calls for σ[i + 1], . . ., σ[i′ − 1] do not change the lower bound. Indeed

σ[i] is the rightmost RLMin. So σ[i + 1], σ[i + 2], . . ., σ[i′ − 1] are RLMax elements.

Moreover recursive calls for a RLMax do not change the lower bound.

∗ PMσ̃
π(lb, ∗, i, ∗) sets the lb to π[j] + 1 and matches σ[i] to π[j].

So σ[i] is matched to π[j] and σ[i′] is matched to π[j] + 1.

– If σ[i] is a RLMin element and σ[i′] is a RLMin element then first remark:

∗ Every recursive call PMσ̃
π(lb, ∗, i

′, ∗) is true only if σ[i′] is matched to the element with

value lb.

∗ The recursive calls for σ[i+1], . . ., σ[i′−1] do not change the lower bound. Indeed from

Lemma 17, σ[i + 1], . . ., σ[i′ − 1] are RLMax elements. Finally the recursive calls for

RLMax elements do not change the lower bound.

∗ PMσ̃
π(∗, ∗, i, ∗) sets lb to π[j] + 1 and matches σ[i] to π[j].

So σ[i] is matched to π[j] and σ[i′] is matched to π[j] + 1.

There are n3 base cases that can be computed in constant time and there are kn3 different cases. Each

case takes up to O(n) time to compute. Thus computing all the cases take O(kn4) time. Each case take

O(1) space, thus we need O(kn3) space.

2

6 Computing the longest wedge permutation pattern

This section is focused on a problem related to the permutation pattern matching problem. This continues

the work done in [6] and in [16].

Given a set of permutations, one must compute the longest permutation which occurs in each permu-

tation of the set. This problem is known to be NP-Hard for an arbitrary size of the set even when all the

permutations of this set are separable permutations (see [6]). We show how to compute the longest wedge

permutation occurring in a set. We do not hope that this problem is solvable in polynomial time if the size

of the set is not fixed. Indeed the size of the set appears in the exponent in the complexity of the algorithm.

Thus we focus on the cases where only one or two permutations are given in set.

Conveniently, we say that a subsequence is a wedge subsequence if and only if the permutation repre-

sented by the subsequence is a wedge permutation.

We start with the easiest case where we are given just one input permutation. We need the set of

RLMax elements and the set of RLMin elements. A(π) = {i|π[i] is a RLMin element} ∪ {n} and

D(π) = {i|π[i] is a RLMax element} ∪ {n}.

Proposition 19 If si is the longest increasing subsequence with last element at position f in π and sd is

the longest decreasing subsequence with last element at position f in π then si ∪ sd is a longest wedge

subsequence with last element at position f in π.

Proof: Let us first prove that we have a wedge subsequence. si is an increasing subsequence with values

below or equal π[f ] and sd is a decreasing subsequence with values above or equal π[f ], so si ∪ sd is a

wedge subsequence. Let us prove that this is a longest. Let s be a wedge subsequence with its rightmost
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element at position f in π such that |s| > |si ∪ sd|, first note that A(s) is also an increasing subsequence

with its rightmost element at position f in π and D(s) is also a decreasing subsequence with its rightmost

element at position f in π, as |s| > |si ∪ sd| then either |A(s)| > |si| or |D(s)| > |sd|, which is in

contradiction with the definition of si and sd. 2

Proposition 20 Let π be a permutation. One can compute the longest wedge subsequence that can occur

in π in O(n log(log(n))) time and in O(n) space.

Proof: Proposition 19 leads to an algorithm where one computes the longest increasing and decreasing

subsequence ending at every possible position and then finds the maximum sum of longest increasing and

decreasing subsequence ending at the same position. Computing the longest increasing subsequences and

the longest decreasing subsequences can be done in O(n log(log(n))) time and O(n) space (see [4]), then

finding the maximum can be done in linear time.

2

We now consider the case where the input is composed of two permutations.

Proposition 21 Given two permutations π1 of size n1 and π2 of size n2, one can compute the longest

common wedge subsequence in O(n3
1n

3
2) time and space.

Proof: Consider the following problem that computes the longest wedge subsequence common to π1 and

π2: Given two permutations π1 and π2, we define LCSπ2,lb2,ub2

π1,lb1,ub1
(i1, i2)

= max {|s| | s occurs π1[i1 :] with every element of the occurrence in [lb1, ub1] and s occurs π2[i2 :]
with every element of the occurrence in [lb2, ub2] and s is a wedge subsequence }

We show how to solve this problem by dynamic programming.

BASE:

LCSπ2,lb2,ub2

π1,lb1,ub1
(n1, n2) =






1 if lb1 ≤ π1[n1] ≤ ub1 7

and lb2 ≤ π2[n2] ≤ ub2

0 otherwise

STEP:

LCSπ2,lb2,ub2

π1,lb1,ub1
(i1, i2) = max





LCSπ2,lb2,ub2

π1,lb1,ub1
(i1, i2 + 1)

LCSπ2,lb2,ub2

π1,lb1,ub1
(i1 + 1, i2)

Mπ2,lb2,ub2

π1,lb1,ub1
(i1, i2)

with

Mπ2,lb2,ub2

π1,lb1,ub1
(i1, i2) =





1 + LCS
π2,π2[i2]+1,ub2

π1,π1[i1]+1,ub1

(i1 + 1, i2 + 1) π1[i1] < lb1

and π2[i2] < lb2

1 + LCS
π2,lb2,π2[i2]−1
π1,lb1,π1[i1]−1(i1 + 1, i2 + 1) π1[i1] > ub1

and π2[i2] > ub2

0 otherwise
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The solution to the problem relies on the fact that the longest wedge subsequence is found either by

considering the problem with π1[i1 :] and π2[i2 +1 :] or by considering the problem with π1[i1+1 :] and

π2[i2 :] or by matching π1[i1] and π2[i2] and adding to the solution the LCS for π1[i1+1 :] and π2[i2+1 :]
which is compatible, meaning that if we consider the current elements to correspond to a RLMin (resp.

RLMax) element in the longest wedge subsequence then we consider only the solution with elements

above (below) π1[i1] for the occurrence in π1[i1 + 1 :] and π2[i2] for the occurrence in π2[i2 + 1 :].
These relations lead to a O(|π1|

3|π2|
3) time and O(|π1|

3|π2|
3) space algorithm. Indeed there are

|π1|
3|π2|

3 possible cases for the problem and each case is solved in constant time. 2
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We consider a sorting machine consisting of two stacks in series where the first stack has the added restriction that
entries in the stack must be in decreasing order from top to bottom. The class of permutations sortable by this
machine is known to be enumerated by the Schröder numbers. In this paper, we give a bijection between these sortable
permutations of length n and Schröder paths of order n− 1: the lattice paths from (0, 0) to (n− 1, n− 1) composed
of East steps (1, 0), North steps (0, 1), and Diagonal steps (1, 1) that travel weakly below the line y = x.

Keywords: algorithm, data structure, lattice path, permutation pattern, Schröder Number, sorting, stack

1 Introduction
A stack is a sorting device that works by a sequence of push and pop operations. This last-in, first-out
machine was shown by Knuth [8] to sort a permutation if and only if that permutation avoids the pattern
231. That is, if there are not three indices i < j < k with πk < πi < πj , then it is possible to run π
through a stack and output the identity permutation. The class of stack-sortable permutations is enumerated
by the Catalan numbers.

In the language of permutation patterns, any downset of permutations in the permutation containment
ordering is a class, and every class has a basis, which consists of the minimal permutations not in the
class. Given that the basis for the class of permutations sortable by one stack contains only a single pattern
of length three, considering two stacks in series is quite natural. However, the problem becomes rather
unwieldy. In the case of two stacks in series, Murphy [11] showed that the class of sortable permutations
has an infinite basis. The enumeration of this class also appears to be difficult. The best known bounds are
given by Albert, Atkinson, and Linton [2].

We note that to sort a permutation by two stacks in series, the push and pop operations are such that
when an entry is popped out of the first stack, it is immediately pushed into the second stack.

To get a better handle on this problem, many have considered different types of weaker sorting machines.
One such weaker machine is a stack in which the entries must increase when read from top to bottom.
Atkinson, Murphy, and Ruškuc [3] found an optimal algorithm for sorting permutations which are sortable
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2 Michael W. Schroeder, Rebecca Smith

using two increasing stacks in series. Note that to obtain the identity permutation, the last stack will be an
increasing stack even without declaring this restriction. Their left-greedy algorithm sorts all permutations
sortable by this machine. Interestingly enough, the basis for these sortable permutations is still infinite, but
the permutation class was found to be in bijection with the permutations that avoid 1342 as enumerated by
Bóna [5]. Both enumerations were found by using a bijection with β(0, 1) trees.

One can analogously define a decreasing stack as a stack in which the entries must decrease when read
from top to bottom. Smith [14] considered sorting with a decreasing stack followed by an increasing stack,
a machine called DI (we refer to the decreasing stack as D and the increasing stack as I). We illustrate how
a permutation can be sorted with the DI sorting machine in Figure 1. Notice that this permutation contains
the pattern 2341, and as such cannot be sorted by two increasing stacks in series. The class of DI-sortable
permutations was shown to have a finite basis, {3142, 3241}. Kremer [9, 10] has shown previously that
this class is enumerated by the large Schröder numbers.

output input

23514

2

output input

3514

3
2

output input

514

5
3
2

output input

14

5
3
2

output input

14

3
5 2

output input

14

2
3
5

output input

14

2
3
5 1

output input

4

1
2
3
5

output input

4

2
3
5

output input

1 4

3
5

output input

12 4

5

output input

123 4

5 4

output input

123

4
5

output input

123

5

output input

1234

output input

12345

Fig. 1: Sorting the permutation 23514.

The Schröder numbers were introduced in somewhat modern times by Schröder [13] as legal bracketing
of variables, though at least the initial terms of this sequence were known to Hipparchus [15]. Rogers
and Shapiro [12] found bijections showing certain classes of lattice paths are enumerated by the Schröder
numbers. While there are several such classes of lattice paths, we use the one given in the definition below.

Definition 1.1. Let n ≥ 1. A lattice path from (0, 0) to (n, n) taking only East (1, 0), North (0, 1), and
Diagonal (1, 1) steps while staying weakly below the main diagonal will be referred to as a Schröder path.
We illustrate all of the Schröder paths from (0, 0) to (2, 2) in Figure 2.

In Section 2, we state the algorithm from [14] for producing a word from a DI-sortable permutation,
then classify when a sorting word is the result of the algorithm. In Section 3, we give an algorithm which
produces a Schröder path from a word produced by the algorithm in Section 2, then show there is a
bijective correspondence between algorithmic DI words and Schröder paths. In Section 4, we discuss
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Fig. 2: Schröder paths from (0, 0) to (2, 2).

some properties of DI-sortable permutations which can be ascertained from aspects of their corresponding
Schröder paths, and we conclude with some open questions.

On a related note, Ferrari [7] gave bijections between permutations sorted by restricted deques and
a different class of lattice paths also enumerated by the Schröder numbers. Also, Bandlow, Egge, and
Killpatrick [4] gave a bijection between a different permutation class and Schröder paths. Additionally,
more background on stacks in general was consolidated by Bona [6].

2 The Sorting Algorithm
Let W be a word, i be a positive integer, and L be a letter. In what follows, we denote the letter in the ith

position of W as W (i), #L(W ) as the number of occurrences of L in W , and W i as the first i characters
in W . We often refer to W i as a prefix of W . We use Li to denote i repetitions of L.

In [14], Smith showed the following algorithm was an optimal way to sort permutations using the DI
machine in the sense that this algorithm would sort any DI-sortable permutation.

Algorithm 2.1.

1. If the top entry of the second (increasing) stack is the next entry of the output, then pop the entry to
the output.

2. If all of the m entries in the first (decreasing) stack make up the next m entries of the output, then
push those entries to the second stack.

3. Otherwise, if the next entry of the input is smaller than the top entry of the second stack and larger
than the top entry of the first stack, then push it onto the first stack. We will apply the convention that
the next entry of the input satisfies each of the aforementioned properties if there is no entry in the
corresponding stack with which to compare it. Thus, this step can be thought of as pushing the next
entry from the input to the top of the first stack if that entry can legally sit atop each of the two stacks
at this stage.

4. Finally if neither of those moves are available, push the top entry from the first stack to the second.

It was noted in [14] that Step 2 of this algorithm is not needed to produce an optimal algorithm. However,
we continue to utilize it as outputting entries earlier in the process is useful in constructing a bijection
between the DI-sortable permutations and Schröder paths.

Definition 2.2. Let E represent a push step from the input to the first stack, let N represent pop/push from
the first stack to the second stack, and let C represent the pop from the second stack to the output. See
Figure 3. A sorting word of a permutation is a word representing steps that can be taken to sort that
permutation using two stacks in series (without restriction). We use Li to denote the occurrence of the
letter L in W which corresponds to the movement of symbol i.
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output input

ENC

I D

Fig. 3: The operations E, N, and C corresponding to the DI machine from Definition 2.2.

Observation 2.3. A word W is a sorting word of a sortable permutation of length n if and only if the
following two conditions are met:

1. The length of W is 3n and W contains exactly n of each of the letters E, N, and C.

2. For all x ∈ [3n], #E(W
x) ≥ #N(W

x) ≥ #C(W
x). That is, in any prefix of W , the number of Cs

does not exceed the number of Ns, which does not exceed the number of Es.

Note that for every sorting word, there exists a permutation π which it sorts. To find π, apply W to the
identity permutation, and let σ be the output (which is not necessarily sorted). Then W sorts π = σ−1.

Definition 2.4. A DI word of a permutation π is a sorting word representing steps that can be taken to sort
π using the DI machine.

Example 2.5. The permutation 23514 has four DI words: EEENNNENCCCENCC (illustrated in Figure 1),
EEENNNENCCECNCC, EEENNNENCECCNCC, and EEENNNENECCCNCC.

Definition 2.6. The algorithmic DI word (ADI word for short) of a permutation π is the unique word
representing steps that will be taken when applying Algorithm 2.1 to sort π by the DI machine.

Example 2.7. Algorithm 2.1 was used in the process illustrated by Figure 1. So the ADI word of 23514 is
EEENNNENCCCENCC. To use the indices outlined in Definition 2.2, the ADI word of 23514 can also be
given as E2E3E5N5N3N2E1N1C1C2C3E4N4C4C5.

For the duration of the paper, we say that X <W Y in a word W if X appears before Y in W . Similarly
we say X ≺W Y if X appears immediately before Y in W .

We begin with some observations about the relative locations of symbols in a DI-word, then follow with
a classification of when a sorting word is a DI-word and an ADI-word.

Observation 2.8. Let π be a DI-sortable permutation and let W be a DI word. Let i, j ∈ [n].

(i) Eπi
<W Eπj

if and only if i < j; symbols appearing in π earlier enter the first stack earlier.

(ii) Cπi <W Cπj if and only if πi < πj ; symbols must exit the second stack in increasing order.

(iii) If πi < πj and Nπi
<W Nπj

, then Cπi
<W Nπj

; if a smaller number enters the second stack before a
larger number, it must be output before the larger number can enter the second stack – otherwise the
increasing condition for the second stack is not satisfied. Hence if πi < πj and Nπi

<W Eπj
, then

Cπi <W Nπj . We highlight this specifically as it will be used in later proofs.

(iv) If Nπi <W Nπj <W Cπi , then Cπj <W Cπi ; if πj enters the second stack after πi and before πi exits,
then πj < πi by the increasing condition of the second stack. So πj must exit before πi.
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(v) If Eπj
<W Cπi

<W Nπj
(which implies πi < πj), then Nπi

<W Eπj
; if a smaller number is pushed to

the output while a larger number is in the first stack, the smaller number was popped from the first
stack before the larger number entered the first stack – otherwise the larger number must be pushed
to the second stack before the smaller number is pushed to the second stack.

(vi) If πi < πj and Eπj
<W Eπi

, then Eπj
<W Nπj

<W Eπi
; if a larger number enters the first stack before

a smaller number does, the larger number must move to the second stack before the smaller number
enters the first stack – otherwise the decreasing condition for the first stack is violated.

We now give a classification of when a sorting word is a DI word.

Lemma 2.9. A sorting word W of a permutation π of length n is a DI word if and only if for all i ∈ [n], if
no Ns appear in W between Nπi

and Cπi
, then #E(W

x) = #N(W
x) where x satisfies W (x) = Nπi

; that
is at step x, the first stack is empty.

Alternatively, we can say a sorting word W is a DI word of some permutation π of length n if and only
if every entry in π that preceded the entries output by a sequence of Cs must have moved to the second
stack (and possibly the output) prior to this exodus.

Proof: Suppose that W is a DI word of a permutation π and for some i ∈ [n], no Ns appear in W between
Nπi and Cπi , andW (x) = Nπi . Assume that the first stack is nonempty after stage x, and let πj be a symbol
in the first stack. Then Eπj

<W Nπi
<W Nπj

, and since no Ns appear between Nπi
and Cπi

, it follows that
Nπi

<W Cπi
<W Nπj

. By Observation 2.8 (v), we have that Nπi
<W Eπj

, which gives a contradiction. So
at stage x, the first stack must be empty.

Conversely, suppose W is a sorting word of a permutation π of length n which is not a DI word. Recall
that since W represents the sorting of π through two stacks in series, any entries in the second stack
will obey the increasing condition at all times. Consequently, the movements corresponding to W when
applied to π must cause a violation of the decreasing condition on the first stack. In such a case, we
have two entries πi and πj where πi > πj and at some point πi is below πj in the first stack. That is,
Eπi <W Eπj <W Nπj <W Nπi .

Since the end result of the sorting is the identity permutation, we must have Cπj
<W Cπi

. Therefore
Eπi <W Eπj <W Nπj <W Cπj <W Nπi <W Cπi . Let Nπk

be the last N in W to appear before Cπj . Since
the second stack is increasing and W is a sorting word, πk ≤ πj and so Nπk

<W Cπk
≤W Cπj . By the

selection of k, no Ns appear in W between Nπk
and Cπk

. Observe that πi is in the first stack (and hence the
first stack is nonempty) at the step corresponding to Nπk

.

To similarly characterize our ADI words, we first introduce a lemma showing how “output-greedy”
Algorithm 2.1 is.

Lemma 2.10. Let n ≥ 1 and i ∈ [n] such that πi 6= n. Let π be a DI-sortable permutation of length n
with ADI word W . If Cπi

6≺W Cπi+1, then Cπi
<W Eπi+1. That is, if two consecutive values do not exit in

two consecutive stages, then the larger value does not enter the machine until after the smaller value exits.

Proof: Assume by way of contradiction that Cπi
6≺W Cπi+1 and Eπi+1 <W Cπi

.
First suppose that Nπi+1 <W Cπi and let x satisfy W (x) = Cπi . Then necessarily πi + 1 must be

immediately below πi in the second stack after stage x− 1. So Step 1 of Algorithm 2.1 applies at stage
x+ 1, giving that W (x+ 1) = Cπi+1. Hence Cπi

≺W Cπi+1, a contradiction.
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Alternatively, suppose Eπi+1 <W Cπi
<W Nπi+1, and let x satisfy W (x) = Eπi+1. Then Nπi

<W Eπi+1

by Observation 2.8 (v). Therefore Nπi
<W Eπi+1 <W Cπi

, meaning that at stage x, πi + 1 is pushed into
the first stack while some symbol in the second stack is smaller than πi + 1 (namely πi). Therefore Step 3
of Algorithm 2.1 should not be applied at stage x, which is a contradiction.

Example 2.11. See Figure 1 and notice when entries 1, 2, 3 are output, 4 is still in the input. This can also
be seen in Example 2.7, where C1 ≺W C2 ≺W C3 <W E4.

We now conclude this section with a classification of when a DI word is the ADI word produced by
Algorithm 2.1 for some DI-sortable permutation.

Theorem 2.12. A DI word W of a DI-sortable permutation π of length n is its ADI word if and only if
E1 ≺W N1 ≺W C1 and for each i ∈ [n] such that πi 6= 1, either Cπi−1 ≺W Cπi or Eπi ≺W Nπi ≺W Cπi .
That is, a DI word W of a DI-sortable permutation π is its ADI word if and only if any maximal sequence
of consecutive copies of Cs in W is immediately preceded by EN.

Proof: Suppose W is the ADI word of π and i ∈ [n]. It follows by Algorithm 2.1 that E1 ≺W N1 ≺W C1,
so we may assume going forward that πi 6= 1. Additionally any references to Steps in the following
argument refer to Algorithm 2.1.

Assume that Cπi−1 6≺W Cπi . By Lemma 2.10, Cπi−1 <W Eπi . Define x so that W (x) = Eπi . Therefore
after stage x− 1, πi is smaller than all symbols in the second stack and larger than all symbols in the first
stack – otherwise Step 3 would not be applied at stage x. In fact, all symbols smaller than πi have been
output by stage x− 1 since Cπi−1 <W Eπi

. Therefore after stage x, πi is the only symbol in the first stack.
Hence Step 2 applies at stage x+ 1, giving W (x+ 1) = Nπi

. Then Step 1 applies at stage x+ 2 giving
that W (x+ 2) = Cπi

and therefore Eπi
≺W Nπi

≺W Cπi
.

Conversely, suppose the DI word W is not the ADI word of π, and let A denote the ADI word of π. Let
t ∈ [3n] be the largest integer such thatAt−1 =W t−1, that is t is the smallest integer so thatA(t) 6=W (t).
We consider the state of the DI machine after stage t−1. Define i ∈ [n] so that Cπi−1 ≤W W (t−1) <W Cπi

(and also Cπi−1 ≤A W (t − 1) <A Cπi
). By convention, we say that C0 occurs at position 0, and since

W (t) < Cn, the index i is well-defined. Therefore all symbols smaller than πi have been output by stage
t− 1 and no Cs appear between W (t− 1) and Cπi in W and A. Hence by stage t− 1, πi is either at

• the top of the second stack (Eπi
< Nπi

≤ W (t− 1) < Cπi
in W and A),

• at the bottom of the first stack (Eπi
≤ W (t− 1) < Nπi

< Cπi
in W and A), or

• part of the input yet to enter the stacks (W (t− 1) < Eπi < Nπi < Cπi in W and A).

Suppose first that πi is located at the top of the second stack by stage t− 1. See Figure 4(a). Observe that
Step 1 of Algorithm 2.1 outputs πi at stage t, so A(t) = Cπi

. Since πi is smaller than all symbols in the
first stack (possibly vacuously), W (t) 6= N. Thus W (t) = E. Since πi is smaller than any symbol in the
first stack and in the remaining input, no N can appear in W between W (t) and Cπi ; otherwise the second
stack is no longer increasing. Therefore E ≺W Cπi

, and hence neither Cπi−1 ≺W Cπi
nor Nπi

≺W Cπi
.

Next suppose that πi is at the bottom of the first stack by stage t − 1. Then W (t − 1) <A Nπi
and

hence Cπi−1 ≤A W (t− 1) <A Nπi <A Cπi . So Cπi−1 6≺A Cπi , and hence Cπi−1 <A Eπi ≤A W (t− 1) by
Lemma 2.10. Since W t−1 = At−1, we have that Cπi−1 <W Eπi as well. Let W (x) = Eπi (so x ≤ t− 1
and thus A(x) = Eπi

). Then Step 3 applies at stage x, meaning that πi is larger than all symbols in the first
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πi

...

...

...

...

output input

1 · · · (πi − 1) · · · · · ·

...

... πi

output input

1 · · · (πi − 1) · · · · · ·

...

...
πk

πi

output input

1 · · · (πi − 1) · · ·

(a) (b) (c)

Fig. 4: Some states of the DI machine from the first two cases of the proof of Theorem 2.12.

stack by stage x− 1, but since Cπi−1 <A Eπi
all symbols smaller than πi have been output. So πi is alone

in the first stack after stage x. Since πi is smaller than any symbol (if any) in the second stack, it follows
that A(x) = Eπi

≺A Nπi
≺A Cπi

. So A(x+1) = Nπi
. Since A(t− 1) <A Nπi

= A(x+1), t− 1 < x+1.
So x = t − 1 and hence A(t) = Nπi and A(t − 1) = W (t − 1) = Eπi . Observe that πi is alone in the
first stack by stage t − 1 and W (t) 6= C (because Cπi−1 ≤W W (t − 1) = Eπi ≺W W (t) <W Cπi), so
W (t) = Eπk

for some πk > πi. Figures 4 (b) and (c) show the states of the DI-machine using W on π
after stages t− 1 and t, respectively.

Since Cπi−1 ≤W W (t − 1) = Eπi
, no Cs appear between Eπi

and Cπi
in W . Hence C 6≺W Nπi

and
there are no Cs between Nπi

and Cπi
. Furthermore E 6≺W Nπi

since Eπi
6≺W Nπi

and otherwise W is
not a sorting word. Therefore N ≺W Nπi . Furthermore, there are no Ns between Nπi and Cπi , otherwise
Observation 2.8 (iv) is violated. So either N ≺W Nπi ≺W Cπi or E ≺W Cπi .

Last, we show that πi must be in one of the stacks by stage t− 1, which will conclude the proof. Assume
to the contrary that πi is not in either stack by stage t−1. Clearly bothA(t) andW (t) are not C (necessarily
Cπi

), so either A(t) = N and W (t) = E or A(t) = E and W (t) = N. Suppose at stage t− 1, πk is the next
symbol to enter the stacks, and if the stacks are nonempty, πq sits atop the first stack and πm sits atop the
second stack. See Figure 5(a).

πm

...

πq

...

output input

1 · · · (πi − 1) πk · · ·πi · · ·

πm

...

πk

πq

...

output input

1 · · · (πi − 1) · · ·πi · · ·
...
πq

πm

...

πk

...

output input

1 · · · (πi − 1) · · ·πi · · ·

(a) (b) (c)

Fig. 5: Some stages of the DI machine from the final cases of the proof of Theorem 2.12.

First assume that A(t) = Nπq
and W (t) = Eπk

(and therefore the first stack is nonempty by stage
t − 1). Then either Step 2 or Step 4 of Algorithm 2.1 applies at stage t. However Step 2 cannot be
satisfied because πi is the next symbol to be output, so Step 4 is applied, meaning the conditions of
Step 3 are not satisfied. Hence either the second stack is nonempty and πk > πm, or πk < πq. Since
W is a DI word and W (t) = Eπk

, it follows that πk > πq (and thus πk 6= πi), which implies that the
second stack must be nonempty and πk > πm; hence Nπm <W Eπk

. Since Eπk
<W Eπi we have that

W (t) = Eπk
<W Nπk

<W Eπi
by Observation 2.8 (vi).

So Cπi
<W Cπm

(since πi < πm), Cπm
<W Nπk

(follows from Nπm
<W Eπk

, πm < πk, and Observa-
tion 2.8 (iii)), and Nπk

<W Eπi
(because πi < πk, Eπk

<W Eπi
, and Observation 2.8 (vi)). Therefore

Cπi
<W Eπi

, a contradiction. Hence we cannot have A(t) = N and W (t) = E.
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Therefore A(t) = Eπk
and W (t) = Nπq

. This implies that πk > πq (and thus πk 6= πi) and the first
stack is nonempty at stage t − 1, respectively. This also gives that W (t) = Nπq

<W Eπk
. Furthermore

πq > πi since all other symbols smaller than πi have been output by stage t− 1.
So Cπq

<W Nπk
because from Nπq

<W Eπk
, πq < πk, and Observation 2.8 (iii). Furthermore Nπk

<W

Eπi
since πi < πk, Eπk

<W Eπi
, and Observation 2.8 (vi). Since πi < πq , it follows that Cπi

<W Cπq
. So

Cπq
<W Nπk

<W Eπi
<W Cπi

<W Cπq
, which is a contradiction.

We can now strengthen Theorem 2.12. This result will be used in an argument in Section 4, specifically
the proof of Theorem 4.11.

Corollary 2.13. Consider the ADI word W of a DI-sortable permutation π. Let x ∈ [3n − 1] and
πi = min{πk |W (x) <W Cπk

}. If Eπi <W W (x), then W (x) 6= E. That is, Algorithm 2.1 will output all
available entries in the stacks before another push from the input is allowed.

Proof: If W (x) = Cπi−1, then clearly W (x) 6= E. If Cπi−1 <W W (x) <W Cπi , then by Theorem 2.12,
Eπi ≺W Nπi ≺W Cπi . So W (x) = Nπi 6= E.

3 The Bijection
In this section we give a bijection that takes DI-sortable permutations to their corresponding Schröder
paths via their ADI words. Let π be a DI-sortable permutation of length n with corresponding ADI word
W . To produce a Schröder path, we use the following constructions. Suppose that W contains k maximal,
consecutive substrings consisting only of Cs. Let τ = (τ1, τ2, . . . , τk) be the partition of n such that τi is
the length of the ith such substring. Define a k-tuple ` so that `1 = τ1 and `i = τi + `i−1, when 2 ≤ i ≤ k.
Note that `k = n since it counts all the Cs of W . Finally, define an increasing k-tuple ρ so that for x ∈ [3n]
we have E ≺W W (x) ≺W C if and only if W (x) = N and #N(W

x) = ρi. Note that ρ is well-defined by
Theorem 2.12. In other words, we have:

• `i is the number of Cs in the first i maximal subsequences of Cs in W .

• ρi is the number of Ns in W before the ith maximal subsequence of Cs. By Theorem 2.12, the ρith N
in W is preceded by an E and succeeded by a C.

Example 3.1. Let π = 81736245. ThenW = ENENCENEENNENCCENCENCCCC, which contains k =
4 maximal subsequences of consecutive Cs having lengths 1, 2, 1, and 4, respectively. So τ = (1, 2, 1, 4)
and hence ` = (1, 3, 4, 8), and ρ = (2, 6, 7, 8). The maximal substrings of the form ENCτi are given in red.

Using this, we give an algorithm for producing a Schröder path from a DI-sortable permutation.

Algorithm 3.2. Let π be a DI-sortable permutation of length n.

1. Use Algorithm 2.1 to find the ADI word W of π. From W , obtain τ and `.

2. Construct a word T by replacing each maximal consecutive substring in W of the form ENCa with
an N. Observe that N is the last letter of T , and #N(T ) = n.

3. Construct a word SD from T by replacing the `ith N in T with a D for each i ∈ [k]. Observe that
since `k = n, the final character in this word is D. Remove this D to produce S.
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Example 3.3. Let π = 81736245 as given in Example 3.1, in which we give W , τ , and `. We now
apply Algorithm 3.2 to π. We first produce T = ENNENEENNNNN by replacing the maximal consecutive
substrings ENCτi (1 ≤ i ≤ 4) with an N.

Next, we replace the `ith Ns in T with D (in blue) to produce SD = EDNEDEEDNNND, then remove the
final D to produce S = EDNEDEEDNNN. See Figure 6.

Fig. 6: The Schröder path EDNEDEEDNNN corresponding to π = 81736245.

We now give an observation, then prove two lemmas which collectively show that Algorithm 3.2 provides
a one-to-one correspondence between ADI words and Schröder paths.

Observation 3.4. Let W be an ADI word for a permutation π of length n with k substrings of the form
ENCτi and k-tuples ρ and ` as defined earlier, and let `0 = 0. Observe that Cm is the mth occurrence of C
in W . Let i ∈ [k] and x̂, x ∈ [3n] such that W (x̂) ≺W C`i−1+1 and W (x) = C`i ; in other words W (x̂) is
the N which immediately precedes the ith maximal subsequence of Cs and W (x) is the last C in the ith
maximal substring of Cs. See Figure 7. Then, `i = #C(W

x) ≤ #N(W
x) = #N(W

x̂) = ρi.

Observe that in Example 3.1, `i ≤ ρi for each i ∈ [4].

· · ·

Location number:

EN
↑
x̂

ithsequence of Cs︷ ︸︸ ︷
C`i−1+1 C`i−1+2 · · · · · · C`i−1+τi−1 C`i

↑
x

E · · ·

Fig. 7: An illustration of the indexing used for a word W in Observation 3.4.

Lemma 3.5. The ADI word for a DI-sortable permutation of length n > 0 yields a Schröder path from
(0, 0) to (n− 1, n− 1) via Algorithm 3.2.

Proof: Let W be the ADI word for a DI-sortable permutation π of length n. Suppose that W contains k
disjoint maximal consecutive substrings of Cs. Let T , SD, and S be the words produced in Algorithm 3.2.
Then the length of T is 2n − k with #N(T ) = n and #E(T ) = n − k. Therefore the length of S is
2n− k − 1 with #N(S) = #E(S) = n− k and #D(S) = k − 1. It follows that S corresponds to a path
from (0, 0) to (n− 1, n− 1).
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Let x ∈ [2n− k − 1] and suppose that S(x) = N. It is sufficient to show that #E(S
x) ≥ #N(S

x). We
have T (x) = N. Let i ∈ [n] such that ρi−1 < #N(T

x) ≤ ρi, with the convention that `0 = 0, ρ0 = 0.
Since `i−1 ≤ ρi−1 and in producing S we replace the `j th N in T with a D whenever 1 ≤ j < k,
we have #D(S

x) ≥ i − 1. Let x̂ ∈ [3n] so that W (x̂) = N and corresponds to the N at T (x). Then
#N(T

x) = #N(W
x̂). Furthermore C`i−1

<W W (x̂) <W C`i−1+1, and since, in producing T , we remove
i− 1 instances of E that precede the N at location x̂ in W , it follows that #E(W

x̂) = #E(T
x) + (i− 1).

In addition, observe that #E(S
x) = #E(T

x) and #N(T
x) = #N(S

x) + #D(S
x). So

#E(S
x) = #E(T

x) = #E(W
x̂)− (i− 1)

≥ #N(W
x̂)− (i− 1) = #N(T

x)− (i− 1) = #N(S
x) + #D(S

x)− (i− 1) ≥ #N(S
x).

Hence S is a Schröder path from (0, 0) to (n− 1, n− 1).

Lemma 3.6. For every Schröder path S from (0, 0) to (n − 1, n − 1), there is an ADI word W of a
DI-sortable permutation of length n such that Algorithm 3.2 applied to W gives S.

Proof: We begin with a Schröder path from (0, 0) to (n − 1, n − 1) and consider it as a word S. Let
k = #D(S) + 1. Then #E(S) = #N(S) = n − k. Furthermore, we have #E(S

′) ≥ #N(S
′) for any

prefix S′ of S, since the Schröder path stays weakly below the main diagonal. Following Algorithm 3.2
backwards, append a D to the end of S to create the “extended” Schröder path SD.

For each i ∈ [k], let ti be the location of the ith D in SD, and let `i be the location of the ith D in the
substring of SD consisting of all of the Ns and Ds of SD. Since the substring of SD consisting of all of the
Ns and Ds of SD has exactly n letters, observe that `k = n and for convention, we set `0 = 0.

Next create T by replacing each D with an N in SD. Then #N(T ) = n = k +#E(T ), and observe that if
ti ≤ x < ti+1 for some i ∈ [k − 1], then #D(S

x
D ) = i and #N(S

x
D ) ≤ #E(S

x
D ) = #E(T

x). So

#N(T
x) = #N(S

x
D ) + #D(S

x
D ) ≤ #E(T

x) + i.

Define ri = min{x | #N(T
x) = #E(T

x) + i} for each i ∈ [k]. In other words, ri is the minimal length
for a prefix of T which has exactly i more Ns than Es. By convention, let r0 = 0.

Observe that T (ri) = N and #N(T
ri−1) = #E(T

ri−1) + i− 1 for each i ∈ [k] and that rk ≤ 2n− k
since #N(T

2n−k) = #E(T
2n−k) + k. Furthermore, note that ri ≥ ti for each i ∈ [k]. Indeed,

#D(S
ri
D ) = #N(T

ri)−#N(S
ri
D ) = #E(T

ri) + i−#N(S
ri
D ) = #E(S

ri
D ) + i−#N(S

ri
D ) ≥ i,

since SD is a Schröder path from (0, 0) to (n, n). In particular, rk ≥ tk = 2n− k hence rk = 2n− k.
Now create T̂ by inserting an E before the k Ns at locations r1, r2, . . . , rk of T . Let r̂i be the new

location of these Ns in T̂ , that is r̂i = ri + i, meaning the inserted Es are at locations r̂i − 1 in T̂ . Again by
convention, let r̂0 = 0. We have #E(T̂ ) = n = #N(T̂ ) and r̂k = 2n.

We now establish that #N(T̂
x) ≤ #E(T̂

x) for each x ∈ [2n]. First suppose x = r̂i − 1 for some i ∈ [k].
Then x− i = ri − 1. Furthermore #N(T̂

x) = #N(T
x−i) = #N(T

ri−1) = #E(T
ri−1) + i− 1 and

#E(T̂
x) = #E(T

ri−1) + i = #N(T
ri−1) + 1 = #N(T̂

x) + 1.

Observe that since T̂ (r̂i) = N, we have #E(T̂
r̂i) = #N(T̂

r̂i). This will be used later.
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Now suppose r̂i ≤ x < r̂i+1−1 where 0 ≤ i ≤ k−1. Then ri ≤ x−i < ri+1, so #N(T̂
x) = #N(T

x−i).
So by definition of ri+1,

#N(T̂
x) = #N(T

x−i) ≤ #E(T
x−i) + i = #E(T̂

x).

Additionally since r̂k = 2n, we have #N(T̂
r̂k) = n = #E(T̂

r̂k). Thus #N(T̂
x) ≤ #E(T̂

x) for all
x ∈ [2n].

Now, create the partition τ = (τ1, τ2, . . . , τk) of n where τi = `i − `i−1 for each i ∈ [k]. Next, create
W by inserting τi copies of C after the Ns in T̂ located at r̂i for each i ∈ [k]. Let ˆ̂ri be the new location of
these Ns in W , that is ˆ̂ri = r̂i + `i−1, meaning the inserted Cs are at locations ˆ̂ri + 1, . . . , ˆ̂ri + τi.

By its creation, it follows from the properties of T̂ that #E(W ) = #N(W ) = #C(W ) = n and
#N(W

x) ≤ #E(W
x) for all x ∈ [3n]. To show that #C(W

x) ≤ #N(W
x) for all x ∈ [3n], we need only

to show the inequality holds when x = ˆ̂ri + τi for each i ∈ [k]. So let x = ˆ̂ri + τi for some i ∈ [k]. Recall
ti was defined to be the location of the ith D in SD, and it was established that ti ≤ ri for all i ∈ [k]. Then

#N(W
x) = #N(T̂

r̂i) = #N(T
ri) ≥ #N(T

ti) = #N(S
ti) + #D(S

ti) = `i = #C(W
x).

Therefore #C(W
x) ≤ #N(W

x) ≤ #E(W
x) for each x ∈ [3n]. So by Observation 2.3, W is a sorting

word for a permutation π of length n. Moreover, #E(W
ˆ̂ri) = #N(W

ˆ̂ri) for each i ∈ [k] since #E(T̂
r̂i) =

#N(T̂
r̂i). From Lemma 2.9, W is a DI word of π.

Finally, one can see by the construction of W that E`i−1+1 ≺W N`i−1+1 ≺W C`i−1+1 for each i ∈ [k]
and Cπi−1 ≺W Cπi

if πi /∈ {`i−1 + 1 | i ∈ [k]}. Hence from Theorem 2.12, W is an ADI word for some
DI-sortable permutation π. Moreover, applying Algorithm 3.2 to W gives S.

By Lemmas 3.5 and 3.6, our main result follows:

Theorem 3.7. For any n > 0, Algorithm 3.2 produces a bijection between the set of ADI words from
DI-sortable permutations of length n and Schröder paths from (0, 0) to (n− 1, n− 1).

Example 3.8. Suppose we start with the Schröder path S = EDNEDEEDNNN illustrated in Figure 6. We
demonstrate the inverse of Algorithm 3.2 described in Lemma 3.6.

1

2

1

4

SD T T̂ W

Fig. 8: The process by which the Schröder path in Figure 6 becomes an ADI-word. Circled numbers indicate
consecutive copies of C.

We begin by producing SD = EDNEDEEDNNND by appending a diagonal (Figure 8(a)). We identify
` = (1, 3, 4, 8) and τ = (1, 2, 1, 4) based on the relative locations of the diagonal edges with respect to
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the north edges. We construct T = ENNENEENNNNN by converting each diagonal edge to a north edge
(Figure 8(b)).

Next we find r = (3, 10, 11, 12) and construct T̂ = ENENENEENNENENEN by inserting E before
the N at each of the locations in T specified by r. Note that r̂ = (4, 12, 14, 16), and with this we
construct W = ENENCENEENNENCCENCENCCCC. Observe that W is the ADI word of 81736245, and
Algorithm 3.2 applied to W gives S (see Example 3.3).

4 Permutation properties observable from their Schröder paths
While the bijection obtained from Algorithm 3.2 can be used to show exactly which Schröder path
corresponds to a given DI-sortable permutation, there are several properties that translate prominently
between permutation and path.

Definition 4.1. A right-to-left minimum of a permutation is an element that is the least element seen thus
far when reading the permutation from right to left.

Example 4.2. The permutation π = 81736245 has four right-to-left minima, namely 1, 2, 4, 5.

Lemma 4.3. If W is the ADI word of a DI-sortable permutation π, then Eπi ≺W Nπi ≺W Cπi if and
only if πi is a right-to-left minimum. Furthermore, the number of right-to-left minima of a DI-sortable
permutation π is one more than the number of diagonal steps in its corresponding Schröder path.

Proof: Suppose πi is a right-to-left minimum of π with ADI word W . There must be some k ∈ [n] that
satisfies Eπk

≺W Nπk
≺W Cπk

≺W · · · ≺W Cπi
by Theorem 2.12. Assume by way of contradiction that

k 6= i. Then Eπi <W Eπk
and Cπk

<W Cπi . Hence i < k and πk < πi, which is a contradiction to πi being
a right-to-left minimum. So Eπi ≺W Nπi ≺W Cπi .

Now suppose that Eπi
≺W Nπi

≺W Cπi
for some i ∈ [n] and let j ∈ [n] such that i < j. Then

Eπi
<W Eπj

. Therefore Cπi
<W Eπj

, so Cπi
<W Cπj

. Hence πi < πj . So πi is a right-to-left minimum.
Hence there is a one-to-one correspondence between consecutive sequences ENC in W and right-to-left

minima in π. And as seen in Algorithm 3.2, these sequences give rise to one fewer diagonal in the
corresponding Schröder path of π.

Lemma 4.3 leads to a visual proof to the Corollary 4.4.

Corollary 4.4. The DI-sortable permutations with one right-to-left minimum, that is the DI-sortable
permutations that end in 1, are enumerated by the Catalan numbers. In particular, the number of DI-

sortable permutations of length n+ 1 ending in 1 is Cn =
1

n+ 1

(
2n

n

)
.

Proof: The Schröder paths from (0, 0) to (n, n) without diagonal steps are Dyck paths, known to be
enumerated by the Catalan numbers.

Alternatively, recall that the basis for our DI-sortable permutations is {3142, 3241}. Thus, the DI-
sortable permutations of length n+ 1 ending in 1 are exactly the permutations whose first n entries must
avoid 213, which are known to be enumerated by Catalan numbers, Cn [8].

For a given diagonal in a Schröder path S and prefix S′ of S terminating after the given diagonal, the we
say the height of the diagonal is #N(S

′) + #D(S
′). In other words, its height is the y-coordinate of the

point in the path where the diagonal terminates.
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Example 4.5. Let π = 81736245 with corresponding Schröder path S given in Figure 6. Then the height
of its diagonals are 1, 3, and 4.

Theorem 4.6. The heights of the diagonals determine the values of the right-to-left minima. In particular,
if the heights of the diagonals in the Schröder path corresponding to the permutation π are h1, h2, . . . , hk,
the right-to-left minima of π are 1, h1 + 1, h2 + 1, . . . , hk + 1.

Proof: Suppose that S has k diagonals (and hence π has k + 1 right-to-left minima), and let W be the
ADI word of π. Notice since `i counts the Cs in the first i maximal substrings of Cs, we have `i counts
C1,C2, . . . ,C`i . Thus Ea ≺W Na ≺W Ca if and only if a = `i + 1 for some i where 0 ≤ i ≤ k. (Recall
`0 = 0 by convention.) From Lemma 4.3 the right-to-left minima are exactly `i + 1 for 0 ≤ i ≤ k.

Let x1, x2, . . . , xk be locations in S so that xi is the location of the ith D; that is S(xi) = D and
#D(S

xi) = i. From Step 3 in Algorithm 3.2, we observe that #N(S
xi) + #D(S

xi) = `i is the height of
the ith diagonal for each i ∈ [k]. So the heights of the diagonals of S are one less than the right-to-left
minima of π (excluding 1).

Definition 4.7. An interval of a permutation π is a consecutive subsequence of π that contains consecutive
values.

Example 4.8. The permutation σ = 685712943 contains intervals 6857, 12, 9, 43.

Definition 4.9. A permutation π is said to be plus-decomposable if π is the concatenation of two non-empty
intervals ω and τ ′ where the values of ω are less than those of τ ′. Further, if we rescale the entries of τ ′

by subtracting the length of ω from each entry of τ ′ to get a permutation τ , we denote π = ω ⊕ τ . If a
permutation is not plus-decomposable, we say the permutation is plus-indecomposable.

Example 4.10. The permutation π = 43126758 is plus-decomposable and can be written as π = 4312⊕
231⊕ 1. The permutation σ = 685712943 is plus-indecomposable.

Theorem 4.11. The Schröder path corresponding to a plus-decomposable DI-sortable permutation π =
ω ⊕ τ is the Schröder path for ω followed by a diagonal step (on the main diagonal) followed by the
Schröder path for τ . Furthermore, this means the Schröder paths with diagonal steps on the main diagonal
correspond exactly to the plus-decomposable DI-sortable permutations.

Proof: Consider the plus-decomposable permutation π = ω ⊕ τ and let W be the ADI word of π. Let
x ∈ [3n − 1] satisfy W (x) = Eπk

with k = |ω| + 1 and πi = min{π` | W (x) <W Cπ`
}. Then by

Corollary 2.13, we have Eπk
=W (x) ≤W Eπi , so k ≤ i. Since π = ω ⊕ τ and i ≥ k = |ω|+ 1, we have

πi > |ω|. Hence by the definition of πi, we have C|ω| <W W (x) = Eπk
. Thus we know Algorithm 2.1

will force the exit of all the entries of ω before any entry of τ ′ (entries of π corresponding to τ ) enters the
stacks. Therefore the ADI word for π will be the ADI word for ω followed by the ADI word for τ .

When Algorithm 3.2 acts on the ADI word for π, it will convert the first portion of the ADI word to the
Schröder path for ω, but followed by D as this D is no longer the last D of the word. At the same time, it
converts the remaining portion of the ADI word to the Schröder path for τ .

Example 4.12. In Figure 9, we see that this Schröder path for π = 43126758 = 4312 ⊕ 231 ⊕ 1 is the
concatenation of the Schröder paths for 4312, 231, and 1 (a degenerate path), connected by diagonal edges.
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Fig. 9: The plus-decomposition of the Schröder path of 43126758 as given in Example 4.12.

Aguiar and Moreira [1] showed that the number of Schröder paths from (0, 0) to (n, n) that do not have
diagonal steps on the main diagonal equals the number of Schröder paths from (0, 0) to (n, n) that do
have diagonal steps on the main diagonal as a particular case of a larger result. That is, they showed the
number of Schröder paths that do not have diagonal steps on the main diagonal are enumerated by the
small Schröder numbers, which gives us the following corollary.

Corollary 4.13. The plus-decomposable DI-sortable permutations are in bijection with the plus-indecomposable
DI-sortable permutations. In particular, both classes are enumerated by the small Schröder numbers.

We conclude with a few open questions:

1. Are there any other properties of the DI-sortable permutations that are easily seen by looking at the
corresponding Schröder paths?

2. Is there another bijection between the DI-sortable permutations and the Schröder paths that conserves
more or different properties of the DI-sortable permutations in the Schröder paths?
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[3] ATKINSON, M. D., MURPHY, M. M., AND RUŠKUC, N. Sorting with two ordered stacks in series.
Theoret. Comput. Sci. 289, 1 (2002), 205–223.

[4] BANDLOW, J., EGGE, E. S., AND KILLPATRICK, K. A weight-preserving bijection between
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[5] BÓNA, M. Exact enumeration of 1342-avoiding permutations: a close link with labeled trees and
planar maps. J. Combin. Theory Ser. A 80, 2 (1997), 257–272.
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