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In this note, we prove that all x 2 monotone grid classes are finitely based, i.e., defined byita finllection of
minimal forbidden permutations. This follows from a sliyhtnore general result about certain< 2 (generalised)
grid classes that have two monotone cells in the same row.
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1 Introduction

Inrecent years, the emerging theory of grid classes has eahhe of the major structural and enumerative
developments in the study of permutation patterns. Paatitughlights include the characterisation of all
possible “small” growth rate§{uczynska and VattepP00& Kaiser and Klazhip003 Vattef, P017) and
the subsequent result that all classes with these growdk ratve rational generating functiomdi{ert
etal, R0IH.

To support results such as these, the study of grid classasstives has gained importance. Restrict-
ing one’s attention tanonotonegrid classes, it is known that the structure of the matrixrdedj a grid
class determines both its growth ragegah P01, and whether it is well-partially-orderetiurphy and
Vatter, 003J.

One remaining open question about monotone grid classeenmtheirbases that is, the sets of
minimal forbidden permutations of the classes. Backed ugdoye computational evidence, it is widely
believed that all monotone grid classes are finitely basetthis is only known to be true for certain
families, most notably those whose row-column gréiplase forests(lbert et al, P013. To date, the
only other instances of monotone grid classes that are kriovnave a finite basis are twibx 2 grid
classes. The first concerns the classkaw-mergegermutationsAv(2143, 3412), in (StankovhfL993),
while the second is in Waton's PhD thedigdtor} R007). Inspired by Waton’s approach, we show that a
certain family of (non-monotone) x 2 grid classes are all finitely based, from which we can corelud
the following result.

Theorem 1.1. Every2 x 2 monotone grid class is finitely based.

) The row-column graph of &0, 41}-matrix M is the bipartite graph whose biadjacency matrix hjath entry equal td M.
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The rest of this section covers a number of prerequisite itiefis. In Sectiorﬁ we introduce a more
general construction than grid classes, based on juxtipusi that are known to be finitely based, and
use these to characterise the grid classes they contaimctioﬁﬁ we consider three separate cases that
will enable us to prove our more general result (Theo@l and thence Theore@_

Writing permutations in one-line notation, we say that teenputatiors is containedn a permutation
m, denotedr < , if there is a subsequence of the entrieg dhat have the same relative ordering as the
entries ofo. A specific instance of a set of entriesofvitnessing this containment is calleccapyof o
in 7. Containment forms a partial order on the set of all pernmnat and sets of permutations which are
closed downwards in this order are callgeimutation classesSpecifically, ifC is a permutation class,
7w € C ando < 7, then we must have € C. For convenience later, we regard the empty permutation as
belonging to every permutation class.

While permutation classes can be defined in a number of wayexample, the set of all permutations
that can be sorted by a stack forms a permutation class), \s&eo@mmt characterisation can be given in
terms of the unique set of minimal forbidden permutatiorag ttonotlie in the class. We call the sét
thebasisof a clas< if

C={r:p Lnforall g € B},

andB is minimal with this property, and we write = Av(B). By its minimality, the seB must form an
antichain undex, but since infinite antichains are know to exist in the camtaént partial order3 need
not be finite. When the basis 6fis finite, we say thaf is finitely based

We frequently make use of a graphical perspective, in whiehepresent a permutatianby plotting
the points(i, 7(i)) (: = 1,...,|n|) in the plane. Indeed, we do not distinguish between the petion
7 written in one-line notation, and the graphical represtoraof 7.

Form,n > 1, let M be anm x n matrix whose entries are permutation classes (includisgipty the
empty class). Therid classof the matrixM, denotedGrid(M), is the permutation class consisting of
all permutationsr for which (in the graphical perspective) there exist- 1 horizontal andh — 1 vertical
lines which divide the entries af into mn rectangles, so that the (possibly zero) entries @f each
rectangle form a copy of a permutation from the class in theesponding entry aM. When the entries
of M are all eitherAv(12), Av(21) or ), thenGrid(M) is amonotongrid class.

We are mostly concerned withx 2 matrices in this paper, and in this case it will prove coneahi

to refer to these grid classes more succinctlyMf = (A B) is a matrix consisting of permutation

c D
Al B
C|\D

to meanGrid(M). Additionally, when (say)4 = Av(21), then we may refer to the c using,

reflecting the fact that all points in this cell are incregsi8imilarly, we may Writ whenA = Av(12).
Finally, where the entries of th x 2 matrix M are either arbitrary or clear from the context, we may
also simply refer taGrid (M) asi--|.

We are ready to state our general theorem, from which The@mill follow.

classes, then we write

Theorem 1.2. LetC andD be finitely based permutation classes. Then the three gagbek
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c|p c|p c|p
/N N/

are all finitely based.

Our approach makes use of an existing result, which althoaogbriginally presented in this way, can
be cast in terms of grid classes. For permutation claGseslD, the (horizontal) juxtapositiorof C and
Dis thel x 2 grid clas. Similarly, thevertical juxtapositiorof C andD is the2 x 1 grid class
Lemma 1.3 1999. Whenever andD are finitely based, so are the horizontal and vertical
juxtapositions o€ andD.

For clarity, we occasionally writ@ Cc D ] for the horizontal juxtapositio (we do not need
the corresponding vertical juxtaposition notation).

2 Juxtapositions and relative bases

In this section, we give a characterisatior2of 2 grid classes of the form

whereA, B, C andD are four fixed (but arbitrary) permutation classes.
We begin by considering the following related class, forrbgdhe horizontal juxtaposition of two

vertical juxtapositions:
(2 8]
¢l D

Note that if A, B, C andD are finitely based, then by repeated application of Le@ao too isF.
Clearly,& C F. We are interested in the basis&fwhich we can separate into two parts: those basis

elements of that lie within 7, and those basis elements&that are not inF. By minimality and since

& C F, this latter set must also be basis element® of he set of basis elements &that are contained

in F we call therelative basif £ in F, and we have the following observation.

Observation 2.1. LetC andD be two permutation classes such tiafinitely based, and C D. Then
C is finitely based if and only if the relative basis®in D is finite.

Consider any permutation in the set” \ £. Sincer lies in the juxtaposition clas&, we can write

T = myme With
m E andm, € .

We refer to the division line that separates; from 75 as av-line. Additionally, any horizontal division
line in m; that demonstrates; as a member of the vertical juxtaposition is calleléfa h-line of 7, and
similarly any valid horizontal division line imr, is called aright h-line. Thus, we can recognise € F
by means of aivision triple, (v, r, £), wherev is the v-line,r the right h-line, and the left h-line.
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Vi Ll oo .

Fig. 1: The relationship between the divisi¢n, r, ¢) and (v', 7', £') in the proof of Lemm@. The small arrows
indicate that the corresponding division lines have beaseh to be extremal in the direction specified by the arrows.

The condition thatr € F \ £ can now be described as follows: for every division trifer, ¢) that
recognises € F, the right h-liner and the left h-ling cannot be at the same height. We use the symbol
- to denote the set of permutationsfwhich have a division tripl¢v, r, ) where is no higher than
r, and [-/-| to denote those permutations which have a division wkéseno lower thanr. Note that| |-
and - are both in fact permutation classes, and alsothat | -{U[-|.

Our main result of this section now follows. It shows in pautar thatr € F\ £ cannot simultaneously
liein [[{and -], and hence the relative basis&in F can be divided into two disjoint parts: those that
liein - and those that lie in-| .

Lemma 2.2. Any2 x 2 grid class& = [ is equal to the intersection of the corresponding classes
and-||. Thatis,
£ =t =HnH-

Proof: First, itis clear that|-| C [ /N, so suppose that we have a permutatian |- N |

Considerr first as a member of |-{. There exists at least one division trigle , /) which recognises
this, and we choose any valid v-limgtogether with the lowest right h-lineand the highest left h-liné
Note in particular that for any right h-line that is lower thg there must exist a basis element in the top
right cell. If £ andr coincide, then we have € |-}/ and we are done, so we may assume thastrictly
lower thanr.

Next, considerr as an element of |-/ . We pick a division(v’,r’, ¢') by first choosing any v-line’
which either coincides with or lies further to the left (the case wherkis to the right ofv will follow
upon rotating the picture by80°). Next choose any valid’, noting thatr’ must be at least as high as
r to avoid introducing a basis element into the top right cleihally, choose’ to be as low as possible,
subject to the division tripl¢v’, r, ¢') remaining a valid division for membership of | (see Figurd).
We claim that’ is at the same height a&

Suppose, for a contradiction, thties strictly above”’, and let?”” be the left h-line that has the same
height ag”’. Since the division triplgv’, 7/, /") does not witness € [-{ (but(v’, 7, ¢’) does), there must
exist some basis element in the top left region define@uby’, ¢/). However, this region is contained in
the top left region defined b, r, £), so this is impossible.
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Thus?’ has the same height a5 and(v’,+’,¢') is a division triple that recognises< ||, and hence

WEHE. O

3 Main results

We are ready to start proving our three main results.
Lemma 3.1. For finitely based classe&sandD, the class

Proof: First, let B denote the relative basis &finside the juxtaposition

~10 7]

SinceF is finitely based, by Observati@ it suffices to show thai is finite. By Lemma@ and the
comments preceding it, anyc B lies in exactly one of |-or [ . Consider first the case wherec | |-,
We will identify a bounded number of points inthat demonstrate ¢ £.

We begin by identifying two division triplewr, 71, ¢) and(vg, 7R, ¢r): v is the leftmost v-line
recognisingr € |-}, andug, is the rightmost such v-line. Subject to these choices, wie fii and/x to
be as high as possible, ang andrg as low as possible.

We now prove the following claim: ifv, r, £) is any other division triple recognisinge | |-{ where the
left h-line £ is chosen as high as possible, thfas at the same height as eithgror /.

If £;, and/g are at the same height, the claim follows immediately, soaeassume thdt, is strictly
higher thar/g. The situation is as depicted in FigLEewe identify four pointsg, b, ¢ andd, which are
distinct (except possibly = ¢) and which form the copies of 21 that defihig and/. Note thata and
c lie immediately abové;, and/r, and, except that the relative positionszodindc can be interchanged
providingb # ¢, the points must be arranged in the way shown in Fiﬂ.jreorder thatr € |-, For the
same reason, all other pointsothat lie in the marked rectangular regions 1, 2, 3 and 4 (defoyethe
bounding dotted and dashed lines) in FigBmaust lie on the diagonal segments indicated.

Consider any division triplév, r, £) recognisingr € |---|where( is chosen as high as possiblew llies
further left than all points in the region labelled 4 in Fig@ then we can choogeat the same height as
£1,. On the other hand, if any point from region 4 lies to the léft othenc must lie abové, and thud is
at the same height &s;. This completes the claim.

is finitely based.

We can now identify the following bounded collection of piginf 7: (i) a basis element which

definesug, (ii) a basis element to definevy,, and (iii) at most 4 points, b, ¢ andd defining the two

left h-linesfr and/,.
It remains to identify a bounded number of points to ensuaedhy division triple(v, r, £) recognising
m € |- hast strictly lower thanr. For this, it suffices to consider only tieztremattriples (v, r, ¢) where
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/ ® @
Fig. 2. The relationships between the division triples., 7., 1) and(vr, rr, £r), the points definind; and/r,
and the restrictions on the placement of points in the foctarggular regions 1—4.

¢ is as high as possible, amds as low as possible. We identify the extremal tripg, rx, £x ) where

the v-linevy is chosen to lie immediately to the left of all points in regié of Figureﬁ. By the earlier
claim, Zx has the same height &s. The lowest right h-line'x must lie strictly abové x, and is defined
by a basis element @ to the right ofvx, with one point lying immediately belowy . Observe that for
any extremal tripldv, r, ) wherev lies to the left ofvx, we have that is at the same height s, and

r can be no lower thanx. In particular, sincer as a basis element is minimally notéh if = is higher

thanrx then it is because of points inthat we have already identified.

Similarly, the position of the linep, is fixed by a basis element 8fto the right ofvz. For any extremal
triple (v, r, £) whereuw is further right tharvx, we know that is at the same height &g, andr can be
no lower than - (because of the basis elementl®f. Thus, again by the minimality of, if » is strictly
higher thanry it is because of points that we have already identified.

From this, we conclude that if € | -|is a basis element & relative toF then the number of points
in 7 is bounded, ag comprises the points identified in (i), (ii) and (iii) abownd by at most two basis
elements oD.

The argument for a basis elementhat lies in |-{-| is similar, and we omit some of the details. The
process begins by identifying the leftmost and rightmolt@sv;, andvg, and the corresponding highest
right h-linesry, andrg. The left hand picture in Figurﬁillustrates that;, andrg cannot have different
heights (elser € ). In the right hand picture of Figu@ the points forming a basis element®that
defines the lin€;, ensures that in any extremal trigle, r, £), r is lower than/. Thusz consists of (i) a

basis element cm

rr, and (iv) a basis element 6fto definel;.. O

which definesg, (ii) a basis element to definevy, (iii) a copy of21 to define

A similar approach, of bounding the number of possible lefl @ght h-lines, can be applied for the
other two cases, so we only sketch the proofs.

Lemma 3.2. For finitely based classesandD, the class
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Fig. 3: The relationships between the division triples,, ., {.) and(vr, rr, {r) Whenr € B} On the left, ifry,
andrp are at different heights, thef, is at the same height as,. On the right, ifr;, andrr are at the same height,
then the points defining;, guaranteer ¢ & for every triple(v, r, £) recognisingr € B}
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Fig. 4. The left h-linelr is defined by the points andb which form a copy of 21. Botla andb must lie to the left
of vz, so this also define&; .

is finitely based.

Proof (sketch): We need only consider relative basis elements§ dfat lie in ||, as the argument for
is symmetric. Thus, consider a basis elemest| || of £.

Define the division triple$vg, rr, r) and(vy,rr, £1,) recognisingr € Bﬂ by choosingvr to be the
rightmost v-line, and;, the leftmost, and then selectimg andrz as low as possible, amd and/y as
high as possible.

We claim that’ g and/;, have the same height. In FigLEethe pointc which defines the lineg, forces
the region below r and betweem;, andvg to be empty. Consequently, the pair of poiatandb (which
forms a copy of 21 and hence defines the heighiizgfmust lie to the left ofvr. This means that andb
also define the highest position®feryleft h-line ¢ in a division triple(v, r, ¢) recognisingr € ||

The proof concludes by noting that we can demonstratgé £ by the following points: (i) a basis
element 0 which definesg, (i) a basis element n@ to definevy, (iii) a copy of21 to definelx,

/



8 Michael Albert, Robert Brignall

and (iv) a basis element @& to definerp. O

Lemma 3.3. For finitely based classe&sandD, the class
C|D

5 =
Eg

Proof (sketch): As before, by symmetry it suffices to consider a relative batmentr € [ of £.
Define the division triple$vr, rr, ¢r) and(vy,rr, £1) as in earlier proofs.

We claim that in any division triplév, r, £) recognisingr € |-|{ where/ is as high as possiblé,has
the same height as eithér or /. The situation is illustrated in FiguE} if v lies to the right of the point
a then/ can be no higher thafi. On the other hand, if lies to the left ofa, then the only available copy
of 12 hash as the ‘2, sof has the same height 4s.

is finitely based.

vL VR
L o .
be |
EL ***** ? =1 /
1
.. R
a./

Fig. 5. The left h-linelr is defined by the points andb which form a copy of 12. Since lies to the left ofvy,, the
left h-line £;, can be no higher thafk.

With these two left h-lines defined, we need only identify wapies of basis elements Bfto define
corresponding lowest right h-lines in each case. Thug, £ is identified by the following points: (i) a

basis element to definesg, (ii) a basis element to definevy,, (iii) at most two copies 021 to

definelr and?y, and (iv) at most two basis elementsto definerg andry. O

Proof of Theorem Ez First, the only2 x 2 monotone grid classes whose row-column graphs are not
forests (and hence finitely based[dpert et al. (2013) are those where all four cells are non-empty.

Any such2 x 2 monotone grid class can be described as a grid class in ohe ttree forms covered
by Lemmas3.3, B-2 andB.3, upon taking the classedand D to be Av(12) or Av(21), and possibly
appealing to symmetry. O
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4 Concluding remarks

Non-monotone2 x 2 grids One obvious question arising from this work is how far onelige able

to extend Theore@within the context o x 2 grids: in particular, can one replace the two monotone
classes in the lower row by something more general? Any @gprto this question would need to bear

in mind that there do exig x 2 grid classes which aneot finitely based, even though each entry of the

matrix is finitely based. The primary example of this, giverttbin Murphy’s PhD thesig\iurphy},

and in [Atkinson and Stitp0032), is
a|C
C @

whereC = Av(321654). (Note this example is more normally written aslieect sumC @ C.) This
example can likely be adapted to produce other instancesavthe grid class is not finitely based, even
though its individual entries are.

Larger grids There are a number of difficulties encountered when onetwiestend our results here to
larger grids. Even in the “next” case ®fx 3 grids, there seems to be no obvious analogue to Le@a
to enable us to consider relative bases inside some lar@ss.cThe primary issue is that our proof relied
on the fact that the heights of all possible left-h-lines émalogously, right-h-lines) form a contiguous set
of values, but this need no longer be the case.

Acknowledgements We are grateful to Mike Atkinson for several fruitful dissiens about this prob-
lem, from which most of the ideas for this note emerged.
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Permutations that avoid given patterns have been studigcbat depth for their connections to other fields of math-
ematics, computer science, and biology. From a combiratperspective, permutation patterns have served as a
unifying interpretation that relates a vast array of combinial structures. In this paper, we introduce the notibn o

patterns in inversion sequences. A sequegees, ..., ey,) iS an inversion sequence(f< e, < i for all i € [n].
Inversion sequences of lengthare in bijection with permutations of length an inversion sequence can be obtained
from any permutationr = w72 ..., by settinge; = |{j | 7 < ¢ and w; > m;}|. This correspondence makes

it a natural extension to study patterns in inversion segeemuch in the same way that patterns have been studied
in permutations. This paper, the first of two on patterns weigion sequences, focuses on the enumeration of inver-
sion sequences that avoid words of length three. Our resaifisect patterns in inversion sequences to a number of
well-known numerical sequences including Fibonacci numidgell numbers, Schroder numbers, and Euler up/down
numbers.

Keywords: inversion sequences, pattern avoidance, enumeratiorp@amumbers

1 Overview

A permutationt = mm ... 7T, € S, is said tocontaina patternc = oi05...0% € Sy if there exist
indicesi; < i < --- < iy such that for every, b € {1,2,...,k}, we haver;, < m;, if and only if
0. < op. Otherwiser is said toavoid the patterrv. LetS, (o) = {x € S,, | 7 avoidso}. Given any
o € Sy, theavoidance sequena# o is the integer sequence,

S1(0)];[S2(0)], [S3(a)], - -

The avoidance sequences for varisusount a great number of well-known combinatorial strucsures
a result, the study of permutation patterns provides a umgfinterpretation for a number of disparate
discrete structures. Early work of MacMahon [15] enumeg@permutations avoiding 123 and of Knuth

*Supported in part by grant ANR-08-JCJC-0011
ISSN 1365-8050  (© 2016 by the author(s) Distributed under a Creative CommadtribAtion 4.0 International License
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[12, 13] on 231 and stack-sortable permutations estallislye1973 that for every € Ss, S,.(0) is
counted by the Catalan numbers. In 1985 Simion and Schmldighed the first systematic study of
pattern avoidance in permutations [23]. Thirty years |atleere is a rich body of work demonstrating
the connections between pattern avoidance and many areaatbématics and computation. See, for
example, the survey of Kitaev [11].

Recently, thes-inversion sequence];Ef), defined for a positive integer sequence (s, ..., s,) by
I = {(e1,e0,...,en) |0 < e; < 5},

were introduced in [20] to enumerate certain families otifians via Ehrhart theory. For a variety of
sequences, natural statistics oIff) have the same distribution as natural statistics on othénamerous
combinatorial families, a phenomenon that was used taesaftiopen question about Coxeter groups in
[21].

The words of lengtm over the alphabef0, 1,...,k — 1} can be viewed as the inversion sequences
I%Mk) Whens = (1,2, ...,n), thes-inversion sequencds, = 1511’2""’") have been used in various
ways to encode permutatioBs. For example, the ma@(n) : S,, — I,, defined forr =7, ... 7, € S,
by ©(n) = (e1,e2,...,¢e,), Wheree; = |{j | j < i and e; > e;}|, is a bijection with several nice
properties. These connections to words and permutatioke rhaatural to study pattern avoidance in
inversion sequences in the same way that pattern avoidasdeden studied in words and permutations.

Givenawordp = pips ...px € {0,1,..., k—1}*, define theeductionof p to be the word obtained by
replacing theth smallest entries gf with i—1. For instance, the reduction 852662 is 2031441. We say
that an inversion sequeneec 1,, containsthe patterrp, if there exist some indicels < is < --- < i
such that the reduction ef, e, ...e;, is p. Otherwisee is said toavoidp. LetI,(p) = {e € I, |
e avoidsp}. Theavoidance sequenc# p is the integer sequence

Li(p)l, L)l Ts(p)], - - --

Our focus in this paper is a study of inversion sequencesimgi three-letter word. We discover
a surprisingly rich collection of enumerative results, adlas intriguing conjectures. There will be sev-
eral examples where pattern-avoiding inversion sequeprodde more natural models of combinatorial
sequences than previously known.

This paper is one of the fif8tsystematic studies of pattern avoidance in inversion sepse although
in [7] Duncan and Steingrimsson considered pattern ancigl@n ascent sequencemtroduced in [3],
and obtained interesting enumerative results. (An asegntence is an integer sequenieg eo, . . ., ;)
in whiche; = 0 ande; is a nonnegative integer at most one more than the numbercehtssin the
sequencesges, eq, ..., e,—1). The ascent sequences of lengtthus form a subset df,.) Some of the
open questions posed in [7] were settled by Mansour andu&tatt [17].

Our approach in this paper is combinatorial. For each pattewe first observe an alternate charac-
terization of thep-avoiding inversion sequences. For exampe inversion sequences avoiding 011 are
those whose positive elements are distiisete Section 3.3). We then use the observation to define the
structure of thep-avoiding inversion sequences and relate them to equirusaombinatorial families

@) When our paper was first posted to the arXiv we were notified lapdaur that he and Shattuck had independently obtained
results onI, (o)| for the patterngr = 012, 021, 102, 201, 210 in [16]. Their methods are quite complementary to ours, as we
will describe in Section 2.
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via bijections, recurrences or generating functions. énglocess, we discover and prove refinements via
correspondences between natural statistics. For exathpleumber of 011-avoiding inversion sequences
in I,, with k zerosis equal to the number of partitions of arelement set inté nonempty blockéSection
3.3).

In Section 2 we consider inversion sequentgsvoiding a given 3-letter permutation §0, 1, 2}.

We show that the number of inversion sequences avoidir®js given by theodd-indexed Fibonacci
numbersand that the inversion sequences avoidi@gare counted by thiarge Schrdder numbers We
prove that the patterr01and210areWilf equivalenti.e. that they have the same avoidance sequence.
This sequence does not appear in the OEIS, but we derive aeace for it. Enumerative results for the
patterns 012, 021, 201, 102, and 210 also appear in [16],edlansour and Shattuck additionally prove
that the number of inversion sequences avoidifigis given by the sequence A200753 in the On-Line
Encyclopedia of Integer Sequences (OEIS) [10]. The numbewersion sequences avoidiig@0does

not appear in the OEIS and counting them remains an opengimobl

In Section 3 we consider inversion sequeriGeavoiding a given 3-letter pattern with repeated symbols.
We prove that the inversion sequences avoidiig are counted by th&uler up/down numbers. We
show that the inversion sequences avoidigare counted bpowers of twg, and those avoidingllare
counted by thaBell numbers. Additionally, we prove that the number of inversion sequesnavoiding
101is the same as the number avoiditiDand this is the same as the numbepefmutations avoiding
the vincular pattern 1-23-4. The avoidance sequence for the pat@tfdoes not appear in the OEIS nor
does the number of inversion sequences avoidd® Counting either of these sets is an open problem.

In Section 4, we return t621-avoiding inversion sequences. We examine the correspoedetween
I,(021) and Schrodefrn — 1)-paths, and betweeh), (021) and certain binary trees by introducing two
further bijections. Each bijection succeeds in relatingety of different statistics in inversion sequences
and those combinatorial families. Surprisingly, the asséatistic inI,,(021) is symmetricand we prove
this by defining a bijection betweeh,(021) and a tree structure that is known to be counted by the
Schroder numbers. Section 4 is a testament to the rich catdrial structure that can be uncovered
when examining a class of pattern-avoiding inversion segein-depth.

The results on inversion sequences avoiding permutatiodswards of length 3 are summarized in
Table 1. In the last column of the table, we U$g(p)| as an identifier for the avoidance sequence of
L.(p).

This paper is the first part of a larger study on patterns iefigion sequences. In subsequent work,
we consider a generalization of pattern-avoiding inversiequences that includes many more surprising
results and conjectures.

Throughoutthis paper, we Igt] = {1,2,...,n}. Foraninversion sequenee= (e, e, ...,e,) € I,
letoi(e) = (e}, €5, ..., e,) wheree, = 0 if e; = 0 and otherwise, = e; + ¢ (we allow for negative).
This operation will also be applied to substrings of an isi@r sequence.

We use concatenation to add an element to the beginning oofeardinversion sequence:- e is the
inversion sequend®, eq, ea, ..., e,) and for0 < i < n, e-iis the inversion sequengey, es, ..., ey, ).

2 Inversion sequences avoiding permutations

2.1 Avoiding 012 F5, ; and Boolean permutations

Let F;, denote theath Fibonacci number, whedg = 0, F; = 1 and forn > 2, F,, = F,,_1 + F,,_>. Note
thata,, = F5,_1 satisfies the recurreneg = 3a,,_1 — a,,—2, with initial conditionsa; = 1, as = 2.
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Pattermp

012
021
102
120
201
210

000
001
010
100
011
101
110

an = |I,(p)| counted by:

Fy,_1 (Boolean permutations)
Large Schroder numbers
A(w) = 1+ (z — 2*)(A(2))? [16]

?

Theorem 6 and (5)
Theorem 6 and (5)

Euler up/down numbers

2n=1 (|Sn(132,231)])
?

?

Bell numbers

S,,(1-23-4)
1S, (1-23-4)

in OEIS?

A001519
A006318
A200753
no (A263778)
no (A263777)
no (A263777)

A000111
A000079
no (A263779)
no (A263780)
A000110
A113227
A113227

sequence identifier

233
1806
1694
2803
4306
4306

1385
64
979
3399
877
3207
3207

Tab. 1: Enumeration of inversion sequences avoiding permutatonswords. (OEIS numbers in parentheses were

newly assigned after this paper was posted to the arXiv)

Permutations avoiding boti21 and3412 are known a8oolean permutationd 8, 25] and are counted
by F»,,_1. In this section we show thdf, (012) is the number of Boolean permutations/of.

Observation 1 The inversion sequences avoiditif are those whose positive elements form a weakly

decreasing sequence.

Theorem 1 |1,,(012)| = Fa,—1.

Proof: By Observation 1, it € I,_;(012), the following are all irl,,(012): e-0, e-1, and0-o4 (e). Every

element inl,, (012) arises from an element &f,_,(012) in at least one of these three ways, but certain

elements are counted twice, namely those of the form: - 0 wherex € I,,_5(012). Thus|I,(012)]
satisfies the recurreneg, = 3a,,_1 — a,—_2, With initial conditionsa; = 1, a; = 2. This is the same
recurrence satisfied bib,, ;.

a

In view of the connection between Boolean permutations amd@r groups highlighted in the recent
paper of Petersen and Tenner [18], it would be nice to havenplsibijection encoding them s 2-
avoiding inversion sequences.

2.2 Avoiding 021 the large Schréoder numbers

A Schidern-path is a path in the plane frorfo, 0) to (2n, 0), never going below the-axis, using only
the stepg1, 1) (up), (1, —1) (down) and(2, 0) (flat). For example, usiny, D, andF for up, down, and
flat steps, respectively, the Schroder 14-pate UUDUFUDUFDDDUUDUDDUUUFDDD is

shown in Figure 1.
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Fig. 1: The Schroder 14-path= UUDU FUDUFDDDUUDUDDUUUFDDD

Let R,, denote the set of Schroderpaths and let,, = |R,|. It is well known that the generating
function forr,, is

= n l—z—+Va2-6x+1
R(z) = Z rpa = o7 . (1)
n=0

To relate Schroder paths to inversion sequences, firstthatéhe021-avoiding inversion sequences have
the following simple characterization.

Observation 2 An inversion sequence avoidl if and only if its positive entries are weakly increasing.

Using this characterization, we show that the elementk,(#21) are in bijection with the Schroder
pathsinR,, 1.

Theorem 2 Forn > 1, |1,,(021)| = rp—1.

Proof: Let E(z) = Y7, |I,,(021)|z™. We show thafZ(x) satisfies

E(z) = 2+ zFB(z) + E*(x), (2)
which has solution
T2 61
Ble) =~ < eh(),

and the result will follow from (1).

Givene € I,,(021), consider the last position+ 1 such thak;;, attains its maximal valug. If =0,
then eithere = (0) ore = 0 - ¢’ for somee’ € 1,,_1(021). This accounts for the + xE(z) in (2). We
show that the: for which j > 0 are counted bys?(z).

If j > 0, then(es,...,e;) € I;(021). As for (ejt2,...,e,), We know that fori = 2,...,n — j, by
Observation 2 and by choice gfeithere;; = 0 or

j<ei<jri—l

It follows that subtracting — 1 from the positive entries d&; 2, . . . , e,) and adding @ to the beginning
of the sequence gives an elemenflpf ;(021). Conversely, for any sequences, ..., e;) € I;(021)
andf € I,_;(021), if we addj — 1 to all the positive elements gf and remove the initial 0 of, we



6 Sylvie Corteel, Megan A. Martinez, Carla D. Savage, Michéleselcouch

can append the result fe,, . . ., ¢;, j) to obtain an element df, (021) in which j + 1 is the last position
whose entry attains its maximal value. O

We recall the operation;, defined in Section 1 to facilitate describing a bijection.c lis an inver-
sion sequence, an;,e;11,...,e;) IS a substring ofe in which all positive entries are larger than
k, theno_j(e;, eit1,...,€;) is the sequence obtained by subtractindrom the positive entries of

(61', Cidly--y ej).

The proof of Theorem 2 gives rise to the following recursiviedtion p from I,,(021) to Schrdder
(n — 1)-paths. For € I,,(021), letj + 1 be the last position such that,, attains its maximal valug.
Setp(0) to be the empty path. Then the Schroder path p(e) is defined by

(e) = Fp(ea, ... en) ifj=0
pre) = Up(ei,...,ej)Dp(o1-;(0- (ejt2,...,€,))) otherwise.

For examplep = p(0,1,0,1,0,2,5,7,7,7,9,0,10, 11, 12) is the Schrdoder 14-path shown in Figure 1.
By definition, p gives the following result.

Theorem 3 For n > 1, the number ob21-avoiding inversion sequences of lengthwith £ maximal
elements is the same as the number of &éir(n — 1)-paths withk — 1 initial up steps.

The number of Schrod€r — 1)-paths withk initial up steps is counted by sequence A132372 in the
OEIS [10].
Ira Gessel considered in [9] the generating function

oo

R(z,z) = Z Z an A e)

n=0pER,
whereflat(p) is the number of flat steps in a Schroder pathie showed that

1—axz—+/(1—22)?—4x
2z '

R(I,Z) = ©))

Similarly define
E(I, Z) _ Z Z xnzzeros(e)7
n=1 e€l, (021)

wherezeros(e) is the number of zeros in the inversion sequendeollowing the proof of Theorem 2, we
have
E(z,2) = 2+ x2F(z, 2) + E*(z,2) /2.

Solving, and comparing to (3) we have

2(1— 2z — /(1 —22)? — 4x)
2

E(z,z) = = xzR(z, 2).

This proves the following.

Theorem 4 For n > 1, the number o0621-avoiding inversion sequences of lengthvith £ zeros is the
same as the number of Sélder(n — 1)-paths withk — 1 flat steps.
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Note that the number of Schroder — 1)-paths withk — 1 flat steps is equal to the number of Schroder
(n — 1)-paths witht — 1 peaks (where a peak is an occurrenc&dJ). This can be seen by applying an
involution that replaces evefly D with ' and everyF' with U D. This gives us the following.

Corollary 1 For n > 1, the number 0621-avoiding inversion sequences of lengthvith £ zeros is the
same as the number of Sélder(n — 1)-paths withk — 1 peaks.

In Section 4 we provide a second bijection relating différgatistics in 021-avoiding inversion se-
quences and Schroder paths. We also show a correspondgh@eitain trees counted by the Schroder
numbers and use this to prove that the ascent statistic oi@3dling inversion sequences is symmetric.

2.3 The patterns 201and 210

In this section we prove that the patte2td and210 are Wilf equivalent on inversion sequences. This
has also been shown in [16]. The avoidance sequence for pladtsens did not appear in the OEIS, (it
has now been assigned A263777) but we derive a recurrenoatoute it.

Fore € I,,, call positionj aweak left-to-right maximurifi e; < e; forall 1 < < j.

Observation 3 The210-avoiding inversion sequences are precisely those thabegrartitioned into two
weakly increasing subsequences.

Proof: Suppose: has such a partitiop,, < e,, < -+ < e, andey, < ep, < --- < ¢, _,. If there
existsi < j < k such that; > e; > ey, then no two ofi, j, k can both be in{a4, ..., a;} or both be
in {b1,...,b,—+}, SOe avoids210. Conversely, ife avoids210, leta = (a1,...,a;) be the sequence
of weak left-to-right maxima oé. Thene,, < e,, < --- < ¢e,,. Consideri, j ¢ {a1,...,a;} where
1 < j. The fact that; is not a weak left-to-right maxima implies there exists semsuch thats < 7 and
es > e;. Thus to avoid 210, we must have< e;. O

Observation 4 Let(ey, es,...,e,) € I,,. Additionally, for anyi € [n], let M; = max(e1,es,...,€;—1).
Thene € I,,(201) if and only if for everyi € [n], the entrye; is a weak left-to-right maximum, or for
everyj > i, we havee; < e; ore; > M.

Proof: Lete € I, satisfy the conditions of Observation 4 and, to obtain arealttion, assume there
existi < j < k such thate;e;e, forms a 201 pattern (i.ee; < er < e;). Notice thatM; =
max{er,es,...,ej_1} > e;. It follows thatM; > e, > e;, which contradictions our assumption.

Conversely, if(eq, €2, . .., e,) € 1,(201), consider any;. If ¢; is not a weak left-to-right maximum,
then there exists some maximum valug = e, such that < 7 ande, > ¢;. Therefore, in order to avoid
a 201 pattern, any; wherej > ¢ must havee; > e; ore; > M; = e;. O

Theorem 5 Forn > 1, |1,,(210)| = |1,,(201)].

Proof: We exhibit a bijection based on the characterizations ine®ladions 3 and 4.

Givene € I,,(210), definef € I,,(201) as follows. Lete,, < e,, < --- < ¢,, be the sequence of
weak left-to-right maxima of and lete;,, < e, < --- < e,,_, be the subsequence of remaining elements
of e.
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Fori = 1,...,t, setf,, = e,,. Foreachy = 1,2,...,n — t, we extract an element of the multiset
B ={ep,,eby,---,6€p,_,} and assign it tgy,, fo,,- - -, f5,_, as follows:

Jo, =max{k |k € B—{fu,, foor---, fo,_, } and k < max(e1,...,ep, 1)}

By definition, f will satisfy the characterization property in Observatéof I,,(210). O

In order to get a recurrence that allows us to compute a femsef |I,,(210)| = |1,(201)|, we
define two statisticstop andbottom, one € I,(210) based on the decomposition @fdescribed in
Observation 3. Let,, < eq, < --- < e,, be the sequence of weak left-to-right maximaeadnd let

b, < ey, < --- < ep,_, be the subsequence of remaining elements dhen

top (e) = eq,; bottom (e) = e

If e is weakly increasing, then= n so we definéottom (e) = —1.

Theorem 6 LetT;, ., be the number of € I,,(201) with top (¢) = a andbottom (e) = b. Then

nab ZTn laz+ Z Tn 1,7,by (4)

i=—1 Jj=b+1

with initial conditionsT}, o, = 0if a > nandTy, 1 = 22 (" 1+%).

a

Proof: T}, ,—1 is the number of weakly increasing inversion sequencesayits a. This is the number
of Dyck paths whose last horizontal step is at heighthich is 2=2 (" ”“) Forb > 0, an inversion
sequence of lengthn with top (¢) = a andbottom (e) = b can be obtained by addirigto ane’ of
lengthn — 1 with top (¢/) = a andbottom (¢’) < b; or by addinga to ane’ of lengthn — 1 with
b < top (¢/) < a andbottom (e’) = b. O

From Theorems 5 and 6 we have

n—1 a—1 n—la—1
L,(210)] = [L,201)] = > > Thap = —n ( ) +) > Thap (6)

a=0b=-1 a=0 b=0

The first 12 terms of the sequendg(210)| are
1,2,6,24, 118,674, 4306, 29990, 223668, 1763468, 14558588, 124938648.

This sequence did not appear in the OEIS, but has now be@madsh263777.

A different recurrence to compufg, (210)| = |1,,(201]| is derived in [16]. It is more complicated than
(4) due to the choice of statistics. Nevertheless it is usgatéduce a generating function. Can (4) be
used to derive a simpler generating function?
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2.4 Inversion sequences avoiding 102
Our calculations showed that the number of inversion segggeinl,, avoiding 102 is:

1,2,6,22,89, 381, 1694, 7744, 36168, . . ..

We checked fom < 9 that this matches the sequence A200753 in the OEIS [10], evgeserating
function is given by
Ax) =1+ (z - 2*)(A(x))? (6)

but we were unable to prove this.

In [16], Mansour and Shattuck used a delicate generatingtifmargument to confirm that the gen-
erating function)_, ., |I,(102)|z" does satisfy (6) and from that they provide an explicit folarfor
1, (102)]. -

Is there a direct combinatorial argument to show that theegeimg function for thel02-avoiding
inversion sequences satisfies (6)?

2.5 Avoiding 120

Our calculations show that the number of inversion sequeageiding the patterh20 is given by:
1,2,6,23,103,515, 2803, 16334, 100700, . . .,

but this sequence did not appear in the OEIS (it has now bestgmnasi A263778) and we do not yet know
how to count it. This remains an open question.

3 Avoiding patterns with repeated letters
3.1 Avoiding 000 the Euler numbers and simsun permutations

The Euler up/down numbef,, is the number of permutationsof [n] such thatr; < mo > w3 < ™4 >
---. This is a well-known interpretation of the coefficients retTaylor series expansion ofn(x) +
sec(x):
xn
tan(z) + sec(x) = Z E"F
n>0

Several families are known to be in bijection with the up/dgermutations, including 0-1-2-increasing
trees [14]. These ane-vertex rooted unordered trees in which each vertex has st two children. Each
vertex has a distinct label from the get and labels increase along any path from the root to a leaf.

Theorem 7 |1,,(000)| = |Ep41]

Proof: Observe that < I,, avoids000 if and only if no entry occurs more than twice. We consider

0-1-2-increasing tre€s with n + 1 vertices labele®, 1, . .., n, which are counted by, ;. It is easy to
check that the mapping sending such a ffee the inversion sequeneewheree; is the parentof in T,
is a bijection between these trees dndo00). O

For an example of this bijection, see Figure 2. The bijectibheorem 7 shows that the set of labels
on the internal vertices dF is exactly the sefes,...,e,}.
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(o)

OO
(20 (&) (&)
ONORORON®

Fig. 2: The tree corresponding to= (0, 1,0, 3,2, 1, 2,4, 6,4) under the bijection of Theorem 7

Theorem 8 Let E,, ,, be the number 0600-avoiding inversion sequences of lengthwith & distinct
entries. Then
Enr=n—k+1DE, 11+ QCk—n+1)E,_11

with initial conditionsEy o = 1 andE,, , = 0fork > nork < [(n/2)].

Proof: Elements ofL,,(000) with & distinct entries can be constructed either by appendingnaised
entry to end of ar € I,,_1(000) with k£ — 1 distinct entries or by appending a used (but unrepeated) ent
to the end of ar € I,,_,(000) with % distinct entries.

If e € I,,_1(000) hask — 1 distinct entries, them — k of the possible entries are unused and available
for e,,. Additionally, sincee,, = n — 1 is also possible, there are a totakof- £ + 1 choices.

If e € I,,_1(000) hask distinct entries, then the other— 1 — k are repeats. To append a used entry to
e, while avoiding 000¢,, must be one of thé — (n — 1 — k) used, but unrepeated, elements. This gives
atotal of2k — n + 1 choices. The recurrence follows. O

Another family counted by the Euler up-down numbers is thd®$, of simsun permutationi24]. A
permutation is simsun if it has no double descents, even itaovingn,n — 1,...,k for any k. For
example, 25637814 is not simsun: removi)g, 6 yields the permutation 25314, whefe< 3 < 1 is
a double descent. It is known (e.g. [5]) thati,, . is the number of simsun permutations[of with &
descents then

TSk = (k+ 1)rsp—1k+ (n—2k+ 1)rsp_15-1 @)

with initial conditionsrsg,o = 1 andrs,, = 0 for k > [n/2].
We have the following relationship between simsun pernrtatand 000-avoiding inversion sequences.

Corollary 2 The number of00-avoiding inversion sequences In with n — k distinct entries is the
number of simsun permutations|ef with k& descents.

Proof: The number ot € 1,(000) with n — & distinct entries is obtained by replacikdoy n — k in
the recurrence of the previous theorem. IE&t, = E, ,,—; be the number 0600-avoiding inversion
sequences i, with n — k distinct entries. This gives:

Fn,k = (n—(n—k)—i—l)Fn,Lk—i—(2(n—k)—n+1)Fn,1_,k,1 = (k—|—l)Fn,Lk+(n—2k+1)Fn,17k,1
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with initial conditionsFy o = 1 andF,, ,, = 0 for k > |(n/2)], the same recurrence satisfiedsay, ;.. O

It would be interesting to have a natural bijection for Ctan} 2.
The Entringer numbersd,, ., count the number of down/up permutationsjof+ 1] with first entry
equal tok + 1. (These are A008281 in the OEIS [10].) They satisfy the nemae

dn k= dn,k—l + dn—l,n—k-

Our calculations suggest the following.

Conjecture 1 Forn > 1and0 < k <n — 1, d,, x is the number o¢ € I,,(000) withe,, = k — 1.

3.2 Avoiding 00L 2"~! and S,,(132,231)

In this section, we show that the 001-avoiding inversionuseges are counted by powers of 2. This
indicates a natural connection betwdgri001) and permutations of length avoiding certain patterns
of length 3: the permutations i8,, avoiding both213 and312 are counted b2"~!, as are nine other
pairs of permutations aif23. This was shown by Simion and Schmidt in [23]. Rotem in [19jwkd the
(231, 312) case.

Theorem 9 (Simion-Schmidt) |S,,(«, 8)| = 2"~ for any of the following pairgc, 3) of patterns:

(123,132), (123,213), (132,213), (132, 231), (132, 312),

(213,231), (213,312), (231,312), (231, 321), (312, 321).

Observation 5 For n > 1, I,(001) is the set ot € I,, satisfying, for some € [n],

e1 <eg< o< e > eyl > € > > ey (8)

Theorem 10 Forn > 1, |L,(001)| = 271,

Proof: We give two proofs based on Observation 5.

First proof. In an inversion sequeneesatisfying (8) for some, it must be the case that is maximal
(i.e. e; = i — 1) wheneverl < i < t. It follows that the rest of the sequenge= (ety1,...,e,) can
be viewed as a partition that fits in an— ¢ by t — 1 box, of which there arg("~*)*(!=1) = (»~1).
Summing ovet from 1 to n gives the result.

Second proofRecall from Section 1 the bijectiofi(n) : S,, — L, form = m ... 7, € S, defined by
O(m) = (e1,e2,...,en), Wheree; = |{j | j <iande; > e;}|. Note thate € I,, satisfies (8) if and only
if 7 = ©71(e) satisfies

T >Ty > e > My < M1 < Mg < 00 < Ty

Such permutations are the ones that avoid k8thand231, so the result follows by Theorem 9. O
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3.3 Avoiding 011 the Bell numbers

In this section we show that tiid 1-avoiding inversion sequences are counted by the Bell ntenbe
TheBell numberB,, is the number of ways to partition arrelement set into nonempty subsets called

blocks The numbersS,, ;, of such set partitions int& blocks are known as th8tirling numbers of

the second kindind they satisfy the recurrené, , = kSp—_1% + Sn—1,,—1 With initial conditions

Observation 6 The011-avoiding inversion sequences are those in which the pesititries are distinct.

Theorem 11 The number ofi11-avoiding inversion sequenceslip with k zeros isS,, .

Proof: An inversion sequence € I,(011) with k£ zeros can arise from an inversion sequence in
I,-1(011) in one of two ways. lIfe,, = 0 then(ey,...,e,—1) € I,_1(011) hask — 1 zeros. Other-
wise, (e1,...,e,—1) € I,_1 hask zeros and, by Observation 6, it has- 1 — & distinct positive entries
(out of the possible: — 2 positive elements ofn — 2].) This means that any of the remainikg- 1
positive elements can be assignea}o as well as the new possibility — 1, for a total ofk. Since the
only e € I,(011) with one zero i§0, 1,2, ...,n) and the only € I,,(011) with n zeros is(0, 0, .. .,0),

the recurrence of the Stirling numbers is satisfied with #raesinitial conditions. O

A restricted growth functiois a finite integer sequenee= (v, ...,v,) withv; = 1 and forl < i <
n, v; < 14+ max{vy,...,v;—1}. LetG, be the set of restricted growth functions of lengthElements
of G,, encode partitions ofin]: given a partitionlI of [n], order the blocks ofl as By, ..., By so that
min(B;) < min(B; 1) for 1 <14 < k. Thenv € G,, corresponds to the set partitibhwherei is in block
By of IT if and only if v; = b. The number of distinct entries ofis the number of blocks df.

For example ifvt = (1,2,3,1,3,2,4,5,6,3,4,2) then

I = ({1,4}, {2,6,12}, {3,5,10}, {7,11}, {8},{9}).

The proof of Theorem 11 gives rise to a bijection frdm011) to G,,. For an integer sequenge
let zerogs) be the number of zeros in LetI(011) be the set of alb11-avoiding inversion sequences,
regardless of length an@ the set of all restricted growth sequences.

Define a maps : I(011) — G for e € I(011) recursively. Ifle] = 1, thene = (0) and we define
k(e) = (1). Forle] = n > 1, assumex(ey,...,e,—1) has been defined and let= zeroge). Recall
from the proof of Theorem 11 that sineec 1,,(011), if e,, > 0 thene,, must be one of thé elements
of [n — 1] — {e1,...en—1}, call thema; < as < --- < ai. So with that notation, we definge) =
k(e1,...,en—1) - vy, Wherev,, =k +1if e, =0andv, =iif 0 < e, = a;.

For examplex(0,0,0,1,4,3,0,0,0,6,8,5) = (1,2,3,1,3,2,4,5,6, 3,4,2)

Itis not hard to prove by induction thatdf= (e, ...,e,) € I(011) ands(ey, ..., e,) = (V1,...,0p)
thenl < v; < zeros(es,...,e;) for all ¢, from which it clearly follows thaf(vy,...,v,) € G. ltis
straightforward to reverse, giving a length-preserving bijection betweE011) andG.

3.4 Wilf-equivalent patterns 101and 110 S, (1-23-4)

Our calculations suggested that the pattdfiisand100 are Wilf equivalent on inversion sequences. The
avoidance sequence for both patterns agree with sequeri@?217 in the OEIS [10], where it is said to
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be|S,,(1-23-4), the number of permutations avoiding the pattern 1-23a,ith) with noi < j < k such
thatm; < m; < mj41 < 7. The asymptotics ofS,,(1-23-4) were studied by Elizalde in [8], where he
established good upper and lower bounds.

The OEIS led us to a paper of David Callan [4], which shows plemmutations ofn] avoiding 1-23-4
are in bijection with increasing ordered trees with- 1 vertices whose leaves, taken in preorder, are also
increasing. Callan showed thatif, ; is the number of such trees with+ 1 vertices in which the root
hask children then

n—1

Unk = Un-1,k—1 T K Z Un—1,5 )
j=k

with initial conditionsug ¢ = 1 andu,, , = 0if £ > n, orn > 0 andk = 0.

Theorem 12 |1,,(101)| = |S,,(1-23-4).

Proof: Let Z,, ,, be the number of € I,,(101) with exactlyk zeros and let,, , = |Z,, x|. We show that
zn,1; Satisfies (9) with the same initial conditions.

Let Z,, . be the number o € Z, ;, with exactly? ones. Recall that applying_, to an inversion
sequence decreases the positive entries by 1.

Definey : I, — I,_1 by y(e1,...,en) = o_1(e2,...,e,). Note thaty(Z,, k.¢) = Zn—1kte—1. IN
fact, if ¢ = 0, y is a bijection betwee#,, ; o andZ,,_; ;1. However, if¢ > 0, each elementaf,,_; _;
is the image undey of £ elements ofZ,, .. To see this, let € Z, ., and lete = (e, , €p,, - -, €, ,),
be the subsequence @tonsisting of the zeros and onessinNotee;,, = 0 and, since: avoids101, the’
ones ine must be consecutive. There drsuch ways to place the onesdnnamely as:

(eb2a s aeb1+l)a (ebsa s aebz+l)7 s (ebk+1v s 7ebk+l)'

Thus, sincez, k. = Y2070 | Zn kel = |Znpol + X021 | Zn k.l we have

n—k n—k
Znk = |Zn-1k-1]+ E k| Zn-1k+e-1] = Zn—1k—1 +k E Zp—1,k+6—1-
=1 =1

Clearlyzp o = 1 andz, = 0if £ > n, orn > 0 andk = 0. Re-indexing the summation gives (9). O

Comparing the proof of the recurrence fgr;, here with Callan’s proof of the recurrence for ;, gives
rise to a bijection between01-avoiding inversion sequences wikthzeros and ordered increasing trees
with increasing leaves in which the root Hashildren. We omit the details for now.

Theorem 13 |1,,(101)| = |1,(110)|.

Proof: We observe that the number ok I,,(110) with k£ zeros and ones satisfies the same recurrence
(9). The proof follows the same process as that of Theoreno 112et point of considering the substring
of 0's and 1's for some < 1,,(110). Sincee now avoidsl 10, in the substring = (e, , €p,, - -, €t ),
consisting of its zeros and ones, all but the firehes must be in the laét- 1 positions ofé. This leaves

k possible positions for the first on&s, bs, . . ., bi11. O
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Using the recursion (9) fok,, x+1 andu,, x, if we takeku,, x+1 and subtractk + 1)u,,  the result is

k+1

T (un,k - un—l,k—l) .

Is there a simple interpretation for this in terms of invenstequences, trees, or permutations?

3.5 Avoiding 010 avoiding 100
Our calculations show that the number of inversion sequeaeeiding the patterd10 is given by:

Un,k+1 + kun—l,k =

1,2,5,15,53, 215,979, 4922, 26992, . . .,

but this sequence did not appear in the OEIS (is is now A268a7@ we do not yet know how to count
it.
Similarly, we have calculated thgt, (100)| begins like this:

1,2,6,23,106, 565, 3399, 22678, 165646, . . .,
but it also did not appear in the OEIS (it is now A263780).

4 Revisiting 021-avoidance

In this section, we delve deeper into the structure of 02diebrg inversion sequences and their relation-
ship to structures counted by the Schrdoder numbers. Riesintroduce a bijection that illustrates further
natural correspondences between statistics in inversemsences and Schroder paths. After, we consider
the ascent statistic, which we show is symmetrit,jf021) via a bijection with certain black/white binary
trees.

4.1 Another correspondence between I,,(021) and Schroder paths

Now we define a different bijection, which serves as a tooktate different statistics between inversion
sequences and Schroder paths. Using Observation 2, weedned for any € 1,,(021), e can be written
ase = bob1bs...b,_1 whereb; is the substrinde;, e;11,. . ., e;) such thak; is the first occurrence
of k, and, for everyt € {i,i+ 1,...,j}, we havee, = k ore; = 0. We call eactb;, ablockand say
that someby, is maximalif by = (exy1, ext2,. .., e;) (Makinge,+1 a maximal entry). Notice that any
maximal entrye ;1 must be the first entry ds,.

For example, ife = (0,1,0,1,0,2,5,7,7,7,9,0,10,11, 12), thenby = (0), b; = (1,0,1,0), by =
(2), b5 = (5), b7 = (7,7, 7), bg = (9,0), b10 = (10), b11 = (11), b12 = (12), andb3 = b4 = b6 =
bs = bi3 = by4 are all empty strings. Additionallyyg, b; andb; are maximal.

This decomposition is essential to describing our bijectiti also produces a recurrence relation on
021-avoiding inversion sequences.

Theorem 14 LetY,, . be the number of21-avoiding inversion sequences of lengtlwith & maximal
elements, including; = 0. Then

n—1

Yor =Y 14-1+2 Z Yn—1,, (10)
i—k

with initial conditionY; ; = 1.



Patterns in Inversion Sequences | 15

Proof: Given a 021-avoiding inversion sequence of lengthith £ maximal elements, Idb; be the last
maximal block. Consider the effect of removing the lastgnfrb;. If b; contains only one element, then
b; = b, since it is the last maximal block, and removibg gives an inversion sequence contributing
to Y,,—1,x—1. If b; contains more than one element, it could eng or 0. Either way, removing the last
entry shifts everything followindy; one position earlier. This shift may result in a number ofitodal
maximal blocks followingb;, so the resulting inversion sequence contributes to tme ¥6r_, ; where
k<i<n-—1.

Conversely, a 021-avoiding inversion sequence of lemgttith &£ maximal elements can be obtained
from a 021-avoiding inversion sequence of length- 1 with £ — 1 maximal elements by appending
n — 1 to the end. Additionally, given any 021-avoiding inversgaguence of length — 1 with at least
k maximal elements, ib; is thekth maximal block, we can obtain a some= I,,(021) with £ maximal
blocks by appending eithgror 0 to the end ob;. By doing this, all maximal blocks followinb; are no
longer maximal, since the entries have been shifted, iaguiti the desired number of maximal blocks.
m|

A valleyin a Schroder Path is B step immediately followed by abi step. Let thevalley wordof a
Schroder Path be the word obtained when any consecifivés replaced with & . So the Schroder path
UUDUFUDUFDDDUUDUDDUUUFDDD from Figure 1 would have valley word

UUVFUVFDDVUVDVUUFDDD.

We define a mapping : R,,_1 — 1,,(021) using the valley word for each elementfit),_,. The entries
of the valley word are interpreted as instructions for haidan inversion sequence.

Letp be the valley word of a path iR,,_;. DefineM to be a word on the elemen{8,1,2,...,n—1}
that keeps track of the current maximal blocks in the inegrsiequence being built, which we denete
Initially, set M = 0 ande = by whereby = (0). So, the initial length o€ is 1.

The valley wordp = p1ps ... p¢ is read left to right and eagh interpreted as an action performed on
M ande.

e If p;, = U, append/; to the end ok and M, where/; is equal to the current length ef This is
equivalent to starting a new blodi, at the end ot.

e If p;, = D, delete the last entry af/.
e If p, =V, append a 0 to the end of blotk wherej is the last entry of\/.
o If p; = F', append g to the end of bloclk; wherej is the last entry of\/.

Notice that this construction yields an inversion sequenitte weakly increasing positive entries and
therefore avoids 021. Additionally, is reversible and is a bijection. As an example,

$(UUVFUVFDDVUVDVUUFDDD) = (0,1,0,0,2,0,2,5,0,5,9,0,12,13,13),
is the image of the Schrdder path in Figure 1. Notice thatignot the same as
p(UUVFUVFDDVUVDVUUFDDD)

from Section 2.1.
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The bijectionp succeeds in relating different statistics in 021-avoiditvgrsion sequences and Schroder
paths. In the following theorem, the numberlafe zerosin an inversion sequencec I,,(021) is the
number of zeros occurring in the blocksbs ...b,,_;. Additionally, the number of distinct nonzero
values in an inversion sequenee= bob1bsy ... b, 1 € 1,(021)is |{b; | i # 0,b; # €¢}|. By using the
definition of ¢, we achieve the following results.

Corollary3 Forn > 1,

1. ifp € R,—1 with k valleys, therp(p) is an inversion sequence I (021) with k late zeros.

2. ifp € R,_1 wherek is the number of occurrences &fin the valley word op (alternatively, this
is the total number of up steps minus the number of valldyshd(p) is an inversion sequence in
I,,(021) with k distinct nonzero values.

3. if p € R, hask flat steps at height 0, the#(p) € I,,(021) begins withk + 1 zeros.

The number of Schrdder paths of lengthvith & valleys is counted by A101282 in OEIS.

Based on our computations, the following statistic seenmtoespond between inversion sequences
and Schroder paths. However, neithenor ¢ provide the necessary correspondence. a&oentin a
Schroder path is a maximal sequence of consecutive up steps

Conjecture 2 The number op € R,,_; with k — 1 ascents is equal to the numbereof 1,,(021) with &
distinct values.

The sequence in Conjecture 2 is counted by A090981 is OEI8itiddally, notice that Conjecture 2 in
tandem with (2) from Corollary 3 would prove that the numbieschroder paths iR, _; with k£ ascents
is equal to the number of paths Ry, _; with k& occurrences ol/ that are not a part of a vallepU'.

4.2 A symmetric statistic on 021-avoiding inversion sequences

As ascentin an inversion sequenceis an index: such thate; < e;11; the number of ascents in
is denoted byasc (e). In this section, we show that the ascent statistic is symmeh 021-avoiding
inversion sequences. That isgif ; is the number of € I,,(021) with k ascents then,, = an n—k—1.

We make use of a tree structure that appears in the thesisaf Brake [6]. DefineJ,,_; to be the
set of rooted binary trees an— 1 nodes, where each node is either black or white, and no natie is
same color as its right child. For an example, see Figure 3.7Lbe the set of all such trees with no
restriction on the number of nodes. In [6], Drake uses anrgiwa theorem for labeled trees to compute
the generating function foy", keeping track of the number of black nodes. One consequsrbat
|Tn| = rn, thenth large Schrdder number.

The trees iff,, are also related by a natural bijection to the separableytatians inS,,. A separable
permutationis a permutation that can be completely decomposed witletdined skew sums; the trees
in 7,, provide the recipe for this decomposition. (See [2].) Theasable permutations i8,, are exactly
those that avoi@413 and3142 and it is known thatS,, (2413, 3142)| = r,, ([22, 26]).

Returning to the ascent statistic on inversions sequenbasyve that for a fixed number of nodes, the
number of trees ifi” with & black nodes is the same as the number Wwitvhite nodes. Thus the symmetry
of the ascent statistic di3,(021) is a consequence of the following, which we will prove.

Theorem 15 The number of trees iff,,_; with k£ black nodes is the same as the number of inversion
sequences i, (021) with k ascents.
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Theorem 15 will follow from Proposition 1 below once we defareappropriate bijection. From that
we will have the following.

Corollary 4 Leta, ; be the number of € I,,(021) with k ascents. Then,, = an n—k—1-

We define a bijection betwedn (021) and7,,—1 such that the number of ascents in an inversion se-
quence is equal to the number of black nodes in the correspphicee. Define two operations oh.
GivenT,S € T, letw(T,S) be the tree with a white root that has left subtféand right subtreé.
Similarly, define3(T, S) to be the tree with a black root that has left subffeand right subtre&. Note
thatinw(T, S) andg(T, S), the treeS is required to have a black root and white root, respectively

Throughout this section, 1d£°(021) = {e € L,,(021) | e2 = 0} andI®! = {e € 1,,(021) | ex = 1}.
These sets are nonempty only fop> 2.

We define a bijection : 1,(021) — 7,—1 recursively. Set(0) to be the empty tree. The mapping
7 will be defined such that any inversion sequenc#ft{021) maps to a tree with a white root and any
inversion sequence iff!(021) maps to a tree with a black root. Anytime we consider the djmera
w(r(e),r(e")) and B(r(e'), (")), we will ensure that” begins with0,1 and0, 0, respectively, or
e’ = (0) in order to satisfy the condition on right children.

Given any inversion sequenee= (e, e, €3, ..., ¢,) € 1,,(021), we can consider two cases based on
whetheres = 0 orex = 1 (which is equivalent te € 19°(021) or e € 1%1(021), respectively). Let be
the largest value such that = e3 = ... = e;11. Additionally, letk + 1 be the earliest position after
¢+ 1suchthaky,; > k — ¢+ 1. If there is no such position, skt= n. Define

() = W(T(OZ cop—k(€rt1, €ht2y -y n)), T(0, €042, €043,...,65)) (fea=0
B(T(0° - op—k(Cri1, €hi2,s - €n)), T(0, €042, €043,...,e,)) ifea=1

where(0? denotes the sequencefateros. For an example, see Figure 3.

First we show tha0’ - oy (ert1,exi2,---,€,) iS @ 021-avoiding inversion sequence. Fdr-
ov—k(€k+1,€kt2,---,e,) €ach entrye,,; is in the (¢ + 4)-th position. So we must show that when-
evereg; # 0, we havel < ey, — k + £ < £+ i. By choice ofk and Observation 2, it follows that
k—(+1 < exy; < k+iandthe resultimmediately follows. Finally, note th&try 1 (exy1,er12,.-.,en)
will avoid the pattern 021, since its nonzero entries mustkheincrease.

Now consider(0, esy2, o453, ..., ¢ex). We know the nonzero entries 00, epy2, €r13, ..., ex) Will
weakly increase. Additionally, for € {¢ 4+ 2, + 3,...,k}, e; is in position: — ¢. Whenever,; # 0
we wantl < e; < i — ¢; this immediately follows by choice df. Therefore(0, es2,€es13,...,€5) IS a
021-avoiding inversion sequence. Notice that the defimitiof ¢ andk imply thate, o = 1 whene; =0
andey; 2 = 0 whenes = 1, which is necessary to satisfy the condition on right cleifdr

The mapping- has an inverse, ensuring that it is a bijection frb021) to 7,,—1.

Our bijection provides a correspondence between a numbstatétics on inversion sequences and
trees. First, we settle Theorem 15 with the following prapos. GivenT € T, defineB(T') to be the
number of black nodes ift.

Proposition 1 For anye € 1,,(021), asc (e) = B(7(e)).

Proof: (Induction.) We immediately see that this is true foe= 1. Forn > 1, lete € 1,,(021) with j
ascents. We show thafe) has;j black nodes. Setandk to be defined as in the definition of
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7(0,0,0,1,0,0,4,7,7,0,9,0,9,11,14) =

Fig. 3: An example ofr : I,(021) — Tn—1.

If £ = n—1, thene = (0,0,...,0) ore = (0,1,1,...,1). In either of these cases, the only
nodes ofr(e) are in the leftmost branch. Additionally(0,0,...,0) is a tree with all white nodes and

7(0,1,1,...,1) is a tree whose root is black and all other nodes are white.B%o(e)) = asc(e) in
either case.

If ¢ < n—1andk = n, then? + 1 is an ascent; additionally, if € 121 (021), then1 is guaranteed to be
an ascent. The only ascentsadbesides these are elementg6f+ 2, ¢ + 3,...,n}. Notice thatr(e) =

W(T(09),7(0, e02,€013,...,en)) if e € 199(021) or 7(e) = B(7(09),7(0, ep12,€r43,...,¢€,)) if € €
191(021). In each of theseB(7(e)) = B(7(0,er42, €043, --,en)) andB(r(e)) = 1+ 7(0, ery2, €13,
..., en) respectively. It follows inductively thaB(r(e)) = asc (e).
Now, if / < n — 1 andk < n, we have the following argument, which we break into two sadé
es = 0, then the choice of andk requires that + 1 andk are ascent positions. Additionally, there are no

ascentsirfe, ea, €3, ..., ep41), SOasc (e) = 1+asc(epia, €r43,...,ex)+14asc(ext1, Chta,---,en)-
It follows that
B(r(e)) = B(1(0°: op—(ert1,€rt2,---,€n))) + B(1(0, €042, €043, ..., €x))
= asc(0° op_p(err1,ehi2,---sen)) +asc(0,epra,€or3,...,ex)
= asc(€kt1,€kt2,---,6n) + 1+ asc(epta,erqs,...5) +1
= asc(e).
If e2 = 1, then the definitions of and k require thatl, ¢ + 1, andk are ascent positions. Addition-
ally, there are no ascents (@2, es,...,ep+1), SOasc(e) = 1+ 1 + asc(ept2,€r43,...,€5) + 1+
asc (Ex41, k42, - - -5 €n). It follows that
B(T(e)) = 1+ B(T(OZ . Ué—k(€k+1,€k+27 ceey en))) + B(T(O, €l42,€043, -+, ek))
= 1+asc(0° op—p(ert1,ert2,..- en)) +asc(0,ery2, €043, ..€x)
= 1+ asc(egt1,€kt2,---,6n) +1+asc(epio,erys, ... e5)+1
= asc(e).
O

It would be nice to have a direct combinatorial proof of Ctant 4.
There are two other natural statistics on trees and inverouences for which provides a corre-
spondence.
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Theorem 16 The number of maximal values in an inversion sequeneeI,, (021), not counting the
initial zero ofe, is equal to the number of black nodes in the leftmost branef{d).

Proof: Lete € I,,(021) with ¢t maximal values. By choice dfandk in the definition ofr, none of the

entrieses, ey, . . ., x Of e can be maximal. Therefore, the maximal valueg &fill all occur among the
entrieses, ez, €x11, €k+2, - - -, €,. Additionally, if e; is maximal, wheré € {k + 1,k + 2,...,n}, then
that corresponding entry will be maximal® - oy (ext1, €ri2;s---»en).

The number of black nodes in the left branchré#) is equal to the number of black nodes in the left
branch ofr(0°-o;_j(ext1, €rt2, - - -, en)) if ea = 0. If e3 = 1, then the number of black nodes in the left
branch ofr(e) exceeds the number of black nodes in the left braneH(@f - o1 (ex+1,€rt2,-- -5 €n))
by one. The result follows inductively. |

The mappingr visibly encodes the number of initial zeros in an inversieguence. The following
corollary follows quickly from the definition of.

Corollary5 Lete € 1,,(021) where0 = e; = es = --- = egy1. Then the toff nodes of the leftmost
branch ofr(e) are white.

5 Concluding remarks

This report only scratches the surface of pattern-avoidamdénversion sequences, but we hope that it
demonstrates the surprising ability of pattern-avoidimgersion sequences to provide simple and natural
models for familiar combinatorial sequences.

A number of open questions have been raised throughout #erp most notably, finding general
expressions for the avoidance sequences for the paft2end 10, and010. In addition to settling Con-
jecture 1 in Section 3.1 and Conjecture 2 in Section 4.1, itld/be nice to see a simple bijection between
I,,(012) and Boolean permutations pf] (Section 2.1); a combinatorial interpretation of the reeoce
at the end of Section 3.4 for the number of inversion sequetk, (101) with k zeros; and a direct
combinatorial proof of Corollary 4 in Section 4.2.

There are many obvious ways to extend or generalize this:vaanksider longer patterns, sets of pat-
terns, other statisticg;analogs, bijective proofs, or more natural bijectionstls@numeration questions;
or even consider pattern avoidancdjfi for other sequencesof positive integers.

In Part Il of this report, we consider a different generdlza of pattern-avoidance in inversion se-
guences and discover some nice surprises, a few conjectmeseveral open questions.
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We have extended classical pattern avoidance to a newwgteuchultiple task-precedence posets whose Hasse diagrams
have three levels, which we will call diamonds. The verticEsach diamond are assigned labels which are compatible
with the poset. A corresponding permutation is formed bylirgthese labels by increasing levels, and then from left
to right. We used Sage to form enumerative conjectures ®asisociated permutations avoiding collections of pagtern
of length three, which we then proved. We have discoveredegtibn between diamonds avoiding 132 and certain
generalized Dyck paths. We have also found the generatirgjifun for descents, and therefore the number of avoiders,
in these permutations for the majority of collections oftpats of length three. An interesting application of thiskvo
(and the motivating example) can be found when task-prexadposets represent warehouse package fulfillment by
robots, in which case avoidance of both 231 and 321 ensuresewer stack two heavier packages on top of a lighter
package.
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1 Introduction

In this paper, we continue a rich tradition of extending tban of classical pattern avoidance in permuta-
tions to other structures. Given permutations- 7o - - - m, andp = p1p2 - - - p.,, We say thatr contains

p as a pattern if there exi$t< iy < iz < --- < i, < nsuchthatr;, < m;, if and onlyif p, < pp. In this
case we say that;, ;, - - - m;, is order-isomorphido p and thatr;, 7;, - - - m;,, reduces t. If = does not
containp, thenr is said toavoid p. The classical definition of pattern avoidance in permatetihas shown
itself to be worthwhile in many fields including algebraicogeetry [17] and theoretical computer science
[9]. Analogues of pattern avoidance have been developed f@riety of combinatorial objects including
Dyck paths [1], tableaux [11], set partitions [15], treed][Iosets [8], and many more. We use a definition
of pattern avoidance that is similar to that used in the stofdiyeaps [10], but distinct from that used in
previous studies of trees. Unlike the question studied bgkitts and Weiler [8] which identified classes of
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Fig. 1.1: An element ofDs 2(321).

posets for which certain properties are preserved, we esxttenenumerative question of pattern avoidance
to a particular class of posets.

A task-precedence posista poset which represents the order relations betweenadéasks to be com-
pleted. We are particularly interested in considerindentical task-precedence posets, and here we focus
our attention on those sets of tasks that require one taskropleted before any others, and one final task
after any others, with no restrictions on the rest of thedaskhe list. When considering a list dftasks,
the Hasse diagram of this poset is a diamond, and as such Wweefgil to a task-precedence poset of this
type with v tasks as aliamondwith v vertices (each withy — 2 vertices in the middle level). We then
assign unique labels fro#l, 2, . .., vd} to each vertex such that the labels obey the order relatibeaah
diamond. We then refer to the set of all such labelled caiestof diamonds a®,, 4.

Given an elemenb of D, ; we associate a permutatian, by recording the vertex labels as they are
encountered reading the labels on each diamond consdygutefé to right by levels, beginning with the
least element. For example,ii# is as pictured in Figure 1.1, therp, = 156273498(10). We say thatD
contains (respectively avoidgys a pattern ifrp contains (respectively avoidg)hs a classical pattern, using
the definition above. We will abuse notation and sometimis te an element oD, 4 and it's associated
permutation interchangeably. L&, 4(P) be the elements db, 4 that avoid all patterns in lisP. While
Figure 1.1 contain$23, 132,213, 231, 312, it is a member oD;5 5(321). Two patterns on diamonds,and
B, are said to be-Wilf-equivalentf they have the same enumeration, that i$7f, 4(«)| = |Dy,a(8)| for
all v andd. If so, we writea: ~y B.

Our motivation comes from a real-life application, namelffeget of robots all completing the same se-
quence of tasks in a warehouse for package fulfillment. In2bttead of having human employees walk
the warehouse floor retrieving items one after another topteta an order, Amazon began utilizing Kiva
robots in their package fulfilment warehouses [12]. Eadbotexecuted pieces of the larger task. We
assign robots to diamonds ordered by the weight of the otijegtwill deliver, heaviest object first, so that
the tasks to retrieve the first, heaviest object are reptedémdiamond, and the lightest object by the final
diamond. First the robot drives to the appropriate invgntack and mounts the rack on its back. Then it
can either drive through the warehouse highways to its piftke human employee who will retrieve the
item off the rack without leaving their station), or it cartate itself so that the appropriate side of the rack
is facing the picker. Both of these need to be completed befe final step: having the item picked off the
rack by the human employee in order to place it in its shipfiag. In this way, completing one order of
d items from Amazon.com is exactly the task-precedence pepetsented by diamonds withd vertices
each.

We now give an example of this process, referring througtmhigure 1.2. A customer has made an order
for 3 objects,o1, 02, 03, With weightsw(o1) > w(o2) > w(o3). Thus the leftmost diamond will represent
the tasks completed by the robot retrieving objecthe center diamond for retrieving objext and the
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rightmost diamond for retrieving obje8t The labels represent the order in which each task of thetal
tasks is executed. Each robot operates autonomously aegendently, and each faces its own challenges.
For example one of the objects may be at the back of the wasehthere may be significant traffic along
some of the paths the robots travel through the warehouskeapbot assigned to retrieve an object may
still be executing its previous assignment. Thus the labelthe least elements of each diamond can vary
significantly, and there can be a large difference in thelliaigeof the least element of a particular diamond
and its greatest element. In Figure 1.2, the first task catiegbis that the robot for obje6tarrives and picks

up the rack containing obje8t Next, the robot retrieving objedtarrives at the rack containing objelt
Next, the robot carrying objedt rotates its rack on its back to have the correct orientatiotingé picker.
This continues, and based on the labelling of the elememse® that objec (the lightest) is placed in its
shipping box first (in step), then object (in step11), and then objec (in step12). So our human picker
has placed two heavier objects on a lighter object (unlessiarrange the objects after packing). Then a
a sufficient (though not necessary) condition to ensuretit@heavier objects do not arrive after a lighter
object is that the associated permutation a@sitiand321.

11 12 9
1005 GQS 7<>3
2 4 1

Fig. 1.2: An example of & robot task-precedence poset whose associated permutagsmot avoid31 and321.

One could consider other applications that arise from taskedence problems, but our motivating ex-
ample can be generalized most appropriately by changtagks per autonomous robotiddasks.

The generating function for descents (gfd) for D, 4(P) is flfd(gmy) = ZDGDM(P) zdesyd, and
[ (@y) = Y2, fra(x,y). For exampleDy2(213) is the set of diamonds with associated permuta-
tions12345678,12384567,12783456,16782345,and56781234.So,fi(z,y) =
y*(1 + 4x). '

Throughout this paper, the main question we answer is “Howyngdements are i, 4(P)?” for any
collectionP of patterns of lengtB. In general we fixy > 4 and a set of pattern3 and then determine a for-
mula for the sequencgD, 4(P)|} -~ With key results fow = 4 shown in Table 1. The third column of the
table gives entries from the Online Encyclopedia of Integmguences [13]. Our results for pattern-avoiding
diamonds have connections with many other combinatoriglotd as evidenced by the low reference num-
bers. Sequences A260331, A260332 and A260579, howevareareesults particular to this study of task
precedence posets.

Our task, which answers our primary question, is to ﬁﬁg(x, y). Then when we substitute= 1 and
take the coefficient of, we obtainD, 4(P)|.

In Section 2 we consider collections of diamonds that avosihgle pattern of length 3. In Section 3
we consider collections of diamonds that avoid a pair ofguatt of length 3, and in Section 4 we consider
collections of diamonds avoiding three or more patterngofth 3. Finally in Section 5, we list some open
problems relating to this work.
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PatternsP {IDa,a(P)} 44 OEIS Result

0 2,280, 277200, 10090080000, . . . A260331| Theorem 1
123 0,0,0,0,0,0,0,0,0, ... A000007 | Theorem 2
;i’; 1,5, 35,285, 2530, 23751, 231880, 2330445, ... | A002294 | Theorem 3
gi’; 2,18, 226, 3298, 52450, 881970, . . . A260332| Theorem 4
321 2,106, 5976, . .. A260579| OPEN
132,213 1,2,4,8,16,32, 64, 128, 256, . . . A000079] Theorem5
132,312

213. 231 1,2,4,8,16, 32,64, 128, 256, . .. A000079| Theorem 6
132,321

213. 321 1,5,13,25,41,61,85,113,145, ... A001844| Theorem 7
231,312 2.8,32,128,512, 2048, . ... A004171| Theorem 8
;?;’ g;i 2,14,98,686,4802, 33614, 235298, . .. A109808| Theorem 9
132,213,321 [ 1,2,3,4,5,6,7,8.9, . .. A000027] Theorem 10
231,312,321 | 2,8,32,128,512, 2048, 8192, 32768, 131072... | A081294 | Theorem 11

Tab. 1: Enumeration of pattern-avoiding diamonds whes 4

2 Diamonds avoiding a single pattern of length 3
Before we count pattern-avoiding diamonds, it is usefultoreerateall diamonds.
Theorem 1. |D,, 4(0)] = — 24X

vd(v—1)4

Proof: Letv > 4 andd > 1, first we choose labels for each diamond, and then there(are- 2)! ways to
arrange the internal vertex labels of any given diamond. idtein

R

(vd)!
vd(v —1)d’

Theorem 2. |D,4(123)] = 0.

Proof: Itisimpossible to avoid 23 while having a diamond since the pattern is inherent in didhdiamond
labellings. O

2.1 The patterns 132 and 213

The complemenbf a permutationr of lengthn, denoted byr¢, is obtained by replacing each letteby
the lettern — j + 1. Thereverseof r = w7 ... m,, denoted byr", is m,m,_1 ... 7. We letx"¢ be the
reverse-complemenf © andD, 4(p)"° be{r5 | D € D, 4(p)}.
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Proposition 1. The reverse-complement of a task precedence poset remkggalgoset and, 4(p)™¢ =
D.,,q(p™°). In addition, fork > 1, D, 4(p1,p2, - - -, Pk)"¢ = Dy a(piC, P5°, . . ., D).

Proof: This is clear from the definitions and from hdw, 4(p)"° is created fronp. O

Thus we immediately see thatE)2 ~y 213, b)231 ~y 312,¢€) 132,312 ~yr 213,231,d) 132,321 ~y
213,321, and e)231, 321 ~y 312, 321.

Given a permutation in S,,, lis() is the length of a longest increasing subsequenge for example, in
the permutation 2 5 6 3 4 7 8 alongest increasing subsequences5 6 7 8 andlis(1256347 8 = 6.
Given a permutation in S,,, rlmax(r) is the number of right-left maxima in. For example, in the permu-
tation2 4 6 8 1 3 5 7 a maximum is reached when reading right-to-left twice aindaz(246 81357 =
2. Let Dyck, 4 be the set of all paths fror0, 0) to (d, vd) using only(0,1) and(1,0) steps (East and
North steps) which stay weakly undgr= vz. Given anyp € Dyck, 4, touchpoints(p) is the number of
timesp touches the ling = vz, excluding the pointv, vd). In Figure 2.1, the Dyck path touches the line
y = 4z three times andouchpoints(p) = 3. Given anyp € Dyck, 4, corners(p) is the number of North
steps that are followed by one or more East steps im Figure 2.1, there are three places where the Dyck
path has one or more North steps followed by one or more Egs$ sindcorners(p) = 3. Given anyp €
Dyck, 4, height(p) is the greatest vertical distance from any pointpaio the liney = vz. In figure 2.1,
the longest distance from a corner in the Dyck path to thegire 4« is seven (fron(3, 5) to (3, 12)) and
height(p) = T7.

Lemmal. Any element oD, 4(132) has the elements on each diamond labelled in increasing.orde

Otherwise the label of the first element of the diamond togretbith the first descent would form1s2
pattern.

Theorem 3.
Z wrlmaz(a) xdes(d) ydzlis(a) _ Z wtouchpoints(p) xcorners(p)ydzheight(p) )

0€D, d(132) pEDycky 4

Proof:

We define a map from Dyck, 4 to D,, 4(132). To find ¢(p), first write out the heights of the East steps.
For each height, include a subscripthat indicates how many East steps are at that height. Rettess
sequence and addto every item in the list, leaving the subscripts unchangssth of the elements of this
list becomes the first label of a diamond, and then placébels in increasing order using the smallest
elements that have not already been used as labels.

As an example, refer to Figure 2.1. The heights of the Eapssiee0, 4,5, 12. When this sequence
is reversed and is added to each term, the resulting sequenceis6,51,1;. Thus the permutation
associated with this Dyck path18 14151667895 1011 121 2 3 4.

The importance of the subscriptsare evident from the image of Figure 2.3 ungefThe heights of the
East steps ar@ 3, 3, 10, and the resulting sequencelis;, 45, 1;. Thus the permutation associated to image
i$1112131445678910151 2 3 16.

This map is certainly reversible, with the first label on ed@mond forming a list, unless there is an
increase between diamonds, in which case the first labelpisated. Then the list is reversed ahds
subtracted from each element, giving us the heights of tis¢ $aps in the Dyck path.

This bijection is particularly natural when you examine ¢oan statistics on both paths and permutations.
Following touchpoints, corners, and height through thedtipn, we find they correspond exactly to right-
left maximum, descents, and longest increasing sequenitee@ermutation.

O
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(4,16j
(3,12

(2.5)

(1,4),
(0,0)

Fig. 2.1: A Dyck path from (0,0) to (4,16)

16 9 12 4
14015 708 10@11 2<>3
13 6 5 1

Fig. 2.2: Diamonds labelled according to the image of Figure 2.1 utitkebijection

(0,0)

Fig. 2.3: A second Dyck path fronf0, 0) to (4, 16).
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Fig. 2.4: An unlabelled member aP¢ ; for d/geq3, v/geq5, and;j/geq4.

Corollary 1. [D,,(132)| = [Dy.4(213)] = |Dyck, ;| = L4 (5]
Proof: These equalities hold by the bijection in Theorem 3 andatiWilf equivalence from Proposition

1. O

2.2 The patterns 231 and 312

ConsiderD in D, 4(231), and suppose labekl occurs in positiork. Then for alli < k& and for allj >
k, a; < aj. Consequently, if labeld is in positionk, then labels(1,...,k — 1) appear in positions
(1,...,k—1). We defineDg_’j to be the collection of labelled diamonds f@r 1 full diamonds withv
vertices each followed by an incomplete diamond wyitertices forj = 1,...,v — 1. Likewise Dgyj (p)
are those diamonds that avoid pattgrriNote, whenj = 1 there exist no order relations in the final partial
diamond. An example is shown in Figure 2.4.

ajj(x) (or sometimes simplyyﬁd» for brevity) is the generating function for descentsD[jj(231). In

other words,
o= Y ),
DeDg ;(231)

For example, D3 | (231) contains the diamonds with the following associated peatins: 123456,
124356, 142356, 132456, 143256, 123465, 124365, 142365, 132465, 143265. Counting descents in these
ten permutations gives the generating function for desoﬁj{(x) =1+ 4z + 422 + 23

Theorem 4.
231 i -
ff},d )(.I', 1) = ag,u(x) = ag,(vfl) + xzav,(ufl)ad
=1

where

1, ifj=1

O‘};,j: Cj_l, ifj:27...7’U—1.
Cy_o, fj=w

andC; is thei** Catalan number.

Proof: We proceed by partitioning elementsﬁtj 231) by where the largest label occurs. Let =
v(d — 1) + j be the largest label itd — 1) dlamonds withv vertices followed by an incomplete diamond
with j vertices.
Now, assumg = 1. Them label can appear on the final element or on the greatest eterhany of the
full diamonds. Whenn occurs on the final least element there Gte- 1) diamonds withv vertices that
preceden, so we then havezg;1 as the generating function for descents (gfd) for the vestiweforen that
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d—1 1
« Qyp

Fig. 2.5: ofj_yl whenm appears on the greatest element of the last full diamond.

=

1
v

«

d
Qo (j—g) \9

Fig. 2.6: ad ; whenm appears on the final (partial) diamond.

will avoid 231. Whenm appears on the greatest element ofitfiecomplete diamond, /leqi/leqd — 1, we
haveo, , ; as the gfd for the vertices befone, anda?7* as the gfd for the vertices following. Because
we have created a descent framto the least element of the next diamond or partial diamormdnwst also
multiply by z to account for this extra descent.

Hence

d—1
d _ d-1 7 —1
av,l(‘r) - au,v +x E av,(ufl)av 1
=1

Now, assume we have — 1) diamonds followed by an incomplete diamond wjtkiertices wherg =
2,...,v — 1. Them!" element can appear on any of the interior vertices but noheteast element of the
incomplete diamond, an can appear on the greatest element of any complete diamohen® appears
on any of the interior vertices of the final diamond we needdont the descents before, afterm, and
fromm itself. The descents that occur beferecan be counted by? _j—g Whereg is the number of interior
vertices followingm includingm. The descents following: are counted byy because the same number
of descents can occur in the remaining interior verticeslasnwe have a smgle incomplete diamond. We
then count the descent that results fromby multiplying our gfd byz, but we do not get a descent from
m when it appears on the final interior vertex. We then sum oNguoasible values of to give us the gfd

Jj—1
whenm appears on the interior vertices of the final diamond whigkgiisn? o1+ Z Qg gai g
g=2

Also, m can appear on the greatest element of any of the full diamatienm appears on the greatest
element of the'" complete diamond the gfd for vertices that appear befois o/ 1 anda ~ for the
vertices followingm. We count the descent from by multiplying our gfd byz. SI'he total gfd whenn

appears on the greatest element ofitfiediamond is them;,(v_l) v;Z:z:.
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v=5
d 1 2 3
of | 11 1+ 4z + 42? + 2° 1 4+ 13z + 542% + 952 +
T4z* + 2525 + 325
of , |1 1+ 5z + 727 + 223 1 + 15z + 7222 + 14923 +
1382* + 532° 4 72"
afy [ 1+2 1+72x+1522+1023+22% | 1 + 18z + 10622 + 28123 +
362z + 2252° + 6525 + 77
of , || 143z +2? | 14105+ 312% 4 362° + | 1 + 22z + 1612? + 5442° +
15z + 227 93824 + 840z° + 38325 +
8427 + Ta®
of o | 143z +2” | 141104 3727 +472% + | 1+ 242 + 18827 + 6772° +
212 + 32° 12462 + 11932° + 57925 +
13527 4 122°

Tab. 2: The recursive steps necessary to find the generating funftialescents ifDs 3(231).

Thus
d—1
d _d
au,j(x)_CYUJ 14y 1+xzaﬂj g vg'HCZav(v 1)avﬂ
g=2 i=1

forj=2,...,0—1.

Lastly, we look at when we havecomplete diamonds. The'” element can appear on any of the greatest
elements. Whem appears on the greatest element of the last diamond, the gﬁj;} 1 which counts
descents before:.

Whenm appears on the greatest element ofitheomplete diamondl(< i < d— 1), the gfd for vertices

that appear before: is o andad- for vertices followingm. We count the descent from to the
following least element by muIt|pIy|ng the gfd by
Hence .
1

() f(231((E 1)_au(v 1)+.I'ZOé ulad Z'
i=1

O
We can use this result to recursively obtdffi/ (x, 1) for anyv andd.
Corollary 2. f23'(1 y) =a? (1) = |Dy,a(231)|
Tables 2 and 3 are an example of the steps of such a compuﬂmtmgl ) andDs 5(231).
Corollary 3. |D, 4(231)| = |D,,4(312)] .
Proof: By Proposition 1231 is d-Wilf-equivalent to312. O

2.3 The pattern 321

We were unable to find a closed formula for the patté2n. In Table 4, we present the first few terms
of the sequence and the first few generating functions focetgs, which we found using Sage. We are
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v=5
d 1 2 3
of | 1 10 265
of, 1 15 435
af 2 35 1065
of, 5 95 2980
od, 5 120 | 4055

Tab. 3: The total number of permutations fo¥; 4 that avoid the patterd31 ford = 1, 2, 3.

| v=4
d Dy,a(321)] oa (2)
1 2 14z
2 106 1+ 71z + 2922 + 523
3 5976 1+ 991z + 274722 + 176525 + 4302 + 422°

Tab. 4: |D, 4(321)| and £33 (z) for d = 1,2, 3.

confident that a technique recently used by Bevan, et.alwf]ld be successful in this case too. Their
technique involved refining a bivariate generating functita a statistic called last inversion foot, using
a result of Bousquet-Mélou, and finding a functional equgtito eventually give a growth rate for the
sequence. This suspicion was confirmed by Bevan, and inHacdquence begins: 2, 106, 5976, 387564,
27247446, 2020632046, 155622020610, 1232793784492403225615208, 82224228576059340 [3].
However the authors were unable, in the time available figr ghoject, to learn all the tools necessary to
enact the technique and so the problem remains officiallpope

3 Diamonds avoiding a pair of patterns of length 3

Next, we study pairs of patterns of length While there arel5 such pairs of patterns, we focus on the
pairs of patterns, p where|D, 4(o, p)| is non-trivial.

3.1 Diamonds avoiding the set of patterns 132,213

Lemma 2. In order to avoidl32 and213, the labels on each diamond must be increasing and consecuti

Proof: By Lemma 1, the labels appear in increasing order on eachatidmThen any label “missing”
from consecutive labelling would either create if it occurred before its surrounding labels, ot & if it

occurred after. Therefore the labels on each diamond mustieecutive and increasing. O
Theorem 5. f, " (x,y) = i S ydeste) o 1T
e | T=y(l+a)

d=15€D(132,213)

Proof: By Lemma 2, we know that the labels on each diamond are cotiseand increasing, so there is a
diamond labelled, 2, ..., v, another labelled + 1, .. ., 2v, etc. So the only thing we must ensure is that
the entire collection of diamonds avoiti32 and213 between the respective diamonds. In their foundational
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paper, Simion and Schmidt enumerated permutations agpldihand213 [16], and the recursive nature of
their proof can also be adapted to find our generating funétiodescents.

The labelsu(d — 1) + 1, ..., vd must occur on either the first diamond, or the last. In the éiase, they
create a descent. In the second, they do not, givifig-a =) term in the generating function. We continue
recursively and obtain:

Z ydxdes(a(D)) =1+ Zyd(l + ,T)d_l

DeD, 4(132,213) d=1

1 1
1+ <_1+1—y(1+x)>
T 1
Itz (+0(1-y(l+2)
z(l-y(l+2)+1
(14 2)(1—-y(1+2)
1—yx
1—y(1+x).

Corollary 4. f,%%(1,y)| = =Dy (132,213)] = 24,
Y

3.2 Diamonds avoiding 132,312 and 213, 231

Lemma3. In order to avoidl32 and312, the final diamond is labelled with eithetd — 1) + 1,v(d — 1) +
2,...,vdorLo(d—1)4+2,...,vd

Proof: Sincev > 4, the labelvd must appear on the final diamond in order to awdid. Likewise the
interior vertices on the final diamond must be in consecutigeeasing order in order to avoid2, so the
v — 1 final vertices are/(d — 1) + 2,. .., vd. If the label on the first vertex of the last diamond were some
number; other thanl orv(d — 1) + 1, then the first vertex of whichever diamon( — 1) + 1, along with
v(d —1) + 1, andj would form a132. O

1—yx
Theorem 6. f132312( d ydes(o) _ _
& ;aeDlzBQ 312)y 1-y(+u2)

Proof: We proceed similarly to the proof of Theorem 5 with a reclesitgument. By Lemma 2, the final
diamond has only two possibilities, one of which forms a éesavith the previous diamond, and one of
which doesn’t. Thus our descent generating function gaifisiaz) term for each additional diamond, and
exactly as in Theorem 5, the result follows. O

Corollary 5. f,%°(1,y)| = =Dy 4(132,312)| = [D,,a(213,231)] = 271,
Y

Proof: By Proposition 1213, 231 is d-Wilf-equivalent to132, 312. O
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3.3 Diamonds avoiding 132,321 or 213, 321
Lemma 4. Any diamond avoiding32 and321 has at most one descent. Moreover, if there is a descent, it
involves the label.

Proof: By examination of cases, any arrangement of two descentssfeither al 32 or a321. If a descent
does not involve thé, then either thé occurs before, causingld2, or thel occurs after, causing3®1. O

S 1-2y+y? 2
Theorem 7. f,°2% (z,y) => Y gyl = %j_y ;g vty
d=10eD(132,321) Y

Proof:

By Lemma 4, we need only enumerate those diamonds with oreedieshere the descent involves the
1. Everything after thd increases, as does everything beforelthén fact, the permutations associated to
diamonds that avoidi32 and321 look like a portion of the identity permutation was deleteahfi the front
and inserted after positiom, fori = 1,...,d — 1. Wheni = d — 1, there are possibilities for how many
numbers appear consecutively withincludingl. Wheni = d — 2, there ar€v possibilities, etc. When
i = 1, there argd — 1)v possibilities. Thus we havkd(d — 1) diamonds with one descent, and one with
zero descents. Thus,

s v
Z ydzdes(@) = Z yL+ gd(d — 1)a]
d=0

=Y v+ Yo yldd-1)
d=0 d=0

50 ()

1 vay?
l—y (I1-y)
(L-y?  _vay’
(1-y? (A-y)?
- 1— 2y + y? + vry?

(1 —y)?
O
Corollary 6. 1,7 (1,y)| , = [Dy.a(132,321)| = |D.4(213,321)] = 1 +v (452
Proof: D, 4(213,321) andD, 4(132, 321) ared-Wilf Equivalent by Proposition 1. O

3.4 Diamonds avoiding 231, 312

N r+yr(1+2)"2+1
Theorem8. f23 % (w,y) => " Y yha®l?) = 1
d=105€D(231,312) (1+2)(1-y(l+z)*2)
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Proof: Letn = vd be the largest label on a diamosde D, 4(231, 312). Avoiding the patterr231 means
the 1 must be at the beginning and avoiding the patardimplies everything aften. must be decreasing
which forcesn to the end of the permutation. By a result of Simion and Schondpermutations, there are
2v=3 ways to arrange the middle-level vertices within each oftdéamonds in order to avoid bof#$1 and
312 creating betweefl andv — 3 descents [16]. There are also two ways to either swap or reqt sive last
element of each diamond with the first element of the nexts ghies the following generating function.

Z ydxdes(a(D)) =14 Zyd(l + I)(u72)d71
DeD, 4(231,312) d=1

_ Ly 2))@=2)
_1+(1+x);(y(1+ )2

1 1

(+a)  (A+a)(-—yd+a)?)
r+yr(l+x)""2+1

14+z)(1 -yl +z)v2).

U7

Corollary 7. f231%2(1,y)| = = |Dy a(231,312)] = 24(-2)-1
Y

3.5 Avoiding 231, 321
Lemma 5. All labels that appear aften = vd must be consecutive and increasing, and,if# n, then
a, =n—1.

Let ﬂjjj be the generating function for descentsItp ;(231,321). Recall Figure 2.4 is an example of
d — 1 full diamonds withv vertices followed by an incomplete diamond wjtkertices for; = 1,...,v— 1.

Theorem 9.
d—1

231,321 —1
fv,d (:Ea 1) = g,v = ﬁg,(vfl) + xzﬁg,(v—l)
=1

where
1, ifj=1
1 _ ji—1 o
b =2, fi=2.. 01
272 ifj=w

is the generating function for descents @y 4(231, 321).

Proof:

We approach the proof similarly to that of Theorem 4 and partiour diamonds by the position of the
largest element and proceed recursively. Because thegasefvery similar, we omit the details of this
proof for brevity. The only differences are that since we mow avoiding321, we have no descents after
the appearance of the largest label, and we have differitial iconditions on one diamond.

O

Table 5 is an example of using this recursive technique totfiedgenerating function for descents in
D5 3(231,321).
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v=5
d 1 2 3
g,l 1 1+ 4z + 327 1+ 13z +412% 43723 + 1222
7,1 1+ 5z + 622 14152+ 5427 4 6227 + 2427
By [ 1+42 1+ 7z + 1327 + 323 1 + 18z + 8027 + 12827 +
732* 4 122°
a7, | 1432 1+ 10z + 2527 + 1223 1+ 227 + 12122 + 24823 +
184x* + 4825
g75 143z 1+ 11z + 2822 + 1223 1+ 24x + 13422 + 27323 +
1962 + 48z°

Tab. 5: The recursive steps necessary to find the generating funfci@lescents iDs 3(231, 321).

v=5
d 1 2 3
BZ, 1 8 104
Be, 1 12 156
Be, 2 24 312
BZ, 4 48 624
EfE [ 52 | 676 |

Tab. 6: The total number of permutations fd¥; 4 that avoid the pattern®31, 321) whend = 1, 2, 3.

Corollary 8. f23%21(1,y)

= 55,1;(1) = |D,,q(231,321)| = |D, 4(312,321)|.

Proof: By Proposition 1231, 321 is d-Wilf-equivalent to312, 321. O

4 Diamonds avoiding three or four patterns of length 3

There are only two nontrivial cases to examine when we avwoiktpatterns of length 332,213, 321 and
231,312, 321.

4.1 Diamonds avoiding 132,213, 321

1— 2
Theorem 10. f132 ,213, 321 Z Z ydIdes(d) _ (1y_+ )1729 .
d=10€eD(132,213,321) 4

Proof: Letn = vd be the largest label id diamonds withv vertices. Avoiding the patteri32 forces alll
labels beforen to be larger than all labels after. Avoiding the patteii3 forces all labels before to be
increasing. Avoiding the pattef21 forces all labels aften to be increasing. This indicates that all vertices
that appear before will be the consecutive numbers priortcand all vertices aften will be the remaining
elements ordered consecutively. A label= n iff i = vs for somes = 1,...,d, and there is only one
arrangement for the rest of the elements. Therefore, tterenly be, at most, one descent and it occurs
between diamonds. So,
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Z ddes(o’) 1+Zy 1_|_ )

Corollary 9. f,57*"%%21 (1, y)|,a = Dy a(132,213,321)| = d.

4.2 Diamonds avoiding 231, 312, 321

We will proceed by examining what changes can be made to #reitg permutation while still avoiding
231,312, and321.

Lemma 6. For labelsa;, aj, ai if a;, a; < ag, theni < k or j < k in order to avoid the pattern312 and
321.

A swapis when two consecutive labels from the identity permutasiwitch positions in the permutation.
Since any permutation can be created from the identity usivaps, restricting our changes to swaps will
not exclude any possibilities.

Lemma 7. All swaps must be disjoint in order to avaid1.

Proof: We simply examine the cases when two swaps overlap in someeitlagr with two swaps executed
on 3 elements, or two overlapping swaps4alements. O

Theorem 11. The generating function for descentsIy 4(231, 312, 321) is

[452]
v—2—
ff?d1,312,321( )= (1+2) -1, Z ( )xk.

Proof: Every final element of a diamond can either remain unchangbd swapped with the least element
of the next diamond. This then gives the generating function x)?~! for each possible swap. Lét
represent the nonconsecutive positions from which to ahacsvap among the interior vertices. Note that
in a diamond there ane— 3 positions to swap since there are 2 interior vertices. By Lemma 6 and Lemma
7 any consecutive interior vertices can only be swappedidity. Since the swaps must be nonconsecutive,
k must be chosen from — 3 — (k — 1). This gives(”_i_k). We then sum over alt in order to generate
all possible descents for a single diamond. Since we Haliamonds in which to execute these swaps, we

raise to thei'" power. The gfd foD, 4(231, 312, 321) is then(1 + z)¢~! (E]L;T:J (”_i_k):ck)d. O

Corollary 10. f2%/ %1721 (1,y)| = |D,,a(231,312,321)] = 24971,
’ Y

Coroallary 11. {|D,,1(231,312,321)|},>1 is the Fibonacci numbers.
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Proof: The base cases afP; (231, 312,321)| = 1 which is the identity, andiD, 1 (231, 312, 321)| = 2,
which is the identity permutation and the permutation whik tnterior vertices swapped. Let there be
a single diamond withy vertices, where are — 2 interior vertices that can be swapped which gives
the theD, 1(231, 312, 321) permutations that avoid the three patterns. Now considéngiesdiamond
with v + 1 vertices. The final interior vertex will either be theelement when there is no descent in
the last two interior vertices, or the — 1 element when there is a descent between the final two inte-
rior vertices. Whenv is the final interior vertex, there are— 2 vertices that can be re-arranged. Thus
there are théD, (231, 312, 321) permutations. When there is a descent in the final two inteeatices,
there arev — 3 interior vertices that can be re-arranged, thus there aéth ; ;(231,312,321) per-
mutations. HencéD, 1 1(231,312,321)| = |D,,1(231,312,321)| + |D,—_1,1(231, 312, 321)|. Therefore,
|D.,1(231, 312, 321)| follows the Fibonacci numbers. O

4.3 Diamonds avoiding four patterns of length 3

Theorem 12. LetS be a set of at least distinct permutations of length

0, if123¢e 58
Then|D, 4(5)| = {1 if123¢ S

Proof: Let n be the largest label in any permutation. Due to the struabfithe diamonds, any set of
permutations involving 23 cannot be avoided. For any other collectioradr more patterns, the result is
easily seen using the lemmas for avoiding a single pattetieee the paper. O

5 Open problems

This investigation leaves several directions open forriustudy. We did not touch on patterns of length
4, they all remain open. We are confident the techniques of Beval. [2] will give the growth rate and
minimal polynomial for diamonds avoiding21, but in addition it is likely that these techniques would
also work for some patterns of length Although the minimal polynomials are unlikely to genezali
the transition operators in particular cases could paéinteven generalize to lengthfor the decreasing
patternk k — 1...2 1. There are also a wide variety of other poset classes thdd t@muapproached in
this manner other than diamonds. We generalized our diamby@dding additional elements and order
relations between the least and greatest elements, buboigtalso imagine creating a diamond-type poset
with more thars levels as another generalization.
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Let C be a permutation class that does not contain all layeredygations or all colayered permutations. We prove
that every permutation i@ contains a monotone subsequence of linear size.
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Ramsey’s Theorem tells us that every grapmasertices has a clique or independent set of size at least
a constant timekgn. In 1989, Erdds and Hajnal conjectured that one can do mettbrhwhen avoiding
a fixed induced subgraph:

The Erd6s—Hajnal Conjecture [2]. For every graptH there is a constardt > 0 such that every graph
onn vertices which does not contalh as an induced subgraph has a clique or independent set aftsize
leastn®.

We refer to Chudnovsky’s survey [1] for an account of the pesg that has been made toward the
Erdés—Hajnal Conjecture. Here we investigate a versiothisf conjecture for permutations. In this
context, the analogue of the induced subgraph order is thmaytation pattern order and the analogues
of cliques and independent sets are decreasing and inogeagisequences, respectively. Thus the naive
translation of the Erdés—Hajnal Conjecture to permutegis well known to hold withh = 1/2:

The Erdés—Szekeres Theorem [3]Every permutation of length at leagt — 1)(¢ — 1) + 1 contains
either a decreasing subsequence of leiigth an an increasing subsequence of lerfgth

We instead ask for a stronger conclusionpérmutation classs a downset of permutations under the
containment order. We show (Theorem 1) that unless a petimitdass contains all layered permutations
or all colayered permutations, its members contain moreosoibsequences of linear size.

The Erd6s—Szekeres Theorem is best possible in that themeamutations of lengttk — 1)(¢ — 1)
which have neither decreasing subsequences of léngthincreasing subsequences of lengthocusing
on the casé = ¢, we call a permutation of length? Erd6s—Szekeres extremifit does not contain a

*The author was partially supported by the National SciermeBation under Grant Number DMS-1301692.
ISSN 1365-8050  (© 2016 by the author(s) Distributed under a Creative CommadtribAtion 4.0 International License
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Fig. 1: The layered permutatiod2l 654 987 = @*(321) and the colayered permutatiGa9 456 123 = ©°(123).

monotone subsequence of length- 1. If follows from the Robinson—Schensted correspondendélaa
Hook Length Formula that the number of Erd6s—Szekeresmetpermutations of leng#t? is

(k2)! 2
(11-22-33---kk-(k+1)k1-(k+2)k2---(2k—1)1) ’

sequence A079402 in the OEIS [15]. One of the earliest reéa®to this formula is Stanleyldonthly
solution [12] from 1969. There has also been some recenesitén these permutations. In particular,
Romik [11] computed the limit shape of Erd6s—Szekeresexad permutations. Additional results in this
direction have been obtained by Kim [9], Pittel and Romik][Ehd Su [13].

Despite the fact that there are a great many extremal EBikeres permutations, we need to define
only two families, thdayeredandcolayeredextremal Erdés—Szekeres permutations, of which examples
are plotted in Figure 1. It is convenient to use sugnandskew sunoperations in defining these permu-
tations, which can be defined pictorially as below.

Tho = ﬂ w@a:

We use the symbolg* andcF to denote repeated sums and skew sums, respectively, satteenal
Erd6s—Szekeres layered permutation of lerigtis

oF(k---21)=(k---21)®--- @ (k---21).

k summands

We show that these two families of extremal permutationstlageonly obstructions preventing a class
from having a linear bound on monotone subsequences:

Theorem 1. LetC be a permutation class that does not contain the class ofdalyeermutations or the
class of colayered permutations. There is a constant0 such that every permutation of lengthin C
contains a monotone subsequence of length at least

One special case of Theorem 1 is quite easy. By the folkiselr¢hat every permutation avoiding
k- --21 can be written as the union &f— 1 increasing sequences (which can also be viewed as a conse-
guence of Greene’s Theorem [4]), we obtain the following.

Proposition 2. LetC be a permutation class that does not contain - 21 (or, by symmetryl2 - - - k).
Then every permutation of lengthin C contains a monotone subsequence of length at leggt — 1).
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Fig. 2: A set of2-intervals (left) arising from a set of axis-parallel remées (right).

To establish Theorem 1 we first recall some results on trasaigeof (nonhomogeneo)si-intervals
(although we only appeal to the cage- 2 in what follows). LetL4, ..., Ly be disjoint copies of the real
line. A d-intervall is a nonempty subset @f; U- - - U L4 such that eachomponenf N L; is either empty
or a closed interval. Thpacking numbenf a setJ of d-intervals is the maximum number of pairwise
disjoint elements o, and this quantity is denotedd). A subset ofL; U- - - U L, which intersects every
member ofJ is called atransversalof J and the minimum size of a transversalofs its transversal
number 7(3J).

An example of a set of-intervals is shown on the left of Figure 2. In this examples two copies
of the real line ard., andL,, and the2-intervals arel = {1, I, Is}. We haver(J) = 1 because the
2-intervals are pairwise intersecting, whitéJ) = 2 because points ofL, U L, are required to intersect
each ofly, I, andIs.

Itis trivial to see thatr(J) > v(J). In the other direction, building on and improving work of &fas
and Lehel [5] and Karolyi and Tardos [8], Tardos establistie following.

Theorem 3(Tardos [14]) For every systerfi of 2-intervals,r(J) < 2v(7J).

Note that the bound in Theorem 3 is best possible given thepbeafrom Figure 2.

Henceforth we adopt a geometric viewpoint of permutatioheng a permutation is identified with
its plot, the set of pointg (i, 7(7)) } in the plane. Given two interval® andY” of real numbers, we denote
by X x Y the axis-parallel rectangle consisting of the poifits, y) : « € X,y € Y'}. We further define
(X x Y') to be the subpermutation efformed by the entries af whose indices lie inX and values lie
inY.

Given a set of closed axis-parallel rectandlesve can naturally associate to it a $ebf 2-intervals
in the following manner. LeL, andL, be disjoint copies of the real line. For eahc R we create a
2-interval I such thatlr N L, is the projection of? onto thex-axis and/r N L, is the projection of?
onto they-axis. The set of three rectangles shown on the right of Ei@urorresponds in this manner to
the set oR-intervals shown on the left of the figure.

We say that two rectangles arelependentf both their z- andy-axis projections are disjoint. A set
of rectangles is said to be independent if they are pairmidependent, and we define tinelependence
numberof a set of axis-parallel rectangles to be the size of theerindependent set of rectangles it

t There is also a homogeneous case, for which we refer to Kser
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contains.

It follows readily that iffR is a set of closed axis-parallel rectangles &rid the corresponding set of
2-intervals then the independence numbeRag equal to the packing number ®f Therefore Theorem 3
shows thaty has a transversal of size at ma@st(J). That is, there is a set of at md&t(J) points of
L, U L, which intersect everg-interval inJ. We want to convert this transversal ®finto a set of
vertical and horizontal lines thatice(i.e., intersect the interior) of every rectangledin but we must be
careful because the transversal is allowed to contain eéntipof 2-intervals. Thus given a transversal
T C L, U L, we associate to it a set of vertical and horizontal lifgsin the following way: ift € T
is from L, we associate the two vertical lines= ¢ + € while if ¢ € T' is from L,, we associate the two
horizontal linegy = ¢ + € wheree > 0 is a small constant (depending 8t). These are the dotted lines
shown in Figure 2. This construction yields the followingut.

Corollary 4. If afinite collectiorfk of axis-parallel rectangles has independence number at maken
there is a collection odm vertical and horizontal lines which slice every rectangiéA.

We need one more definition. Aincreasing sequencef rectangles is a sequenég, ..., R, of
independent rectangles such tii&t , lies above and to the right @t; for all i. Decreasing sequence$
rectangles are defined analogously. We are now ready to proe@em 1.

Proof of Theorem 1: Let C be a permutation class which does not contain the class efddypermu-
tations or the class of colayered permutations. Thus tieamiintegerk such thatC contains neither
@k (k---21) norok(12---k). Now choose a permutation € C and letR, denote the collection of
all axis-parallel rectangleR such thatr(R) contains bothk - -- 21 and12- - - k. If 23, were to contain
an independent set ¢k — 1)? + 1 rectangles then the Erd6s—Szekeres Theorem would imatyth
contained an increasing or decreasing sequenéereftangles, but that would imply that(and hence
alsoC) containedp®(k - - - 21) or ©*(12 - - - k), a contradiction. Thus the independence numbér pfs
at most(k — 1)2.

Corollary 4 now shows that there is a collection of at migét— 1)? vertical and horizontal lines which
slice every rectangle ifR,,. These lines divide the plot of into at x « grid of unsliced regions for
integerst andu satisfyingt + u < 4(k — 1)? + 2. Moreover, each unsliced region avoids either- 21
or 12---k and thus can be expressed as the uniok ef 1 increasing or decreasing permutations by
Proposition 2. All of the entries of in regions avoiding; - - - 21 can be expressed as the union of at most
(t+u— 1)(k — 1) < 4k? increasing permutations while the entries lying in regiawsiding12 - - - &
can be expressed as the union of the same number of decrgasimgtations. Therefore itself can
be expressed as the union of at m&kt monotone permutations and thmsmust contain a monotone
subsequence of length at leagi8k3, proving the theorem. O

In the language of generalized grid classes introduced fteiEL6], the proof of Theorem 1 shows
that all permutation classes that do not contain the layeredlayered permutations afer(k - - -21) U
Av(12---k)-griddable. In fact, this follows from [16, Theorem 3.1]otigh the bounds given in the proof
above are better than that theorem gives.

Theorem 1 can also be interpreted in the context of splittabivhich has recently been studied in
general by Jelinek and Valtr [6]. Given two permutatiorssksC andD, theirmerge C ® D, consists
of those permutations whose entries can be partitionedwdsubsequences, one order isomorphic to a
permutation irC and the other order isomorphic to a permutatio®inThus Theorem 1 shows that every
class which does not contain the layered or colayered dasse be expressed as the merge of a finite
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number of monotone classes (i.e., classes of the fauf21) or Av(12)). Note that the converse—if
a class does contain all layered or colayered permutati@rsit is not the merge of a finite number of
monotone classes—holds trivially. The proof of Theoremsb aives a bound on how many monotone
classes are required:

Corollary 5. If a permutation class avoids both*(k - - - 21) and©*(12 - - - k) then it can be expressed
as the merge of at mo8k3 monotone classes.
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Caffrey, Egge, Michel, Rubin and Ver Steegh recently introduced snow leopard permutations, which are the anti-
Baxter permutations that are compatible with the doubly alternating Baxter permutations. Among other things, they
showed that these permutations preserve parity, and that the number of snow leopard permutations of length 2n — 1
is the Catalan number C',. In this paper we investigate the permutations that the snow leopard permutations induce
on their even and odd entries; we call these the even threads and the odd threads, respectively. We give recursive
bijections between these permutations and certain families of Catalan paths. We characterize the odd (resp. even)
threads which form the other half of a snow leopard permutation whose even (resp. odd) thread is layered in terms of
pattern avoidance, and we give a constructive bijection between the set of permutations of length n which are both
even threads and odd threads and the set of peakless Motzkin paths of length n + 1.
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1 Introduction

A complete Baxter permutation m, as introduced by [Baxter| (1964) and characterized by |Chung et al.
(1978)), is a permutation of length 2n + 1 such that, for all  with 1 < ¢ < 2n + 1,

e 7(7) is even if and only if ¢ is even and

o if m(z) =4, w(y) = i+ 1, and z is between x and y (thatis, z < z < yory < z < x), then
7(z) < iifiisodd and w(2) > i + 1if4 is even.

As Chung and her coauthors note, each complete Baxter permutation is uniquely determined by its odd en-
tries. Accordingly, for each complete Baxter permutation 7 of length 2n+1, the associated reduced Baxter
permutation of length n + 1 is the permutation 7 induces on its odd entries. For example, 981254367
is a complete Baxter permutation of length nine, whose associated reduced Baxter permutation is 51324.
One can show that a permutation is a reduced Baxter permutation if and only if it avoids the vincular
patterns 3142 and 2413. That is, if 7 has length n, then 7 is a reduced Baxter permutation whenever
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there are no indices 1 < i < j < j+ 1 < k < nsuch that 7(j) < 7(k) < 7(i) < w(j + 1) (for
3142) or (j + 1) < w(i) < w(k) < 7w(j) (for 2413). For example, the complete Baxter permutation
321413127811 109 6 5 has reduced Baxter permutation 2174653, which has no instances of 3142
or 2413. In contrast, 4613752 is not a reduced Baxter permutation because the subsequence 6375 is an
instance of 3142. We sometimes refer to reduced Baxter permutations as Baxter permutations for short.

For each complete Baxter permutation 7 of length 2n + 1, the associated anti-Baxter permutation is
the permutation of length n that 7 induces on its even entries. Although complete Baxter permutations
are determined by their associated Baxter permutations, they are not determined by their associated anti-
Baxter permutations: many anti-Baxter permutations appear in several complete Baxter permutations. For
example, 4123 is the anti-Baxter permutation associated with both of the complete Baxter permutations
981254367 and 983214765. On the other hand, anti-Baxter permutations are characterized by pattern
avoidance conditions nearly identical to those which characterize the Baxter permutations: a permutation
7 is anti-Baxter if and only if it avoids the vincular patterns 3412 and 2143. That is, if 7 has length n, then
 is anti-Baxter whenever there are no indices 1 < ¢ < j < j+ 1<k <nsuchthat7(j + 1) < (k) <
(i) < w(j) (for 3412) or w(j) < w(i) < w(k) < w(j + 1) (for 2143). We say a Baxter permutation
m and an anti-Baxter permutation 7o are compatible whenever there is a complete Baxter permutation m
such that 7; and 75 are the permutations induced on the odd and even entries of 7, respectively. One can
show that this definition of compatibility is equivalent to the definition of compatibility given by (Caffrey
et al.[(2015).

Baxter first introduced the permutations that now bear his name in connection with a problem involving
fixed points of commuting continuous functions on the closed interval [0, 1], but they have also appeared
in a variety of other settings. One such setting involves the Aztec diamond of order n, which is an array
of unit squares with 2i squares in row ¢ for 1 <1 < nand 2(2n — i + 1) squares in row ¢ forn < ¢ < 2n,
in which the squares are centered in each row. In Figure[I]we have the Aztec diamond of order three. The

Fig. 1: The Aztec diamond of order 3.

entries of our complete Baxter permutations will be at the vertices of an Aztec diamond. We prefer to
arrange these vertices in rows and columns, so we will orient all of our Aztec diamonds as in Figure [2]
Aztec diamonds can be tiled by dominos, and [Elkies et al.| (1992) have described how to construct,
for each such tiling of the Aztec diamond of order n, a pair of matrices SASM (T') and LASM (T')
of sizesn x nand (n + 1) x (n + 1), respectively. Each of these matrices is an alternating-sign matrix
(ASM), which is a matrix with entries in {0, 1, —1} whose nonzero entries in each row and in each column
alternate in sign and sum to one. (Note that SASM and LASM above are short for small ASM and large
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Fig. 2: The Aztec diamond of order 3, reoriented.

ASM, respectively. For an introduction to ASMs and a variety of related combinatorial objects, see the
work of [Robbins| (1991)), Bressoud, (1999)), and [Propp| (2001).) To carry out this construction, first note
that a tiling of an Aztec diamond with dominos gives rise to a graph whose vertices are lattice points, as
in Figure [3| Each exterior vertex of this graph has the same degree in all domino tilings, so we disregard

\/\/\/\/
/ / / /\
\/\/\/ /
/\ \ \/\
\ \/\/ /
/\/ /\/\
\ \/ / /
/\/\/\/\

Fig. 3: The graph of a domino tiling of the Aztec diamond of order 3.

these vertices. The remaining vertices fall naturally into two sets as in Figure[d} the black vertices form an
(n+1) x (n+ 1) matrix while the white vertices form an n x n matrix. We construct LASM (T') on the
black vertices by labeling each vertex of degree four with a 1, labeling each vertex of degree three with a
0, and labeling each vertex of degree two with a —1. We construct SASM (T') on the white vertices by
labeling each vertex of degree four with a —1, labeling each vertex of degree three with a 0, and labeling
each vertex of degree two with a 1. For example, the tiling 7" in Figure 4] has

00 0
LASM(T) =

= o O
OO O =

1 0
0 1
0 0

and
0 01
1 00
0 1 0
Canary| (2010) has shown that LASM (T) is a permutation matrix if and only if it is the matrix for a
Baxter permutation. In this case, if we now introduce gray dots inside the dominos as in Figure [5] and

SASM(T) =
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Fig. 4: The graph of a domino tiling of the Aztec diamond of order 3 with outer vertices removed.
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Fig. 5: The entries of the associated complete Baxter permutation are at the black, white, and gray dots.

assign Os to each of them, then the black, white, and gray dots together form the matrix for a complete
Baxter permutation.

While Baxter permutations have been studied in several other combinatorial incarnations (see, for ex-
ample, the papers of |/Asinowski et al.|(2013)) and Dilks| (2014))), we focus on a certain subset of the Baxter
permutations, and their compatible anti-Baxter permutations. Specifically, an alternating permutation, or
an up-down permutation, is a permutation which begins with an ascent, and in which ascents and descents
alternate. Similarly, a doubly alternating permutation is an alternating permutation whose inverse is also
alternating. |Guibert and Linusson|(2000) have shown that the number of doubly alternating Baxter permu-

1

tations of length 2n is the Catalan number C',, = -7 (2;’), as is the number of doubly alternating Baxter

permutations of length 2n + 1. Building on this, (Catfrey et al.|(2015) make the following definition.

Definition 1.1. A snow leopard permutation is an anti-Baxter permutation which is compatible with a
doubly alternating Baxter permutation.

Caffrey et al.[(2015) show that compatibility is a bijection between the set of doubly alternating Baxter
permutations of length n and the set of snow leopard permutations of length n — 1. They also give a
simple bijection between the set of snow leopard permutations of length 2n and the set of snow leopard
permutations of length 2n — 1 (see Theorem [3.1)), so we focus our attention on the snow leopard permu-
tations of odd length. We write SL,, to denote the set of snow leopard permutations of length 2n — 1; in
Table [T we list the snow leopard permutations of lengths one, three, and five.
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n SL,

1 1

3 123,321

5 | 12345,14325,34521,54123,54321

Tab. 1: The snow leopard permutations of lengths one, three, and five.

Like the complete Baxter permutations, and as |Caffrey et al.|(2015) show, the snow leopard permuta-
tions preserve parity. In this paper, we study the permutations the snow leopard permutations induce on
their odd and even entries; we call these induced permutations odd threads and even threads, respectively.
In Section [2] we recall some useful permutation tools. In Section [3| we give recursive decompositions of
the even and odd threads, and we explore the extent to which these decompositions are unique. In Section
M we use our decompositions to give recursive bijections between the set of even threads of length n and
the set of Catalan paths of length n + 1 with no ascent of length two, and between the set of odd threads
of length n and the set of Catalan paths of length n with no four consecutive steps NEEN. In Section
[5 we begin to describe which even and odd threads are induced by the same snow leopard permutation.
In particular, we show that the even threads which can be paired with the increasing odd thread to form a
snow leopard permutation are exactly the 3412-avoiding involutions, we show that the odd threads which
can be paired with the decreasing even thread to form a snow leopard permutation are exactly the com-
plements of the 3412-avoiding involutions, and we extend these results in a natural way to layered even
and odd threads. Finally, in Section [6] we give a constructive bijection between the set of permutations
of length n which are both even threads and odd threads and the set of peakless Motzkin paths of length
n+ 1.

2 Permutation Tools

Throughout we write .S,, denote the set of all permutations of length n, written in one-line notation, and
for any permutation 7 we write |7| to denote the length of 7. The complement operation on permutations
will be useful for us, so we recall it next.

Definition 2.1. Following [Kitaev, (2011), for any permutation © € S, we write ¢(m) to denote the
complement of w, which is the permutation in S, with

c(m)(j) =n+1-m(j)
forall j,1 < j <n.
We will also make extensive use of the following two ways of combining two permutations.

Definition 2.2. For permutations ™ € S,, and o € S, we write ™ @ o to denote the permutation in Sy, 4,
with
- ®)) if1<j<n
(m@o)(j) = ‘ : ‘
n+o(j—mn) ifn+l1<j<n+m
forall j, 1 < j <n, and we write ™ S o to denote the permutation in Sy, 4, with

m+m(j) ifl<j<n
o(j—n) ifn+l1<j<n+m

(roo)(j) = {
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forall j,1 < j<n.
Example 2.3. If 7 = 14235 and o = 312 then ¢(w) = 52431, 7®o = 14235867, and nS0 = 47568312.

At times we will be working with permutations of length O or —1. For these, we use the following
convention.

Definition 2.4. We write () to denote the empty permutation, which is the unique permutation of length

0, and we write Q to denote the antipermutation, which is the unique permutation of length —1. We have
(@ =Qandlp@=0pl=10a=a0c1=.

Note that 1 is a complete Baxter permutation, whose corresponding (reduced) Baxter permutation is
also 1. Since 1 is also doubly alternating, () (its compatible anti-Baxter permutation) is a snow leopard
permutation. Similarly, () is a complete Baxter permutation, whose corresponding Baxter permutation is
also ). Since () is also doubly alternating and has length 0, its compatible anti-Baxter permutation is Q.
In particular, @ is a snow leopard permutation.

3 Even Threads, Odd Threads, and their Decompositions

Our starting point, and one of the main results of |Caffrey et al.| (2015), is the following recursive decom-
position of the snow leopard permutations of odd positive length.

Theorem 3.1. (Caffrey et al., 2015 Thm. 2.20 and Prop. 2.22) For any permutation 7 of odd positive
length, 7 is a snow leopard permutation if and only if there exist snow leopard permutations 71 and 75 of
odd length such that m = (1 @ ¢(m1) ® 1) © 1 © ma. For any permutation o of even length, o is a snow
leopard permutation if and only if 0 = 1 @ c(o1) for some snow leopard permutation oy. In addition,
these decompositions are uniquely determined by m and o, respectively.

We use the term connector to refer to the entry in 7 corresponding to the final 1 in the decomposition
of . From the recursive decomposition of 7 in Theorem [3.1] we see that the connector of 7 will always
equal (1) — 1if (1) > 1. When 7(1) = 1, the permutation will not have a connector. Note that when a
snow leopard permutation 7 does have a connector, the corresponding entry in ¢(7) will be a left-to-right
maximum and a fixed point in ¢(7).

Example 3.2. Ler m = 587694321 = (1 & ¢(123) @ 1) & 1 & 321. Since both 123 and 321 are snow
leopard permutations, m must also be a snow leopard permutation, with connector w(6) = 4. Here,
c(m) = 523416789 so ¢(m)(6) = 6 is both a left-to-right maximum and a fixed point in c().

Note that for snow leopard permutations of lengths one and three we have
l1=1®c(@)®1,

123=1¢c(1) & 1,

and
l=(1ac@al)ole(lac@al),

so by using Theorem [3.T]inductively we get the following natural “block decomposition” for snow leopard
permutations of odd positive length.
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Corollary 3.3. For any permutation  of odd positive length, T is a snow leopard permutation if and only
if there is a sequence 71, . . ., Tk of snow leopard permutations of odd length such that

r=(1&cm)el)ela(ladc(m)el)ole - --ele(1dc(m) @ 1).

In addition, the sequence w1, . ..,y is uniquely determined by .

Theorem [3.1] tells us that the set of snow leopard permutations of odd length is closed under a compli-
cated operation, but we might hope it is also closed under some simpler operation. Unfortunately, this set
is not closed under & or &: neither 321 © 123 = 654123 nor 321 ¢ 123 = 321456 are snow leopard
permutations, even though 321 and 123 are. However, we do have the following result.

Theorem 3.4. Suppose m and o are snow leopard permutations of odd length. Then 1 © 1 S o is also a
snow leopard permutation.

Proof: Suppose 7 and o are snow leopard permutations of odd length with || = 2n — 1. We argue by
induction on n.

Whenn =0wehaver = Q@and 7o 160 = Q& 16 0 = o, which is a snow leopard permutation.
When n = 1 we have m = 1 and

TOlooc = 16160
= (Is@®l)sleod,

which is a snow leopard permutation by Theorem [3.1]

Now suppose 7 © 1 © o is a snow leopard permutation whenever |7| < 2k — 1 and let |r| = 2k — 1.
Since 7 is a snow leopard permutation of odd positive length, by Theorem [3.1] there are snow leopard
permutations 7, and 7o with

10loc = (Idc(m)@l)olom)oloo
= (Iec(m)el)ols(maelso).

Since |7| = 2k — 1 and |(1 @ ¢(m1) ® 1) © 1| > 2, we must have 73| < 2k — 1. Now, since 3 and o are
snow leopard permutations with 73| < 2k — 1, 13 © 1 © o is a snow leopard permutation by induction.
Thus, 16160 = (1@ c(m) ® 1) © 16 w3, where 73 is a snow leopard permutation, so 7 © 1 © o is a
snow leopard permutation by Theorem [3.1] O

Caffrey et al.|(2015) show in their Corollary 2.24 that snow leopard permutations preserve parity. That
is, for any snow leopard permutation 7 and for all j with 1 < j < |x|, we know that () is even if and
only if 7 is even. We can separate any parity-preserving permutation into two smaller permutations as
follows.

Definition 3.5. For any permutation ™ which preserves parity, we write 7° to denote the permutation 7
induces on its even entries and we write 7° to denote the permutation T induces on its odd entries. Note
that if |t| = 2n + 1 then |7¢| = nand |7°| =n + 1.

Although in general we will only consider snow leopard permutations of positive odd length, we include
one special case. If m = @, then since || = —1, we must have |7°| = 0 and |7¢| = —1. This gives us
m° = (P and 7¢ = Q.
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Definition 3.6. We say a permutation o is an even thread (resp. odd thread) whenever there is a snow
leopard permutation  of odd length such that ¢ = o (resp. m° = o), and we say an even thread o and
an odd thread ( are entangled whenever there is a snow leopard permutation w with 1, = o and 7w° = f3.
We write E'T,, (resp. OT,,) to denote the set of even (resp. odd) threads of length n.

Example 3.7. The permutation m = 587694321 is a snow leopard permutation with 7w° = 34521 and
¢ = 4321, so 34521 is an odd thread, 4321 is an even thread, and these threads are entangled with each
other.

The recursive decomposition for snow leopard permutations that we gave in Theorem induces a
similar decomposition on the odd and even threads.

Theorem 3.8. A permutation o is an even thread of nonnegative length if and only if there is an even
thread o1 and an odd thread (51 with

a=c(f1)elea. (1

Similarly, a permutation (8 is an odd thread of positive length if and only if there is an even thread s and
an odd thread (32 with

B=010®c(az) ®1)O fa. 2)

Proof: (=) If « is an even thread of length n, then by definition there is a snow leopard permutation 7 of
length 2n+ 1 such that 7, = «. Since 7 is a snow leopard permutation of odd positive length, by Theorem
there are snow leopard permutations 7r; and 72 of odd length such that 7 = (1 ® ¢(m) ®1) © 16 mo.
We see that 7¢ = ¢(79) © 1 © 7§5.

If B is an odd thread of length n + 1, then by definition there is a snow leopard permutation 7 of
length 2n 4 1 such that 7° = (. Again, we can write 7 = (1 ® ¢(m1) © 1) © 1 © m,. Here we see that
™ =01@c(r§)®1)ons.

(<) Now suppose « is a permutation of length n and there are permutations 5; € OTy and a; €
ET, 1 such that « = ¢(f1) © 1 © a;. There must be snow leopard permutations 71 and 7o of
lengths 2k — 1 and 2n — 2k — 1, respectively, such that 7{ = (3, and 75 = «;. By Theorem [3.1}
7= (1®c(m)®1)O16ms is a snow leopard permutation of length 2n+ 1. Here, 7¢ = ¢(n0)© 1675 =
(/)16 a; =a.

Finally, suppose (3 is a permutation of length n + 1 and there are permutations oy € ET}, and Sy €
OT,——1 such that 8 = (1 ® c(a2) ® 1) © Ba. Since a is an even thread of length k, there is a snow
leopard permutation 7; of length 2k + 1 such that 7§ = aw. Similarly, since (B is an odd thread of
length n — k — 1, there is a snow leopard permutation 7o of length 2n — 2k — 3 such that 7§ = 5. By
Theorem 7= (1®c(m)Pd1l) ©16 s is a snow leopard permutation of length 2n + 1. Here,
m=[1dc(ré)dl)ons=1Bc(az)®1) S [y = 0. O

Note that the decomposition of an odd thread given in Theorem [3.8]is unique, while the decomposition
of an even thread is not. That is, for a given odd thread /3 there is a unique even thread «; and a unique
odd thread $3; for which (2) holds. The first entry of 3 corresponds to the first 1 in the decomposition, the
largest entry of 5 corresponds to the second 1, and then a; and 5, are determined. But for a given even
thread there can be more than one pair (s, 82), consisting of an even thread and an odd thread, for which
(1) holds.
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Example 3.9. The odd threads 4657312 and 7243561 can be decomposed as (1 ® ¢(12) ® 1) © 312 and
(1@ Q@ 1) © 243561, respectively.

Example 3.10. The even thread o = 653421 can be decomposed as c(0) © 1 © 53421, ¢(1) © 1 © 3421
orc(12435) 16 0.

In each of the three decompositions of v in Example we see that the middle 1 corresponds to
a left-to-right maximum and fixed point in ¢(«). It’s not difficult to see that this will hold for all even
threads. In particular, suppose « is an even thread, and «; and /3; are an even thread and an odd thread,
respectively, for which a = ¢(51) © 1 © ;. Then ¢(«) = 51 @ 1 ® ¢(a ), and there are exactly k = |51
entries of ¢(a) preceding ¢(«)(k 4 1), all of which are less than ¢(«)(k + 1). Tt follows that c(a)(k + 1)
is a left-to-right maximum and fixed point in ¢(«). Since the connector of a snow leopard permutation
7 is both a left-to-right maximum and fixed point in ¢(7), and the 1 in the decomposition of an even
thread corresponds to the connector of a snow leopard permutation, we will refer to an entry of an even
thread « as an eligible connector whenever it corresponds to an entry of ¢(«) which is both a left-to-right
maximum and a fixed point.

It is worth noting that the converse of the above statement does not hold: some even threads have
eligible connectors which do not arise from a decomposition of the thread. For example, a = 354621
is an even thread with eligible connectors 2 and 1. If 1 is to correspond to the 1 in a decomposition
¢(B) ©16 ay, then ¢(5) = 24351 and 5 = 42315. However, 42315 is not an odd thread. We will prove
that although not every eligible connector in an even thread « corresponds to a 1 in a decomposition of
a, the leftmost eligible connector does always correspond to such a 1. We begin with two simple ways
of constructing new threads from old threads, which arise from the fact that if 7 and ¢ are snow leopard
permutations of odd length then 7 © 1 © o is, too.

Proposition 3.11. Suppose 51 and B2 are odd threads. Then 31 © (2 is also an odd thread, and the
permutations which are entangled with 5y © (o are exactly the permutations of the form a; &1 © o,
where ay and o are entangled with 31 and [, respectively.

Proof: If 5; and (5 are odd threads, then there exist snow leopard permutations 7, and 75 such that
7wy = 1 and 7§ = (3. From Theorem we know that 7 = 71 © 1 © 7 is a snow leopard permutation
with ¢ = 77 © 5. Thus, 77 © 7§ = $; © (2 is an odd thread.

To prove the rest of the Proposition, first suppose a1 and as are even threads which are entangled with
the odd threads 3, and [, respectively. Then there are snow leopard permutations 7; and 7o such that
m{ = a1, 77 = P1, 75 = ao, and 7§ = [2. By Theorem@ T = m © 16 7y is a snow leopard
permutation, and we find 7¢ = a3 © 16 ag and 7° = 1 © f5. Therefore, every permutation of the form
a1 © 16 ag, where a7 and a5 are entangled with 31 and S5, respectively, is entangled with 51 © Ss.

To prove the reverse inclusion, suppose « is an even thread entangled with 5, S 32, and 7 is a snow leop-
ard permutation with 7¢ = a and 7° = 3; © 5. By Corollary there are snow leopard permutations
1, ..., T of odd length such that

r=10dcm)el)ole(ldc(m)dl)ole---ole(1dc(rg) ®1).

The 1s in each summand 1 & c¢(m;) ¢ 1 are all in odd positions, so there must be some m for which
B1 = m{ and B2 = 7J, where

m=1@cm)el)ele---ele(ldc(ry,)®l)
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and
T=1@c(mp)@l)olo---0lo(1®c(m)®1).

By Corollary 3.3] 71 and w5 are snow leopard permutations of odd length, so if oy = 7§ and oy = 75,
then we have & = a3 © 1 © a9, and 7 and «, are entangled with 37 and s, respectively. O

It is worth noting that even though @ is not an odd thread, it behaves like one in some circumstances.
For instance, if @ were an odd thread, then for any odd thread 1 ©  we could use Proposition to
conclude that @ &1 6 8 = [ is also an odd thread. And if @ were an odd thread then we could use a
similar argument to show that if 8 © 1 is an odd thread then S is also an odd thread. Even though these
arguments fail, the results still hold, as we show next.

Proposition 3.12. For any permutation 8 of nonnegative length, if 1 © 8 or 8 & 1 is an odd thread then
B is an odd thread.

Proof: Suppose 1 © /3 is an odd thread. Then by (2) there is an even thread o, and an odd thread 2 such
that 1© 8 = (1® c(az) ® 1) © B2, and it’s not hard to see that this decomposition is unique. Comparing
the largest elements on each side, we find e = @ and 53 = 3, so (5 is an odd thread.

Now suppose SE& 1 is an odd thread; we argue by induction on |©1|. If |&1]| = 1 then &1 = 1 and
(3 = 0, and the result holds. If |36 1] = 2then 361 = 21 and 8 = 1, and the result holds. If |36 1] > 3
then by (2) there is an even thread o5 and an odd thread 35 such that 561 = (1@ ¢(az) 1) & fo. Since
[1®c(az)®1| > 1, we musthave | 32| < |f©1]. By construction there is a permutation 8; of nonnegative
length such that 82 = 51 © 1, and by induction (; is an odd thread. Therefore, (1@ c(az)®1)6 51 =0
is also an odd thread, by Theorem@ O

‘We now turn our attention to constructing new even threads from old even threads.

Proposition 3.13. Suppose a; and oo are even threads. Then a; ©16 s is also an even thread, and if 1
and (o are odd threads entangled with o and s, respectively, then 31 © B2 is an odd thread entangled
with o] © 156 Q9.

Proof: If a; and « are even threads, then there exist snow leopard permutations 7, and 7o such that
m§ = a1 and 7§ = ovg. From Theorem@ we know that m = m; © 1 © 79 is a snow leopard permutation,
with ¢ =7f © 16 7wS5. Thus, 7{ ©1 S 75 = a1 © 1 © g is an even thread.

To prove the rest of the Proposition, suppose $; and 3, are odd threads which are entangled with the
even threads o and «o, respectively. Then there are snow leopard permutations 7m; and 7o such that
= a1, 7 = b1, 5 = ag, and 7§ = (3. By Theorem ™ =m ©16 m is a snow leopard
permutation, and we find 7¢ = a3 © 16 ay and 7° = 1 © Ps. In particular, 51 © 52 is an odd thread
which is entangled with a; © 1 © as. O]

Note that if oy and as are even threads, then there may be an odd thread 3 entangled with a; © 16 o
which does not have the form 3, & S5 for odd threads 51 and 85 which are entangled with o and as,
respectively. For example, if a; = () and o = 1 then oy © 1 & g = 21, which is entangled with 123.
But «a; is only entangled with 1, ao is only entangled with 12 and 21, and neither 1 © 12 = 312 nor
1621 = 321 is equal to 123.

The next step in proving that the leftmost eligible connector in an even thread always corresponds to a
connector in some snow leopard permutation is to show that if any other eligible connector corresponds
to a connector in a snow leopard permutation, then the even thread must begin with its largest element.
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Lemma 3.14. Suppose « is an even thread of length n, the permutation 7 is a snow leopard permutation
with ¢ = «, and the connector of ™ does not correspond with the leftmost eligible connector of a. Then
a(l) =n.

Proof: Let o) be the leftmost eligible connector in .. Since this eligible connector does not correspond
to the connector in 7, there must be an eligible connector in « to the right of «(j) which does correspond
to the connector in 7. Let this eligible connector be (k), and note that k& > j. Since « is an even thread,
(1) there is an even thread «; and an odd thread §; such that |31| = k — 1 and

a=c(f1)016a.

In particular, «(j) is among S1(1),...,581(k — 1). Now by (2) there is an even thread s and an odd
thread 35 such that

B1=(1®claz) ®1)O . 3)

We claim that 3, = ().

To prove our claim, first note that ¢(51) () is an eligible connector in «, so it is a left-to-right maximum
in ¢(«), a left-to-right minimum in «, and a left-to-right minimum in ¢(81). But ¢(«)(j) is also a fixed
point in ¢(«), so the entries to its left in ¢(«) are exactly 1,2,...,j — 1. This means the entries to the
left of a(j) in ware n,n — 1,...,n — j + 2, which are all of the entries of « which are larger than «(j).
Therefore, the entries to the left of ¢(f1)(j) are k — 1,k — 2,...,k — j + 1, the largest entries of ¢(5;),
and ¢(B1)(j) =k — j. But¢(B1) = (1 © ap © 1) @ Bo, as in Figure[6] Now if ¢(82) # 0, and ¢(31)(j)

B2

(04

)
j

Fig. 6: A decomposition of ¢(31).

fallsin1 © as © 1, thenone of kK — 1,...,k — j + 1 is to the right of ¢(81)(j), which is a contradiction.
On the other hand, if ¢(51)(j) falls in ¢(/32), then there is an entry smaller than ¢(51)(j) to the left of
¢(B1)(4) (since 1 & ag & 1 must be nonempty), which is also a contradiction. Therefore, 82 = (.

Since B2 = (), by (3) we have 81 =1 @ c¢(az) ® 1, s0 81(1) = 1 and «(1) = n, as desired. O

Now that we have assembled all of the necessary tools, we are ready to show that the leftmost eligible
connector in an even thread always corresponds to a connector in some snow leopard permutation.
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Theorem 3.15. If « is an even thread of length n, then there exists a snow leopard permutation m with
7 = « whose connector corresponds to the leftmost eligible connector in . In particular, if this entry is
c(a)(n —j+1), then (1) = 2j + 1. By convention, we say j = 0 if no such entry exists.

Proof: Suppose « is an even thread of length n, and 7 is a snow leopard permutation with 7¢ = «. If the
connector of 7 corresponds with the leftmost eligible connector of «, then the result holds. If not, then by
Lemma we have (1) = n. By (I) there is an even thread v and an odd thread 3 such that

a=c(f)elea. “4)

We claim that & = 1 © a4 for some even thread oy.
Our claim follows from (@) if 81 = (), so suppose 51 # 0. By (2) there is an odd thread 82 and an even
thread oo with
B1=(1®c(az) ®1) O fBa,

which implies
a=((1oael)®c(B))olea.

Since «(1) = n, we must have 85 = (). Furthermore, 16 a3 = 016« is an even thread by Proposition
[3.13} writing a3 to denote this thread, we have

a=16a616 as.

Using Proposition [3.13]again, we see that as & 1 & a3 is also an even thread, which we denote by a4, and
our claim follows.

To complete the proof, note that since 4 is an even thread, there is a snow leopard permutation 7 with
7¢ = 4. By Theorem[3.4] 1 ©1© 7 is a snow leopard permutation with even thread «., whose connector
corresponds to a(1), the leftmost eligible connector of . O

Theorem [3.15]tells us that while a given even thread v may have several decompositions as in (I)), it
always has such a decomposition in which the 1 in (I) corresponds to the leftmost eligible connector in
«. This decomposition is clearly unique, so we will call it the leftimost decomposition of «.

4 Even Threads, Odd Threads, and Restricted Catalan Paths

Now that we have recursive decompositions of the even and odd threads, and we have investigated the
extent to which these decompositions are unique for a given thread, it’s natural to consider the numbers of
these threads of each length. In Table 2] we have the number of even and odd threads of length six or less.

n | —-1]0]1|2]3]4]|5] 6
ET,] | 1 [1][1]2]6]17 |46 128
OoT,] | 0o [1[1]2]4] 9 [23] 63

Tab. 2: The number of even threads and odd threads of length six or less.

It turns out that these numbers also count some more familiar combinatorial objects. To describe these
objects, recall that a Catalan path of length n is a lattice path from (0, 0) to (n, n) consisting of unit North
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(0,1) and East (1,0) steps which does not pass below the line y = x. For convenience, we sometimes
write a Catalan path as a sequence of Ns and E's, with IV denoting a North step and E denoting an East
step. For instance, the five Catalan paths of length three are NNNEEFE, NNENEE, NNEENE,
NENNEE, and NENENE. If p is a Catalan path of length n, then we will write p” to denote the
reverse of p, which is the path obtained by reflecting p over the line x 4+ y = n. In terms of Ns and Es,
reversing a Catalan path is equivalent to reversing the corresponding string and then exchanging N's and
Es. For example, if p = NENNEE thenp” = NNEENE.

Sapounakis et al.|(2007) show that the number of Catalan paths of length n > 1 with k£ occurrences of
NEFEN (in consecutive entries) is given by

23] .

1/n o (n—k 2n — 3y
g = — E —1)7k :
o n(k> 2 (j—k)(n—j+1)

Notice that when & = 0 the first few terms of this sequence (beginning with n = 1) are 1,2,4,9, and
23, which suggests that |OT},| = a, . On the other hand, the values of |ET,,| appear to match OEIS
sequence A102403, whose nth term is the number of Catalan paths of length n with no ascent of length
exactly two. With this in mind, we introduce some notation for the sets of these paths of a given length.

Definition 4.1. For each n > 0, we write EN N E,, to denote the set of Catalan paths of length n which
have no ascent of length exactly two. Similarly, we write N EFEN,, to denote the set of Catalan paths of
length n which do not contain the four consecutive steps NEEN.

Our data suggest that |ET,,| = |[ENNE, 11| and |OT,,| = |NEEN,| for each nonnegative integer n.
To prove these results, we introduce decompositions of the paths in EN N E,, and N EEN,, which mirror
our decompositions of the even and odd threads, respectively.

Theorem 4.2. Suppose n is a positive integer. For each p € ENNE,, there are unique nonnegative
integers k and l, and unique Catalan paths a € ENNEy, and b € NEEN,, such thatn = k+ 1+ 1,
p = aNb"E, and b does not end with NE. Conversely, for every a € ENNE}, and b € NEFEN, such
that b does not end with N E, the path aNb"F isin ENNFE,, wheren =k + 1+ 1.

Proof: (=) Suppose p € ENNE,,. Since p is a Catalan path which begins at (0,0) and ends at (n, n),
it must return to the diagonal y = z at least once. Suppose the last time p touches the diagonal before
(n,n) is at (k, k). Let a denote the subpath of p from (0, 0) to (k, k) and let b denote the subpath of p
from (k,k + 1) to (n — 1,n). Then a and b are Catalan paths, and |a| = k and |b| = n — k — 1, so
|a] + |b] = m — 1. Furthermore, if ¢ and d are any Catalan paths with |c|] = kand |[d] = n —k — 1
then the Catalan path ¢cNd" E has its last return to the diagonal before (n,n) at (k, k). Therefore, a, b,
k,and [ = n — k — 1 are uniquely determined by p, and it remains only to show that « € EN N E}, and
b€ NEEN, 1.

Since a is a subpath of p and p contains no ascent of length exactly two, neither does a. Thus a €
ENNE.

To show b" € NEEN,,_i_1, first notice that since NbE € ENNFE,,_, if b contains an ascent of
length exactly two then this ascent must start the path. Equivalently, if b” contains a plateau of length ex-
actly two, then this plateau must end the path. Thus, " does not contain NEEN,sob” € NEEN, _j_1.
In addition, b" cannot start with N F, for otherwise the Nb portion of p would contain an ascent of length
exactly two. Thus, " does not end with an NE.
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(<) Suppose a € ENNE}), and b € NEEN,, and b does not end with NE. We want to show that
the path a Nb" E does not contain an ascent of length exactly two. Since a € FNN Fy, if aNbV"E did
contain such an ascent, it would have to occur in the Nb" E portion of the path. Additionally, b contains
no NEFEN, so b" contains no EN N E. Thus, the problematic ascent would have to begin with the N of
Nb"E. However, we assumed that b does not end with N E, so b” does not begin with N E. Thus, there
is no problematic ascent in a/Nb" F/, and this path of lengthn =k + [+ 1 willbe in ENNE,,. O

Theorem 4.3. Suppose n is a positive integer. For each p € NEFEN,, there are unique nonnegative
integers k and l, and unique Catalan paths a € ENNE), andb € NEEN,, such thatn =k +1+ 1 and
p = a"NbE. Conversely, for every a € ENNE), and b € NEFEN,, the path a" NbE is in NEEN,,
wheren =k +1+ 1.

Proof: (=) Suppose p € NEEN,,. As in the proof of Theorem 4.2} let a denote the subpath of p from
(0,0) to (k, k) and let b denote the subpath of p from (k,k + 1) to (n — 1,1), where (k, k) is the point
at which p last touches the diagonal before (n,n). As before, for any Catalan paths ¢ and d with |¢| = k
and |d| = n — k — 1 the Catalan path ¢" NdF has its last return to the diagonal at (k, k), so a, b, k, and
l =n — k — 1 are uniquely determined by p.

Since NbE is a pathin NEEN,,_j, we have b € NEEN,_;_;. Similarly, since a does not contain
NEFEN, the path a” does not contain N N E. Therefore, if a” contains an ascent of length exactly two,
then this ascent must come at the beginning of the path, in which case a” begins with NN E. In this case,
a would end with N E'FE, so p would contain N EEN. This contradiction shows a” € ENN E},.

(<) Suppose a € ENNE, and b € NEEN,, and let p = " NbE. We want to show that p does
not contain NEFEN. Since there is no NEEN in b, if p contains NEFEN, then it must fall in the
a" N portion of p. However, a € ENNE}, so a has no ascent of length exactly two, meaning a” has
no plateau of length exactly two. Thus, a" N also cannot contain NEEN, so p € NEEN,, where
n=la|+ b +1=k+1+1. O

Now that we can decompose threads and Catalan paths in similar ways, we can recursively define
functions from ENNFE, 1 to ET,, and from NEEN,, to OT,; these functions will turn out to be
bijections.

Theorem 4.4. For each nonnegative integer n, there exist unique functions
H:ENNE,; —» FET,

J: NEEN, — OT,
such that H(0) = @, J(0) =0, if p = aNV"E for Catalan paths a and b then

H(p) =c(J(b)) © 16 H(a), (5)
and if p = a” NbE for Catalan paths a and b then

Jp)=(1®c(H(a))®1) S J(Ob). (6)

Proof: The result is clear for n = 0, so suppose n > 1.
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Since every Catalan path p of positive length has unique decompositions into the forms aNb" E and
a” NbE, some simple computations with lengths shows that there exist unique functions H : ENNFE, ; —
Sy and J : NEEN,, — S, satisfying (3 and (6). So it’s sufficient to show that if p € ENN E,, ;1 then
H(p) € ET,, and if p € NEEN,, then J(p) € OT,.

The result is true by construction for n = 0, and it’s routine to check that H(NE) = () € ETj and
J(NE) = 1 € OTy, so suppose n > 2 and the result holds for all paths of length n — 1 or less. If
p € ENNE, then by Theorem there are unique paths a € ENNFE and b € NEEN, such that
n=k+I1+1,p=aNb"E, and b does not end with NE. By induction H (a) € ET}_; and J(b) € OT;,
so by (8) and (T)) the permutation H (p) is in ET,,—;. The proof that if p € NEEN,, then J(p) € OT,, is
similar, using Theorem[4.3] along with (@) and (2). O

In Table [3| we have the values of H and J on paths of length three or less. This data suggests H and J

path a H(a)
0 Q
NE 0 patq? : ngja)
NENE 1 NE 1
NENENE 21 NENE 12
NNNEEFE 12 NNEE 21
NNNNEEEE | 123
NNNEEE | 321
NNNENEEE | 132
NNENEE | 312
NNNEENEE | 213
NENNEE | 231
NNNEEENE | 312 NENENE | 123
NENNNEEE | 231
NENENENE | 321

Tab. 3: Values of H(a) and J(a) for small |a|.

are bijections; to prove this, we construct their inverses.

Theorem 4.5. For each nonnegative integer n, there exist unique functions
F:FET, - ENNE, 11

G :0T, - NEEN,

such that F(Q) = 0, G(0) = 0, if 7 = ¢(B8) © 1 © « for an even thread « and an odd thread (3 is the
leftmost decomposition of the even thread w, then

F(m) = F(a)NG(B)"E, @)
and ift = (1 @ c(a) ® 1) © B for an even thread o and an odd thread § then

G(r) = F(a)" NG()E. ®)

Proof: This is similar to the proof of Theorem |4.4] O
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Theorem 4.6. I and G are the inverse functions of H and J, respectively.

Proof: It’s routine to check that H(F(Q)) = @, H(F(0)) = 0, F(H(0)) = 0, J(G(0)) = 0, and
G(J(0)) = 0, so the map H o F is the identity on ET_; and ETj, the map F' o H is the identity on
ENNEy, the map J o G is the identity on OTp, and the map G o J is the identity on N EEN,. Now fix
n > 1, and suppose by induction that for all £ < n we have that H o F' is the identity on ETj, F' o H is
the identity on EN N Ey,, J o G is the identity on OT},, and G o J is the identity on N EE Ny It turns out
that the four facts we need to prove are not completely independent, so we start with .J o G.

To show J o G is the identity on OT,,, suppose we have 5 € OT,,,andlet 5 = (1 ® c(ay) B 1) & f1
be the decomposition of S from (2)). By (8) we have

G(B) = F(a1)"NG(A)E.

Now when we decompose G(() in the form a” NbE, we find a = F'(«1) and b = G(81). Therefore, by
(6) we have
J(G(P) = (L@ c(H(F(nm)) @1) © J(G(5))-

Since |51] < n and |a1] < n, by induction we have

J(GB) = (1eca)el)eh
ﬁ7

as desired.
To show H o F is the identity on ET;,, suppose we have o € ET,,, and let & = ¢(f1) © 1 © a1 be the
leftmost decomposition of a.. By (7)) we have

F(Oé) = F(O&l)NG(ﬂl)TE

Now when we decompose F'(«) in the form aNb"E, we find a = F(«1) and b = G(81). Therefore, by
() we have
H(F(a)) = c(J(G(A1) ©1© H(F(on)).

Now if a; = @ then |3;1| = n, and by induction and our previous case we have
H(F()) = ¢(B)olom
= a’

as desired. On the other hand, if a; # @ then |1 | < n and |B;1| < n, and the result follows by induction.
To show F' o H is the identity on EN N E,,, suppose we have p € ENNE,,, and let p = aNb" E for
Catalan paths a and b. By (3)) we have

H(p)=c(J(b))© 1S H(a). 9)

We claim this is the leftmost decomposition of H(p). To see this, first note that since J(b) is an odd
thread and H () is an even thread, there are snow leopard permutations 7r; and 7 such that J(b) = n¢
and H (a) = «§. Observe that

(I@c(m)dl)olom) =c(J(b)ole H(a),
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and the connector in (1 @ ¢(m1) @ 1) © 1 & ma corresponds with the 1 in ¢(J(b)) © 16 H (a). Therefore,
by Lemma[3.14] if ¢(J (b)) © 1 © H (a) is not the leftmost decomposition of H (p) then it begins with its
largest entry. This implies that .J(b) begins with 1. Now by (6)), if b = a] Nby E then J(b) = 0, s0 by = (),
and b ends with NV E. This means b” begins with NFE, and p = aNb" E has an ascent of length exactly
two, contradicting the fact thatp € ENNE,,.

Since the right side of (9) is the leftmost decomposition of H (p), by (7) we have

F(H(p)) = F(H(a))NG(J(b))E
= aNbV'FE
= p7

by induction.
To show G o J is the identity on N EEN,,, suppose we have p € NEEN,, and let p = a" NbE for
Catalan paths a and b. By (6) we have

Jp) =1 c(H(a))®1)o J(D).

Since H(a) is an even thread, J(b) is an odd thread, and the decomposition of an odd thread in (@) is
unique, by (8) we have
G(J(p)) = F(H(a))"NG(J () E.

Now the result follows by induction. O

5 Entangled Threads

For each n > —1, there is a bipartite graph whose vertices are the even threads of length n and the odd
threads of length n + 1, in which two vertices are adjacent whenever they are entangled. In Section 4] we
gave a partial answer to the question of how many vertices this graph has, by giving bijections between the
even threads and the Catalan paths with no ascent of length exactly two, and between the odd threads and
the Catalan paths with no N EEN. Nevertheless, there are numerous other questions one might ask about
this graph. In this section we start to answer one of these questions, by characterizing the even threads
of length n — 1 which are entangled with the increasing permutation 12 - - - n, and by characterizing the
odd threads of length n 4+ 1 which are entangled with the decreasing permutation n - - - 21. Throughout
we write [4,, (resp. N,,) to denote the increasing (resp. decreasing) permutation 12 - - - n (resp. n - - - 21).

To state and prove our results, we first need some terminology. Recall that an involution 7 is a per-
mutation 7 with 7 = 7~ 1. As|Guibert| (1995) and Egge| (2004) have noted, involutions which avoid the
classical pattern 3412 have a simple recursive structure: a permutation 7 is a 3412-avoiding involution if
and only if one of the following mutually exclusive conditions holds: (i) 7 = ), (ii) 7 = 1 @ 7 for a
3412-avoiding involution 7y, or (iii) 7 = (1 © 7 © 1) ® 7o for 3412-avoiding involutions 7r; and 5.
Moreover, when 7 satisfies (ii) or (iii), the 3412-avoiding involutions 7; and 75 are uniquely determined.
Using these results, it is routine to show that the number of 3412-avoiding involutions of length 7 is the
Motzkin number M,,, which may be defined by My = 1 and M,, = M,,_1 + ZZ:z My._oM,, _j for
n > 1. We will encounter another family of objects counted by the Motzkin numbers in Section[6] and the
interested reader can find still more such families of objects in the paper of Donaghey and Shapiro|(1977)
and Exercise 6.38 of the book of |Stanley| (1999). As we show next, the even threads entangled with [7,,
and the odd threads entangled with N,, are easy to describe in terms of 3412-avoiding involutions.



18 Eric S. Egge, Kailee Rubin

Theorem 5.1. (i) For any integer n > 1, the even threads entangled with the odd thread 1, are the
3412-avoiding involutions of length n — 1.

(i1) For any integer n > 0, the odd threads entangled with the even thread N,, are the complements of
the 3412-avoiding involutions of length n + 1.

Proof: The odd thread 1; = 1 is only entangled with the even thread (J, which is the only 3412-avoiding
involution of length 0. Similarly, the even thread N; = 1 is entangled with both 12 and 21, which are the
complements of the 3412-avoiding involutions of length 2. Therefore, the results holds for n = 1. Now
fix n > 2, and suppose the result holds for all £ < n; we argue by induction on n.

Suppose « is an even thread entangled with (1,,. Then there is a snow leopard permutation 7 such
that 7° = « and 7° = @,,. By Theorem [3.1] there are snow leopard permutations 71 and 75 such that
T=(1®c(m)®1) ©16 m. Since 7° = WA,, we see that 7(1) = 1, which means 7 = @ and
7 =1@¢(m) ® 1. Now 7§ = N, _2, so by induction ¢(r) is a 3412-avoiding involution. On the other
hand, o = 7°¢ = ¢(79), so « is also a 3412-avoiding involution.

For the reverse inclusion, suppose « is a 3412-avoiding involution of length n — 1. By induction ¢(«)
is an odd thread entangled with N,,_o, so there is a snow leopard permutation 71 with 7§ = ¢(«) and
7 = Np—2. By Theorem the permutation 1@ c(71) @ 1 is a snow leopard permutation with 7° = 11,
and m° = «, so « is an even thread entangled with [7,,.

Suppose [ is an odd thread entangled with N,,. Then there is a snow leopard permutation 7 such
that 7° = 3 and 7¢ = N,,. By Theorem [3.1} there are snow leopard permutations 71 and 75 such that
7=(1®c(m)P®1)© 16O m,. In addition,

B=m"=(1@cr) @) On3
and
N, =7°=c(n])© 1678,
which implies 77 = Ay and 75 = N,,__1 for some k with —1 < k < n—1. By induction and a previous
case, 7§ and ¢(79) are 3412-avoiding involutions, so ¢(f) = (1& 7S 1) & ¢(n9) is also a 3412-avoiding
involution.

For the reverse inclusion, suppose ¢(3) is a 3412-avoiding involution of length n + 1. Then there are
3412-avoiding involutions «; of length k£ and 3 of length n — k — 1, where —1 < k < n — 1, such that

cB)=(1ca o1) @b

By induction and a previous case, «; is an even thread entangled with ;1 and ¢(3) is an odd thread
entangled with N,,_;_o. Therefore, there are snow leopard permutations 7 and me with 7§ = g,
) = Qpt1, 5 = ¢(P1), and 7§ = Np_p—2. Now 7 = (1 @ ¢(m1) @ 1) © 1 © w2 is a snow leopard
permutation by Theorem[3.1] and it has

= (lecr)el)er

and

¢ = ce(m)olons
Ni+1 © 1O Np—k—2
= [Nj.
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Since ¢(m°) = (1 © a3 ©61) ® B1 = ¢(B), we see that 3 is an odd thread entangled with N,,. O

By combining Theorem 5.1 with Proposition[3.TT} we can characterize the even threads entangled with
a much larger class of odd threads.

Definition 5.2. For m > 1 and any positive integers 1y, . . ., l,,, we write Ay, ... 1, to denote the permu-
tation D, © Wy, © --- © y,,,. We sometimes call a permutation of the form 0y, ..., up-layered.
Corollary 5.3. For m > 1and any positive integers ly, . . ., l,, the permutation Ay, ... ;.. is an odd thread,

and the even threads entangled with it are the permutations of the formm, © 10 m 616 - S1 O Ty,
where m; is a 3412-avoiding involution of length l; — 1 for 1 < 7 < m.

Proof: This follows from Theorem[5.1{i) and Proposition by induction on m. O
Corollary 5.4. For any m > 1 and any positive integers l1, . .., L, there are exactly My, _1---M;_ _1

even threads entangled with the odd thread 1y, ...,

Proof: This is immediate from Corollary [5.3] since the number of 3412-avoiding involutions of length
lj_liSMljflfOrlngm. O

It is natural at this point to try to use Theorem [5.1{ii) and Proposition to prove a analogues of
Corollaries [5.3|and [5.4] for even threads which are layered in the opposite direction. Unfortunately, doing
this only allows us to recover Theorem [5.1[ii). Nevertheless, we can use Corollary [5.3] to prove the
analogues we seek. We begin by making the phrase “layered in the opposite direction” precise.

Definition 5.5. For m > 1 and any positive integers l1, . . ., l,, we write Ny, .., to denote the permu-
tation Ny, ® Ny, O --- O Ny,,. We sometimes call a permutation of the form Ny, .. ;, down-layered.

We now have a natural analogue of Corollary [5.3|for down-layered even threads.

Theorem 5.6. For m > 1 and any positive integers 1, ..., ly,, the permutation Ny, .. 1, is an even

thread, and the odd threads entangled with it are the permutations of the form 1®m 1B B1EH--- P
1@ my @ 1, where m; is the complement of a 3412-avoiding involution of length l; — 1 for 1 < j < m.

Proof: First note that the result is Theorem @kii) when m = 1, so we may assume m > 2.

Since @ is an even thread and [4;, ... ;, is an odd thread, by Theorem we see that N, |
c(@i,,...1,, ©1 © Qis an even thread.

To prove the rest of the result, suppose 7 is a snow leopard permutation with 7¢ = Ny, ;.. By
Theorem (3.1} there are snow leopard permutations o and o9 suchthat 1 = (1 ©¢(o1) ©1) © 16 09. If
o2 # Q@ then there is an odd thread 3, and a nonempty even thread o such that 7¢ = ¢(81) ©16© ;. In
¢(f1) © 16 aq, the largest entry appears to the left of the smallest entry, but in 7¢ = Ny, . ;,, the largest
entry appears to the right of the smallest entry (since m > 2). Therefore, 0o = @Qand 7 = 1 ® ¢(o1) ® 1.
Since 7€ = Ny, ... 1,,» we have 09 = ¢(Ny,,...1,,) = Qiy,... 1,,- Now by Corollary the permutation
o{ has the fomm 616 ---©1©m,, , where 7; is a 3412-avoiding involution of length [; — 1 for
1<j<m.Thismeans 7° = 1P ¢(m) D1 ® - ®1D c(m, ) ® 1, and the result follows. O

m eoslm

Corollary 5.7. For m > 1 and any positive integers 1y, . .., 1,,, there are exactly M, _1--- M, _1 odd
threads entangled with the even thread Ny, ... ;

m*
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Proof: This is immediate from Theorem since the number of 3412-avoiding involutions of length
Zj—lilej,lforlgjgm. O
Inspired by Corollaries[5.4|and[5.7] along with some numerical data, we make the following conjecture.

Conjecture 5.8. For any even (resp. odd) thread o (resp. (), the number of odd (resp. even) threads
entangled with o (resp. 3) is a product of Motzkin numbers.

We have verified Conjecture [5.8] for all even threads of length eleven or less and all odd threads of
length twelve or less.

6 Janus Threads

Having investigated the entanglement relation between even and odd threads, we now turn our attention
to those threads which are both even and odd.

Definition 6.1. We say a permutation is a Janus thread whenever it is both an even thread and an odd
thread. For convenience, we also regard the antipermutation Q as a Janus thread (of length —1). For
eachn > —1, we write JT,, to denote the set of Janus threads of length n.

Remarkably, for small n nearly every odd thread is also a Janus thread: the smallest odd thread that is
not also an even thread is 3412. Nevertheless, it’s natural to ask how many Janus threads of length n there
are. In Table[d we have the number of Janus threads of length nine or less.

n_|-1]0] [3]4[s|6]7]8 ]9
JT,| | 1 [ 1] 1]2]4]8]|17[37]82]185]423

Tab. 4: The number of Janus threads of length nine or less.

2|3
2|4

As was the case for even and odd threads, Janus threads are related to a certain kind of lattice path. To
describe these lattice paths, first recall that a Motzkin path of length n is a lattice path from (0, 0) to (n, 0)
consisting of unit Up (1, 1), Down (1, —1), and Level (1, 0) steps which does not pass below the z-axis.
As their name suggests, the Motzkin paths of length n are counted by the Motzkin number M,,, which we
met in Section[5] A peak in a Motzkin path is a pair of consecutive steps in which the first step is an Up
step and the second is a Down step. We say a Motzkin path is peakless whenever it has no peaks, and we
write U D,, to denote the set of peakless Motzkin paths of length n. For example, U D5 consists of eight
Motzkin paths: LLLLL, LLULD, LULDL, ULDLL, LULLD,ULLDL,ULLLD,and ULLLD. In
Table [5] we have the number of peakless Motzkin paths of length ten or less. These paths are counted by

[2]3]4]
1

Tab. 5: The number of peakless Motzkin paths of length ten or less.

|6 78] 9 |10
| 17 | 37 | 82 | 185 | 423

n [0]1 31415
UD,| | 1]1 24738

a certain sequence of generalized Catalan numbers, which is sequence A004148 in the OEIS; its terms
satisfy a, = ap_1 + ZZ;? g Qn—o—1 forn > 0.

As a comparison of Tables ] and [5] suggests, Janus threads of length n are in bijection with peakless
Motzkin paths of length n + 1. As a first step in constructing a bijection between these two sets, we
describe how to construct peakless Motzkin paths recursively.
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Theorem 6.2. Suppose n is a positive integer. For each p € U D, exactly one of (i) and (ii) below holds.
(1) There is a unique Motzkin path a € UD,,_1 such that p = La.

(ii) There are unique integers k > 1 and l > 0 and unique Motzkin paths a € U Dy and b € U Dy such
thatn =k + 1+ 2 and p = UaDb.

Conversely, both of the following hold.
(iii) For everya € UD,_1, we have La € UD,,.

(iv) For any integers k > 1l andl > Owithn =k + 1+ 2, andany a € UDy and b € UD;, we have
UaDb € UD,,.

Proof: This is similar to the proof of Theorem 4.2 O

We can also use our recursive decompositions of the even and odd threads in Theorem [3.§]to describe
how to construct Janus threads recursively.

Theorem 6.3. Suppose v is a permutation of length at least one which begins with its largest entry. Then
v is a Janus thread if and only if there is a Janus thread 1 such that v = 1 & 1. Moreover, when these
conditions hold, v, is determined by .

Proof: (=) Suppose 7 is a Janus thread which begins with its largest entry. Since y begins with its largest
entry, it has the form 1 & ~; for a unique permutation ~;. In particular, the last statement of the theorem
holds.

To show 7, is an odd thread, first note that since ~y is an odd thread, by @D there is an even thread o
and an odd thread (31 such that v = (1 @ c¢(ay) @ 1) © ;. Since y begins with its largest entry, we must
have a; = @ and 1 = 71, so 7 is an odd thread.

To show ~; is an even thread, and therefore a Janus thread, first note that since v is an even thread, by
(1) and Theoremthere is an even thread ap and an odd thread (2 such that v = ¢(f2) © 16 g, and
the 1 corresponds to the leftmost eligible connector in 7. If ¢(f2) begins with its largest entry, then 35
begins with 1, and the first entry of + is an eligible connector. However, this contradicts the fact that the
leftmost eligible connector in + is not in 8. Therefore, ¢(f2) cannot begin with its largest entry. Since
v = ¢(B2) & 16 ay does begin with its largest entry, we must have 35 = @ or S5 = (). The first of these
contradicts the fact that the leftmost eligible entry of v does not occur in ae, so we must have v = 16 as.
Therefore, 71 = a2 is an even thread.

(<) This is immediate from Propositions [3.11) and [3.13] the fact that 1 is an odd thread, and the fact
that () is an even thread. O

Theorem 6.4. Suppose v is a permutation of length at least two which does not begin with its largest entry.
Then ~ is a Janus thread if and only if there are Janus threads 1 and ~s such that v, has nonnegative
length and v = (1®c¢(v1) B 1) © 1S ~,. Moreover, when these conditions hold, -y and 5 are determined
by 7.

Proof: (=) Suppose ~ is a Janus thread which does not begin with its largest entry. Since v is an odd
thread, by (2) there is an even thread a; and an odd thread 8; such that v = (1 & ¢(«1) ® 1) © 8;. The
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second 1 in this decomposition corresponds to the largest entry of -, so this decomposition is unique, and
the last statement of the theorem holds. Moreover, since v does not begin with its largest entry, a;; has
nonnegative length. Since all odd threads have nonnegative length, 5, also has nonnegative length.

We claim (31 begins with its largest entry. To prove this, suppose by way of contradiction that 3; does
not begin with its largest entry. Then by (2) there is an even thread ay of nonnegative length and an odd
thread /35 such that 5 = (1 @ c(a2) ® 1) © B2. Repeating this argument as long as (; does not begin
with its largest entry, we find there are even threads oy, . .., o of nonnegative length and an odd thread
Br+1 such that

y=1®cla)@dl)o(1ldclar)@d)O---0(1Dc(ag) 1) O 16 Bryr. (10)

Furthermore, because - is an even thread, ¢(y) must have a fixed point which is a left-to-right maximum.
This cannot occur in any of the summands 1 & c(a;) @ 1, so the leftmost eligible connector in v must
correspond to the rightmost 1 in the decomposition in (I0). By Theorem the permutation (1 &
clar)@l)e(l@c(az)®d1)e -6 (1@ c(ax) @ 1) is the complement of an odd thread and Sj41 an
even thread. Now it follows that (16 a1 ©1) @ --- & (1 & ag © 1) is an odd thread, and by (2) there is
an even thread o and an odd thread S such that (1601 61)® -+ @ (1o 01l) = (1dc(a) 1) S 6.
Matching largest entries on each side of this equation, we find § = aj © 1. But all of the entries of 3
in (1® c(a) ® 1) © F are less than every entry to the left of the largest entry, while all of the entries of
ap©lin(leoarol)® - & (16 a, ©1) are greater than all of the entries to the left of the largest
entry. This contradicts the facts that k£ > 2 and o7 # Q.

Since 1 begins with its largest entry, we now know that we have v = (1®¢(y1) 1) © 1679, where 1
has nonnegative length, 7, is an even thread, 1 © 5 is an odd thread, and 1 ® ¢(7;) @ 1 is the complement
of an odd thread. Furthermore, the rightmost 1 in this decomposition is the leftmost eligible connector in
v, 80 by Theorem@]we see that v is an even thread. On the other hand, since 1 © - is an odd thread,
by Proposition we have that 5 is also an odd thread. Therefore, 7, is a Janus thread.

To see that 7, is an odd thread, first note that 1 & ¢(v;) @ 1 is the complement of an odd thread means
1 &7 & 1is an odd thread. Now the result follows from Proposition [3.12]

(«<=) Suppose 7; and 2 are Janus threads. The fact that (1 ® ¢(y1) ® 1) © 1 © 7 is an odd thread is
immediate from Proposition [3.11] the fact that 1 is an odd thread, and (2)). Similarly, since ~; is an odd
thread, 1 © 1 © 1 is also an odd thread by Proposition [3.11} Now the fact that (1 ® c¢(y1) ®1) ©1 6 7
is an even thread follows from , since v is an even thread. O

The fact that our Janus thread decompositions exactly match our peakless Motzkin path decompositions
allows us to construct a recursive bijection between these two sets.

Theorem 6.5. For each integer n > —1, there is a unique bijection
K:JT, - UD,+

such that K(Q) = (0, K(0) = L, if vy = 1 © 7, for a Janus thread ~ then K(v) = LK (v,) and if
vy=(1®c(y1) ®1) ©16 o for Janus threads v, and v2 then K(v) = UK (71) DK (72).

Proof: This is similar to the proof of Theorems [4.4]and [4.6] using Theorems and[6.4] O

Although our description of K above is recursive, it turns out this map has an elegant direct combina-
torial description as well. We close the section with this alternative description of K.
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Definition 6.6. For any Janus thread of length n > —1, we define the lattice path K(v) as follows. For
n=—1orn=0wehave K(Q) = 0 and K(0) = L. If n > 1, then we obtain K(~) as follows.

1. Write n + 1, followed by =y, followed by 0.

2. For each pair of consecutive entries in this new sequence, if the entries are consecutive integers (in
either order) then write L between them. If the consecutive entries are not consecutive integers,
then write U between them if they form an ascent, and D if they form a descent.

3. In the resulting sequence of n+ 1 Us, Ls, and Ds, number the subsequence of Us and Ds from left
to right, beginning with 1. Change every odd-numbered U to a D and every odd-numbered D to a
U.

The resulting sequence of Us, Ls, and Ds is the lattice path (7).

Example 6.7. When v = 576894312 we write 10 576894312 0, and we obtain the sequence DULULDLDLD.
Changing the odd-numbered Us to Ds and the odd-numbered Ds to Us, we find that K(578694312) =
UULDLDLULD.

In Examplewe obtain a peakless Motzkin path, and in fact it’s not difficult to check that K(576894312) =
K (576894312). As we show in our final result, K(7) is a peakless Motzkin path for every Janus thread
7, and K(7) = K(7).

Theorem 6.8. For any Janus thread v, we have K(v) = K (7).

Proof: The result is easy to check when + has length less than two, so suppose |y| > 3; we argue by
induction on the length of .

If v begins with its largest entry, then by Theorem [6.3there is a Janus thread y; for which v = 1 & 4.
Since |y1| = |y] — 1 > 2, we have K(y) = LK(71). By induction, (1) = K (v1), so K(y) = K(7v) by
the definition of K.

If v does not begin with its largest entry, then by Theorem [6.4] there are Janus threads ~; and ~y, for
which v = (1®¢(y1)®1)©16,, where v has nonnegative length. Examining K((1&¢(vy1)®1)©1672),
we find K(y) = UK(v1)DK(~2). Now the result follows by induction and the definition of K. O

7 Future Directions

This work originated in a larger effort to give a nonrecursive characterization of the snow leopard per-
mutations. For instance, we have made extensive use of the fact that snow leopard permutations preserve
parity, but most permutations which preserve parity are not snow leopard permutations. Similarly, we
noted in the Introduction that snow leopard permutations are anti-Baxter permutations, so they avoid the
vincular patterns 3412 and 2143. Still, most anti-Baxter permutations which preserve parity are not snow
leopard permutations. |Caffrey et al.| (2015) introduce in their Definition 3.2 a function x which maps
each permutation to a lattice path consisting of North and East steps, and they show that « is a bijection
between the set of snow leopard permutations of length 2n — 1 and the set of Catalan paths from (0, 0) to
(n,n). However, there are many other permutations 7 for which «(7) is a Catalan path. Indeed, let’s call
a permutation SLP-like whenever it is an anti-Baxter permutation which preserves parity and maps to a
Catalan path under . Then in Table [§] we see that most SLP-like permutations are still not snow leopard
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length ‘1‘3‘5‘7‘9
number of SLP-like permutations 112]7|32] 175
number of snow leopard permutations | 1 | 2 | 5 | 14 | 42

Tab. 6: The number of SLP-like permutations compared with the number of snow leopard permutations.

permutations. Giving a nonrecursive characterization of the snow leopard permutations remains an open
problem. Similarly, it remains an open problem to prove our Conjecture[5.8] Finally, as far as we know no
one has investigated the permutations which are compatible with alternating Baxter permutations, even
though |Cor1 et al.| (1986) have shown that the number of alternating Baxter permutations of length 2n
(resp. 2n + 1) is C2 (resp. C,,C,,11). We conjecture that the compatibility relation is a bijection in this
case, just as it is in the case of doubly alternating permutations and snow leopard permutations.
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A permutation 7 in the symmetric group .S; is minimally overlapping if any two consecutive occurrences of 7 in
a permutation ¢ can share at most one element. Béna showed that the proportion of minimal overlapping patterns
in S; is at least 3 — e. Given a permutation o, we let Des(o) denote the set of descents of 0. We study the class
of permutations o € S, whose descent set is contained in the set {k, 2k, ... (n — 1)k}. For example, up-down
permutations in Sa,, are the set of permutations whose descent equal o such that Des(o) = {2,4, ..., 2n—2}. There
are natural analogues of the minimal overlapping permutations for such classes of permutations and we study the
proportion of minimal overlapping patterns for each such class. We show that the proportion of minimal overlapping
permutations in such classes approaches 1 as k goes to infinity. We also study the proportion of minimal overlapping
patterns in standard Young tableaux of shape (n*).

Keywords: permutations, arrays, minimal overlapping patterns

1 Introduction

Let S,, denote the set of permutations of [n] = {1,...,n}. Welet k[n] = {k,2k,... ,nk}ifk,n > 1. If
0 =01...0,is an element of S,,, we let Des(c) = {i : 0; > oy11}. Forany k,n > 1, C_yj,—1) denote
the set of all o in Sy, such that Des(o') = k[n — 1] and Cc[,,—1) denote the set of all o in Sy, such that
Des(o) C k[n — 1]. For example, elements of CZQ[H_” are permutations ¢ = 0103 .. .09, € Sa, such
that

01 <09 >03< 04> "".

These are called up-down permutations or even alternating permutations.

One way to think of elements in Cc [, —1) is as column strict arrays which were studied by Harmse and
Remmel in [6] and [7]]. A column-strict array P is a filling of a k x n rectangular array with 1,2, ---  kn
such that elements increase from bottom to top in each column. Let 7, ;. denote the set of all the column-
strict arrays with n columns and k rows. Given a P € F, j, we let P[i, j] denote element in the ith

ISSN 1365-8050 (© 2016 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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column and jth row where the columns are labeled from left to right and the rows are labeled from bottom
to top. We let o p denote the permutation

op = P[1,1]P[1,2]... P[1,k|P[2,1]P[2,2] ... P[2,k] ... P[n,1]P[n,2] ... Pln, k].

For example, if P is the element of 7 3 pictured in Figure[l] then op = 3111212468 1057 9. This
given, it is easy to see that op € C—p[,,—1] if and only if P[i, k] > P[i 4+ 1,1] forall1 <4 <n —1. An
array P € F, ; is a standard tableau of shape (n*) if P is strictly increasing in rows, reading from left
to right. That is, P is strictly increasing in rows if forall 1 < 5 < k,
We let ST (n*) denote the set of all standard tableaux of shape (n*).

1214 |10] 9
111287
311|615

Fig. 1: An element of F4 3.

Given any sequence of pairwise distinct positive integers, & = aj ..., we let red(«) denote the
permutation of .S,, that results from « by replacing the ith smallest element of a by i fori =1, ..., n. For
example, red(3 6 8 29) = 234 1 5. Given a permutation 7 € S; and permutation 0 = 01 ...0, € S,
we say that

1. 7 occurs in o if there are 1 <4y < iy < --- <i; < nsuch thatred(oy, ...04;) =7,
2. o avoids T if there is no occurrence of 7 in o, and
3. there is a 7-match in o starting at position i if red(c;041 ... 04,-1) = T.

We let 7-mch(co) denote the number of 7-matches in o. We say that 7 has the minimal overlapping prop-
erty or T is minimally overlapping if the smallest n such that there exists o € \S,, such that 7-mch(c) = 2
is 25 — 1. This means in any two consecutive T-matches in a permutation o can share at most one element
which must necessarily be at the end of the first 7-match and the start of the second 7-match. It fol-
lows that if 7 € \S; is minimally overlapping, then the smallest » such that there exist a ¢ € S, such that
7-mch(o) = kis k(j—1)+1. We call these particular elements of Sj,(;_1y,; maximum packings for 7 and
we let MP. k(j—1)+1 = {0 € Sk(j—1)+1 : T-mch(o) = k}. Weletmp, ;. ;_1)41 = [MPrg(i—1)+1]

Minimal overlapping permutations are nice in that we have a nice expression for the generating function
of z7™(?) over permutations. That is, Duane and Remmel [3]] proved the following theorem.

Theorem 1. If 7 € S; has the minimal overlapping property, then

n>0  o€S,

1

— . (D)
nG-D
L=+ Wmlr(x = 1)"mp. . -1)41(P, 0))

p,q*
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Hereif 0 = 01...0, € Sy, theninv(o) = [{(4,7) : 1 <1 < j < n & o; > 0;}| and coinv(c) =
{(,7):1<i<j<n&o; <o;}|and

mp, )= Y, g
TEMPr n(i—1)+1

Harmse and Remmel generalized these definitions and results to F,, . However, as we shall see their
definitions make perfectly good sense in the the setting of C_y[,,—1) or S T (n*). That is, if F is any filling
of a k x n-rectangle with distinct positive integers such that elements in each column increase, reading
from bottom to top, then we let red(F’) denote the element of F,, ;, which results from F' by replacing the
ith smallest element of F’ by i. For example, Figure 2] pictures a filling F* with its corresponding reduced
filling, red(F).

9 117(20 red 41819
7113|15| — 2|67
218110 1(3]5

Fig. 2: An example of red(F).

IfF e Fopand 1 < ¢1 < --- < ¢; < n, then we let Fleq, ..., ;] be the filling of the k x j
rectangle where the elements in column @ of Fcy, ..., ¢;] equal the elements in column ¢, in F' for

a =1,...,j. We can then extend the usual pattern matching definitions from permutations to elements
of F k» C—gn—1], OF ST (n") as follows.

Definition 2. Let P be an element of Fj j; (Cij—1], ST (%)) and F € Fyy o (C—pf—1), ST (n¥)) where
7 < n. Then we say

1. P occursin F ifthere are 1 <y < iy < --- <1i; < nsuchthat red(Fliy,...,i;]) = P,
2. F avoids P if there is no occurrence of P in I, and
3. there is a P-match in F starting at position i if red(F[i,i +1,...,i+j —1]) = P.

We let P-mch(F’) denote the number of P-matches in F. For example, if we consider the fillings
P € F33and F,G € Fg 3 shown in Figure [3] then it is easy to see that there are no P-matches in F' but
there is an occurrence of P in F since red(F'[1,2,5]) = P. Also, there are 2 P-matches in G starting at
positions 1 and 2, respectively, so P-mch(G) = 2.

We say that an element P in Fj i (C—g[n—1]s ST (n*)) has the minimal overlapping property or is
minimally overlapping if the smallest i such that there exists an F' € Fp (C—p[i—1]s ST(i*)) with
P-mch(F) = 2is 2§ — 1. Thus if P has the minimal overlapping property, then two consecutive P-
matches can only overlap in a single column, namely the last column of the first match and first column
of the second match. We say that P is overlapping if P is not minimal overlapping.

It P € Fjr Copfj-1» ST (5%)) has the minimal overlapping property, then the smallest i such
that there exists an F' € Fj i (C—gi—1]» ST (i*)) such that P-mch(F) = nis n(j — 1) + 1. If
P € Fjr, welet MPp,(j—1)4+1 denote the set of all F' € F,(;_1)41,% such that P-mch(F) = n
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316]9

P 518

11417
4 111]15|16|18|14 417(11]16]18|14
F | 2]10| 8 |13]17|9 G |2]6|10]13[17]9
1/5/6(3(12]7 115]8]|12]15]3

Fig. 3: Examples of P-matches and occurrences of P.

and set mpp ,(;_qy41 = IMPpni-1)41l- If P € C—yj_1), we let CMPpy,j—1)41 denote the set
of all ' € C_g[n(j—1)+1) such that P-mch(F) = n and set cmpp ;1)1 = [CMPpy-1)41l-
If P e ST(j*), we let STMPp,,(j_1)+1 denote the set of all FF € ST((n(j — 1) + 1)*) such
that P-mch(F) = n and set stmpp,,;_1)11 = |[STMPpp(j-1)4+1]- In each case we shall call an
F e MPpyj—1)41 (F € CMPpyj—1)+1, F € STMPpyj—1)41) @ maximum packing for P.

Given P € Fj 1, let
" P-mch(F)
Ap(x,t) = Z o] Z gt e,
n>0 FG]“n,’k

Clearly, when z = 0,

Ap(0,t) => " (kf;)' {F € Fpn1, : P-mch(F) = 0}|.
n>0 ’

For P,Q € Fj 1, if Ap(0,t) = Ag(0,t), we say P and @ are c-Wilf equivalent. If Ap(z,t) = Ag(z, 1),
we say P and @) are strongly c-Wilf equivalent. In [10], in the case where k = 1, Nakamura conjectured
that if two permutations are c-Wilf equivalent then they are also strongly c-Wilf equivalent. Harmse and
Remmel gave a similar conjecture in [7]] when k£ > 2. That is, they made the following conjecture.

Conjecture 3. P, Q) € F, j, are c-Wilf equivalent if and only if P and Q) are strongly c-Wilf equivalent.

It has been shown that the conjecture holds for minimal overlapping patterns and the first and the last
column of a pattern determines which c-Wilf equivalence class it belongs to (see [2], [3], [4], and [7]).
The key to proving such results is to prove an analogue to Theorem [I} This was done by Harmse and
Remmel [[7] who proved the following theorem for minimal overlapping patterns in F ;..

Theorem 4. Suppose thatk > 2, j > 2, and P € F; j, has the minimal overlapping property. Then

1
tn(G—1D+1 : 2)

Ap(t, {E) =
1- (% + anl (B(nG—1)+1)! (z — 1)nmpP,n(jfl)+1)

One can prove analogous results for minimal overlapping patterns P in C_[;_1) and for minimal over-
lapping patterns P in ST (j*). However, such results can no longer be expressed just in terms of maxi-
mum packings, but require a more sophisticated concept of generalized maximum packing. This will be
the subject of a forthcoming paper [[L1].

The main focus of this paper is the following questions.
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How many minimal overlapping patterns are there in J,, 3?
How many minimal overlapping patterns are there in S7 (n*)?
How many minimal overlapping patterns are there in C_[,—1;?

We let M,, i (ST M, 1., C M, 1) denote the number of minimal overlapping patterns in 7, ;. (ST (n*),
C:k[n—u)- Then we will be interested in the following quantities:

a Mn,k
n,k “Fn,k|7
STM,, &
bk = o and
T STl
. CM, i
nk = .
|C—km—1]]

Boéna studied the behavior of a,, ; in [1]]. In [1]], Béna proved that a,, ; > 3 — e ~ 0.2817. That is, he
proved that at least 28.17% of the permutations in S,, are minimimal overlapping. Moreover, he proved
that lim a, ; exists. The main goal of this paper is to prove similar results for a,, k, b, k, and c;, i.

n— 00

The outline of this paper is as follows. In Section 2, we shall give general lower bound for a,, j, for all
k. In Section 3, we shall give formulas for M,, ;, and a,, ;. In Section 4, we shall study the asymptotic
behavior of {a,, 1} for fixed k. In Section 5, we shall analyze b,, ;, and in Section 6, we shall analyze
Cn,k- In section 7, we shall briefly discuss some open questions about the problem of finding the number
of minimal overlapping permutations that start with a given initial segment.

2 Lower Bound for a,,

Boéna proved that the probability that a randomly selected pattern in JF,, ; is minimal overlapping is at
least 3 — e ~ 0.282, that is, L; = 3 — e is a lower bound for {a,, 1 }»>1, independent on n. Based on
Boéna’s idea in [[1]], we are able to find a basic lower bound L, for {amk}nzl for any given k£ > 1.

We say that P € F, j is overlapping at position ¢ if red(P[1,...,i]) = red(P[n —i + 1,...,n]).
That is, the reduction of the first ¢ columns of P is equal to the reduction of the last ¢ columns of P.
Suppose P € F,, j is overlapping, then there exists integer ¢, 2 < 7 < n — 1 such that P is overlapping
at position ¢. Furthermore, one can easily check that P is overlapping if and only if there exists integer

i, 2 < i < 5 + 1 such that P is overlapping at position i. Let E; be the event that P is overlapping at
position i. If 2 < 4 < T + 1, the probability that E; happens Pr(E;) = % That is, we can partition
the elements of F,, ;, by the set of elements that lie in the first ¢ columns of P and the set of elements
that lie in the last ¢ columns of P. Once the filling of the first ¢ columns of P is fixed, there are E;j))'
ways to arrange the elements in the last 7 columns and only one of them is favorable. If § < i < 5 + 1,

Pr(E;) < EZL)), Then the probability that a randomly selected pattern in F,, ;, is overlapping is bounded
by

K1) K
el U Bl Y Pm)< Y E;),Q;Ek))'

2<i<5+1 2<i<5+1 2<i<5+1

Then for a fixed k, we get a lower bound Ly, for {ay k }n>1.
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Theorem 5.

Li—1- ; EZL)), 3)

Then by Theorem@ we can compute L1 and Lo directly.

L, = 1—2%21—(—24—6):3—6%0.282.
! (2’ 2! 1 (v2)’ (=v2)’
b= I‘Z@mzf’"zwz?’—z(_z R Ph )
i>2 120 =0 =0

1
- 33— 5 (6\/§ + 67\/§> =3 - COSh(\@) ~ (0.822.

The results above indicate there are at least 28.2% of patterns in F,, ; that are minimal overlapping, and
at least 82.2% of patterns in J,, 5 that are minimal overlapping, no matter what n is.

Moreover, by observing Equation , one can easily find that the sequence { L} is monotone increas-
ing. It agrees with our intuition because a pattern is minimal overlapping as long as there exists one
row whose reduction is minimal overlapping and, hence, more rows means higher chance to be minimal
overlapping. Also, since { Ly} is bounded by 1, the sequence converges.

Theorem 6.
lim Ly =1. “)
k— o0
Proof: Since ()’
k!)*
Li=1-Y L
i Z (ik)!’
1>2
to show (@) it suffices to show
(kD"
hmroo Z (ik)!
i>2
Fori > 2, '
k)* k!)* 1 1
(k) ( ) <= and Z — < 00

I =0,
Kmsoo (ik)! £

Then by the dominated convergence theorem,

, (1) (k)
Jm > (k) 2 Jim, (k)

i>2 i>2

[J Thus we have the following corollary.

Corollary 7. For a given n,

lim an, ;= 1. )
k—o0

Now we see no matter how large n is, almost every pattern in JF,, j, is minimal overlapping as long as £
is large enough. Another fact worth mentioning is that { L} converges to 1 rapidly. By , L1 ~ 0.282,
Lo =~ 0.822, L3 ~ 0.950, Ly ~ 0.986, L5 ~ 0.996, - - -.
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3 Formulas for M, ; and a,

It follows from our observations in the previous section that a pattern P € F,, j, is overlapping if and only
if there exists a unique integer ¢ such that P is overlapping at position % and the reduction of the first ¢
columns of P is minimally overlapping with 2 < ¢ < § + 1. The basic idea of obtaining the formula
for M,, 1, the number of minimal overlapping patterns in J,, , is to subtract the number of overlapping
patterns from the total number.

Assuming n is fixed, we separate the discussion of M,, ; into two cases.

Case 1. k is an even number.

B nk nk (n—4)k nk (n—6)k
Moy = (kkzkz) = Mz <2k:,2k:) <k:k k> M3”“<3k,3k> <kzk k

nk (n—8)k nk
_M —ei— Mn
b <4k,4k) (kk o k> 2’k<§nk7 ;m)
(k) & nk \ ((n — 20)k)!
= ST M )R
(k)n ; F\ik,ik) (k)2

The only significant difference between the even case and the odd case is the term corresponding to
. .. n+1
patterns over.lapplng at position ——.
Case 2. n is an odd number.

_ nk nk (n—4)k nk (n—06)k
Mni = (kkk) — Mo (%,%) <kk k) _Mg’k(3k,3k> (kk k

nk
e = Mo _
; vk(gm— 1)k, L(n — 1>k> > M

’ PeMngr
n=1
(nk)! < nk \ ((n — 20)k)!
= —_ M ) RS S A A .
(kr > Mik S > mpp,
1=2 PEMnTﬂyk

Dividing M,, by |y

, we get formula of a,, ;. as follows

Theorem 8.
If n is even, n g =1— Z ai’k%' (6)
i=2 (ik)!
n—1
2 K
Ifnisodd, — anp=1-7)_ akgk)), ~ bk, ™
ik)!
i=2
ZPEMLHkI7lpP"L
where by, , = ——F—1T——

|~7:n,1€‘

It may seem that (6) and (7) gives us a way to recursively compute a,, 1, but unfortunately this is not
the case. That is, while the even terms depend only on the previous values, the odd terms rely on both
previous terms and ) |, Mnisy o MPP which is difficult to compute. Indeed, we have no general way
to compute mpp,, for a fixed minimal overlapping P.
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4 The limit of a,,

In this section, we study the asymptotic behavior of {ay, 1 }»>1, for any given integer k£ > 1. Throughout
this section, we shall assume that & is a fixed number greater than or equal to 1. We let {d,,} be the
subsequence of {ay,  }>1 consisting of odd terms, ie., d; = ag;j—1%, j = 1,2,3,---. Welet {e,, } be the
subsequence consisting of even terms.

From equation @ in Theorem we see {e,, } is a monotone decreasing sequence and a,, ; has lower
bound Ly, hence {e, } is convergent. To show a,, . has a limit, we need to show {d,,} converges to the
limit of {e,, }. This will result in the following theorem.

Theorem 9. For a fixed integer k > 1, lim a,, j, exists.
n—oo

Proof: We only need to show the limit of d,, equals the limit of e,,. Since d;,+1 = agn+1,1 and e,, = aop i,
by (6) and (7), we have e, — dpn 1 = ban 1,k

2n+1)k
Y PeMuprn ™Ppong1 _ Mg (PHHDR)

®)

b2n+1,k |]:2n+1,k'| o ‘F27L+1,k|
The inequality holds because that the fact that the reduction of the first n + 1 columns of a pattern in
Fon+1,, 1s minimal overlapping does not guarantee the pattern is overlapping at position 7 + 1. In other
words, it is a necessary condition that the reduction of the first n + 1 columns is minimal overlapping
but that it is not sufficient. Take patterns in F5 ; as an example. Assume the reduction of the first three
numbers is 1 3 2 which is minimal overlapping. If the initial three numbers are 3 4 2, we can put 5 1 in
the end to make 3 4 2 5 1 overlapping at the middle position. However, a pattern with prefix 3 4 2 can not
be overlapping at position 3. We use RHS for the right-handed side of (8.

RHS = (P ) Musre (P Fusrplansn
|f2n+1,k| |‘/—'.2n+1,k‘

(2nk + k)!(nk + k)I(k!)2+1
(nk)!(nk + k)!/(kD)nt1(2nk + k)!a'n+l,/c
(k)"

Wan+l,k
nt1k
|fn,k| -

As n goes to infinity, | F,, x| goes to infinity and because a,,+1 i is bounded by 1,

lim €n — dn+1 = lim b2n+1.k =0.
n—00 T—00 ’

Therefore, lim d,, = li‘m e, and then hence nh%n;o an, ) exists. O Note that | F,, | increases rapidly as n
increases so that a,, j, converges rapidly. The larger £ becomes, the faster a,, j, converges.

Let [}, be the limit of a,, ; as n goes to infinity. Using Monte Carlo methods, we computed approximate
values for [, for k = 1,2,3,4: [; ~ 0.364, lo ~ 0.823, I3 ~ 0.949 and 4 ~ 0.986. Comparing L; and
li;, we find they are very close. This is not a coincidence because (3) is almost the same as (6] and (7)) and
we know a,, i, is close to 1 when n is large.
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5 Standard tableaux of rectangular shapes

The set of all the standard Young tableaux of rectangular shape n* is denoted by ST (n*) and clearly it
is a subset of F,, j. It is well-known that the cardinality of ST (n?) is the nth Catalan number Cat(n) =
L ( ) Then using the similar argument of Theorem . we have a lower bound for b, 2, where b,, > is

n+1
proportion of minimal overlapping patterns in ST (n?)

1
Li=1- .
2 Z Cat(7)
>2

To find the exact value of the lower bound, we must compute the sum -, Cat( y- Define a power series
f(x) as follows

Then

oy L
= Cat(4)

By the recursion of Catalan numbers Cat(i + 1) = -£2Cat(i),

t+2-2 l+2 4i+2

ofi@) = < Wfﬂi ~ 2 Catli) % = Z Cat e mx ~ /@)
= 2@ @) - o) - 2@ - ) - 2 () = A @) - 2”5: 2f(:v) ~2
So we obtain a first-order ordinary differential equation
ra+ (222 ) 1 - 2 ©)

Solving this differential equation (9) with the initial value condition f(0) = 0 for f(x) yields

(x — 10)(x — 4)z + 24v/4x — 22 arcsin (?)
(4 —x)?

Setting = = 1 in this formula for f(x) gives our next theorem.
Theorem 10.

=1
ca) 't m

i>1
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Then by the above equation, we have the lower bound L5 = 1 — 4‘2/75“ ~ 0.194.
Similarly, for any given k, lower bounds for b, 1, that is, lower bound for the proportion of minimal

overlapping patterns in ST (n*) is
1
E=1-5 -
k Z Y.’

i>2

where Yjx = |ST(i*)| which could be counted by the hook-length formula. We computed the following
approximations for Ly, for k = 3,4, 5, 6.

L§ ~0.774, L5 =~0926, L§~0976, L ~0.992.

It is easy for one to show that klim L7 = 1 which implies almost every pattern in ST (n*) is minimal
hde el

overlapping as k is very large.

Next we shall find an upper bound for the proportion of minimal overlapping standard tableaux of shape
n?. This is equivalent to finding a lower bound for the proportion of overlapping patterns. For a pattern
P € 8T (n?), n > 3, we only consider patterns where the reduction of the first two columns is the same
as the reduction of the last two columns. There are only two cases for such overlapping patterns. For Case
1 (Figure[d), the number of such overlapping patterns in ST ((n + 2)2) is equal to |ST (n?)|.

214 214
113 1|3

P

Fig. 4: Reducing via the patterns in the first two columns for Case 1

For Case 2 (Figure , the number of such overlapping patterns in S7 ((n + 2)?) is equal to the number
of standard Young tableaux of skew shape (n + 2,7n)/(2). It is easy to see that the number of standard

3[4 3[4 | ]
1]2 1] 2 | ]

P

Fig. 5: Reducing via the patterns in the first two columns for Case 2

tableaux of shape (n + 2,n)/(2) is equal to the number of standard tableaux of shape (n + 2, n) where 1
and 2 lie in the first row. But then the number of standard tableaux of (n 4+ 2,n) where 1 and 2 lie in the
first row is equal to the number of standard tableaux of shape (n + 2,n) minus the number of standard
tableaux of shape (n + 2,n) where 1 and 2 lie first column. But then the number of standard tableaux
of shape (n 4+ 2,n) where 1 and 2 lie first column is equal to the number of standard tableaux of shape
(n+1,n — 1). Using the hook length formula for the number of standard tableaux, it follows that

IST(n+2,n)/(2)] = |ST(n+2,n)]—|ST(n+1,n—1)]
3(2n + 2)! 3(2n)!
(n+3)n!  (n+2)(n—1)!

B 9% +9n+6 <2n)
(43 (n+2)(n+1)

n
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Since the lower bound for number of overlapping patterns in ST ((n + 2)?) is |ST (n?)| + |ST((n +
2,1n)/(2))|, an upper bound for by, 42 2, n > 3 is

s _ ST+ (ST ((n+2,1)/(2))]
k22 IST((n+2)?)]
3n2 +9n
8n2 +16n+6

As n goes to infinity, U 2.2 converges to 0.375. Therefore, {b;, 2} is asymptotically between 0.194
and 0.375.

6 Generalized Euler permutations

Elements in C_j,, 1) are called generalized Euler permutations or k-up-down permutations. Note that
2-up-down permutations are usually called up-down permutations. For example,c =2358146 7isa
4-up-down permutation of length 8 and x = 1 52 6 3 4 is an up-down permutation permutation of length
6.

Next we give a lower bound L¥ for {c;,  }n>2, that is, the proportion of minimal overlapping patterns
in C_y[,—1). Using essentially the same argument that we used to prove Theorem E], we have a lower
bound L¥
1

Lf=1-) ———
i ‘C k[j— 1]‘

7j>2
where |C_j[;—1]| is the number of k-up-down permutations of length kj. The generating function of

|Cokpj—1| is
kn 1

Z IC= klj— 1 kn)! = (=1)ntkn

n>0 ZTLZO (kn)!

See Stanley’s book, Chapter 3, page 389 [14]]. It is apparent that for fixed k, LkE converges SO we can
calculate numerical approximation

= §2|_2] 15 e RO

L = 1- ;m 1-%-%-@—--%0947

Ly = ;IC w1l _6719_33é61_603716809_”'%0'985’

Ly = 122|c_5[1jl]|12;1750175111593;85251”“0'996'

It is easy for one to show that klim LE = 1 which means almost all patterns in C_j,,_;) are minimal
— 00

overlapping when k is large.
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Next we will find an upper bound for ¢,, ». It is well-known that numbers of up-down permutations are
Euler numbers. Suppose E(n) is the nth Euler number, then |C_y[,—1j| = £(2n). By [15], the ratio of
two adjacent Euler numbers have asymptotic estimation as follows

E(n+1) 2(n+1)
E(n) T (i

To find an upper bound of minimal overlapping patterns, we only need to find a lower bound for
overlapping up-down permutations. Similar to Section 5] we only consider patterns where the reduction
of the first two columns is the same as the reduction of the last two columns. In other words, we only
consider prefixes and suffixes of length 4 in an up-down permutation and they have the same reduction.
In [12]], the number of such overlapping up-down permutations of length 2n is given as

13E(2n) — 32nE(2n — 1) + 10n(2n — 1) E(2n — 2),

where n > 4. Hence we can get an upper bound for the percentage of minimal overlapping patterns in
Coain—1]-
13E(2n) — 32nE(2n — 1) + 10n(2n — 1)E(2n — 2)

E _ —
Un2=1 E(2n)

Applying (TT), we get an asymptotic upper bound

5
Uy = lim UY, =81 — 1772 — 12~ 0.795.

n—oo

Therefore, {c,, 2} is asymptotically between 0.783 and 0.795.

7 Open questions

A natural extension of our results would be to find the proportion of minimal overlapping patterns in F, j,
(C—k[n—1 ST (n*)) whose first j columns is equal to some fixed P € F ;1 among all the elements of 7, j,
(C—k[n—1> ST (n*)) whose first j columns is equal to P. For example, in the simplest case, we would be
interested in the question of how many permutations in S, starting with m are minimal overlapping.

It is not hard to see that for a fixed m, as n approaches to infinity, there are at least (3 — e)(n — 1)!
permutations in S, starting with mn are minimal overlapping. Similar to Theorem[9] we can show that the
proportion of minimal overlapping patterns in S,, starting with m converges as n goes to infinity.

We have used Monte Carlo methods to estimate the limit of the proportion of minimal overlapping
permutations starting among all permutations that start with m for m = 1,2, 3,4, 5,6, 7. Our computa-
tions yielded the following estimates: 0.392, 0.384, 0.375, 0.368, 0.365, 0.361 and 0.358 respectively.
Noting that the sequence is monotone decreasing, we ask whether this is true in general. That is, if
1 <a < b <[], is it the case that as n approaches infinity, is the proportion of minimal overlapping
permutations in S,, that start with ¢ among all the permutations of .S,, that start with a greater than the
proportion of minimal overlapping permutations in .S, that start with b among all the permutations of S,,
that start with b?
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In this paper, we present two new results of layered periontatensities. The first one generalizes theorems
from Hasto (2003) and Warren (2004) to compute the pertiutgpacking of permutations whose layer sequence
is (1%, 41, 42, ..., L) with2* —a—1 > k (and similar permutations). As a second result, we provetiigaminimum
density of monotone sequences of length- 1 in an arbitrarily large layered permutation is asymptdljca /k*.
This value is compatible with a conjecture from Myers (20@8)the problem without the layered restriction (the
same problem where the monotone sequences have diffengtihi$as also studied).

Keywords: permutations, packing densities, extremal combinatpniesotone subsequences

1 Introduction

As usual, gpermutationover[n] = {1,2,...,n} is a bijective function ofr] onto itself. We denote the
set of all permutations ovén| by &,, and, for every € &,,, we say that théengthof o (denotedo|)
isn.

We denote by the set of non-negative integers and¥ét= N\ {0}. We also denote b = J,,. &r
the set of all finite permutations.

We also use the notatidfiy, is, ..., it} < C A as a shorthand fofiy, is, ..., ix} C Awithiy < iz <
.-+ < 4. Furthermore, we frequently denote a permutatioa &,, by (¢(1)o(2) - - - o(n)) using extra
parentheses whenever the notation starts to get too amisguo

Leto € G, and let{iy,i2,...,im}< C [n], thesubpermutation inducely {i,,2,...,%,} in o
is the unique permutation € &,, such that for every, k € [m]| we haveo(i;) < o(ix) if and only
if 7(j) < 7(k) and it is denoted by [{i1,é2,...,im}]. For example, ifc = (68153427), then we
haveo[{1,3,6}] = (312) ando[{2,4,7,8}] = (4213).
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Furthermore, ifr € &,, ando € &, then we define theumber of occurrences(r, o) of the
permutationr in o as

Ar,0) = [{AC [n] : o]4] = 7| = HA e (["]) o) = }

m

3

where
(") = tac o141 = m

We also define thdensityp(r, o) of 7 in o as

-1
) A(r,0), ifm <n;
0, if m > n;

which, whenm < n, coincides with the probability that we indueeby picking uniformly at random
an element of([::j) = {4 C [n] : |A] = m}. We extend the definitions of andp linearly in the
first coordinate to (finite) formal linear combinations o&mlents ofS (i.e., we extend their domain
to RS x &). Let f € RS be a formal linear combination of permutations. For evrg N, define

pn(f) = max{p(f,0): 0 € Gn};
Extn(f) ={0 € &n :p(f.0) =pn(f)}:
p(f) = Jim pn(f).
—00

The following argument, which has already become part offttidore of extremal combinatorics,
proves that the above limit indeed exists.
Lemma 1.1.For everyf € R, there existsVy € N such thapy (f) > pn+1(f) for everyN > Np.
Proof: Write f = Zle ¢;T; and letNg = max{|r;| : i € [k]}.

Note that if N > Ny ando € Sy is such thapyi1(f) = p(f, o), then we can computg(t;, o)

using the following random experiment. We first pigke [V 4 1] uniformly at random then we compute
the density ofr; in o[[V + 1] \ {j}]. Note that

p(7i,0) = Elp(rs, o[[N + 1]\ {5}])].

But then, by linearity of expectation, we have

pn+1(f) = p(f,0) =E[p(f,o[[N + 1\ {7}])] < pn(f),
as desired. [
One of the most studied problems involving permutationképacking density problerstated below.

Problem 1.2 (Permutation packingl.et f € RS be a formal linear combination of permutations. For
everyN € N, how large can(f, o) be and what are the properties that & Exty (f) has?
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In this problem, one interesting subfamily &f is the family oflayered permutationsA permuta-
tion o € &, of lengthn is calledlayeredif there exists{iy,is,...,ix}< C [n + 1] with i; = 1
andi; = n + 1 such that

ol{ij,i; +1,. . ij41 — 1} = ((Gj41 — D51 — 2) -+~ (35 + 1)i ),

foreveryj € [k — 1], ando(a) < o(b) whenevem, b € [n] are such thai < i; < bforsomej € [k —1].

This means that the permutatienconsists of an increasing sequence of decreasing sequesce's
decreasing sequences are cal®ekrsof 0. We denote a layered permutation by the sequence of lengths
of its layers aq¢;, 4, ..., ¢;) (it is easy to see that such representation is unique) andalvswch a
sequence thiayer sequencer layer decompositionf o.

Note that the function that maps a layered permutation taysr sequence provides an isomorphism
to the theory of compositiong €., ordered partitions of).

An antilayer of a layered permutatioa is a maximal contiguous non-empty sequence of layers of
length1. A block of a layered permutation is either a layer of length at |I@ast an antilayerj.e., a
block is a maximal monotone interval. When it is conveni@rd,also denote a layered permutation by
the sequence of lengths of its blocks using a “hat” to dendtenithe corresponding block is an antilayer,
and we call this sequence, théock sequencer theblock decompositionf the permutatione.g, the
permutations = (321457689) has block decompositiof8, 2, 2,2). The theorem below shows that the
problem of packing a layered permutation is much easiertivageneral case.

Throughout this paper, we I&S denote the set of formal linear combinations of elements afith
real coefficients and we say thite R is a conical combination when all its coefficients are non-
negative.

Theorem 1.3(Albert et al. (2002))If f € RS is a conical combination of layered permutations then, for
everyN € N, there exists a layered permutatiortirt x (f). This in particular means that

pn(f) = max{p(f,o) : 0 € Gy is layered.

Based on the theorem above, Price (1997) suggested anthigdhiat, given a conical combinatigh
of layered permutations, computes lower bounds({) converging ta(f).

Much more work has been done to compute the packing densiblemn of layered permutations than
of non-layered permutations. Albert et al. (2002) solvesl phoblem of layered permutations with two
layers. Hastd (2002/03) solved the problem for any laggrermutation that has layers of length at
leastlogr + 1. He also solved the problem for all layered permutationtiefform(k, 1, k) with & > 3.
Ouir first result in this work is the following.

Theorem 1.4.Leta,l1,0s,...,0 € N* be positive integers such that< a < (1 < ly < --- < Uy,

and2® —a — 1 > k. If o is the layered permutatidia, ¢1, (2, . . . , (1), then we have
k 0.
ot a® e 4
p(o) |0.|\g\ al 1l o0

The packing density problem is focused on estimating thenp&ation that maximizes the number of
occurrences of a smaller permutation. It is natural to tlihkhe dual problemi.e., trying to find the
permutation thaminimizeghe number of occurrences of a smaller permutation.
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Problem 1.5(Permutation minimization).et f € RS be a formal linear combination of permutations.
For everyN € N, define

P (f) = min{p(f,o) : 0 € Gn};
Extly(f) = {0 € & : p(f,0) = py(f)};
)= Jim py(f).
—00
The problem then consists of computing explicitly the valabove, which basically means answering the
question: how small ca(f, o) be and what are the properties that & Ext'y (f) has?
Although we can restate the minimization problem as a peatiaut packing problem, we lose the result

from Theorem 1.3 by doing so. So the next problem is a comipldifferent problem.

Problem 1.6(Layered permutation minimization)et f € RS be a formal linear combination of layered
permutations. For everyy € N, define

P (f) = min{p(f,0) : 0 € Sy ando is layered;
Ext (f) = {0 € Gy layered p(f,0) = p(f)};
P(f) = lim pl(f).
— 00
The problem then consists of computing explicitly the valabove, which basically means answering

the question: how small cai(f, o) be if o is layered and what are the properties that @ Ext\ (f)
has?

For every lengthm € N, two particular permutations deserve special notatione @rtheidentity,
denoted byld,, = (12-- - n), and the other is theeversg denoted byRev,, = (n(n — 1) --- 1).

A well-known theorem by Erdos and Szekeres (1935) statsetrery permutation of? + 1 elements
must contain a monotone subsequence of lekgthl. Later, Myers proved the following quantitative
version of this theorem.

Theorem 1.7(Myers (2002/03))We have
, 1
p'(Ids + Revs) = 1
Furthermore, for every > 2, we have

. 1
lim min{p(Reviy1,0) : 0 € Gy withp(Idg4+1,0) =0} = —.
N —oc0 kk

The second part of the theorem above led Myers to conjedtatet(Id; 1 + Revyy1) = 1/k* for
everyk > 2 (the case: = 2 is the first part of the theorem). We state a generalized meisi Myers
Conjecture below.

Conjecture 1.8(Generalization of Myers (2002/03)jor everyk, ¢ > 2, we have

11
P/ (Idg+1 + Revigr) = min {y é_k} _
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The minimum above is actually an upper boungtdd,; + Revy.1), obtained by considering per-
mutations that have only one of the monotone sequencesaxhunt

Using the tool of Flag Algebras developed by Razborov (20h#) casé& = ¢ = 3 was proved to be
true by Balogh et al. (2013).

We also remark that Samotij and Sudakov (2015) proved aorersithis conjecture when < k2 +
ck?/? / log k andk andc are sufficiently large.

As our second result, we solve the simpler version of thiblem when we restrict ourselves to the
class of layered permutations, that is, we compUi@d, 1 + Reviy1).

Theorem 1.9.If k > ¢ > 3, then we have’ (Id, + Revy) = 1/(¢ — 1)*~1. In particular, form > 2, we
have])I/(Idm+1 + ReVerl) = 1/mm

The paper is organized as follows. In Section 2, we preseog¢BrAlgorithm, one generalization of
it, and the first result, which concerns permutation packimgSection 3, we present the second result,
which concerns minimization of the asymptotic density oftoimne sequences in layered permutations.
Finally, in Section 4, we conclude the text by presentingsoefated work and conjectures.

2 Generalizing Price’s Algorithm

We start by presenting the original Price’s Algorithm to qarte a lower bound for the packing density
of a layered permutation. The idea behind the algorithm isai that the density of a layered permu-
tation in an arbitrarily large layered permutation with aihded number of layers can be expressed by a
polynomial.

Letr € &,, be a layered permutation with layer seque(‘ﬁ;-e’;:l. We define thé’rice Polynomialof
ordern € N* for 7 to be the real polynomial over variables given by

kot k
rlen oz o) =ml 3 ]1:[1%_(41,427..,@) > I

{i1,82,.. ik F< C[n] J= {1482, ik} < C[n] 5=1

where an empty sum is taken to have re8wdhd an empty product is taken to have result
We also define the Price Polynomial of ordere N* for a linear combination of layered permuta-

tionsf = Y% a;7; as

k
qn,f = Z aiQn,‘ri .
i=1

ThePrice Boundof ordern € N* for a linear combination of layered permutatiofiss the value

n
L. p =maxy gn,r(T1,22,...,2p) ij =1landvj € [n],z; >0
Jj=1

Remark. This maximum exists since the sitr1, s, .. .,z,) € [0,1]" : 327, x; = 1} is compact
andg,, ¢ is continuous.
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Proposition 2.1 (Price (1997))If f € RS is a conical combination of layered permutations, then, for
everyn € N*, we haveg,, < £,11 ¢ < p(f).

The proposition above suggests a simple algorithm of comguaipproximations for the values, ¢
(which are maxima of polynomials) to get lower bounds #0f). This is why this is called “Price’s
Algorithm”.

Corollary 2.2 (of Theorem 1.3 and Proposition 2.1, Price (199If)f € R& is a conical combination of
layered permutations, then we have

lim £, ;= p(f).

We now present some definitions that will be useful for gelieng Price’s Algorithm to consider
antilayers.

Recall that an antilayer is a maximal contiguous non-emggence of layers of lengthand that a
block is either a layer of length at leasbr an antilayer. We formalize the definition of thiack sequence
of a layered permutation as the unique sequencg, &;)%_, of elements ofN* x {0, 1} such that, for
everyi € [k], we have

= _ [alayerand; > 2, if & =0;
Z@j—i—t:te[éi] IS . .
= an antilayer if & = 1.
In other words, the valu¢; = 1 corresponds to the “hat” in the notation of block sequendine€eé

previously.

We will also need some slightly different notions from theead. Anantilayeroidof a layered permuta-
tion o is a contiguous non-empty subsequence of an antilayquasi-blockof a layered permutationis
either a layer of length at lea®or an antilayeroid. Ajuasi-block sequena® quasi-block decomposition
of a layered permutationis a sequencl/;, ¢;)%_, of elements oN* x {0, 1} such that, for every € [k],
we have

=1 _ {a layer and; > 2, if & = 0;
Zﬁj—i—tte[ll] IS k . .
o an antilayeroid if & =1.
Informally, a quasi-block decomposition efis obtained from the block decompoaosition by splitting
antilayers ofr into any number of (pairwise disjoint) antilayeroids.
Note that, in the quasi-block decomposition, we can havectwisecutive antilayeroids (the analogous
situation for block decompositions never happens).
We extend the “hat” notation of block decompositions to dneck decompositions by using a “hat”
to indicate which quasi-blocks are antilayeroids.
We denote the set of quasi-block decompositions of a laygeetiutation by, .
As an example, fos = (321457689), we have

Q, =1{(3,2,2,2),(3,2,2,1,1),(3,1,1,2,2),(3,1,1,2,1,1)}.

Note that, the block decomposition efis also a quasi-block decomposition ©f Note also that
quasi-block decompositions are not unique (unless evditager has length).
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The usefulness of this decomposition arises when we careidaccurrence of a layered permutation
in another layered permutatien because if two points af occur in the same block of, then there must
be a quasi-block of that has both points (note that this is no longer true if wdaegquasi-block by
block since it is possible to split an antilayermofo fit into two or more blocks of). Within this context
of occurrences, we can define the concept of natural decatiguoss follows.

Let A = {i1,i2,...,in}< be an occurrence of a layered permutatioim another layered permuta-
tion 0. The natural decompositioinduced byA ando in 7 is the unique quasi-block decomposition
(denoted bydt(A, o)) of 7 such that points of are in the same quasi-block ¥( A, o) if and only if the
corresponding indices of in the same block of.

As an example, it = (21346587), 7 = (21345), andA = {1,2,3,4,8}, then0N(A, o) = (2,2,1).

An easy way to obtain the natural decompositiorr éfom its occurrencel in o and the block decom-
position (¢, £)%_, of o is to first take/; as the number of points of in thei-th block of o and¢; = ¢!
and then remove any zero-length quasi-blocks that aro$eiprocess and change afyof the layers of
lengthl to 1.

In the example given, this process yields

-~

(2,2,2,2) — (2,2,0,1) — (2,2,1).

The uniqueness of natural decompositions allows us tatjperthe occurrences according to the natural
decompositions that they induce.

Although “Price’s Algorithm” always converges to the paukidensity, when we have a layered per-
mutation with an antilayer, the natural way to fit it in anatkeyered permutation is to put it in another
antilayer. Since “Price’s Algorithm” uses only layers,hktextremal permutation has an antilayer, the al-
gorithm will gradually produce it through a sequence of $weliables. With this in mind, we generalize
“Price’s Algorithm” to consider antilayers. The intuitias to construct polynomials analogous to Price
Polynomials but alternating antilayers and layers in thitearily large permutation” representing the
polynomial {.e., variables with odd subscripts correspond to antilayeds/aniables with even subscripts
correspond to layers).

Definition 2.3. LetT € &,, be a layered permutation of length
We define theExtended Price Polynomialf ordern € N* for r to be the real polynomial ovém
variables given by
£

In,r(T1,22, ..., T2n) = m! Z Z H é_j, L{i; mod 2=¢; ore;=1}

(L,€)%_ €9, {i1,iz,ix}<C[2n) =1 7

8

wherel denotes the indicator function.
We also define the Price Polynomial of orderce N* for a linear combination of layered permuta-

tionsf = Zle a;7; as

k
In,f = Z @iGn,T;-
=1
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Note that the indicator function is responsible for makingesthat variables with odd subscripts cor-
respond to antilayers (which can contain only antilayesaiflr) and that variables with even subscripts
correspond to layers (which can contain only layers)of

The Extended Price Bound defined below has yet another pteamkich is responsible for forcing
some of the antilayers of the “arbitrarily large permutatito have length zero.

Definition 2.4. Let f € R& be a linear combination of layered permutationsplet N* be a positive
integer, and letV C [n].
The Extended Price Boundf ordern relative toW for f is the value

2n
Lo,w,f =max { gn f(T1,Z2,...,Ton) Z:z:j =1landvj € [n],z; > 0andvj € W,zq;—1 =0
j=1

Remark. Once again this maximum exists by a compactness argumerthefimore, note that,, ; =
Lol -
Let us now prove the convergence of the analogous “Extended'®Algorithm”.

Theorem 2.5.If f = Zle a;7t € RS Is a conical combination of layered permutations 8ng,).,cn-
is a sequence of sets such tHat C [n] for everyn € N*, then we have

nlingo Lnw,.r =p(f)

Proof: Note first that ifz,, zo, ..., z, > 0 are such thaE;?:1 z; = landg, f(z1,22,...,2n) = £n 7,
then we have

Lo f = gnf(0,21,0,22,...,0,20) = Gn,f(T1,Z2,...,2n) = Ly f.

Therefore, by Corollary 2.2, we halien inf,, o £, w,,.7 > p(f).

Now let us prove the other inequality withn sup. Fix n € N* and let us prove that,, w, ¢ < p(f).

Let ¢ > 0 be an arbitrary positive real number abd bs,...,b2,, N € N with N # 0 be such
thatZ?Zl bj = N, by;—1 = 0for everyj € W, by; # 0 for everyj € [n] and

b1 b2 ban
LU I — €.
n.f <N N N) = Lnw.f — €

Now, for reverym € N N*, leto,, € 6mN be the layered permutation of length/N and with block
sequencegmbl, mbg,mb3, mby, .. mbgn 1, mbay,) (if any of these numbers is zero, we remove it from
the sequence to form,,).

Now, for everyt € [k], we count the occurrences af in o,,, according to the natural decomposition
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that they induce im;,. So we have

mN\ mb;,
p(Tt7 Um) = ( |7't| ) Z Z H ( >]]'{’LJ mod 2=¢; or£;=1}

(j7£]);€ 1€0Q, {it, ik }<C[2n] j=1
k

H ]]-{zj mod 2=¢; orf;=1}
C[2n] j=1

|7¢!
g L%

(Z EJ)J 1697'( {117 )

£ (b, /NS
= |7|! Z Z HTIL{Z] mod 2=¢; or £;=1}-

(¢ 5]) _1€9,, {i1,ik}<C[2n] J=1

_ b b2 bon
_gn,n N1N7"'7N 9

where~ means that the ratio between both sides godsaesm goes toco and the first equality after
follows from the fact thaEf:1 ¢; = |r| for every quasi-block decompositids; , 51‘)?:1 of 4.
Therefore, we have

faom E atp Tt,Um

b1 bz ban
~ Zatgn Tt ”7W

b1 b b2_n
I\ NNTUN

2 Sn,Wn,f — €
So, for every > 0, we have

p(f) > Um p(f,om) > Lnw, 5 — €

m— o0

Sincee is arbitrary, we havel,, v, ¢ < p(f) for everyn € N*, hence

p(f) > limsup £, w,, 5.

n—oo

Therefordim,, o £,.w,.r = p(f)- u

2.1 Using generalizations
We now introduce some notation to help in the proof of Theotem

Notation 2.6.LetT C Z be a set of integers arid;):cr be a sequence indexed by element¥ ofLet
alsol = {i1,...,ix}< C T be a subset ¢f. We denote by the (ordered) sequence;, ..., x;,).
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Furthermore, ifc = (x1,22,...,2;) andy = (y1,v2,...,yx) are sequences of non-negative real
numbers of the same length, then we denote'bthe value

where® = 1.

We abuse the notation sometimes by using dlset 7 to denote the sequence of its elements in
increasing order indexed {yt, 2, ..., |T|}.

For instance, if" = {1,3,6,7}, we havels, = 6.

We need a straightforward technical result, which can beegudy induction irk.

Lemma 2.7.If x = (z1, 22,..., ) andy = (y1, e, - . ., yx) are two non-decreasing sequences of non-
negative real numbers of the same length and (21, 2o, .. ., zi) IS @ permutation of the sequenge
then we have

< Y.

Let us now fix some notation that will be used along the proofTloéorem 1.4 and some auxiliary
lemmas. This proof is based on proofs by Hastd (2002/08p1ém 3.3) (see Theorem 4.1) and Warren
(2004, Theorem 3.8).

Leto = (a,44,...,¢;) alayered permutationwith < a < ¢; <--- < {,letl =a+ Zle /; be the
length ofs and let/; = 1 for everyi < 0.

For everyN € N*, define the polynomialy € Ry, z1, 2, ..., 2] by letting

k
pN(y,iUlaff%---wTN)— é' QN,o(y75517 y L2,U,T3,..., ,I'N)
a a—u-+t+k
yu li—atu
ey (e
u' ! J
u=0 {i1,d2,. s ia—u+tk } < C[N] Jj=1

a u
_ Y Ll atuti. k]
= i T; ,
u!

=0 Tre(, ML)

where[—a + u + 1..k] denotesthe sdt-a +u+ 1,—a+u+2,...,k}.
Note that

2!
[T, !

N
EN N\ 1}o = maX{ pN (Y, @15 TN) Y+ Zfﬂj =1
j=1

andvj € [N],z; > 0 andy > O}.

Furthermore, by Theorem 2.5, we have

p(o) = lm Ly vpi}o-
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Our objective is to prove thal v, v\ {1},0 < En—1,[N—1)\{1},c WhenevelN > k.

To do this, we first show that we can find an optimal pdintz) for p) that has some “good” prop-
erties. Lemma 2.8 below shows that we that there is an optimal) such that the coordinates ofare
increasing. To show this, we prove thatiifdoes not have increasing coordinnates and we switch the
position of two consecutive decreasing coordinates, thewalue ofp does not decrease.

Lemma 2.8.For everyN > k andiy € [N — 1], we have

PN (Y, T1, T2, -, TN) < PN (Y T1, T2,y ooy Tig—15 Tig+1s Tigs Tig+2s -« - s TN )
whenevery, x1,xa, ...,y > 0 andz;, > x;,4+1.
Proof: Throughout this proof, we denote by (y, z;, + zi,+1) the value

pN(y7xl7x21 LY axi0—17xi0+laxioaxio+21 LY 1‘TN)7

where we exchange the variables andz;, 41 of py.

We now study the differencey (y, zi, < 2ig+1) — pn (Y, 1, .., ZN).

Note that the summands in whidldoes not contain eithéy or iy + 1 cancel out.

Furthermore, the summands@¥ (v, z;, <> zi,+1) in which I containsiy but does not contaiiy + 1
cancel out with the summands pf (y, 1, . ..,2x) in which I containsip 4+ 1 but does not contaiiy
(because in the first, the valueg andz;,,1 are swapped).

Analogously, the summands pf (v, x;, < =i,+1) in which I containsip + 1 but does not contaity
cancel out with the summandspf; (v, z1, . . ., zx) in which I containsiy but does not contaify + 1.

This means that we have

PN (Y, iy < Tigy1) — PN (Y, T1, T2, ..., TN)
a u a—utk—1

Y —atut1 k\{i+1} Li—atu, Litli—atu lj—atu, Lit1—a+tu
—Z Z Z 1\{10,10+1} Tio+1  Lig — Ty, Tig+1 :

- Ie(a u+k)
fm—lo Ig41p=tot+1

Now, sincex;, > z;,+1 > 0 and

by 2l 1> 20202002201,

betr > gl for everyt < k, hence

we havezzmﬂzz: Ty

PN (Y, Tiy < Tig1) — pN (Y, 21,22, .., o) > 0.

Lemma 2.8 immediately implies that we may add the restictio
1 Swe <o <N

to the maximum that defineSy v\ (1},0-

Lemma 2.9 below, shows that there is an optimal point:) such thaty < xx_x4+1. To do this, we
use a calculus argument to show thag if> xx_r+1, then there exists > 0 such that if we increasg
by e and decreasey i1 by €, then the value oy increases.
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Lemma 2.9.For everyN > k, we may also add the restrictian < xn_r+1 to the maximum that
definesy )\ {1}, I-€., We have

2!
LN [N\{1},c = max % PN (Y, 21,02, on) 10 <y <29 <--- <y and
Hi:l ¢!
N
0<y<zN_py1 andy + ij = 1}-
j=1

Proof: Suppose notand lgt z1,25,...,zy > 0be suchthat; < zo < --- < xp; y+Z§V:1:vj =1
and

EN N\ {1}o = ﬁpjv(y,xl,xg, .. IN),
and suppose thgt> xn_gy1.
For everyt € R, let
f@&)=pny—t,x1,22, ..., EN—k, EN—kt1 + E, EN—kt2y-- -, TN),
and note that, for every < t < y, we have
!
EN N\ 1},0 2 ﬁf@,

with equality if¢ = 0 (we may lose the conditioy < x5 < --- < zy fort > 0).
Sincey is differentiable, we must havg(0) < 0. But note that

a uw a— u+t+k
uy"” Ul atutl..k] + Yy plloatutl k\{G} g xfj atu—1
E: E: E: E: I\{N k1) Ci—atu®N_pi1 s
! u=0 N
Ie(a u+k J a—u+l Ie(alulrk):
I =N—k}1

where the first sum groups terms that derived frgm ¢ and the second sum groups terms derived
froman_gi1 + ¢t

We now split the first sum according to summands in whichas or not the elemenY — k + 1,
obtaining

a -1
uy" Ll —atutl. .k
E :551
u'
=0

N
Ie(af[ul»k)
_ a—u+k
—atutloR] U atut1. k\{5} Lj—atu
- (u— )I x w—1) TP (N—k+1}  EN—k+1
([N]\{Nf“}) J =a—utl Ie(a u+k>'
I3 =N—k+1
a—1 yu _ a—u+k
[ 4 +2. k Ll _atuti k\{j} Li—atu
=X > W ]+Z PSRRIt St e
= NN —k+1 N] Y.
u=0 16([ i\{u e }) j =a—u+1 Ie(a—[ulrk)'

I =N—k+1
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where in the last equality we applied the change of variables u + 1 to the first sum.
Grouping back in the original equation yields

F(0) = — Z y_T Z i[—a+u+2».k]

u:Ou ([N]\{N k+1})

a—u—1+k
_ a—u-+k y
—atu+1..kN\{5}  Lj—atu—1
7 x =l —TN_
+Z u— Z Z I\{N k+1} N—k+1 (u Jj—atu N k+1)
u=1 _] a—u+1 Ie(a [i\[lrk)
I{]} N—k+1

a+k

+ Z Z plrationGyy o bi—a—l
T{N=k+1} Yi—aPN—k+1-
Jj=a+1 ¢ [N])
Iy = N k+1

Now we give a lower bound for the last two sums. First, notg fleaeveryu € [a] and everyz—u+1 <
j<a—u+k,we have

Y
fg atu — TN—k+1 = fl—iﬂN k+1 >0,

sinceu < a < ¢y andy > Tn_jt1.
Using the first inequality and Lemma 2.7, we have

a—u+k
—atut1. k\{G} bj—atu—1 (Y 4
Z Z xl\{N k+1}  TN—k+1 (agjfaJru_fokJrl
et re( 1)
I{j}:kaki’l
a—u+k
—atut2..k] 217a+u71 Yy,
= Z Z xl\{N k+1} TN —k+1 (uél TN —k+1
Jj=a—u+1 Ie(a—[i\ﬂrk):
I{j}:kaki’l
_ —a+tu+2..k] 517a+u71 Y
= E: x]\{N E+1} TN —k+1 (;él—ﬁ?kaH
N
1e(, 1)
N—-k+1el

U atut2. k] Li—atu—1 (Y
— E I[ a+u ]xN—k-l-l Eél — TN—k+1
([N]\{N k+1})
k

a—u—1+

where in the last equality we applied the change of variables7 \ {N — k + 1}.
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Analogously, we have

a+t+k ’ a+t+k ’
[—a+1..k\{j} [—a+2..k] l1_q—1
E : E : TN{N—k+1} lj—az N k+1 Z § : E : xl\{N—k-‘,—l}élfokJrl
g=atl (M) J=atl re( )
I{]} N k+1 I{]} N k+1
¢
_ [—a+2..k]
= E : xl\{N—k-‘rl}él
N
re(,1)):
N—k+1€l

L _at2.k]
= E Ty £17

re (VN -k

sinceli_, = 1.
Gathering all up, we have

f/(o) > Z y_' Z 5[*a+u+2uk]

U
u=0 ([N]\{N k+1})
a—u—1+k

e _ k] A1—aru—1 (Y
[—atu+t2..k] L1—atu
+ E ) E xp TN (531 —$N—k+1)

1e(MMEY)

Y

Ie( N{N-— k+1})

a—1+k
- y y y
Ll _atut2. .k
) E: (—51—17N7k+1—5)$1[ atut2. K]
= N N—k
= Te(INIVN ke

77 7 _ [2..k] 1 —1
e D M T P
Ie([N]\{kaJrl})

+ > oo () 1),
Ie([ \{Nl+§+l})

Note that, for every, € [a — 1], we have

/-1
(b —1)—2N—pt1 > al_ TY ~ IN-k+1 >y —zN_kt1 >0,

SRS

y[ y _
“b1 — IN—k+1 — = =
u u

sincel; > a.
Furthermore, note that

Yy
551 —IN-k+1 2 Y — TN—k+1 > 0,

and also/; — 1 > 0, hence we havég’(0) > 0, which is a contradiction. |
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Lemma 2.10 below shows that it is enough to consider the Bt Price Bound of order relative
o [k] \ {1}. To do this, we start with an optimal poify, ) as provided by Lemma 2.9 and we show
that if we join the smaller layer (corresponding:tg) with the antilayer (corresponding tg then the
objective value does not decrease, we haveCy n)\{1},0 < EN—1,[N—1]\{1},0

Lemma 2.10.For everyN > k, we have

LN N\ 1o < EN-1[N-1)\{1},0-

Proof of Lemma 2.10: From Lemma 2.9, we know that there exjstry, x2, ..., 2y > 0 such thatr; <
o < - < zN,y+ Z;V:I T = 1L,y <zTN_kt1, and

2!
T pN (Y, 21,22, ..., ZN)-

- Hi:l £;!

We now consider what happens when we use the Extended PiigeoRoal of orderN — 1 on the
point(y + x1, z2, 3, ...,2xN). This corresponds to merging the first two blockggfinto an antilayer.
Note that

LN IN\{1}o

il
kipN 1(y+$1a$275537---a$N)a

EN_1LIN=1]\{1},0 = TNy
=17

hence it is enough to prove that

PN—1(y + x1,22,23,...,ZN) > PN (Y, T1, T2, ..., TN).

To do this, we reorganize the summands that occprin, and inpy in a way that, when we compute
their difference, each summandg§_; corresponds to a smaller summancggf.

First, we split the sum in the definition pfy according to summands that haveand summands that
do not. So note that

pN(yﬁCl,sza---,iﬂN)
— Z Z Clatut1..k]
u=0 Ie(a u+k)

a
¢ O ain ¢
_}:y }: [a+u+1k+§: Ilz: [a+1+2k]+y ilz:xl[z..k]
a

([N]\{l}) u=0 IE( [N]\{l} ) ’ ([Nk]i{ll})

a—u-+k

y" . Yy £
=3 S e 3 e 5

= el re(Bh) re(L)

a u—1
- Yy é[—a+u+1..k] g é[ a+1..k] y ¢ f[z..k]
gy T (en) w3 52 e

I'e([N]\{l}) 16([N£+{kl}) ’ 1e(IN\)

a—u+k
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where in the third equality we applied the change of varighles v — 1 to the second sum.
On the other hand, we can also separate the summamne af that hasu = 0, obtaining

a
+21)" Clmatuti.. Ooat1.,
pN—l(y+$1,$2,$3,.,,7xN)zzu Z [~otutl.bl | Z 551[ 1K)

u!
A el (D)

So, computing the difference, we have

pN—l(y+x17x21$3a"'7$N) _pN(yaxtha"-u:EN)
Cl_atutl. k] (y+x1)u . yu—l g _ y_a 01 L2 k)
_Z Z ( ul (uw—1)! (u—HCl) al L Z o
u= 116( \{1}) ([Nk]i{ll})

Now, for everyu € [a], we have

(y+o)t v (y+:c) :i((y+:c)u—yu—u:c yu_l):iui:z “yrar—r >0
ul (u—1)! ! u! ! b ul = \v L=

This yields

pN—1(y + 21,02, 23,...,2N) — DN (Y, T1, 22, ..., TN)
-2
1 ¢ y° ¢
v_.a—v [%] ¥ [2..K]
> o g TRy g x - J:cll g Ty .
=0 N ' N
(M) 1e(NLg)

Note now that

1
S e T T T Tedlop T S g
]6([1\1]2{1}) Ie ( \{1}) el ([N]\{l}) el 1€[N\{1} Ie([l‘\’]%{l}):
1€

where the inequality follows from Lemma 2.7.
Now we can apply the change of variables» I \ {i} and obtain

D AETEDOE D D
re( 0 E€INN\{1} 1g(IN\1):
i¢l
_ 1 Grmy A
=5 X A Yo

Ie([Nk]i{ll}) ie[]\_/]\l{l}:

Li2. k) 1
Z E , 551 —k41>

([N]i{l})

o~
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where the last inequality follows from the fact that the ineem has to contain at least one of the sum-
mandseyy_, 1, TN 0., 25 and they are all greater or equakt§_,_ ;.

Using this new inequality, we have

PN—1(y + @1, %2, %3,...,2N) — PN (Y, 21,22, ..., TN)
1 (12 /a ¢
v, a—v, Ll a, b [2..k]
z a EZ <v>y Ty IN e YT Z Tro -
v=0 re(IN\)

Finally, sincery_x+1 > x1 andzy_x+1 > y, we have

1 a—2 a 1 a—2 a
z : —u, t 4 § : 4 4
k (u) YRR e~ k <u> vyt
u=0 =

aél afl

-1
:Ty Ty =Yy x5
>0,

v
I

where the last inequality follows from the hypothesis tfat- ¢ — 1 > k.
Therefore we have

prl(y_F'rlv'rQaI:)’a"'aIN) ZpN(yv'rhIQa"'v'rN)-

Finally, Theorem 1.4 follows by a simple argument.

Proof of Theorem 1.4: By definition, we know thatf; ;)\ (13, < p(c). On the other hand, by
Lemma 2.10 we have

. < .
ngnoo EN NN 1ho < Lk {1}0

Then, by Theorem 2.5, we conclude that) = £, 1)\ {1},0-

The value
k0.
ol a® 4
plo) = o [le] E.H Ak
=1
can now be computed with a standard calculus argument imgphagrange multipliers. |

The corollary below follows from a simple argument presdrig Hastd (2002/03, Lemma 3.4) (see
Corollary 4.2). In simple words, the corollary below sayattiiheorem 1.4 remains valid even if we
change the order of the blocks.

Corollary 2.11. Leta, k € N* be positive integers such that> 2 and2® —a — 1 > k.

Let alsoo be a layered permutation having exactly one antilayer aftkea andk layers of lengths at
least two. Furthermore, suppose the lengths of all thkdagers are greater or equaldo

If the antilayer is the -th block ofo andj < k, then we have

p(0) = Li 1\ (5}.0-
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Proof: Let/¢; < ¢ < --- < £, be the lengths of the layers efof length at leasf and lets’ be the

permutation of block sequenc¢g, ¢4, ¢o, . . ., {x).
First we prove that for every?wv € N*, we havefy , < £y, (note that we are using the common

Price Bound).
Let (r1,72,...,7n) be the layer sequence ef(note that the sequence includes e in some order

and includes a sequencelds of lengtha, hencen = k + a). v

Letz = (z1,22,...,2n) be such that; > 0 forevery: € [N], > ;" , z; = 1, and

QN,U('r) = SN,J-

Finally, for every sequence of real numberdet s< be the ordering ok (i.e., the sequence< is
non-decreasing and has the same elementk of
Note now that

|o! " |o! )t
qN,a'(:E) = Hm K] l’;[ : — H Z S
= ”Iem o
_ |G|| (Twn])<
- 1T l, = gno(z<) < LNor.

)

Therefore, we havg(s) < p(o’).
Now, from Theorem 1.4, we know tha{c’) = £ k)\(1},0/+ SO lety,x1,22,..., 2, > 0 be such
thaty + Y% | z; = 1 and

9k,o’ (y7 21,0,22,0,23,...,0, xk) = 'gk.,[k]\{l},a" .
Letr be a permutation such that the block sequenceisf
(Cr1)s br@)s -2 br(—1), @ ey s b (h))-
Note that

p(O’l) = Sky[k]\{l}.,a” = gk7g/(y,$1,0,$2,0,$3,...70,(Ek)
k

m !
= 9ho(0,27(1), 0,27(2), -+, 0, 87-1), ¥, (), 0, Tr 1), -+ 0, Tr i)
< Lr e < plo)

Thereforep(o) = p(o’) = Ly jw)\ (1,0 "

Remark. Note that we do not allow the antilayer to be the last block@ynbecause the Extended Price
Polynomial does not end with an antilayer.

If the antilayer happens to be the last block-ofve cannot apply Corollary 2.11 directly, but it is easy
to see that must have the same packing density as the permutation whagedequence is the reverse
of the block sequence of (and this permutation does not have an antilayer as its lkaskb
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3 Minimization problem
We now study the dual problem of minimizing the density ofpetations asymptotically.

Definition 3.1. The Minimization Price Boundof ordern € N* for a linear combination of layered
permutationd is the value

b, p =min | g f(x1,T2,...,2p) Z:z:j =1landvj € [n],z; >0
j=1

Remark. This minimum exists by a compactness argument.
For the Minimization Price Bound, we have the following atgus results.

Proposition 3.2.If f € R is a conical combination of layered permutations, thenef@ryn € N*, we
haveil,, s > 8,41, ¢ and

' > o' (f).
Jim 4G, > p7(f)
Proof : Analogous to the proof of Proposition 2.1. O
Theorem 3.3.If f € RG is a conical combination of layered permutations, then weha
. /]
Jim 36, ¢ = p"(f).
Proof : Analogous to the proof of Corollary 2.2. |

Remark. An analogous result is also valid for Extended Price Polyiadsif we define the Minimization
Extended Price Bound.

Proof of Theorem 1.9:First note that, for everyv € N*, we have
4N .1d; + Revy (T1, T2, . . ., zN) = ! Z Ha?l—i— Z:c
re(INy el
Letzy, zo,...,zx > 0with 32N | 2; = 1 be such that
gN,1d; + Revi (21, T2, -, TN) = 4N 1d, + Revys

and, without loss of generality, we may suppose that = < --- <z by symmetry ol 14, + Rev, -

Our objective is to prove thaty 14, + Revy, = UN—1,1d, + Rev, WhenevetN > ¢. To do that, we group
the summands gy 14, + Rev, @NAgN_1,1d, + Rev, @ccording to which of:; and/orz, they contain. So
note that

4dN,1d, + Revy (xlvaa e aIN)

= | z122 Z H$i+(1171+172) Z l_I:cZ Z H:z:l —|—x1—|—:c2+ Z :c

re(WI) 121y i€l re(WNIM12Y i€l pg(INN12)yiel i€[N\{1,2}
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On the other hand, we have

gN—1,1d, + Revy (T1 + T2, X3, Ta, ..., TN)
=0 | (z1 4+ 22) Z H:z:l Z H:z:l —i—(:z:l—i—arg)k—i-z xf
Te(WM12YY i€l pe(ININ(12Y) i€l i€[N\{1,2}

Subtracting the polynomials then yields
qN1d; + Revi (T1, 22, -+, TN) = GN—1,1d, + Rev, (T1 + T2, 23,24, ..., TN)

={llzi29 Z 1_[:10Z + xl + :102 (x1 + l‘g)k
re(IM) 12y iel

> 020 Z o522k 4 ak — () 4 ap)F
re(IM)112h)

k—1
N -2 k
= é!xlxg_l < /—9 ) — Z <v> affxg_v
k—1
N -2 k
-1 k—1
> Uz (€—2) —;(1)),@1,%2

N —2 _
= rzy <€'<£_2) — (28 — 2)ah Z> .
Now, sincexs is the second smallest of thg's, we haver, < 2/N, hence, sincé > ¢, we have

gN1d, + Revy, (T1, %2, .. ., EN) — qN—1,1d, + Revy, (T1 + T2, 23,4, . .., TN)

> ryah” <£!<ZZ 22> —(2F-2) <%)H> .

To prove that this value is non-negative, we consider thases.
Casel. If N > ¢+ 1,thenN > 4, hence

o (?:;) —(2¢-2) (%)H >0 (JZ__;) — (2F —2)2¢7*

_ 9t

=l —1)(N -+ 1)72 -2

and since > 3andN — ¢ + 1 > 2, this value is non-negative.
Case2. If N = ¢ and/ > 4, then

0 N_2 (2% —2) 2 ke>£' N_2 2k gtk
(5 2) (N) (g )

= (1 —2f 4 27k
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which is also non-negative.
Case3. If N = ¢ = 3, then we have

43,1ds + Revy, (1, T2, T3) — G2,1d3,Rev, (Z1 + T2, ¥3)

= 3lzyzox3 + x’f + CCIQC — (1 + CCz)k

k—1
k v, k—v
= 6x120203 — E 1Ty
v

v=1
k—2
= T1X2 <6I3 - kI?iQ g Z ( ) 7{ g 1)
v=2
k—3 k
k—2 k—2 v, k—v—2
= I1Z2 <6:173 —kxy"% —kxy " — 2 <U n 1) x| Ty )

S s G R > > e B )

k—2
= T1T2 6I3—k($1+$2k2+z< ( >—< )
< = v v+1

where in the fourth equality, we applied the change of véesb — v + 1.

Let us prove that this value is non-negative.

Sincexs is the greatest of the;'s, we havers > 1/3, hencer; + o < 2/3. Sincek(2/3)*2is a
non-increasing function df whenk > 2, we have

9 k—2 2 2-2

It remains to prove that the supi*_? (k("?) - (Uil)) is non-negative. Let us prove something slightly

v

stronger, namely let us prove tH@@k;Q) — (Uil) >0fork >2andl < v < k — 3. So note that

k<h‘ﬁ-<k )_ BEZ2U i) h—v—1)— (k1))

v v+1 (v+ 1Nk —-1-v)!
k(k — 2)!
:(v+1&k_i_m!@@_”_2”
k(k — 2)!

(v(k = (k=3)-2)

= (v+ Dk —1—wv)!
>

e

Therefore, by Proposition 3.2 and Theorem 3.3, we péV&d, + Revy) = o1 1d, + Rev -
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Now, by the definition of the Minimization Price Bound and eashtforward analysis argument, we
have

-1 -1
$p_1.1d, + Rev, = Min fo : ij =landvje[{—1],z;, >0, =

j=1  j=1

1

4 Concluding remarks
As we mentioned in Section 2.1, Theorem 1.4 can be seen asealjeation of the following theorem.

Theorem 4.1(Hasto (2002/03, Theorem 3.3)j o € & is a layered permutation whose layer sequence
is (b1, 02,...,0), andly < ly < - < £ and2’t > 1+ k, thenp(o) = £x..

As we also mentioned, Hasto presented the argument of tlod @f Corollary 2.11 to give the following
corollary.

Corollary 4.2 (Hastd (2002/03, Lemma 3.4)f o € & is a layered permutation with layers, all of
which have lengths greater or equaltand we have’ > 1 + k, thenp(c) = £,

The condition2’ > 1 + k of the above theorem can be seen as an analogous the coritfition
a —1 > k of Theorem 1.4. The fact that + % is the number of layers of the permutation of block
sequencéa, {1, (o, . .., L) leads us to the following conjecture.

Conjecture 4.3.Leto € G be a layered permutation withlayers and a total df blocks and suppose
that every block ofr has length greater or equal to If we have2® > 1 + k, then there exists a
sequencér,, ),y Of layered permutations ofblocks such thdtr,,| < |r,+1]| for everyn € N and

Jim p(o,7) = p(o).

Furthermore, Albert et al. (2002, Theorem 2.7) proved thatd & is a layered permutation with every
layer of length at least, then there is a sequengs, ),y of layered permutations with,,| < |7,,41] for
everyn € N and such thatim,,_,, p(o, 7,) = p(c) and the number of layers of thg’s are uniformly
bounded. For clarity, we state below a simplified versiorhefrttheorem.

Theorem 4.4(Albert et al. (2002, Theorem 2.7)f o € & is a layered permutation with layers and
every layer of length at lea8t then there exist& such thap(o) = Ly1 k.0

Later, Warren (2005) defined the smallest sécko be thepacking complexitgf o (denoted:(o)).

The bound to:(o) provided by Albert et al. (2002, Theorem 2.7), however, setmbe quite far from
the real value.

Hasto's proof of Theorem 4.1 was generalized by Warremarove this bound for the case when the
layer sequence is hon-decreasing.

Theorem 4.5(Warren (2005, Theorem 3.3.7)j o € & is a layered permutation whose layer sequence
is(01,0a,...,0) and2 < {1 < ly < -+ < Uy, thenk(o) < max{(k —1)/(2° —2),0}.

A natural question would then be if the proof of Theorem 14 loa generalized to prove the following
conjecture.
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Conjecture 4.6.If o has block sequenc@, (1, (s, ..., ) With2 < a < {1 < {5 < --- < {, then there
existsK such that

p(0) = Lk [K)\{1},0-

As several papers on permutation packing suggest, theyfarhihyered permutations is much easier
to work with than the general family of permutations due tac@Polynomials. Using the theory of
permutonsi(e., limits of permutations, see Hoppen et al. (2013)), the fiaat Price Bounds converge
to p(o) can be seen as a topological property of permutons as weatadelow.

Proposition 4.7.If Ly, is the family of permutons that can be obtained as limits péitad permutations
with at mostk layers, thenJ, .y L+ is dense in the family of layered permutons (limits of layeper-
mutations) with respect to the permuton topology (a seqeiefhpermutongW,,),en converges téV if
and only iflim,,, . p(o, W,,) = p(o, W) for everyo € G).

Proof : Either analogous to the proofs of Corollary 2.2 and Theore3roBby a standard diagonalization
argument. O

The proposition above by itself is not interesting, whahtgiesting is the fact that computing densities
of layered permutations in permutons bf is easy (yields Price Polynomials). In this light, Extended
Price Polynomials can be seen simply as repladipgwith the family of permutons3;, that can be
obtained as limits of layered permutations with at mbdtlocks instead of: layers, which trivially
preserves the density property (sinkg C By), but still yields a family in which densities of layered
permutations are easy to compute.

As mentioned before, Price Polynomials are quite a useful when studying packing of layered
permutations and there is still not an analogous tool forlagered permutations, so the following natural
question arises.

Question 4.8.Is there a family of permutonk that is dense in the family of all permutons and is such
that computing densities of permutations in permutons & still easy?

Finally, Theorem 1.9 is a double-edged knife in the problémmimimization of monotone sequences,
because, on the diagonal case.( whenk = /) it suggests that Conjecture 1.8 is true (since we
havep” (Id,,,+1 + Rev,,4+1) = 1/m™). On the other hand, on the general case, it proves that

1 1
p”(Ids + Revy) = 53 > 2 > p'(Id3 + Revy),
which means that, wheh # ¢, the problem restricted to the class of layered permutati®m distinct
problem.
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We investigate pattern avoidance in permutations satisfying some additional restrictions. These are
naturally considered in terms of avoiding patterns in linear extensions of certain forest-like partially
ordered sets, which we call binary shrub forests. In this context, we enumerate forests avoiding patterns
of length three. In four of the five non-equivalent cases, we present explicit enumerations by exhibiting
bijections with certain lattice paths bounded above by the line y = £z, for some £ € QT, one of these
being the celebrated Duchon’s club paths with £ = 2/3. In the remaining case, we use the machinery of
analytic combinatorics to determine the minimal polynomial of its generating function, and deduce its
growth rate.

Keywords: permutation patterns, linear extensions

1 Introduction

In this paper, we extend pattern avoidance to a previously unexamined combinatorial structure.
Let S, be the set of permutations of length n. First, given permutations 7 = myme - 7, € Sp,
and p = p1pa2 - pm € S, we say that m contains p as a (classical) pattern if there exist 1 <1y <
ig < -+ < im < nsuchthat m;, < m;, if and only if p, < pp. In this case we say that m;, m;, - - - 7,
is order-isomorphic to p (denoted m;, m;, -+ -, ~ p) and that m;, m, - -m, reduces to p. If «
does not contain p, then 7 is said to avoid p. This definition of pattern avoidance in permutations
appears in many differing applications ranging from the analysis of sorting algorithms to algebraic
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6 7

Fig. 1: A binary heap on 9 vertices

geometry, and has generated a number of enumeration and classification questions that are of
interest in their own right.

Motivated by work with trees [4, 9, 14] and comb posets [17], Levin, Pudwell, Riehl and
Sandberg [10] considered pattern avoidance in heaps. In particular a complete k-ary tree is a
tree where each node has k or fewer children, all levels except possibly the last are completely
full (i.e. level i contains k*~1 vertices), and the last level has all of its nodes to the left side (i.e.
for any two vertices in the penultimate level, if the right vertex has a positive outdegree, then
the outdegree of the left vertex is k, and no more than one vertex in the penultimate level has
outdegree not equal to 0 or k).

A k-ary heap is a complete k-ary tree labeled with {1,...,n} such that every child has a larger
label than its parent. We draw trees (respectively heaps) with the root at the bottom of the
figure. An example of a 2-ary (i.e. binary) heap on 9 vertices is shown in Figure 1. Let HF
denote the set of k-ary n-vertex heaps. The heap in Figure 1 is a member of HZ. Given a heap
H, we associate a permutation 7y with it by recording the vertex labels as they are encountered
in a breadth-first search. For example, if H is the heap in Figure 1, then 7y = 125349867. We
say that heap H contains (respectively avoids) p as a pattern if g contains (respectively avoids)
p as a classical pattern, using the definition above. Let H* (P) be the set of members of H¥ that
avoid all patterns in the list P. While the heap in Figure 1 contains 123, 132, 213, 312, and 321,
it is a member of H2(231). In [10], the authors determined |’H,,’§(p)| for p € (S3\ {321}), and
|HE(P)| when |P| > 2 and P C Ss.

In this paper we extend their pattern avoidance in a new direction by considering forests of
heaps. A heap forest is an ordered collection of heaps. Given a forest F' of heaps H1, Hs, ..., Hy,
we label all vertices in F' with distinct integers from {1,...,|F|} (where |F| = |Hy|+ -+ |Hy|),
and then associate the permutation 7p = 7y, g, -+ - 7h,,. In other words, we concatenate the
associated permutations for each heap to obtain the permutation associated to the forest. Given
the forest in Figure 2, mp = 165(10)92438(11)7(12)(13). As before, we say that forest F' avoids
pattern p if 7r avoids p. Note, from our example, that forests can be composed of heaps with
varying numbers of vertices or even heaps that are k-ary for different values of k.

The consideration of heap forests introduces a number of new parameters to our problem, so
we restrict our work to forests of binary (or more generally k-ary) shrubs. A shrub is a tree whose
root has only leaves as children. In a binary shrub, each root vertex has exactly two descendants,
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10 9 11@
F = 6 5 4w8 12 13
1 2

Fig. 2: A 13-node binary heap forest

12 112 94 87 6
F =
10 1 3

Fig. 3: A binary shrub forest with 12 vertices

so a binary shrub forest has 3n vertices where n is the number of heaps in the forest, while
similarly in a k-ary shrub forest we have (k + 1)n vertices.

Let FF* be the set of all k-ary shrub forests of n heaps. In Figure 3, we see a member F of
F2 where mp = (10)(12)(11)129348576. Let FX(P) be the set of members of F* that avoid all
patterns in list P and

S2(P) = {m € S3» | m = 7y for some f € F.(P)}.
Equivalently,
SZ(P) = {ﬂ' S S3n(P) | T3+l < M3i42 and T3i4+1 < M3i43 forall 0 <i< n}

Our main goal is to determine |SZ(P)| where P C S;.

In the rest of this paper, we determine }S,Ql (p)} exactly for each p # 321. A list of sequences
and corresponding reference numbers from the On-Line Encyclopedia of Integer Sequences [13]
is given in Table 1. This includes results for S2(P) where P contains more than one pattern of
length 3. Details of the enumerations when |P| > 1 are omitted from this paper due to length,
but can be found as an ancillary file attached to this arXiv submission at

http://arxiv.org/src/1510.08036 /anc/MultiplePatterns.pdf.

In the next section, we look at each of the sets avoiding a single pattern of length 3. For five
of the patterns, we enumerate the set by establishing a bijection with a family of lattice paths
from (0,0) to (m,¢m) for some £ € Q*, bounded above by the line y = fz. In four cases, these
lattice paths consist of unit east and north steps. S2(123) is shown to be equinumerous to such
paths with £ = 2 (Theorem 2.4), and more generally F*(123) is equinumerous to such paths with
¢ =k (Theorem 2.3). S2(132) is in bijection with these paths with ¢ = 3. Indeed, we prove a
more general result concerning k-ary forests, that F¥(132) is equinumerous to these lattice paths
with ¢ = k+1 (Theorem 2.6). In the case of S2(231), we establish a bijection with the celebrated
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case of paths bounded above by y = 2z, the so-called “Duchon’s club model” (Theorem 2.15),
and more generally we outline how 2“(231) is equinumerous to such paths bounded above by
Y= k—ilx

We prove that §2(213) and §2(312) are equinumerous (Theorem 2.12) and establish a bijection
with lattice paths having east, north and northeast steps, bounded by y = 3z (Theorem 2.11).
Finally, we investigate S2(321). We are unable to enumerate this set explicitly. However, using
functional equations, we are able to generate nearly a thousand terms of its enumeration sequence,
prove that its generating function is algebraic and determine its minimal polynomial and growth
rate (Theorem 2.18). We conclude in Section 3 with some questions.

P (IS2(P)]) >4 OEIS Result
0 2, 80, 13440, 5913600, . . . A210277
123 1,3,12,55,273, ... A001764 | Theorem 2.4
132 1,4,22,140, 969, ... A002293 | Corollary 2.8
33 2,14,134,1482,17818, ... A144097 | Theorem 2.13
231 2,23,377,7229,151491,... | A060941 | Theorem 2.15
321 2,37,866,23285,679606, ... | A257995 | Theorem 2.16
132,213
132,312 1,2,4,8,16, . .. A000079
132,321 1,4,10,19,31,. .. A005448
213,231
231,312 2,8,32,128,512,... A004171
213,312
213,231,312
213,312 321 2,2,2,2,2,... A007395
213,231,312,321
213,321 2,6,13,23,36,... A143689
231,321 2,12,72,432,2592, . .. A167747
312,321 2, 10,50, 250, 1250, . . . A020699
132,213,321 1,2,3,4,5,. .. A000027
213,231,321 2,4,6,8,10,. .. A005843
231,312,321 2,6,18,54,162, . .. A025192
Tab. 1: |S;(P)| where P C Ss

2 Avoiding a pattern of length 3

To enumerate our first two sets, we make use of the following result, concerning lattice paths in
a wedge, first proved by Fuss at the end of the 18th century. See [11, Section 12.1] for a modern
presentation of the proof.
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Proposition 2.1 (Fuss [8]). The number of lattice paths with unit Fast and North steps from
(0,0) to (m,€m) remaining weakly under the line y = Lx is given by

1 (+1)m
Im+1 m '
2.1 Avoiding 123

We enumerate forests avoiding 123 by exhibiting a bijection with lattice paths bounded above by
y = kx. We begin by establishing the fact that the labels of a 123-avoiding forest are uniquely
determined by their root labels.

Lemma 2.2. For any F € FF(123) with k > 2 and n > 0, the roots of the forest of F have
decreasing labels as do the leaves.

Proof: Consider 7 and suppose to the contrary that m; and m; are root labels where i < j and
m; < mj. Then m;mjm, ~ 123 where 7}, is a descendant of ;. Similarly if 7; and 7; are leaf labels
where 7 < j and m; < 7, then mpmm; ~ 123 where 7y, is the parent of 7;. O

Therefore if we know only the root labels of a labeled forest avoiding 123, the labels for the
entire forest are uniquely determined. Note however, this is not the same as saying that any
labeling of roots corresponds with a forest that avoids 123.

We are now in a position to enumerate F¥(123) and consequently S2(123).

Theorem 2.3. Fork >2 andn >0,

1

k _
7] = i

(k + 1)n>'

n

Proof: We will show that F¥(123) is in bijection with NE lattice paths from (0,0) to (n, kn)
weakly below the line y = kx. The result then follows by Proposition 2.1 with £ = k.

A 123-avoiding forest of k-ary shrubs is uniquely determined by its roots. Therefore, we must
choose a set of n root labels, 1 = r; <ry < --- < r, such that there are at least k unused labels
larger than r,,, at least 2k unused labels larger than r,,_1, and in general at least k(n—i+1) unused
labels larger than r; for 1 < ¢ < n. Then the roots of the forest have labels r,,r,_1,...,72,71,
the leaves use the remaining labels in decreasing order, and each tree has leaves with larger labels
than the roots.

Similarly, in a NE lattice path from (0,0) to (n,kn) weakly below the line y = kx, we must
choose n steps to be East steps. To stay below the line y = kx, the ith east step must have
k(n — i+ 1) north steps after it (1 <1i < n).

Thus, 123-avoiding k-ary shrub forests are in bijection with NE lattice paths below the line
y = kx in the following way: given F' € FF¥(123), let r; = T(ht1)(i—1)+1 for 1 < i < n be the
roots of the forest corresponding to mp. Now construct a NE-lattice path of n East steps and kn
North steps so that the jth step is an East step if and only if j € {r1,...,r,}. This map is easily
invertible. Given a NE-lattice path below y = kx, let r1 < --- < r,, be the positions of the East
steps. Then use rq,...,r, in decreasing order as the labels of the roots for a forest, and place
the unused labels in decreasing order on the roots. O

We then obtain our desired result by setting k& = 2.
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EENNNN ENENNN ENNENN
265143 365142 465132

Fig. 4: S5(123) and corresponding lattice paths

1 3
Corollary 2.4. ’8721(123)‘ T o1 ( ”)
n n

The 3 members of 83(123) and their corresponding NE lattice paths are shown in Figure 4.

2.2 Avoiding 132

We enumerate forests avoiding 132 by giving a bijection with lattice paths bounded above by
y = 3z. Indeed, we establish a stronger result, applicable to all k-ary shrub forests, exhibiting a
bijection between F¥(132) and lattice paths bounded in the wedge below y = (k + 1)z.

As with forests avoiding 123, we start by establishing that the labels of a 132-avoiding forest
are also determined by their root labels.

Lemma 2.5. The labels of a 132-avoiding k-ary shrub forest are uniquely determined by their
root labels.

Proof: Define S to be the ordered set of currently unused labels in a forest of ¢ heaps with
v = k + 1 vertices each, and imagine we are assigning labels from left to right on heaps, and in
breadth-first order on each heap. Initially, S = {1,2,...,vt}. The labels in each heap are clearly
larger than the label of their root, and in each heap are increasing (in order to avoid 132). In
fact, not only are they larger, they are the smallest possible unused labels. In other words, the
leaves of each root are labelled, from left to right, by the k smallest unused labels greater than
the root. If not, the next largest label y would be used later (on its right) and would create a
xzy ~ 132 pattern where z is a leaf of (the root) « but not y. Thus we only need know the label
of the roots in order to deduce the entire labeling of a 132-avoiding k-ary shrub forest of heaps.
Furthermore, knowing the first root and the longest decreasing subsequence of roots is sufficient
since if the roots are 7, 73,...,7¢ and we have r; < ;41 < --- <r;_1 > r; then r; > r; in order
to avoid 132. o

Again, Lemma 2.5 is not equivalent to saying that any labeling of roots corresponds with a
forest that avoids 132.

It turns out that we can use the structure of 132-avoiding forests to describe not only S2(132),
but more generally F¥(132).

Theorem 2.6. ‘}"ff(l?yQ)‘ = ;<

(k+1Dn+1 n

(k+ 2)n) '
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Proof: We provide a bijection from F¥(132) to the set P of paths under the line y = (k + 1)x
from (0,0) to (n, (k + 1)n) using North (0,1) and East (1,0) steps. The result then follows by
Proposition 2.1 with £ =k + 1.

Define ¢ : P — F¥(132) as follows. Given p € P, let 0 = w; < wy < --- < w, be the heights of
the East steps in p. Let w’ := (wy, + 1)(wp—1 + 1) - -+ (w1 + 1). Label the first root w}. For each
subsequent root, if w; # w,_,, then label root ¢ with w}. If w, = w]_,, leave root ¢ unlabeled.
Now, by Lemma 2.5 label the remaining forest vertices from left to right (and in breadth-first
order on each heap), at each point using the smallest unused label larger than the most recent
root. We claim this forest avoids 132. Suppose there were a 132 pattern not involving a root
where ¢ plays the role of 1. Since ¢’s root is smaller than ¢, there is another copy of 132 using
£’s root. Now, by construction, all entries larger than a given root and after the root appear in
increasing order, so this forest is 132-avoiding.

Next we describe ¢p—1 : F¥(132) — P, beginning with a 132-avoiding forest. We create a string
Y, with y1 being the root of the first heap. We add an element to the string y for each root r;. If
the permutation has been only increasing since r;_1, set y; = y;—1. If the permutation has had
a descent (which could only occur between the last leaf of the tree with root r;_1 and the root
i), set y; = r;. We then create a string ¢’ by subtracting 1 from each element of y. Finally we
reverse the string to obtain %", which is our string displaying heights of the East steps in our
path, which we claim lies below the line y = (k + 1)z. Notice that a path lies below y = (k+ 1)z
if and only if y;” < (i —1)(k+1) for ¢ > 1. By construction, y; = 1 < n— k since r; has k leaves
larger than itself. In general, if 7 = min(rq,...,7;), then 7y <n—((i—1)+ki) =n+1—(k+1)i
since there are i — 1 other roots and ki leaves larger than r; as labels on the first ¢ shrubs.
Since y; = rf, we have that y; < n+ 1 — (k + 1)i for all 4, and thus y; < n — (k + 1)i for
all 4. Let t = %5 be the number of trees in our shrub forest. Our bound on y; implies that
Y <n—(k+1)({t+1-i)=t(k+1)—(k+1)(t+1—1i)= (i —1)(k+ 1), as desired. O

This proof gives two easy corollaries. The first demonstrates that although we considered
shrubs here, in special cases (such as avoiding 132) we can characterize the shrub condition more
simply in terms of a permutation composed of a string of equal-length subpermutations. The
second is our result restricted to binary shrubs.

Corollary 2.7. Let o be a permutation composed of a concatenation of m increasing sequences
of length n. The number of such o € Sy (132) is given by

nml—l— 1 ((n tnl)m)'

Also, |8%(132)| is a special case of Theorem 2.6.

3n+1

Figure 5 shows two examples of lattice paths below y = 3z that correspond to members of
S2%(132).

2.3 Avoiding 213 or 312

The only pair of permutations p1, p2 € Ss for which |S2(p1)| = |S2(p2)| is {p1, p2} = {213,312}.
We prove this equivalence in Theorem 2.12 below.

Corollary 2.8. |S2(132)| = |F2(132)| = 1 (4:)



8 David Bevan, Derek Levin, Peter Nugent, Jay Pantone, Lara Pudwell, Manda Riehl, ML Tlachac

w=034=1y" w=022=1y"

w =541=y w =331=y
T = 567489 123 T =345 678 129

Fig. 5: Two lattice paths and the permutations corresponding to the 132-avoiding binary shrubs

To enumerate these sets, we make use of a variant of the result of Fuss we used above, in which
diagonal, as well as horizontal and vertical, steps are permitted.

Proposition 2.9 (Schroder [15, Theorem 2.9]). The number of lattice paths with steps (0,1),
(1,0) and (1,1), from (0,0) to (m,£fm), remaining weakly below the line y = lx is given by

1 " (tm+ 1 (fm v
€m+1z<m—v>< v >

v=0

We also require the following ‘folklore’ bijection between two families of lattice paths. This
proposition follows directly from the invertibility of the affine map of the Euclidean plane implied
in its statement.

Proposition 2.10 (Banderier and Wallner [2, Proposition 2.1]). Lattice paths with step set S,
from (0,0) to (m,fm) remaining weakly below y = lx are in bijection with lattice paths with step
set {(x +y, e —y): (z,y) € S}, from (0,0) to ((£ + 1)m,0) remaining weakly above the x-azis.

We enumerate forests avoiding 213 by exhibiting a bijection with a family of lattice paths
which, by Proposition 2.10, are known to be equinumerous to paths bounded above by y = 3x.

Theorem 2.11. |S%(213)| = a, where ay is the number of lattice paths from (0,0) to (4n,0)
with unit steps (1,3), (2,2), and (1,—1) staying weakly above the x-azis.

Proof: First we give a correspondence from lattice paths to 213-avoiding permutations.

Begin with a lattice path from (0, 0) to (4n,0) that contains only (1, 3), (2,2), and (1, —1) steps
and stays weakly above the z-axis. Partition the path into segments that traverse exactly one
unit in the vertical direction. (Each (2,2) step will be partitioned into 2 segments and each (1, 3)
step will be partitioned into 3 segments.) We label each segment of a (1, 3) or (2,2) step as well
as the midpoint of each (2,2) step with a distinct label from {1,2,...,3n} in the following way:
Locate the lowest line y = ¢ from which an unlabeled up-segment begins. Find the rightmost
such segment s beginning at y = 4, and give s the lowest unused label. Let j be the number
of segments and midpoints to the right of s. We now apply the j smallest unused labels to the



Pattern avoidance in forests of binary shrubs 9

subpath to the right of s and the remaining (larger) unused labels to the subpath to the left of s,
and repeat this construction recursively. In the case that a subpath has no up-segments, it must
consist of a single midpoint of a (2, 2)-step and so it receives the only unused label reserved for
the subpath. Now, read the labels from left to right to obtain a permutation 7.

Notice that 7 can be the labels of a binary shrub forest since the three labels on each increasing
(1,3) step or (2,2) step correspond to the labels of a heap. By construction, the labels on a (1, 3)
step form a 123 pattern while the labels on a (2,2) step form a 132 pattern. Further, 7 avoids
213 since for each digit 7, all labels larger than and left of 7 are greater than all labels larger than
and right of 1.

Next, we show how to reverse this correspondence, by giving a map from 213-avoiding permu-
tations to lattice paths. Start with a binary shrub forest f. Consider f one heap at a time. A
heap with an increasing pair of leaves corresponds to a (1,3) step and a heap with a decreasing
pair of leaves corresponds to a (2,2) step. The (1,3) and (2, 2) steps can be separated by (1,—1)
steps. To determine the placement of the (1, —1) steps, we look at the roots of the heaps.

Take m and mark any digit that is the first digit of a pair of leaves with decreasing labels.
Now, for each root, count the number of unmarked digits (roots and unmarked leaves) before
the root and larger than the root. This is the number of (1, —1) steps that immediately precede
the increasing step corresponding to that heap. Mark the digits that were just used and repeat.
Finally, end the path by adding (1, —1) steps to return to the z-axis. O

As an example, consider the path in Figure 6. Here, (2,2) steps are shown with doubled lines
to make them clearly distinct from (1,3) steps. For the map from = to the path, the heaps 7 15
14, 11 13 12, and 2 4 3 have decreasing leaves, so each of them correspond to a (2,2) step. The
heaps 8 9 10 and 1 5 6 have increasing leaves, so each of them correspond to a (1,3) step. The
increasing steps in the path alternate between (2,2) steps and (1,3) steps. Now, we mark the
digits 15, 13, and 4 in 7. For the root 8, we see that 14 is unmarked and prior to 8, so we put
one (1,—1) step between the first two upsteps and mark 14. For the root 11, we see no numbers
larger than 11 and prior to 11 that have not yet been used, so we put zero (1, —1) steps between
the second and third upsteps. For the root 1, we see 12, 11, 10, 9, 8, and 7 larger than 1 and
prior to 1 that have not yet been used, so we put six (1, —1) steps between the third and fourth
upsteps and mark 12, 11, 10, 9, 8, and 7. For the root 2, we see 5 and 6 larger than 2 and prior to
2 that have not yet been used, so we put two (1, —1) steps between the fourth and fifth upsteps
and mark 5 and 6. Finally, we must take three (1, —1) steps at the end of the path to return to
the z-axis.

We now show that 213-avoiding forests are equinumerous to those avoiding 312.

Theorem 2.12. |S2(213)| = |S2(312)|.

Proof: Consider a forest avoiding 213 as it is built from left to right. According to our corre-
spondence a (2,2) upstep indicates that the next heap forms a 132 pattern while a (1,3) upstep
indicates that the next heap in the forest forms a 123 pattern. The (1, —1) steps between the
upsteps indicate the labels of the next in the following way:

Suppose that the first k& upsteps in our path encode a forest with labels {1,2,...,3k} where
the last heap forms a 123 pattern with labels ¢ — 2, ¢ — 1,¢. We wish to append a single new
heap to this forest. In order for the shrub forest to avoid 213, all labels on the new heap must
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m=715148910111312156243

Fig. 6: A lattice path and its corresponding 213-avoiding permutation

be consecutive. In particular, the labels on the new heap may be ¢ +1,i +2,i+3 for 0 <¢ </
(and all labels larger than 4 on the original forest are incremented by 3). Let d be the number
of downsteps immediately after the (1,3) upstep corresponding to the last 123 pattern; then
{ — d = i indicates the labels on the next heap to be appended are i + 1, ¢ + 2, and ¢ + 3.

Similarly, suppose that the first k upsteps in our path encode a forest with labels {1,2,...,3k}
where the last heap forms a 132 pattern with labels £ — 2,/ — 1,¢. We wish to append a single
new heap to this forest. In order for the shrub forest to avoid 213, all labels on the new heap
must be consecutive. In particular, the labels on the new heap may be ¢ + 1,7 + 2,7 + 3 for
0 <i<{¢—1 (and all labels larger than i on the original forest are incremented by 3). Let d
be the number of downsteps immediately after the (2,2) upstep corresponding to the last 132
pattern; then £ —d — 1 = ¢ indicates the labels on the next heap to be appended are i + 1, i + 2,
and 7 + 3.

In general, when we append a new 123 heap to the end of a 213-avoiding forest, we increase the
number of sets of labels we can use on the next heap by 3, and when we append a new 132 heap
to the end of a 213-avoiding forest, we increase the number of sets of labels we can use on the
next heap by 2. The number k of (1, —1) downsteps tells us to use the (k + 1)st highest possible
value for the root of the next appended heap.

We can construct 312-avoiding forests in a similar way, encoding 123 heaps with (1, 3) steps
and 132 heaps with (2,2) steps.

Suppose that the first k upsteps in our path encode a forest with labels {1,2,...,3k} where
the last heap forms a 123 pattern with labels £ —2, ¢ —1,¢. We wish to append a single new heap
to this forest. In order for the shrub forest to avoid 312, all labels that are used on leaves of the
new heap must be larger than all existing labels, but the root can appear lower. In particular,
the labels on the new heap may be i,3k + 2,3k + 3 for 1 <7 <3k + 1 (and if ¢ < 3k then i may
not be the larger digit in an inversion in the original forest on {1,2,...,3k}). Then, all labels
larger than ¢ —1 on the original forest are incremented by 1 to obtain the new forest. Let d be the
number of downsteps immediately after the (1,3) upstep corresponding to the last 123 pattern;
then ¢ — d = i indicates the labels on the next heap to be appended are i, 3k + 2, and 3k + 3.

Similarly, suppose that the first k upsteps in our path encode a forest with labels {1,2,...,3k}
where the last heap forms a 132 pattern with labels £ — 2,¢ — 1,¢. We wish to append a single
new heap to this forest. In order for the shrub forest to avoid 312, all labels that are used on
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leaves of the new heap must be larger than all existing labels, and the root can appear lower. In
particular, the labels on the new heap may be i,3k + 2,3k + 3 for 1 <i < 3k +1 (and if ¢ < 3k
then ¢ may not be the larger digit in an inversion in the original forest on {1,2,...,3k}, so we
know ¢ # 3k in this case).

As before, when we append a new 123 heap to the end of a 312-avoiding forest, we increase
the number of sets of labels we can use on the next heap by 3 (since i € {3k — 1,3k,3k + 1} are
new), and when we append a new 132 heap to the end of a 312-avoiding forest, we increase the
number of sets of labels we can use on the next heap by 2 (since ¢ € {3k — 1,3k + 1} are new).
The number k of (1, —1) downsteps tells us to use the (k+ 1)st highest possible value for the root
of the next appended heap.

Since both 213 and 312-avoiding forests are in bijection with the same set of lattice paths using
(1,3), (2,2), and (1, —1) steps, the two sets of forests are equinumerous. O

For example, the path in Figure 6 corresponds to the 213-avoiding forest 7 15 148 9 10 11 13 12
15624 3. Earlier, we built this forest by labeling up-segments in the path, but we can also follow
the argument of Theorem 2.12 for an alternate construction. The first upstep is a (2, 2) step, so
we begin with the forest 1 3 2. Next, we have d = 1 downsteps, soi=¢—d—-1=3-1—-1=1.
Our next tree has labels 2, 3, and 4, and since the next upstep is a (1,3) step, we have 16 5
2 3 4. Next, we have d = 0 downsteps, so i = ¢ —d = 4 — 0 = 4. Our next tree has labels 5, 6,
and 7, and since the next upstep is a (2,2) step, we have 1 982345 7 6. Next, we have d =6
downsteps, soi =f—d—1=7—6—1=0. Our next tree has labels 1, 2, and 3, and since the
next upstep is a (1, 3) step, we have 4121156 78 10 91 2 3. Next, we have d = 2 downsteps,
soi=/F—d=3—2=1. Our next tree has labels 2, 3, and 4, and since the next upstep is a
(2,2) step, we have 71514 8910111312156 24 3.

Similarly, we can construct a 312-avoiding forest from the same path working from left to right.
The first upstep is a (2, 2) step, so we begin with the forest 1 3 2. Next, we have d = 1 downsteps,
and the possible values of the next root are 1, 2, or 4. We choose the 2nd highest value. Our next
tree has labels 2, 5, and 6, and since the next upstep is a (1,3) step, we have 1 4 3 2 5 6. Next,
we have d = 0 downsteps, and the possible values of the next root are 1, 2, 5, 6, or 7. We choose
the highest value. Our next tree has labels 7, 8, and 9, and since the next upstep is a (2, 2) step,
we have 143256 79 8. Next, we have d = 6 downsteps, and the possible values of the next
root are 1, 2, 5, 6, 7, 8, or 10. We choose the 7th highest value. Our next tree has labels 1, 11,
and 12, and since the next upstep is a (1,3) step, we have 2543678109 1 11 12. Next, we
have d = 2 downsteps, and the possible values of the next root are 1, 11, 12, or 13. We choose
the 3rd highest value. Our next tree has labels 11, 14, and 15, and since the next upstep is a
(2,2) step, we have 2543678109112 13 11 15 14.

By combining our results, we can enumerate forests avoiding either 213 or 312.

Theorem 2.13. |S2(213)| = |S2(312)| = 3m1+ > <?’Tzljvl) (3mv+ ”).
v=0

Proof: The result follows directly from Theorems 2.12 and 2.11, and Propositions 2.10 and 2.9
with £ = 3. O

The bijection presented in Theorem 2.12 can be generalized to k-ary shrub forests, for which we
provide an outline in the interest of length. For example, the number of ternary shrubs avoiding
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213 is in bijection with lattice paths using the steps (1, —1), (1,4) (corresponding to 1234), red
(2,3) (corresponding to 1243), red (3,2) (corresponding to 1342), blue (2,3) (corresponding to
1423), and blue (3,2) (corresponding to 1432). Notice that since we wish to use (2, 3) labels and
(3,2) labels for different kinds of heaps, we need colored labels.

For example, the path (red (3,2)) (1, —1) (blue (2,3)) (1,—1) (1,—1) (1,4) (1, —1)° corresponds
to 1(11)(12)(10) 2978 3456.

In general, k-ary shrub forests avoiding either 213 or 312 are in bijection with lattice paths
using (1, —1) steps and k%rl (2,5) steps of the form (j,k — j + 2) going from (0,0) to ((k + 2)n,0)
and staying weakly above the z-axis. To find the step corresponding to a particular k-ary shrub
permutation 7 let 4 be the value of the smallest number that plays the role of a 2 in a 21-pattern,
or i = k+ 2 if 7 is the identity. Then the corresponding step is (k+2 — (¢ — 1), — 1). This
makes sense since if ¢ is the smallest number that plays the role of 2 in a 21 pattern, then all
digits greater than or equal to ¢ must be larger than labels in new 213-avoiding shrubs appended
to the end of the forest. With ¢ — 1 smaller digits, there are i sets of consecutive values that can
be used on the labels of a newly appended shrub. Using an upstep that takes ¢ — 1 vertical units
allows ¢ choices for how many (1, —1) steps may come after it.

2.4 Avoiding 231

To enumerate S2(231), we make use of the following celebrated result of Duchon concerning
lattice paths bounded by y = %:C

Proposition 2.14 (Duchon [5, Theorem 11]). The number of lattice paths of length 5n from the
origin to the line y = %x with unit East and North steps that stay weakly below the line is given

by
i 1 (5n + 1) (5n + 2i>
—~bn+i+1\n—i i '
=0

This sequence was investigated further by Banderier and Flajolet [1] under a slightly different
formulation, whose equivalence follows from Proposition 2.10. This alternative perspective is
known as “Duchon’s club model”: People arrive at a club by pairs and leave in threesomes. What
s the number of possible scenarios from the club opening until it closes?

We enumerate forests avoiding 231 by exhibiting a bijection with Duchon’s club paths.

- 1 5n+ 1\ (5n + 2i
Th 2.15. Th lity |S2(231)] = —_— holds.
eorem 2.15 e equality |S2(231)] ;Sn—i-i—i-l(n—i)( ) ) olds

i
Proof: Let A, be the set of 231-avoiding permutations realizable on a binary shrub forest
containing n heaps. Let B, be the set of lattice paths with 3n East (1,0) and 2n North (0, 1)
steps that stay at or below the line y = 2?””

To prove the theorem, we give a map ¢ : B,, — A, ; then we prove that it is indeed a bijection by
showing that it is injective, well-defined, and surjective. The result then follows by the application
of Proposition 2.14.

To explain ¢ rigorously, we must first introduce some notation. Given b € B,,, we partition b
into blocks of the form E*N with k > 0. Since there are 2n Ns (and b ends in N), there are 2n

blocks in b; call them By, ..., Ba,.
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To determine ¢(b), we first construct a permutation with vertical bars between certain pairs of
adjacent digits. Given such a permutation a, write a = A;|As|---|Ap. Also, given a subpermu-
tation A;|Aiy1|---|Ait;, let A; — A;y; be the permutation formed by erasing all bars between
these blocks. Finally, given a string of digits a, write a'™ for the string formed by incrementing
all digits greater than or equal to i by 1.

We are now ready to describe ¢. Let b € B,, have blocks By, ..., Ba,.

1. Let i = 2n, and let a = 1.

2. (a) If block B; = N then let a = 1|(a)'".

(b) If block B; = E*N where k > 1, then determine m = max(Ay) + 1. Let
a = m(Al — Ak|Ak+1| s |Ag)m+.

3. If i is even, then let a = 1|(a)'T.

4. Decrement ¢ by 1.
If i = 1 then we are done. Return ¢(b) = Ay — A,.
If i > 1, then return to step 2.

Recall that a value in a permutation is a left-to-right mazimum if it is larger than all the
values to its left. Notice that by construction, at the end of each step, the vertical bars appear
immediately before each left-to-right maximum of a (except the first one). We add a bar in steps
2a and 3 when we introduce an ascent at the beginning of a by a = 1|(a)'™ (and thus a create new
left-to-right maximum). We erase bars in step 2b when we create a new left-to-right maximum
that supersedes the left-to-right maxima from a previous step. It follows that while we do not
use Bj to encode additional digits of A, the number of E’s in B is the number of left-to-right
maxima of a at the end of the algorithm describing the map ¢. In general, notice that since
max(Ay) = max(A; — Ag) =m —1, a = Ay|--- [Ap_1[(m — 1) AL |(m") A} |- -+ where Aj is A;
with its first entry deleted, and m’ > m — 1.

It is clear that ¢ is injective; consider the rightmost block where two paths differ and thus two
different digits will be appended to the beginning of a, resulting in different outputs. It remains
to show that ¢ is well-defined and surjective.

To show that ¢ is well-defined, we must show that when we read a block B = E*N with & > 0in
step 2 (including both cases 2a and 2b), a = A1|Az|- - |A; with £ > k. Let b’ = Bop—j 41 -+ - Bap,
the rightmost j blocks of b. We claim that the number of bars in a after we have read j blocks
of b is given by

ny(b') —ne(b’) + {%J =j—np)+ V%lJ ,

where ng(W) (resp. ny(W)) is the number of E (resp. N) steps in word W. We begin with no
bars. Every N block creates one more bar in step 2a. Every occurrence of an E¥N block with
kE > 1 (step 2b) creates a descent and reduces the number of bars by k — 1. After every second
block (i.e. L%J times) we create an additional bar in step 3. We add 1 to the number of bars
to compute £.
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It is immediate from the fact that b € B, lies below the line y = %x that for all b = b’ €
B,, we have (3n — ng(t'),2n — ny (b)) € {(z,y) | z,y € Nand 2z > 3y} so 2(3n — ng()) >
32n —nn()) <= ned) < 3/2nn({"). Now let V' = Bap_jy1---Ba, as above, let b* =
Boy—jBop_jt1 -+ - Bay, and suppose Bayp—j = EFN. We must show k < 0. k = ng(b*) —ng(b') <
San(d*) —ne®) = 2G +1) —np®) < (j + 1) —np®) + 2L, as desired. Therefore, step 2
above is always possible.

Now, we check that ¢(b) € S2(231). First, a is indeed a permutation at each step in the
algorithm for ¢. We begin with a = 1. Each time we use step 2 or step 3 to prepend a new digit,
all larger digits are incremented by 1 so a always consists of a string of consecutive non-repeating
digits. Next, ¢(b) has length 3n since we begin with 1 digit and obtain (2n — 1) new digits from
step 2 and n new digits from step 3. Finally, ¢(b) avoids 231 since the digit inserted into the first
position of ¢ must play the role of 2 in the 231 pattern. It is impossible for this digit to play the
role of 2 in steps 2a and 3 since the first digit is the smallest. In case 2b, the permutation has
all digits smaller than m appearing before all digits larger than m. Therefore, ¢ : B,, — A, is
well-defined.

Finally, to show that ¢ is surjective, we show that every a € A,, has a path b € B,, that is
mapped to it. Given a, we can certainly reverse the encoding of ascents and descents prescribed
by ¢. To be rigorous, given a € A,,, we build the corresponding path b in the following way:

1. Let b be the empty path and let ¢ = 3n — 1.

2. (a) If i = 3z 4 1 for some integer z, then b remains unchanged.
(This is the inverse of step 3 above.)

7 z + 1 for some integer z and a; < a;4;1 then b = .
b) If i #3 1 f i d +1 then b= Nb
(This is the inverse of step 2a above.)

(c) If i # 32+ 1 for some integer z and a; > a;1, then b = E*Nb where k is the number
of left-to-right maxima of a; 1 - - - as, that are less than a;.
(This is the inverse of step 2b above).

3. Decrement 1.
If i = 1, then ¢~ '(a) = E3»— "2 Np,
If i > 1 then return to step 2.

To show ¢ is surjective, we must verify that any path b formed in this way stays below the line
Y= %:1: Suppose we have a € A,, such that ¢~ (a) ¢ B,. Consider the first block By_; = EFN
(reading from right to left) where the corresponding path goes above the line y = %:v, but
By - - - Bay, is below the line. We have ng(Bp - - Ba,) < %nN(Bg -+ Bay) but ngp(By—1 - Bay) >
%nN(Bg_l - -+ Bay,), or equivalently, ng(By¢- - Bap) + k > % (nn(Bg¢- -+ Bap)+1). Since b comes
from the map ¢!, we know that

By Bay) +1
kS1+nN(Be-~an)—nE(Bz-~an)+VN( £ 5 2n) J

Therefore,

By Bay) + 1
nE(Be---an)+k§1+nN(Bz-~an)+VN( ‘ 5 2n) J
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But by assumption ng(Bg--- Ba,) + k > % (nn(Bg---Bap)+1), so

’ > By Ban) +1
5”N(BZ"'B2n)+§<1+nN(B£...an)+\‘nN( [/ - 2n) J
Simplifying,
. 1 By Byn) +1
§nN(Bé"'Bgn)+§<{nN( 4 . on) J

If nn(Bg- - Bay) is even, then ny(By--- Ba,) = 2z for some integer z, so z + % < LQZ—QHJ = 2,
which is a contradiction. On the other hand, if ny (By - - - Bay,) is odd, then ny (By - - - Bay,) = 2241
for some integer z, so z + 1 < L2Z2—+2J = z + 1, which is also a contradiction. Therefore, any
permutation in 4, does indeed correspond to a path below the line y = %x o

For example, consider b = EENENEEEEEENNENNENEN. We have n = 4. Here
By = EEN, By = EN, B = EEEEFEEN, By = N, Bs = EN, Bg = N, B; = EN, and
Bs = EN.

e We begin with ¢ =8 and a = 1.

e Since Bg = EN and k = 1, we see that m = max(1) + 1 = 2, so we have a = 21 by step 2b.
Since ¢ = 8 is even, a = 1|32 by step 3.
Decrement ¢ to 7 and return to step 2.

Since By = EN and k = 1, we see that m = max(1) + 1 = 2, so we have a = 21|43 by step
2b.

Decrement ¢ to 6 and return to step 2.
Since Bg = N, a = 1]32|54 by step 2a.
Since ¢ = 6 is even, a = 1]2|43|65 by step 3.
Decrement i to 5 and return to step 2.

Since Bs; = EN and k = 1, we see that m = max(1) + 1 = 2, so we have a = 21|3|54|76 by
step 2b.

Decrement i to 4 and return to step 2.

Since By = N, a = 1|32]4|65|87 by step 2a.
Since ¢ = 4 is even, a = 1]|2|43|5|76|98 by step 3.
Decrement ¢ to 3 and return to step 2.

Since B; = EEEEFEEN and k = 6, we see that m = max(98) + 1 = 10, so we have
a = (10124357698 by step 2b.

Decrement ¢ to 2 and return to step 2.

Since By = EN and k = 1, we see that m = max((10)124357698) + 1 = 11, so we have
a = (11)(10)124357698 by step 2b.

Since i = 2 is even, a = 1|(12)(11)2354687(10)9 by step 3.
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e Decrement i to 1. Since ¢ = 1, we are done.
¢(EENENEEEEEENNENNENEN) = 1(12)(11)2354687(10)9 € S7(231).

Notice that Theorem 2.15 generalizes as follows: F%(231) is equinumerous with paths with
unit East and North steps from (0,0) to ((k + 1)n, kn) bounded above by y = k—_’f_lx Given a
k

path bounded by y = 777, we build the permutation for a 231-avoiding k-ary shrub forest from
right to left. Each E*N block encodes information about a leaf of the forest, and after every set

of k leaves we add a new right-to-left minimum as a root.

2.5 Avoiding 321

In contrast to the situation with other patterns of length 3, we are unable to present an explicit
expression for the enumeration of forests avoiding 321. Nor do we exhibit a bijection with a
family of lattice walks (though it is possible that such a bijection exists). However, using the
techniques of analytic combinatorics, we are able to determine the generating function for this
set, and its growth rate.

2.5.1 Deriving a functional equation

We begin by deriving a functional equation for a bivariate generating function, making use of a
catalytic variable.

Recall that an inversion is an occurrence of 21 in a permutation. Given a permutation 7, let
its last inversion foot be the lower point of the rightmost inversion of 7 (if there is one), and
let the statistic lif(7) count the number of entries of 7 with value greater than that of its last
inversion foot. In other words, if |7| = n and 7(7) is the rightmost entry that is not a left-to-right
maximum, then lif(7) = n — 7(7). If 7 is an increasing permutation (i.e., 7 = 12---n), then we
set lif () = n.

Theorem 2.16. Let H(x,u) be the bivariate generating function for 321-avoiding binary shrub
forests, where the coefficient of x™u” is the number of forests consisting of n shrubs whose un-
derlying permutation o (of length 3n) satisfies lif (o) = k.

Then, H(xz,u) satisfies the functional equation

ru [ u?(1 = 3u+2u? —ud) 1—3u+3u? —ud +u?
H =1 H H(z,1
(x,u) + 1_u< (1—’(},)2 (x7u) + (1_u)2 (Ia )
+2—2u—u28H( 1)_’_182H( 1)
— (= ———(x
l—u  Ou '’ 2 ou? M

Proof: Consider S2(321). These are permutations avoiding 321 of length 3n such that each of
the n blocks of three consecutive values is an occurrence of either a 123 or a 132.

Let us consider how a permutation in §2(321) may be extended by adding three points to its
right in such a way that the resulting permutation is also a member of §2(321). First of all,
observe that whenever a point is added, it must have value greater than that of the last inversion
foot, or else a 321 will be formed.
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Suppose lif(c) = k. Adding a new maximum entry to o in the rightmost position does not
alter the last inversion foot. In this case, the lif statistic of the resulting permutation is k + 1.
On the other hand, if a new point is added in any other valid location it results in a permutation
whose lif statistic is at least 1 but is not greater than k, as 321 avoidance implies that the new
point must have value greater than that of the previous last inversion foot.

Define the following four transition rules for the lif statistic:

A k{1, k),
B: k—={l,...,k+1},
C: k= {k+1},

D: k- {1Lk+1}.

We now verify that the only valid ways to extend a permutation in S2(321) (i.e., the only ways
to add a 123 or 132 to the right without creating a 321) are either A then B then B, or else C
then C then D.

To see this, first observe that if we wish to add a 123 or 132 pattern to the right of o using
values {|o| + 1, |o| 4+ 2, |o| + 3}, then adding the first two entries (12 if adding a 123, 13 if adding
a 132) corresponds to applying C twice. Appending the rightmost entry effects the transition
k — {k+ 1} if a 123 is created and effects the transition k — {1} if a 132 is created. Therefore,
if the 123 or 132 pattern is added entirely above the maximum entry of o, the rule C then C then
D captures all possible transitions for the lif statistic.

Suppose next that the first two entries in the pattern to be appended to o are added below the
maximum entry of . This corresponds to applying rule A twice. Moreover, we are now forbidden
from creating a 132 pattern, as the maximum of o together with the 32 would be a 321 pattern.
The only option is to create a 123 pattern, and the placement of the last entry corresponds to
rule B.

If on the other hand the first entry to be added lies below the maximum of o but the second
entry lies above (corresponding to applying rule A and then rule C), either a 123 or a 132 pattern
can be created and the insertion of the last entry corresponds to rule B. This case (A then C
then B), together with the previous case (A then A then B) combine to give the transition rule A
then B then B.

Each of these transition rules can be represented as a linear operator acting on the generating
functions, as follows (see [7, Exercises II1.22, p.199 and V.20, p.365]):

Qafuf] =u+uw?+.. +uh =2 (1-ub) Qalf(w)] = 2= (f(1) = f(u))
Qeuf] =u+u?+.. +ufT = (1 — bt Qef(v)] = ﬁ(f(l) —uf(u))
Qc [uk] = yft1 Qc [f(uﬂ =uf(u)

QD[uk] =y + uFt! QD[f(U)] ( (1) —|—f(u))

Thus H(z,u) satisfies the functional equation

H(zu) = 1 + :C(QB[QB[QA[H(x,u)H] +Qp [Qc [ [H(w,u)]ﬂ),
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where the initial 1 corresponds to the empty shrub forest.
Observing by arithmetic of formal power series that if

H(z,1) — H(x,u) OH

, then f(l):%(:zr,l),

a computer algebra system can easily simplify the resulting expression to give the functional
equation in the statement of the theorem. O

flu) =

1—wu

The most efficient way to generate coefficients of H(z,u), and hence of H(z,1), is to iterate
the transition rules. Greater performance is achieved by combining the valid sequences of three
steps into one rule,

ABB+CCD:  k — {M%ﬂ,2“f}4,3“fk4@2.”,kﬂ(k+1ﬁ,k+2,k+3}

the right hand side being a multiset in which multiplicities are represented by exponents.
Using Mathematica [16], we were able to calculate 993 values in the enumeration sequence for
binary shrub forests avoiding 321. The first ten terms (including the empty forest) are:

1, 2, 37, 866, 23285, 679606, 20931998, 669688835, 22040134327, 741386199872.

See A257995 in [13] for more.

A Maple program was then used to find a possible polynomial equation satisfied by the gener-
ating function. The first 250 terms sufficed to suggest that H(x,1) was a root of the polynomial
given in the statement of Theorem 2.18 below, and hence is algebraic.

2.5.2  Confirming algebraicity

To prove that H(z,u), and hence H(xz,1), is algebraic, we make use of a general result of
Bousquet-Mélou and Jehanne [3]. To state their theorem, we first need to introduce some nota-
tion. Suppose

F(z,u) = fo(z) + filz)u + fa(z)u® + ...

is a bivariate formal power series. We define a sequence of operators A, A% A?, ..., that discard
the low order terms, as follows:

A'[F(z,u)] = fi(z) + fiv1(@)u + fizo(x)u® + ...

Theorem 2.17 (Bousquet-Mélou and Jehanne [3], Theorem 3). If P and Q are polynomials,
then the functional equation

F(z,u) = P(u) + 2Q(F(z,u), A[F(z,u)], A? [F(z,u)],..., AF [F(z,u)], z,u)
has a unique solution for F(x,u) that is a formal power series in x whose coefficients are poly-
nomials in w. Moreover, this solution is algebraic.
The functional equation in Theorem 2.16 is not in the appropriate form to apply Theorem 2.17

directly. Setting G(z,u) = H(x,u + 1), we have

o0H oG 0*H 0%G
%(xv 1) = %(I,O) and W(xv 1) = W(I,O)
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Upon making these substitutions, the functional equation stated in Theorem 2.16 becomes

2 3 44 5
G(x,u)zl—i—x(l—i_u) (1+4u—|—6u +25u +3ut+u Gl u)
u u
1+ 4u + 6u? + 3u + ut 1+ 4u +u? G 19%°G
- - G(a.0) - IS ) - 18 C w0

In addition, the definition of the A operator implies that

8k

Sk (2:0) = KI(AMG (2, 1)) = uA G (z, ),

for k£ > 0. Hence, the functional equation for G can be transformed into the form in Theorem 2.17
by making this substitution for k¥ = 0, 1, 2, clearing denominators, and rearranging. Thus G(z, u)
is algebraic, and hence so are H(z,u) and H(x,1) and its derivatives.

2.5.3 Solving the functional equation

We would like to solve our functional equation to get an explicit expression for H(z,1). Unfortu-
nately, this is not possible. However, it is possible to determine the minimal polynomial of which
H(z,1) is a root.

Theorem 2.18. The generating function Ho(xz) = H(z,1) for 321-avoiding binary shrub forests
s a root of the polynomial

(42 + 4z + 1) — (2" — 242 4+ 822 — 54z + 1) Hp(z)?
+ (152 + 2423 — 712% — 54x)Ho(z)* + (182° — 2152* + 223 — 3602%) Hy ()8
(333 — 2282° — 2132 + 16223 + 7292%) Ho (2)® — (13825 — 3542 — 10532) Hy(x)*°
— (3627 — 75125 — 4862°) Ho(2)'? — (32® — 42027 — 542°) Ho ()™
1233:8H0( VO 4+ 182 Ho(2)™® + 2'°Hy(z)?°

Consequently, the growth rate of 321-avoiding binary shrub forests is approximately 39.88873, the
greatest real root of the quartic polynomial

7292% — 286742° — 1550522 — 25758z + 621.

Given a suitable functional equation, Bousquet-Mélou and Jehanne [3] present a way of setting
up a system of polynomial equations that can then be solved to yield a polynomial having a root
that is the desired generating function. They suggest that the “laziest approach” is to feed this
system of equations to a Grobner basis package and let it work. Unfortunately, as they comment,
“this lazy approach often fails, because the computation tends to take forever”. This has also
been our experience. Submission of the appropriate equations to Singular, a computer algebra
system optimized for working with polynomials, yielded no output after a week of processing.

We use a more practical strategy, derived from the results in [3] (see also Section 4 of [6]). For
the necessary algebraic manipulation, Maple [12] was used.
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Proof Proof of Theorem 2.18:
To start with, since our functional equation is linear in H(z,u), it can be expressed in the form

K(x,u)H(z,u) = P(Ho(z), Hi(x), Hy(z),z,u),
: . : O'H
where both K and P are polynomials that we omit for brevity and H;(x) = W(m, 1).

Thus, we can use the kernel method to eliminate both H(x,u) and u. Observe that the kernel
K(xz,u) = 0 if and only if P(Ho(x), Hi(z), Ha(z),z,u) = 0. We want to eliminate « from this
pair of equations.

To do so, we calculate the resultant of K and P. The resultant of two polynomials is a monomial
multiple of a polynomial in their coefficients which has the property that it is equal to zero if
and only if the polynomials have a common root. The resultant is given by the determinant of a
matrix (known as the Sylvester matrix) whose entries are coefficients of the polynomials.

Let R be the resultant of K and P with respect to u. Then we have

R(Ho(z), Hi(z), Ha(z),x) = 322°Ri(Ho(x), Hi (), Ha(),2) = 0,

where R; is a large polynomial that cannot be factored.

To eliminate Hy(z) and Hz(z), the discriminant of P can be used. The discriminant of a
polynomial is a polynomial function of its coefficients which has the property that it is equal to
zero if and only if the original polynomial has a multiple root. For example, it is well known that
the discriminant of the quadratic az? + bz + ¢ with respect to z is b — 4ac.()

We now apply this approach twice. We do not give the polynomials involved explicitly, as they
would cover many pages. Firstly, taking the discriminant of R; with respect to H;(z) yields a
new equation

S(Hy(x), Ho(x),z) = S1(x)?Sa(Ho(x), Ha(z),2)* = 0,

where S7 is a polynomial only in x, and So cannot be factored further.
Then, taking the discriminant of So(Ho(z), Hz2(x), ) with respect to Ha(z) yields

T(Ho(x),z) = Ti(x)*To(Ho(z),z)*T3(Ho(x),2)® = 0.

where Ty, T> and T3 are polynomials. Thus both 75 and T3 are possibilities for the minimal
polynomial of H(z,1) = Hy(x).

We rule out the first choice by observing that T5(1,0) is nonzero, whereas T3(1,0) = 0 as is
required from considering the constant term of the series expansion of Ho(z). Tj is, in fact,
the polynomial presented in the statement of the theorem, which is the same as the minimal
polynomial that we were able to guess based on the first 250 terms of the enumeration sequence.

The growth rate of the 321-avoiding binary shrub forests is then determined from the minimal
polynomial by taking its discriminant with respect to Ho(x). The growth rate is given by the
reciprocal of one of the positive real roots of the discriminant (see [7, Note VIL.36, p.504]). As
the growth rate must be at least 1, the positive real root whose reciprocal gives the growth rate
must be at most 1. This leaves only one candidate, which is the greatest real root of the quartic
polynomial in the statement of the theorem. O

() Resultants and discriminants are closely related, the discriminant of P with respect to  being, up to a monomial
factor, the resultant of P(z) and P’(x).
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3  Summary

Throughout this paper we have studied forests of binary shrubs that avoid any permutation
pattern of length 3. This adds a new restriction to the classical pattern avoidance problem by
requiring the digits ms;1173;+27m3;43 to form a 123 or a 132 pattern for all 7.

Remarkably, forests avoiding a single pattern p € {123,132,213,231, 312} are in bijection with
lattice paths in a wedge. It would be interesting to explore whether this phenomenon is more
widespread. Are other similar pattern-avoiding structures equinumerous to such lattice paths?
If so, is it possible to develop a more general theory to explain this?

In contrast to the other patterns, the enumeration of forests avoiding 321 required us to use the
machinery of analytic combinatorics. However, perhaps, in this case too, there is a connection to
lattice paths that remains to be uncovered.

One natural generalization also merits further investigation. In Theorem 2.6 and the discussion
after Theorems 2.13 and 2.15, we generalized our results to the case of k-ary shrubs rather than
binary shrubs. More of our results could be generalized in this way or to forests of tree structures
other than shrubs.
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is a partition of{k] andIl, (7) denotes the set of all partitions pf] that avoidr, we establish inequalities between
|IL,. (71 )| and|II,, (72)| for several choices of; andr., and we prove that if- is the partition offk] with only one
block, then|IL,(m1)| < |II.(72)| for all n > k and all partitionsr; of [k] with exactly two blocks. We conjecture
that this result holds for all partitions of [k]. Finally, we enumerat&l,, (7) for all partitionsr of [4].

Keywords: set partitions, Klazar, Wilf-equivalence, restrictedwgtio functions

1 Introduction

A set partitionof a setS' is a collection of disjoint nonempty subseis, . . ., B, of S whose union is5.
We call the subsetB; blocks and we write

=B/ /BntS.

If Sis a set of positive integers and- S, then thestandardizatiomf o is the set partition of1, 2, ..., |S|}
obtained by replacing the smallest elemenfddy 1, the second smallest element$by 2, and so on.
If nis a positive integer we lgh] = {1,2,...,n} and define

I, ={c : ot [n]}.

The concept of pattern avoidance for set partitions wasdhiced by Klazar iff Klazhf (20p0). & < n
and we haver + [n] andT | [k], then we say containsr as a patternf there is a subsef of [n] such
that the standardization of the restrictioncofo S is 7. If o does not contain, we say that avoidsr.
We let

I, (7) = {0 € 1I,, : o avoidsr}.
ISSN 1365-8050  (© 2016 by the author(s) Distributed under a Creative CommadtribAtion 4.0 International License
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The present paper is a contribution to the study of Klazag®nition of pattern avoidance, but we
should mention right away that there are other definitionsie Of these arises from the well-known
correspondence between set partitions and restrictedtlyfomctions. Recall that eestricted growth
function (RGF)is a wordazas - - - a, Of positive integers such that = 1 and, fori > 2, we have
a; < 1+ max{a,...,a;—1}. The integer’ is called thelengthof the RGF. Ifo € II,,, we define a
correspondingRGF of lengthn, denoted byRGF (o), as follows. First writer = By/Ba/ - /B,
where

min B; < min By < --- < min B,,.

(This is called thestandard form ot.) Then letRGF (o) = a; - - - a,,, Wherei € B,,. We can obtain
an alternative notion of pattern avoidance for set part#iby using a natural notion of avoidance for
RGF's. Ifk < nanda = a;---a, andb = b; --- b, are RGFs, we say that containsb if a has a
subsequence whose standardizatidn istherwise we say thatavoidsb. This notion of RGF avoidance
has been studied extensively (see Mansour's comprehdnsaleMansol r3)). It does not coincide
with Klazar's notion. For ifr avoidsr in Klazar's sense, theRGF(c) avoidsRGF(1); but the converse
may fail. For examplé45/23 containsl2/34, yetRGF (145/23) = 12211 avoidsRGF(12/34) = 1122.

There is yet a third notion of pattern avoidance for set panis that involves arc-diagrams (See Bloom
and Elizalde [[2033]; Chen efldl. (200f); Rioldan (1975);,chaufl [1952)). A well studied notion in this
context is that of non-nesting and non-crossing set pamstiwhich arise from the avoidance of certain
arc-configurations. We wish to point out that under Klazaedinition non-crossing set partitions are
those that omitl3/24. Interestingly, there is no single pattesnsuch that the non-nesting partitions
are precisely those that omit in Klazar’s sense. To see this, observe that the only cateliro is
14/23 since the non-nesting set partitions of lengtareIl, \ {14/23}. Yet, the set partitiod35/24 is
non-nesting but containist/23.

Klazar’s definition has not been as well studied as the RGhitiefi. The earliest paper is of course

Klazar's [Klazgr [2000), and the most recent paper of whichaveeaware is the papgr Dahlberg €t al.
(01§) by Dahlberg, et al. We also mention Sagan's pgperb@RiL0), which contains, along with
many other results, an enumerationldf(r) for all 7 - [3]. In Section[}4 of our paper we enumerate
IT, () for all 7  [4], although our main purpose is to undertake a study of Wilfaelence in the
context of Klazar's definition of avoidance.4f = - [k], we say that andr areWilf-equivalentand we
write 7 ~ m, if |II,(7)| = |[IL,(7)| for all n > k. The fact thatl/2/3 ~ 13/2 is established iff Sagan
[@010). In Sectiofi|2 of our paper we establish the new Wilfiegjences

12-ca—l,a+1--kfa~12---b—1,b+1---k/b

forall ¥ > 4 and1 < a,b < k, and based on computer evidence, we conjecture (Conj@)d&hat
these,1/2/3 ~ 13/2, andt ~ 7¢ are the only Wilf-equivalences, wheré is called thecomplement
of 7 and is obtained from by subtracting each number frokn4- 1. (There are similar conjectures for
Wilf-equivalences in other contexts, all of which seem guifficult to prove. Se¢ Albert and Bouyel
@014);[Kitaev et 1.[(2009).) We also show that

L2 k/1)] < [T, (13- k/2)| and|IL, (1 k — 1/k)| < [T, (13- k/2)|

for all n > 2k — 2 but that these inequalities may become equalities wher2k — 2. For example, this
occurs wherk = 5 andn = 6, 7.
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Motivated by the results indicated in the last sentence,nt®duce a partial ordering of II;, as
follows. Forr, m € II, we writeT < = if |IL,(7)| < |II,, ()| for all n > k, and there exists some > k
such thatll, (7)| < [II, ()| for all n > m.

If 8 denotes the partition ¢k| that has only one block, then computer evidence suggestédhavery
k > 4andeveryr # Sy, inII;, we haver < g, andin fac{IL,(7)| < |II,,(8%)| foralln > k. In Sectio
of our paper we prove this result for allwith exactly two blocks, and we conjecture (Conject£33.1)
that the result holds for alt £ 3;.. We also consider partitionssuch that there is exactly one doubleton
block and all other blocks are singletons. We prove that¥enesuchr, if o, denotes the partition all of
whose blocks are singletons, then

L, ()] < [ (o%)] < |11 (Be)]

forall n. > k. This result should be compared with Klazar’s resultin Kla200D) that for all such and
oy, the generating function dfL, ()| is rational (whereas the generating function|fidy, ()| is not).

2 Wilf-equivalence

For a fixedk, we first determine all Wilf-equivalences among the patern
Bra=1(a—1)(a+1)-kla,

wherel < a < k.
Theorem 2.1. We havesy, 1 ~ B k. Forn > kand2 < a < k — 1 we have

|Hn (ﬂk,a+1)| < |Hn (ﬂk,a”a

with equality ifa < k — 1, and therefore5y, , ~ B, When2 < a,b < k — 1. Finally, we have

|Hn (ﬂkk” < |Hn(ﬂk.,k—1)|

whenn > 2k — 2,508, 5 < Brefor2 <a <k-—1.

This theorem together with computational evidence for attgrns of length< 9 suggests the following
conjecture.

Conjecture 2.1. The only Wilf-equivalences aig/2/3 ~ 13/2, the equivalences established by Theo-
rem, and the equivalences resulting from complememtati

The first assertion of Theore@.l is a simple consequencemplementation. To prove the second
assertion, we construct an injection

¢a : Hn(ﬁk,a-ﬁ-l) — Hn(ﬁk,a)a

for each2 < a < k — 1, and show thabt,, is a bijection ifa < k — 1. Before we can write down this
mapping we need a few lemmas and observations. We startvatie immediately and delay the proof
of Theoren] 2]1 to the end of this section.
To begin, fixk and2 < a < k — 1. Observe that |- [n] containsgy, ,, if and only if r contains a block
B such that
a—1<|{reB:z<c}| and k—a<|{xe€B:xz>c} (2.2)
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for somec ¢ B.

Consequently, we say a finite sBtof integerscontainsgy, , if it satisfies ), otherwise we say
avoidsf; .. Consequently, a set partitianavoidsgy, , if and only if all of its blocks avoid3, .

Now, consider the anatomy of a bloékthat avoidssy, .1 but contains3;, ,. SinceB containssy ,,
there exists some¢ B so that

a—1<|{zeB:z<c}| and k—a<|{xeB:z>c}|

Furthermore, sinc® avoidsfy, .41, the set on the left must have size exaatly 1. For the same reason,
the set on the right must be of the form

y1_€7"'1y1_21y1_11y1 < < Yk—a—-1,

for somef > 1. Therefore the blockB looks like

<c (2.2)

v g

a—1 14 k—(&—i—l)

where the elements in the shaded block are consecutiveiia aald the rightmost block’s smallest element
is y1. By decrementing the values in the shaded region, we effdgtslide the gray rectangle as far left
as possible, obtaining the new blosk:

<c (2.3)

~

a—1 ¢ kE—(a+1)

Remark 2.1. We remark that irB’, the elements in the gray block are consecutive in valuelamthtgest
element in the leftmost block is one less than the smallesbheht in the gray block. Consequent#,
avoidsgy, , while containingsy, 1.

The new blockB’ gives rise to a new set partition as summarized in our nexidiefi.

Definition. Let 7 F [n] and assume th&h block B of = avoidsfy, .41 and containg ,. So B is as
depicted in [2]2). Now leB’ be the block depicted if] (3.3). We defikde;(7) + [n] to be the set
partition7’ = B’/o whereo is the set partition ofr] \ B’ that is order-isomorphic to the set partition
obtained by deleting from .

We illustrate this definition with the following short exatap
Example 2.2. Letk = 5,a = 2 so that8s 3 = 1245/3 andfBs » = 1345/2. If

T=13/256789/410 € I,
then, since its second block avoiéls; and contaings », we have
slides(7) =16/234589/710,

where the elements affected by our sliding operation areligigted.
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Lemma 2.1. If 7, B, and B’ are as in the above definition ari@lis theith block (in standard form) of,
then B’ is theith block inslide; ().

Proof: First observe that as > 2, thenmin(B) = min(B’). Now set
M\B={wy <ws<---} and [n]\ B ={w] <w)<--}.
It follows from our construction oB’ that
ws < min(B) = w, = w,
so B’ is no earlier than théth block inslide;(7) and
ws > min(B) = w, < w,

so B’ is no later than theth block inslide; (7). O

As the definition of our mapping, involves repeated “slide” operations, we require a lemmerao-
teeing that blocks not involved in the slide operation doat@nge “too much”. Our next lemma spells
out exactly what is meant by this.

Lemma 2.2. Letw = By1/Bsy/--- /By, F [n]. Assume that for some fixédhe blockB; avoidsgy ¢+1
and contaings, , and set
slide;(w) = By/B4/ -+ |/ Bl,,.

Then foranyl < ¢ < kandj # i, the bIockB§- avoidsp, . if and only if B; avoidsg ..
Proof: Fix j #14,1 < ¢ < k and set
M\ Bi={w1 <wy <---} and [n]\ B ={w] <wj<---}.

First, we claim thaty, + 1 = w41 if and only if w; + 1 = w} ;. For the moment, let us assume this
claim. Next we make the following general observation: Atock B; avoidsgy, . if and only if whenever
x € Bj is such that

c-1<H{yeB;:y<az} and k—c<|{yeB;:y=u},

thenz +1 € B;.

As 1 — B; is order-isomorphic telide; (7) — B}, it now follows thatB; avoidsf . if and only if B.;-
does too.

It only remains to prove our claim. Sindg avoidsfy, .41 and containgy, , it is depicted in 2) and
Blis depictedS). Observe thatiifis the set of values ifn] \ B; that fall in the gap to the left of the
gray block in [2.P) and/ is the set of values ifn] \ B/ that fall in the gap to the right of the gray block
in (2.3), thenl and.J are both intervals and| = |J|. If in (£.3) ¢ is the maximum of the values in the
leftmost block and (forn < k& — 1) r is the minimum of the values in the rightmost block, then itdes
that

{ws + ws < £} = {wl, + w), < ¢} (2.4)
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and
{ws + ws >r} ={w, : wl, >r} (2.5)

Assumingw; andw;, are consecutive in value it follows that they both lie in eittthe set4), the
set ), or in the interval. In the first two cases, it easily follows from our above edies that
w; + 1 = wi . Inthe third case, the set equality [n {2.4) along with thet that|I| = |J| implies that
w;,wy, € J. SinceJ is an interval, we conclude that;, w;_ , are consecutive in value.

The proof that ifw; andw;, , are consecutive in value, then andw;, are too, is analogous. Its
details are omitted. O

Finally, we are in a position to defing,. For anyr € II,,(Sk,q+1) first setmy = 7 and letm be
the number of blocks irr. Having definedr; we obtainr;; by considering the€: + 1)st block ofr;.
If this block containssy, o, then setr; 1 = slide; 41 (m;), otherwise we set;; = m;. Lastly we set
o (T) = T

We pause to point out that our mappiag is well defined. First, we note that Lem@Z.Z guarantees
that the(i + 1)st block inm; avoids By .+1. (This is crucial since if this block containet} 41 and
also containegby, , our sliding operation would not be defined.) Additionallyemm together with

RemarK 2]l guarantees thaf(r) avoid By, ..
Before proving that,, is a bijection we demonstrate this mapping.

Example 2.3. ConsiderSs ;s = 1245/3 andfs o = 1345/2 and fix

The above algorithm fops yields the following steps, where the elements affected dheslide are
highlighted.

7o =1101112/2458/3679
m =121112/356947810
T =121112/3469/578 10
73 =121112/3479/568 10

Proof Proof of Theorem[2.]:
As each slide in the definition @f, is certainly reversible, it follows that the mapping

da Hn(ﬂk.,aJrl) — Hn(ﬂk.,a)a

is injective, provide® < a < k — 1. Under this restriction we therefore have

|Hn(ﬁk,a+l)| S |Hn(5k,a)|-
If a < k—1,thenk — a > 2, so the composition of injective maps

Com Pr—a Com
Hn(ﬂk.,a) —P> Hn(ﬂk,kJrlfa) k—) Hn (ﬂk,kfa) —P> Hn(ﬂk,a+1)7

implies that
|Hn (ﬂka” < |Hn (ﬂk,a+1)|
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and proves thap,, is bijective. This completes the proof of the second assedf Theorel.

To prove the third assertion, we show that the injectipn; : 1L, (8k.%) — IL,(Bk x—1) IS NOt surjec-
tive whenn > 2k — 2. To see this, it will be helpful to observe thatif € II,,(8% ») then at most one
block of  hask — 1 or more elements. For if one block has elements< - - - < z,_1 and another block
has elementg; < --- < yx_1, then eitherz, 1 < yr_1 Oryx_1 < xx_1, SO contains the partition
Bk, a contradiction. It now follows from the definition ¢f,_, that for everyr € I1,, (8% 1) there is at
most one block of size greater than or equakte 1 in ¢x_1 (7). But if n > 2k — 2 then the element
1,2,...,k—=1/k,...,2k —2/(2k — 1), ...,n of II,,(Bk,x—1) has at least two blocks of size— 1. O

3 Partial Ordering by <

3.1 The pattern g,

We recall that3;, denotes the element B, that has only one block. If is any element ofI;, other than
By itself, computer evidence suggests that 5;, and|IL,(7)| < |II,(8k)| for all n > k.

Conjecture 3.1. Letk > 4. If 7 € II;, andr # B4, thent < G and|IL,(7)| < |I1,,(B%)| for all n > k.
It follows from Theorem§ 311, 3.2, arfd B.3 that Conjecfutkigtrue fork = 4.

Theorem 3.1. Letk > 4. If ¢ € II; ando has exactly two blocks, then < . In fact, |TL,(0)| <
|IL, (B )| for all n > k.

Proof: Suppose € II;, ando has exactly two blocks, so= A/B,with 1 € A. Suppose, b, az, b, . .., a;,b;
are positive integers and ., is a nonnegative integer such that the firsielements ofk] are in 4, the
nextb, elements ofk] are inB, the nexia, elements ofk] are inA4, and so on, so that; ., = 0if k € B
anda;11 > 0if k € A.

To prove the theorem we establish, for any giver k, a nonsurjective injection

o : 1, —,,(B) — I, — I, (o).

To definey, take anyr € TI,, — I, (Bg). If m € I,, — I, (0), letp(w) = 7.

Now supposer € I1,,(¢). Sincer € II,, — I1,,(Bk), = has at least one block with at ledselements.
We obtainy(7) from 7 by partitioning each such bloek in the following way.

Recalling that = A/B, let|B| = m, so thatm = b; + - - - + b;. Write

|C| = |A] = gm +,
whereqg > 1 and0 < r < m are integers. Then we have
|O| = |A|+r+q(b1+~-~+bj).

We order the elements 6f from smallest to largest and define a subséebf C of cardinality| A| + r, as
follows. Let the firsta; elements ofd* be the firstz; elements of”. Skip over the nexyb; elements of
C, and let the next, elements of”' be the nexti; elements ofd*. Then skip over the nex, elements
of C and let the nexti; elements of”' be the nextis elements ofA*. Continuing in this way, define the
firstai+---+a;j41 = |A| elements ofA*. Then add the lastelements o to A*, so thaj A*| = | A|+.
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Next we define subsef3,, . .., B, of C such tha{B;| = m for 1 < i < ¢. Take the firsyb; elements
of C that were skipped over in the construction4f, and put the firsb; of these elements iB;, the
nextb; of these elements iB, and so on. Then take the next, elements of”' that were skipped over
in the construction oft* and put the firsb, of these elements iR, the nexth, of these elements iB;,
and so on. Continuing in this way, complete the construatioB., . . ., B,.

We partitionC' into blocks A*, By, ..., B,. By construction, we see that for eaéh, the partition
A*/B; contains the partition. We haveB;| = m < k and|A*| = |A| +r < |A| + m = k.

Whenr € II,, (o), we obtaing(w) from 7 by partitioning each block’ of size at least: in the way
just indicated. Clearlyp(r) € II,, — I, (o). We also haver(r) € I, (5), by the last sentence of the
preceding paragraph. Fare II,, — II,,(0) we hadp(w) = 7 ¢ I1,,(8%), So to show thap is one-to-one
it suffices to show that, for € II,, (o), we can recover from o(r).

To show this, observe that each blockgfr) is a subset of a block of, and that ifD, E' are blocks
of p(m) such that the partitio® /E containso, then sincer € II,,(¢), D and E must be subsets of the
same block ofr. Thus we obtainr from ¢ () by coalescing into one block the elements of any blocks
D, E of p(r) such thatD/E containss.

Finally, to show thaty is not surjective, first suppose that+ 1 < k£ and consider the partitiof of
[n] whose blocks arel, BU {k + 1} andn — k — 1 singleton blocks. Then € II,, — II,, (o). Suppose
7 € 1L, —II,,(Bx) andy(m) = . Sincem + 1 < k, we havey € I1,,(8x), soy # m and thusr € 11, (o).
Sincey(m) = 7, it follows from the definition ofy that A U B U {k + 1} is contained in some block
of w, and|F| > k. In definingy(r), the blockA* derived fromF contains the smallest element Bf
namely 1, sad* = A (sinceA is the block ofy that contains 1). The other blocks derived frétrhave
m elements each. This is impossible, since the biBek {k + 1} is derived fromF'.

Now consider the case: + 1 = k. In this caser = f1. Sincefy1 ~ By, by Theoren]2]1 and
 is not surjective whewr = §;, ,, by the preceding paragraph, it follows thais not surjective when
o= P, |

3.2 The pattern oy,

We recall that;, = 1/2/3/ - - - /k. In this subsection we prove that for alk II;, whose blocks consist
of all singletons except for one doubleton block,

6 <o < Pk

We begin with a lemma.

Lemma 3.1. Leta F [k —1]. If
[T ()] < [ (ok-1)]

foralln > k — 1, then
[ (1/0)] < [Mn(ox)| and [ (a/k)| < [T (ow)],
for all n > k, whereo’ is obtained by incrementing all the valuesdrby 1.

Proof: Proving the inequality on the left is sufficient, since thednality on the right then follows by
complementation.
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To do this, fixn > k and assume there exists nonsurjective injectibps I, (a) — II,,,(ox—1) for
all m > k — 1. Observe that for any,/Bz/ --- /By, € II,(1/&’), in standard form, the set partition
By/---/B,, avoidsa asl € B;. Therefore we obtain a nonsurjective injectiprfrom II,,(1/o) to
I1, (o) as follows: Ifn — |By| > k — 1 we let

Y(B1/Ba/ - /Bm) = B1/¢n_B,|(B2/ -/ Bm).

(To be precisep,,_|p,|(B2/ - - -/ By,) is obtained by first standardizing the partitia/ - - - / B, then
applying¢,,_| 5, |, and then incrementing the values.ylf- |B;| < k — 1 we let

Y(B1/Ba/ -+ /Bm) = B1/Ba/ /B,

unlessBsy/ - - - / B,, consists of exactly — 1 singleton blocks whose unionig] \ B;. In this exceptional
case we set)(By/B./---/By,) to be the partitionB; /A where A is the partition of[n] \ B; whose
standardization is..
The existence of this injection proves our claim.
o

To prove our next theorem, we first recall the bijection betweestricted growth functions and set
partitions as described in the Introduction. Next, deft@F " to be the set of allv € RGF in the
letters{1, ...,k — 1} with lengthn. It immediately follows that the standard bijection betw®F and
set partitions restricts to a bijection betwelé@F,fk andIl, (o).

Theorem 3.2. Let § be a pattern of lengtlk > 4 that consists of all singletons except for exactly one
doubleton. Then
T (8)] < (o)

forall n > k > 3. Consequentlyj < oy.

Proof: If « andb are the elements of the doubleton blockiptve consider cases depending on the value
of |a —b|.

If |a — b| = 1, then sincek > 4 we see by using Lemnfa B.1 that it suffices to show ffat«)| <
|IL,,(04)| wheren > 4 anda is one of12/3/4,1/23/4, or 1/2/34. By Lemma[3.]L again, it then suffices
to show thatIl, (8)| < |IL,(o3)| wheren > 3 andg is one of12/3 or 1/23. For either choice of we
have|IL, (3)| = 1+ (3) and|IL,(c3)| = 2"~* by Theorem 2.5 of[(Sagah (210)), and this concludes the
proof when|a — b| = 1.

If |a — b| = 2, then we see by using Lemrha[3.1 that it suffices to showiEhato)| < |11, (04 )| when
n > 4 anda is one of13/2/4 or 1/3/24. Sincel3/2/4 is obtained from /3/24 by complementation it
suffices to deal with /3/24. We do so in Lemmﬁs, following the enumerationlaf, (1/3/24)).

To deal with the casf—b| > 3, it suffices, by Lemmp 3.1, to prove the resultdor 1%/2/3/ - - /k—

1. For such &, we see that every set partitionlify, () is obtained from a unique set partitiéh / - - - /B, €
I1,,—1(6) by insertingn into one of thek — 2 rightmost blocksB,,, _(x—s), - . ., Bm OF by insertingn into
a new singleton block. We encode these insertion choicedllas/t:

1 <> into a new singleton block

2 < into B,,

3 < into B,,—1

k—1 < intoB,,__3)-
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Now define the seR<* to be the set of all words in the lettersl, 2, ..., k — 1 such thats; = 1 and
ws < 1+ # of 1's in the subwordv; - - - ws_1.

Using the above encoding, it is clear that we have an injectimpping fronl,, () into the set?:<*. This
mapping is not surjective fotr > k > 4 since then the set partition

(k—-1)/2(k+1)/3/---Jk—2/k/k+2/--/n ¢ I1,(5)
is mapped, under the above encoding, to the word
11--1(k—1)1(k—1)11---1 € R,
k—2 n—k—1

It now suffices to prove thaRGF " | = |[R<¥| since| RGF* | = |II,,(0%)| as mentioned above. To
see this consider a word € RGF,f’g and decompose it according to the first occurrence, frontdeft
right, of each letter. Doing s@ decomposes into the subwords

T w2 1 J[3[ 128 ] -
Tw Y f U

U1 U2 u3 m

Asw € RGFS’“ we know thatn < k — 1. In the case that: < k — 1 we definew’ to be the new word
given by incrementing each of the subwotddy 1 and replacing each letter’s first occurrence by a 1. So
w’ decomposes, according to its occurrences of 1's, as

D wrt J@ wmrt JE[ wri ] -

It easily follows thatw’ € R ¥ since the letters im; + 1 are at most + 1 and are preceded by exactly
occurrences of the letter 1.
In the case that, = k — 1, we madify this mapping only slightly. Here we definéto be the word

’ ug + 1 " ug + 1 ‘ ’ Up—2 +1 " Uk—1 ,

so that all subwords, except the last ong, 1, are incremented by 1. Note this second case is needed
since the lettek — 1 might occur inu;,_; and the lettek is not available. Again it is clear that € R<F.

In this way we obtain an injective mapping froﬁGFj’C to Rk, Furthermore, this mapping is easily
seen to be surjective as we can decompose any word?* according to its firsk — 1 ones and then
reverse the above mapping. It only remains to prove thatyappthe reverse mapping to anye R=*
results in a wordv € RGF". This easily follows from the observation thatif is a letter inv with

ones to its left, then

vs < j+1=max(wiy,...,ws—1)+ 1.

First assumg < k — 1. In this case, ifvs # 1, thenws = vs — 1 and ifvs = 1, thenws = j + 1. Either
way, such letters satisfy the condition of a restricted ghdwnction. The case when> k — 1 is similar.
Its details are left to the reader.

O
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Theorem 3.3. Forall k > 2andn > 1

Ty (ok)| < [T (Br)]-

Moreover, this inequality is strict provided > £k > 2.

Proof: First, we show, by induction oh, that there exists a family of injections

wk,n : Hn(o'k) — Hn(ﬂk)a

forall ¥ > 2 andn > 1. To streamline this notation we drop the subscripind writey;, instead ofyy, ,.

To begin our induction argument note thif, (o2 )| = 1 = |IL,,(52)|. Now, considerr = By/--- /By, €
I1,,(ok+1) and observe thaBy/ - - - / B,,, can be considered a set partition[of— | B;|] that avoidsoy.
Thereforeyy (B2/ - - - / Bi,) is well defined, avoidgy,, and has blocks of size k. (If By/ -+ /B, =0
we sety)r(0) = (0.) With this in mind, the division algorithm yields

|Bl|ZQ'k+T7

where0 < r < k—1. Providedr > 0letCy/C,/Cs2/ - - - /C, be the set partition aB; whereC), consists
of the firstr numbers ofB; andC; consists of the next numbers, etc. Note that in the case- 0 we
simply ignoreCy. Finally, we define

Yt1(m) = Co/Cr/ - [Cq/Yi(Ba/ - -+ | B),

so thatCi, ..., C, are the only blocks of siz& in this partition. Note that i > 0, thenl € Cy,
otherwisel € C;. Consequentlyy; is injective sinceyy, is injective andB; may be recovered by
taking the union of all blocks of sizein v () along with the block containing 1.

It only remains to show that our mappings . are not surjective when > k > 2. To see this observe
that in the construction af,, ;. () the first block ofr (in standard form) is partitioned into consecutive
segments as described above. As a result, no partition imtge ofy,, ,, could contain the blocks:

13/245 - (k+1),

because both blocks would have to come frBm but this violates consecutiveness. Hence these map-
pings cannot be surjective. O

Corollary 3.1. Letd be any pattern of lengtk consisting of all singletons except for one doubleton.
Then,

1L, (0)[ < [Tn(ow)| < [n(Be)l,
forall n > k > 4.

The proof of this corollary is a direct consequence of theipres two theorems.
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4 Enumeration

In this section we concentrate on the enumeratiofilpf(r)| for patternsr - [4]. As enumerations for
the patternd /2/3/--- /k and3;, = 12--- k are well known using exponential generating functions and
Sagan irf Saghr (2010) enumerated the general pa¢i4/ - - - /k, we concentrate on all others with
one exception. As the enumeration for the pattef®3/4 devolves into numerous (uninteresting) cases
and Klazar ifKlazgr[(2000) showed that the resulting getirggdunction is rational, we choose to omit
this pattern from our discussion.

To summarize the enumerations established in the followutg;ecnons (as well as those mentioned

above) we include the following table of results whexe,,, = Z — andS(n k) denotes the Stirling
=0
2 —222(1+2) — 21 — 422
—2+4+2z(1+4 2)?
1/23/4, every pattern of length 4 is, up to complementation, inetlich the table.

numbers of the second kind aftz) = . Aside from the omitted pattern

Pattern ‘ Enumeration Reference
1234 exp(exps(z) — 1) -
1/2/3/4 exps(e® — 1) -
n—1m-—2 .
J
12/3/4 1+;;Sn—k] ;<Z > Sagan[(2010)
[n/2] n n—2k n
! ! 2
12/34 > k<2k) + Y <2k+£)k.(k+1) ®3)
k=0 =3
n n—2 n—3 n— é— 1
1/234 ZM(n—£)+Z(n—£—1)M(n—é—1)+Z ( 5 )M(n—é—z) ®3)
=1 =1 (=1
nf2ln2k oy g k—l % + f
I
134/2 ; Z:;J ( L ) ( ; )(2k).. @)
z 1 1
14/23 G(l—z>1—2+1—z @4
13/24 1-vi-d -
2z
14/2/3 z—322 +32° @)
1—52z+822—-523
4.2 3 o4
1/24/3 z—4z° 4+ 62 2z @)

(1—3z+222)2
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4.1 The pattern 14/2/3

Let us begin by recalling the standard recursive conswuadir building set partitions. That is, every
set partition inlL,, is obtained by taking a set partitioniih, _; and either adding to an existing block
or appending: as a singleton. To enumeralk,(14/2/3) we consider a refinement of this recursive
construction. First, observe thatife I1,,(14/2/3), where in standard form = B,/ - - - / B,,,, we have
eithern € B,,_1 orn € B,,, as any other choice would force an occurrence of the patte2y/3. From
this observation we may immediately restrict our attentmsaet partitions which are built by recursively
placing the next largest element into either a singletorllthe last block, or the second to last block.
To formalize this refinement let us defifg, to be the subset of all words in the lettexd, c, that start
with ana and have the property that any occurrence of the letteust be preceded by at least tas.
Using this we obtain an injection

w: W, =11,

which is defined recursively as follows. First, sg) = 1. Then, for anyw € W, definep(w) to be
the set partition obtained from = ¢ (w; - - - w,—1) by appending: as a singleton ifv,, = a, inserting
n into the (existing) rightmost block of’ if w,, = b, or insertingn into the second to last block af if
w, = C. Note that our insistence that wordslivi, have the property that anyis preceded by at least
two a’s guarantees that if, = ¢, thens’ contains at least two blocks.

It is clear for our definition thap is injective. Additionally, it follows from our first obseation in this
subsection that

1,(14/2/3) € o(W,,).

Before continuing we next provide an example of this cortston in Exampll.

Example 4.1. If w = aaccba then
p(w) = 134/25/6,

and ifv = aacabg then
p(v) = 13/26/45

which is not14/2/3-avoiding.

An immediate consequence of Exampld 4.1, is fiaf14/2/3) < (W,). Consequently, we seek
a subset ofi?;, whose image undep is preciselyll, (14/2/3). To this end consider the subgét*
consisting of alkw € W,, with the property that the letters between any tgdo not contain exactly one
a. Observe that in Examp[e i € W;* butv is not.

Lemma 4.1. The restricted mapping : W,: — II,,(14/2/3) is a bijection.

Proof: We first show thatl,,(14/2/3) C ¢(W;). To this end considep € W,, \ W and leti < j < k
be such thaty; = w, = c andw; = ais the only occurrence of the lettatbetween these twgs. Next,
set

p(w) =DB1/-/Bn

so thati € By, for somet. Asw; = c that means that := min(B;1) < i. As there is n@ betweenw;
andw; we see thaj € B,,». Moreover, as there is robetweenw; andw, we see thak € B,;. This
provides our desired contradiction since the intedetsi < j < k in the blocksB;, B, 11, and By,
create an occurrence of the forbidden pattetr2/3.
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To establish the other inclusion, consider € W and assume for a contradiction thatw) ¢
I1,,(14/2/3). Again set
p(w) = Bi/---/Bm.

By definition of the mapp, we see thatin(B;) > max(B;) for all j +1 < ¢. From this it follows
that any occurrence df4/2/3 in ¢(w) must occur among three consecutive blogksB; 1, B;+2 and
involve integerd < i < j < ksuchthat,k € B;y1,1 € By, andj € Biyo. This immediately implies
thatw; = wy, = c and thatw; = ais the onlya between these twds. This contradiction permits us to
conclude thap(W) = 1I,,(14/2/3) as claimed.

O

Theorem 4.2. We have

z—322 4323
1—5z4 822523

Frajas(z) =Y [ (14/2/3)]z" =

n>1

Proof: By our previous lemma it suffices to fing, ., |[W,5|z". To this end we consider three cases
depending on how manys our word contains. B

The words inlW;; with noc’s are easily counted by the expressigh;-. On the other hand, the words
with exactly onec’s are counted by

9 1 1 1
Py _
1—-2z 1—2/1-2z

where the second term follows since any occurrencecafhast be preceeded by at least tavs. Lastly,
we consider words containing at least ta. It is clear from the definitions that such words decompose

as
alb'sanda’s|c---c---c---c|b'sanda’s |,
| ——

at least ona

so that between any two consecuto®we do not have exactly oree Counting the words between any
two consecutive’s we have

1 ; 1 z
G = —_ P = —_
(2)=1=% Z’Z 1-2: (1-2)p2
i>1
since such words are in the letterandb but cannot have exactly ore In terms ofG(z) we see that

Z<1—122 N 1iz) (12—23&)2)) <1—122)

counts the case where our words have at leastdaio Summing these three cases yields the desired
result. O
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4.2 The pattern 1/24/3

The enumeration of the pattetri24/3 closely resembles that of the enumeration4f2/3 found in the
previous section. As a result, we begin similarly by obsegwthat ifr = By/--- /B,, € 11,,(1/24/3)
then we can only have € By orn € B,,, as any other choice creates our forbidden pattern. Regalli
the sefi?,, defined in the previous subsection, we define (recursivey/function

¢ W, — I1,.

Firstsetp(a) = 1. Next, foranyw € W, definep(w) to be the set partition obtained frapw, - - - wy,—1) =
B;/--- /By, by insertingn into a singleton block ifw,, = a, insertingn into the blockB,,, if w, = b,
and lastly, inserting: into the blockB; providedw, = c. It now follows, since the words ifV,, have
the property that ang must be preceded by at least ta/s, that¢ is injective. It also follows, from our
initial observation, thall,,(1/24/3) C ¢(W,,).

Example 4.3. If w = abbach then
o(w) = 1235/46,

and ifv = aacag then
$(v) = 135/2/4.
Note thatp(v) ¢ T15(1/24/3).
We see from this example thHt, (1/24/3) C ¢(W,,). As in the previous section, we seek a subset of

W, whose image undef is preciselyI,, (1/24/3). To this end, definéV** to be the set of allb € W,
such that

1) noafalls between any twa’s in w, and
2) anycin w which is preceded by at least thrae cannot be immediately followed byta

In the next lemma we prove thdt;** is this desired set. To facilitate the reading of its proofpaeise
to highlight a couple key observations. Settiage W,, with ¢(w) = By/---/B,,, we first see that
max(Bs) < min(Bs41) for all s > 1. Our second observation is that = a is thetth a in our word
(from left to right) if and only ifmin(B;) = i. With these observations in mind we now state and prove
our lemma.

Lemma 4.2. The restricted mag : W* — I1,,(1/24/3) is a bijection.

Proof: We first show thafl,,(1/24/3) C ¢(W,*). To do so, it suffices to show thatif € W,, \ W*,
theng(w) ¢ 11,,(1/24/3). Begin by settings(w) = By/ - - - / B,. We address the two ways in whieh
can fail to be a member d¥* separately. First, assume condition 1) fails, and let j < & be such
thatw; = wi, = candw; = a. In particular,i, kK € B;. Moreover, as ang must be preceded by at least
two a's, then it follows thatmin(B,) < i < k. It also follows that ifw; is thetth ain w, thent > 3.
Consequently, the blockB,, B2, and B, contain an occurrence @f/24/3.

Next, let us assume condition 2) fails. Here we assume tleag #xists some indexso thatw;w;+1 =
cb andw; is preceded by at least thraks. It immediately follows thath(w; - - - w;_1) hast > 3 blocks
and that ing(w), i« € By, i+ 1 € By andmin(Bz) < min(B;) < i < ¢ + 1. Consequently, the
blocks B, Bs, andB;, contain an occurrence of our forbidden pattern. We corecthdtII,, (1/24/3) C
HW3).
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Next, we demonstrate the other inclusion. kixe W** and, for a contradiction, assume tlydtv) ¢
I1,(1/24/3). Setp(w) = By/ - -+ / Bm. As¢(w) contains an occurrence bf24 /3 we must haven > 3.
Asmax(B;) < min(Bs41) forall s > 1 we see that any occurrencelgf24/3 in ¢(w) must involveB;
and two other block®3,. and B, with r < s. If the integers that form this pattern arec j < k < £ then
we have exactly two cases.

Case 1: 4,0 € By,1 € B,,andk € By

In this case, we see thatas B, thenw; = w; = . As the letters between; andw, cannot contain
anawe conclude thaty, = b. It now follows thatw; - - - w, must contains &b. Additionally, the facts
that the letters betwean; andw, do not contain am, and thatj < & < ¢, and thatw,,;,(s,) = a, imply
thatmin(B;) < j. Furthermore, amin(B,) < i < j we see that

W1 = Win(B,) = Wmin(B,) = &,

andl < min(B,) < min(Bs) < j. This contradicts the fact that satisfies condition 2) in the definition
of W*.

Case 2: i € B, j,l € Bgandk € B;

From the definition ofy, we clearly have

W1 = Wrin(B,) = Wmin(B,) = &

Moreover, as € B, andi < k, thenw;, = c. Further ag # min(By), thenw, = b. Lastly, itis clear that
the subwordug; - - - we—1 cannot contain the lettex. (If it did, then/ could not be inB;.) This means
w contains &b preceded by at least thraeAgain this contradicts the fact thatsatisfies condition 2) in
the definition of**. This completes our proof. O

Theorem 4.4. We have

2 — 422 4623 — 224

n>1

Proof: By our previous lemma it suffices to enumertitg*. To do so we consider three cases depending
on the number of’s. Clearly, the words ir/¥;* with no c's are counted by the expressigr,—. Next
consider words that contain at least arend have the additional property that the farsippears after the
seconda but before the thiré (if it exists). Such words must be of the form

ab--- ba or ab---balb's andc’s‘ a‘ as andb’s ‘
—— ———
atleast Ic atleast Ic

These two forms are counted by

22 1 1 14 z
1—2\1-22z 1-—2 1-2z/"
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Lastly, we consider the case that our fitss preceded by at least thras. In this case such words must
be of the form

ab---bab---bac---c or ab---bab---bac---ca.

Together such words are counted by the expression

2’3 z z
14 —).
(I1-2)2(1-22)(1-2) 1-2z
Adding these three terms together and simplifying yieldsdbsired expression. O

With the recursive structure df/24/3-avoiding set partitions established, we now conclude tbefp
the caséa — b| = 2 in the proof of Theore@.z, by establishing the followinmlaa.

Lemma 4.3. Forn > 5, we havdll,, (1/24/3)| < |I1,,(1/2/3/4)|.

Proof: Let A4,, be the set of all partitions di] with exactly 2 blocks and le#i* be the set of all par-
titions with exactly 3 blocks in which is a singleton. (Noted* is a subset of botfil,,(1/24/3) and
I1,(1/2/3/4).) Now letC,, be the set of all partitions ifl,,(1/24/3) with the property that removing
gives a partition with at least 3 blocks. Similarly, Bf, be the set of all partitions ifl,,(1/2/3/4) with

the property that removing results in a set partition with exactly 3 blocks. By our aboe¢e and the
fact that the patterns involved have at least 3 blocks, libfed that

I, (1/24/3) = {Ba} UA, UA* UC,  and  I0,(1/2/3/4) = {Ba} U Ap U A% U D,,.

It now suffices to show that,,| < |D,,| for n > 5. We proceed by induction om. As |II5(1/24/3)| =
39 and|II5(1/2/3/4)] = 41, we must haveC5| < |Ds|. From the description of /24/3-avoiding
permutations given in the first paragraph of this sectiofglibws that|C,, 1| < 3|C,,|. Additionally, it
is clear tha{D,,;1| = 3| D,,|. Together we get

|Cr1] < 3|Cn| < 3|Dnl = |Dya]
where the second inequality follows by our inductive hygaik. (Note the first inequality may not be an

equality as in Example 4.3.) O

4.3 The pattern 12/34

Theorem 4.5. We have
[n/2] n n—2k n
= ! ! 2
T, (12/34)] kZ:O k(zk) + ; (2k+€)k.(k+1) .

Before proving this result it will be helpful to state and pea couple of lemmas.

Lemma 4.4. Any set partition which avoids2/34 has at most one block of size greater ttzan
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Proof: For a contradiction assume € II,,(12/34) contains two blocksB = {z1,...,z,} andC =
{y1,.-.,yp} Wherea,b > 3. Without loss of generality we may further assume that y,. On the other
hand, this implies that the blocks andC must contain an occurrence tif/34 which is impossible. O

The proof of the next lemma is straightforward. The detaisleft to the reader.

Lemma 4.5. LetB = {21 < -+ < 24}, C = {x1 < y1}, and D = {z3 < yo} be blocks inr €
I1,,(12/34) so that3 < a. Then

a) max(zy,x2) < min(yi, y2).
b) 1 < zpandz,_1 < y1.

Remark 4.1. It immediately follows from the previous lemma thatif < --- < x; are the minimum
entries among all the blocks of size 2 apd. ..,y are the maximum entries among all the blocks of
size 2 then we must have

x; < min(y, ..., Yk),

forl <i<k.

Proof Proof of Theorem[4.%: To start, let us first count those set partitiondlip(12/34) whose block
sizes do not exceed 2. To count such set partitions with lgxadtiocks of size 2, we first choose a subset
x1 < - <z <y < ---yg Of size2k from [n]. (Then — 2k integers not chosen become singletons.)
We then may choose to match up each ofhie with exactly one of they;’s in any of thek! ways. It
follows from the above remark that all set partitiondin(12/34) whose block sizes do not exceed 2 are
of this form. A simple argument further shows that any setifpan built in this manner must also avoid
12/34. Consequently, the number of such set partitions is given by

[n/2] n
!
> k! (%)
k=0
Now let us consider the set partitionsih,(12/34) that containk blocks of size 2 and exactly one

block of size¢ > 3. To build such a partition, we first choose a subset of 8ize- ¢ from [n]. Let us
denote the members of this subset by

1< < T < << 2o <y <o < Ypgl-

(Again, then — 2k — ¢ integers not chosen become singletons in our final set ipar)itNext, choose
exactly one element from thg’s and one element from thg’s along with all thez;’s to form our block

of size/. Next, as in the preceding case we are free to match each oéitha&ningz;’s to each of the
remainingy;’s in all k! possible ways to form our blocks of size 2. Lemr’r@.s guarantees that any such
set partition is built in this manner. Furthermore, it isag§htforward to show that any set partition built
in this manner avoid$2/34. Consequently, the number of such set partitions is given by

[n/2] n—2k

>y (%Zé)k!(kﬂ)?.

k=0 (=3
Adding these two terms gives our final result.
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4.4 The pattern 14/23

To begin, let us concentrate on the suli$gf14,/23) consisting of all set partitions if,,(14/23) that do
not contain singletons. We first show that the set partitiorihis subset can be constructed via a simple
recursive procedure. To do this we first need the followiniiniteon.

Definition. For anyr € II} (14/23) we sayk is acapprovided eachi > k is the maximum element in
its block. Let.(7) be the number of caps in

Next, we define the seld} as follows. First, sell; = {{1,2}}. Forn > 3, definell} to be the set of
all partitions obtained by either of the following two optoas.

n-insertion
For anyr € I, _; insertn into the block containing — 1.
n- augment ati on

Foro € II_, wheren > 4 doing the following. Fixk to be either one of the(r) caps ino or set
k = n—1. Then, increment all the valuesénwhich are> k. Finally, append the doubleton blo¢k, n}.
We note that no partition ilil}, contains a singleton.

Lemma 4.6. We havdl} = II* (14/23).

Proof: We leave it to the reader to convince themselvesjat 11} (14/23). We show the other inclu-
sion by induction om. First note thally = {{1,2}} = I15(14/23). Now take anyr € II  ,(14/23)
and letB be the block whose capis+ 1. If |B| > 3, then we claim that € B as well. It then follows
(inductively) thatr € IIy , ;. To prove this claim, leB = {z; < 2 < --- < w3} so thatk > 3 and

xr = n+ 1. For a contradiction assumg_; < n. So there exists a bloak, distinct fromB, whose cap
isn. SetC = {y1 < --- < ye} sothaty, = n and? > 2, asm does not contain singletons. We must have

Y1 < Tp—o < Tp—1 <N =1yp OF Tho <Y1 <Ye=n<n-+1=ux.

But either choice results in an occurrence of the forbiddetepn14/23. Hencen € B as claimed.

The other possibility is foB = {k,n + 1}. As 7 avoids14/23 it follows that every: strictly between
k andn + 1 must be a cap. Consequentiywas constructed from some set partitiodify(14/23) = I},
vian + 1-augmentation. [ With this lemma established, we are now ready to enumerat@dttern.

Theorem 4.6. We have

n ? 1 1
Fiy/o3(2) = Z|Hn(14/23)|z _G<1 —z) . 1=2
n>0
where
Gy = 220 2) Z eVl 42

—2+422(1+4 2)?

Proof: In light of the previous lemma we know that

G(z) = 3 I (14/23) 2" = 3 I | =™

n>2 n>2
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Itis straightforward to see that an arbitrary set partitiofl,, (14,/23) is obtained by inserting singleton
blocks into some set partition i, (14/23). In terms of generating functions this corresponds to

z 1 1
F =G .
14/23(2) (1—z)1—z+1—z

It only remains to prove tha¥ is given by the desired generating function. To do this, deftne

H(z,t) = Z Z 2,

n>2 well¥

The recursive description &f;, translates into the functional equation
2

H(z,t) = 22 + 2tH (2, 1) + tt (H(z,1) — tH(z, 1)),

where the second term corresponds:tinsertion and the third term correspondsrt@augmentation.
Solving forG(z) = H(z,1) using the kernel method results in the desired expression. O

4.5 The pattern 1/234
Theorem 4.7. We have

n n—2 n—3
,(1/234)[ =Y Mn—0+> (n—f—1)Mn—(—-1)+ > (" _ﬁ_ 1)M(n —1-2),
=1 =1 =1
where

M(n) = L%éj (;{) (2k)1 .

k=0

Proof: Letw = By/--- /By, € I1,(1/234). First observe thatB;| < 2 for all i > 2 sincel € B; and
7 avoids1/234. This means that the set partitiéh/ - - - / B,, is a matching with fixed points of the set
[n] \ B1 which has sizexy = n — |By|. Itis a well known result that such objects are counted by

M (ng) = Lnim (;2) (2K .

k=0
Next, observe thaB; is not free to be any subset fof]. In fact B; must be of either the form
1) {1,...,¢}, 0r
2) {1,...,¢,k} forsomek > ¢+ 1, or
3) {1,...,4,k,m} forsomem >k > ¢+ 1,

as any other possibility would result in an occurrence (34.

Combining these two observations we see that the first tewnifiormula counts the set partitions in
I1,,(1/234) whose first block is of the form in 1). Likewise, the second #nicd terms count those set
partitions whose first block is of the form in 2) and 3) respety. O



Pattern avoidance for set partitiorésla Klazar 21

4.6 The pattern 134/2

To enumerate this pattern we require the well studied naifameak integer compositions. In particular,
we denote byC), ; the set of all weak integer compositionssofwith & parts. Additionally we denote
by My, the set of all set partitions g2k + f] with f singletons and: doubletons. (Observe these are
just matchings withy fixed points.) Lastly, we define the refined 8Bt 5 (134/2) to be the set of all set
partitions inIL, (134/2) with exactlyk + f blocks where exactly of them are singletons.

Lemma 4.7. Provided,k > 1 and2k + f < n, there exists an explicit bijection
(b : Hn,k,f(134/2) — Cn—f—Qk,k X ]\/fk,f.

Deferring the proof of this lemma to the end of this sectioa,a@ntinue with our enumeration.
As itis well known tha/C,,— s ox k| = ("7]Z17") and|Mj, ;| = (**/7)(2k)!! it now follows from

1
Lemma[4J7, that

[n/2] n—2k

,(184/2)] =14 Y > [k (134/2)]

k=1 f=0

_1+L§Jnik( n=/- ’“‘1) (Qk;f)(zk)u.

k=1 f=0

We record this result in our last theorem.
Theorem 4.8. We have the following formula

n <134/2|—1+L§J"f( I e

k=1 f=0
We now turn our attention to the proof of Lemr@4.7. We begithwai simple characterization of
134/2-avoiding set partitions. Its straightforward proof is oexl.

Lemma 4.8. For any set partitionr = B,/ - - - / B,,, we have that is 134/2-avoiding if and only if any
non-singleton block is of the form
{a,a+1,...,a+¢,b},

wherel > 0andb > a + ¢+ 1.

Proof Proof of Lemma [4.7: Consider a set partition = B;/.../B,, € I1,(134/2) so thatf of the
blocks are singletons and the remaining- m — f blocksB,, , ..., B;, are not singletons. Now let

A= (|Bi1|_2a|Bi2|_27'--a|Bik|_2)

be the resulting weak compositionof- f — 2k with k parts. (As each of the blocks;, are of the formin
Lemma. the parts of our composition are just their cpowading values fof in thls decomposition.)
Furthermore, by throwing out all but the min and max of eaath] and applying standardization map,
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we obtain a set partition of [f + 2k] with exactly f singletons and: doubletons. Finally, we define
¢(m) = (A, o). (We illustrate this construction in Exam4.9.) As thigpnis easily seen to be bijective,
the proof is complete. O

Example 4.9. Consider the set partitior27/3/4568/9/10 11 12 wheref = 2 andk = 3. Then
$(127/3/4568/9/1011 12) = (X, 0)
where) = (1,2,1) € Cy 3 ando = 14/2/35/6/78 € Mj ».
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We determine the structure of permutations avoiding the patterns 4213 and 2143. Each such permutation
consists of the skew sum of a sequence of plane trees, together with an increasing sequence of points above
and an increasing sequence of points to its left. We use this characterisation to establish the generating
function enumerating these permutations. We also investigate the properties of a typical large permutation
in the class and prove that if a large permutation that avoids 4213 and 2143 is chosen uniformly at random,
then it is more likely than not to avoid 2413 as well.

Keywords: permutation class, exact enumeration, asymptotic enumeration

1 Introduction

Towards the end of his talk at Permutation Patterns 2015, Vince Vatter pointed out that four of
the permutation classes avoiding two patterns of length four remaining to be enumerated are
subclasses of generalised grid classes. We illustrate the value of this observation by using it to
determine the generating function of the class D = Av(4213,2143) and to explore the structure
of permutations in D.

Breaking somewhat with tradition, we assume familiarity with the standard terminology and
notation used for permutation classes. See [4] for a very brief introduction, or Vatter’s survey
article [18] for a much more thorough exposition. Other overviews of the field can be found in
the books by Béna [8] and Kitaev [14].

The concept of a generalised grid class was introduced by Vatter in [17, Section 2]. A gener-
alised grid class is defined by a matrix M = (M, ;), whose entries are permutation classes. The
class Grid(M) consists of those permutations o whose plot can be partitioned into rectangular
cells, one corresponding to each entry of M, such that the subpermutation of o consisting of any
points in the cell corresponding to M; ; is a member of the permutation class M ;. Such a parti-
tion is known as a gridding of 0. See Figure 1 for an illustration. With a slight abuse of notation,
we tend to identify a grid class with its defining matrix.

We prove (Proposition 7) that D = Av(4213,2143) is a subclass of the generalised grid class

Av(21)
Av(21)|Av(213)]’
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Av(21)
Av(21) |Av(213)

Fig. 1: The gridding of a permutation in generalised grid class

each permutation in D consisting of the skew sum of a sequence of plane trees, with an increas-
ing sequence of points above (fop points) and an increasing sequence of points to its left (left
points). See Figures 1 and 6 for illustrations. By analysing the structure of certain “canonical”
griddings, we establish (Theorem 9) that the generating function enumerating D is

Dlz) — (1-22)(-1+52—722+22%+ (1 —2)V1 — 62+ 52?)
Z = 110z + 2422 — 2023 + 42* ‘

We also investigate the properties of a typical large permutation in D and determine (Corol-
lary 10) that, asymptotically, one fifth of the points in a permutation in D are top points, and
that more than half of the permutations in D have a gridding with no left points and hence
contain no occurrences of 2413.

In the rest of this introductory section, we present various definitions, notation and results
that we use later. In Section 2, we investigate the structure of Av(4213,2413,2143), a subclass
of D first studied by Bloom & Burstein [7]. Then, in Section 3, we build on our analysis of this
subclass to explore the structure of permutations in D and prove our main results. We conclude
with some questions.

To establish generating functions, we make use of the symbolic method as presented in Flajolet
& Sedgewick [12, Chapters I and III]. We use Z to denote the atomic class consisting of a single
point in a permutation, SEQ[C] to represent a possibly empty sequence of elements of € and
SEQ™[€] to represent a non-empty sequence of elements of C.

We also use TREE[C] to denote the class of non-empty plane trees whose vertices are drawn
from C, defined by the structural equations

TREE[C] = € x SEQ|TREE[C]] or TREE[C] = €+ TREE[C]?.

We make repeated use of the fact that any permutation T € Av(213) consists of the skew sum of a
sequence of plane trees, and thus Av(213) = SEQ[TREE(Z]]. This is made evident by constructing
the Hasse graph of 1, the graph corresponding to the Hasse diagram of the poset on the points of
Tin which u < vif uis to the lower left of v. See the lower cell in Figure 3 and the lower right cell
in Figure 6 for illustrations. Hasse graphs of permutations were introduced by Bousquet-Mélou
& Butler in [9], and previously used by the present author in [5] and [6].
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We make use of the following terminology. The uppermost (and leftmost) tree in such a skew
sum is the upper tree. In each tree, the left to right maxima (the vertices in the leftmost maximal
path from the root) constitute the trunk, the uppermost point of which is its tip. The uppermost
branching point in the trunk of a tree is the uppermost point in the trunk of degree greater than 2.

To conclude this introductory section, we state three general propositions of analytic combi-
natorics that we require. Recall that [zn] f(z) denotes the coefficient of z™ in f(z).

Proposition 1 enables us to determine the complete asymptotics of [z"]f(z) by repeated appli-
cation to successive terms of the (Puiseux) expansion for f(z) around its dominant singularity,
and Proposition 2 can be used to determine the mean and standard deviation of some parameter.

Proposition 1 (Flajolet & Odlyzko [11]; see [12, Theorem VI.1]). The coefficient of z™ in A(1—z/p)*
admits for large n the following asymptotic expansion:

A o >
[ZV]A(1—z/p)* ~ = p"n 1(1 + Z:,i),

where

2k ¢
k= Z)\k'“ H(OH_]') and — Age = [V<tet(1+vt) Y
=k j=1

Proposition 2 ([12, Proposition II1.2]). Suppose that A(z,x) is the bivariate generating function for
some combinatorial class, in which z marks size and x marks the value of a parameter &. Then the mean
and variance of & for elements of size n are given by

[z 0xA(z, x|
[z A(z,1)

[z"]92A(z, x|
[z Al(z,1)

En[&] = =L apd  VL[E] = =1 4 Bo(E) — En(E)?

respectively.

Proposition 3, which is a consequence of Hwang’s Quasi-powers Theorem [13], allows us
to establish that a parameter is asymptotically normally distributed from the fact that its PGF
behaves nearly like a large power of a fixed function.

Proposition 3 ([12, Theorem IX.12]). Let F(z,x) be a bivariate function, analytic at (0,0) and with
non-negative Taylor coefficients, and let &,, be the sequence of random variables with probability generat-
ing functions
[Z“] F(z,x)
[z"]F(z,1)
If the following conditions hold:
(i) There exist positive v and € and functions A, B and C, analytic in {(z,x) dlz < lx—1] < a},
such that F(z,x) = A(z,x) + B(z,x)C(z,x)* for some « ¢ Np.
(ii) The equation C(z,1) = 0 has a unique root, p, with |p| < v, p is a simple root, B(p,1) # 0,
9.C(p, 1) # 0and 3,C(p, 1) # 0.

Then, as long as its asymptotic variance is non-zero, &, converges in law to a Gaussian distribution.
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2 Av(4213,2413,2143)

Let us begin by considering a subclass of D, the permutation class Av(4213,2413,2143). First,
we present a characterisation of the class, which we then use to establish its generating function
and determine some asymptotic properties.

This class was first investigated by Bloom & Burstein [7]. Although they don’t explicitly make
use of the notion of a generalised grid class, they prove a result equivalent to our first proposi-
tion.

Av(21)
Av(213)|

Proposition 4 ([7, Lemma 1.5]). Av(4213,2413,2143) is the generalised grid class H =

4213 2413 2143

Fig. 2: The basis of class J{

Proof: Let B = {4213, 2413, 2143}. Suppose we have a gridding of a permutation 7t € J{, and that
€ B. Inspection of Figure 2 shows that no more than one point of an occurrence of {3 in 7t can
occur in the upper cell, or else it would contain a 21, and neither can three or more points of 3
occur in the lower cell, or else it would contain a 213. Thus H is a subclass of Av(B).

On the other hand, suppose o is a permutation in Av(B) of length n, and let T be the maximal
increasing subsequence of o of the form (k,k+1,...,n—1,n) for some k < n. Note thatif k > 1,
then, by the maximality of T, the term k — 1 occurs to the right of k in o.

We claim that o can be gridded in H by placing the points of T in the upper cell, and any
remaining points in the lower cell. Clearly, T avoids 21. Suppose there was an occurrence of 213
in the lower cell. Inspection of Figure 2 shows that, since o avoids elements of B, the occurrence
of 213 must occur to the left of all the points in the upper cell. However, in this case, the leftmost
two points of this 213 together with k and k —1 would form a 2143, which is impossible because
o avoids 2143. Thus Av(B) is a subclass of K. O

Proposition 4 can also be deduced from Atkinson [2, Theorem 2.2], which specifies the struc-
ture of basis elements of juxtapositions of finitely based permutation classes.

Bloom & Burstein also enumerate H. We present our own proof here so that we can make use
of it later when considering class D.

Proposition 5 ([7, Lemma 1.6]). The generating function for J{ = Av(4213,2413,2143) is

1—-32+4222—+1—62z+522
2z(2 —z) ’

H(z) =

Proof: For each permutation ¢ in J{, we consider the gridding of o in which the number of points
in the upper cell is minimal (see Figure 3 for an illustration). We call this the canonical gridding of
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(.

Lo

Fig. 3: The canonical gridding of a permutation in H

o in K, and refer to the points in the top cell as the top points. Clearly, there is a bijection between
permutations in J{ and their canonical griddings.

The minimality of the set of top points implies that they all occur to the right of the first
occurrence of a 21 in the lower cell. In other words, the leftmost top point must be to the right
of the (tip of the) trunk of the upper tree and not adjacent to it.

We use the symbolic method to construct the class, marking top points with t for clarity (al-
though we don’t actually need an extra catalytic variable). The structural equations are as fol-
lows:

P = SEQ"[Z] 1)
T = TREE[Z x SEQ[tZ]] )
U =P + SEQ'[Z] x (Z x SEQ™[T]) x SEQ[Z x SEQ[T]] ©)
H = U x SEQ[T] (4)

In (1), we use P to denote a tree consisting only of a trunk (a path tree).

In (2), we use T to denote a tree together with any top points that occur to the right of some
of its vertices. In Figure 3, the dashed lines illustrate how the top points are associated with the
trees.

In (3), we use U to denote the upper tree, together with its top points. This is either a path tree
(with no top points), or else is constructed (tip downwards) from

(i) atleast one point on the trunk above the uppermost branching point,

(ii) the uppermost branching point on the trunk, rooting at least one subtree, which may have
top points to the right of some of its vertices, and

(iif) any points on the trunk below the uppermost branching point, each possibly rooting a
subtree that may have top points to the right of some of its vertices.
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Finally, in (4), the class H is constructed from the upper tree, U, and zero or more T trees.
Translation into functional equations yields:

z
T =
(Z,t) (1—tZ)(1_T(Z/t)),
. z 2T(z,1) 1

U(z,t) =

S T el P (PR [ pep——

Uz t)

H(z,t) = 1—T(Z,t)'

Solving, expanding, simplifying and rearranging gives
1—(t+2)z+2t22 — /1 — 2t +4)z + t(t +4)22
2z(t+1—1tz) ’

The univariate generating function then results from setting t = 1. O

H(z,t) =

From the generating function, we can determine the following asymptotic behaviour.

Corollary 6. Asymptotically, |Hn| ~ 1%\/% 5" =32 and the number of top points in the canonical

gridding of a permutation in H, is normally distributed with mean % and standard deviation @

Proof: These results follow in the standard way from singularity analysis and the extraction of
moments from the generating function.

The asymptotics of |H,, | results from the application of Proposition 1 to the first nonconstant
term of the Puiseux expansion for H(z) around its dominant singularity p = 1:

H(z) ~ 2 — 3515z + O(1 —5z2).

The asymptotic mean and standard deviation for the number of top points follow by the appli-
cation of Propositions 1 and 2. It is also readily verified that H(z, t) is amenable to Proposition 3.
Indeed, in the notation of that proposition, we have

1—(t+2)z+2t22

AZY = 5 ariot
-1
Bzt = 2z(t+1—1tz)’

Clz,t) = 1—(2t+4)z+t(t+4)22

and the exponent o = 1/2. The relevant conditions are then satisfied for any r € [1/5,1) and
e € (0,1), with p = 1/5, as expected, being the unique root of C(z,1) = 0 whose magnitude
is at most T. The number of top points thus exhibits a Gaussian limit distribution concentrated
around n/5. O

The first twelve terms of the sequence |[H,| are 1, 2, 6, 21, 79, 311, 1265, 5275, 22431, 96900,
424068, 1876143. More values can be found at A033321 in OEIS [16].


http://oeis.org/A033321

The permutation class Av(4213,2143) 7

Av(4213)
U

Av(21)
Av(21)|Av(213)

U
D = Av(4213,2143)

U
I = Av(4213,2413,2143) =

Av(21)
Av(213)

Av(4213) is enumerated by A022558, D by A165537, and H by A033321.

Fig. 4: The permutation class hierarchy

3 Av(4213,2413)

Let us now turn to a consideration of the structure and enumeration of class D. In the first two
propositions, we present a characterisation of the class, which we then use to enumerate the
class in our main theorem. We conclude by determining some asymptotic properties.

Av(21)
Av(21)|Av(213)

Proposition 7. The class D = Av(4213,2143) is a subclass of § =
subclass of Av(4213).

, which is itself a

These class inclusions are illustrated in Figure 4.

Proof: Suppose o is a permutation in D of length n, and let T be the maximal increasing subse-
quence of o of the form (k,k+1,...,n—1,n) for some k < n. If k > 1, then, by the maximality
of T, the term k — 1 occurs to the right of k in 0. Now let A be the maximal increasing prefix
(01,...,0j) of (o1,...,0k_1). If 041 <k, then, by the maximality of A, we have 051 < 0j.

We claim that o can be gridded in § by placing the points of T in the upper right cell, the points
of A in the lower left cell, and any remaining points in the lower right cell. Clearly, both T and A
avoid 21. Suppose there was an occurrence of 213 in the lower right cell. The point k can’t occur
to the left of the 213, since that would form a 4213. Thus k — 1 occurs to the right of k, 0541 <k,
and thus o0y < o0j. But that is impossible, because the points o}, 0j41, k and k — 1 would form
a 2143.

On the other hand, we claim that there is no gridding of = = 4213 in §. From Proposition 4,
we know that such a gridding would require at least one point in the lower left cell. Moreover,
only the first point of 7w can occur in that cell without creating a 21 there. But, if the lower left
cell were to contain only the first point of 7, then its remaining points would form a 213 in the
lower right cell. O

Let us now determine the structure of griddings in § of permutations in D. Given a gridding
of a permutation in G, we refer to the points in the lower left cell as the left points. We also make
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use of the concept of a top or left point splitting (part of) a tree in the lower right cell. A top point
splits (part of) a tree if it occurs to the right of its leftmost point and to the left of its rightmost
point. Analogously, a left point splits (part of) a tree if it occurs above its lowermost point and
below its uppermost point. Splitting is illustrated in the figures by pale stripes.

Proposition 8. A gridding of a permutation in G avoids 2143 if and only if
(a) no left point splits a tree below its uppermost non-trunk vertex, and
(b) if a left point splits a tree, then no top point splits its trunk.

Proof: If a left point ¢ splits a tree below its uppermost non-trunk vertex, then £ and the root, tip

and uppermost non-trunk vertex of the tree form a 2143. Similarly, if a left point £ splits a tree

and a top point t splits its trunk, then ¢, the root of the tree, t and the tip of the tree form a 2143.
[

\Va I

I I

Fig. 5: The two griddings of 2143 in G

On the other hand, there are only two griddings of 2143 in G, which we denote I and TI; as
shown in Figure 5. A gridding of a permutation in § can only contain an occurrence of I if the
left point of I} splits a tree below its uppermost non-trunk vertex. If a gridding of a permutation
in § contains an occurrence of I, but no occurrence of I', then the left point of T, splits a single
edge in the trunk of a tree and the top point of I; splits the same edge. O

We are now in a position to enumerate D.
Theorem 9. The generating function for D = Av(4213,2143) is

(1-2z) (71 +52 72242224+ (1 —2)vV1 — 6z+522)

D =
(2) 1— 10z + 2422 — 2023 + 42

Proof: For each permutation ¢ in D, we consider the gridding of o in § in which the number of
left points is minimal, with the remaining points canonically gridded (as a gridding in J{) in the
two cells at the right. See Figure 6 for an illustration. We call this the canonical gridding of o in
. Clearly, there is a bijection between permutations in D and their canonical griddings in G.

The minimality of the set of left points implies that the uppermost left point is the first point
in an occurrence of 2413. Since the leftmost top point occurs to the right of a 21 in the lower left
cell, this 2413 must be gridded as in Figure 7. This is the case if and only if the uppermost left
point splits a tree and this tree is not the upper tree.

To enumerate D, it thus suffices to enumerate griddings of permutations in § satisfying the
following four constraints, the first two of which characterise the avoidance of 2143 (Proposi-
tion 8), and the last two of which characterise canonical griddings:
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Fig. 6: The canonical gridding in § of a permutation in D

|

Fig. 7: The canonical gridding of 2413 in §

(a) No left point splits a tree below its uppermost non-trunk vertex.

(b) If a left point splits a tree, then no top point splits its trunk.

(c) The uppermost left point splits a tree and this tree is not the upper tree.

(d) The leftmost top point occurs to the right of the (tip of the) trunk of the upper tree and not

adjacent to it.

Let us consider the set of permutations in D containing 2413 (i.e. those whose griddings have

at least one left point).

As in the proof of Proposition 5, we use the symbolic method to construct this set, reusing
the definitions of P, T and U in (1)—(3) in the proof of Proposition 5. We mark left points with ¢
and top points with t for clarity (although, again, we don’t actually need any extra catalytic
variables for the enumeration). In Figure 6, the dashed lines illustrate how top and left points
are associated with the trees.

The structural equations are as follows:

L =
Q =
S =
D\H =

2 x SEQ[Z x SEQ[t2]]

(L —P) x SEQ[tZ]

Q9 + 9 xSEQ'[T] x SEQ[Z x SEQ[T]]

U x SEQ[T] x 8§ x SEQ[SEQMZ] x (T +8)] x SEQ[Z]

©)
(6)
@)
®)
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In (5), we use £ to denote a path tree together with any left points that split it.

In (6), we use Q to denote a path tree split by at least one left point, together with any top
points that occur to its right. By constraint (b), a path tree may not be split by both left and top
points.

In (7), we use 8 to denote a tree split by at least one left point, together with any top points
that occur to the right of some of its vertices. By constraint (b), these top points must occur to
the right of its tip.

An element of § is either a path tree split by at least one left point, or else is constructed (tip
downwards) from

(i) the trunk above the uppermost branching point, split by at least one left point, which may
have top points to the right of the tip,

(ii) at least one subtree rooted at the the uppermost branching point on the trunk, which may
have top points to the right of some of its vertices, and

(iif) any points on the trunk below the uppermost branching point, each possibly rooting a
subtree that may have top points to the right of some of its vertices.

Finally, in (8), the set of canonical griddings of permutations in D whose griddings have at
least one left point is constructed, starting at the upper left, from

(i) the upper tree, which, by constraint (c), is never split by a left point,
(if) zero or more T trees, which are not split by a left point,
(iii) a 8 tree, split by the uppermost left point,
(iv) zero or more T or § trees, each possibly with left points above it, and

(v) zero or more left points below the lowermost tree.
Translation into functional equations yields:

L(Z/ t/ e) = #/

__z
1 1—4z

Qlz,t,0) = (L(z,t,f)— z ) !

1—2/1—tz’
Qlzt,0)T(zt) 1
Szt 4) = Qzt,0) + X —,
) Q ) 1—T(zt) 1-— Tz
U(z, t) S(z,t,0) 1

D(z,t,8) —H(z,t) =

X X .
1-T(zt)  1- 2= (Tz,t) +S(z, t,0) 1—Lz

Solving, expanding, simplifying and rearranging yields a (very complicated) algebraic expres-
sion for D(z,t, ). The univariate generating function then results from settingt =1 and { = 1
and simplifying. O

From the generating function, we can determine the asymptotic behaviour.
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Corollary 10. The following properties hold in the limit:

(i) Asymptotically, |Dy| ~ £ \/g 5Mn=%/2, s0 the probability that a random large permutation avoid-
ing 4213 and 2143 also avoids 2413 tends to 331 > 1.

(ii) The number of left points in the canonical gridding of a permutation in D has asymptotic mean
125 ~ 1.326 and standard deviation Y7222 ~ 2.072.

132 132
(iii) The number of top points in the canonical gridding of a permutation in D, is normally distributed
2yn

with mean ¢ and standard deviation =g,
Proof: For part (i), the asymptotics of |D,,| results from the application of Proposition 1 to the
first nonconstant term of the Puiseux expansion for D(z) around its dominant singularity p = 1:

D(z) ~ & — 251 -5z + O(1—52).
Note that, although the denominator of the expression for D(z) has a real root whose value is

%(5 +v5 — V22 + 10\@) ~ (0.143922 < 1/5, this value is also a root of the numerator.

The ratio |Hn|/|Dn| gives the proportion of permutations in D avoiding 2413. The asymptotic
limit of this ratio is 331
For part (ii), substituting t = 1 and simplifying yields

(1—2z—z0) (Pl(z,f) _ (1—26)(1—€+zf+z€2)\/1—6z+512)
D(z 1,0 = 2zP,(z, L) ’

where
Pi(z,0) = (1—0) — z(3—-30—20%) + 22(2—40—70 —3)
+ 22 (20+ 90 +30) — (202 +20%),
Pa(z,0) = (2—30) — z(3—50—8%) + 2°(1—30— 150> —7¢°)
+ 2 (0+80 +90 +204) — (€ +20 + 14).
The asymptotic mean and standard deviation for the number of left points follow by the appli-

cation of Propositions 1 and 2. The limiting distribution is illustrated in Figure 8.
For part (iii), , substituting { = 1 and simplifying yields

(1-22)(Ps(zt) — (1=2)(1+t—2t2)\/T— 2t + &)z + Lt +4)2)

D(zt,1) = TR ,

where
Pi(z,t) = (1—22)(1—tz) ((1+1)(1—3z) +2tz?),

Pi(z,t) = —1 + (7+3t+1t?)z — (14 + 14t +6t%) 2> + (9+ 22t + 13t%)23
— (12t +12t%)z* + 41220,
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[=]
T

(=]
[S
T

(=]
]

(=]
T

IITTT!:....;

a 5 n = - - - n 14 a5
] 2 2 4 5 B 8 5 ] 2

Fig. 8: The asymptotic distribution of the number of left points in the canonical gridding of a permutation
in class D

The asymptotic mean and standard deviation for the number of left points follow by the appli-
cation of Propositions 1 and 2.

Although D(z,t,1) can easily be expressed in the form A(z,t) + B(z,t)/C(z,t), when this is
done, both A(z,1) and B(z, 1) have singularities at z ~ 0.143922 < % Thus, Proposition 3 is not
applicable and can’t be used to deduce an asymptotic Gaussian distribution.

However, it is not difficult to rearrange the functional equations to show that D = D(z,t,1) is
a solution of the following system of polynomial equations,

Ri =14 zRy
R, = 1 + ztRy
T=2zR +T°
Ry =1+ TR;

Ry = 1 4+ zR3Ry

S = Z2RIRy(1+ TR3Rs) + 2zR;S

Rs = 1 + Ri(T+S)Rs

D = zR;R3(1+2zTR3Rs)(1 4 R;SR5),

in which T = T(z,t) and S = S(z,t,1). The significance of this particular reformulation is that
each polynomial has positive coefficients. This allows us to apply a variant of the limiting distri-
bution version of the Drmota-Lalley—Woods Theorem [10], which states that, under very general
conditions, a parameter of a combinatorial class satisfying such a system of equations exhibits a
Gaussian limit law (see also [12, Proposition IX.17 and subsequent discussion]).

The original version of this theorem requires the dependency graph of the system of equa-
tions to be strongly connected, something that is evidently not the case here. However, a recent
generalisation by Banderier & Drmota [3, Theorem 8.2] addresses the non-strongly connected
scenario, and, with care, can be applied in this case to prove that the number of top points does
indeed exhibit a Gaussian limit distribution concentrated around n/5. We leave the details to be
filled in by the assiduous reader. O
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The first twelve terms of the sequence |D,,| are 1, 2, 6, 22, 88, 366, 1556, 6720, 29396, 129996,
580276, 2611290. More values can be found at A165537 in OEIS [16].

4 Questions

The somewhat unexpected result that more than half of the permutations in Av(4213,2143) are,
in fact, members of Av(4213, 2413, 2143), is a consequence of the fact that [3(,|/|Dn| has a positive
limit as n tends to infinity. This phenomenon deserves further investigation, as does the weaker
property that the growth rates of H and D are equal: gr(H) = gr(D).

Question 11. When is Jgﬂo | Avn(B)|

Question 12. When do we have gr(Av(B U{B})) = gr(Av,(B))?

positive?

We conclude with the observation which initiated this investigation. Suppose X = {81, ..., 8}
is a finite collection of permutation classes. We say that another permutation class C is X-
griddable if there is a finite matrix M each entry of which is one of the 8;, such that C is a subset
of the generalised grid class Grid(M). Vatter gave the following characterisation of the property
of being K-griddable.

Proposition 13 (Vatter [17, Theorem 3.1]). The permutation class C is K-griddable if and only if it
does not contain arbitrarily long sums or skew sums of basis elements of members of X, that is, if there
exists a constant m so that C does not contain 31®...®Pm or p10...©Bm for any sequence B1, ..., Pm
of basis elements of members of K.

Consequently, three of the permutation classes avoiding two patterns of length four that were
still waiting to be enumerated when this paper was first written (see [19]) are subclasses of a
generalised grid class.

o Av(4312,3214) is {Av(12), Av(321)}-griddable.
o Av(4231,3214) is {Av(12), Av(321)}-griddable.
o Av(4132,3214) is {Av(132), Av(321)}-griddable.

Miner [15] has subsequently derived the generating functions for these classes, using techniques
very similar to those used here.
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The FERMUTATION PATTERN MATCHING problem, asking whether a pattern permutatiois contained in a text
permutationr, is known to beNP-complete. We present two polynomial time algorithms fa@al cases. The first
is applicable if bothr andr are321-avoiding while the second is applicable if both permutatiare skew-merged.
Both algorithms have a runtime 6f(kn), wherek is the length ofr andn the length ofr.

Keywords: pattern matching, permutation class, permutation pattern

1 Introduction

In this paper, a permutation is a bijective function frdm to itself, wheren is a positive integer and
[n] = {1,2,...,n}. Therefore, a permutation, : [n] — [n] is the set of ordered pairg, 7(7)). We
occasionally write specific permutations in the usual ametiotation, e.g321 represents the permutation
of [3] equal to{(1,3),(2,2),(3,1)}. Thesizeof r is just the cardinality of this set, and we denote the
elements, also called points, of a permutation by variahleh as: andy. We adopt the usual conventions
with respect to order of such points, i.&.,7(¢)) lies to the left of(j, 7(j)) if « < j and abovék, 7 (k))
if 7(¢) > w(k), with corresponding definitions for ‘to the right of’ and foe/’. Given an element in a
permutationr, we define (wherever possible):

z* the element immediately to its left,

2> the element immediately to its right,

2*  the elementimmediately above it, and

2" the element immediately below it.
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We use the symbal to represent ‘undefined’. Any operator appliedlt@lso yieldsL. For example, in
the permutatio31254 and forx = 3we havex* = 1,2 =1, 2* = 4 andz” = 2.

Let 7 andr be two permutations. An injective functiofi, from 7 into 7 is anembeddindf, for all
elementse andy of 7, the elementg (z) and f(y) of 7 are in the same relative orderasndy (e.g., ifz
lies below and to the right af, thenf (z) also lies below and to the right ¢fy)). If there is an embedding
from 7 into 7 then we say that containsr. If not, then we say that avoidsr. The following problem,
analogous to problems related to detecting occurrencesattérps in words, is central with respect to
these concepts:

PERMUTATION PATTERN MATCHING (PPM)

Input: A text permutatiorr of sizen and a pattermr of sizek.
Question: Doesr containm?

Bose, Buss, and Lubiw [5] showed in 1998 that the PPM probsaP-completé) .

The recent work of Guillemot and Marx [9] shows that the PPMbbem can be solved in time
20(K*logk)y j e, linear-time inn whenk is viewed as a constant. In particular, this implies that the
PPM problem idixed-parameter tractable (fpgyith respect to the size of the pattéenWork prior to this
breakthrough result achieved runtimegfi!+2#/3 - log n) [2] and O (n0-47k+e(k)) [1]. Usingrun(7) as
parameter, i.e., the number of alternating runs,druner and Lackner [6] present an fpt algorithm with
runtimeO(1.79™"(7) . kn).

A permutation clas<C, is a set of permutations with the property that i€ C andr containsr then
7w € C. In other words( is closed downwards with respect to the partial orderingashputations given
by the relation “is contained in”. A permutation class isgeoif it does not contain every permutation.
Permutation classes are frequently defined in terms of anciel conditions, namely, for any sBtof
permutations, the setv(B) consisting of those permutations which avoid every eleré® is a per-
mutation class (and it is always propefdfis non-empty). Conversely, every permutation class islequa
the class of permutations avoiding its complement, or everdang the minimal elements (with respect
to the partial ordering mentioned above) of its complemé&iat: an overview of results on permutation
classes, we refer to the corresponding chapter inHdnedbook of Enumerative Combinator{d$].

This leads to two natural ways in which one might restrict &M problem. One is to impose ad-
ditional structure on the pattern, most naturally, to in#iat the pattern belongs to a particular (proper)
permutation class. One example which has been studied isldbe ofseparablepermutations, which
are those avoiding both142 and2413. If the pattern is separable, PPM can be solved in polynomial
time [2, 5, 11, 13, 16]. The fastest algorithm for this casbyidbarra [11] with a runtime 0O (kn?).
Formally, we define this class of problems as follows:

C-PATTERN PERMUTATION PATTERN MATCHING (C-PATTERN PP M)
Input: A text permutationr of sizen and a pattermr of sizek, wherer belongs to
a fixed proper permutation clas
Question: Doesr containm?

A second and more restrictive specialisation of the PPM Iprabs to insist that both the pattern and
text belong to a (proper) permutation class. This is theioersf the problem that we study.

() Note that because both the pattern and text are regardepwstime size of the input is + k. Were we to regard the size of the
pattern as fixed, then the triviéd ((7.) - k) algorithm would be polynomial time.
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C PERMUTATION PATTERN MATCHING (C-PPM)
Input: A text permutationr of sizen and a pattermr of sizek, both belonging to a
fixed proper permutation clags
Question: Doesr containm?

Clearly, for a fixedC, polynomial time algorithms fo€-PATTERN PPM apply toC-PPM as well.
Consequently, the separable case, e:(3142,2413)-PPM, can be solved i®(kn*) time [11]. Note
that if the pattern avoid$32, 231, 213 or 312 then it is automatically separable and thus€heATTERN
PPM problem for all four classesv(132), Av(231), Av(213) or Av(312) can be solved in polynomial
time. Most relevant to our work is a result by Guillemot andlette [10] that establishes &r{k2n5)-time
algorithm forAv(321)-PPM. In Sections 2 and 3, we improve their approach to gigddhowing.

Theorem 1.1. Given321-avoiding permutations of sizen and = of sizek, there is anO(kn)-time
algorithm which determines whetheicontainsr.

In Section 4 we show how to adapt this approach to the cladseof-snerged permutations, which are
those permutations whose elements can be partitioned imiocaeasing subsequence and a decreasing
subsequence. Skew-merged permutations can also be @r@edtas those permutations that avoid both
3412 and2143 [14].

Theorem 1.2. Given skew-merged permutationsof sizen and « of sizek, there is anO(kn)-time
algorithm which determines whetheicontainsr.

The following elementary observation will be used repelgted

Lemma 1.3. Letw andr be permutations and : = — 7. Thenf is an embedding aof into 7 if and only
if for every element of r:

e if x4 # L thenf(z) lies strictly to the right off (z*) and

e if 27 #£ | thenf(z) lies strictly abovef (z7).

Proof: Suppose that andy are points ofr and that, without loss of generalitylies strictly to the left
of . Theny occurs in the sequenasg, z*, z*, .. .. So, by inductive use of the first properfi{x) lies
strictly to the right off(y). Similarly, inductive use of the second property estakelsthat the vertical
relationship betweelfi(z) and f (y) is the same as that betweemndy, and the result follows.

The other direction follows directly from the definition ahbeddings given on page 2t is an element
strictly to the left ofz and thusf(z) lies strictly to the right off (z*) for an embedding. In the same
way, z" is an element strictly below and thusf (z) lies strictly abovef (z"). O

2 The Lattice of Rigid Embeddings of 321-Avoiding Permutations

Itis easy to see that the elements of 8ay-avoiding permutatiom can be partitioned into two increasing
subsequences. This partition is in general not unique bamyrsuch partition, one of these subsequences
will contain all those elements which participate as thein a copy of 21—called theupper elements

of 7 and denoted/,— and the other will contain all those elements which pgrtté as thel” in a
copy of 21—called thelower elementsf = and denoted.,. Elements that are neither upper nor lower
elements, i.e., those that are not involved in a cop®lofcan be part of either of the two subsequences.
Let us formalise these definitions: An elementf 7 is an upper element if there is some embedding of
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. ° Iower>'”gId
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Fig. 1. The decomposition of th21-avoiding permutationr = 3124596710811 1312 into rigid and fluid
elements.

21 ={(1,2),(2,1)} inton such thatr is the image of1, 2) and a lower element if there is an embedding
of 21 such thatr is the image of2, 1).

Following Albert, Atkinson, Brignall, Ruskuc, Smith, aMidest [3], elements which are either upper
or lower elements of are referred to aggid elements, and is called arigid permutationif all of its
elements are rigid (i.e., it = U, U L;). The remaining elements will be call@édid elements. For an
example of é821-avoiding permutation and its decomposition into rigid #imdl elements, see Figure 1.

Note that it can be determined in linear time which elemergsipper, lower and fluid in a permutation.
For this purpose one simply needs to scan the permutationl&f to right and record the largest element
encountered so far, denoted hyand the smallest element yet to come at the right, denoted When
we read an element, three cases can occur:

e 1 > s:Inthis caser s forms a21-pattern and thus is an upper element.

e x < /: In this cas€ x forms a21-pattern and thus is a lower element

e © < sandz > ¢ (which implies that: = s ands > /): In this caser does not occur in &1-pattern
and is thus a fluid element.

The existence of fluid elements in a pattern will be the soafeeme difficulty in solving the\v(321)-
PPM problem, and will be addressed in the next section. Forémainder of this section we consider
a rigid patternr of size k and a321-avoiding textr of sizen. Since an embedding preserves relative
locations of points, the image of any rigid element must b&riMore precisely, we have the following:

Observation 2.1. Letw be arigid pattern and- be an arbitrary321-avoiding permutation. If there exists
an embedding of into 7, then it must map upper (resp., lower) elements @b upper (resp., lower)
elements of and the fluid elements efwill never occur in an embedding.

In order to look for such embeddings we must widen our segoelces A mapf : = — 7 is called
arigid mappingif f maps upper (resp., lower) elementsrofo upper (resp., lower) elements of As
noted above, becauszeis rigid, every embedding aof into 7 is a rigid mapping, but the converse is far
from true since, among other reasons, rigid mappings neelokniojective.

Given two pointsg andy, in U, we sayzx < y if y lies above and to the right af. This is a linear
order onU,, and we have similar linear orders (all denotedon L., U, andL... This makes the set of
all rigid mappings ofr into 7 into a partially ordered set using point-wise comparishat ts, given rigid
mappingsf,g : © — 7, we write f < gif f(z) < g(z) for all elementse of 7. In fact, it is easy to see
that this partially ordered set is a distributive latticéyem two rigid mappings,g : @ — 7 their meet
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andjoin can be defined, respectively, by

(f N g)(x)
(f vV g)(x)

min{f(z), g(z)},
max{ f(z), g(x)}

for all elements: of .
It is notable that these observations also hold for embegdifihat is, the set of embeddings fram
into 7 is a sublattice of the lattice of rigid mappings:

Theorem 2.2. bruner [[3, Theorem 2]] Given a rigid patterm and a321-avoiding textr, the set of
embeddings of into 7 forms a distributive lattice under the operations of meet gin defined above.

It follows from Theorem 2.2 that ifr is contained in- then there is aninimum embeddingf 7 into 7
which we denote by,,;,.

Given an element of some321-avoiding permutatiom we definexy; to be the rightmost element of
U, that is to the left ofr. Of course, we have corresponding notations suctfas?}, and so on. In all
cases, if no such element exists we geds usual. We also define thgeof =, T'(z) to beU if z € U,
andL if z € L,. The following result forms the core of our algorithm for dehining whether there is
an embedding of into 7, at least for the case whereis rigid. It will allow us to turn an arbitrary rigid
mapping into an embedding, if possible.

Proposition 2.3. Suppose that : # — 7 is an embeddingf : # — 7 is a rigid mapping, and, for all
xz e, f(z) <e(x). Then, forallx € :

max{ f(z*)r (), (")) } < e(2),

where we definmax{y, L} = y andmax{L} = 0.

Proof: We first establish thaf(:v‘)tf(m) < e(z). Sincez lies strictly to the right ofz* (ande is an
embedding)e¢(x) lies strictly to the right ok (z*) and is of the same type asso, it does not lie to the left
Ofe(x‘)}(m). Consequentl;@(z‘)}(m) < e(x). But f(z*) < e(z*) and sof(:c‘):f(m) < e(:c‘)}(m) <e(x).
The arguments for the other case are exactly the same. O

Applying the proposition above in the case whére ¢, we see that for any embedding from a rigid
minto 7, and anyr €
max{e(z*)p (), (@)} < el).

Now suppose thaf is any rigid mapping fromr to 7. We say that: is a problemif it violates the above
condition, i.e.,z is a problem if

f (@) <max{f (2" ey, (@)@} (1)
Intuitively , x is a problem iff (z) is too low compared witty (") or too far left compared wittf ().
We let P(f) be the set of problems fgf, for which the following holds:

Corollary 2.4. Letw be arigid permutation and a 321-avoiding permutation. A rigid mappinfjis an
embedding of into 7 if and only if the set of problemB( f) is empty.
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Proof: If fis an embedding, it follows from Proposition 2.3 that no edetx: €  fulfills condition (1).
ThusP(f) is empty.

For the other direction, assume tlfais not an embedding. From Lemma 1.3 we know that there exists
anx € « such thatf(z) is below or equal tgf («7) or such thatf () is left of or equal tof (z*). First, if
f(z) is below or equal tof (z7) this implies thatf (x) is strictly belowf(z")%,, and hencer € P(f).
Second, iff (x) is left of or equal tof (z*), we have thaf (x) is strictly left off(x‘)’T(z). Now note that
for f(z), f(y) € 7 of the same typef(x) is left of f(y) if and only if f(z) is below f(y). Moreover
we know thatf preserves types and thygz) and f(x‘)’T(z) have the same type. We conclude that
f(x) < f(@*)3,, and thuse € P(f). O

We now describe an algorithm, displayed as Algorithm 1. Gi&e input a rigid permutation and a
321-avoiding permutatiorr, it returns the minimum embeddirg,;, of 7 into 7 when it exists, and fails
otherwise. The algorithm constructs and updates a rigidpingg, ensuring thalff < e,,;, at all times
(if an embedding exists). Lefy be the map that sends all the elementé/pfto the least element df
and all elements of ; to the least element df ..

Algorithm 1 Find a minimum embedding of into 7, or demonstrate that no embeddings exist.
Initialise: f < fo.
Compute:P(f).
while f is defined everywhere, arfé( f) is non-emptydo
Chooser € P(f).
Update: f(z) <= max{f(@*) ., [ (@ )}
RecomputeP(f).
end while
Return: f, which, if everywhere defined, equalg;,.

The correctness of this algorithm is easy to establish. iitre while loop, iff is everywhere defined,
P(f) is non-empty, and: is chosen for the update step, then the updated versigriostrictly greater
than the original atz, and has the same value elsewhere. Since the set of rigid iméipie, the loop
can be executed a bounded number of times, and the algorafim In the case wherg,;, exists, we
certainly havefy < enin. S0, by Proposition 2.3, it is always the case that e.,;,. Therefore, when
the loop terminates, the algorithm returns an embeddirigshess than or equal t@,;,, and hence must
equale,;,. Shoulde,,;, not exist, then termination can only occur becafise not everywhere defined,
and so the algorithm fails as required in this case.

We can further combine the correctness analysis with aimea-analysis to obtain the following.

Proposition 2.5. Given arigid321-avoiding permutation of sizek and a321-avoiding permutatiorr of
sizen there is an algorithm which determines an embedding iofto 7 if one exists, and fails otherwise,
whose run-time i®(kn).

Proof: The algorithm in question is Algorithm 1, and it remains towstthat we can achieve the bound
claimed for the run-time. As noted, each execution of th@ lioareases the value ¢fx) for at least one
z (in the linear orderingg, of eitherU, or L;). Since there are at mostpossible values any(z) can
take, and only distinctz, the loop certainly executes not more thlantimes. So, if we can establish
that the computation in the loop can be carried out in consitae, the claim follows.
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In an initialisation phase (not part of the algorithm prgpee can certainly compute tables of all the
valuesz{ for x in bothm andr, a € {<,»,v,a} andb either absent or equal to one bfor U. Forr this
can be done itD(k) time, and forr in O(n) time, so this initialisation can be absorbed into the claime
run-time. This ensures that the “Update” operations in tlsglcan be carried out in constant time. We
can maintainP( f) as a queue, and separately maintain an array of boolearsvaiigndicate whether or
notx € P(f). To start the loop, we dequeue someThe update operation ensures thas no longer a
problem, so we can set its value in the array &3 se. Moreover, the update operation only changes the
value of f(z), and increases it. So it cannot “solve” any existing prob(ether than that o) and the
only other way that it could change the problem set would ifé:ify moved to the right of (z*) or above
f(z*). Therefore, in the recompute phase we only need to check thaspossibilities, and enqueu®
and/orz* (setting their boolean values in the arrayttoue) if necessary. By making reference to the
array, we can ensure that we never have duplicate elemetits nueue — so every iteration of the loop
really does result in a proper update. O

Let us end this section by providing a simple example illatitg how the presented algorithm works.

Example2.6. Let us consider the text permutation=31245967108 1113 12represented in Figure 1
and the patterm = 2145 3. Note thatr is indeed rigid, whereas is not; we can however ignore the
fluid elements when looking for an embeddingrointo + as explained above. The upper elements in
are2, 4 and5 and the lower elements ateand3. We now describe a possible run of the algorithm (the
order in which problems are resolved is not determined):

1. We start with the initial rigid mapping = f, defined as followsfy(1) = fo(3) = 1 andfy(2) =
fo(4) = fo(5) = 3. By checking the condition in equation (1) we see that alinelets except
and2 are problemsP(fy) = Py = {3,4,5}.

2. We resolve the problem = 4 for which we havemax{ f(z*)};, f(2")},} = 9 and updatef such
thatf(4) = 9. In order to recomput®(f), we only need to check = 2* = 5. We cannot possibly
have resolved the problefnat the same time, so it remainsit( f) and we haveP(f) = {3, 5}.

3. We resolve the problem = 5 for which we havemax{ f(z*)};, f(z")1;} = 10 and updatef such
that f(5) = 10. In order to recomput®( f), we only need to check” = 3 (5* is not defined). We
cannot possibly have resolved the problgmt the same time, so it remains () and we have

P(f) = {3}

4. We resolve the last problem= 3 for which we havemax{f(z*)}, f(z")}} = 8 and updatef
such thatf (3) = 8. In order to recomput@(f), we only need to check* = 4 (3" is not defined).
The element is no longer a problem since it is large enough and #B(g) is empty.

5. The algorithm terminates successfully sidegf) is empty and has found the minimal embedding
e = emin Of 7 into 7 defined as followse(2) = 3, e(1) = 1,e(4) =9, e(5) = 10 ande(3) = 8.

3 Fluid Elements and the O(kn) Algorithm for 321-Avoiding Per-
mutations

In this section we aim to complete the proof of Theorem 1.1tardb so we must face the issue of fluid
elements in the pattern. Since a fluid element participates in 2b, each other element of is either
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below and left of it, or above and right of it. This is repre@shmost easily using another notational
convention. Suppose thatandé are two permutations of siz@ andn respectively. Thea @ 0 is the
permutation whose points are:

o U{(E+m,0()+m) : i€ [n]}.

Informally, to formo @ 6 we just place? above and to the right af. Clearly® is associative, though of
course not commutative.
For any321-avoiding permutation there is a unique decomposition:

T=T1 DD - Dy

where, forl < ¢ < ¢, m; is either rigid or a singleton, and it is never the case thah ke and ;4 1
are rigid. The singleton elements of this representationespond precisely to the fluid elementsqof
For an example, consider again Figure 1 where the black sgu@nrrespond to the blocks of this
representation.

Givenr of sizek we can easily compute this representatio®itk) time, simply by finding the fluid
elements ofr (which are those elements that are both left-to-right maxand right-to-left minima).
Henceforth, we assume that this representation is given.

In the algorithm to determine whetherembeds in- we will construct, for each < i < ¢t at most two
embeddings ofr; @ - - - @ 7; into 7 in such a way that, if any embeddingofinto + exists, then at least
one of the two partial embeddings can be extended to a fulkeldibg.

So we first consider the following question: given an embegldi;, of 71 @& --- @ =; into 7 that
extends to an (unknown) embedding, of = into 7, how can we construct a pair of embeddings of
™ B @ e into 7, at least one of which extends to an embedding ofto 77

We distinguish three cases foy, ;. For this purpose, I€f; denote the set of elements that lie above
and to the right of the image af,. Then, the image of restricted to the elements corresponding to
1 IS contained ifl;. Let us first consider the case wherg ; is rigid. Then the image of on the
elements corresponding g, ; must be greater than or equal to (point by point), the image_of under
its minimum embedding int@;. Thus, if we choose the minimal embedding®f; into T3, the resulting
embedding;1; extends to an embedding ofinto 7. ThoughT; is, strictly speaking, not a permutation
all of its associated operators are the same as thosg@fcept some are undefined, e.g., the leftmost
element ofT; has no left neighbour ifl; but may well have one in). So, in this case we can use
Algorithm 1 in order to find the minimal embedding®f, ; into 7; and hereby obtain a single extension
of e; with the required property.

A similarly easy case is wherg;,; is a singleton, i.e., a fluid element afig begins with its least
element (which is a fluid element as well). Then nothing calobeby mappingr; ., to that element.

The only remaining case is whefg,; is a singleton and the first elementBf is not its minimum.
Since every element df; lies above its first element, or above and to the right of itsimum, we can
extende; in two ways — one sending;. ; to the leftmost element d&f; (which is an upper element) and
one to its minimum (which is a lower element), and one of theast be extensible.

Now it seems that we might have a problem — given two partiddeddings ofr; @ - - - & m; might
they not extend to three or four candidate embeddings @f - - - & m; ® m;41? Indeed this is the case,
but only if 7;, 1 is a singleton. If it has four possible images, two belon§tcand two toL ... Since all
further elements of lie above and to the right of this fluid element, we only neegtain the embeddings
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where its image is the lesser of the two in each of these sékewlse, if it has three possible images
(one of which might be fluid), at least one of them can be igdofsother way to say this is that because
m™ B P d myr ends with its maximum element, so do its images under the ddibg. Among
three or more elements of3&1-avoiding permutation there are at least one and at mostlemoants that
do not participate as thein a 12 pattern. We need retain only those embeddings whose maximnat
such &, as otherwise they could be replaced by an embedding wittallesrmaximum in forming a full
extension.

Since the sum of the size of the rigid permutations in theegsgmtation ofr is at most the total size
of 7, the parts of the algorithm where we construct minimal rigiebeddings still require at mo&t kn)
time in total. Dealing with singletons (fluid elements) elgaequires only constant time since we can
find the next (to the right) fluid/upper/lower elementiim constant time. Also, filtering out non-optimal
extensions can be done in constant time since only the méslmaments of these extensions have to
be compared and at most four extensions exist at the same Waeonclude that the total cost of the
algorithmis stillO(kn). If 7 containsr the algorithm terminates successfully and returns one ssiply
two embeddings.

What if no embedding exists? Then, following the plan abavé & did (beginning from an empty
map, i.e., the case= 0) we must at some point reach a failing case of Algorithm 1,aasibly encounter
an emptyT;. In either case, we fail since we have demonstrated that tedding can be possible.

This completes the proof of Theorem 1.1.

Again, let us provide an example demonstrating how the #@lgarfor arbitrary321-avoiding patterns
works.

Example 3.1. As in Example 2.6, we consider the text permutatios 3124596710811 1312 rep-
resented in Figure 1. The patternds= 21345768. The upper elements im are2 and7, the lower
ones ard and6, and the fluid elements afe 4, 5 and8. The algorithm proceeds block by block in the
decomposition ofr.

1. It starts with the rigid block consisting of the elemehend1. Algorithm 1 takes care of this block
and, as in Example 2.6(2) = 3 ande(1) = 1.

2. The next blockr is the singleton elemest 77, the set of elements that lie above and to the right
of the image ot starts with a fluid element and thus we can«8j = 4.

3. We have the same situation fay which consists of the singleton elemerand se&(4) = 5.

4. The blockn, is again a singleton element. HowevEs,does not start with its minimal element and
thus two choices are possible fg(5): we can either sendlto the leftmost upper element ify or
to the leftmost lower element. We store these two posséslit; (5) = 9 ander,(5) = 6.

5. The next blockrs is rigid and we thus apply Algorithm 1 which is not detailedadne~or the choice
ey(5) =9 itleads toey (7) = 13 andey (6) = 12 whereas foe,(5) = 6 it leads toer,(7) = 10
ander,(6) = 8. These two partial embeddings are rigid and thus comparaple e;; and we can
disregarcky;. Thisis a good choice, sineg cannot be extended to an embedding @fto ~ since
the last elemert cannot be mapped anywhere.

6. It remains to determing8). SinceT} starts with its minimal element we can choose this one and
sete(8) = 11.
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centre
y s
Fig. 2: The decomposition of a skew-merged permutation into itéreeand four corners.

7. The algorithm terminates successfully and returns areedibg ofr into 7: e(2) = 3, e(1) = 1,
e(3)=4,e(4) =5,e(5) =6,e(7) =10, e(6) = 8 ande(8) = 11.

4 Skew-Merged Permutations

The permutations avoiding21 can be partitioned into two monotone increasing sequei@ssourse the
permutations avoidin@23 can be similarly partitioned (into decreasing sequenaed}lae results of the
previous section apply to them as well. However, the claskeiv-merged permutationthose that can
be partitioned into an increasing and a decreasing sequeateres further analysis, though as we shall
see the analogue of Theorem 1.1 is also true in this context.

Towards this goal, we first identify a setofid elements of a skew-merged permutation. In Figure 2
these are the elements lying in the corner regions. Spdbifiga say that an element of a skew-merged
permutation is of type:

NE ifit participates as 8 in a213;

NW ifit participates as & in a312;

SW ifit participates as & in a132;

SE  ifit participates as &in a231,
and we call any other element of a skew-merged permutatairal We first verify that the illustration
of a skew-merged permutation shown in Figure 2 is corrects iBha result due to Atkinson [4], and so
we only sketch part of the proof to give its flavour.

Proposition 4.1. The elements of a skew-merged permutation decompose bgstyghe@wn in Figure 2.
Moreover, the central elements form a monotone subsequence

Proof: Recall that another characterisation of skew-merged petions is the following: they are those
permutations that do not contain eitt3arl 2 or 2143.

Let a skew-merged permutationbe given, and suppose that= I U D is a partition ofr into a
monotone increasing and monotone decreasing sequencsid€ofirst elements of type NE (all other
types can be handled by parallel arguments due to symm8&inge any such participates a8 e a 213,
it must belong tal (otherwise, the elements participating as 2hrend1 would both belong td which is
of course impossible). So the elements of type NE form a nwreincreasing sequence.

Suppose thaC is of type NE, withBAC an occurrence o213 anda is of type SW withacb an
occurrence of32. Thena € I for similar reasons to the preceding ones’lpreceded (and hence was
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also smaller than it) ther3 Acb would be an occurrence @f43. So, all elements of type SW lie below
and to the left of those of type NE. Now suppose that of type NW, withzzy an occurrence df12. If

C were to precede we would have various cases: firstiflay belowy then B Azy would be2143, if C

lay abovey but belowz thenC'zzy would be3412, if C lay abovez andB abovey, thenBCzy would be
3412, but if B lay belowy then BAzy would be2143. As all these cases lead to contradictiafisnust
follow z.

All other cases can be dealt with similarly. Finally, to skattthe central elements form a monotone

sequence observe that they must certainly avoid alBef 213, 231, and312 lest some of them be non-
central. But, only monotone permutations (of either typ@jdthese four permutations. O

This decomposition can be computed in linear time:

Lemma4.2. Given a skew-merged permutation of siz¢here is an algorithm that computes its partition
into types inO(n)-time.

Proof: Let§ be an arbitrary skew-merged permutation. Notice that tinegi@ to the left of the leftmost
element of type NE or SE avoid31 and213. Such permutations have a characteristishape since
any element must not be intermediate in value between twis tigiht. We are interested in finding the
maximum prefix of which has this characteristic shape, or what amounts tcatime $hing, the leftmost
element o) such that the prefix ending at that element invoR&kor 213.

This can be accomplished in linear time: we s@drom left to right and determine for every position
i whether it is an ascené (i) < 6(i + 1)) or a descenti(7) > 6(i + 1)). At any moment we only store
the last encountered ascenand descend. The elemend(i) plays the role of d in a 231 pattern, if
0(i) < 6(a); it plays the role of &8 in a 213, if (i) > 6(d). If either of the two conditions apply to
positioni, we have identified the leftmost element of type NE or SE. Tate have found the boundary
line between the centre region and the Eastern regién of

In a similar manner we can find all of the boundary lines: bynsaag from right to left we find the
boundary between West and centre, by scanning from bottaopteve find the boundary between South
and centre and by scanning from top to bottom we find the bayrmtween North and centre. We can
thus compute the partition éfinto types by scanning four times. O

We will now describe an algorithm for skew-merged pattemd txts and provide the necessary the-
oretic background. This algorithm consists of two main @ah the first part, the non central elements
of the patternt are embedded inte using a similar approach as for rigid permutations and adgpt
Algorithm 1 which will deliver a minimal embedding of the n@entral elements. In the second part, we
will extend this minimal embedding to the central elemerfits.o

In this sense, the non-central elements of a skew-mergadypation correspond to the rigid elements
of a 321-avoiding permutation. Since they are defined by the ocogg®f certain patterns and since
embeddings preserve such patterns it is immediately cledrite : # — 7 is an embedding of one
skew-merged permutation into another, tkenust preserve the type of all non-central elements.

In order to be able to speak of minimal embeddings in the comeskew-merged permutations, we
need to introduce some new notation. For two non-centredetes of the same type we write< y if =
lies strictly further out from the center thgr(x < y will mean that either: <y or z = ). The minimum
with respect to this relatior is denoted byuterand the maximum bynner. For two embeddings;
ande, of the non-central elements ofinto = that preserve types we can define their meet by

e1 A ez(x) = oute{e; (), e2(z)}
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for all non-centrake € 7. Then, just as in th821-avoiding casee; A es is also an embedding of the
non-central elements afinto those ofr:

Lemma4.3. Letw be a skew-merged pattern with no central elementsranelan arbitrary skew-merged
permutation. Then the following holds:elf ande,; are embeddings af into 7 then their meef := ejAes
as defined above is an embedding as well.

Proof: Letxz # y be two elements imr and let us assume thatlies to the left ofy in 7. We need to
show thatf (x) lies to the left off(y) in  and that the horizontal relation betweemndy is preserved
as well. The key argument is that taking the minimum of thenelets in the above sense automatically
translates into taking their actual minimum or maximum (eajently, the leftmost or rightmost element),
depending on the type of element. In order to give a formadfyrwe distinguish between three cases.

e If x andy are of the same type. We detail the case of SW elements hetliee ather ones are
analogous (one simply needs to replace “minimum” by “maximiand/or “left of” by “right
of” depending on the type). In this case, taking the minimunthe elements in the sense de-
fined earlier is nothing else than taking their actual mimmuwvhich again is the same as tak-
ing the left-most element. Since we have thigt) < e1(z) < ei(y) (and f(x) is to the left
of e1(y)) as well asf(z) < ez(z) < e2(y) (and f(z) is to the left ofes(y)), it follows that

f(z) < outerle1(y),e2(y)) = f(y) (@andf(z) is to the left of f (y)).

e If z andy lie in opposite corners of the diagram. In this case the istate follows immediately
from the fact that an embedding preserves types. Indee@\Vdlelements are to the left of and
smaller than NE ones and all NW elements are to the left of amgl than SE ones. Thus both the
vertical as well as the horizontal relation betwaeandy is preserved.

e The remaining cases, whereandy are not of the same type, but are both elements in the south,
north, east or west. We detail the case of two elements indhté rn.e.,z is a NW element ang a
NE one. The other cases can be dealt with analogously (bycheiaging minimum with maximum
or vertical with horizontal positions). Without loss of geality, we further assume that < .
First, itis clear thaff (z) lies strictly to the left off (y) since types are preserved. Second, regarding
the horizontal relation betweenandy, let us note that taking the element that is furthest away
from the centre translates into taking the maximum. Thushaue thatf (y) > e1(y) > e1(z) as
well asf(y) > ea(y) > ea(x) which implies thatf (y) > f(z).

The consideration of these cases completes the proof. O

Observe the following: if eithet; or e; was the restriction of an actual embeddingof 7 into r to
the non-central elements then we can extend the mapping:- to central elements usingthere, and
thereby obtain an embedding. So, among all embeddingsinfo 7 there is one whose effect on the
non-central elements is the minimum of all the embeddings®hon-central elements ofinto those of
7. We will see later on how such an extension to the central @sofr can be found.

This minimum embedding of the non-central elements can beddy modifying the definition of the
problem set and the update rule of Algorithm 1. The only thirgneed to do in order to reflect the new
notion of minimum/maximum in this definition, is to redefiletnotation introduced in the Introduction.
Given a non-central elementin a skew-merged permutatian we denote by (wherever possible):
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z°"  the next non-central element furthertdrom the center in drizontal direction,

z'"  the next non-central element towards the centewirds) in_forizontal direction,

¥ the next non-central element towards the centewgirds) in ertical direction, and

z°?  the next non-central element furthartdrom the center in ertical direction.
For example, in the skew-merged patterdepicted in Figure 3 and = 7, we havexz" = 1, 2" = 1,
2™ =6, andz® = 1.

We also define the type of a non-central elemenh a skew-merged permutatioffy(z), to be the
corner in whiche lies, i.e.,T'(«) can be NW, SW, NE or SE. Moreover, we extend the notationdhiced
above as follows: Fos € {oh,ih,iv,ov} andb € {NE,SE, SW, NW}, we definez? to be the next
non-central element in according to direction that is of typeb. In other wordsyy is the first element
in the sequencér®, ()%, ...) of typeb. If there is no such element, i.e., no elemengifi, (*)*,...)
is of typeb, then we setry = 1. For example, in the skew-merged patterdepicted in Figure 3 and
z = 5, we havery,, = 7, 2% = 6, whereas?s, = | andz®, = L.

With this new notation, one can see that an analogue of Pitapo2.3 holds for skew-merged permu-
tations:

Proposition 4.4. Suppose that is an embedding of the non-central elements ofto 7, f is a mapping
of the non-central elements ofinto = that preserves types, and, for all non-centrat , f(x) <e(z).
Then, for all non-centrat €

inner{ F@m)id o, f(xov)gzd(w)} Qe(x).

The proof of this Proposition is analogous to the one of Psdjom 2.3.
We thus say that a non-central elemerdf a skew-merged permutation ieoblemif:

f(z) < inner{f(xo")%‘(z), f(xov)i%}(m)} ; (2)

for a mappingf of the non-central elements afinto r that preserves types. Moreover, when we re-
solve the problemx: by updating the value of (z) this is done analogously to the case3@fi-avoiding
permutations and we s¢fz) = inner{f(x(’h)gﬁ(m), f(xov)?(z)}

This finishes the description of the necessary modificatadmsigorithm 1. As for Algorithm 1 we
assume that® andz{ for a € {oh,ih,iv,ov} andb € {NE,SE,SW, NW} is precomputed and thus
can be found in constant time. Given the decomposition afidr into types, these precomputations can
be done in linear time. Both the steps required for the upofafeand the recomputation of the problem
setP(f) can be carried out in constant time.

To complete the proof of Theorem 1.2 we must show that, hafongd a minimum embedding of
the non-central elements afto those ofr, the existence of a full embedding can also be determined
sufficiently quickly. We need to determine whether or notdhatral part ofr can be embedded into the
remainder ofr, i.e., the set of elements inwhich consists of central elements and all adjacent elesnent
that have not yet been used in the minimum embedding. Theadgairt of is a monotone pattern of a
certain size at mogt, and the remaining part afis a skew-merged permutation of size at mog$ivhose
endpoints we know).

In general, finding a longest increasing (or decreasingyeyisence of sizk in a permutation of size
n can be done in timé&(n loglog k) [7]. Thus, checking whether the central part can be embeihded
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m=1734256 T7=10193546278

Fig. 3: Decomposition of the skew-merged permutatiarendr into their centres and four corners.

the remaining part of can be done within th@(nk) runtime bound of our algorithm. In the special case
of skew-merged permutations, finding a longest increagiesp(, decreasing) subsequence can even be
done inO(n) time. To be more precis€)(n) time is only required for obtaining the partition into five
types as represented in Figure 2 (which is already availatdar case); the remaining steps require only
constant time.

Indeed, for longest increasing subsequences the followfrsgrvations can be made (the case of de-
creasing subsequences can be treated analogously): Thergteof type SW and NE will always con-
tribute to a longest increasing subsequence. Moreovérgsabsequence also contains as many elements
as possible from the centre, i.e., if the center is incregtbian all elements contribute to a longest increas-
ing subsequence and if the center is decreasing we canaailgipiick one centre element. Note that it is
never advantageous to include elements of type NW or SE.CHnide seen as follows: At most one NW
or SE element can be part of an increasing subsequence. iTthescentre is non-empty, it is certainly
not advantageous to include a NW or SE element. Let us ashahthe centre is empty. An element of
type NW occurs as & in a 312 pattern. Among the elements playing the role of thend the2, at least
one element (and possibly both of them) is of type SW or NE.sTimcluding an element of type NW
would force us to exclude one or two elements of type SW or NEather words, we cannot increase
the size of an increasing subsequence by adding an elemgmeoNW. A similar argument holds for
elements of type SE. We conclude that for the size of the Isingereasing subsequence we only have to
add the number of elements of type SW and NE as well as the Gihe bngest increasing subsequence
in the central part. Let us end this section by providing apdénexample illustrating how this modified
version of Algorithm 1 works.

Example4.5. Let us consider the text permutation= 10193546 2 78and the patterm = 1734256.
Both permutations and their decomposition into types aoevahin Figure 3. We start by describing a
possible run of the algorithm (the order in which problenms @solved is not determined) finding the
minimal embedding of the non-central elements dfito 7

1. We start with the initial mapping = f, that sends all non-central elements of one type in the
minimal element of this type in (i.e., the element that is furthest out from the centerk tefined
as follows: f(1) = 1, f(7) = 10, f(5) = f(6) = 8 and f(2) = 2. We compute the problem set
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using the condition in equation (2) and obtdf) = {5, 7}.

2. We resolve the problem = 5 for which we havenner{ f(z°")i ., f(2°?)%,} = 7 and update
f such thatf(5) = 7. In order to recomputé®(f), we only need to check® = 2 sincez™ is
not defined. The choicg(2) = 2 does not create a problem with this new choice f¢5). We
cannot possibly have resolved the problemt the same time, so it remains () and we have

P(f) ={7}.

3. We resolve the problem = 7 for which we havénner{ f(z°")%y,,, f(2°*)%, } = 9 and update
f such thatf(7) = 9. In order to recomput(f), we only need to check’ = 6 sincez™ is not
defined. The choic¢(6) = 8 does not create a problem with this new choiceff¢r).

4. The algorithm has found the minimal embedding e,,;, of the non-central elements ofinto =
defined as followsyf (1) = 1, f(7) =9, f(2) = 2, f(5) = Tand f(6) = 8.

5. We need to map the central elemehtnd4 of = into the remaining part of (marked by a dotted
line in Figure 3). Since the central elementsratonsist of an increasing subsequence of size two,
we can choose any such subsequence within the dotted ared/Nle decide to sef(3) = 3 and
f(4) = 5 which finally gives an embedding afinto 7.

5 Concluding Remarks

We conclude by mentioning some open problems related toatbik. We have seen in Theorem 1.1
that Av(321)-PPM can be solved i®(kn) time. Guillemot and Vialette showed that the more general
Av(321)-PATTERN PPM problem can be solved i(kn*V*+12) time. It is an open problem whether
Av(321)-PATTERN PPM can be solved in polynomial time. Note that if the pat@vaids132, 231,
213 or 312 then it is automatically separable and thus ¢h® PM problem and th€-PATTERN PPM
problem for all four classeav(132), Av(231), Av(213) or Av(312) can be solved in polynomial time.
Consequently thav(321)-PATTERN PPM—which is equivalent to th&v(123)-PATTERN PPM—is the
only open case foAv(/5)-PATTERN PPM where3 has sizes.

In caseAv(321)-PATTERN PPM turns out to bé&P-complete,Av(3)-PATTERN PPM will also be
NP-complete if3 is any permutation of size four other thati3, 3142, 2413, or 3412. Interestingly, this
list contains exactly those patterns that define the clasfssiew-merged and of separable permutations.
Moreover NP-completeness div(321)-PATTERNPPM would imply thatAv(5)-PATTERNPPM isNP-
complete fors of size five or more, since by Erd6s—Szekeres Theorem [8yga&rmutation of size at
least five contain$23 or 321.

Looking at the big picture, Theorems 1.1 and 1.2 show@hBP M can be solved in polynomial time for
Av(321) andAv(2143, 3412), respectively. It might be th&t-PPM is always polynomial-time solvable
for a fixed, proper clas€. It would be of considerable interest to either establish sfatement or to
prove a dichotomy theorem that distinguishes permutatiasses for whiclf-PPM is polynomial-time
solvable and those that yield hafdPPM instances. The same question can be aske@-fo{TTERN
PPM, although it seems rather unlikely that this problemdl/pomial time solvable for every fixed,
proper clasg’.
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Note added in proof. After a draft of this paper was posted on the arXiv, Jelinad ldyncl [12] estab-
lished that theAv(3)-PATTERN PPM problem is indeeNP-complete for every

B¢ {1,12,21,132,213,231, 312}.

They further showed that thev(4321)-PPM problem isjNP-complete, even when the pattern is restricted
to be321-avoiding.
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We study the iteration of the process of moving values to the right in permutations. We prove that the set of per-
mutations obtained in this model after a given number of iterations from the identity is a class of pattern avoiding
permutations. We characterize the elements of the basis of this class and enumerate it by giving their bivariate expo-
nential generating function: we achieve this via a catalytic variable, the number of left-to-right maxima. We show that
this generating function is a D-finite function satisfying a differential equation of order 2. We give some congruence
properties for the coefficients of this generating function, and show that their asymptotics involves a rather unusual
algebraic exponent (the golden ratio (1 + 1/5)/2) and some closed-form constants. We end by proving a limit law: a
forbidden pattern of length n has typically (Inn)//5 left-to-right maxima, with Gaussian fluctuations.

Keywords: Permutation pattern, left-to-right maximum, insertion sort, generating function, analytic combinatorics,
D-finite function, supercongruence

1 Introduction

In computer science, many algorithms related to sorting a permutation have been analysed and shown to
have behaviours linked to nice combinatorial properties (see e.g. Knuth (1998)). Their complexity can be
analysed in terms of memory needed, or number of key operations (like comparisons or pointer swaps). An
important family of algorithms, like the so-called insertion algorithms, or in situ permutations, are quite
efficient in terms of the number of pointer swaps (but are not the fastest ones in terms of comparisons).
Due to this higher cost, they have been much less studied than the faster stack sorting algorithms. Like
for the stack algorithms, instead of seeing them as an input/output pair, we can see them like a process:
input and set of intermediate steps. This opens a full realm of questions on such processes, and they often
lead to nice links with other parts of mathematics (like the link between trees, birth and death processes,
random walks in probability theory, or permutations and Young tableaux in algebraic combinatorics). Our
article will investigate a link between a sorting algorithm, patterns in permutations, and their asymptotics
counterparts.
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Another motivation to analyse such processes comes from the field of bioinformatics. Indeed, in ge-
nomics, a crucial part of study is to estimate the similarity of two genomes. This consists in finding the
length of a shortest path of evolutionary mutations that transforms one genome into another. Usually, the
main operations used in the rearrangement of a genome are of three different types: substitutions (one
gene is replaced with another), insertions (a gene is added) and deletions (a gene is removed). For in-
stance, we refer to Jones and Pevzner (2004); Meidanis and Setubal (1997) for an explanation of these
operations, and the notions of transposons or jumping genes.

As the problem is too hard in full generality, many simpler mathematical models of the genome are
used (see Ewens et al. (1982)): one of them is using permutations of {1,2,...,n} where each gene is
assigned a number. Following the idea of transposition mutations (see Jones and Pevzner (2004)), our
motivation is to find some combinatorial properties in terms of pattern avoiding permutations whenever
one element is deleted and inserted in a position to its right. This operation will be called a right-jump.

1234567 ~ 12456237

Figure 1: A right-jump in the permutation o = 1234567. In this article, we investigate the structure of permutations
obtained after several iterations of such right-jumps.

This operation is a variant of genome duplication, which consists of copying a part of the original
genome inserted into itself, followed by the loss of one copy of each of the duplicated genes. In particular,
it is comparable to the whole duplication-random loss model studied in Chaudhuri et al. (2006). Although
there are many connections between these models, it is surprising that the behaviour of their combinato-
rial properties depends on different parameters: the right-jump model reveals some links with left-to-right
maximum statistics (see Baril (2013); Béna (2012)), while the whole duplication-random loss model re-
veals links with descent statistics (see Baril and Vernay (2010); Bouvel and Ferrari (2013); Bouvel and
Pergola (2010); Bouvel and Rossin (2009); Chaudhuri et al. (2006); Mansour and Yan (2010)).

In the literature, such right-jumps in permutations are also found in the domain of sorting theory. In-
deed, it corresponds (modulo a mirror symmetry) to the insertion-sorting algorithms on permutations
(see Knuth (1998)). Since the seminal work of Knuth on this subject, many articles related to sorting with
a stack exhibit links with pattern avoiding permutations. In contrast, for insertion sorting algorithms (also
the subject of a vivid literature), only one study exhibits links with pattern avoiding permutations. Indeed,
in his thesis, Magntsson (2013) proves that the set of permutations that can be sorted with one step of the
insertion-sorting operator is the class of permutations avoiding the three patterns 321, 312 and 2143.

Plan of the article. In Section 2, we recall some basic facts on permutations patterns. In Section 3, we
generalize the result of Magnusson by studying the iteration of right-jumps in terms of pattern avoiding
permutations: we prove that the set of permutations obtained from the identity after a given number of
right-jumps is the class of permutations avoiding some patterns, which we characterize. In Section 4, we
enumerate these forbidden patterns by giving their bivariate exponential generating function (involving
an additional parameter: the number of left-to-right maxima), and we give the corresponding asymptotics
and limit law. We also give some modular congruences for our main enumeration sequence. In Section 5,
we conclude with several possible extensions of this work.
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2 Patterns in permutations

In this section, we give some classical definitions and properties on patterns in permutations. For any
permutation o € S,, (the set of permutations of length n), the graphical representation of ¢ = 0105 ... 0y,
is the set of points in the plane at coordinates (i, o;) for i € [n]?. For instance, the permutation 53621487
has the graphical representation illustrated in Figure 2. A left-to-right maximum of o € S,, is a value o,
1 <4 < n,suchthat o; < o; for j <. A value o; of o, 1 < i < n which is not a left-to-right maximum
will be called a non-left-to-right-maximum of o. For instance, if 0 = 53621487 then the left-to-right
maxima are 5, 6, 8 and the non-left-to-right-maxima are 1,2, 3,4, 7.

Figure 2: The graphical representation of 0 = 53621487. We show an occurrence of a pattern 213 with a dashed
line; big green points are the left-to-right maxima and small black points are non-left-to-right-maxima.

A permutation 7 of length &, is a pattern of a permutation o € S,, if there is a subsequence of o which
is order-isomorphic to T, i.e., if there is a subsequence o;, ...0;, of o with1 <43 < -+ <4, < nand
such that 0;; < 0;, whenever 7; < m,. We write 7 < o to denote that 7 is a pattern of o. A permutation
o that does not contain 7 as a pattern is said to avoid w. For example, o = 2413 contains the patterns
231, 132, 213 and 312, but o avoids the patterns 123 and 321. The set of all permutations avoiding
the patterns 71, ..., 7, is denoted by Avoid(my,...,my,). We say that Avoid(my,...,m,) is a class
of pattern avoiding permutations with basis {m1,. .., }. For instance, we refer to the book of Kitaev
(2011) and Béna (2012) to deepen these notions. A set C of permutations is stable for the involvement
relation < if, for any o € C, for any m < o, then we also have € C.

Now, we formulate a definition that is crucial for the present study.

@ Tn this article, we write [n] for {1,2,...,n}.
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Definition 1 (Permutation basis and basis permutations). If a set C of permutations is stable for the
involvement relation <, then C is a class of pattern avoiding permutations: C = Avoid(B). The basis B
of forbidden patterns is then given by B = {0 ¢ C,Vm < o with w # o,m € C} . In other words, the basis
B is the set of minimal permutations o that do not belong to C, where minimal is intended in the sense of
the pattern-involvement relation < on permutations, that is: if 1 < o and w # o then w € C. Notice that
B might be infinite. We call basis permutations the permutations belonging to B.

Equipped with these definitions, our mission consists now in giving a description of the permutations
belonging to the basis B,, (the permutations which are the minimal forbidden patterns) for the set C,, of
permutations at distance at most p from the identity, i.e., permutations obtained from the identity after at
most p right-jumps.

3 lteration of right-jumps in permutations: a structural description
of the forbidden patterns

In this section we study the iteration of right-jumps in terms of pattern avoiding permutations. We es-
tablish that the set C,, of permutations obtained from the identity after at most p right-jumps is a class of
permutations avoiding some patterns that we characterize.

Lemma 1 (Characterization of the distance). A permutation obtained from the identity after p right-jumps
contains at most p non-left-to-right-maxima.

Proof: The result holds for p = 1; indeed a right-jump transformation of the identity permutation creates
the permutation 12 ... (i —1) (i+1)...(j —1)ij...nfor1 <i < j, where i is the only one non-left-
to-right-maximum. Now, let us assume that each permutation 7 obtained from the identity after (p — 1)
right-jumps contains at most p — 1 non-left-to-right-maxima. Let o be a permutation obtained from the
identity after p right-jumps. Using the recurrence hypothesis, o is obtained from a permutation 7 with at
most p — 1 non-left-to-right-maxima by moving an element 7;, 1 < ¢ < n, in a position to its right.

We distinguish two cases: (1) 7; is a non-left-to-right-maximum, and (2) 7; is a left-to-right maximum.

Case (1): Since m; is a non-left-to-right-maximum, there exists j < 4 such that 7; is a left-to-right
maximum satisfying 7; > ;. Since we move 7; to its right, 7; remains on the left of 7; in o which implies
that 7; is a non-left-to-right-maximum in o. Using the same argument, any non-left-to-right-maximum
T in 7 remains a non-left-to-right-maximum in o. Moreover, let 75 be a left-to-right maximum in 7,
ie., m; < m forall j < k. Since the right-jump transformation moves to the right of a non-left-to-right-
maximum, all values on the left of 75 in o are lower than 75, which proves that 7 remains a left-to-right
maximum in o. Therefore, o contains at most p — 1 non-left-to-right-maxima (as 7 does).

Case (2): m; is a left-to-right maximum, i.e., 7; < m; for all j < 7. Since 7; is moved to its right, any
left-to-right maximum located on the left of 7; in 7 remains a left-to-right maximum in o. On the other
hand, any left-to-right maximum located on the right of 7; in 7 is greater than 7; and thus, it remains a
left-to-right maximum in o. Therefore, the number of left-to-right maxima in o is at least the number of
left-to-right maxima in 7 minus one (we do not consider 7;). This means that the number of non-left-to-
right-maxima in o is at most p.

Considering the two previous cases allows to complete the proof, by induction. O
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‘We now derive our first enumeration result for the set D,, of permutations at distance p from the identity,
i.e., the set of permutations reachable from the identity with p right-jumps, but that one cannot reach with
less than p right-jumps: C;, = Uyc[p Dk, and this union is disjoint.

Theorem 1 (Permutations after p right-jumps). The set D,, of permutations at distance p from the iden-
tity is the set of permutations with exactly p non-left-to-right-maxima. Accordingly, the number d., , of
permutations of length n in D,, is counted by the Stirling numbers s(n,n — p):

L1 [ o =

0<j<h<p

Proof: After considering Lemma 1, it suffices to prove that any permutation o with at most p non-left-
to-right-maxima can be obtained from the identity after p right-jumps. Let o be a permutation with
p > 1 non-left-to-right-maxima. Let us assume that the leftmost non-left-to-right-maximum is ¢; and
let j < 4 be the position of the smallest left-to-right maximum o; such that o; > o;. Then we set
o =o0y... 0j_10i0j...04—1041 -..0p. Since we have o; > o0, and also o; > o0;_; (if 0;_; exists),
o; becomes a left-to-right maximum in ¢’. Thus, ¢’ contains exactly p — 1 non-left-to-right-maxima and
by construction, o can be obtained from ¢’ by a right-jump. This proves that permutations at distance p
from the identity are exactly the permutations with n — p left-to-right-maxima, which are known to be
counted by s(n,n — p), the signless Stirling number of the first kind (see Flajolet and Sedgewick (2009)
for the closed-form formula due to Schlomilch, and sequence OETS A094638 in Sloane and collaborators
(2016) for many occurrences of the corresponding triangular array). O

For instance, the values of d,, ,, forn = 7and 0 < p < 7 are 1, 21, 175, 735, 1624, 1764, 720.

The following corollary says a little more on the lattice structure associated to our process “a particle
jumps to the right”.

Corollary 1 (Changing the starting point and sorting algorithms). For any permutation p, one denotes
by t,, its number of non-left-to-right-maxima. Let o and © be two permutations, then t,—1., right-jumps
are necessary to obtain 7 from o. In particular, t,—1 right-jumps are necessary and sufficient to sort by
insertion the permutation o into the identity.

Proof: Firstly, ¢, right-jumps are necessary and sufficient to obtain ¢ from the identity. Therefore, t,-1.,
transformations are sufficient and necessary to obtain ¢! - 7 from the identity. We set ¢ = ¢, 1., and
let Id = xo0,X1,---,Xt—1,X¢ = 0! - be a shortest path between the identity and c~! - 7. Now,
let us prove that if a permutation [ is obtained from « by one right-jump, then for any permutation
v, v - B is also obtained from 7 - a by one right-jump. Indeed, if we have & = ajas...q, then 3
can be written as 8 = a1 ... 010441 ... 0j—1050; . .. . Composing by a permutation -y, we obtain
7-a=7(m)y(az)...y(an) and v - B = y(a1) ... y(ai—1)v(@it1) - - y(og—1)v(ea)y(ay) - y(an)
which proves that v - 3 is also obtained from -y - a by one right-jump. So if we compose by ¢ at each
step of the above shortest path, then we obtain a shortest path of ¢,-1., right-jumps from ¢ to 7, which
completes the proof. O
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Since the set C,, of permutations obtained after p right-jumps is stable for the relation <, C,, is also a class
Avoid(B),) of pattern avoiding permutations where B,, is the basis consisting of minimal permutations ¢
that are not in C,, (see Definition 1). Theorem 2 gives the explicit description of these basis permutations.

Theorem 2 (Structural description of the basis permutations). A permutation o € S,, belongs to the basis
B,, of forbidden patterns, if and only if the following conditions hold:

(1) o contains exactly p + 1 non-left-to-right-maxima.
(22) n — 1 is a non-left-to-right-maximum.
(ii1) o9 is a non-left-to-right-maximum.

(iv) For any three left-to-right maxima, o;, 0; and oy, (with i < j < k) such that there is no left-to-right
maximum between them, there exists a non-left-to-right-maximum o, (with j < t < k) satisfying
o > 0;.

Proof: N.B.: Figure 3 on next page illustrates the different claims and notations of this theorem.

Let 0 € S, be a permutation belonging to the basis B,, i.e., 0 ¢ C, and 7 < ¢ implies 7 € C,,.
Throughout this proof, we refer to Figure 3 for an illustration of the three conditions (i7), (¢4¢) and (:v).

- First, the deletion of a non-left-to-right-maximum in o decreases the number of non-left-to-right-
maxima by one exactly. Therefore, the minimality of ¢ implies that o necessarily contains exactly p + 1
non-left-to-right-maxima, which proves (2).

- For a contradiction, assume that (¢¢) is not satisfied, i.e., n — 1 is a left-to-right maximum. Since n
is always a left-to-right maximum, n is on the right of n — 1 in 0. Thus, the permutation 7 obtained by
deleting n from o also contains p + 1 non-left-to-right-maxima (a non-left-to-right-maximum on the right
of n in ¢ remains a non-left-to-right-maximum on the right of n — 1 in 7). Therefore, 7 does not belong
to Cp; this gives a contradiction with the minimality of o.

- For a contradiction, assume that (z:z) is not satisfied, i.e., o2 is a left-to-right maximum and thus,
o1 is smaller than o5. Thus, the permutation 7 obtained by deleting o1 from ¢ also contains p + 1
non-left-to-right-maxima. Indeed, a non-left-to-right-maximum o; in o such that 0; < o; becomes a
non-left-to-right-maximum o; < o2 — 1 in 7. Moreover, a non-left-to-right-maximum o; in o such that
o; > o7 (there is ¢, 2 < ¢ < i, with 0; < oy) becomes a non-left-to-right-maximum ¢; — 1 in 7 with
0; — 1 < oy — 1. Therefore,  does not belong to C,; this gives a contradiction with the minimality of o.

- For a contradiction, assume that (iv) is not satisfied; i.e., there are (i,j,k), 1 < i < j < k < n,
such that o;, 0; and o}, are three consecutive left-to-right maxima of ¢ (consecutive means that there is
no other left-to-right maximum between o; and o; and between o; and o3), and such that there is no
non-left-to-right-maximum oy, j < ¢ < k, satisfying o; < oy. Let w be the permutation obtained from o
by deleting o ;. It is clear that any non-left-to-right-maximum on the left of ¢; in o remains a non-left-to-
right-maximum in 7. Let o4, £ > k, be a non-left-to-right-maximum on the right of 0, in 0. If 0p < 0
then oy < 0; < 0} — 1 and oy remains a non-left-to-right-maximum in 7. If o, > o; then there is oy,
t > k, such that oy < o; > oy, and thus, there is 0; — 1 on the leftof o, — 1 in 7w withoy — 1 > 0, — 1
which means that oy — 1 is a non-left-to-right-maximum in 7. Let oy, j < ¢ < k, be a non-left-to-right-
maximum between o; and o, in . Assuming that (iv) is not satisfied, we deduce that oy < o3, and oy
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remains a non-left-to-right-maximum in 7. Finally, 7 also contains p 4+ 1 non-left-to-right-maxima; this
gives a contradiction with the minimality of o.

Conversely, let ¢ be a permutation satisfying (¢), (¢7), (¢4¢) and (¢v) and 7 be a permutation obtained
by deleting 0;, 1 < i < n, from 0. Let us prove that 7 belongs to C,, that is, 7 contains at most p
non-left-to-right-maxima.

- If 0; is a non-left-to-right-maximum of o, then 7 has p non-left-to-right-maxima and thus, 7 € C,,.

- Now, let us assume that o; is a left-to-right maximum of ¢. If o; = n, then (i7) implies thatn — 1 is a
non-left-to-right-maximum of ¢ and a left-to-right maximum in 7; this implies that 7 contains p non-left-
to-right-maxima and thus, 7 € C,. If 0; = o1, then (4¢7) implies that o2 is a non-left-to-right-maximum
of o and o9 — 1 is a left-to-right maximum in 7; this implies that 7 contains p non-left-to-right-maxima
and thus, m € C,. If there exists (4, k), 1 < j < i < k < n, such that ¢; and oy, are left-to-right maxima
(we choose 7 the greatest possible and k the lowest possible with this property). Then, (iv) implies that
there is oy, i < £ < k, such that 0; < 0y < 0; (we choose the lowest possible £ > 7). Thus, oy is a
non-left-to-right-maximum in ¢ and becomes a left-to-right maximum in 7, which implies that 7 contains
exactly p non-left-to-right-maxima, and thus 7 € C,,.

Finally, the permutation 7 necessarily belongs to C,,, which completes the proof. O

(id) . n—1

(iv)

(iii)

[ep) o Jj o O

Figure 3: An illustration of Theorem 2 that characterizes the basis permutations of 5,. Condition (7) states such a
basis permutation has p + 1 non-left-to-right maxima (drawn with a small black point, while left-to-right maxima are
drawn with a big green point), condition (i7) states that n — 1 is not a left-to-right maximum, condition (¢i7) states
that o2 is not a left-to-right maximum, and condition (¢v) states that there is a "higher” non-left-to-right maximum
between 3 left-to-right maxima.
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Corollary 2 (Length of the forbidden patterns). Permutations in B, have length < 2(p+ 1) and > p+ 2.
As a consequence, B, is a finite set.

Proof: Theorem 2 implies that the number of left-to-right maxima in a basis permutation is at most the
number of non-left-to-right-maxima. Since a basis permutation of B, has p + 1 non-left-to-right-maxima,
its length is at most 2(p + 1). O

For instance, the basis for p = 0, 1,2 are respectively By = {21}, B; = {312,321,2143} (recov-
ering the result of Magnusson), and By = {4123,4132,4213,4231,4312,4321, 21534, 21543, 31254,
32154, 31524, 31542, 32514, 32541, 214365}

4 Enumerative results for basis permutations

In order to obtain a recursive formula for the number b,, ,, of permutations of length n in the basis 5, we
present the following preliminary lemma.

Lemma 2 (A recursive description). Let o € S, be a basis permutation having p > 1 non-left-to-right-
maxima and such that o1 = n, k > 0. Let « be the subsequence 0105 . ..oy, and T be the permutation
in Sy, isomorphic to a. Then, m is a basis permutation with p — n. + k + 1 non-left-to-right-maxima.

Proof: Any permutation o can be uniquely written as 0 = an8 where « and 3 are two subsequences of
[ — 1]. Let k be the length of v and let 7 = 7175 . . . 71, be the permutation of [k] that is isomorphic to
the subsequence «. Let us prove that 7 is minimal.

Since o is minimal, it satisfies the three conditions (i7), (ii7) and (iv) of Theorem 2. Since all elements
in 8 are non-left-to-right-maxima in o, 7 contains exactly p — (n — 1 — k) non-left-to-right-maxima and
thus, n — p — 1 left-to-right maxima.

- The condition (z¢7) of Theorem 2 on ¢ does not involve the part n/3. Therefore, 7 satisfies (z¢7).

- The deletion of ng from o preserves the condition (iv) on 7. Thus, 7 satisfies (iv).

-Leto;, o5 and o1 = n, 1 < i < j < K, be the last three left-to-right maxima of o. After the
deletion of n3, the two left-to-right maxima of o, o; and o, are respectively transported in 7 into 7; and
m; = k. Condition (iv) on o ensures that there is o, between ¢; and n such that o, > ;. The greatest
value oy satisfying this property is then transported in 7 into k£ — 1, which proves that k — 1 is on the right
of k in . Thus, 7 satisfies (7).

Using Theorem 2, the permutation 7 is a basis permutation with p + ¢ — n 4+ 1 non-left-to-right-
maxima. O

Theorem 3 (An infinite recursion). The number by, ,, of basis permutations of length n in B, (or equiv-
alently having exactly p + 1 non-left-to-right-maxima) is given by the following recurrence relation (for

p<n-—2):
p—1

-2
bn,p = Z(f + 1)' . (n Y, ) . bn7€72,p7€71

=0
anchored with b, , = 0ifp < (n—2)/20rp >n—2, and b, ,_o = (n— 1)! forn > 1.
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Proof: Any permutation o of length n > 1 contains at least one left-to-right maximum and thus, at most
n — 1 non-left-to-right-maxima which implies that b,, ,, = 0 for n < p+-1. Using the proof of Corollary 2,
we also have b,, , = 0 for n > 2(p+ 1). Moreover, the basis permutations of length n with n — 1 non-left-
to-right-maxima are the permutations of the form no where a € S,_1. So, we have b, ,_2 = (n — 1)!
forn > 1.

Now, let us prove the recursive relation. Let o € S,, be a basis permutation with p + 1 non-left-to-
right-maxima. We consider its unique decomposition o = anf3 where « and 3 are some subsequences of
[n —1]. Let £ + 2, £ > 0, be the length of nS and let 7 be the permutation in S,,_¢—_2 isomorphic to a.
Using Lemma 2 with k = n — ¢ — 2, 7 is minimal with p — £ — 1 non-left-to-right-maxima. So, we can
associate to o = anf the pair (7, ) where 7 € S,,_¢_2 is minimal with p—¢—1 non-left-to-right-maxima
and v € Sp41 is isomorphic to 3.

Conversely, let 7w be a basis permutation of length n — ¢ — 2 with p — ¢ — 1 non-left-to-right-maxima
and v € Sp41. We construct a basis permutation o of length n with p + 1 non-left-to-right-maxima as
follows. From v € Sy 1, we construct a subsequence S of [n — 1] of length ¢ 4 1 such that 8 contains
the value n — 1 and such that § is isomorphic to . Since n — 1 belongs to (3, its position in 5 also is
the position of the greatest value of v. So, 3 is characterized by the choice of ¢ values among [n — 2].
Now, we define the unique subsequence « of [n — 2]\ X isomorphic to w where X is the set of values
used in 8. This construction ensures that o = anf is a basis permutation of length n with p 4+ 1 non-left-
to-right-maxima, and so ¢ € B,,. So, there are (";2) possibilities to choose the values of 8 and (¢ 4 1)!
possibilities to choose v and b,,_¢—2 ,—¢—1 possibilities to choose a basis permutation 7 € S,,_;_» with
p — £ — 1 non-left-to-right-maxima. Varying ¢ from 0 to p — 1, we obtain the recursive formula. [

Theorem 3 allows us to find the bivariate exponential generating function for the number of basis
permutations according to the number of non-left-to-right-maxima.

Theorem 4 (Closed-form for the bivariate generating function). Consider the bivariate exponential gen-

. . P . nyP . .
erating function B(x,y) = 3,50 ,>0 bn.p i~ Where the coefficient of = is the number by, ;, of basis
permutations of length n in By,. Then, we have

1 1 1 1 1 1 1
= —(1-= — )2 V) L — —)z2(-V) 2
B(z,y) 5 (1 V> (1—xy)? + % (1 + V) (1—zy)> 7’

where V :=+/1+4/y.

Proof: Setting £, () 1=, 5 bn,n—p% and F(2,y) := >_ . Fp(z)y?, wehave B(z,y) = F(zy, 1/y).
(We work with the generating function F),(z) of the (b, ,—,)’s rather than the generating function of the
(bn,p)’s because then the derivation of the proof is simpler to write).

Taking the second derivative of F'(z,y) with respect to x gives

O7F (z,y) = 02 | D Fp(x)y? | = 02Fo(z) + O2F1(x)y + 02 Fa(z)y® + Y O2F,(x)y”. ()
p=>0 p=>3
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Now, the recursive relation of Theorem 3 for b,, 12 ,,— 2 implies for p > 3:

n n n—p+1
T x n
8§Fp(33) = Z bn+27n—p+2ﬁ = Z ol Z ¢+ (g) “on—t,(n—0)~(p-1)
£=0

n>0 : n>0
" " 1
— E 1 ! — . E bn n— —_— = 7F — .
n>0(n " ) n! n>0 o n! (1 - x)Q b l(x)

Plugging this recurrence into the equation (1) (and using Fy(z) = Fi(x) = 0) gives:

PF(z,y) = ai&mﬂiﬁmx)y@

p>2

It remains to simplify F»(z); the initial conditions of Theorem 3 (b, ,—2 = (n — 1)! and b,, , = 0 for
n < 2) imply that

Fy(x) = an,n_g%l = Z Mm" =—In(1—2)—=z.

n!
n>2 n>2
This leads to the main differential equation:

_Yy
1-a)?

First, by plug & prove, the solutions of 92F () = yF(x)/(1—x)? are a linear combination of (1 —z)%,
with oo = (1+ /1 +4y)/2, ora = (1 — /1 + 4y)/2. Now, F(x,y) = —y is a trivial particular solution
of the non-homogeneous differential equation (2), so the general solution of this differential equation is
of the form:

Y

RF(z,y) = 0iF(x)y” + m(

F(x,y) = y+ F(x,y)). (2)

F(z,y) = K(y) - (1= a) 2 VD 4 L(y) - (1 - 2) 207V g,
Since F(0,y) = 0 and WJ «=0 = 0, we respectively deduce the two equations

K(y)+L(y)—y=0  and —K(y) - (1++1+4y) = Ly)- (1 —/1+4y) =0,

thus we obtain

K( )zgim and L(y) = yvitdy+1
Y=o At ay V= Aray

This gives

1+4y—1 1 T+4y+1 Lo
F(x,y):gm -(l—x)f(HM)-s-y\/iy -(1—;10)5(1 «/1-5-41/)_y7

VI+dy 2 JI+dy

and therefore the theorem, as B(z,y) = F(zy, 1/y). O
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Theorem 5 (Asymptotics). The exponential generating function for the number of basis permutations
with respect to their length is given by

" \/5_1
B(z) = B(x,1)= bp— = ~———
(x) (z,1) E) W

1 1—
@.(1_@ 2
2V5

-(1—95)L2\/g+

x? a3 x? x° 2®

l‘7 588 9

It is a D-finite transcendental function satisfying the following differential equation
B(z) — (1 —2)?0?B(x)+1=0,  B(0)=DB'(0)=0. 3)
Equivalently, its coefficients b, satisfy the recurrence
bpt2 =2nbny1 + (1+n—n)b,,  bo=0b1 =0,by=1, 4)
and the asymptotics are given by

@ 1
e el o)

where ¢ is the golden ratio ¢ = (1 + /5)/2, and T'(z) = 0+°° t*~Lexp(—t)dt is the Euler gamma
function.

Accordingly, a permutation of length n has a probability asymptotically 0 to be an element of the basis
of forbidden patterns, however, this probability is not “very small” as it decays only polynomially:

b
Prob(s € S, belongs to Upen B,) = e 0.499/n°3(1 + o(1)).

Proof: Setting y = 1 in the bivariate exponential generating function given in Theorem 4 gives B(z).
If a function B(z) = >_ b, 2™ is D-finite (it is satisfying a linear differential equation, with polynomial
coefficients in z), then its coefficients b,, are polynomially recursive (in short, P-recursive): they satisfy
a linear recurrence, with polynomial coefficients in n. See e.g. Flajolet and Sedgewick (2009); Stanley
(2012) for more on these two equivalent notions. Starting from the building blocks (1 — x)®, which
are D-finite, and then using the closure properties of D-finite functions (by sum and product) gives the
differential equation (3) (this is e.g. implemented in the Gfun Maple package, see Salvy and Zimmermann
(1994)). The recurrence is obtained by extracting the coefficient of ™ on both sides of the differential
equation. The asymptotics follows from a singularity analysis (see Flajolet and Sedgewick (2009)) on
each term of the shape (1 — x)®, indeed, for any a € R which is not an integer, one has:

1

=2 = (1 +gaat) s+ O(nlz)) .
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Note that B(z, y) is D-finite in the variable x:
1+ yB(o,y) — (1—wy)*0;Bx,y) =0 with B(0,y) = (2:B)(0,y) =0,

but it is not D-finite in the variable y. This follows from a saddle point analysis on B(1,y) = > Bny",
indeed the asymptotics of 3, involve arbitrarily large (Inn)?, while the asymptotics of a D-finite function
can only have a finite sum of such powers of log, see Flajolet and Sedgewick (2009). This argument is
thus similar to a proof that (1 — y)!~¥ is not D-finite.

Remark [Irrational critical exponent]: It is very seldom that a combinatorial problem leads to some
asympotics involving an irrational number as exponent. In fact, in combinatorics and in statistical physics,
most of the asymptotics of integer sequences are of the shape b,, ~ Cn®A", and the exponent a which
appears there is a key quantity: its value is often the signature of some universal phenomena (in physics,
it is called a critical exponent). For D-finite sequences, the theory implies that it is an algebraic number,
however, this exponent is very often -3/2, or a dyadic number (for the reasons explained in Banderier and
Drmota (2015)), or a rational number (due to a results on G-functions). Indeed, a theorem (resulting from
the works of Katz, André, Chudnovsky & Chudnovsky, see Chambert-Loir (2002)) states that G-functions
(D-finite functions with integer coefficients and non-zero radius of convergence) have a rational critical
exponent. Now, instead of considering the exponential generating function B(x) = Y b,2™/n!, we may
consider its inverse Borel transform, i.e., the ordinary generating function 3 b, 2™. It is also a D-finite
function, because D-finite functions are closed by Hadamard product, and therefore the Borel transform
(and the inverse Borel transform) of a D-finite function is D-finite (i.e., if the sequence b,, is P-recursive,
so are n!b, and b, /n!). We have thus a new D-finite function with integer coefficients and irrational
critical exponent (involving the golden ratio ¢), but this is not contradicting the G-function theorem,
because, due to the multiplication by n!, we now have a 0 radius of convergence. In conclusion, we have
the pleasure to have here one of the few examples in combinatorics of a problem leading to an irrational
critical exponent. Other examples are given via the KPZ formula in physics, or via quantities related to
quadtrees, see Flajolet and Sedgewick (2009).

Pushing further the asymptotics from Theorem 5, we get the following limit law:

Theorem 6 (Limit Law). In the model where all permutations of length n are equidistributed, a random
permutation of length n in U,enBy is typically a member of By, for p ~ n — (Inn)/\/5, with Gaussian
fluctuations. Equivalently, the average number of left-to-right-maxima in a random basis permutation is
p ~ (Inn)/v/5 with Gaussian fluctuations.

Proof: This follows from the closed-expression for B(x,y), or from a singularity analysis of the differ-
ential equation. Indeed, the average and standard deviation follow from the computation of 9, B(x,y)
and 853(33, y) aty = 1. The Gaussian limit law follows from the quasi-power theorem applied to a vari-
able exponent perturbation or to our non-confluent differential equation (see Theorem IX.11 and Theorem
IX.18 from Flajolet and Sedgewick (2009)). O

As a random permutation of S,, has In n left-to-right maxima on average, the above theorem quantifies
to what extent the right-jump process kills the left-to-right maxima when one starts from the identity
permutation.
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0 5 10 15 20

Figure 4: This histogram illustrates Theorem 6: the average number of left-to-right-maxima in a random basis
permutation is p ~ (Inn)/+/5 with Gaussian fluctuations. However the speed of convergence and the small amplitude
of the variance makes that large values of n have to be considered to recognize clearly the bell curve of the Gaussian
(above, this is a histogram for n = 4000).

For the combinatorial structure B,,, it could be possible that its complementary set has a nicer structure.
Those permutations not in the basis are for sure counted by wu,, = n! — b,,; this sequence satisfies u,,+3 =
(n+1)(n* —n — u, — (3n% + 3n — )upt1 + 3(n + 1)upo, which is still a nice recurrence but of
order one more than the recurrence for b,,, so it is a heuristic confirmation than b,, is a more fundamental
sequence than u,,.

The first values of b,, (the number of basis permutations of length n) are 1,2, 7,32, 179, 1182, 8993,
77440 for 2 < n < 9. We added this sequence to the On-line Encyclopedia of Integer Sequences (hereafter
abbreviated OEIS), see Sloane and collaborators (2016):

Pnl2 3 4 5 6 7 8 9 10 11 #B,
0 |1 1
1 2 1 3
2 6 8 1 15
3 24 58 18 1 101
4 120 444 244 32 1 841
5 720 3708 3104 700 50 8232
6 5040 33984 39708 13400 | 78732
Y |1 2 7 32 179 1182 8993 77440 744425 7901410

Table 1: Number b,,,,, of basis permutations of length n (the “minimal forbidden patterns” of B, or equivalently,
with p + 1 non-left-to-right-maxima) where 2 < n < 11and 0 < p < 6 (OEIS A265163). The last column
contains B :=3_, bn,p (OEIS A265164); the last line contains by := - bnp (OEIS A265165).

There is a vast literature in number theory analysing the modular congruences of famous sequences


https://oeis.org/A265163
https://oeis.org/A265164
https://oeis.org/A265165
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(Pascal triangle, Fibonacci, Catalan, Motzkin, Apéry numbers, see Deutsch and Sagan (2006); Xin and Xu
(2011); Rowland and Zeilberger (2014); Kauers et al. (2011)). The properties of b,, mod m are sometimes
called “’supercongruences” when m is the power of a prime number: many articles consider m = 2", or
m = 3". We now give a result which holds for any m (not necessarily the power of a prime number).

Theorem 7 (Supercongruences for D-finite functions).
Consider any P-recurrence of order r:

Py(n)u, = Z Pi(n)uy—; .

If the polynomial Py(n) is ultimately invertible modm (i.e., gcd(Po(n),m) = 1, for all n large
enough), then the sequence (uy,) is ultimately periodic') modm, and there is an algorithm to get this
period.

In particular, recurrences such that Py(n) = 1 are periodic mod m.

Accordingly, our sequence b, mod m (defined by recurrence (4)) is periodic for any m.

Proof: Indeed, as the leading term P, is invertible, we can write:

T

P;(n) modm
pnmodm = » ——————(up_;modm),
U, modm ;Po(n) modm(u mod m)

in which each term has just a finite set of possible values. What is more, for any polynomial P(n)
with integer coefficients, P(n)modm is of period p, for some p|m. (This follows from the fact that
the sum and the product is preserving periodicity mod m, as we did not require in the definition of “’pe-
riod” that m is the smallest m such that the sequence is m periodic). Therefore, one can then con-
struct a Markov chain (an automaton): the states are all the possible 2r 4 2-tuples of values mod m for
(Po(n), ..., P-(n),Un, ..., un—r), and the recurrence dictates the transitions in this Markov Chain. The
pigeonhole principle implies that there is a loop in this finite graph, and this gives our period.

Besides, starting with the hypothesis that w,, = w4, modm for n € [ny + 1,11 + p] (such a p can
be found by brute-force, as n; has to be smaller than the number of states in the automaton, and p has to
be smaller than m?"), it is enough to check that this property goes on for  + 1 steps to prove that u,, is p
periodic. O

This theorem explains the periodic behaviour of b, mod m. By brute-force computation, we can get
b, mod m, for any given m. For example b,, mod 15 is periodic of period 12: for n > 9, one has

b, mod 15 = (10,5, 10, 10,0, 10, 5, 10, 5,5, 0, 5)*°.

The period can be quite large, for example b, mod 3617 has period 26158144. We say more on this
phenomena for P-recursive sequences in Banderier et al. (2017).

(D In the sequel, we will omit the word “ultimately”: a periodic sequence of period p is thus a sequence for which Untp = Un for
all large enough n. Some authors use the terminology “eventually periodic” instead.
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5 Conclusion

In this article, we analysed the iteration of the process a particle jumps to the right” in a permutation, and
we gave the typical properties of the patterns which are not reached after p moves. We expect our approach
(introducing a catalytic variable and getting a D-finite function) to work in many other cases. However,
we already know a nice permutation class for which the basis is not D-finite. Indeed, as an extension of
this work, an interesting question is to consider a model in which both right-jumps and left-jumps are
allowed: this is a very natural process, also related to sorting algorithms and bioinformatics processes.
In a forthcoming work, we show that for this new model, the basis of forbidden minimal patterns for
permutations obtained by p iterations of the process is related to Young Tableaux with 2 equally long first
rows (but it is no longer D-finite, unlike the pure right-jump iteration process that we considered in this
article).

Another natural question is: is it the case that using e.g. the correspondence between records and
cycles in permutations, there is an elegant process corresponding to a “’particle jumps to the right”, with
permutations at distance p from identity being counted in terms of cycles in the permutation? To get direct
“bijective” proofs of our formulae is also an interesting question: as a credo, it cannot be the case that such
nice formulae/recurrences are only reached by solving differential equations (like we did in this article).
It may be the case that a generating tree approach leads to the simple recurrence (4) we get for b,, (see
e.g. Banderier et al. (2002) or Barcucci et al. (1999)). With respect to the asymptotics, it is noteworthy that
the process analysed in the present article involves the golden ratio (this is very unusual in combinatorics
to have this constant as critical exponent): is it the trace of some universality class? (Like it is sometimes
the case for problems coming from statistical mechanics, see our remark after Theorem 5.)

Last but not least, we already mentioned a vast literature of publications in number theory analysing the
modular congruences of famous sequences (Pascal triangle, Fibonacci, Catalan, Motzkin, Apéry numbers,
..., Deutsch and Sagan (2006); Xin and Xu (2011)). It seems to us that our approach to tackle them at
the level of D-finite functions is new (see also Kauers et al. (2011); Rowland and Zeilberger (2014)), and
it would be worth analysing these properties in full generality. In this article, we proved by a mixture of
Ansatz and brute force proof that b,, mod m (where m can be any integer) is a periodic function (of period
bounded by a polynomial in m). In fact, we prove in Banderier et al. (2017) that this period and the values
of b,, mod m for any given m can be made explicit.
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Let S,, denote the symmetric group. For any o € S,,, we let des(c) denote the number of descents of o, inv (o) denote
the number of inversions of o, and LRmin(c) denote the number of left-to-right minima of o. For any sequence of
statistics statq,...,staty on permutations, we say two permutations « and § in S; are (statq,...staty)-c-Wilf
equivalent if the generating function of []¥_, 5"
of a equals the generating function of Hle e

B. We give many examples of pairs of permutations « and 3 in .S; which are des-c-Wilf equivalent, (des, inv)-c-
Wilf equivalent, and (des, inv, LRmin)-c-Wilf equivalent. For example, we will show that if o and § are minimally

over all permutations which have no consecutive occurrences
over all permutations which have no consecutive occurrences of

overlapping permutations in S; which start with 1 and end with the same element and des(a) = des(8) and inv(a)) =
inv(f), then o and S are (des, inv)-c-Wilf equivalent.

Keywords: pattern avoidance, consecutive pattern, permutation, pattern match, descent, left to right minimum, sym-
metric polynomial, exponential generating function

1 Introduction

Let .S,, denote the group all permutations of n. That is, S, is the set of all one-to-one maps o :
{1,...,n} — {1,...,n} under composition. If ¢ = o1...0, € S, then we let Des(o) = {i :
0; > 041} and des(o) = |Des(o)|. We say that o is a left-to-right minima of o if 0; > o forall i < j.
For example the left-to-right minima of o = 938471625 are 9, 3 and 1.

Given a sequence 7 = 71 - - - T, Of distinct positive integers, we define the reduction of T, red(7), to be
the permutation of S, that results by replacing the i-th smallest element of 7 by ¢ for each i. For example
red(53962) = 32541. Let7 =7y ...7; € Sjand 0 = 0 ... 0, € Sp. Then we say that

1. 7 occurs in o if there exists 1 < iy < --- <i; < nsuch thatred(o;, 04, ...04;) =7,
2. there is a T-match starting in position i in o if red(0;0;41 ... 044j—1) = T, and
3. o avoids T is there is no occurrence of 7 in o.

We let S,,(7) denote the set of permutations of S,, which avoid 7 and N'M,,(7) denote the set of permu-
tations of S,, which have no 7-matches. We let S,,(7) = |S,,(7)| and NM,,(7) = |INM,,(7)|. If « and 3
are elements of S;, then we say that « is Wilf equivalent to 3 if S,,(a) = S, (B) for all n > 1 and we say
that «v is ¢-Wilf equivalent to 8 if NM,, («) = NM,,(B) for all n. For any permutations 7 and o, we let
7-mch(o) denote the number of T-matches of .

These definitions are easily extended to sets of permutations. That is, if I' C .S, then we say that
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1. T occurs in o if there exists 1 < iy < --- <i; < nsuch thatred(o;, 04, ...04,) €T,
2. there is a I'-match starting in position i in o if red(c;0,11 . . . Oitj—1) €I, and
3. o avoids T is there is no occurrence of I' in o.

We let S,,(T") denote the set of permutations of S,, which avoid I" and N'M,,(T") denote the set of per-
mutations of S, which have no I'-matches. We let S,,(T") = |S,(T)| and NM,,(T') = INM,(T)|. If T
and A are subsets of S}, then we say that I' is Wilf equivalent to A if S, (T') = S,,(A) for all n and we
say that I' is ¢-Wilf equivalent to A if NM,,(T') = NM,,(A) for all n. For any permutation o and set of
permutations I', we let I'-mch (o) denote the number of I'-matches of o.

We let
n__ .n
lpg = P 40" g+ +pd" P4 = pfp — Z ,
Mlpg! = [Upgl2lpg---[]pg and
{n] _ [n]nq!
k p,q [k]P»q![n - k]paq!

denote the usual p, g-analogues of n, n!, and (7). We shall use the standard conventions that [0], ; = 0

and [0],,! = 1. Setting p = 1in [n]p.q. [n]p,q!, and [}]  vields [n]q, [n]q!, and [}] , respectively.

The main goal of this paper is to study refinements of the c-Wilf equivalence relation. For any per-
mutation statistic stat on permutations and any pair of permutations o and 3 in S;, we say that « is
stat-c-Wilf equivalent to S if foralln > 1

Z xstat(o‘) _ Z zstat(o’) ) (1)
UENMn((X) UENMH(B)

More generally, if stat, ..., stat; are permutations statistics, then we say that two permutations « and
B are (statq,. .., staty)-c-Wilf equivalent if for all n > 1,

Z ﬁ xjtatq,(a) _ Z ﬁxzs-tati(a).

cEN My (o) i=1 geEN M, (B) i=1

The first question is whether there are interesting examples of stat-c-Wilf equivalent permutations.
The answer is yes. There are a number of such examples in the case where stat (o) is either inv(o), the
number of inversions of &, or coinv(c), the number of co-inversions of o. Here if o = 01 ...0, € Sy,
then

inv(e) = [{(i,j):1<i<j<n&o;>o;} and
coinv(o) = |[(i,j):1<i<j<n&o; <oj}

Since for any permutation o € S,,, inv(c) + coinv(a) = (}), it follows that

Z xinv(o) _ Z xinv(a) . )

GEN My, (@) N My (B)
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if and only if

Z xcoinv(a) _ Z xcoinv(o‘) . 3)

cEN My, (a) oeEN M (B)

Thus we will only consider inv-c-Wilf equivalence. It turns out that there are a large number of examples
of o and 8 which are inv-c-Wilf equivalent when « and 3 are minimal overlapping permutations.

We say that a permutation 7 € S; where j > 3 has the minimal overlapping property, or is minimal
overlapping, if the smallest ¢ such that there is a permutation o € .S; with 7-mch(c) = 2 is 2j — 1. This
means that in any permutation o = 07 ... 0,, any two 7-matches in o can share at most one letter which
must be at the end of the first 7-match and the start of the second 7-match. For example, 7 = 123 does
not have the minimal overlapping property since 7-mch(1234) = 2 and the 7-match starting at position
1 and the 7-match starting at position 2 share two letters, namely, 2 and 3. However, it is easy to see
that the permutation 7 = 132 does have the minimal overlapping property. That is, the fact that there
is an ascent starting at position 1 and descent starting at position 2 means that there cannot be two 7-
matches in a permutation o € .S,, which share two or more letters. If 7 € .S; has the minimal overlapping
property, then the shortest permutations o such that 7-mch (o) = n will have length n(j — 1) 4+ 1. Thus,
we let MP_ ,(;—1)4+1 be the set of permutations o € S,,(;_1)41 such that 7-mch(o) = n. We shall
refer to the permutations in MP,, ,,(j_1)4+1 as maximum packings for 7. Then we let mp, ,(j—1)41 =
|[MP n(j—1)+1] and

mpr pnj—1)+1(P, @) = Z gV () peoinv(e),
TEMP 1 n(i-1)+1

Duane and Remmel [9] proved the following theorem about minimal overlapping permutations.

Theorem 1. If 7 € S; has the minimal overlapping property, then

> [n}f" Ly el peonv(e) ginv(e) —
p

n>0 4 5eS,

1
— G
n(j—1)
L= (t+ 2, Wﬁ];q-(w = )" mprn(i-1)+1(p, )

They also proved the following theorem.

Theorem 2. Suppose that T = 7y ...7; where 7 = 1 and 7; = s, then

mpr,(n+1)(j71)+1<pa q) =
coinv(T) inv(r)p(sfl)n(jfl) l:(n + 1)(] - 1) +1-—s

p q iss Lqmpr,n(jnﬂ(p, q)
so that
coinv(r) inv(m) )" T (s=1)G-1)("FY) G- +1-s
MPr (1) (i-1)+1(P, ) = (p q ) D 2 H s NG
i=1 p,q

An immediate consequence of Theorems [[|and [2]is the following theorem.
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Corollary 3. Suppose that o« = oy ...« and B = 31 ... 3 are permutations in S; such that o1 = 1 =
1, a; = Bj = s, inv(a) = inv(B), and o and 8 have the minimal overlapping property. Then

Z [:Li;' Z xa-mch(a)qinv(a) _ Z [Ti; ' Z :L.B'mch(a)qinv(tf). (6)
q

n>0 a o€eSy n>0 " oES,

We shall give several examples of a pair of permutations that o and [ that satisfy the hypotheses of
Corollary [3|and thus are inv-c-Wilf equivalent. It is easy to see that there are no pairs « and [ satisfying
the hypothesis of Corollary 3]in S4. That is, there are only three possible pairs o and 3 which start with 1
and end with the same numbers, namely,

1. a=1342 and 8 = 1432,
2. a =1243 and 3 = 1423, and
3. a=1234 and § = 1324.

In each case, inv(a) # inv(83). However o = 14532 and 5 = 15342 do satisfy the hypothesis of
Corollary 3] Moreover it is easy to check that for any n > 5, any two permutations of the from o =
145302 and 8 = 153402, where o is the increasing sequence 678 - - - n, satisfy the hypothesis of Corollary
E} Thus, there are non-trivial examples of inv-c-Wilf equivalence for all n > 1. In fact, Duane and
Remmel proved an even stronger result than Theorem |2} That is, they proved the following theorem.

Theorem 4. Suppose o = o ... and § = f31 ... ; are minimal overlapping permutations in S; and
a1 = B and a; = 3, then for alln > 1,

MPan(j—1)+1 = MPBn(j—1)+1- (N
Ifm addition, pcoinv(a)qinv(a) — pcoinv(ﬁ)qinv(ﬂ), then
MPan(i—1)+1(P ) = MPanii—1)+1(P, 9)- (3

Combining Theorems|[T]and @] we have the following theorem.

Theorem 5. Suppose that « = o ...« and B = B1 ... [3; are permutations in S; such that oy = fy,
a; = f;, inv(a) = inv(B), and o and 3 have the minimal overlapping property. Then

" a-mch(o) inv(o " -mch(o)  inv(o
Z[T]qlzx h()q ():Z[n]q'zxﬁ h()q (@), 9)

n>0 " oES, n>0 " oeS,

Theorem [5] above relaxes the condition that « and 3 both have to start with 1 and thus, introduces a
stronger condition than just being inv-c-Wilf equivalent. In fact, we shall say that o and ( are strongly
inv-c-Wilf equivalent if they satisfy the hypotheses of Theorem [5] As an example, one can check that
a = 241365 and f = 234165 both start and end with the same element and have the same number of
inversions. Therefore, they are strongly inv-c-Wilf equivalent.

Of course, one can make similar definitions in the case where we replace c-Wilf equivalence by Wilf
equivalence. For example, we say that « is stat-Wilf equivalent to g if forall n > 1

Z pStat(e) _ Z pstat(o) (10)

€S () c€Sn(B)
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Although this language has not been used, there are numerous examples in the literature where researchers
have given a bijection ¢,, : S,,(«) = S, (3) to prove that o and § are Wilf equivalent where the bijection
¢ preserves other statistics. One example of this phenomenon is the work of Claesson and Kitaev [7] who
gave a classification of various bijections between 321-avoiding and 132-avoiding permutations according
to what statistics they preserved.

The main goal of this paper is to give examples of a and 3 such that o and S are des-c-Wilf equivalent.
Our main result is the following.

Theorem 6. Suppose that « = o1 ... oy and = B ... 3 are permutations in S; such that a1 = 1 =
1, o = B35, des(a) = des(B), and o and [ have the minimal overlapping property. Then

I DI I an
n>0 w cENM, () n>0 v aeN M., (B)

Thus o and (8 are des-c-Wilf equivalent.
If in addition, inv(a) = inv(/3), then

" es(o) ,inv(o " es(o) ,inv(o
LT D DI R UED DD DIl (12)
n>0 " GeN M, (@) n>0 " geN M, (B)
Thus « and (3 are (des, inv)-c-Wilf equivalent.

To prove Theorem [6] we will modify the reciprocity method of Jones and Remmel [15HI7]. The
reciprocity method was designed to study generating functions of the form

tn
NMr(t, 2,y) = > | —NMr.(2,y) (13)
n>0
where NMr , (z,y) = Z gLRmin(@), 1+des(o) 1y the special case where I' = {7} is a set with a

ceN M, (T)
single permutation 7, we shall write NM, (¢, z,y) for NMr (¢, z,y) and NM; ,,(x, y) for NMr ,, (z, y).
The basic idea of their approach to study the generating functions NM.. (¢, z,y) is as follows. First,
assume that 7 starts with 1 and des(7) = 1. It follows from results in [[16] that if 7 starts with 1, then we
can write NM, (¢, z, y) in the form

1 xT

NM, (t,z,y) = <U(ty)) (14)
tn

where U, (t,y) = E UT’"(y)ﬁ'

n>0 ’

Next one writes )

14 NM (L) e

One can then use the homomorphism method to give a combinatorial interpretation of the right-hand side
of which can be used to find simple recursions for the coefficients U ,,(y). The homomorphism

U (t,y) (15)
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method derives generating functions for various permutation statistics by applying a ring homomorphism
defined on the ring of symmetric functions A in infinitely many variables z1, x5, . . . to simple symmetric
function identities such as

H(t) = 1/B(~1), (16)

where H (t) and E(t) are the generating functions for the homogeneous and elementary symmetric func-
tions, respectively:

=> hat"=]] ——— and E(t = ent" = [0 +mit). (17)

n>0 i>1 it n>0 i>1

In their case, Jones and Remmel defined a homomorphism 6 on A by setting

—1)n
0-(en) = ( n!) NM, (1, y).
Then - 1
0. (E(—t)) = NM, , — =
(B(-) = S NMen(19) 5 = s

Hence 1

Ur(t,y) = 0. (B(—1)) =0,(H(t)),
which implies that

10, (hy) = Urn(y). (18)

Thus, if we can compute n!6, (h,,) for all n > 1, then we can compute the polynomials U, ,,(y) and the
generating function U, (¢, y), which in turn allows us to compute the generating function NM, (¢, x, y).
Jones and Remmel [|17}(18]] showed that one can interpret n!6 (h,,) as a certain signed sum of the weights
of filled, labeled brick tabloids when 7 starts with 1 and des(r) = 1. They then defined a weight-
preserving, sign-reversing involution I on the set of such filled, labeled brick tabloids which allowed
them to give a relatively simple combinatorial interpretation for n!6.(n,). Then they showed how such
a combinatorial interpretation allowed them to prove that for certain families of such permutations 7, the
polynomials U ,, (y) satisfy simple recursions.

For example, in [17]], Jones and Remmel studied the generating functions NM.; (¢, z, y) for permutations
7 of the form 7 = 1324 - - - p where p > 4. Using the reciprocity method, they proved that U241 (y) =
—y and for n > 2,

Ln/2]
Uzan(y) = (1= 9)Uisaan-1(y) + Y (=9)" " Cro1Usza,n-ar41 (1), (19)

k=2

where Cj, = %ﬂ (2:) is the k' Catalan number. They also proved that forany p > 5, U1324..p.n(y) = —¥
and forn > 2,

Uiz24..pn(y) = (1 = y) U324 p.n—1( Z “Wissaepn—((h-D)(p-241)(¥)-  (20)
k=
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In [2], the authors extended the reciprocity method of Jones and Remmel to study the polynomials
Ur,»(y) where

t" 1
Ur(t,y) =14 ) Urn(y)— =
nzz:l n! 1+Zn21NMF7n(Ly)%

in the case where T' is a set of permutations such that for all 7 € T, 7 starts with 1 and des(7) < 1. For
example, suppose that ky, ke > 2, p = k1 + ko, and

Ty oy ={0€Sp:01 =1,0641 =2,01 <02 < <0, &Ohy41 < Ohy42 < -+ < Op}.

That is, I'y, , consists of all permutations o of length p where 1 is in position 1, 2 is in position k; + 1,
and o consists of two increasing sequences, one starting at 1 and the other starting at 2. In [2], we proved
that for I' = T'y;, k,, Ur,1(y) = —y, and for n > 2,

m—1

n—2
Urn(y) = (1 = y)Urn-1(y) — y(kl _ 1) (UF,nM(Z/) +y Z UFmMi(?J)) ;
i=1
where m = min{ki, ko}, and M = max{ki, k2}.
Furthermore, in [2]], we investigated a new phenomenon that arises when we add the identity permuta-

tion 12.. .k to the family I". For example, if I' = {1324, 123}, then we proved that Ur 1 (y) = —y, and
forn > 2,

[n/2]
Ul",n(y) = *yUF,n—l(ZJ) - yUF,n—Q(y) + Z (7y)kck—1UF,n—2k(y)a (21)
k=2

and whenI' = {1324 ...p,123...p — 1} where p > 5, then Ur 1 (y) = —y, and for n > 2,

p—2 p—2 LZ:;J
UF,n(y) = Z(fy)UF,n—k(y) + Z Z (7y)mUF,n—k—('m—1)(p—2)(y)' (22)
k=1 k=1 m=2

While on the surface, the recursions and do not seem to be simpler than the corresponding
recursions and (20), they are easier to analyze because adding an identity permutation 12...k to I’
ensures that all the bricks in the filled brick tabloids used to interpret n!6.- (h,, ) have length less than k. For
example, in [2], we were able to prove the following explicit formula for the polynomials Uy1324,123},5 (%)

Theorem 7. Let I' = {1324, 123}. Then for alln > 0,

Ur,2n(y) = Z M(_y)n+k+l (23)
k=0

and
n 2(k+1)(2n+1

Ur2n+1(y) = Z I :21@) (—y)" . (24
k=0
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Another example in [2] where we could find an explicit formula is the following. Let I'y, 1, s =
ik U{L---s(s + 1)} for some s > max(ki, k2). In 2], we showed that Ur, , . 1(y) = —¥, and for
n>2,

Urz.z,sﬂl(y) = _yUF22 53T — 1(y)_
s—2

Z n —h= 1 yUFz 2,5,n—k— Q(y) + (n — k- 2)y2UF2,2,s,n*k*3(y)) : (25)
k=0

Using these recursions, we then proved that

n

Ur, z0.2n(y) = Z(Zn — 1) Wi (—y)"" and
=0

UF2,2,27271+1 (y) Z(2n> n—i ( )n+1+l

=0

where for any z, (x) JJo=1and (z) JJr=a(x — 2)(x —4)--- (x — 2k — 2) for k > 1.

In a subsequent paper [3]], the authors further extended the reciprocity method to study the generating
functions NMr (¢, z, y) where all the permutations I" start with 1 but where we do not put any condition on
the number of descents in a permutations in I'. It is this extension that we shall modify to prove Theorem
[6] In particular, we shall be interested in computing generating functions of the form

INMr(t,q, 2 —1+Z LLINME (g, 2),
n>0 njq!
where INMr ,,(¢,2) = Z zdes(@)+14i0v(9) which is a g-analogue of NMr(¢,1,y). We shall
cEN M, (T)
write 1
INMr(t, ¢, 2) =
1 + Zn>1 IUF n(Qa )[n] 1
so that - )
1U(t, q, 2) :1+ZIUp}n(q,z)[ 1= N gD (26)
n>1 Njq: rit,q,z

Again if I' = {7}, we shall write INM, (¢, ¢, z) for INMr(t, ¢, z), INM; ,,(q, z) for INMr ,(q, 2),
1U,(t,q, 2) for IUr (¢, q, z), and IU - ,, (g, z) for IUr ,, (g, z). As before, we shall use the homomorphism
method to give us a combinatorial interpretation of the right-hand side of which can be used to develop
recursions for IUr ,, (g, z). In the case where o and (3 satisfy all the hypothesis of Theorem@ then we will
show that IU, (g, z) and IUg ,,(g, z) satisfy the same recursions so that INM,, (¢, ¢, z) = INMg(t, ¢, 2).

Finally, there are stronger conditions on permutations o and 3 in S; which will guarantee that o and
B are des-c-Wilf equivalent, (des, inv)-c-Wilf equivalent, or (des, inv, LRmin)-c-Wilf equivalent. That
is, we say that « and (8 are mutually minimal overlapping if o and 8 are minimal overlapping and the
smallest n such that there exist a permutation o € S,, with a-mch(o) > 1 and S-mch(c) > 1is 25 — 1.
This ensures that in any permutation o, any pair of c-matches, any pair of 5 matches, and any pair of
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matches where one match is an a-match and one match is a S-match can share at most one letter. There
are lots of examples of minimal overlapping permutations o and 3 in S} such that o and 3 are mutually
minimal overlapping. For example, we shall prove that any minimal overlapping pair of permutations o
and /3 in S; which start with 1 and end with 2 are automatically mutually minimal overlapping. We will
also give examples of minimal overlapping permutations o = &1 ...« and 8 = $; ... §; in S such that
oy = B1 = 1 and a; = B; which are not mutually minimal overlapping. Then we shall give a bijective
proof the following theorem.

Theorem 8. Suppose @ = «1...«5 and f = Bi...B; are permutations in S; which are mutually
minimal overlapping and there is an 1 < a < j such that o; = B; foralli < a, aqg = B = 1, aj = By,
and des(a) = des(3). Then

" des(o),, LRmin(o) t des(o), LRmin(o)
SOy g S0 S e, o)
n>0 cEN My () n>0 ceN M, (B)

Thus « and (3 are (des, LRmin)-c-Wilf equivalent.
If in addition, inv(«) = inv(f), then

Z [t]n : Z Q:des(o—)qinv(a)uLRmin(U) _ Z Ln‘ Z xdes(a)qinv(o')uLRmin(a)' (28)
nlq n

n>0 ’ UeNMn(O‘) n>0 ’ UeNMn(ﬂ)

Thus « and B are (des, inv, LRmin)-c-Wilf equivalent.

The outline of this paper is the following. In section 2, we shall give the background in symmetric
functions needed for our proofs. In Section 3, we shall modify the involution defined in [3] to give a
combinatorial interpretation to give IUp ,,(q, z). In section 4, we shall use the results of Section 3 to
prove Theorem [f]and give several examples of families of pairs of permutations satisfying the hypothesis
of Theorem[f] Finally in section 5, we shall prove a stronger result than Theorem[§]which will immediately
imply Theorem [8]and give several examples of families of pairs of permutations satisfying the hypothesis
of Theorem 8§

2 Symmetric Functions

In this section, we give the necessary background on symmetric functions that will be used in our proofs.

A partition of n is a sequence of positive integers A = (Aq,...,As) suchthat 0 < Ay < --- < A and
n = A +---+ \s. We shall write A\ F n to denote that X is partition of n and we let £(\) denote the
number of parts of \. When a partition of n involves repeated parts, we shall often use exponents in the
partition notation to indicate these repeated parts. For example, we will write (12,4) for the partition
(1,1,4,4,4,4,4).

Let A denote the ring of symmetric functions in infinitely many variables z1,z5,.... The n'® el-
ementary symmetric function e,, = e,(x1,x2,...) and nth homogeneous symmetric function h,, =
hn(x1, T2, . . .) are defined by the generating functions given in (17). For any partition A = (A1, ..., A¢),
letey = ey, ---ex, and hy = hy, --- hy,. Itis well known that eg, e1, . . . is an algebraically independent
set of generators for A, and hence, a ring homomorphism 6 on A can be defined by simply specifying
O(ey,) for all n.
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If A = (Aq,..., A\g) is a partition of n, then a A-brick tabloid of shape (n) is a filling of a rectangle
consisting of n cells with bricks of sizes A1, ..., A; in such a way that no two bricks overlap. For example,
Figure [1] shows the six (12, 22)-brick tabloids of shape (6).

i OO0 O/ CEEC|O
I I I o M | I

Fig. 1: The six (1%, 2%)-brick tabloids of shape (6).

Let By ,, denote the set of A-brick tabloids of shape () and let B, ,, be the number of A-brick tabloids
of shape (n). If B € By n, we will write B = (by,. .., by(y)) if the lengths of the bricks in B, reading
from left to right, are by, . . ., by(»). For example, the brick tabloid in the top right position in Figure [1{is
denoted as (1,2, 2, 1). Egecioglu and the second author [[10] proved that

hn =Y _(=1)""M By, e (29)
AFn

This interpretation of h,, in terms of e,, will aid us in describing the coefficients of Or (H (t)) = IUr(¢, g, 2)
coming in the next section, which will in turn allow us to compute the coefficients INMr ,, (g, 2).

3 A g-analogue of the reciprocity method

In the section, we shall modify the results of [3] to give a combinatorial interpretation of IUr ,,(g, #) in
the case where all the permutations in I" start with 1.
Let

INMF,n(q, Z) — Z Zdes(a)+1qirlv(a) ) (30)
cEN M, (T)

We define a ring homomorphism 61 on the ring of symmetric functions A by setting 6r(ep) = 1 and

Or(en) = ([;]1)7 INMr ., (g, 2) 31

for n > 1. It then follows that

Or(H() = nz;oef(h")t C0-(BE(—t) 1+, (—1)"0r(en)
_ L —Ur(t, ¢, 2). (32)

143 o1 o INMr (g, 2)
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Using (29), we can compute

[n]g!0r(hn) = [n]q!Z(_l)n_éo\)B/\,n Or(ex)
AFn
A
= [n}q!Z(_l)n_g(/\) Z H D], INMr s, (¢, 2)
Abn (b15e5bg(x))EBA . i=1 vlg-
n £(N)
- _1)E { } INMr 5 (4. 2). 33)
;( ) ® bz bi, ...y ben U ro:(4:2)
n 1,-00(0))EBAn q i=1

To give combinatorial interpretation to the right hand side of (33), we select a brick tabloid B =
(b1,b2,...,bgxy) of shape (n) filled with bricks whose sizes induce the partition A. Given an ordered set
partition S = (S1,S2,...,S¢)) of {1,2,...,n} such that [S;| = b, fori = 1,...,£(X),let Sy T Sz T
... Sy») T denote the permutation of .S;, which results by taking the elements of S; in increasing order
and concatenating them from left to right. For example,

{1,5,6} 1 {7,9} 1 {2,3,4,8} += 156792348.

It follows from results in [6] that we can interpret the g-multinomial coefficient [b as the sum

Lben] g
of ¢™v(51 1521 Sen ™) gver all ordered set partitions S = (51, So, ..., Syny) of {1,2,...,n} such that
|Si| = b;, fori = 1,...,£(\). For each brick b;, we then fill the cells of b; with numbers from S; such
that the entries in the brick reduce to a permutation (9 = o - - - op, in N My, (). Tt follows that if we
sum ¢"™v(?) over all possible choices of (S1,8S2,...,S¢)). we will obtain

n £(p) o
inv(c'")
[blv :| H I .

...,bgo\) qi=1

We label each descent of o that occurs within each brick as well as the last cell of each brick by z. This
accounts for the factor z4¢5(°)+1 within each brick. Finally, we use the factor (—1)) to change the
label of the last cell of each brick from z to —z. We will denote the filled labeled brick tabloid constructed
in this way as (B, S, (¢, ..., o)),

For example, when n = 17,T' = {1324,1423,12345}, and B = (9, 3,5, 2), consider the ordered
set partition S = (S1,592,53,54) of {1,2,...,19} where S; = {2,5,6,9,11,15,16,17,19}, Sy =
{7,8,14}, S3 = {1,3,10,13,18}, Sy = {4,12} and the permutations c(!) = 124653798 ¢
NMy(T),0® =132 NM3(T'),0®) =51243 € NM5(I'), and 0™ =21 € N My(T). Then
the construction of (B, S, (™M), ... ¢®)) is pictured in Figure

It is easy to see that we can recover the triple (B, (S1,...,Sey)), (61, ..., o)) from B and the
permutation o which is obtained by reading the entries in the cells from right to left. We let Or ,, denote
the set of all filled labeled brick tabloids created this way. That is, Or ,, consists of all pairs O = (B, o)
where

1. B = (b1, ba,...,byy)) is a brick tabloid of shape 7,
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{2,5,6,9,11,15,16,17,19} {7,8,14} {1,3,10,13,18} {4,12}

oP=124653798 0@=182 0¥=51248 oc¥=21

2|2 z2 |==2 2| -2 2 |=2| 2|—-=2

z
2| 5| 915| 11] 6|16|19117||| 7] 14| 8||l18] 1] 3]1310]||12] 4]

Fig. 2: The construction of a filled, labeled brick tabloid.

2. 0 = o010y, is a permutation in S, such that there is no I'-match of ¢ which lies entirely in a
single brick of B, and

3. if there is a cell ¢ such that a brick b; contains both cells ¢ and ¢ + 1 and o, > 041, then cell c is
labeled with a z and the last cell of any brick is labeled with —z.

We define the sign of each O to be sgn(O) = (—1)“). The weight W (O) of O is defined to be ¢"¥(?)
times the product of all the labels z used in the brick. Thus, the weight of the filled, labeled brick tabloid
from Figure[2|above is W (0) = 2'1¢%4.

It follows that

[n]g'0r(hy) = Z sgn(O)W(0). (34)
0€Oor,,

Next we define a sign-reversing, weight-preserving mapping Jr : Or, — Or, as follows. Let
(B,0) € Or,, where B = (by,...,b) and 0 = 07 ... 0y,. Then for any i, we let first(b;) be the element
in the left-most cell of b; and last(b;) be the element in the right-most cell of b;. Then we read the cells
of (B, o) from left to right, looking for the first cell ¢ that belongs to either one of the following two cases.

Case L. Either cell c s in the first brick b; and is labeled with a z, or it is in some brick b;, for j > 1, with
either

i. last(bj_1) < first(b;) or

ii. last(bj_1) > first(b;) and there is a 7-match contained in the cells of b;_; and the cells b; that end
weakly to the left of cell ¢ for some 7 € T'.

Case II. Cell c is at the end of brick b; where 0. > 0.1 and there is no I'-match of ¢ that lies entirely in
the cells of the bricks b; and b; 1.

In Case I, we define Jr((B, o)) to be the filled, labeled brick tabloid obtained from (B, o) by breaking
the brick b; that contains cell ¢ into two bricks b} and b} where b’ contains the cells of b; up to and
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including the cell ¢ while b;-’ contains the remaining cells of b;. In addition, we change the labeling
of cell ¢ from z to —z. In Case II, Jr((B,0)) is obtained by combining the two bricks b; and b;;
into a single brick b and changing the label of cell ¢ from —z to z. If neither case occurs, then we let
Jr((B,o)) = (B,0).

-2 2 z2 |=2 2| =2 2 2| 2 |-z

[2] 5] 9 [5][12]26]13]27]10][ 7 |24 8][28] 1] 3] 6 [19][22] 4]
Jr

-2 2 -2 -2 2 |=2| 2 -2 | 2 |-2

2| 5] 9 l15|[11]16[13[17[to][ 7 [14] 8][18] 1] 3] 6 19][12] 4]

Fig. 3: An example of the involution Jr.

For example, suppose I' = {7} where 7 = 14253 and (B, o) € Org pictured at the top of Fig-
ure We cannot use cell ¢ = 4 to define Jr(B, o), because if we combined bricks b; and bo, then
red(9 15 11 16 13) = 7 would be a 7-match contained in the resulting brick. Similarly, we cannot use
cell ¢ = 6 to apply the involution because it fails to meet condition (b.2). In fact the first ¢ for which either
Case I or Case II applies is cell ¢ = 8 so that Jp(B, o) is equal to the (B’, o) pictured on the bottom of
Figure 3]

We now prove that Jr is an involution by showing J2 is the identity mapping. Let (B,0) € Or,
where B = (b1,...,b;) and 0 = 07 ... 0,. The key observation here is that applying the mapping Jr to
a brick in Case I will produce one in Case II, and vice versa.

Suppose the filled, labeled brick tabloid (B, o) is in Case I and its image Jr((B, o)) is obtained by
splitting some brick b; after cell c into two bricks b; and b’/. There are now two possibilities.

(a.) c is in the first brick b;. In this case, ¢ must be the first cell which is labeled with z so that
the elements in b} will be increasing. Furthermore, since we are assuming there is no I'-match
in the cells of brick b; in (B, o), there cannot be any I'-match that involves the cells of bricks
by and by in Jp((B,0)). Hence, when we consider Jr((B,)), the first possible cell where we
can apply Jr will be cell ¢ because we can now combine the ] and b7 . Thus, applying Jr to
Jr((B, o)), we will recombine bricks b} and b/ into b; and replace the label of —z on cell ¢ by z.
So Jr(Jr((B,0))) = (B, o) in this case.

(b.) cis in brick b;, where j > 1. Note that our definition of when a cell labeled z can be used in
Case I to define Jr depends only on the cells and the brick structure to the left of that cell. Hence,
we can not use any of the cells labeled z to the left of ¢ to define Jr(Jr((B,0))). Similarly, if
we have two bricks b, and bs41 which lie entirely to the left of cell ¢ such that last(bs) = o4 >
first(bs+1) = 04+1, the criteria to use cell d in the definition of Jr on Jr((B, o)) depends only on
the elements in bricks by and bs1. Thus, the only cell d which we could possibly use to define Jp
on Jr((B, o)) that lies to the left of c is the last cell of b;_;. However, our conditions that either
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last(b; 1) < first(b;) = first(b}) or last(b; 1) > first(b;) = first(b}) with a I'-match contained in
the cells of b; 1 and b; force the first cell that can be used to define Jr on Jr((B, o)) to be cell c.
Thus, applying Jr to Jr((B,c)), we will recombine bricks b’ and b into b; and replace the label
of —z oncell ¢by z. So Jp(Jr((B,0))) = (B, o) in this case.

Suppose (B, o) is in Case Il and we define Jr((B, o)) at cell ¢, where cis last cell of b; and 0. > o¢y1.
Then by the same arguments that we used in Case I, there can be no cell labeled z to the left of this cell
¢ in (B, o) nor J(B,o). This follows from the fact that the brick structure before cell ¢ is unchanged
between (B, o) and J(B, o). In addition, there can be no two bricks that lie entirely to the left of cell ¢ in
Jr((B, o)) that can be combined under Jr. Thus, the first cell that we can use to define Jr to Jr((B, o))
is cell ¢ and it is easy to check that it satisfies the conditions of Case 1. Thus, in going from (B, o) to
Jr((B, o)) we combine bricks b; and b, into a single brick b and replaced the label on cell ¢ by z. Then
it is easy to see that when applying Jp to Jr((B, o)), we will split b back into bricks b; and b;;; and
change the label on cell ¢ back to —z. Thus Jr(Jr((B,0))) = (B, o) in this case.

Hence Jr is an involution. It is clear that if Jp(B, o) # (B, o), then

Sgn(Bv J)W(Ba U) = 7Sgn(JF(Bv U))W(JF(Ba U))
Thus, it follows from (34) that

nlop(hy) = Y sgn(O)W(0) = > sgn(0)W(0). (35)
0€eO0r,, O€O0r ,,Jr(0)=0

Hence if all permutations in I" start with 1, then

Ur,n(y) = > sgn(0)W(0). (36)
OGOFYH,IF(O):O

Thus, to compute Ur ,,(y), we must analyze the fixed points of Jr.

Let T" be a finite set of permutations which all start with 1 and there is a £ > 2 such that there exists
a7 € I' with des(7) = k and for all & € T, des(a) < k. Let Q[y] be the set of rational functions in
the variable y over the rationals Q and let fr : A — Q[y] be the ring homomorphism defined by setting

Or(ep) =1, and Or(e,) = %NMp’n(l,y) forn > 1. Then

n!Or(hy,) = Z sgn(O)W(0), 37
OGOF771,JF(O):O

where Or ,, is the set of objects and Jr is the involution defined above. Suppose that (B,o) € Or,,
where B = (by,...,b;) and 0 = 01 ---0,. Then we have the following lemma describing the fixed
points of the involution Jr.

Lemma 9. (B, o) is a fixed point of Jr if and only if it satisfies the following properties:
1. ifi =1ori> 1andlast(b;—1) < first(b;), then b; can have no cell labeled z so that o must be

increasing in b;,

2. ifi > 1 and oo = last(b;_1) > first(b;) = Tey1, then there must be a T'-match contained in the
cells of b;_1 and b; which must necessarily involve o, and 0.1 and there can be at most k — 1 cells
labeled z in b;, and
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3. if T has the property that, for all T € T such that des(T) = j > 1, the bottom elementsof these
descents are 2, . ..,j + 1 when reading from left to right, then the first elements of each brick in
(B, o) form an increasing sequence.

Proof. Suppose (B, o) is a fixed point of Jr. Then it must be the case that (B, o) contains no cell ¢
that belongs to neither Case I nor Case II. That is, when applying the involution Jr to (B, ¢), we cannot
break nor combine the bricks after any cell in (B, o).

For (1.), note that if there is a cell labeled z in b; and c is the left-most cell of b; labeled with z, then ¢
satisfied the conditions of Case I. Thus there can be no cell labeled z in b;.

For (2.), note that if there is no I'-match contained in the cells of b;_1 and b;, then e satisfies the
conditions of Case II. Thus, there must be a I"-match contained in the cells of b;_; and b;. If there are k
or more cells labeled z in b;, then let ¢ be the k-th cell, reading from left to right, which is labeled with z.
Then we know there is 7-match contained in the cells of b;_; and b; which must necessarily involve o,
and 0.1 for some 7 € I'. But this 7-match must end before cell ¢ since otherwise 7 would have at least
k + 1 descents. Thus ¢ would satisfy the the conditions of Case I.

To prove (3.), suppose there exist two consecutive bricks b; and b;;; with initial elements o, and o,
respectively, such that o, > ;. There are two cases.

Case A. ¢ is increasing in b;.

Then oy_; is that last cell of b;. If oy_1 < oy, then we know that o, < oy_1 < oy which contra-
dicts our choice of 0. and oy. Thus it must be the case that oy 1 > oy. But then there is 7 € I" such
that des(7) = j > 1 and there is a 7-match in the cells of b; and ;41 involving the oy_; and oy. By
our assumptions, oy can only play the role of 2 in such a 7-match. Hence there must be some o, with
e < g < f — 2 which plays the role of 1 in this 7-match. But then we would have 0. < 0, < oy which
contradicts our choice of o, and oy. Thus o cannot be increasing in b;.

Case B. o is not increasing in b;.

In this case, by part (1), we know that it must be the case that o._; = last(b;_1) > o. = first(b;) and, by
(2), there is 7 € T such that des(7) = j > 1 and there is a 7-match in the cells of b;_; and b; involving
the cells 0. and 0. Call this 7-match « and suppose that cell h is the bottom element of the last descent
in «. It cannot be that o, = o},. That is, there can be no cell labeled z that occurs after cell A in b; since
otherwise the left-most such cell ¢ would satisfy the conditions of Case I of the definition of Jr. But this
would mean that ¢ is increasing in b; starting at o, so that if o, = o}, then o would be increasing in b;
which contradicts our assumption in this case. Thus there is some 2 < ¢ < j such that o, plays the role of
1 in the 7-match « and o, plays the role of j + 1 in the 7-match «. But this means that o is the smallest
element in brick b;. That is, let o be the smallest element in b;. If 0. # o, then 0. must be the bottom
of some descent in b; which implies that ¢ < h. But then o, is part of the 7-match o which means that
o. must be playing the role of one of ¢ + 1,...,7 4+ 1 in the 7-match « and o, is playing the role of ¢
in the 7-match « which is impossible if o, # o.. It follows that o, < o¢_;. Hence, it can not be that
case that oy_1 < oy since otherwise o, < o . Thus it must be the case that cy_; > ;. But this means
that there exists some § € I' such that des(d) = p > 1 and there is a d-match in the cells of b; and b; 1
involving the oy_; and 0. Call this -match 5. By assumption, the bottom elements of the descents in §

Dfoisa permutation with o; > 041, i.e. there is a descent in o at position ¢, then we shall refer to o;11 as the bottom element
of this descent.
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are 2,3,...,p + 1 so that oy must be playing the role of 2,3,...,p + 1 in the §-match 5. Let o, be the
element that plays the role of 1 in the J-match 3. o, must be in b; since § must start with 1. But then we
would have that 0. < 04 < o since o is the smallest element in b;.

Thus, both Case A and Case B are impossible and, hence the minimal elements in the bricks of (B, o)
must be increasing reading from left to right. O

We note that if condition (3) of the Lemma fails, it may be that the first elements of the bricks do
not form an increasing sequence. For example, it is easy to check that if I' = {15342}, then the (B, o)
pictured in Figure d]is such a fixed point of Jp.

-2 2 -2 |-z -2 2 -2 -2
12| 3|19||15|16|4 |5 E 7|8 [I7||13|14| 9 [10|11||12/18

Fig. 4: A fixed point of J{15342}.

4 The proof of Theorem [g]

In this section, we shall prove Theorem@ To remind the readers of the result, we shall restate the theorem
below.

Theorem. Suppose that o = o ...« and B = By ... 3 are permutations in S; such that oy = 1 = 1,
o = B, des(ar) = des(B), and a and 8 have the minimal overlapping property. Then

DD DL SN DR 39)
720 " GeN Mo (a) 720 " GeN Mo (8)

Thus o and (8 are des-c-Wilf equivalent.
If in addition, inv(«) = inv(f), then

Z [;7;' Z xdcs(cr)qinv(cr) _ Z [{;; ' Z deS(U)qinv(U). (39)
q

n>0 " GeN M, (a) n>0 " eeN M., (B)

Thus « and (3 are (des, inv)-c-Wilf equivalent.
This theorem is an immediate consequence of our next result.

Theorem 10. Let 7 = Ty72---7, € Sy, be such that Ty = 1,7, = s where 2 < s < p, and T has the
minimal overlapping property. Then

INM.(t,q,2) = ————— where [U.(t,q,2) =1+ Y 1U;,(q,2) ,
IUT(t? q, Z) 7; [n}q'
with IU, 1(q, z) = —z, and forn > 2,
n—s

1U; 0 (q,2) = (1 = 2)IUr 5—1(q, 2) — Zdes(T)qinv(T) [

Ur,n7p+1 (Q7 Z)
),
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Proof. When n = 1, the only fixed point comes from the configuration that consists of a single cell
filled with 1 and labeled —z. Therefore, it must be the case that IU, 1 (¢, z) = —=.

For n > 2, let (B, o) be a fixed point of J, where B = (by,...,b;) and 0 = 01 - - - 0,. We claim that
1 is in the first cell of (B, o). To see this, suppose 1 is in cell ¢ where ¢ > 1. Hence 0.1 > .. We claim
that whenever o._1 > 0., 0._1 and o, must be elements of some 7-match in . That is, ¢ cannot be in
brick b; because the elements in the first brick of any fixed point must be increasing. So we assume that
¢ is in brick b; where 2 < i < k. If ¢ is the first cell of b;, then last(b;_1) > first(b;) and there must be a
7-match in the cells of b;_; and b; which involves cells ¢ — 1 and c. If c is not the first cell of b;, then we
can not have that last(b;_1) < first(b;) since this would force o to be increasing in the cells of b;. Thus,
we must have that last(b;_1) > first(b;) and there must be a 7-match in the cells of b;_; and b;. This
T-match cannot end before cell ¢ since then ¢ would satisfy the conditions of Case I of our definition of
J; which would contradict the fact that (B, o) is a fixed point of J.. Hence, cell ¢ must be part of this
7-match. Thus if o, = 1 where ¢ > 1, then o._1 and o, are elements of a 7-match in o. But since 7 starts
with 1, the only role 0. = 1 can play is a 7-match is 1 and hence o._; and o, cannot be elements of a
7-match in 0. Hence, o1 = 1. We now have two cases.

Case 1. There is no 7-match in (B, o) that starts from the first cell.

In this case, we claim that 2 must be in cell 2 of (B, o). By contradiction, suppose 2 is in cell ¢ where
¢ # 2. For any ¢ > 2, it is easy to see that 0.1 > 2 = o, so there is a decrease between the two cells
¢— 1land cin (B,o). By our argument above, there must exist a 7-match « that involves the two cells
¢ — 1 and c. In this case, o must include 1 which is in cell 1 because it must be the case that 1 and 2
play the role of 1 and 2 in the 7-match «, respectively. This contradicts our assumption that there is no
T-match starting from the first cell. Hence, o2 = 2.

In this case there are two possibilities, namely, either (i) 1 and 2 are both in the first brick by of (B, )
or (ii) brick b is a single cell filled with 1 and 2 is in the first cell of the second brick b2 of (B, o). In
either case, we know that 1 is not part of a 7-match in (B, o). So if we remove cell 1 from (B, c) and
subtract 1 from the elements in the remaining cells, we will obtain a fixed point (B’c”) of Jr in Or 5,—1.

Moreover, we can create a fixed point O = (B,0) € O, satisfying the three conditions of Lemma
O] where o5 = 2 by starting with a fixed point (B’,0’) € Or n_1 of Jr, where B’ = (b},...,b,) and
o' = of---0l_,, and then letting ¢ = 1(c] + 1)---(o),_; + 1), and setting B = (1,b},...,b.) or
setting B = (1 +b),...,b).).

It follows that fixed points in Case 1 will contribute (1 — 2)IUr ,_1(q, ) to IUp ,,(g, 2).

Case 2. There is a 7-match in (B, o) that starts from the first cell.

In this case, the 7-match that starts from the first cell of (B, o) must involve the cells of the first two
bricks by and by in (B, o). Since there is no decrease within the first brick b; of (B, o), it must be the
case that the first brick b; has exactly d cells, where 1 < d < p is the position of the first descent in 7,
and the brick b has at least p — d cells. Furthermore, we can see that the brick b, consists of exactly
des(7) — 1 decreases, positioned according to their corresponding descents in 7. We first claim that all the
integersin {1,...,s—1, s} must belong to the first p cells of (B, o). To see this, suppose otherwise and let
m =min{i : 1 <i < s,0, =i forsome k > p}. Thatis, m is the smallest integer from {1,...,s—1, s}
that occupies a cell k strictly to the right of cell p in (B, o). It follows that m is the smallest number that
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occupies a cell strictly to the right of cell p in O and thus, it is the case that o1 > s > m = 0. Then
there are three possibilities:

(i) brick by has more than p — d cells and m is in brick bs,
(ii) m starts some brick b; for j > 2, or
(iii) m is in the middle of some brick b; for j > 2.

We will show that each of these cases contradicts our assumption (B, o) is a fixed point of Jr.

In case (i), since o;_1 > oy, there is a decrease in brick bs that occurs strictly to the right of cell p.
However, due to the 7-match starting from cell 1 of O, brick by already has des(7) — 1 descents, the
maximum number of allowed descents in a brick. Thus, by the second property of Lemma [9] this is a
contradiction.

In case (ii), since last(b;_1) = ox_1 > o} = first(b;), by Lemma 9] there must be a T-match that is
contained in the cells of b;_; and b; and ends weakly to the left of cell k¥ which contains m. Since T is
a minimal overlapping permutation, the only possible 7-match beside from the first one that starts from
cell 1 in (B, o) must occur weakly to the right of cell p in O. However, since m is the smallest number in
the cells to the right of cell p and 7 starts with 1, any match that involves m must also start from this cell.
Thus, we can never have a 7-match in (B, o) that involves both cells £ — 1 and k in (B, o).

In case (iii), suppose that m occupies cell % that is in the middle of brick b;. There are now two
possibilities between the last cell of b;_; and the first cell of brick b;: either last(b;_1) < first(b;) or
last(b;j_q) > first(b;). If last(b;_1) < first(b;) then we can simply break the brick b; after cell k — 1,
contradicting the fact that (B, o) is a fixed point. On the other hand, if last(b;_1) > first(b;) then by
Lemma[9] there must be a 7-match that ends weakly to the left of cell &, and involves the two cells k — 1
and k. However, by previous argument, this cannot hold.

Hence, it must be the case that all the integers {1,2,...,s — 1, s} belong to the first p cells of (B, o).
Furthermore, we only have one way to arrange these entries, according to their respective position within
the 7-match. This also implies that o, = s. We will then choose p — s numbers and fill these numbers
in the empty cells within the first p cells of (B, o) such that red(010 - - - 0) = 7. There are (7_7) ways
to do this and keeping track of the inversions between our choice of p — s numbers and the elements of

(B, ) which occurs after cell p, we obtain a factor of [Z:j] . from our possible choices. Then we have

to count the inversions among the first p elements of (B, o), which contributes a factor of g™ We
notice that since 7 has the minimal overlapping property, the next possible 7-match in (B, o) must start
from cell p that contains s. In addition, according to Lemma9} any brick in a fixed point of the involution
can have at most des(7) — 1 descents within the brick so there cannot be any descents in by after cell p.
By construction, o, = s is less than the elements which occur to the right of cell p. Therefore, we can
remove the first p — 1 cells of (B, o) and obtain a fixed point (B, ¢’) of length n — p + 1.

This process is also reversible. Suppose 7 € S}, is a minimal overlapping permutation with 7 = 1,7, =
s, and the first descent in 7 occurs at position d. Given a fixed point (B’, o’) of length n — p + 1 where
B’ = (b},...,b.) and a choice T of p — s elements from {s + 1,...,n}, we let o* be the permutation of
{1,...,s} UT such thatred(c*) = 7 and o** be the permutation of {1,...,n} — ({1,...,s} UT) such
that red(c*) = ¢o’. Thenif weleto = o*0c™* and B = (d,p —d — 1 + b}, b5, ..., b)), then (B, o) will
be a fixed point of Jr of length n that has 7-match starting in cell 1.
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It follows that the contribution of the fixed points in Case 2 to IU ,, (g, 2) is
_ des(7) ,inv(T) n—s U
z q |:p _ S:| . T,n—p+1(Q7 Z)

Combining Cases 1 and 2, we see that for n > 2,

n—s
p—35
which is what we wanted to prove. O

It is easy to see that Theorem [6]follows immediately from Theorem[I0] That is, Theorem[I0]shows that
for a minimal overlapping permutation 7 € .S; that starts with 1, the generating function

tn
INM(t,1,2) =14+ — >zl
w1 cEN M, ()

IUT,n(Q7 Z) = (1 - Z)IUT,TL—I(Qa Z) - ZdCS(T)qinv(T) |: :| IUT,’rL—p-l—l (Qa Z) (40)
q

depends only on s = 7; and des(7). Thus if « and § are minimal overlapping permutations which start
with 1 and end with s and des(«) = des(8), then INM, (¢, 1,2) = INMg(t, 1, z) so that « and 3 are
des-c-Wilf equivalent. Similarly, Theorem 10 shows that for a minimal overlapping permutation 7 € S
that starts with 1, the generating function

tn .
INM, (t,q,2) =1+ Z o Z des(o) 1 ginv(7)
n>1 U e N M, (1)

depends only on s = 7;, des(7), and inv(7). Thus if o and § are minimal overlapping permutations
which start with 1 and end with s and des(«) = des(8) and inv(«) = inv(8), then INM,(¢,q,2) =
INMg(t, g, 2) so that o and 3 are (des, inv)-c-Wilf equivalent.

There are lots of examples of minimal overlapping permutations « and /3 for which the hypothesis of
Theorem [6] apply. For example, consider n = 5. Since we are only interested in permutations that start
with 1, we know that such a permutation « starts with a rise. Then « cannot end in a rise since otherwise o
is not minimal overlapping. Thus a must start with 1 and end in a descent. There are no such permutations
that end in 5 and there are only two such permutations that end in 4, namely, 12354 and 13254 and these
two permutations do not have the same number of descents. This leaves us 10 possible permutations to
consider which we have listed in the following table. For each such o, we have list des(o), inv(o), and
indicated whether is minimal overlapping.

o des(o) | inv(o) | Is minimal overlapping?
12453 | 1 1 yes
12543 | 2 3 yes
14253 | 2 3 no
15243 | 2 4 no
13452 [ 1 3 yes
13542 | 2 4 yes
14352 | 2 4 yes
14532 | 2 5 yes
15342 | 2 5 yes
15432 | 3 6 yes
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Thus, Theorem@tells us that all the elements in the set {13542, 14352, 14532, 15342} are des-c-Wilf
equivalent. It also tells that the same set breaks up into 2 (des, inv)-c-Wilf equivalence classes, namely,
{13542,14352} and {14532, 15342}.

Another natural question to ask is whether the size of (des, inv)-c-Wilf equivalence classes can get
arbitrarily large as n goes to infinity. The answer to this question is yes. First, it is easy to see that if o
is a permutation that starts with 1 and ends with 2, it is automatically minimal overlapping. That is, if
o =o01...0, Where o1 = 1 and 0,, = 2, then there can be no 2 < 7 < n — 1 such that the first ¢ elements
of ¢ has the same relative order as the last ¢ elements of o because in the first ¢ elements of o the smallest
element is at the start while in the last 7 elements of o, the smallest element is at the end.

Now consider three consecutive elements x, x + 1, z 4+ 2. Then the sequences t1(x) = (z + 1)(z + 2)x
and to(z) = (z + 2)x(x + 1) each have one descent and two inversions. It follows that if we start with
the permutation o = 1 #1(3) ¢1(6) t1(9) - - - t1(3n) 2, then we can replace any of the sequence ¢ (3k) by
its corresponding sequence t2(3k) and it will keep the inversion number and the descent number of the
permutation the same. Thus, the size of the (des, inv)-c-Wilf equivalence class of o is at least 2.

There are lots of other examples of this type. For example, consider four consecutive elements =, x +
1,2 4+ 2,2 + 3. Then the sequences si(z) = (z + 1)(z + 2)z(z + 3) and sa(z) = z(z + 3)(z +
1)(x + 2) each have one descent and two inversions. It follows that if we start with the permutation
7 =1351(3) s1(7) s1(11)...51(4n — 1) 2, then we can replace any of the sequence s;(4k — 1) by its
corresponding sequence so(4k — 1) and it will keep the inversion number and the descent number of the
permutation the same. This same argument can also be extended to permutations o € S, that start with
123 - - - k and end with k + 1, for any & > 0. Hence, the size of the (des, inv)-c-Wilf equivalence class of
T is at least 2.

5 The proof of Theorem

In Theorem (8} we study the (des, LRmin)-c-Wilf equivalent relation and its g-analog which arise as
another consequence of Theorem First, we observe that for any permutation 7, NM,(¢,1,y) =
INM, (t, z,1) and hence, U, (¢,y) = IU,(t, z,1). Thus, if & and 3 are minimal overlapping permutations
which start with 1 and end with s with des(a) = des(8), then U, (¢, y) = Us(t,y). This leads to

NM, (£, 2, ) = (Ua(lty)> _ (Uﬁ(lty)) — NM (4, 2,1).

Hence, if o and (8 are minimal overlapping permutations which start with 1 and end with s and des(a) =
des(p), then « and 3 are (des, LRmin)-c-Wilf equivalent. In fact, by relaxing the condition that « and
B start with 1, we can generalize this result for pairs of permutations « and (5 that satisfy the condition
which we refer to as mutually minimal overlapping.

Before proceeding with the proof of Theorem [8| we first recall the definition of mutually minimal
overlapping permutations. Here, we say that « and § are mutually minimal overlapping if « and 3 are
minimal overlapping and the smallest n such that there exist a permutation o € S,, such that «-mch(o) >
1 and B-mch(o) > 1is 25 — 1. This ensures that in any permutation o, any pair of a-matches, any pair
of 5 matches, and any pair of matches where one match is an a-match and one match is a S-match can
share at most one letter.

Note that if « = a1...a; and 8 = B; ... 3; are minimal overlapping permutations in S; that start
with 1 and end with 2, then « and /3 are mutually minimal overlapping. That is, it cannot be that there is
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1 < i < j such that the last ¢ elements of « have the same relative order as the first ¢ elements of 3 since
the first 7 elements of « has its smallest element at the start while the last i elements of 3 has it smallest
element at the end. Similarly, it can not be that there is 1 < ¢ < j such that that last the last 7 elements of
[ have the same relative order as the first ¢ elements of «. On the other hand, if

o = 193827654 and
B = 139875264,

then one can check that o and (3 are minimal overlapping, des(a)) = des(8) = 4, and inv(«) = inv(8) =
19. However « and /3 are not mutually minimal overlapping since the first 3 elements of « have the same
relative order as that last three elements of 5.

We shall give a bijective proof for a slightly stronger version of Theorem[6] In fact, Theorem [6]is the
special case of the following result when a = 1.

Theorem. Suppose o = a1 ...«  and 8 = 1 ... B; are permutations in S; which are mutually minimal
overlapping and there is an 1 < a < j such that o; = B; fori < a, o = By = 1, a; = B;, and

des(a) = des(8).

Then N N
Z % Z xdes(o)yLRmin(a) _ Z L' Z xdes(a)yLRmin(U). 41)

. n.
n>0 cEN M, (a) n>0 cEN M, (B)

Thus o and B are (des, LRmin)-c-Wilf equivalent.
If in addition, inv(«) = inv(f), then

Z tm Z des(a) LRmm(a mv(a Z mdes(a)yLRmin(a)qinv(n). (42)
|
o ! TEN My (@) o et (8)

Thus « and B are (des, LRmin, inv)-c-Wilf equivalent.
Proof: For any n > 0, we can partition the elements of S, into four sets:
1. A, equals the set of o € .S, such that a-mch(c) > 0 and S-mch(o) = 0,
2. B, equals the set of o € S,, such that S-mch(o) > 0 and c-mch(o) = 0,
(o)

0,

V

)

)

3. O, equals the set of o € S,, such that 5-mch(c) > 0 and a-mch(c
4. D,, equals the set of o € S,, such that S-mch (o) = 0 and a-mch(o) = 0.
Clearly N M,,(a) = D,, U B,, and NM,,(3) = D,, U A,,. Thus, to prove that

Z Zdes(a)uLRmin(o) _ Z Zdes(a)uLRmin(a)’
oEN My (a) cEN M (B)

we need only prove that

§ Zdes(o’)uLRmin(a) — § Zdes(o’)uLRmin(a).
o€A, oc€B,
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Thus, we need to define a bijection ¢ : A,, — B, such that for all 0 € A,, des(c) = des(é(0))
and LRmin(¢) = LRmin(¢(c)). One simply replaces each a-match o; ... 04,1 in o by the S-match
where we rearrange 0;1 . . . 044 —2 so that it matches 3. Given our conditions on « and 3, this mean that
we will simply rearrange o4 ...0;4+j—2 to match the order of the elements 3,1 .../5;_1. Since « is
minimal overlapping, the elements that we rearrange in any two « matches of ¢ are disjoint. Hence ¢ is
well defined.

The fact that o, = B, = 1 ensures that 04,1 is less than each of the elements 014 ...0i4j—2 SO
that rearranging these can not effect the number of left-to-right minima. So LRmin(c) = LRmin(¢(0)).
The fact that des(«) = des(/3) ensures that our rearrangement o; 41 . .. ;41 does not effect the num-
ber of descents so that des(o) = des(¢(c)). Moreover, if inv(«) = inv(/), then our rearrangement
Oita - - Titj—2 does not effect the number of inversions so that inv(c) = inv(¢(0)).

Next we claim the fact that « and § are mutually minimal overlapping ensures that ¢(o) is in B,,. That
is, if ¢(o) has an a match, then if must have been the case that there was a-match o; . . . 01 ;_1 in o such
that the rearrangement of 04, . . . 012 or possibly two consecutive a-matchesin o o; ... 0,422 such
that the rearrangement of o;, ...0;4;_o and the rearrangement of 0; ;144 ...0;42;j—3 caused an a-
match to appear. In either case, this would mean that that there is an a-match in ¢(o) which shares more
than 2 letters with a S-match in ¢(o). This is impossible since e and 5 are mutually minimal overlapping.

Finally, it is clear how to define ¢~1(c). One simply replaces each 3-match o; . .. 0i+j—1 1n o by the
o-match where we rearrange o, ... 04 o so that it matches . The same arguments will ensure that
¢! is well defined and maps B,, into A,,. Thus ¢ proves theorem. O

Finally, we observe that our proof of Theorem [I0]can also be modified to prove the following theorem
which allows us to study the c-Wilf equivalent relations between families of permutations.

Theorem 11. Suppose I' = {a(l), e oz(k)} is a set of minimal overlapping permutations in S, which
all start with 1 and o) and o\9) are mutually minimal overlapping for all 1 < i < j < k. For each
1 <1t <k, let s; be the last element ofa(i). Then

INMr(t,q, 2) where IUr(t,y) = 1 + ZIUFJL((L z)

')
= [nq!

- IUF(ta q, Z)
with IUp 1(q, 2) = —=z, and for n > 2,

n—s;

k
— _ _ des(a?) inv(a®)
IUI‘,n(sz) - (1 Z)IUI‘,n—l(QaZ) ;Z q p— s

} Urn—p+1 (q,2).
q
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Given permutations o of size k and 7 of size n with k < n, the permutation pattern matching problem is to decide
whether o occurs in 7 as an order-isomorphic subsequence. We give a linear-time algorithm in case both 7 and o
avoid the two size-3 permutations 213 and 231. For the special case where only o avoids 213 and 231, we present a
O(maz(kn?,n? log log n)-time algorithm. We extend our research to bivincular patterns that avoid 213 and 231 and
present a O(kn")-time algorithm. Finally we look at the related problem of the longest subsequence which avoids
213 and 231.

Keywords: Permutation Pattern matching

1 Introduction

A permutation ¢ is said to occur in another permutation 7 (or m contains o), denoted o =< m, if there
exists a subsequence of elements of 7 that has the same relative order as o. Otherwise, 7 is said to avoid
the permutation ¢. For example a permutation contains the permutation 123 (resp. 321) if it has an
increasing (resp. a decreasing) subsequence of size 3. Similarly, 213 occurs in 6152347, but 231 does not
occurs in 6152347. During the last decade, the study of patterns in permutations has become a very active
area of research [14] and a whole annual conference (PERMUTATION PATTERNS) focuses on patterns in
permutations.

We consider here the so-called permutation pattern matching problem (also sometimes referred to as the
pattern involvement problem): Given two permutations o of size k and 7 of size n, the problem is to decide
whether o < 7 (the problem is attributed to Wilf in [5]). The permutation pattern matching is known to be
NP-hard [5]. It is however polynomial-time solvable by brute-force enumeration if o has bounded size.
Improvements to this algorithm were presented in [3] and [1], the latter describing a O(n0'47k+°(k’))-
time algorithm. Bruner and Lackner [7] gave a fixed-parameter algorithm solving the permutation pattern
matching problem with an exponential worst-case runtime of O(1.52™.n.k). This is an improvement upon
the O(k (Z)) runtime required by brute-force search without imposing restrictions on ¢ and 7, where one
has to enumerate all the (”) different subsequences of size k in 7 and test if one of them has the same

k
relative order as o. Guillemot and Marx [10] showed that the permutation pattern matching problem is
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solvable in 20(n-+108 %) _and hence is fixed-parameter tractable with respect to the length k of the pattern
o (standard parameterization). However, Mach proved that the permutation involvement problem under
the standard parameterization does not have a polynomial size kernel (assuming NP ¢ coNP/ poly
[15D).

A few particular cases of the permutation pattern matching problem have been attacked successfully.
The case of increasing patterns is solvable in O(nlog log k)-time [8], improving the previous 30-year
bound of O(nlog k). Furthermore, the patterns 132, 213, 231, 312 can all be handled in linear-time by
stack sorting algorithms. Any pattern of size 4 can be detected in O(n logn) time [3]. Algorithmic issues
for 321-avoiding patterns matching for permutations have been investigated in [11] and more recently in
[2]. The permutation pattern matching problem is also solvable in polynomial-time for separable patterns
[12, 5] (see also [6] for the longest common subsequence problem and related ones on separable permu-
tations). Separable permutations are permutations that do not have an occurrence of 2413 nor 3142, and
they are enumerated by the Schréder numbers.

(Notice that the separable permutations include as a special case the stack-sortable permutations, which
avoid the pattern 231.) The major negative result is given in [13]. They prove that the permutation
pattern matching problem is NP-complete when o has no decreasing subsequence of length 3 and 7 has
no decreasing subsequence of length 4. This provides the first known example of the permutation pattern
matching problem being hard when one or both of 7 and o are restricted to a proper hereditary class of
permutations.

There exist many generalisations of patterns that are worth considering in the context of algorithmic
issues in pattern matching (see [14] for an up-to-date survey). Vincular patterns, also called general-
ized patterns, resemble (classical) patterns with the additional constraint that some of the elements in a
occurrence must be consecutive in positions. Of particular importance in our context, Bruner and Lack-
ner [7] proved that deciding whether a vincular pattern o of size k occurs in a longer permutation 7 is
W1]-complete for parameter k; for an up-to-date survey of the W[1] class and related material, see [9].
Bivincular patterns generalize classical patterns even further than vincular patterns by adding a constraint
on values.

We focus in this paper on pattern matching issues for wedge permutations (i.e., those permutations
that avoid both 213 and 231). This paper is organized as follows. In Section 2 the needed definitions are
presented. Section 3 is devoted to presenting an online linear-time algorithm in case both permutations are
wedge permutations, whereas Section 4 focuses on the case where only the pattern is a wedge permutation.
In Section 5 we give a polynomial-time algorithm for a bivincular wedge permutation pattern. In Section 6
we consider the problem of finding the longest wedge permutation pattern in permutations.

2 Definitions

A permutation of size n is a linear ordering of an ordered set of size n. When writing the permutation we
omit the < sign, thus writing the permutation as a word: m = w7y ... m,, whose elements are distinct
and usually consist of the integers 1,2, ..., n.

We need to consider both the natural order of the set and the linear order given by the permutation.
When talking about an element, we refer to the relative position in the natural order of the set as its value
and we refer to the relative position in the order given by the permutation as its position. We write 7 [i] to
indicate the value of the element at position ¢ (i.e. 7;). For example, in the permutation 7 = 51342, The
element 1 is at position 2 and the element at position 1 has value 5. Conveniently, we let 7r[é : j] stand for
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Fig. 2: The element is a RLMax if and only if the hashed area is empty.

TiTit1 ... m;, w[: 7] stand for 7[1 : j] and 7[¢ ] stand for 7[i : n|.

It is convenient to use a geometric representation of permutations to ease the understanding of algo-
rithms. The geometric representation corresponds to the set of points with coordinate (i, 7[4]) (see Figure
1).

When an element 7[c] is smaller (resp. larger) than an element 73] by value (in the natural order of
the set), we say that 7[«] is below (resp. above) 7[], as a reference to the geometric representation of the
permutation. Besides, the element with the largest value is called the topmost element and the element
with the smallest value is called the bottommost element. For example, in the permutation m = 51342, 2
is below 4, the topmost element is 5 and the bottommost element is 1.

When an element 7[«] is smaller (resp. larger) than an element 7[3] by position (in the order given by
the permutation), we say that 7[a] is on the left of (resp. on the right of) 7[3]. Besides, the element with
the largest position is called the rightmost element and the element with the smallest position is called the
leftmost element. For example, in the permutation 7 = 51342, 5 is on the left of 3, the leftmost element
is 5 and the rightmost element is 2.

A permutation o is said to occur in the permutation 7, written o =< T, if there exists a subsequence
of (not necessarily consecutive) elements of 7 that has the same relative order as . Such a subsequence
is called an occurrence of o in w. Otherwise, 7 is said to avoid the permutation o. For example, the
permutation 7 = 391867452 has an occurrence of the pattern ¢ = 51342, as can be seen in the highlighted
subsequence of 1 = 391867452 (or m = 391867452 or 1 = 391867452 or m = 391867452 ). Since
the permutation m = 391867452 contains no increasing subsequence of size four, 7 avoids 1234. For an
occurrence s of ¢ in 7, we say that 7[j] correspond o [i] in the occurrence or that o[i] is matched to 7[j]
in the occurrence if and only if 7[j] = s[i]. Geometrically, 7 has an occurrence of ¢ if there exists a set
of points in m whose relative positions are the same as those of o (see Figure 1). A right-to-left maximum
(RLMax, for short) of 7 is an element that does not have any element above it and to its right (see Figure
2). Formally, 7[i] is a RLMax if and only if 7[i] is the topmost element of 7[¢ :]. Similarly 7[é] is
a right-to-left minimum (RLMin, for short) if and only if «[i] is the bottommost element of 7[i :]. A
bivincular permutation pattern o of size k is a permutation written in two-line notation (the top row is
12 ... k and the bottom row is a permutation o102 ... o) with overlined elements in the top row and
underlined elements in the bottom row. We have the following conditions on the top and bottom rows of
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of ¢ in 3216745 but not an occurrence of & because the points (1, 3) and (5, 7) are in the forbidden areas.

Fig. 3: From left to right, the bivincular pattern ¢ = an occurrence of ¢ in 3216745, an occurrence

o, as seen in [14] in Definition 1.4.1:

o If the bottom line of o contains 0011 ... o; then the elements corresponding to ;041 ... 0; in
a occurrence of ¢ in 7 must be adjacent, whereas there is no adjacency condition for non-underlined
consecutive elements. Moreover if the bottom row of & begins with _o; then any occurrence of &
in a permutation 7 must begin with the leftmost element of 7, and if the bottom row of o ends with
o}, then any occurrence of & in a permutation 7 must end with the rightmost element of 7.

o If the top line of & contains 54+ 1 ... j then the elements corresponding to ¢,7 + 1,...,7 in an
occurrence of ¢ in 7 must be adjacent in values, whereas there is no value adjacency restriction for
non-overlined elements. Moreover, if the top row of & begins with ' 1 then any occurrence of & in
a permutation 7 must contain the bottommost element of 7, and if top row of ¢ ends with &k ' then
any occurrence of & in a permutation 7 must contain the topmost element of 7.

Given a bivincular permutation pattern &, o refers to the bottom line of o without any element under-

lined. For example, let ¢ = g?i;, in 3217845, 3217845 is an occurrence of o but 3217845 is not and
o = 2143. The best general reference for bivincular pattern is [14].

Geometrically, we represent underlined and overlined elements by forbidden areas. If two elements are
overlined then we draw a horizontal forbidden area between those two points. In an occurrence, we also
draw the forbidden area between the matching of two overlined elements. This area must be empty to have
a valid occurrence of the bivincular pattern. If the area is empty then there is no element between them
when reading the permutation from bottom to top, in other words the matching elements are consecutive

in value. If two elements are underlined then we draw a vertical forbidden area. (See Figure 3).

3 Both 7 and ¢ are wedge permutation

This section is devoted to present a fast algorithm for deciding if ¢ < 7 in case both 7 and o are wedge
permutations. We begin with an easy and folk but crucial structure lemma.

Lemma 1 The first element of any wedge permutations must be either the bottommost or the topmost

element.

Proof: Any other initial element would serve as a ‘2’ in either a 231 or 213 with 1 and n as the ‘1’ and
‘3’ respectively. O
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Corollary 2 7 is a wedge permutation of size n if and only if for 1 < i < n, 7[i] is a RLMax or a
RLMin.

As a consequence, a wedge permutation can be partitioned into three sets: the set of RLMax elements,
the set of RLMin elements and the rightmost element which can be both a RLMax element and a RLMin
element. The partition gives a bijection between the set of wedge permutations of size n with elements
1,...,n and the set of binary words of size n — 1. The word w which corresponds to 7 is the word
where each letter at position ¢ represents whether 7[¢] is a RLMax element or a RLMin element. We
call this bijection B. We also extend this transformation to subsequence of wedge permutations: Given a
subsequence s, the binary word B(s) is the word where the letter at position 4 represents whether s[¢] is a
RLMax element or a RLMin element.

Remark 3 The set of RLMax elements is a decreasing subsequence, indeed each element is on the left
and above the next RLMax element by definition of a RLMax element. In the same fashion, the set of
RLMin elements is an increasing subsequence. See Figure 4.

Remark 4 We can draw a horizontal line (passing thought the rightmost element) on a wedge permuta-
tions such that the upper half contains only a decreasing subsequence and the lower half contains only an
increasing subsequence. This shape the permutation as a >, hence the name of wedge permutations. See
Figure 4.

For any permutation, to figure out whether or not an element is a RLMax element or a RLMin element,
one has to read the whole permutation from left to right starting from the position of the element. We give
a corollary of Lemma 1, to guess it in constant time for a wedge permutation.

Corollary 5 Let 7 be a wedge permutation and 1 < © < n. Then,
1. 7[i] is a RLMin element if and only if 7[i] < w[i + 1];
2. 7[i] is a RLMax element if and only if w[i] > «[i + 1].

Now that we have highlighted some structural properties of wedge permutations, we can use this struc-
ture to solve the permutation pattern matching. More precisely, we use the bijection from wedge permu-
tations to binary words to solve this problem, thanks to the following lemma.

Lemma 6 Let m and o be two wedge permutations. Then, m has an occurrence of o if and only if there
exists a subsequence t of  such B(t) = B(o0).

Proof: The forward direction is obvious. We prove the backward direction by induction on the size of o:
if B(t) = B(o) then t is an occurrence of o. The base case is a pattern of size 2. Suppose that ¢ = 12
and thus B(o) = RLMin. Let t = m;, 7;,, 1 < i2, be a subsequence of 7 such that B(¢t) = RLMin, this
reduces to saying that 7;, < 7;,, and hence that ¢ is an occurrence of ¢ = 12 in 7. A similar argument
shows that the lemma holds for o = 21. Now, assume that the lemma is true for all patterns up to size
k > 2. Let o be a wedge permutation of size k£ + 1 and let ¢ be a subsequence of 7 of size k£ + 1 such that
B(t) = B(o). As B(t)[2 :] = B(0)[2 :] by the induction hypothesis, it follows that ¢[2 :] is an occurrence
of o[2 :]. Moreover B(t)[1] = B(c)[1] thus ¢[1] and o[1] are both either the bottommost or the topmost
element of their respective sequences. Therefore, ¢ is an occurrence of ¢ in 7.

O
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Fig. 4: The wedge permutation 123984765. Every line represents a factor, every circled point represents
the leftmost element of each factor.

We are now ready to solve the permutation pattern matching problem in case both 7 and o are wedge
permutations.

Proposition 7 Let 7 and o be two wedge permutations. One can decide whether T has an occurrence of
o in linear time.

Proof: According to Lemma 6 the problem reduces to deciding whether B(c) occurs as a subsequence
in B(w). This can be solved in linear time with a straightforward greedy approach as follows. We read
both B(c) and B(w) from left to right; when two letters are equal, we match them, and move to the next
in both B(o) and B(7) (if such letters exist); otherwise we stay at the same letter of B(o) but move to
the next one in B(w) (if it exists); we accept exactly when all letters of B(c) have been matched.

a

Thanks to Corollary 5, we do not need to compute the words B(c) and B(7) before running the greedy
algorithm. This computation can be done at the same time as running the algorithm, thus, giving an
on-line algorithm.

4 Only o is a wedge permutation

This section focuses on the permutation pattern matching problem in case only the pattern o is a wedge
permutation. We need to consider a specific decomposition of ¢ into factors: we split the permutation into
maximal sequences of consecutive RLMin and RLMax elements, respectively called a RLMin factor and
a RLMax factor. This corresponds to splitting the permutation between every pair of RLMin — RLMax
and RLMax — RLMin elements (see Figure 4). For the special case of a wedge permutation, this also
corresponds to splitting the permutation into maximal sequences of elements consecutive in value. We
label the factors from right to left. Note that the rightmost element can be both a RLMin or a RLMax,
we take the convention that it is of the same type as the element before it for the factorization, so that the
first factor (the rightmost factor) always contains at least two elements. For example, o = 123984765 is
split as 123 — 98 — 4 — 765. Hence o = factor(4) factor(3) factor(2) factor(1) with factor(4) = 123,
factor(3) = 98, factor(2) = 4 and factor(1) = 765. See Figure 4.

Remark 8 A factor is either an increasing or a decreasing sequence of elements.

To lighten a figure of an occurrence and to help the comprehension, we represent an occurrence in 7
(or a part of it) by a rectangle ((As, Ay), (Bs, By)) that contains at least all the points of the elements of
the occurrence, where A is the bottom left corner and B is the top right corner. Formally the rectangle
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((Agz, Ay), (B, By)) is the set of points in w[A, : B;] where each element is in [A,, B,]. Moreover we
say that a rectangle is minimal if and only if it is the smallest rectangle that contains all of the elements of
the occurrence. Consequently, the minimal rectangle of an occurrence is ((Im, bm), (rm, tm)) where Im
stands for the position of the leftmost element, bm stands for the value of the bottommost element, rm
stands for the position of the rightmost element and ¢m stands for the value of the topmost element. See
Figure 5.

Remark 9 A rectangle contains an occurrence of a RLMin (resp. RLMax) factor if and only if the
rectangle contains an increasing (resp. decreasing) subsequence of same size or larger than the size of
the factor.

We give a property of a wedge permutation that allows us to decide whether a rectangle contains an
occurrence of the wedge permutation: given a rectangle we show that we can split the rectangle in two
smaller rectangles. The splitting transforms the problem in deciding whether or not each of the two
rectangles contains part of the wedge permutation. Intuitively, the problems on the two rectangles are
easier than the problem on the original rectangle.

Lemma 10 There exists an occurrence of a wedge permutation starting with a leftmost RLmin (resp.
RLmax) factor if and only if there exist two rectangles Ry and Ra, such that R, is to the left and below
(resp. to the left and above) Ro, Ry contains an occurrence of the leftmost factor and Ry contains an
occurrence of the rest.

Proof: This is true as the leftmost factor is to the left and below (resp. to the left and above) the rest of
the wedge permutation. O

We show how to compute the permutation pattern matching using this lemma. Note that the algorithm
given in the proof is not the best we can do with respect to the time and space complexity, but it helps
understanding the better version described in the proof of Proposition 15.

Lemma 11 Let o be a wedge permutation of size k and m a permutation of size n. One can decide in
polynomial time and space whether  contains an occurrence of o.

Proof: We introduce a set of values needed in computing the permutation pattern matching. Let LIS,
(((4,1b), (37, ub))) (resp. LDS-(((4,1b),(5',ub)))) be the size of the longest increasing (resp. decreas-
ing) subsequence in ((7,1b), (j/,ub)). For all the rectangles LIS (((,1b), (7', ud))) and LDS,(((4,1b)
,(j',ub))) are computed in O(n?log(log(n))) time (see [4]). LIS.(((j,1b),(j’,ub))) (resp. LDS,
(((4,10),(47,ub)))) allows us to decide the existence of an occurrence of any LRMin (resp. LRMax)
factor in the rectangle ((J,1b), (', ub)) in constant time if we precomputed it for all the rectangles.
We solve the problem of deciding whether a rectangle ((7,1b), (j/,ub)) contains an occurrence of
factor(i) . .. factor(i'), More formally:
True if and only if ((4,1b), (§/,ub)) contains
PMZ (3,4, ((4,1b), (', ub))) = an occurrence of factor(¢) . . . factor(z’)
False Otherwise
By definition 7 contains an occurrence of o if and only if PMZ (4,1, ((1,1), (n,n))) is true where £ is
the number of factors in o. We show how to compute PM7 (7, ¢', ((4,1b), (n, ub))) recursively.
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o If the permutation is reduced to a factor then one has to decide if the rectangle contains an increasing
or a decreasing factor with the same size or larger than the size of the unique factor. This case
happens when i = ¢’

— if factor(i) is a LRMin factor:

PMg(iv i, ((]a lb)a (nv Ub))) -

True if |factor(i)| < LIS (((7,1b), (n,ud)))
False Otherwise

— if factor(i) is a LRMax factor:

PMg(iv i, ((]a lb)a (nv Ub))) -

True if |factor(i)] < LDS(((J,1b), (n,ub)))
False Otherwise

e Otherwise, assuming that factor(i) is a LRMin (resp. LRMax) factor, we need to decide if there
exists a splitting of ((J, [b), (n, ub)) into two rectangles R; and Ry such that R, is to the left and
below (resp above) Ra, Ry contains an occurrence of factor(¢) and Rz contains an occurrence of
factor(i—1)...factor(i). A direct strategy is to try every pair of rectangles where one rectangle is
to the left and below (resp. above) the other and to decide whether the first one contains a occurrence
of factor(z) and the second one contains an occurrence of factor(: — 1) ... factor(i"). Note that
to reduce the number of pairs of rectangles to test, it is better to consider the biggest rectangles
possible as long as the positions of the two rectangles are respected. Indeed if R’ is contained in
R and R’ contains an occurrence then R also contains this occurrence, so we do not need to find
an occurrence in both R and R’ but only in R. Concretely we can always consider that R has for
bottom left corner (j, [b) (resp. top right corner (j, ub)) and that Ry has for top right corner (n, ub)
(resp. bottom right corner (n, (b)) and R; is next to Ry. More formally:

— if factor(i) is a LRMin factor:
PME (4,4, (4, 1b), (n, ub))) =

\/ PMZ(ii, (3, 1b), (5, ub’))) APMZ (i — 1,i", ((§' + 1, ub’ + 1), (n, ub)))

i<j'<n
ub’ <ub

— if factor(i) is a LRMax factor:
PMJ (i,4', ((4,1b), (n,ub))) =

\/ PMZ(ii, ((j, 1), (j, ub))) APMZ (i — 1,4, ((j' + 1,1b), (n, 1t/ — 1))

j<j'<n
' >1b
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Fig. 5: From left ro right, an occurrence of a permutation, the same occurrence where each occurrence
of a factor is represented by the minimal rectangle, the same occurrence where the occurrence of the first
two factors are represented by the minimal rectangle, and the same occurrence represented by its minimal
rectangle.
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Remark that given that the pattern starts with a RLMin (resp. RLMax), if the occurrence starts at the
left edge of the rectangle (ie. m[j] is part of the occurrence), then as the leftmost element of the pattern
is a RLMin (resp RLMax) value, every element of the occurrence is above (resp. below) it, so 7[j] can
be used as lower (resp. upper) bound and thus as the bottom (resp. top) edge of the rectangle. In the
algorithm, instead of finding any occurrence we find an occurrence starting at the left edge. This has two
consequences: First we can remove one argument corresponding to the bottom (resp. top) edge as it can
be easily computed and second, the condition of whether o occurs in 7 is changed as we have to try every
element of 7 as a starting element of an occurrence.

We extend our research to reduce the number of pairs of rectangles that we have to test. The idea is
that when deciding whether a rectangle contains an occurrence of a pattern, to split the rectangle, the
algorithm first “cuts” the rectangle vertically, so that we obtain two rectangles, the first one being on the
left of the second one. Then the algorithm decides whether the second rectangle contains an occurrence
of the right part of the pattern”. From all the occurrences that the algorithm could find, it is in our best
interest to select the occurrence which is contained in the smallest rectangles possible, so that the first
rectangle is bigger and thus it will contains more elements and so, will have a better chance to contain
an occurrence of the left part of the pattern. Note that given that the leftmost factor of the pattern is a
RLMin (resp. RLMax) factor, the left, right and top (resp. bottom) edges of the second rectangle is fixed.
Indeed remember that in the algorithm, the second rectangle shares it top (resp. bottom) right corner with
the original rectangle which gives the right and top (resp. bottom) edges and the algorithm has already
“cut” the original rectangle vertically which gives the left edge. So the ”smallest rectangle” can only by
obtained using the bottom (resp. top) edge which should be the upmost (resp. bottommost) possible. The
next lemma indicates which element is the topmost and the bottommost, and the next one and its corollary
formalize what said above. But first we introduce another notation.

We introduce the notation LMEp(s) (which stands for the leftmost element position): Suppose that
s is a subsequence of S, LMEp(s) is the position of the leftmost element of s in S. Thus for every
factor, LMEp(factor(j)) stands for the position in o of the leftmost element of factor(j). For the ex-
ample preceding Remark 8, LMEp(factor(4)) = 1, LMEp(factor(3)) = 4, LMEp(factor(2)) = 6 and
LMEp(factor(1)) = 7.

Lemma 12 Given a wedge permutation o, if factor(i) is a RLMin (resp. RLMax) factor the topmost
(resp. bottommost) element of factor(4) . . . factor(1) is the leftmost element of factor(i — 1).
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factor(i + 1)

AN
factor(i — 1)
topmost element
AN
/
/
/ : bottommost element

factor(7)

Suffix starting at factor(7)

Fig. 6: The topmost element of the suffix starting at factor(¢) is the leftmost element of factor(i — 1)
(represented by the grey dot). PM? (4, j) is the smallest value of the matching of the topmost element (the
grey dot) in all the occurrences of the suffix starting at LMEp(factor(4)) in 7[5 :].

Proof: This lemma states that, given a wedge permutation if the permutation starts with a RLMin (resp.
RLMax) element then the topmost (resp. bottommost) element of this permutation is the first RLMax
(resp. RLMin) element (see Figure 6). This is easy to see from the shape of a wedge permutation.
Formally, the RLMin elements are below the RLMax elements, thus the topmost element must be the
first RLMax element, which is the leftmost element of factor(i — 1).

O

We also define S (4, j) as the set of all subsequences s of 7[5 :] that start at 7[] and that are occurrences
of factor(4) . . . factor(1).

Lemma 13 Let o be a wedge permutation and factor(i) be a RLMin (resp. RLMax) factor o. Let
be a permutation and s a subsequence of w such that s € S7(i,j) and s minimizes (resp. maximizes)
the matching of the leftmost element of factor(i — 1). Let s’ be a subsequence of w such that s’ €
St (i,4) and let t = t's' be a subsequence of  that extends s’ on the right. Assume t is an occurrence
of factor(i + 1) ... factor(1) such that the leftmost element of factor(i) is matched to w[j|. Then the
subsequence t's is also an occurrence of factor(i 4+ 1) ...factor(1) such that the leftmost element of
factor(i) is matched to [j).

Informally, this lemma states that we can replace the rectangle of an occurrence in S} (i, j) by another
rectangle of an occurrence in ST (i, j) such that the second rectangle shares the same edges as the first
one, except for the top edge which is lower. Especially the second rectangle can be chosen as the one with
the lowest top edge in all the rectangles sharing the right, bottom and left edges. More formally, given
any occurrence of factor(i + 1) factor() ... factor(1), where factor(7) is a RLMin (resp. RLMax)
factor, we can replace the part of the occurrence where factor() . .. factor(1) occurs, by any occurrence
that minimises (resp. maximises) the leftmost element of factor(i — 1). Indeed the leftmost element of
factor(i — 1) is the topmost (resp. bottommost) element of factor(i) . .. factor(1) (see Figure 6).

Proof: Let us consider the case where factor(z) is a RLMin factor. By definition s is an occurrence of
o[LMEp(factor(i)) :]. First of all, remark that ¢ is an occurrence of factor(i + 1). So to prove that
t's is an occurrence of factor(i + 1) .. .factor(1) we need to prove that the elements of ¢’ are above the
elements of s. Since t's’ is an occurrence of factor(i+1) . . . factor(1) it follows that the elements of ¢’ are
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above the elements of s’. Moreover the topmost element of s is below (or equal to) the topmost element
of s’ thus the elements of s are below the elements of . We use a symmetric argument if factor (i) is a
RLMax factor.

O

Corollary 14 Let o be a wedge permutation, factor(i) be a RLMin (resp. RLMax) factor and s be a
subsequence of T such that s € S} (i, j) and that minimizes (resp. maximizes) the matching of the leftmost
element of factor(i — 1). The following statements are equivalent:

o There exists an occurrence of o in w where the leftmost element of factor(i) is matched to [j).

e There exists an occurrence t of factor(¢) . . . factor(i 4+ 1) in w[: j — 1] such that ts is an occurrence
of o in T with the leftmost element of factor (i) matched to w[j].

Proof: The backward direction is trivial and the forward direction follows from Lemma 13.
O

This corollary takes a step further from the previous one, as it states that if there is no occurrence of
o in 7 where the leftmost element of factor(¢) is matched to 7[j] and such that the leftmost element of
factor(i — 1) is minimized (resp. maximized) then there does not exist any occurrence at all.

Proposition 15 Let 0 be a wedge permutation of size k and 7 a permutation of size n. One can decide in
O(max(kn?,n*log(log(n))) time and O(n?) space if m contains an occurrence of o.

Proof: The algorithm follows the previous one, it takes a rectangle and decide whether this rectangle
contains an occurrence of ¢, but instead of returning true or false, assuming that factor(z) is a RLMin
(resp. RLMax) factor the algorithm return the optimal value of the top (resp. bottom) edge of a rectangle
containing the pattern (or a special value that indicates that no occurrence exists). So that in the recursion
the computed value of the right rectangle is used as the top (resp. bottom) edge of the left rectangle.

We first introduce a set of values needed in the problems. Let LIS, (j,j’, bound) (resp. LDS:(j,
j’, bound)) be the longest increasing (resp. decreasing) subsequence in 7[j : j'] starting at 7[j], with
every element of this subsequence being smaller (resp. larger) or equal than bound. LIS and LD S, can
be computed in O(n? log(log(n))) time (see [4]). LIS (j,5’, bound) (resp. LDS(j, j', bound)) allows
us to decide the existence of an occurrence starting at 7[j] of any LRMin (resp. LRMax) factor in the
rectangle ((4,7[4]), (§', bound)) (resp. ((j, bound) ,(j', 7[4]))-

Given a RLMin (resp. RLMax) factor factor(i) of o and a position j in 7, we want the value of the
top (resp. bottom) edge of any rectangle with bottom left (resp. with top left) corner (j, 7[4]) containing
an occurrence of factor(i) ... factor(1) starting at 7[j] and which minimizes (resp. maximizes) its top
(resp. bottom) edge or a value which indicates that no occurrence exists in this rectangle. More formally:

o If factor(¢) is RLMin factor.

PMG (i, j) =
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The top edge of any rectangle with bottom left corner (3, 7[4])
with right edge n containing an occurrence of

factor(4) ... factor(1) starting at 7[j] which minimizes the top edge

Or oo if no occurrence exists

o If factor(¢) is RLMax factor.
PMZ (i, j) =
The bottom edge of any rectangle with top left corner (3, 7[4])

with right edge n containing an occurrence of

factor(4) ... factor(1) starting at 7[j] which maximizes its bottom edge

Or 0 if no occurrence exists

By definition, there exists an occurrence of ¢ in 7 if and only if there exists a j € {1,...,n} such that
PMZ(¢,7) # 0 and PM7 (¢, §) # oo with £ the number of factors in o.
We show how to compute recursively those values.

e If the permutation is reduced to a RLMin (resp. RLMax) factor then one has to compute the top
(resp. bottom) edge of a rectangle that contains an increasing or a decreasing subsequence of the
same size or larger than the size of the unique factor starting at 7[j]. This case happens when ¢ = 1:

— If factor(7) is a RLMin factor, then

PMZ (1, 5) = min{x[j’] | |factor(1)| < LISx(j, 5", m[5'])} ;1> U {oo}-
— If factor (i) is a RLMax factor, then

PMZ (1, 5) = max {x[j'] [ [factor(1)| < LDS=(5,5", x[5'])};1»; U {0}

e Otherwise, if factor(é) is a RLMin (resp. RLMax) factor, we split the rectangle into two rectangles
R; and R such that R; is to the left and below (resp. to the left and above) Ra, 21 contains an
occurrence of factor(¢) starting at j and Ry contains an occurrence of factor(i — 1) ... factor(1)
starting at j' > j. As said before, we only need to test the pair of rectangles where the rectangle Ro
has for left edge j’ and has the highest bottom (resp. lowest top) edge containing an occurrence. So
for R, we want a rectangle starting at j” which contains an occurrence of factor(i—1) ... factor(i’)
starting at j with maximize the bottom (resp. minimize the top) edge. Moreover we also want to
know the value of the bottom (resp. top) edge to use it as a bound for R; so that that R; is below
Rs, in other words we want PM7 (i — 1, j'). As before R; has to be biggest possible and to ensure
that R; is to the left and below (resp. to the left and above) Ry, R; must have for top right corner
() = 1,PM (i — 1,j") — 1) (resp. bottom right corner (j* — 1,PM7 (i — 1,5’) + 1)). Finally in
all the correct” pairs of rectangles, we need the value of the top (resp. bottom) edge of a rectangle
minimizing the top edge (resp. maximizing the bottom edge) containing the pair of rectangles.
Note that the top (resp. bottom) edge has for value 7[j'] (the matching of LMEp(factor(i — 1))).
Formally:
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o If factor(¢) is a RLMin factor:

PMZ (i, j) =
min{oo} U{n[j’] | b =PM7 (i —1,5") isnot 0 and | factor(i)| < LIS:(j,j' —1,b— 1)}

o If factor(¢) is a RLMax factor:

PMZ (i, j) =
max{0} U {7[j'] | b=PMJ(i — 1,7") isnot co and | factor(i)| < LDS:(j,j' — 1,0+ 1)}/«

The number of factors is bounded by k. All instances of LIS, and LDS,; can be computed in
O(n? log(log(n)) time and this takes O(n?) space (see [4]). There are n base cases that can be com-
puted in O(n) time, thus computing every base case takes O(n?) time. There are kn different instances
of PM and each one of them takes O(n) time to compute, thus computing every instance of PM takes
O(kn?) time. Thus computing all the values takes O(maz(kn?,n? log(log(n))) time. Every value takes
O(1) space, thus the problem takes O(kn?) space but LIS, and LDS, take O(n?) space.

a

5 Bivincular wedge permutation patterns

This section is devoted to the pattern matching problem with a bivincular wedge permutation pattern.
Recall that a bivincular pattern generalizes a permutation pattern by being able to force elements in an
occurrence to be consecutive in value or/and in position. Intuitively we cannot use the previous algorithm,
as the restrictions on position and value are not managed.

Given a bivincular permutation pattern o, we let &[i :] refer to the bivincular permutation pattern which
has for top line the top line of & where we remove the elements before ¢ and has for bottom line the
elements of o[i :] where m and m + 1 are underlined if and only if m and m + 1 are in o[i :], and m and

m + 1 are underlined in &. For example given & = i;ﬁ;, o=2143and5[2:] = 213;4;.

We describe other structure properties of wedge permutations needed to solve the problem.

Lemma 16 Let 0 be a wedge permutation.
e [foli] is a RLMin element and is not the rightmost element, then o[i] + 1 is to the right of o[i].

e [foli] is a RLMax element and is not the rightmost element, then o[i] — 1 is to the right of o[i].

Proof: For the first point, by contradiction, o[i] + 1 would serve as a ‘2’, o[i] would serve as a ‘1’ and
oli + 1] would serve as a ‘3’ in an occurrence of 213. For the second point, by contradiction, oi] — 1
would serve as a ‘2’, o[i] would serve as a ‘3’ and o[¢ 4+ 1] would serve as a ‘1’ in an occurrence of 231.

a

Lemma 17 Let 0 be a wedge permutation.

o I[fm and m + 1 are both RLMin elements then any element between m and m + 1 (if any) is a
RLMax element.
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o If m and m — 1 are both RLmax elements then any element between m and m — 1 (if any) is a
RLMin element.

Proof: For the first point, by contradiction, let c[a] = m and o[3] = m + 1 and suppose that there
exists a < 7 < f3, such that o[y] is a RLMin element. We know that RLMin are strictly increasing so
ola] < a[y] < o[B], which contradicts the fact that o[5] = o[a] + 1.

a

Proposition 18 Ler o be a bivincular wedge permutation pattern of size k and 7 be a permutation of size
n. One can decide in O(kn*) time and O(kn®) space if w contains an occurrence of o.

Proof:

Consider the following problem: Given a lower bound lb, an upper bound ub, a position ¢ of o and a
position j of 7, we want to know if there exists an occurrence of o[ :] in 7[j :] with every element of the
occurrence in [lb, ub| and starting at 7r[4]. In other words, we want to know if the rectangle with bottom
left corner (3, 1b) and with top right corner (n, ub) contains an occurrence of &[i :| starting at 7[j]. More
formally:

PMZ (Ib,ub, 4, j) =

true  if w[j :] has an occurrence of the bivincular pattern o [i :]
with every element of the occurrence in [lb, ub]
and starting at 7[7]
and if o[i](c[i] + 1) or o[i] ' appear in & then 7[j] = ub

and if (o[i] — 1)o[i] or " o[i] appear in & then 7[j] = b

false otherwise

Clearly if _ o[1] does not appear in ¢ then 7 contains an occurrence of 7 if and only if PM?(1,n,1, )
is true. If _o[1] appear in o then 7 contains an occurrence of the bivincular wedge permutation pattern &
if and only if PM? (1,n,1,1) is true.

We show how to compute recursively those values. Informally, to find an occurrence of i :] in 7[5 :],
given that o[i] is a RLMin element, we need to find a rectangle R in 7 such that R contains an occurrence
of 5[ + 1 :] and R is to the right and above 7[j]. Moreover

o If ofilo[i + 1] then we require that 7[j] and R are next to each other horizontally and that the
occurrence in R starts at the left edge of R. In other words R has for left edge j + 1.

o If oi](o[i] + 1) then we require that 7[j] and R are next to each other vertically and that the
minimal element in the occurrence is on the bottom edge of R. In other words R has for bottom
edge 7[j] + 1.

Note that the parameters 1b, ub and j corresponding to the occurrence of i + 1 :] are respectively, the
bottom edge, the top edge and the left edge of the rectangle R. The case where o[i] is a RLMax element
can be dealt with symmetrically. More formally:
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BASE:

true  if 4] € [lb, ub]

and if o[k] appearsin ¢ then j = n

and if _o[k] appears in & then j = 1
PMZ (Ib, ub, k. ) = and if o[k] appears in & then 7[j] = ub = n
R and if " o'[k] appears in & then 7[j] = b =1
and if (o[k] — 1)o[k] appears in & then 7[j] = Ib
and if (o[k]o[k] + 1) appears in & then 7[j] = ub

false otherwise

The base case finds an occurrence for the rightmost element of the pattern. If the rightmost element
does not have any restriction on positions and on values, then PMZ (Ib, ub, k, j) is true if and only if
olk] is matched to 7[j]. This is true if w[j] € [Ib,ub]. If o[k]  appears in & then o[k] must be matched
to the rightmost element of 7 thus j must be n. If _o[k] appears in & then o[k] must be matched to
the leftmost element thus j must be 1. If o[k]  appears in & then o[k] must be matched to the topmost
element which is n. If " o [k] appears in & then o[k] must be matched to the bottommost element which is
1. If (o[k] — 1)o[k] appears in & then the matching elements of o[k] and o[k] — 1 must be consecutive
in value, by recursion the value of the element matching o[k] — 1 plus 1 will be recorded in 1b, thus o[k]
must be matched to 1b. If (o[k]o[k] 4+ 1) appears in ¢ then the element matching o[k] and o[k] + 1 must
be consecutive in value, by recursion the value of the element matching o [k] + 1 minus 1 will be recorded
in ub, thus o[k] must be matched to ub.

STEP:
We consider 3 cases for the problem PMZ (Ib, ub, , 5):

o If 7[j] ¢ [lb, ub] then:

PM? (Ib,ub, ,j) = false

which is immediate from the definition.

e If 7[j] € [Ib, ub] and o[i] is a RLMin element then:

PMZ (Ib,ub, 4, j) =
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Visj PMC (n[j] 4+ 1,ub,i + 1,£) if o[i] is not underlined
and o[¢] is not overlined
Vis; PM? (x[j] 4+ 1,ub,i +1,£) if o[i] is not underlined
and (o[i] — 1)o[i] or " o[i]
appears in o
and 7[j] = 1b
PMZ(n[j] + 1,ub,i+ 1,5+ 1) ifoliofi+ 1]
appears in o
and o[¢] is not overlined
PMZ(n[j] + 1,ub,i+ 1,5+ 1) ifoliofi+ 1]
and (o[i] — 1)o[i] or "oli]
appear in o
and 7[j] = 1b

false otherwise

Remark that 0[] can be matched to 7[j] because 7[j] € [Ib, ub]. Thusif 7[j+1 :] has an occurrence
of o[i + 1 :] with every element of the occurrence in [7[j] + 1, ub] and if the condition on position
between o[i] and o[i+1] (if any) is respected and the condition on value between o|[i] and o[i]+1 (if
any) is respected then 7[5 :] has an occurrence of ¢[i :]. To decide the latter condition, by recursion
it is enough to know if there exists ¢, j < £ such that PMZ (w[j] + 1, ub, i + 1, £) is true. The first
case corresponds to an occurrence without restriction on position and on value, it is enough to know
if there exists ¢ > j such that PM7 (7[j] + 1,ub, + 1,¢) is true. The second case asks for the
matching of o[i] — 1 and o[i] to be consecutive in value, but the matching of o[i] — 1 is Ib —1 thus
we want w[j] = 1b. The third case asks for the matching of o[i] and o[i + 1] to be consecutive in
positions, thus the matching of o[¢ + 1] must be 7[j + 1]. The fourth case is a union of the second
and third case.

o If 7[j] € [Ib,ub] and o[i] is a RLMax element then:

PM? (Ib,ub, 4, j) =
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Vis; PMC (Ib, 7[j] — 1,i 4 1,£) if o[i] is not underlined
and o[¢] is not overlined
Vs, PM (Ib, w[j] — 1,i +1,£)  if o[i] is not underlined
and o[i](o[i] + 1) or o[i]
appear in o
and 7[j] = ub
PMZ (b, x[j] — 1,i4+ 1,5+ 1) ifofilofi 4 1]
appears in o
and o[¢] is not overlined
PMZ (b, x[j] — 1,i4+ 1,5+ 1) ifofilofi + 1]
and oi] (oi] +1) or o]
appear in o
and 7[j] = ub
false otherwise

The same remark as in the previous case holds.

Remark that there are constraints that do not appear when we compute PMi(* *, 1, *). Especially in

) )

the case where o[i] is a RLMin the conditions of o[i — 1]o[i] or/and o[i](c[i] + 1) are not considered
in the recursion. ofi — 1]o[i] is not considered because it is up to PMC (x, %,i — 1, %) to ensure that the
elements corresponding to elements at position ¢ — 1 and ¢ in an occurrence are next to each other in
position. o[i](c[i] + 1) is not in considered because o[i] + 1 is on the right of o[i] (see Lemma 16) and
thus will be taken care during the calls of PMY (%, *, ¢, *) for some ¢’ > 4. In the same fashion, when o[i]
is a RLMax o[i — 1]o[i] does not appear in the conditions for the exact same reason and (o[i] — 1)o[f]
because o[i] — 1 is on the right of o[i].

Clearly the procedure returns true if 7 contains an occurrence of ¢ if there is no constraint on position
and on value. We now discuss how the position and value constraints are taken into account so that the
algorithm returns true if and only if 7 has an occurrence of &.

Position Constraint. There are 3 types of position constraints that can be added by underlined elements.

e If o[1] appears in & then the leftmost element of o must be matched to the leftmost element of 7
(o[1] is matched to 7[1] in an occurrence of & in 7). This constraint is satisfied by requiring that the
occurrence starts at the leftmost element of 7: if PMZ(1,n,1,1) is true.

e If o[k]  appears in o then the rightmost element o must be matched the rightmost element of 7
(o[k] is matched to 7[n] in a occurrence of & in 7). This constraint is checked in the base case.

e If ofilo[i + 1] appears in o then the positions of the element matching o[i] and o[i + 1] must be
consecutive. In other words, if o[i] is matched to 7[j] then o[i + 1] must be matched to «[j + 1].
We ensure this restriction by recursion by requiring that the matching of o[é + 1 :] starts at position
j+1.
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Value Constraint. There are 3 types of value constraints that can be added by overlined elements.

e If " o[i] appears in & (and thus o[i] = 1) then the bottommost element of ¢ must be matched to the
bottommost element of 7.

- If o[i] is a RLMin element, then remark that:

% Every problem PMZ (Ib, «, i, ) is true only if ¢[i] is matched to the element with value
b (by recursion). So it is enough to require that Ib = 1.

* The recursive calls for o[1], . . ., o[i — 1] do not change the lower bound as o[i] is the left-
most RLMin element, indeed the element 1 is the leftmost RLMin for any permutation.
Finally the recursive calls for RLMax elements do not change the lower bound.

* The first call of the problem has for parameter 1b = 1.
So PMZ (%, %, i, ) return true only if ¢[i] is matched to 1.

- If o[i] is a RLMax element then i = k (o[i] is the rightmost element). Thus every PM (x, *, i

,x) is a base case and is true only if o[i] is matched to 1b. Moreover recursive calls for RLMaX

elements do not change the lower bound. So PM? 7(*, *, 4, %) return true only if o[i] is matched
tolb = 1.

e If o] appears in & (and thus o[i] = k) then the topmost element of o must be matched to the
topmost element of 7.

- If o[i] is a RLMax element, then remark that:

s Every problem PM? (%, ub, i, ¥) is true only if o[i] is matched to the element with value
ub (by recursion). So it is enough to require that ub = n.

* The recursive calls for o[1], .. ., o[i — 1] do not change the upper bound as o[7] is the left-
most RLMax element, indeed the element k is the leftmost RLMax for any permutation.
Finally the recursive calls for RLMin elements do not change the upper bound.

* The first call of the problem has for parameter ub = n.
So PMZ (%, %, i, ) return true only if ¢[i] is matched to 7.

— If o[4] is a RLMin element then i = k (o[i] is the rightmost element). Thus every PM (x, *, i

,*) is a base case and is true if o’[i] is matched to ub. Moreover recursive calls for RLMm

elements do not change the upper bound. So PMZ 7(*, *, 1, %) return true only if o[¢] is matched
to ub = n.

e If o[i]o[i'] appears in &, (which implies that o[i'] = o[i] + 1) and i < i’ (the case where i > i’ can
be dealt with symmetry) so o|i] is matched to 7 [j] and o[¢'] is matched to 7[j] + 1.

— The case where o[i] is a RLMax element is impossible, since o[i] is to the right and above
alil
- If o[¢] is a RLMin element, o[i'] is a RLMax element, then remark that
* i =k, indeed if o[i'] is not the rightmost e1er~nent, there would exist an element between

oli] and o[i’]. So every recursive call PMJ (Ib, x,i’, %) is solved as a base case. So
PMZ (Ib, *,4’, %) is true only if o[¢’] is matched to the element Ib.
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* The recursive calls for o[i + 1], ..., o[¢’ — 1] do not change the lower bound. Indeed
oi] is the rightmost RLMin. So o[i + 1], o[i + 2], ..., o[i’ — 1] are RLMax elements.
Moreover recursive calls for a RLMax do not change the lower bound.

x PMZ (Ib, #, i, ¥) sets the Ib to 7[5] + 1 and matches o[i] to 7[5].
So o[i] is matched to 7[4] and o[¢'] is matched to 7[j] + 1.
— If o[i] is a RLMin element and o[¢’] is a RLMin element then first remark:

s Every recursive call PMC (Ib, «, ', %) is true only if ¢[i’] is matched to the element with

value lb.
* The recursive calls for o[i + 1], .. ., o[¢’ — 1] do not change the lower bound. Indeed from
Lemma 17, i + 1], ..., o[¢’ — 1] are RLMax elements. Finally the recursive calls for

RLMax elements do not change the lower bound.
x PMJZ (%, *,14,*) sets Ib to 7[j] + 1 and matches o[i] to 7[j].
So o[i] is matched to 7[4] and o[¢'] is matched to 7[j] + 1.

There are n3 base cases that can be computed in constant time and there are kn? different cases. Each
case takes up to O(n) time to compute. Thus computing all the cases take O(kn*) time. Each case take
O(1) space, thus we need O(kn?) space.

O

6 Computing the longest wedge permutation pattern

This section is focused on a problem related to the permutation pattern matching problem. This continues
the work done in [6] and in [16].

Given a set of permutations, one must compute the longest permutation which occurs in each permu-
tation of the set. This problem is known to be NP-Hard for an arbitrary size of the set even when all the
permutations of this set are separable permutations (see [6]). We show how to compute the longest wedge
permutation occurring in a set. We do not hope that this problem is solvable in polynomial time if the size
of the set is not fixed. Indeed the size of the set appears in the exponent in the complexity of the algorithm.
Thus we focus on the cases where only one or two permutations are given in set.

Conveniently, we say that a subsequence is a wedge subsequence if and only if the permutation repre-
sented by the subsequence is a wedge permutation.

We start with the easiest case where we are given just one input permutation. We need the set of
RLMax elements and the set of RLMin elements. A(w) = {i|n[¢] is a RLMin element} U {n} and
D(r) = {i|rn[i] is a RLMax element} U {n}.

Proposition 19 If s; is the longest increasing subsequence with last element at position f in 7 and sq is
the longest decreasing subsequence with last element at position f in w then s; U sq is a longest wedge
subsequence with last element at position f in .

Proof: Let us first prove that we have a wedge subsequence. s; is an increasing subsequence with values
below or equal 7[f] and s is a decreasing subsequence with values above or equal 7[f], so s; U 54 is a
wedge subsequence. Let us prove that this is a longest. Let s be a wedge subsequence with its rightmost
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element at position f in 7 such that |s| > |s; U s4, first note that A(s) is also an increasing subsequence
with its rightmost element at position f in 7w and D(s) is also a decreasing subsequence with its rightmost
element at position f in 7, as |s| > |s; U sq4| then either |A(s)| > |s;] or |D(s)| > |sq4|, which is in
contradiction with the definition of s; and sg. O

Proposition 20 Let 7 be a permutation. One can compute the longest wedge subsequence that can occur
inmin O(nlog(log(n))) time and in O(n) space.

Proof: Proposition 19 leads to an algorithm where one computes the longest increasing and decreasing
subsequence ending at every possible position and then finds the maximum sum of longest increasing and
decreasing subsequence ending at the same position. Computing the longest increasing subsequences and
the longest decreasing subsequences can be done in O(n log(log(n))) time and O(n) space (see [4]), then
finding the maximum can be done in linear time.

a

We now consider the case where the input is composed of two permutations.

Proposition 21 Given two permutations wy of size n1 and 7y of size ns, one can compute the longest
common wedge subsequence in O(n3in3) time and space.

Proof: Consider the following problem that computes the longest wedge subsequence common to 7; and

. . 1 L.
mo: Given two permutations 71 and 72, we define LCS:?IE?EE? (i1,12)

= max {|s| | s occurs 71 [é1 :] with every element of the occurrence in [Iby, ub;] and s occurs ma[is :|
with every element of the occurrence in [Ibg, ubs] and s is a wedge subsequence }

We show how to solve this problem by dynamic programming.

BASE:
1 iflbl S 71'1[711] S ub1 7
LCS:?%E?EE? (nl,TLQ) = and lby < 79 [ng] < ubsy
0 otherwise
STEP: _—
LCST 2 ins (i1, i2 + 1)
LCST2 1o e (i1, 2) = max § LCST2R2 02 (i + 1, i2)
Iba,ubs /.
:ilb?,ﬁb? (i1, i2)
with fia] 1D
; +1,ubs (. - -
1+ LCS:?:?[E?]Jrl,Eb? (Zl + 1,40 + 1) T [Zl] < 1by

and 7o [22] < lbg

Mﬂ—271b27ub2 (ila 'L'Q) = 1 + LCSﬂ271b277‘—2[i2]71(’L’1 + 1, ’iQ + 1) T [’Ll] > U.b1

71,lb1,uby 71,lby,my[i1]—1

and 7o [22] > ubsy

0 otherwise
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The solution to the problem relies on the fact that the longest wedge subsequence is found either by
considering the problem with 71 [é1 :] and ma[iz + 1 :] or by considering the problem with 7 [i; + 1 :] and
ma|i2 :] or by matching 71 [é1] and 72 [i2] and adding to the solution the LCS for 7 [i; +1 :] and ma[ia+1 :]
which is compatible, meaning that if we consider the current elements to correspond to a RLMin (resp.
RLMax) element in the longest wedge subsequence then we consider only the solution with elements
above (below) 71 [i1] for the occurrence in 71 [i1 + 1 :] and s [iz] for the occurrence in ma[ia + 1 3.

These relations lead to a O(|m;|?|m2|®) time and O(|7|3|m2|3) space algorithm. Indeed there are
|7r1|3|m2|? possible cases for the problem and each case is solved in constant time. O
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We consider a sorting machine consisting of two stacks in series where the first stack has the added restriction that
entries in the stack must be in decreasing order from top to bottom. The class of permutations sortable by this
machine is known to be enumerated by the Schroder numbers. In this paper, we give a bijection between these sortable
permutations of length n and Schroder paths of order n — 1: the lattice paths from (0, 0) to (n — 1,7 — 1) composed
of East steps (1, 0), North steps (0, 1), and Diagonal steps (1, 1) that travel weakly below the line y = z.

Keywords: algorithm, data structure, lattice path, permutation pattern, Schréder Number, sorting, stack

1 Introduction

A stack is a sorting device that works by a sequence of push and pop operations. This last-in, first-out
machine was shown by Knuth [8] to sort a permutation if and only if that permutation avoids the pattern
231. That is, if there are not three indices ¢ < j < k with m;, < m; < 7;, then it is possible to run 7
through a stack and output the identity permutation. The class of stack-sortable permutations is enumerated
by the Catalan numbers.

In the language of permutation patterns, any downset of permutations in the permutation containment
ordering is a class, and every class has a basis, which consists of the minimal permutations not in the
class. Given that the basis for the class of permutations sortable by one stack contains only a single pattern
of length three, considering two stacks in series is quite natural. However, the problem becomes rather
unwieldy. In the case of two stacks in series, Murphy [[11] showed that the class of sortable permutations
has an infinite basis. The enumeration of this class also appears to be difficult. The best known bounds are
given by Albert, Atkinson, and Linton [2].

We note that to sort a permutation by two stacks in series, the push and pop operations are such that
when an entry is popped out of the first stack, it is immediately pushed into the second stack.

To get a better handle on this problem, many have considered different types of weaker sorting machines.
One such weaker machine is a stack in which the entries must increase when read from top to bottom.
Atkinson, Murphy, and Ruskuc [3] found an optimal algorithm for sorting permutations which are sortable
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using two increasing stacks in series. Note that to obtain the identity permutation, the last stack will be an
increasing stack even without declaring this restriction. Their left-greedy algorithm sorts all permutations
sortable by this machine. Interestingly enough, the basis for these sortable permutations is still infinite, but
the permutation class was found to be in bijection with the permutations that avoid 1342 as enumerated by
Bona [5]. Both enumerations were found by using a bijection with 3(0, 1) trees.

One can analogously define a decreasing stack as a stack in which the entries must decrease when read
from top to bottom. Smith [14] considered sorting with a decreasing stack followed by an increasing stack,
a machine called DI (we refer to the decreasing stack as D and the increasing stack as I). We illustrate how
a permutation can be sorted with the DI sorting machine in Figure (1] Notice that this permutation contains
the pattern 2341, and as such cannot be sorted by two increasing stacks in series. The class of DI-sortable
permutations was shown to have a finite basis, {3142, 3241}. Kremer [} [10] has shown previously that
this class is enumerated by the large Schroder numbers.

23514 3514 514 14
output input output input output input output input
5
3 3
2 2 2
14 14 14 4
output input output input output input output input
2 2
3 3 3 3
5 2 5 2 5 5 1
4 1 4 12 4 123 4
output 1 input output input output input output input
2 2
3 3 3
5 5 5 5
123 123 1234 12345
output input output input output input output input
4
5 4 5 5

Fig. 1: Sorting the permutation 23514.

The Schroder numbers were introduced in somewhat modern times by Schroder [13]] as legal bracketing
of variables, though at least the initial terms of this sequence were known to Hipparchus [15]. Rogers
and Shapiro [[12] found bijections showing certain classes of lattice paths are enumerated by the Schroder
numbers. While there are several such classes of lattice paths, we use the one given in the definition below.

Definition 1.1. Let n > 1. A lattice path from (0, 0) to (n,n) taking only East (1, 0), North (0, 1), and
Diagonal (1, 1) steps while staying weakly below the main diagonal will be referred to as a Schrider path.
We illustrate all of the Schroder paths from (0,0) to (2, 2) in Figure[2]

In Section 2] we state the algorithm from [14] for producing a word from a DI-sortable permutation,
then classify when a sorting word is the result of the algorithm. In Section [3] we give an algorithm which
produces a Schroder path from a word produced by the algorithm in Section [2] then show there is a
bijective correspondence between algorithmic DI words and Schroder paths. In Section 4] we discuss
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2 A B A

Fig. 2: Schrider paths from (0, 0) to (2, 2).

some properties of DI-sortable permutations which can be ascertained from aspects of their corresponding
Schroder paths, and we conclude with some open questions.

On a related note, Ferrari [7] gave bijections between permutations sorted by restricted deques and
a different class of lattice paths also enumerated by the Schroder numbers. Also, Bandlow, Egge, and
Killpatrick [4] gave a bijection between a different permutation class and Schroder paths. Additionally,
more background on stacks in general was consolidated by Bona [6]].

2 The Sorting Algorithm

Let W be a word, 7 be a positive integer, and L be a letter. In what follows, we denote the letter in the gt
position of W as W (i), #(W) as the number of occurrences of L in W, and W* as the first i characters
in W. We often refer to W as a prefix of . We use L’ to denote i repetitions of L.

In [14], Smith showed the following algorithm was an optimal way to sort permutations using the DI
machine in the sense that this algorithm would sort any DI-sortable permutation.

Algorithm 2.1.

1. If the top entry of the second (increasing) stack is the next entry of the output, then pop the entry to
the output.

2. If all of the m entries in the first (decreasing) stack make up the next m entries of the output, then
push those entries to the second stack.

3. Otherwise, if the next entry of the input is smaller than the top entry of the second stack and larger
than the top entry of the first stack, then push it onto the first stack. We will apply the convention that
the next entry of the input satisfies each of the aforementioned properties if there is no entry in the
corresponding stack with which to compare it. Thus, this step can be thought of as pushing the next
entry from the input to the top of the first stack if that entry can legally sit atop each of the two stacks
at this stage.

4. Finally if neither of those moves are available, push the top entry from the first stack to the second.

It was noted in [14] that Step 2 of this algorithm is not needed to produce an optimal algorithm. However,
we continue to utilize it as outputting entries earlier in the process is useful in constructing a bijection
between the DI-sortable permutations and Schréder paths.

Definition 2.2. Let E represent a push step from the input to the first stack, let N represent pop/push from
the first stack to the second stack, and let C represent the pop from the second stack to the output. See
Figure [3| A sorting word of a permutation is a word representing steps that can be taken to sort that
permutation using two stacks in series (without restriction). We use L; to denote the occurrence of the
letter L in W which corresponds to the movement of symbol :.
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output input

1 D
Fig. 3: The operations E, N, and C corresponding to the DI machine from Definition [2.2]

Observation 2.3. A word W is a sorting word of a sortable permutation of length n if and only if the
following two conditions are met:

1. The length of W is 3n and W contains exactly n of each of the letters E, N, and C.

2. Forall z € [3n], #&(W?) > #5(W?) > #.(W?*). That is, in any prefix of W, the number of Cs
does not exceed the number of Ns, which does not exceed the number of Es.

Note that for every sorting word, there exists a permutation 7 which it sorts. To find 7, apply W to the

identity permutation, and let o be the output (which is not necessarily sorted). Then W sorts 7 = o~ 1.

Definition 2.4. A DI word of a permutation 7 is a sorting word representing steps that can be taken to sort
7 using the DI machine.

Example 2.5. The permutation 23514 has four DI words: EEENNNENCCCENCC (illustrated in FigureT)),
EEENNNENCCECNCC, EEENNNENCECCNCC, and EEENNNENECCCNCC.

Definition 2.6. The algorithmic DI word (ADI word for short) of a permutation 7 is the unique word
representing steps that will be taken when applying Algorithm [2.1]to sort 7 by the DI machine.

Example 2.7. Algorithm[2.1|was used in the process illustrated by Figure[I} So the ADI word of 23514 is
EEENNNENCCCENCC. To use the indices outlined in Definition 2.2} the ADI word of 23514 can also be
given as EsE3E5N5N3NoE1 N1 C1CoC3E4N4CyCs.

For the duration of the paper, we say that X <, Y in a word W if X appears before Y in W. Similarly
we say X <, Y if X appears immediately before Y in TV

We begin with some observations about the relative locations of symbols in a DI-word, then follow with
a classification of when a sorting word is a DI-word and an ADI-word.

Observation 2.8. Let 7 be a DI-sortable permutation and let W be a DI word. Let 4, j € [n].
(i) Ex, <w Eg, if and only if ¢ < j; symbols appearing in 7 earlier enter the first stack earlier.
(i) Cr, <w Cg; if and only if 7; < 7;; symbols must exit the second stack in increasing order.

(iii) If m; < m; and N, <y Ng,, then Cr, <y Ng,; if a smaller number enters the second stack before a
larger number, it must be output before the larger number can enter the second stack — otherwise the
increasing condition for the second stack is not satisfied. Hence if m; < 7; and Ny, <y Er,, then
Cr; <w Ng,. We highlight this specifically as it will be used in later proofs.

(iv) If Np, <y Ny, <y Cr,,then Cr; <y Cr,; if m; enters the second stack after 7; and before 7; exits,
then 7; < m; by the increasing condition of the second stack. So 7; must exit before ;.
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(v) If Ex; <y Cr, <w Ny, (which implies m; < 7;), then N, <, E; if a smaller number is pushed to
the output while a larger number is in the first stack, the smaller number was popped from the first
stack before the larger number entered the first stack — otherwise the larger number must be pushed
to the second stack before the smaller number is pushed to the second stack.

(vi) If m; < mj and E; <y Er,,thenE;. <, Np, <y Eg,;if alarger number enters the first stack before
a smaller number does, the larger number must move to the second stack before the smaller number
enters the first stack — otherwise the decreasing condition for the first stack is violated.

We now give a classification of when a sorting word is a DI word.

Lemma 2.9. A sorting word W of a permutation  of length n is a DI word if and only if for all i € [n], if
no Ns appear in W between Ny, and C,, then #5(W?*) = #4(W?™) where x satisfies W (x) = N,; that
is at step x, the first stack is empty.

Alternatively, we can say a sorting word W is a DI word of some permutation 7 of length n if and only
if every entry in  that preceded the entries output by a sequence of Cs must have moved to the second
stack (and possibly the output) prior to this exodus.

Proof: Suppose that W is a DI word of a permutation 7 and for some ¢ € [n], no Ns appear in W between
Ny, and Cy,, and W (x) = N,,. Assume that the first stack is nonempty after stage x, and let 7; be a symbol
in the first stack. Then Er, < Ny, <y Ny, and since no Ns appear between N, and Cy,, it follows that
Nr, <w Cr; <w Ng,. By Observation@, we have that N, <, Er,, which gives a contradiction. So
at stage z, the first stack must be empty.

Conversely, suppose W is a sorting word of a permutation 7 of length n which is not a DI word. Recall
that since W represents the sorting of 7 through two stacks in series, any entries in the second stack
will obey the increasing condition at all times. Consequently, the movements corresponding to W when
applied to m must cause a violation of the decreasing condition on the first stack. In such a case, we
have two entries 7; and 7; where m; > 7; and at some point 7; is below 7; in the first stack. That is,
Er, <w Ex;, <u Np, <y Np,.

Since the end result of the sorting is the identity permutation, we must have Cr, <y Cr,. Therefore
Er, <w En; <w Np;, <y Cr; <y Ny, <y Cg,. Let N, be the last N in W to appear before C,. Since
the second stack is increasing and W is a sorting word, 7, < 7; and so N, <y Cr, <y Cr,- By the
selection of k, no Ns appear in W between N, and C,. Observe that 7; is in the first stack (and hence the
first stack is nonempty) at the step corresponding to Ny, . O

To similarly characterize our ADI words, we first introduce a lemma showing how “output-greedy”
Algorithm 2.1]is.

Lemma 2.10. Letn > 1 and i € [n| such that w; # n. Let w be a DI-sortable permutation of length n
with ADI word W. If C, Aw Cr,+1, then Cr, <y Er,+1. That is, if two consecutive values do not exit in
two consecutive stages, then the larger value does not enter the machine until after the smaller value exits.

Proof: Assume by way of contradiction that Cr, Ay Cr,4+1 and Er, 41 <y Cr,.

First suppose that N, 11 <, Cj, and let = satisfy W(xz) = C,,. Then necessarily 7; + 1 must be
immediately below 7; in the second stack after stage = — 1. So Step 1 of Algorithm [2.T|applies at stage
x + 1, giving that W (z + 1) = C,+1. Hence C, <y Cr,+1, a contradiction.
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Alternatively, suppose E, 11 <y Crx, <w Ny, +1, and let x satisfy W(x) = E,, +1. Then N, <, Er, 11
by Observation . Therefore N, <y Er,4+1 <w Cr,, meaning that at stage x, m; + 1 is pushed into
the first stack while some symbol in the second stack is smaller than 7; 4+ 1 (namely 7;). Therefore Step 3
of Algorithm [2.1]should not be applied at stage x, which is a contradiction. O

Example 2.11. See Figure[I]and notice when entries 1, 2, 3 are output, 4 is still in the input. This can also
be seen in Example[2.7] where C; <, C2 <y C3 <y Ea.

We now conclude this section with a classification of when a DI word is the ADI word produced by
Algorithm 2.T]for some DI-sortable permutation.

Theorem 2.12. A DI word W of a DI-sortable permutation  of length n is its ADI word if and only if
E1 <y Ny <y Cy and for each i € [n] such that w; # 1, either Cr,—1 <y Cr, OF Ex, <y Ng, <y Cor,.
That is, a DI word W of a DI-sortable permutation 7 is its ADI word if and only if any maximal sequence
of consecutive copies of Cs in W' is immediately preceded by EN.

Proof: Suppose W is the ADI word of 7 and ¢ € [n]. It follows by Algorithmthat E; <y Nj <y Cq,
so we may assume going forward that m; # 1. Additionally any references to Steps in the following
argument refer to Algorithm|2.1

Assume that Cr,_1 A, Cr,. By Lemma.10} C,_1 < E,. Define x so that W (z) = E,. Therefore
after stage z — 1, m; is smaller than all symbols in the second stack and larger than all symbols in the first
stack — otherwise Step 3 would not be applied at stage z. In fact, all symbols smaller than 7; have been
output by stage © — 1 since Cr,_1 <y Er,. Therefore after stage x, ; is the only symbol in the first stack.
Hence Step 2 applies at stage = + 1, giving W (z + 1) = N,,. Then Step 1 applies at stage = + 2 giving
that W (x 4 2) = C, and therefore E, <, Ny, <y Cn,.

Conversely, suppose the DI word W is not the ADI word of 7, and let A denote the ADI word of 7. Let
t € [3n] be the largest integer such that A'=1 = W= thatis t is the smallest integer so that A(t) # W (t).
We consider the state of the DI machine after stage ¢ — 1. Define ¢ € [n] sothat C,,_1 <, W(t—1) <, C,
(and also C,,—1 <, W(t — 1) <, Cr,). By convention, we say that Co occurs at position 0, and since
W (t) < Cp, the index i is well-defined. Therefore all symbols smaller than 7; have been output by stage
t — 1 and no Cs appear between W (¢ — 1) and C,, in W and A. Hence by stage ¢t — 1, 7; is either at

e the top of the second stack (En, < N, < W(t — 1) < Cr, in W and A),
e at the bottom of the first stack (E,, < W(t — 1) < N, < Cy, in W and A), or
e part of the input yet to enter the stacks (W (t — 1) < En, < N, < Cr, in W and A).

Suppose first that 7r; is located at the top of the second stack by stage ¢ — 1. See Figuref[a). Observe that
Step 1 of Algorithmoutputs ; at stage t, so A(t) = C,. Since 7; is smaller than all symbols in the
first stack (possibly vacuously), W (t) # N. Thus W (t) = E. Since 7; is smaller than any symbol in the
first stack and in the remaining input, no N can appear in W between W (t) and C,,; otherwise the second
stack is no longer increasing. Therefore E <, C,, and hence neither C,,_1 <y Cx, nor N, <y Cr,.
Next suppose that 7; is at the bottom of the first stack by stage ¢ — 1. Then W(t — 1) <, N, and
hence Cr,—1 <, W(t — 1) <4 Ny, <4 Cr,;. SO Cr,—1 A4 Cr,,and hence C, 1 <, En, <, W(t —1) by
Lemma Since W1 = A'~1 we have that C,, 1 <y E,, as well. Let W(z) = E,, sox <t —1
and thus A(z) = E,,). Then Step 3 applies at stage x, meaning that 7; is larger than all symbols in the first
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1ooo(m—1) . Tooo(m—1) L 1o (m —1)
output

input output input output

(a) (b)

Fig. 4: Some states of the DI machine from the first two cases of the proof of Theorem

stack by stage x — 1, but since C,,_1 <, E, all symbols smaller than 7; have been output. So 7; is alone
in the first stack after stage x. Since 7; is smaller than any symbol (if any) in the second stack, it follows
that A(z) = Ex, <4 Np; <4 Cr;. SO0 A(x 4+ 1) = Ng,. Since A(t — 1) <, N, = Az +1),t—1<z+1.
Soz =t —1and hence A(t) = N, and A(t — 1) = W(t — 1) = E,,. Observe that ; is alone in the
first stack by stage t — 1 and W (¢) # C (because Cr,—1 <y W(t —1) = E,, <y W(t) <y Cy,), SO
W (t) = E, for some 7, > ;. Figures E](b) and (c) show the states of the DI-machine using W on 7
after stages ¢t — 1 and ¢, respectively.

Since Cr,—1 <y W(t — 1) = E,, no Cs appear between E,, and C,, in W. Hence C 4, N, and
there are no Cs between N, and C,,. Furthermore E 4, N, since E, 4, N, and otherwise W is
not a sorting word. Therefore N <, N,. Furthermore, there are no Ns between N, and C,, otherwise
Observation [2.8] (iv) is violated. So either N <, N, < Cr, OF E <y Cr,.

Last, we show that 7; must be in one of the stacks by stage ¢ — 1, which will conclude the proof. Assume
to the contrary that 7; is not in either stack by stage ¢t — 1. Clearly both A(t) and W (¢) are not C (necessarily
Cr,), so either A(t) = Nand W (t) = E or A(t) = E and W (¢) = N. Suppose at stage t — 1, 7y, is the next
symbol to enter the stacks, and if the stacks are nonempty, 7, sits atop the first stack and m,, sits atop the
second stack. See Figure [5(a).

1o (m—1) Ml w oo Mye e 1. (m—1) e 1-v(m—1) T

input output input output input

(b) (©)

Fig. 5: Some stages of the DI machine from the final cases of the proof of Theorem[2.12]

First assume that A(t) = N, and W (t) = Er, (and therefore the first stack is nonempty by stage
t — 1). Then either Step 2 or Step 4 of Algorithm 2.1 applies at stage . However Step 2 cannot be
satisfied because ; is the next symbol to be output, so Step 4 is applied, meaning the conditions of
Step 3 are not satisfied. Hence either the second stack is nonempty and 7;, > 7, or m;, < m,. Since
W is a DI word and W (t) = E,, it follows that 7, > 7, (and thus 7y, # 7;), which implies that the
second stack must be nonempty and 7, > m,,; hence N, <y Er,. Since E;, <, Er, we have that
W(t) = En, <w Na, <y Er, by Observation.

So Cr, <w Cr,, (since m; < M), Cr,, <w Ng, (follows from N <y Er,, Tm < Tk, and Observa-
tion [2.8] (ifi)), and N, <y Er, (because m; < 7y, Ex, <y Er,, and Observation [2.§](vi)). Therefore
Cr; <w Enr,, a contradiction. Hence we cannot have A(t) = N and W (¢t) = E.
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Therefore A(t) = Er, and W (t) = N, . This implies that 7, > 7, (and thus 73, # ;) and the first
stack is nonempty at stage ¢ — 1, respectively. This also gives that W (t) = N <, E,. Furthermore
mq > m; since all other symbols smaller than 7; have been output by stage ¢ — 1.

So Cr, <y Ng, because from N <y Er,, 7Ty < 7, and Observation@. Furthermore N, <,
E,, since m; < Tk, Ex, < Eg,, and Observation . Since 7; < 7y, it follows that C,, <y Cr,. So
Cr, <w Np, <y Ex, <w Cr; <w Cr,, which is a contradiction. L]

We can now strengthen Theorem [2.12] This result will be used in an argument in Section[d] specifically
the proof of Theorem
Corollary 2.13. Consider the ADI word W of a DI-sortable permutation w. Let x € [3n — 1] and
m; = min{m, | W(z) <y Cr, } IfEx, <w W(x), then W (z) # E. That is, Algorithmwill output all

available entries in the stacks before another push from the input is allowed.

Proof: If W(x) = C,,_1, then clearly W (x) # E. If Crr,_1 <y W(z) <y Cy,, then by Theorem
Er, <w Ng, <y Cr,. So W(z) =N, #E. O

3 The Bijection

In this section we give a bijection that takes DI-sortable permutations to their corresponding Schroder
paths via their ADI words. Let 7 be a DI-sortable permutation of length n with corresponding ADI word
W. To produce a Schroder path, we use the following constructions. Suppose that W contains k£ maximal,
consecutive substrings consisting only of Cs. Let 7 = (71, 7o, . . ., 7 ) be the partition of n such that 7; is
the length of the ¢th such substring. Define a k-tuple £ so that /1 = 77 and ¢; = 7; + £;_1, when 2 < ¢ < k.
Note that £;, = n since it counts all the Cs of WW. Finally, define an increasing k-tuple p so that for « € [3n]
we have E <, W(x) <, Cifand only if W (x) = N and #(WW*) = p;. Note that p is well-defined by
Theorem [2.12} In other words, we have:

e /; is the number of Cs in the first ¢ maximal subsequences of Cs in W.

e p; is the number of Ns in T before the i maximal subsequence of Cs. By Theorem [2.12] the p;" N
in W is preceded by an E and succeeded by a C.

Example 3.1. Let 7 = 81736245. Then W = EN ENC ENEENN ENCC ENC ENCCCC, which contains k =
4 maximal subsequences of consecutive Cs having lengths 1, 2, 1, and 4, respectively. So 7 = (1,2, 1,4)
and hence ¢ = (1, 3,4,8), and p = (2,6, 7, 8). The maximal substrings of the form ENC™ are given in red.

Using this, we give an algorithm for producing a Schroder path from a DI-sortable permutation.

Algorithm 3.2. Let m be a DI-sortable permutation of length n.
1. Use Algorithm[2.1)to find the ADI word W of . From W, obtain T and (.

2. Construct a word T by replacing each maximal consecutive substring in W of the form ENC® with
an N. Observe that N is the last letter of T, and #x(T) = n.

3. Construct a word Sy, from T by replacing the {;® N in T with a D for each i € [k]. Observe that
since Ly, = n, the final character in this word is D. Remove this D to produce S.
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Example 3.3. Let 7 = 81736245 as given in Example in which we give W, 7, and /. We now
apply Algorithm [3.2]to . We first produce 7' = ENNENEENNNNN by replacing the maximal consecutive
substrings ENC™ (1 < ¢ < 4) with an N.

Next, we replace the £;" Ns in T with D (in blue) to produce S, = EDNEDEEDNNND, then remove the
final D to produce S = EDNEDEEDNNN. See Figure [0]

[

Fig. 6: The Schroder path EDNEDEEDNNN corresponding to m = 81736245.

[ s 4

We now give an observation, then prove two lemmas which collectively show that Algorithm[3.2]provides
a one-to-one correspondence between ADI words and Schroder paths.

Observation 3.4. Let W be an ADI word for a permutation 7 of length n with k substrings of the form
ENCT™ and k-tuples p and ¢ as defined earlier, and let £; = 0. Observe that C,, is the mth occurrence of C
in W. Leti € [k] and &, z € [3n] such that W (&) <, C¢,_,4+1 and W (x) = Cy,; in other words W (%) is
the N which immediately precedes the ith maximal subsequence of Cs and W (z) is the last C in the ith
maximal substring of Cs. See Figure Then, ¢; = #c(W?®) < #y(W?®) = #3(W?) = p;.

Observe that in Example 3.1} ¢; < p; for each i € [4].

i"sequence of Cs

<+« ENCy,_ 41 Cp,_q42 """ Co,_ytri—1 Co, E- -
) )
Location number: I T

Fig. 7: An illustration of the indexing used for a word W in Observation[3.4]

Lemma 3.5. The ADI word for a DI-sortable permutation of length n > 0 yields a Schrdoder path from
(0,0) to (n — 1,n — 1) via Algorithm[3.2}

Proof: Let W be the ADI word for a DI-sortable permutation 7 of length n. Suppose that W contains &
disjoint maximal consecutive substrings of Cs. Let T, Sp, and .S be the words produced in Algorithm
Then the length of T is 2n — k with #y(T) = n and #£(T) = n — k. Therefore the length of S is
2n — k — 1 with #4(5) = #=(S) = n — k and #,(S) = k — 1. It follows that .S corresponds to a path
from (0,0) to (n —1,n — 1).
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Let z € [2n — k — 1] and suppose that S(z) = N. It is sufficient to show that #z(S%) > #y(5%). We
have T'(x) = N. Let i € [n] such that p;_1 < #y(T®) < p;, with the convention that £y = 0, po = 0.
Since ;1 < p;—1 and in producing S we replace the ﬁjth N in 7" with a D whenever 1 < j < k,
we have #5(S%) > i — 1. Let & € [3n] so that W (&) = N and corresponds to the N at 7'(z). Then
#(T*) = #4(W?). Furthermore Cy, , <, W(Z) <y Cr,_, 11, and since, in producing 7', we remove
i — 1 instances of E that precede the N at location £ in W, it follows that #5(W?) = #5(T%) + (i — 1).
In addition, observe that #x(S%) = #5(T%) and #x(T%) = #4(S*) + #5(5%). So

#E(Sx) = #E(Tm) = #E(Wx) - (Z - 1)
> # (W) — (i — 1) = #u(T7) — (i — 1) = #(S5%) + #0(5%) — (i — 1) > #u(57).

Hence S is a Schroder path from (0,0) to (n — 1,n — 1). O

Lemma 3.6. For every Schrider path S from (0,0) to (n — 1,n — 1), there is an ADI word W of a
DI-sortable permutation of length n such that Algorithm[3.2)applied to W gives S.

Proof: We begin with a Schroder path from (0,0) to (n — 1,n — 1) and consider it as a word S. Let
k = #5(S) + 1. Then #:(S) = #x(S) = n — k. Furthermore, we have #z(S’") > #y(S’) for any
prefix S’ of S, since the Schroder path stays weakly below the main diagonal. Following Algorithm
backwards, append a D to the end of S to create the “extended” Schroder path Sp.

For each i € [k, let t; be the location of the i D in S, and let #; be the location of the i D in the
substring of S, consisting of all of the Ns and Ds of Sp. Since the substring of Sy consisting of all of the
Ns and Ds of Sy has exactly n letters, observe that £;, = n and for convention, we set {5 = 0.

Next create T' by replacing each D with an N in Sp. Then #y(T) = n = k + #z(T), and observe that if
t; <x <ty forsome i € [k — 1], then #,(S%) = i and #x(5%) < #=(S%) = #=(T7). So

F#Fu(T7) = #x(ST) + #0(53) < #:(T) + 1.

Define r; = min{x | #x(T%) = #5(T*) + ¢} for each ¢ € [k]. In other words, r; is the minimal length
for a prefix of 7" which has exactly ¢ more Ns than Es. By convention, let o = 0.

Observe that T'(r;) = N and #y(T7 ') = #5(T" ') + i — 1 foreach i € [k] and thatry, < 2n — k
since #y (12" %) = #4(T?"~*) + k. Furthermore, note that r; > t; for each i € [k]. Indeed,

#o(Sp7) = #u(T") = #n(557) = #e(T™) + 1 — #u(Sp") = #=(Sp") +4 — #u(55°) > 4,

since .Sy is a Schréder path from (0, 0) to (n,n). In particular, r;, > ¢, = 2n — k hence r, = 2n — k.
Now create T’ by inserting an E before the k Ns at locations r1,7s,...,7; of T. Let 7; be the new
location of these Ns in T, that is 7#; = r; + ¢, meaning the inserted Es are at locations #; — 1 in T. Again by
convention, let 7o = 0. We have #5 (1) = n = #y (1) and 7}, = 2n.
We now establish that #y(7%) < #3 (1) for each - € [2n]. First suppose x = #; — 1 for some i € [k].
Then & — i = r; — 1. Furthermore #y(T%) = #y(T%~ ") = #(T" 1) = #&(T" ') +i — 1 and

H#e(T™) = #e(T7 ) i = #u(T7 ) + 1 = #4(T7%) + 1.

Observe that since T'(7;) = N, we have # (17") = #y(1"). This will be used later.
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Now suppose 7; < x < 7;41—1where 0 < i < k—1. Thenr; < x—i < 1;41, SO #N(T””) = #(T*7).
So by definition of 7,1,

#n(T7) = #u(T77Y) < H#a(T77) +i = #:(T7).

Additionally since 7, = 2n, we have #y(17%) = n = #(T™). Thus #y(T%) < #g(T%) for all
x € [2n].

Now, create the partition 7 = (71, 7o, ..., T;) of n where 7; = £; — £;_ for each i € [k]. Next, create
W by inserting 7; copies of C after the Ns in T located at 7; for each i € [k]. Let 7+ be the new location of
these Ns in W, that is 7; = 7; 4+ ¢;_1, meaning the inserted Cs are at locations 7 + 1, ..., 7; + ;.

By its creation, it follows from the properties of 7' that #5 (W) = #y(W) = #c(W) = n and
#H#x(W?) < #£(W?) for all z € [3n]. To show that #.(W?*) < #,(W?) for all z € [3n], we need only
to show the inequality holds when = = 7; + 7; for each i € [k]. So let z = #; + 7; for some i € [k]. Recall
t; was defined to be the location of the i D in Sy, and it was established that ¢; < r; for all i € [k]. Then

Hu(WT) = 0 (T7) = #u(T7) > F#u(T) = #u(ST) + #6(ST) = €, = #(WT).

Therefore #c(W*) < #y(W?*) < #:(W?) for each z € [3n]. So by Observation[2.3} W is a sorting
word for a permutation 7 of length n. Moreover, #z(W'¢) = #, (W) for each i € [k] since #z (1) =
#(T7). From Lemma W is a DI word of .

Finally, one can see by the construction of W that Ey, 11 <y Ng,_,+1 <w Ce,_,+1 for each i € [K]
and Cr,—1 <y Cr, if m; ¢ {¢;_1 + 1| i € [k]}. Hence from Theorem[2.12 W is an ADI word for some
DI-sortable permutation 7. Moreover, applying Algorithm[3.2]to W gives S. [

By Lemmas [3.5]and [3.6] our main result follows:

Theorem 3.7. For any n > 0, Algorithm [3.2] produces a bijection between the set of ADI words from
DlI-sortable permutations of length n and Schrider paths from (0,0) to (n — 1,n — 1).

Example 3.8. Suppose we start with the Schroder path S = EDNEDEEDNNN illustrated in Figure[6] We
demonstrate the inverse of Algorithm [3.2]described in Lemma[3.6]

N N . @
[ - I e
o S, ._. T T T o w

Fig. 8: The process by which the Schréder path in Figure [6] becomes an ADI-word. Circled numbers indicate
consecutive copies of C.

We begin by producing S, = EDNEDEEDNNND by appending a diagonal (Figure [8a)). We identify
¢=(1,3,4,8) and 7 = (1,2,1,4) based on the relative locations of the diagonal edges with respect to
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the north edges. We construct 7' = ENNENEENNNNN by converting each diagonal edge to a north edge
(Figure[§(b)).

Next we find » = (3,10,11,12) and construct T = ENENENEENNENENEN by inserting E before
the N at each of the locations in T specified by r. Note that # = (4,12,14,16), and with this we
construct W = ENENCENEENNENCCENCENCCCC. Observe that W is the ADI word of 81736245, and
Algorithm [3.2]applied to W gives S (see Example [3.3).

4 Permutation properties observable from their Schroder paths

While the bijection obtained from Algorithm [3.2] can be used to show exactly which Schréder path
corresponds to a given DI-sortable permutation, there are several properties that translate prominently
between permutation and path.

Definition 4.1. A right-to-left minimum of a permutation is an element that is the least element seen thus
far when reading the permutation from right to left.

Example 4.2. The permutation m = 81736245 has four right-to-left minima, namely 1, 2,4, 5.

Lemma 4.3. If W is the ADI word of a DI-sortable permutation m, then Er, <, Np, <y Cg, if and
only if ; is a right-to-left minimum. Furthermore, the number of right-to-left minima of a DI-sortable
permutation m is one more than the number of diagonal steps in its corresponding Schrider path.

Proof: Suppose m; is a right-to-left minimum of 7 with ADI word W. There must be some k € [n] that
satisfies Ex, <y Np, <y Cr. <w -+ <w Cx, DY Theorem Assume by way of contradiction that
k #i. ThenE,, <, En, and Cr, <y C,. Hence i < k and 7, < m;, which is a contradiction to 7; being
a right-to-left minimum. So E, <y Nn, <y Cg,.

Now suppose that E;, <, Np, <y Cr, for some ¢ € [n] and let j € [n] such that ¢ < j. Then
Er, <w En;. Therefore C, <y Er;, 80 Cr; <y Ca,. Hence m; < 7;. So m; is a right-to-left minimum.

Hence there is a one-to-one correspondence between consecutive sequences ENC in W and right-to-left
minima in 7. And as seen in Algorithm these sequences give rise to one fewer diagonal in the
corresponding Schroder path of 7. O

Lemma [.3]leads to a visual proof to the Corollary
Corollary 4.4. The DI-sortable permutations with one right-to-left minimum, that is the DI-sortable

permutations that end in 1, are enumerated by the Catalan numbers. In particular, the number of DI-

1 2
sortable permutations of length n + 1 ending in 1 is C,, = pa— ( n)
n

Proof: The Schréder paths from (0, 0) to (n,n) without diagonal steps are Dyck paths, known to be
enumerated by the Catalan numbers.

Alternatively, recall that the basis for our DI-sortable permutations is {3142,3241}. Thus, the DI-
sortable permutations of length n + 1 ending in 1 are exactly the permutations whose first n entries must
avoid 213, which are known to be enumerated by Catalan numbers, C,, [8]]. L]

For a given diagonal in a Schrider path S and prefix S’ of S terminating after the given diagonal, the we
say the height of the diagonal is #y(S’) + #5(S’). In other words, its height is the y-coordinate of the
point in the path where the diagonal terminates.
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Example 4.5. Let 7 = 81736245 with corresponding Schréder path .S given in Figure[6] Then the height
of its diagonals are 1, 3, and 4.

Theorem 4.6. The heights of the diagonals determine the values of the right-to-left minima. In particular,
if the heights of the diagonals in the Schroder path corresponding to the permutation 7 are hy, hs, ..., hy,
the right-to-left minima of mare 1, hy + 1,ho +1,... Ay + 1.

Proof: Suppose that S has k diagonals (and hence 7 has k + 1 right-to-left minima), and let W be the
ADI word of 7. Notice since ¢; counts the Cs in the first ¢ maximal substrings of Cs, we have ¢; counts
C1,Ca,...,Cyp,. Thus E, <y N, <y Cq if and only if @ = ¢; + 1 for some ¢ where 0 < i < k. (Recall
Ly = 0 by convention.) From Lemma [4.3] the right-to-left minima are exactly ¢; + 1 for 0 < i < k.

Let 1,2, ..., 2, be locations in S so that z; is the location of the i" D; that is S(z;) = D and
#5(5%) = 4. From Step 3 in Algorithm[3.2] we observe that #y(5%) + #5(5%) = ¢; is the height of
the i" diagonal for each i € [k]. So the heights of the diagonals of S are one less than the right-to-left
minima of 7 (excluding 1). O]

Definition 4.7. An interval of a permutation 7 is a consecutive subsequence of 7 that contains consecutive
values.

Example 4.8. The permutation ¢ = 685712943 contains intervals 6857, 12,9, 43.

Definition 4.9. A permutation 7 is said to be plus-decomposable if T is the concatenation of two non-empty
intervals w and 7' where the values of w are less than those of 7/. Further, if we rescale the entries of 7/
by subtracting the length of w from each entry of 7’ to get a permutation 7, we denote 7 = w @ 7. If a
permutation is not plus-decomposable, we say the permutation is plus-indecomposable.

Example 4.10. The permutation 7 = 43126758 is plus-decomposable and can be written as 7 = 4312 &
231 @ 1. The permutation 0 = 685712943 is plus-indecomposable.

Theorem 4.11. The Schroder path corresponding to a plus-decomposable DI-sortable permutation m =
w @ T is the Schroder path for w followed by a diagonal step (on the main diagonal) followed by the
Schroder path for T. Furthermore, this means the Schroder paths with diagonal steps on the main diagonal
correspond exactly to the plus-decomposable DI-sortable permutations.

Proof: Consider the plus-decomposable permutation m = w @& 7 and let W be the ADI word of 7. Let
x € [3n — 1] satisfy W(x) = E,, with k = |w| + 1 and m; = min{m, | W(z) <, Cr,}. Then by
Corollary[2.13] we have E,, = W(x) <y Er,,s0k <i.Sincem =w ® 7and i > k = |w| + 1, we have
m; > |w|. Hence by the definition of 7;, we have C|,| <, W(x) = Er,. Thus we know Algorithm
will force the exit of all the entries of w before any entry of 7 (entries of 7 corresponding to 7) enters the
stacks. Therefore the ADI word for 7 will be the ADI word for w followed by the ADI word for 7.

When Algorithm [3.2]acts on the ADI word for 7, it will convert the first portion of the ADI word to the
Schroder path for w, but followed by D as this D is no longer the last D of the word. At the same time, it
converts the remaining portion of the ADI word to the Schréder path for 7. [

Example 4.12. In Figure[9] we see that this Schroder path for m = 43126758 = 4312 & 231 & 1 is the
concatenation of the Schroder paths for 4312, 231, and 1 (a degenerate path), connected by diagonal edges.
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L/

Fig. 9: The plus-decomposition of the Schroder path of 43126758 as given in Example[d.12]

Aguiar and Moreira [1] showed that the number of Schréder paths from (0, 0) to (n, ) that do not have
diagonal steps on the main diagonal equals the number of Schréder paths from (0, 0) to (n,n) that do
have diagonal steps on the main diagonal as a particular case of a larger result. That is, they showed the
number of Schroder paths that do not have diagonal steps on the main diagonal are enumerated by the
small Schroder numbers, which gives us the following corollary.

Corollary 4.13. The plus-decomposable DI-sortable permutations are in bijection with the plus-indecomposable
DI-sortable permutations. In particular, both classes are enumerated by the small Schroder numbers.

We conclude with a few open questions:

1. Are there any other properties of the DI-sortable permutations that are easily seen by looking at the
corresponding Schroder paths?

2. Is there another bijection between the DI-sortable permutations and the Schroder paths that conserves
more or different properties of the DI-sortable permutations in the Schréder paths?
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