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Matchings are frequently used to model RNA secondary structures; however, not all matchings can be realized as

RNA motifs. One class of matchings, called the L & P matchings, is the most restrictive model for RNA secondary

structures in the Largest Hairpin Family (LHF). The L & P matchings were enumerated in 2015 by Jefferson, and

they are equinumerous with the set of nesting-similarity classes of matchings, enumerated by Klazar. We provide

a bijection between these two sets. This bijection preserves noncrossing matchings, and preserves the sequence

obtained reading left to right of whether an edge begins or ends.

Keywords: perfect matchings, nesting-similarity, bijective combinatorics

Ribonucleic acid (RNA) is an essential molecule found in the cells of all living things. Usually, RNA

is formed by a string of nucleotides which folds over on itself, creating secondary bonds. The structure of

these secondary bonds is a topic of great interest and has been studied from a biological and mathematical

perspective [2, 3]. Mathematically, RNA secondary structures can be modeled by considering each nu-

cleotide as a vertex and bonds between nucleotides that are not part of the RNA backbone as edges. Each

vertex is incident to at most one edge and thus the graph obtained is a matching.

We represent these matchings as 2n points drawn along a horizontal line (the backbone) and arcs

drawn between pairs of points represent the nucleotide bonds. For simplicity, we assume all matchings

are complete (i.e., all vertices are incident to an edge), and therefore contain n edges. RNA often has

nucleotides that are not bonded, but these structures can be reconstructed by adding any number of isolated

vertices to a complete matching. We notate the set of complete matchings with n edges by M(n).

For a matching, M , we denote the set of edges E(M) and label these edges with [n] in increasing order

from left to right by their left endpoints. For the edge labeled i, we write i = (i1, i2) where i represents the

label of the edge and i1, i2 represent the position of the left and right endpoints of the edge, respectively.

A pair of edges i = (i1, i2) and j = (j1, j2) are said to be nested if i1 < j1 < j2 < i2 and crossing if

i1 < j1 < i2 < j2. For a matching M ∈ M(n), let ne(M) and cr(M) denote the number of pairs of

nested edges and crossing edges in M , respectively. Additionally, the edges i = (i1, i2) and j = (j1, j2)
are said to form a hairpin if j1 = i1 +1 and j2 = i2 +1 (Figure 1a). A nested sequence of edges that can

be drawn above the backbone is called a ladder (Figure 1b).
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Fig. 1: The left matching is a hairpin, the middle matching is a ladder of four edges, and the right matching

is an example of an L & P matching with edges labeled by left endpoint.

Matchings that contain no crossing pairs of edges are called noncrossing matchings. The number of

noncrossing matchings with n edges is well-known to be counted by the nth Catalan number, Cn =
1

n+1

(

2n
n

)

, and has been studied in several contexts, including pattern avoidance [1].

For each matching, we can examine the vertices from left to right and list whether vertices are left or

right endpoints of an edge. For example, for the matching in Figure 2a, this sequence is LLRLLRRRLR;

we call this the LR-sequence of a matching. LR-sequences are in bijection with Dyck paths, and each non-

crossing matching has a distinct LR-sequence. For any M ∈ M(n), define nc(M) to be the noncrossing

matching with the same LR-sequence as M .

In order to model RNA structures that contain crossings, different families of matchings have been

studied. In this paper, we focus on the family of L & P matchings. The L & P matchings were first rig-

orously defined by Condon et al. [2] and this definition was later refined by Jefferson [3]. Each matching

in the L & P family can be constructed inductively by starting from either a hairpin or a single edge, and

either a) inflating an edge by a ladder, or b) inserting a noncrossing matching into an L & P matching [3].

For an example of an L & P matching, see Figure 1c. The counting sequence for the number of L & P

matchings with n edges begins 1, 3, 12, 51, 218, 926, 16323, 67866, 280746 and is given by the formula

2 · 4n−1 − 3n−1

2n+2

(

2n

n

)

[3].

It was noted by Jefferson that L & P matchings with n edges, which we denote LPn, are equinumerous

to the equivalence classes on matchings with n edges determined by the nesting-similarity equivalence,

∼ne, defined by Klazar [4]. We say that two matchings M,N ∈ M(n) are nesting-similar, and write

M ∼ne N , if and only if ne(M) = ne(N) and M,N have the same LR-sequence. An example of this

equivalence is shown in Figure 2. Klazar showed that there are 2 · 4n−1 − 3n−1

2n+2

(

2n
n

)

nesting-similarity

equivalence classes for matchings in M(n); however, no explicit bijection was discovered connecting L

& P matchings to nesting-similarity classes. Our main result is to construct a bijective correspondence

between these two structures.

Klazar [4] utilized a different, but equivalent, definition for nesting-similarity in his work. He examined

the tree of matchings where the vertex set is the infinite set of matchings,
⋃

∞

n=0
M(n). Matchings are

(a) (b)

Fig. 2: Two nesting-similar matchings. Each matching has LR-sequence LLRLLRRRLR and two pairs of

nested edges.
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connected if one can be obtained from the other by inserting a new edge whose left endpoint occurs

earliest. With this construction, two matchings are said to be nesting-similar if we can record the number

of nestings for the children of each matching, which have one added edge, and obtain the same multiset.

It is straightforward to show that this definition is equivalent to the definition above.

In his paper, Klazar shows a correspondence between his nesting-similarity matchings and tunnel pairs

in Dyck paths. Our bijection between L & P matchings and the set of nesting-similarity classes will be

a composition of two bijections. The composed mapping will pass through the set of nestings in non-

crossing matchings, which correspond to tunnel pairs in Dyck paths. Define NCNn = {(M,a, b) | M ∈
M(n) noncrossing; a = b = 0 or edges a < b are nested in M}; so, NCN n is the set of noncrossing

matchings with a chosen nested pair of edges (a = b = 0 indicates no nested pair has been indicated).

In Section 1, we define a bijection between L & P matchings and NCNn, and in Section 2, we define

a bijection between nesting-similarity classes and NCNn.Thus We show that both L & P matchings and

nesting-similarity classes are equinumerous to NCN n.

1 L & P matchings and noncrossing matchings

The process of constructing an L & P matching implies that such a matching contains a crossing exactly

if the matching can be built inductively from a hairpin. As a result, any L & P matching that contains a

crossing will have all crossings occur in an inflated hairpin. Given a matching, M , we will label edges by

left endpoint, as in Figure 1c. In this Figure, edges 1, 2 crossing edges 4, 5 comprise an inflated hairpin.

Below we provide a precise definition of this structure.

Definition 1. A maximal inflated hairpin in an L & P matching is two sets of edges A = {a1, a2, . . . , ak}
and B = {b1, b2, . . . , bℓ} such that

1. every pair of edges in A and every pair of edges in B is nested,

2. for every ai ∈ A, ai crosses every edge in B, and

3. every crossing in M occurs between edges in A and B.

We let A be the set of edges with smaller labels (the left side of the inflated hairpin), and we say that M

contains the inflated hairpin (A,B).

Any L & P matching consists of a maximal inflated hairpin with noncrossing matchings inserted below

the hairpin as in Figure 3. It is possible for the inflated hairpin to be empty, yielding a noncrossing

matching. For example, the matching in Figure 2a is L & P: the first and third edges crossing the fourth

edge form an inflated hairpin. However, the matching in Figure 2b is not L & P, since the first four edges

are all involved in crossings, but these four edges do not form an inflated hairpin.

Notice that every edge not in the inflated hairpin of an L & P matching must begin and end between

two vertices that are adjacent in the inflated hairpin, otherwise it would be part of an inflated hairpin itself.

This fact will be used in our bijection.

Lemma 1. Let M ∈ LPn such that M contains an inflated hairpin (A,B). Then the right endpoints of

the inflated hairpin appear in the order (ak, ak − 1, . . . , a1, bℓ, bℓ − 1, . . . , b1) and can be rearranged to

(bℓ, bℓ − 1, . . . , b1, ak, ak − 1, . . . , a1) to construct nc(M). Additionally, every pair of edges in A ∪ B

are nested in nc(M).
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ak
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Fig. 3: The structure of an L & P matching; Each ⋆ indicates a position where a noncrossing matching

may be inserted. The edges a1, a2, . . . , ak cross the edges b1, b2, . . . , bℓ to form the inflated hairpin.

Proof: Since we defined A to contain edges with smaller labels than B, the result that the right endpoints

are in the order (ak, ak − 1, . . . , a1, bℓ, bℓ − 1, . . . , b1) follows immediately. Now consider rearranging

the right endpoints such that they appear in the order (bℓ, bℓ − 1, . . . , b1, ak, ak − 1, . . . , a1). It is easy to

see that every pair of edges in A∪B is now nested and that no additional crossings can be created by this

rearrangement. Therefore the result is a noncrossing matching. Notice that, since noncrossing matchings

are in direct bijection with LR-sequences, the resulting matching is in fact nc(M).

For an example of this conversion of an L & P matching with an inflated hairpin into a noncrossing

matching, see Figure 4. The results of Lemma 1 will be useful as we define our bijection from LPn to

NCNn.

Definition 2. Define φ : LPn → NCN n where,

φ(M) =

{

(M, 0, 0), if M noncrossing,

(nc(M),max(A),max(B)), otherwise.

where (A,B) is the inflated hairpin of M .

The results of Lemma 1 imply that max(A),max(B) are a nested pair of edges in nc(M), and therefore

φ is well-defined. All that remains is to show that φ is in fact a bijection.

Theorem 1. The mapping φ : LPn → NCN n is a bijection.

Proof: We will construct the inverse of φ. First note that φ−1(M, 0, 0) = M .

Now consider some noncrossing matching M with nested pair of edges (a, b). Let A = {ai ∈
E(M) | (ai, a) are nested and ai ≤ a such that a1 < a2 < · · · < ak = a} and B = {bi ∈ E(M) |
(bi, b) are nested and a < bi ≤ b such that b1 < b2 < · · · < bℓ = b}. Then, since edges are labeled

by left endpoints and M is noncrossing, the right endpoints of A ∪ B appear in the order (bℓ, bℓ −
1, . . . , b1, ak, ak − 1, . . . , a1).

Let M ′ be the resulting matching when the right endpoints of A∪B are reordered to appear as (ak, ak−
1, . . . , a1, bℓ, bℓ − 1, . . . , b1). It is straightforward to show that M ′ is an L & P matching with inflated

hairpin (A,B) where (max(A),max(B)) = (a, b). It follows that φ−1(M,a, b) = M ′. Therefore φ is a

bijection, as desired.
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Fig. 4: On the left is an L & P matching with labeled edges. In this matching, the inflated hairpin contains

edges 1, 2 crossing edges 4, 5. On the right is the corresponding noncrossing matching obtained by

swapping the right endpoints of edges in the inflated hairpin.

2 Nesting-Similarity Classes and Noncrossing Matchings

Recall that M ∼ne N if and only if ne(M) = ne(N) and M,N have the same LR-sequence. Klazar

showed that the nesting-similarity classes are equinumerous with tunnel pairs in Dyck Paths through the

use of transpositions that swap the endpoints of nestings with minimal width. Using this map iteratively,

for any LR-sequence, if M is the corresponding noncrossing matching, then for every i where 0 ≤ i ≤
ne(M), Klazar proved that there exists some matching with the same LR-sequence and i pairs of nested

edges. Notice that the noncrossing matchings contain the maximum possible number of nestings for a

particular LR-sequence, so Klazar’s result encompasses all the nesting-similarity classes.

We define a bijection between nesting-similarity classes and the set NCN n which explicitly defines

a representative for each equivalence class. Let nep(M) denote the list of nested pairs of edges in M

ordered lexicographically by prioritizing the second element. For example,

nep(M) = {(1, 2), (1, 3), (2, 3), (1, 4), (2, 4), (1, 5), (2, 5), (4, 5), (1, 6), (2, 6), (4, 6), (1, 7)}

for the noncrossing matching of Figure 4. Let rperm(M) be the order in which the right endpoints of

edges appear. For example, rperm(M) = 3564271. We define rperm for all matchings, not necessarily

noncrossing. However, when we have noncrossing matchings, rperm is useful for identifying nestings.

Lemma 2. In a noncrossing matching M , edges a, b are nested, with a < b, if and only if b appears

before a in rperm(M).

This follows quickly from the method of labeling edges and the definition of nestings.

Consider a noncrossing matching M with k pairs of nested edges. Given some i with 0 ≤ i ≤ k, we

define a process by which we rearrange the vertices in a noncrossing matching to obtain a matching with

the same LR-sequence and i pairs of nested edges. These matchings will be the representatives of the

nesting-similarity classes.

In the definition below, given edges a, b where 1 ≤ a, b ≤ n (a 6= b), let (a, b).M denote the matching

that results by swapping the left endpoints of edges a and b.

Definition 3. Let M be a noncrossing matching with k pairs of nested edges, and nep(M) = {(a1, b1),
(a2, b2), . . . , (ak, bk)}. Define the sequence of matchings M0,M1,M2, . . . ,Mk by M0 = M and Mi =
(ai, bi).Mi−1 for all i ∈ [k]. Additionally, let lperm(Mi) denote the order in which the left endpoints of

matching Mi appear.

For an example of this definition, see Figure 5. It is clear that each Mi has the same LR-sequence

as M . Our goal is to additionally show that ne(Mi) = k − i. This would imply that the matchings in
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{M0,M1, . . . ,Mk | M0 noncrossing} form a set of representatives of the k+1 distinct nesting-similarity

classes for matchings with the same LR-sequence as M .

1

2
3

4

M0 = M

lperm(M0) = 1234

ne(M0) = 4

1

2
3

4

M1 = (1, 2).M0

lperm(M1) = 2134

ne(M1) = 3

1

2

3

4

M2 = (1, 3).M1

lperm(M2) = 2314

ne(M2) = 2

1
2

3

4

M3 = (1, 4).M2

lperm(M3) = 2341

ne(M3) = 1

12 34

M4 = (3, 4).M3

lperm(M4) = 2431

ne(M4) = 0

Fig. 5: An example of the matching obtained by swapping left endpoints in a noncrossing matching, as

in Definition 3. Note the nep(M) = {(1, 2), (1, 3), (1, 4), (3, 4)}, which defines the order in which left

endpoints are swapped.

Lemma 3. Let M be a noncrossing matching, let M0,M1, . . . ,Mk be the sequence of matchings as

defined in Definition 3, and let nep(M) = {(a1, b1), (a2, b2), . . . , (ak, bk)}. Then for every i ∈ [k],
ai+1, bi+1 appear in order and are adjacent in lperm(Mi).

Proof: We use proof by induction. The result clearly holds for M0. Assume that aj+1, bj+1 are adjacent

and in order in lperm(Mj) for 0 ≤ j < i. First notice that this assumption immediately implies that

ai+1, bi+1 appear in order in lperm(Mi).

To obtain a contradiction, assume that ai+1, bi+1 are not adjacent in lperm(Mi). So, there exists some

c such that c appears between ai+1, bi+1. Notice that nestings in M0 that are lexicographically smaller

than (ai+1, bi+1) have had their left endpoints swapped to obtain Mi. This fact will allow us to obtain a

contradiction. We will consider three cases based on the size of the label c.

First assume that ai+1 < bi+1 < c. This implies that c and bi+1 appear out of order in lperm(Mi), and

must have been swapped. However, (bi+1, c) is lexicographically larger than (ai+1, bi+1), which gives a

contradiction.

Next assume that c < ai+1 < bi+1. In this case, c and ai+1 appear out of order in lperm(Mi). The

inductive assumption implies that at some step, (c, ai+1) must have been swapped and were a nesting in

M0. However, this would also imply that (c, bi+1) is a nesting in M0 that is lexicographically smaller

than (ai+1, bi+1); applying this swap would reverse the order of c, bi+1 as well. So, c could not appear

between ai+1 and bi+1 and we have a contradiction.
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Finally assume that ai+1 < c < bi+1. We need to consider two further subcases dependent on

rperm(M0). If c appears before bi+1 in rperm(M0), then c and bi+1 are not nested edges by Lemma 2.

However, ai+1 nests both c and bi+1 in this case. It follows that (ai+1, c) is a lexicographically smaller

nesting in nep(M0) and c, ai+1 must have already been swapped. As a result, they cannot appear in order

in Mi, giving a contradiction.

If instead bi+1 appears before c in rperm(M0), the condition on noncrossing edges in M0 and the fact

that ai+1 and bi+1 are nested implies that ai+1 and c are also nested. Again, this is a lexicographically

smaller nesting, which implies that ai+1 and c must appear out of order in Mi, giving a contradiction.

Lemma 4. Let M be a noncrossing matching, let M0,M1, . . . ,Mk be the sequence of matchings as de-

fined in Definition 3, and let nep(M) = {(a1, b1), (a2, b2), . . . , (ak, bk)}. Thennep(Mi) = {(ai+1, bi+1),
(ai+2, bi+2), . . . , (ak, bk)}; in particular, ne(Mi) = k − i.

Proof: We use proof by induction on i. It is straightforward to show that nep(M1) = {(a2, b2), . . .
, (ak, bk)}.

Now assume that nep(Mi−1) = {(ai, bi), . . . , (ak, bk)}. By definition, we know that (ai, bi) is no

longer a nesting in Mi = (ai, bi).Mi−1. Additionally, since (ai, bi) were adjacent in lperm(Mi−1) by

Lemma 3, we know that (ai+1, bi+1), (ai+2, bi+2), . . . , (ak, bk) are all still nestings in Mi and that no

additional nestings are created by swapping (ai, bi). Therefore nep(Mi) = {(ai+1, bi+1),
(ai+2, bi+2), . . . , (ak, bk)}.

It follows that the matchings we generate by the swaps in Definition 3 form a set of representatives

of the k + 1 distinct nesting-similarity classes for matchings with the same LR-sequence as M . Let

NSn be the set of representatives of the nesting-similarity classes; that is NSn = {N ∈ M(n) |
N = Mi for some noncrossing matching M with at least i nestings}. We can now define the other half

of our bijection.

Definition 4. Define τ : NCNn → NSn where, if M is a noncrossing matching with nep(M) =
{(a1, b1), (a2, b2), . . . , (ak, bk)}, then τ(M,ai, bi) = Mi and τ(M, 0, 0) = M .

So, τ will take the noncrossing matching M , which has the maximum number of nestings of any

matching with the same LR-sequence, and perform a sequence of left vertex swaps. Each swap converts

precisely one nesting pair of edges into a crossing pair of edges; these swaps continue until the associated

pair of edges is no longer nested. For an example of the mapping τ , see Figure 6.

Theorem 2. The mapping τ : NCNn → NSn is a bijection. Additionally, if M ∈ M(n) is noncrossing,

τ(M, 0, 0) = M .

Proof: Given some N ∈ NSn, consider M = nc(N). If N = M (implying that N is noncrossing), then

τ−1(N) = (N, 0, 0). Otherwise, by the definition of NSn, there exists some i such that N = Mi. If

nep(M) = {(a1, b1), (a2, b2), . . . , (ak, bk)}, set τ−1(N) = (M,ai, bi).

Now, combining Theorems 1 and 2, we immediately obtain our desired result.

Theorem 3. The map σ = τ ◦ φ : LPn → NSn is a bijection between L & P matchings and nesting-

similarity classes.
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Fig. 6: An example of the bijection τ , mapping from the noncrossing matching on the left, with chosen

nesting pair (2, 5) to the representative of the nesting-similarity class with 5 nestings and LR-sequence

LLLRLLRLRRRLRR on the right.

1

2

3

4

5

6 7

φ
7→

1

2

3

4

5 6 7

1

2
3

4

5
6 7

τ
7→

Fig. 7: Above is the result of first applying φ to an L & P matching to obtain a noncrossing matching with

an indicated nesting pair. Then, we see the result of applying τ to the noncrossing matching with indicated

nesting pair to obtain a representative of a nesting equivalence class. Composed, this is the mapping σ.

An example of this composition can be seen in Figure 7.

The images under the map σ also form a set of representatives for the nesting similarity classes NSn.

Although Klazar proved that the classes exist, representatives of those classes were not explicitly provided,

and now we have done so.

Corollary 1. Since the bijection σ has an intermediate step at the noncrossing matching associated to a

matching M, σ has the following properties:

• If M is a noncrossing matching, then σ(M) = M .

• The LR-sequence of M is the LR-sequence of σ(M).

Other properties that are sometimes preserved in bijections between matchings, such as number of nest-

ings or number of crossings, are not preserved by σ. However these statistics all fail to be equidistributed

between the two sets LPn and NSn, so no other bijection exists that preserves them.

In the larger context, we note that none of the other Largest Hairpin Family matchings (LHF, D&P,

R&G, C&C) have closed forms for their enumeration sequences. However given that our map σ relates

an L & P matching to a noncrossing matching and a nesting edge pair, and the fact that all of these

families are constructed inductively, we believe it may be possible to find a similar mapping involving a

noncrossing matching and some other matching property. The authors hope to explore this possibility in

future work.

The authors would like to thank the organizers of the Dagstuhl Seminar 16071: Pattern Avoidance and

Genome Sorting, which is where the problem was first presented, and where the authors had generous
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We study a randomized algorithm for graph domination, by which, according to a uniformly chosen permutation,
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1 Introduction
In this paper, we consider an online algorithm for graph domination, which was introduced in [8]. The
algorithm is as follows: Let G be a graph on n vertices. Randomly label the vertices with distinct labels
1 through n, and let vi be the vertex labeled with the number i. Let Vi equal

⋃i
j=1{vj}. After vi is

“revealed,” we see the entirety of the vertex-induced subgraph G[Vi]. When G[Vi] is revealed, if vi does
not have a neighbor in the dominating set D, we add it to D. We repeat this procedure until the entire
graph has been revealed, and as a result, D is an independent dominating set for G. In other words, we
reveal the vertices in random order, and, if the revealed vertex is not yet dominated, we add it to the
dominating set.

More rigorously, for a graph G on n vertices, the algorithm uses a uniformly random permutation
π ∈ Sn to construct a sequence of independent sets ∅ = D0(π) ⊆ D1(π) ⊆ D2(π) ⊆ · · · ⊆ Dn(π)
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where Dn(π) is an independent dominating set for G, and returns D = Dn(π). In the ith step, put
Di(π) = Di−1(π) if vπi

neighbors any vertex in Di−1(π), or Di(π) = Di−1(π) ∪ {vπi
} if not. By

construction, every vertex will either be in D or will neighbor a vertex in D, but never both, so D is both
an independent set and a dominating set for G.

For an example of an application of the randomized algorithm described above, consider a street lined
with equally-spaced streetlights. The streetlights awaken at night asynchronously and decide whether
or not they must illuminate their surroundings. When a streetlight awakens, it senses whether or not its
position is already illuminated by another streetlight. If it is not illuminated, the streetlight begins to shine
its light; otherwise the light stays off. The expected number of lights on once all of the streetlights awaken
is equal to the expectation of the expected size of the dominating set for the path that we compute in this
paper, assuming that each streetlight may illuminate those lights to its immediate left and right. To save
energy in a situation such as this, it is preferable that fewer lights are required.

In [8], it is shown that this algorithm is near optimal for dense random graphs, in the sense that E|D| is
close to the domination number of G. Using a similar procedure, it is shown in [11] that the domination
number of a random graph is concentrated on two numbers. In this paper we study the complementary
problem of how well this algorithm performs for specific families of non-dense graphs. We begin by
studying the performance of this algorithm on the path on n vertices, Pn. We are then able to leverage this
information to learn about some other families of graphs. The result of this investigation demonstrates
that the algorithm does not perform as well on these sparse graphs as it does on the dense graphs on which
it has previously been applied.

Throughout this paper we will use G to denote a graph.

Definition 1.1. Let G be a graph with vertex set V . We say that D ⊆ V is a dominating set for G if its
neighborhood is all of V : for all v ∈ V , v ∈ D or v is adjacent to some vertex w ∈ V .

The following notation will be useful:

Definition 1.2. Let G be a graph with vertex set {1, 2, . . . , n}. Let π ∈ Sn and say that the vertices
of G are revealed in the order π1, π2, . . . , πn. Define Γ(π) to be the resulting dominating set under the
algorithm described above, and let γ(π) = |Γ(π)|. We then define the expected online domination number
of G to be γo(G) = E(γ(π)), i.e., the expected size of the dominating set created when our algorithm is
run on the graph, with π chosen from Sn uniformly at random.

After determining γo(Pn) in Section 2, we then consider in Section 3 the orders, realized by permuta-
tions, in which the vertices may be revealed that maximize the size of the dominating set, and enumerate
these worst-case permutations. This enumerative work leads to connections between this problem and the
work of Bouwer and Star [2] and of Gessel [5], which studied cases of greedy colorings of Pn in which
only two colors are required; in particular, they enumerate the best-case permutations of path-coloring.
We show that when the length of the path is odd, that the best-case behavior for the path-coloring problem
coincides with the worst-case behavior for the domination problem, and when the length of the path is
even, that these two problems differ. We enumerate the number of permutations in the worst case. We end
by enumerating the permutations in which the algorithm gives best-case performance.

The connection between algorithms and permutations has been studied in the past; for instance, it is
well-known that stack-sortable permutations are those that avoid the permutation pattern 231 ([7]). Other
connections between sorting procedures and permutation patterns are described in Bóna’s survey [1]. In
particular, the problem of enumerating the permutations giving best-case and worst-case behavior have
also been considered. Moreover, in any satisfying worst-case analysis of an algorithm it is essential
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to demonstrate that a bound is tight, and so particular instances of worst-case permutations have been
studied. It is interesting to know what these permutations look like, especially when they are highly struc-
tured. For instance, this has been studied by Elizalde and Winkler in the case of “homing” sorting, for
which they obtain the upper bound on the worst case of the algorithm and then demonstrate that there
are super-exponentially many permutations that obtain this worst case [4]. However, they leave the exact
enumeration of this number as an open problem. As an example of a similar problem, we may con-
sider the problem of enumerating extremal Erdős-Szekeres permutations, which are those permutations
of {1, ..., n2} not containing a monotone subsequence of length n + 1; this enumeration was completed
by Romik in [9].

2 A Study of Pn
In particular, we are interested in computing the asymptotic behavior of γo(Pn) where Pn is the path
on n vertices. For simplicity, we define γo(Pn) = 0 for n ≤ 0. For ease of notation, we define Pn =
([n], {(i, i+ 1) | i ∈ [n− 1]}), so that our vertices come pre-labeled, where [n] denotes the set {1, ..., n}.
Theorem 2.1.

lim
n→∞

γo(Pn)

n
=
e2 − 1

2e2
≈ .4323...

Proof: We first claim that

γo(Pn) = 1 +
2

n

(
n−2∑
i=1

γo(Pi)

)
. (2.1)

Suppose that the first vertex revealed in the online procedure is vertex i. Then i must enter the domi-
nating set. As i is in the dominating set, the vertices i− 1 and i+ 1 are already dominated, whereas i− 2
and i+ 2 are not. Thus in order to finish dominating Pn we must separately dominate the two remaining
subgraphs, which are isomorphic to Pi−2 and Pn−i−1. In particular, if i = 1 or n, one of these paths is
empty. Next, note that when we consider each possible i ∈ [n], there are two instances in which we must
dominate Pj for j ∈ [n− 2] – once if we choose j + 2 as the first vertex and also if we choose n− j − 1
as the first vertex. Then as each i is equally likely, the permutation induced on the subgraphs Pi−2 and
Pn−i−1 is chosen uniformly at random, we sum over these possible j, multiply by 2 to account for the
two instances for which we dominate each Pj , and divide by n, giving the formula above.

Now let F (x) =
∑
n≥0 γo(Pn)xn. We multiply 2.1 by nxn and sum over n ≥ 0 to find

xF ′(x) =
x

(x− 1)2
+ 2F (x)

x2

1− x
.

Cancelling the x, we have the equation

F ′(x) =
1

(x− 1)2
+ 2F (x)

x

1− x

and by solving the differential equation, we have

F (x) = Ce−2(x+log(x−1)) +
1

2(x− 1)2
,
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which then allows us to evaluate the function and determine that the constant is −1/2. We now wish to
determine the coefficients of F , which has the form

F (x) =
−1

2
e−2x

1

(x− 1)2
+

1

2(x− 1)2
.

We already know that n + 1 is the coefficient of xn in 1
(x−1)2 , so it will suffice to determine gn, the

coefficient of xn in e−2x 1
(x−1)2 . To this end, note that

e−2x
1

(x− 1)2
=

(
n∑
i=0

(−2)i

i!
xi

) n∑
j=0

(j + 1)xj

 .

Collecting the xn terms in the product we have

gn =

n∑
j=0

(n+ 1− j) (−2)j

j!

and γo(Pn) = −1
2 gn + n+1

2 , thus

γo(Pn) =
−1

2

 n∑
j=0

(n+ 1− j) (−2)j

j!

+
n+ 1

2
=
−(n+ 3)

2

n∑
j=0

(−2)j

j!
+
n+ 1

2
.

We are interested in the asymptotic behavior of γo(Pn), so we consider

lim
n→∞

γo(Pn)/n = lim
n→∞

−(n+ 3)

2n

 n∑
j=0

(−2)j

j!

+
n+ 1

2n


We can then evaluate the limit and recognize the power series as e−2 to conclude

lim
n→∞

γo(Pn)

n
=

1

2
− 1

2e2
.

Let Cn be the cycle graph on n vertices and Hn the wheel graph with n spokes. From our analysis of
the path graph Pn, we can deduce results for these related families of graphs.

Corollary 2.2. γo(Cn) = 1 + γo(Pn−3).

Proof: After we add one vertex to the dominating set, the undominated vertices form the graph Pn−3.

Corollary 2.3. γo(Hn) = 1
n+1 + n

n+1γo(Pn−3).
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Proof: If the center is revealed first, every vertex is dominated; otherwise, the center will not be included
in the dominating set. Since the remaining vertices form a path, the result follows.

Other families of graphs are similarly easy to analyze. Consider ?n, the star graph with n leaves. If a
leaf is revealed first, then every other leaf must be in the dominating set, and if the center is revealed first,
it dominates every other vertex, so

γo(?n) =
n

n+ 1
n+

1

n+ 1
=
n2 + 1

n+ 1
= Θ(n).

For K{pi} the complete multipartite graph with partitions of size pi, note that once one vertex is placed
into the dominating set, all vertices outside that block of the partition are dominated and thus will never
be in the dominating set. Thus the remaining vertices in the partition must be added to a dominating set.
Thus to find γo(K{pi}), we simply weight by the size of each partition, and so

γo(K{pi}) =

∑
p2i∑
pi
.

Remark 2.4. Note that we can obtain a lower bound on these quantities by applying the Caro-Wei bound
[3, 10], which applies to a general graph G. Let π be a permutation of the vertices of G taken uniformly
at random, which gives the sequence in which the vertices are revealed. For v ∈ V define d+(v) to be
the number neighbors of v appearing after v in π. Clearly we have that d+(v) is uniformly distributed on
{0, ..., d(v)}. Hence by linearity of expectations the expected number of vertices such that d+(v) = d(v)
is C =

∑
v∈V 1/(1 + d(v)). Vertices with d+(v) = d(v) are included in our dominating set, hence C is

a lower bound on γ0(G). This gives the bound γ0(Pn) ≥ (n+ 1)/3 for the path.

3 Worst Case Permutations
In this section we consider the orders in which vertices may be revealed that maximize the number of
vertices included in the dominating set of the graph of Pn. When n is even, at most n/2 vertices may
be included in the dominating set as no two vertices in the dominating set may be adjacent. Further,
the permutation 135...246... achieves this number. As any dominating set created by our algorithm is an
independent dominating set, and each such dominating set can be achieved (for example, by simply listing
those dominating vertices first in the permutation), the number of distinct worst-case dominating sets is
equal to the number of maximal independent dominating sets of the graph.

Proposition 3.1. Let k be a positive integer. If n = 2k− 1 is odd, there is only one maximal independent
dominating set of Pn. Moreover, this unique set consists of all odd-numbered vertices.

If n = 2k is even, then the number of maximal independent dominating sets of Pn is equal to k + 1 =
n/2 + 1. Moreover, each maximal independent dominating set is either the set of even vertices, the set of
odd vertices, or a set of the form {1, 3, 5, . . . , 2j−1, 2j+2, 2j+4, . . . , n} for some j ∈ {2, 3, . . . , k−1}.

Proof: First suppose that the length of the path is 2k− 1. The vertex 1 must always be in the independent
dominating set. If it were not, then 2 must be in the independent set in order for it to be maximal in size.
In this case 3 cannot be in the set, and so finding the largest independent set on the remaining vertices
reduces to considering the path on the vertices {4, 5, ..., 2k − 1}. This new path is of length 2k − 2.
Because this is a worst-case permutation, there must be k vertices in the independent set, and so there
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remain k − 1 vertices to be added to the independent set. However, at most k − 2 vertices can be placed
on the remaining path. Thus 1 must be in the set and inductively every odd vertex in the path must be in
the independent set. We conclude that there is a unique maximal independent set of P2k−1.

We now consider the even case, in which the path has 2k vertices. Note that if there is no pair of
consecutive vertices that are both not in the dominating set, then the dominating set will consist of vertices
of a common parity. Otherwise, there is at least one such pair; first suppose there is exactly one, i+ 1 and
i+ 2. We claim that i must be odd. If i were even, the remaining undominated entries 1, 2, ..., i−2 would
form a path of even length, whereas i + 5, i + 6, ..., 2k would form a path of odd length. In particular,
these paths can accomodate at most i/2 − 1 and k − i/2 − 2 vertices, respectively, in their dominating
sets. This sums to k − 3 vertices. As we have added two vertices to the dominating set already, we will
only manage to choose k−1 vertices; however, k vertices are required for the set to be maximal, so this is
impossible. One may then check that adding every other vertex except leaving an additional gap between
i and i + 3 gives a maximal set, provided that i is odd. We now claim that there can be at most one such
pair of consecutive non-dominated vertices. If there were two gaps, then we could take the rightmost
vertex of the leftmost gap, and the leftmost vertex of the rightmost gap, and translate those two vertices
and all those vertices between them one position to the left. Then there is a vacant spot next to where
the rightmost vertex that was moved originated, which we can add to the dominating set, and thus the
independent set was not maximal.

Now that we have determined the possible worst-case configurations, we study which permutations
correspond to these configurations. We begin here with the study of the single configuration when n
is odd; this is the dominating set {1, 3, 5, ..., n}. Let Fn be the set of permutations which achieve the
worst-case bound. The following table summarizes the values of |Fn| for small values of n and was
generated by explicitly testing each permutation in Sn. In the case n = 3 the four permutations in Fn are
123, 132, 312, 321, i.e. those that do not start with 2.

n |Fn|
1 1
2 2
3 4
4 24
5 56
6 640
7 1632
8 30464
9 81664
10 2251008
11 6241280

Proposition 3.2. Let f(n) = |Fn|. For n odd, f(n) satisfies the recurrence relation

f(n) = 2(n− 1)f(n− 2) + (n− 1)(n− 2)

n−2∑
i=3, i odd

(
n− 3

i− 2

)
f(i− 2)f(n− i− 1)

or equivalently,
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f(2k + 1) = 4kf(2k − 1) + (4k2 − 2k)

k−1∑
j=1

(
2k − 2

2j − 1

)
f(2j − 1)f(2k − 2j − 1).

In particular, it is possible to enumerate |Fn| for n odd without knowing any values for n even.

Proof: Let fi(n) = |{π ∈ Sn : π ∈ Fn and π(1) = i}|. Then f(n) =
∑n
i=1 fi(n) and fj(n) = 0 when

j is even. When i = 1 or i = n = 2k+ 1, the first vertex added is an endpoint of the path. It then remains
to dominate 2k−1 more vertices, and the label corresponding to neighbor of the endpoint of the path may
appear anywhere in the permutation (as it will never be placed into the dominating set). The number of
permutations that give rise to a maximal dominating set on the 2k− 1 vertices is f(2k− 1), and there are
2k possible positions for the neighboring vertex, so f1(2k + 1) = f2k+1(2k + 1) = 2kf(2k − 1).

For i odd and not 1 or 2k + 1, choosing the ith vertex as the first to add splits the path into two parts
of odd length. The first i − 2 vertices must be dominated, and the final n − i − 1 vertices must be
dominated, while the (i − 1)st and (i + 1)st vertices may appear anywhere in the permutation as they
will not be in the dominating set. Thus we must place an ordering on these two sets of vertices and
interleave them in any way we wish; there are

(
n−3
i−2
)
f(i − 2)f(n − i − 1) ways to do this. We must

then choose positions in the permutation for the two neighbors of the first vertex chosen, so in this case
fi(n) = (n− 1)(n− 2)

(
n−3
i−2
)
f(i− 2)f(n− i− 1).

It turns out that the subsequence {f(2k + 1)}k∈N has been encountered in conjunction with weakly
alternating permutations. We say that a permutation π ∈ Sn is weakly alternating if for every even index
i we have either πi−1 < πi or πi+1 < πi, i.e. there is a weak peak at i. Let Wn be the set of weakly
alternating permutations of order n.

Proposition 3.3. We have |Fn| = |Wn| for odd n. In particular, the map that sends π 7→ π−1 is a
bijection from Fn into Wn for n odd.

Proof: Suppose that π ∈ Fn for odd n. The dominating set Γ(π) consists of the odd-labeled vertices
along the path. For each even i ∈ [n], one of i− 1 and i+ 1 must be in the dominating set by the time that
i is revealed as otherwise i would be added to the dominating set. Moreover, requiring that one of i − 1
and i + 1 appear before i in the permutation is clearly sufficient to ensure that i is not in the dominating
set and that every odd vertex is dominated. Now consider π−1. We claim that π−1 is weakly alternating.
If some even i ∈ [n] appears at index k in π we have either i − 1 or i + 1 at some index j < k. Without
loss of generality suppose that π(j) = i−1. Then π−1(i−1) = j and π−1(i) = k, and so π−1 does have
a weak peak at every even i. Now suppose that σ is a weakly alternating permutation. Suppose without
loss of generality that σ(i) = k and σ(i− 1) = j < k, then σ−1(j) = i− 1 appears before σ−1(k) = i.
Thus the map that sends π → π−1 is a bijection between Fn and Wn for odd n.

To enumerate Wn for n odd, recall that the complement c(π) ∈ Sn of a permutation π ∈ Sn is defined
by c(π)i = n+ 1−πi [6]. The complement of a weakly alternating permutation with weak peaks at even
indices is a permutation with no local maxima in even positions. Permutations of odd length with no local
maxima in even positions are enumerated in OEIS sequence A113583.

https://oeis.org/A113583
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3.1 Connection with Path Coloring
Permutations with no local maxima in even positions have been studied previously in relationship to
greedy graph colorings of the path. With some predetermined ordering on the vertices, the greedy al-
gorithm for coloring a path labels each vertex, in order, with the lowest number so that no two adjacent
vertices receive the same label. In particular, suppose that we color the vertices in the order that they
appear in π. Then the number of permutations in which the odd vertices are colored 1 and the even ver-
tices are colored 2 is equal to the number of permutations of odd length with no even local maxima [2].
However, the form of the extremal permutations differs from the graph coloring problem when the length
of the path being colored is even. In particular, let D(n) be the number of permutations in Sn which lead
to all of the odd vertices of Pn being placed in the dominating set. Gessel discovered in [5] that if G(x)
is the odd part of the exponential generating function (G(x) = D(1)x/1! +D(3)x3/3! + · · · ),

G(x) =
sinhx

coshx− x sinhx
(3.1)

and also that if H(x) = D(0)/0! +D(2)x2/2! +D(4)x4/4! + · · · , then

H(x) =
1

coshx− x sinhx
. (3.2)

These formulas were studied prior to the work of Gessel in a different form in [2].

3.2 Enumerating F2n

We now turn to the remaining problem of enumerating the worst-case permutations of even length. In
particular we establish the following.

Proposition 3.4. Let f(n) = |Fn| and define f(0) = 1. With values of f(n) for n odd as in Proposition
3.2, when n is even, f(n) = f(2k) satisfies the recurrence relation

f(n) = 2(n− 1)f(n− 2) + (n− 1)(n− 2)

n−1∑
i=2

(
n− 3

i− 2

)
f(i− 2)f(n− i− 1)

or equivalently,

f(2k) = (4k − 2)f(2k − 2) + (4k2 − 6k + 2)

2k−1∑
i=2

(
2k − 3

i− 2

)
f(i− 2)f(2k − i− 1)

The proof is similar to the case that n is odd, except that choosing a vertex other than the first or last
splits the path into an odd-length path and an even-length path, which must be dominated separately, and
we cannot throw out the cases in which i is even; in fact, by symmetry, the procedure is the same as when
i is odd).

Theorem 3.5. Let Fn be the set permutations which achieve the upper bound for the number of vertices in
the dominating set when the online algorithm is run on the path. Let F (x) be the exponential generating
function for |Fn|. Then

F (x) =
sinhx

coshx− x sinhx
+

1

(coshx− x sinhx)2
. (3.3)
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One immediate advantage of this view is that the coefficients of the exponential generating function are
exactly the probabilities that a randomly chosen permutation in Sn gives rise to a maximal dominating set
by this online algorithm.

Proof: We have already established that the first term in the sum corresponds to the odd powers of x
by our remarks in Proposition 3.3, and so the even case is all that remains. To finish the proof we show
combinatorially that

|F2n| =
n∑
i=0

D(2n− 2i)D(2i)

(
2n

2i

)
,

a convolution which gives us the second term in the sum to account for the even powers of x.
Suppose that π is a permutation in F2n. If all of the vertices in Γ(π) have the same parity, then we have

that either π is a permutation counted by D(2n) or the reverse of π is a permutation counted by D(2n).
This deals with the cases in the above equation where i is 0 or n. Otherwise, from Proposition 3.1 we
know that Γ(π) has the form {1, 3, 5, ..., 2j − 1, 2j + 2, 2j + 4, ..., 2n}. Now let π′ be the permutation π
restricted to the set [2j] and let π′′ be the permutation restricted to the remaining elements. By the form
of Γ(π) we have that π′ is counted by D(2j). Subtracting 2j from the elements of π′′ and reversing their
order provides similar inclusion in D(2n − 2j). Moreover, consider taking two permutations σ counted
by D(2n − 2j) and τ counted by D(2j) for 0 < j < n. Reverse the entries of τ , add 2n − 2j to each
entry and now place the entries of this new permutation among the entries of σ to create a permutation
π. This map is clearly an injection and moreover there are

(
2n
2j

)
ways of merging the two permutations

as each way of merging them is selected by the choice of 2i entries which the image of τ occupies. For
example, if we take σ = 534216 and τ = 135642 then τ 7→ 246531 7→ 8(10)(12)(11)97. We can then
join these permutations, for instance, as

π = 58(10)342(12)(11)1697 and Γ(π) = {1, 3, 5, 8, 10, 12}.

The vertices 2j and 2j+ 1 are never placed into the dominating set by this procedure as they never appear
before 2j−1 or 2j+ 2, respectively, in π. Then as neither of 2j and 2j+ 1 are in the dominating sets, the
vertices less than 2j are effectively dominated independently from the vertices greater than 2j + 1.

The proofs of the formulas for G(x) and H(x) given in [5] are purely combinatorial, and so as the
above proof is also combinatorial, Theorem 3.5 has been proven by purely combinatorial means.

4 Best Case Permutations
In this section we enumerate the permutations for which the algorithm gives the optimal result. Given
a permutation π ∈ Sn with corresponding dominating set Γ(π), each vertex of Γ(π) dominates at most
three elements of Pn, and thus the minimum size of a dominating set is dn/3e. Dominating sets achieving
this bound are easy to construct: pick all of the vertices with a label congruent to 2 modulo 3 as well as the
final vertex. We enumerate these permutations in three different cases. In particular, the resulting formula
depends strongly on the congruence class of n modulo 3. Let Bn be the set of permutations of length n
which achieve the lower bound on the size of the dominating set.

Throughout this section, we will lean heavily on the following idea: when we run the online algorithm
on a graph G and hope to produce a best-case independent dominating set, if at some point have an
independent (not yet dominating) set D′, in order to minimally dominate G moving forward we must
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minimally dominate all of the components of GrH , where H is the graph induced by the neighborhood
of D′. In other words, a partial independent dominating set breaks the graph into components each of
which can be considered independently of the others.

Proposition 4.1. For n ≡ 0 mod 3, we have that

|Bn| =
n!

3n/3
. (4.1)

Proof: Note that for any dominating set Γ(π) for π ∈ Bn we have that Γ(π) = {2, 5, 8, ..., n−1} as each
vertex is dominated exactly once. Choose a permutation π ∈ Sn uniformly at random. The probability
that π ∈ Bn is exactly the probability that 3k + 2 appears before both 3k + 1 and 3k + 3 for each
k ∈ {0, . . . , n3 − 1}; this is exactly 1

3n/3 , and the result follows by linearity of expectation.

We next consider permutations of n for which n ≡ 2 mod 3.

Proposition 4.2. For n ≡ 2 mod 3, we have that for n > 2,

|Bn| = 24

(
n

5

)
(n− 5)!

3(n−5)/3

(
n− 2

3

)
+ 2

(
n

2

)
(n− 2)!

3(n−2)/3
.

Proof: We consider two cases separately; either Γ(π) contains one of 1 or n or it does not. In the case
that Γ(π) contains 1 then π restricted to {3, ..., n} is dominated minimally. In particular, this set contains
a number of vertices congruent to 0 modulo 3 so the permutation π when restricted to {3, ..., n} is of the
type in Bn−2. We must place the entries 1 and 2 in order within such a permutation, thus there are(

n

2

)
(n− 2)!

3(n−2)/3

such permutations. The analysis when n ∈ Γ(π) is similar.
Next suppose that neither 1 nor n are in the dominating set. We claim that there exists a unique vertex

which is dominated by two vertices. Each vertex dominates three vertices, and as there are dn/3emembers
of the dominating set and this number is greater than n/3 by exactly 1/3, there must be a unique vertex
that is dominated by both of its neighbors. We now count permutations π ∈ Bn which have a unique pair
of indices i, i+2 in their dominating set. For such a permutation, note that if we restrict π to {1, ..., i−2}
and {i + 4, ..., n}, each of these sets must contain a number of vertices congruent to 0 modulo 3 as
otherwise the remaining vertices in the dominating set cannot possible dominate the rest of the graph. We
can count the number of ways to dominate the vertices {1, ..., i− 2} and {i+ 4, ..., n} as in the previous
proposition. There are 24 permutations σ of {i − 1, i, i + 1, i + 2, i + 3} such that Γ(σ) = {i, i + 2},
and there are

(
n
5

)
ways of combining σ and the permutation defined on the remaining vertices. There are

(n− 2)/3 ways to choose i. Multiplying all of these choices together then gives the result.

Finally we consider the hardest case, n ≡ 1 mod 3. In the previous two cases, the permutations were
highly structured, as there was at most one vertex dominated by both of its neighbors. This case is more
complicated because this restriction is slightly loosened.
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Proposition 4.3. For n ≡ 1 mod 3, we have that for n > 7,

|Bn| = 720

(
n

7

)
n− 4

3

(n− 7)!

3(n−7)/3
+ 242

(
10

5

)(
n

10

)(
(n− 4)/3

2

)
(n− 10)!

3(n−10)/3
+ 6

(
n

4

)
(n− 4)!

3(n−4)/3

+ 2

(
9

(
n

4

)
(n− 4)!

3(n−4)/3
+ 24

(
n

2

)(
n− 2

5

)
(n− 7)!

3(n−7)/3
n− 4

3

)
.

Proof: We enumerate different subsets of Bn separately, with the subsets essentially defined in terms of
how each member dominates the end vertices. We begin by considering those π ∈ Bn such that neither
1 nor n is contained in Γ(π). Let k be such that n = 3k + 1. As each vertex of the dominating set
dominates three vertices (including itself) and there are k + 1 vertices in the dominating set, there exist
exactly two vertices i, j /∈ Γ(π) that are dominated by two other vertices. We further separate into two
cases, depending on whether or not |i− j| = 2.

Suppose first that (without loss of generality) j − i = 2, then the dominating set contains the three
vertices i− 1, i+ 1, i+ 3. Moreover, note that if we restrict π to {1, ..., i− 3} and {i+ 5, ..., n} that there
are n−7 vertices left to dominate with k−2 vertices remaining to put into the dominating set. In particular,
this shows that we must have a multiple of three vertices in each of these blocks, and also, because we
have so few remaining vertices, the dominating set is completely determined. Moreover, computing by
brute force gives that there are 720 ways to dominate the vertices i− 1, ..., i+ 5 with i, i+ 2, and i+ 4.
Then there are k−1 = (n−4)/3 possible values that i may take, so we have the first term in the formula.

Next suppose that |j − i| 6= 2. Then there are exactly two pairs i − 1, i + 1 and j − 1, j + 1 in Γ(π),
and they are disjoint. There are 24 ways to minimally dominate each block {i− 2, ..., i+ 2} (necessarily
including i−1 and i+1 in the dominating set) individually. Moreover, by counting the number of vertices
that need to be dominated outside of the blocks we know that each of the sets {1, ..., i−3}, {i+3, ..., j−3}
and {j + 3, ..., n} has size a multiple of three. There are

(
k−1
2

)
ways to pick i and j. Then multiplying all

of this information together as before gives the second term in the expression.
Now suppose that both 1 and n are contained within the dominating set. Then π restricted to {3, ..., n−

3} must dominate n− 4 vertices with k − 1 vertices, so we may treat these remaining vertices as though
they belong to the case where n ≡ 0 mod 3. Note that there are 6 ways to dominate {1, 2, n− 1, n} with
1 and n so joining these with a permutation that dominates {3, ..., n − 3} gives the second to third term
in the equation.

Next suppose that 1 is in the dominating set but that n is not (the case in which n is in the dominating
set but 1 is not is analogous, so we multiply the relevant terms by 2). Consider the subcase in which 3 is
also in the dominating set. Restricting to the vertices {5, ..., n}, we have n − 4 vertices to dominate and
k − 1 = (n− 4)/3 vertices to add to the dominating set. Thus we may consider π restricted to {5, ..., n}
as being a permutation in Bn−4. There are 9 ways to put 1 and 3 but not 2 and 4 in the dominating set.
Thus combining as before we obtain the first summand in the final term.

Finally, suppose that 1 is in the dominating set but 3 and n are not. In this case we consider the
restriction of π to {3, ..., n} and identify this with a permutation in Bn−2. Each such permutation arises
by combining a permutation in Bn−2 which does not include 1 or n − 2 in its dominating set with the
permutation 12 ∈ S2. From our analysis in Proposition 4.2, we know such permutations have a pair of
entries in their dominating set i, i + 2. Selecting that pair of entries and enumerating as before gives us
the second summand within the parentheses. As these different cases are exhaustive, we have finished the
proof.
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For completeness, we also include the following table, which gives the values of |Bn| for small n.

n |Bn|
1 1
2 2
3 2
4 24
5 64
6 80
7 3408
8 9856
9 13440
10 1377792
11 4139520

5 Further Questions
There are a number of questions which arise from study of this random online algorithm. One obvious
question concerns the enumeration of other types of permutations with respect to the number of vertices
they will cause to lie in the dominating set.

Figure 1: γ(π) plotted for 40000 randomly chosen permutations π in S2000.

There is another question which is more closely related to the probabilistic section of the paper. Given
the distribution of Sn under the map γ on the line, one can appropriately normalize and then ask whether
this distribution is converging to some limit distribution. We have done some tests of this and the results
seem encouraging, cf. Figure 1. Note that because γ(π) for π ∈ Sn is between about n/2 and n/3 that
normalizing by n and translating will result in a limiting distribution with compact support, which will
not be normal.
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We consolidate what is currently known about packing densities of 4-point permutations and in the process improve

the lower bounds for the packing densities of 1324 and 1342. We also provide rigorous upper bounds for the packing

densities of 1324, 1342, and 2413. All our bounds are within 10−4 of the true packing densities. Together with the

known bounds, this gives us a fairly complete picture of all 4-point packing densities. We also list a number of upper

bounds for small permutations of length at least five. Our main tool for the upper bounds is the framework of flag

algebras introduced by Razborov in 2007.

Keywords: permutation density, permutation packing, permuton, subpermutation

1 Introduction

In this paper, we study packing densities of small permutations. A permutation is an ordered tuple uti-

lizing all integers from {1, . . . , n}. We say that S = S[1]S[2] · · ·S[m] is a sub-permutation of P =
P [1]P [2] · · ·P [n] if there exists an m-subset {k1, . . . , km} of {1, . . . , n} such that for all 1 ≤ i, j ≤ m,

S[i] < S[j] whenever P [ki] < P [kj ]. We denote by #(S, P ) the number of occurrences of S as a sub-

permutation of P . Let Pn be the set of all permutations of length n. If #(S, n) = maxP∈Pn
#(S, P ),

then the packing density of S is defined to be p(S) = limn→∞ #(S, n)/
(
n
m

)
.

The study of permutation packing densities began with Wilf’s 1992 SIAM address. Galvin (unpub-

lished) soon rediscovered the averaging argument of Katona et al. (1964), thus proving that p(S) exists

for all permutations S. The original argument was in the setting of graph theory. In 1993, Stromquist,

and independently Galvin and Kleitman (both unpublished), found the packing density of 132. Up to

symmetry, 132 is the only permutation of length 3 with a non-trivial packing density.

For 4-point permutations and their packing densities, it is useful to consult Table 1. First results for 4-

point permutations, including 1324, 1432, and 2143, came as part of the investigation of various layered

patterns by Price (1997). Later, Albert et al. (2002) proved a tight upper bound for 1243, and upper

bounds of 2/9 for both 2413 and 1342. The current lower bound for the packing density of 2413 was

given by Presutti and Stromquist (2010). The upper bounds of 0.1047805 and 0.1988373 for 2413 and

1342, respectively, are mentioned in passing in Balogh et al. (2015). They do not discuss them any further.

It is worthwhile to point out that Balogh et al. (2015) used flag algebras to attack the packing density

problem for monotone sequences of length 4. To the best of our knowledge, the only other application

ISSN 1365–8050 c© 2018 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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S lower bound ref LB upper bound ref UB

1234 1 trivial 1 trivial

1432 β Price (1997) β Price (1997)

2143 3/8 trivial 3/8 Price (1997)

1243 3/8 trivial 3/8 Albert et al. (2002)

1324 0.244∗ Price (1997) −∗ Price (1997)

1342 γ∗ Batkeyev 0.1988373∗ Balogh et al. (2015)

2413 ≈ 0.104724 Presutti and Stromquist (2010) 0.1047805∗ Balogh et al. (2015)

Tab. 1: Overview of packing densities for 4-point permutations. Values β and γ are known exactly: β =

6
3
√√

2− 1 − 6/
3
√√

2− 1 + 4 ∼ 0.423570, γ = (2
√
3− 3)β ∼ 0.19657960. We know that the packing density

of 1324 is close to 0.244 but there is no non-trivial upper bound. The items with an (∗) asterisk will be updated by the

current work.

of flag algebras to permutation packing, although indirect, is by Falgas-Ravry and Vaughan (2013). They

obtained the inducibility (as packing density is refered to in graph theory) of a 2-star directed graph .

Their result implies the known upper bound for the packing density of 132. Later, Huang (2014) used an

argument exploiting equivalence classes of vertices to extend the result to all directed k-stars. This argu-

ment was known in the permutations setting since Price (1997) used it to establish the packing densities

p(1k . . . 2) for all k. Similarly, although flag algebra software package Flagmatic, written by Vaughan

(2013), has been available since 2013, it has not previously been used to obtain an upper bound on the

packing density of 1324.

Therefore, we decided to use the flag algebras method to collect, enhance, and improve results in

permutation packing densities. In addition to the mathematical content, we make available a flag algebras

package for permutations, Permpack, written as a Sage script. For more information about the software,

follow Developers (2017). It does all our computations and can be used for further research. Permpack

uses syntax similar to Flagmatic, but requires no installation. We hope this makes it more user friendly.

The rest of this paper is structured as follows. The aim of Section 2 is to introduce notation and con-

cepts, including the part of flag algebras that we need. While Razborov (2007) presented flag algebras in

the general setting of a universal model theory without constants and function symbols, we choose per-

mutations to be the structures on which we base our exposition. Section 3 presents the main results of this

chapter. We use flag algebras to provide upper bounds for the packing densities of 4-point permutations

1324, 1342, and 2413. We learnt belatedly about the existence of the latter two bounds from Balogh et al.

(2015). Regarding lower bounds, we give a new lower bound construction for the packing density of 1342

that meets our upper bound to within 10−5. In case of 1324, we provide a lower bound that agrees with

the upper bound on the first five decimal places. Section 4 gives a list of selected upper bounds to illustrate

the potential of the flag algebras method in the area of permutation packing. These results are not best

possible, but can be obtained effortlessly by using our flag algebras package Permpack.

2 Definitions and concepts

A pattern of length k, where k ≤ n, is a k-tuple of distinct integers from [n] := {1, . . . , n}. Pattern of

length n is called a permutation. We write tuples as strings: 1324 stands for (1, 3, 2, 4). Two patterns P
and S of length k are identical, if P [i] = S[i] for all i ∈ [k]. They are order-isomorphic if for all pairs

http://jsliacan.github.io/permpack/
http://sagemath.org
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of indices i, j, it holds that P [i] < P [j] implies S[i] < S[j]. For a set I = {i1, . . . , im} of m indices

from [n], the sub-pattern P [I] is the m-tuple P [i1]P [i2] · · ·P [im]. By overloading the notation slightly,

we also use P [I] to refer to the subpermutation of length m which is order-isomorphic to the sub-pattern

P [I].
A decreasing (increasing) permutation of length k is the k-tuple k . . . 321 (123 . . . k). A permutationP

is layered, if it is an increasing sequence of decreasing permutations. To be exact, a layered permutationP
is a concatenation of smaller permutations P = P1P2 . . . Pℓ such that for all 1 ≤ i ≤ ℓ, Pi is a decreasing

sequence of consecutive integers satisfying the following: if x ∈ Pi and y ∈ Pj with i < j, then x < y.

For instance, 321465987 can be partitioned as 321|4|65|987, so it is layered. On the other hand, 2413 is

not layered.

Given S and P of lengths m and n, respectively, we let #(S, P ) denote the number of times that S
occurs as a subpermutation of P . The density of S in P is

p(S, P ) =
#(S, P )
(
n
m

) .

If n < m, we set p(S, P ) = 0. Intuitively, p(S, P ) is the probability that a random m-set of positions

from [n] induces a pattern in P that is order-isomorphic to S. For example, p(12, 132) = 2/3 as both 13

and 12 are order-isomorphic to 12 while 32 is not.

Let F be a set of forbidden permutations. We say that permutation P is F -free if #(F, P ) = 0
for all F ∈ F . Such P is also said to avoid F or be admissible. We denote by Pn the set of all

admissible permutations of length n. It will always be clear from context what F is. If F = ∅, then the

admissible set Pn is the set of all permutations of length n. Notice that if P is admissible, then so are all

its subpermutations. Most of the work in this paper concerns the case when F = ∅. However, the setting

remains the same whenever F is non-empty, and we provide a few examples to this effect.

Fig. 1: Permutations in P3, with F = ∅. From left to right: 123, 132, 213, 312, 231, 321.

Let P ∈ Pn and S ∈ Pm be admissible permutations, and assume m ≤ n. The maximum value of

p(S, P ) over P ∈ Pn is denoted by p(S, n). Conversely, a permutation P such that p(S, P ) = p(S, n) is

an S-maximiser of length n. It is well-known that for every S, the sequence (p(S, n))n≥0 converges to a

value in [0, 1] because it is non-increasing and stays between 0 and 1. See Katona et al. (1964). We are

now ready to define the quantity that we study, packing density.

Definition 1. Let S be a fixed permutation and P = ∪n≥1Pn the set of admissible permutations. The

packing density of S is

p(S) = lim
n→∞

p(S, n).

For example, the packing density of 12 in 123-free permutations is 1/2. Notice that every maximiser

of size n has at most two layers. It is then easy to see that they should be of balanced sizes for the packing

density to be maximised, i.e. ⌊n/2⌋ and ⌈n/2⌉. Let Pn be such balanced 2-layered maximizer of length

n. Clearly, p(12, Pn) → 1/2 as n → ∞.
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We now formalise the ideas about asymptotic quantities and objects that the discussion is leading to.

Let (Pn)n = P1, P2, P3, . . . be a sequence of permutations of increasing lengths. We say that (Pn)n is

convergent if for every permutation S, (p(S, Pn))
∞
n=1 converges. A permuton µ is a probability measure

with uniform marginals on the Borel σ-algebra B([0, 1]2), i.e. for every a, b ∈ [0, 1] with a < b, it holds

that µ([a, b]× [0, 1]) = b− a = µ([0, 1]× [a, b]). See examples of permutons in Figure 2.

(a) Increasing (b) Lebesgue (c) 1243-maximiser

Fig. 2: Examples of permutons. In (a) we have the limit of (1 . . . n)∞
n=1, in (b) it is, with probability one,

the limit of a sequence of randomly chosen permutations of each length, and in (c) we have the limit of

(1 . . . ⌊n/2⌋n . . . ⌈n/2⌉)∞
n=1.

Let µ be a permuton and S a permutation on [m]. One can sample m points from [0, 1]2 according

to µ and with probability one they will be in general position (no two aligned vertically or horizontally).

We define p(S, µ) as the probability that a randomly sampled m points from [0, 1]2 according to µ are

order-isomorphic to S. It turns out that every convergent sequence of permutations has its permuton

and vice versa. In particular, Hoppen et al. (2013) proved that for every (Pn)n≥0 there exists a unique

permuton µ such that for every S, p(S, µ) = limn→∞ p(S, Pn). In this sense, µ is the limit of the

sequence (Pn)n. In the other direction, they proved that if µ is a permuton and Pn is a permutation of

length n sampled at random according to µ from [0, 1]2, then with probability one the sequence (Pn)n
is convergent (with µ as its limit). The concept of permutation limits was known as “packing measures”

since Presutti and Stromquist (2010) used them for constructing the 2413 lower bound. In the current

work, we use permutons mainly to describe extremal constructions that yield our lower bounds.

2.1 Flag Algebras

The term flag algebras refers to a framework first introduced by Razborov (2007). It proved to be a

very useful tool for researchers in extremal graph theory, but found use in other fields as well. For

an overview of results aided by flag algebras, see Razborov’s own survey Razborov (2013). For more

extensive expositions, see the PhD theses of Sperfeld (2012) and Volec (2014). By now, there are also

many papers with explanations and examples such as Baber and Talbot (2011), Falgas-Ravry et al. (2015),

Falgas-Ravry and Vaughan (2012), Falgas-Ravry and Vaughan (2013). For a long list of important results

across disciplines of discrete mathematics that were aided by flag algebras, see the abovementioned theses,

especially Chapter 1 of Volec (2014). The main flag algebra result in permutations is Balogh et al. (2015).

In their work on quasirnadom permutations, Král’ and Pikhurko (2013) mention flag algebras as another

way to think about the subject. It is important to note that the method of flag algebras has evolved from

other combinatorial and analytic methods in combinatorics which had been used by researchers for a long

time. The Cauchy-Schwarz type arguments can be found in e.g. work by Bondy (1997) as early as 1990s.

The ideas pertinent to quasirandomness have been around since Chung et al. (1988). And while there

are other analytic methods that were used successfully to attack extremal problems in combinatorics, the
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method of flag algebras is syntactical and lends itself to automation. The syntax-based nature of flag

algebras is the main feature that distinguishes the theory of flag algebras from the theory of dense graph

limits (see e.g. Lovász (2012)). The crux of the method is a systematic conversion of the combinatorial

problem into a semidefinite programming problem. The latter can be solved (efficiently) by current SDP

solvers. The numerical values returned by the SDP solvers then need to be transformed to exact values

(rational or algebraic) to provide valid upper bounds on packing densities.

Before we delve into the method itself, let us consider an example from before. For the remainder of

this section, assume that all objects (permutations, flags, types) are admissible unless stated otherwise.

Now, assume that we are looking for 123-free permutations P that are as 12-dense as possible. We get the

following bound without much effort.

p(12, P ) = p(12, 123)p(123, P )
︸ ︷︷ ︸

=0

+ p(12, 132)p(132, P ) + p(12, 213)p(213, P )

+ p(12, 231)p(231, P ) + p(12, 312)p(312, P )+ p(12, 321)p(321, P )

≤ max

{
2

3
,
2

3
,
1

3
,
1

3
, 0

}

=
2

3

(1)

This is strictly better than a trivial bound of 1. However, observe that there is no P of length greater than 4

such that p(132, P ) + p(213, P ) = 1. This follows from Erdős-Szekeres theorem (adapted) which states

that a permutation of length (r − 1)(s− 1) + 1 contains either an increasing subpermutation of length r
or a decreasing subpermutation of length s. Hence, a permutation of length 5 contains 123 or 321 as a

subpermutation. So there are always subsets of size 3 in P which do not induce 132 or 213. Therefore,

the bound of 2/3 is unachievable in practice. Knowing this, it would be useful to be able to control how

copies of small permutations, such as 132 and 213, interact inside larger permutations. The method of flag

algebras helps us systematically take into account the ways in which small patterns overlap inside larger

structures. This takes the form of extra coefficients in front of p(12, P ) terms in (1). If chosen well, they

shift weight away from the large values like p(12, 231) and p(12, 312) and thereby reduce the maximum

over all of them.

In general, the process is analogous to the example above. If S is a small permutation whose packing

density we seek to determine, we pick a reasonably small value N ≥ |S|. The crude bound then looks as

follows.

p(S, P ) =
∑

P ′∈PN

p(S, P ′)p(P ′, P )

≤ max
P ′∈PN

p(S, P ′) (2)

Before we describe how exactly we leverage overlaps between small patterns, we need to define flags,

types, and operations on them.

Definition 2 (Flag). A permutation τ -flag Sτ is a permutation S together with a distinguished subpermu-

tation τ , also called an intersection type.

See Figure 3 for a list of all 1-flags on two vertices. The set of all admissible τ flags of length m is

denoted by Pτ
m. If τ is the permutation of length 0 or 1, we write P0

m and P1
m, respectively. Notice

that P0
m = Pm. The support T of τ in Sτ is the set of indices of S that span τ in Sτ . We say that
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S1
1 S1

2 S1
3 S1

4

Fig. 3: If τ = 1 (as permutation), then there are four distinct τ -flags of length two. The empty circle marks τ in each

flag.

two permutation flags Sτ1
1 and Sτ2

2 are type-isomorphic if S1 = S2 and if the supports of τ1 and τ2 are

identical. For instance, in Figure 3, S1
1 and S1

4 are not type-isomorphic, because the support of τ in S1
1 is

1 and in S1
4 it is 2. For convenience, we set t := |τ |.

Definition 3. Let Sτ be a τ -flag of length m, P τ a τ -flag of length n ≥ m. We define #(Sτ , P τ ) to be

the number of m-sets M ⊆ [n] such that P [M ] is type-isomorphic to Sτ . Flag density is then defined as

follows

p(Sτ , P τ ) =
#(Sτ , P τ )
(
n−t
m−t

) .

In other words, p(Sτ , P τ ) is the probability that a uniformly at random chosen subpermutation of length

m from P τ , subject to it containing τ , induces a a flag type-isomorphic to Sτ . For instance, consider the

following flag densities. The empty circle denotes τ = 1.

p( , ) = 1, p( , ) = 0, p( , ) = 1/2

Finally, we define joint density of two flags, p(Sτ
1 , S

τ
2 ;P

τ ), as the probability that choosing an m1-set

M1 ⊆ [n] such that P [M1] contains τ and choosing an m2-set M2 ⊆ [n] such that P [M2] contains τ
and M1 ∩M2 = τ induces τ -flags P [M1]

τ and P [M2]
τ in P τ which are type-isomorphic to Sτ

1 and Sτ
2 ,

respectively. The following proposition turns out to be useful (Lemma 2.3 in Razborov (2007)). It says

that choosing subflags with or without replacement makes no difference asymptotically.

Proposition 1. Let Sτ
1 and Sτ

2 be flags on m1 and m2 vertices. Let n ≥ m1 +m2 − t and P τ be a flag

on n vertices. Then

p(Sτ
1 , P

τ )p(Sτ
2 , P

τ ) = p(Sτ
1 , S

τ
2 ;P

τ ) + o(1),

where o(1) → 0 as n → ∞.

Let ℓ = |Pτ
m| and fix an order on elements of Pτ

m. Let Sτ
i , S

τ
j be τ -flags from Pτ

m and P a τ -flag

from Pτ
n . Furthermore, let x be a vector with i-th entry p(Sτ

i , P
τ ), and let Qτ be a positive semi-definite

matrix with dimensions ℓ× ℓ. Then by Proposition 1 and since Qτ � 0, we have

0 ≤ xQτ
x
T =

∑

i,j≤ℓ

Qτ
ijp(S

τ
i , S

τ
j , P

τ ) + o(1).

Moreover, if we let σ be a uniformly at random chosen type in P of length t, the inequality above remains

true. Moreover, an “average” σ preserves the non-negativity as well.

0 ≤ Eσ

(
xQτ

x
T
)
=
∑

i,j≤ℓ

Qτ
ij

1
(
n
t

)

∑

σ∈([n]
t )

p(Sτ
i , S

τ
j ;P

σ) + o(1). (3)
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Next, we write the above expression in terms of permutations on N vertices. Having all information in

terms of the same objects allows us to combine it together.

Eσ

(
xQτ

x
T
)
=
∑

i,j≤ℓ

Qτ
ij

1
(
n
t

)

∑

σ∈([n]
t )

∑

P ′∈PN

p(Sτ
i , S

τ
j ; (P

′, σ))p(P ′, P ) + o(1)

=
∑

P ′∈PN






∑

i,j≤ℓ

Qτ
ij

1
(
n
t

)

∑

σ∈([n]
t )

p(Sτ
i , S

τ
j ; (P

′, σ))






︸ ︷︷ ︸

α(P ′,m,τ)

p(P ′, P ) + o(1)

Notice that the last expression is of the form
∑

P ′∈PN
α(P ′,m, τ)p(P ′, P ). There is one of those for

each type τ and value m. Every such choice will require another matrix Qτ . In practice, we first choose

N , then take all possible pairs of t and m such that N = 2m − t. Thus once N is fixed, the choice of

t determines the rest. Therefore, let α(P ′) =
∑

τ α(P
′,m, τ) and recall that the expression that we are

trying to minimise, subject to Qτ � 0 for all τ , comes from (2). By adding inequalities of the form of (3)

to (2), we obtain

p(S, P ) =
∑

P ′∈PN

p(S, P ′)p(P ′, P )

≤
∑

P ′∈PN

p(S, P ′)p(P ′, P ) +
∑

P ′∈PN

α(P ′)p(P ′, P )

≤ max
P ′∈PN

{p(S, P ′) + α(P ′)}. (4)

This problem (4) has the form of a semidefinite programming problem subject to the condition that Qτ � 0
for every type τ . There exist numerical solvers, such as CSDP or SDPA, that we can use. However, the

solution is in the form of numerical PSD matrices. These need to be converted to exact matrices without

floating-point entries in a way that preserves their PSD property and still yields a bound that we are

satisfied with. Since none of our bounds is tight, we will take a shortcut in rounding. Let Q′ be a numerical

matrix returned by the solver. Since it is positive semi-definite, it admits a Cholesky decomposition into

a lower and upper triangular matrices: Q′ = L′L′T . We compute this decomposition and then round

the L′ matrices into L matrices in such a way that they do not have negative entries on the diagonals.

In certificates, we provide these L matrices instead of Q matrices. This way, one can readily check that

Q = LLT � 0 by inspecting the diagonal entries of the L matrices.

2.2 Example

The following example is a done-by-hand flag algebras method on a small problem of determining the

packing density of 132. We have a lower bound of 2
√
3 − 3 ≈ 0.464101615 . . . given by the standard

construction. Assume we want to obtain an upper bound for the packing density of 132. Let P be a (large)
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132-maximiser of length n and let 3 ≤ ℓ ≤ n. By (2) we get

p(132) ≤ p(132, P )

=
∑

P ′∈Pℓ

p(132, P ′)p(P ′, P )

≤ max
P ′∈Pℓ

p(132, P ′).

We choose ℓ = 3 and set λ = 2
√
3− 3. Now consider

∆ = λp(123, P ) + (λ− 1)p(132, P ) + λp(213, P ) +
5λ− 3

6
p(231, P )

+
5λ− 3

6
p(312, P ) + λp(321, P ).

Adding the linear combination ∆ of P ′ densities to the previous crude upper bound improves it to λ.

p(132, P ) ≤
∑

P ′∈Pℓ

p(132, P ′)p(P ′, P ) + ∆

≤ max
P ′∈Pℓ

{λ, λ, λ, 5λ− 3

6
,
5λ− 3

6
, λ}

= λ

The key property of ∆ is that it is non-negative for all P , including all P ′ ∈ P3. Let σ be a randomly

chosen vertex out of the three available. The matrix Q below is positive semi-definite and xP ′ is a vector

of flag densities for flags in Figure 3:

xP ′ =
(
p( , (P ′, σ)) p( , (P ′, σ)) p( , (P ′, σ)) p( , (P ′, σ))

)
.

Q =







0 0 0 0
0 λ λ 3(λ− 1)/2
0 λ λ 3(λ− 1)/2
0 3(λ− 1)/2 3(λ− 1)/2 3λ







(5)

Averaging over σ gives the expression (6) that makes the non-negativity of ∆ apparent.

∆ = Eσ

(
∑

P ′∈P3

xP ′Qx
T
P ′

)

≥ 0 (6)

Therefore, we proved that p(132) ≤ 2
√
3− 3.

2.3 Implementation

Flagmatic 2.0 was written by Emil R. Vaughan and is currently the only general implementation of

Razborov’s flag algebra framework which is freely available to use and modify. See Vaughan (2013) for
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more information. The project is hosted at http://github.com/jsliacan/flagmatic. Unfor-

tunatelly, Flagmatic does not support permutations. For this reason, we wrote Permpack, a lightweight

implementation of flag algebras on top of SageMath’s Sage 7.4 (see Developers (2017)). It does not have

all the functionality of Flagmatic but it is sufficient for basic tasks. For more information, code, and

installation instructions, see https://github.com/jsliacan/permpack.

Let us consider an example of how Permpack can be used on the above example of 132-packing. It

will be clear from Permpack’s output where the Q matrix above comes from. In Permpack, one needs to

specify the complexity in terms of N , the length of the admissible permutations which all computations

are expressed in terms of. The density pattern argument specifies the permutation whose packing

density we want to determine. Once permutations, types, flags, and flag products are computed, we

can delegate the rest of the tasks to the solver of our choice (currently supported solvers are csdp and

sdpa dd). The answer is a numerical upper bound on p(132). It can be rounded automatically to

a rational bound by the exactify() method of the PermProblem class. The certificate contains

admissible permutations, flags, types, matrices Q (as L matrices in the Cholesky decomposition of Q)

and the actual bound as a rational number (fraction). These are suficient to verify the bound. Below is the

script used to obtain the numerical Q′ matrix for the packing density of 132 with Permpack.

Listing 1: Packing 132 with Permpack.

p = PermProblem(3, density_pattern="132")

p.solve_sdp()

Listing 2: Output.

...

Success: SDP solved

Primal objective value: -4.6410162e-01

Dual objective value: -4.6410162e-01

Relative primal infeasibility: 5.90e-14

Relative dual infeasibility: 1.67e-10

Real Relative Gap: 3.68e-10

XZ Relative Gap: 6.14e-10

It is not difficult to guess the entries of Q from the numerical matrix below, which is part of the output

of the SDP solver. The resulting exact matrix Q is shown in (5).

Listing 3: Floating point Q′ matrix.

[ 4.55854035127455e-10 6.806084489120e-12 6.8060845047452e-12 -1.032045390820e-10]

[ 6.80608448912001e-12 0.4641016162301893 0.464101613919741 -0.8038475767936814]

[ 6.80608450474521e-12 0.464101613919741 0.4641016162301782 -0.8038475767936717]

[-1.03204539082084e-10 -0.803847576793681 -0.8038475767936717 1.3923048450288649]

3 Results

The following theorem will be needed later. There exist further variations of it, e.g. Proposition 2.1 and

Theorem 2.2 in Albert et al. (2002). However, we only need the original version.

http://github.com/jsliacan/flagmatic
https://github.com/jsliacan/permpack
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Theorem 1 (Stromquist (1993)). Let S be a layered permutation. Then for every n, extremal value of

p(S, n) is achieved by a layered permutation. Moreover, if S has no layer of size 1, every maximiser of

p(S, n) is layered.

The scripts used to obtain results in this section can be found at

https://github.com/jsliacan/permpack/tree/master/scripts.

The certificates in support of the upper bounds in this section can be found at the address below. With

each result, we provide the name of the certificate file that witnesses it, e.g. cert1324.js witnesses

the upper bound for p(1324).

https://github.com/jsliacan/permpack/tree/master/certificates.

3.1 Packing 1324

Layered permutations have been studied in depth by Price (1997). He came up with an approximation

algorithm that, at m-th iteration assumes that the extremal construction has m layers (see Theorem 1) and

optimises over their sizes. The algorithm then proceeds to increase m and halts when increasing m does

not improve the estimate. In that case, an optimal construction has been found (up to numerical noise

from the optimization, if any). In reality, the procedure is stopped manually when approximation is fine

enough or the problem becomes too large. Therefore, for every m, the value that Price’s algorithm gives

is a lower-bound for the packing density in question.

It is known that the extremal construction for the packing density of 1324 is layered with infinite number

of layers. See, for instance, Albert et al. (2002) and Price (1997). The main theorem of this section is the

following.

Theorem 2.

0.244054321 < p(1324) < 0.244054549

Proof: Consider the construction Γ from Figure 4, where Γ is a permuton. Let C denote the middle layer

of Γ (the largest layer), B denote the layer above (and B′ the layer below) C, and A denotes the group of

the remaining layers aboveB (andA′ denotes the groupp of layers belowB′). SoΓ = A′⊕B′⊕C⊕B⊕A,

where A ⊕ B means that the layer A is entirely below and to the left of the layer B. Let c = |C|,
b = |B| = |B′|, and a = |A| = |A′|. We assume that A (and A′) is isomorphic to a maximiser for the

packing of 132-pattern (213-pattern). The aim is to optimise over a and b. Ideally, the tails of Γ would

also be optimised over, but that is infeasible. So we assume the tails are 132 (213) maximisers. It turns

out that the first two steps give a good lower bound. We now compute the density of 1324 patterns in Γ.

There are four distinct (i.e. up to symmetry) positions that a copy of 1324 can assume in Γ. Let xyzw be

the four points in Γ that form a copy of 1324 in that order.

1. y, z ∈ C, x ∈ A′ ∪B′, w ∈ A ∪B, there are N1 such copies

2. y, z ∈ B, x ∈ A′ ∪B′ ∪ C, w ∈ A, there are N2 such copies

https://github.com/jsliacan/permpack/tree/master/scripts
https://github.com/jsliacan/permpack/tree/master/certificates
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3. y, z, w ∈ A, x ∈ A′ ∪B′ ∪ C ∪B, there are N3 such copies

4. x, y, z, w ∈ A, , there are N4 such copies

Let us now determine quantities N1, . . . , N4.

1. N1 = c2/2 + (a+ b)2

2. N2 = b2/2 + a(a+ b+ c)

3. N3 = (2
√
3− 3)a

3

6 · (a+ 2b+ c)

4. N4 =
∑∞

k=0

√
3·(2

√
3−3)

6·(
√
3+1)4k+4

· a4.

Finally, we get the density of 1324 pattern in Γ. Let b = 1− c− 2a. Then

p(1324,Γ) = max
0<c≤1/2
0<a<≤1/4

24 · (N1 + 2N2 + 2N3 + 2N4)

> 0.244054321.

This proves the lower bound in Theorem 2, because 0.244054321< p(1324,Γ) ≤ p(1324).

0 a b c b a 1

Fig. 4: Permuton Γ provides a lower bound for p(1324). The triangles at the ends represent permutons that are

maximisers for the packing of 132 and 213 (L to R).

We use Flagmatic to prove the upper bound. Since 1324 is layered, there is a 1324-maximiser that is

layered as well. Therefore, we can limit the search space to the layered permutations. Since Flagmatic

does not work with permutations, we transformed the problem to an equivalent problem in directed graphs

– which Flagmatic can handle.
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Lemma 1. Let F = { , , } be the set of forbidden digraphs. The packing density of 1324 equals

the Turán -density of F . In other words,

p(1324) = p( ,F).

Proof 1: There is a unique way to encode a layered permutation P as a directed graph D. If and only

if two points x, y ∈ P form a 12 pattern, then xy is an arc x → y in D. Forbidding , , and

in D forces it to be a union of independent sets with arcs between them so that if x, y are vertices in one

independent set and u, v are vertices in another independent set of D, then if xu is an arc in D, so are

xv, yu, and yv. In other words, all arcs between two independent sets are present, and all go in the same

direction. Moreover, the direction is transitive ( is forbidden). Together with the first rule about the

direction of arcs between independent sets, this fully characterizes the digraph D from the permutation

P . Clearly, the process is reversible.

Given Lemma 1, we use flag algebra method on directed graphs to compute an upper bound for the

packing density of (an equivalent of 1324 in digraphs) over { , , }-free digraphs. The

resulting bound is the one in Theorem 2. The certificate is called cert1324flagmatic.js. Note

that this is a Flagmatic certificate and can be verified using the inspect certificate.py script that

comes with Flagmatic. The script is pack1324flagmatic.sage.

A similar bound can be achieved by Permpack. In particular, we can show that p(1324) < 0.244054540.

Certificate: cert1324permpack.js. Script: pack1324permpack.sage. Despite Permpack be-

ing able to prove a good bound, we used Flagmatic in the proof above to emphasise that this result had

been available before Permpack was written.

3.2 Packing 1342

The previous lower bound for the packing density of 1342 was approximatelly 0.1965796. The result

of Batkeyev can be found in Albert et al. (2002).

Fig. 5: On the left is Batkeyev’s construction for the lower bound on p(1342) as product of packing densities of 132

and 1432. On the right is the schematic drawing of it. The triangle stands for a 231-maximiser and the square stands

for the part inside which the entire construction is iterated.

Let λ = 2
√
3 − 3 be the packing density of 231 and κ the ratio between the top layer and the rest of

the 1432-maximiser, see Price (1997) (κ is the root of 3x4 − 4x+1). Batkeyev suggested to replace each
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layer in the maximiser of 1432 by a 231-maximiser while preserving the size ratio κ. The density of 1342

in Batkeyev’s construction (see Figure 5) is

p(1342, B) = (8
√
3− 12) ·

∞∑

n=0

(1− κ)3κ4n+1

= p(132)p(1432)

= 2
(

2
√
3− 3

)
(

3
3

√√
2− 1− 3

3
√√

2− 1
+ 2

)

≈ 0.1965796 . . .

This lower bound was widely regarded as possibly optimal. Our contribution to this problem is finding

a vastly better lower bound construction. However, if we restrict the space of admissible permutations to

those that avoid 2431, then Batkeyev’s construction is likely optimal. We are able to prove the following

theorem on N = 6 admissible graphs to keep the SDP small (if N = 7 was chosen, the bound would

likely be slightly better).

Theorem 3.

p(1342, {2431})< 0.19658177.

Proof: Certificate: cert1342 forb2431.js. Script: pack1342 forb2431.sage.

The following result addresses the actual packing density of 1342 without any forbidden patterns.

Theorem 4.

0.198836597< p(1342) < 0.198837287.

Proof: The new lower bound is given by the construction Π in Figure 6. The weights we used for the

parts are given in cert1342lb.txt, located with other certificates.

a1 = 0.2174127723536347308692444843

a2 = 0.0170598057899242722740620549

a3 = 0.0516101402487892270230230972

a4 = 0.4340722809873864994312953007

a5 = 0.1479895625950390496250611829

a6 = 0.0764457255805656971383351365

a7 = 0.0554097124446605236389787433

(7)

Label the 7 parts of Π from left to right as a1, . . . , a7. We assign the weights to them roughly as in (7).

Then a straightforward calculation of the 1342 density in Π implies the desired lower bound. The sage

script that does this is called lb1342.sage, located with other scripts. The upper bound certificate is

called cert1342.js. Script is pack1342.sage.

The upper bound obtained without flag algebras stands at 2/9, see Albert et al. (2002). The upper

bound above was obtained via the flag algebras method and confirms the claimed bound from Balogh
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Fig. 6: New lower bound construction Π for the packing density of 1342. The part sizes, left to right, are approxi-

matelly 0.2174, 0.0170, 0.0516, 0.4341, 0.1480, 0.0764, 0.0554. The square part represents the part inside which the

whole construction is iterated. The triangle part is the extremal construction for 231-packing.

et al. (2015). We used N = 7 for our computations. While it is possible that N = 8 would yield a slightly

better bound, the computations would be much more expensive. Without a candidate for an exact lower

bound, we were satisfied with the bound we obtained with N = 7.

3.3 Packing 2413

The case packing 2413 patterns is fairly complicated as can be seen from the lower bound construction

by Presutti and Stromquist (2010). The previous upper bound obtained without flag algebras was 2/9
by Albert et al. (2002). The bound below was obtained via flag algebras and is in the same range as the

bound in Balogh et al. (2015).

Theorem 5.

p(2413) < 0.10478046354353523761779.

Proof: Certificate: cert2413.js. Script: pack2413.sage.

We used admissible permutations of length N = 7. Again, larger N could yield a slightly better upper

bound, but without an exact lower bound, this effort would not be justified.

4 Packing other small permutations

The flag algebras method will yield upper bounds for many problems. In some cases these bounds are

particularly interesting because they are close to their corresponding lower bounds. In this section we list

a selection of upper and lower bounds that are potentially sharp since their values appear to be close to

each other.

In the list below we choose to represent the permutations by their drawings in the grid. This is more

transparent as the permutations became larger. The extremal constructions (permutons) on the left-hand

side of the Table 2 are represented by their drawings as well. The lower bounds are given on the left-hand
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Permutation Lower bounds Upper bounds

23154 p

(

,

)

= 5! (2/5)
2

2!
(3/5)3

3! (2
√
3− 3) p

( )

≤ 0.16039 . . .

14523 p



 ,



 ∼ 0.153649 . . . p
( )

≤ 0.153649 . . .

21354 p

(

,

)

∼ 0.16515 . . . p
( )

≤ 0.16515 . . .

231654 p

(

,

)

= 6! (1/2)
6

3!2 (2
√
3− 3) p

( )

≤ 0.145031 . . .

231564 p



 ,



 = (2
√
3− 3)2 6!

482 p

( )

≤ 0.0673094

231645 p



 ,



 = (2
√
3− 3)2 6!

482 p

( )

≤ 0.0673094

215634 p



 ,



 = 6!
9323 p

( )

≤ 0.123456 . . .

Tab. 2: Exact values are known for all densities on the left-hand side. They are described in the text as they are not

easy to write down.

side of the table and upper bounds on the right-hand side of the table. This is a sample of the results

obtained with Permpack via flag algebras.

We now give the descriptions of the lower bound constructions. For 23154 = , the construction is a

sum of two parts in ratio 2 : 3 top to bottom. The bottom part is a 231-maximiser while the top part is a

simple decreasing segment. Certificate: cert23154.js. Script: pack23154.sage.

The construction for 14523 = is designed as follows. Let α be the maximiser of 5(1−x)4/(1−x5)

such that α ∈ [0, 1]. The topmost sum-indecomposable part of the -maximiser has length α and the

remainder of the maximiser has length (1 − α). The construction is iterated inside the part of length

(1− α). The part of length α is a skew-sum of two balanced increasing segments. The exact value of the

density on the left-hand side of Table 2 is too complicated to fit in. Certificate: cert14523.js. Script:

pack14523.sage.

The construction for 21354 = is a 4-layered permuton with layers of lengths β, 1/2−β, 1/2−β, β,

top to bottom. Here, β is the real root of 40x3 − 32x2 + 9x − 1 = 0. Again, we only write the

approximate value on the left-hand side in Table 2 for space reasons. Certificate: cert21354.js.

Script: pack21354.sage.

The construction for 231654 = is identical in structure to the construction for , except the ratios

of the two parts in the sum are 1 : 1. Certificate: cert231654.js. Script: pack231654.sage.
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The construction for 231564 = is the sum of two 231-maximisers of equal size. In case of

231645 = , the top 231-maximiser is flipped accordingly. Certificates: cert231564.js and

cert231645.js. Scripts: pack231564.js and pack231645.js.

The construction for 215634 = has three segments of equal length arranged as portrayed in Ta-

ble 2. Certificate: cert215634.js. Script: pack215634.sage.

5 Conclusion

While we now know the packing densities of all 4-point permutations with accuracy of 0.01%, finding

candidates for optimal constructions for the cases of 1324 and 1342 remains a challenge. In the case of

1324, a new idea for the part ratios will be needed to come up with a possible extremal construction. As

for the 1342 pattern, the extremal construction might use a different layer formation than our Π. Even if

Π has the right structure, the part ratios remain to be determined precisely. The latest status of 4-point

packing densities is depicted in Table 3.

S lower bound ref LB upper bound ref UB

1234 1 trivial 1 trivial

1432 β Price (1997) β Price (1997)

2143 3/8 trivial 3/8 Price (1997)

1243 3/8 trivial 3/8 Albert et al. (2002)

1324 0.244054321∗ – 0.244054549∗ –

1342 0.198836597∗ – 0.198837286342∗ –

2413 ≈ 0.104724 Presutti and Stromquist (2010) 0.104780463544∗ –

Tab. 3: Overview of packing densities for 4-point permutations given the information in this paper. The values with

asterisk have been updated.

After 4-point permutations, there are many packing densities of small permutations of length 5, 6, . . ..
The values of lower bounds and upper bounds in Table 2 should be made to match. In some cases this will

be easier than in others. In particular, the packing density of 21354 has been mentioned in both Albert

et al. (2002) and Hästö (2002).

There are analogous questions to be asked about packing densities when certain patterns are forbidden.

As an example, we mentioned p(1342, {2431}) in relation to p(1342).
Next, an interesting line of enquiry was made precise as Conjecture 9 in Albert et al. (2002). For a

packing of pattern S, is there an extremal construction with infinite number of layers? Are all extremal

constructions of that form? More precisely, let an S-maximiser be an n-permutationP such that p(S, n) =
p(S, P ). If Ln is the number of layers in a layered maximiser of length n, what can we say about Ln

as n → ∞? For example, we know that the number of layers in every 1324-maximiser is unbounded as

n → ∞. We also know that a 2143-maximiser has only two layers, regardless of n.
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C. Hoppen, Y. Kohayakawa, C. G. Moreira, B. Ráth, and S. M. R. Limits of permutation sequences.

Journal of Combinatorial Theory, Series B, 103(1):93–113, 2013.

H. Huang. On the maximum induced density of directed stars and related problems. SIAM Journal on

Discrete Mathematics, 28(1):92–98, 2014.

G. Katona, T. Nemetz, and M. Simonovits. On a problem of turán in the theory of graphs. Matematikai

Lapok, 15:228–238, 1964.

D. Král’ and O. Pikhurko. Quasirandom permutations are characterized by 4-point densities. Geometric

and Functional Analysis, 23(2):570–579, 2013. ISSN 1420-8970. doi: 10.1007/s00039-013-0216-9.

URL http://dx.doi.org/10.1007/s00039-013-0216-9.

L. Lovász. Large networks and graph limits, volume 60. American Mathematical Soc., 2012.

http://dx.doi.org/10.1017/S0963548310000222
http://www.sagemath.org
http://dx.doi.org/10.1007/s00039-013-0216-9
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A permutation classC is splittable if it is contained in a merge of two of its proper subclasses, and it is 1-amalgamable
if given two permutations σ, τ ∈ C, each with a marked element, we can find a permutation π ∈ C containing
both σ and τ such that the two marked elements coincide. It was previously shown that unsplittability implies 1-
amalgamability. We prove that unsplittability and 1-amalgamability are not equivalent properties of permutation
classes by showing that the class Av(1423, 1342) is both splittable and 1-amalgamable. Our construction is based on
the concept of LR-inflations, which we introduce here and which may be of independent interest.

Keywords: permutation classes, splittability, amalgamability, 1-amalgamability

1 Introduction
In the study of permutation classes, a notable interest has recently been directed towards the operation
of merging. We say that a permutation π is a merge of σ and τ if the elements of π can be colored red
and blue so that the red elements form a copy of σ and the blue elements form a copy of τ . For instance,
Claesson, Jelı́nek and Steingrı́msson [3] showed that every 1324-avoiding permutation can be merged
from a 132-avoiding permutation and a 213-avoiding permutation, and used this fact to prove that there
are at most 16n 1324-avoiding permutations of length n.

A general problem that follows naturally is how to identify when a permutation class C has proper
subclasses A and B, such that every element of C can be obtained as a merge of an element of A and an
element ofB. We say that such a permutation classC is splittable. Jelı́nek and Valtr [4] showed that every
inflation-closed class is unsplittable and the class of σ-avoiding permutations, where σ is a direct sum of
two nonempty permutations and has length at least four, is splittable. Furthermore, they mentioned the
connection of splittability to more general structural properties of classes of relational structures studied
in the area of Ramsey theory, most notably the notion of 1-amalgamability. We say that a permutation
class C is 1-amalgamable if given two permutations σ, τ ∈ C, each with a marked element, we can find
a permutation π ∈ C containing both σ and τ such that the two marked elements coincide.
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Not much is known about 1-amalgamability of permutation classes. Jelı́nek and Valtr [4, Lemma 1.5],
using a more general result from Ramsey theory, showed that unsplittability implies 1-amalgamability, and
they raised the question whether there is a permutation class that is both splittable and 1-amalgamable. In
this paper, we answer this question by showing that the class Av(1423, 1342) has both properties.

For this task, we will introduce a slightly weaker property than being inflation-closed, that is being
closed under inflating just the elements that are left-to-right minima. We say that an element of permuta-
tion π is a left-to-right minimum, or just LR-minimum, if it is smaller than all the elements preceding it.
In Section 4 we shall prove that certain properties of a permutation class C imply that its closure under
inflating LR-minima is splittable and 1-amalgamable. And finally in Section 5 we show that the class
Av(1423, 1342) is actually equal to the class Av(123) closed under inflating left-to-right minima and that
Av(123) has the desired properties.

2 Basics
A permutation π of length n ≥ 1 is a sequence of all the n distinct numbers from the set [n] =
{1, 2, . . . , n}. We denote the i-th element of π as πi. Note that we omit all punctuation when writing
out short permutations, e.g., we write 123 instead of 1, 2, 3. The set of all permutations of length n is
denoted Sn.

We say that two sequences of distinct numbers a1, . . . , an and b1, . . . , bn are order-isomorphic if for
every two indices i < j we have ai < aj if and only if bi < bj . Given two permutations π ∈ Sn and
σ ∈ Sk, we say that π contains σ if there is a k-tuple 1 ≤ i1 < i2 < · · · < ik ≤ n such that the sequence
πi1 , πi2 , . . . , πik is order-isomorphic to σ and we say that such a sequence is an occurrence of σ in π.
Furthermore, we say that the corresponding function f : [k]→ [n] defined as f(j) = ij is an embedding
of σ into π. In the context of permutation containment, we often refer to the permutation σ as a pattern.

A permutation that does not contain σ is σ-avoiding and we let Av(σ) denote the set of all σ-avoiding
permutations. Similarly, for a set of permutations F , we let Av(F ) denote the set of permutations that
avoid all elements of F . Note that for small sets F we omit the curly braces, e.g., we simply write Av(σ, ρ)
instead of Av({σ, ρ}).

We say that a set of permutations C is a permutation class if for every π ∈ C and σ contained in π, σ
belongs to C as well. Observe that a set of permutations C is a permutation class if and only if there is
a set F such that C = Av(F ). Moreover, for every permutation class C, there is a unique inclusionwise
minimal set F such that C = Av(F ); this set F is known as the basis of C. A class is said to be principal
if its basis has a single element, i.e., if the class has the form Av(σ) for a permutation σ.

Suppose that π ∈ Sn is a permutation, let σ1, . . . , σn be an n-tuple of non-empty permutations,
and let mi be the length of σi for i ∈ [n]. The inflation of π by the sequence σ1, . . . , σn, denoted
by π[σ1, . . . , σn], is the permutation of length m1 + · · · + mn obtained by concatenating n sequences
σ1σ2 · · ·σn with these properties:

• for each i ∈ [n], σi is order-isomorphic to σi, and

• for each i, j ∈ [n], if πi < πj , then all the elements of σi are smaller than all the elements of σj .

For two sets of permutations A and B, we let A[B] denote the set of all the permutations that can be
obtained as an inflation of a permutation from A by a sequence of permutations from B. We say that a
set of permutations A is ·[B]-closed if A[B] ⊆ A, and similarly a set of permutations B is A[·]-closed if
A[B] ⊆ B. Finally, we say that a set of permutations C is inflation-closed if C[C] ⊆ C.
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 , , ,

 =

Figure 1: An example of inflation: 2413[213, 1, 21, 12] = 43582167.

There is a nice way to characterize an inflation-closed class through its basis. We say that a permu-
tation π is simple if it cannot be obtained by inflation from smaller permutations, except for the trivial
inflations π[1, . . . , 1] and 1[π]. Inflation-closed permutation classes are precisely the classes whose basis
only contains simple permutations [1, Proposition 1].

3 Splittability and 1-amalgamability
We now focus on the properties of splittability and 1-amalgamability of permutation classes. Mostly,
we state or rephrase results that were already known. For more detailed overview, especially regarding
splittability, see Jelı́nek and Valtr [4].

3.1 Splittability
We say that a permutation π is a merge of permutations τ and σ, if it can be partitioned into two disjoint
subsequences, one of which is an occurrence of σ and the other is an occurrence of τ . For two permutation
classes A and B, we write A � B for the class of all merges of a (possibly empty) permutation from A
with a (possibly empty) permutation from B. Trivially, A�B is again a permutation class.

Conversely, we say that a multiset of permutation classes {P1, . . . , Pm} forms a splitting of a permuta-
tion class C if C ⊆ P1�· · ·�Pm. We call Pi the parts of the splitting. The splitting is nontrivial if none
of its parts is a superset of C, and the splitting is irredundant if no proper submultiset of {P1, . . . , Pm}
forms a splitting of C. A permutation class C is then splittable if C admits a nontrivial splitting.

The following simple lemma is due to Jelı́nek and Valtr [4, Lemma 1.3].

Lemma 3.1. For a class C of permutations, the following properties are equivalent:

(a) C is splittable.

(b) C has a nontrivial splitting into two parts.

(c) C has a splitting into two parts, in which each part is a proper subclass of C.

(d) C has a nontrivial splitting into two parts, in which each part is a principal class.
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Following the previous Lemma 3.1, we can characterize a splittable classC by the splittings of the form
{Av(π),Av(σ)}, where both π and σ are permutations from C. We want to identify permutations inside
C that cannot define any such splitting.

Definition 3.2. Let C be a permutation class. We say that a permutation π ∈ C is unavoidable in C, if
for any permutation τ ∈ C, there is a permutation σ ∈ C such that any red-blue coloring of σ has a red
copy of τ or a blue copy of π. We let UC denote the set of all unavoidable permutations in C.

It is easy to see that a permutation π is unavoidable in C if and only if C has no nontrivial splitting into
two parts with one part being Av(π). A more detailed overview of the properties of unavoidable permu-
tations was provided by Jelı́nek and Valtr [4, Observation 2.2-3], we will mention only the observations
needed for our results.

Note that for a nonempty permutation class C, the set of unavoidable permutations UC is in fact a
nonempty permutation class contained in the class C. We can use the class of unavoidable permutations
to characterize the unsplittable permutation classes.

Observation 3.3. A permutation class C is unsplittable if and only if UC = C.

Furthermore, we can show that if C is closed under certain inflations then also UC is closed under the
same inflations. Again, the following result is due to Jelı́nek and Valtr [4, Lemma 2.4].

Lemma 3.4. Let C be a permutation class. If, for a set of permutations X , the class C is closed under
·[X], then UC is also closed under ·[X], and if C is closed under X[·], then so is UC . Consequently, if C
is inflation-closed, then UC = C and C is unsplittable.

3.2 Amalgamability
Now let us introduce the concept of amalgamation, which comes from the general study of relational
structures.

We say that a permutation class C is π-amalgamable if for any two permutations τ1, τ2 ∈ C and any
two mappings f1 and f2, where fi is an embedding of π into τi, there is a permutation σ ∈ C and two
mappings g1 and g2 such that gi is an embedding of τi into σ and g1 ◦ f1 = g2 ◦ f2. We also say, for
k ∈ N that a permutation class C is k-amalgamable if it is π-amalgamable for every π of order at most k.
Furthermore, a permutation class C is amalgamable if it is k-amalgamable for every k.

−→

Figure 2: One possible 1-amalgamation of 1423 and 2431 with highlighted embeddings of the singleton permutations
is the permutation 3275416.
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Note that k-amalgamability implies (k − 1)-amalgamability, so we have an infinite number of increas-
ingly stronger properties. However, the situation is quite simple in the case of the permutation classes. As
shown by Cameron [2], there are only five infinite amalgamable classes, the classes Av(12), Av(21), the
class of all layered permutations Av(231, 312), the class of their complements Av(213, 132) and the class
of all permutations. These are also the only permutation classes that are 3-amalgamable, implying that for
any k ≥ 3, a permutation class is k-amalgamable if and only if it is amalgamable.

In contrast, very little is known about 1-amalgamable and 2-amalgamable permutation classes. In this
paper, we are particularly interested in the 1-amalgamable permutation classes.

Definition 3.5. Let C be a permutation class. We say that a permutation π ∈ C is 1-amalgamable in C, if
for every τ ∈ C and every prescribed pair of embeddings f1 and f2 of the singleton permutation 1 into π
and τ there is a permutation σ ∈ C and embeddings g1 and g2 of π and τ into σ such that g1◦f1 = g2◦f2.
We use AC to denote the set of all 1-amalgamable permutations in C.

Trivially, AC is a permutation class contained in C. Moreover, the properties of AC are largely analo-
gous to those of UC , as shown by the next several results.

Observation 3.6. A permutation class C is 1-amalgamable if and only if AC = C.

Similarly to UC , the set AC is closed under the same inflations as the original class C.

Lemma 3.7. Let C be a permutation class. If, for a set of permutations X , the class C is closed under
·[X], then AC is also closed under ·[X], and if C is closed under X[·], then so is AC . Consequently, if C
is inflation-closed, then AC = C and C is 1-amalgamable.

Proof: Suppose that C is closed under ·[X]. We can assume that X itself is inflation-closed since if C is
closed under ·[X], it is also closed under ·[X[X]].

Let π ∈ AC be a 1-amalgamable permutation of order k and let ρ1, . . . , ρk be permutations from X .
Our goal is to prove that π[ρ1, . . . , ρk] also belongs to AC . We can assume, without loss of generality,
that all ρi are actually equal to a single permutation ρ. Otherwise, we could just take ρ ∈ X that contains
every ρi (this is possible since X is inflation-closed) and prove the stronger claim that π[ρ, . . . , ρ] belongs
to AC . Let us use π[ρ] as a shorthand notation for π[ρ, . . . , ρ].

It is now sufficient to show that π[ρ] belongs to AC for every π ∈ AC and ρ ∈ X . Fix a permutation
τ ∈ C and two embeddings f1 and f2 of the singleton permutation into π[ρ] and τ . We aim to find a
permutation σ ∈ C and two embeddings g1 and g2 of π[ρ] and τ into σ such that g1 ◦ f1 = g2 ◦ f2. We
can straightforwardly decompose f1 into an embedding h1 of the singleton permutation into π, by simply
looking to which inflated block order-isomorphic to ρ the image of f1 belongs, and an embedding h2 of
the singleton permutation into ρ, determined by restricting f1 only to that copy of ρ. Since π belongs to
AC , there is a permutation σ′ with embeddings g′1 and g′2 of π and τ such that g′1 ◦ h1 = g′2 ◦ f2.

Define σ = σ′[ρ], and view σ as a concatenation of blocks, each a copy of ρ. Let us define mapping g1
by simply using g′1 to map blocks of π[ρ] to the blocks of σ, each element in π[ρ] gets mapped to the same
element of the corresponding copy of ρ in σ. Then define mapping g2 by using g′2 to map its elements to
the blocks of σ and then within the copy of ρ to the single element in the image of h2. It is easy to see
that g1 and g2 are in fact embeddings of π[ρ] and τ into σ. Also the images of g1 ◦ f1 and g2 ◦ f2 must
lie in the same block of σ. And finally these images must be equal since we used h2 to place the single
element from the image of g2 inside each block of σ.

We now show that if C is closed under X[·] then so is AC . Fix a permutation ρ ∈ X of order k, and a
k-tuple π1, . . . , πk of permutations from AC . We will show that ρ[π1, . . . , πk] belongs to AC .
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Fix a permutation τ ∈ C and two embeddings f1 and f2 of the singleton permutation into ρ[π1, . . . , πk]
and τ . We aim to find a permutation σ ∈ C and two embeddings g1 and g2 of ρ[π1, . . . , πk] and τ into σ
such that g1 ◦ f1 = g2 ◦ f2. We again view ρ[π1, . . . , πk] as a concatenation of k blocks, the i-th block
being order-isomorphic to πi. Suppose that the image of f1 is in the j-th block. Let us decompose f1
into an embedding h1 of the singleton permutation into ρ whose image is the j-th element of ρ, and an
embedding h2 of the singleton permutation into πj . Since πj belongs to AC , there is a permutation σ′

with embeddings g′1 and g′2 of πj and τ such that g′1 ◦ h2 = g′2 ◦ f2.
Define σ = ρ[π1, . . . , πj−1, σ

′, πj+1, . . . , πk] and let us define mapping g1 in the following way. Every
block of ρ[π1, . . . , πk] except for the j-th one gets mapped to the corresponding block of σ, and the j-
th block is mapped using the embedding g′1 to the j-th block of σ. Then define mapping g2 simply by
mapping τ to the j-th block of σ using g′2. It is easy to see that both g1 and g2 are in fact embeddings of
ρ[π1, . . . , πk] and τ into σ. Furthermore, the images of g1 ◦ f1 and g2 ◦ f2 both lie in the j-th block of σ.
Their equality then follows from the construction since g′1 ◦ h2 = g′2 ◦ f2.

It remains to show that if C is inflation-closed then AC = C. But if C is inflation-closed, then it
is closed under ·[C], so AC is also closed under ·[C]. And since AC trivially contains the singleton
permutation, for every π ∈ C we have that π = 1[π] also belongs to AC .

As noted by Jelı́nek and Valtr [4, Lemma 1.5], it follows from the results of Nešetřil [5] that if a
permutation class C is unsplittable then C is also 1-amalgamable. Using the same argument, we get the
following stronger proposition relating the classes UC and AC .

Proposition 3.8. Let C be a permutation class, then UC ⊆ AC .

Proof: Let π be an unavoidable permutation in C and let τ be a permutation from C. By the definition
of UC , there is a permutation σ ∈ C such that any red-blue coloring of σ has a red copy of τ or a blue
copy of π. We claim that σ contains every 1-amalgamation of π and τ . Suppose for a contradiction that
there are two embeddings f1 and f2 of the singleton permutation 1 into π and τ such that there are no
embeddings g1 and g2 of π and τ into σ that would satisfy g1 ◦ f1 = g2 ◦ f2.

Let f1(1) = a and f2(1) = b. We aim to color the elements of σ to avoid both a red copy of τ and a
blue copy of π. We color an element σi red if and only if there is an embedding of π which maps πa to σi.
Trivially, we cannot obtain a blue copy of π, since we must have colored the image of πa red. On the other
hand, suppose we obtained a red copy of τ . Then the image of τb was painted red which means that there
is an embedding of π which maps πa to the same element. We assumed that such a pair of embeddings
does not exist, therefore we defined a coloring of σ that contains neither a red copy of τ nor a blue copy
of π.

4 Left-to-right minima
We say that the element πi covers the element πj if i < j and simultaneously πi < πj . The i-th element
of a permutation π is then a left-to-right minimum, or shortly LR-minimum, if it is not covered by any
other element.

Similarly we could define LR-maxima, RL-minima and RL-maxima. However we can easily translate
between right-to-left and left-to-right orientation by looking at the reverses of the permutations, and sim-
ilarly between maxima and minima by looking at the complements of the permutations. Therefore we
restrict ourselves to dealing only with LR-minima from now on.
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Definition 4.1. Suppose that π ∈ Sn is a permutation with k LR-minima and let σ1, . . . , σk be a k-tuple
of non-empty permutations. The LR-inflation of π by the sequence σ1, . . . , σk is the permutation resulting
from the inflation of the LR-minima of π by σ1, . . . , σk. We denote this by π〈σ1, . . . , σk〉.

〈
,

〉
=

Figure 3: An example of LR-inflation: 2413〈213, 21〉 = 4357216.

Definition 4.2. We say that a permutation class C is closed under LR-inflations if for every π ∈ C with
k LR-minima, and for every k-tuple σ1, . . . , σk of permutations from C, the LR-inflation π〈σ1, . . . , σk〉
belongs to C. The closure of C under LR-inflations, denoted CLR, is the smallest class which contains C
and is closed under LR-inflations.

Recall that one can characterize inflation-closed classes by a basis that consists of simple permutations.
We can derive a similar characterization in the case of classes closed under LR-inflations. We say that a
permutation is LR-simple if it cannot be obtained by LR-inflations except for the trivial ones. Using the
same arguments, it is easy to see that a permutation class is closed under LR-inflations if and only if every
permutation in its basis is LR-simple.

4.1 LR-splittability
We aim to define a stronger version of splittability that would help us connect the properties of permutation
classes and their LR-closures. A natural way to do that is to consider an operation similar to the regular
merge, with LR-minima being shared between both parts.

Definition 4.3. We say that a permutation π is a LR-merge of permutations τ and σ, if its non LR-
minimal elements can be partitioned into two disjoint sequences, such that one of them is, together with
the sequence of LR-minima of π, an occurrence of τ , and the other is, together with the sequence of LR-
minima of π, an occurrence of σ. For two permutation classes A and B, we write A �LR B for the class
of all LR-merges of a permutation from A with a compatible permutation from B. Trivially, A �LR B is
again a permutation class.

Note that we can also look at LR-merges as a special red-blue colorings of permutations in which the
LR-minima are both blue and red at the same time. Naturally we can use this definition of LR-merge to
define LR-splittability in the same way that the concept of regular merge gives rise to the definition of
splittability.
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−→

Figure 4: For example one possible LR-merge of 45213 and 3214 is the permutation 462153. The corresponding
embedding of 3214 is indicated.

Definition 4.4. We say that a multiset of permutation classes {P1, . . . , Pm} forms a LR-splitting of a
permutation class C if C ⊆ P1 �LR · · · �LR Pm. We call Pi the parts of the LR-splitting. The LR-
splitting is nontrivial if none of its parts is a superset of C, and the LR-splitting is irredundant if no proper
submultiset of {P1, . . . , Pm} forms an LR-splitting of C. A permutation class C is then LR-splittable if
C admits a nontrivial LR-splitting.

Clearly, every LR-splittable class is splittable. Moreover, some properties of LR-splittability are anal-
ogous to the properties of splittability, as shown by the following lemma. We omit the proof as it uses the
very same (and easy) arguments as the proof of Lemma 3.1.

Lemma 4.5. For a class C of permutations, the following properties are equivalent:

(a) C is LR-splittable.

(b) C has a nontrivial LR-splitting into two parts.

(c) C has an LR-splitting into two parts, in which each part is a proper subclass of C.

(d) C has a nontrivial LR-splitting into two parts, in which each part is a principal class.

Now we can state some of the results connecting splittability and LR-splittability of permutation classes
and their LR-closures.

Proposition 4.6. Let C be a permutation class that is closed under LR inflations. Then C is splittable if
and only if C is LR-splittable.

Proof: Trivially, LR-splittability implies splittability since we can take the corresponding red-blue color-
ing and simply assign an arbitrary color to each of the LR-minima. Now suppose that C admits splitting
{D,E} for some proper subclasses D and E. We aim to prove that also C ⊆ D �LR E. Let us first show
that C contains a permutation τ that belongs neither to D nor to E. From the definition of splittability,
there are permutations τD ∈ C \D and τE ∈ C \ E. Define τ as the LR-inflation of τD with τE , which
clearly lies outside both subclasses D and E.

Let us suppose that there is some π ∈ C not belonging to D �LR E , i.e., there is no red-blue coloring
of π which proves it is an LR-merge of a permutation α ∈ D and a permutation β ∈ E. Let π′ be the
permutation created by inflating each LR-minimum of π with τ . Since π′ belongs to C, it has a regular
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red-blue coloring with the permutation corresponding to the red elements π′R ∈ D and the permutation
corresponding to the blue elements π′B ∈ E. However there must be both colors in each block created by
inflating a LR-minimum of π with τ , and therefore there is a valid red-blue coloring of π that assigns both
colors to the LR-minima.

Finally, we want to show that, under modest assumptions, the LR-splittability of a permutation class
implies the LR-splittability (and thus the splittability) of its LR-closure.

Proposition 4.7. If C, D and E are permutation classes satisfying C ⊆ D �LR E, then CLR ⊆ DLR �LR

ELR. Consequently, if neitherDLR norELR contain the whole classC, then its closureCLR is LR-splittable
into parts DLR and ELR.

Proof: We will inductively construct a valid red-blue coloring which proves that CLR ⊆ DLR �LR E
LR.

First, any permutation in CLR that cannot be obtained from shorter permutations using LR-inflations must
belong to C and we simply use the red-blue coloring that witnesses the inclusion C ⊆ D �LR E.

Now take π ∈ CLR that can be obtained by LR-inflation from shorter permutations as π = α〈β1, . . . , βk〉.
We can already color the permutation α and all the permutations βi and we construct a coloring of π in the
following way: color the inflated blocks βi according to the coloring of βi and the remaining uninflated
elements of α get the color according to the coloring of α. It remains to show that the permutation πR
corresponding to the red elements of π belongs to DLR and the permutation πB corresponding to the blue
elements of π belongs to ELR. Since the LR-minima of α are both red and blue, the permutation πR is an
LR-inflation of the red elements of α by the red elements of the permutations βi. All these permutations
belong to DLR and thus their LR-inflation also belongs to DLR. Using the very same argument we can
show that πB belongs to ELR.

It remains to show that the splitting of CLR into DLR and ELR is nontrivial. However that follows from
the assumption that neither DLR nor ELR contain the whole class C.

4.2 LR-amalgamability
Similarly to the situation with LR-splittability we want to describe a property of permutation classes which
would imply 1-amalgamability of their respective LR-closures.

Definition 4.8. We say that a permutation class C is LR-amalgamable if for any two permutations
τ1, τ2 ∈ C and any two mappings f1 and f2, where fi is an embedding of the singleton permutation
into τi and its image is not an LR-minimum of τi, there is a permutation σ ∈ C and two mappings g1 and
g2 such that gi is an embedding of τi into σ, g1 ◦ f1 = g2 ◦ f2 and moreover gi preserves the property of
being a LR-minimum.

Observe that LR-amalgamability does not imply 1-amalgamability since it does not guarantee 1-amalgamation
over LR-minima and conversely, 1-amalgamability does not imply LR-amalgamability because it may not
preserve the property of being an LR-minimum. However, we can at least prove that LR-amalgamability
implies 1-amalgamability for classes that are closed under LR-inflations. Recall that we actually derived
equivalence between LR-splittability and splittability in Proposition 4.6.

Lemma 4.9. Let C be a permutation class that is closed under LR inflations. If C is LR-amalgamable
then C is also 1-amalgamable.
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Proof: Let π1 and π2 be arbitrary permutations from C and f1, f2 embeddings of the singleton permuta-
tion into π1 and π2 respectively. If neither of the images of f1 and f2 is an LR-minimum of the respective
permutation we obtain their 1-amalgamation directly since C is LR-amalgamable.

Now we can assume without loss of generality that the single element in the image of f1 is a LR-
minimum of π1. We can create the resulting 1-amalgamation by simply inflating this LR-minimum by the
permutation π2. It is then easy to derive the mappings g1 and g2 that show it is the desired 1-amalgamation.

We conclude this section by relating LR-amalgamability of a permutation class and 1-amalgamability
of its LR-closure.

Proposition 4.10. If a permutation classC is LR-amalgamable then its LR-closureCLR is LR-amalgamable
and thus also 1-amalgamable.

Proof: Let π1, π2 ∈ CLR be permutations and f1, f2 embeddings of the singleton permutation, fi into πi
such that the image of fi avoids the LR-minima of πi. We aim to prove by induction on the length of π1
and π2 that there is a corresponding LR-amalgamation of π1 and π2. Consider two cases. If neither of the
two permutations π1 and π2 can be obtained as an LR-inflation of a shorter permutation then they both
belong to C. And since C itself is LR-amalgamable they have a desired LR-amalgamation that belongs
to C.

Without loss of generality we can now assume that π1 can be obtained by LR-inflations as π1 =
α〈β1, . . . , βk〉 where the permutations α, β1, . . . , βk are all strictly shorter than π1. Again we consider
two separate cases. First, assume that the image of the embedding f1 lies inside the block corresponding
to the j-th inflated LR-minimum of α, which is order-isomorphic to βj . From induction we get a LR-
amalgamation σ of βj and π2 for the embeddings f ′1 and f2, where f ′1 is the embedding f1 restricted to
the inflated block of βj . Observe that the permutation α〈β1, . . . , βj−1, σ, βj+1, . . . , βk〉 is precisely the
LR-amalgamation of π1 and π2 we were looking for.

Finally we have to deal with the situation when the image of the embedding f1 lies outside of the blocks
corresponding to the inflated LR-minima of π1. We can obtain from induction a LR-amalgamation σ of
α and π2 for the embeddings f ′′1 and f2, where f ′′1 is the embedding f1 restricted to the permutation
α. Let g1 be the corresponding embedding of α into σ that preserves the LR-minima. We construct the
desired LR-amalgamation of π1 and π2 in the following way: take σ and for every LR-minimum of α
inflate its image under g1 with the corresponding permutation βi. The resulting permutation is clearly a
1-amalgamation of π1 and π2, and it also preserves the LR-minima.

Lemma 4.9 implies that CLR is also 1-amalgamable.

5 Main result
Now we are ready to prove that 1-amalgamability and unsplittability are not equivalent by exhibiting as
a counterexample the LR-closure of Av(123). First, let us show that this class actually has a nice basis
consisting of only two patterns.

Proposition 5.1. The class Av(1423, 1342) is the closure of Av(123) under LR-inflation.

Proof: First, let us show that any permutation from the LR-closure of Av(123) avoids both 1423, 1342.
Because both of these patterns contain 123, they would have to be created by the LR-inflations. However,
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Figure 5: Partition of a general permutation with 3 RL-maxima into the setsAj,k and an example how the non-empty
sets might look for some π ∈ Av(1423, 1342).

that is not possible since there is no nontrivial interval in either 1423 or 1342 which contains the minimum
element.

Now, let π be a permutation from Av(1423, 1342). We will show by induction that this permutation
can be obtained by a repeated LR-inflation of permutations from Av(123). If π does not contain 123
the statement is trivially true. Otherwise, consider the set of the right-to-left maxima of π. We want to
show that the remaining elements of π can be split into a descending sequence of intervals. If this holds
then we can get π as an LR-inflation of a 123-avoiding permutation by permutations order-isomorphic to
the intervals. And by induction these shorter permutations can be obtained as repeated LR-inflations of
123-avoiding permutations.

Let us show that there is no occurrence of the pattern 132 that maps only the letter 2 on an RL-
maximum. For a contradiction suppose we have such an occurrence and a corresponding embedding
f of 132 into π. Then there must be an element covered by πf(3) since it is not an RL-maximum, i.e., an
element πk such that k > f(3) and πk > πf(3). However, π restricted to these four indices would form
the pattern 1342. Using the same argument, we can also show that there is no occurrence of the pattern
132 which maps only the letter 3 on an RL-maximum as we would get an occurrence of the pattern 1423
together with the RL-maximum covered by the image of 2.

And finally, we conclude by showing that the elements of π that are not RL-maxima can indeed be split
into a descending sequence of intervals. Let I = {i1, . . . , im} be the index set of the RL-maxima of π
and furthermore define i0 = 0 and π0 = n+1. Let us represent the remaining elements of π as a set A of
n−m points on a plane

A = {(i, πi) | πi is not an RL-maximum of π}.
We define a partition of A into sets Aj,k for any 1 ≤ j < k ≤ m

Aj,k = {(x, y) | (x, y) ∈ A and ij−1 < x < ij and πik < y < πik−1
}.

For any j, k and l, every element of Aj,k is larger than all the elements of Aj+1,l in the second coor-
dinate since otherwise we would get a 132 occurrence with the letter 3 mapped to πij . Similarly for any
j, k and l, every element of Aj,k is to the left of all the elements of Al,k+1 as otherwise we would get
a 132 occurrence with the letter 2 mapped to πik . This transitively implies that all non-empty sets Aj,k

correspond to a sequence of descending intervals.
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Figure 6: For example the 123-avoiding permutation 796385412 with the non-minimal elements split into three
different runs.

In order to show that Av(1423, 1342) is splittable, we shall first prove the LR-splittability of Av(123)
and then apply the results we have obtained in Subsection 4.1.

Lemma 5.2. The class Av(123) is LR-splittable, and more precisely, it satisfies

Av(123) ⊆ Av(463152)�LR Av(463152).

Proof: Let π be a permutation from Av(123). Clearly π is a merge of two descending sequences, its LR-
minima and the remaining elements. The idea is to decompose the non-minimal elements into runs such
that for every run there is a specific LR-minimum covering each element of the run but covering none from
the following run. This can be done easily by the following greedy algorithm. In one step of the algorithm,
let πi be the first non-minimal element which was not used yet and let j be the maximum integer such that
πj is an LR-minimum covering πi. The next run then consists of all non-minimal elements starting from
πi that are covered by πj .

We color each run blue or red such that adjacent runs have different colors. We obtained a red-blue
coloring of the non-minimal elements and it only remains to check whether the monochromatic permu-
tations form a proper subclass of Av(123). Observe that the first elements of two adjacent runs cannot
be covered by a single LR-minimum, which implies that two elements from different non-adjacent runs
cannot be covered by a single LR-minimum. By this observation, in the monochromatic permutations πB
and πR any two elements covered by the same LR-minimum must belong to the same run.

We claim that a monochromatic copy of the pattern 463152 ∈ Av(123) can never be created this way.
Assume for contradiction that there is a permutation π ∈ Av(123) on which the algorithm creates a
monochromatic copy of 463152 and let f be the corresponding embedding of 463152 into π. Observe
that every LR-minimum of 463152 is covering some other element and therefore f must preserve the
property of being an LR-minimum, otherwise we would get an occurrence of the pattern 123. Following
our earlier observations, the elements πf(6), πf(5) and πf(2) must fall into the same run since πf(5) shares
LR-minima with both of the other two elements. And because elements of the same run are covered by a
single LR-minimum, there is an LR-minimum πi covering πf(6) and πf(2). However, πi must then also
cover πf(3) which contradicts the fact that πf(3) itself is an LR-minimum of π.

Corollary 5.3. The class Av(1423, 1342) is splittable.
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−→

Figure 7: Example of two permutations 3142 and 231 drawn from two parallel lines with highlighted embeddings of
the singleton permutation and their LR-amalgamation 532614.

Proof: In the previous Lemma 5.2 we showed that Av(123) is LR-splittable, more precisely that Av(123) ⊆
Av(463152) �LR Av(463152) . Since the permutation 463152 is LR-simple, we get the splittability
of Av(123)LR from Proposition 4.7. Finally, owing to Proposition 5.1, we know that Av(123)LR and
Av(1423, 1342) are in fact identical.

Our final task is to show that Av(1423, 1342) is 1-amalgamable by proving the LR-amalgamability of
Av(123). In order to do that we will use the following result which is due to Waton [6]. Note that Waton
in fact proved the equivalent claim for parallel lines of positive slope and the permutation class Av(321).

Proposition 5.4 (Waton [6]). The class of permutations that can be drawn on any two parallel lines of
negative slope is Av(123).

Lemma 5.5. The class Av(123) is LR-amalgamable.

Proof: Fix arbitrary two parallel lines of negative slope in the plane. Let π1 and π2 be permutations
avoiding 123 and f1 and f2 be mappings where fi is an embedding of the singleton permutation into πi
and its image is not an LR-minimum of πi. According to Proposition 5.4 both π1 and π2 can be drawn
from our fixed parallel lines. Fix sets of points A1 and A2 which lie on these lines whose corresponding
respective permutations are π1 and π2. Moreover, we can choose the sets such that the elements in the
images of f1 and f2 share the same coordinates. Otherwise we could translate one of the sets in the
direction of the lines to align these two points. Finally, if a point x ∈ A1 and a point y ∈ A2 share
one identical coordinate we can move x a little bit in the direction of the lines without changing the
permutation corresponding to the set A1.

We may easily see that the permutation corresponding to the union A1 ∪A2 with the natural mappings
of π1 and π2 is the desired LR-amalgamation of π1 and π2.

Applying Proposition 4.10, we get the desired result that the classAv(1423, 1342) is indeed 1-amalgamable.

Corollary 5.6. The class Av(1423, 1342) is 1-amalgamable.

6 Further directions
Using our results about LR-inflations, we proved that a single class Av(1423, 1342) is both 1-amalgamable
and splittable. Naturally, the same holds for its three symmetrical classes, i.e. Av(3241, 2431), Av(4132, 4213)
and Av(2314, 3124), since both splittability and 1-amalgamability is preserved when looking at the re-
verses or complements of the permutations. However, the question remains whether these results can be
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used to find more classes that are both 1-amalgamable and splittable or even infinitely many such classes.
It would be particularly interesting to find other such classes with small basis.

Our method of obtaining a splittable 1-amalgamable class was based on the notion of LR-inflations,
and the related concepts of LR-amalgamations and LR-splittings. These notions can be generalized to a
more abstract setting as follows: suppose that we partition every permutation π into ‘inflatable’ and ‘non-
inflatable’ elements, in such a way that for any embedding of a permutation σ into π, the non-inflatable
elements of σ are mapped to non-inflatable elements of π. We might then consider admissible inflations
of π (in which only the inflatable elements can be inflated), admissible splittings of π (which are based on
two-colorings in which each inflatable element receives both colors), as well as admissible amalgamations
(where we amalgamate by identifying non-inflatable elements, and the amalgamation must preserve the
inflatable elements of the two amalgamated permutations). In this paper, we only considered the special
case when the inflatable elements are the LR-minima; however, the main properties of LR-inflations,
LR-splittings and LR-amalgamations extend directly to the more abstract setting.
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For a variety of pattern-avoiding classes, we describe the limiting distribution for the number of fixed points for

involutions chosen uniformly at random from that class. In particular we consider monotone patterns of arbitrary

length as well as all patterns of length 3. For monotone patterns we utilize the connection with standard Young

tableaux with at most k rows and involutions avoiding a monotone pattern of length k. For every pattern of length 3

we give the bivariate generating function with respect to fixed points for the involutions that avoid that pattern, and

where applicable apply tools from analytic combinatorics to extract information about the limiting distribution from

the generating function. Many well-known distributions appear.

Keywords: pattern-avoidance, involutions, fixed points, asymptotic distributions, Young tableaux, generating func-

tions

1 Introduction

Identifying the asymptotic distribution of the number of fixed points in a uniformly random permutation

is a classic problem in probability whose resolution dates back to Montmort in the early 1700’s [5],

where it is shown that the limiting distribution is Poisson. Since then, the fixed points of various types

of permutations have been intensely studied. Recently there has been a growing interest in the statistical

properties of random pattern-avoiding permutations. Many of the results concern the overall shape and

structure of these permutations [1, 12, 17, 16, 19], some explore pattern containment [15], while others

consider pattern-avoidance under non uniform distributions such as the Mallows distribution [4]. In [11,

13] the limiting distribution on the number and location of fixed points is given for a variety of pattern-

avoiding classes. Enumeration for involutions was explored in [22] for patterns length 3 and [3] for longer

patterns. In [6] the number of involutions with a specified number of fixed points was given for each

pattern of length 3. Excellent introductions to the general subject area of pattern avoidance can be found

in [2] or [25].
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In this paper, we focus on the limiting distribution of the total number of fixed points for random

pattern-avoiding involutions. First we use the machinery of standard Young tableaux to give limiting

distributions for involutions with longest increasing or decreasing sequence of length at most k. We then

complete the picture for all that avoid a fixed pattern of length 3. Taken together, this work suggests

that pattern-avoiding permutations are strongly connected to many classical limit theorems in probability.

Indeed, depending on the pattern the (appropriately normalized) limiting distribution of fixed points can

be anything from a point mass to a normal distribution to a distribution given in terms of the eigenvalues

of the Gaussian Orthogonal Ensemble (conditioned to have trace 0).

In some cases, we are able to use straightforward generating function arguments coupled with classical

analytic combinatorics to compute the asymptotic distribution of fixed points. For the sake of the reader,

we include an appendix containing the results from analytic combinatorics that we will need. To our

knowledge methods from analytic combinatorics have not been widely used to study asymptotic properties

of pattern-avoiding permutations and our results suggest that these methods may be broadly useful for

deriving asymptotic permutation statistics. Some cases, however, cannot be easily done using off-the-

shelf results from analytic combinatorics and require different methods.

We now introduce some necessary notation and summarize our results. For a permutation π, let fp(π)
be the number of fixed points of π. For a permutation τ ∈ Sk, we say π contains the pattern τ if a

there exists a subsequence i1 < · · · ik such that (πi1 , · · · , πik) has the same relative order of τ and π
avoids τ , or is τ -avoiding, if it does not contain τ . Let Avn(τ) be the set of τ -avoiding permutations

of [n] := {1, . . . , n}. We are particularly interested in involutions, which are permutations π such that

π−1 = π, and denote the set of τ -avoiding involutions of [n] by Ivn(τ). Let (ξij)1≤i≤j≤k be independent,

centered, normal random variables such that ξii has variance 1 and ξij has variance 1/2 if i < j. For

j < i, define ξij = ξji. A k × k random matrix X is said to be drawn from the k × k Gaussian

Orthogonal Ensemble if it is equal in distribution to (ξij)
k
i,j=1. We will need to condition X to have trace

0. Since the (ξij)1≤i≤j≤k are independent normal random variables and the diagonal elements all have

the same variance, conditioning the matrix to have trace 0 is equivalent to projecting X onto the subspace

of matrices with trace 0. This is part of a larger connection between conditioning normal random variables

and projections, see e.g. [14, Chapter IX], and is essentially due to the fact that if I is the identity matrix

then X − k−1tr(X)I and k−1tr(X)I are independent. Thus X conditioned to have trace 0 is equal in

distribution to

M = X − tr(X)

k
I, (1)

where I is the identity matrix. We say that M is a random matrix drawn from the k × k Gaussian

Orthogonal Ensemble conditioned to have trace 0.

Our results consider the asymptotic distribution as n increases, and we let→d denote convergence in

distribution as n tends to∞.

Theorem 1. Fix k ∈ {2, 3, . . .} and let Πn be a uniformly random element of Ivn((k + 1)k · · · 321). Let

M be a random matrix drawn from the k × k Gaussian Orthogonal Ensemble conditioned to have trace

0 and let Λ1 ≥ · · · ≥ Λk be the ranked eigenvalues of M .

(a) If k is even then
√

k

n
fp(Πn)→d

k
∑

j=1

(−1)j+1Λj .
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(b) If k is odd then
√

k

n

(

fp(Πn)−
n

k

)

→d

k
∑

j=1

(−1)j+1Λj .

We remark that when k+1 = 3, we have a simpler description of the limiting distribution. In this case,

we let B1 and B2 be two independent N(0, 1/2) random variables (where N(µ, σ2) denotes a normal

random variable with mean µ and and variance σ2), using Equation (1), we see that

M =d

[

B1 B2

B2 −B1

]

is distributed like a 2× 2 GOE matrix conditioned to have trace equal to 0. The eigenvalues of this matrix

can be computed explicitly, giving

(Λ1,Λ2) =

(

√

B2
1 +B2

2 ,−
√

B2
1 +B2

2

)

,

so that if Πn is a uniformly random element of Ivn(321) then

√

2

n
fp(Πn)→d 2

√

B2
1 +B2

2 =
√

(2B1)2 + (2B2)2.

Equivalently,
√

1

n
fp(Πn)→d

√

(
√
2B1)2 + (

√
2B2)2.

Furthermore, it is well known that

√

(
√
2B1)2 + (

√
2B2)2 follows a Rayleigh(1) distribution, whose

density is given by

f(x) = xe−x2/21(x ≥ 0).

Theorem 2. If Πn is a uniformly random element in Ivn(123 · · ·k(k + 1)) then

fp(Π2n)→d Xeven

and

fp(Π2n−1)→d Xodd ,

where Xeven has density function given by

P(Xeven = i) =

{

(ki)
2k−1 i is even ,

0 i is odd ,

and Xodd has density function given by

P(Xodd = i) =

{

(ki)
2k−1 i is odd ,

0 i is even .
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Theorem 3. Fix τ ∈ {231, 312}. If Πn is a uniformly random element of Ivn(τ) then E(fp(Πn)) =
n
3 +O(1), Var(fp(Πn)) =

8
27n+O(1) and

fp(Πn)− 1
3n

√

8n/27
→d Z,

where Z is a standard normal random variable.

To the best of our knowledge, the above theorems are new. The following theorem was first established

in [11] using the theory of local limits for Galton-Watson trees as a corollary of a stronger result that

also described the location of the fixed points. We include a simple proof establishing the asymptotic

distribution of the total number of fixed points using analytic combinatorics.

Theorem 4 (Corollary 6 [11]). Fix τ ∈ {321, 213, 132}. If Πn is a uniformly random element of Avn(τ),
then

fp(Πn)→d N

where N has a negative-binomial distribution with parameters r = 2 and p = 1/3 ( P(N = k) =
4(k+1)

9 (1/3)k).

Proof of Theorem 4:

We begin with a bivariate generating function from Elizalde [8] for τ = 321, 213, 132,

FAv(τ)(x, t) =
∑

σ∈Av(τ)

xfp(σ)t|σ| =
2

1 + 2t(1− x) +
√
1− 4t

. (2)

Note that for fixed x, with say |x| < 2, we have that

lim
t→1/4

1√
1− 4t

(

2

1 + 2t(1− x) +
√
1− 4t

− 4

3− x
+

8

(3− x)2
√
1− 4t

)

= 0.

It follows from Corollary 16, which is [10, Corollary VI.1], that

[tn]FAv(τ)(x, t) ∼ −[tn]
8

(3− x)2
√
1− 4t ∼ 4n+1

(3− x)2
√
πn3

.

If σn ∈ Avn(τ) is uniformly random, we have that

fn(x) =

∞
∑

k=0

P(fp(σn) = k)xk =
[tn]FAv(τ)(x, t)

[tn]FAv(τ)(1, t)
→ 4

(3− x)2
=

∞
∑

k=0

4

9
(k + 1)

(

1

3

)k

xk.

The result now follows from the standard continuity result for probability generating functions, see e.g.

Theorem 13, which is [10, Theorem IX.1].

The next two theorems, which have already been established in [13], have significantly more compli-

cated proofs than the previous theorems we have stated. In fact, [13, Theorem 1.1] gives full information

not only about the total number of fixed points, but also their locations. We do not give proofs of them,

but include them here in order to give a complete catalogue of results for avoidance of patterns of length

3.
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Theorem 5 (Theorem 1.1 [13]). Let (et, 0 ≤ t ≤ 1) be a standard Brownian excursion and let Πn be a

uniformly random element of Avn(231) or Avn(312). Then

1

n1/4
fp(Πn)→d

1

27/4
√
π

∫ 1

0

1

e

3/2
t

dt.

Theorem 6 (Theorem 1.1 [13]). Let Πn be a uniformly random element of Avn(123) and let A and B be

independent Bernoulli(1/4) random variables. Then

fp(Πn)→d A+B.

2 Involutions avoiding large monotone patterns

Before we proceed we give a few basic definitions concerning Young diagrams and Young tableaux. A

Young diagram is a collection of rows of boxes left justified so that the number of boxes in each row is

weakly decreasing. A Young tableau is a Young diagram with each box filled with a number from N such

that the numbers are weakly increasing along rows and columns. A standard Young tableau of size n is a

Young tableau of size n where each element in [n] appears exactly once. Given a Young tableau, T , we

call the corresponding Young diagram the shape of T and denote it λ(T ). We denote the conjugate of a

Young diagram λ by λ′, where the row counts of λ′ are given by the column counts of λ. The number of

boxes in the ith row is denoted by λi, and hence the number of boxes in the ith column is denoted by λ′
i.

The conjugate of T , denoted T ′, is also a standard Young tableaux with shape λ(T ′) = λ′(T ).
Denote the set of Young diagrams of size n with at most k rows by Dn,k and the set of Young tableaux

of size n with at most k rows by Tn,k. For a fixed ν ∈ Dn,k we let Tn,k(ν) denote the subset of Tn,k with

shape ν. For T ∈ Tn,k, and m ≤ n, we let Tm denote the standard Young tableau contained in T with

entries 1, · · · ,m. For γ ∈ Dm,k we let Tn,k(γ) denote the subset of Tn,k such that λ(Tm) = γ. Similarly

we let Dn,k(γ) the subset of Dn,k that contain γ. Finally we let Tn,k(ν, γ) = Tn,k(ν) ∩ Tn,k(γ).
For ν ∈ Dn,k(γ) we let ν/γ denote the skew Young diagram obtained by removing the boxes of γ from

ν. If T ∈ Tn,k(γ, ν) we construct the skew standard Young tableaux of shape ν/γ by removing from T
the boxes associated with Tm. We denote this skew standard Young tableau by Tmրn, the set of skew

standard Young tableaux of shape ν/γ by Sn,k(ν/γ), and the union over ν of these sets by Sn,k(γ). The

set Tn,k(γ) is in bijection with the direct sum Tm,k(γ)⊕ Sn,k(γ).
The Robinson-Schensted-Knuth (RSK) algorithm gives a bijection between pairs of standard Young

tableaux (P,Q) and permutations of length n. If π is an involution then the corresponding pair satisfies

P = Q. For an involution π we let T = T (π) denote the unique standard Young tableaux obtained by

RSK. The number of rows in T is giving by the longest decreasing sequence in π. Similarly the number

columns of T is given by given by the longest increasing sequence [20]. Let τk denote the monotone

decreasing pattern (k + 1)k, · · · , 321 and ρk the reverse of τk. RSK gives a bijection between Tn,k and

Ivn(τk). By conjugation Tn,k is also in bijection with Ivn(ρk). For a modern reference of the RSK

algorithm see [24]

The number of fixed points of an involution is equal to the number of odd columns of the corresponding

tableau [21]. The following proposition follows from results found in [18] and in [23] that consider Young

tableaux with bounded number of rows or columns.

Proposition 7. Let τk denote the monotone decreasing pattern (k + 1)k, · · · , 321 and let (Λi)1≤i≤k be

the ranked eigenvalues of a traceless GOE matrix. For Πn chosen uniformly from Ivn(τk),
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(
√

k

n

(

λi(Πn)−
n

k

)

)

1≤i≤k

−→d (Λi)1≤i≤k.

Moreover, for any fixed d > 0,

P

(

min
2≤i≤k

{λi−1(Πn)− λi(Πn)} < d

)

→ 0.

Proof: Letting Πn be a uniformly random element of Iv(τk) it follows from the proof of [23, Theorem

3] by taking the square root of Equation (10) there or by [18, Theorem 5.1] by the implied local limit

theorem that
(
√

k

n

(

λi(Πn)−
n

k

)

)

1≤i≤k

converge in joint distribution to the vector (Λi)1≤i≤k of ranked eigenvalues of a traceless GOE matrix. If

we let

Hk =
{

(x1, . . . , xk) ∈ R
k
∣

∣x1 ≥ · · · ≥ xk, x1 + · · ·+ xk = 0
}

,

then the probability density function of (Λi)1≤i≤k with respect to the (k − 1)-dimensional Hausdorff

measure on Hk is

g(x1, · · · , xk) =
1

Zk
e−

1

2

∑k
j=1

x2

j

∏

1≤i<j≤k

(xi − xj),

where Zk is a normalizing constant. For each 2 ≤ i ≤ k, the function hi = g/(xi−1 − xi) is integrable

on hk and satisfies g < ǫhi on the subset {xi−1 − xi < ǫ}. By the integrability of h over hk , there exists

M > 0 such that, along with the union bound

P

(

min
2≤i≤k

{Λi−1 − Λi} < ǫ

)

≤
∑

i

∫

hk

ǫhi ≤ ǫkM.

For any ǫ > 0 and large enough n, d
√

k
n < ǫ finishing the proof.

Proof of Theorem 1:

If π ∈ Iv(τk) then λj(π) = 0 for j > k and the number of odd columns (hence the number of fixed

points [21]) is given by

fp(π) =
k
∑

j=1

(−1)j+1λj(π) =
k
∑

j=1

j odd

λj(π) −
k
∑

j=1

j even

λj(π).

Consequently by Proposition 7, if k + 1 is odd, so k is even, we have

√

k

n
fp(Πn) =

√

k

n



fp(Πn)−
k
∑

j=1

(−1)j n
k



 =

k
∑

j=1

(−1)j+1

√

k

n

(

λj(Πn)−
n

k

)

→d

k
∑

j=1

(−1)j+1Λj ,
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while if k + 1 is even, so k is odd, then

√

k

n

(

fp(Πn)−
n

k

)

=

√

k

n



fp(Πn)−
k
∑

j=1

(−1)j n
k



 =

k
∑

j=1

(−1)j+1

√

k

n

(

λj(Πn)−
n

k

)

→d

k
∑

j=1

(−1)j+1Λj .

Before we begin the proof of Theorem 2, we define a Markov chain whose stationary distribution will

precisely describe the limiting distribution of the number of fixed points.

Consider the Markov chain C with state space S = {0, 1, . . . , k}, and transition matrix P with proba-

bilities

Pi,j =











i
k j = i− 1

1− i
k j = i+ 1

0 otherwise.

This is a discrete version of the Ehrenfest urn model [7], which can be interpreted as having k balls divided

between two urns, and at each step choosing a ball uniformly, and moving it to the other urn. The number

of rows of odd length in a Young diagram with at most k rows will have the same state space as this

Markov chain. Adding a box to a row will change its parity and therefore is equivalent to moving a ball

from one urn to the other. The difficulty with Young diagrams is that they do not grow by choosing a row

uniformly at random and adding a box to it, since the rows must be decreasing in order. Dealing with this

complication is the main difficulty in the proof of Theorem 2.

Known results about the Ehrenfest model give us the following lemma.

Lemma 8. The chain C is periodic of period 2. If the initial position of the chain is deterministic then as

d→∞, Cd approaches alternation between vectors p and q ∈ S, where

pi =

{

(ki)
2k−1 i is even

0 otherwise,

and

qi =

{

(ki)
2k−1 i is odd

0 otherwise.

Proof of Lemma 8: First, C is irreducible since every state can reach every other state, and therefore

positive recurrent (since the state space is finite). The periodicity of C is clearly 2, since at each transition

the parity of our state changes. Claim: the invariant probability density function of C is given by

f(i) =

(

k

i

)(

1

2

)k

, i ∈ S .
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This is true since applying one transition to f yields

fP (i) = f(i− 1)pi−1,i + f(i+ 1)pi+1,i

=

(

k

i− 1

)(

1

2

)k (

1− i− 1

k

)

+

(

k

i+ 1

)(

1

2

)k
i+ 1

k

=

(

1

2

)k [(
k − 1

i− 1

)

+

(

k − 1

i

)]

=

(

1

2

)k (
k

i

)

= f(i) .

Applying the periodicity of C to this invariant density function completes the proof.

Proof of Theorem 2:

For π ∈ Ivn(ρk) the number of fixed points of π is at most k and the parity of the number of fixed

points must match the parity of n. The number of fixed points will be given by the number of rows of odd

length in the conjugate of T (π).

For λ ∈ Dn,k let fλ denote the size of Tn,k(λ). For m ≤ n and γ ∈ Dm,k let sγ denote the size of

Sn,k(γ). The decomposition of T ∈ Tn,k into a direct sum implies

|Tn,k(γ)| = fγsγ .

For distinct γ, µ ∈ Dm,k the sets Tn,k(γ) and Tn,k(µ) are disjoint, so

|Tn,k| =
∑

γ∈Dm,k

fγsγ .

We wish to consider a random standard Young tableau chosen uniformly from Tn,k. We construct the

following probability measure w1 on Dm,k where

w1(γ) :=
fγsγ

∑

µ∈Dm,k
fµsµ

.

Conditioned on γ, choosing Tm ∈ Tm,k(γ) uniformly with probability f−1
γ and Tmրn ∈ Sn,k(γ)

with probability s−1
γ gives a uniform random standard Young tableau T = Tm ⊕ Tmրn in Tn,k(γ). By

choosing γ with probability w1(γ) this process gives a uniformly random element of Tn,k.

Fix d > 0 and let m = n − d. Let δ(γ) = min2≤i≤k(γi−1 − γi) denote the minimum difference in

the lengths of consecutive rows. If δ(γ) > d then every skew standard Young tableaux in Sn,k(γ) will

consist of up to k non-overlapping horizontal strips. For every such γ, we have sγ = kd. For γ such that

δ(γ) < d we have sγ < kd.
We define another measure on Dn,k,

w2(γ) :=
kdfγ

∑

γ k
dfγ

=
fγ

∑

γ fγ
.
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The measure w2 is equivalent to choosing Tm uniformly from Tm,k and letting γ = λ(Tm). Then

w1(δ(γ) < d) ≤ w2(δ(γ) < d).

By Proposition 7, as m increases, Pw2
(δ(γ)) < d)→ 0, and therefore Pw1

(δ(γ) < d)→ 0.

Let Y denote the number of odd rows of γ chosen with probability w1(γ). Both m and Y have the

same parity. With probability tending to 1 as m increases, δ(γ) > d. Conditioned on δ(γ) > d, we may

construct Tmրn ∈ Sn,k(γ) by choosing uniformly from each of the k rows and a adding box to that row,

repeating this process d times. The conditional distribution of the number of odd rows of T = Tm⊕Tmրn

on is given exactly by the Markov chain in Lemma 8. If m and d have the same parity (hence n = m+ d
is even), then Cd(Y )→d Xeven. Otherwise Cd(Y )→d Xodd.

3 Bivariate Generating Functions

Bivariate generating functions are valuable tools in understanding limiting statistics of combinatorial

classes. For a fixed τ ∈ S3 we define the following bivariate generating function with respect to fixed

points fp:

FIv(τ)(x, t) =
∑

σ∈Iv(τ)

xfp(σ)t|σ|. (3)

There are three distinct generating functions. One for τ ∈ {231, 312}, one for τ ∈ {321, 132, 213}, and

another for τ = 123. For our purposes we will only use FIv(231)(x, t), though we include the others for

completeness.

Proposition 9. For Iv(231) = Iv(312) we have

FIvn(231)(x, t) =
∑

σ∈Iv(231)

xfp(σ)t|σ| =
1− t2

1− 2t2 − xt
.

Proof:

If a permutation π avoids the pattern τ then π−1 avoids the pattern τ−1. Therefore involutions that

avoid the pattern 231 must also avoid 312. This allows for a bijection between Iv(231) and the set of

compositions of integers into positive parts [22, Proposition 6]. For example

3 2 1 5 4 8 7 6←→ (3, 2, 3). (4)

If (a1, · · · , ak) is a composition, b1 = 0, and bi =
∑i−1

j=1 iaj , then the corresponding permutation, π,

under the bijection is defined point-wise for bi < t ≤ bi+1 by

π(t) := bi + ai − (t− bi) + 1.

A fixed point occurs if and only if t = (ai + 1)/2 + bi which can only occur if ai is odd and can only

occur once for each odd ai. Hence, there is one fixed point for every part of odd size. In Example 4 both

2 and 7 are fixed points and occur in the middle of an odd decreasing sequence.

Let A(n, k) denote the set of compositions of n into exactly k positive parts and Aodd(n, k) be the set

of compositions of n into exactly k positive odd parts. For each ρ ∈ A(n, k) with exactly k − j odd parts
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there is a unique ν ∈ Aodd(n−j, k) obtained by reducing each even part by one. For each ν ∈ Aodd(n, k)
and each 0 ≤ j ≤ k there are precisely

(

k
j

)

permutations in A(n+ j, k) with exactly k − j odd parts that

reduce to ν.
We then have the following:

∑

σ∈Iv(231)

xfp(σ)t|σ| =
∑

n,k

∑

ρ∈A(n,k)

tnx#{ odd parts of ρ }

=
∑

n,k,j

∑

ν∈Aodd(n,k)

(

k

j

)

tn+jxk−j

=
∑

j,k

∑

s1,··· ,sk

(

k

j

)

(t2)s1+···+sk tk+jxk−j

=
1− t2

1− 2t2 − xt

Proof of Theorem 3:

We now set up the notation to apply Theorem 14, which [10, Theorem IX.9]. Let B(x, t) = 1− t2 and

C(x, t) = 1 − 2t2 − xt, so that FIv(231)(x, t) = B(x, t)/C(x, t), with B and C being analytic. Since

C(1, t) = 1− 2t2 − t = −2(t+ 1)(t− 1/2) we see that that FIv(231)(1, t) is meromorphic on the ball of

radius r = 3/4 with only a simple pole at ρ = 1/2 < 3/4. Moreover, B(1, ρ) 6= 0. Additionally,

Ct(1, ρ)Cx(1, ρ) = (−4ρ− 1)(−ρ) = 3/2 6= 0,

and if we let ρ(x) = (−x +
√
x2 + 8)/4 then ρ(1) = ρ and C(x, ρ(x)) = 0 and ρ is analytic at 1. Let

f(x) = ρ(1)/ρ(x) = 1/(2ρ(x)). Note that

v

(

ρ(1)

ρ(x)

)

= v (f(x)) :=
f ′′(1)

f(1)
+

f ′(1)

f(1)
−
(

f ′(1)

f(1)

)2

=
2

27
+

1

3
− 1

9
= 8/27,

where we have used that f(1) = 1, f ′(1) = 1/3, and f ′′(1) = 2/27. Similarly, we see that

m

(

ρ(1)

ρ(x)

)

= m(f(x)) :=
f ′(1)

f(1)
=

1

3
.

If we let Xn be the number of fixed points of a uniformly random 231-avoiding involution of [n], then

P(Xn = k) = [xktn]FIv(231)(x, t)/[t
n]FIv(231)(1, t), and it follows from Theorem IX.9 of [10] that

E(Xn) = (n/3) + O(1), V ar(Xn) = (8n/27) +O(1), and that

P

(

Xn − E(Xn)
√

V ar(Xn)
≤ x

)

= P(Z ≤ x) +O(1/
√
n),

where Z is a standard normal random variable. It follows immediately that

Xn − 1
3n

√

8n/27
→d Z.
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Proposition 10. Fix τ ∈ {321, 132, 213}.For Iv(τ) we have

FIv(τ)(x, t) =
2

1− 2xt+
√
1− 4t2

.

Proof:

We first considerFIv(321)(x, t). Permutations in Ivn(321) are in bijection with symmetric Dyck paths of

length 2n and under this bijection the centered tunnels correspond to fixed points [9]. Let D(n, k) denote

the set of symmetric Dyck paths of length 2n with exactly k centered tunnels. Any path in D(n, k) is

uniquely determined by its first n steps. Let u and d denote the number of up and down steps respectively

in the first half of Dyck path. For paths in D(n, k) we have u+ d = n and u− d = k. By standard ballot

counting arguments we have

|D(2d+ k, k)| =
(

2d+ k

d

)

−
(

2d+ k

d− 1

)

so that
∑

π∈Iv(321)

tnxfp(x) =
∑

d,k≥0

((

2d+ k

d

)

−
(

2d+ k

d− 1

))

t2d+kxk. (5)

Using the identity
∑

m≥0

(

2n+m
n

)

sn = 1√
1−4s

(

1−
√
1−4s
2s

)m

we have

∑

d≥0

(

2d+ k

d

)

t2d+kxk =
(xt)k√
1− 4t2

(

(1 −
√
1− 4t2)

2t2

)k

(6)

and

∑

d≥0

(

2(d− 1) + k + 2

d− 1

)

t2(d−1)+k+2xk =
(xt)kt2√
1− 4t2

(

(1−
√
1− 4t2)

2t2

)k+2

(7)

Combining (6) and (7) with the appropriate factors and summing over k ≥ 0 gives

∑

d,k≥0

((

2d+ k

d

)

−
(

2d+ k

d− 1

))

t2d+kxk =
1− t2

(

1−
√
1−4t2

2t2

)2

√
1− 4t2





∑

k≥0

(xt)k

(

1−
√
1− 4t2

2t2

)k




which allows us to simplify (5) to

∑

π∈Iv(321)

tnxfp(x) =
2

1− 2xt+
√
1− 4t2

with some straightforward manipulations.

Rotation by 180 degrees sends Ivn(132) to Ivn(213) and preserves the number of fixed points. From

[9, Theorem 8], or [6, Theorem 2.3] there is bijection from Avn(321) to Avn(132) which preserves the
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number of fixed points and also commutes with taking inverses, so induces a bijection between Ivn(321)
and Ivn(132). Therefore

FIv(321)(x, t) = FIv(132)(x, t) = FIv(213)(x, t).

Corollary 11. Fix τ ∈ {321, 132, 213}. If Πn is a uniformly random element of Ivn(τ), then

√

1

n
fp(Πn)→d X,

where X follows a Rayleigh(1) distribution.

Proof: This follows from Theorem 1 and [9, Theorem 8] or [6, Theorem 2.3].

For completeness we also give the bivariate generating function for Iv(123) with respect to fixed points.

Proposition 12. For Iv(123) we have

FIv(123)(x, t) =
∑

ρ∈Iv123

xfp(ρ)t|ρ| = 1+ (tx+ t2(1 + x2))

(

1−
√
1− 4t2

2t2
√
1− 4t2

)

.

Proof: By the RSK correspondence, permutations in Ivn(123) are in one-to-one correspondence with

standard Young tableaux of size n with at most two columns. The number of fixed points in such a

permutation is equal to the number of columns of odd length in the standard Young tableaux. If n is odd,

there is exactly one odd column in the Young tableaux. If n is even (so n = 2k), there are either zero

or two columns. Every tableaux of size 2k can be created by placing the element 2k in either the first or

second column of a tableaux of size 2k − 1. Conversely, each tableaux of size 2k − 1 yields exactly two

tableaux of size 2k, one where both columns have even length and one where both have odd length.

By [22, Proposition 3], for any n we have

|Ivn(123)| =
(

n

⌊n2 ⌋

)

.

Since
1√

1− 4t2
=
∑

n=0

(

2n

n

)

t2n ,

we have
1

2t2
√
1− 4t2

=
∑

n=0

(

2n+ 1

n

)

t2n +
1

2t2
,

and
1−
√
1− 4t2

2t2
√
1− 4t2

=
∑

n=0

(

2n+ 1

n

)

t2n .

Multiplying this term by the factor (xt+(1+x2)t2), and adding 1, gives the desired generating function.
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Appendix

In this appendix we restate various results from Flajolet and Sedgewick so they are more readily available

for the reader.

Theorem 13 (Theorem IX.1 [10]). Let Ω be an arbitrary set contained in the unit disc and having at

least one accumulation point in the interior of the disc. Assume that the probability generating function

pn(u) =
∑

k≥0 pn,ku
k and q(u) =

∑

k≥0 qku
k are such that there is convergence,

lim
n→∞

pn(u) = q(u),

pointwise for each u in Ω. Then a discrete limit law holds in the sense that, for each k,

lim
n→∞

pn,k = qk and lim
n→∞

∑

j≤k

pn,j =
∑

j≤k

qj .

The following is essentially [10, Theorem IX.9], rephrased to be more easily applied in the present

context and including some of the intermediate results from the proof. If f is twice differentiable near 1
we define

m(f) =
f ′(1)

f(1)
and v(f) =

f ′′(1)

f(1)
+

f ′(1)

f(1)
−
(

f ′(1)

f(1)

)2

.

Theorem 14 (Theorem IX.9 [10]). Let F (u, z) be a function that is bivariate analytic at (u, z) = (0, 0)
and has non-negative coefficients. Assume that F (1, z) is meromorphic in z ≤ r with only a simple pole

at z = ρ for some positive ρ < r. Assume also the following conditions.

(a) Meromorphic perturbation: there exists some ǫ > 0 and r > ρ such that in the domain D =
{|u− 1| < ǫ} × {|z| ≤ r} the function F (u, z) admits the representation

F (u, z) =
B(u, z)

C(u, z)
,

where B(u, z) and C(u, z) are analytic for (u, z) ∈ D, with B(1, ρ) 6= 0. (Thus ρ is a simple zero

of C(1, z).)

(b) Non-degeneracy: one has ∂zC(1, ρ) · ∂u(1, ρ) 6= 0, ensuring the existence of a non-constant ρ(u)
analytic at u = 1, such that C(u, ρ(u)) = 0 and ρ(1) = ρ.

(c) Variability: one has

v

(

ρ(1)

ρ(u)

)

6= 0.

Let Xn be a random variable with probability generating function

pn(u) =
[zn]F (u, z)

[zn]F (1, z)
,

and let Z be a standard normal random variable. Then, for all x ∈ R,

P

(

Xn − E(Xn)
√

V ar(Xn)
≤ x

)

= P(Z ≤ x) +O

(

1√
n

)

.
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Furthermore,

E(Xn) = m

(

ρ(1)

ρ(u)

)

n+O(1) and V ar(Xn) = v

(

ρ(1)

ρ(u)

)

n+O(1).

For the next result, we need the following definition.

Definition 15 (Definition VI.I [10]). Given two number φ and R with R > 1 and 0 < φ < π/2, the open

domain ∆(φ,R) is defined as

∆(φ,R) = {z | |z| < R, z 6= 1, | arg(z − 1)| > φ}.

For a complex number ζ a domain D is a ∆-domain at ζ if there exist φ and R such that D = ζ∆(φ,R).
A function is ∆-analytic if it is analytic on a ∆-domain.

Corollary 16 (Corollary VI.1 [10]). Assume that f(z) is ∆-analytic and

f(z) ∼ (1 − z)−α, as z → 1, z ∈ ∆,

with α /∈ {0,−1,−2, . . .}. Then the coefficients of f satisfy

[zn]f(z) ∼ nα−1

Γ(α)
.
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Two mesh patterns are coincident if they are avoided by the same set of permutations, and are Wilf-equivalent if
they have the same number of avoiders of each length. We provide sufficient conditions for coincidence of mesh
patterns, when only permutations also avoiding a longer classical pattern are considered. Using these conditions
we completely classify coincidences between families containing a mesh pattern of length 2 and a classical pattern
of length 3. Furthermore, we completely Wilf-classify mesh patterns of length 2 inside the class of 231-avoiding
permutations.

Keywords: permutation, pattern, mesh pattern, pattern coincidence

1 Introduction

The study of permutation patterns began as a result of Knuth’s statements on stack sorting in The Art of

Computer Programming [10, p. 243, Ex. 5,6]. The original concept—a subsequence of symbols having a
particular relative order, now known as classical patterns—has been expanded to a variety of definitions.
Babson and Steingrímsson [1] considered vincular patterns (also known as generalised or dashed patterns)
where two adjacent entries in the pattern can be required to be adjacent in the permutation. Bousquet-
Mélou, Claesson, Dukes, et al. [3] look at classes of patterns where entries can also be required to be
consecutive in value, these are called bivincular patterns. Bruhat-restricted patterns were studied by Woo
and Yong [11] to establish necessary conditions for a Schubert variety to be Gorenstein. These definitions
are subsumed under the definition of mesh patterns, introduced by Brändén and Claesson [4] to capture
explicit expansions for certain permutation statistics.

When considering permutation patterns some of the main questions posed relate to how and when a
pattern is avoided by, or contained in, an arbitrary set of permutations. Two patterns π and σ are Wilf-

equivalent if the number of permutations that avoid π of length n is equal to the number of permutations
that avoid σ of length n. A stronger equivalence condition is that of coincidence, where the set of per-
mutations avoiding π is exactly equal to the set of permutations avoiding σ. Avoiding pairs of patterns of
the same length with certain properties has been studied, Claesson and Mansour [6] considered avoiding
a pair of vincular patterns of length 3. Bean, Claesson, and Ulfarsson [2] study avoiding a vincular and
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a covincular pattern simultaneously in order to achieve several counting results. However, little work has
been done on avoiding a mesh pattern and a classical pattern simultaneously.

In this work we aim to establish some ground in this field by computing coincidences and Wilf-classes
and calculating some of the enumerations of avoiders of a mesh pattern of length 2 and a classical pattern
of length 3. We begin by establishing coincidences between mesh patterns of length 2 while avoiding a
dominating pattern by computational methods, which are then used to establish three “Dominating Pattern
Rules” as well as some special cases that can be used to calculate coincidences.

We then use these coincidence classes to calculate Wilf-equivalence classes showing some of the meth-
ods used.

2 Mesh patterns

A permutation is a bijection from the set JnK “ t1, . . . , nu to itself. The set of all such bijections is
denoted Sn and has n! elements. We can denote an individual permutation π P Sn in one-line notation

by writing the entries of the permutation in order, therefore π “ πp1qπp2q ¨ ¨ ¨ πpnq. The set S0 has
exactly one element, the empty permutation ε.

Definition 2.1. Two strings of integers α1α2 ¨ ¨ ¨αn and β1β2 ¨ ¨ ¨βn are said to be order isomorphic if
they share the same relative order, i.e., αr ă αs if and only if βr ă βs.

The definition of order isomorphism allows us to give the meaning of containment for classical permu-
tation patterns.

Definition 2.2. A permutation π P Sn contains the permutation σ P Sk (denoted σ ĺ π) if there is some
sequence i1, i2, . . . , ik such that 1 ď i1 ă i2 ă ¨ ¨ ¨ ă ik ď n and the sequence πpi1qπpi2q ¨ ¨ ¨πpikq
is order isomorphic to σp1qσp2q ¨ ¨ ¨σpkq. If this is the case the sequence πpi1qπpi2q ¨ ¨ ¨πpikq is called
an occurrence of σ in π. If π does not contain σ, we say that π avoids σ. In this context σ is called a
(classical) permutation pattern.

Example 2.3. The permutation π “ 24153 contains the pattern σ “ 231, since the second, fourth and
fifth elements (453) are order isomorphic to 231. The permutation also contains the occurrence 241 of the
same pattern. The permutation 24153 avoids the pattern 321.

We denote the set of permutations of length n avoiding a pattern σ as Avnpσq and let Avpσq “
Ť8

i“0
Avipσq.

We can display a permutation graphically in a plot, where we display the points Gpπq “ tpi, πpiqq |
i P JnK u in a Cartesian coordinate system. The plots of the permutations π “ 24153 and σ “ 231 can be
seen in Figure 1. Figure 2 shows the containment of σ in π as in Example 2.3.

The boxes in the plot of a permutation are denoted by vi, jw, where the point pi, jq is the lower left
corner of the box.

Definition 2.4. A mesh pattern is a pair

p “ pτ, Rq with τ P Sk and R Ď r0, ks ˆ r0, ks.

Formally defined by Brändén and Claesson [4], an occurrence of p in π is a subset ω of the plot
of π,Gpπq “ tpi, πpiq | i P JnK u such that there are order-preserving injections α, β : JkK ÞÑ JnK
satisfying the following two conditions.

Firstly, ω is an occurrence of τ in the classical sense
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Gpπq “ Gpσq “

Fig. 1: The plots of the permutations π and σ.

Fig. 2: The occurrence of 231 in 24153 corresponding to 453.

i. ω “ tpαpiq, βpjqq : pi, jq P Gpτqu.

Define Rij “ rαpiq ` 1, αpi` 1q ´ 1s ˆ rβpjq ` 1, βpj` 1q ´ 1s for i, j P r0, ks where αp0q “ βp0q “ 0

and αpk ` 1q “ βpk ` 1q “ n ` 1. Then the second condition is

ii. if vi, jw P R then Rij X Gpπq “ H.

We call Rij the region corresponding to vi, jw.

Example 2.5. The pattern p “ p213, tv0, 1w, v0, 2w, v1, 0w, v1, 1w, v2, 1w, v2, 2wuq “ is contained in

π “ 34215. Let us consider the plot for the permutation π. The subsequence 325 is an occurrence of 213
in the classical sense and the remaining points of π are not contained in the regions corresponding to the
shaded boxes in p.

The subsequence 325 is therefore an occurrence of the pattern p in π.

We denote the avoidance sets for mesh patterns in the same way as for classical patterns. Given a mesh
pattern p “ pσ,Rq we say that σ is the underlying classical pattern of p.

We define containment of a mesh pattern p in another mesh pattern q as above, with the additional
condition that if vi, jw P R then Rij is contained in the mesh set of q. More formally:

Definition 2.6. A mesh pattern q “ pκ, T q contains a mesh pattern p “ pτ, Rq as a subpattern if κ

contains p and
´

Ť

vi,jwPR Rij

¯

Ď T .
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Example 2.7. The pattern p “ p213, tv0, 1w, v0, 2w, v1, 0w, v2, 2wuq “ is contained in the pattern

q “ as a subpattern. The highlighted points form an occurrence of p in q

The permutation 42315 also contains p in the usual sense.

3 Coincidences between Mesh Patterns under a Dominating Pat-

tern

Coincidences among small mesh patterns have been considered by Claesson, Tenner, and Ulfarsson [7],
in which the authors use the Simultaneous Shading Lemma, a closure result and one special case to fully
classify coincidences among mesh patterns of length 2.

Recall that two patterns λ and γ are considered coincident if the set of permutations that avoid λ is the
same as the set of permutations that avoid γ, i.e., Avpλq “ Avpγq. This is equivalent to λ and γ being
contained in the same set of permutations, i.e., Contpλq “ Contpγq.

We will consider the avoidance sets Avpπ, pq where π is a fixed classical pattern of length 3 and p is a
mesh pattern of length 2 that varies. The classical pattern π will be called the dominating pattern. Given
such a dominating pattern π we will write p1 –π p2 if for the mesh patterns, p1 and p2, the sets Avpπ, p1q
and Avpπ, p2q are equal. If this is the case we say the two mesh patterns are coincident under π.

Our first step is to calculate whether Avpπ, p1q and Avpπ, p2q are equal up to permutations of length
11 computationally, if they are we write p1 –comp

π p2. The equivalence relation –π is a refinement of
the equivalence relation –comp

π , and therefore the –π-equivalence classes form partitions of the –comp
π -

equivalence classes.
We then prove three propositions called “Dominating Pattern Rules”, if the First Dominating Pattern

Rule shows that p1 –π p2 then we write p1 –(1)
π p2. If a combination of the First and Second Dominating

Pattern Rules show that p1 –π p2 then we write p1 –(2)
π p2; similarly we write p1 –(3)

π p2 if a combination
of all three rules shows coincidence. These three equivalence relations are successive refinements of –π.
For future reference we record the following:

Note 3.1. If we find that –(i)
π , for i “ 1, 2, or 3, equals –comp

π then the equivalence relations –(i)
π , –π, and

–comp
π are all equal.

In order to describe the rules it is useful to have a notion for inserting points, ascents, and descents into
a mesh pattern.

Definition 3.2. Let p “ pτ, Rq be a mesh pattern of length n such that vi, jw R R. We define a mesh
pattern pvi,jw “ pτ 1, R1q of length n` 1 as the pattern where a point is inserted into the box vi, jw in Gppq.
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p “ pv2,1w “ pv2,1wÒ “

Fig. 3: The result of inserting a point into p “ p12, tv0, 1w, v2, 2wuq

Formally the new underlying classical pattern is defined by

τ 1pkq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

j ` 1 if k “ i ` 1

τpkq if τpkq ď j and k ď i

τpkq ` 1 if τpkq ą j and k ď i

τpk ´ 1q if τpkq ď j and k ą i ` 1

τpk ´ 1q ` 1 if τpkq ą j and k ą i ` 1

While the mesh becomes

R1 “tvk, ℓw | k ď i, ℓ ď j, vk, ℓw P RuY

tvk, ℓw | k ď i, ℓ ą j, vk, ℓ ´ 1w P RuY

tvk, ℓw | k ą i, ℓ ď j, vk ´ 1, ℓw P RuY

tvk, ℓw | k ą i, ℓ ą j, vk ´ 1, ℓ ´ 1w P Ru

In addition, we give the following definitions:

Definition 3.3. Let p “ pτ, Rq be a mesh pattern of length n such that vi, jw R R and pvi,jw “ pτ 1, R1q is
as defined in Definition 3.2. We define the following four modifications of pvi,jw.

pvi,jwÒ “ pτ 1, R1 Y tvi, j ` 1w, vi ` 1, j ` 1wuq

p
ÝÝÝÑ
vi, jw “ pτ 1, R1 Y tvi ` 1, jw, vi ` 1, j ` 1wuq

pvi,jwÓ “ pτ 1, R1 Y tvi, jw, vi ` 1, jwuq

p
ÐÝÝÝ
vi, jw “ pτ 1, R1 Y tvi, jw, vi, j ` 1wuq

Informally, these are considering the topmost, rightmost, leftmost, or bottommost point in vi, jw. We
collect the resulting mesh patterns in a set

pvi,jw‹ “
!

pvi,jw, p
ÝÝÝÑ
vi, jw , p

ÐÝÝÝ
vi, jw, pvi,jwÒ, pvi,jwÓ

)

See Figure 3 for an example of adding a point into a mesh pattern.

Definition 3.4. Let p “ pτ, Rq be a mesh pattern of length n such that vi, jw R R. We define a mesh
pattern pvi,jw

a “ pτ 1, R1q (respectively, pvi,jw
d ) of length n`2 as the pattern where an ascent (respectively

descent) is inserted into the box vi, jw in Gppq. Formally the new underlying classical pattern is defined
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p “ pv1,1w
a “

Fig. 4: The result of inserting an ascent into p “ p231, tv0, 0w, v1, 0w, v1, 3w, v3, 0w, v3, 1w, v3, 3wuq

by

τ 1pkq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

j ` t if k “ i ` t, t P t1, 2u

τpkq if τpkq ď j and k ď i

τpkq ` 2 if τpkq ą j and k ď i

τpk ´ 2q if τpkq ď j and k ą i ` 2

τpk ´ 2q ` 2 if τpkq ą j and k ą i ` 2

The ordering of the top branch determines whether an ascent(or descent) is added.
The mesh becomes

R1 “tvk, ℓw | k ď i, ℓ ď j, vk, ℓw P RuY

tvk, ℓw | k ď i, ℓ ą j, vk, ℓ ´ 2w P RuY

tvk, ℓw | k ą i, ℓ ď j, vk ´ 2, ℓw P RuY

tvk, ℓw | k ą i, ℓ ą j, vk ´ 2, ℓ ´ 2w P RuY

tvi ` 1, jw, vi ` 1, j ` 1w, vi ` 1, j ` 2wu

meaning that the ascent (or descent) is not allowed to be split in the box.

An example of adding an ascent to a mesh pattern can be seen in Figure 4.
We now attempt to fully classify coincidences in families characterised by avoidance of a classical

pattern of length 3 and a mesh pattern of length 2, that is finding and explaining all coincidences between
mesh patterns m and m1, m –π m1, where π is a classical pattern of length 3.

It can be easily seen that in order to classify coincidences one need only consider coincidences within
the family of mesh patterns with the same underlying classical pattern, this is due to the fact that 21 P
Avpp12, Rqq and 12 P Avptp21, Rquq for all mesh-sets R.

We know that there are a total of 512 mesh-sets for each underlying classical pattern. By use of the
previous results of Claesson, Tenner, and Ulfarsson [7] the number of coincidence classes can be reduced
to 220.

3.1 Coincidence classes of Av({321, (21, R)})

Through experimentation, considering avoidance of permutations up to length 11, we discover that there
are 29 –comp

321
-equivalence classes where the underlying classical pattern of the mesh pattern is 21.

Proposition 3.5 (First Dominating Pattern Rule). Given two mesh patterns m1 “ pσ,R1q and m2 “
pσ,R2q, and a dominating classical pattern π “ pπ,Hq such that |π| ď |σ| ` 1, then m1 –π m2 if

1. The mesh set R2 “ R1 Y tva, bwu
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2. π ĺ σva,bw

This rule can be understood in graphical form. In the pattern in Figure 5 we can gain shading in the
boxes v0, 2w, v2, 0w since if there is a point in either of these boxes there would be an occurrence of the
dominating pattern 321.

ÞÑ

Fig. 5: Visual depiction of first dominating pattern rule.

In order to prove the proposition we must first make the following note.

Note 3.6. Let R1 Ď R2. Then any occurrence of pτ, R2q in a permutation is an occurrence of pτ, R1q.

Proof Proof of Proposition 3.5: Since R1 is a subset of R2, Note 3.6 implies that Avptπ,m1uq Ď
Avptπ,m2uq.

Now we consider a permutation ω P Avpπq, containing an occurrence of m1. If there is a point in the
region corresponding to the box va, bw, then that point, along with the points of the occurrence of m1, form
an occurrence of σva,bw. Then condition (2) of the proposition implies an occurrence of π. Therefore there
can be no points in this region, which implies the occurrence of m1 is an occurrence of m2. Hence every
occurrence of m1 is in fact an occurrence of m2, and we have that Avptπ,m2uq Ď Avptπ,m1uq.

Taking both directions of the containment we can therefore draw the conclusion that m1 –π m2.

After implementing the First Dominating Pattern Rule we find that there are 29 –(1)
321

-equivalence
classes, of mesh patterns where the underlying classical pattern is 21. By Note 3.1 there are therefore
exactly 29 –

321
-equivalence classes.

3.2 Coincidence classes of Av({231, (21, R)}).

By application of First Dominating Pattern Rule we obtain 43 –(1)
231

-equivalence classes between mesh
patterns with 21 as an underlying classical pattern. Experimentation shows that there are 39 –comp

231
-

equivalence classes between mesh patterns with 21 as an underlying classical pattern, for example the
following two patterns are in the same –

comp
231

-equivalence class, but this is not explained by the First
Dominating Pattern Rule.

m1 “ and m2 “

Consider an occurrence of m1 in a permutation in Avp231q, consisting of elements x and y. If the
region corresponding to the box v1, 1w is empty we have an occurrence of m2. Otherwise, if there is any
ascent in this box then we would have an occurrence of 231, however, since the permutation is in Avp231q
this is not possible. This box must therefore contain a (non-empty) decreasing subsequence. This gives
rise to the following lemma:

Lemma 3.7. Let m “ pσ,Rq be a mesh pattern, where va, bw R R, and π “ pπ,Hq be a dominating
classical pattern. If π ĺ mva,bw

a
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(π ĺ mva,bw
d ), then in any occurrence of m in a permutation ̺, the region corresponding to the box va, bw

can only contain an decreasing (increasing) subsequence of ̺.

The proof is analogous to the proof of Proposition 3.5.
Going back to our example mesh patterns

we know that the region corresponding to the box v1, 1w contains a decreasing subsequence. If we let z
be the topmost point in this decreasing subsequence, then xz is an occurrence of m2. This shows that our
two example patterns are coincident. This example generalises into the following rule.

Proposition 3.8 (Second Dominating Pattern Rule). Given two mesh patterns m1 “ pσ,R1q and m2 “
pσ,R2q, and a dominating classical pattern π “ pπ,Hq such that |π| ď |σ| ` 2, then m1 –π m2 if

1. The mesh set R2 “ R1 Y tva, bwu

2. Any one of the following four conditions hold

(a) π ĺ σva,bw
a and

i. pa ` 1, bq P σ and va ` 1, b ´ 1w R R1 and
vx, b ´ 1w P R1 ùñ vx, bw P R1 (where x ‰ a, a ` 1) and
va ` 1, yw P R1 ùñ va, yw P R1 (where y ‰ b ´ 1, b).

ii. pa, b ` 1q P σ and va ´ 1, b ` 1w R R1 and
vx, b ` 1w P R1 ùñ vx, bw P R1 (where x ‰ a ´ 1, a) and
va ´ 1, yw P R1 ùñ va, yw P R1 (where y ‰ b, b ` 1).

(b) π ĺ σva,bw
d and

i. pa ` 1, b ` 1q P σ and va ` 1, b ` 1w R R1 and
vx, b ` 1w P R1 ùñ vx, bw P R1 (where x ‰ a, a ` 1) and
va ` 1, yw P R1 ùñ va, yw P R1 (where y ‰ b, b ` 1).

ii. pa, bq P σ and va ´ 1, b ´ 1w R R1 and
vx, b ´ 1w P R1 ùñ vx, bw P R1 (where x ‰ a ´ 1, a) and
va ´ 1, yw P R1 ùñ va, yw P R1 (where y ‰ b ´ 1, b).

Proof: By Note 3.6 we only need to show that an occurrence of m1 implies an occurrence of m2. We
consider taking the first branch of every choice in condition (2). Consider a permutation ω P Avpπq.
Suppose ω contains m1 and consider the region corresponding to va, bw in R1. If the region is empty, the
occurrence of m1 is trivially an occurrence of m2.

If the region is non-empty, then by Lemma 3.7 and condition (2a) of the proposition it must contain
a decreasing subsequence. We can choose the topmost point in the region to replace the corresponding
point in the mesh pattern and the points from the subsequence are now in the box southeast of the point.

The conditions on the mesh ensure that no elements of the permutation that were inside a region cor-
responding to an unshaded box in the occurrence of m1 would be in a region corresponding to a shaded
box in an occurrence of m2.
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–

Fig. 6: A depiction of the second dominating pattern rule using our example patterns.

Hence there are no points in the region corresponding to the box va, bw in the mesh pattern, and therefore
we can shade this region. This implies that every occurrence of m1 in Avpπq can be modified into an
occurrence of m2 so Avptπ,m2uq Ď Avptπ,m1uq.

Similar arguments cover the remainder of the branches.

This proposition essentially states that we slide all of the points in the box we desire to shade diagonally,
and chose the topmost/bottommost point to replace the original point in the mesh pattern. Figure 6 show
how the cases apply to a general container of m1 to transform it into a container of m2, the circled points
are the same points in the permutation.

After implementing the Second Dominating Pattern Rule we find that there are 39 –(2)
231

-equivalence
classes, of mesh patterns where the underlying classical pattern is 21. By Note 3.1 there are therefore
exactly 39 –231-equivalence classes.

3.3 Coincidence classes of Av({231, (12, R)}).

When considering the coincidence classes of Avpt231, p12, Rquq we first apply the two Dominating Pat-
tern rules previously established. Starting from 220 classes, we result in 85 –(1)

231
-equivalence classes

reducing to 59 –(2)
231

-equivalence classes, considering mesh patterns with 12 as the underlying classical
patterns. However there are 56 –

comp
231

-equivalence classes.

For example the patterns

m1 “ and m2 “

are –comp
231

-equivalent.

Consider an occurrence of m1 in a permutation, if the region corresponding to the box v1, 0w is empty
then we have an occurrence of m2. Now look at the case when this region is not empty, and consider
choosing the rightmost point in the region. This gives us an occurrence of the following mesh pattern.
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By application of First Dominating Pattern Rule we obtain the following mesh pattern

The highlighted points are an occurrence of the mesh pattern m2. This gives rise to the following rule:

Proposition 3.9 (Third Dominating Pattern Rule). Given two mesh patterns m1 “ pσ,R1q and m2 “
pσ,R2q, and a dominating classical pattern π “ pπ,Hq, then m1 –π m2 if

1. The mesh set R2 “ R1 Y tva, bwu

2. One of the patterns in m
va,bw‹
1

is coincident with a mesh pattern containing an occurrence of m2 as
a subpattern.

Proof: Note 3.6 implies Avptπ,m1uq Ď Avptπ,m2uq as before. Now consider a permutationω P Avpπq
that contains an occurrence of m1. If the region corresponding to the box va, bw is empty then we have an

occurrence of m2. By condition 2 of the proposition there exists a pattern r in m
va,bw‹
1

such that m2 is a
subpattern in some pattern r1 coincident with r. If the region is non-empty then there exists an occurrence
of r in ω. Therefore, there is an occurrence of r1 in ω, which implies that there is an occurrence of m2 in
ω. Thus Avptπ,m2uq Ď Avptπ,m1uq and the two patterns are coincident.

After implementing the Third Dominating Pattern Rule we find that there are 56 –(3)
231

-equivalence
classes, of mesh patterns where the underlying classical pattern is 12. By Note 3.1 there are therefore
exactly 56 –

231
-equivalence classes, since we have observed 56 –comp

231
-equivalence classes through ex-

perimentation.

3.4 Coincidence classes of Av({321, (12, R)}).

When considering coincidences of mesh patterns with underlying classical pattern 12 in Avp321q appli-
cation of the previously established rules gives no coincidences. Through experimentation we discover
that there are 7 –comp

321
-equivalence classes that are unexplained. Since the number of coincidences is so

small we will reason for these coincidences without attempting to generalise into concrete rules.
Intuitively, it is easy to see why our previous rules have no power here. It is impossible to add a single

point to a mesh pattern p12, Rq and create an occurrence of π “ 321. It is also impossible to have a
position where addition of an ascent, or descent, provides extra shading power.

The patterns

m1 “ and m2

are –comp
321

-equivalent. (There are 3 symmetries of these patterns that are also equivalent to each other by
the same reasoning.)

Consider the region corresponding to the box v0, 1w in any occurrence of m1 in a permutation. By
Lemma 3.7 it must contain an increasing subsequence. If the region is empty then we have an occurrence
of m2. If there is only one point in the region we can choose this point to replace the 1 in the mesh pattern
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to get the required shading. If there is more than one point then choosing the two leftmost points gives us
the following mesh pattern.

Here the two highlighted points are the original two points. The other two points are an occurrence of the
pattern we m2, and hence the two patterns are coincident. It is also possible to calculate this coincidence
by an extension of the Third Dominating rule, where we allow a sequence of point addition operations,
this is discussed further in the future work section. Because of symmetries we have dealt with 4 out of the
7 –comp

321
-equivalence classes.

Now consider the patterns

m1 “ and m2 “

which are –comp
321

-equivalent.
In order to prove this coincidence we will proceed by mathematical induction on the number of points

in the region corresponding to the middle box. We call this number n.

Base Case pn “ 0q The base case holds since we can freely shade the box if it contains no points.

Inductive Hypothesis pn “ kq Suppose that we can find an occurrence of the second pattern if we have
an occurrence of the first with k points in the middle box.

Inductive Step pn “ k ` 1q Suppose that we have pk ` 1q points in the middle box. Choose the bottom
most point in the middle box, giving the mesh pattern

X

Now we need to consider the box labelled X . If this box is empty then we have an occurrence of
m2 and are done. If this box contains any points then we gain some extra shading on the mesh
pattern as any points in the boxes v1, 2w and v1, 3w would create an occurrence of the dominating
pattern 321

The two highlighted points form an occurrence of m1 with k points in the middle box, and thus by
the Inductive Hypothesis we are done.
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By induction we have that every occurrence of m1 leads to an occurrence of m2 and by Note 3.6 every
occurrence of m2 is an occurrence of m1 so the two patterns are coincident. This argument applies to
another two pairs of classes. Therefore we have explained all 7 of the coincidences in Avpt321, p12, Rquq
and there are 213 –

321
-equivalence classes.

4 Wilf Equivalences between equivalence classes

Wilf-equivalence is an important aspect to study in the field of permutation patterns. The original defini-
tion is as follows:

Definition 4.1. Two patterns π and σ are said to be Wilf-equivalent if for all k ě 0, |Avkpπq| “ |Avkpσq|.
Two sets of permutation patterns R and S are Wilf-equivalent if for all k ě 0, |AvkpRq| “ |AvkpSq|.

Coincident patterns are trivially Wilf-equivalent: if AvkpRq “ AvkpSq then trivially |AvkpRq| “
|AvkpSq|. Coincidence is therefore a stronger equivalence condition than Wilf-equivalence.

When examining Wilf-equivalences we can use a number of symmetries to reduce the amount of work
required. It can be seen that the reverse, complement and inverse operations (see Figure 7) preserve
enumeration, and therefore classes related by these symmetries are trivially Wilf-equivalent.

reverse

ˆ ˙

“

complement

ˆ ˙

“

inverse

ˆ ˙

“

Fig. 7: The operations reverse, complement and inverse for the pattern 231

Since we will consider Wilf-equivalences in a set AvpSq we must only use symmetries that preserve
the dominating pattern(s) in S, if we were to allow other symmetries, then the equivalences calculated in
the previous section do not necessarily hold.

In the remainder of the paper we will consider Wilf-equivalences of patterns whilst avoiding the dom-

inating pattern 231, if two patterns p1 and p2 are Wilf-equivalent we will denote this p1
W
–

231
p2, sim-

ilarly when computational methods indicate that two patterns are Wilf equivalent under 231 we write
p1

W
–

comp
231 p2. We will use C to denote Avp231q and Cpxq will be the usual Catalan generating func-

tion satisfying Cpxq “ 1 ` xCpxq2. The fact that Cpxq is the generating function for C can be seen by
structural decomposition around the maximum, as shown in Figure 8.

The elements to the left of the maximum, A, have the structure of a 231 avoiding permutation, and
the elements to the right of the maximum, B, also have the structure of a 231 avoiding permutation.
Furthermore, all the elements in A lie below all of the elements in B. We call A the lower-left section and
B the upper-right section.

We can also decompose a permutation avoiding 231 around the leftmost point, giving a similar figure.
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A

B

Fig. 8: Structural decomposition of a non-empty avoider of 231

4.1 Wilf-classes with mesh patterns of length 1.

When considering the mesh patterns of length 2 it will be useful to know the Wilf-equivalence classes of
the mesh patterns of length 1 inside Avp231q, this means that we are considering the

W
–231-equivalence

classes of mesh patterns with underlying classical pattern 1.
The patterns in the following set are coincident,

"

, , , , ,

, , ,

*

due to the fact that every permutation, except the empty permutation, must contain an occurrence of all of
these patterns.

The pattern is in its own W
–

231
-equivalence class since the only permutation containing it is the

permutation 1. The avoiders of this pattern therefore have generating function Epxq “ Cpxq ´ x.
The pattern p “ is one of the quadrant marked mesh patterns studied by Kitaev, Remmel, and

Tiefenbruck [9]. Alternatively we can enumerate avoiders of p by decomposing a non-empty avoider of p
around the maximum element in order to give the following structural decomposition.

F “ ε \

F

Czε

If the upper-right section was empty the maximum would create an occurrence of the pattern, however no
points in this section can create an occurrence since the maximum lies in a region corresponding to the
shading in p, so we can use any avoider of 231. The lower-left section however can create occurrences of
p and therefore must also avoid p, as well as 231. This gives the generating function of avoiders to be the
function F pxq satisfying

F pxq “ 1 ` xF pxqpCpxq ´ 1q

Solving for F gives

F pxq “
1

1 ´ xpCpxq ´ 1q

Calculating coefficients given by this generating function gives the Fine numbers.

1, 0, 1, 2, 6, 18, 57, 186, 622, 2120, 7338, . . . (OEIS: A000957)
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It can be shown by use of the Second Dominating Pattern Rule that the patterns and q1 “ are
coincident under 231. Consider the decomposition of a non-empty avoider of q1 in Avp231q around the
maximum:

G1 “ ε \

Czε

C

This can be explained succinctly by the fact that a permutation contains q1 if and only if it starts with
its maximum, and by not allowing the lower-left section of the 231 avoider to be empty we prevent an
occurrence from ever happening.

Consider q2 “ . Avoiding this pattern means that a permutation does not end with its maximum.
We can perform a similar decomposition as before to get

G2 “ ε \

C

Czε

The pattern q3 “ is the reverse-complement-inverse of q2 and hence the avoiders of q2 and q3 (G2

and G3) are equinumerous, and so q1
W
–

231
q2

W
–

231
q3. All of these classes have the same generating

function, namely
Gpxq “ 1 ` xCpxqpCpxq ´ 1q. (4.1)

The coefficients of this generating function are

1, 0, 1, 3, 9, 28, 90, 297, 1001, 3432, 11934, . . . (OEIS: A000245 with offset 1)

There is one pattern of length 1 still to consider. The pattern r “ is avoided by all permutations
that do not end in their minimum. Any avoider of 231 that ends in its minimum must be a decreasing
sequence. Therefore this particular class has equation

Hp0q “ 1, Hpxq “ Cpxq ´ 1

Computing these values gives

1, 0, 1, 4, 13, 41, 131, 428, 1429, 4861, 16795, . . . (OEIS: A141364)

5 Wilf-classes with patterns of length 2

From Section 3 we know there are 95 coincidence classes and therefore at most that many Wilf-equivalence
classes.
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The only symmetry that we are able to consider is reverse-complement-inverse as this is the only
symmetry that preserves the 231 pattern. Using this symmetry we can find 61 classes of trivial Wilf-
equivalence, these equivalences being explained by either the patterns being coincident in Avp231q, or by
one pattern being the reverse-complement-inverse of some other pattern.

Computing avoiders up to length 10 gives 23
W
–

comp
231 -equivalence classes, of which 13 are not equal to

coincidence classes (after taking symmetries). Therefore there seem to be Wilf-equivalences that are not
explained by coincidences or symmetry.

We will use two main methods of establishing these Wilf-equivalences: the structural decomposition
of avoiders, via generating functions; or the structure of a general permutation containing the pattern,
looking at a particular occurrence of the pattern in a permutation avoiding 231. Sometimes it will be
necessary to use both of these methods to consolidate a single Wilf-class.

5.1

The following patterns are in the same
W
–

comp
231 -equivalence class

m1 “ ,m2 “ , (5.1)

m3 “ , and m4 “ (5.2)

First we prove that m1

W
–

231
m2 by considering the form of a general permutation containing either of

the two patterns. First looking at a general occurrence of m1 in a permutation in Avp231q

A B

C

If there is an occurrence of m1 there must be an occurrence of m1 that minimizes the values of the
points xy in the occurrence, first with respect to x then with respect to y. Now consider the top regions,
labelled A and B, the subpermutation contained in the union of these regions must avoid the permutation
231. Also, the subpermutation in the regionA must be a decreasing subsequence, otherwise an occurrence
of 231 will be created with either of the points in the occurrence of m1. Now, consider the region labelled
C, since we specified that we were focused on the lowest possible occurrence of m1 this region cannot
contain an occurrence of either m1 or 231. This is a full structural decomposition of a container of m1

inside Avp231q.
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Now consider a general occurrence of m2 in a permutation in Avp231q

A1 B1

C 1

Similarly to a container of m1 we will look at the lowest possible occurrence of m2, and as before the
regions A1 and B1 together contain an avoider of 231 and A1 contains a decreasing subsequence. Since
we are considering the lowest occurrence of m2 the region C 1 does not contain an occurrence of either
m2 or 231.

Since all the regions in both of these cases contain the same parts, the classes defined by containment
of m1 and m2 inside Avp231q are equinumerous and therefore so are their avoiders.

Consider the class, I3, of permutations defined by avoiding 231 and m3. We can decompose a member
of this class around the maximum

I3 “ ε \

I3

G1

Only the first point in the top right region can create an occurrence of m3 if and only if it is the element
with largest value in this region, therefore the partial permutation in this region must avoid starting with
the maximum, i.e., be in G1 “ Avp q described in Section 4.1.

Looking at avoiders of 231 and m4 we can perform a similar decomposition around the maximum to
get

I4 “ ε \

I4

G3

An occurrence of m4 can never occur entirely within the top right region, since the maximum is to the left
and above any point in this region. It could only occur between the maximum and the first point in the
region, if and only if this first point is the lowest valued element in this region, so this top right region must
contain a sub-permutation that does not start with it’s minimum, i.e., it is a member of G3 “ Avp q.
Since both G1 and G3 have the same enumeration, I3 and I4 must also have the same enumeration and
are therefore m3

W
–231 m4.

Now we must consolidate these two subclasses. In order to do this we must consider the decomposition



Equivalence classes of mesh patterns with a dominating pattern 17

around the leftmost point of a permutation in Avpt231,m1uq. We have the following

I1 “ ε \
G3

I1

It is therefore clear that avoiders of m1 and avoiders of m4 have the same enumeration, and therefore
m1

W
–

231
m2

W
–

231
m3

W
–m4

with generating function satisfying

Ipxq “ 1 ` xIpxqGpxq

where Gpxq is the generating function given in equation (4.1). This can be enumerated to give the se-
quence

1, 1, 1, 2, 6, 19, 61, 200, 670, 2286, 7918, . . . (OEIS: A035929 offset 1)

5.2

The patterns m1 and m2 are in the same W
–

comp
231

-equivalence class

m1 “ and m2 “

Let J1 be the set of avoiders of m1 in Avp231q. By structural decomposition around the leftmost point
we have

J1 “ ε \
J 1
1

J1

Here J 1
1

is a permutation avoiding 231,m1 and . Now consider the decomposition of a permutation
in J 1

1
. It can once again be decomposed around the leftmost point

J 1
1

“ ε \
J 1
1

J1zε

This is a complete decomposition of avoiders of m1. Now we look at an avoider of m2, decomposed
around the leftmost point

J2 “ ε \
J2

J 1
2
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Where J 1
2

is a permutation avoiding 231,m2 and . Again we use the same method of decomposition
of a permutation in J 1

2

J
1
2 “ ε \

J2zε

J 1
2

This gives us a generating function Jpxq satisfying

Jpxq “ 1 ` xJpxqJ 1pxq (5.3)

J 1pxq “ 1 ` xpJpxq ´ 1qJ 1pxq (5.4)

Solving equation (5.4) for J 1pxq and substituting into equation (5.3) gives us that the generating function
for Jpxq satisfies

Jpxq “ xJ2pxq ´ xpJpxq ´ 1q ` 1 (5.5)

Evaluating Jpxq gives us the sequence

1, 1, 1, 2, 4, 9, 21, 51, 127, 323, 835, . . . (OEIS: A001006 with offset 1)

Which is an offset of the Motzkin numbers.
In order to establish the remainder of the Wilf-equivalences of the formAvpt231, puq where p is a mesh

pattern of length 2 we can use similar methods to allow us to consolidate experimental classes into actual
classes, these methods allow us to explain all 23 of the observed Wilf-classes seen in experimentation.

6 Conclusions and Future Work
If we consider a similar approach to dominating patterns of length 4 and mesh patterns of length 2, it
can be seen that the number of cases required to establish rules increases to a number that is infeasible
to compute manually. For an extension of the First Dominating rule alone, we would have to consider
placement of points in any pair of unshaded regions. The fact that the rules established do not completely
cover the coincidences with a dominating pattern of length 3 shows that this is a difficult task.

It is interesting to consider the application of the Third Dominating rule, as well as the simple extension
of allowing a sequence of point insertions, to mesh patterns without any dominating pattern in order to
try to capture some of the coincidences described in Hilmarsson, Jónsdóttir, Sigurðardóttir, et al. [8] and
Claesson, Tenner, and Ulfarsson [7].

Example 6.1. The coincidence of the patterns

m1 “ , and m2 “

does not follow from the general methods presented by Claesson, Tenner, and Ulfarsson [7], but is rather
handled there as a special case. We can do it as follows: Consider a permutation containing m1,

Y

X
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If the regions corresponding to both X and Y are empty then we have an occurrence of m2. If the region
corresponding to X is non-empty, we can then choose the lowest valued point in this region

Y

If the region corresponding to Y is empty then we have an occurrence of m2 with the indicated points.
Now if the region corresponding to Y is non-empty, we can choose the rightmost point in this region.

And now the two indicated points form an occurrence ofm2. We have therefore shown that any occurrence
of m1 leads to an occurrence of m2 and we can easily show the converse by the same reasoning, so m1

and m2 are coincident. This is captured by an extension of the Third Dominating rule where we allow
multiple steps of adding points before we check for subpattern containment.

It would be interesting to consider a systematic explanation of Wilf-equivalences among classes where
321 is the dominating pattern, possibly using the construction presented in Bean, Claesson, and Ulfarsson
[2, Sec. 11], in order to directly reach enumeration and hopefully establish some of the non-trivial Wilf-
equivalences between classes with different dominating patterns.
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We establish asymptotic bounds for the number of partitions of [n] avoiding a given partition in Klazar’s sense,

obtaining the correct answer to within an exponential for the block case. This technique also enables us to establish

a general lower bound. Additionally, we consider a graph theoretic restatement of partition avoidance problems, and

propose several conjectures.

Keywords: partition avoidance, permutation avoidance

1 Introduction

The notion of partitions of [n] = {1, 2, . . . , n} avoiding a partition τ were introduced by Klazar in 2000

(Klazar, 2000). Much of the work with such partitions has been explicit and enumerative in nature. See,

for instance, Bloom and Saracino (Bloom and Saracino, 2016) and Sagan (Sagan, 2010). They have

given inequalities between the number of partitions of [n] avoiding partitions τ1 and τ2 using injections

or bijections, or have explicitly computed these numbers with generating functions. Furthermore, most of

these approaches can only enumerate the number of partitions for a relatively small class of τ .

There have been some asymptotic approaches to the partitions of [n] avoiding τ . Examples include

the original paper where Klazar introduced the concept (Klazar, 2000) and a later paper he wrote with

Marcus (Klazar and Marcus, 2007). However, these efforts have focused on very specific τ for which the

results are closely related to pattern-avoiding permutations in general and the Stanley-Wilf conjecture in

particular. In this paper, we examine the growth rate of the number of partitions of [n] avoiding a partition

τ for a different class of τ through asymptotic techniques.

Define a set partition of [n] to be a set of disjoint subsets of [n], {B1, B2, . . . , Br}, whose union is [n].
The Bi are called blocks. The order of the elements of each Bi does not matter, nor does the order in

which the Bi are written. Canonically, we arrange the blocks by increasing order of the minimal element

in each block, and write the elements of each block in ascending order. We write the blocks separated by

slashes, so 134/25 describes the partition of [5] where one set is {1, 3, 4} and the other set is {2, 5}.

∗The author was supported by NSF grant NSF-1358659 and NSA grant H98230-16-1-0026.

ISSN 1365–8050 c© 2018 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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Definition 1. A partition σ of n contains a partition τ of k if there exists a subpartition σ′ of σ that has

the same relative order as τ . Otherwise, σ avoids τ .

By this we mean there is an increasing bijective map from σ′ to τ that preserves blocks. For instance,

σ = 124/35 contains 1/23, because σ′ = 1/35 is a subpartition of σ. Here σ′ has the same relative order

as τ , with the bijective map f(1) = 1, f(3) = 2, f(5) = 3.

Definition 2. We use An(τ) to denote the number of set partitions of [n] avoiding a fixed partition τ .

In this paper, we are primarily concerned with the function An(τ). Bloom and Saracino (Bloom and

Saracino, 2016) have studied the behavior of An(τ) through injective mappings, proving results of the

form An(τ1) ≤ An(τ2) for various choices of τ1 and τ2. Along these lines, they conjecture that the

partition 12 · · · k of a single block is the easiest to avoid.

Conjecture 1. (Bloom, Saracino (Bloom and Saracino, 2016))

If τ is a set partition of [k] other than (12 · · · k) then

An(12 · · · k) ≥ An(τ)

with strict inequality for n sufficiently large.

In general An(τ) is very large. In order to better get a handle on it, let Fn(τ) = log(An(τ))
n log(n) . If

An(τ) = nbn, then Fn(τ) = b. We are interested in the asymptotic behavior of Fn(τ) for large n, and for

partitions τ . Our interest in Fn stems from the observation that if Fn(τ1) > Fn(τ2) for large enough n,

where τi are partitions of [k], then An(τ1) > An(τ2) for large enough n. There is one known result about

Fn(τ), due to Klazar and Marcus (Klazar and Marcus, 2007), which we state here as a lemma.

Lemma 1. If τ avoids 123 and 12/34, then An(τ) grows exponentially and so Fn(τ) = 0.

We first prove that for every such τ there exists a permutation σ of [k] so that τ is contained in a set

partition of [2k] given by σ. Specifically, {r, k + σ(r)} for 1 ≤ r ≤ k will be exactly the blocks of

this partition. To prove this, note that all blocks of τ have size one or two by the 123 avoidance, and

furthermore there exists a half integer c so that all blocks of size two have one element greater than c and

the other element less than c, by the 12/34 avoidance. Now, we modify τ by taking the blocks of one

element which is less than c and appending an unused number greater than c, and taking the blocks with

one element which is greater than c and appending an unused number less than c (possibly negative). The

result has all blocks of size 2, and has the same relative order as a set partition of 2k where {r, k + σ(r)}
are the blocks for 1 ≤ r ≤ k, for some k. The elements less than c correspond to 1 ≤ i ≤ k and the

elements greater than c correspond to k + 1 ≤ i ≤ 2k in the relative ordering. Call a set partition whose

blocks are {r, k + σ(r)} a permutation partition of [2k], and identify it with σ ∈ Sk. So every τ which

avoids 123 and 12/34 is contained in a permutation partition. Lemma 1 is thus equivalent to showing that

only exponentially many partitions of [n] avoid a given fixed permutation partition.

Klazar and Marcus proved that only exponentially many set partitions of [n] avoid a fixed permutation

partition; it is the 1-regular case of their Corollary 2.2 (Klazar and Marcus, 2007). Balogh, Bollobas,

and Morris independently proved this result as their Theorem 3 (Balogh et al., 2006). Thus Lemma 1 is

established.

A permutation partition corresponding to σ ∈ Sn contains a permutation partition corresponding to

σ′ ∈ Sk if and only if σ contains σ′. Here the notion of permutation containment is the usual one; σ
contains σ′ if and only if there is a substring of σ that has the same relative order as σ′. In particular, at
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most exponentially many set partitions of [2n] avoid a fixed permutation partition of [2k] by Lemma 1,

so at most exponentially many permutation partitions of [2n] avoid a fixed permutation partition of [2k].
It follows that at most exponentially many permutations of [n] avoid a fixed permutation of [k]. Thus,

Lemma 1 actually implies the well known Stanley-Wilf conjecture first proved by Marcus and Tardos

(Marcus and Tardos, 2004). In fact, the implication of the Stanley-Wilf conjecture was first noticed in

2000 by Klazar in the paper where he developed pattern avoidance in set partitions (Klazar, 2000).

Definition 3. A layered partition is a partition whose blocks consist of sets of consecutive integers.

For example, 12/345/67 is layered, whereas 13/245/67 is not.

In this paper, we compute the limit of Fn(τ) for any layered partition τ . We prove the following

theorem.

Theorem 2. If a layered partition τ of [k] is composed of r blocks, with k > r, then

An = Θ(1)nnn(1− 1

k−r
)

and so

lim
n→∞

Fn(τ) = 1−
1

k − r
.

From this, the converse of Lemma 1, which was already known to Klazar and Marcus, follows. If τ con-

tains 123 or 12/34 then An(τ) ≥ min(An(123), An(12/34)) and Fn(τ) ≥ min(Fn(123), Fn(12/34)) ≥
1
2 − o(1).

We conjecture (among other things) that Fn(τ) tends to 1 − 1
g(τ) where g(τ) is some integer that

is maximized for fixed k exactly when τ is a single block. This is essentially an asymptotic form of

Conjecture 1.

2 Upper bounds on An for a single block

We use recursion to prove an upper bound on the number of partitions of [n] that avoid the block partition

of [k]. This is a fairly well studied sequence (Heinz, 2013), but we only need rough bounds here.

Fix k ≥ 2, and let Lk = 12 · · ·k be the partition of a single block. We let f(n) = An(Lk) in this

section. Note the partitions counted by f(n) are exactly those with all blocks of size at most k − 1.

We have f(n+1) =
k−2
∑

i=0

(

n

i

)

f(n− i), because if the block containing 1 has i ≤ k−2 other elements,

there are

(

n

i

)

choices for these other elements, and then f(n−i)ways to partition the remaining elements.

We will show that

f(n) ≤ kn(nn(1− 1

k−1
)).

We do so by induction. When 1 ≤ n ≤ k, f(n) ≤ nn ≤ kn, so the bound obviously holds. This

establishes our base case.

For the inductive step, note we have

f(n+ 1) ≤

k−2
∑

i=0

nif(n− i) ≤

k−2
∑

i=0

nikn−in(n−i)(1− 1

k−1
)
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≤

k−2
∑

i=0

niknn(n−i)(1− 1

k−1
) = kn

k−2
∑

i=0

ni+(n−i)(1− 1

k−1
)

by the inductive hypothesis, and because n− i ≤ n. We have i+ (n− i)(1− 1
k−1 ) = n− ( 1

k−1 )(n− i)
is an increasing function of i, so the i = k − 2 term represents the largest term in this sum, and it is

(k − 2) + (n− (k − 2))(1− 1
k−1 ) = (n+ 1)(1− 1

k−1 ).

Hence,

f(n+ 1) ≤ k · knn(n+1)(1− 1

k−1
) ≤ kn+1(n+ 1)(n+1)(1− 1

k−1
)

completing the proof.

3 Upper bounds on An in the layered case

In this section, we let La1,··· ,ar
be the layered partition where the smallest a1 elements are in a block,

the a2 next smallest are in a block, and so on, with
∑

ai = k. This partition can also be written

12 · · ·a1/(a1 + 1) · · · (a1 + a2)/ · · · / · · · (a1 + · · · + ar). In particular the block partition dealt with in

the previous section is Lk.

Lemma 3. Any partition of [n] with r blocks of size at least k − r + 1 contains La1,··· ,ar
.

Proof:

We assume r > 1, because the r = 1 case is trivial.

Say a partition has r such blocks A1, A2, . . . , Ar. We assume without loss of generality that for any

j = 1, 2, . . . , r, Aj has the minimum a1+· · ·+aj−(j−1)th smallest element out of {Aj , Aj+1, . . . , Ar},

by way of an algorithm. Note that a1+ · · ·+aj−(j−1) ≤ a1+ · · ·+ar−(r−1) = k−r+1, so indeed it

makes sense to speak of the a1+ · · ·+aj−(j−1)th smallest element of each block Aj , Aj+1, . . . , Ar. Of

course, reordering the blocks is permissible, as it does not affect the set partition. It is just for notational

convenience.

We now describe the algorithm. For 1 ≤ j ≤ r, on the jth step we relabel {Aj , Aj+1, . . . , Ar} in some

way so Aj has the minimum a1+ · · ·+aj − (j−1)th smallest element out of {Aj, Aj+1, . . . , Ar}. Since

immediately after the jth step of the algorithm, Aj has the minimum a1 + · · ·+ aj − (j − 1)th smallest

element out of {Aj , Aj+1, . . . , Ar}, and because in later steps only {Aj+1, . . . , Ar} are permuted among

themselves, this property is preserved.

Let the interval Sj consist of the a1+ · · ·+aj−1− (j− 2)th through a1+ · · ·+aj − (j− 1)th smallest

elements of Aj , inclusive. The set Sj has precisely aj elements.

Let S be the union of the Sj . Each Sj is in its own block. Also, the largest element of Sj is smaller

than the smallest element of Sj+1, because Aj has a smaller a1 + · · ·+ aj − (j − 1)th smallest element

than Aj+1 does by construction. As such, S has the same relative order as La1,··· ,ar
.

It follows that any partition of [n] which avoids La1,··· ,ar
has at most r − 1 blocks of size at least

k − r + 1. Thus, it suffices to bound from above the number of these partitions.

Theorem 4. The number of partitions of [n] with at most r− 1 blocks of size at least k− r+1 is bounded

by (k+1
2 )2nnn(1− 1

k−r ).
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Proof:

Call a block of size at least k − r + 1 a big block. There are at most r − 1 big blocks.

For each element of [n], we first decide whether it is in a block of size at most k − r, or in the jth big

block, for some 1 ≤ j ≤ r − 1. There are at most rn choices for this initial stage.

Afterward, this uniquely sorts some set of m of the elements [n] into big blocks. There are

An−m(12 · · · (k − r + 1)) ≤ An(12 · · · (k − r + 1)) ≤ (k − r + 1)nnn(1− 1

k−r )

ways to partition the remaining elements into blocks of size at most k − r.

This yields a bound of

rn(k − r + 1)nnn(1− 1

k−r ) ≤

(

k + 1

2

)2n

nn(1− 1

k−r )

as desired.

Thus, if we have f(n) = An(La1,··· ,ar
), then f(n) ≤ (k+1

2 )2nnn(1− 1

k−r ) = Ok(1)
nnn(1− 1

k−r ).

4 Lower bounds on An in the layered case

Again, let f(n) = An(La1,··· ,ar
), where the notation for layered partitions is as in the previous section.

Here
∑

ai = k and we are counting the number of partitions of [n] avoiding a fixed layered partition of

[k].

Theorem 5. We have f(n) ≥ cnnn(1− 1

k−r ), where c = Ωk(1) and k > r.

Proof:

It suffices to prove the result in the case that n is divisible by k − r, because c can easily be adjusted.

Call a partition of [n] uniform if it is composed of n
k−r

blocks of size k−r, and for every 0 ≤ j < k−r
it is true that Sj = [j( n

k−r
) + 1, (j + 1)( n

k−r
)] contains exactly one element from each block.

First, we count the number of uniform partitions. Every block of the partition has exactly one element

in each Sj , so for every 0 < j < k − r we can choose some way to match the n
k−r

elements [j( n
k−r

) +
1, (j + 1)( n

k−r
)] with the n

k−r
blocks. This yields a total of

(

n

k − r

)

!k−r−1 =
(

Ωk(1)
nn

n

k−r

)k−r−1
= Ωk(1)

nnn(1− 1

k−r )

uniform partitions, using Stirling’s approximation.

Now we prove that these uniform partitions avoid La1,··· ,ar
, for some fixed (a1, · · · , ar). Assume such

a partition contained La1,··· ,ar
. Equivalently, this partition contains some xi with x1 < x2 < · · · < xk so

that the smallest aj elements which were not in the smallest a1 + · · ·+ aj−1 of these elements are their

own block. Consider pairs (xi, xi+1) in this partition. If xi and xi+1 are in the same block, they must be in

different Sj . Since there are only k − r choices for Sj , if we consider the sequence x1 < x2 < · · · < xk,

there are at most k − r − 1 numbers with 1 ≤ i ≤ k − 1 so that xi and xi+1 are in different Sj . Hence,

there are at most k − r − 1 numbers i ∈ [1, k − 1] so that xi and xi+1 are in the same block, and at
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least r numbers i ∈ [1, k − 1] so that xi and xi+1 are in different blocks. This is a contradiction, because

La1,··· ,ar
has only r − 1 such numbers.

Note that the above proof works when La1,··· ,ar
is replaced by any partition of [k] such that there are

at most r choices for i such that 1 ≤ i ≤ k − 1 and (i, i+ 1) are in different blocks of that partition.

Clearly it is easier to avoid a partition than to avoid a pattern it strictly contains.

Thus, a partition of [k] that contains a partition P of [k′] with less than r′ choices for i such that

1 ≤ i ≤ k′−1 and (i, i+1) are in different blocks of P has Ωk′(1)nn
n
(

1− 1

k′
−r′

)

= Ωk(1)
nn

n
(

1− 1

k′
−r′

)

partitions of [n] avoiding it as well. This represents a nontrivial lower bound for the general case.

Combining all these results, we have

An(La1,··· ,ar
) = Θ(1)nnn(1− 1

k−r
)

whenever k − r ≥ 1. For the r = k case, the singleton subcase τ = 1/2/ · · ·/k, An(1/2/ · · ·/k) is

the number of ways to put n elements in at most k − 1 urns, so it is at most (k − 1)n and grows only

exponentially. This establishes Theorem 2.

Interestingly, Bloom and Saracino (Bloom and Saracino, 2016) prove that in the ij/1/2/ · · ·/k case

An is at most as large as it is in the singleton case via an injection argument, even though we observe

that partitions with fewer blocks tend to have larger values of An. This shows that in fact An is also

exponential for ij/1/2/ · · ·/k, and the j = i + 1 case of this corresponds to the r = k − 1 case of our

main theorem.

5 A graph-theoretic restatement

Another possible direction of research is to try to apply graph theoretic results and techniques to partition

avoidance problems.

Definition 4. A complete partite undirected graph on n vertices is a graph whose complement is the union

of vertex-disjoint complete graphs.

Definition 5. A directed acyclic complete partite graph (DACP) is a directed acyclic graph whose under-

lying undirected graph is a complete partite graph.

We can form a bijection between set partitions of [n] and DACPs with n vertices. Given a set partition

of [n], direct an edge from a to b if and only if a and b are in different blocks with a > b. Clearly this

graph lacks directed cycles, and the complement of its underlying undirected graph is the union of cliques

corresponding to blocks of the partition. Hence from any partition of [n] we form a unique DACP on n
vertices.

Given a DACP on n vertices, we can likewise reconstruct the set partition it represents. Call two vertices

v and u of a DACP indistinguishable if they are not connected, and have the same in-neighborhoods and

out-neighborhoods. This is an equivalence relation, and therefore partitions the n vertices into equivalence

classes. Given two equivalence classses, there must exist a vertex v with an in-edge from all vertices in

one class and an out-edge to all vertices in the other. As such, the DACP induces a total order on the

equivalence classes. Thus given an equivalence class A of size r which is larger than s other elements,

the elements of A will be the (s+1)st through (s+ r)th smallest elements for any extension of the partial

order of the DACP to a total order. Hence, any two total orders are isomorphic. Pick an arbitrary such

order, an assignment of the elements of [n] to the vertices of the DACP. Then this corresponds to a set
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partition, where the independent sets are the blocks. The partition is uniquely determined because of the

isomorphism property.

Thus, there is a natural bijection between set partitions of [n] and DACPs with n vertices.

Furthermore, if a set partition of [n] contains a set partition of [k] then the former has a subset order

isomorphic to the latter, and so the DACP corresponding to the former has the DACP corresponding to

the latter as an induced subgraph. Likewise if a DACP has another DACP as an induced subgraph, this

represents a containment of their corresponding partitions.

Thus An(τ) is the number of DACPs on n vertices that avoid some specific DACP on k vertices (cor-

responding to τ ) as a subgraph.

6 Conjectures

We propose several conjectures about the behavior of An(τ) and Fn(τ).

Conjecture 2. For all τ , limn→∞ Fn(τ) = 1− 1
c

for some constant c depending on τ .

Conjecture 3. For all τ , the constant c in Conjecture 2 is an integer.

Conjecture 4. When τ is a partition of [k], the constant c in Conjecture 2 satisfies c ≤ k−1 with equality

only for the one-block partition.

Note that Conjecture 4 implies Conjecture 1 in the limit, and is also a strengthening of Conjecture 2.

The next conjecture is a revised version of a conjecture by the author that appeared in an earlier version

of this paper. In fact, it was first conjectured by Gunby (Gunby, 2016) who built upon the work of the

author. To state it, we first need a definition.

Definition 6. Given a set partition τ of [n], let the permeability pm(τ) be the minimum k such that [n]
can be partitioned into k+1 intervals (i.e. sets of consecutive integers) and each of these intervals has at

most one element from each block of τ .

Gunby (Gunby, 2016) showed that An(τ) ≥ 1 − 1
pm(τ) in general, and that this is a strengthening of

Theorem 3.

Conjecture 5. Fn(τ) = 1− 1
pm(τ)

This conjecture subsumes all of the conjectures before it. All conjectures are true for k ≤ 4. The case

where pm(τ) = 1 is Lemma 1.

After establishing some or all of these conjectures, for various τ one could obtain more precise asymp-

totics. Consider the function
An(τ)

n
n(1− 1

c )
. If it is known that C−nnn(1− 1

c ) ≤ An(τ) ≤ Cnnn(1− 1

c ) for some

C > 1, perhaps the gap between the two multipliers in front of nn(1− 1

c ) can be narrowed to something

sub-exponential.

We can formulate a conjecture along these lines.

Conjecture 6. |Fn(τ)− (1− 1
c
)| = O( 1

log(n) ) for the appropriate c so that limn→∞ Fn(τ) = 1− 1
c

and

c ≥ 2.

This conjecture appears to be true for small cases, and certainly holds for blocks.

A graph theoretic approach may also bear some fruit. The limit for Fn of the single block, 1 − 1
k−1 ,

seems reminiscient of the Erdős-Stone theorem (Erdös and Stone, 1946) especially given its restatement as

avoidance of an independent set of size k, the complement of a graph of chromatic number k− 1. In light
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of the graph theoretic restatement, perhaps there is some meaningful connection. Note that Klazar and

Marcus found the cases where Fn = 0, proving their generalization of the Stanley-Wilf conjecture, using

a different graph theoretic restatement involving undirected graphs (Klazar and Marcus, 2007). Their

interpretation does not generalize to stating the entire problem graph theoretically, however.
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We review and extend what is known about the generating functions for consecutive pattern avoiding permutations of
length 4, 5 and beyond, and their asymptotic behaviour. There are respectively, seven length-4 and twenty-five length-
5 consecutive-Wilf classes. D-finite differential equations are known for the reciprocal of the exponential generating
functions for four of the length-4 and eight of the length-5 classes. We give the solutions of some of these ODEs. An
unsolved functional equation is known for one more class of length-4, length-5 and beyond. We give the solution of
this functional equation, and use it to show that the solution is not D-finite.

For three further length-5 c-Wilf classes we give recurrences for two and a differential-functional equation for a third.
For a fourth class we find a new algebraic solution.

We give a polynomial-time algorithm to generate the coefficients of the generating functions which is faster than
existing algorithms, and use this to (a) calculate the asymptotics for all classes of length 4 and length 5 to signif-
icantly greater precision than previously, and (b) use these extended series to search, unsuccessfully, for D-finite
solutions for the unsolved classes, leading us to conjecture that the solutions are not D-finite. We have also searched,
unsuccessfully, for differentially algebraic solutions.

Keywords: pattern avoiding permutations, enumeration, generating functions, D-finite functions

1 Introduction
Let Sn denote the set of permutations of the first n integers. Given permutations π ∈ Sn and σ ∈ Sk,
k ≤ n, then σ is said to be a pattern in π if, for some subsequence of π of length k, all the elements of the
subsequence occur in the same relative order as do the elements of σ. For example, 312 occurs as a pattern
in the permutation 15234 in three ways, as 523, 524 and 534. It occurs once as a consecutive pattern, as
523. In a consecutive pattern, the elements of σ are contiguous.

The pattern 312 occurs once in the permutation 3412, but does not occur as a consecutive pattern. The
permutation 3412 is said to be a consecutive pattern-avoiding permutation. In this article we denote the
set of pattern-avoiding permutations as Av(312), and the set of consecutive pattern-avoiding permutations
as c-Av(312). To distinguish pattern-avoiding permutations from their consecutive counterpart, the former
are sometimes referred to as classical pattern-avoiding permutations (PAPs).
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The (ordinary) generating function for classical PAPs (and in future we will drop the adjective classical)
is written

Pσ(z) =
∑
n≥0

pn(σ) · zn,

where pn(σ) is the number of permutations of length n that avoid the pattern σ. If Pσ1 = Pσ2 , we
say that σ1 is Wilf-equivalent to σ2. It was independently conjectured by Stanley and Wilf in the 1980s
and subsequently proved by Arratia (1999) and Marcus and Tardos (2004) that pn(σ)1/n is monotone
increasing (Arratia) and bounded from above (Marcus and Tardos), so that

lim
n→∞

pn(σ)1/n = λ(σ)

exists. This limit is called the Stanley-Wilf limit or growth rate of the pattern σ. Thus we see that classical
pattern-avoidance severely attenuates the number of permutations of length n, reducing them from n! to
something that grows only exponentially with n. For classical patterns it is known that all six patterns
of length 3 are Wilf-equivalent, that there are three different Wilf-classes of length 4, sixteen classes of
length 5, ninety-one classes of length 6 and five hundred and ninety-five classes of length 7 (see Kitaev
(2011)).

For consecutive PAPs, the reduction imposed by the requirement of pattern-avoidance is much less
severe. The number of acceptable patterns in this case still grows factorially, so the appropriate generating
function is the exponential generating function,

Cσ(z) =
∑
n≥0

cn(σ)

n!
· zn,

where cn(σ) is the number of permutations of length n that avoid the consecutive pattern σ. If Cσ1 =
Cσ2 , we say that σ1 is c-Wilf-equivalent to σ2. Analogously to the Stanley-Wilf-Marcus-Tardos result for
classical patterns, Elizalde (2006) proved that

lim
n→∞

(
cn(σ)

n!

)1/n

= ρσ

exists, and further that 0.7839 < ρσ < 1, if σ is a pattern of length greater than 3.
For consecutive patterns it is known that there are two different c-Wilf classes of length 3, there are

seven different c-Wilf-classes of length 4, there are twenty-five different c-Wilf-classes of length 5, and
there are ninety-two different c-Wilf-classes of length 6.

It has also been proved by Elizalde (2012) that, among all consecutive patterns σ of a given length
m, ρσ ≤ ρ(1, 2, 3, . . . ,m), and that ρσ ≥ ρ(1, 2, 3, . . . ,m − 2,m,m − 1). A comprehensive review of
consecutive PAPs is given by Elizalde (2015).

Closely related to the value of ρσ are questions of the form and nature of the generating functionCσ(z).
For example, can a closed-form solution to Cσ(z) be found? If not, does Cσ(z) satisfy a functional
equation, or a differential one? Is Cσ(z) rational, algebraic, differentiably finite, differentiably algebraic,
or none of these?

In this paper we consider the enumeration of all c-Wilf-classes of length 4 and length 5. In earlier work
Elizalde and Noy (2003) found the solution for three of the seven length-4 classes. Elizalde and Noy



On consecutive pattern avoiding permutations of length 4, 5 and beyond 3

(2012) found the solution for a fourth class, and gave an (unsolved) functional equation for a fifth class.
They conjecture that the solution to this fifth class is not D-finite. In Section 2.1 we prove this to be the
case. Our proof relies on showing that the solution has an infinite number of singularities, while a D-finite
function can only have a finite number of singularities. (These arise from the zeros of the polynomial
multiplying the highest derivative in the differential equation.) Another property of D-finite functions
used in the proofs is that an exponential power series is D-finite if and only if the corresponding ordinary
power series is D-finite.

We then find a natural generalisation to certain classes of consecutive patterns of length m ≥ 4, with
solutions and non-D-finiteness following in a similar way. Finally, we find recurrence relations for an
even greater generalisation, though we do not know if these may lead to closed-form solutions. We also
comment on the solution to the known ODEs.

In Section 3 we turn our attention to length-5 classes. The theorems of Elizalde and Noy (2003, 2012)
give D-finite ODEs for eight of the twenty-five classes. We find a new closed-form solution to one c-Wilf
class, and conjecture a solution to a generalisation to length-m classes. For two other classes we find new
recurrences, one of which leads to functional-differential equation, though unfortunately we do not know
how to solve it. For a fourth class we find, but cannot solve, a functional equation.

In Sections 4 and 5 we consider the application of numerical methods. We first outline an efficient,
polynomial time algorithm for enumerating the series coefficients, which can then be followed by use of
the package gfun in Maple to search for a D-finite solution. In this way we reproduce known solutions to
eight of the twenty-five c-Wilf classes of length 5. We typically generate more than 100 coefficients for
length-4 c-PAPs, and 70 coefficients for length-5 c-PAPs. We could readily generate much longer series
(and ocassionally do so), but these are of adequate length for our purposes. The appropriate differential
equations are (with one exception) generated by less than 20 series coefficients, and confirmed by the
subsequent coefficients.

Finally, we use these enumerations to give estimates of the growth constants for all the length-4 and
length-5 classes, accurate to 19 significant digits. The estimates of the growth constants derive from
application of the method of differential approximants, see for example Guttmann (1989) for a description.
While 19 significant digits have been quoted, greater precision can easily be achieved with the available
data, but we assumed that 19 digits is sufficient for most practical purposes. We then use these estimates
to calculate the amplitudes to 17 significant digits.

Similar numerical work has been previously presented by Baxter et al. (2013), who give two algorithms
for the generation of the series coefficients. These algorithms can, with some computational constraints,
be used to prove that two series are in the same c-Wilf class. Baxter et al. (2011b) gives the series
coefficients to length 60 for all c-Wilf classes of length 4 c-PAPs, and to length 40 for all c-Wilf classes
of length 5 c-PAPs. Baxter et al. (2011a) gives algebraic solutions or ODEs for the cluster generating
functions for three of the seven length-4 Wilf classes, and for seven of the length-5 Wilf classes. For
the other c-Wilf classes, functional equations with several catalytic variables are given. Baxter et al.
(2011a) also give numerical estimates of the growth constants and amplitudes, accurate to 10 and 8 digits
respectively. The algorithm we give is faster, but cannot be used to prove that two series are in the
same c-Wilf class (though we have abundant evidence of this from the agreement of the first 70 or more
coefficients).
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2 Consecutive PAPs of length 4
In the case of classical PAPs, it is well known that the 24 possible PAPs of length four can be divided
into three Wilf classes. For consecutive length-4 PAPs, there are seven (see Elizalde and Noy (2003))
equivalence classes, within which each c-PAP has the same asymptotic behaviour. These are:

4.I: 1234 ∼ 4321

4.II: 2413 ∼ 3142

4.III: 2143 ∼ 3412

4.IV: 1324 ∼ 4231

4.V: 1423 ∼ 3241 ∼ 4132 ∼ 2314

4.VI: 1342 ∼ 4213 ∼ 4123 ∼ 2431 ∼ 3124 ∼ 1432 ∼ 2341 ∼ 3214

4.VII: 1243 ∼ 3421 ∼ 4312 ∼ 2134

Elizalde and Noy (2003) proved two powerful theorems, allowing the authors to give the solution of
three of these classes. The first theorem gives the solution for the case when σ is the strictly increas-
ing sequence 1, 2, 3, . . . ,m − 1,m. Then Cm(z) = 1/w(z), where w(z) is the solution of the D-finite
differential equation

m−1∑
i=0

w(i) = 0,

with w(0) = 1, w′(0) = −1, and w(k) = 0 for 2 ≤ k ≤ m− 2. A probabilistic approach to the proof of
this theorem is given by Perarnau (2013).

The second theorem gives the solution when σ is the sequence 1, 2, . . . , a−1, a, τ, a+1, of lengthm+2.
Here a and m are positive integers with a ≤ m, and τ is any permutation of {a + 2, a + 3, . . . ,m + 2}.
Then Cm,a(z) = 1/w(z), where w(z) is the solution of the D-finite differential equation

w(a+1) +
zm−a+1

(m− a+ 1)!
w′ = 0.

The first theorem gives the solution for class 4.I, while the second theorem immediately solves classes
4.VI and 4.VII. The solutions are given by the following.

Theorem 1 (Elizalde and Noy (2003)). For class 4.I, the exponential generating function is given by
1/w(x), where

w
′′′

+ w
′′

+ w′ + w = 0; w(0) = 1, w′(0) = −1, w
′′
(0) = 0.

For class 4.VI, the e.g.f. is given by 1/w(x), where

2w
′′

+ x2w′ = 0; w(0) = 1, w′(0) = −1.

For class 4.VII, the e.g.f. is given by 1/w(x), where

w
′′′

+ xw
′

= 0; w′(0) = 0, w(0) = 1, w′(0) = −1, w
′′
(0) = 0.
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We point out that the solution to the above ODE for class 4.I is

w(x) =
1

2

(
e−x − sin(x) + cos(x)

)
=
∑
n≥0

(4n+ 1− x) · x4n

(4n+ 1)!
.

The solution of the second ODE above can be expressed as integrals of Airy functions, while that of the
third ODE can be expressed in terms of Heun T functions and their integrals.

Later work by Elizalde and Noy (2012) give the solution for class 4.IV:

Theorem 2 (Elizalde and Noy (2012)). For class 4.IV, the exponential generating function is given by
1/w(x), where

xw(v) + (x+ 3)w(iv) + (6x+ 3)w
′′′

+ (5x+ 6)w
′′

+ (8x+ 3)w′ + 4xw = 0;

w(0) = 1, w′(0) = −1, w
′′
(0) = 0, w

′′′
(0) = 0, wiv(0) = 1.

This ODE can be solved in terms of integrals of BesselY and BesselJ functions.
Before we move on to new results, we will give an exceedingly brief overview of the use of Goulden-

Jackson cluster method (see Goulden and Jackson (1979, 2004) and also Elizalde and Noy (2012)). Let
σ be a length-m consecutive permutation pattern. A k-cluster of length n (with respect to σ) is any
permutation π of length n ≥ m such that

• π contains precisely k occurrences of σ,

• every element of π is part of at least one occurrence of σ, and

• any two successive occurrences of σ overlap by at least one element.

For example, 162534 is a 2-cluster of length 6 for the consecutive pattern 1423, while 1523746 is a
2-cluster of length 7.

Let sn,k be the number of k-clusters of length n for a given consecutive pattern σ, with the additional
value s1,0 = 1 (the purpose of this will soon be evident), and define Sσ(t, x) to be the exponential
generating function

Sσ(t, x) =
∑
n,k

sn,kt
k x

n

n!
.

The following theorem, which can be proved via an inclusion-exclusion argument, relates k-clusters to
consecutive pattern avoiding permutations.

Theorem 3 (Goulden and Jackson (2004)). The e.g.f. for permutations avoiding the consecutive pattern
σ is given by

Cσ(x) =
1

1− Sσ(−1, x)
.
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2.1 Class 4.V
In this section we will focus on c-Wilf class 4.V, and in particular on the enumeration of permutations
avoiding the consecutive pattern 1423. The following arguments are discussed by Elizalde and Noy
(2012) in Section 5.1 and also by Dotsenko and Khoroshkin (2013) in Section 4.2.4.

First note that, as illustrated by the examples above, in a k-cluster with respect to 1423, two successive
occurrences of 1423 can overlap by one or two elements. We can use this fact to build a recurrence for
the sequence sn,k, by conditioning on how many successive occurrences of 1423 overlap by two before
the first successive pair which overlap by one. Let π = (π1, π2, . . . , πn) be a k-cluster, with the first
` ≤ k occurrences of 1423 overlapping by two, and then (if ` < k) with the `th and (`+ 1)th occurrences
overlapping by one.

Observe next that π1, π3, . . . , π2`+1 and π2`+2 are fixed, and must take the values 1, 2, . . . , ` + 1 and
` + 2 respectively. The values π2, π4, . . . , π2` can then take any values from the remaining ` + 3, . . . , n
(and must then be arranged in decreasing order). Once these have been chosen, the remainder of the
permutation π2`+2, π2`+3, . . . , n is (after standardisation(i)) a (k − `)-cluster of length n− 2`− 1.

We thus obtain the recurrence

sn,k =
∑

4≤2`+2≤n

(
n− `− 2

`

)
sn−2`−1,k−` for n ≥ 4, (1)

where we impose the “initial conditions” sn,k = 0 for n ≤ 3, except for s1,0 = 1.
If we let tn =

∑
k sn,k(−1)k, then define the ordinary generating function T (x) = 1+

∑
n tnx

n. (Note
that T can be viewed as the o.g.f. counterpart to the e.g.f. S1423(−1, x) defined earlier.) Multiplying (1)
by (−1)kxn and summing then gives the following functional equation, stated as equation (18) by Elizalde
and Noy (2012).

T (x) = 1 +
x

1 + x
T

(
x

1 + x2

)
. (2)

Our first new result is to demonstrate that (2) can be solved by straightforward iteration. To lighten
notation, define

A(x) :=
x

1 + x

B(x) :=
x

1 + x2

Bj(x) := B(Bj−1(x)) with B0(x) := x

Aj(x) := A(Bj(x)).

Then (2) can be rewritten as T (x) = 1 +A(x)T (B(x)).

Theorem 4. The functional equation (2) has the solution

T (x) = 1 +

∞∑
n=0

n∏
j=0

Aj(x) = 1 +

∞∑
n=0

n∏
j=0

Bj(x)

1 +Bj(x)
. (3)

(i) That is, after shifting all elements down so that they become a bona fide permutation on 1, 2, . . . , n− 2`− 1 while maintaining
the same relative order.
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Fig. 1: Plots of A(x) and B(x) respectively.

Proof: The result follows by repeatedly iterating x 7→ B(x). After N iterations, one has the relation

T (x) = 1 +

N−1∑
n=0

n∏
j=0

Aj(x) +

 N∏
j=0

Aj(x)

T (BN+1(x)). (4)

Now Aj(x) = x− x2 +O(x3) while T (Bj(x)) = 1 + x+O(x3). So as N →∞ in (4), the coefficient
of T (BN+1(x)) vanishes (in the sense of formal power series), leaving only (3).

It is often the case that generating functions with solutions like (3) are very difficult to analyse. Fortu-
nately, our solution to T (x) is simple enough to allow us to prove some further properties. In particular,
the following verifies Conjecture 5.1 by Elizalde and Noy (2012).

Theorem 5. The generating function T (x), satisfying (2) and solved by Theorem 4, has an infinite number
of poles in the complex plane, and is thus not differentiably finite.

The behaviour of A(x) and B(x) will be important, so we plot them in Figures 1a and 1b. In particular,
over x ∈ R,

• A(x) has a simple pole at x = −1, and is monotonically increasing from (−1,−∞) to (0, 0),

• B(x) has a local (and global) minimum at (−1,−1/2),

• B(x) monotonically decreases from (−∞, 0) to (−1,−1/2), and then monotonically increases to
(0, 0).

Next, note that if B(x) = t then

x =
1±
√

1− 4t2

2t
=: C±(t). (5)

We will be working in the complex plane, and take the square root in C±(t) to be the principal value.
For the time being we will operate under the assumption that the following proposition is true; we will

return to it later.
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Proposition 1. For every j ≥ 0, the equation

Bj(x) = −1

has at least one root in x ∈ C. Moreover, this root is not a root of Bj′(x) = −1 for any j′ 6= j.

Now for given J , the terms in (4) which contain AJ(x) as a factor can be written as

TJ(x) :=

J−1∏
j=0

Aj(x)

 ·AJ(x) ·

1 +

∞∑
n=J+1

n∏
j=J+1

Aj(x)

 . (6)

Let us write this as TJ(x) = UJ(x) ·AJ(x) · VJ(x).
Let xJ be one of the roots of BJ(x) = −1. Observe that

BJ+1(xJ) = B(BJ(xJ)) = B(−1) = −1/2

BJ+2(xJ) = B(BJ+1(xJ) = B(−1/2) = −2/5

BJ+3(xJ) = B(BJ+2(xJ) = B(−2/5) = −10/29

and so on. It is clear (see Figure 1b) that for J ≥ 0, the sequence (BJ+j(xJ))j≥1 is negative and
increasing, with all values lying between −1/2 and 0. Then

AJ+1(xJ) = A(−1/2) = −1

AJ+2(xJ) = A(−2/5) = −2/3

AJ+3(xJ) = A(−10/29) = −10/19

and so on. It is then clear (see Figure 1a) that for J ≥ 0, the sequence (AJ+j(xJ))j≥1 is negative and
increasing, with all values lying between −1 and 0.

Consider then VJ(x), evaluated at x = xJ . By the above arguments, we have

• VJ(xJ) is independent both of J and of the particular root xJ ,

• the nth term in the infinite sum in VJ(xJ), for n = J + 1, J + 2, . . . is a product of n−J increasing
negative numbers, the first of which is −1.

Thus VJ(xJ) converges to a number v, independent of J and xJ . To 12 decimal places, this number is

v = 0.427119583148 . . .

This takes care of VJ , so we now turn to UJ . Since UJ(x) is the finite product

B0(x)

1 +B0(x)
· B1(x)

1 +B1(x)
· · · BJ−1(x)

1 +BJ−1(x)
,

we are concerned with two possibilities:

• Are any of B0(xJ), . . . , BJ−1(xJ) equal to 0?
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• Are any of B0(xJ), . . . , BJ−1(xJ) equal to −1?

It is straightforward to see that neither of these is possible. In the first case, if BJ−j(xJ) = 0 for some
j ≥ 1, then BJ−j+1(xJ) = B(BJ−j(xJ)) = B(0) = 0, and so on, eventually leading to BJ(xJ) = 0,
which contradicts the fact that BJ(xJ) = −1.

In the second case, if BJ−j(xJ) = −1 for some j ≥ 1, then BJ−j+1(xJ) = B(BJ−j(xJ)) =
B(−1) = −1/2 (see the arguments above for VJ ), and so on, eventually leading to BJ(xJ) > −1, again
a contradiction.

Thus, it follows that UJ(xJ) is some finite non-zero complex number. Unlike VJ(xJ), UJ(xJ) is
dependent on J and xJ .

Proof of Theorem 5 (given Proposition 1): The above arguments establish that TJ(x) has a pole at
x = xJ . It remains to be seen that this pole is not cancelled by some other term in T (x).

Define

RJ(x) := T (x)− TJ(x) = 1 +

J−1∑
n=0

n∏
j=0

Aj(x).

The pole in TJ(x) at x = xJ can only be cancelled if RJ(x) also has a pole at x = xJ . But RJ(x)
is a finite sum, so it can only have a pole if one of its summands has a pole. The summands are finite
products of Ak(x), so if RJ(x) has a pole at x = xJ then one of the Ak(x) must have a pole, ie. one
of B0(x), . . . , BJ−1(x) must be equal to −1 at x = xJ . But it was established above that this is not
possible.

Hence x = xJ is not only a pole of TJ(x), but of T (x) itself. Thus T (x) has an infinite number of
poles (subject to the proof of Proposition 1.)

Proof of Proposition 1: Clearly x0 = −1. For j ≥ 1, this just depends on repeated compositions of
C±(x). Since we only need a single root, we can just stick with C+(x). Then we can use

x1 = C+(−1) = −0.5− 0.866025i

x2 = C+(C+(−1)) = −0.351597 + 1.49853i

x3 = C+(C+(C+(−1))) = −0.0966266− 1.36268i

and so on. Note that the arguments from the proof of Theorem 5 demonstrate that no root in this sequence
can be repeated for different j.

More generally, the full set of poles (ie. all possible xj) are generated by taking all possible combina-
tions of C+ and C−. In this way, one finds

x1 ∈ {C±(−1)} = {−0.5± 0.866025i}
x2 ∈ {C±(C±(−1))} = {−0.351597± 1.49853i,−0.148403± 0.632502i}
x3 ∈ {C±(C±(C±(−1)))} = {−0.0966266± 1.36268i,−0.281881± 1.99093i,

− 0.0517763± 0.730177i,−0.069716± 0.492406i}

and so on.

Proposition 2. For j ≥ 0, let xj be any root of Bj(x) = −1. Then <(xj) < 0.
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Proof: First note that if x = a+ bi with a, b ∈ R and x 6= ±i, then

B(x) =
a(1 + a2 + b2) + b(1− a2 − b2)i

(1 + a2 − b2)2 + (2ab)2
.

In particular, <(B(x)) has the same sign as <(x).
Now let xj satisfy Bj(xj) = −1. Of course Bj(xj) = B(Bj−1(xj)), so by the above observation,

we then have <(Bj−1(xj)) < 0. Then Bj−1(xj) = B(Bj−2(xj)), so <(Bj−2(xj)) < 0. This can be
iterated all the way down to B0(xj) = xj , so we conclude that <(xj) < 0.

Proposition 3. For j ≥ 0 the equation Bj(x) = −1 has 2j distinct roots.

Proof: This is true for j = 0 and j = 1. So take j ≥ 1, and let xj and x′j be two distinct roots of
Bj(x) = −1. By the above arguments, all of

C+(xj), C−(xj), C+(x′j) and C−(x′j)

are roots of Bj+1(x) = −1.
Then (for a contradiction) suppose C+(xj) = C+(x′j). Applying B to both sides (noting that, by

Proposition 2, neither of these is equal to ±i) gives xj = x′j , a contradiction. The same argument can be
applied to show that C−(xj) 6= C−(x′j) and C+(xj) 6= C−(x′j) (with C−(xj) 6= C+(x′j) being a natural
implication of the latter).

It remains to be shown thatC+(xj) 6= C−(xj) (withC+(x′j) 6= C−(x′j) following from this). The only
possible solutions to this equation are xj = ± 1

2 . By Proposition 2 we cannot have xj = 1
2 , so suppose

that xj = − 1
2 . But this too is impossible: if xj = − 1

2 , then we know Bj(xj) for j = 0, 1, 2, . . . is an
increasing sequence (recall Figure 1b), contradicting the fact that Bj(xj) = −1.

Then by induction, there are twice as many roots of Bj+1(x) = −1 than Bj(x) = −1, and since there
is one root for j = 0, the proof is complete.

2.2 Generalising class 4.V to length m

For m ≥ 4 let τm be the consecutive pattern

1m23 . . . (m− 2)(m− 1).

So τ4 = 1423, τ5 = 15234, and so on. The arguments leading to (1) easily generalise, and it follows that
the cluster counts sn,k satisfy the recurrence

sn,k =
∑

m≤(m−2)`+2≤n

(
n− (m− 3)`− 2

`

)
sn−(m−2)`−1,k−` for n ≥ m, (7)

with the initial conditions sn,k = 0 for n < m, except for s1,0 = 1.
The recurrence (7) can be translated into a functional equation in the same way as for class 4.V:

Tm(x) = 1 +
x

1 + x
Tm

(
x

1 + xm−2

)
. (8)



On consecutive pattern avoiding permutations of length 4, 5 and beyond 11

We will keep A(x) defined as in the previous section, but now generalise B(x), Bj(x) and Aj(x):

Bm(x) :=
x

1 + xm−2

Bmj (x) := Bm(Bmj−1(x)) with Bm0 (x) := x

Amj (x) := A(Bmj (x))

The following then follows mutatis mutandis from Theorem 4, so we omit the proof.

Theorem 6. The functional equation (8) has the solution

Tm(x) = 1 +

∞∑
n=0

n∏
j=0

Amj (x) = 1 +

∞∑
n=0

n∏
j=0

Bmj (x)

1 +Bmj (x)
. (9)

Not only can we solve Tm(x) for any m ≥ 4, we can also generalise Theorem 5.

Theorem 7. The generating function Tm(x), with the solution given by Theorem 6, has an infinite number
of poles in the complex plane, and is thus not differentiably finite.

Similar to the previous section, this result depends on the analogue of Proposition 1, which we assume
to be true for the time being.

Proposition 4. For every m ≥ 4 and j ≥ 0, the equation

Bmj (x) = −1

has at least one root in x ∈ C. Moreover, this root is not a root of Bmj′ (x) = −1 for any j′ 6= j.

Proof of Theorem 7 (given Proposition 4): For even m, the proof of this theorem follows, mutatis
mutandis, the same ideas as for Theorem 5. In particular, Bm(x) is continuous and differentiable over all
of R, with a global minimum at x = ρm ∈ [−1,− 3

4 ), and always satisfies Bm(−1) = − 1
2 .

For odd m, things are a little different. First, generalise TJ(x) as defined in (6) to TmJ (x) in the
obvious way, and let xmJ be one of the roots of BmJ (x) = −1. Now BmJ+1(x) diverges as x → xmJ ,
but BmJ+2(x) → 0, as does every BmJ+j(x) for j ≥ 2. Meanwhile AmJ+1(x) → 1 as x → xmJ , and
AmJ+j(x) → 0 for all j ≥ 2. This implies that only the first term in the infinite sum in V mJ (x) remains
non-zero as x→ xmJ , and hence

V mJ (x)→ 2 as x→ xmJ .

For UmJ (x), we have a similar argument to the previous section that all of the terms in the product are
finite and non-zero: none of the BmJ−j(x) can be 0 at xmJ (or else so too would BmJ ), nor can they be −1
(or else BmJ would either be undefined or 0). So UmJ (x) is a finite, non-zero complex number at x = xmJ .

The final part of the proof (that is, showing that the pole at x = xmJ in TmJ (x) is really a pole of Tm(x))
is exactly the same as that of Theorem 5.

Proof of Proposition 4: This follows the same ideas as for Proposition 1. For Proposition 1 we used
the explicit inverse function of B(x); in general, however, the equation Bm(x) = −1 is a polynomial
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equation of degree m− 2 (namely xm−2 + x+ 1 = 0). Nevertheless, we can still use the same process:

xm1 can be any solution to Bm(x) = −1

xm2 can be any solution to Bm(x) = xm1

xm3 can be any solution to Bm(x) = xm2

and so on. By the same arguments used in the proof of Theorem 7, no root in this sequence can be
repeated.

2.3 A further generalisation
The recurrence (1) and its generalisation (7) are in fact specialisations of an even more general set of
recurrences, though in general we do not know how to solve them as we did in the previous sections.

This time, take m ≥ 4 and let τ be a pattern of the form

1mτ3τ4 . . . τm−1τm,

with the property that τm = τm−1 + 1. Set c ≡ c(τ) = m− τm − 1.

Theorem 8. The cluster counts sn,k for the consecutive pattern τ satisfy the recurrence

sn,k =
∑

m≤(m−2)`+2≤n

(
n− (m− c− 3)`− 2

(c+ 1)`

)
sn−(m−2)`−1,k−` for n ≥ m, (10)

with the initial conditions sn,k = 0 for n < m, except for s1,0 = 1.

Note that the consecutive patterns considered earlier were “boundary cases”, with c = 0.

Proof: Two successive occurrences of τ in a k-cluster can overlap by one or two elements, so we follow
a similar strategy to the one outlined at the start of Section 2.1. Let σ be a k-cluster of length n for τ ,
and say the first ` occurrences of τ in σ overlap by two elements, with the `th and (` + 1)th occurrences
overlapping by one. Let σa1 , σa2 , . . . , σas be the elements of σ, up to and including σ(m−2)`+2, which
satisfy σai ≤ σ(m−2)`+2. Similarly, let σb1 , σb2 , . . . , σbt be the elements of σ, up to σ(m−2)`+2, which
satisfy σbi > σ(m−2)`+2.

By definition of c, we must have t = (c+1)`, and hence s = (m−2)`+2− t = (m−c−3)`+2. The
set {σa1 , . . . σas} is exactly the set {1, 2, . . . , (m− c− 3)`+ 2}, with the order of the σai depending on
(and being fixed by) the particular τ in question. The σbi elements are then free to take any values between
(m−c−3)`+3 and n, with their order again being fixed by τ . The remainder of σ, i.e. σ(m−2)`+2, . . . , σn,
is then (after standardisation) a (k−`)-cluster of length n−(m−2)`−1. The recurrence (10) follows.

3 Consecutive PAPs of length 5
In the case of classical PAPs, it is known (see Kitaev (2011)) that the 120 possible patterns of length
five can be divided into 16 so-called Wilf classes, each of which has the same asymptotic behaviour. For
consecutive, length five PAPs, there are twenty five (see Elizalde (2015)) equivalence classes, each of
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which has the same asymptotic behaviour of its coefficients. These are given below, ordered in terms of
increasing coefficient size (not necessarily asymptotically, but lexicographically):

5.I: 12354 ∼ 21345 ∼ 45321 ∼ 54312

5.II: 12453 ∼ 12543 ∼ 31245 ∼ 32145 ∼ 34521 ∼ 35421 ∼ 54123 ∼ 54213

5.III: 21534 ∼ 23154 ∼ 43512 ∼ 45132

5.IV: 24153 ∼ 25143 ∼ 31524 ∼ 32514 ∼ 34152 ∼ 35142 ∼ 41523 ∼ 45213

5.V: 13452 ∼ 13542 ∼ 14352 ∼ 14532 ∼ 15342 ∼ 15432 ∼ 23451 ∼ 23541

∼ 24351 ∼ 24531 ∼ 25341 ∼ 25431 ∼ 41235 ∼ 41325 ∼ 42135 ∼ 42315

∼ 43125 ∼ 43215 ∼ 51234 ∼ 51324 ∼ 52134 ∼ 52314 ∼ 53124 ∼ 53214

5.VI: 12435 ∼ 13245 ∼ 53421 ∼ 54231

5.VII: 15234 ∼ 23415 ∼ 43251 ∼ 51432

5.VIII: 15423 ∼ 32451 ∼ 34215 ∼ 51243

5.IX: 21354 ∼ 45312

5.X: 21453 ∼ 31254 ∼ 35412 ∼ 45213

5.XI: 13425 ∼ 14235 ∼ 52431 ∼ 53241

5.XII: 14523 ∼ 32541 ∼ 34125 ∼ 52143

5.XIII: 23514 ∼ 25134 ∼ 41532 ∼ 43152

5.XIV: 25413 ∼ 31452 ∼ 35214 ∼ 41253

5.XV: 15324 ∼ 24315 ∼ 42351 ∼ 51342

5.XVI: 12534 ∼ 23145 ∼ 43521 ∼ 54132

5.XVII: 21543 ∼ 32154 ∼ 34512 ∼ 45123

5.XVIII: 14325 ∼ 52341

5.XIX: 13524 ∼ 24135 ∼ 42531 ∼ 53142

5.XX: 25314 ∼ 41352

5.XXI: 24513 ∼ 31542 ∼ 35124 ∼ 42153

5.XXII: 13254 ∼ 21435 ∼ 45231 ∼ 53412

5.XXIII: 15243 ∼ 32415 ∼ 34251 ∼ 51423

5.XXIV: 14253 ∼ 31425 ∼ 35241 ∼ 52413

5.XXV: 12345 ∼ 54321

The solution of class 5.XXV follows from the first theorem of Elizalde and Noy. The exponential
generating function is 1/w(x), where

wiv + w
′′′

+ w
′′

+ w′ + w = 0; w(0) = 1, w′(0) = −1, w
′′
(0) = 0, w

′′′
(0) = 0,

while the solution of classes 5.I, 5.II and 5.V follow from the second theorem. Elizalde and Noy (2012)
proved further results which solve classes 5.VI, 5.XVI and 5.XXII. For class 5.XI Elizalde and Noy also
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prove results which lead to a 13th order ODE for 1/w(z), which we improve to a 7th order ODE in
Section 5. The relevant ODEs are given in Table 1 below. We wish to point out that the solution to the
ODE above for class 5.XXV is

w(x) =
∑
n≥0

(5n+ 1− x) · x5n

(5n+ 1)!
.

For class 5.VII, the results of Section 2.2 give the solution to the cluster generating function, and
demonstrate that it is non-D-finite. It follows that the e.g.f. for this class of c-PAPs is non-D-finite. Class
5.VIII is covered by the results of Section 2.3, and while we can in fact write down a functional equation
for the cluster generating function, it is complicated and we do not know how to solve it.

In the next section we find an explicit, algebraic solution to the cluster generating function for class
5.XI, and conjecture that a generalisation of this holds for certain classes of length m ≥ 4. We will also
find a recurrence for the cluster numbers of class 5.XII, and a differential-functional equation for class
5.XXIII.

3.1 Class 5.XI
We will focus on the consecutive pattern 13425 from class 5.XI. This class, and the generalisations dis-
cussed in Section 3.2, are covered by Elizalde and Noy (2012) in Section 4.2. In that paper, Elizalde and
Noy find explicit D-finite solutions to a family of cPAPs, of the form

134 . . . (s+ 1)2(s+ 2)(s+ 3) . . .m,

where m is the length of the pattern and s + 2 ≤ m ≤ 2s. (Class 5.XI and the generalisations of the
following section are the case s = m − 2.) For clarity we will reproduce here some of the arguments
behind Elizalde and Noy (2012)’s Theorem 4.2, and Theorems 9 and 11 are essentially rewordings of that
theorem. Theorem 10 and Conjectures 1 and 2 are new, however.

As usual, we count k-clusters of length n by conditioning on the number ` of initial occurrences of
13425 which overlap by two elements. Let σ be a k-cluster with ` ≥ 2. There are three possible relative
orderings for σ1, . . . , σ8, namely

σ1 < σ4 < σ2 < σ3 < σ7 < σ5 < σ6 < σ8 (5.XI-1)
σ1 < σ4 < σ2 < σ7 < σ3 < σ5 < σ6 < σ8 (5.XI-2)
σ1 < σ4 < σ7 < σ2 < σ3 < σ5 < σ6 < σ8. (5.XI-3)

Note that the relative ordering of all elements except σ7 is the same throughout.
Similarly if ` ≥ 3, the relative order of {σ1, . . . , σ11}\{σ7, σ10} will be fixed. In the case (5.XI-1),

there will be three possible positions for σ10; in the case (5.XI-2), there will be four possible positions;
and in case (5.XI-3), there will be five possible positions. This generalises as follows: if there are at least
` + 1 ≥ 3 occurrences of 13425 at the start of σ which overlap by two elements, consider the relative
ordering of the first 3`+ 2 elements, and in particular the position of σ3`+1 in that ordering. It can occur
anywhere between the (` + 1)th and the (3` − 1)th positions. Say σ3`+1 is in the pth position in that
ordering. Now also take into the account the positions of the next three terms of σ, i.e. σ3`+3, σ3`+4 and
σ3`+5. The positions of σ3`+3 and σ3`+5 are fixed, but there are 3`+ 2− p possible positions for σ3`+4.

This continues, where at each stage (i.e. each additional occurrence of 13425 which overlaps its pre-
decessor by two) we have between three and 2` + 1 possible choices for σ3`+4. The reader may have
observed the resemblance to the growth of ternary trees:
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• Start with a tree with one node and three leaves, and label the leaves 1, 2, 3 from left to right. All
three leaves are currently active.

• Select leaf i to convert into a node. Label i vanishes, and all leaves with label < i become inactive.
The new leaves are active, and get the labels 4, 5, 6.

• Repeat this process, each time selecting an active leaf to convert into a node, deactivating all leaves
with smaller labels, and adding three new leaves at the new node.

• After n steps, there are n nodes and 2n + 1 leaves. At least three must be active, but they may all
be.

In this way every ternary tree can be constructed in a unique and traceable way. Since it is well-known
that the number of ternary trees with n nodes is 1

2n+1

(
3n
n

)
, we have the following.

Theorem 9 (Elizalde and Noy (2012)’s Theorem 4.2). The cluster counts sn,k for the consecutive pattern
13425 satisfy the recurrence

sn,k =
∑

5≤3`+2≤n

1

2`+ 1

(
3`

`

)
sn−3`−1,k−` for n ≥ 5, (11)

with the initial conditions sn,k = 0 for n < 5, except for s1,0 = 1.

Multiplying (11) by (−1)kxn and summing, we obtain (with the help of Mathematica) the equation

T (x) = 1 + x+ x

[
2√
3x3

sinh

(
1

3
arcsinh

(
3
√

3x3

2

))
− 1

]
(T (x)− 1) . (12)

Theorem 10. The cluster generating function T (x) for the consecutive pattern 13425 has the solution

T (x) =
1 + 2x− F (x)

1 + x− F (x)

where

F (x) =
2√
3x

sinh

(
1

3
arcsinh

(
3
√

3x3

2

))
.

It is an algebraic function, being the root of a cubic polynomial with coefficients in Z[x].

Proof: The solution to T (x) is easily obtained from (12). As for the algebraicity of T (x), this follows from
the algebraicity of F (x), which in turn follows from an application of the standard formula arcsinh(y) =

log(y +
√
y2 + 1). We have found the polynomial of which T (x) is a root with the aid of Mathematica;

it is

1 + 2x+ 6x2 + 12x3 + 8x4 − (3 + 5x+ 15x2 + 24x3 + 12x4)T

+ (3 + 4x+ 12x2 + 15x3 + 6x4)T 2 − (1 + x+ 3x2 + 3x3 + x4)T 3.

Note that since T (x) is algebraic, it is also D-finite, and hence so too is the e.g.f. for permutations
avoiding the consecutive pattern 13425 (a fact already demonstrated by Elizalde and Noy (2012)).
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3.2 Generalising class 5.XI to length m

It is natural to expect that the numbers 1
2`+1

(
3`
`

)
we observed in the last section to generalise. Indeed, it is

well-known that 1
(q−1)n+1

(
qn
n

)
is the number of q-ary trees with n nodes. It is straightforward to see that

the length m patterns which will give the same kind of recurrence as the trees are patterns of the form

τ = 134 . . . (m− 1)2m

for m ≥ 4. For m = 4 this is the pattern 1324, for m = 6 it is 134526, and so on. The consecutive pattern
1324 falls into class 4.IV, whose cluster numbers are indeed known (see Dotsenko and Khoroshkin (2013);
Elizalde and Noy (2012)) to satisfy the recurrence

sn,k =
∑

4≤2`+2≤n

1

`+ 1

(
2`

`

)
sn−2`−1,k−`

with appropriate initial conditions. More generally, we have the following.

Theorem 11 (Elizalde and Noy (2012)’s Theorem 4.2). The cluster numbers sn,k for the consecutive
pattern τ , of length m ≥ 4, satisfy

sn,k =
∑

m≤(m−2)`+2≤n

1

(m− 3)`+ 1

(
(m− 2)`

`

)
sn−(m−2)`−1,k−` for n ≥ m, (13)

with initial conditions sn,k = 0 for n < m, except for s1,0 = 1.

With the aid of Mathematica, we then conjecture the form of the solution for arbitrary m.

Conjecture 1. The cluster generating function T (x) for the pattern τ of length m ≥ 4 is given by

T (x) =
1 + 2x−G(x)

1 + x−G(x)

where G(x) is the generalised hypergeometric function

G(x) = z ·(m−3)F(m−4)

(
1

m− 2
,

2

m− 2
, . . . ,

m− 3

m− 2
;

2

m− 3
,

3

m− 3
, . . . ,

m− 4

m− 3
,
m− 2

m− 3
;

− (m− 2)m−2

(m− 3)m−3
xm−2

)
,

using the notation

pFq(a1, . . . , ap; b1, . . . , bq; z) =

∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

· z
n

n!
.

Here, (a)n is the rising factorial

(a)n = a(a+ 1) · · · (a+ n− 1).

We furthermore conjecture the following.
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Conjecture 2. For m ≥ 4, the solution to T (x) given in Conjecture 1 is algebraic, being the root of a
polynomial of degree m− 2.

We have numerically verified this conjecture for m ≤ 7, finding the polynomials for m = 4:

1 + 2x+ 4x2 + 4x3 − (2 + 3x+ 6x2 + 4x3)T + (1 + x+ 2x2 + x3)T 2;

for m = 6:

1 + 2x+ 8x2 + 24x3 + 32x4 + 16x5 − (4 + 7x+ 28x2 + 72x3 + 80x4 + 32x5)T

+ (6 + 9x+ 36x2 + 78x3 + 72x4 + 24x5)T 2 − (4 + 5x+ 20x2 + 36x3 + 28x4 + 8x5)T 3

+ (1 + x+ 4x2 + 6x3 + 4x4 + x5)T 4;

and for m = 7:

1 + 2x+ 10x2 + 40x3 + 80x4 + 80x5 + 32x6− (5 + 9x+ 45x2 + 160x3 + 280x4 + 240x5 + 80x6)T

+(10+16x+80x2+250x3+380x4+280x5+80x6)T 2−(10+14x+70x2+190x3+250x4+160x5+40x6)T 3

+ (5 + 6x+ 30x2 + 70x3 + 80x4 + 45x5 + 10x6)T 4− (1 + x+ 5x2 + 10x3 + 10x4 + 5x5 + x6)T 5.

3.3 Class 5.XII
We will focus on the consecutive pattern 14523 from class 5.XII. The recurrence for sn,k here is relatively
straightforward. We first make the somewhat trivial observation that, if τ = 14523, then there are two
elements of τ (namely τ2 and τ3) which are larger than τ5. Next, let σ be a cluster with ` ≥ 2 (using the
usual definition of `). There are three possible relative orderings for the first 8 elements of σ:

σ1 < σ4 < σ7 < σ8 < σ5 < σ2 < σ3 < σ6

σ1 < σ4 < σ7 < σ8 < σ5 < σ2 < σ6 < σ3

σ1 < σ4 < σ7 < σ8 < σ5 < σ6 < σ2 < σ3.

The pertinent fact here is that there are always four elements which are bigger than σ8. If ` ≥ 3 then there
are 15 possible relative orderings for the first 11 elements of σ (we will not list them all out), but one
can check that there are always six elements bigger than σ11. It is easy to see that this pattern continues:
among the ordering of the first 3` + 2 elements of σ, there are always 2` elements which are bigger than
σ3`+2.

This matters for the following reason: say that the first ` + 1 occurrences of τ in σ overlap by two
elements, with the relative ordering of σ1, . . . , σ3`+2 fixed, and consider the ways in which we can fit
σ3`+3, σ3`+4 and σ3`+5. We must have the ordering

· · · < σ3`+1 < σ3`+4 < σ3`+5 < σ3`+2 < · · · ,

so our only choice is for the position of σ3`+3. The only restriction is that it must be greater than σ3`+2.
We already know that there were previously 2` elements greater than σ3`+2, so we have exactly 2` + 1
possible choices.
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It hence follows that, with exactly the first ` occurrences of 14523 overlapping by two, there are

1× 3× 5× · · · × (2`− 1) = (2`− 1)!!

choices for the relative ordering of σ1, . . . , σ3`+2. Of those, the values of σ1, σ4, . . . , σ3`+1 and σ3`+2

are entirely fixed, and take the values 1, 2, . . . , `+ 2 respectively; we are free to choose the values of the
remaining 2` elements. Thus, we have the following.

Theorem 12. The cluster numbers sn,k for the consecutive pattern 14523 satisfy the recurrence

sn,k =
∑

5≤3`+2≤n

(
n− `− 2

2`

)
(2`− 1)!!sn−3`−1,k−` for n ≥ 5, (14)

with the initial conditions sn,k = 0 for n < 5, except for s1,0 = 1.

Unfortunately, we do not know what kind of functional equation the corresponding generating function
satisfies.

3.4 Class 5.XXIII
We will focus on the consecutive pattern 15243. This one is different to the others we have considered so
far, because two successive occurrences of 15243 in a cluster can overlap by one or three elements, but
not two. It is easy to see that if the first ` occurrences of 15243 overlap by three elements, then there is
only one possible relative ordering of σ1, . . . , σ2`+3. Moreover, the elements σ1, σ3, . . . , σ2`+3 are fixed,
and take the values 1, 2, . . . , ` + 2 respectively; we are free to choose the remaining ` + 1 terms. This
leads to the following.

Theorem 13. The cluster numbers sn,k for the consecutive pattern 15243 satisfy the recurrence

sn,k =
∑

5≤2`+3≤n

(
n− `− 2

`+ 1

)
sn−3`−2,k−` for n ≥ 5, (15)

with initial conditions sn,k = 0 for n < 5, except for s1,0 = 1.

Multiplying (15) by (−1)kxn and summing, we arrive at the following differential-functional equation.

Theorem 14. The cluster generating function T (x) for the consecutive pattern 15243 satisfies the equa-
tion

x3T ′(x) = 1 + x− T
(

x

1 + x2

)
(16)

with initial condition T (0) = 1.

Unfortunately, we do not know how to solve (16).

4 Generating series
Baxter et al. (2013) perform enumeration by a simple recursive technique using dynamic programming
resulting in polynomial time algorithms. The algorithm used to generate these has typically been the
cluster method (see Goulden and Jackson (1979); Elizalde and Noy (2012); Nakamura (2011)). This is a
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very different algorithm to ours, that runs in good time, and can, with some computational constraints, be
used to prove that two series are in the same Wilf class. The faster algorithm we present below is simpler
and easier to analyse, but is not as amenable to definitively proving that two series are in the same Wilf
class. However, it can be used to generate large numbers of terms which provides strong evidence for
Wilf equivalence.

Suppose one wants to enumerate permutations of length n not including a consecutive pattern of length
L. A simple recursive algorithm would build up the permutation one step at a time, at each point consider-
ing all the remaining integers, and rejecting it if, when added to the preceding n− 1 elements, it produces
the undesired pattern.

This simple algorithm will take time proportional to the number of such permutations. A more efficient
algorithm can be created by discarding unnecessary states and using dynamic programming. In particular,
the only thing that matters about elements prior to the last L−1 elements is that those integers are already
taken. Even this is more information than is needed; all one cares about is how many integers are left in
the gaps between the last L − 1 integers. Similarly the actual values of the last L − 1 elements are not
needed, only their relative order.

The number of such states is O(L!nL−1), which is polynomial in n, making such sequences easy to
enumerate.

Furthermore a trivial alteration to the algorithm is to see if there are any possible future integers that,
added to the last L − 1 elements, would produce the undesired pattern. If so, the whole state is rejected.
This causes the enumeration of permutations avoiding L elements, all consecutive except (possibly) the
last.

In this way we have generated series avoiding consecutive permutations of length-4 up to eighty terms,
in some cases, and over 100 terms in others, and of length-5 up to seventy terms.

5 Numerical results

5.1 Searching for differential equations

The D-finiteness of the generating functions for classes 4.I, 4.IV, 4.VI and 4.VII was discussed in Sec-
tion 2, and the non-D-finiteness of class 4.V was proved in Section 2.1. For the two remaining classes,
namely 4.II and 4.III, we have not found a D-finite e.g.f., nor for its reciprocal. It is likely that the corre-
sponding reciprocal of the e.g.f. is not D-finite in those cases. As far as can be tested with the available
series, it is not D-algebraic either.

For consecutive patterns of length 5, we have used the series data to rederive known differential equa-
tions satisfied by eight of the twenty-five generating functions. In each case the exponential generating
function is given by 1

y(x) , where y(x) is D-finite. The eight classes, and their corresponding differential
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equations, are given in Table 1. Note that the differential equation for class 5.XI is

(3600x+ 7920x2 − 1620x3 − 3240x4 − 18549x6)y(x)

+ (4480 + 10800x+ 21840x2 − 1020x3 − 4224x4 − 55647x6)y′(x)

+ (13440 + 13520x+ 18000x2 + 3540x3 + 6768x4 − 12366x5 − 55647x6)y′′(x)

+ (13440 + 11760x+ 2480x2 + 540x3 + 12768x4 − 37098x5 − 21297x6)y′′′(x)

+ (4480 + 11760x+ 6960x2 − 7140x3 + 816x4 − 37098x5 − 26793x6)y(4)(x)

+ (4480 + 2720x− 960x2 + 720x3 + 4056x4 − 12366x5 − 8244x6)y(5)(x)

+ (2720x+ 320x2 − 3120x3 − 480x4 − 12366x5 − 2748x6)y(6)(x)

+ (320x2 − 480x4 − 2748x6)y(7)(x) = 0 (17)

We have not found a D-finite e.g.f., or its reciprocal, for the remaining seventeen classes. It seems
likely that the corresponding reciprocal of the e.g.f. is not D-finite in those cases. As far as can be tested
with the available series, it is not D-algebraic either. Thus it appears that Elizalde and Noy (2003, 2012)
have proved results for all the D-finite cases of c-PAPs of length up to 5. Our only new numerical result
is to reduce the order of the differential equation for class 5.XI from 13 to 9. We subsequently were able
to reduce this from 9 to 7. Then in Section 3.2 we give an algebraic solution to the o.g.f. for this case.

5.2 Estimating the growth rates
For each class Σ of c-PAPs, the coefficients of the ordinary generating function behave asymptotically as

cΣn ∼ CΣ · n! · κnΣ.

The estimate of the growth constant κΣ and amplitudes CΣ, accurate to all quoted digits, for all length 4
classes is given in Table 2, and for all length 5 classes in Table 3.

6 Conclusion
Of the seven length-4 consecutive-Wilf classes we give the ODEs and comment on the solution for four
of these, and give a functional equation, solution and proof of non-D-finiteness for a fifth class. For the
twenty-five length-5 consecutive-Wilf classes we give the ODEs for eight of these, and give a functional
equation, solution and proof of non-D-finiteness for class 5.VII. For class 5.VIII we give a recurrence for
cluster counts, and comment that this yields an ugly and unsolved recurrence for the cluster generating
function. For class 5.XI we reduce the known ODE for the e.g.f from order 13 to order 7, and then give an
algebraic solution to the o.g.f. For class 5.XII we give a recurrence for cluster counts, but cannot solve this.
For class 5.XIII we give a recurrence for cluster counts and show that this yields a differential-functional
equation which we can’t solve.

Thus we have improved the state of our knowledge for one length-4 class and for five length-5 classes.
We have given a fast, polynomial-time algorithm to generate the coefficients, and used this to (a) cal-

culate the asymptotics for all classes of length 4 and length 5 to significantly greater precision than has
previously been reported, and (b) use these extended series to search, unsuccessfully, for D-finite solu-
tions for the unsolved classes, leading us to conjecture that the solutions are not D-finite. We have also
searched, unsuccessfully, for differentially algebraic solutions.
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Class Differential equation Initial conditions

5.I xy′(x) + y(4)(x) = 0
y(0) = 1, y′(0) = −1,

y′′(0) = 0, y′′′(0) = 0

5.II x2y′(x) + 2y′′′(x) = 0 y(0) = 1, y′(0) = −1, y′′(0) = 0

5.V x3y′(x) + 6y′′(x) = 0 y(0) = 1, y′(0) = −1

5.VI y(x) + y′(x) + y(4)(x) = 0
y(0) = 1, y′(0) = −1,

y′′(0) = 0, y′′′(0) = 0

5.XI (17)

y(0) = 1, y′(0) = −1,

y′′(0) = 0, y′′′(0) = 0,

y(4)(0) = 0, y(5)(0) = 1,

y(6)(0) = 0

5.XVI xy′(x) + xy′′(x) + y(4)(x) = 0
y(0) = 1, y′(0) = −1,

y′′(0) = 0, y′′′(0) = 0

5.XXII xy′(x) + y′′(x) + y(4)(x) = 0
y(0) = 1, y′(0) = −1,

y′′(0) = 0, y′′′(0) = 0

5.XXV y(x) + y′(x) + y′′(x) + y′′′(x) + y(4)(x) = 0
y(0) = 1, y′(0) = −1,

y′′(0) = 0, y′′′(0) = 0

Tab. 1: The exponential generating function Cclass(x) = 1
y(x) , where y(x) satisfies the given ODE for

eight of the twenty-five classes of length 5 consecutive PAPs.

Class Σ κΣ CΣ

Class I 0.9630055289154941756 1.076344539715227
Class II 0.9577180134976572362 1.137593123292952
Class III 0.9561742431150784277 1.146540529900785
Class IV 0.9558503134742499890 1.100226245067883
Class V 0.9548260509498783340 1.104489004860327
Class VI 0.9546118344740519438 1.103720832998758
Class VII 0.9528914233250531974 1.114556873900595

Tab. 2: Growth constants κΣ and amplitudes CΣ for the seven classes of length 4 consecutive PAPs.
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Class Σ κΣ CΣ

Class I 0.9913880716699268181 1.0359338947290985
Class II 0.9914185408600983479 1.0356740409503498
Class III 0.9914215726255505158 1.0356482525747201
Class IV 0.9914637023566386736 1.0352912840051055
Class V 0.9914787346349870644 1.0351640090771068
Class VI 0.9914031046134865367 1.0358339838201155
Class VII 0.9914152799149738845 1.0357301469691008
Class VIII 0.9914455405535310693 1.0354727912203914
Class IX 0.9914486888810151958 1.0354456527948576
Class X 0.9914905951981662739 1.0350913714694614
Class XI 0.9914573454495660358 1.0354283564589345
Class XII 0.9914991759877895239 1.0350742999782649
Class XIII 0.9915021807789432127 1.0350488441916296
Class XIV 0.9915430268589110657 1.0347070291236631
Class XV 0.9914961218699849309 1.0351275914657668
Class XVI 0.9914962152197285242 1.0351265076491731
Class XVII 0.9915702712612490911 1.0345028067355504
Class XVIII 0.9915374435675450185 1.0348337036858431
Class XIX 0.9915491202315941687 1.0347354953793692
Class XX 0.9915807073163505786 1.0344726469008412
Class XXI 0.9916208625283576837 1.0341385793668625
Class XXII 0.9916009188510841597 1.0345693190404323
Class XXIII 0.9916298962721992117 1.0343256965190087
Class XXIV 0.9918325187738895504 1.0330524632572689
Class XXV 0.9928637443921790385 1.0280679375675015

Tab. 3: Growth constants κΣ and amplitudes CΣ for the twenty-five classes of length 5 consecutive PAPs.
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We study the number of occurrences of any fixed vincular permutation pattern. We show that this statistics on

uniform random permutations is asymptotically normal and describe the speed of convergence. To prove this central

limit theorem, we use the method of dependency graphs. The main difficulty is then to estimate the variance of our

statistics. We need a lower bound on the variance, for which we introduce a recursive technique based on the law of

total variance.

Keywords: permutation patterns, central limit theorem, dependency graphs, vincular patterns, variance estimate

1 Introduction

Permutation patterns are well studied objects in combinatorics and, more recently, also in probability

theory. In combinatorics, most of the research is focused on pattern avoidance, i.e. finding the number of

permutations with no occurrences of a given pattern, see Bóna (2012); Kitaev (2011). Another problem is

the study of statistics and their distribution. Those objects are studied combinatorially, for instance with

multivariate generating functions as in Chatterjee and Diaconis (2017); Crane et al. (2016), but also in

probability theory. One statistics of interest is the number of occurrences of a given pattern in a random

permutation, where various distributions on permutations are considered. Often, people study the case of

uniform permutations, as in Bóna (2010); Fulman (2004); Janson et al. (2015). Among patterns, descents

and inversions are the most well-known, see Fulman (2004).

The problem we consider in this article is the following: for a fixed pattern π, what is the asymptotic

behaviour of the number of occurrences of π in a uniform random permutation σn of size n going to

infinity? We consider this problem when π is a so-called vincular pattern.

To explain the precise meaning of this problem, we begin by describing different types of permutation

patterns. When we study patterns, permutations are represented in one-line form, i.e. as a sequence. A

permutation of size n is a reordering of the monotone sequence 12 . . . n. The study of patterns is the study

of subsequences and their order. For example, consider the permutation

σ = 58213476
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and its subsequence 524. The unique permutation whose elements are listed in the same relative order

is 312. We say that the subsequence 524 is an occurrence of the classical pattern 312. Occurrences of

classical patterns can be any subsequences. Additional constraints on the subsequences lead to different

types of patterns: tight, very tight, vincular and bivincular patterns (terminology from Bóna (2012); Ki-

taev (2011)). To count as an occurrence of such a type of pattern, a subsequence must fulfil the constraints

listed below:

• Tight: all entries have adjacent positions.

• Very tight: all entries have adjacent positions and values.

• Vincular: some entries have adjacent positions or in other words appear in blocks.

• Bivincular: some entries have adjacent positions and some (maybe different) entries have adjacent

values.

In the literature, patterns are sometimes called consecutive instead of tight and generalized or dashed

instead of vincular. Note that vincular patterns generalize both classical and tight patterns.

As an example of a vincular pattern, consider 312 where the underlined symbols indicate that the last

two entries are required to be in adjacent positions. In the permutation σ above, the subsequence 524 is

therefore not an occurrence of this vincular pattern, but the following are: 513, 534, 813, 834, 847. The

number of occurrences of 312 in σ is 5. We say the pattern 312 has two blocks, the first is one isolated

entry and the second consists in two adjacent entries. Formally, we write a vincular pattern as a pair

(π,A), where π is a permutation giving the order constraint and A gives the required adjacencies.

Instead of counting occurrences of a pattern in a deterministic permutation σ as above, we look at

σn which is a uniform permutation of size n. Considering a random variable counting the number of

occurrences of a fixed pattern of size k in σn, we ask how it behaves asymptotically, as n goes to infinity.

Since there are different types of patterns, there is actually a whole family of such problems.

The following answers to these problems are known.

• In Fulman (2004), J. Fulman proves asymptotic normality for inversions and descents (classical and

tight patterns of size k = 2). In addition, he provides a rate of convergence.

• M. Bóna establishes in Bóna (2010) asymptotic normality for classical and tight patterns which are

monotone (increasing or decreasing).

• In Janson et al. (2015), asymptotic normality is shown for all classical patterns. In fact, the authors

also establish the joint convergence.

• In (Crane et al., 2016, Section 8), asymptotic normality and a rate of convergence are provided for

tight patterns of size k ≥ 3 in random permutations distributed with the so-called Mallows measure

of parameter q (for q = 1, this measure specializes to the uniform distribution which is of interest

in this article). These results are obtained under the assumption that the highest degree component

of the variance does not vanish. Proving this kind of variance estimate is often difficult, as we will

discuss later in the introduction.
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• L. Goldstein provides in (Goldstein, 2005, Example 3.2) a rate of convergence for tight patterns in

case of the uniform measure. As in Crane et al. (2016), this rate depends on the variance. In contrast

to Crane et al. (2016), the method used to obtain this rate applies to a larger family of statistics.

• Very tight patterns behave differently: for k = 2, they are asymptotically Poisson distributed, see

Corteel et al. (2006); Kaplansky (1945). It is easy to see that for k > 2, the probability to find such

a pattern tends to zero (see (Corteel et al., 2006, p. 3–4)).

• In Crane and DeSalvo (2017), Poisson limit theorems are also obtained for tight patterns in Mallows

permutations of size n, if the parameter of the Mallows distribution q(n) is a function of n of

a specific form or if q is fixed but the size of the pattern tends to infinity. This setting is quite

orthogonal to the one of other papers (including this one).

In the present article, we generalize the result of asymptotic normality to vincular patterns and we also

describe the speed of convergence. Our main result, proved in Section 3, is the following.

Let Z denote a standard normal random variable and dK denote the Kolmogorov distance which is

the maximum distance between distribution functions. Denoting X(π,A)(σn) the renormalized (mean 0,

variance 1) random variable which counts the number of occurrences of (π,A) in σn, it holds that for

some positive constant C,

dK

(

X(π,A)(σn), Z
)

≤ Cn−1/2.

This implies immediately that

X(π,A)(σn)
d→ Z,

where
d→ denotes convergence in distribution, hence proving asymptotic normality. In addition, the bound

on dK quantifies the accuracy of the approximation ofX(π,A)(σn) byZ . Note that this result encompasses

the results from Bóna (2010); Crane et al. (2016); Fulman (2004); Goldstein (2005); Janson et al. (2015)

previously mentioned except for the joint convergence in Janson et al. (2015) and the case of a general

parameter q 6= 1 in Crane et al. (2016).

Let us now discuss the method of proof. In the literature, the following methods have been used for

normal approximation:

• U -statistics in Janson et al. (2015). However, the number of occurrences of vincular patterns is not

a U -statistics (unlike for classical patterns).

• Exchangeable Stein pairs in Fulman (2004) for patterns of size k = 2. Here, we did not succeed in

finding such a pair for patterns of any size.

• Size-bias couplings in Goldstein (2005) for tight patterns. We are not aware of such a coupling for

vincular patterns.
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• Dependency graphs in Bóna (2010) and Crane et al. (2016). Such a graph captures the depen-

dencies in a family of random variables. This is useful for our problem since X(π,A)(σn) can be

decomposed as a sum of partially dependent random variables (see Equation (2), p. 7).

The last three methods are based on Stein’s method (except for dependency graphs in Bóna (2010)). This

method is used to prove convergence in distribution as well as to describe the approximation error, see

Section 2.7 for more details.

In Section 3, we present two approaches to bound the Kolmogorov distance both based on dependency

graphs: one using the Stein machinery following Chen and Röllin (2010); Ross (2011) and one using the

moment method following Féray et al. (2016); Janson (1988); Saulis and Statulevičius (1991). While their

application is easy, there is one difficulty: we need a lower bound on the variance of X(π,A)(σn) to prove

that dK(X(π,A)(σn), Z) goes to 0.

The method to find that lower bound is discussed in Section 4.2. First, we show that Var(X(π,A)(σn))
is a polynomial in n. Denoting j the number of blocks of the vincular pattern (π,A), the polynomiality

implies that

Var(X(π,A)(σn)) = Cn2j−1 +O(n2j−2), with C ≥ 0.

If we can show that C is different from 0, then 1
2Cn2j−1 is a sharp lower bound (for n big enough). The

most natural approach to prove that C is larger than 0 is to find a formula for C by expressing the variance

in terms of covariances (see Equation (8), p. 16). This is Bóna’s approach in Bóna (2010). Such a formula

for C is a signed sum of binomials, which in our case is hard to examine. Instead, we introduce a new

technique: a recurrence based on the law of total variance. It provides a lower bound for Var(X(π,A)(σn))
of the form C′n2j−3/2. Thanks to the polynomiality, this is enough to prove that C is larger than 0 (see

Section 4.2).

We conclude this introduction with further directions of research.

• In this article, we establish the asymptotic normality for vincular patterns. Moreover, the asymptotic

behaviour of very tight patterns is characterized in Corteel et al. (2006): as Poisson distributed

(k = 2) or rare (k > 2). Both these types are contained in the larger class of bivincular patterns.

One could try to classify such patterns in terms of their limiting distribution.

To study the asymptotically normal case, we suggest using so-called interaction graphs or weighted

dependency graphs introduced in Chatterjee and Diaconis (2017); Féray (2016). In Chatterjee and

Diaconis (2017), interaction graphs are used for a similar statistics, ”number of descents plus num-

ber of descents in the inverse” which also has constraints in positions and values. The classical

tool of dependency graphs does not apply anymore since constraints along these two directions im-

ply that the random variables in a natural sum decomposition are all pairwise dependent (unlike in

Equation (2), p. 7). Using the mentioned extensions of dependency graphs avoids this problem, but

the main difficulty will again be estimating the variance.

• In Janson et al. (2015), joint convergence is established for classical patterns and (Janson et al.,

2015, Theorem 4.5) describes how dependent the single limit random variables are (for patterns of

the same size). It would be interesting to study these questions for vincular patterns. Moreover, one

could try to examine the speed of convergence in the multivariate case.
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• The optimality of the bound on dK obtained in this article could be investigated. We believe it is

optimal since no better bounds are obtained in similar problems (e.g. subgraph counts in random

graphs), but we do not have concrete mathematical evidence for it.

The outline of this article is as follows. In Section 2, we give all the necessary background and set up

the notation. In Section 3, we show two approaches to prove the main result. Both approaches rely on a

lower bound on the variance, which is established in Section 4.

2 Background and notation

Throughout this article, we write a permutation σ in one-line notation, i.e. σ = σ1σ2 . . . σn. The length of

the sequence σ1σ2 . . . σn is the size of σ, denoted by |σ|. The set of all permutations of size n is denoted

by Sn. We use [n] to denote the set {1, 2, . . . , n} and
(

[n]
k

)

for the set of all subsets of [n] which are of

size k.

2.1 Vincular patterns

We refer to Bóna (2012) and Kitaev (2011), which discuss the notion of permutation patterns. In Bóna

(2012), the reader can find information about classical patterns while Kitaev (2011) discusses patterns in

more generality, e.g. also the case of vincular patterns. A classical pattern is defined as follows.

Definition 2.1. Let σ ∈ Sn and π ∈ Sk. An occurrence of the classical pattern π in σ is a subsequence

σi1σi2 . . . σik of length k of σ such that:

• πr < πs ⇐⇒ σir < σis , for all r, s ∈ [k].

We say that σ has an occurrence of the classical pattern π at positions i1, i2, . . . , ik.

Example 2.2. Let σ = 2374561. The subsequence σ2σ5σ7 = 351 is an occurrence of the classical

pattern π = 231.

In contrast to classical patterns, vincular patterns have additional constraints on the subsequences that

are allowed to be counted as an occurrence of the pattern. Certain parts of the pattern are required to be

adjacent or, in other words, to appear in blocks.

Definition 2.3. Let σ ∈ Sn, π ∈ Sk and let A ⊆ [k − 1]. An occurrence of the vincular pattern (π,A) in

σ is a subsequence σi1σi2 . . . σik of length k of σ such that:

• σi1σi2 . . . σik is an occurrence of π in the classical sense,

• ia+1 = ia + 1, for all a ∈ A.

We call A the set of adjacencies.

Example 2.4. Let σ = 2374561. The subsequence σ2σ3σ7 = 371 is an occurrence of the vincular

pattern (π,A) = (231, {1}). Note that the subsequence from the previous example, σ2σ5σ7 = 351, is not

an occurrence of (π,A) since 3 and 5 are not adjacent in σ.
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Remark 2.5. In (Kitaev, 2011, Definition 1.3.1), the definition of vincular patterns is even more general,

allowing also constraints on the beginning and on the end of a pattern occurrence. However, such con-

straints are rarely considered in the literature, and not included in the present work. The central limit

theorem would not hold if we constraint the first entry of the pattern occurrence to be at the beginning, as

can be seen in the pattern 12 with 1 forced to be the first entry of the permutation.

In this article, we will work with the above definition but sometimes, it is more convenient to see

adjacencies as blocks. By block, we mean a maximal subsequence of the pattern whose entries are required

to be adjacent. An equivalent way to encode the adjacency information of a vincular pattern is to give a

list of block sizes. For example, the vincular pattern (231, {1}) would be written as (231, (2, 1)), where

the list (2, 1) describes a first block of size 2 followed by a block of size 1. This idea appears also in

(Kitaev, 2011, Definition 7.1.2), where the list of block sizes is called the type of a vincular pattern.

Now, note that the block sizes add up to the size of the pattern, leading to the notion of composition.

The following definition can be found in (Flajolet and Sedgewick, 2009, p. 39).

Definition 2.6. A composition of an integer n is a sequence (x1, x2, . . . , xℓ) of integers, for some ℓ, such

that n = x1 + x2 + · · ·+ xℓ and xi ≥ 1 for all i.

For example, (2, 1) is a composition of 3. How one can go from one encoding of vincular patterns (by

adjacencies or block sizes) to the other is explained by a bijection between subsets of [k − 1] and compo-

sitions of k, where k = |π|. This bijection associates for instance the composition (4, 2, 2, 1) of size 9 to

{1, 2, 3, 5, 7} ⊆ [8]. The formal construction of the bijection is given below. It will help understanding

the rephrasing of the adjacency condition.

For A ⊆ [k − 1], consider j = k − |A| and {c1, c2, . . . , cj} = [k] \A with c1 < c2 < · · · < cj = k, and

construct iteratively:























b1 = c1,

b2 = c2 − c1,
...

bj = cj − cj−1.

(1)

Then, (b1, b2, . . . , bj) is a composition of k, since
∑j

i=1 bi = cj = k. On the other hand, if (b1, b2, . . . , bj)
is a composition of k, then the inverse construction is:

A = [k]\
{

∑

i=1,...,ℓ

bi

∣

∣

∣
ℓ ∈ [j]

}

,

which is a subset of [k − 1].

So, indeed, a vincular pattern (π,A) can be equivalently defined as (π, (b1, b2, . . . , bj)), where the

adjacency condition is rephrased by:

• ia+1 = ia + 1, for all a ∈ [k]\
{
∑

i=1,...,ℓ bi
∣

∣ ℓ ∈ [j]
}

,

or, in other words, the first b1 elements should be adjacent, the next b2 also, and so on. We say the

vincular pattern (π, (b1, b2, . . . , bj)) has j blocks, numbered from left to right, where b1, b2, . . . , bj are
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the respective block sizes. When we speak about a vincular pattern (π,A) with j blocks, it is the above

bijection which is underlying.

In the literature, vincular patterns are commonly represented as permutations where some adjacent parts

may be underlined, see (Kitaev, 2011, Definition 1.3.1). What is underlined are the non-trivial blocks of

the pattern, i.e. blocks of size at least 2. This representation is visual and we will use it when we work with

concrete examples. For example, we would write 231 for the vincular pattern (231, (2, 1)), or equivalently

for (231, {1}).

2.2 Vincular pattern statistics on uniform permutations

Let σn be a uniform random permutation of size n and let (π,A) be a vincular pattern of size k. The vincu-

lar pattern statistics for the pattern (π,A) on σn is a random variable counting the number of occurrences

of (π,A) in σn. We denote it by X(π,A)(σn).
Since it is a counting statistics, X(π,A)(σn) can be naturally decomposed as a sum of indicator random

variables. First, we introduce a notation to collect all sets of positions that are admissible for occurrences

of (π,A) in a permutation of size n:

I(n, k,A) :=
{

{i1, i2, . . . , ik} ∈
(

[n]

k

)

∣

∣

∣
ia+1 = ia + 1, for all a ∈ A, where i1 < i2 < · · · < ik

}

.

Now, the sum decomposition of X(π,A)(σn) is the following:

X(π,A)(σn) =
∑

I∈I(n,k,A)

Xπ
I (σn), (2)

where Xπ
I (σn) is 1 if σn has an occurrence of the (classical) pattern π at positions given by I and it is 0

otherwise.

In Bóna (2010), the reader can find this sum decomposition for other types of patterns. The difference

lies in the positions over which the summation runs. In our case, the total amount of admissible positions

is counted as follows.

Lemma 2.7. For n ≥ k − j, where j = k − |A|, it holds that:

|I(n, k,A)| =
(

n− k + j

j

)

.

Proof: As for patterns, a set of positions {i1, i2, . . . , ik} ∈ I(n, k,A), with i1 < i2 < · · · < ik, can be

split into j blocks using the adjacency information of A. These blocks are ordered and of prescribed size.

So, essentially, the set {i1, i2, . . . , ik} is determined by the set {i1, ic1+1, ic2+1, . . . , icj−1+1}, containing

only the first position for each block (see Eq. (1) for the description of ci). The trick is to count such sets,

but we have to be careful that between the first entries of the blocks there is enough space for the whole

blocks. To overcome this problem, we shift everything according to the block sizes, as it is illustrated in

Fig. 1. More precisely, we associate to {i1, i2, . . . , ik} a set of positions in
(

[n−k+j]
j

)

where each element

ict+1 is shifted to ict+1 − (ct − t). For example, to the set {3, 4, 5, 8, 9, 10, 11} ∈ I(11, 7, {1, 2, 4, 6})
corresponding to 3 ordered blocks of sizes 3, 2 and 2, we associate the set {3, 6, 7} ∈

(

[7]
3

)

, as shown in
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Figure 1: Illustration of the bijection.

Fig. 1. It is easy to see that this construction describes a bijection between I(n, k,A) and
(

[n−k+j]
j

)

, so

that we have:

|I(n, k,A)| =
∣

∣

∣

∣

(

[n− k + j]

j

)∣

∣

∣

∣

=

(

n− k + j

j

)

.

Remark 2.8. The restriction n ≥ k − j is necessary, since otherwise the binomial coefficient is not

defined, but for n < k, we simply have |I(n, k,A)| = 0.

2.3 Representation of uniform permutations

We start with the definition of reduction, which is given in (Janson et al., 2015, p. 1).

Definition 2.9. Let x1x2 . . . xn be a sequence of n distinct real numbers. The reduction of x1x2 . . . xn,

which is denoted by red(x1x2 . . . xn), is the unique permutation σ ∈ Sn such that order relations are

preserved, i.e. σi < σj if and only if xi < xj for all i, j ∈ [n].

As pointed out in (Janson et al., 2015, proof of Theorem 4.1), it is a standard trick to construct a

uniform permutation of size n as the reduction of n independent and identically distributed (i.i.d.) random

variables which are uniform in the interval [0, 1].

Lemma 2.10. Let U1, . . . , Un be i.i.d. random variables, uniform in [0, 1]. Then, red(U1 . . . Un) is a

uniform permutation of size n.

Since we could not find a reference where Lemma 2.10 is proved, we provide a short proof here.

Proof: First, the random variables U1, . . . , Un are almost surely all distinct. Now, let σ ∈ Sn be arbitrary.

Because the random variables Ui are i.i.d., we have for any π ∈ Sn,

P
(

red(U1 . . . Un) = σ
)

= P
(

red(Uπ1 . . . Uπn
) = σ

)

= P
(

red(U1 . . . Un)π = σ
)

= P
(

red(U1 . . . Un) = σπ−1
)

,

showing that red(U1 . . . Un) takes all values in Sn with the same probability. So, red(U1 . . . Un) is a

uniform permutation in Sn.

This representation of a uniform permutation is particularly adapted for our purpose since it relies on

independent random variables.
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2.4 Dependency graphs

The dependencies, and not only the pairwise dependencies, within a family of random variables can be

represented in a graph as follows, see Baldi and Rinott (1989); Bóna (2010); Féray et al. (2016); Rinott

(1994).

Definition 2.11. A graph G with vertex set V is called a dependency graph for a family of random

variables {Xv}v∈V if it satisfies the following property:

If V1 and V2 are disjoint subsets of V which are not connected by an edge in G, then the sets

of random variables {Xv}v∈V1 and {Xv}v∈V2 are independent.

A family of random variables may have several dependency graphs, capturing sometimes more, some-

times less dependency information. The least information is contained in the complete graph, which is

always a dependency graph. As pointed out in Féray et al. (2016), dependency graphs are often used

to work with sums of partly dependent random variables. For example, X(π,A)(σn) decomposed as in

Eq. (2) falls in this category. In Section 3, we will see two methods to show asymptotic normality of

X(π,A)(σn) using the concept of dependency graphs.

2.5 Law of total variance

The following decomposition formula for the variance can be found in (Weiss, 2005, p. 385–386).

Proposition 2.12. For two random variables Y and J , defined on the same probability space, the follow-

ing holds:

Var(Y ) = E[Var(Y |J)] + Var(E[Y |J ]).
This is called the law of total variance. It relates the variance of a random variable to its conditional

variance and its conditional expectation. The proof uses the tower property: E[E[Y |G]|H] = E[Y |H]
with H = {∅,Ω} and G = σ(J), the smallest σ-algebra such that J is measurable.

It is a natural question if a statement similar to Proposition 2.12 holds for the conditional variance. The

equivalent result is called the law of total conditional variance and its proof uses the tower property with

H = σ(J1) and G = σ(J1, J2).

Proposition 2.13. For three random variables Y , J1 and J2, defined on the same probability space, the

following holds:

Var(Y |J1) = E
[

Var(Y |J1, J2)
∣

∣J1
]

+Var
(

E[Y |J1, J2]
∣

∣J1
)

.

A similar expression can be found for Var(Y |J1, J2), the inner conditional variance term in the above

equation, and also for more conditioning random variables. Starting from Proposition 2.12 and iteratively

using these expressions for the inner conditional variance terms, we can obtain an expression for the

variance involving several random variables as conditions.

Proposition 2.14. For some random variables Y and J1, J2, . . . , Jm, all defined on the same probability

space, the following holds:

Var(Y ) = E[Var(Y |J1, . . . , Jm)] +
∑

i=0,...,m−1

E
[

Var
(

E[Y |J1, . . . , Ji+1]
∣

∣J1, . . . , Ji
)]

.

Observe that the summand for i = 0 simplifies to Var(E[Y |J1]).
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The only reference we could find for these formulas is (Bowsher and Swain, 2012, Eqs. 13 and 15),

but it is likely that they appeared independently in other sources. This general decomposition formula for

the variance will be very helpful in Section 4.2, where we need to find a lower bound for the variance of

X(π,A)(σn).

2.6 Asymptotic notation

Since we will speak about the asymptotic behaviour of functions, we recall some standard notation.

Definition 2.15. Let f, g : N → R be two functions. We say that:

• f is O(g), written f = O(g), if: ∃ C > 0, n0 such that ∀ n ≥ n0, |f(n)| ≤ C|g(n)|,

• f is of order g, written f ≍ g, if: f = O(g) and g = O(f),

• f is asymptotically equivalent to g, written f ∼ g, if: lim
n→∞

f(n)
g(n) = 1.

Remark 2.16. 1. If there exists C such that f ∼ Cnk, then f ≍ nk.

2. Let p be a polynomial in n. If p ≍ nk, then there exists C such that p ∼ Cnk.

2.7 Stein’s method for central limit theorems

Stein’s method is a technique invented by Charles Stein to bound the distance between two probability

distributions. It is used to prove central limit theorems as well as approximation by the Poisson, exponen-

tial and other distributions. The survey article Ross (2011) gives an overview of applications to different

distributions and discusses methods to further analyse the bounds. We recall that applications of Stein’s

method to permutation patterns can be found in Crane and DeSalvo (2017); Crane et al. (2016); Fulman

(2004); Goldstein (2005). To illustrate the main concept of Stein’s method for central limit theorems, we

follow (Ross, 2011, p. 6–9).

First, recall that the Kolmogorov distance is a probability metric defined as follows, see (Chen and

Röllin, 2010, p. 9), (Ross, 2011, p. 5).

Definition 2.17. For two R-valued random variables X and Y , let FX and FY be their distribution

functions. The Kolmogorov distance between X and Y is defined as:

dK(X,Y ) = sup
t∈R

|FX(t)− FY (t)|.

In particular, since convergence of the distribution functions in all continuity points implies convergence

in distribution (denoted
d→), we have the following.

Lemma 2.18. Let (Xn)n∈N be a sequence of R-valued random variables and let Y be some R-valued

random variable. Then:

dK(Xn, Y ) →
n→∞

0 =⇒ Xn
d→ Y.

In general, Stein’s method proves convergence in distribution using a functional equation. The next

lemma can be used to prove a central limit theorem (CLT), see (Ross, 2011, Lemma 2.1).
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Lemma 2.19 (Stein’s Lemma). Define the functional operator A by

Af(x) = f ′(x) − xf(x).

Then, for a real-valued random variable X , the following are equivalent.

1. X has the standard normal distribution.

2. For all absolutely continuous functions f : R → R such that E[|f ′(X)|] < ∞, it holds that

E[Af(X)] = 0.

The first direction (1) =⇒ (2) is simply integration by parts. More interesting is the second direction.

Let Z be a standard normal random variable, FZ its distribution function and Ia the indicator function

which is 1 if and only if condition a holds. In (Ross, 2011, Lemma 2.2) it is shown that for any t ∈ R,

there exists a unique bounded solution ft of the differential equation

f ′
t(x)− xft(x) = Ix≤t − FZ(t). (3)

Taking X to be any real-valued random variable, we obtain the equation

|E[f ′
t(X)−Xft(X)]| = |FX(t)− FZ(t)|. (4)

Hence, the maximum distance between the distribution functions of X and Z is given by

dK(X,Z) = sup
t∈R

|FX(t)− FZ(t)| = sup
t∈R

|E[f ′
t(X)−Xft(X)]|.

By Lemma 2.18, to prove the second direction (2) =⇒ (1), it is enough that (2) holds for all ft with

t ∈ R which are solutions to Eq. (3).

To prove a CLT, we prove that (Xn)n∈N almost satisfies the functional equation in Stein’s Lemma. We

use Eq. (4) to bound dK(Xn, Z) which also quantifies the rate of convergence. In practice, Stein’s method

is useful because there exist various techniques to estimate the quantity E[f ′
t(X)−Xft(X)]: dependency

graphs, exchangeable pairs, zero- and size-bias couplings. Theorem 3.5 used in Approach I relies on the

dependency graph method which is often useful if the random variable X is a sum of partially dependent

random variables like X(π,A)(σn). However, Stein’s method may also be used for random variables with

different structures.

We conclude this short summary of Stein’s method with two remarks.

Remark 2.20. 1. The Stein-Chen method is a version developed for Poisson approximation, see Bar-

bour et al. (1992); Crane and DeSalvo (2017).

2. It is sometimes easier to study other probability metrics than the Kolmogorov distance. For normal

approximation, often the Wasserstein distance is studied, see Rinott (1994). In Crane and DeSalvo

(2017), the total variation distance is studied for Poisson approximation.
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3 Central limit theorem

In this section, we prove a central limit theorem (CLT) for our random variable X(π,A)(σn), the vincular

pattern statistics on uniform permutations. Let (π,A) be a fixed vincular pattern and assume n ≥ |π| ≥ 2
(the other cases are trivial). We normalize X(π,A)(σn):

X(π,A)(σn) =
X(π,A)(σn)− en√

vn
,

where vn = Var(X(π,A)(σn)), en = E[X(π,A)(σn)]. The following theorem is the main result of this

article, where N (0, 1) denotes the standard normal distribution.

Theorem 3.1. Let Z ∼ N (0, 1), let (π,A) be a fixed vincular pattern and for any n, let σn be uniform in

Sn. Then, there exists C > 0, n0 such that for n ≥ n0:

dK

(

X(π,A)(σn), Z
)

≤ Cn−1/2.

Consequently, it holds that:

X(π,A)(σn)
d→ Z.

Remark 3.2. The second claim of Theorem 3.1 follows from the first claim and Lemma 2.18.

Note that Theorem 3.1 is not only a CLT result. It also contains information about the speed of conver-

gence, measured in the metric dK . We present two different approaches to prove Theorem 3.1. One works

with Stein’s method and the other one with cumulants, but both have in common that they use dependency

graphs. Before we start the two different proofs, we give a dependency graph for our problem.

3.1 Dependency graph for the X
π

I
(σn)’s

We need the following observation about the dependencies between the Xπ
I (σn)’s from the sum decom-

position of X(π,A)(σn) (see Eq. (2), p. 7). In (Crane and DeSalvo, 2017, Lemma 5.3), this is called the

property of dissociation.

Lemma 3.3. Let (π,A) be a vincular pattern with |π| = k and let F1,F2 ⊆ I(n, k,A). If F1 and

F2 are such that
⋃

I∈F1
I and

⋃

I∈F2
I are disjoint, then the corresponding families of indicators,

{Xπ
I (σn)}I∈F1 and {Xπ

I (σn)}I∈F2 , are independent.

Proof: Let U1, . . . , Un be independent and uniform in [0, 1]. By Lemma 2.10, we can represent a uniform

permutation as red(U1 . . . Un). Since pattern occurrence in non-intersecting subsequences depends on

disjoint subsets of the set {U1, . . . , Un}, the independence of these subsets proves the independence of

the corresponding families of indicators.

With the help of Lemma 3.3, we can now construct a dependency graph for the family of indicator

random variables {Xπ
I (σn)}I∈I(n,k,A), where k = |π|. We define its vertex set Vn and its edge set En as

follows:
{

Vn = I(n, k,A),
En = {{I1, I2} ⊆ I(n, k,A)| I1 6= I2, I1 ∩ I2 6= ∅}. (5)
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If F1 and F2 are disjoint subsets of I(n, k,A) that are not connected by an edge in the graph, then by

construction, Lemma 3.3 applies to F1 and F2, ensuring that {Xπ
I (σn)}I∈F1 and {Xπ

I (σn)}I∈F2 are

independent. Hence, the dependency graph condition is fulfilled.

An important parameter is the maximal degree of the dependency graph.

Lemma 3.4. For a fixed vincular pattern (π,A) with j blocks, let D − 1 be the maximal degree of the

dependency graph given by (5). Then:

D ≍ nj−1.

Proof: Let k = |π|. In the proof of Lemma 2.7, we have counted |I(n, k,A)|. It is of order nj . Now, for

any fixed vertex H ∈ I(n, k,A), consider the quantity |{I ∈ I(n, k,A)| I ∩H 6= ∅}|. It can be bounded

from above and from below as follows:

max
h∈H

|{I ∈ I(n, k,A)| h ∈ I}| ≤ |{I ∈ I(n, k,A)| I ∩H 6= ∅}|

≤
∑

h∈H

|{I ∈ I(n, k,A)| h ∈ I}|,

with

|{I ∈ I(n, k,A)| h ∈ I}| =
∑

ℓ∈[j]

|{I ∈ I(n, k,A)| h is in the ℓ-th block of I}|.

The quantity |{I ∈ I(n, k,A)| h is in the ℓ-th block of I}| is counted similarly to |I(n, k,A)|. The

constraint ”h is in the ℓ-th block of I” means that icℓ+1 may admit only a finite set of values (see proof

of Lemma 2.7, setting c0 = 0). Compared to |I(n, k,A)|, not j but only j − 1 blocks are free which

decreases the order from nj to nj−1. Since the number of terms in the two sums is independent of n, we

have:

D = max
H∈I(n,k,A)

|{I ∈ I(n, k,A)| I 6= H, I ∩H 6= ∅}|+ 1 ≍ nj−1.

The dependency graph we just constructed will be used in the next two sections to prove Theorem 3.1.

3.2 Approach I: Dependency graphs and Stein’s method

The following theorem can be obtained from results of Chen and Röllin (2010) and Ross (2011).

Theorem 3.5. Let Z ∼ N (0, 1). Let G be a dependency graph for {Xi}Ni=1 and D − 1 be the maximal

degree of G. Assume there is a constant B > 0 such that |Xi − E[Xi]| ≤ B for all i. Then, for

W = 1
σ

∑N
i=1(Xi − E[Xi]), where σ2 is the variance of the sum, it holds that:

dK(W,Z) ≤ 8B2D3/2N1/2

σ2
+

8B3D2N

σ3
.

In particular, if σ2 ≍ B2DN (or σ2 ≥ CB2DN for some constant C > 0), then:

dK(W,Z) = O
(

√

D

N

)

.
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Proof: Without loss of generality, we assume that E[Xi] = 0 for all i. Let

Ai = {i} ∪ {1 ≤ j ≤ N | vertices i and j are connected in G}.

Clearly, |Ai| ≤ D for all i. Using (Chen and Röllin, 2010, Construction 2B), we obtain a Stein coupling

for W so that with (Chen and Röllin, 2010, Corollary 2.6) (for α = NB
σ , β = DB

σ ), we have:

dK(W,Z) ≤ 2

σ2

√

√

√

√Var

( n
∑

i=1

∑

j∈Ai

XiXj

)

+
8B3D2N

σ3
. (6)

Under the assumption of a dependency graph, from the end of the proof of (Ross, 2011, Theorem 3.5), we

have that:

Var

( N
∑

i=1

∑

j∈Ai

XiXj

)

≤ 13D3
N
∑

i=1

E[X4
i ] ≤ 13B4D3N. (7)

The final bound follows from Eqs. (6) and (7).

We apply Theorem 3.5 to our problem.

Proof of Theorem 3.1 (variant I): Let (π,A) have j blocks and let k = |π|. Consider the family

of random variables {Xπ
I (σn)}I∈I(n,k,A) and the dependency graph constructed for it in (5). Denote

by N the size of the family and denote by D − 1 the maximal degree of the dependency graph. Set

vn = Var(X(π,A)(σn)). From Lemma 2.7 and Lemma 3.4, we have:

N ≍ nj , D ≍ nj−1.

We will see in Theorem 4.1 that we have:

vn ≍ n2j−1.

The proof being technical, it is postponed to Section 4. Clearly, it holds that vn ≍ DN . Moreover, for all

I ∈ I(n, k,A), we have:

|Xπ
I (σn)− E[Xπ

I (σn)]| ≤ 1.

Using Theorem 3.5 with B = 1, we obtain:

dK

(

X(π,A)(σn), Z
)

= O
(

√

nj−1

nj

)

= O(n−1/2).

Remark 3.6. Almost the same bound as in Theorem 3.5 (giving also a O(n−1/2) in our case) has been

obtained by Y. Rinott (Rinott, 1994, Theorem 2.2).

Remark 3.7. Using (Ross, 2011, Theorem 3.5), the same bound as in Theorem 3.1 can be obtained for

the Wasserstein distance dW , which is defined in (Ross, 2011, p. 5). The bound on dW would then give a

bound on dK , however not an equally good one as Theorem 3.1 (n−1/4 instead of n−1/2) .
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3.3 Approach II: Dependency graphs and cumulants

For any random variable X , denote by κ(r)(X) its r-th cumulant. As in (Saulis and Statulevičius, 1991,

p. 16), we say that X satisfies condition (Sγ,∆) for some γ ≥ 0, ∆ > 0 if:

|κ(r)(X)| ≤ (r!)1+γ

∆r−2
, for all r ≥ 3.

The following result can be found in (Saulis and Statulevičius, 1991, Corollary 2.1).

Theorem 3.8. Let Z ∼ N (0, 1). For any random variable X satisfying condition (Sγ,∆), it holds that:

dK(X,Z) ≤ 108
(

∆
√
2
6

)
1

1+2γ

.

To prove that condition (Sγ,∆) is satisfied by our random variable X(π,A)(σn), we use the following

result from (Féray et al., 2016, p. 71) giving a bound on cumulants of sums of random variables. A slightly

weaker version has been established by S. Janson (Janson, 1988, Lemma 4), see also (Féray et al., 2016,

p. 71).

Theorem 3.9. Let {Xv}v∈V be a family of random variables with dependency graph G. Denote by N
the number of vertices of G and by D − 1 the maximal degree of G. Assume that the Xv’s are uniformly

bounded by a constant B. Then, if X =
∑

v∈V Xv , for any integer r ≥ 1, one has:

|κ(r)(X)| ≤ 2r−1rr−2NDr−1Br.

With the help of Theorem 3.9, we apply Theorem 3.8 to our problem.

Proof of Theorem 3.1 (variant II): Let (π,A) have j blocks and let k = |π|. Consider the normalized

indicator random variables Xπ
I (σn):

Xπ
I (σn) =

Xπ
I (σn)− eI√

vn
,

where vn = Var(X(π,A)(σn)), eI = E[Xπ
I (σn)]. Clearly, X(π,A)(σn) is the sum of the Xπ

I (σn)’s. It

is easy to see that the dependency graph constructed in (5) is also a dependency graph for the family

{Xπ
I (σn)}I∈I(n,k,A). Denote by N its number of vertices and denote by D − 1 its maximal degree. By

Lemma 2.7 and Lemma 3.4, there exist C1, C2 > 0 such that:

N ≤ C1n
j , D ≤ C2n

j−1.

By Theorem 4.1 (whose proof is postponed), we have vn ≍ n2j−1. Since |Xπ
I (σn)−eI | ≤ 1, there exists

C3 > 0 such that for all I ∈ I(n, k,A):

|Xπ
I (σn)| ≤ C3n

1/2−j .



16 Lisa Hofer

We now use Theorem 3.9 to estimate the cumulants of X(π,A)(σn). We use the following simple inequal-

ity for factorials: rr ≤ r!er, valid for r ≥ 1. For any r ≥ 3, we obtain that there exists C > 0 such

that:
∣

∣

∣
κ(r)

(

X(π,A)(σn)
)
∣

∣

∣
≤ 2r−1rr−2(C1n

j)(C2n
j−1)r−1(C3n

1/2−j)r

≤ Crr!n−(r−2)/2

≤ r!

∆r−2
,

where ∆ = C−3n1/2. Here we used that r/(r − 2) ≤ 3 for all r ≥ 3. Since condition (Sγ,∆) is satisfied

with ∆ and γ = 0, by Theorem 3.8, we obtain:

dK

(

X(π,A)(σn), Z
)

= O(n−1/2).

4 Variance estimate

The main result of this section is the following theorem about the asymptotic behaviour of the variance

of X(π,A)(σn) (we still assume |π| ≥ 2). This result has been used in both proofs of Theorem 3.1 given

above.

Theorem 4.1. For a vincular pattern (π,A) with j blocks and for σn uniform in Sn, there exists C > 0
such that:

Var(X(π,A)(σn)) ∼ Cn2j−1.

The proof consists in two steps. First, we show in Section 4.1 that Var(X(π,A)(σn)) is a polynomial

in n of degree at most 2j − 1. This immediately implies that Cn2j−1 is an upper bound for the variance

(see Corollary 4.4). The second step is to find a lower bound of the same form (see Proposition 4.7). The

lower bound is more important for the CLT result, but it does not follow from the polynomiality. To find

it, we present in Section 4.2 a proof technique building a recurrence from the law of total variance.

4.1 Polynomiality and upper bound

Using the sum decomposition of X(π,A)(σn) (see Eq. (2), p. 7) and Lemma 3.3, we have:

Var(X(π,A)(σn)) =
∑

I,J∈I(n,k,A):
I∩J 6=∅

Cov(Xπ
I (σn), X

π
J (σn)). (8)

By Lemma 3.3, the covariances are 0 for any I, J ∈ I(n, k,A) that do not intersect, explaining the

summation index in the above formula.

We use this expression to prove that Var(X(π,A)(σn)) is a polynomial in n.

Lemma 4.2. Let (π,A) be a fixed vincular pattern of size k with j blocks and, for n ≥ 1, let σn be

uniform in Sn. Then, for n ≥ 2(k − j), Var(X(π,A)(σn)) is a polynomial in n whose degree is at most

2j − 1.
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Proof: The proof idea is to split the sum in Eq. (8) according to I, J that have the same covariances,

and then to count the number of pairs (I, J) in each of these covariance-groups. We will see that the

cardinalities of all those groups are polynomials in n and that the number of groups and the covariance

values do not depend on n. Then, this implies that also Var(X(π,A)(σn)) is a polynomial in n.

Let I, J ∈ I(n, k,A), I = {i1, i2, . . . , ik} with i1 < i2 < · · · < ik and J = {j1, j2, . . . , jk} with

j1 < j2 < · · · < jk. To split the sum, we consider I ∪ J = {u1, u2, . . . , ut} with u1 < u2 < · · · < ut

and k ≤ t ≤ 2k. Note that t = 2k if and only if I ∩J = ∅. Depending on the intersections between I and

J , I ∪ J looks different, see Fig. 2. Each us in I ∪ J comes either from I , or from J , or from I ∩ J here

I

J

I ∪ J

Figure 2: Block structure of I ∪ J .

shown in orange. The following function fI,J : [t] → {I, J, (I, J)} gives to each position s the origin of

us:

fI,J(s) =







I if us ∈ I but us /∈ J
J if us ∈ J but us /∈ I
(I, J) if us ∈ I ∩ J

.

Since σn is uniform, Cov(Xπ
I (σn), X

π
J (σn)) depends on I, J only through the positions of the inter-

sections of I and J . In the example of Fig. 2, I and J intersect at one position only: position 3 in

I and 2 in J . In particular, when two functions fI,J and fI′,J′ are the same, then the covariances

Cov(Xπ
I (σn), X

π
J (σn)) and Cov(Xπ

I′(σn), X
π
J′(σn)) are the same. We split the sum:

∑

I,J∈I(n,k,A):
I∩J 6=∅

Cov(Xπ
I (σn), X

π
J (σn)) =

2k−1
∑

t=k

∑

f :[t]→{I,J,(I,J)}

∑

I,J∈I(n,k,A):
|I∪J|=t, fI,J=f

Cov(Xπ
I (σn), X

π
J (σn)).

Each pair (t, f) defines a covariance-group. The number of such pairs and the covariance associated to a

pair (t, f) are independent of n. To count the size of the groups, we consider the blocks of I∪J . Similarly

to patterns, I and J come in blocks. The inherited block structure of I ∪ J has three different types of

blocks: blocks from I , blocks from J and merged blocks, coming both from I and J . In Fig. 2, the block

of size 3 in I ∪J is a merged block. Instead of blocks, it is equivalent to describe the adjacencies of I ∪J .

As the blocks, they are inherited from I , or from J , or both from I and J . Neighbouring (as in Fig. 2)

or shared adjacencies from I and J take care of the block merges. If us ∈ I , then define rI(s) as the

index ℓ such that us = iℓ and similarly for rJ . For a function f : [t] → {I, J, (I, J)}, we define the set
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Af ⊆ [t− 1] by:

s ∈ Af ⇐⇒
{

f(s) ∈ {I, (I, J)} and rI(s) ∈ A,

or f(s) ∈ {J, (I, J)} and rJ (s) ∈ A.

If I, J ∈ I(n, k,A) with |I ∪ J | = t and fI,J = f , then Af is the set of adjacencies of I ∪ J . More

precisely, then I ∪ J ∈ I(n, t, Af ). But not every f can occur this way since it has to respect the block

structure of I and J given by A. For example, f(s) = I or f(s) = (I, J) with rI(s) ∈ A but f(s+1) = J
for some s, is not valid. For a fixed pair (t, f), one of the two following cases occurs:

• There are no I, J ∈ I(n, k,A) with fI,J = f .

• The map

{

{(I, J) ∈ I(n, k,A)2| fI,J = f} → I(n, t, Af ),
(I, J) 7→ I ∪ J,

is a bijection.

Indeed, if K ∈ I(n, t, Af ), then (I, J) can be reconstructed from K = I ∪ J and f = fI,J . By

construction of Af , I and J will be in I(n, k,A).

So, the cardinalities of the covariance-groups are either 0 or given by the cardinality of the corresponding

I(n, t, Af ). By Lemma 2.7, for n ≥ t− (t− |Af |) = |Af |, we have:

|I(n, t, Af )| =
(

n− t+ (t− |Af |)
t− |Af |

)

=

(

n− |Af |
t− |Af |

)

.

This is a polynomial in n, since t and |Af | do not depend on n. The maximal value |Af | can take is

2(k − j). So, for n ≥ 2(k − j), Var(X(π,A)(σn)) is the sum of polynomials in n, which is again a

polynomial in n. Its maximal degree is the maximal value for t − |Af | (the number of blocks of I ∪ J)

which is 2j − 1.

Remark 4.3. This polynomiality result can be used to compute expressions of the variance for small

patterns by polynomial interpolation (whence the desire to be precise on the range of values of n for

which the polynomiality holds).

From Lemma 4.2, we directly obtain an upper bound for Var(X(π,A)(σn)).

Corollary 4.4. Let (π,A) be a fixed vincular pattern of size k with j blocks and let σn be uniform in Sn.

Then, there exists C > 0, n0 such that for n ≥ n0:

Var(X(π,A)(σn)) ≤ Cn2j−1.

4.2 Lower bound

Our proof technique for finding a sharp lower bound on Var(X(π,A)(σn)) uses a recurrence that we obtain

from the law of total variance. Working directly with the variance decomposition (see Eq. (8)) would be

more difficult since covariances can be negative whereas the law of total variance involves only non-

negative terms. We first discuss what conditioning we want to use in the law of total variance. Then, we

show how to obtain the recurrence relation. And finally, we deduce a recursive estimation from which we

then derive the lower bound.
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For the rest of this section, let (π,A) be a fixed vincular pattern of size k with j blocks. Let U1, U2, . . .
be independent and uniform in [0, 1]. For any n, set σn = red(U1 . . . Un). By Lemma 2.10, σn is

uniform in Sn. Moreover, for any n, we define vn = Var(X(π,A)(σn)). For simplicity, we also set

Y = X(π,A)(σn).
We apply the general law of total variance (see Proposition 2.14) on Y where we shall condition on

the last few entries of σn. The number of these entries is the size of the last block of the pattern (π,A),
denoted bj . More precisely, we condition on Un, Un−1, . . . , Un−bj+1. We obtain the following expression

for vn:

vn = Var(Y ) = E[Var(Y |Un, . . . , Un−bj+1)]

+
∑

i=0,...,bj−1

E
[

Var
(

E[Y |Un, . . . , Un−i]
∣

∣Un, . . . , Un−i+1

)]

. (9)

We now turn to the recurrence where we will see why this conditioning is a good choice. We split Y in

two parts as follows: Y = B + C with

B =
∑

I∈I(n,k,A): n/∈I

Xπ
I (σn), C =

∑

I∈I(n,k,A): n∈I

Xπ
I (σn).

Observe that B = X(π,A)(σn−1), since σn is uniform in Sn and σn−1 is uniform in Sn−1. Applying

Proposition 2.14 on B, with the conditions Un−1, . . . , Un−bj+1, we have:

vn−1 = Var(B) = E[Var(B|Un−1, . . . , Un−bj+1)]

+
∑

i=0,...,bj−2

E
[

Var
(

E[B|Un−1, . . . , Un−i−1]
∣

∣Un−1, . . . , Un−i

)]

. (10)

In the expression for vn, Eq. (9), we want to recover vn−1 from E[Var(Y |Un, . . . , Un−bj+1)]. Since

Y = B + C and since B is independent of Un, we have:

E[Var(Y |Un, . . . , Un−bj+1)] = E[Var(B|Un−1, . . . , Un−bj+1)]

+ E[Var(C|Un, . . . , Un−bj+1)]

+ 2E[Cov(B,C|Un, . . . , Un−bj+1)].

(11)

Because E[Var(B|Un−1, . . . , Un−bj+1)] also appears in the expression for vn−1, using Eqs. (9), (10)

and (11), we obtain the following recurrence relation:

vn − vn−1 = 2E[Cov(B,C|Un, . . . , Un−bj+1)]

+ E[Var(C|Un, . . . , Un−bj+1)]

+
(

∑

i=0,...,bj−2

E
[

Var
(

E[Y |Un, . . . , Un−i]
∣

∣Un, . . . , Un−i+1

)]

−
∑

i=0,...,bj−2

E
[

Var
(

E[B|Un−1, . . . , Un−i−1]
∣

∣Un−1, . . . , Un−i

)]

)

+ E
[

Var
(

E[Y |Un, . . . , Un−bj+1]
∣

∣Un, . . . , Un−bj+2

)]

.

(12)
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The right-hand side of Eq. (12) is grouped in four terms. To find a lower bound with the help of this

recurrence relation, we examine all these terms. We will need the following result which can be proved

very similarly to Lemma 3.3.

Lemma 4.5. Let (π,A) be a vincular pattern of size k with j blocks and a last block of size bj . Let

U1, . . . , Un be independent and uniform in [0, 1] and let σn = red(U1 . . . Un). Then, for I, J ∈ I(n, k,A)
with I ∩ J ⊆ {n− bj + 1, . . . , n}, conditionally on Un−bj+1, . . . , Un, the random variables X

(π,A)
I (σn)

and X
(π,A)
J (σn) are independent.

Lemma 4.5 is the reason why we want to condition on the last bj entries of σn. Moreover, we need the

following definition in order to work with sorted sequences.

Definition 4.6. Let x1x2 . . . xn be a sequence of n distinct real numbers. Then, sort(x1 . . . xn) is the

sorted sequence which contains x1, x2, . . . , xn but in increasing order.

We now examine separately the four terms of the recurrence relation (see Eq. (12)). We want to find

lower bounds for each of them. The following computations hold for n large enough.

First term First, we have:

Var(C|Un, . . . , Un−bj+1) =
∑

I,J∈I(n,k,A): n∈I∩J

Cov(Xπ
I (σn), X

π
J (σn)|Un, . . . , Un−bj+1).

The constraint n ∈ I ∩ J means that I and J intersect at least in the whole last block. By Lemma 4.5,

for the above covariances to be non-zero, I and J must intersect at least in one more block. Similar

arguments as in the proof of Lemma 3.4 show that the number of non-zero covariances is O(n2j−3).
Since the covariances are bounded by 1, this implies:

Var(C|Un, . . . , Un−bj+1) = O(n2j−3).

Note that the constant in the O-term does not depend on Un, . . . , Un−bj+1, which is important when we

take the expectation. Then, by the Cauchy-Schwarz inequality, it holds that:

|Cov(B,C|Un, . . . , Un−bj+1)| ≤ Var(B|Un, . . . , Un−bj+1)
1/2O(nj−3/2).

And by the Jensen inequality:

E[|Cov(B,C|Un, . . . , Un−bj+1)|] ≤ E[Var(B|Un, . . . , Un−bj+1)]
1/2O(nj−3/2).

Equation (10) implies that E[Var(B|Un, . . . , Un−bj+1)] ≤ vn−1, so that:

E[|Cov(B,C|Un, . . . , Un−bj+1)|] ≤ v
1/2
n−1O(nj−3/2).

Finally, there exists C1 > 0 such that:

2E[Cov(B,C|Un, . . . , Un−bj+1)] ≥ −C1n
j−3/2v

1/2
n−1. (13)

Second term We will simply use the trivial inequality

E[Var(C|Un, . . . , Un−bj+1)] ≥ 0. (14)
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Third term For 0 ≤ m ≤ bj − 1, define

Am =
∑

I∈I(n,k,A):
n,...,n−m+1/∈I,n−m∈I

Xπ
I (σn),

Abj =
∑

I∈I(n,k,A):
n,...,n−bj+1/∈I

Xπ
I (σn).

Clearly, Y = A0 + A1 + · · · + Abj , while C = A0 and B = A1 + A2 + · · · + Abj . Note that for

0 ≤ m ≤ bj , Am is independent of Un, . . . , Un−m+1. For any 0 ≤ i ≤ bj − 1, we have:

E[Y |Un, . . . , Un−i] =

i
∑

m=0

E[Am|Un−m, . . . , Un−i] +

bj
∑

m=i+1

E[Am].

Taking the variance, the second sum will not contribute since it is deterministic. For the first sum, i.e. the

case 0 ≤ m ≤ i, we compute E[Am|Un−m, . . . , Un−i]. Before giving the general formula, we consider a

simple example.

We explain how to obtain a formula for the random variable E[A0|Un, Un−1]. Consider the pattern

π = 54231. Then, A0 is the sum of the indicators Xπ
I (σn) for I ∈ I(n, 5, {3, 4}) such that n ∈ I .

This implies automatically that n − 2, n − 1 ∈ I due to the adjacencies of the given pattern. Assume

I = {i5, i4, n− 2, n− 1, n} with i5 < i4 < n− 2. Then, we have:

P
(

Xπ
I (σn) = 1

∣

∣Un, Un−1

)

= P
(

red(Ui5Ui4Un−2Un−1Un) = 54231
∣

∣Un, Un−1

)

= P(Un−1 > Un−2 > Un|Un, Un−1)P(Ui5 > Ui4 > Un−1|Un−1)IUn−1>Un

= (Un−1 − Un)
(1− Un−1)

2

2!
IUn−1>Un

,

where Ix is the indicator function which is 1 if and only if condition x holds. We used that the Ui’s are

independent and uniform in [0, 1]. Since there are
(

n−3
2

)

choices for i5 and i4, we have:

E[A0|Un, Un−1] =
∑

I∈I(n,5,{3,4}): n∈I

P
(

Xπ
I (σn) = 1

∣

∣Un, Un−1

)

=

(

n− 3

2

)

(

(Un−1 − Un)
(1 − Un−1)

2

2!
IUn−1>Un

)

.

This is the explicit formula for the random variable E[A0|Un, Un−1].

For the general formula, let a1 . . . a1+i−m = sort(πk−(i−m) . . . πk) (fixed, since π is) and define

ℓ1, . . . , ℓ1+i−m such that Uℓ1 . . . Uℓ1+i−m
= sort(Un−i . . . Un−m) (not fixed). Then:

E[Am|Un−m, . . . , Un−i] = Bm(n)× S(Un−m, . . . , Un−i),
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where

Bm(n) =

(

n−m− k + j − 1

j − 1

)

,

S(Un−m, . . . , Un−i) =
Ua1−1
ℓ1

(Uℓ2 − Uℓ1)
a2−a1−1 · · · (1 − Uℓ1+i−m

)k−a1+i−m

(a1 − 1)!(a2 − a1 − 1)! · · · (k − a1+i−m)!
I red(Un−i...Un−m)
=red(πk−(i−m)...πk)

.

The binomial coefficient counts the number of I ∈ I(n, k,A) fulfilling the constraints for Am: this set

is in bijection with I(n − bj − m, k − bj, A ∩ [k − bj ]) so that its cardinality is given by Lemma 2.7.

For each such I , the probability that the corresponding values in σn are in the good order is given by the

fraction. The indicator takes care of the order of the given Ui’s.

We need these computations to compare the expectations (of Y and of B) appearing in the third term

in Eq. (12). For Y , we have:

E
[

Var
(

E[Y |Un, . . . , Un−i]
∣

∣Un, . . . , Un−i+1

)]

= E

[

Var

( i
∑

m=0

Bm(n)S(Un−m, . . . , Un−i)

∣

∣

∣

∣

Un, . . . , Un−i+1

)]

= n2j−2
E

[

Var

( i
∑

m=0

1

(j − 1)!
S(Un−m, . . . , Un−i)

∣

∣

∣

∣

Un, . . . , Un−i+1

)]

+O(n2j−3).

(15)

And for B, we obtain:

E
[

Var
(

E[B|Un−1, . . . , Un−i−1]
∣

∣Un−1, . . . , Un−i

)]

= E

[

Var

( i+1
∑

m=1

Bm(n)S(Un−m, . . . , Un−i−1)

∣

∣

∣

∣

Un−1, . . . , Un−i

)]

= n2j−2
E

[

Var

( i+1
∑

m=1

1

(j − 1)!
S(Un−m, . . . , Un−i−1)

∣

∣

∣

∣

Un−1, . . . , Un−i

)]

+O(n2j−3)

= n2j−2
E

[

Var

( i
∑

m=0

1

(j − 1)!
S(Un−m, . . . , Un−i)

∣

∣

∣

∣

Un, . . . , Un−i+1

)]

+O(n2j−3),

where the last step uses that the Ui’s are independent and identically distributed (i.i.d.) so that we can

replace (Un−1, . . . , Un−i−1) by (Un, . . . , Un−i). In particular:

∑

i=0,...,bj−2

E
[

Var
(

E[Y |Un, . . . , Un−i]
∣

∣Un, . . . , Un−i+1

)]

−
∑

i=0,...,bj−2

E
[

Var
(

E[B|Un−1, . . . , Un−i−1]
∣

∣Un−1, . . . , Un−i

)]

= O(n2j−3).

(16)
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Fourth term From Eq. (15), we have:

E
[

Var
(

E[Y |Un, . . . , Un−bj+1]
∣

∣Un, . . . , Un−bj+2

)]

= n2j−2
E[f(Un, . . . , Un−bj+2)] +O(n2j−3),

where

f(Un, . . . , Un−bj+2) = Var

( bj−1
∑

m=0

1

(j − 1)!
S(Un−m, . . . , Un−bj+1)

∣

∣

∣

∣

Un, . . . , Un−bj+2

)

.

Note that with positive probability, red(Un−bj+2 . . . Un) = red(πk−bj+2 . . . πk). On this event, as a

function of Un−bj+1, the random variable
∑

m=0,...,bj−1 S(Un−m, . . . , Un−bj+1) is not a.s. constant

(in particular, Ired(Un−bj+1...Un)=red(πk−bj+1...πk) takes value 1 or 0 with positive probability each). So,

with positive probability, f(Un, . . . , Un−bj+2) is non-zero which implies E[f(Un, . . . , Un−bj+2)] > 0.

Furthermore, since the Ui’s are i.i.d., E[f(Un, . . . , Un−bj+2)] does not depend on n. Hence, there exists

C2 > 0 such that:

E
[

Var
(

E[Y |Un, . . . , Un−bj+1]
∣

∣Un, . . . , Un−bj+2

)]

≥ C2n
2j−2. (17)

Conclusion Putting Eqs. (13), (14), (16) and (17) together, we obtain for some C3 > 0:

vn ≥ vn−1

(

1− C1n
j−3/2v

−1/2
n−1

)

+ C2n
2j−2 +O(n2j−3)

≥ vn−1

(

1− C1n
j−3/2v

−1/2
n−1

)

+ C3n
2j−2.

(18)

Using first Eq. (9) and then Eq. (15) (where i = 0 gives E[Var(E[Y |Un])] = Var(E[Y |Un])), we

directly obtain:

vn ≥ Var(E[Y |Un]) = n2j−2 Var

(

1

(j − 1)!
S(Un)

)

+O(n2j−3),

where

S(Un) =
Uπk−1
n (1− Un)

k−πk

(πk − 1)!(k − πk)!
.

Because we assume k ≥ 2, S(Un) is not a.s. constant. Moreover, its variance does not depend on n, so

that there exists C4 > 0 such that:

vn ≥ C4n
2j−2. (19)

Using Eq. (19) for vn−1, we can refine Eq. (18) for some C5 > 0:

vn ≥ vn−1

(

1− C5n
−1/2

)

+ C3n
2j−2. (20)

Equation (20) is the recursive estimation that we now use to obtain a lower bound for the variance

vn = Var(X(π,A)(σn)) which is sharper than the one given by Eq. (19).
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Proposition 4.7. Let (π,A) be a fixed vincular pattern of size k with j blocks and let σn be uniform in

Sn. Then, there exists C > 0, n0 such that for n ≥ n0:

Var(X(π,A)(σn)) ≥ Cn2j−1.

Proof: For any n, let vn = Var(X(π,A)(σn)). Let n1 be large enough such that 1 − C5√
n1

≥ 0 and such

that Eq. (20) holds for n ≥ n1. By Eq. (20), we recursively obtain:

vn ≥
n
∑

ℓ=n1

C3ℓ
2j−2

n
∏

m=ℓ+1

(

1− C5√
m

)

.

Since 1− x ≥ e−2x ≥ 1− 2x for x ≤ 1, we have for ℓ big enough:

n
∏

m=ℓ+1

(

1− C5√
m

)

≥
n
∏

m=ℓ+1

e
−2

C5√
m = e

−2
∑n

m=ℓ+1
C5√
m ≥ 1− 2

n
∑

m=ℓ+1

C5√
m
.

Hence, there exists C6 > 0 such that for n big enough:

vn ≥
n
∑

ℓ=n−C6
√
n

C3ℓ
2j−2

(

1− 2C5

n
∑

m=ℓ+1

1√
m

)

≥
n
∑

ℓ=n−C6
√
n

C3ℓ
2j−2

(

1− 2C5
C6

√
n

√

n− C6
√
n

)

≥
n
∑

ℓ=n−C6
√
n

C3ℓ
2j−2(1− 4C5C6)

≥ C3(1 − 4C5C6)C6

√
n
(n

2

)2j−2

≥ C7n
2j−3/2,

for some C7 > 0. Because vn is a polynomial in n for n ≥ 2(k− j) (see Lemma 4.2), there exists C > 0
and n0 > 0 such that for n ≥ n0, vn ≥ Cn2j−1.
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When considering binary strings, it’s natural to wonder how many distinct subsequences might exist in a given string. Given that

there is an existing algorithm which provides a straightforward way to compute the number of distinct subsequences in a fixed

string, we might next be interested in the expected number of distinct subsequences in random strings. This expected value is

already known for random binary strings where each letter in the string is, independently, equally likely to be a 1 or a 0. We

generalize this result to random strings where the letter 1 appears independently with probability α ∈ [0, 1]. Also, we make some

progress in the case of random strings from an arbitrary alphabet as well as when the string is generated by a two-state Markov

chain.

Keywords: distinct subsequences, random strings, subadditivity

1 Introduction

This paper uses the definitions for string and subsequence provided in Flaxman et al. (2004). A binary string of length

n is some A = a1a2...an ∈ {0, 1}n, and another string B of lengthm ≤ n is a subsequence ofA if there exist indices

i1 < i2 < ... < im such that

B = ai1ai2 ...aim

We use the notation B � A when B is a subsequence of A.

Now, suppose Tn is a fixed binary string of length n. Then, define ti to be the ith letter of Tn, Ti to be the string

formed by truncating Tn after the ith letter, and φ(Tn) to be the number of distinct subsequences in Tn. If we let Sn

be a random binary string of length n, it was shown in Flaxman et al. (2004) that when Pr[si = 1] = .5 (that is, when

each independently generated letter in Sn is equally likely to be a 0 or a 1), then E[φ(Sn)] ∼ k(32 )
n for a constant k.

Later, Collins improved this result by finding that E[φ(Sn)] = 2(32 )
n − 1 under the same conditions.

In Section 2, we generalize the second result and find a formula for the expected value of φ(Sn) when Pr[si = 1] =
α ∈ (0, 1). Since the cases when Pr[si = 1] is 0 or 1 are trivial, we will then have E[φ(Sn)] when α ∈ [0, 1]. Our

method for finding this formula is very different from that used by Collins. We will define a new property of a string—

the number of new distinct subsequences–and then use these numbers as the entries in a binary tree. Our formula is

then given as a weighted sum of the entries in this tree. In Section 3 we produce recursions for the expected number

of subsequences in two more complicated cases, namely when (i) the string of letters is independently generated in a

non-uniform fashion from an arbitrary alphabet; and (ii) the binary string is Markov-dependent. We also show, using

subadditivity arguments, that the expected number of distinct subsequences in the first case above is asymptotic to cn

for some c, in the sense that

(E[φ(Sn)])
1/n → c (n→ ∞).

Finally, in Section 4 we indicate some important directions for further investigation.
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2 Main Result

In this section, we let Pr[si = 1] = α ∈ [0, 1]. We first consider the trivial cases, when α ∈ {0, 1}.

Proposition 2.1. If α ∈ {0, 1}, then φ(Sn) = n for any string Sn.

Proof: If α ∈ {0, 1}, then either Sn = 11...1 or Sn = 00...0. In either case, there is exactly one distinct subsequence

of each length between 1 and n.

With those cases dispensed with, we will assume for the remainder of this section that α ∈ (0, 1). Before continuing,

we need to establish three new definitions. We recall thatSn is a random variable that equals a fixed string Tn according

to a specified probability distribution.

Definition 2.2. The weight of Tn, a fixed binary string of length n, is φ(Tn) · Pr[Sn = Tn]. That is, the weight of Tn
is the number of distinct subsequences in Tn times the probability that a random length n string is Tn.

Definition 2.3. A new subsequence of Tn is a subsequence contained in Tn but not contained in Tn−1. We will let

ν(Tn) be the number of distinct new subsequences in a string Tn.

Definition 2.4. The new weight of Tn is the product ν(Tn) · Pr[Sn = Tn].

It will be useful to be able to compute the number of new distinct subsequences in a string; to do so we modify a

result from Elzinga et al. (2008).

Lemma 2.5 (Elzinga, Rahmann, and Wang). Given Tn, let l be the greatest number less than n such that tl = tn, and

if no such number exists, let l = 0. Then,

ν(Tn) =







n if l = 0;
n−1∑

i=l

ν(Ti) if l > 0.

Proof: Fix Tn and suppose l = 0. Then, without loss of generality, assume that Tn consists of n − 1 0s followed

by a 1. The new subsequences contained in Tn are exactly those which contain a 1. There are n such subsequences:

1, 01, 001, ..., 00...0
︸ ︷︷ ︸
n−1

1, so ν(Tn) = n.

Now suppose l > 0 and Uk is a new subsequence of length k in Tn. We assume that the last letter in Uk is tn
because otherwise Uk is clearly not new. If Uk−1 � Tl−1, then we could use tl to complete Uk, so Uk � Tl and Uk

would not be new in Tn. Conversely, if Uk−1 6� Tl−1, then Uk cannot be completed by tl, nor can it be completed

by any other ti before tn, so Uk is a new subsequence in Tn. Therefore, there is one distinct new subsequence in

Tn for every distinct new subsequence found in some Ti with l ≤ i ≤ n − 1. Summing up all of those distinct new

subsequences gives the number of distinct new subsequences in Tn.

Now, let B be a binary tree whose entries are binary strings, and let Bn,m be the mth entry in the nth row of B.

The root of B is the empty string, each left child is its parent with a 1 appended, and each right child is its parent with

a 0 appended. If we call the first row “row 0”, then row n of this tree contains all length n binary strings. Rows 0-3 of

this tree are shown below:

()

1

11

111 110

10

101 100

0

01

011 010

00

001 000
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Next, we form the binary treeB′ withB′
n,m denoting themth entry in the nth row ofB′. Then, we define eachB′

n,m

to be ν(Bn,m) which we can calculate using Lemma 2.5. Finally, for each child B′
n,m we assign the edge between it

and its parentB′
n−1,⌈m

2
⌉ a weight equal to Pr[Sn = Bn,m|Sn−1 = Bn−1,⌈m

2
⌉]. Thus we give each edge going to a left

child the weight α and each edge going to a right child the weight 1− α. Rows 0-3 of B′ are shown below:

0

1

1

1

α

3

1− α

α

2

3

α

2

1− α

1− α

α

1

2

2

α

3

1− α

α

1

3

α

1

1− α

1− α

1− α

It is clear that the value of the root should be 0 and the value of its two children should be 1. Moreover, we can

apply Lemma 2.5 to find that each row begins and ends with a 1. To characterize the remaining entries of B′ we need

two lemmas which together will give us that the portion of each row between the initial and final 1s consists of pairs

of identical numbers. The numbers in every other pair are the sums of the parents of those elements, and the numbers

in the remaining pairs have the same value as their parents. For instance, the first pair of the third row is a pair of 3s

and parents of the elements of this pair are a 1 and a 2 which sum to 3. Then, the second pair of the third row is a pair

of 2s, and the parents of the elements of this pair are also 2s.

Lemma 2.6. Suppose n ≥ 2 and m ≡ 2 (mod 4). Then, B′
n,m = B′

n,m+1 = B′
n−1,m

2
+B′

n−1,m
2
+1.

Proof: Given these restrictions on n andm, bothBn,m andBn,m+1 are grandchildren of the same string Tn−2. Then,

Bn,m = Tn−210 and Bn,m+1 = Tn−201. First, consider the case when Tn−2 consists of only 0s or only 1s, and

without loss of generality, assume it consists of only 0s. Using Lemma 2.5 we get the following equalities:

ν(Tn−210) = ν(Tn−2) + ν(Tn−21) = 1 + (n− 1) = n;

ν(Tn−201) = n;

ν(Tn−20) + ν(Tn−21) = 1 + (n− 1) = n,

so the lemma is proved in this case. Otherwise, there exist k, l > 0 such that k is the greatest integer with tk = 0 and

l is the greatest integer with tl = 1. Then, the following hold, again by Lemma 2.5:

ν(Tn−20) =

n−2∑

i=k

ν(Ti);

ν(Tn−21) =

n−2∑

i=l

ν(Ti);

ν(Tn−201) =

n−2∑

i=l

ν(Ti) + ν(Tn−20) = ν(Tn−21) + ν(Tn−20);

ν(Tn−210) =
n−2∑

i=k

ν(Ti) + ν(Tn−21) = ν(Tn−20) + ν(Tn−21).

Since Tn−21 = Bn−1,m
2

and Tn−20 = Bn−1,m
2
+1, this completes the proof.

Lemma 2.7. Suppose n ≥ 2, m ≡ 0 (mod 4), and m 6= 2n. Then B′
n,m = B′

n,m+1 = B′
n−1,m

2

= B′
n−1,m

2
+1
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Proof: We will proceed by induction on n. As a base case, note that when n = 2, the hypotheses of Lemma 2.7 are

never satisfied, so it is true.

Now, suppose Lemma 2.7 holds for n < p, and consider B′
p,m where m satisfies the hypotheses of the lemma.

Since m ≡ 0 (mod 4), it follows that Bp,m = Bp−1,m
2
0, and Bp−1,m

2
also ends in 0. Then, m + 1 ≡ 1 (mod

4), so Bp,m+1 = Bp−1,m
2
+11, and Bp−1,m

2
+1 also ends in 1. Therefore, by Lemma 2.5, B′

p,m = B′
p−1,m

2
and

B′
p,m+1 = B′

p−1,m
2
+1. Now, B′

p−1,m
2

and B′
p−1,m

2
+1 are consecutive elements and m

2 is even. If m
2 ≡ 2 (mod 4),

then B′
p−1,m

2
= B′

p−1,m
2
+1 by Lemma 2.6, and if m

2 ≡ 0 (mod 4), then B′
p−1,m

2
= B′

p−1,m
2
+1 by the induction

hypothesis. In either case, the proof is finished by induction.

Now, the original question about distinct subsequences can reinterpreted as a question about the tree B′. In partic-

ular, if we find the path from each node B′
n,m to the root and call the product of the weights of all the edges on that

path pn,m, we find that pn,m = Pr[Sn = Bn,m], and that

E[φ(Sn)] = E

[ n∑

i=1

ν(Si)

]

=

n∑

i=1

E[ν(Si)] =

n∑

i=1

2i∑

j=1

B′
i,j · pi,j (1)

The first equality comes from the fact that each subsequence in Sn is new exactly once, the second equality holds by

linearity of expectation, and the third equality rewrites E[ν(Si)] using the definition of expectation.

Now, recall the definition of new weight and note that the combined new weight of all the strings in row i of B is

given by

2i∑

j=1

B′
i,j · pi,j . With i fixed, we define the quantity ai to be the total new weight of left children, i.e., strings

ending in 1, in row i of B and bi to be the total new weight of right children, i.e., strings ending in 0, in row i of B.

We now find two simultaneous recurrence relations that describe ai and bi.

Lemma 2.8. The sequences {ai} and {bi} satisfy the following recurrence relations:

ai = ai−1 + αbi−1; bi = bi−1 + (1 − α)ai−1.

Proof: Consider the left children in row i of B′. First consider the left children whose parents are also left children.

Each of these has the same value as its parent by Lemma 2.7, so the combined new weight of all of them is α · ai−1.

Now consider the left children whose parents are right children. By Lemma 2.6, each of these has a value which is

the sum of the values of its parent, a right child, and this parent’s sibling, a left child. In this way, each right child in

row i − 1 contributes its new weight times α to its left child in row i − 1. Meanwhile, each left child in row i − 1
contributes to the left child of its sibling its new weight times 1−α since its path to the root contains one fewer edges

labelled 1 − α than the path from the row i left child to the root, but both paths contain the same number of edges

labelled α. Thus we get:

ai = αai−1 + αbi−1 + (1 − α)ai−1 = ai−1 + αbi−1

The second recurrence relation follows by the same argument. The right children of row i − 1 contribute their new

weight times 1 − α to their own right children, and also contribute their new weight times α to the right children of

their siblings. Meanwhile, the left children of row i− 1 contribute their new weight times 1−α to their right children,

and so we get:

bi = bi−1 + (1− α)ai−1,

which completes the proof.

Now, we solve for ai as follows:

αbi−1 = ai − ai−1

α(1− α)ai−1 = αbi − αbi−1

α(1− α)ai−1 = ai+1 − ai − (ai − ai−1)

ai+1 = 2ai − (1− α(1 − α))ai−1

The quadratic x2 = 2x − (1 − α(1 − α)) has two real solutions:
(

1 +
√

α(1− α)
)

and
(

1 −
√

α(1 − α)
)

, so

ai = c1

(

1 +
√

α(1 − α)
)i

+ c2

(

1−
√

α(1 − α)
)i

where c1 and c2 are constants. Inspecting the tree B′ gives that
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a1 = α and a2 = 2α − α2, and it is straightforward to verify that the following is an explicit formula of the correct

form satisfying the initial conditions:

ai =
1

2

((

α−
√

α(1 − α)
)(

1−
√

α(1 − α)
)i−1

+
(

α+
√

α(1 − α)
)(

1 +
√

α(1− α)
)i−1)

To find an explicit formula for bi, we simply note that if we substitute ai for bi, bi for ai, and α for 1 − α, we obtain

the recurrence that we just solved. Thus, making the reverse substitutions, we get that

bi =
1

2

((

1− α−
√

α(1− α)
)(

1−
√

α(1 − α)
)i−1

+
(

1− α+
√

α(1 − α)
)(

1 +
√

α(1 − α)
)i−1)

and combining these two expressions gives the total new weight in row i as

ai + bi =
1

2

((

1− 2
√

α(1 − α)
)(

1−
√

α(1 − α)
)i−1

+
(

1 + 2
√

α(1 − α)
)(

1 +
√

α(1− α)
)i−1)

As suggested by (1), the final step will be to find the sum

n∑

i=0

(ai + bi). This follows from the geometric sum formula,

and we get

n∑

i=0

(ai + bi) =

((

1− 2
√

α(1 − α)
)(

1−
(

1−
√

α(1 − α)
)n)

+
(

1 + 2
√

α(1− α)
)((

1 +
√

α(1− α)
)n

− 1
)

2
√

α(1 − α)

We have now derived the main theorem of this section.

Theorem 2.9. Suppose Pr[si = 1] = α ∈ [0, 1] for all 1 ≤ i ≤ n. Then we have

φ(Sn) =







n if α = 0, 1,
(
1−2

√
α(1−α)

)(
1−

(
1−

√
α(1−α)

)n)
+
(
1+2

√
α(1−α)

)((
1+

√
α(1−α)

)n
−1

)

2
√

α(1−α)
if α 6= 0, 1.

Since this formula is rather unwieldy for α ∈ (0, 1), we also give the following asymptotic result.

Corollary 2.10. Suppose Pr[si = 1] = α ∈ (0, 1) for all 1 < i < n. Then there exists a constant k such that

φ(Sn) ∼ k
(
1 +

√

α(1 − α)
)n
.

Proof: We take the limit of the quantity in Theorem 2.9. Since
(
1 −

√

α(1 − α)
)
< 1, it follows that lim

n→∞

(
1 −

√

α(1 − α)
)n

= 0. Therefore

lim
n→∞

φ(Sn)
(
1 +

√

α(1 − α)
)n · 2

√

α(1 − α)
(
1 + 2

√

α(1 − α)
) = 1,

as asserted.

3 Variations: Larger Alphabets, Markov Chains, and Growth Rates

In the previous section, we looked at strings on a binary alphabet generated by a random process in which the proba-

bility that any given element was 1 was fixed at α. In this section, we generalize this in two ways. First, we consider

strings on the alphabet {1, 2, ..., d} = [d] where each letter is independently j with probability αj for all j ∈ [d].
After that, we return to binary strings, but this time they will be generated according to a two-state Markov chain; in

particular, if a letter follows a 1, then it is 1 with probability α, but if it follows a 0, then it is 1 with probability β. In

both these cases, we will find recurrences for the expected new weight contributed by the nth letter, which will lead

to explicit matrix equations for that expected new weight. Unfortunately, we will not be able to find a closed-form

formula for the total expected number of subsequences like we did in Section 2.
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3.1 A Larger Alphabet

In this section, we consider strings on the alphabet [d]. In Section 2, Tn was a fixed length-n string on the alphabet

{0, 1}; here we let Tn be a fixed length-n string on the alphabet [d]. Similarly, Sn is now a random length-n string on

the alphabet [d] where, independently, Pr[si = j] = αj for all i ∈ [n], j ∈ [d] (note that
∑d

j=1 αj = 1).

We begin by stating a generalization of Lemma 2.5. The first paragraph of the proof is the same as in the proof of

the original lemma, but is included for completeness.

Lemma 3.1. Given Tn, let l be the greatest number less than n such that tl = tn, and if no such number exists, let

l = 0. Then,

ν(Tn) =







n−1∑

i=1

ν(Ti) + 1 if l = 0,

n−1∑

i=l

ν(Ti) if l > 0.

Proof: Suppose l > 0 and Uk is a subsequence of length k in Tn. We assume that the last letter in Uk is tn because

otherwise Uk is clearly not new. If Uk−1 � Tl−1, then we could use tl to complete Uk, so Uk � Tl and Uk would not

be new in Tn. Conversely, if Uk−1 6� Tl−1, then Uk cannot be completed by tl, nor can it be completed by any other ti
before tn, so Uk is a new subsequence in Tn. Therefore, there is one distinct new subsequence in Tn for every distinct

new subsequence found in some Ti with l ≤ i ≤ n− 1. Counting up all of those distinct new subsequences gives the

number of distinct new subsequences in Tn.

Now suppose l = 0 and Uk is a subsequence of length k in Tn. As before, we can assume that the last letter of

Uk is tn, but this time every subsequence of length ending in tn is new in Tn. Therefore, there is nearly a bijection

between the subsequence which appeared by Tn−1 and the ones which are new in Tn given by mapping a subsequence

appearing by Tn−1 to itself with tn appended. This is not exactly a bijection because the single-element sequence tn is

a new subsequence in Tn even though the empty set is not counted as a subsequence in Tn−1. Therefore, the number

of new subsequences is the sum of the number of subsequences which have appeared previously, plus one.

Just like in the previous section, we are interested in the expected new weight of Sn. As before, we find it useful to

refer to a tree B, but in this case it is a d-ary tree where the root is labelled with the empty string, and the j th child of

a node is labelled with the parent’s label with j appended. The following figure shows rows 0-2 and part of row 3 of

B when d = 3.

()

1

111213

2

212223

3

3132

321322323

33

331332333

Again like in the previous section, we will also use the tree B′ where each node Tn of B has been replaced by

ν(Tn).
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0

1

122

1

212

1

22

423

1

331

We now need to generalize Lemmas 2.6 and 2.7.

Definition 3.2. A (j, k)-grandchild is a string whose final two letters are j and k; equivalently, a (j, k)-grandchild is

a string which is formed by appending jk to its grandparent.

Lemma 3.3. Suppose n ≥ 2 and Tn is a (j, k)-grandchild with j 6= k whose grandparent is Tn−2; then ν(Tn) =
ν(Tn−2j) + ν(Tn−2k).

Proof: As in Lemma 3.1, let lj and lk be the greatest numbers less than or equal to n− 2 with tlj = j and tlk = k (or

0 if no such t exist). Suppose that lk 6= 0. By Lemma 3.1, we have that

ν(Tn) =

n−1∑

i=lk

ν(Ti) = ν(Tn−2j) +

n−2∑

i=lk

= ν(Tn−2j) + ν(Tn−2k).

Otherwise, lk = 0 and by Lemma 3.1, we have that

ν(Tn) =

n−1∑

i=1

ν(Ti) + 1 = ν(Tn−2j) +

n−2∑

i=1

ν(Ti) + 1 = ν(Tn−2j) + ν(Tn−2k).

This completes the proof.

Lemma 3.4. Suppose n ≥ 2 and Tn is a (j, j)-grandchild whose grandparent is Tn−2. Then, ν(Tn) = ν(Tn−2j).

Proof: Since Tn = Tn−2jj and Tn−1 = Tn−2j, the statement follows immediately from Lemma 3.1.

We want to be able to calculate the total new weight in each row of the tree B′. As in Section 2 it will be convenient

to break up that new weight by the final letter of the string it comes from. For each n ∈ Z
+ and j ∈ [d], let aj,n be the

total new weight of the length-n strings ending in j. Using Lemmas 3.3 and 3.4 we find that a typical element Tn−2j
contributes its weight times αk to Tn−2jk (for all k ∈ [d]) and also contributes its weight times αk to Tn−2kj for all

k ∈ [d] \ {j}. Therefore, we obtain the recurrences

aj,n =
d∑

k=1

αjak,n−1 +
∑

k 6=j

αkaj,n−1 = aj,n−1 +
∑

k 6=j

αjak,n−1.

Using these d recursions and the fact that the aj,1 = αj for all j, we find that the vector [a1,n, a2,n, ..., ad,n]
T is

given by the matrix equation:










a1,n
a2,n
a3,n

...

ad,n










=










1 α1 α1 . . . α1

α2 1 α2 . . . α2

α3 α3 1 . . . a3
. . .

αd αd αd . . . 1










n−1 








α1

α2

α3

...

αd










,
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and therefore the total new weight in row n is

[
1 1 1 . . . 1

]










1 α1 α1 . . . α1

α2 1 α2 . . . α2

α3 α3 1 . . . a3
. . .

αd αd αd . . . 1










n−1 








α1

α2

α3

...

αd










.

Therefore, we have a way to compute the expected value of φ(Sn) in this general alphabet case, as expressed in the

following theorem.

Theorem 3.5. Let Sn be a random length-n string on the alphabet [d] where Pr[si = j] = αj for all i, j. Then,

E[φ(Sn)] =
[
1 1 1 . . . 1

]










n−1∑

i=0










1 α1 α1 . . . α1

α2 1 α2 . . . α2

α3 α3 1 . . . a3
. . .

αd αd αd . . . 1










i

















α1

α2

α3

...

αd










.

3.2 Strings from Markov Processes

We now return to binary strings, but now the probability of seeing a particular letter will depend on the letter before

(we assume that strings are generated from left to right). In the random string Sn, Pr[si = 1|si−1 = 1] = α and

Pr[si = 1|si−1 = 0] = β. Of course, we will need some other rule for Pr[s1 = 1]; one logical choice is to take

Pr[s1 = 1] = γ where γ is the steady-state probability of a 1 occurring, which in this case gives γ = β
1+β−α . Unlike

in the previous subsection, we don’t need any new lemmas to discuss this case. Instead, the key will be to categorize

the new weight in each row by the last two letters of the strings which contribute it, rather than just by the last single

letter.

To that end, let an be the total new weight of n-letter strings ending in 11, let bn be the total new weight of n-letter

strings ending in 10, let cn be the total new weight of n letter strings ending in 01, and let dn be the total new weight

of n-letter strings ending in 00. We apply Lemmas 2.6 and 2.7 in much the same manner that we did in Section 2 to

find the recurrences:

an+1 = α(an + cn);

bn+1 = (1− α)(an + cn) + αbn +
β(1 − α)

1− β
dn;

cn+1 = β(bn + dn) + (1− β)cn +
(1 − α)β

α
an;

dn+1 = (1− β)(bn + dn).

Again, these recurrences lead to a matrix equations







an
bn
cn
dn






=







α 0 α 0

1− α α 1− α β(1−α)
1−β

(1−α)β
α β 1− β β
0 1− β 0 1− β







n−1 





a1
b1
c1
d1






,

and

E[φ(Sn)] =
[
1 1 1 . . . 1

]








n−1∑

i=0







α 0 α 0

1− α α 1− α β(1−α)
1−β

(1−α)β
α β 1− β β
0 1− β 0 1− β







i−1












a1
b1
c1
d1






.

While we could define Pr[s1 = 1] = γ (recalling that γ = β
1+β−α ) it will make our formula work out more nicely if

we pretend that there exists a letter s0 which does not add to any subsequences but which determines Pr[s1 = 1]. If

we take Pr[s0 = 1] = γ, then we have a1 = γα, b1 = γ(1 − α), c1 = (1 − γ)β, d1 = (1 − γ)(1 − β), and so the

definition of the formula is complete.
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3.3 Exponential Growth via Fekete’s Lemma

In this subsection, we exhibit the fact that in the case of general alphabets, the expected number of distinct sequences

is “around” cn, mirroring the result in Corollary 2.10. This fact is hardly surprising, but raises other questions, namely

as to whether the “true” numbers contain, additionally, polynomial factors as do several Stanley-Wilf limits in the

theory of pattern avoidance (note that there are no polynomial factors in Corollary 2.10).

Also, in general the existence of limits is not automatic, as seen by the following example: Assume that n balls are

independently thrown into an infinite array of boxes so that box j is hit with probability 1/2j for j = 1, 2, . . .. Let πn
be the probability that the largest occupied box has a single ball in it. Then, as seen in Athreya and Fidkowski (2000),

limn→∞ πn does not exist, and lim supn→∞ πn and lim infn→∞ πn differ in the fourth decimal place! Such behavior

does not however occur in our context, as we prove next.

Theorem 3.6. Let s1, s2, . . . be a sequence of independent and identically distributed random variables with Pr(s1 =
j) = αj , j = 1, 2, . . . , d, and

∑

j αj = 1. Set α = (α1, . . . , αd). Let φ(Sn) and φ(Sn+1,n+m) be the number

of distinct subsequences in Sn = (s1, . . . , sn) and (sn+1, . . . , sn+m). Let ψ(n) = E(φ(Sn)). Then there exists

c = cd,α ≥ 1 such that

ψ(n)1/n → c;n→ ∞,

where c = 1 iff d ≥ 1 and maxj αj = 1.

Proof: As in Arratia’s paper Arratia (1999) on the existence of Stanley-Wilf limits, we employ subadditivity arguments

and Fekete’s lemma. Assume without loss of generality that m ≤ n. Let η be a distinct subsequence of Sm+n, and

consider the first lexicographic occurrence of η, say ηf . Then ηf |Sn = ηf1 and ηf |(sn+1,...,sn+m) = ηf2 are a pair of

subsequences of (s1, . . . , sn) and (sn+1, . . . , sn+m). Moreover, the map

ηf −→ (ηf1 , ηf2)

is one-to-one (note that one of the components ηf1 , ηf2 may be empty). Thus

Sn+m ≤ SnSn+1,n+m,

and thus, by independence we get

ψ(n+m) ≤ ψ(n)ψ(n+ 1, n+m).

Since m ≤ n, we conclude that

ψ(n+m) ≤ ψ(n)ψ(m).

In other words, ξ(n) = logψ(n) satisfies the subadditivity condition

ξ(n+m) ≤ ξ(n) + ξ(m),

and Fekete’s lemma yields the conclusion that

ξ(n)

n
→ ℓ = inf

n≥1

ξ(n)

n
.

Clearly ℓ ∈ [0, log d]. We thus get

logψ(n)

n
= log[ψ(n)]1/n → ℓ,

and so

ψ(n)1/n → eℓ := c,

where c ∈ [1, d]. Clearly c = 1 for any d if α1 = 1. We need to show that this is the only case when this occurs. By

Theorem 2.9, we know that c > 1 if d = 2 and max(α1, α2) 6= 1. Using a monotonicity argument (for larger size

alphabets, we replace all the letters 2, 3, . . . , d by 2), it is easy to see that c > 1 if d ≥ 3 and maxj(αj) < 1. This

concludes the proof.
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4 Discussion and Open Questions

In this section we list and briefly discuss some questions that seem to be quite non-trivial.

(a) One of the central questions in the Permutation Patterns community is that of packing patterns and words in larger

ensembles; see, e.g., Burstein et al. (2002-2003). In a similar vein, we have the question of superpatterns, i.e., strings

that contain all the patterns or words of a smaller size; see, e.g., Biers-Ariel et al. (2016). A distinguished question

in this area is the one posed by Alon, who conjectured (see Biers-Ariel et al. (2016)) that a random permutation on

[n] =
[
k2

4 (1 + o(1))
]

contains all the permutations of length k with probability asymptotic to 1 as n → ∞. In

the present context, a similar question might be: What is the largest k so that each element of {0, 1}k appears as a

subsequence of a binary random string with high probability?

(b) The basic question studied in this paper appears to not have been considered in the context of permutations; i.e.,

one might ask: What is the expected number of distinct patterns present in a random permutation on [n]?
(c) Computation of the rates of exponential growth in Theorem 3.6 would, of course, be of interest as would be,

alternatively, a solution of the recurrences in Sections 3.1 and 3.2. Also, estimation of the width of the intervals of

concentration of the number of distinct subsequences, around their expected values, would add significantly to our

understanding of the situation.

(d) An intriguing question (which leads to a wide area for further investigation) is the following. In the baseline case

of binary equiprobable letter generation, we have that E(φ(Sn)) ∼ 2(1.5)n, which implies that the average number

of occurrence of a subsequence is 1
22

n/(1.5)n = 1
2 (4/3)

n. Now a subsequence such as 1 occurs “just” around n/2
times, and the sequence 11 . . . 1 with n/2 ones occurs an average of

(
n

n/2

)
· 1
2n/2 times, which simplifies, via Stirling’s

formula, to around
√
2
n

, ignoring constants and polynomial factors. The same is true of any sequence of length n/2;

it is, on average, over-represented. We might ask, however, what length sequences occur more-or-less an average

number (1.33)n of times. We can parametrize by setting k = xn and equating the expected number of occurrences of

a k-long sequence to (1.33)n. We seek, in other words, the solution to the equation

(
n

xn

)
1

2xn
= (1.33)n.

Ignoring non-exponential terms and employing Stirling’s approximation, the above reduces to

2xxx(1− x)1−x = 0.75,

which, via Wolfram Alpha, yields the solutions x = .123 . . . and x = .570 . . .! In a similar fashion we see that the

expected number of occurrences of a sequence of length (0.7729 . . .)n or longer is smaller than one. Does this suggest

that the solution to the Alon-like question stated in (a) above might be k = (0.7729 . . .)(1 + o(1))n?
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We explore a bijection between permutations and colored Motzkin paths that has been used in different forms by

Foata and Zeilberger, Biane, and Corteel. By giving a visual representation of this bijection in terms of so-called cycle

diagrams, we find simple translations of some statistics on permutations (and subsets of permutations) into statistics

on colored Motzkin paths, which are amenable to the use of continued fractions. We obtain new enumeration formulas

for subsets of permutations with respect to fixed points, excedances, double excedances, cycles, and inversions. In

particular, we prove that cyclic permutations whose excedances are increasing are counted by the Bell numbers.

Keywords: permutation, Motzkin path, continued fraction, cycle diagram, permutation statistic, Bell number

1 Introduction

The interpretation of continued fractions as generating functions of colored (also referred to as weighted

or labeled) Motzkin paths is due to Flajolet (1980). His celebrated paper also gives several applications of

continued fractions to the enumeration of combinatorial objects, including set partitions and permutations.

In the case of permutations, the results in Flajolet (1980) are based on a bijection of Françon and Vien-

not (1979) between permutations and increasing binary trees, which allows Flajolet to obtain continued

fractions enumerating permutations with respect to the number of valleys, peaks, double rises, and double

falls.

A second bijection between permutations and colored Motzkin paths was introduced by Biane (1993),

and it is essentially equivalent to a bijection of Foata and Zeilberger (1990) between permutations and

so-called weighted bracketings. This bijection allows Biane to keep track of the number of inversions.

Furthermore, variations of it have been used by Corteel (2007) to enumerate permutations with respect to

the number of weak excedances, crossings and nestings; and by Clarke et al. (1997) to prove equidistri-

bution results for several other permutations statistics.

In this paper we introduce a simple visual interpretation of this second bijection, using what we call

the cycle diagram of the permutation to produce the colored Motzkin path. The cycle diagram combines

the information contained in the permutation diagram used by Corteel (2007) to deal with crossings and

nestings (see also Burrill et al. (2016); Kasraoui and Zeng (2006)), as well as the permutation array, which

allows us to keep track of statistics such as inversions and pattern occurrences. The cycle diagram idea was

∗Partially supported by NSF grant DMS-1001046, Simons Foundation grant #280575, and NSA grant H98230-14-1-0125.

ISSN 1365–8050 c© 2018 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License

http://arxiv.org/abs/1703.08742v4


2 Sergi Elizalde

used in Elizalde (2011) to enumerate so-called almost increasing permutations, a generalization of certain

permutations studied by Knuth (1968, 1973) in connection to sorting algorithms. Here we analyze the

correspondence between permutations and colored Motzkin paths in order to easily keep track of multiple

statistics counting fixed points, cycles, excedances, inversions, and to impose different conditions on the

cycles and the excedances of the permutation, as well as pattern-avoidance conditions.

In Section 2 we describe the pictorial correspondence between permutations and colored Motzkin paths

and introduce some notation involving cycle diagrams and continued fractions. In Section 3 we find con-

tinued fraction expressions for the generating functions of permutations with respect to several statistics,

recovering and extending some results in the literature, as well as for occurrences of a monotone consecu-

tive pattern of length 3. In Section 4 we focus on subsets of permutations satisfying different combinations

of conditions such as having a certain cycle structure, avoiding the classical pattern 321, having increasing

excedances, or having unimodal cycles. In particular, Theorem 4.3 proves that cylic permutations with

increasing excedances are counted by the Bell numbers. In Section 5 we discuss some known results and

open problems regarding the enumeration of pattern-avoiding cyclic permutations. Finally, in Section 6

we propose a mechanism for interpreting certain combinatorial sequences as counting colored Motzkin

paths, which can sometimes turn sequences of positive integers into simpler weight sequences.

2 Permutations and colored Motzkin paths
In this section we present the aforementioned bijection between permutations and colored (or weighted)

Motzkin paths.

A Motzkin path of length n is a lattice path from (0, 0) to (n, 0) with up steps U = (1, 1), down steps

D = (1,−1), and level steps L = (1, 0), that never goes below the x-axis. We define the height of a step

to be the y-coordinate of its highest point. Let M be the set of all Motzkin paths. For a path M ∈ M, let

|M | denote its length. Let Sn be the symmetric group on {1, 2, . . . , n}.

First we describe a surjective map from permutations in Sn to Motzkin paths of length n. A permutation

π ∈ Sn can be drawn as an n × n array with dots in squares (i, π(i)) for 1 ≤ i ≤ n. Our convention

for the coordinates will be as in the cartesian plane, so that square (i, j) is in the ith column from the left

and the jth row from the bottom. Next, we capture the cycle structure of the permutation on the array by

drawing, for each i with π(i) 6= i, a vertical segment connecting the dot in (i, π(i)) with the center of the

square (i, i), and a horizontal segment connecting the same dot with the center of the square (π(i), π(i)).
The cycles of π are then visualized by simply tracing connected dots, as shown in Fig. 1. We call this

drawing the cycle diagram of π.

The squares with coordinates (i, i) for some i in the cycle diagram of π can be classified into five

types, depending on the location of the dots and segments: a fixed point , an opening bracket , a

closing bracket , an upper bounce , and a lower bounce . The sequence given by the types of

the squares (i, i) for i from 1 to n is called the diagonal sequence of π, and denoted by D(π). Clearly

D(π) ∈ { , , , , }n. To turn the diagonal sequence into a Motzkin path of length n, we replace

each with a U , each with a D, and each , and with an L. Let us denote by θ(π) the resulting

Motzkin path. Fig. 1 gives an example of this construction. For each element of the diagonal sequence

D(π), define its height to be the height of the corresponding step in the Motzkin path θ(π).
The map θ is surjective but not one-to-one. Next we construct, given a Motzkin path M of length n,

the arrays of all the permutations π with θ(π) = M . For each i from 1 to n, consider the ith step of M .

• If it is a U , place a in square (i, i) of the array, and regard the vertical segment pointing upward
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Fig. 1: The cycle diagram of π = 57 2 4 3 8 1 6 9 12 10 11, and its associated Motzkin path θ(π).

and the horizontal segment pointing rightward in as open rays. These rays will later be closed by

extending them, placing a dot on them, and connecting them with a perpendicular segment, as we

will see next.

• If it is a D, place a in square (i, i) of the array. Letting h be the height of this D step, choose any

of the h currently open vertical rays, intersect its extension with the extension of the ray pointing

leftward in the newly inserted , and place a dot in the intersection. We call this operation closing

an open vertical ray. Similarly, choose one of the h currently open horizontal rays, and close it

by intersecting it with the ray pointing downward in the newly inserted , placing a dot in the

intersection. Note that this construction gives h2 choices for which pair of open rays to close.

• If it is an L at height h, chose one of the following 2h + 1 options. One choice is to place a

in square (i, i) of the array. Additional h choices come from placing a , choosing one of the h
currently open vertical rays, closing it by intersecting it with the leftward pointing ray in the and

placing a dot in the intersection, and regarding the upward pointing ray in the as an open ray. The

remaining h choices come from placing a in square (i, i) and proceeding in a symmetric fashion.

This process that builds a permutation by placing each diagonal square from left to right while con-

structing a cycle diagram with that given diagonal sequence, opening and closing rays accordingly, will

be used repeatedly throughout the paper. We will refer to it as building a cycle diagram from a diagonal

sequence. See Fig. 2 for an example of an intermediate step in the construction. Note that the height of

a , , or in the diagonal sequence equals the number of open horizontal (equivalently, vertical)

rays at the time when it is inserted in this process.
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a b c

b

c

a

Fig. 2: An intermediate step in the process of building a cycle diagram from a diagonal sequence. Open rays, drawn

with dashed lines, have been labeled on the right picture to show how each vertical ray is connected to one horizontal

ray.

It follows from the above construction that if we assign weight 1 to each U in the Motzkin path M ,

weight h2 to each D at height h, and weight 2h+ 1 to each L at height h, then the product of the weights

of the steps of M equals the number of permutations π ∈ Sn with θ(π) = M . We denote by w(M) the

product of the weights of the steps of M , and we call it simply the weight of M . The generating function

for weighted Motzkin paths with weight function w is
∑

M∈M w(M)z|M|. By interpreting the weight of

a step as the number of possible colors it can receive, the above construction gives a bijection between

permutations and colored Motzkin paths, where D steps (resp. L steps) at height h can receive h2 (resp.

2h+ 1) colors. We denote this bijection by Θ.

The bijection Θ will be used in Section 3 to find the distribution of some permutation statistics, and in

Section 4 to enumerate certain subsets of permutations. In both cases, the problem is reduced to counting

weighted Motzkin paths, or equivalently, weighted diagonal sequences, where the weights often contain

formal variables that keep track of statistics. In the diagonal sequences, we denote the weight of entries

at height h as follows: has weight dh, has weight ℓah, has weight ℓbh, and has weight ℓch. In

the associated Motzkin path, a D step at height h has weight dh, and an L step at height h has weight

ℓh = ℓah + ℓbh + ℓch, with the convention that ℓa0 = ℓb0 = 0, since diagonal sequences have no or at

height 0.

We end this section by introducing some notation regarding continued fractions. Given two sequences

d = (d1, d2, . . . ) and ℓ = (ℓ0, ℓ1, ℓ2, . . . ), define the Jacobi type continued fraction (J-fraction)

Jd,ℓ(z) =
1

1− ℓ0z −
d1z

2

1− ℓ1z −
d2z

2

1− ℓ2z −
d3z

2

. . .

. (1)

It was shown by Flajolet (1980) that Jd,ℓ(z) is the generating function for weighted Motzkin paths where
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D steps (resp. L steps) at height h have weight dh (resp. ℓh), for each h ≥ 0. Throughout the paper, U
steps of Motzkin paths will be assumed to have weight 1.

We also define the continued fraction

Kd,ℓ(z) = ℓ0z +
d1z

2

1− ℓ1z −
d2z

2

1− ℓ2z −
d3z

2

. . .

, (2)

which is the generating function for elevated weighted Motzkin paths, meaning that they do not touch

the x-axis except at the beginning and at the end (where we allow the length-1 path H), with weights as

above.

3 Statistics on permutations

An excedance (resp. fixed point, deficiency) of π ∈ Sn is a value π(i) such that i < π(i) (resp. i = π(i),
i > π(i)). Let exc(π) (resp. fp(π)) denote the number of excedances (resp. fixed points) of π. A double

excedance of π is a value π(i) such that i < π(i) < π(π(i)). Let dexc(π) denote the number of double

excedances of π. Let cyc(π) be the number of cycles of π, and let inv(π) be its number of inversions.

Let S =
⋃

n≥0 Sn. For a permutation π ∈ Sn, we write |π| = n to denote its length. Let FS(z) =
∑

π∈S z|π| =
∑

n≥0 n!z
n be the ordinary generating function (OGF) for all permutations. Recall from

Section 2 the bijection Θ between Sn and colored Motzkin paths of length n, where D steps (resp. L
steps) at height h can receive h2 (resp. 2h + 1) colors. This bijection yields the well-known continued

fraction expansionFS(z) = Jd,ℓ(z) with dh = h2 and ℓh = 2h+1. This expansion appears, for example,

in (Flajolet, 1980, Thm. 3B).

3.1 Fixed points, excedances, double excedances, cycles, and inversions

The above enumeration of permutations can be refined by keeping track of statistics that behave well

under the bijection Θ. Next we consider a few.

(i) Fixed points in the permutation are simply squares of type , and as such they correspond in the

Motzkin path to one of the 2h+ 1 color choices for L steps at height h, for every h.

(ii) One can keep track of excedances by observing that i < π(i) if and only if the square (π(i), π(i))
in the array is of type or . Thus, excedances correspond in the Motzkin path to D steps (of any

of the h2 possible colors), plus h of the 2h+ 1 color choices for L steps at height h.

(iii) A double excedance i < π(i) < π(π(i)) in the permutation corresponds to a square (π(i), π(i)) of

type , and thus to h of the 2h+ 1 color choices for L steps at height h.

(iv) In the process of building a cycle diagram from a diagonal sequence described in Section 2, a cycle

is completed every time that a diagonal square of type closes two rays that belong to the same

cycle in the partial diagram constructed so far (see Fig. 2). Since each of the open vertical rays is

connected to exactly one of the open horizontal rays, it follows that h vertical and h horizontal open

rays give rise to h connected pairs before a at height h is inserted. Thus, out of the h2 color
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choices for D steps at height h, there are exactly h of them that complete a new cycle. Additionally,

every fixed point produces a cycle as well.

(v) In the process of building a cycle diagram from a diagonal sequence, one can keep track of inversions

by counting how many are forced by each new dot that is placed in the cycle diagram. These can

be inversions with another existing dot, or with an open ray that will create an inversion once it is

closed. Suppose that at some step of the process there are h open vertical rays and h open horizontal

rays when a diagonal square is placed.

If the inserted square is of type , the dot in this square forces inversions with the dots that will

eventually be placed in each of the current open vertical rays (since they will be above and to the left

of the recent dot) and open horizontal rays (since they will be below and to the right of the recent

dot), contributing 2h inversions.

If the inserted square is of type , it closes one of the open vertical rays. Assuming it closes the

jth open vertical ray from the left, then the dot placed on this ray forces an inversion with each

of the j − 1 open rays to its left, as well as with each of the h open horizontal rays, contributing

j − 1 + h inversions. A symmetric argument applies if the inserted square is of type . Thus, in a

generating function where inversions are weighted by q, the contribution of a level step at height h

in the Motzkin path would be q2h + 2
∑h

j=1 q
j−1+h = q2h + 2qh[h]q , where we use the notation

[h]q := 1 + q + · · ·+ qh−1.

If the inserted square is of type , suppose it closes the jth open vertical ray from the left and the

kth open horizontal ray from the bottom. The dot placed on the jth open vertical ray forces an

inversion with each of the j − 1 open rays to its left, as well as with each of the h open horizontal

rays, contributing j − 1 + h inversions. Similarly, the dot placed on the kth open horizontal ray

contributes k − 1 + h inversions, except that the inversion between the two newly placed dots is

counted twice. Thus, we have a total of 2h− 1 + (j − 1) + (k − 1) new inversions. It follows that,

weighing each inversion by q, the contribution to the generating function of a D step at height h in

the Motzkin path is q2h−1
(

∑h
j=1 q

j−1
)(

∑h
k=1 q

k−1
)

= q2h−1[h]2q .

Throughout the paper, we will use the variables x, v, w, t, q to mark the statistics number fixed points,

number of excedances, number of double excedances, number of cycles and number of inversions, respec-

tively.

If we ignore inversions, it follows from items (i)–(iv) above that the continued fraction of all per-

mutations with respect to the number of fixed points, the number of excedances, the number of double

excedances, and the number of cycles is
∑

π∈S
xfp(π)vexc(π)wdexc(π)tcyc(π)z|π| = Jd,ℓ(z)

with dh = v(h2 − h+ ht) = vh(h− 1 + t) and ℓh = xt+ h(1 + vw) for all h, that is,

Jd,ℓ(z) =
1

1− xtz − vtz2

1− (xt+ (1 + vw))z − 2v(1 + t)z2

1− (xt+ 2(1 + vw))z − 3v(2 + t)z2

. . .

. (3)
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An equivalent expression was found by (Zeng, 1993, Thm. 3) (see also Viennot (1983)), who derived it

by first giving a closed form for the corresponding exponential generating function, and then using an

addition formula of Stieltjes and Rogers to deduce the continued fraction. The special case of (3) where

v = w = 1 had been obtained in (Flajolet, 1980, Thm. 3C) using again a less direct approach, consisting

of first applying the bijection by Françon and Viennot (1979) from permutations viewed as increasing

binary trees to weighted Motzkin paths, and then Foata’s fundamental transformation from Foata and

Schützenberger (1970).

While it is difficult to simultaneously keep track of cycles and inversions, we can obtain from items

(i)–(iii) and (v) the continued fraction of all permutations with respect to the number of fixed points, the

number of excedances, the number of double excedances, and the number of inversions as

∑

π∈S
xfp(π)vexc(π)wdexc(π)qinv(π)z|π| = Jd,ℓ(z)

with dh = vq2h−1[h]2q and ℓh = xq2h + (1 + vw)qh[h]q for all h, that is,

Jd,ℓ(z) =
1

1− xz − vqz2

1− (xq2 + (1 + vw)q)z − vq3(1 + q)2z2

1− (xq4 + (1 + vw)q2(1 + q))z − vq5(1 + q + q2)2z2

. . .

.

(4)

The special case of (4) where x = v = w = 1 appears in (Biane, 1993, Eq. (1.1)). Generating functions

similar to (3) and (4) for the subset of almost-increasing permutations with respect to the above statistics

(except for double excedances) appear in (Elizalde, 2011, Thms. 6.1, 6.2).

Permutations with no double excedances and no double deficiencies (that is, no i with i > π(i) >
π(π(i))) correspond to cycle diagrams with no and no . Their generating function with respect to fp,

exc and cyc is Jd,ℓ(z) with dh = vh(h − 1 + t) and ℓh = xt for all h. If, additionally, we do not allow

fixed points (which corresponds to setting x = 0 in the generating function), then these are called CUD

permutations with all cycles of even length in (Deutsch and Elizalde, 2011, Prop. 2.2), where they are also

shown to be counted by the secant numbers.

Continued fractions similar to (3) and (4) have been used by Shin and Zeng (2012, 2016) to prove

γ-positivity of certain polynomials enumerating permutations with respect to several statistics.

3.2 Double excedances and consecutive patterns

Next we show that double excedances in permutations are very closely related to occurrences of the con-

secutive pattern 123. We underline consecutive patterns to distinguish them from classical patterns, which

will appear in Section 4.2. For σ ∈ Sm, an occurrence of σ in π as a consecutive pattern is a subsequence

π(i)π(i + 1) . . . π(i +m − 1) whose elements are in the same relative order as σ(1)σ(2) . . . σ(m). For

example, an occurrence of 123 as a consecutive pattern is a subsequence π(i)π(i + 1)π(i + 2) with

π(i) < π(i + 1) < π(i + 2).
Given π ∈ Sn, consider its cycle decomposition where each cycle is written with its smallest element

first, and the cycles are sorted from left to right by decreasing smallest element. Let π̂ be the permutation

whose one-line notation is obtained by removing the parentheses from this cycle decomposition. The map
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π 7→ π̂ is a bijection from Sn to Sn, and it is a version of Foata’s fundamental transformation from Foata

and Schützenberger (1970).

We claim that the number of double excedances of π equals the number of occurrences of 123 in

π̂ as a consecutive pattern. Indeed, since cycles are written with their smallest element first, double

excedances of π correspond to triples of adjacent increasing entries within a cycle. Since there are no

increasing subsequences of π̂ that straddle two cycles in this cycle decomposition of π, it follows that

double excedances of π become precisely occurrences of 123 in π̂.

The exponential generating function (EGF) for permutations with respect to the number of occurrences

of 123 was found by Elizalde and Noy (2003). They showed that, if we let c123(π) denote the number of

occurrences of the consecutive pattern 123 in π, then

∑

π∈S
wc123(π)

z|π|

n!
=

2re
1

2
(1−w+r)z

1 + w + r − erz(1 + w − r)
,

where r =
√

(w − 1)(w + 3). Using the bijection π 7→ π̂ together with Equation (3) with x = v = t = 1,

we obtain a continued fraction expression for the corresponding ordinary generating function:

∑

π∈S
wc123(π)z|π| =

1

1− z − z2

1− (2 + w)z − 22z2

1− (3 + 2w)z − 32z2

1− (4 + 3w)z − 42z2

. . .

. (5)

Keeping the variables v and t in Equation (3), we obtain a refinement of Equation (5) with respect to the

number of ascents (i.e., occurrences of 12) and the number of left-to-right minima, respectively. This is

because the bijection π → π̂ sends excedances to ascents, and cycles to left-to-right minima.

As a particular case, permutations that avoid the consecutive pattern 123 are in bijection with permu-

tations without double excedances, which are those whose cycle diagram has no diagonal squares of type

. These correspond, via Θ, to Motzkin paths where L steps at height h can have h + 1 colors and D
steps at height h can have h2 colors, or equivalently, to Motzkin paths where all steps (U , L and D) whose

lowest point has ordinate y can have y + 1 colors. Equation (5) for w = 0 had been conjectured by Paul

D. Hanna (personal communication, 2016) based on empirical evidence (see also (Sloane, A049774)).

A continued fraction related to Equation (5) was given by Flajolet (1980). Defining a double rise of

π ∈ Sn to be an occurrence of the consecutive pattern 123 in the sequence 0π1π2 . . . πn0, and shifting the

exponent of z up by one, a continued fraction for permutations with respect to the number of double rises

appears in (Flajolet, 1980, Thm. 3A).

4 Subsets of Sn

In this section we enumerate subsets of permutations by restricting the choices of open rays that can be

closed by squares of type , and in the cycle diagram. This is equivalent to restricting the color

choices of the D and L steps of the Motzkin path.
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For each subset of permutations, we express the generating function with respect to several statistics as

a continued fraction. Tab. 1 summarizes the continued fractions obtained in this section. For simplicity,

the table only shows the univariate generating function, and not the refinements with respect to statistics.

4.1 Cyclic permutations

The same idea that we used in Section 3.1(iv) to keep track of cycles in permutations allows us to restrict

our enumeration to permutations that consist of one cycle, which we call cyclic permutations. Denote by

Cn the set cyclic permutations in Sn, and let C =
⋃

n≥0 Cn. Recall that |Cn| = (n− 1)!.

In the expansion of (3), cyclic permutations correspond to the terms where the exponent of t is 1.

Thus, the generating function for cyclic permutations with respect to the statistics fp, exc and dexc can

be obtained from (3) by subtracting 1, dividing by t, and then setting t = 0. However, we will see that it

is also possible to directly obtain a continued fraction of the form (2).

Consider again the process that builds a cycle diagram from a diagonal sequence. In order to build a

cyclic permutation, we have to restrict the possible vertical and horizontal rays that can be closed when

a is placed, so that the rays that we close are not connected to each other before this diagonal square

is placed. As discussed in item (iv) from Section 3.1 and in Fig. 2, each open vertical ray is connected to

exactly one open horizontal ray. Thus, for each square of type (equivalently, each D step in the Motzkin

path) at height h, there are h(h−1) possible pairs of non-connected rays to close, with the exception of the

rightmost (equivalently, the last D step of the path), for which there is one choice, namely to close the

unique open horizontal and vertical rays, creating the only cycle in the permutation. Additionally, for it

to be cyclic, a permutation cannot have any fixed points unless it has length 1. Using items (ii) and (iii)

as well, it follows that
∑

π∈C x
fp(π)vexc(π)wdexc(π)z|π| = Kd,ℓ(z) with d1 = v, ℓ0 = x, dh = h(h− 1)v

for h ≥ 2, and ℓh = h(1 + vw) for h ≥ 1, that is, the desired continued fraction is

Kd,ℓ(z) = xz +
vz2

1− (1 + vw)z − 2vz2

1− 2(1 + vw)z − 6vz2

1− 3(1 + vw)z − 12vz2

. . .

.

4.2 321-avoiding permutations

In this section we use the classical definition of permutation patterns, not to be confused with consecutive

patterns as defined in Section 3.2. For σ ∈ Sm, a permutation π ∈ Sn is said to avoid σ if there is no

subsequence π(i1)π(i2) . . . π(im) with i1 < · · · < im whose elements are in the same relative order as

σ(1)σ(2) . . . σ(m). For example, an occurrence of 321 is a decreasing subsequence of length 3.

Let Sn(321) denote the set of 321-avoiding permutations in Sn, and let S(321) =
⋃

n≥0 Sn(321). It is

well known (see Knuth (1968, 1973)) that |Sn(321)| = Cn, the nth Catalan number. The following fact

about 321-avoiding permutations is often used in the literature. A non-excedance refers to a value π(i)
such that i ≥ π(i), that is, a fixed point or deficiency.

Lemma 4.1. A permutation is 321-avoiding if and only if both its excedances and its non-excedances

form increasing subsequences.
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Subset of

permutations

dh ℓah ℓbh ℓch ℓh = ℓah+
ℓbh + ℓch

Counting formula

all h2 h h 1 2h+ 1 n!

cyclic∗
h(h− 1)

(n)

(d1 = 1)
h h 0 2h (n− 1)!

321-avoiding

(= nonnesting)
1 (o) 1 (o) 1 (o) 0

(ℓc0 = 1)
2

(ℓ0 = 1)
Cn

with unimodal

noncrossing cycles

and no nested

fixed points

1 (i) 1 (i) 1 (i)

noncrossing 1 (i) 0 1 (i) 1
with increasing

excedances

h
(o/any)

1 (o) h 1
h+ 2

(ℓ0 = 1)
(Sloane, A074664)

with increasing

weak excedances

h
(o/any)

1 (o) h
0

(ℓc
0
= 1)

h+ 1 Bn

cyclic∗ with

increasing

excedances

h− 1
(o/n)

(d1 = 1)
1 (o) h 0 h+ 1 Bn−1

with unimodal

cycles
h (m) h h 1 2h+ 1

EGF is

exp

(

e2z+2z−1

4

)

with unimodal

cycles and

increasing

excedances

1 (o/m) 1 (o) h 1
h+ 2

(ℓ0 = 1)
(closed form

unknown)

with increasing

excedances

and increasing

deficiencies

1 (o) 1 (o) 1 (o)
1

3
(ℓ0 = 1)

OGF is
2

1+x+
√
1−6x+5x2

with

unimodal

noncrossing

cycles

1 (i) 1 (i) 1 (i)

with no double

excedances

or double

deficiencies

h2 0 0 1 1 EGF is
ez

cos z

involutions h (m) 0 0 1 1 EGF is ez+z2/2

321-avoiding

involutions
1 (m) 0 0

0
(ℓc

0
= 1)

0
(ℓ0 = 1)

( n

⌊n/2⌋
)

Tab. 1: Summary of cycle diagram restrictions and resulting continued fractions for the subsets of permutations

considered in Section 4. The restrictions on rays to be closed are indicated by the following abbreviations: innermost

(i); outermost (o); matching (m), i.e., requiring the vertical and horizontal rays to be connected; nonmatching (n). For

subsets of cyclic permutations (marked with a *), the resulting Motzkin paths are elevated and the continued fraction

is given by Equation (2). For all the other subsets, the continued fraction is given by Equation (1).
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Proof: Clearly, a merge of two increasing subsequences cannot contain an occurrence of 321, proving

the ‘if’ direction. To prove the converse, suppose that π contains a pair of decreasing non-excedances,

say π(k) < π(j) ≤ j < k. We will show that there is some i < j such that π(i) > π(j), and thus

π(i)π(j)π(k) is an occurrence of 321 in π. Indeed, if the entries π(1), π(2), . . . , π(j − 1) were all less

than π(j), then, using that π(k) < π(j), there would be j entries taking no more than π(j) − 1 ≤ j − 1
different values, which is a contradiction.

Again, consider the process that builds the cycle diagram of a permutation from a diagonal sequence.

Requiring excedances to form an increasing subsequence is equivalent to requiring that every vertical ray

that we close is the leftmost open ray at that time. This prevents us from creating a pair of decreasing

excedances by first closing a vertical ray and later closing another vertical ray to the left of it. Similarly,

having the sequence of deficiencies to be increasing is equivalent to requiring every horizontal ray that

we close to be the bottommost open ray at that time. We use the term outermost ray to refer to the

leftmost open vertical ray or the bottommost open horizontal ray. Additionally, in order for the sequence

of non-excedances to be increasing, fixed points can only occur when there are no open rays.

In summary, a permutation has increasing excedances and non-excedances (equivalently, avoids 321 by

Lemma 4.1) if and only if its cycle diagram is obtained from a diagonal sequence with no fixed points at

height ≥ 1 by always closing the outermost open rays every time that a , or is encountered.

By the above argument, Θ restricts to a bijection between 321-avoiding permutations and colored

Motzkin paths where D steps can only receive one color (since for each , the rays to close are forced), L
steps at height h ≥ 1 can receive two colors (corresponding to inserting a or a ), and L steps at height

0 can receive one color (corresponding to inserting a ). These bicolored Motzkin paths are well-known

to be counted by the Catalan numbers (see Delest and Viennot (1984)). Keeping track of fixed points,

excedances, double excedances and inversions and using items (i)–(iii) and (v) from Section 3.1, their

continued fraction expansion is
∑

π∈S(321) x
fp(π)vexc(π)wdexc(π)qinv(π)z|π| = Jd,ℓ(z) where ℓ0 = x,

dh = vq2h−1 and ℓh = (1 + vw)qh for h ≥ 1, that is,

Jd,ℓ(z) =
1

1− xz − vqz2

1− (1 + vw)qz − vq3z2

1− (1 + vw)q2z − vq5z2

. . .

.

A slight variation of this continued fraction without the statistic dexc appears in (Cheng et al., 2013,

Thm. 7.3), where it is obtained using a bijection similar to the above restriction of Θ, although without

the visual description. A remarkable property of this bijection is that the statistic inv on a 321-avoiding

permutation becomes the area under the corresponding Motzkin path (and above the x-axis). This property

does not hold for the general definition of Θ on arbitrary permutations.

A closed form for the generating function of 321-avoiding permutations with respect to the statistics fp
and exc appears in Elizalde (2012):

∑

π∈S(321)

xfp(π)vexc(π)z|π| =
2

1 + (1− 2x+ v)z +
√

1− 2(1 + v)z + (1− v)2z2
.
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Fig. 3: The 321-avoiding permutation π = 3 6 7 8 1 9 2 10 4 5 11.

4.3 Other Catalan classes

The construction of cyclic diagrams of 321-avoiding permutations given in Section 4.2 can be modified

to obtain other subsets of permutations counted also by the Catalan numbers. For example, the restriction

of allowing only the outermost open (vertical and horizontal) ray to be closed at any time can be replaced

by allowing only the innermost open (vertical and horizontal) ray to be closed, without changing the

condition that can only occur at height 0. This new restriction of Θ gives a bijection between bicolored

Motzkin paths as before, and permutations with unimodal noncrossing cycles and no nested fixed points,

defined as follows.

Definition 4.2. Let π ∈ Sn. We say that

(a) π has noncrossing cycles if the partition of {1, 2, . . . , n} induced by the cycles of π is noncrossing,

that is, there are no i < j < k < l such that i, k belong to one cycle and j, l belong to another;

(b) a cycle of π is unimodal if, when written with its smallest element first as (a1, a2, . . . , ak), there exists

some 1 ≤ i ≤ k such that a1 < · · · < ai > · · · > ak;

(c) a fixed point j is nested there exist i, k with i < j < k such that π(i) = k or π(k) = i.

Fig. 4 gives an example of a permutation with unimodal noncrossing cycles and no nested fixed points.

By construction, the number of such permutations is the Catalan numberCn, and their refined enumeration

with respect to fixed points, excedances, and double excedances coincides with that of Sn(321). Keeping

track of the number of cycles and inversions as well, with the usual variables, the generating function

for permutations with unimodal noncrossing cycles and no nested fixed points is Jd,ℓ(z) with ℓ0 = xt,
dh = vtq4h−3 and ℓh = (1 + vw)q2h−1 for h ≥ 1.

Another set counted by the Catalan numbers consists of permutations obtained from diagonal sequences

by closing always the outermost open vertical ray and the innermost open horizontal ray, and not allowing

except at height 0.

Yet another variation ensues by closing always the innermost open ray, but not allowing any , and

instead allowing at any height. The resulting permutations are precisely noncrossing permutations in



Continued fractions for permutation statistics 13

Fig. 4: The permutation π = 12 3 10 6 4 7 8 5 2 9 1 11 = (1, 12, 11)(2, 3, 10, 9)(4, 6, 7, 8, 5) has unimodal non-

crossing cycles and no nested fixed points.

the sense of Corteel (2007), whereas 321-avoiding permutations coincide with nonnesting permutations

in this setting. More generally, the distribution of crossings and nestings in permutations can be obtained

using the same ideas, as has been done by Corteel (2007).

4.4 Permutations with increasing excedances with respect to cycles

In this section we show that cyclic permutations whose subsequence of excedances is increasing are

counted by the Bell numbers. As discussed in Section 4.2, a permutation has increasing excedances if and

only if in the process that builds its cycle diagram from a diagonal sequence, the leftmost open vertical

ray is closed each time that a or a is encountered. At this time, this leftmost open vertical ray is

connected to one of the open horizontal rays. Thus, when a square of type is placed in the diagonal and

the leftmost open vertical is closed, any of the open horizontal rays can be closed, but there is precisely

one of them whose closure creates a new cycle in the permutation.

Letting Se ⊂ S be the subset of permutations with increasing excedances, it follows that

∑

π∈Se

xfp(π)vexc(π)wdexc(π)tcyc(π)z|π| = Jd,ℓ(z)

with dh = v(h− 1 + t) for all h, ℓ0 = xt and ℓh = xt+ vw + h for h ≥ 1, that is, the desired continued

fraction is

Jd,ℓ(z) =
1

1− xtz − vtz2

1− (1 + xt+ vw)z − v(1 + t)z2

1− (1 + xt+ vw)z − v(2 + t)z2

. . .

. (6)

Setting x = v = w = t = 1, we obtain sequence (Sloane, A074664).
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Now let Ce ⊂ C be the subset of cyclic permutations with increasing excedances. The same argument

gives
∑

π∈Ce

xfp(π)vexc(π)wdexc(π)tcyc(π)z|π| = Kd,ℓ(z)

with d1 = v, ℓ0 = x, dh = (h − 1)v for h ≥ 2, and ℓh = vw + h for all h ≥ 1. In particular, setting

x = v = w = 1 and letting Ce
n = Ce ∩ Sn, we have

∑

n≥1 |Ce
n| zn = Kd,ℓ(z) with d1 = 1, dh = h− 1

for h ≥ 2, and ℓh = h+ 1 for all h, that is,

∑

n≥1

|Ce
n| zn = z +

z2

1− 2z − z2

1− 3z − 2z2

1− 4z − 3z2

. . .

. (7)

Our next result states that the coefficients of this generating function are the Bell numbers. Let Bn denote

the nth Bell number, which is the number of partitions of an n-element set.

Theorem 4.3. For n ≥ 1,

|Ce
n| = Bn−1.

We will give a bijective proof of Theorem 4.3 using the following result of Flajolet (1980).

Lemma 4.4 ((Flajolet, 1980, Prop. 8)). There is an explicit bijection between set partitions of {1, 2, . . . , n}
and colored (or weighted) Motzkin paths of length n where ℓh = h+ 1 and dh = h. In particular,

∑

n≥0

Bnz
n =

1

1− z − z2

1− 2z − 2z2

1− 3z − 3z2

. . .

.

Proof Proof of Theorem 4.3: The restriction of Θ to Ce
n used to obtain Equation (7) gives a bijection

between Ce
n and the set of elevated colored Motzkin paths of length n where each L step at height h

receives some color r with 0 ≤ r ≤ h, and each D step at height h ≥ 2 receives some color r with

0 ≤ r ≤ h− 2 (down steps at height h = 1 receive color 0). Let En be this set of colored paths.

By Lemma 4.4, set partitions of {1, 2, . . . , n − 1} (which are counted by Bn−1) are in bijection with

colored Motzkin paths of length n−1where each L step at height h receives some color r with 0 ≤ r ≤ h,

and each D step at height h receives some color r with 0 ≤ r ≤ h − 1. Let Bn−1 be this set of colored

paths.

Our goal is to construct a bijection ϕ between En and Bn−1. Given a path M ∈ En, consider two cases:

1. If no L step of M receives a color equal to its height, then write M = UPD, where P is a colored

Motzkin path. Let ϕ(M) = LP , where the colors of the steps of P are preserved, and the new L
step receives color 0.
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2. Otherwise, write M = P1LP2D, where the step between P1 and P2 is the rightmost L step of M
whose color equals its height, say h. Let ϕ(M) = P1DP2, where the new D step receives color

h− 1, and the colors of the steps of P1 and P2 are preserved.

In both cases, we have ϕ(M) ∈ Bn−1 by construction. An example is given in Fig. 5.

2

L

1
1

2
0

0
D

7→ϕ
2 1

1

1
D 0

Fig. 5: An example of case 2 of the description of the bijection ϕ : En → Bn−1. The labels on the steps indicate the

colors.

To show that ϕ is a bijection, we describe its inverse. Given a path M ′ ∈ Bn−1, consider again two

cases:

1. If M ′ starts with a level step, write M ′ = LP , and let ϕ−1(M ′) = UPD, where the colors of the

steps of P are preserved, and the D step at the end gets color 0.

2. Otherwise, write M ′ = P1DP2, where the step between P1 and P2 is the leftmost D step whose

color is one less than its height. Call this height h, and let ϕ−1(M ′) = P1LP2D, where the new L
step receives color h, the D at the end receives color 0, and the colors of the steps of P1 and P2 are

preserved.

Fig. 6 gives an example of the full bijection between cyclic permutations with increasing excedances

and set partitions. In the encoding of a permutation by a colored Motzkin path via Θ, a D step receives

color r if the corresponding in the cycle diagram closes the rth open horizontal ray that does not

create a cycle with the leftmost vertical ray (which we are forced to close), where available horizontal

rays are numbered 0, 1, . . . , h− 2 from bottom to top. Similarly, an L step at height h receives color h if

the corresponding square in the diagonal sequence is a (necessarily closing the leftmost open vertical

ray), and it receives color r < h if the corresponding square is a closing the rth open horizontal ray,

numbered increasingly from bottom to top. The last step in Fig. 6 illustrates the bijection mentioned in

Lemma 4.4, which is described in Flajolet (1980).

An argument similar to the derivation of Equation (6) can be used to construct permutations with in-

creasing weak excedances, with the only modification being the disallowance of fixed points at height

h ≥ 1. The resulting formula differs from Equation (6) only in that now ℓh = vw + h for h ≥ 1. Set-

ting x = v = w = t = 1, we obtain precisely the generating function from Lemma 4.4, implying that

the number of permutations in Sn whose subsequence of weak excedances is increasing is again Bn. A

direct bijection between such permutations and set partitions can be obtained by declaring i and π(i) to

be in the same block of the partition for every i with π(i) < i; equivalently, by erasing from the array

of the permutation all the boxes on or above the diagonal, and interpreting the remaining filling of the

staircase as a partition, as in (Krattenthaler, 2006, Fig. 4). For each k ≥ 2, this bijection specializes to a
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↓Θ

1

1

3 1
1

0
0

0

L

D
↓ϕ

1

1
2

1
1

0
0

D

↓Flajolet (1980)

1 9 10

2 3 4 7 8

5 6

{1, 9}, {2}, {3, 4, 7, 8}, {5, 6}, {10}

Fig. 6: The bijection between cyclic permutations with increasing excedances and set partitions.
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bijection between permutations in Sn((k+1)k . . . 1) with increasing weak excedances and set partitions

of {1, 2, . . . , n} avoiding k-nestings, as defined in Burrill et al. (2016).

4.5 Permutations with unimodal cycles and other variations

The conditions in Definition 4.2 can be considered separately when building cycle diagrams from diagonal

sequences. For example, to obtain permutations with unimodal cycles, we simply require that every

completes a cycle by closing two connected open rays. Letting U denote the set of permutations with

unimodal cycles, we have that
∑

π∈U xfp(π)vexc(π)wdexc(π)tcyc(π)z|π| = Jd,ℓ(z) with dh = hvt and

ℓh = xt+ h(1 + vw) for all h.

It is also possible to get a closed form for the corresponding exponential generating function by using

the symbolic method. For n ≥ 2, the generating function for unimodal cycles of size n with respect to

the statistics fp, exc and dexc is v(1 + vw)n−2, since each entry other than 1 and n can be placed in the

cycle notation (1, . . . , n, . . . ) either after or before n, contributing an excedance and a double excedance

in the latter case. Thus, the exponential generating function for all unimodal cycles is

xz +
∑

n≥0

v(1 + vw)n−2 z
n

n!
= xz + v

e(1+vw)z − 1− (1 + vw)z

(1 + vw)2
.

Taking sets of such cycles, we get

∑

π∈U
xfp(π)vexc(π)wdexc(π)tcyc(π)

z|π|

|π|! = exp

(

txz + tv
e(1+vw)z − 1− (1 + vw)z

(1 + vw)2

)

.

Setting x = v = w = t = 1 in the last formula, we obtain sequence (Sloane, A187251).

Next we consider the set Ue of permutations with unimodal cycles and increasing excedances. Note

that there is no immediate way to adapt the symbolic method approach described above to this case.

However, our cycle diagram approach is well suited to enumerate these permutations. To obtain the cycle

diagram of a permutation in Ue, every must close the leftmost open vertical ray, and every must

close the leftmost open vertical ray and its matching open horizontal ray, leaving only one possibility in

each case. It follows that
∑

π∈Ue xfp(π)vexc(π)wdexc(π)tcyc(π)z|π| = Jd,ℓ(z), where ℓ0 = xt, dh = vt
and ℓh = xt+ vw + h for all h ≥ 1.

To obtain permutations with unimodal noncrossing cycles, as in Definition 4.2(a)(b), each must close

the rightmost open vertical ray, each must close the uppermost open horizontal ray, and each must

close the two innermost open rays. It follows that the generating function for these permutations with

respect to the usual statistics (including now the number of inversions as well) is Jd,ℓ(z) with ℓ0 = xt,
dh = vtq4h−3 and ℓh = xtq2h + (1 + vw)q2h−1 for h ≥ 1.

Setting x = v = w = t = q = 1, we obtain the continued fraction F (z) := Jd,ℓ(z) with ℓ0 = 1,

dh = 1 and ℓh = 3 for h ≥ 1, which can be written as F (z) = 1/(1 − z − B(z)), where B(z) =
z2/(1− 3z −B(z)). We can solve this equation to obtain the closed form

F (z) =
2

1 + z +
√
1− 6z + 5z2

.

The coefficients give the sequence (Sloane, A033321), which also counts permutations avoiding certain

triples of patterns of length 4.
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The same sequence is obtained when counting permutations with increasing excedances and increasing

deficiencies. Indeed, to build the cycle diagrams of such permutations, every , and is forced to

close the outermost open rays. Even though we are unable to keep track of the number of cycles (as

happened in the case of 321-avoiding permutations from Section 4.2), the generating function for permu-

tations with increasing excedances and increasing deficiencies with respect to the other usual statistics is

Jd,ℓ(z) with ℓ0 = x, dh = vq2h−1 and ℓh = x+ (1 + vw)qh for h ≥ 1.

4.6 Involutions

Most of our results can be easily adapted to involutions, that is, permutations equal to their inverse. The

cycle diagrams of involutions are those that are symmetric along the main diagonal. In particular, they

do not have any diagonal squares of type or , and each must close an open vertical ray and its

symmetric open horizontal ray.

For example, the continued fraction for involutions with respect to our usual statisics (note that invo-

lutions have no double excedances) is Jd,ℓ(z) with dh = vtq2h−1[h]q2 and ℓh = xtq2h for all h. If we

require the involutions to be 321-avoiding, then we get Jd,ℓ(z) with ℓ0 = xt, dh = vtq2h−1 and ℓh = 0
for h ≥ 1.

5 Pattern-avoiding cyclic permutations

In this section we discuss a related research direction, namely the problem of enumerating pattern-

avoiding cyclic permutations, and describe what is known in this area.

5.1 Classical patterns

Given a pattern σ, let Cn(σ) = Cn ∩ Sn(σ) be the set of cyclic permutations that avoid σ. Similarly, for a

set of patterns Σ, denote by Cn(Σ) the set of cyclic permutations avoiding all the patterns in Σ.

The following question was posed by Richard Stanley at the Permutation Patterns 2010 conference

held at Dartmouth College.

Question 5.1. For given σ ∈ Sk, find a formula for |Cn(σ)|.

The present paper was originally motivated by this question, which remains open for all patterns of

length |σ| ≥ 3. Focusing on σ = 321, recall from Lemma 4.1 that 321-avoiding permutations are

those whose excedances and non-excedances are increasing. In Theorem 4.3 we have enumerated cyclic

permutations that satisfy the first condition, but there is no obvious way to incorporate the second one.

Related to Question 5.1, one may consider cyclic permutations that avoid multiple patterns. For some

very specific sets of patterns, the enumeration of cyclic permutations avoiding them was done in Archer

and Elizalde (2014). In the following theorem, µ denotes the Möbius function.
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Theorem 5.2 (Archer and Elizalde (2014)). For n ≥ 2,

|Cn(213, 312)| = |Cn(132, 231)| =
1

2n

∑

d|n
d odd

µ(d)2n/d,

|Cn(321, 2143, 3142)|=
1

n

∑

d|n
µ(d)2n/d,

|Cn(123, 2413, 3412)|=
{

1
n

∑

d|n µ(d)2
n/d if n 6≡ 2 mod 4,

1
n

∑

d|n µ(d)2
n/d + 2

n

∑

d|n
2

µ(d)2n/2d if n ≡ 2 mod 4.

5.2 Consecutive patterns

Gessel and Reutenauer (1993) expressed the number of permutations with a given cycle structure and

given descent set (equivalently, a given set of positions of occurrences of 21) as a scalar product of

symmetric functions.

In (Gessel and Reutenauer, 1993, Thm. 6.1), they give a generating function for cyclic permutations

according to the number of descents, proved using quasisymmetric functions. The distribution of ascent

sets (equivalently, occurrences of 12) on Cn agrees with that of descent sets as long as n 6≡ 2 mod 4,

as shown algebraically in (Gessel and Reutenauer, 1993, Thm. 4.1), and combinatorially in (Steinhardt,

2010, Cor. 3.1) and (Archer and Elizalde, 2014, Prop. 3.13). In addition, recursive formulas for the number

of cycles in Cn with k descents (resp. with k ascents), including the case n ≡ 2 mod 4, are given and

proved combinatorially in Archer and Elizalde (2014).

Regarding the distribution of occurrences of longer consecutive patterns in cyclic permutations, for-

mulas enumerating 123-avoiding (and 321-avoiding) cycles have been recently obtained in Elizalde and

Troyka (2017).

6 From combinatorial sequences to weight sequences

In this section we regard the above method for translating between permutations and colored Motzkin

paths in a more abstract setting.

Given two sequences d = (d1, d2, . . . ) and ℓ = (ℓ0, ℓ1, ℓ2, . . . ), one can define a sequence a =
(a0, a1, a2, . . . ) by

∑

n≥0

anz
n =

1

1− ℓ0z −
d1z

2

1− ℓ1z −
d2z

2

1− ℓ2z −
d3z

2

. . .

. (8)

As we have used repeatedly in the paper, the coefficient an counts weighted Motzkin paths of length n
where D steps (resp. L steps) at height h have weight dh (resp. ℓh) for each h ≥ 0. In particular, if

dh, ℓh ∈ Z≥0 for all h, then an ∈ Z≥0 for all n. Note also that a0 = 1, corresponding to the empty path.

It is interesting to consider the inverse construction. Given a sequence a = (a0, a1, a2, . . . ) with

a0 = 1, one can sometimes solve Equation (8) for d and ℓ. When the solution exists, it is unique. To see
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this, expand the right-hand side of (8) to get

1 + ℓ0z + (ℓ20 + d1)z
2 + (ℓ30 + 2ℓ0d1 + ℓ1d1)z

3 + (ℓ40 + 3l20d1 + 2l0l1d1 + l21d1 + d21 + d1d2)z
4 + · · · .

In general, equating coefficients of zn in Equation (8) for even n, say n = 2m, we get

a2m = d1d2 . . . dm + polynomial(ℓ0, ℓ1, . . . , ℓm−1, d1, d2, . . . , dm−1),

whereas for odd n, say n = 2m+ 1, we get

a2m+1 = d1d2 . . . dmℓm + polynomial(ℓ0, ℓ1, . . . , ℓm−1, d1, d2, . . . , dm),

as determined by the heights of L and D steps that Motzkin paths of length n can have. (The notation

polynomial(x1, x2, . . . ) stands for some polynomial in the variables x1, x2, . . . .) Thus, as long as di 6= 0
for all i, one can solve for d and ℓ to obtain

dm =
a2m − polynomial(ℓ0, ℓ1, . . . , ℓm−1, d1, d2, . . . , dm−1)

d1d2 . . . dm−1
,

ℓm =
a2m+1 − polynomial(ℓ0, ℓ1, . . . , ℓm−1, d1, d2, . . . , dm)

d1d2 . . . dm
.

The first few terms of these sequences are

ℓ0 = a1, d1 = a2−ℓ20, ℓ1 =
a3 − ℓ30 − 2ℓ0d1

d1
, d2 =

a4 − ℓ40 − 3l20d1 − 2l0l1d1 − l21d1 − d21
d1

, . . .

In general, the relation between the sequence a and the sequences d and ℓ is given by Stieltjes’s expansion

theorem for J-fractions (see Stieltjes (1889), Wall (1948) and (Flajolet, 1980, Thm. S)) in terms of the so-

called Stieltjes matrix.

For an arbitrary sequence a of nonnegative integers with a0 = 1, the corresponding sequences d and ℓ
given by Equation (8) may not exist, and even when they do, they typically do not consist of nonnegative

integers. However, some experimentation shows that many combinatorial sequences a seem to corre-

spond to sequences d, ℓ of nonnegative integers, as shown in Tab. 2. This means that such sequences can

be interpreted as counting weighted Motzkin paths, often with a simple weight function. This raises the

questions of which combinatorial sequences have this property, which ones give positive Motzkin weights,

and how the nature of the generating function for a (e.g. algebraic or D-finite) is related to the behavior of

d and ℓ. An example of a sequence that does not give nice weights is the one for Baxter numbers (Sloane,

A001181), where the corresponding sequences d and ℓ contain fractional negative entries. Another ex-

ample is the counting sequence of 1342-avoiding permutations, for which the weights are not integers but

they are positive and have a simple expression.

This correspondence provides an alternative approach to finding (or conjecturing) an expression for a

sequence a for which only the first few terms are known: one can compute the corresponding sequences

of weights d and ℓ, and check if they appear to have a simple formula. As shown in Tab. 2, this method

may work even when the generating function for a is not D-finite.
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Name of sequence OEIS Sloane an dh ℓh

Catalan A000108 Cn 1

{

1, h = 0

2, h ≥ 1

Motzkin A001006 Mn 1 1

central binomial A000984

(

2n

n

)

{

2, h = 1

1, h ≥ 2
2

central trinomial A002426 [zn] 1√
1−2z−3z2

{

2, h = 1

1, h ≥ 2
1

(large) Schröder A006318 Sn 2

{

2, h = 0

3, h ≥ 1

Bell A000110 Bn h h+ 1
set partitions

with no singletons
A000296 n! [zn]ee

z−1−z h h

factorial A000142 n! h2 2h+ 1
odd double factorial A001147 1 · 3 · · · (2n− 1) 2h(2h− 1) 4h+ 1
even double factorial A000165 2 · 4 · · · (2n) 4h2 4h+ 2

derangements A000166 n!
∑n

i=0
(−1)i

i! h2 2h

Euler A000111 En

(

h+ 1

2

)

h+ 1

123-avoiding A049774 |Sn(123)| h2 h+ 1

labeled graphs A006125 2(
n

2) 8h−1(2h − 1) 2h−1(3 · 2h − 1)
unsigned even Genocchi A110501 G2n h3(h+ 1) (h+ 1)(2h+ 1)

median Genocchi A005439 H2n+1 h4 2h(h+ 1) + 1

Tab. 2: Examples of combinatorial sequences and their corresponding Motzkin weights.
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Given a permutation σ = σ1 . . . σn in the symmetric group Sn, we say that σi matches the quadrant marked mesh
pattern MMP(a, b, c, d) in σ if there are at least a points to the right of σi in σ which are greater than σi, at least b
points to the left of σi in σ which are greater than σi, at least c points to the left of σi in σ which are smaller than σi,
and at least d points to the right of σi in σ which are smaller than σi. Kitaev, Remmel, and Tiefenbruck systematically
studied the distribution of the number of matches of MMP(a, b, c, d) in 132-avoiding permutations. The operation
of reverse and complement on permutations allow one to translate their results to find the distribution of the number
of MMP(a, b, c, d) matches in 231-avoiding, 213-avoiding, and 312-avoiding permutations. In this paper, we study
the distribution of the number of matches of MMP(a, b, c, d) in 123-avoiding permutations. We provide explicit
recurrence relations to enumerate our objects which can be used to give closed forms for the generating functions
associated with such distributions. In many cases, we provide combinatorial explanations of the coefficients that
appear in our generating functions.

Keywords: permutation statistics, marked mesh pattern, Catalan number, Dyck path

1 Introduction
Given a sequence w = w1 . . . wn of distinct integers, let red[w] be the permutation founded by replacing
the i-th smallest integer that appears in σ by i. For example, if σ = 2754, then red[σ] = 1432. Given a
permutation τ = τ1 . . . τj in the symmetric group Sj , we say that the pattern τ occurs in σ = σ1 . . . σn ∈
Sn provided there exist 1 ≤ i1 < · · · < ij ≤ n such that red[σi1 . . . σij ] = τ . We say that a permutation
σ avoids the pattern τ if τ does not occur in σ. Let Sn(τ) denote the set of permutations in Sn which
avoid τ . In the theory of permutation patterns, τ is called a classical pattern. See Kitaev (2011) for a
comprehensive introduction to patterns in permutations.

The main goal of this paper is to study the distribution of quadrant marked mesh patterns in 123-
avoiding permutations. The notion of mesh patterns was introduced by Brändén and Claesson (2011) to
provide explicit expansions for certain permutation statistics as, possibly infinite, linear combinations of
(classical) permutation patterns. This notion was further studied in Avgustinovich et al. (2013); Hilmars-
son et al. (2015); Kitaev and Liese (2013); Kitaev and Remmel (2012a); Úlfarsson (2015). Kitaev and
Remmel (2012a) initiated the systematic study of distribution of quadrant marked mesh patterns on per-
mutations. The study was extended to 132-avoiding permutations by Kitaev et al. (2012, 2015a,b). Kitaev
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2 Dun Qiu, Jeffrey Remmel

and Remmel (2012b, 2013) also studied the distribution of quadrant marked mesh patterns in up-down
and down-up permutations.

Let σ = σ1 . . . σn be a permutation written in one-line notation. We will consider the graph of σ,G(σ),
to be the set of points (i, σi) for i = 1, . . . , n. For example, the graph of the permutation σ = 471569283
is pictured in Figure 1. Then if we draw a coordinate system centered at a point (i, σi), we will be
interested in the points that lie in the four quadrants I, II, III, and IV of that coordinate system as pictured
in Figure 1. For any a, b, c, d ∈ N, where N = {0, 1, 2, . . .} is the set of natural numbers, and any
σ = σ1 . . . σn ∈ Sn, we say that σi matches the quadrant marked mesh pattern MMP(a, b, c, d) in σ
if in G(σ), there are at least a points in quadrant I, at least b points in quadrant II, at least c points in
quadrant III, and at least d points in quadrant IV relative to the coordinate system which has the point
(i, σi) as its origin. For example, if σ = 471569283, the point σ4 = 5 matches the marked mesh
pattern MMP(2, 1, 2, 1) since, in G(σ) relative to the coordinate system with the origin at (4, 5), there
are 3 points in quadrant I, 1 point in quadrant II, 2 points in quadrant III, and 2 points in quadrant IV.
Note that if a coordinate in MMP(a, b, c, d) is 0, then there is no condition imposed on the points in the
corresponding quadrant. Another way to state this definition is to say that σi matches the marked mesh
pattern MMP(a, b, c, d) in σ if there are at least a points to the right of σi in σ which are greater than σi,
at least b points to the left of σi in σ which are greater than σi, at least c points to the left of σi in σ which
are smaller than σi, and at least d points to the right of σi in σ which are smaller than σi.

In addition, we shall consider the patterns MMP(a, b, c, d) where a, b, c, d ∈ N ∪ {∅}. Here when a
coordinate of MMP(a, b, c, d) is the empty set, then for σi to match MMP(a, b, c, d) in σ = σ1 . . . σn ∈
Sn, it must be the case that there are no points in G(σ) relative to the coordinate system with the origin
at (i, σi) in the corresponding quadrant. For example, if σ = 471569283, the point σ3 = 1 matches the
marked mesh pattern MMP(4, 2, ∅, ∅) since, in G(σ) relative to the coordinate system with the origin
at (3, 1), there are 6 points in quadrant I, 2 points in quadrant II, no points in quadrants III and IV. We
let mmp(a,b,c,d)(σ) denote the number of i such that σi matches MMP(a, b, c, d) in σ. For example,
mmp(2,2,0,0)(σ) = 2 for σ = 471569283, since σ3 = 1 and σ7 = 2 match MMP(2, 2, 0, 0) in σ.

III
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IV
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Fig. 1: The graph of σ = 471569283
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Next we give some examples of how the (two-dimensional) notation of Úlfarsson (2015) for marked
mesh patterns corresponds to our (one-line) notation for quadrant marked mesh patterns. For example,

MMP(0, 0, k, 0) =
k

, MMP(k, 0, 0, 0) =
k

,

MMP(0, a, b, c) =

a

b c

and MMP(0, 0, ∅, k) =
k

.

Given a permutation τ = τ1 . . . τj ∈ Sj , it is a natural question to study the distribution of quadrant
marked mesh patterns in Sn(τ). That is, one wants to study generating function of the form

Q(a,b,c,d)
τ (t, x) = 1 +

∑
n≥1

tnQ(a,b,c,d)
n,τ (x) (1)

where for any a, b, c, d ∈ {∅} ∪ N,

Q(a,b,c,d)
n,τ (x) =

∑
σ∈Sn(τ)

xmmp(a,b,c,d)(σ). (2)

For any a, b, c, d we let Q(a,b,c,d)
n,τ (x)|xk denote the coefficient of xk in Q(a,b,c,d)

n,τ (x). Given a permutation
σ = σ1σ2 . . . σn ∈ Sn, we let the reverse of σ, σr, be defined by σr = σn . . . σ2σ1, and the complement
of σ, σc, be defined by σc = (n+ 1−σ1)(n+ 1−σ2) . . . (n+ 1−σn). It is easy to see that the family of
generating functions Q(a,b,c,d)

τr (t, x), Q(a,b,c,d)
τc (t, x), and Q(a,b,c,d)

(τr)c (t, x) can be obtained from the family

of generating functions Q(a,b,c,d)
τ (t, x).

Kitaev et al. (2012, 2015a,b) systematically studied the generating functions Q(a,b,c,d)
132 (t, x). Since

Sn(132) is closed under inverses, there is a natural symmetry on these generating functions. That is, we
have the following lemma.

Lemma 1. (Kitaev et al. (2012)) For any a, b, c, d ∈ {∅} ∪ N,

Q
(a,b,c,d)
n,132 (x) = Q

(a,d,c,b)
n,132 (x). (3)

In Kitaev et al. (2012), Kitaev, Remmel and Tiefenbrick proved the following.

Theorem 1. ((Kitaev et al., 2012, Theorem 4))

Q
(0,0,0,0)
132 (t, x) = C(xt) =

1−
√

1− 4xt

2xt
(4)

and, for k ≥ 1,

Q
(k,0,0,0)
132 (t, x) =

1

1− tQ(k−1,0,0,0)
132 (t, x)

. (5)
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Theorem 2. ((Kitaev et al., 2012, Theorem 15))

Q
(0,0,∅,0)
132 (t, x) =

(1 + t− tx)−
√

(1 + t− tx)2 − 4t

2t
. (6)

For k ≥ 1,

Q
(k,0,∅,0)
132 (t, x) =

1

1− tQ(k−1,0,∅,0)
132 (t, x)

. (7)

Theorem 3. ((Kitaev et al., 2012, Theorem 8)) For k ≥ 1,

Q
(0,0,k,0)
132 (t, x) =

1 + (tx− t)(
∑k−1
j=0 Cjt

j)−
√

(1 + (tx− t)(
∑k−1
j=0 Cjt

j))2 − 4tx

2tx

=
2

1 + (tx− t)(
∑k−1
j=0 Cjt

j) +
√

(1 + (tx− t)(
∑k−1
j=0 Cjt

j))2 − 4tx
. (8)

By Lemma 1, Q(0,k,0,0)
132 (t, x) = Q

(0,0,0,k)
132 (t, x) so the remaining two cases of Q(a,b,c,d)

132 (t, x) where
a, b, c, d ∈ N and exactly one of a, b, c, d is not zero is covered by the following theorem.

Theorem 4. ((Kitaev et al., 2012, Theorem 12))

Q
(0,1,0,0)
132 (t, x) =

1

1− tC(tx)
. (9)

For k > 1,

Q
(0,k,0,0)
132 (t, x) =

1 + t
∑k−2
j=0 Cjt

j(Q
(0,k−1−j,0,0)
132 (t, x)− C(tx))

1− tC(tx)
(10)

and

Q
(0,k,0,0)
132 (t, 0) =

1 + t
∑k−2
j=0 Cjt

j(Q
(0,k−1−j,0,0)
132 (t, 0)− 1)

1− t
. (11)

In Kitaev et al. (2015a), Kitaev, Remmel, and Tiefenbruck used the results above to cover the cases
Q

(a,b,c,d)
132 (t, x) where a, b, c, d ∈ N and exactly two of a, b, c, d are not zero. For example, they proved

the following.

Theorem 5. For all k, ` ≥ 1,

Q
(k,0,`,0)
132 (t, x) =

1

1− tQ(k−1,0,`,0)
132 (t, x)

. (12)

Theorem 6. For all k, ` ≥ 1,

Q
(k,0,0,`)
132 (t, x) =

C`t
` +

∑`−1
j=0 Cjt

j(1− tQ(k−1,0,0,0)
132 (t, x) + t(Q

(k−1,0,0,`−j)
132 (t, x)−

∑`−j−1
s=0 Cst

s))

1− tQ(k−1,0,0,0)
132 (t, x)

. (13)
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Finally, in Kitaev et al. (2015b), Kitaev, Remmel, and Tiefenbruck used these results to find generating
functions to obtain similar recursions for Q(a,b,c,d)

132 (t, x) for arbitrary a, b, c, d ∈ N.
The situation for the generating functions Q(a,b,c,d)

123 (t, x) is different. First of all it is easy to see that
Sn(123) is closed under the operation reverse-complement. Thus we have the following lemma.

Lemma 2. For any a, b, c, d ∈ {∅} ∪ N,

Q
(a,b,c,d)
n,123 (x) = Q

(c,d,a,b)
n,123 (x). (14)

Next it is obvious that if there is a σi in σ = σ1 . . . σn ∈ Sn such that σi matches MMP(a, b, c, d)
where a, c ≥ 1, then σ contains an occurrence of 123. Thus there are no permutations σ ∈ Sn(123)
that can match a quadrant marked mesh pattern MMP(a, b, c, d) where a, c ≥ 1. Thus if a ≥ 1, then
Q

(a,b,0,d)
123 (t, x) = Q

(a,b,∅,d)
123 (t, x). Our first major result is that for all a, b, d ∈ N such that a > 0,

Q
(a,b,∅,d)
123 (t, x) = Q

(a,b,∅,d)
132 (t, x). (15)

We will prove this result by using a bijection of Krattenthaler (2001) between Sn(132) and Dn, the
set of Dyck paths of length 2n, and a bijection of Elizalde and Deutsch (2003) between Sn(123) and
Dn. It is easier to compute the generating functions of the form Q

(a,b,∅,d)
132 (t, x), so we will use them to

compute Q(a,b,0,d)
123 (t, x). The only generating functions of the form Q

(a,b,∅,d)
132 (t, x) where a > 0 that

were computed by Kitaev et al. (2012, 2015a,b) were the generating functions of the form Q
(a,0,∅,0)
132 (t, x)

given in Theorem 2 above. However their techniques can be used to compute Q(a,b,0,d)
123 (t, x) when a > 0

for arbitrary b and d. By Lemma 2, Q(a,b,0,d)
123 (t, x) = Q

(0,d,a,b)
123 (t, x) so that such computations will

cover all the cases of Q(a,b,c,d)
123 (t, x) where exactly one of a and c equals zero. Thus to complete our

analysis of Q(a,b,c,d)
123 (t, x) when a, b, c, d ∈ N, we need only compute generating functions of the form

Q
(0,b,0,d)
123 (t, x) which we will compute by other methods.
As it was pointed out in Kitaev et al. (2012), avoidance of a marked mesh pattern without quadrants

containing the empty set can always be expressed in terms of multi-avoidance of (possibly many) classical
patterns. Thus, among our results we will re-derive several known facts in permutation patterns theory as
well as several new results. However, our main goals are more ambitious aimed at finding distributions in
question.

The outline of this paper is as follows. In Section 2, we shall review the bijections of Krattenthaler
(2001) and Elizalde and Deutsch (2003). In Section 3, we shall prove (15). In Section 4, we shall prove
that

Q
(k,`,0,m)
n,123 (x)

∣∣
x0 = Q

(k,`,0,m)
n,132 (x)

∣∣
x0 (16)

and
Q

(k,`,0,m)
n,123 (x)

∣∣
x1 = Q

(k,`,0,m)
n,132 (x)

∣∣
x1 , (17)

so that as far as constant terms and the degree 1 terms that occur in the polynomials of the formQ
(k,`,0,m)
n,123 ,

they reduce to constant terms and the degree 1 terms that appear in polynomials of the form Q
(k,`,0,m)
n,132

which were analyzed in Kitaev et al. (2012, 2015a,b). we shall also prove some general results about the
coefficients of the highest power of x that occur in the polynomials Q(a,b,c,d)

n,123 (x). In Section 5, we shall
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show how to compute generating functions of the form Q
(k,`,0,m)
123 (x, t) = Q

(k,`,∅,m)
132 (x, t). In Section 6,

we will show how to compute generating functions of the form Q
(∅,k,∅,`)
123 (x, t). Finally, in Section 7, we

will show how to compute generating functions of the form Q
(0,k,0,0)
123 (x, t) and Q(0,k,0,`)

123 (x, t).

2 Bijections from Sn(132) and Sn(123) to Dyck paths on an n × n
Lattice

Given an n×n square, we will label the coordinates of the columns from left to right with 0, 1, . . . , n and
the coordinates of the rows from top to bottom with 0, 1, . . . , n. A Dyck path is a path made up of unit
down-steps D and unit right-steps R which starts at (0, 0) and ends at (n, n) and stays on or below the
diagonal x = y. The set of Dyck paths on an n×n lattice is denoted by Dn. Given a Dyck path P , we let

Ret(P ) = {i ≥ 1 : P goes through the point (i, i)}

be the return positions of P , and we let ret(P ) = |Ret(P )| be the number of return positions of P . For
example, for the Dyck path

P = DDRDDRRRDDRDRDRRDR

shown on the right in Figure 2, Ret(P ) = {4, 8, 9} and ret(P ) = 3.
It is well known that for all n ≥ 1, |Sn(132)| = |Sn(123)| = |Dn| = Cn, where Cn = 1

n+1

(
2n
n

)
is

the nth Catalan number. Krattenthaler (2001) gave a bijection between Sn(132) and Dn. Later, Elizalde
and Deutsch (2003) gave a bijection between Sn(123) and Dn. The main goal of this section is to review
these two bijections because the recursions that we can derive from these bijections will help us develop
recursions that allow us to compute generating functions of the form Q

(a,b,c,d)
123 (x, t).

2.1 The bijection Φ : Sn(132)→ Dn

In this subsection, we describe the bijection of Krattenthaler (2001) between Sn(132) and Dn. Given any
permutation σ = σ1 . . . σn ∈ Sn(132), we write it on an n× n table by placing σi in the ith column and
σth
i row, reading from bottom to top. Then, we shade the cells to the north-east of the cell that contains
σi. Then the path Φ(σ) is the path that goes along the south-west boundary of the shaded cells. For
example, this process is pictured in Figure 2 in the case where σ = 867943251 ∈ S9(132). In this case,
Φ(σ) = DDRDDRRRDDRDRDRRDR.

Given σ = σ1 . . . σn, we say that σj is a left-to-right mininum of σ if σi > σj for all i < j. It is easy
to see that the left-to-right minima of σ correspond to peaks of the path Φ(σ), i.e. they occupy cells along
the inside boundary of the Φ(σ) that correspond to a down-step D immediately followed by a right-step
R. We call such cells, the outer corners of the path. Thus we shall often refer to the left-to-right minima
of the σ as the set of peaks of σ, and σi’s which are not left-to-right minima as the non-peaks of σ. For
example, for the permutation σ pictured in Figure 2, there are 6 peaks, {8, 6, 4, 3, 2, 1}, and 3 non-peaks,
{7, 9, 5}. The horizontal segments of the path Φ(σ) are the maximal consecutive sequences of R’s in
Φ(σ). For example, in Figure 2, the lengths of the horizontal segments, reading from top to bottom, are
1, 3, 1, 1, 2, 1. We will be interested in the set of numbers that lie to the north of each horizontal segments
in Φ(σ). For instance, in our example, {8} is the set associated with the first horizontal segment of Φ(σ),
{6, 7, 9} is the set of numbers associated with the second horizontal segment of Φ(σ), etc.. Because σ
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0th diagonal

1st diagonal

2nd diagonal

=⇒
return 1

return 2

return 3

Fig. 2: Sn(132) to Dn

is a 132-avoiding permutation, it follows that set of numbers above a horizontal segment must occur in
increasing order. That is, since the cell immediately above the first right-step of the horizontal segment
must be occupied with the least element in the set associated to the horizontal segment, then the remaining
numbers must appear in increasing order if we are to avoid 132.

We shall also label the diagonals that go through corners of squares that are parallel to and below the
main diagonal with 0, 1, 2, . . . starting at the main diagonal. In this way, each peak of the permutation
corresponds to a diagonal. In the example in Figure 2, we have 1 peak on the 0th diagonal, 4 peaks on the
1st diagonal and 1 peak on the 2nd diagonal.

The map Φ−1 is easy to describe. That is, given a Dyck path P , we first mark every cell corresponding
to a peak of the path with a “×”. Then we look at the rows and columns which do not have a cross.
Starting from the left-most column, that does not contain a cross, we put a cross in the lowest possible
row without a cross that lies above the path. In this ways we will construct a permutation σ = Φ−1(P ).
This process is pictured in Figure 3.

=⇒

8

6

7

9

4

3

2

5

1

Fig. 3: Dn to Sn(132)

Details that Φ : Sn(132) → Dn is a bijection can be found in Krattenthaler (2001). However, given
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that Φ is a bijection, the following properties are easy to prove.

Lemma 3. Given any Dyck path P , let σ = σ132(P ) = Φ−1(P ). Then the following hold.

(1) For each horizontal segmentH of P , the set of numbers associated toH form a consecutive increasing
sequence in σ and the least number of the sequence sits immediately above the first right-step of H .
Hence the only decreases in σ occur between two different horizontal segments of P .

(2) The number n is in the column of last right-step before the first return.

(3) Suppose that σi is a peak of σ and the cell containing σi is on the kth-diagonal. Then there are k
elements in the graph G(σ) in the first quadrant relative to coordinate system centered at (i, σi).

Proof:
(1) easily follows from our description of the bijections Φ and Φ−1.
For (2), we consider two cases. First if 1 ∈ Return(P ), then P must start out DR . . . so that the first

outer corner of P is in row n reading from bottom to top, which must be occupied by n so that n is in the
column of the last right-step before the first return. If i > 1 is the least element of Return(P ), then there
are i right-steps in the first 2i steps of P . The outer corners in the first 2i steps of P must all be occupied
by numbers greater than n − i. Thus we can only place the numbers n, . . . , n − i + 1 in the columns
above the horizontal segments that occur in the first 2i steps of P . After we place numbers in the outer
corners of the first 2i steps, we always place ×’s in the lowest row that is above the path starting from the
left-most column. This means that we will place ×’s in the rows n− 1, . . . , n− i+ 1, before we place a
× in row n, reading from bottom to top. It follows that the position of the × in row n is in column i.

For (3), suppose that σi is a peak of σ and σi is in the kth-diagonal. This means that the right-step that
sits directly below σi in P is the ith right-step in P and is preceded by i+ k down-steps. Hence there are
i+k−1 rows above σi in the graphs of σ. There are i−1 elements that are associated with the horizontal
segments to the left of σi which means by the time that we get to σi in the construction of σ132(P ) from
P , there are i − 1 elements to the left of σi in σ which are larger than σi. Hence there must be exactly k
elements to the right of σi in σ which are larger than σi.

2.2 The bijection Ψ : Sn(123)→ Dn

In this section, we will describe the bijection Ψ : Sn(123) → Dn given by Elizalde and Deutsch (2003).
Given any permutation σ ∈ Sn(123), Ψ(σ) is constructed exactly as in the previous section. Figure 4
shows an example of this map, from σ = 869743251 ∈ S9(123) to the Dyck path DDRDDRRRDDRDR-
DRRDR.

Given any Dyck path P , we construct Ψ−1(P ) = σ123(P ) as follows. First we place an “×” in every
outer corner of P . Then we consider the rows and columns which do not have a ×. Processing the rows
from top to bottom and the columns from left to right, we place an × in the ith empty row and ith empty
column. This process is pictured in Figure 5. The details that Ψ is a bijection between Sn(123) and Dn
can be found in Elizalde and Deutsch (2003).

We then have the following lemma about the properties of this map.

Lemma 4. Let P ∈ Dn and σ = σ123(P ) = Ψ−1(P ). Then the following hold.
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Fig. 5: Dn to Sn(123)

(1) For each horizontal segment H of P , the least element of the set of numbers associated to H sits
directly above the first right-step of H and the remaining numbers of the set form a consecutive
decreasing sequence in σ.

(2) σ can be decomposed into two decreasing subsequences, the first decreasing subsequence corre-
sponds to the peaks of σ and the second decreasing subsequence corresponds to the non-peaks of
σ.

(3) Suppose that σi is a peak of σ and the cell containing σi is on the kth-diagonal. Then there are k
elements in the graph G(σ) in the first quadrant relative to coordinate system centered at (i, σi).

Proof: It is easy to see that parts (1) and (2) follow from the construction of Ψ−1. The proof of part (3) is
the same as the proof of part (3) of Lemma 3.

3 General results about Q(a,b,c,d)
123 (t, x) and Q

(a,b,c,d)
132 (t, x)

In this section, we shall prove several general results about the generating functions Q(a,b,c,d)
123 (t, x) and

Q
(a,b,c,d)
132 (t, x).
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First suppose that k > 0. Then since in a 123-avoiding permutation σ = σ1 . . . σn ∈ Sn(123), no σi
can have elements in the first and third quadrants in G(σ) relative to the coordinate system centered at
(i, σi), it follows that σi matches MMP(k, `, 0,m) in σ if and only if it matches MMP(k, `, ∅,m) in σ.
Thus

Q
(k,`,0,m)
123 (t, x) = Q

(k,`,∅,m)
123 (t, x) for all k > 0 and `,m ≥ 0. (18)

Similarly, one can prove that

Q
(0,`,k,m)
123 (t, x) = Q

(∅,`,k,m)
123 (t, x) for all k > 0 and `,m ≥ 0. (19)

Next suppose that P is a Dyck path in Dn and consider the differences between σ = Φ−1(P ) and
τ = Ψ−1(P ). Clearly, the elements corresponding to the outer corners of P are the same in both σ
and τ , thus σ and τ have the same peaks. The only difference is how to order the non-peaks. Note
that, by construction, the non-peaks in σ and τ cannot match a quadrant marked mesh pattern of the
form MMP(k, `, ∅,m). That is, a non-peak σi of σ must have at least one element occurring in the third
quadrant of G(σ) relative to the coordinate system centered at (i, σi), namely, the least element of the set
associated with the horizontal segment H whose associated set contains σi. A similar statement holds for
τ . Now suppose that the number σj is a peak of σ. Thus σj sits directly above the first right-step of some
horizontal segmentH of P in the graph of σ. By Lemma 3, if the cell containing σi is in the rth-diagonal,
then inG(σ), there are exactly r-elements in the first quadrant relative to the coordinate system centered at
(j, σj). It is easy to see that the number of elements in the second quadrant in G(σ) relative to coordinate
system centered (j, σj) is s = j − 1 where s is the sum of lengths of the horizontal segments to the left
of H and, hence, the number of elements in the fourth quadrant in G(σ) relative to coordinate system
centered (j, σj) is equal to n− k − s− 1 = n− k − j. However, by Lemma 4, the exact same statement
holds for σj in the graph G(τ) relative to the coordinate system center at (j, σj). It follows that for any
k, `,m ≥ 0, σj matches MMP(k, `, ∅,m) in σ if and only if σj matches MMP(k, `, ∅,m) in τ . For
example, Figure 6 illustrates this correspondence. It follows that the map Ψ ◦Φ−1 : Sn(132)→ Sn(123)
shows that for all k > 0 and `,m ≥ 0,

Q
(k,`,∅,m)
n,132 (x) = Q

(k,`,∅,m)
n,123 (x). (20)
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Fig. 6: Sn(132) to Sn(123) preserves MMP(k, `, ∅,m)

Combining the remarks above with Lemma 2, we have the following theorem.
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Theorem 7. For any k > 0 and `,m ≥ 0,

Q
(k,`,0,m)
123 (t, x) = Q

(k,`,∅,m)
123 (t, x) = Q

(k,`,∅,m)
132 (t, x) (21)

= Q
(0,m,k,`)
123 (t, x) = Q

(∅,m,k,`)
123 (t, x).

It follows that the only generating functions of the form Q
(a,b,c,d)
123 (t, x) that cannot be reduced to gen-

erating functions of the form Q
(a,b,c,d)
132 (t, x) are generating functions of the form Q

(0,b,0,d)
123 (t, x). In the

series of papers of Kitaev et al. (2012, 2015a,b), the only generating functions of the formQ
(k,`,∅,m)
132 (t, x)

that were computed were the generating functions of the form Q
(k,0,∅,0)
132 (t, x) given in Theorem 2. Our

main interest in this paper is to compute generating functions of the formQ
(a,b,c,d)
123 (t, x) for a, b, c, d ∈ N.

Thus we will show how to compute generating functions of the form Q
(k,`,∅,m)
132 (t, x) for k, `,m ∈ N and

of the form Q
(0,k,0,`)
132 (t, x) for k, ` ∈ N.

4 The coefficients of x0, x1 and the highest power of x in polyno-
mials Q

(a,b,c,d)
n,123 (x)

Before we compute the generating functions, we shall prove some general results about the constant terms
and the coefficients of the highest power of x in the polynomials Q(a,b,c,d)

n,123 (x) in this section.

4.1 The coefficients of x0 and x1 in polynomials Q
(k,`,∅,m)
n,123 (x)

Since the coefficients of xk in polynomials of the formQ
(k,`,0,m)
n,123 (x) andQ(0,m,k,`)

n,123 (x) can be found from

the coefficients of xk in polynomials of the form Q
(k,`,∅,m)
n,132 (x), we start out with an observation about the

coefficients of x0 and x1 in polynomials of the form Q
(k,`,∅,m)
n,132 (x).

Theorem 8.
Q

(k,`,∅,m)
n,132 (x)

∣∣
x0 = Q

(k,`,0,m)
n,132 (x)

∣∣
x0 (22)

and
Q

(k,`,∅,m)
n,132 (x)

∣∣
x1 = Q

(k,`,0,m)
n,132 (x)

∣∣
x1 . (23)

Proof: For (22), note that any permutation in Sn(132) avoiding the pattern MMP(k, `, 0,m) must also
avoid the pattern MMP(k, `, ∅,m). Thus to prove (22), we need to show that any permutation in Sn(132)
avoiding the pattern MMP(k, `, ∅,m) must also avoid the pattern MMP(k, `, 0,m). We know that only
the peaks of σ can match patterns of the from MMP(k, `, ∅,m). Thus we must show that if the peaks of
σ do not match MMP(k, `, 0,m), then the non-peaks of σ do not match MMP(k, `, 0,m) either.

To show this, we appeal to part (a) of Lemma 3. That is, we know that on each horizontal segment
H of Φ(σ), the elements in the columns above H form a consecutively increasing sequence in σ. But
it is easy to see that if σi < σi+1, then in the graph of G(σ), the number of elements in quadrant A
relative to the coordinate system centered at (i, σi) is greater than or equal to the number of elements in
quadrant A relative to the coordinate system centered at (i + 1, σi+1) for A ∈ {I, II, IV }. Thus if the
peak corresponding to the horizontal segment H does not match MMP(k, `, 0,m), then no other element
associated with H can match MMP(k, `, 0,m). For example, Figure 7 illustrates this observation for the



12 Dun Qiu, Jeffrey Remmel

horizontal segment corresponding to the set {6, 7, 9}. Thus we have proved that if the peaks of σ do not
match MMP(k, `, 0,m), then the non-peaks of σ do not match MMP(k, `, 0,m) either.
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Fig. 7: MMP(k, `, 0,m)-mch for the peak and non-peaks on a horizontal segment

To prove (23), suppose that σ = σ1 . . . σn ∈ Sn(132) is such that there is exactly one σi that match
MMP(k, `, 0,m). We claim that σi must be a peak. That is, by our argument above, if σi sits above a
horizontal segmentH of Φ(σ), then the peak corresponding toH must match MMP(k, `, 0,m) as long as
σi matches MMP(k, `, 0,m). Thus if σi is the only element of σ that matches MMP(k, `, 0,m), then it
must be a peak and hence it also matches MMP(k, `, ∅,m). Clearly, there cannot be two elements of σ that
match MMP(k, `, ∅,m) as this would imply that these two elements of σ would match MMP(k, `, 0,m).
Thus (23) follows.

Thus we have the following corollary.

Corollary 1.
Q

(k,`,∅,m)
123 (t, 0) = Q

(k,`,∅,m)
132 (t, 0) = Q

(k,`,0,m)
132 (t, 0) (24)

and
Q

(k,`,∅,m)
123 (t, x)

∣∣
x1 = Q

(k,`,∅,m)
132 (t, x)

∣∣
x1 = Q

(k,`,0,m)
132 (t, x)

∣∣
x1 . (25)

We note that Kitaev et al. (2012, 2015a,b) have many results on special cases of the coefficients of x0

and x1 in polynomials of the form Q
(k,`,0,m)
n,132 (x).

4.2 The coefficients of the highest power of x that occurs in the polynomials
Q

(a,b,c,d)
n,123 (x)

By our results in the Section 3, to analyze the coefficients of the highest power of x that occurs in the
polynomials Q(a,b,c,d)

n,123 (x), we need only consider two cases. Namely, we need to analyze the coefficients

of the highest power of x that occurs in polynomials of the form Q
(0,k,0,`)
n,123 (x) and we need to analyze the

coefficients of the highest power of x that occurs in polynomials of the form Q
(k,`,∅,m)
n,132 (x).

We shall start with analyzing the coefficients of the highest power of x in polynomials of the form
Q

(0,k,0,`)
n,123 (x). Clearly, in any permutation σ ∈ Sn(123), none of the numbers 1, . . . , ` or n, n−1, . . . , n−

k + 1 can match MMP(0, k, 0, `). It follows that the highest possible power of x that can occur in
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Q
(0,k,0,`)
n,123 (x) is xn−k−` and its coefficient can be non-zero only if n ≥ k+ `+ 1. Moreover, if σi matches

MMP(0, k, 0, `) in σ, then i ∈ {k + 1, . . . , n− `}. It follows that if mmp(0,k,0,`)(σ) = n− k − `, then

(a) n− k + 1, n− k + 2, . . . n must be in positions 1, . . . , k,

(b) `+ 1, . . . , n− k must be in positions k + 1, . . . , n− `, and

(c) 1, . . . , ` must be in positions n− `+ 1, . . . , n.

These observations lead to the following theorem.

Theorem 9. If n ≥ k + `+ 1, then

Q
(0,k,0,`)
n,123 (x)

∣∣
xn−k−` = Q

(0,k,0,`)
n,132 (x)

∣∣
xn−k−` = CkCn−k−`C`. (26)

Proof: Suppose n ≥ k + `+ 1.
To have a σ ∈ Sn(123) where mmp(0,k,0,`)(σ) = n − k − `, we need only have σ1 . . . σk be any

rearrangement of n − k + 1, . . . , n, which reduces to an element of Sk(123) which we can choose in
Ck ways, σk+1 . . . σn−` be any rearrangement of ` + 1, . . . , n − k, which reduces to an element of
Sn−k−`(123) which we can choose inCn−k−` ways, and σn−`+1 . . . σn be any rearrangement of 1, . . . , `,
which is in S`(123) which we can choose in C` ways.

In the special case where ` = 0, we have the following corollary.

Corollary 2. If n ≥ k + 1, then

Q
(0,k,0,0)
n,123 (x)

∣∣
xn−k = Q

(0,k,0,0)
n,132 (x)

∣∣
xn−k = CkCn−k. (27)

If we are considering the pattern MMP(0, k, ∅, `), we can do a similar analysis. The only difference is
that for the numbers ` + 1, . . . , n − k to match MMP(0, k, ∅, `) in a 123-avoiding permutation σ, they
must all be peaks of σ so that these numbers must occur in decreasing order. Thus we have the following
theorem.

Theorem 10. For any n ≥ k + `+ 1,

Q
(0,k,∅,`)
n,123 (x)

∣∣
xn−k−` = Q

(0,k,∅,`)
n,132 (x)

∣∣
xn−k−` = CkC`. (28)

In the special case where ` = 0, we have the following corollary.

Corollary 3.
Q

(0,k,∅,0)
n,123 (x)

∣∣
xn−k = Q

(0,k,∅,0)
n,132 (x)

∣∣
xn−k = Ck. (29)

Notice that the numbers that match the pattern MMP(0, k, ∅, `) are on the diagonal under the maps
Φ and Ψ which means that they also have nothing in their first quadrant. Thus we have the following
corollary.

Corollary 4.

Q
(∅,k,∅,`)
n,123 (x)

∣∣
xn−k−` = Q

(∅,k,∅,`)
n,132 (x)

∣∣
xn−k−` = CkC`, (30)

Q
(∅,k,∅,0)
n,123 (x)

∣∣
xn−k = Q

(∅,k,∅,0)
n,132 (x)

∣∣
xn−k = Ck. (31)
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Next we continue our analysis of the coefficients of the highest power of x that can occur in polynomials
of the form Q

(k,`,∅,m)
n,123 (x). We start by considering the special case where m = 0. Again, the highest

power of x that can occur in Q(k,`,∅,0)
n,123 (x) = Q

(k,`,∅,0)
n,132 (x) is xn−k−` if n ≥ k + `+ 1.

Theorem 11. For all n ≥ k + `+ 1,

Q
(k,`,∅,0)
n,123 (x)

∣∣
xn−k−` = Q

(k,`,∅,0)
n,132 (x)

∣∣
xn−k−` =

k + 1

k + `+ 1

(
k + 2`

`

)
. (32)

Proof: Given σ = σ1 . . . σn ∈ Sn(132), if σi matches MMP(k, `, ∅, 0), it must be the case that σi is a
peak and there are k + ` numbers larger than σi in σ. Thus if we want mmp(k,`,∅,0)(σ) = n − k − 1,
then the numbers {1, 2, . . . , n− k− `} must be peaks and appear between the `+ 1st position and n− kth

position. Moreover, there should be k + ` numbers in the first k + ` rows, of which ` numbers appear
before the numbers {1, 2, . . . , n− k − `} and k numbers appear after the numbers {1, 2, . . . , n− k − `}.
In Figure 8, the position of the numbers {1, 2, . . . , n − k − `} are marked red while the position of the
k+ ` numbers are marked blue. The numbers {1, 2, . . . , n−k− `}must appear in decreasing order since
they are all peaks. The numbers in the blue region must reduce to a 132-avoiding permutation τ of size
k + ` with an additional restriction that the numbers in the last k columns must be increasing. Thus, we
must count the number of Dyck paths of length 2(k + `) that end in k right-steps which is also equal to
the number of standard tableaux of shape (`, k + `) which is equal to k+1

k+`+1

(
k+2`
`

)
by the hook formula

for the number of standard tableaux. This fact is also proved by Forder (1961); Shapiro (1976).
Thus we have Q(k,`,∅,0)

n,132 (x)
∣∣
xn−k−` = k+1

k+`+1

(
k+2`
`

)
.

k + `

` k

Fig. 8: Structure of Q(k,`,∅,0)
n,132 (x)

∣∣
xn−k−`

Theorem 12. For n ≥ k + `+m+ 1 and k > 0,

Q
(k,`,∅,m)
n,123 (x)

∣∣
xn−k−`−m = Q

(k,`,∅,m)
n,132 (x)

∣∣
xn−k−`−m =

(k + 1)2

(k + `+ 1)(k +m+ 1)

(
k + 2`

`

)(
k + 2m

m

)
.

(33)

Proof: Assume that n ≥ k + ` + m + 1 and k > 0. Then for σi to match MMP(k, `, ∅,m) in σ =
σ1 . . . σn ∈ Sn(132), σi must be a peak of σ and σi must have m numbers to its right in σ which are



Quadrant marked mesh patterns in 123-avoiding permutations 15

smaller than σi, ` numbers to its left in σ which are larger than σi, and k numbers to its right in σ which
are larger than σi. It follows that the maximum power of x that can appear in Q(k,`,∅,m)

n,123 (x) is xn−k−`−m.
Now if mmp(k,`,∅,m)(σ) = n − k − ` − m, then the numbers {m + 1,m + 2, . . . , n − k − `} must
be peaks and appear between the ` + 1st position and n − k − mth position in decreasing order. These
positions are marked red in Figure 9(a). There should be k + ` numbers in the first k + ` rows, of which
` numbers appear before the numbers {m + 1,m + 2, . . . , n − k − `} and k numbers appear after the
numbers {m+1,m+2, . . . , n−k−`}; and there should be k+m numbers in the last k+m columns, of
which m numbers appear under the numbers {m+ 1,m+ 2, . . . , n− k− `} and k numbers appear above
the numbers {m+ 1,m+ 2, . . . , n− k− `}. In Figure 9(a), the position of these k+ `+m numbers are
marked blue. The numbers in the blue region must reduce to a 132-avoiding permutation τ of size k + `
with an additional restriction that the numbers in the last k +m columns and top k + ` rows (region A in
Figure 9(a)) must be increasing. It is easy to see that under the map Φ such permutations correspond to
Dyck paths in the join of the 3 blue regions as pictured in Figure 9(b). There have to be no peaks in region
A since the numbers in region A are in an increasing order. It follows that the coefficient of xn−k−`−m in
Q

(k,`,∅,m)
n,132 (x) equals the number of Dyck paths U of length 2(k + ` + m) which pass through the points

P , Q and R in Figure 9(b). For each such path U , we can uniquely associate two paths U1 and U2 where
U1 starts at P and goes to the point Q, and U2 starts at Q and goes to the point R. By our results in the
previous theorem the number of such U1 is k+1

k+`+1

(
k+2`
`

)
and the number of such U2 is k+1

k+m+1

(
k+2m
m

)
. It

follows that Q(k,`,∅,m)
n,132 (x)

∣∣
xn−k−`−m = (k+1)2

(k+`+1)(k+m+1)

(
k+2`
`

)(
k+2m
m

)
.

k + `

` k +m

A

m

(a)

k + `

` k +m

m

A

P

Q

R

(b)

Fig. 9: Structure of Q(k,`,∅,m)
n,132 (x)

∣∣
xn−k−`−m for k = 2, l = 1,m = 3

Since Q(k,`,∅,m)
n,123 (x) = Q

(k,`,∅,m)
n,132 (x), the theorem follows.

5 The functions of form Q
(k,`,0,m)
123 (t, x) = Q

(k,`,∅,m)
123 (t, x)

= Q
(k,`,∅,m)
132 (t, x)

In this section, we shall show how we can compute generating functions of the form Q
(k,`,0,m)
123 (t, x) =

Q
(k,`,∅,m)
123 (t, x) = Q

(k,`,∅,m)
132 (t, x). In this case, it is easier to compute generating functions of the
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form Q
(k,`,∅,m)
132 (t, x). To do this, we will start by computing the marginal distributions Q(k,0,∅,0)

132 (t, x),
Q

(0,`,∅,0)
132 (t, x), and Q(0,0,∅,m)

132 (t, x). Then we can find expressions for Q(k,`,∅,0)
132 (t, x), Q(0,`,∅,m)

132 (t, x),
and Q(k,0,∅,m)

132 (t, x) in terms of the marginal distributions Q(k,0,∅,0)
132 (t, x), Q(0,`,∅,0)

132 (t, x), and
Q

(0,0,∅,m)
132 (t, x). Finally we show how we can express Q(k,`,∅,m)

132 (t, x) in terms of the distributions
Q

(k,`,∅,0)
132 (t, x), Q(0,`,∅,m)

132 (t, x), and Q(k,0,∅,m)
132 (t, x).

Recall that Kitaev et al. (2012) proved that

Q
(0,0,∅,0)
132 (t, x) =

(1 + t− tx)−
√

(1 + t− tx)2 − 4t

2t
, (34)

and for k ≥ 1,

Q
(k,0,∅,0)
132 (t, x) =

1

1− tQ(k−1,0,∅,0)
132 (t, x)

. (35)

By Lemma 1, we have that Q(0,k,∅,0)
132 (t, x) = Q

(0,0,∅,k)
132 (t, x). Thus to complete our computations of

the marginal distributions we need only compute Q(0,k,∅,0)
132 (t, x) when k > 0.

Let S(i)n (132) be the set of σ = σ1 · · ·σn ∈ Sn(132) such that σi = n. Then the graph G(σ) of each
σ ∈ S(i)n (132) has the structure showed in Figure 10(a). That is, in G(σ), the numbers to the left of
n, Ai(σ), have the structure of 132-avoiding permutation, the numbers to the right of n, Bi(σ), have the
structure of 132-avoiding permutation, and all the numbers inAi(σ) lie above all the numbers inBi(σ). If
we apply the map Φ to such permutations, then for σ ∈ S(i)n (132), Φ(σ) will be a Dyck path of the form in
Figure 10(b) where the smaller Dyck path structures Ai and Bi correspond to 132-avoiding permutation
structures Ai(σ) and Bi(σ).

Ai(σ)

i

Bi(σ)

1

1

n

n

(a)

Ai

i

Bi

1

1

n

n

(b)

Fig. 10: Structures of Sn(132) and Dn

Now assume that k > 0. Then we can derive a simple recursion for Sn(132) based on the position of n
in a permutation σ = σ1 . . . σn ∈ Sn(132). That is, suppose σi = n and Ai(σ) and Bi(σ) are as pictured
in Figure 10. Clearly σi = n does not match MMP(0, k, ∅, 0) in σ. Then we have two cases.

Case 1. i < k.
Then elements in Ai(σ) cannot match MMP(0, k, ∅, 0) in σ since no element of Ai(σ) has
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k elements to its right which are larger than it. However, an element σj in Bi(σ) matches
MMP(0, k, ∅, 0) in σ if and only if it matches MMP(0, k − i, ∅, 0) in Bi(σ). Thus such permu-
tations contribute Ci−1Q

(0,k−i,∅,0)
n−i,132 (x) to Q(0,k,∅,0)

n,132 (x).

Case 2. i > k.
Then elements in Ai(σ) match MMP(0, k, ∅, 0) in σ if and only if the corresponding element
matches MMP(0, k, ∅, 0) in the reduction of Ai(σ). An element σj in Bi(σ) automatically has
k elements in the graph G(σ) in the second quadrant relative to the coordinate system centered
at (j, σj), namely, the elements in Ai(σ) ∪ {n} so that σj matches MMP(0, k, ∅, 0) in σ if and
only if σj is a peak of σ, or, equivalently, if and only if σj matches MMP(0, 0, ∅, 0) in Bi(σ).
Thus such permutations contribute Q(0,k,∅,0)

i−1,132 (x)Q
(0,0,∅,0)
n−i,132 (x) to Q(0,k,∅,0)

n,132 (x).

It follows that for n ≥ k + 1,

Q
(0,k,∅,0)
n,132 (x) =

k−1∑
i=1

Ci−1Q
(0,k−i,∅,0)
n−i,132 (x) +

n∑
i=k

Q
(0,k,∅,0)
i−1,132 (x)Q

(0,0,∅,0)
n−i,132 (x). (36)

Multiplying both sides of the equation by tn and summing for n ≥ 1 gives that

Q
(0,k,∅,0)
132 (t, x) = 1 + t

k−1∑
i=1

Ci−1t
i−1Q

(0,k−i,∅,0)
132 (t, x) + t(Q

(0,k,∅,0)
132 (t, x)−

k−2∑
i=0

Cit
i)Q

(0,0,∅,0)
132 (t, x).

(37)
Thus, we have the following theorem.

Theorem 13.

Q
(0,0,∅,0)
132 (t, x) =

1 + t− tx−
√

(1 + t− tx)2 − 4t

2t
. (38)

For k > 0,

Q
(0,k,∅,0)
132 (t, x) =

1 + t
∑k−1
i=1 Ci−1t

i−1(Q
(0,k−i,∅,0)
132 (t, x)−Q(0,0,∅,0)

132 (t, x))

1− tQ(0,0,∅,0)
132 (t, x))

. (39)

We list the first 10 terms of function Q(0,k,∅,0)
132 (t, x) for k = 1, . . . , 5.

Q
(0,1,∅,0)
132 (t, x) =1 + t+ (1 + x)t2 +

(
1 + 3x+ x2

)
t3 +

(
1 + 6x+ 6x2 + x3

)
t4

+
(
1 + 10x+ 20x2 + 10x3 + x4

)
t5 +

(
1 + 15x+ 50x2 + 50x3 + 15x4 + x5

)
t6

+
(
1 + 21x+ 105x2 + 175x3 + 105x4 + 21x5 + x6

)
t7

+
(
1 + 28x+ 196x2 + 490x3 + 490x4 + 196x5 + 28x6 + x7

)
t8

+
(
1 + 36x+ 336x2 + 1176x3 + 1764x4 + 1176x5 + 336x6 + 36x7 + x8

)
t9 + · · ·

(40)

We note that if σi matches MMP(0, 1, ∅, 0) in σ = σ1 . . . σn ∈ Sn(132), then σi must be a peak of
σ which has at least one element to its left which is larger than σi. However, it is easy to see from our
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description of Φ−1, the every peak except the first one in σ satisfies this condition. However such peaks
are just the descents of σ so that Q(0,1,∅,0)

n,132 (x) =
∑
σ∈Sn(132) x

des(σ).

Q
(0,2,∅,0)
132 (t, x) =1 + t+ 2t2 + (3 + 2x)t3 +

(
4 + 8x+ 2x2

)
t4 +

(
5 + 20x+ 15x2 + 2x3

)
t5

+
(
6 + 40x+ 60x2 + 24x3 + 2x4

)
t6

+
(
7 + 70x+ 175x2 + 140x3 + 35x4 + 2x5

)
t7

+
(
8 + 112x+ 420x2 + 560x3 + 280x4 + 48x5 + 2x6

)
t8

+
(
9 + 168x+ 882x2 + 1764x3 + 1470x4 + 504x5 + 63x6 + 2x7

)
t9 + · · · (41)

Q
(0,3,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + (9 + 5x)t4 +

(
14 + 23x+ 5x2

)
t5

+
(
20 + 65x+ 42x2 + 5x3

)
t6 +

(
27 + 145x+ 186x2 + 66x3 + 5x4

)
t7

+
(
35 + 280x+ 595x2 + 420x3 + 95x4 + 5x5

)
t8

+
(
44 + 490x+ 1554x2 + 1820x3 + 820x4 + 129x5 + 5x6

)
t9 + · · · (42)

Q
(0,4,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (28 + 14x)t5 +

(
48 + 70x+ 14x2

)
t6

+
(
75 + 214x+ 126x2 + 14x3

)
t7 +

(
110 + 514x+ 596x2 + 196x3 + 14x4

)
t8

+
(
154 + 1064x+ 2030x2 + 1320x3 + 280x4 + 14x5

)
t9 + · · · (43)

Q
(0,5,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (90 + 42x)t6 +

(
165 + 222x+ 42x2

)
t7

+
(
275 + 717x+ 396x2 + 42x3

)
t8

+
(
429 + 1817x+ 1962x2 + 612x3 + 42x4

)
t9 + · · · (44)

Next we consider Q(k,`,∅,0)
132 (t, x) where both k and ` are nonzero. Again we will develop a simple

recursion for Q(k,`,∅,0)
n,132 (x) based on the position of n in σ. That is, let σ = σ1 . . . σn ∈ Sn(132) and

σi = n. Again σi = n does not match MMP(k, `, ∅, 0) in σ. Then we have two cases.

Case 1. i < `.
Then no element in Ai(σ) cannot match MMP(k, `, ∅, 0) in σ since no element of Ai(σ) has `
elements to its left which are larger than it. An element σj in Bi(σ) matches MMP(k, `, ∅, 0)
in σ if and only if it matches MMP(k, ` − i, ∅, 0) in Bi(σ). Thus such permutations contribute∑`−1
i=1 Ci−1Q

(k,`−i,∅,0)
n−i,132 (x) to Q(k,`,∅,0)

n,132 (x).

Case 2. i > `.
For an element σj in Ai(σ), since the number n is to its right and larger than it, σj matches
MMP(k, `, ∅, 0) in σ if and only if, in the reduction ofAi(σ), the corresponding element matches
MMP(k − 1, `, ∅, 0). An element σj in Bi(σ) automatically has ` elements to its left which are
larger than it so that σj matches MMP(k, `, ∅, 0) in σ if and only if it matches MMP(k, 0, ∅, 0)

in Bi(σ). Thus such permutations contribute
∑n
i=`Q

(k−1,`,∅,0)
i−1,132 (x)Q

(k,0,∅,0)
n−i,132 (x) to Q(k,`,∅,0)

n,132 (x).

It follows that for n ≥ k + `+ 1,

Q
(k,`,∅,0)
n,132 (x) =

`−1∑
i=1

Ci−1Q
(k,`−i,∅,0)
n−i,132 (x) +

n∑
i=`

Q
(k−1,`,∅,0)
i−1,132 (x)Q

(k,0,∅,0)
n−i,132 (x). (45)
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Multiplying both sides of the equation by tn and summing for n ≥ 1 gives that

Q
(k,`,∅,0)
132 (t, x) = 1 + t

`−1∑
i=1

Ci−1t
i−1Q

(k,`−i,∅,0)
132 (t, x) + (Q

(k−1,`,∅,0)
132 (t, x)−

`−2∑
i=0

Cit
i)Q

(k,0,∅,0)
132 (t, x).

(46)
Thus, we have the following theorem.

Theorem 14. For all k, ` > 0,

Q
(k,`,∅,0)
132 (t, x) = 1 + t

`−1∑
i=1

Ci−1t
i−1Q

(k,`−i,∅,0)
132 (t, x) + (Q

(k−1,`,∅,0)
132 (t, x)−

`−2∑
i=0

Cit
i)Q

(k,0,∅,0)
132 (t, x).

(47)

We list the first 10 terms of function Q(k,`,∅,0)
132 (t, x) for 1 ≤ k, ` ≤ 3.

Q
(1,1,∅,0)
132 (t, x) =1 + t+ 2t2 + (3 + 2x)t3 +

(
4 + 8x+ 2x2

)
t4 +

(
5 + 20x+ 15x2 + 2x3

)
t5

+
(
6 + 40x+ 60x2 + 24x3 + 2x4

)
t6

+
(
7 + 70x+ 175x2 + 140x3 + 35x4 + 2x5

)
t7

+
(
8 + 112x+ 420x2 + 560x3 + 280x4 + 48x5 + 2x6

)
t8

+
(
9 + 168x+ 882x2 + 1764x3 + 1470x4 + 504x5 + 63x6 + 2x7

)
t9 + · · · (48)

Q
(1,2,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + (9 + 5x)t4 +

(
14 + 23x+ 5x2

)
t5

+
(
20 + 65x+ 42x2 + 5x3

)
t6 +

(
27 + 145x+ 186x2 + 66x3 + 5x4

)
t7

+
(
35 + 280x+ 595x2 + 420x3 + 95x4 + 5x5

)
t8

+
(
44 + 490x+ 1554x2 + 1820x3 + 820x4 + 129x5 + 5x6

)
t9 + · · · (49)

Q
(1,3,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (28 + 14x)t5 +

(
48 + 70x+ 14x2

)
t6

+
(
75 + 214x+ 126x2 + 14x3

)
t7 +

(
110 + 514x+ 596x2 + 196x3 + 14x4

)
t8

+
(
154 + 1064x+ 2030x2 + 1320x3 + 280x4 + 14x5

)
t9 + · · · (50)

Q
(2,1,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + (11 + 3x)t4 +

(
23 + 16x+ 3x2

)
t5

+
(
47 + 56x+ 26x2 + 3x3

)
t6 +

(
95 + 163x+ 129x2 + 39x3 + 3x4

)
t7

+
(
191 + 429x+ 489x2 + 263x3 + 55x4 + 3x5

)
t8

+
(
383 + 1062x+ 1583x2 + 1270x3 + 487x4 + 74x5 + 3x6

)
t9 + · · · (51)
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Q
(2,2,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (33 + 9x)t5 +

(
72 + 51x+ 9x2

)
t6

+
(
151 + 186x+ 83x2 + 9x3

)
t7 +

(
310 + 556x+ 431x2 + 124x3 + 9x4

)
t8

+
(
629 + 1487x+ 1688x2 + 875x3 + 174x4 + 9x5

)
t9 + · · · (52)

Q
(2,3,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (104 + 28x)t6 +

(
235 + 166x+ 28x2

)
t7

+
(
505 + 627x+ 270x2 + 28x3

)
t8

+
(
1054 + 1924x+ 1454x2 + 402x3 + 28x4

)
t9 + · · · (53)

Q
(3,1,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (38 + 4x)t5 +

(
101 + 27x+ 4x2

)
t6

+
(
266 + 119x+ 40x2 + 4x3

)
t7 +

(
698 + 439x+ 232x2 + 57x3 + 4x4

)
t8

+
(
1829 + 1477x+ 1044x2 + 430x3 + 78x4 + 4x5

)
t9 + · · · (54)

Q
(3,2,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (118 + 14x)t6 +

(
319 + 96x+ 14x2

)
t7

+
(
847 + 425x+ 144x2 + 14x3

)
t8

+
(
2231 + 1563x+ 848x2 + 206x3 + 14x4

)
t9 + · · · (55)

Q
(3,3,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + (381 + 48x)t7

+
(
1046 + 336x+ 48x2

)
t8 +

(
2801 + 1506x+ 507x2 + 48x3

)
t9 + · · · (56)

If one compares the polynomialsQ(0,k,∅,0)
n,132 (x) andQ(1,k−1,∅,0)

n,132 (x), one observes that they are equal for
k ≥ 1. Thus we make the following conjecture.

Conjecture 1. For all k ≥ 1, we have

Q
(0,k,∅,0)
132 (t, x) = Q

(1,k−1,∅,0)
132 (t, x). (57)

We have verified the conjecture for k = 1, 2, 3 by directly computing the generating functions. That is,
we can prove that

Q
(0,1,∅,0)
132 (t, x) = Q

(1,0,∅,0)
132 (t, x), (58)

Q
(0,2,∅,0)
132 (t, x) = Q

(1,1,∅,0)
132 (t, x), (59)

Q
(0,3,∅,0)
132 (t, x) = Q

(1,2,∅,0)
132 (t, x). (60)

However, it is not obvious from the corresponding recursions for Q(0,k,∅,0)
n,132 (x) and Q(1,k−1,∅,0)

n,132 (x) that
these two polynomials are equal.

Next we consider the generating functions Q(0,k,∅,`)
132 (t, x) = Q

(0,k,∅,`)
123 (t, x) where k, ` > 0.

When n ≤ k + `, there is no element of a σ ∈ Sn(132) that can match MMP(0, k, ∅, `) in σ. Thus
Q

(0,k,∅,`)
n,132 (x) = Cn in such cases. Thus assume that n ≥ k + `+ 1 and σ = σ1 . . . σn ∈ Sn(132) is such

that σi = n. Clearly σi cannot match MMP(0, k, ∅, `) in σ. We then have 3 cases.

Case 1. i < k.
Clearly no σj in Ai(σ) can match MMP(0, k, ∅, `) since it cannot have k elements to its left
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which are larger than it. A σj ∈ Bi(σ) matches MMP(0, k, ∅, `) in σ if and only if it matches
MMP(0, k − i, ∅, `) in Bi(σ). Thus such permutations contribute

∑k−1
i=1 Ci−1Q

(0,k−i,∅,`)
n−i,132 (x) to

Q
(0,k,∅,`)
n,132 (x).

Case 2. k ≤ i ≤ n− `.
For each peak σj ∈ Ai(σ), there are n − i ≥ ` numbers in Bi(σ) which are to its right and
smaller than it so that σj matches MMP(0, k, ∅, `) in σ if and only if, in the reduction of Ai(σ),
its corresponding element matches MMP(0, k, ∅, 0). For each peak σj ∈ Bi(σ), there are ≥ k
numbers inAi(σ)∪{n}which are to its left and larger than it so that σj matches MMP(0, k, ∅, `)
in σ if and only if σj matches MMP(0, 0, ∅, `) in Bi(σ). Thus such permutations contribute∑n−`
i=k Q

(0,k,∅,0)
i−1,132 (x)Q

(0,0,∅,`)
n−i,132(x) to Q(0,k,∅,`)

n,132 (x).

Case 3. i ≥ n− `+ 1.
For each peak σj ∈ Ai(σ), there are n − i ≥ ` numbers in Bi(σ) which are to its right and
smaller than it so that σj matches MMP(0, k, ∅, `) in σ if and only if, in the reduction of Ai(σ),
its corresponding element matches MMP(0, k, ∅, 0). Clearly no element of Bi(σ) can match
MMP(0, k, ∅, `) since it cannot have ` elements to its right which are smaller than it. Thus such
permutations contribute

∑n
i=n−`+1Q

(0,k,∅,`−(n−i))
i−1,132 (x)Cn−i to Q(0,k,∅,`)

n,132 (x).

It follows that for n ≥ k + `+ 1,

Q
(0,k,∅,`)
n,132 (x) =

k−1∑
i=1

Ci−1Q
(0,k−i,∅,`)
n−i,132 (x) +

n−∑̀
i=k

Q
(0,k,∅,0)
i−1,132 (x)Q

(0,0,∅,`)
n−i,132(x)

+

n∑
i=n−`+1

Q
(0,k,∅,`−(n−i))
i−1,132 (x)Cn−i. (61)

Multiplying both sides of the equation by tn and summing for n ≥ k + `+ 1 gives that

Q
(0,k,∅,`)
132 (t, x)−

k+∑̀
i=0

Cit
i = t

k−1∑
i=1

Ci−1t
i−1(Q

(0,k−i,∅,`)
132 (t, x)−

k+`−i−1∑
j=0

Cjt
j)

+t(Q
(0,k,∅,0)
132 (t, x)−

k−2∑
i=0

Cit
i)(Q

(0,0,∅,`)
132 (t, x)−

`−1∑
i=0

Cit
i)

+t

`−1∑
i=0

Cit
i(Q

(0,k,∅,`−i)
132 (t, x)−

k+`−i−2∑
j=0

Cjt
j). (62)

Note the first term of the last term t
∑`−1
i=0 Cit

i(Q
(0,k,∅,`−i)
132 (t, x)−

∑k+`−i−2
j=0 Cjt

j) on the right-hand

side of the equation above is t(Q(0,k,∅,`)
132 (t, x) −

∑k+`−2
j=0 Cjt

j), so we can bring tQ(0,k,∅,`)
132 (t, x) to the

other side and solve Q(0,k,∅,`)
132 (t, x) to obtain the following theorem.

Theorem 15. For all k, ` > 0,

Q
(0,k,∅,`)
132 (t, x) =

Γk,`(t, x)

1− t
, (63)
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where

Γk,`(t, x) =

k+∑̀
i=0

Cit
i −

k+`−2∑
i=0

Cit
i+1 + t

k−1∑
i=1

Ci−1t
i−1(Q

(0,k−i,∅,`)
132 (t, x)−

k+`−i−1∑
j=0

Cjt
j)

+t(Q
(0,k,∅,0)
132 (t, x)−

k−2∑
i=0

Cit
i)(Q

(0,0,∅,`)
132 (t, x)−

`−1∑
i=0

Cit
i)

+t

`−1∑
i=1

Cit
i(Q

(0,k,∅,`−i)
132 (t, x)−

k+`−i−2∑
j=0

Cjt
j). (64)

We list the first 10 terms of function Q(0,k,∅,`)
132 (t, x) for 1 ≤ k ≤ ` ≤ 3.

Q
(0,1,∅,1)
132 (t, x) =1 + t+ 2t2 + (4 + x)t3 +

(
7 + 6x+ x2

)
t4 +

(
11 + 20x+ 10x2 + x3

)
t5

+
(
16 + 50x+ 50x2 + 15x3 + x4

)
t6

+
(
22 + 105x+ 175x2 + 105x3 + 21x4 + x5

)
t7

+
(
29 + 196x+ 490x2 + 490x3 + 196x4 + 28x5 + x6

)
t8

+
(
37 + 336x+ 1176x2 + 1764x3 + 1176x4 + 336x5 + 36x6 + x7

)
t9 + · · · (65)

Q
(0,1,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + (12 + 2x)t4 +

(
25 + 15x+ 2x2

)
t5

+
(
46 + 60x+ 24x2 + 2x3

)
t6 +

(
77 + 175x+ 140x2 + 35x3 + 2x4

)
t7

+
(
120 + 420x+ 560x2 + 280x3 + 48x4 + 2x5

)
t8

+
(
177 + 882x+ 1764x2 + 1470x3 + 504x4 + 63x5 + 2x6

)
t9 + · · · (66)

Q
(0,1,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (37 + 5x)t5 +

(
85 + 42x+ 5x2

)
t6

+
(
172 + 186x+ 66x2 + 5x3

)
t7 +

(
315 + 595x+ 420x2 + 95x3 + 5x4

)
t8

+
(
534 + 1554x+ 1820x2 + 820x3 + 129x4 + 5x5

)
t9 + · · · (67)

Q
(0,2,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (38 + 4x)t5 +

(
91 + 37x+ 4x2

)
t6

+
(
192 + 176x+ 57x2 + 4x3

)
t7 +

(
365 + 595x+ 385x2 + 81x3 + 4x4

)
t8

+
(
639 + 1624x+ 1750x2 + 736x3 + 109x4 + 4x5

)
t9 + · · · (68)

Q
(0,2,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (122 + 10x)t6 +

(
316 + 103x+ 10x2

)
t7

+
(
724 + 540x+ 156x2 + 10x3

)
t8

+
(
1493 + 1995x+ 1145x2 + 219x3 + 10x4

)
t9 + · · · (69)

Q
(0,3,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + (404 + 25x)t7

+
(
1119 + 286x+ 25x2

)
t8 +

(
2762 + 1649x+ 426x2 + 25x3

)
t9 + · · · (70)

We are now in position to compute the generating functions Q(a,k,∅,`)
132 (t, x) = Q

(a,k,0,`)
123 (t, x) =

Q
(a,k,∅,`)
123 (t, x) in the case where a, k, ` > 0. Again, we shall show that the polynomials Q(a,k,∅,`)

n,132 (x)
satisfy simple recursions.
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When n ≤ a+ k+ `, there is no element of a σ ∈ Sn(132) that can match MMP(a, k, ∅, `) in σ. Thus
Q

(a,k,∅,`)
n,132 (x) = Cn in such cases. Thus assume that n ≥ a+ k + `+ 1 and σ = σ1 . . . σn ∈ Sn(132) is

such that σi = n. Clearly σi cannot match MMP(a, k, ∅, `) in σ. We then have 3 cases.

Case 1. i < k.
Clearly no σj in Ai(σ) can match MMP(a, k, ∅, `) since it cannot have k elements to its left
which are larger than it. A σj ∈ Bi(σ) matches MMP(a, k, ∅, `) in σ if and only if it matches
MMP(a, k − i, ∅, `) in Bi(σ). Thus such permutations contribute

∑k−1
i=1 Ci−1Q

(a,k−i,∅,`)
n−i,132 (x) to

Q
(a,k,∅,`)
n,132 (x).

Case 2. k ≤ i ≤ n− `.
For each peak σj ∈ Ai(σ), there are n − i ≥ ` numbers in Bi(σ) which are to its right
and smaller than it. Moreover, the number n is to its right and is larger than it. Thus σj
matches MMP(a, k, ∅, `) in σ if and only if, in the reduction of Ai(σ), its corresponding el-
ement matches MMP(a − 1, k, ∅, 0). For each peak σj ∈ Bi(σ), there are ≥ k numbers
in Ai(σ) ∪ {n} which are to its left and larger than it so that σj matches MMP(a, k, ∅, `)
in σ if and only if σj matches MMP(a, 0, ∅, `) in Bi(σ). Thus such permutations contribute∑n−`
i=k Q

(a−1,k,∅,0)
i−1,132 (x)Q

(a,0,∅,`)
n−i,132 (x) to Q(a,k,∅,`)

n,132 (x).

Case 3. i ≥ n− `+ 1.
For each peak σj ∈ Ai(σ), there are n−i ≥ ` numbers inBi(σ) which are to its right and smaller
than it and the number n is to its right. Thus σj matches MMP(a, k, ∅, `) in σ if and only if, in
the reduction ofAi(σ), its corresponding element matches MMP(a−1, k, ∅, `−(n−i)). Clearly
no element ofBi(σ) can match MMP(0, k, ∅, `) since it cannot have ` elements to its right which
are smaller than it. Thus such permutations contribute

∑n
i=n−`+1Q

(a−1,k,∅,`−(n−i))
i−1,132 (x)Cn−i to

Q
(a,k,∅,`)
n,132 (x).

It follows that for n ≥ a+ k + `+ 1,

Q
(a,k,∅,`)
n,132 (x) =

k−1∑
i=1

Ci−1Q
(a,k−i,∅,`)
n−i,132 (x) +

n−∑̀
i=k

Q
(a−1,k,∅,0)
i−1,132 (x)Q

(a,0,∅,`)
n−i,132 (x)

+

n∑
i=n−`+1

Q
(a−1,k,∅,`−(n−i))
i−1,132 (x)Cn−i. (71)

Multiplying both sides of the equation by tn and summing for n ≥ 1 gives that

Q
(a,k,∅,`)
132 (t, x) =

k+`−1∑
i=0

Cit
i + t

k−1∑
i=1

Ci−1t
i−1(Q

(a,k−i,∅,`)
132 (t, x)−

k+`−i−1∑
j=0

Cjt
j)

+t(Q
(a−1,k,∅,0)
132 (t, x)−

k−2∑
i=0

Cit
i)(Q

(a,0,∅,`)
132 (t, x)−

`−1∑
i=0

Cit
i)

+t

`−1∑
i=0

Cit
i(Q

(a−1,k,∅,`−i)
132 (t, x)−

k+`−i−2∑
j=0

Cjt
j), (72)
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and we have the following theorem.

Theorem 16. For all a, k, ` > 0,

Q
(a,k,∅,`)
132 (t, x) =

k+`−1∑
i=0

Cit
i + t

k−1∑
i=1

Ci−1t
i−1(Q

(a,k−i,∅,`)
132 (t, x)−

k+`−i−1∑
j=0

Cjt
j)

+t(Q
(a−1,k,∅,0)
132 (t, x)−

k−2∑
i=0

Cit
i)(Q

(a,0,∅,`)
132 (t, x)−

`−1∑
i=0

Cit
i)

+t

`−1∑
i=0

Cit
i(Q

(a−1,k,∅,`−i)
132 (t, x)−

k+`−i−2∑
j=0

Cjt
j). (73)

We list the first few terms of function Q(a,k,∅,`)
132 (t, x) for 1 ≤ a ≤ 3 and 1 ≤ k ≤ ` ≤ 3.

Q
(1,1,∅,1)
132 (t, x) =1 + t+ 2t2 + 5t3 + (10 + 4x)t4 +

(
17 + 21x+ 4x2

)
t5

+
(
26 + 65x+ 37x2 + 4x3

)
t6 +

(
37 + 155x+ 176x2 + 57x3 + 4x4

)
t7

+
(
50 + 315x+ 595x2 + 385x3 + 81x4 + 4x5

)
t8

+
(
65 + 574x+ 1624x2 + 1750x3 + 736x4 + 109x5 + 4x6

)
t9 + · · · (74)

Q
(1,1,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (32 + 10x)t5 +

(
62 + 60x+ 10x2

)
t6

+
(
107 + 209x+ 103x2 + 10x3

)
t7 +

(
170 + 554x+ 540x2 + 156x3 + 10x4

)
t8

+
(
254 + 1239x+ 1995x2 + 1145x3 + 219x4 + 10x5

)
t9 + · · · (75)

Q
(1,1,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (104 + 28x)t6 +

(
219 + 182x+ 28x2

)
t7

+
(
410 + 684x+ 308x2 + 28x3

)
t8

+
(
704 + 1948x+ 1720x2 + 462x3 + 28x4

)
t9 + · · · (76)

Q
(1,2,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (107 + 25x)t6 +

(
233 + 171x+ 25x2

)
t7

+
(
450 + 669x+ 286x2 + 25x3

)
t8

+
(
794 + 1968x+ 1649x2 + 426x3 + 25x4

)
t9 + · · · (77)

Q
(1,2,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + (359 + 70x)t7

+
(
842 + 518x+ 70x2

)
t8 +

(
1754 + 2184x+ 854x2 + 70x3

)
t9

+
(
3332 + 6896x+ 5238x2 + 1260x3 + 70x4

)
t10 + · · · (78)

Q
(1,3,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + 429t7 + (1234 + 196x)t8

+
(
3098 + 1568x+ 196x2

)
t9 +

(
6932 + 7120x+ 2548x2 + 196x3

)
t10

+
(
14137 + 24117x+ 16612x2 + 3724x3 + 196x4

)
t11 + · · · (79)
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Q
(2,1,∅,1)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (33 + 9x)t5 +

(
71 + 52x+ 9x2

)
t6

+
(
146 + 189x+ 85x2 + 9x3

)
t7 +

(
294 + 557x+ 443x2 + 127x3 + 9x4

)
t8

+
(
587 + 1463x+ 1722x2 + 903x3 + 178x4 + 9x5

)
t9 + · · · (80)

Q
(2,1,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (105 + 27x)t6 +

(
235 + 167x+ 27x2

)
t7

+
(
494 + 637x+ 272x2 + 27x3

)
t8

+
(
1004 + 1938x+ 1489x2 + 404x3 + 27x4

)
t9 + · · · (81)

Q
(2,1,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + (345 + 84x)t7

+
(
800 + 546x+ 84x2

)
t8 +

(
1724 + 2168x+ 886x2 + 84x3

)
t9

+
(
3557 + 6803x+ 5042x2 + 1310x3 + 84x4

)
t10 + · · · (82)

Q
(2,2,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + (348 + 81x)t7

+
(
811 + 538x+ 81x2

)
t8 +

(
1747 + 2163x+ 871x2 + 81x3

)
t9

+
(
3587 + 6826x+ 5017x2 + 1285x3 + 81x4

)
t10 + · · · (83)

Q
(2,2,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + 429t7 + (1178 + 252x)t8

+
(
2848 + 1762x+ 252x2

)
t9 +

(
6311 + 7395x+ 2838x2 + 252x3

)
t10

+
(
13201 + 24156x+ 17011x2 + 4166x3 + 252x4

)
t11 + · · · (84)

Q
(2,3,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + 429t7 + 1430t8 + (4078 + 784x)t9

+
(
10236 + 5776x+ 784x2

)
t10 +

(
23405 + 25349x+ 9248x2 + 784x3

)
t11

+
(
50086 + 85921x+ 57717x2 + 13504x3 + 784x4

)
t12 + · · · (85)

Q
(3,1,∅,1)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (116 + 16x)t6 +

(
308 + 105x+ 16x2

)
t7

+
(
807 + 446x+ 161x2 + 16x3

)
t8 +

(
2108 + 1586x+ 919x2 + 233x3 + 16x4

)
t9

+
(
5507 + 5169x+ 4029x2 + 1754x3 + 321x4 + 16x5

)
t10 + · · · (86)

Q
(3,1,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + (373 + 56x)t7

+
(
998 + 376x+ 56x2

)
t8 +

(
2615 + 1609x+ 582x2 + 56x3

)
t9

+
(
6813 + 5701x+ 3382x2 + 844x3 + 56x4

)
t10 + · · · (87)

Q
(3,1,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + 429t7 + (1238 + 192x)t8

+
(
3347 + 1323x+ 192x2

)
t9 +

(
8798 + 5751x+ 2055x2 + 192x3

)
t10

+
(
22909 + 20509x+ 12197x2 + 2979x3 + 192x4

)
t11 + · · · (88)

Q
(3,2,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + 429t7 + (1234 + 196x)t8

+
(
3314 + 1352x+ 196x2

)
t9 +

(
8643 + 5849x+ 2108x2 + 196x3

)
t10

+
(
22345 + 20688x+ 12497x2 + 3060x3 + 196x4

)
t11 + · · · (89)

Q
(3,2,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + 429t7 + 1430t8 + (4190 + 672x)t9

+
(
11354 + 4770x+ 672x2

)
t10 +

(
29639 + 21023x+ 7452x2 + 672x3

)
t11

+
(
76326 + 75014x+ 45194x2 + 10806x3 + 672x4

)
t12 + · · · (90)
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Q
(3,3,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + 429t7 + 1430t8 + 4862t9

+ (14492 + 2304x)t10 +
(
39625 + 16857x+ 2304x2

)
t11

+
(
103494 + 75853x+ 26361x2 + 2304x3

)
t12

+
(
265047 + 273660x+ 163720x2 + 38169x3 + 2304x4

)
t13 + · · · (91)

From the functions list above, we see the coefficient of the biggest power of x, xn−a−k−`, satisfies that
Q

(a,k,∅,`)
n,132 (x)

∣∣
xn−a−` = (a+1)2

(a+k+1)(k+`+1)

(
a+2k
k

)(
a+2`
`

)
as predicted by Theorem 12.

6 Quadrant marked mesh patterns and hills of Sn(132)

In this section, we want to study the generating function Q(∅,k,∅,`)
132 (t, x) where k, ` ≥ 0. Note that by part

(c) of Lemma 3, a σj can match MMP(∅, k, ∅, `) in σ = σ1 . . . σn ∈ Sn(132) if and only if σj is a peak
of σ which is on the 0th diagonal (main diagonal). In terms of the Dyck path Φ(σ), this is the number of
steps DR which start and end on the main diagonal which are called hills of the Dyck path by Deutsch
(1999); Deutsch and Shapiro (2001). We will call such σi, the hills of σ. Moreover, if σi = n where
i > 1, then there can be no hills in Ai(σ) as one can see from Figure 10.

First we shall show that Q(∅,0,∅,0)
n,132 (x) satisfies a simple recursion. We have two cases.

Case 1. σ1 = n.
In this case σ1 matches MMP(∅, 0, ∅, 0) which contributes an x and a σj where j > 1 matches
MMP(∅, 0, ∅, 0) in σ if and only if σj matches MMP(∅, 0, ∅, 0) in B1(σ). Thus such permuta-
tions contribute xQ(∅,0,∅,0)

n−1,132(x) to Q(∅,0,∅,0)
n,132 (x).

Case 2. σi = n where i ≥ 2.
In this case no element of Ai(σ) ∪ {n} matches MMP(∅, 0, ∅, 0) and a σj in Bi(σ) matches
MMP(∅, 0, ∅, 0) in σ if and only if σj matches MMP(∅, 0, ∅, 0) in Bi(σ). Thus such permuta-
tions contribute Ci−1Q

(∅,0,∅,0)
n−i,132 (x) to Q(∅,0,∅,0)

n,132 (x).

It follows that for n ≥ 1,

Q
(∅,0,∅,0)
n,132 (x) = xQ

(∅,0,∅,0)
n−1,132(x) +

n∑
i=2

Ci−1Q
(∅,0,∅,0)
n−i,132 (x). (92)

Multiplying both sides of the equation by tn and summing for n ≥ 1 gives that

Q
(∅,0,∅,0)
132 (t, x) = 1 + t(C(t) + x− 1)Q

(∅,0,∅,0)
132 (t, x). (93)

Thus,

Q
(∅,0,∅,0)
132 (t, x) =

1

1− t(C(t) + x− 1)
. (94)

Now we calculate Q(∅,k,∅,`)
132 (t, x) for the case when k > 0 and ` ≥ 0. Notice by Lemma 1,

Q
(∅,k,∅,`)
132 (t, x) = Q

(∅,`,∅,k)
132 (t, x). Thus Q(∅,k,∅,0)

132 (t, x) = Q
(∅,0,∅,k)
132 (t, x).

First we shall show that Q(∅,k,∅,`)
n,132 (x) satisfies a simple recursion. Clearly, if n ≤ k + `, no element in

a σ ∈ Sn(132) can match MMP(∅, k, ∅, `). If n ≥ k + `+ 1, then we have two cases.
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Case 1. σi = n where i < k.
In this case, even in the case where i = 1, σi = n cannot match MMP(∅, k, ∅, `). Moreover
if i > 1, then no element in Ai(σ) can match MMP(∅, k, ∅, `). For any σj in Bi(σ), all the
elements in Ai(σ) ∪ {n} are to its left and are greater than or equal to σj . Thus, a σj in Bi(σ)
matches MMP(∅, 0, ∅, 0) in σ if and only if σj matches MMP(∅, k − i, ∅, `) in B1(σ). Thus
such permutations contribute Ci−1Q

(∅,k−i,∅,`)
n−1,132 (x) to Q(∅,k,∅,`)

n,132 (x).

Case 2. σi = n where i ≥ k.
In this case no element of Ai(σ) ∪ {n} matches MMP(∅, k, ∅, `). For any σj in Bi(σ), all
the elements in Ai(σ) ∪ {n} are to its left and are greater than or equal to σj so that such
a σj automatically has k elements to its left which are larger than σj . Thus, a σj in Bi(σ)
matches MMP(∅, k, ∅, `) in σ if and only if σj matches MMP(∅, 0, ∅, `) in Bi(σ). Thus such
permutations contribute Ci−1Q

(∅,0,∅,`)
n−i,132(x) to Q(∅,k,∅,`)

n,132 (x).

It follows that for n ≥ k + `+ 1,

Q
(∅,k,∅,`)
n,132 (x) =

k−1∑
i=1

Ci−1Q
(∅,k−i,∅,`)
n−i,132 (x) +

n∑
i=k

Ci−1Q
(∅,0,∅,`)
n−i,132(x). (95)

Multiplying both sides of the equation by tn and summing for n ≥ 1 gives that

Q
(∅,k,∅,`)
132 (t, x) = 1 + t

k−1∑
i=1

Ci−1t
i−1Q

(∅,k−i,∅,`)
132 (t, x) + t(C(t)−

k−2∑
i=0

Cit
i)Q

(∅,0,∅,`)
132 (t, x). (96)

Thus, we have the following theorem.

Theorem 17.
Q

(∅,0,∅,0)
132 (t, x) =

1

1− t(C(t) + x− 1)
. (97)

For k > 0,
Q

(∅,0,∅,k)
132 (t, x) = Q

(∅,k,∅,0)
132 (t, x), (98)

and

Q
(∅,k,∅,0)
132 (t, x) = 1 + t

k−1∑
i=1

Ci−1t
i−1Q

(∅,k−i,∅,0)
132 (t, x) + t(C(t)−

k−2∑
i=0

Cit
i)Q

(∅,0,∅,0)
132 (t, x). (99)

For k, ` > 0,

Q
(∅,k,∅,`)
132 (t, x) = 1 + t

k−1∑
i=1

Ci−1t
i−1Q

(∅,k−i,∅,`)
132 (t, x) + t(C(t)−

k−2∑
i=0

Cit
i)Q

(∅,0,∅,`)
132 (t, x). (100)

By Corollary 4, we know that the highest power of x that appears in Q(∅,k,∅,`)
n,123 (x) is xn−k−` and that

Q
(∅,k,∅,`)
n,123 (x)

∣∣
xn−k−` = CkC`. (101)
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We start out by listing the first 10 terms in Q(∅,k,∅,0)
132 (t, x) for k = 0, . . . , 5.

Q
(∅,0,∅,0)
132 (t, x) =1 + xt+

(
1 + x2

)
t2 +

(
2 + 2x+ x3

)
t3 +

(
6 + 4x+ 3x2 + x4

)
t4

+
(
18 + 13x+ 6x2 + 4x3 + x5

)
t5 +

(
57 + 40x+ 21x2 + 8x3 + 5x4 + x6

)
t6

+
(
186 + 130x+ 66x2 + 30x3 + 10x4 + 6x5 + x7

)
t7

+
(
622 + 432x+ 220x2 + 96x3 + 40x4 + 12x5 + 7x6 + x8

)
t8

+
(
2120 + 1466x+ 744x2 + 328x3 + 130x4 + 51x5 + 14x6 + 8x7 + x9

)
t9 + · · ·

(102)

Q
(∅,1,∅,0)
132 (t, x) =1 + t+ (1 + x)t2 +

(
3 + x+ x2

)
t3 +

(
8 + 4x+ x2 + x3

)
t4

+
(
24 + 11x+ 5x2 + x3 + x4

)
t5 +

(
75 + 35x+ 14x2 + 6x3 + x4 + x5

)
t6

+
(
243 + 113x+ 47x2 + 17x3 + 7x4 + x5 + x6

)
t7

+
(
808 + 376x+ 156x2 + 60x3 + 20x4 + 8x5 + x6 + x7

)
t8+(

2742 + 1276x+ 532x2 + 204x3 + 74x4 + 23x5 + 9x6 + x7 + x8
)
t9 + · · · (103)

Q
(∅,2,∅,0)
132 (t, x) =1 + t+ 2t2 + (3 + 2x)t3 +

(
9 + 3x+ 2x2

)
t4 +

(
26 + 11x+ 3x2 + 2x3

)
t5

+
(
81 + 33x+ 13x2 + 3x3 + 2x4

)
t6

+
(
261 + 108x+ 40x2 + 15x3 + 3x4 + 2x5

)
t7

+
(
865 + 359x+ 137x2 + 47x3 + 17x4 + 3x5 + 2x6

)
t8

+
(
2928 + 1220x+ 468x2 + 168x3 + 54x4 + 19x5 + 3x6 + 2x7

)
t9 + · · · (104)

Q
(∅,3,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + (9 + 5x)t4 +

(
28 + 9x+ 5x2

)
t5+(

85 + 33x+ 9x2 + 5x3
)
t6 +

(
273 + 104x+ 38x2 + 9x3 + 5x4

)
t7

+
(
901 + 349x+ 123x2 + 43x3 + 9x4 + 5x5

)
t8

+
(
3042 + 1186x+ 430x2 + 142x3 + 48x4 + 9x5 + 5x6

)
t9 + · · · (105)

Q
(∅,4,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (28 + 14x)t5

+
(
90 + 28x+ 14x2

)
t6 +

(
283 + 104x+ 28x2 + 14x3

)
t7

+
(
931 + 339x+ 118x2 + 28x3 + 14x4

)
t8

+
(
3132 + 1161x+ 395x2 + 132x3 + 28x4 + 14x5

)
t9 + · · · (106)

Q
(∅,5,∅,0)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (90 + 42x)t6

+
(
297 + 90x+ 42x2

)
t7 +

(
959 + 339x+ 90x2 + 42x3

)
t8

+
(
3216 + 1133x+ 381x2 + 90x3 + 42x4

)
t9 + . . . (107)

It is known that the sequence {Q(∅,0,∅,0)
n,132 (x)

∣∣
x0}n≥1 is the Fine numbers which is sequence A000957

in the On-line Encyclopedia of Integer Sequences (OEIS) of Sloane. Similarly, {Q(∅,0,∅,0)
n,132 (x)

∣∣
x1}n≥1 is

sequence A065601 in the OEIS. However the sequence {Q(∅,0,∅,0)
n,132 (x)

∣∣x2}n≥2 which starts out
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1, 0, 3, 6, 21, 66, 220, 744, . . . does not appear in the OEIS. This counts the number of Dyck paths with
exactly 2 hills. Nevertheless, it is easy to compute the generating function for the sequence by taking the
second derivative of Q(∅,0,∅,0)

132 (t, x) with respect to x, dividing it by 2, and setting x = 0. In this case, the
generating function is 16t2

2(1+
√
1−4t+2t)3

.

The sequence {Q(∅,1,∅,0)
n,132 (x)

∣∣x0}n≥1 which starts 1, 1, 3, 8, 24, 75, 243, 808, . . . is sequence A000958
in the OEIS and counts the number of ordered rooted trees with n edges having the root of odd degree.
None of sequences {Q(∅,k,∅,0)

n,132 (x)
∣∣x0}n≥1 where 2 ≤ k ≤ 5 appear in the OEIS. None of sequences

{Q(∅,k,∅,0)
n,132 (x)

∣∣x1}n≥1 where 1 ≤ k ≤ 5 appear in the OEIS. In both cases, we can easily compute the
generating functions of these sequences.

We list the first 10 terms of function Q(∅,k,∅,`)
132 (t, x) for 1 ≤ k ≤ ` ≤ 3.

Q
(∅,1,∅,1)
132 (t, x) =1 + t+ 2t2 + (4 + x)t3 +

(
11 + 2x+ x2

)
t4 +

(
32 + 7x+ 2x2 + x3

)
t5

+
(
99 + 22x+ 8x2 + 2x3 + x4

)
t6 +

(
318 + 73x+ 26x2 + 9x3 + 2x4 + x5

)
t7

+
(
1051 + 246x+ 90x2 + 30x3 + 10x4 + 2x5 + x6

)
t8

+
(
3550 + 844x+ 312x2 + 108x3 + 34x4 + 11x5 + 2x6 + x7

)
t9 + · · · (108)

Q
(∅,1,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + (12 + 2x)t4 +

(
35 + 5x+ 2x2

)
t5

+
(
107 + 18x+ 5x2 + 2x3

)
t6 +

(
342 + 60x+ 20x2 + 5x3 + 2x4

)
t7

+
(
1126 + 206x+ 69x2 + 22x3 + 5x4 + 2x5

)
t8

+
(
3793 + 714x+ 246x2 + 78x3 + 24x4 + 5x5 + 2x6

)
t9 + · · · (109)

Q
(∅,1,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (37 + 5x)t5 +

(
113 + 14x+ 5x2

)
t6

+
(
358 + 52x+ 14x2 + 5x3

)
t7 +

(
1174 + 180x+ 57x2 + 14x3 + 5x4

)
t8

+
(
3943 + 634x+ 204x2 + 62x3 + 14x4 + 5x5

)
t9 + · · · (110)

Q
(∅,2,∅,2)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (38 + 4x)t5 +

(
116 + 12x+ 4x2

)
t6

+
(
368 + 45x+ 12x2 + 4x3

)
t7 +

(
1207 + 158x+ 49x2 + 12x3 + 4x4

)
t8

+
(
4054 + 561x+ 178x2 + 53x3 + 12x4 + 4x5

)
t9 + · · · (111)

Q
(∅,2,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (122 + 10x)t6 +

(
386 + 33x+ 10x2

)
t7

+
(
1259 + 128x+ 33x2 + 10x3

)
t8 (112)

+
(
4216 + 465x+ 138x2 + 33x3 + 10x4

)
t9 + · · ·

Q
(∅,3,∅,3)
132 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + (404 + 25x)t7

+
(
1315 + 90x+ 25x2

)
t8 +

(
4386 + 361x+ 90x2 + 25x3

)
t9 + · · · (113)

From the functions list above, we see the coefficient of the biggest power of x satisfies that
Q

(∅,k,∅,`)
n,123 (x)

∣∣
xn−k−` = CkC` as predicated by Corollary 4.
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7 The functions Q
(0,k,0,0)
123 (t, x) and Q

(0,k,0,`)
123 (t, x) for ` ≥ 1

In this section, we will discuss how to compute the generating functions Q(0,k,0,0)
123 (t, x) and

Q
(0,k,0,`)
123 (t, x) for ` ≥ 1. These generating functions cannot be reduced to Q(a,b,c,d)

132 (t, x) so that we will
use the Ψ map to develop recursions for such functions. Since we are considering quadrant marked mesh
patterns where neither the first nor third quadrants need to be empty, this means both peaks and non-peaks
can match such patterns.

We start by considering generating functions of the form Q
(0,k,0,0)
123 (t, x). In this case, it will be useful

to separately track peaks and non-peaks. Thus if σ = σ1 . . . σn ∈ Sn(123), then we will say that σi
matches the pattern MMP(0,

(
k1
k2

)
, 0, 0) if σi is a peak of σ and it matches the pattern MMP(0, k1, 0, 0)

or σi is a non-peak of σ and it matches the pattern MMP(0, k2, 0, 0). We write MMP(a, b, c, d)-mch for
short of MMP(a, b, c, d) pattern match, then we define

Q
(0,(k1

k2
),0,0)

123 (t, x0, x1) =

∞∑
n=0

tn
∑

σ∈Sn(123)

x
# MMP(0,k1,0,0)-mch of peaks
0 x

# MMP(0,k2,0,0)-mch of non-peaks
1

(114)
and

Q
(0,(k1

k2
),0,0)

n,123 (x0, x1) =
∑

σ∈Sn(123)

x
# MMP(0,k1,0,0)-mch of peaks
0 x

# MMP(0,k2,0,0)-mch of non-peaks
1 . (115)

Clearly, Q(0,k,0,0)
123 (t, x) = Q

(0,(k
k),0,0)

123 (t, x, x).

First we will compute Q
(0,(0

0),0,0)
123 (t, x0, x1). When k1 = k2 = 0, in the generating function

Q
(0,(0

0),0,0)
123 (t, x0, x1), the variable x0 is used to keep track of the number of peaks in σ and the variable

x1 is used to keep track of the number of non-peaks of σ. Since the number of peaks and non-peaks in

any σ ∈ Sn(123) add up to n, we can write Q
(0,(0

0),0,0)
123 (t, x0, x1) in terms of Q(0,0,∅,0)

123 (t, x) which tracks
the number of peaks. That is,

Q
(0,(0

0),0,0)
123 (t, x0, x1) = Q

(0,0,∅,0)
123 (tx1,

x0
x1

)

=
1− tx0 + tx1 −

√
(1− tx0 + tx1)2 − 4tx1
2tx1

. (116)

When k1 and k2 are not both nonzero, we need to analyze the difference between Ψ−1(P ) where P a
Dyck path in Dn and Ψ−1 on the lift of the path P , lift(P ), which is the Dyck path DPR ∈ Dn+1. The
lifting operation is pictured in Figure 11. It is easy to see that the peaks of P and lift(P ) are labeled with
the same numbers under Ψ−1. Since we label the rows and columns that do not contain peaks from left to
right with the numbers of non-peaks in decreasing order under the map Ψ−1, it is easy to see that n + 1
will be in the column of the first non-peak and that all the remaining shifts over one to the next column
that does not contain a peak. This is illustrated in Figure 11.

The change in the labeling of the non-peaks is as follows. It is easy to see from Figure 11 in the red
cells in the case where Ψ−1(P ) = σ = (8, 6, 9, 7, 4, 3, 2, 5, 1) ∈ S9(123) and Ψ−1(lift(P )) = σ′ =
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(8, 6, 10, 9, 4, 3, 2, 7, 1, 5). It is easy to see that the action of lift does not change the number of elements
in the second quadrant of the peak numbers; but increases the number of elements in the second quadrant
of the non-peak numbers by 1 since the number n + 1 is in the second quadrant of the non-peaks. In
addition, the action of lift creates a new non-peak, namely, n + 1. For our convenience, we write lift(σ)
for the permutation Ψ−1(lift(P )).

8

6

9

7

4

3

2

5

1

=⇒

8

6

4

3

2

1

9

7

5

10

9

7

5

Fig. 11: σ = (8, 6, 9, 7, 4, 3, 2, 5, 1) and lift(σ)

With the lift action, we can apply the Dyck path recursion for permutations in Sn(123). For any
permutation σ ∈ S123, we suppose that the first return of the Dyck path Ψ(σ) of σ is located after the ith

column. Then we can partition σ according to the structureAi(σ) before the return on a height 1 trapezoid
and a Dyck path structure Bi(σ) after the return as illustrated in Figure 12(a). Note that if σj is in B(σi),
then σj is a peak of σ if and only if it is peak of Bi(σ).

Ai

i

Bi

1

1

n

n

(a)

lift(Ai(σ))

i

Bi(σ)

1

1

n

n

(b)

Fig. 12: Dyck path recursion of Sn(123)

We first calculate the function Q
(0,(k1

0 ),0,0)
123 (t, x0, x1) for k1 > 0. We can develop simple recursions for

Q
(0,(k1

0 ),0,0)
n,123 (x0, x1). Note that when n ≤ k1, then no peak in a σ ∈ Sn(123) can match MMP(0, k1, 0, 0)
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so that Q
(0,(k1

0 ),0,0)
n,123 (x0, x1) = Q

(0,(0
0),0,0)

n,123 (1, x1).
Next assume that n ≥ k1 + 1. We are tracking the number of peaks matching MMP(0, k1, 0, 0) by x0

and tracking the number of non-peaks by x1 in the polynomial Q
(0,(k1

0 ),0,0)
n,123 (x0, x1). We will classify the

permutations σ ∈ Sn(123) according to the column i of the first return of Ψ(σ). If the first return of Ψ(σ)
occurs in ith column of σ, then we shall partition σ into lift(Ai(σ)) and Bi(σ) as pictured in Figure 12.
We then have three cases.

Case 1. i = 1.
In this case, σ1 = n is a peak and the path Ψ(σ) starts out DR . . .. Thus σ1 does not match
MMP(0, k1, 0, 0) in σ in this case. For any σj in B1(σ), n is always an element which is to
the left of σj which is larger than σj so that σj matches MMP(0, k1, 0, 0) in σ if and only if σj
matches MMP(0, k1 − 1, 0, 0) in B1(σ). Thus such permutations contribute

Q
(0,(k1−1

0 ),0,0)
n−1,123 (x0, x1) to Q

(0,(k1
0 ),0,0)

n,123 (x0, x1).

Case 2. 1 < i ≤ k1.
In this case, the only thing that has changed with respect to matches of MMP(0, k1, 0, 0) for
peaks and the matches of MMP(0, 0, 0, 0) for non-peaks in moving to lift(Ai(σ)) from Ai(σ)
is that we have one more non-peak. Clearly, no peak of σ that is in lift(Ai(σ)) can match
MMP(0, k1, 0, 0) because it will automatically have less than k1 elements to the left which is
larger than it. Moreover, for any σj in Bi(σ), the elements in the lift(Ai(σ)) are elements to
the left of σj which are larger than σj so that a peak σj of σ matches MMP(0, k1, 0, 0) in σ
if and only if σj matches MMP(0, k1 − i, 0, 0) in Bi(σ). Thus such permutations contribute

x1Q
(0,(0

0),0,0)
i−1,123 (1, x1)Q

(0,(k1−i
0 ),0,0)

n−i,123 (x0, x1) to Q
(0,(k1

0 ),0,0)
n,123 (x0, x1).

Case 3. i > k1.
Again, the only thing that has changed with respect to matches of MMP(0, k1, 0, 0) for peaks
and the matches of MMP(0, 0, 0, 0) for non-peaks in moving to lift(Ai(σ)) from Ai(σ) is
that we have one more non-peak. A peak σj of σ that is in Bi(σ) automatically matches
MMP(0, k1, 0, 0) since all the elements in lift(Ai(σ)) are to the left of σj and greater than

σj . Thus such permutations contribute x1Q
(0,(k1

0 ),0,0)
i−1,123 (x0, x1)Q

(0,(0
0),0,0)

n−i,123 (x0, x1) to

Q
(0,(k1

0 ),0,0)
n,123 (x0, x1).

It follows that for n ≥ k1 + 1,

Q
(0,(k1

0 ),0,0)
n,123 (x0, x1) = Q

(0,(k1−1
0 ),0,0)

n−1,123 (x0, x1) + x1

k1∑
i=2

Q
(0,(0

0),0,0)
i−1,123 (1, x1)Q

(0,(k1−i
0 ),0,0)

n−i,123 (x0, x1)

+x1

n∑
i=k1+1

Q
(0,(k1

0 ),0,0)
i−1,123 (x0, x1)Q

(0,(0
0),0,0)

n−i,123 (x0, x1). (117)
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Multiplying both sides of the equation by tn and summing for n ≥ k1 + 1 gives that

Q
(0,(k1

0 ),0,0)
123 (t, x0, x1)−

k1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1)

= t(Q
(0,(k1−1

0 ),0,0)
123 (t, x0, x1)−

k1−1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1))

+ tx1

k1∑
i=2

ti−1Q
(0,(0

0),0,0)
i−1,123 (1, x1)(Q

(0,(k1−i
0 ),0,0)

123 (t, x0, x1)−
k1−i∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1))

+ tx1Q
(0,(0

0),0,0)
123 (t, x0, x1)(Q

(0,(k1
0 ),0,0)

123 (t, x0, x1)−
k1−1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1))). (118)

Simplifying the equation gives

Q
(0,(k1

0 ),0,0)
123 (t, x0, x1) =

∆k1(x0, x1, t)

1− tx1Q
(0,(0

0),0,0)
123 (t, x0, x1)

, (119)

where

∆k1(x0, x1, t) = Kk1(x1) + tQ
(0,(k1−1

0 ),0,0)
123 (t, x0, x1)

+tx1

k1∑
i=2

ti−1Q
(0,(0

0),0,0)
i−1,123 (1, x1)Q

(0,(k1−i
0 ),0,0)

123 (t, x0, x1)

−tx1Q
(0,(0

0),0,0)
123 (t, x0, x1)(

k1−1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1)) (120)

and

Kk1(x1) =

k1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1)− t

k1−1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1)

−tx1
k1∑
i=2

ti−1Q
(0,(0

0),0,0)
i−1,123 (1, x1)(

k1−i∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1)). (121)

However, it is easy to see using our recursions for Q
(0,(k1

0 ),0,0)
n,123 (x0, x1) that

0 =

k1∑
j=1

tjQ
(0,(0

0),0,0)
j,123 (1, x1)− t

k1−1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1)

−tx1
k1∑
i=2

ti−1Q
(0,(0

0),0,0)
i−1,123 (1, x1)(

k1−i∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1)) (122)
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so that

Q
(0,(k1

0 ),0,0)
123 (t, x0, x1) =

1

1− tx1Q
(0,(0

0),0,0)
123 (t, x0, x1)

(
1 + tQ

(0,(k1−1
0 ),0,0)

123 (t, x0, x1)

+tx1

k1∑
i=2

ti−1Q
(0,(0

0),0,0)
i−1,123 (1, x1)Q

(0,(k1−i
0 ),0,0)

123 (t, x0, x1)

−tx1Q
(0,(0

0),0,0)
123 (t, x0, x1)(

k1−1∑
j=0

tjQ
(0,(0

0),0,0)
j,123 (1, x1))

)
. (123)

Next we will calculate the function Q
(0,( 0

k2
),0,0)

123 (t, x0, x1) for k2 > 0. In this case, we are tracking the
number of non-peaks matching MMP(0, k2, 0, 0) by x1 and tracking the number of peaks by x0. We will
classify the permutations σ ∈ Sn(123) according to the column i of the first return of Ψ(σ). If the first
return of Ψ(σ) occurs in ith column of σ, then we shall partition σ into lift(Ai(σ)) and Bi(σ) as pictured
in Figure 12. We then have three cases.

Case 1. i = 1.
In this case σ1 = n is a peak and the path Ψ(σ) starts out DR · · ·. For any σj in B1(σ),
n is always an element which is to the left of σj which is larger than σj so that σj matches
MMP(0, k2, 0, 0) in σ if and only if σj matches MMP(0, k2 − 1, 0, 0) in B1(σ). Thus such

permutations contribute x0Q
(0,( 0

k2−1),0,0)
n−1,123 (x0, x1) to Q

(0,( 0
k2

),0,0)
n,123 (x0, x1).

Case 2. 1 < i ≤ k2.
In this case, the only thing that has changed with respect to matches of MMP(0, 0, 0, 0) for peaks
and the matches of MMP(0, k2, 0, 0) for non-peaks in moving to lift(Ai(σ)) from Ai(σ) is that
we have one more non-peak which is in the first row. This new non-peak will be to the left of and
larger than any non-peak in σ. None of the non-peaks in lift(Ai(σ)) match MMP(0, k2, 0, 0)
in σ since no element in lift(Ai(σ)) has k2 elements to its left. For any σj in Bi(σ), all the
elements in lift(Ai(σ)) are elements to the left of and larger than σj so that a non-peak σj of σ
matches MMP(0, k2, 0, `) in σ if and only if σj matches MMP(0, k2 − i, 0, `) in Bi(σ). Thus

such permutations contribute Q
(0,(0

0),0,0)
i−1,123 (x0, 1)Q

(0,( 0
k2−i),0,0)

n−i,123 (x0, x1) to Q
(0,( 0

k2
),0,0)

n,123 (x0, x1).

Case 3. i > k2.
Again, the only thing that has changed with respect to matches of MMP(0, 0, 0, 0) for peaks
and the matches of MMP(0, k2, 0, 0) for non-peaks in moving to lift(Ai(σ)) from Ai(σ) is that
we have one more non-peak which is in the first row. This new non-peak will be to the left of
and larger than any non-peak in σ. For any remaining non-peak σj in lift(Ai(σ)), it will match
MMP(0, k2, 0, 0) in σ if and only if its corresponding non-peak matches MMP(0, k2 − 1, 0, 0)
in Ai(σ). A non-peak σj of σ that is in Bi(σ) automatically matches MMP(0, k2, 0, 0) since
all the elements in lift(Ai(σ)) are to the left of σj and greater than σj . Thus such permutations

contribute Q
(0,( 0

k2−1),0,0)
i−1,123 (x0, x1)Q

(0,(0
0),0,0)

n−i,123 (x0, x1) to Q
(0,( 0

k2
),0,0)

n,123 (x0, x1).
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It follows that for n ≥ k2 + 1,

Q
(0,( 0

k2
),0,0)

n,123 (x0, x1) = x0Q
(0,( 0

k2−1),0,0)
n−1,123 (x0, x1) +

k2−1∑
i=2

Q
(0,(0

0),0,0)
i−1,123 (x0, 1)Q

(0,( 0
k2−i),0,0)

n−i,123 (x0, x1)

+

n∑
i=k2

Q
(0,( 0

k2−1),0,0)
i−1,123 (x0, x1)Q

(0,(0
0),0,0)

n−i,123 (x0, x1). (124)

From this recursion, one can compute in essentially the same way that we computed

Q
(0,(k1

0 ),0,0)
123 (t, x0, x1) that

Q
(0,( 0

k2
),0,0)

123 (t, x0, x1) = 1 + tx0Q
(0,( 0

k2−1),0,0)
123 (t, x0, x1)

+t

k2−1∑
i=2

ti−1Q
(0,(0

0),0,0)
i−1,123 (x0, 1)Q

(0,( 0
k2−i),0,0)

123 (t, x0, x1)

+tQ
(0,(0

0),0,0)
123 (t, x0, x1)(Q

(0,( 0
k2−1),0,0)

123 (t, x0, x1)

−
k2−2∑
i=0

tiQ
(0,(0

0),0,0)
i,123 (x0, 1)). (125)

Next we will show that the polynomialsQ
(0,(k1

k2
),0,0)

n,123 (x0, x1) satisfy a simple recursion for any k1, k2 >

0 that involve the polynomials Q
(0,(a

0),0,0)
n,123 (x0, x1) and Q

(0,(0
b),0,0)

n,123 (x0, x1). We first consider the case
when k1 ≥ k2 ≥ 1. We will classify the permutations σ ∈ Sn(123) according to the column i of the
first return of Ψ(σ). If the first return of Ψ(σ) occurs in ith column of σ, then we shall partition σ into
lift(Ai(σ)) and Bi(σ) as pictured in Figure 12. We then have two cases.

Case 1. i < k1.
In this case no peak in lift(Ai(σ)) can match MMP(0, k1, 0, 0). Thus in lift(Ai(σ)), we need
only track the number of non-peaks which match MMP(0, k2, 0, 0). The new non-peak that is
created in going from Ai(σ) to lift(Ai(σ)) has no elements to its left which are greater than
it so it cannot match MMP(0, k2, 0, 0) since k2 ≥ 1. However the new non-peak is larger
than and to the left of any other non-peak in lift(Ai(σ)). Thus for all the remaining non-
peaks in lift(Ai(σ)), they match MMP(0, k2, 0, 0) in σ if and only if they match MMP(0, k2 −
1, 0, 0) in Ai(σ). Since all the elements of lift(Ai(σ)) are larger than and to the left of all
the elements in Bi(σ), a peak in Bi(σ) matches MMP(0, k1, 0, 0) in σ if and only it matches
MMP(0, k1 − i, 0, 0) in Bi(σ) and a non-peak in Bi(σ) matches MMP(0, k2, 0, 0) in σ if and
only it matches MMP(0,max(k2 − i, 0), 0, 0) in Bi(σ). It follows that such permutations con-

tribute Q
(0,( 0

k2−1),0,0)
i−1,123 (1, x1)Q

(0,( k1−i

max(k2−i,0)),0,0)
n−i,123 (x0, x1) to Q

(0,(k1
k2

),0,0)
n,123 (x0, x1).

Case 2. i ≥ k1.
By our analysis in Case 1, each non-peak in lift(Ai(σ)), except the new non-peak created in
going from Ai(σ) to lift(Ai(σ)), matches MMP(0, k2, 0, 0) in σ if and only if it matches
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MMP(0, k2− 1, 0, 0) in lift(Ai(σ)). Each peak in lift(Ai(σ)) matches MMP(0, k1, 0, 0) in σ if
and only if it matches MMP(0, k1, 0, 0) inAi(σ). Every peak inBi(σ) matches MMP(0, k1, 0, 0)
in σ and every non-peak matches MMP(0, k2, 0, 0) in σ. It follows that such permutations con-

tribute Q
(0,( k1

k2−1),0,0)
i−1,123 (x0, x1)Q

(0,(0
0),0,0)

n−i,123 (x0, x1) to Q
(0,(k1

k2
),0,0)

n,123 (x0, x1).

It follows that

Q
(0,(k1

k2
),0,0)

n,123 (x0, x1) =

k1−1∑
i=1

Q
(0,( 0

k2−1),0,0)
i−1,123 (1, x1)Q

(0,( k1−i

max(k2−i,0)),0,0)
n−i,123 (x0, x1)

+

n∑
i=k1

Q
(0,( k1

k2−1),0,0)
i−1,123 (x0, x1)Q

(0,(0
0),0,0)

n−i,123 (x0, x1). (126)

Multiplying both sides of the equation by tn and summing for n ≥ 1 gives that

Q
(0,(k1

k2
),0,0)

123 (t, x0, x1) = 1 + t

k1−1∑
i=1

Q
(0,( 0

k2−1),0,0)
i−1,123 (1, x1)ti−1Q

(0,( k1−i

max(k2−i,0)),0,0)
123 (t, x0, x1)

+tQ
(0,(0

0),0,0)
123 (t, x0, x1)(Q

(0,( k1
k2−1),0,0)

123 (t, x0, x1)

−
k1−2∑
i=0

Q
(0,( 0

k2−1),0,0)
i,123 (x0, x1)ti). (127)

Similarly, for k2 > k1 ≥ 1, we can do similar analysis and obtain that

Q
(0,(k1

k2
),0,0)

123 (t, x0, x1) = 1 + t

k2−1∑
i=1

Q
(0,(k1

0 ),0,0)
i−1,123 (x0, 1)ti−1Q

(0,(max(k1−i,0)
k2−i ),0,0)

123 (t, x0, x1)

+tQ
(0,(0

0),0,0)
123 (t, x0, x1)(Q

(0,( k1
k2−1),0,0)

123 (t, x0, x1)

−
k2−2∑
i=0

Q
(0,(k1

0 ),0,0)
i,123 (x0, x1)ti). (128)

Theorem 18. For all k1, k2 > 0, we have

Q
(0,(k1

0 ),0,0)
123 (t, x0, x1) =

1

1− tx1Q
(0,(0

0),0,0)
123 (t, x0, x1)

(
1 + tQ

(0,(k1−1
0 ),0,0)

123 (t, x0, x1)

+tx1

k1−1∑
i=2

ti−1Q
(0,(0

0),0,0)
i−1,123 (1, x1)Q

(0,(k1−i
0 ),0,0)

123 (t, x0, x1)

−tx1Q
(0,(0

0),0,0)
123 (t, x0, x1)

k1−2∑
i=0

tiQ
(0,(0

0),0,0)
i−1,123 (1, x1)

)
, (129)
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Q
(0,( 0

k2
),0,0)

123 (t, x0, x1) = 1 + tx0Q
(0,( 0

k2−1),0,0)
123 (t, x0, x1)

+t

k2−1∑
i=2

Q
(0,(0

0),0,0)
i−1,123 (x0, 1)ti−1Q

(0,( 0
k2−i),0,0)

123 (t, x0, x1)

+tQ
(0,(0

0),0,0)
123 (t, x0, x1)(Q

(0,( 0
k2−1),0,0)

123 (t, x0, x1)

−
k2−2∑
i=0

Q
(0,(0

0),0,0)
i,123 (x0, 1)ti). (130)

When k1 ≥ k2 ≥ 1,

Q
(0,(k1

k2
),0,0)

123 (t, x0, x1) = 1 + t

k1−1∑
i=1

Q
(0,( 0

k2−1),0,0)
i−1,123 (1, x1)ti−1Q

(0,( k1−i

max(k2−i,0)),0,0)
123 (t, x0, x1)

+tQ
(0,(0

0),0,0)
123 (t, x0, x1)(Q

(0,( k1
k2−1),0,0)

123 (t, x0, x1)

−
k1−2∑
i=0

Q
(0,( 0

k2−1),0,0)
i,123 (x0, x1)ti); (131)

for k2 > k1 ≥ 1,

Q
(0,(k1

k2
),0,0)

123 (t, x0, x1) = 1 + t

k2−1∑
i=1

Q
(0,(k1

0 ),0,0)
i−1,123 (x0, 1)ti−1Q

(0,(max(k1−i,0)
k2−i ),0,0)

123 (t, x0, x1)

+tQ
(0,(0

0),0,0)
123 (t, x0, x1)(Q

(0,( k1
k2−1),0,0)

123 (t, x0, x1)

−
k2−2∑
i=0

Q
(0,(k1

0 ),0,0)
i,123 (x0, x1)ti). (132)

Finally, we have

Q
(0,k,0,0)
123 (t, x) = Q

(0,(k
k),0,0)

123 (t, x, x). (133)

We list the first few terms of function Q(0,k,0,0)
132 (t, x) for k = 1, . . . , 5.

Q
(0,1,0,0)
123 (t, x) =1 + t+ (1 + x)t2 +

(
3x+ 2x2

)
t3 +

(
9x2 + 5x3

)
t4 +

(
28x3 + 14x4

)
t5

+
(
90x4 + 42x5

)
t6 +

(
297x5 + 132x6

)
t7

+
(
1001x6 + 429x7

)
t8 +

(
3432x7 + 1430x8

)
t9 + · · · (134)

Q
(0,2,0,0)
123 (t, x) =1 + t+ 2t2 + (3 + 2x)t3 +

(
1 + 9x+ 4x2

)
t4 +

(
5x+ 27x2 + 10x3

)
t5

+
(
20x2 + 84x3 + 28x4

)
t6 +

(
75x3 + 270x4 + 84x5

)
t7

+
(
275x4 + 891x5 + 264x6

)
t8 +

(
1001x5 + 3003x6 + 858x7

)
t9 + · · · (135)
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Q
(0,3,0,0)
123 (t, x) =1 + t+ 2t2 + 5t3 + (9 + 5x)t4 +

(
5 + 27x+ 10x2

)
t5

+
(
1 + 25x+ 81x2 + 25x3

)
t6 +

(
7x+ 100x2 + 252x3 + 70x4

)
t7

+
(
35x2 + 375x3 + 810x4 + 210x5

)
t8

+
(
154x3 + 1375x4 + 2673x5 + 660x6

)
t9 + · · · (136)

Q
(0,4,0,0)
123 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + (28 + 14x)t5 +

(
20 + 84x+ 28x2

)
t6

+
(
7 + 100x+ 252x2 + 70x3

)
t7 +

(
1 + 49x+ 400x2 + 784x3 + 196x4

)
t8

+
(
9x+ 245x2 + 1500x3 + 2520x4 + 588x5

)
t9

+
(
54x2 + 1078x3 + 5500x4 + 8316x5 + 1848x6

)
t10

+
(
273x3 + 4459x4 + 20020x5 + 28028x6 + 6006x7

)
t11 + · · · (137)

Q
(0,5,0,0)
123 (t, x) =1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + (90 + 42x)t6 +

(
75 + 270x+ 84x2

)
t7

+
(
35 + 375x+ 810x2 + 210x3

)
t8 +

(
9 + 245x+ 1500x2 + 2520x3 + 588x4

)
t9

+
(
1 + 81x+ 1225x2 + 5625x3 + 8100x4 + 1764x5

)
t10

+
(
11x+ 486x2 + 5390x3 + 20625x4 + 26730x5 + 5544x6

)
t11

+
(
77x2 + 2457x3 + 22295x4 + 75075x5 + 90090x6 + 18018x7

)
t12

+
(
440x3 + 11340x4 + 89180x5 + 273000x6 + 308880x7 + 60060x8

)
t13 + · · ·

(138)

7.1 The function Q
(0,k,0,`)
123 (t, x)

In this section, we will show how to compute Q(0,k,0,`)
123 (t, x) for small values of k and `. In this case, we

have not been able to obtain simple recursions for the polynomials Q(0,k,0,`)
n,123 (x) because the process of

going from Ai(σ) to lift(Ai(σ)) is not nicely behaved with respect to elements in the fourth quadrant of
the graph of σ centered at an element (j, σj) when j ≤ i. However, in this case, we establish formulas for
the coefficients of Q(0,1,0,1)

123 (t, x), Q(0,2,0,1)
123 (t, x) and Q(0,2,0,2)

123 (t, x) by direct counting arguments.
Suppose that σ ∈ Sn(123). It is easy to see that no number in the top k rows or the left-most k columns

in the graph of σ can match MMP(0, k, 0, 0) in σ. Similarly, it is easy to see that no number in the
bottom ` rows or right-most ` columns in the graph of σ can match MMP(0, 0, 0, `) in σ. Given σj in
σ, consider the graph of G(σ) of σ relative to the coordinate system centered at the point (j, σj). Since
σ is 123-avoiding, σj cannot have elements in both its first and third quadrant. σj is a peak if and only
if it has no elements in its third quadrant and σj is non-peak if and only if it has at least one element in
its third quadrant and no element in its first quadrant. Now suppose that σj is a peak that is not in the
top k-rows or the left-most k columns and is not in bottom ` rows or right-most ` columns. The elements
in its first quadrant are the elements to the north-east of (j, σj). Since σj has no elements in its third
quadrant, it follows that the elements of σ in the first k columns must all be in the second quadrant for
σj and the elements in bottom ` rows of σ must all be in the fourth quadrant for σj . Thus σj matches
MMP(0, k, 0, `). Next suppose that σj is a non-peak that is not in the top k-rows or the left-most k
columns and is not in bottom ` rows or right-most ` columns. Then σj has no elements in its first quadrant
and the elements in its third quadrant are the elements south-west of (j, σj). Again it follows that the
elements of σ in the top k rows must all be in the second quadrant for σj and the elements in right-most `



Quadrant marked mesh patterns in 123-avoiding permutations 39

columns of σ must all be in the fourth quadrant for σj . Thus σj matches MMP(0, k, 0, `). For example,
in Figure 13, we have pictured this situation in the case where k = 2 and ` = 1 where the red cells
represent the cells that are not in the top k-rows or the left-most k columns and are not in bottom ` rows
or right-most ` columns. Thus we have the following theorem.

Theorem 19. For any 123-avoiding permutation σ = σ1 . . . σn, σj matches MMP(0, k, 0, `) in σ if and
only if, in the graph G(σ) of σ, (j, σj) does not lie in the top k rows or the bottom ` rows and it does not
lie in the left-most k columns or the right-most ` columns. Thus

mmp(0,k,0,`)(σ) =

∣∣∣∣{j|k < j ≤ n− ` and k < σj ≤ n− `}
∣∣∣∣. (139)

8

6

9

7

4

3

2

5

1

Fig. 13: MMP(0, 2, 0, 1) matches of the permutation σ = 869743251

Thus, for any permutation σ ∈ Sn(123), Theorem 19 tells that we need to count the numbers in the
rectangle that are obtained by deleting the top k rows and bottom ` rows and deleting the left-most k
columns and the right-most ` columns. We have pictured this region in red and its complement in blue in
Figure 14. We shall call the blue area the k, `-frame area and the corners A ∪ B ∪ C ∪D the k, `-corner
area. Now suppose that σ ∈ Sn(123) and in the graph of σ, there are r elements in the k, `-corner area and
a total of s numbers in the k, `-frame area. In Figure 14, we have labeled the rectangles in the k, `-frame
area that are not part of the k, `-corner area as E,F,G,H starting at the top and proceeding clockwise.
Suppose that in σ there are a elements in region A, b elements in region B, c elements in region C, d
elements in region D, e elements in region E, f elements in region F , g elements in region G, and h
elements region H . Then a + e + b = k and c + g + d = ` since there are k elements of σ in the top k
rows and ` elements of σ in the bottom ` rows. Similarly, a+h+ c = k and b+ f + d = ` since there are
k elements in the left-most k columns and ` elements in the right-most ` columns. Adding these equation
together we see that

2(k + `) = 2a+ 2b+ 2c+ 2d+ e+ f + g + h = r + s. (140)

Thus we have the following theorem.

Theorem 20. For any k, ` ≥ 0, n > k + ` and σ ∈ Sn(123), suppose there are r numbers in the
k, `-corner area and s numbers in the k, `-frame area the graph of σ. Then

0 ≤ r ≤ k + `, s = 2(k + `)− r, and mmp(0,k,0,`)(σ) = n− s = n− 2(k + `) + r. (141)
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When n ≤ k + `, mmp(0,k,0,`)(σ) = 0.

A

C

B

D

E

F

G

H

k

k

`

`

Fig. 14: The division of permutations in Sn(123) to count pattern MMP(0, k, 0, `) matches

Theorem 20 tells us that for each n > k + `, the coefficients Q(0,k,0,`)
123 (t, x)

∣∣
tn

have at most k + `+ 1
terms since the numbers in the k, `-corner area can only range from 0 to k+`. In particular, the coefficient
Q

(0,k,0,`)
123 (t, x)

∣∣
tnxn−2(k+`)+r equals the number of permutations in σ ∈ Sn(123) with r numbers in the

k, `-corner area in the graph of σ. Figure 15 shows the squares in the k, `-corner regions that we must
consider for the generating functions Q(0,1,0,0)

123 (t, x), Q(0,2,0,0)
123 (t, x), Q(0,1,0,1)

123 (t, x), Q(0,2,0,1)
123 (t, x), and

Q
(0,2,0,2)
123 (t, x), respectively. In the next few subsections, we shall present and analyze the coefficients in

such generating functions based on these observations.

A

(a)

A B

C D

(b)

A B

C D

(c)

A B C

D E F

G H I

(d)

columns
1 2 3 4

1

2

rows

3

4

A B C D

E F G H

I J K L

M N O P

(e)

Fig. 15: Q(0,1,0,0)
123 (t, x), Q(0,2,0,0)

123 (t, x), Q(0,1,0,1)
123 (t, x), Q(0,2,0,1)

123 (t, x) and Q(0,2,0,2)
123 (t, x)

7.1.1 Q
(0,1,0,0)
123 (t, x)

∣∣
tnxn−2 and Q

(0,1,0,0)
123 (t, x)

∣∣
tnxn−1

A formula for the generating function Q
(0,1,0,0)
123 (t, x) was calculated in Section 5.1. It follows from

Theorem 20 that there are exactly two terms in the polynomial Q(0,1,0,0)
n,123 (x) for any n ≥ 2. Our next

theorem shows that we can explicitly calculate these two terms.

Theorem 21. For n ≥ 2, Q(0,1,0,0)
123 (t, x)

∣∣
tnxn−2 = Cn − Cn−1 and Q(0,1,0,0)

123 (t, x)
∣∣
tnxn−1 = Cn−1.
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Hence,

Q
(0,1,0,0)
123 (t, x) = (1 + t− 2t

x
− 1

x2
) + (

1

x2
+
t

x
+ 1)C(tx). (142)

Proof: By Theorem 20, to calculate the coefficients of functionQ(0,1,0,0)
123 (t, x), we only need to enumerate

the 123-avoiding permutations based on how many elements in the graph of σ lie in 1, 0-corner area. In
other words, referring to Figure 15(a), the permutations in Sn(123) whose graphs have a number in square
A contribute to the coefficient of tnxn−1 inQ(0,1,0,0)

123 (t, x) and the permutations in Sn(123) whose graphs
have no element in square A contribute to the coefficient of tnxn−2 in Q(0,1,0,0)

123 (t, x). Let NA(n) be the
number of permutations in Sn(123) whose graph has a number in square A. Then NA(n) = Cn−1 since
NA(n) counts those σ such that σ1 = n which means that the corresponding Dyck path Ψ(σ) has a peak
at position A. All such paths start out with DR. Thus, Q(0,1,0,0)

123 (t, x)
∣∣
tnxn−1 = Cn−1. This means

that the number of permutations in Sn(123) which do not have an element in square A in its graphs is
Cn − Cn−1. Thus Q(0,1,0,0)

123 (t, x)
∣∣
tnxn−2 = Cn − Cn−1. It follows that

Q
(0,1,0,0)
123 (t, x) = 1 + t+

∞∑
n=2

tn((Cn − Cn−1)xn−2 + Cn−1x
n−1)

= 1 + t+
C(tx)− 1− xt

x2
+
tC(tx)− t

x
+ C(tx)

= (1 + t− 2t

x
− 1

x2
) + (

1

x2
+
t

x
+ 1)C(tx). (143)

7.1.2 Q
(0,2,0,0)
123 (t, x)

∣∣
tnxn−4, Q

(0,2,0,0)
123 (t, x)

∣∣
tnxn−3 and Q

(0,2,0,0)
123 (t, x)

∣∣
tnxn−2

It follows from Theorem 20 that there are exactly three terms in the polynomial Q(0,1,0,0)
n,123 (x) for any

n ≥ 2. Our next theorem shows that we can explicitly calculate these three terms.

Theorem 22. For n ≥ 4,

Q
(0,2,0,0)
123 (t, x)

∣∣
tnxn−4 = Cn − 3Cn−1 + Cn−2, (144)

Q
(0,2,0,0)
123 (t, x)

∣∣
tnxn−3 = 3(Cn−1 − Cn−2), and (145)

Q
(0,2,0,0)
123 (t, x)

∣∣
tnxn−2 = 2Cn−2. (146)

Proof: To find the coefficients of function Q(0,2,0,0)
123 (t, x), we need to enumerate the 123-avoiding per-

mutations that have 0, 1 or 2 numbers in the 2, 0-corner area as pictured in Figure 15(b). Let φi(n) be the
number of permutations in Sn(123) whose graphs have i numbers in 2, 0-corner area, colored blue in the
picture, then in Q(0,2,0,0)

123 (t, x), φ0(n) is the coefficient of tnxn−4, φ1(n) is the coefficient of tnxn−3 and
φ2(n) is the coefficient of tnxn−2.

In this case, we can use inclusion-exclusion to count the number of permutations σ ∈ Sn(123) whose
graph has exactly r elements in the 2, 0-corner area. We will labels the cells in 2, 0-corner area as pictured
in Figure 15(b). For S ⊆ {A,B,C,D}, we let NS(n) be the number of permutations σ in Sn(123) such
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that there is an element in each square of S in the graph of σ. Then it is easy to see by inclusion-exclusion
that

φ2(n) = NA,D(n) +NB,C(n), (147)
φ1(n) = NA(n) +NB(n) +NC(n) +ND(n)− 2(NA,D(n) +NB,C(n)), (148)
φ0(n) = Cn − φ1(n)− φ2(n). (149)

The problem is reduced to computingNA(n), NB(n), NC(n), ND(n), NA,D(n) andNB,C(n). From the
proof of Theorem 21, we have NA(n) = Cn−1. For NC(n), we are counting the number of permutations
σ = σ1 . . . σn ∈ Sn(123) such that σ1 = n − 1 which means that P = Ψ(σ) has a peak at position
C. Any such path P must start with DDR and then we can remove the DR at steps 2 and 3 and obtain
a Dyck path of length 2n − 2. Thus NC(n) = Cn−1. For NB(n), we are counting the number of
σ = σ1 . . . σn ∈ Sn(123) such that σ2 = n. It is easy to see for for such σ, σ is 123-avoiding if and only
if σ1σ3 . . . σn is 123-avoiding so that NB(n) = Cn−1. For ND(n), we are counting the permutations
such that σ = σ1 . . . σn ∈ Sn(123) such that σ2 = n − 1. It follows that σ1 = n since otherwise 123
would occur in σ. Thus ND(n) = NA,D(n) = Cn−2. For NB,D(n), we are counting the permutations
such that σ = σ1 . . . σn ∈ Sn(123) such that σ1 = n − 1 and σ2 = n. Hence NB,C(n) = Cn−2. It
follows that

Q
(0,2,0,0)
123 (t, x)

∣∣
tnxn−2 = φ2(n) = 2Cn−2, (150)

Q
(0,2,0,0)
123 (t, x)

∣∣
tnxn−3 = φ1(n) = 3(Cn−1 − Cn−2), (151)

Q
(0,2,0,0)
123 (t, x)

∣∣
tnxn−4 = φ0(n) = Cn − 3Cn−1 + Cn−2. (152)

It is technically possible to write the generating function Q(0,2,0,0)
123 (t, x) in terms of

the generating function of the Catalan numbers, C(x), like we did in Theorem 21. However the formula
is messy so that we will not write it down here.

7.1.3 Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−4 , Q

(0,1,0,1)
123 (t, x)

∣∣
tnxn−3 and Q

(0,1,0,1)
123 (t, x)

∣∣
tnxn−2

To find the coefficients of function Q(0,1,0,1)
123 (t, x), we need to enumerate the 123-avoiding permutations

that have 0, 1 or 2 numbers in the 1, 1-corner area as pictured in Figure 15(c). Let φi(n) be the number
of permutations in Sn(123) whose graphs have i numbers in 1, 1-corner area, colored blue in the picture,
then in Q(0,1,0,1)

123 (t, x), φ0(n) is the coefficient of tnxn−4, φ1(n) is the coefficient of tnxn−3 and φ2(n)
is the coefficient of tnxn−2.

Theorem 23. For n ≥ 4,

Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−4 = Cn − 2Cn−1 + Cn−2 − 2, (153)

Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−3 = 2Cn−1 − 2Cn−2 + 2, and (154)

Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−2 = Cn−2. (155)

Proof:
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The four cells in the blue area are still denoted by A, B, C and D, though the positions these cells are
different from Figure 15(b). For S ⊆ {A,B,C,D}, we let NS(n) be the number of permutations σ in
Sn(123) such that there is an element in each square of S in the graph of σ. Then

φ2(n) = NA,D(n) +NB,C(n), (156)
φ1(n) = NA(n) +NB(n) +NC(n) +ND(n)− 2(NA,D(n) +NB,C(n)), (157)
φ0(n) = Cn − φ1(n)− φ2(n). (158)

Thus we must compute NA(n), NB(n), NC(n), ND(n), NA,D(n) and NB,C(n), which are different
from Theorem 22. Assume that n ≥ 4. By our previous results, NA(n) = Cn−1. For NC(n), we are
counting the number of σ = σ1 . . . σn ∈ Sn(123) such that σ1 = 1. The only such σ is σ = 1n(n−1) · · · 2
so that NC(n) = 1. For NB(n), we are counting the number of σ = σ1 . . . σn ∈ Sn(123) such that σn =
n. The only such σ is σ = (n−1) · · · 21n so thatNB(n) = 1. ForND(n), we are counting the number of
σ = σ1 . . . σn ∈ Sn(123) such that σn = 1. Clearly if we remove 1 from such a permutation and reduce
the remaining numbers of 1, we obtain a 123-avoiding permutation in Sn−1(123). Thus ND(n) = Cn−1.
For NB,C , we are counting the number of σ = σ1 . . . σn ∈ Sn(123) such that σ1 = 1 and σn = n which
is impossible for n ≥ 3. For NA,D, we are counting the number of σ = σ1 . . . σn ∈ Sn(123) such that
σ1 = n and σn = n. For such σ, we can remove 1 and n to and reduce the remaining numbers by 1 to
obtain a 123-avoiding permutation in Sn(123). Thus NA,D = Cn−2.

It follows that for n ≥ 4,

Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−2 = φ2(n) = Cn−2, (159)

Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−3 = φ1(n) = 2Cn−1 − 2Cn−2 + 2, (160)

Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−4 = φ0(n) = Cn − 2Cn−1 + Cn−2 − 2. (161)

Theorem 23 gives the coefficient of tn in Q(0,1,0,1)
123 (t, x) for n ≥ 4. One can easily compute the

required coefficients at n = 1, 2, 3 to obtain that

Q
(0,1,0,1)
123 (t, x) = 1 + t+ 2t2 + (4 + x)t3 +∑

n≥4

tn
(
(Cn − 2Cn−1 + Cn−2 − 2)xn−4

+(2Cn−1 − 2Cn−2 + 2)xn−3 + Cn−2x
n−2)

= 1 + t+ 2t2 + (4 + x)t3 +
(
4 + 8x+ 2x2

)
t4 +

(
17x+ 20x2 + 5x3

)
t5

+
(
60x2 + 58x3 + 14x4

)
t6 +

(
205x3 + 182x4 + 42x5

)
t7

+
(
702x4 + 596x5 + 132x6

)
t8

+
(
2429x5 + 2004x6 + 429x7

)
t9 + · · · . (162)

7.1.4 Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−6 , Q

(0,2,0,1)
123 (t, x)

∣∣
tnxn−5 , Q

(0,2,0,1)
123 (t, x)

∣∣
tnxn−4

and Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−3

In this section, we shall sketch the proof of the following theorem.
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Theorem 24. For n ≥ 5,

Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−6 = Cn − 4Cn−1 + 4Cn−2 − Cn−3 − 2n+ 6, (163)

Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−5 = 4Cn−1 − 9Cn−2 + 4Cn−3 + 2n− 12, (164)

Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−4 = 5Cn−2 − 5Cn−3 + 6, and (165)

Q
(0,1,0,1)
123 (t, x)

∣∣
tnxn−3 = 2Cn−3. (166)

Proof: To count the coefficients of function Q
(0,2,0,1)
123 (t, x), we need to enumerate the 123-avoiding

permutations that have 0, 1, 2 or 3 numbers in the 2, 1-corner area. Referring to Figure 15(d), let φi(n) be
the number of permutations in Sn(123) whose graphs have i numbers in 2, 1-corner area, colored blue in
the picture, then in Q(0,2,0,1)

123 (t, x), φ0(n) is the coefficient of tnxn−6, φ1(n) is the coefficient of tnxn−5,
φ2(n) is the coefficient of tnxn−4 and φ3(n) is the coefficient of tnxn−3.

There are 9 cells in the blue area denoted by A, B, C, D, E, F , G, H , I in Figure 15(d). For any
S ⊆ {A,B,C,D,E, F,G,H, I}, we let NS(n) denote the number of σ ∈ Sn(123) such that there is an
element in each cell of S in the graph of σ. Let Ni(n) =

∑
S⊆{A,B,C,D,E,F,G,H,I},|S|=iNS(n). Then it

follows from inclusion-exclusion that

φ3(n) = N3(n), (167)
φ2(n) = N2(n)− 3N3(n), (168)
φ1(n) = N1(n)− 2N2(n) + 3N3(n), (169)
φ0(n) = Cn − φ1(n)− φ2(n)− φ3(n). (170)

To computeN1(n), we must computeNS(n) for 9 sets of size 1. To computeN2(n), we must compute
NS for 18 allowable sets of size 2. To compute N3(n), we must compute NS for 6 allowable sets of size
3. It is tedious, but not difficult to carry out required calculations. For space reasons, we will not provide
explanations for each NS(n), but we will simply list the results of our calculations.

For n ≥ 5,

NA(n) = NB(n) = ND(n) = NI(n) = Cn−1, NE(n) = Cn−2, (171)
NC(n) = NG(n) = 1, NF (n) = NH(n) = n− 1, so (172)
N1(n) = 4Cn−1 + Cn−2 + 2n. (173)

NA,E(n) = NA,I(n) = NB,D(n) = NB,I(n) = ND,I(n) = Cn−2, NE,I(n) = Cn−3, (174)
NA,F (n) = NA,H(n) = NB,F (n) = NB,G(n) = NC,D(n) = ND,H(n) = 1, (175)
NC,E(n) = NC,G(n) = NC,H(n) = NE,G(n) = NF,G(n) = NF,H(n) = 0, so (176)
N2(n) = 5Cn−2 + Cn−3 + 6. (177)

NA,E,I(n) = NB,D,I(n) = Cn−3, (178)
NA,F,H(n) = NB,F,G(n) = NC,D,H(n) = NC,E,G(n) = 0, so (179)

N2(n) = 2Cn−3, and (180)
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Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−3 = φ3(n) = 2Cn−2, (181)

Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−4 = φ2(n) = 5Cn−2 − 5Cn−3 + 6, (182)

Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−5 = φ1(n) = 4Cn−1 − 9Cn−2 + 4Cn−3 + 2n− 12, (183)

Q
(0,2,0,1)
123 (t, x)

∣∣
tnxn−6 = φ0(n) = Cn − 4Cn−1 + 4Cn−2 − Cn−3 − 2n+ 6. (184)

Theorem 24 gives the coefficient of tn in Q(0,2,0,1)
123 (t, x) for n ≥ 5. One can easily compute

Q
(0,2,0,1)
n,123 (x) for n ≤ 4 to obtain the following:

Q
(0,2,0,1)
123 (t, x) = 1 + t+ 2t2 + 5t3 + (12 + 2x)t4

+
∑
n≥5

tn
(
(Cn − 4Cn−1 + 4Cn−2 − Cn−3 − 2n+ 6)xn−6

+(4Cn−1 − 9Cn−2 + 4Cn−3 + 2n− 12)xn−5

+(5Cn−2 − 5Cn−3 + 6)xn−4 + 2Cn−3x
n−3)

= 1 + t+ 2t2 + 5t3 + (12 + 2x)t4 +
(
17 + 21x+ 4x2

)
t5

+
(
9 + 62x+ 51x2 + 10x3

)
t6 +

(
47x+ 208x2 + 146x3 + 28x4

)
t7

+
(
190x2 + 700x3 + 456x4 + 84x5

)
t8

+
(
714x3 + 2393x4 + 1491x5 + 264x6

)
t9 + · · · . (185)

7.1.5 Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−8 , Q

(0,2,0,2)
123 (t, x)

∣∣
tnxn−7 , Q

(0,2,0,2)
123 (t, x)

∣∣
tnxn−6 ,

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−5 and Q

(0,2,0,2)
123 (t, x)

∣∣
tnxn−4

In this section, we will sketch the proof of the following theorem.

Theorem 25. For n ≥ 7,

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−8 = Cn − 6Cn−1 + 11Cn−2 − 6Cn−3 + Cn−4 − 2n2 + 16n− 34, (186)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−7 = 6Cn−1 − 24Cn−2 + 24Cn−3 − 6Cn−4 + 2n2 − 28n+ 80, (187)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−6 = 13Cn−2 − 30Cn−3 + 13Cn−4 + 12n− 64, (188)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−5 = 12Cn−3 − 12Cn−4 + 18, (189)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−4 = 4Cn−4. (190)

Proof: To count the coefficients of function Q
(0,1,0,1)
123 (t, x), we need to enumerate the 123-avoiding

permutations that have 0, 1, 2, 3 or 4 numbers in the 2, 2-corner area. Referring to Figure 15(e), let φi(n)
be the number of permutations in Sn(123) whose graphs have i numbers in 2, 2-corner area, colored
blue in the picture, then in Q(0,2,0,2)

123 (t, x), φ0(n) is the coefficient of tnxn−8, φ1(n) is the coefficient of
tnxn−7, φ2(n) is the coefficient of tnxn−6, φ3(n) is the coefficient of tnxn−5 and φ4(n) is the coefficient
of tnxn−4.
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There are 16 cells in the blue area denoted by letters A ∼ P in Figure 15(e). For any S ⊆ {A, . . . , P},
we let NS(n) denote the number of σ ∈ Sn(123) such that in the graph of σ, there is an element in each
square of S. We let Ni(n) =

∑
S⊆{A,...,P},|S|=iNS(n), then by inclusion-exclusion,

φ4(n) = N4(n), (191)
φ3(n) = N3(n)− 4N4(n), (192)
φ2(n) = N2(n)− 3N3(n) + 6N4(n), (193)
φ1(n) = N1(n)− 2N2(n) + 3N3(n)− 4N4(n), (194)
φ0(n) = Cn − φ1(n)− φ2(n)− φ3(n)− φ4(n). (195)

There are huge number positions and combination of positions in the 2, 2-corner area. Since the selected
letters should be in different rows and columns, we need to consider

(
4
i

)2
i! combinations for calculation

each Ni(n), i.e. 16 singletons to calculate N1(n), 72 pairs to calculate N2(n), 96 groups of size 3 to
calculate N3(n) and 24 groups of size 4 to calculate N4(n), totally 208 separate calculations. Again we
shall simply list the results of the relevant calculations that we carried out. We use the results that we have
calculated for the cases that were covered in Theorem 24 and only calculate the new combinations in this
proof. We use “New” to represent the sum of the new computations.

NC(n) = NI(n) = n− 1, Nk(n) = Cn−2, (196)
NO(n) = NL(n) = Cn−1, NJ(n) = NG(n) = (n− 2)2, so (197)
N1(n) = 4Cn−1 + Cn−2 + 2n+ New

= 6Cn−1 + 2Cn−2 + 2n2 − 4n+ 6. (198)

NC,E(n), NO,H(n), NB,I(n), NL,N (n), NG,A(n), NG,P (n), NJ,A(n), NJ,P (n), NG,B(n), NG,L(n),
NJ,E(n),NJ,E(n), NJ,O(n) = k − 2,
NC,H(n), NI,N (n), NC,L(n), NI,O(n), NC,P (n), NI,P (n), NO,D(n), NL,M (n) = 1,
NK,P (n), NO,A(n), NL,A(n), NO,B(n), NL,E(n), NO,E(n), NB,L(n), NO,L(n) = Cn−2,
NK,A(n), NK,B(n), NK,E(n), NF,O(n), NF,L(n) = Cn−3, NK,F (n) = Cn−4,
NC,F (n), NK,H(n), NF,I(n), NK,N (n), NC,I(n), NC,J(n), NH,J(n), NG,I(n), NN,G(n),
NC,M (n), ND,I(n), NC,N (n), NH,I(n), NG,D(n), NJ,M (n), NG,J(n), NG,M (n), NJ,D(n),
NK,D(n), NK,M (n) = 0,
so

N2(n) = 5Cn−2 + Cn−3 + 6 + New
= 13Cn−2 + 6Cn−3 + Cn−4 + 12n− 10. (199)

To calculate N3(n), other than calculating the new combinations in the 96 enumerations, we calculate
the cases by symmetry. Notice that there are 4 columns and rows, namely, column 1, 2, 3, 4 and row
1, 2, 3, 4 in the 2, 2-corner area, marked in Figure 15(e). In any combination of three letters, we are taking
3 columns and 3 rows. We let N(c1c2c3,r1r2r3)(n) be the contribution that we are taking 3 letters from the
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columns c1c2c3 and rows c1c2c3, then by symmetry of 123-avoiding permutations,

N(123,123)(n) = N(234,234)(n), (200)
N(134,134)(n) = N(124,124)(n), (201)
N(123,124)(n) = N(134,234)(n) = N(124,123)(n) = N(234,134)(n), (202)
N(123,134)(n) = N(124,234)(n) = N(134,123)(n) = N(234,124)(n), (203)
N(123,234)(n) = N(234,123)(n), (204)
N(134,124)(n) = N(124,134)(n). (205)

Then we calculate the 6 cases:

NA,F,K(n) = NE,B,K(n) = Cn−4, (206)
NA,J,G(n) = NE,J,C(n) = NB,G,I(n) = NI,F,C(n) = 0, so (207)

N(123,123)(n) = N(234,234)(n) = 2Cn−4; (208)
N(124,124)(n) is N3(n) in Theorem 24, so
N(134,134)(n) = N(124,124)(n) = 2Cn−3; (209)
NA,F,O(n) = NE,B,O(n) = Cn−3, (210)
NA,N,G(n) = NE,N,C(n) = NM,B,G(n) = NM,F,C(n) = 0, so (211)

N(123,124)(n) = N(134,234)(n) = N(124,123)(n) = N(234,134)(n) = 2Cn−3; (212)
NA,J,O(n) = NI,B,O(n) = 1, (213)
NA,N,K(n) = NI,N,C(n) = NM,B,K(n) = NM,J,C(n) = 0, so (214)

N(123,134)(n) = N(124,234)(n) = N(134,123)(n) = N(234,124)(n) = 2; (215)
NE,J,O(n) = 1, (216)
NI,F,O(n) = NE,N,K(n) = NI,N,G(n) = NM,F,K(n) = NM,J,G(n) = 0, so (217)

N(123,234)(n) = N(234,123)(n) = 1; (218)
NA,G,P (n) = NA,O,H(n) = NE,C,P (n) = NE,O,D(n) = 1, (219)
NM,C,H(n) = NM,J,D(n) = 0, so (220)

N(134,124)(n) = N(124,134)(n) = 4, and (221)

N3(n) = 12Cn−3 + 4Cn−4 + 18 (222)

To calculate N4(n), we need to use all the 4 columns and rows in the 2, 2-corner area. To make things
easier, we only consider the 14 collections of 4-letter groups that avoid 123. We have
NA,F,K,P (n) = NA,F,O,L(n) = NE,B,K,P (n) = NE,B,O,L(n) = Cn−4, and
NA,J,G,O(n), NI,B,G,P (n), NE,J,C,P (n), NA,J,O,H(n), NA,N,G,L(n), NI,N,C,H(n), NM,B,G,L(n),
NJ,E(n),NE,J,O,D(n), NI,B,O,H(n), NE,N,C,L(n) = 0, so

N4(n) = 4Cn−4. (223)
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With all N1(n), N2(n), N3(n) and N4(n) calculated, one can apply inclusion-exclusion and obtain that
for n ≥ 7,

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−8 = φ0(n)

= Cn − 6Cn−1 + 11Cn−2 − 6Cn−3 + Cn−4 − 2n2 + 16n− 34, (224)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−7 = φ1(n)

= 6Cn−1 − 24Cn−2 + 24Cn−3 − 6Cn−4 + 2n2 − 28n+ 80, (225)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−6 = φ2(n) = 13Cn−2 − 30Cn−3 + 13Cn−4 + 12n− 64, (226)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−5 = φ3(n) = 12Cn−3 − 12Cn−4 + 18, (227)

Q
(0,2,0,2)
123 (t, x)

∣∣
tnxn−4 = φ4(n) = 4Cn−4. (228)

Note that we have a lower bound, n ≥ 7 for these formulas, which is because when n ≤ 6,

NG,J 6= 0 since permutation 321654 matches both the positions G and J .
Theorem 25 gives the coefficient of tn in Q(0,2,0,2)

123 (t, x) for n ≥ 7. We calculated the initial 7 coeffi-
cients by a computer program to obtain the following:

Q
(0,2,0,2)
123 (t, x) = 1 + t+ 2t2 + 5t3 + 14t4 + (38 + 4x)t5 + (70 + 54x+ 8x2)t6

+
∑
n≥7

tn
(
(Cn − 6Cn−1 + 11Cn−2 − 6Cn−3 + Cn−4 − 2n2 + 16n− 34)xn−8

+(6Cn−1 − 24Cn−2 + 24Cn−3 − 6Cn−4 + 2n2 − 28n+ 80)xn−7

+(13Cn−2 − 30Cn−3 + 13Cn−4 + 12n− 64)xn−6

+(12Cn−3 − 12Cn−4 + 18)xn−5 + (4Cn−4)xn−4
)

= 1 + t+ 2t2 + 5t3 + 14t4 + (38 + 4x)t5 +
(
70 + 54x+ 8x2

)
t6

+
(
72 + 211x+ 126x2 + 20x3

)
t7 +

(
36 + 314x+ 670x2 + 354x3 + 56x4

)
t8

+
(
199x+ 1190x2 + 2207x3 + 1098x4 + 168x5

)
t9

+
(
838x2 + 4356x3 + 7492x4 + 3582x5 + 528x6

)
t10

+
(
3241x3 + 15848x4 + 25951x5 + 12030x6 + 1716x7

)
t11

+
(
12180x4 + 57752x5 + 91158x6 + 41202x7 + 5720x8

)
t12 + · · · . (229)
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Using techniques from Poisson approximation, we prove explicit error bounds on the number of permutations
that avoid any pattern. Most generally, we bound the total variation distance between the joint distribution of
pattern occurrences and a corresponding joint distribution of independent Bernoulli random variables, which
as a corollary yields a Poisson approximation for the distribution of the number of occurrences of any pattern.
We also investigate occurrences of consecutive patterns in random Mallows permutations, of which uniform
random permutations are a special case. These bounds allow us to estimate the probability that a pattern occurs
any number of times and, in particular, the probability that a random permutation avoids a given pattern.
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1 Introduction
A permutation of [n] = {1, . . . ,n} is a bijection σ : [n]→ [n], i 7→ σ(i) = σi, written σ = σ1 · · · σn. For each
n = 1, 2, . . ., we write Sn to denote the set of permutations of [n]. Given permutations σ = σ1 · · · σn
and τ = τ1 · · · τm, we say that σ avoids τ if there does not exist a subsequence 1 ≤ i1 < · · · < im ≤ n
such that σi1 · · · σim is order-isomorphic to τ, and we say that σ avoids τ consecutively if there is no
j = 1, . . . ,n−m+1 such thatσ jσ j+1 · · · σ j+m−1 is order-isomorphic toτ. Here we study pattern avoidance
probabilities for random permutations from the Mallows distribution, which is of particular interest
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in the fields of statistics and probability but some special cases are insightful for questions in
enumerative and extremal combinatorics.

To demonstrate our approach, let n be any integer larger than or equal to 6. It was shown in [31]
that each fixed pattern τ of length n − 1 is avoided by exactly n! − ( (n − 1)2 + 1 ) permutations in Sn.
In [32], it was shown that for each fixed pattern τ of length N ≡ n− 2, there exists 0 ≤ j ≤ N − 1 such
that exactly

n! −
N4 + 2N3 + N2 + 4N + 4 − 2 j

2
permutations in Sn avoid τ. It is left as an open problem in [36] to perform the same analysis for
patterns of length n − 3. From this, it is natural to ruminate on whether for each pattern τ of length
n −m, one has approximately

n! −
n!

(n −m)!

(
n

n −m

)
(1)

permutations in Sn which avoid it, and how large m can be taken. In this paper, we quantify the
quality of approximation of (1) for counting the number of permutations in Sn which avoid any
given pattern τ of length n−m, 1 ≤ m ≤ n, via Poisson approximation. This approach yields general
results which specialize to the counting problem just described, as well as the analogous problem
for consecutive pattern avoidance.

For classical pattern avoidance, we are able to show a good approximation if for any ε > 0 we
have m ≥ (e e1/e + ε)

√
n, but we suspect the e e1/e constant can be improved with a natural lower

bound of e demonstrated by Lemma 3.4. For consecutive pattern avoidance, we obtain stronger
results, namely, we may take any m ≥ dΓ−1(n) − 1e. (In the above expression, Γ−1(n) is the inverse
of the gamma function, i.e., Γ(t) =

∫
∞

0 xte−xdx, which gives the usual generalization of the factorial
function to all positive real numbers.) The above expression is asymptotically best possible since, in
the limit, taking m equal to the right-hand side yields a Poisson approximation with nonzero rate
parameter for the number of occurrences of a consecutive pattern. The range of values for m follows
by a detailed analysis of the bounds contained in Theorem 3.6 and Theorem 3.7, respectively.

The Mallows permutations we study here is a general class of random permutations whose
distribution is weighted by the number of inversions. An inversion in σ = σ1 · · · σn is a pair (i, j),
i < j, such that σi > σ j. For example, σ = 34125 has four inversions, (1, 3), (1, 4), (2, 3), (2, 4). We
write inv(σ) to denote the set of inversions of σ. With Σn denoting a random permutation of [n], the
Mallows distribution with parameter q ∈ (0,∞) on Sn assigns probability

P{Σn = σ} = Pq
n(σ) = q| inv(σ)|/In(q), σ ∈ Sn, (2)

where In(q) =
∏n

j=1
∑ j−1

i=0 qi is the inversion polynomial and | inv(σ)| is the number of inversions in σ.
Note that q = 1 corresponds to the uniform distribution on Sn, i.e., P{Σn = σ} = 1/n! for all σ ∈ Sn,
and is the critical point at which the Mallows family switches from penalizing inversions, q < 1, to
favoring them, q > 1.

The Mallows distribution [26] was introduced as a one-parameter model for rankings that occur
in statistical analysis. More recently, Mallows permutations have been studied in the context of
the longest increasing subsequence problem [6] and quasi-exchangeable random sequences [17, 18].
For general values of q > 0, we consider the problem of consecutive pattern avoidance for random
Mallows permutations, with Theorem 3.8 establishing explicit error bounds on the entire distribution
of the number of occurrences of patterns in a random permutation. Our main theorems, therefore,
complement prior work by Elizalde & Noy [16], Perarnau [30], and the more recent work by the
current authors & Elizalde [13] on consecutive pattern avoidance, as well as Nakamura [29], who
used functional equations to enumerate sets with a prescribed number of occurrences of a given
pattern.

Our approach also differs from previous work in a few key respects. While most prior work
seeks either exact or asymptotic enumeration of the sets that avoid a given pattern or collection of
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patterns, we use the Chen–Stein Poisson approximation method [11], in particular [2], to bound the
total variation distance between the collection of all dependent indicator random variables indicating
pattern occurrence for a prescribed set of indices, and a joint distribution of independent Bernoulli
random variables with the same marginal distributions. These bounds allow us to approximate any
measurable function of the occurrences, e.g., the number of patterns, locations of patterns, etc., via
the corresponding independent random variables. We also reach a natural limit of the usefulness of
these approximations corresponding to the strength of interactions between occurrences of patterns.

The next section gives a brief historical context of restricted permutations. Section 3 presents the
main results, of which there are two kinds: the first type is a preasymptotic bound given in terms of
quantities which are complicated to compute but as accurate as the method allows; the second type
is a more detailed analysis of the bounds in a form that is better suited to applications. Section 4
presents the Chen–Stein Poisson approximation approach that we utilize throughout the paper. In
Section 5 we apply this method to Mallows permutations. Section 6 contains explicit numerical
examples. Finally, the main technical results are proved in Section 7.

2 Motivation
Restricted permutations fall into two broad classes. The first, more tractable type is of the form
σ(a) , b for a, b ∈ [n], whose study dates to the classical problèmes des rencontres in the early 1700s [14];
see also [5, Chapter 4]. A special case counts the number Dn of derangements of [n], i.e., permutations
of [n] without fixed points, for which we have the asymptotic expression

Dn = n!
n∑

i=0

(−1)i

i!
∼ n!/e as n→∞. (3)

Equation (3) can be stated in probabilistic terms by letting Σn be a uniform random permutation of
[n], i.e., P{Σn = σ} = 1/n! for each σ ∈ Sn, for which we compute

P{Σn is a derangement} = Dn/n! ∼ 1/e as n→∞. (4)

See [3, 34] for more thorough treatments involving the cycle structure of random permutations.
We can also derive the expression in (3) by Poisson approximation. With W denoting the number

of fixed points in a random permutation of [n], we demonstrate in Section 4.2, see also [5, Chapter 4],
that the distribution of W converges in total variation distance to the distribution of an independent
Poisson random variable with expected value 1. In addition to the asymptotic value for the
probability that a random permutation has no fixed points, this approach bounds the absolute error
of probabilities that involve any measurable function of the number of fixed points in a random
permutation.

The second type of restriction is pattern avoidance, which attracts increasing attention in the modern
probability [6, 19, 20] and modern combinatorics literature [7]. Any sequence of distinct positive
integers w = w1 · · ·wk determines a permutation of [k] by reduction: with {w(1), . . . ,w(k)}< denoting
the set of elements listed in increasing order, we define the map w(i) 7→ i, under which w maps
to a permutation red(w) of [k], called the reduction of w. For example, w = 826315 reduces to
red(w) = 625314. We call any fixed τ ∈ Sm a pattern and say that σ ∈ Sn contains τ if there exists
a subsequence 1 ≤ i1 < · · · < im ≤ m such that red(σi1 · · · σim ) = τ. We say σ ∈ Sn avoids τ if it does
not contain it. We say that σ contains τ consecutively if there exists an index j ∈ [n −m + 1] such that
red(σ jσ j+1 · · · σ j+m−1) = τ; otherwise, we say σ avoids τ consecutively. For any pattern τ, we define

Sn(τ) := {σ ∈ Sn : σ avoids τ} and

Sn(τ) := {σ ∈ Sn : σ avoids τ consecutively}, (5)
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which we extend to any subset A ⊂
⋃

n≥1 Sn by

Sn(A) := {σ ∈ Sn : σ avoids all τ ∈ A} and (6)

Sn(A) := {σ ∈ Sn : σ avoids all τ ∈ A consecutively}.

For the most part, we are interested in sets Sn(τ) containing all permutations that avoid a given
pattern τ, though our approach extends in a straightforward manner for more general sets A.

Much effort has been devoted to exact enumeration of Sn(A) for certain choices of A, see, e.g.,
[1, 4, 15, 23]. But enumerating Sn(τ) is notoriously difficult for patterns of fixed length larger than
3. Knuth [24] initiated interest in pattern avoidance in the study of algorithms by identifying the
231-avoiding permutations as exactly those that can be sorted by a single run through a stack; see
Bona [7, Chapter 8] for further discussion. In fact, it is now well known that the avoidance sets Sn(τ)
for every length-3 pattern τ are enumerated by the Catalan numbers [35, A000108]:

| Sn(τ)| =
(
2n
n

)
/(n + 1), τ ∈ {123, 132, 213, 231, 312, 321}.

Just as in the derangement problem above, enumeration of Sn(A) has an elementary probabilistic
interpretation that motivates much of our paper. With Σn denoting a uniform random permutation
of [n] and A a set of permutations, the probability that Σn avoids A is

P{Σn avoids every τ ∈ A} = | Sn(A)|/n!.

The Stanley-Wilf conjecture as proved in [27] states that | Sn(τ)| grows exponentially with n for
every fixed τ. For example, the Catalan numbers are known to grow asymptotically like 4n/

√

πn3,
yielding the asymptotic avoidance probability

P{Σn avoids 231} =
(
2n
n

)
/(n + 1)! ∼

1

πn2
√

2

(4 e
n

)n

as n→∞.

Such calculations quickly become intractable as n grows large. For example, the sets of 1324-avoiding
permutations have only been enumerated up to n = 31 [21]. Even precise asymptotics for | Sn(1324)|
have not yet been established [8, 9, 12].

3 Main Results
To fix notation throughout the text, we write σ = σ1 · · · σn to denote a generic permutation. For
any subset A ⊆ [n], we write σ|A to denote the restriction of σ to a permutation of A obtained by
removing those elements among σ1, . . . , σn that are not in A. For example, with σ = 867531924 and
A = {1, 3, 5, 7, 9}, we have σ|A = 75319. We write Σn to denote a random permutation of [n].

3.1 Definitions
Throughout the paper, we write L(X) to denote the distribution, or law, of a random variable X and
L(Y | X) to denote the conditional distribution of Y given X. For random variables X and Y, we write
dTV(L(X),L(Y)) to denote the total variation distance between the distributions of X and Y, which is
defined as

dTV(L(X),L(Y)) = supA⊆R |P(X ∈ A) − P(Y ∈ A)| ,

where the sup is taken over Borel measurable subsets of R. In the special case of non-negative
integer-valued random variables, the total variation distance can be computed as

dTV(L(X),L(Y)) =
1
2

∞∑
n=0

|P(X = n) − P(Y = n)|.
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Define the set of all unordered, distinct m-tuples of elements from [n] by

Jm := {{i1, . . . , im} : 1 ≤ i1 < · · · < im ≤ n}, m ∈ [n].

For each α ∈ Jm, let Dα be the set of all m-element subsets of [n] that overlap with α in at least one
element, i.e., Dα := {β ∈ Jm : β ∩ α , ∅}. For example, if α = {1, 5, 8}, then Dc

α = {{ j1, j2, j3} : ji <
{1, 5, 8}, i = 1, 2, 3}.

With Σn denoting a uniform random permutation of [n], α ∈ Jm, and τ a fixed pattern of length
m, we define Xα = Xi1,...,im as the indicator random variable for the event that the reduction of Σn at
positions i1, . . . , im gives the pattern τ, i.e.,

Xi1,...,im := I(red(Σn(i1) · · ·Σn(im)) = τ). (7)

Let X ≡ Xm := (Xα)α∈Jm be the collection of all such indicators and let B ≡ Bm = (Bα)α∈Jm denote a
collection of independent Bernoulli random variables whose marginal distributions satisfy EBα =
EXα for each α ∈ Jm. The random variable

W =
∑

1≤i1<...<im≤n

Xi1,...,im (8)

counts the total number of occurrences of τ in Σn. For any τ ∈ Sm, for each s = 1, . . . ,m− 1 we define
Ls(τ) as the overlap of size s, i.e., the number of permutations σ ∈ S2m−s for which there are indices
1 ≤ i1 < · · · < im ≤ 2m − s and 1 ≤ j1 < · · · < jm ≤ 2m − s such that {i1, . . . , im} and { j1, . . . , jm} have
exactly s elements in common and

red(σi1 · · · σim ) = red(σ j1 · · · σ jm ) = τ.

For consecutive pattern avoidance, we similarly define the set of all m-tuples of the form {i, i +
1, . . . , i + m − 1}, 1 ≤ i ≤ n −m + 1, as

Jm := {{i, i + 1, . . . , i + m − 1} : 1 ≤ i ≤ n −m + 1}, m ∈ [n].

Let X ≡ Xm := (Xα)α∈Jm
, and let B ≡ Bm = (Bα)α∈Jm

denote a collection of independent Bernoulli

random variables whose marginal distributions satisfyEBα = EXα for each α ∈ Jm. For fixed τ ∈ Sm
and Σn a uniform random permutation of n, we define the random variable

W :=
∑

1≤s≤n−m+1

Xs,s+1,...,s+m−1, (9)

which counts the number of consecutive occurrences of τ in Σn. We also define Ls(τ) as the sequential
overlap of size s, i.e., the number of permutations σ ∈ S2m−s for which

red(σ1 · · · σm) = red(σm−s+1 · · · σ2m−s) = τ.

3.2 Main results on pattern avoidance
We begin with several theorems specifically about pattern avoidance, which follow from the
quantitative bounds given in Section 3.3.

Theorem 3.1. Assume n ≥ m ≥ 3 and τ is any pattern of length m. Define

λ =

(
n
m

)
/m!, d1 =

(
n
m

) ((
n
m

)
−

(
n −m

m

))
1

m!2
,

d2 =

m−1∑
s=1

(
n

2m − s

)
2 Ls(τ)

(2m − s)!
, (10)
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and
Dn,m = min(1, λ−1)(d1 + d2).

Then we have
n! e−λ

(
1 − eλDn,m

)
≤ |Sn(τ)| ≤ n! e−λ

(
1 + eλDn,m

)
. (11)

In addition, for any fixed ε ≥ 0, suppose m ≡ m(n) is some increasing, integer-valued function of n such
that m ≥ (e e1/e + ε)

√
n. For any sequence of patterns τn ∈ Sm, we have∣∣∣∣∣ | Sn(τ)|

n!
− e−λ

∣∣∣∣∣ = o(1) as n→∞.

Remark 3.2. There are several noteworthy aspects to Theorem 3.1.

1. The expression for λ equals the expected number of occurrences of τ in a uniform random permutation
of [n], and thus is the same for all patterns of length m.

2. The expression for d1 cannot be improved using our approach.

3. We are not aware of any efficient means to calculate the values Ls(τ) in general. For a simple and
explicit upper bound, applicable for all patterns τ of length m, we have used

d2 ≤

(
n
m

) m−1∑
s=1

(
n −m
m − s

)(
m
s

)
s!

m!2
, (12)

but we suspect that this bound can be improved.

It is tempting to conjecture that Theorem 3.1 holds even when λ tends to some fixed positive
constant, but we suspect this is not possible, as we now demonstrate.

Lemma 3.3 ([28]). Fix any t > 0 and let λ =
(n

m
)
/m!. Then λ→ t as n→∞ provided

m ∼ e
√

n −
1
4

log(n) −
1
2

log(2πt) −
1
4

e2
−

1
2

as n→∞. (13)

Lemma 3.4. Suppose n, m, and n −m tend to infinity and d1 is as defined in Theorem 3.1. Then we have

d1 ∼ λ
2
(
1 − e−m2/n

)
.

In particular, for any ε > 0 and m ≥ (e + ε)
√

n, we have d1 → 0, and for m ∼ e
√

n − 1
4 log(n), we have

d1 → c ∈ (0,∞).

It follows that a necessary condition for d1 to tend to zero is that

m & e
√

n −
(1

4
− ε

)
log(n) for any ε > 0, (14)

where the notation a & b means that both a ≥ b and a ∼ b. It is also well known, see [22, 25],
that the typical size of the longest increasing subsequence of a random permutation of size n is
asymptotically of order 2

√
n, and so one cannot have a Poisson limit theorem which applies to the

increasing pattern 12 . . .m with m < 2
√

n. It is interesting to investigate the behavior in the gap, i.e.,
for m ∼ c

√
n with any 2 < c < e, and we leave this as an open problem.

We also have an analogous theorem for consecutive patterns.
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Theorem 3.5. Assume n ≥ m ≥ 3 and τ is any pattern of length m. Define

λ =
n −m

m!
, d1 =

2mn − 3m2 + m
m!2

, d2 =

m−1∑
s=1

(n − 2m + s) 2 Ls(τ)
(2m − s)!

,

and
Dn,m = min(1, 1/λ)(d1 + d2).

Then we have

n! e−λ
(
1 − eλ Dn,m

)
≤ |Sn(τ)| ≤ n! e−λ

(
1 + eλ Dn,m

)
. (15)

In addition, fix any t > 0, and define M(t,n) :=
⌊ log(n/t)

log log(n/t)−log log log(n/t) −
1
2

⌋
. Let m ≡ m(n) be some

increasing, integer-valued function of n such that m ≥ M(t,n). For any sequence of patterns τn ∈ Sm, we
have Dn,m → 0, and thus ∣∣∣∣∣∣ | Sn(τ)|

n!
− e−λ

∣∣∣∣∣∣ = o(1) as n→∞.

Furthermore, define Tn(τ, k) as the number of permutations in Sn where pattern τ occurs exactly k times, and
take m(n) = M(t,n). For any sequence of patterns τn ∈ Sm, we have

∞∑
k=0

∣∣∣∣∣∣Tn(τ, k)
n!

−
tk

k!
et

∣∣∣∣∣∣ = o(1) as n→∞.

In Section 3.4, we present an analogous result for permutations chosen according to the Mallows(q)
distribution.

3.3 Main results on uniform permutations
Theorems 3.1 and 3.5 provide an asymptotic analysis for sequences of patterns which also grow in
size. It is too much to expect a general asymptotic formula for any fixed pattern—we have already
noted the difficulty of nailing down the asymptotic growth of 1324-avoiding sets—but Poisson
approximation, see Section 4, provides a general approach for obtaining preasymptotic bounds on
various quantities when all sizes are fixed.

Theorem 3.6. Assume n ≥ m ≥ 3 and τ is any pattern of length m. Recalling the definition of Xα in (7), we
let X = (Xα)α∈Jm be the collection of all such variables and B = (Bα)α∈Jm be an independent Bernoulli process
with marginal distributions satisfying EBα = EXα for all α ∈ Jm. We have

dTV(L(X),L(B)) ≤ 4Dn,m +
2λ
m!
, (16)

where Dn,m and λ are as defined in Theorem 3.1. Furthermore, with W defined as in (8), and for Y a Poisson
random variable with mean λ = EW, we have

dTV(L(W),L(Y)) ≤ 2Dn,m.

Theorem 3.7. Assume n ≥ m ≥ 3 and τ is any pattern of length m. Recall the definitions of X, B, and W
given in Section 3.1. We have

dTV

(
L

(
X
)
),L

(
B
))
≤ 4Dn,m +

2λ
m!
, (17)

where Dn,m and λ are as defined in Theorem 3.5. Let Y denote a Poisson random variable with parameter λ.
We have

dTV

(
L

(
W

)
,L

(
Y
))
≤ 2Dn,m.



8 Harry Crane, Stephen DeSalvo

3.4 Main results on Mallows permutations
In Section 5, we discuss several special properties of the Mallows distribution that are useful for
studying consecutive pattern avoidance. Using these properties, we obtain analogous bounds to
those in Theorems 3.6 and 3.7.

Recall the definition of the restriction Σn|A of Σn to a subset A ⊆ [n], as defined at the beginning
of Section 3. Also recall Jm denotes the set of subsets of size m whose elements are consecutive in
{1, 2, . . . ,n}.
Theorem 3.8. Fix q > 0 and let Σn ∼ Mallows(q) as defined in (2). For any m ≥ 2, fix any patterm τm of
size m. For any α ∈ Jm, let

Xα = I(red(Σn|α) = τm)

and W =
∑
α∈Jm

Xα, and let Y be an independent Poisson random variable with expected value λ = EW.
Then

dTV(L(W),L(Y)) ≤ 2(b1 + b2),

where

λ = (n −m)
q| inv(τm)|

Im(q)
, b1 =

(2mn − 3m2 + m) q2| inv(τm)|

Im(q)2 , b2 =

m−1∑
s=1

(n − 2m + s)
∑

ρ∈Ls(τm)

q| inv(ρ)|

I2m−s(q)
,

where Im(q) is as defined following (2).
Asymptotic formulas and Poisson limit theorems for general Mallows permutations depend on

the interplay between the parameters n, m, | inv(τ)|, and q. In particular, we need the expected
number of occurrences to converge to a constant λ ∈ (0,∞). In the case of consecutive pattern
avoidance, the expected number of occurrences of a pattern τ ∈ Sn in Σn ∼Mallows(q) is

λ = (n −m)q| inv(τ)|/Im(q),

which, for m fixed, produces non-trivial limiting behavior whenever

q ∼ n−1/| inv(τ)| or q ∼ n1/((m
2)−| inv(τ)|) as n→∞.

We can also allow m to vary and keep q fixed so that

| inv(τ)| ∼ − log(n)/ log(q) or | inv(τ)| ∼ − log(n)/ log(q) + m2/2 as n→∞.

Combined with Theorem 3.8, these observations yield Theorem 3.9 below.

Theorem 3.9. Let m ≡ m(n) be a non-decreasing integer-valued sequence, τn ∈ Sm be a sequence of patterns,
and q ≡ q(n) be a sequence of parameters. For each n ≥ 1, let Σn be a random permutation from the Mallows
distribution (2) with parameter q(n), with Xq and Bq defined analogously. For any measurable function
h : {0, 1}n−m+1

→ R and Borel set A ⊆ R , we have

P(h(Xq) ∈ A) = P(h(Bq) ∈ A) + o(1),

provided either

q(n) ≤ n−1/ inv(τm(n)) for almost all n ≥ 1,

q(n) ≥ n1/((m(n)
2 )−| inv(τm(n))|) for almost all n ≥ 1,

| inv(τm(n))| ≤ − log(n)/ log(q(n)) for almost all n ≥ 1 and q < 1 or

| inv(τm(n))| ≥ − log(n)/ log(q(n)) + m(n)2/2 for almost all n ≥ 1 and q > 1.

In Section 5.3.2, we demonstrate Theorem 3.8 for all patterns of length 3. In Section 6.2, we compute
the bounds in Theorem 3.8 for the specific patterns 2341 and 23451 and we plot the estimated pattern
avoidance probabilities in the appropriate asymptotic regime for q from Theorem 3.9.
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3.5 Classical pattern avoidance for Mallows permutations
We conclude this section by commenting that our approach is silent about classical pattern avoidance
in Mallows permutations. The reason for this limitation is readily seen by noting the interplay
between the Arratia–Goldstein–Gordon Theorem (Theorem 4.2) and the homogeneity properties of
the Mallows distribution, or lack thereof, highlighted in Section 5.2 below. Briefly, for any pattern
τ ∈ Sm and any 1 ≤ i1 < . . . < im ≤ n, the probability that τ occurs in positions i1, . . . , im of a uniform
random permutation of [n] is 1/m!, regardless of the choice of indices i1, . . . , im. This property is
crucial to computing the constants b1 and b2 in our application of Theorem 4.2, and allows us to
obtain quantitative bounds when permutations are assumed to be drawn uniformly at random.

The same property does not hold for Mallows permutations. Instead, Mallows permutations
only satisfy the weaker property of consecutive homogeneity, by which the probability that a pattern
τ occurs in consecutive locations j, j + 1, . . . , j + m − 1 is the same regardless of j; see Section 5.2.
We know of no general formula for computing the probability that a given pattern appears in non-
consecutive locations of a Mallows permutation. Without such a formula, we have no systematic
way to extend our results in this direction, and so we leave this as an open problem.

4 Poisson approximation
4.1 Chen–Stein method
Stein’s method is an approach to proving the central limit theorem that was adapted by Chen to
Poisson convergence [11]. The advantage of this method is that it provides guaranteed error bounds
on the total variation distance between the distribution of a sum of possibly dependent random
variables and the distribution of an independent Poisson random variable with the same mean.

Theorem 4.1 (Chen [11]). Suppose X1,X2, . . . ,Xn are indicator random variables with expectations
p1, p2, . . . , pn, respectively, and let W =

∑n
i=1 Xi. Let Y denote an independent Poisson random vari-

able with expectation λ =
∑n

i=1 pi. Suppose, for each i ≥ 1, a random variable Vi can be constructed on the
same probability space as W such that

L(1 + Vi) = L(W | Xi = 1).

Then

dTV(L(W),L(Y)) ≤
1 − e−λ

λ

n∑
i=1

piE |W − Vi|. (18)

4.2 Fixed points example
To see how Theorem 18 can be applied, let e(n) denote the number of fixed-point free permutations
of [n]. With Σn a uniform permutation of [n], we define indicator random variables

Xi = I( i is a fixed point of Σn ), i = 1, . . . ,n.

(Note that these random variables are not independent.) We then define the sum

W =

n∑
i=1

Xi

so that P(W = 0) = e(n)/n! and λ = EW =
∑n

i=1
1
n = 1, the expected number of fixed points. Even

before we proceed with the bound, we obtain the heuristic estimate of n! e−1 for e(n), just as in (3).
To apply Theorem 4.1, we need to construct an explicit coupling of W and 1 + Vi on the same

probability space. This is done for more general restrictions in [5], but we shall write out the full
calculation on fixed points to illustrate the basic premise.
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We take 1 + Vi to be the random sum W conditioned on Xi = 1. For a random permutation σ,
suppose σ(i) = j, for some j ∈ [n]. The coupling is: swap elements i and j. The resulting permutation
has the same marginal distribution as a random permutation conditioned to have a fixed point
at i. In fact, |W − Vi| ∈ {0, 1, 2} for each i since we modify at most 2 elements, and the elements
not involved in the swap cancel out (i.e., any fixed points occurring on indices other than these
swapping positions remain unchanged). Let us denote the random variables after the coupling by
X′1,X

′

2, . . . ,X
′
n; that is, L(X′j) = L(X j | Xi = 1), so that 1 + Vi =

∑n
j=1 X′j. We have

|W − Vi| =

∣∣∣∣∣∣∣Xi +
∑
k,i

(Xk − X′k)

∣∣∣∣∣∣∣ = |Xi + XJI(J = σ(i), J , i)| =


0, σ(i) , i, i not in a 2-cycle,
1, σ(i) = i,
2, i in a 2-cycle.

The probability that two given elements i and j are part of a 2-cycle is precisely 1/(n(n − 1)), and the
probability that i is part of a 1-cycle is 1/n. Thus,

E |W − Vi| =
1
n

+
2
n

=
3
n
,

and equation (18) becomes

dTV(L(W),L(Y)) ≤ (1 − e−1)
n∑

i=1

1
n

3
n

=
3(1 − e−1)

n
.

For all n ≥ 1, we have

|P(W = 0) − P(Y = 0)| =
∣∣∣∣∣ e(n)

n!
− e−1

∣∣∣∣∣ ≤ supi |P(W = i) − P(Y = i)| ≤ dTV(W,Y) ≤
3(1 − e−1)

n
.

Rearranging yields

n!e−1
− 3(n − 1)!(1 − e−1) ≤ e(n) ≤ n!e−1 + 3(n − 1)!(1 − e−1).

Note that this is a guaranteed error bound that holds for all n ≥ 1, and as a corollary we get
e(n) = n!e−1(1 + o(n−1)).

The error bounds derived from the Chen–Stein method can be improved in special cases, e.g., e(n)
above can be obtained exactly by rounding n!/e to the nearest integer for all n ≥ 1, but the appeal of
Poisson approximation is that it applies more generally.

4.3 The Arratia–Goldstein–Gordon Theorem
Arratia, Goldstein, & Gordon [2] provide another approach to Poisson approximation that is
sometimes more practical for Poisson approximation.
Theorem 4.2 (Arratia, Goldstein, & Gordon [2]). Let I be a countable set of indices and, for each α ∈ I, let
Xα be an indicator random variable. Let X = (Xα)α∈I denote a collection of (possibly dependent) Bernoulli
random variables and let B = (Bα)α∈I denote a collection of independent Bernoulli random variables with
marginal distributions which satisfy EBα = EXα for all α ∈ I. Define pα := EXα = P(Xα = 1) > 0 and
pαβ := EXαXβ. Also define W :=

∑
α∈I Xα and λ := EW =

∑
α∈I pα. For each α ∈ I, define sets Dα ⊂ I and

the quantities

b1 :=
∑
α∈I

∑
β∈Dα

pαpβ,

b2 :=
∑
α∈I

∑
α,β∈Dα

pαβ, and (19)

b3 :=
∑
α∈I

E |E {Xα − pα | σ(Xβ : β < Dα)}|,
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where σ(Xβ : β < Dα) denotes the smallest σ-algebra containing Xβ. We have

dTV(L(X),L(B)) ≤ 2(2b1 + 2b2 + b3) + 2
∑
α∈I

p2
α.

Furthermore, let Y denote an independent Poisson random variable with mean λ = EW. We have

dTV(L(W),L(Y)) ≤ 2(b1 + b2 + b3),

and also

|P(W = 0) − P(Y = 0)| ≤ (b1 + b2 + b3)
1 − e−λ

λ
.

In our applications, we are able to define sets Dα, α ∈ I, so that b3 = 0 always holds; whence,
the calculations of the bounds in our theorems require only calculations involving first and second
(unconditioned) moments. For uniform random permutations this is straightforward, but establish-
ing the analogous properties for consecutive patterns under random Mallows permutations is less
obvious.

5 Consecutive pattern avoidance of Mallows permutations
For any permutation σ = σ1 · · · σn, we define its reversal by σr = σn · · · σ1. By the definition of the
Mallows distribution in (2), it is apparent that Pq

n(σ) = P1/q
n (σr) for all σ ∈ Sn, and so we can focus on

the case 0 < q ≤ 1 in our analysis.

5.1 Sequential construction
The Mallows distribution (2) enjoys several nice properties that are amenable to the study of pattern
avoidance. These properties are readily observed by the following sequential constructions, both
of which are well known and have been leveraged in previous studies of the Mallows distribution;
see, for example, [6, 17]. While the properties below are well known, we are not aware of their
appearance in relation to pattern avoidance. We provide proofs for completeness.

For q > 0, we say that random variable X has the truncated Geometric(q) distribution on [n],written
as X ∼ Geometric(n, q), when the point probabilities of X are given by

Pn,q(X = k) = qk−1/(1 + · · · + qn−1), k = 1, . . . ,n. (20)

A Mallows permutation can be generated from the truncated Geometric distribution in two ways,
which we call the ordering and bumping constructions.

For the ordering construction, we generate X1,X2, . . . independently, with each Xn distributed as
Geometric(n, 1/q). To initialize, we have Σ1 = 1, the only permutation of [1]. Given Σn = σ1 · · · σn
and Xn+1 = k, we define

Σn+1 = σ1 · · · σk−1(n + 1)σk · · · σn.

For every n = 1, 2, . . ., it is apparent that Σn is a Mallows(q) permutation because the probability that
element n + 1 appears in position k of Σn+1 is

P(Σn+1(k) = n + 1) = Pn+1,1/q(X = k) = Pn+1,q(X = n + 1 − k) = qn+1−k/(1 + q + · · · + qn).

Since X1, . . . ,Xn are chosen independently and each event {Σn = σ} corresponds to exactly one
sequence X1, . . . ,Xn, we observe

P(Σn = σ) = q| inv(σ)|/In(q), σ ∈ Sn,

as in (2).
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Definition 5.1 (Mallows process). A collection (Σn)n≥1 generated by the ordering construction for fixed
q > 0 is called a Mallows(q) process.

For the bumping construction, we generate X1,X2, . . . independently with each Xn distributed as
Geometric(n, 1/q) as before, and again we initialize with Σ1 = 1. Given Σn = σ1 · · · σn and Xn+1 = k,
we obtain Σn+1 by appending k to the end of Σn and “bumping” all elements of Σn that are greater
or equal to k. More formally, the permutation Σn and the variable Xn+1 give rise to the updated
permutation Σ′1 · · ·Σ

′
nXn+1, where

Σ′j =

{
Σ j + 1, Σ j ≥ Xn+1,

Σ j, otherwise.

For example, if Σ5 = 24135 and X6 = 3, then Σ6 = 251463. Again, the resulting distribution of Σn is
Mallows(q) because Xn+1 = k introduces exactly n + 1 − k new inversions in Σn+1 and X1,X2, . . . are
generated independently.

5.2 Properties of Mallows permutations
Throughout this section, we let (Σn)n≥1 be a family of random permutations so that each Σn is a
permutation of [n]. We say that (Σn)n≥1 is consistent if for all 1 ≤ m ≤ n

P(Σn|[m] = σ) = P(Σm = σ), σ ∈ Sm . (21)

It is immediate from the ordering construction that the Mallows process (Σn)n≥1 is consistent for
every q > 0.

Recall the reduction map described in Section 1. We call (Σn)n≥1 homogeneous if for all 1 ≤ m ≤ n
and every subsequence 1 ≤ i1 < · · · < im ≤ n

P(red(Σn(i1) · · ·Σn(im)) = σ) = P(Σm = σ), σ ∈ Sm . (22)

We call (Σn)n≥1 consecutively homogeneous if (22) holds only for consecutive subsequences i1, i1 +
1, . . . , i1 + m − 1.

Lemma 5.2. The Mallows(q) process is consecutively homogeneous for all q > 0 and homogeneous for q = 1.

Proof: The q = 1 case corresponds to the uniform distribution, which is well known to be homoge-
neous. For arbitrary q > 0, consider the event {red(Σn( j) · · ·Σn( j + m − 1)) = σ} for some σ ∈ Sn. By
the ordering construction, we can first generate Σm = Σm(1) · · ·Σm(m) from the Mallows(1/q) distri-
bution on [m]. We then obtain Σm+ j−1 from Σm using the bumping construction for Mallows(1/q)
distribution. Thus, we have Σm+ j−1 ∼ Mallows(1/q) and its reversal Σr

m+ j−1 ∼ Mallows(q) with
red(Σr

m+ j−1( j) · · ·Σr
m+ j−1(m + j − 1)) = Σm(m) · · ·Σm(1) ∼ Mallows(q). Finally, we obtain Σn by aug-

menting Σr
m+ j−1 according to the bumping construction, so that

red(Σn( j) · · ·Σn(m + j − 1)) = red(Σr
m+ j−1( j) · · ·Σr

m+ j−1(m + j − 1)) = Σm(m) · · ·Σm(1) ∼Mallows(q).

This completes the proof. �

We say that Σn is dissociated if Σn|A and Σn|B are independent for all non-overlapping subsets
A,B ⊆ [n]. If, instead, Σn|A and Σn|B are independent only when A and B are disjoint and each
consists of consecutive indices, then we call Σn weakly dissociated.

Lemma 5.3. For all n ≥ 1, the Mallows(q) distribution on Sn is weakly dissociated for all q > 0 and
dissociated for q = 1.
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Proof: For i′ > i ≥ 1 and m,m′ ≥ 0 satisfying i+m−1 < i′ and i′+m′−1 ≤ n, let A = {i, i+1, . . . , i+m−1}
and B = {i′, i′ + 1, . . . , i′ + m′ − 1}. For any n ≥ 1, we can construct a Mallows(q) permutation of [n] by
first generating Σi+m−1, for which we know that red(Σi+m−1(i) · · ·Σi+m−1(i + m − 1)) ∼ Mallows(q) by
Lemma 5.2. We then construct Σn from Σi+m−1 by the bumping construction. Since bumping does
not affect the reduction of any part of Σn(1) · · ·Σn(i + m − 1), we have

P(red(Σn(i) · · ·Σn(i + m − 1)) = σ | red(Σn(i′) · · ·Σn(i′ + m′ − 1)) = σ′} =)
= P(red(Σi+m−1(i) · · ·Σi+m−1(i + m − 1)) = σ | red(Σn(i′) · · ·Σn(i′ + m′ − 1)) = σ′)
= P(Σm(1) · · ·Σm(m) = σ),

proving that Σn is weakly dissociated. Dissociation of the uniform distribution (q = 1) is well known
and so we omit its proof. The proof is complete. �

Together, the above properties facilitate study of consecutive pattern avoidance for Mallows
permutations with arbitrary q > 0. For example, the pattern 231 has probability q2/(1 + 2q + 2q2 + q3)
to occur in any stretch of three consecutive positions of a Mallows(q) permutation. Since there are
n− 2 consecutive patterns of length 3 in a permutation of [n], the expected number of occurrences is
(n − 2)q2/(1 + 2q + 2q2 + q3). For large n and small q, this expected value behaves asymptotically as
nq2, so that taking q ∼ 1/

√
n gives an expected number on the order of a constant. When q is large,

the expected number of occurrences behaves as nq−1 for large n, and taking q ∼ n gives an expected
number on the order of a constant.

5.3 Poisson convergence theorems
Theorems 3.8 and 3.9 follow by combining the above properties of Mallows permutations with
Theorem 4.2. The calculations and resulting bounds for the general Mallows measure follow the
same program as the uniform case, with the key distinction that we only consider consecutive patterns
for the general Mallows distribution; see Section 3.5. Unlike the uniform setting, the bounds for
the Mallows distribution depend non-trivially on the parameter q and the structure of τ. It is more
fruitful to illustrate this dependence with specific examples than to regurgitate the same proof for
Mallows permutations.

5.3.1 Monotonic patterns under Mallows distribution
Consider the set of permutations that avoid the pattern 123. There are no inversions, and the size
of the pattern is 3; thus, the probability of seeing this pattern in any given set of three consecutive
indices of a Mallows(q) permutation is 1/I3(q). We also need to consider second moments, i.e., the
probability of seeing two 123 patterns. By Lemma 5.3 we need only consider overlapping sets of
indices. There are two cases, either two indices overlap or one does. If two indices overlap and the
first three and last three both reduce to pattern 123, then the segment must reduce to 1234. Similarly,
if one index overlaps, then the segment must reduce to 12345.

The results below extend this argument to monotonic patterns.
Lemma 5.4. Fix q > 0 and let Σn ∼ Mallows(q). For each m ≥ 1, let τm denote the pattern 12 · · ·m. For
each α ∈ Jm, define

Xα = I(red(Σn|α) = τm).
(Recall that Σn|α denotes the restriction of Σn to the subset of indices α.) For a random permutation generated
using the Mallows measure, we have

EXα =
1

Im(q)
, α ∈ Jm,

and for α, β ∈ Jm, α , β, we have

EXαXβ =

 1
Im(q)2 , if α, β have no overlapping elements

1
I2m−s(q) , if α, β have exactly s overlapping elements, s = 1, 2, . . . ,m − 1.
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Proof: The expression for EXαXβ when α and β do not overlap is a consequence of the weak
dissociation property of Mallows permutations (Lemma 5.3), whereby

EXαXβ = EXαEXβ = P(red(Σn|α) = τm)2 = (1/Im(q))2.

When α and β overlap in s elements, the event {Xα = Xβ = 1} requires that both Σn|α and Σn|β reduce
to the increasing permutation, which can occur only if Σn|α∪β reduces to the increasing permutation
of 2m − s. �

Proposition 5.5. Fix q > 0 and let Σn ∼ Mallows(q). For any m ≥ 2, let τm be the increasing pattern
12 · · ·m. For any α ∈ Jm, let

Xα = I(red(Σn|α) = τm).

Let W =
∑
α∈Jm

Xα and let Y be an independent Poisson random variable with expected value λ = EW. Then

dTV(L(W),L(Y)) ≤ 2(b1 + b2),

where

λ =
n −m
Im(q)

, b1 =
n1

Im(q)2 , b2 = n2

m−1∑
s=1

1
I2m−s(q)

,

and n1 and n2 are given by

n1 = 2mn − 3m2 + m and

n2 = 3m − 3m2
− 2n + 2mn. (23)

Proof: When 2m − 1 ≤ n, we have n1 = 2
∑m

s=1(n − 2m + s) = 2mn − 3m2 + m, and similarly
n2 = 2

∑m−1
s=1 (n − 2m + s) = 3m − 3m2

− 2n + 2mn. The factor of 2 is from exchanging the role of α, β.
When 2m − 1 > n, the stated expressions for n1 and n2 are still valid upper bounds, but they can be
improved. �

It is straightforward to state the complementary result about the decreasing pattern m · · · 21.

Proposition 5.6. Fix q > 0 and let Σn ∼ Mallows(q). For any m ≥ 2, let ηm be the decreasing pattern
m · · · 21. For any α ∈ Jm, let

Xα = I(red(Σn|α) = ηm)

and W =
∑
α∈Jm

Xα, and allow Y to denote an independent Poisson random variable with expected value
λ = EW. Then

dTV(L(W),L(Y)) ≤ 2(b1 + b2),

where

λ = (n −m)
q(m

2)

Im(q)
, b1 =

n1 q(m
2)

Im(q)2 , b2 = n2

m−1∑
s=1

q(2m−s
2 )

I2m−s(q)
,

and n1 and n2 are given by

n1 = 2mn − 3m2 + m and

n2 = 3m − 3m2
− 2n + 2mn.



Pattern avoidance for random permutations 15

5.3.2 Other patterns of length 3
We now demonstrate the dependence of the total variation bound on q for the small patterns 132, 213,
231, and 312. In this section, we again recall that Jm denotes the set of all m-tuples with consecutive
elements in {1, 2, . . . ,n}, and for a given α ∈ J3, Xα denotes the indicator random variable defined in
(7).

For τ = 132, we have EXα = q/I3(q), and there can be no consecutive occurrences of τ that overlap
with two indices. The only possible ways to have one overlapping index are the patterns 13254,
15243, and 14253. In these cases, we have

λ =
(n − 3) q

I3(q)
and

EXαXβ =
1

I5(q)
×


q2, 13254,
q3, 14253,
q4, 15243.

Letting W =
∑
α∈J3
EXα and defining Y as an independent Poisson random variable with expectation

λ = EW = (n − 3) q/I3(q), the total variation distance bound is given by

dTV(L(W),L(Y)) ≤ 2
(
(3n − 13)

q2

I3(q)2 + 2(n − 5)
q2 + q3 + q4

I5(q)

)
.

The 2(n−5) term comes from the two sets of triplets {1, 2, 3} and {2, 3, 4} for which the overlapping pair
can only occur to the right of the elements, and similarly from the two sets of triplets {n− 2,n− 1,n}
and {n− 3,n− 2,n− 1} for which the overlapping pair can only occur to the left of the elements, and
finally the (n − 4 − 3) triplets in between for which the overlapping pairs are both to the left and the
right; hence 2 + 2(n − 7) + 2 = 2(n − 5). Similarly, the 3n − 13 comes from 2 · 2 + 3(n − 7) + 2 · 2. For
fixed t > 0, we have λ→ t and dTV(L(W),L(Y)) = O(n−1), provided q ∼ t n−1 or q ∼ t n1/2.

For τ = 213, we similarly have

λ =
(n − 3) q

I3(q)
,

EXαXβ =
1

I5(q)
×


q2, 21435,
q3, 31425,
q4, 32415,

and

dTV(L(W),L(Y)) ≤ 2
(
(3n − 13)

q2

I3(q)2 + 2(n − 5)
q2 + q3 + q4

I5(q)

)
,

which for q ∼ t n−1 or q ∼ t n1/2 implies λ→ t and dTV(L(W),L(Y)) = O(n−1).
For τ = 231:

λ =
(n − 3) q2

I3(q)
,

EXαXβ =
1

I5(q)
×


q6, 34251,
q7, 35241,
q8, 45231,

and

dTV(L(W),L(Y)) ≤ 2
(
(3n − 13)

q4

I3(q)2 + 2(n − 5)
q6 + q7 + q8

I5(q)

)
,
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n j lower n!
100 36 6.85456 × 10157 9.3326 × 10157

1000 133 3.4433 × 102567 4.6045 × 102567

10000 442 8.3847 × 1035658 2.8463 × 1035659

100000 14353 9.9451 × 1065657058 1.2024 × 1065657059

Tab. 1: Bounds on | Sn(τ)| for τ ∈ S j, for different values of n and j.

n j lower n!
100 6 3.98735 × 10157 9.33262 × 10157

1000 7 5.77948 × 102566 4.02387 × 102567

10000 9 2.49966 × 1035659 2.84626 × 1035659

100000 10 2.48004 × 10456573 2.82423 × 10456573

1000000 11 7.34802 × 105565708 8.26393 × 105565708

Tab. 2: Bounds on | Sn(τ)| for τ ∈ S j, for different values of n and j.

which for q ∼ t1/2n−1/2 or q ∼ n t1/2 implies λ→ t and dTV(L(W),L(Y)) = O(n−1).
And finally for τ = 312:

λ =
(n − 3) q2

I3(q)
,

EXαXβ =
1

I5(q)
×


q6, 51423,
q7, 52413,
q8, 53412,

and

dTV(L(W),L(Y)) ≤ 2
(
(3n − 13)

q4

I3(q)2 + 2(n − 5)
q6 + q7 + q8

I5(q)

)
,

which for q ∼ t1/2 n−1/2 or q ∼ n t1/2 implies λ→ t and dTV(L(W),L(Y)) = O(n−1).

6 Numerical examples
6.1 Numerical values
Using Theorem 3.6, we can estimate | Sn(τ)| for different sizes of patterns τ. Table 1 shows the
lower bound thresholds for several values of n and patterns of size j. Similarly, using Theorem 3.7,
we estimate | Sn(τ)| in Table 2. In the case of n = 1000 and j = 133, we have more specifically
3.4433 × 102567

≤ |Sn(τ)| ≤ 4.0239 × 102567.

6.2 Detailed illustration for the patterns 2341 and 23451
Propositions 5.5 and 5.6 give an expression for the total variation bound between the number of
occurrences of the increasing and decreasing patterns and an independent Poisson random variable.
In principle, these bounds can be computed exactly for any pattern by way of the Arratia–Goldstein–
Gordon theorem (Theorem 4.2), and so we need only compute the quantities b1, b2, and b3 as in
Theorem 4.2.

By Lemma 5.3, all Mallows(q) permutations are weakly dissociated and, therefore, b3 ≡ 0 for all
patterns in the case of consecutive pattern avoidance. For any pattern τ, homogeneity of the Mallows
measure implies pα = q| inv(τ)|/Im(q) for all α, and so b1 is easy to compute. The only complication
involves the consideration of overlapping patterns in the calculation of b2. We cannot prove anything
more general than Arratia–Goldstein–Gordon for arbitrary patterns; instead, we compute these
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permutation no. inversions permutation no. inversions
3452671 9 3462571 10
3472561 11 3562471 11
3572461 12 4562371 12
4572361 13 3672451 13
4672351 14 5672341 15

Tab. 3: List of all permutations that have pattern 2341 in overlapping positions along with the number of
inversions.

permutation no. inversions permutation no. inversions permutation no. inversions
345627891 12 347825691 16 456923781 18
345726891 13 347925681 17 467823591 19
345826791 14 348925671 18 467923581 20
345926781 15 357824691 17 468923571 21
346725891 14 357924681 18 567823491 20
346825791 15 358924671 19 567923481 21
346924781 16 367824591 18 568923471 22
356724891 15 367924581 19 378924561 21
356824781 16 368924571 20 478923561 22
356924781 17 457823691 18 578923461 23
456723891 16 457923681 19 678923451 24
456823791 17 458923671 20

Tab. 4: List of all permutations that have pattern 23451 in overlapping positions along with the number of
inversions.

bounds in the special cases of τ = 2341 and τ = 23451. Figure 1 shows the performance of these
bounds at the critical values q ∼ n−1/3 and q ∼ n1/3 for τ = 2341, and q ∼ n−1/4 and q ∼ n1/6 for
τ = 23451.

6.2.1 The pattern 2341
For τ = 2341, we have pα = q3/I4(q) and b1 = (n − 4)q3/I4(q). The structure of τ only permits overlap
with the first or last position. Table 3 lists all permutations that have pattern 2341 in the first 4 and
last 4 positions. These are the only permutations that contribute to b2 in the bound of Theorem 4.2.
We assume n ≥ 7. For positions 5, . . . ,n − 5, each of these overlapping patterns can occur twice;
otherwise, the patterns occur only once for a total of 2(n − 8) + 8 = 2n − 8 possibilities. There are
6(n − 8) + 2(5 + 4 + 3) = 6n − 24 overlapping patterns α and β that contribute to b1. Thus,

λ = (n − 4)q3/I4(q),

b1 = (6n − 24)q6/I4(q)2, and

b2 = (2n − 8)q9(1 + q + 2q2 + 2q3 + 2q4 + q5 + q6)/I7(q),

giving the bounds

e−λ − (b1 + b2)
1 − e−λ

λ
≤ P(W = 0) ≤ e−λ + (b1 + b2)

1 − e−λ

λ
.

6.2.2 The pattern 23451
For τ = 23451, we have pα = q4/I5(q) and b1 = (n− 5)q4/I5(q). The structure of τ only permits overlap
with the first or last position. Table 4 lists all permutations that have pattern 23451 in the first 5
and last 5 positions. These are the only permutations that contribute to b2 in the bound of Theorem
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4.2. We assume n ≥ 9. For positions 5, . . . ,n − 5, each of these overlapping patterns can occur twice;
otherwise, the patterns occur only once for a total of 2(n − 10) + 10 = 2n − 10 possibilities. There are
8(n − 10) + 2(7 + 6 + 5 + 4) = 8n − 36 overlapping patterns α and β that contribute to b1. Thus,

λ = (n − 5)q4/I5(q),

b1 = (8n − 36)q8/I5(q)2, and

b2 = (2n − 10)q12(1 + q + 2q2 + 3q3 + 4q4 + 4q5 + 5q6 + 4q7 + 4q8 + 3q9 + 2q10 + q11 + q12)/I9(q),

producing the bounds

e−λ − (b1 + b2)
1 − e−λ

λ
≤ P(W = 0) ≤ e−λ + (b1 + b2)

1 − e−λ

λ
.

7 Proofs
7.1 Bounds on pα and pαβ
We first prove several lemmas, from which the theorems follow. By the homogeneity property of
uniform permutations we have

pα = EXα = 1/m! for all α ∈ Jm.

To calculate the Poisson rate λ, we use linearity of expectation: there are
(n

m
)

possible m-tuples of
elements in [n], and so the expected number of subsets of m elements that reduce to the pattern
k1k2 · · · km is

λ = |Jm| pα =

(
n
m

)
/m!.

Next, we consider the joint expectation pαβ = EXαXβ. In these calculations, recall the notation for
d1, d2 and d1, d2 from Theorems 3.1 and 3.5, respectively.

Lemma 7.1. Fix α, β ∈ Jm and let s = 1, . . . ,m − 1 denote the number of elements that α, β have in common.
For any such pair α, β, we have

pαβ ≤
s!

m!2
. (24)

Proof: First we condition on Xα, which contributes a factor of 1/m!. By conditioning on Xα, we
assume that the s common elements are in their proper order with respect to Xβ. It may so happen
that, conditional on Xα, no such event can occur, which justifies the inequality.

Consider first s = m − 1, i.e., condition on m − 1 of the entries being in their proper order.
Assuming that it is possible to realize both events simultaneously, the remaining element has
probability 1/m of appearing in its correct order. For general s, conditional on s entries being in their
proper order, the probability that the remaining m − s elements appear in their proper order is then
((s + 1)(s + 2) · · ·m)−1. �

7.2 Proof of Theorem 3.6
We have the following lemma.

Lemma 7.2. For Dα defined as in Section 3.1 and b3 as in Theorem 4.2, we have b3 = 0 for all patterns τ.

Proof: This follows from the dissociated property of uniform permutations (Lemma 5.3). We
interpret the conditioning on σ(Xβ : β < Dα) as the σ-algebra containing all possible information
about just the order of a particular set of three elements. Since these three elements do not overlap
any of the elements in α, knowing only their order does not affect Xα because uniform permutations
are dissociated. �
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Remark 7.3. Note that the conditioning in the expression for b3 is not the σ-algebra containing all information
about the elements indexed by each tuple. If it were, then knowing their particular location would have an
impact. However, simply knowing their order does not reveal any more information about Xα.

Lemma 7.4. For each α ∈ Jm,

|Dα| =

(
n
m

)
−

(
n −m

m

)
.

(Note that the value of Dα does not depend on α.)

Proof: Fix any α, β ∈ Jm and let s = 1, . . . ,m denote the number of elements that α, β have in common.
(This includes the case α = β.) For each s = 1, 2, . . . ,m, we select any s elements out of the m for the
two sets of indices α, β to have in common, then we select the remaining m − s elements from the
n −m remaining elements that are not in α. That is,

|Dα| =

m∑
s=1

(
n −m
m − s

)(
m
s

)
=

(
n
m

)
−

(
n −m

m

)
, for all α ∈ Jm.

�

Lemma 7.5. We have

d1 =

(
n
m

) ((
n
m

)
−

(
n −m

m

))
/m!2.

Proof: Follows immediately from Lemma 7.4 and Lemma 7.1. �

The expression given for d2 in Equation (10) in the statement of Theorem 3.6 is straightforward,
although it contains the overlap quantities Ls(τ), which can vary wildly for different patterns τ, and
for which we are unaware of any general explicit or asymptotic expression. We calculate explicit
upper bounds for d2 in Lemma 7.6.

7.3 Proof of Theorem 3.7 and Theorem 3.8
Theorem 3.7 follows from Theorem 3.8 using q = 1 and the fact that In(1) = n!. Theorem 3.8 is a
straightforward generalization of Proposition 5.5.

7.4 Proof of Theorem 3.1 and Theorem 3.5
To prove Theorem 3.1 it is sufficient that the bounds for d1 and d2 in Theorem 3.6 converge to 0 as
n→∞. For d2, the asymptotic analysis is not so straightforward, which is why we instead use the
inequality in Equation (24).

Lemma 7.6. We have

d2 ≤

(n
m
)

m!2

m−1∑
s=1

(
n −m
m − s

)(
m
s

)
s! ≤

e2( 1
12−

3
13 )

(2π)2

(
e2(n −m)

j2

)m 1
m

e2
√

n−m log(m).

Whence, for any ε ≥ 0, taking m ≥ (e e1/e + ε)
√

n gives d2 → 0.

Proof: We count the number of pairs (α, β), α ∈ Jm and β ∈ Dα with exactly s shared elements. We
may first choose any 2m− s locations among the n possible choices for the patterns to occur. Of those
2m − s locations, we can choose any m of them for the elements of α. Then, of those m locations, any
s can also be shared with β. Thus, for a given s ∈ {1, 2, . . . ,m − 1}, there are(

n
2m − s

)(
2m − s

m

)(
m
s

)
=

(
n
m

)(
n −m
m − s

)(
m
s

)
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terms in the sum. Using equation (24), we have

d2 ≤

(n
m
)

m!2

m−1∑
s=1

(
n −m
m − s

)(
m
s

)
s! =

(n
m
)

m!

m−1∑
s=1

(n−m
m−s

)
(m − s)!

.

In order to handle the sum, we first recall the quantitative bounds of Robbins [33], i.e.,

e
1

12n+1 <
n!

(n/e)n
√

2πn
< e

1
12n , for all n ≥ 1.

Again we emphasize that this inequality holds for all n ≥ 1, which allows us to provide the simpler
bound of

d2 ≤ λ exp
(( 1

12
−

3
13

)) m−1∑
s=1

(
e2(n −m)
(m − s)2

)m−s e−
(m−s)2

n−m

2π(m − s)
.

The term
(

e2(n−m)
(m−s)2

)m−s
is maximized when m − s =

√
n −m; whence

d2 ≤
λ

2π
exp

(( 1
12
−

3
13

)) (
e2
)√n−m

m−1∑
s=1

e−s2/(n−m)

s
≤
λ

2π
exp

(( 1
12
−

3
13

))
e2
√

n−m log(m).

Note next that

λ ≤

(
e2 n
m2

)m e−
m2
n

2πm
,

so that for η > 0 and m ∼ (e + η)
√

n, we have

λ ≤
(
1 +

η

e

)2m e−(e+η)2

2πm

and

d2 ≤

((
1 +

η

e

) (
e

1
e+η

))2m log m
2πm

≤

 e1/e

1 +
η
e

2m
log m
2πm

.

Letting η = e(e1/e
− 1) + ε for any ε ≥ 0, we conclude that taking m ≥ (e e1/e + ε)

√
n implies d2 → 0. �

We now compute an explicit upper bound for d2 which establishes Theorem 3.5.

Lemma 7.7.

d2 ≤

m−1∑
s=1

(n − 2m + s)
s!

(m)!2
∼

n
m!

1
m
.

Taking any fixed positive t, m ≥ Γ(−1)(n/t) − 1 and m ∼ Γ(−1)(n/t) − 1, we have d2 ≤
t
m → 0 as n tends to

infinity.

Proof: It is easy to see that
m−1∑
s=1

s!
m!

=
1
m

(
1 + O(m−1)

)
,

and also
m−1∑
s=1

s s!
m!

= O(1).
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Using equation (24), the result immediately follows. �

For a more explicit form of the growth of m, we define ψ(x) = Γ′(x)/Γ(x), the digamma function,
as the logarithmic derivative of the gamma function, and denote by k0 the smallest positive root of
ψ(x), i.e., k0 = 1.46163 . . .. Also, let c = e−1

√
2π−Γ(k0) = 0.036534 . . . and denote by W(x) the Lambert

W function, i.e., the solution to x = W(x)eW(x). Finally, let L(x) := log((x + c)/2π).

Lemma 7.8 ([10]). As x tends to infinity, we have

Γ(−1)(x) ∼
L(x)

W(L(x)/e)
+

1
2
∼

log(x)
log log(x) − log log log(x)

.

Lemma 7.9. Suppose t > 0 is some fixed constant and m = dΓ(−1)(n/t) − 1e. Then

λ =
n −m

m!
→ t.

Remark 7.10. We must be slightly careful when specifying the length of the pattern m in Lemma 7.9, since
in general Γ(−1)(n/t) − 1 will not be an integer. However, as long as m always exceeds this value, which we
have ensured by setting it equal to the smallest integer exceeding it, then the asymptotic expressions still hold.

8 Acknowledgements
The authors would like to acknowledge helpful comments from Brendan McKay, Dan Romik, Igor
Rivin, Jim Pitman, Richard Arratia, Igor Pak, Michael Albert, Vince Vatter, and Doron Zeilberger.

References
[1] Albert, M. H., Atkinson, M. D., and Brignall, R. The enumeration of permutations avoiding

2143 and 4231. Pure Math. Appl. (PU.M.A.) 22, 2 (2011), 87–98.

[2] Arratia, R., Goldstein, L., and Gordon, L. Two moments suffice for poisson approximations:
the chen-stein method. The Annals of Probability (1989), 9–25.
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Fig. 1: Plot of pattern avoidance probabilities of Mallows(q) distribution for: (top left) pattern τ = 2341 with
q = n−1/3; (top right) pattern τ = 23451 with q = n−1/4; (bottom left) pattern τ = 2341 with q = n1/3; and (bottom
right) pattern τ = 23451 with q = n1/6. The dashed lines represent the upper and lower error bounds from the
Arratia–Goldstein–Gordon theorem, and the solid line represent their average, i.e., the heuristic approximation.
In all panels, the horizontal axis is on the logarithmic scale with base 10. Note that the dashed lines overlap
with the solid line in the two figures on the right, indicating that the error bounds are tightly concentrated
about the estimated probability.
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Fig. 2: Plot of lower and upper bounds on pattern avoidance probabilities of uniform distribution (q = 1) for
τ = 2341 (left) and τ = 23451 (right).
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In this paper, we consider pattern avoidance in a subset of words on t1, 1, 2, 2, . . . , n, nu called reverse double lists.

In particular a reverse double list is a word formed by concatenating a permutation with its reversal. We enumerate

reverse double lists avoiding any permutation pattern of length at most 4 and completely determine the corresponding

Wilf classes. For permutation patterns ρ of length 5 or more, we characterize when the number of ρ-avoiding reverse

double lists on n letters has polynomial growth. We also determine the number of 1 ¨ ¨ ¨ k-avoiders of maximum length

for any positive integer k.

Keywords: permutation pattern, reverse double list, Wilf class, standard Young tableau

1 Introduction

Let Sn be the set of all permutations on rns “ t1, 2, . . . , nu. Given π P Sn and ρ P Sk we say that

π contains ρ as a pattern if there exists 1 ď i1 ă i2 ă ¨ ¨ ¨ ă ik ď n such that πia ď πib if and

only if ρa ď ρb. In this case we say that πi1 ¨ ¨ ¨πik is order-isomorphic to ρ, and that πi1 ¨ ¨ ¨πik is an

occurrence of ρ in π. If π does not contain ρ, then we say that π avoids ρ. Of particular interest are the

sets Snpρq “ tπ P Sn | π avoids ρu. Let snpρq “ |Snpρq|. It is well known that snpρq “ p2n

n q
n`1

for ρ P S3;

see Knuth (1968). For ρ P S4, 3 different sequences are possible for tsnpρquně1. Two of these sequences

are well-understood, but an exact formula for snp1324q remains open; see Conway and Guttmann (2015).

Pattern avoidance has been studied for a number of combinatorial objects other than permutations. The

definition above extends naturally for patterns in words (i.e. permutations of multisets) and there have

been several algorithmic approaches to determining the number of words avoiding various patterns; see

Brändën and Mansour (2005); Burstein (1998); Jelı́nek and Mansour (2009); Pudwell (2010).

In another direction, a permutation may be viewed as a bijection on rns. When we graph the points

pi, πiq in the Cartesian plane, all points lie in the square r0, n ` 1s ˆ r0, n ` 1s, and thus we may apply

various symmetries of the square to obtain involutions on the set Sn. For π P Sn, let πr “ πn ¨ ¨ ¨π1 and

let πc “ pn ` 1 ´ π1q ¨ ¨ ¨ pn ` 1 ´ πnq, the reverse and complement of π respectively. For example, the

graphs of π “ 1342, πr “ 2431, and πc “ 4213 are shown in Figure 1.

˚Research was supported by the National Science Foundation (NSF DMS-1262852)

ISSN 1365–8050 c© 2018 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License

http://arxiv.org/abs/1704.08638v5
http://dmtcs.episciences.org/
http://dmtcs.episciences.org/3289


2 Monica Anderson, Marika Diepenbroek , Lara Pudwell, Alex Stoll

π “ 1342 πr “ 2431 πc “ 4213

Fig. 1: The graphs of π “ 1342, πr “ 2431, and πc “ 4213

Pattern-avoidance in centrosymmetric permutations, i.e. permutations π such that πrc “ π has been

studied by Egge (2007, 2010), by Lonoff and Ostroff (2010), and by Barnabei et al. (2010). Ferrari (2011)

generalized this idea to pattern avoidance in centrosymmetric words. More recently, Cratty et al. (2017)

defined the set of double lists on n letters to be

Dn “ tππ | π P Snu.

In other words, a double list is a permutation of rns concatenated with itself. We see immediately that

|Dn| “ n!. Cratty et. al. completely characterized the members of Dn that avoid a given permutation

pattern of length at most 4. In all of these cases, knowing the first half of a permutation or word determines

the second half.

In this paper we consider a type of word that exhibits a different symmetry. In particular, let

Rn “ tππr | π P Snu.

For example, R3 “ t123321, 132231, 213312, 231132, 312213, 321123u. We call Rn the set of reverse

double lists on n letters. Consider

Rnpρq “ tσ P Rn | σ avoids ρu,

and let rnpρq “ |Rnpρq|. We obtain a number of interesting enumeration sequences for trnpρquně1 with

connections to other combinatorial objects. In Section 2 we consider rnp12 ¨ ¨ ¨kq for any positive integer

k. We give an analogue of the Erdős–Szekeres Theorem for reverse double lists; in other words, we

show that rnp12 ¨ ¨ ¨kq “ 0 for sufficiently large n. We also enumerate the number of 12 ¨ ¨ ¨k-avoiders of

maximum length. In Section 3 we completely determine rnpρq for ρ P S3 YS4. In Section 4, we give data

that describes all Wilf classes for avoiding a pattern ρ P S5; we also classify the enumeration generating

functions for many of these Wilf classes. More generally, we characterize when rnpρq has polynomial

growth for a pattern ρ of arbitrary length.

2 Avoiding monotone patterns

In this section, we show that rnp12 ¨ ¨ ¨kq “ 0 for sufficiently large n. Theorem 1 gives a sharp bound on

when rnp12 ¨ ¨ ¨kq “ 0, while Theorem 3 enumerates the maximal length avoiders of 12 ¨ ¨ ¨k.

Theorem 1. rnp12 ¨ ¨ ¨kq “ 0 for n ě
`

k
2

˘

` 1.
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Proof: Consider σ “ ππr P Rn. Following Seidenberg’s proof of the Erdős–Szekeres Theorem in

Seidenberg (1959), for 1 ď i ď n, let ai be the length of the longest increasing subsequence of π ending

in πi and let bi be the length of the longest decreasing subsequence of π ending in πi. By definition,

1 ď ai, bi ď n. Further, if i ‰ j, then pai, biq ‰ paj , bjq, since if πi ă πj then ai ă aj and if πi ą πj

then bi ă bj . Finally, for all i, the increasing subsequence of length ai in π ending at πi followed by

the reversal of the decreasing subsequence of length bi in π ending at πi, minus the digit πi in πr forms

an increasing subsequence of length ai ` bi ´ 1 in σ. If σ P Rnp12 ¨ ¨ ¨kq, it must be the case that

ai ` bi ´ 1 ă k for all i. There are
`

k
2

˘

distinct pairs of positive integers where ai ` bi ´ 1 ă k, so we

have that rnp12 ¨ ¨ ¨kq “ 0 for n ě
`

k

2

˘

` 1.

In fact, this bound is sharp. Let Jℓ be the decreasing permutation of length ℓ. Also, let α ‘ β denote

the direct sum of permutations α “ α1 ¨ ¨ ¨αn and β “ β1 ¨ ¨ ¨βm, i.e.

pα ‘ βqi “
#

αi 1 ď i ď n

n ` βi´n n ` 1 ď i ď n ` m
.

Then π “ Jk´1 ‘ Jk´2 ‘ ¨ ¨ ¨ ‘ J2 ‘ J1 is a permutation of length
`

k
2

˘

such that ππr P Rnp12 ¨ ¨ ¨kq.

Now that we have a sharp bound on when rnp12 ¨ ¨ ¨kq “ 0, a natural question is: how many maximal

12 ¨ ¨ ¨k-avoiders are there? This question is most easily answered using the Robinson–Schensted corre-

spondence between permutations and pairs of standard Young tableaux of the same shape. Recall that the

Robinson–Schensted correspondence maps a ÞÑ
´

a , 1

¯

. Now, given the pair of tableau pP,Qq for

π1 ¨ ¨ ¨πn´1, we insert πn in the following way:

(a) If πn is larger than all entries of row 1 of P , then append πn to the end of row 1 of P and append n

to the end of row 1 of Q.

(b) Otherwise, find the first entry i of row 1 of P that is larger than πn, replace this entry with πn and

now repeat steps (a) and (b) by trying to insert i into row 2, bumping if necessary. When we finally

have an entry that is added to the end of a row, insert a box in the corresponding place in Q with

entry n.

In general, we write pP pπq, Qpπqq for the pair of tableau corresponding to π. For example, the steps of

this bumping algorithm for the permutation 452316 are shown in Figure 2.

In this correspondence, the number of rows of P pπq gives the length of the longest decreasing subse-

quence of π, and the number of columns of P pπq gives the length of the longest increasing subsequence

of π. If σ “ ππr P Rpk

2qp12 ¨ ¨ ¨kq, we expect both the longest increasing subsequence and the longest

decreasing subsequence of π to have length less than k. But more can be said. Consider the following

result of Greene:

Theorem 2 (Greene (1974), Theorem 3.1). Let π be a permutation, let P pπq have k rows and let λi

denote the length of the ith row of P pπq. Then for all 1 ď i ď k, the maximum size of the union of i

increasing subsequences in π is equal to λ1 ` λ2 ` ¨ ¨ ¨ ` λi.

We are ready to state a characterization of P pπq if ππr P Rpk

2qp12 ¨ ¨ ¨kq.
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4 ÞÑ
´

4 , 1

¯

4523 ÞÑ
˜

2 3

4 5
,
1 2

3 4

¸

45 ÞÑ
´

4 5 , 1 2

¯

45231 ÞÑ

¨

˚

˝

1 3

2 5

4

,

1 2

3 4

5

˛

‹

‚

452 ÞÑ
˜

2 5

4
,
1 2

3

¸

452316 ÞÑ

¨

˚

˝

1 3 6

2 5

4

,

1 2 6

3 4

5

˛

‹

‚

Fig. 2: The Robinson–Schensted correspondence applied to the permutation 452316

Theorem 3. rpk

2qp12 ¨ ¨ ¨kq is equal to the number of pairs of standard Young tableaux pP,Qq of shape

pk ´ 1, k ´ 2, . . . , 1q where P has increasing diagonals (i.e. the entry in row r column c is less than the

entry in row r ´ 1, column c ` 1 for 2 ď r ď k ´ 1 and 1 ď c ď k ´ 2).

First, we show that the pk ´ 1, k ´ 2, . . . , 1q shape of P pπq is necessary for ππr P Rpk

2qp12 ¨ ¨ ¨kq.

Lemma 1. Suppose π P Spk

2q. If P pπq does not have the shape pk ´ 1, k ´ 2, . . . , 1q, then ππr contains

an increasing subsequence of length k.

Proof: We know that P pπq has at most k ´ 1 rows; otherwise, π contains a decreasing subsequence of

length k, and πr contains an increasing subsequence of length k. Now, if λj is the length of row j of P pπq,

let r be the first row such that λj ě k ´ j ` 1. We know from Theorem 2 that the maximum size of the

union of r increasing subsequences in π is equal to λ1 ` ¨ ¨ ¨ ` λr. In fact, we can find disjoint increasing

subsequences of lengths λ1, λ2, . . . , λr in π. This means that there are at least r distinct elements of π

that are the last element in an increasing subsequence of length k ´ r ` 1. However, from the proof of

Theorem 1, we know that there are at most r ´ 1 such elements if ππr avoids 12 ¨ ¨ ¨k. Therefore, P pπq
and Qpπq have shape pk ´ 1, k ´ 2, . . . , 1q whenever ππr P Rpk

2qp12 ¨ ¨ ¨kq.

Notice while P pπq having the shape pk ´ 1, k ´ 2, . . . , 1q is necessary for ππr P Rpk

2qp12 ¨ ¨ ¨kq, it is

not sufficient. For example, when π “ 246513, P pπq has the shape p3, 2, 1q, but ππr contains a 1234

pattern, realized by the digits 1 and 3 in π together with the digits 5 and 6 in πr. However, by Lemma 1,

we may restrict our attention to

S
˚

pk

2q “
!

π P Spk

2q
ˇ

ˇ

ˇ
P pπq has shape pk ´ 1, k ´ 2, . . . , 1q

)

.

To prove Theorem 3, we must show that for π P S˚

pk

2q, ππr avoids 12 ¨ ¨ ¨k if and only if P pπq has

increasing diagonals.

Before we finish the proof of Theorem 3, we recall a construction of Viennot (1977) that relates the

entries of P pπq to the graph of π. Consider the points pi, πiq for 1 ď i ď n. The shadow of point pxi, yiq,
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1 2 3 4 5 6

1

2

3

4

5

6

Fig. 3: The shadow lines of π “ 452316

denoted Sppxi, yiqq, is Sppxi, yiqq :“
 

pu, vq P R
2
ˇ

ˇu ě xi and v ě yi
(

. In other words, the shadow is

the collection of all points above and to the right of the original point. Consider the points of the graph

of π that are not in the shadow of any other point. The boundary of the union of their shadows is the

first shadow line L1 of π. To form the second shadow line (and subsequent shadow lines), remove the

points on the first shadow line from the graph of π, and repeat. An example, showing the shadow lines of

π “ 452316, is given in Figure 3.

Viennot showed that the y-coordinates of the rightmost point on each shadow line are the entries in the

first row of P pπq. Indeed, using the Robinson–Schensted correspondence, we saw in Figure 2 that

P p452316q “
1 3 6

2 5

4

and the y-coordinates of the rightmost points on the shadow lines in Figure 3 are 1, 3, and 6. The second

row of P pπq can be found in a similar way: mark the corners of the shadow lines where there is no point

of the original permutation, as shown by the squares in the left side of Figure 4. Then, using these corners

as the new permutation graph, draw shadow lines again, as shown in the right side of Figure 4. The y-

coordinates of rightmost points on each of the new shadow lines are the second row of P pπq; in this case

the entries are 2 and 5. We can iterate this shadow line process to obtain all rows of P pπq. Shadow lines

are the main tool in our proof of Theorem 3 that follows. We proceed with a series of lemmas.

Next, we characterize the permutations π for which ππr P Rpk

2qp12 ¨ ¨ ¨kq in terms of shadow lines.

Lemma 2. Suppose π P Spk

2q. Then ππr avoids 12 ¨ ¨ ¨k if and only if
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1 2 3 4 5 6

1

2

3

4

5

6

1 2 3 4 5 6

1

2

3

4

5

6

Fig. 4: Iterating the shadow line procedure to obtain the second row of P pπq for π “ 452316

1. shadow line i of π contains k ´ i points for all 1 ď i ď k ´ 1, and

2. the jth point on the ith shadow line of π is the unique point such that the longest increasing sub-

sequence ending in that point has length i and the longest decreasing subsequence ending in that

point has length j.

Proof: Suppose π P Spk

2q and ππr avoids 12 ¨ ¨ ¨k. Using the labeling from Theorem 1 there is a unique

point in π with each label pa, bq for 2 ď a ` b ď k. For any permutation π, by construction, each point

on shadow line i has a “ i. Moreover, the jth point on shadow line i has b ě j. Since we know there is

exactly one point with each label, it must be the case that the jth point on shadow line i has label pi, jq.

This labeling also results in exactly k ´ i points on the ith shadow line, as desired.

Suppose, on the other hand that ππr contains 12 ¨ ¨ ¨k. This means that the labeling from Theorem 1

results in a point πℓ with the label pa, bq where a` b ě k ` 1. By the shadow line construction, this point

must be on shadow line a. If πℓ is really the bth point on shadow line a, then we have violated condition

(1) since shadow line a has at least b ě k ` 1 ´ a points. If πℓ is not the bth point on shadow line a, then

we have violated condition (2).

As in Viennot’s general case, these shadow lines are a tool to better understand the structure of P pπq in

the context of Rpk

2qp12 ¨ ¨ ¨kq.

Lemma 3. If ππr avoids 12 ¨ ¨ ¨k, then column i of P pπq consists of the entries from the ith shadow line

of π.

Proof:

By Lemma 2 we know that the jth point on the ith shadow line of π is the unique point such that the

longest increasing subsequence ending in that point has length i and the longest decreasing subsequence

ending in that point has length j and that the ith shadow line of π has k ´ i points for all 1 ď i ď k ´ 1.
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We claim that if two points are adjacent points on the same shadow line at one iteration of the shadow

line construction, then they must be on the same shadow line at the next iteration. Suppose to the contrary

that πa ą πb are adjacent points on the same shadow line in one iteration, but they are on different shadow

lines in the next iteration. Then one of the two cases in Figure 5 must occur. That is, when we consider

the square points at height πa and πb, either there is a square on a different shadow line that forms the

1 in a 312 pattern (in which case πa moves to an earlier shadow line than πb), or there is a square on a

different shadow line that forms the 2 in a 231 pattern (in which case πb moves to an earlier shadow line

than πa), but not both (in which case, πa and πb would stay on the same line). In either case, since both

πa and πb are involved in the next iteration, there must be at least one more point πc further to the right

on their shadow line.

In the case where there is a square on a different shadow line that forms the 1 in a 312 pattern (on the

left of Figure 5), suppose that πd is the height of the square that plays the role of this 1. Call the next

point on πd’s shadow line πe, Since πd’s square forms a 312 pattern with πa and πb’s squares, πe appears

horizontally between πb and πc. If πd is the first point on the shadow line, we have a contradiction since

the longest decreasing subsequence ending at πe should have length 2. However, πa, πb, and πe form a

longer decreasing subsequence ending in πe. If πd is not the first point on its shadow line, then call the

previous point πf . Since there is no 231 pattern using the squares from πa and πb, πf ą πa. The longest

decreasing subsequence ending in πe should be the one that follows the shadow line containing πe, ending

in πfπdπe, however, taking the same decreasing subsequence and replacing πdπe with πaπbπe forms an

even longer decreasing subsequence, which is a contradiction. So, this case is impossible if ππr avoids

12 ¨ ¨ ¨k.

The case where there is a square on a different shadow line that forms the 2 in a 231 pattern (on the right

of Figure 5) is similar. Again, suppose πd is the height of the square that plays the role of this 2 and call

the next point on πd’s shadow line πe. Since πd’s square forms a 231 pattern with πa and πb’s squares,

πe appears before πb. If πe is the last element on its shadow line we have a contradiction because πe’s

shadow line should have one more element than πa’s shadow line, and the longest decreasing subsequence

ending in πe (following its shadow line) should be longer than the longest decreasing subsequence ending

in πc. However, taking πe’s shadow line and replacing πdπe with πdπbπc produces a longer decreasing

subsequence ending in πc. If πe is not the last element on its shadow line, then call the next point on the

shadow line πf . Since there is no 312 pattern using the squares from πa and πb, we know that πf appears

to the right of πc. Again, the longest decreasing subsequence ending in πf should be the decreasing

subsequence formed by following πf ’s shadow line. However, following this shadow line and replacing

πdπeπf with πdπbπcπf forms a longer decreasing subsequence ending in πf , which is a contradiction.

So, this case is also impossible if ππr avoids 12 ¨ ¨ ¨k.

In summary, if ππr avoids 12 ¨ ¨ ¨k, then two adjacent elements on the same shadow line in one iteration

of the shadow lines construction will be adjacent elements on the same shadow line at the next iteration.

This means that each row of P pπq takes one element from each of the original shadow lines and the k ´ i

elements of the ith shadow line appear in the ith column of P pπq.

Note that the converse of Lemma 3 is false. For example, when π “ 645123, then P pπq has shape

(3,2,1) where the columns of P pπq correspond to the original shadow lines of π. However, ππr contains

1234 using the digits 1, 2, and 3 from π along with the digit 4 from πr.

While Lemma 2 completely characterizes π for which ππr P Rpk

2qp12 ¨ ¨ ¨kq by giving conditions on

shadow lines, we have only given partial conditions on the correponding tableau P pπq. By Lemma 1, we
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πa

πb

πc

πd

πe

πf πa

πb

πc

πd

πe

πf

Fig. 5: Cases for points on the same shadow line

know that it is necessary for P pπq to have shape pk ´ 1, k ´ 2, . . . , 1q and by Lemma 3 is it necessary

that the ith column of P pπq consist of the entries of the ith shadow line of π. As we have seen, neither of

these conditions is sufficient for ππr P Rpk

2qp12 ¨ ¨ ¨kq. The missing condition is that given in Theorem 3;

i.e. the diagonals of P pπq must be increasing.

Proof Proof of Theorem 3:

By Lemma 1 and Lemma 3 we restrict our attention to π P S
˚

pk

2q such that the ith column of P pπq
consists of the entries of the ith shadow line of π. We show that the diagonals of P pπq are increasing if

and only if ππr avoids 12 ¨ ¨ ¨k.

Suppose that d is the smallest integer for which there is a decrease in a diagonal between some element

x in column d and element y in column d ` 1. Since x ą y and x is on an earlier shadow line than y, we

know that x appears to the left of y. The entry z in row 1 column d` 1 corresponds to the last element on

the pd ` 1qst shadow line, which means the longest decreasing subsequence in π ending in z should have

length k ´ d´ 1. However, the elements x through the end of column d together with elements y through

z of column d ` 1 form a decreasing subsequence of length k ´ d in π that ends in z, which contradicts

ππr avoiding 12 ¨ ¨ ¨k.

Suppose on the other hand that all diagonals in P pπq are increasing. As in the proof of Theorem 1,

given (partial) permutation π˚, let ak be the length of the longest increasing subsequence of π˚ ending

in π˚
k and let bk be the length of the longest decreasing subsequence of π˚ ending in π˚

k . The (partial)

permutation under consideration will be made clear from context. We claim that for any element πk, if πk

is the jth element of the ith shadow line of π then pak, bkq “ pi, jq. Since πk is on the ith shadow line,

ak “ i automatically, and we need only check that the maximal decreasing sequence ending in this entry

is of length j.

Let πpfq be the partial permutation formed by the first f shadow lines of π. We claim that that πpfq

uses labels pa, bq where 1 ď a ď f and 2 ď a ` b ď k each exactly once and proceed by induction on f .

Notice that πp1q consists of only the first shadow line. Its jth digit is at the end of a maximal increasing

sequence of length 1 and a maximal decreasing sequence of length j, and πp1q has length k ´ 1, so it
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satisfies our claim.

Now suppose that the partial permutationπpf´1q uses labels pa, bq where 1 ď a ď f´1 and 2 ď a`b ď
k each exactly once. We will show that πpfq uses labels pa, bq where 1 ď a ď f and 2 ď a ` b ď k each

exactly once.

Since the increasing diagonals property implies that the jth point on shadow line f is larger than the

jth point on any previous shadow line, that point cannot be at the end of a longer decreasing sequence in

πpfq than the one it already ends just by following shadow line f .

However, can including the digits from shadow line f affect the longest decreasing subsequence ending

at some point in πpf´1q? We claim not. Suppose, to the contrary that there is some point πk in πpfq

that has the expected label pak, bkq “ pi, jq as the jth element of the ith shadow line when we restrict to

πpf´1q, but its second coordinate is larger when we restrict to πpfq.

This implies that there is some j˚ for which the j˚th element of shadow line f appears before the

j˚th element of an earlier shadow line e in πpfq in order to make a longer decreasing subsequence ending

in πk. However, we assumed that column i of P pπq corresponds to shadow line i of π for all i, which

means each entry stays in the same column of P pπq as it was originally inserted throughout the Robinson-

Schensted bumping algorithm. When there are j˚ elements of shadow line f before the j˚th element of

shadow line e, one of the elements from column f will necessarily be bumped to an earlier column during

the Robinson-Schensted bumping algorithm. So this is impossible. That is, given that πpf´1q uses labels

pa, bq where 1 ď a ď f ´ 1 and 2 ď a ` b ď k each exactly once, if P pπq satisfies the increasing

diagonals property then πpfq uses labels pa, bq where 1 ď a ď f and 2 ď a ` b ď k each exactly once.

Since this is true for all 1 ď f ď k ´ 1, when we consider the labels of π “ πpk´1q we see that π avoids

12 ¨ ¨ ¨k by Lemma 2.

We are now in a position to compute rpk

2qp12 ¨ ¨ ¨kq since Rpk

2qp12 ¨ ¨ ¨kq is in bijection with pairs of

standard Young tableau pP,Qq where P and Q both have shape pk´1, k´2, . . . , 1q and P has increasing

diagonals.

Corollary 1.

rpk

2qp12 ¨ ¨ ¨kq “
˜

ˆ

1

2
pk ´ 1q2 ` k

2
´ 1

2

˙

!

k´1
ź

i“1

pi ´ 1q!
p2i ´ 1q!

¸˜

`

k
2

˘

!
śk´1

i“1
p2i ´ 1qk´i

¸

.

Proof: Here, the first factor of

˜

ˆ

1

2
pk ´ 1q2 ` k

2
´ 1

2

˙

!

k´1
ź

i“1

pi ´ 1q!
p2i ´ 1q!

¸

is OEIS sequence A003121 in Sloane (2018), which is the number of standard Young tableaux of shape

pk ´ 1, . . . , 1q with increasing diagonals, while

˜

`

k

2

˘

!
śk´1

i“1
p2i ´ 1qk´i

¸
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is the total number of standard Young tableaux of shape pk ´ 1, . . . , 1q, as computed by the hook length

formula and described in OEIS sequence A005118.

3 Avoiding patterns of small length

We have already described reverse double lists avoiding a monotone pattern of arbitrary length. Although

rnp12 ¨ ¨ ¨kq “ 0 for sufficiently large n, there are other patterns ρ for which rnpρq exhibits other behavior.

In the rest of the paper, we consider reverse double lists avoiding a variety of non-monotone patterns.

3.1 Avoiding patterns of length 3

In this subsection, we consider patterns of length 3. First, notice that the graph of a reverse double list

σ P Rn is a set of points on the rectangle r0, 2n ` 1s ˆ r0, n ` 1s. Using the reverse and complement

involutions described in Section 1,

σ P Rnpρq ðñ σr P Rnpρrq ðñ σc P Rnpρcq.

In fact, if σ P Rnpρq, then σ “ σr , so Rnpρq “ Rnpρrq. Partition the set of permutation patterns of

length k into equivalence classes where ρ „ τ means that rnpρq “ rnpτq for n ě 1. When ρ „ τ , ρ and

τ are said to be Wilf equivalent. When this equivalence holds because of one of the symmetries of the

rectangle, we say that ρ and τ are trivially Wilf equivalent. Using trivial Wilf equivalence we have that

123 „ 321 and 132 „ 213 „ 231 „ 312, so we need only consider 2 patterns in this section: 123 and

132.

With pattern-avoiding permutations, avoiding a pattern of length 3 is the first non-trivial enumeration,

and for any pattern ρ of length 3, we have that snpρq is the nth Catalan number. Reverse double lists are

more restrictive, so we obtain simpler sequences for rnpρq. More strikingly, although snp123q “ snp132q
for n ě 1, we obtain two distinct sequences in this new context.

By Theorem 1, rnp123q “ 0 for n ě 4. On the other hand, there are 132-avoiders of arbitrary length.

Proposition 1. rnp132q “ rnp213q “ rnp231q “ rnp312q “ 2 for n ě 2.

Proof: The n “ 2 case is straightforward to check.

Now, suppose n ě 3. We claim

Rnp132q “ tnpn ´ 1q ¨ ¨ ¨ 312213 ¨ ¨ ¨ pn ´ 1qn, npn ´ 1q ¨ ¨ ¨ 321123 ¨ ¨ ¨ pn ´ 1qnu .

Assume for contradiction that σ “ ππr P Rnp132q and π1 ‰ n. This implies that either π1 “ 1

or 2 ď π1 ď n ´ 1. If π1 “ 1, then the digits 1 and 3 in π and 2 in πr form a 132 pattern. If

2 ď π1 ď n ´ 1, then the digit 1 in π together with n and π1 in πr form a 132 pattern. Thus, π1 “ n.

Further, if σ P Rnp132q, then let σ1 be the reverse double list formed by deleting both copies of n. It

must be the case that σ1 P Rn´1p132q since a copy of 132 in σ1 would also be a copy of 132 in σ. Thus,

Rnp132q “ tnσ1n|σ1 P Rn´1p132qu. Since R2p132q “ t1221, 2112u, the claim follows by induction,

and so |Rnp132q| “ 2 when n ě 2.

At this point, we have completely characterized reverse double lists avoiding a single pattern of length

3. Although we obtained only trivial sequences, the fact that we obtained two distinct Wilf classes when

avoiding a pattern of length 3 mirrors results for pattern-avoiding double lists in Cratty et al. (2017).
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3.2 Avoiding patterns of length 4

Next, we analyze reverse double lists avoiding a single pattern of length 4. Using the symmetries of the

rectangle, we can partition the 24 patterns of length 4 into 7 trivial Wilf classes, as shown in Table 1.

There is one non-trivial Wilf equivalence for patterns of length 4; namely 1324 „ 2143. To contrast: for

double lists, there are no non-trivial Wilf equivalences for patterns of length 4. For permutations, we have

an additional trivial Wilf equivalence since snpρq “ snpρ´1q for n ě 1, so snp1342q “ snp1423q. There

are a number of additional non-trivial Wilf equivalences for pattern-avoiding permutations so that every

length 4 pattern is equivalent to one of 1342, 1234, or 1324. For large n, we have that

snp1342‚q ă snp1234:q ă snp1324˝q.

In Table 1 each pattern is marked according to its Wilf equivalence class for permutations; patterns equiv-

alent to 1342 are marked with ‚, those equivalent to 1234 are marked with :, and those equivalent to 1324

are marked with ˝. For permutations, the monotone pattern 1234 is neither the hardest nor the easiest

pattern to avoid; for double lists, it is the easiest pattern to avoid, and for reverse double lists it is the

hardest pattern to avoid. Other than the trivial equivalences of reverse and complement, Wilf equivalence

in the context of reverse double lists appears to be a very different phenomenon than equivalence in the

contexts of permutations or double lists. We now consider each of these patterns in turn.

Pattern ρ trnpρqu
1ďnď9

1234: „ 4321: 1, 2, 6, 16, 32, 32, 0, 0, 0

1243: „ 2134: „ 3421: „ 4312: 1, 2, 6, 16, 34, 62, 102, 156, 226

1324˝ „ 4231˝ 1, 2, 6, 16, 36, 76, 156, 316, 636

2143: „ 3412: 1, 2, 6, 16, 36, 76, 156, 316, 636

1423‚ „ 2314‚ „ 3241‚ „ 4132‚ 1, 2, 6, 16, 36, 80, 178, 394, 870

1432: „ 2341: „ 3214: „ 4123: 1, 2, 6, 16, 38, 92, 222, 536, 1294

1342‚ „ 2431‚ „ 3124‚ „ 4213‚ 1, 2, 6, 16, 40, 98, 238, 576, 1392

2413‚ „ 3142‚ 1, 2, 6, 16, 44, 120, 328, 896, 2448

Tab. 1: Enumeration of reverse double lists avoiding a pattern of length 4

3.2.1 The pattern 1234

By Theorem 1, rnp1234q “ 0 for n ě 7.

3.2.2 The pattern 1243

Theorem 4. rnp1243q “ n3

3
´ 7n

3
` 4 for n ě 2.

Proof: We claim that

rnp1243q “
#

n! n ď 2

rn´1p1243q ` pn ` 1qpn ´ 2q n ě 3
.
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The cases where n ď 2 are easy to check by brute force, so we focus on the case where n ě 3. Let

σ “ ππr P Rnp1243q, and let σ1 P Rn´1p1243q be the reverse double list formed by deleting both copies

of n in σ. We consider 4 cases based on the value of π1.

Suppose π1 “ n. Then σ “ nσ1n. Since n can only play the role of a 4 in a 1243 pattern, nσ1n P
Rnp1243q for any σ1 P Rn´1p1243q. There are rn´1p1243q reverse double lists on n letters in this case.

Suppose π1 “ n ´ 1. We claim that π2 “ n ´ 2. Assume for contradiction that π2 ‰ n ´ 2. This

implies π2 “ n or 1 ď π2 ď n ´ 3. If π2 “ n, then the digit 1 in π along with the digits n ´ 2, n, and

n ´ 1 in πr form a 1243 pattern. If 1 ď π2 ď n ´ 3, then the digits π2 and n ´ 2 in π along with the

digits n and n ´ 1 in πr form a 1243 pattern. Thus, if π1 “ n ´ 1, π2 “ n ´ 2. By a similar argument,

π3 “ n ´ 3, and in general, πi “ n ´ i for 1 ď i ď n ´ 2. Finally, πn´1 “ 1 and πn “ n or πn´1 “ n

and πn “ 1. Thus there are exactly two 1243-avoiding reverse double lists on n letters in this case.

Suppose π1 “ 1. We claim that π2 “ n. Assume for contradiction that π2 ‰ n. This implies

2 ď π2 ď n ´ 2 or π2 “ n ´ 1. If 2 ď π2 ď n ´ 2, then the digits 1, π2 and n in π along with the digit

n ´ 1 in πr form a 1243 pattern. If π2 “ n ´ 1, then the digits 1 and 2 in π along with the digits n and

n ´ 1 in πr form a 1243 pattern. Hence, if π1 “ 1, then π2 “ n. By a similar argument, π3 “ n ´ 1, and

in general, πi “ n ` 2 ´ i for 2 ď i ď n ´ 2. Finally, either πn´1 “ 2 and πn “ 3 or πn´1 “ 3 and

πn “ 2. Thus there are exactly two 1243-avoiding reverse double lists on n letters in this case.

Finally, suppose 2 ď π1 ď n ´ 2. Let π1 “ a. First, we claim that π1 ¨ ¨ ¨πa´1 “ apa ´ 1q ¨ ¨ ¨ 2. If

π1 “ 2, this claim is already true, so suppose π1 ą 2 but π2 ‰ a´ 1. If π2 ă a´ 1 then the digits π2 and

a ´ 1 in π along with the digits n and a in πr form a 1243 pattern. If π2 ą a then the digit 1 in π along

with the digits 2, π2, and a in πr form a 1243 pattern. Therefore, π2 “ a ´ 1. A similar argument shows

that πj “ a ´ j ` 1 for 1 ď j ď a ´ 1.

We have shown that πa´1 “ 2. Now, consider πa. We claim that πa P t1, nu. Suppose to the contrary

that a ` 1 ď πa ď n ´ 1. If a ` 1 ď πa ď n ´ 2, then the digits 2, πa, and n in π along with n ´ 1 in πr

form a 1243 pattern. If πa “ n ´ 1 then the digits 2 and a ` 1 in π along with n and n ´ 1 in πr form a

1243 pattern. Therefore, either πa “ 1 or πa “ n.

By a similar argument, there are at most 2 possible values for πj where a ` 1 ď j ď n ´ 2. Either

πj “ 1 or πj “ maxpt1, . . . , nuztπ1, . . . , πj´1uq. Finally, a ` 2 and a ` 1 may appear in either order in

π. Hence, the number 1 can take position h where a ď h ď n, and the remaining positions of πa ¨ ¨ ¨πn

must be filled with either npn ´ 1q ¨ ¨ ¨ pa ` 3qpa ` 2qpa ` 1q or npn ´ 1q ¨ ¨ ¨ pa ` 3qpa ` 1qpa ` 2q.

To summarize, if 2 ď π1 ď n ´ 2, where π1 “ a, then we have π1 ¨ ¨ ¨πa´1 “ a ¨ ¨ ¨ 2. The digit 1 may

appear in any of the n ´ a ` 1 remaining positions. After the initial a ´ 1 digits and the location of 1 are

chosen, there are 2 ways to fill in the rest of π. Either the remaining digits are npn ´ 1q ¨ ¨ ¨ pa ` 3qpa `
2qpa`1q or npn´1q ¨ ¨ ¨ pa`3qpa`1qpa`2q. There are

řn´2

a“2
2pn´a`1q “ n2 ´n´6 1243-avoiding

reverse double lists on n letters in this case.

Combining all four cases, we see that

rnp1243q “ rn´1p1243q ` 2 ` 2 ` n2 ´ n ´ 6 “ rn´1p1243q ` pn ` 1qpn ´ 2q.
The theorem then follows from the facts that (i) the n “ 2 terms of the theorem statement and the claim

agree and (ii)
ˆ

n3

3
´ 7n

3
` 4

˙

´
ˆ pn ´ 1q3

3
´ 7pn ´ 1q

3
` 4

˙

“ pn ` 1qpn ´ 2q.
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3.2.3 The patterns 1324 and 2143

We now come to two patterns that are Wilf-equivalent for non-trivial reasons. Although there is not a

simple symmetry of graphs that demonstrates rnp1324q “ rnp2143q, we show that rnp1324q and rnp2143q
each satisfy the same recurrence.

Theorem 5. rnp1324q “ 5 ¨ 2n´2 ´ 4 for n ě 3.

Proof: The case where n “ 3 is easy to check by brute force, so we focus on when n ě 4. Let

σ “ ππr P Rnp1324q. We consider 2 cases.

Suppose σ1 P Rn´1p1324q with σ1
1 “ a. We can build σ “ ππr P Rnp1324q by either using σ1 “ a or

σ1 “ a` 1, and incrementing all digits of σ1 that are at least σ1 by 1. It is impossible for σ1 to participate

in a 1324 pattern with σ2 since they are consecutive integers. It is impossible for σ1 to participate in a

1324 pattern without σ2 since any 1324 pattern involving σ1 would imply the existence of a 1324 pattern

using σ2 in place of σ1. Therefore, there are 2rn´1p1324q reverse double lists where σ2 “ σ1 ˘ 1.

Now, suppose that |π2 ´ π1| ą 1. Then if π1 ă π2 ă n, the digits π1, π2, and π1 ` 1 in π along with

the digit n in πr form a 1324 pattern. If π1 ą π2 ą 1, then the digit 1 in π along with the digits π1 ´ 1,

π2, and π1 in πr form a 1324 pattern. So, if |π2 ´ π1| ą 1 it must be the case that either π1 ă π2 “ n or

π1 ą π2 “ 1.

If π1 ă π2 “ n, then π1 “ n ´ 2, otherwise π1 and π1 ` 2 in π and π1 ` 1 and n in πr form a 1324

pattern. Also, the word π3 ¨ ¨ ¨πnπn ¨ ¨ ¨π3 must avoid 132, or nπ3 ¨ ¨ ¨πnπn ¨ ¨ ¨π3n will contain a 1324

pattern. We know that there are exactly two 132-avoiding reverse double lists for n ě 2, so there are two

1324-avoiding reverse double lists on n letters where π1 ă π2 “ n. Similarly, by taking the complements

of all reverse double lists where π1 ă π2 “ n we see that there are two reverse double lists on n letters

where π1 ą π2 “ 1.

In summary, given σ1 P Rn´1p1324q, we can produce exactly two members σ “ ππr of Rnp1324q
where |π1 ´ π2| “ 1. There are 4 additional reverse double lists where |π1 ´ π2| “ 2, so for n ě 4, we

have

rnp1324q “ 2rn´1p1324q ` 4.

From this recurrence it follows that rnp1324q “ 5 ¨ 2n´2 ´ 4 for n ě 3.

Reverse double lists avoiding 2143 follow the same recurrence but for different structural reasons.

Theorem 6. rnp2143q “ 5 ¨ 2n´2 ´ 4 for n ě 3.

Proof: The case where n “ 3 is easy to check by brute force, so we focus on when n ě 4. Let

σ “ ππr P Rnp2143q.

Suppose σ1 P Rn´1p2143q. We can build σ “ ππr P Rnp2143q by either using σ1 “ 1 and increment-

ing all digits of σ1 or by using σ1 “ n. In both cases is impossible for σ1 to participate in a 2143 pattern

since σ1 is either the largest or the smallest digit in σ. Therefore, there are rn´1p2143q reverse double

lists where σ1 “ 1 and rn´1p2143q reverse double lists where σ1 “ n.

Now, suppose 1 ă π1 ă n. Then, every digit larger than π1 must be in increasing order in πr , otherwise

π1 and 1 in π together with the decreasing pair of larger digits in πr form a 2143 pattern. Similarly, every

digit smaller than π1 must appear in increasing order in π, otherwise the decreasing pair of smaller digits

in π together with n and π1 in πr form a 2143 pattern.
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If 3 ď π1 ď n ´ 2, we already have a problem since either 1 appears before n in π or 1 appears before

n in πr . In the first case, π11npn ´ 1q is a copy of 2143 in σ, and in the second case, 21nπ1 is a copy of

2143 in σ.

So it must be the case that π1 “ 2 or π1 “ n ´ 1. In the first case, either πn´1 “ 1 or πn “ 1 and all

other digits of π are in decreasing order. In the second case, we take the complement of the words where

π1 “ 2 to get the words where π1 “ n ´ 1.

In summary, given σ1 P Rn´1p2143q, we can produce one member σ “ ππr of Rnp2143q where

π1 “ 1 and one where π1 “ n. There are 4 additional reverse double lists where π1 “ 2 or π1 “ n ´ 1,

so for n ě 4, we have

rnp2143q “ 2rn´1p2143q ` 4.

From this recurrence it follows that rnp2143q “ 5 ¨ 2n´2 ´ 4 for n ě 3.

3.2.4 The pattern 1423

Theorem 7. rnp1423q “ 2rn´1p1423q ` rn´3p1423q ` 2 for n ě 5.

Proof: Suppose n ě 5, let σ “ ππr P Rnp1423q, and let σ1 P Rn´1p1423q be the reverse double list

formed by deleting both copies of n in σ. We consider 5 cases based on the value of π1.

Suppose π1 “ n. Since n can only play the role of a 4 in a 1423 pattern, nσ1n P Rnp1423q for any

σ1 P Rn´1p1423q. There are rn´1p1423q reverse double lists on n letters in this case.

Suppose π1 “ n ´ 1. We claim that π2 “ n. Assume for contradiction π2 ‰ n. This implies π2 “ 1

or 2 ď π2 ď n ´ 2. If π2 “ 1, then the digits 1 and n in π along with the digits 2 and n ´ 1 in πr form a

1423 pattern. If 2 ď π2 ď n ´ 2, then the digit 1 in π along with the digits n, π2, and n ´ 1 in πr form a

1423 pattern. Thus, when π1 “ n ´ 1, π2 “ n. Notice that π2 “ n can only play the role of 4 in a 1423

pattern. However, since π1 “ n ´ 1, it cannot be part of a 1423 pattern in σ. On the other hand, n ´ 1

can play the role of a 3 or a 4. If the copy of n ´ 1 in πr serves as a 3 in an occurrence of 1423, then the

copy of n in π must serve as the 4; however, there is no number to play the role of the 1 that precedes n.

Therefore whenever σ2 P Rn´2p1423q, we have pn´1qnσ2npn´1q P Rnp1423q. There are rn´2p1423q
reverse double lists on n letters in this case.

Suppose 3 ď π1 ď n ´ 2. We claim that π2 “ π1 ` 1. Let π1 “ a. Assume for contradiction

π2 ‰ a ` 1. This implies π2 “ 1, 2 ď π2 ď a ´ 1, a ` 2 ď π2 ď n ´ 1, or π2 “ n.

If π2 “ 1, then the digits 1 and n in π along with the digits 2 and a in πr form a 1423 pattern. If

2 ď π2 ď a ´ 1, then the digit 1 in π along with the digits n, π2, and a in πr form a 1423 pattern. If

a ` 2 ď π2 ď n ´ 1, then the digits a and n in π along with the digits a ` 1 and π2 in πr form a 1423

pattern. If π2 “ n, then the digits a, n, and a`1 in π along with the digit n´1 in πr form a 1423 pattern.

Thus, when π1 “ a, then π2 “ a ` 1. By a similar argument, πj “ a ` j ´ 1 for 1 ď j ď n ´ a ´ 1.

We have that πn´a´1 “ n ´ 2. We claim that tπn´a, πn´a`1u “ tn ´ 1, nu. Suppose to the contrary

that πn´a R tn ´ 1, nu. If πn´a ă a ´ 1, then the digits πn´a and n in π along with the digits

a ´ 1 and a in πr form a 1423 pattern. If πn´a “ a ´ 1, then the digit 1 in π along with the digits

n, a ´ 1, and a in πr form a 1423 pattern. So it must be the case that πn´a P tn ´ 1, nu. Similarly,

πn´a`1 “ tn ´ 1, nuztπn´au. Ultimately, either πn´a “ n ´ 1 and πn´a`1 “ n or πn´a “ n and

πn´a`1 “ n ´ 1.
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Now, the remaining a ´ 1 positions of π can be filled with σ˚ P Ra´1p1423q. Because n and n ´ 1

can be interchanged and because there exist 2ra´1p1423q reverse double lists on n letters where π1 “ a

for 3 ď a ď n ´ 2, there are

n´3
ÿ

i“2

2rip1423q reverse double lists in this case.

Suppose that π1 “ 2. We claim that either π2 “ 1 or π2 “ 3. Assume for contradiction that π2 R t1, 3u.

This implies π2 “ n or 4 ď π2 ď n ´ 1. If π2 “ n, then the digits 2, n, and 3 in π along with the digit

n ´ 1 in πr form a 1423 pattern. If 4 ď π2 ď n ´ 1, then the digits 2 and n in π along with the digits 3

and π2 in πr form a 1423 pattern. Therefore, if π1 “ 2, then π2 “ 1 or π2 “ 3. By a similar argument,

πj P t1,minpt2, . . . , nuztπ1, . . . , πj´1uqu for 2 ď j ď n´2. Finally, n´1 may either precede or follow

n. We have n ´ 1 choices for the location of 1 and 2 choices for the order of n ´ 1 and n in π, so there

are 2pn ´ 1q 1423-avoiding reverse double lists on n letters where π1 “ 2.

Suppose that π1 “ 1. We claim that π2 “ 2. Assume for contradiction π2 ‰ 2. Then the digits 1

and n in π along with the digits 2 and π2 in πr form a 1423 pattern. By a similar argument, πi “ i

for 1 ď i ď n ´ 2. Finally, πn´1 “ n ´ 1 and πn “ n or πn´1 “ n and πn “ n ´ 1, giving two

1423-avoiding reverse double lists on n letters when π1 “ 1.

Combining our 5 cases, we have shown that for n ě 5,

rnp1423q “ rn´1p1423q ` rn´2p1423q `
n´3
ÿ

i“2

2rip1423q ` 2n. (1)

We are ready to prove the n ě 5 case of the theorem by induction. For the base case, when n “ 5,

r5p1423q “ 36, and 2r4p1423q ` r2p1423q ` 2 “ 2 ¨ 16 ` 2 ` 2 “ 36, as desired.

Now, suppose rkp1423q “ 2rk´1p1423q ` rk´3p1423q ` 2 for some k ě 5. From Equation 1, we have:

rk`1p1423q “ rkp1423q ` rk´1p1423q ` 2pk ` 1q `
k´2
ÿ

i“2

2rip1423q

“ rkp1423q ` rk´1p1423q ` 2k ` 2 `
k´3
ÿ

i“2

2rip1423q ` 2rk´2p1423q

“ rkp1423q ` 2rk´2p1423q ` rk´1p1423q ` 2k ` 2 `
k´3
ÿ

i“2

2rip1423q.

(2)

On the other hand, when n “ k, Equation 1 gives:

k´3
ÿ

i“2

2rip1423q “ rkp1423q ´ rk´1p1423q ´ rk´2p1423q ´ 2k. (3)

After substituting Equation 3 into Equation 2, we have:

rk`1p1423q “ rkp1423q ` 2rk´2p1423q ` rk´1p1423q ` 2k ` 2

` rkp1423q ´ rk´1p1423q ´ rk´2p1423q ´ 2k,

which simplifies to
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rk`1p1423q “ 2rkp1423q ` rk´2p1423q ` 2

“ 2rpk`1q´1p1423q ` rpk`1q´3p1423q ` 2.

3.2.5 The pattern 1432

Theorem 8. rnp1432q “ 2rn´1p1432q ` rn´2p1432q for n ě 5.

Proof: Suppose n ě 5, and let σ “ ππr P Rnp1432q. We consider 5 cases based on the value of π1.

Suppose π1 “ 1. Then 2 ď π2 ď n ´ 2 or π2 P tn ´ 1, nu. If 2 ď π2 ď n ´ 2, then the digits 1 and n

in π along with the digits n ´ 1 and π2 in πr form a 1432 pattern. If π2 “ n ´ 1 or π2 “ n, the the digits

1, π2, and n ´ 2 in π along with the digit n ´ 3 in πr form a 1432 pattern. Thus, π1 ‰ 1.

Suppose 2 ď π1 ď n ´ 3. Then π2 “ n or 1 ď π2 ď n ´ 1. If π2 “ n, then the digits π1, n, and n ´ 1

in π along with the digit n ´ 2 in πr form a 1432 pattern. If 1 ď π2 ď n ´ 1, then two cases must be

considered. If π1 ă π2, then the digit 1 in π along with the digits n, π2, and π1 in πr form a 1432 pattern.

If π1 ą π2, then the digits π2 and n in π along with the digits n ´ 1 and π1 in πr form a 1432 pattern.

Thus, π1 ě n ´ 2.

Suppose π1 “ n ´ 2. We claim that π2 “ n. Assume for contradiction that π2 ‰ n. This implies

π2 “ n ´ 1 or 1 ď π2 ď n ´ 3. If π2 “ n ´ 1, then the digit 1 in π along with the digits n, n ´ 1, and

n ´ 2 in πr form a 1432 pattern. If 1 ď π2 ď n ´ 3, then the digits π2 and n in π along with the digits

n ´ 1 and n ´ 2 in πr form a 1432 pattern. Thus, if π1 “ n ´ 2, then π2 “ n.

Now, n can only play the role of a 4 in a 1432 pattern in σ, but π1 “ n ´ 2 prevents the first copy of

n from being in such a pattern, and the fact that it is the penultimate digit of πr prevents the second copy

of n from being in such a pattern. Also, n ´ 2 can only play the role of 2, 3, or 4, so it will not play the

role of 1 in the beginning of a 1432 pattern. If the second copy of n ´ 2 serves as a 2, then n ´ 1 in πr

can serve as the 3 and n in π must serve as the 4. However, there is no number to play the role of 1 that

precedes n in π. Thus, the remaining positions can be filled in with any member of Rn´2p1432q. There

are rn´2p1432q 1432-avoiding reverse double lists on n letters where π1 “ n ´ 2.

Suppose π1 “ n ´ 1. Since n ´ 1 can only play the role of a 3 or a 4 in a 1432 pattern, it cannot

play the role of 1 at the beginning or 2 at the end of such a pattern. There are rn´1p1432q ways to fill in

the remaining digits of σ, so there are rn´1p1432q 1432-avoiding reverse double lists on n letters where

π1 “ n ´ 1.

Suppose π1 “ n. The only role n can play in a 1432 pattern is a 4, however n only appears as the first

and the last member of σ, so it cannot be involved in a 1432 pattern. There are rn´1p1432q ways to fill in

the remaining digits of σ, so there are rn´1p1432q 1432-avoiding reverse double lists on n letters where

π1 “ n.

Combining our 5 cases, we have that for n ě 5,

rnp1432q “ 2rn´1p1432q ` rn´2p1432q.



Pattern Avoidance in Reverse Double Lists 17

3.2.6 The pattern 1342

Theorem 9. rnp1342q “ 2rn´1p1342q ` rn´2p1342q ` 2 for n ě 4.

Proof: Suppose n ě 4, and let σ “ ππr P Rnp1342q. We consider 5 cases based on the value of π1.

Suppose π1 “ 1. Then π2 “ n. Assume for contradiction that π2 ‰ n. This implies that π2 “ 2 or

3 ď π2 ď n ´ 1. If π2 “ 2, then the digits 1 and 3 in π along with the digits 4 and 2 in πr form a 1342

pattern. If 3 ď π2 ď n ´ 1, then the digits 1, π2, and n in π along with the digit 2 in πr form a 1342

pattern. Hence, when π1 “ 1, π2 “ n. By a similar argument, πi “ n ´ i` 2 for 2 ď i ď n´ 2. Finally,

either πn´1 “ 2 and πn “ 3 or πn´1 “ 3 and πn “ 2. Thus, there are two ways to avoid 1342 when

π1 “ 1.

Suppose 2 ď π1 ď n´ 3. Then π2 “ 1, 2 ď π2 ď n ´ 2, or π2 P tn´ 1, nu. If π2 “ 1, then the digits

1 and n ´ 1 in π along with the digits n and π1 in πr form a 1342 pattern. If 2 ď π2 ď n ´ 2, then two

cases must be considered. If π1 ă π2, then the digits π1 and n ´ 1 in π along with the digits n and π2 in

πr form a 1342 pattern. If π1 ą π2, then the digits π2 and n ´ 1 in π along with the digits n and π1 in πr

form a 1342 pattern. If π2 P tn ´ 1, nu, then the digit 1 in π along with the digits n ´ 2, π2, and π1 in πr

form a 1342 pattern. Hence, there are no 1342-avoiding reverse double lists where 2 ď π1 ď n ´ 3.

Suppose π1 “ n ´ 2. Then π2 “ n ´ 1. Assume for contradiction that π2 ‰ n ´ 1. This implies that

π2 “ n or 1 ď π2 ď n ´ 3. If π2 “ n, then the digit 1 in π along with the digits n ´ 1, n, and n ´ 2 in

πr form a 1342 pattern. If 1 ď π2 ď n ´ 3, then the digits π2 and n ´ 1 in π along with the digits n and

n ´ 2 in πr form a 1342 pattern. Thus, if π1 “ n ´ 2, then π2 “ n ´ 1. Notice that n ´ 1 can only play

the role of a 3 or 4 in a 1342 pattern. Also, n ´ 2 cannot play the role of a 1. If n ´ 2 plays the role of 2,

then n in πr must play the role of 4. Now, the only number to play the role of 3 is n ´ 1 in π. However,

there is no digit that can play the role of a 1 that precedes n ´ 1 in π. Thus, the remaining positions can

be filled in rn´2p1342q ways.

Suppose π1 “ n ´ 1. Since n ´ 1 can only play the role of a 3 or a 4 in a 1342 pattern, it cannot

play the role of 1 at the beginning or 2 at the end of such a pattern. There are rn´1p1342q ways to fill in

the remaining digits of σ, so there are rn´1p1342q 1342-avoiding reverse double lists on n letters where

π1 “ n ´ 1.

Suppose π1 “ n. The only role n can play in a 1342 pattern is a 4, however n only appears as the first

and the last member of σ, so it cannot be involved in a 1342 pattern. There are rn´1p1342q ways to fill in

the remaining digits of σ, so there are rn´1p1342q 1342-avoiding reverse double lists on n letters where

π1 “ n.

Combining all 5 cases, for n ě 4, we have shown:

rnp1342q “ 2rn´1p1342q ` rn´2p1342q ` 2.

3.2.7 The pattern 2413

Theorem 10. rnp2413q “ 2rn´1p2413q ` 2rn´2p2413q for n ě 3.

Proof: The cases where n ď 4 are easy to check by brute force, so we focus on n ě 5. Let σ “ ππr P
Rnp2413q, and let σ1 P Rn´1p2413q be the reverse double list formed by deleting both copies of n in σ.

We consider 5 cases based on the value of π1.
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Suppose π1 “ 1. Since 1 can only play the role of a 1 in a 2413 pattern, adding 1 to the beginning

and end of σ1 P Rn´1p2413q will not create a 2413 pattern. Thus, there are rn´1p2413q ways to create a

2413-avoiding reverse double list on n letters where π1 “ 1.

Suppose π1 “ 2. We claim that π2 “ 1. Assume for contradiction that π2 ‰ 1. This implies that

π2 “ n or 3 ď π2 ď n ´ 1. If π2 “ n, then the digits 2, n, and 1 in π along with the digit 3 in πr form

a 2413 pattern. If 3 ď π2 ď n ´ 1, then the digits 2 and n in π along with the digits 1 and π2 in πr form

a 2413 pattern. Hence, if π1 “ 2, then π2 “ 1. Notice that 2 can only play the role of 1 or 2 in a 2413

pattern, but its location forces 2 to either be the first digit or last digit in a 2413 pattern. If 2 is involved in

a 2413 pattern, it plays the role of 2. If it plays the role of 2 then the 1 in πr must play the role of 1, but

there is no digit after 1 that can play the role of 3. Also, 1 can only play the role of 1, but the location of

1 prevents either copy from participating in a 2413 pattern. Now, the remaining positions can be filled in

rn´2p2413q ways to avoid a 2413 pattern.

Suppose 3 ď π1 ď n ´ 2. Now, π2 “ n, 2 ď π2 ď n ´ 1, or π2 “ 1. If π2 “ n, the digits π1, n,

and 1 in π along with the digit n ´ 1 in πr form a 2413 pattern. If 2 ď π2 ď n ´ 1, two cases need to

be considered. If π1 ą π2, then the digits π2 and n in π along with the digits 1 and π1 in πr form a 2413

pattern. If π1 ă π2, then the digits π1 and n in π along with the digits 1 and π2 in πr form a 2413 pattern.

If π2 “ 1, the digit 2 in π along with the digits n, 1, and π1 in πr form a 2413 pattern. In every case, there

are no 2413-avoiding reverse double lists on n letters where 3 ď π1 ď n ´ 2.

Suppose π1 “ n ´ 1. We claim that π2 “ n. Assume for contradiction that π2 ‰ n. This implies

π2 “ 1 or 2 ď π2 ď n ´ 2. If π2 “ 1, then the digit 2 in π along with the digits n, 1, and n ´ 1 in πr

form a 2413 pattern. If 2 ď π2 ď n ´ 2, then the digits π2 and n in π along with the digits 1 and n ´ 1 in

πr form a 2413 pattern. Hence, if π1 “ n ´ 1, then π2 “ n. Notice that n ´ 1 can only play the role of

a 3 or 4 in a 2413 pattern, so it cannot play as the 2 at the beginning of a 2413 pattern. If n ´ 1 plays the

role of 3, the number n in π can play the role of 4. However, there does not exist a number before n in π

to play the role of 2. Also, n can only play the role of a 4, but the location of n prevents either copy from

participating in a 2413 pattern. Now, the remaining positions can be filled in rn´2p2413q ways to avoid a

2413 pattern.

Suppose π1 “ n. The only role n can play in a 2413 pattern is a 4, however n only appears as the first

and the last member of σ, so it cannot be involved in a 2413 pattern. There are rn´1p2413q ways to fill in

the remaining digits of σ, so there are rn´1p2413q 2413-avoiding reverse double lists on n letters where

π1 “ n.

Combining our cases, we have shown that for n ě 3,

rnp2413q “ 2rn´1p2413q ` 2rn´2p2413q.

3.2.8 Summary of length 4 patterns

We have now completely characterized rnpρq where ρ is a permutation pattern of length at most 4. By

exploiting the symmetry inherent in reverse double lists, we found recurrences for rnpρq for each pattern

of length 4. The corresponding results are given in Table 2. These results provide an interesting contrast

to pattern-avoiding permutations and double lists. First, there is exactly one non-trivial Wilf equivalence.

Second, the monotone pattern is the hardest pattern to avoid in the context of reverse double lists. Finally,
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we obtained a variety of behaviors (constant, cubic, and exponential), as compared to permutation-pattern

sequences which only grow exponentially.

Pattern ρ rnpρq
1234 „ 4321 0 (n ě 7)

1243 „ 2134 „ 3421 „ 4312
n3

3
´ 7n

3
` 4 (n ě 2)

1324 „ 4231 „ 2143 „ 3412 5 ¨ 2n´2 ´ 4 (n ě 4)

1423 „ 2314 „ 3241 „ 4132 2rn´1pρq ` rn´3pρq ` 2 (n ě 5)

1432 „ 2341 „ 3214 „ 4123 2rn´1pρq ` rn´2pρq (n ě 5)

1342 „ 2431 „ 3124 „ 4213 2rn´1pρq ` rn´2pρq ` 2 (n ě 4)

2413 „ 3142 2rn´1pρq ` 2rn´2pρq (n ě 3)

Tab. 2: Enumeration of reverse double lists avoiding a pattern of length 4

Each formula in Table 2 is straightforward to convert to a generating function via standard techniques.

The corresponding generating functions

8
ÿ

n“0

rnpρqxn are given in Table 3. Because each generating func-

tion is rational, we can find the corresponding linear recurrence satisfied by each sequence trnpρquně0

and determine the largest root of the corresponding characteristic equation to determine the exponen-

tial growth rate of the sequence. The table includes the exact growth rate for every sequence except

trnp1423quně0
. In that case, the largest root of the characteristic equation is

2

3
` 1

3

3

c

1

2
p43 ´ 3

?
177q ` 1

3

3

c

1

2
p43 ` 3

?
177q « 2.21.

Pattern ρ ogf for rnpρq exponential growth rate

1234
1 ` x ` 2x2 ` 6x3

`16x4 ` 32x5 ` 32x6

1243 ´x5`x4`4x2´3x`1

px´1q4

1324 2x4`2x3`x2´2x`1

px´1qp2x´1q
2

2143

1423 ´x5`2x4`x3`x2´2x`1

px´1qpx3`2x´1q « 2.21

1432 ´2x4´x3`x2`x´1

x2`2x´1
p1 `

?
2q « 2.41

1342 x4`2x3´2x`1

px´1qpx2`2x´1q p1 `
?
2q « 2.41

2413
px`1qp2x´1q
2x2`2x´1

p1 `
?
3q « 2.73

Tab. 3: Generating functions and exponential growth rates for avoiding a length 4 pattern
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Pattern ρ trnpρqu7n“5
Pattern ρ trnpρqu7n“5

12345: 104, 432, 1584 15324: 104, 442, 1772

12354: 104, 434, 1630 21543: 104, 442, 1800

15423: 104, 434, 1706 13425: 104, 444, 1808

21354: 104, 436, 1676 14325: 104, 444, 1828

21534 104, 436, 1746 25314: 104, 444, 1868

14523: 104, 436, 1748 15342 104, 444, 1880

12534: 104, 438, 1710 25413: 104, 444, 1884

13254 104, 438, 1720 24513
: 104, 444, 1888

12435: 104, 438, 1726 15432: 104, 446, 1846

12543 104, 438, 1766 14253 104, 448, 1904

15234
: 104, 440, 1704 14532 104, 448, 1914

12453: 104, 440, 1750 14352 104, 448, 1924

21453
: 104, 440, 1766 13524

: 104, 450, 1926

15243 104, 440, 1772 13542 104, 452, 1958

13452: 104, 440, 1802 25143 104, 454, 1982

23514: 104, 440, 1808 24153 104, 454, 1990

Tab. 4: Enumeration of reverse double lists avoiding a pattern of length 5

4 Avoiding a pattern of length 5 or more

There are 32 trivial Wilf classes for patterns of length 5. Table 4 shows the brute force data for trnpρqu7n“5

for one pattern ρ from each trivial Wilf class. From this data it is clear that there are no non-trivial Wilf

equivalences for patterns of length 5. There are some interesting observations that arise from the data.

Notice that r7p15243q “ r7p15324q while r6p15243q ‰ r6p15324q. From brute force data, it appears that

while r6p15243q ă r6p15324q, for n ą 7 rnp15243q ą rnp15324q. Similarly r6p23514q ă r6p13425q
and r7p23514q “ r7p13425q, while it appears that rnp23514q ą rnp13425q for n ą 7. This behavior is

in contrast to enumeration sequences for pattern-avoiding permutations and double lists where there is no

known example where sNpρq ă sN pτq (resp. dN pρq ă dN pτq) for some integer N but snpρq ě snpτq
(resp. dnpρq ě dnpτq) for n ě N .

We can say more about the growth rates of these sequences by relating rnpρq to pattern-avoiding permu-

tations, as described in Theorem 11. First, recall that a shuffle of words α1 ¨ ¨ ¨αi and β1 ¨ ¨ ¨βj is a word

w of length i`j where there is a subsequence of w equal to α, and a disjoint subsequence of w equal to β.

Now, given a permutation ρ P Sk define ρØ to be the set of permutations that are shuffles of ρ1 ¨ ¨ ¨ ρi and

ρk ¨ ¨ ¨ ρi`1 for any 1 ď i ď k. For example, 1234Ø “ t1234, 1243, 1423, 4123, 1432, 4132, 4312, 4321u.

In general, there are
`

k´1

i´1

˘

ways to shuffle ρ1 ¨ ¨ ¨ ρi with ρk ¨ ¨ ¨ ρi`1 where ρ1 ¨ ¨ ¨ ρi`1 is not a subsequence

of the resulting word. Summing over all possible values of i, if ρ P Sk, then |ρØ| “
k
ÿ

i“1

ˆ

k ´ 1

i ´ 1

˙

“ 2
k´1.

Theorem 11. Given ρ P Sk and n ě 0,

rnpρq “ snpρØq.
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Proof: Suppose σ “ ππr P Rn contains ρ. Then, for some 1 ď i ď n, ρ1 ¨ ¨ ¨ ρi is contained in

π while ρi`1 ¨ ¨ ¨ ρk is contained in πr. If ρi`1 ¨ ¨ ¨ ρk is contained in πr, then ρk ¨ ¨ ¨ ρi`1 is contained

in π. Further, ρ1 ¨ ¨ ¨ ρi and ρk ¨ ¨ ¨ ρi`1 use disjoint digits of σ, so π contains a shuffle of ρ1 ¨ ¨ ¨ ρi and

ρk ¨ ¨ ¨ ρi`1. It follows that σ avoids ρ if and only if π avoids all shuffles of ρ1 ¨ ¨ ¨ ρi and ρk ¨ ¨ ¨ ρi`1 for all

1 ď i ď k.

As a consequence of Theorem 11, when ρ P Sk , Rnpρq is isomorphic to a classical permutation

class SnpBq, where B is a set of 2k´1 classical permutations of length k. For example, rnp123q “
snp123, 132, 312, 321q. Because every set we have enumerated in this paper is a finitely-based classical

permutation class, we can use known machinery to determine asymptotic growth of rnpρq for arbitrary ρ.

For example, Vatter showed the following:

Theorem 12 (Vatter (2006), Theorem 7). Let B be a finite set of patterns. The pattern-avoidance tree

T pBq is isomorphic to a finitely labeled generating tree if and only if B contains both a child of an

increasing permutation and a child of a decreasing permutation.

Theorem 12 implies that snpBq has a rational generating function if B contains both a permutation that

is achieved by inserting one digit into an increasing permutation and another permutation that is achieved

by inserting one digit into a decreasing permutation. The patterns ρ for which ρØ fits this criteria are

marked with : in Table 4.

Rational generating functions can indicate either polynomial or exponential growth, however. In Albert

et al. (2007), Albert, Atkinson, and Brignall give necessary and sufficient conditions on when snpBq
exhibits polynomial growth. The direct sum α ‘ β of permutations α and β is the permutation formed by

concatenating α and β and incrementing all digits of β by |α|. The skew sum α a β of permutations α

and β is the permutation formed by concatenatingα and β and incrementing all digits of α by |β|. Further

let ǫ “ pe1, e2q be an ordered pair where te1, e2u Ď t´1, 1u. The pattern class W pǫq is the set of all

permutations π “ π1 ¨ ¨ ¨πn where there exists a value 1 ď j ď n such that πpiq is increasing if ei “ 1 and

πpiq is decreasing if ei “ ´1 where πp1q :“ π1 ¨ ¨ ¨πj and πp2q :“ πj`1 ¨ ¨ ¨πn. We have the following

characterization from Albert, Atkinson, and Brignall:

Theorem 13 (Albert et al. (2007), Theorem 1). snpBq has polynomial growth if and only if B contains

a member of each of the following 10 sets of permutations: W p1, 1q, W p1,´1q, W p´1, 1q, W p´1,´1q,

W p1, 1q´1, W p1,´1q´1, W p´1, 1q´1,

W p´1,´1q´1, L2 “
!

Àj

i“1
αi

ˇ

ˇ

ˇ
αi P t1, 21u for all i

)

and Lr
2.

Applying Theorem 13 to the case of reverse double lists yields the following:

Theorem 14. rnpρq has polynomial growth if and only if ρ is trivially Wilf equivalent to 12 ¨ ¨ ¨k or to

1 ¨ ¨ ¨ pk ´ 2qkpk ´ 1q.

Proof:

We can check that the theorem holds for ρ of length at most 9 by brute force methods, so without loss

of generality, we assume that k ě 10.

First, notice that snpρØq meets the criteria in Theorem 13 when ρ “ 12 ¨ ¨ ¨k or ρ “ 1 ¨ ¨ ¨ pk ´ 1qkpk´
1q. In the case of ρ “ 1 ¨ ¨ ¨k, ρ is a member of classes W p1, 1q, W p1,´1q, W p´1, 1q, W p1, 1q´1,

W p1,´1q´1, W p´1, 1q´1, and L2, while ρr is a member of the other 3 classes, and tρ, ρru Ă ρØ. In

the case of ρ “ 1 ¨ ¨ ¨ pk ´ 2qkpk ´ 1q, 1 ¨ ¨ ¨k is still a member of 7 of the 10 classes, ρr is a member of

the other 3 classes, and t1 ¨ ¨ ¨k, ρru Ă ρØ.
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Now, suppose that ρØ has a member of each of the 10 necessary permutation classes. This means there

is some integer i such that a shuffle of ρ1 ¨ ¨ ¨ ρi together with ρn ¨ ¨ ¨ ρi`1 is in L2. By definition of shuffle,

the first digit of the shuffle is either ρ1 or ρn. By definition of L2, the first digit of the shuffle is either 1 or

2.

Similarly, there is some integer j such that a shuffle of ρ1 ¨ ¨ ¨ ρj together with ρn ¨ ¨ ¨ ρj`1 is in Lr
2
. By

definition of shuffle, the first digit of the shuffle is either ρ1 or ρn. By definition of Lr
2
, the first digit of

the shuffle is either n ´ 1 or n.

Combining these observations, either ρ1 P t1, 2u and ρn P tn´1, nu or ρ1 P tn´1, nu and ρn P t1, 2u.

We will assume that ρ1 P t1, 2u because if ρ1 P tn ´ 1, nu, then ρc1 P t1, 2u and ρc is Wilf-equivalent to

ρ.

Now, since ρn P tn ´ 1, nu and there is a shuffle of ρ1 ¨ ¨ ¨ ρi together with ρn ¨ ¨ ¨ ρi`1 in L2, it must

be the case that ρn is among the last 3 digits of the shuffle. In other words i ě n ´ 3. This implies that

ρ1 ¨ ¨ ¨ ρn´3 P L2.

Similarly, since ρ1 P t1, 2u and there is a shuffle of ρ1 ¨ ¨ ¨ ρj together with ρn ¨ ¨ ¨ ρj`1 in Lr
2
, it must

be the case that ρ1 is among the last 3 digits of the shuffle. In other words, i ď 3. This implies that

ρn ¨ ¨ ¨ ρ4 P Lr
2, and by taking reversal, ρ4 ¨ ¨ ¨ ρn P L2.

We assume that n ě 10, so ρ1 ¨ ¨ ¨ ρn´3 and ρ4 ¨ ¨ ¨ ρn overlap by at least 4 digits. It must then be the

case that ρ P L2 if ρØ has nontrivial intersection with both L2 and Lr
2.

Now, we know that ρ P
!

Àj

i“1
αi

ˇ

ˇ

ˇ
αi P t1, 21u

)

. Assume αi “ 21 for some 1 ă i ă j. In other

words ρ has a layer of size 2 that is not at the beginning or the end of ρ. We claim that there is no

member of ρØ in W p´1, 1q´1. Suppose to the contrary that there is such a member of ρØ. Write

ρ “ ρ1 ¨ ¨ ¨ ρℓα1α2ρℓ`3 ¨ ¨ ¨ ρn. where α1 ą α2 are the members of αi. Clearly ρ R W p´1, 1q´1, so

there must be an integer m such that a shuffle of ρ1 ¨ ¨ ¨ ρm and ρn ¨ ¨ ¨ ρm`1 is in W p´1, 1q´1. If m ď ℓ

then in the shuffle ρℓ`3 precedes α2 which precedes α1, and these three digits for a 312 pattern. But all

members of W p´1, 1q´1 avoid 312. If m ě ℓ ` 2 then ρℓ precedes α1 which precedes α2, and these

three digits form a 132 pattern. But all members of W p´1, 1q´1 avoid 132. So it must be the case that

m “ ℓ ` 1. Thus ρℓ precedes α1 and ρℓ`3 precedes α2. Since ρℓ ă α1, it must be the case that all digits

larger than α1 appear after α1 in increasing order. In other words ρℓ`3 must appear after α1. But then ρℓ,

α1, ρℓ`3 and α2 form a 1342 pattern, and all members of W p´1, 1q´1 avoid 1342. We have reached a

contradiction in every possible scenario, so the αi “ 21 is only possible if i “ 1 or i “ j.

Now, suppose that ρ “ 21 ‘
´

Àn´4

i“1
1

¯

‘ 21. We claim that there is no member of ρØ in W p1,´1q.

Suppose there is an integer j such that a shuffle of ρ1 ¨ ¨ ¨ ρj and ρn ¨ ¨ ¨ ρj`1 is in W p1,´1q. Since ρ1 ą ρ2,

it must be the case that j “ 1, and the shuffle in question is ρr “ 12 a
´

Án´4

i“1
1

¯

a 12. However, the

longest increasing sequence at the beginning of ρr is ρnρn´1, and then ρn´2 ¨ ¨ ¨ ρ1 is not in decreasing

order because ρ2 ă ρ1. So, there is no member of ρØ in W p1,´1q.

We have now shown that if ρØ has a nontrivial intersection with L2, Lr
2
, W p´1, 1q´1, and W p1,´1q,

then ρ P L2, there is at most one layer of size 2 in ρ, and that layer must either be the first layer or the

last layer. In other words, ρ is trivially Wilf-equivalent to either 12 ¨ ¨ ¨k or 1 ¨ ¨ ¨ pk ´ 2qkpk ´ 1q, which

is what we wanted to show.

Therefore, there are exactly 2 classes Rnpρq that have polynomial growth for ρ P Sk .



Pattern Avoidance in Reverse Double Lists 23

5 Summary

In this paper, we have completely determined rnpρq for any permutation pattern ρ of length at most 4.

We have also determined the Wilf classes for patterns of length 5. By realizing that rnpρq “ snpρØq,

we took advantage of earlier results in the permutation patterns literature to completely characterize when

rnpρq has polynomial growth. We also modified a classic proof of the Erdős–Szekeres Theorem to show

that rnp12 ¨ ¨ ¨kq “ 0 for n ě
`

k
2

˘

` 1, and used the Robinson–Schensted correspondence to determine

rpk

2qp12 ¨ ¨ ¨kq for all k. There are still several open questions of interest:

1. All of the sequences in Table 2 have rational generating functions. Do there exist patterns ρ where

the sequence trnpρqu does not have a rational generating function?

2. We know that the majority of the sequences in Table 4 have rational generating functions because

of Theorem 12; however, actually computing the appropriate finitely-labeled generating trees was

prohibitive both in terms of time and computer memory. What other techniques can be used to

enumerate the members of the corresponding permutation classes?

3. We determined rpk

2qp12 ¨ ¨ ¨kq by characterizing the pairs of standard Young tableau that correspond

to π where ππr P Rpk

2qp12 ¨ ¨ ¨kq. While rpk

2q´1
p12 ¨ ¨ ¨kq “ rpk

2qp12 ¨ ¨ ¨kq and rpk

2q´2
p12 ¨ ¨ ¨kq “

rpk2q´1
p12 ¨ ¨ ¨kq
2

, for smaller length permutations π, ππr may avoid 12 ¨ ¨ ¨k without P pπq having

increasing diagonals. What can be said about P pπq where ππr P Rnp12 ¨ ¨ ¨kq for n ď k ´ 3?
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A. Seidenberg. A simple proof of a theorem of Erdős and Szekeres. J. Lond. Math. Soc., 34:352, 1959.

N. Sloane. The On-Line Encyclopedia of Integer Sequences. http://oeis.org, 2018.

V. Vatter. Finitely labeled generating trees and restricted permutations. J. Symbolic Comput., 41:559–572,

2006.
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