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The separability problem for word languages of a class C by languages of a class S asks, for two given languages
and F from C, whether there exists a language S from S that includes I and excludes F, that is, I C S and
SN E = . In this work, we assume some mild closure properties for C and study for which such classes separability
by a piecewise testable language (PTL) is decidable. We characterize these classes in terms of decidability of (two
variants of) an unboundedness problem. From this, we deduce that separability by PTL is decidable for a number of
language classes, such as the context-free languages and languages of labeled vector addition systems. Furthermore,
it follows that separability by PTL is decidable if and only if one can compute for any language of the class its
downward closure wrt. the scattered substring ordering (i.e., if the set of scattered substrings of any language of the
class is effectively regular).

The obtained decidability results contrast some undecidability results. In fact, for all (non-regular) language classes
that we present as examples with decidable separability, it is undecidable whether a given language is a PTL itself.

Our characterization involves a result of independent interest, which states that for any kind of languages I and E,
non-separability by PTL is equivalent to the existence of common patterns in / and E.

1 Introduction

Given three languages I, F, S, we say that [ is separated from E by S if S includes I and excludes F,
thatis, I C S and SNE = (). In this case, we say that S is a separator. We study the separability problem
of a class C by aclass S:
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Given: Two languages I and E from a class C.
Question: Can [ and E be separated by some language from S?

When C is understood, we also say S-separability for separability of C by S.

Separability is a classical problem in mathematics and computer science that recently found much
new interest. For example, recent work investigated the separability problem of regular languages by
piecewise testable languages (Place et al., 2013b; Czerwinski et al., 2013b), by several other levels in the
quantifier alternation hierarchy of first-order logic (Place and Zeitoun, 2014a; Place, 2015b; Place and
Zeitoun, 2017), by locally testable and locally threshold testable languages (Place et al., 2013a, 2014)
and by first order definable languages (Place and Zeitoun, 2014b, 2016b). Another remarkable example
goes beyond regular languages: the proof of Leroux (2010) for the decidability of reachability for vector
addition systems or Petri nets greatly simplifies earlier proofs by Mayr (1981, 1984) and Kosaraju (1982),
by establishing a crucial separation result: non-reachability of a marking “goal” from a marking “start”
can be witnessed by a semilinear set containing all markings reachable from start and excluding goal.

In this paper, we focus on the theoretical underpinnings of separation by piecewise testable languages.
Our interest in piecewise testable languages is mainly because of the following two reasons. First,
piecewise testable languages form a natural class in the sense that they only reason about the order
of symbols. More precisely, they are finite Boolean combinations of regular languages of the form
A*ai A*as A* - - - A*a, A* in which a; € A for every i@ = 1,...,n. This definition generalizes to tree
languages, for which PTL-separability has already been solved by Goubault-Larrecq and Schmitz (2016).
We are investigating to which extent piecewise testable languages and fragments thereof can be used for
computing simple explanations for the behavior of complex systems (Hofman and Martens, 2015).

Second, it was shown recently (Place et al., 2013b; Czerwiriski et al., 2013b) that separability of regular
word languages (given by non-deterministic automata) by piecewise testable languages is in PTIME, a
situation which is quite uncommon. The surprising tractability of this problem is another motivation for
further investigating the class of piecewise testable languages.

Separation and Characterization. For classes C effectively closed under complement, separation of C
by S is a generalization of the characterization problem of C by S, often also called membership problem,
which is defined as follows: for a given language L of C decide whether L is in . Indeed, L is in S if
and only if L can be separated from its complement by a language from S. The characterization problem
is well studied. The starting points were famous works of Schiitzenberger (1965) and Simon (1975), who
solved it for the regular languages by the first-order definable languages and piecewise testable languages,
respectively. There were many more results showing that, for regular languages and subclasses thereof,
often corresponding to a logical fragment, the problem is decidable (see for example Brzozowski and
Simon, 1971; Zalcstein, 1972; McNaughton, 1974; Knast, 1983; Arfi, 1987; Pin and Weil, 1997; Straub-
ing, 1988; Thérien and Wilke, 1998; Glaler and Schmitz, 2000; Tesson and Thérien, 2002; Klima, 2011;
Czerwinski et al., 2013a; Place and Zeitoun, 2014a, 2017; Place, 2015b; Almeida et al., 2015). Similar
problems have been considered for trees (Bojanczyk and Idziaszek, 2009; Benedikt and Segoufin, 2009;
Bojariczyk et al., 2012; Antonopoulos et al., 2012; Place and Segoufin, 2015).

Obtaining a decidable characterization for a class is considered as a way to get a fine understanding
of the class. In particular, solving a characterization problem requires a proof that a language satisfy-
ing some decidable property belongs to the class, which usually yields a canonical construction for the
language. For instance, in the case of a logical class, this gives a canonical sentence defining any input
language that fulfills the condition we want to prove as a decidable characterization. Recently, several
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generalizations of the characterization problem have been introduced as a means to obtain even more in-
formation about the class S under study. Such generalizations amount to approximating languages of C
by languages of S (Place and Zeitoun, 2016a). In turn, such information may be exploited when study-
ing more complex classes, e.g., classes that are higher in the quantifier alternation hierarchy (Place and
Zeitoun, 2014a). Separation is the simplest of such approximation problems: it asks to over-approximate
the first language, I, by a language S in C, while the second language, F, serves as a quality measure of
this approximation.

Beyond regular languages. To the best of our knowledge, all the above work and in general all the
decidable characterizations were obtained in cases where C is the class of regular languages, or a subclass
of it. This could be due to several negative results which may seem to form a barrier for any nontrivial
decidability beyond regular languages. In this work, we consider language classes beyond the regular
languages, but we assume them to be full trios (meaning they satisfy some mild closure properties).
Beyond the regular languages, we quickly encounter undecidability of the problems above. For instance,
for a context-free language (given by a grammar or a pushdown automaton) it is well known that it is
undecidable to determine whether it is a regular language, by Greibach’s theorem (1968). In the same
way, one can show that for every full trio that contains the language {a™b™ | n > 0}, it is undecidable to
determine whether a given language of the full trio is piecewise testable (see Section 6).

In the case of context-free languages, there is a strong connection between the intersection emptiness
problem and separability. Trivially, testing intersection emptiness of two given context-free languages is
the same as deciding if they can be separated by some context-free language. However, in general, the
negative result is even more overwhelming. Szymanski and Williams (1976) proved that separability of
context-free languages by regular languages is undecidable. This was then generalized by Hunt III (1982),
who proved that separability of context-free languages by any class containing all the definite languages
is undecidable. A language L is definite if it can be written as L = Fy A* U F5, where F; and F5 are finite
languages over alphabet A. As such, for definite languages, it can be decided whether a given word w
belongs to L by looking at the prefix of w of a given fixed length. The same statement holds for reverse
definite languages, in which we are looking at suffixes. Containing all the definite, or reverse definite,
languages is a very weak condition. Note that if a logic can test what is the ¢-th symbol of a word and is
closed under Boolean combinations, it can already define all the definite languages. In his paper, Hunt III
makes an explicit link between intersection emptiness and separability. Hunt III writes: “We show that
separability is undecidable in general for the same reason that the emptiness-of-intersection problem is
undecidable. Therefore, it is unlikely that separability can be used to circumvent the undecidability of the
emptiness-of-intersection problem.”

Our Contribution. In this paper, we show that the above mentioned quote does not apply for sepa-
rability by a piecewise testable language (PTL): we characterize those full trios for which separability
by a PTL is decidable. A full trio is a nonempty language class that is closed under rational transduc-
tions, or, equivalently by Nivat’s theorem (see Nivat, 1968; Berstel, 1979), closed under direct and inverse
homomorphic images of free monoids, and under intersections with regular languages.

Our characterization states that separability by PTL is decidable if and only if (one of two variants of)
an unboundedness problem is decidable. This yields decidability for a range of language classes, such as
those with effectively semilinear Parikh images and the languages of labeled vector addition systems. In
particular, this means that separability by PTL is decidable for context-free languages, and, according to
very recent results, also for the languages of higher-order pushdown automata (Hague et al., 2016) and
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even higher-order recursion schemes (Clemente et al., 2016).

The two variants of the unboundedness problem are called diagonal problem and simultaneous un-
boundedness problem (SUP), of which the latter is ostensibly easier than the former. Our reduction of
separability by PTL consists of three steps:

— In the first step, we show that (arbitrary) languages I and E are not separable by PTL if and only if
they possess a certain common pattern.

— In the second step we use this fact to reduce the PTL-separation problem to the diagonal problem.

— In the last step, we employ ideal decompositions for downward closed languages to reduce the
diagonal problem to the SUP.

For the converse direction, we directly reduce the SUP to separability by PTL.

Another consequence of our characterization is a connection to the problem of computing downward
closures. Itis well known that for any language L, its downward closure, i.e., the set of scattered substrings
of members of L, is a regular language (Haines, 1969). This is a straightforward consequence of Higman’s
Lemma (Higman, 1952). However, given a language L, it is not always possible to compute a finite
automaton for the downward closure of L. Since the downward closure appears to be a useful abstraction,
this raises the question of when we can compute it. Our characterization here implies that for each full
trio S, downward closures of languages of S are computable if and only if separability of languages of S
by PTL is decidable.

A curiosity of this work is perhaps the absence of algebraic methods, as most decidability results we
are aware of have considered syntactic monoids of regular languages and investigated properties thereof.
In the setting of this paper, the situation is different since we want to separate input languages that are not
regular (hence, whose syntactic monoid is infinite), such as context-free languages. This would make it
difficult to design any algebraic framework for them. However, the main reason why we do not rely on
syntactic monoids is that the characterization and separation problems are of very different nature. For
characterization, whether the input language belongs to C indeed boils down to checking a property of the
syntactic (ordered) monoid for the classes C that have been investigated so far, namely, (positive) varieties
of regular languages. For separation however, the language we are looking for in the class C is not one of
the inputs, so that a given language from C can serve as a separator for several unrelated instances of the
C-separation problem, and these instances may well have completely different syntactic properties.

Structure of the paper In Section 2 we introduce basic notions and notation, the diagonal and SUP
problems, and state our main result, which connects these problems with separation by PTL. Section 3
gives a simple criterion by “common patterns” for two arbitrary languages to be separable by PTL. Sec-
tion 4 is devoted to proving equivalent conditions for separability by PTL: the existence of common
patterns, the diagonal problem, the SUP problem, and the computation of downward closures. In Sec-
tion 5 we discuss applications of our result, in particular we show that it applies to context-free languages
and languages of labeled vector addition systems (alternatively, languages of labeled Petri nets). Finally,
in Section 6, we present some classes for which all these problems are undecidable.
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2 Preliminaries and Main Results

We assume the reader to be familiar with regular expressions and regular languages. In this section, we
first set the notation and state our main results.

The set of all integers and nonnegative integers are denoted by Z and N respectively. An alphabet is a
finite nonempty set, which we usually denote with A, B, C, ... or indexed versions thereof. We refer to
elements of A as symbols.

A word is a (possibly empty) concatenation w = a; - - - a,, of symbols a; that come from an alphabet A.
A substring of w is a sequence a;a i1 ---a;4k of consecutive symbols of w. The length of a word
w = aj - - - ay is n, that is, the number of its symbols. The alphabet of a word w = a1 - - - a,, is the set
{ai,...,a,} and is denoted Alph(w). The empty word, of length 0 and of alphabet ), is denoted by &.

For a subalphabet B C A, a word v € A* is a B-scattered substring of w, denoted v <p w, if v can be
obtained from w by removing symbols from B, that is, if v = by - - - b,, and w € B*b1B* --- B*b,,, B*.
Notice that we do not require that {b1,...,b,,} C Bor B C {by,..., by }. We simply refer to A-scattered
substrings as scattered substrings and refer to the relation < 4 as the scattered substring relation, denoted
by <. A regular word language over alphabet A is a piece language if it is of the form A*a; A* - - - A*a,, A*
for some ay,...,a, € A, thatis, it is the set of words having a; - - - a,, as a scattered substring. A regular
language is a piecewise testable language (PTL) if it is a finite Boolean combination of piece languages.
We denote the class of all piecewise testable languages also by PTL.

2.1 Separability and Common Patterns

The first main result of the paper proves that two (not necessarily regular) languages are not separable by
PTL if and only if they have a common pattern. We now make this more precise.

A factorization pattern is an element of (A*)PT1x (24\())? for some p > 0. In other terms, if (/ ?) is
such a factorization pattern, there exist words uo, . . ., u, € A* and nonempty alphabets Bi,...,B, C A
such that @ = (uj, . .., u,) and B = (Bi,...,Bp). For B C A, we denote by B® the set of words with

alphabet exactly B, that is,
B® = {w € B* | Alph(w) = B}.

Given a factorization pattern (, ﬁ) with 7 = (ug, .. .,u,) and B = (Bi,...,Bp), define
LT, B,n) = uo(Br®)"ur - - up_1(Bp®) .

In other terms, in a word of 2(7, ﬁ, n), the infix between wy_1 and uy, is required to be the concatenation
of n words over By, each containing all symbols of By, (for each 1 < &k < p). An infinite sequence (wy, ),
is said to be (U, B )-adequate if

Vn eN, w, € E(ﬁ, ?,n)

Example 2.1 As an example, consider the factorization pattern (7, ﬁ) with 7 = (e,¢,¢) and B =
({a, b}, {a}). Then, £(T, B,n) = ({a,b}®)"c({a}®)". A sequence of words wy, ws, ... is (T, B)-
adequate if first of all for every n € N, there is a single symbol ¢ in word w,,. Second of all, after this
symbol c there are only symbols a and, moreover, at least n of them. Finally, the prefix of w,, before the
distinguished symbol ¢ contains only symbols a and b and can be split into at least n words such that all
of them contain at least one symbol a and at least one symbol b.
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Finally, we say that language L contains the pattern (7, ﬁ) if there exists an infinite sequence of words

(wn )y in L that is (U, B )-adequate. We can now formally state our first main theorem which we will
prove in Section 3:

Theorem 2.2 Two word languages I and E are not separable by PTL if and only if they contain a
common pattern (U, B).

2.2 Characterizations for Decidable Separability

The second main result is a set of characterizations that say, for full trios, when separability by piecewise
testable languages is decidable. Full trios, also called cones, are language classes that are closed under
three operations that we recall next (Berstel, 1979; Ginsburg and Greibach, 1967).

Fix a language L over alphabet A. For an alphabet B, the B-projection of a word is its longest scattered
substring consisting of symbols from B. The B-projection of a language L is the set of all B-projections
of words belonging to L. Therefore, the B-projection of L is a language over alphabet A N B. The
B-upward closure of a language L is the set of all words that have a B-scattered substring in L, i.e.,

{we (AUB)* | Jv € Lsuchthatv <5 w}.

In other words, the B-upward closure of L consists of all words that can be obtained by taking a word
in L and padding it with symbols from B.

A language class is a collection of languages that contains at least one nonempty language. A language
class C is closed under an operation OP if L € C implies that OP(L) € C. We use the term effectively
closed if, furthermore, the representation of OP(L) can be effectively computed from the representation
of L. A class C of languages is a full trio if it is effectively closed under:

1. B-projection for every finite alphabet B,
2. B-upward closure for every finite alphabet B, and
3. intersection with regular languages.

We note that full trios are usually defined differently, either through closures under direct and inverse
images of morphisms and intersection with regular languages, or through closure under rational transduc-
tions (Ginsburg and Greibach, 1967; Berstel, 1979). However, we use the above mentioned properties in
the proofs, which are easily seen to be equivalent.

We will now introduce three problems whose decidability or computability will be equivalent to decid-
ability of separability by piecewise testable languages: the diagonal problem, the simultaneous unbound-
edness problem, and the downward closure problem.

Downward Closure Problem. For a language L C A*, its downward closure L), is defined as the set
of all scattered substrings of words in L, that is,

Ll={ue A" |Fv e L:u=<v}

We say that L is downward closed if L = L. It is well-known that the downward closure of any language
L is regular (Haines, 1969). This is a direct consequence of Higman’s Lemma (Higman, 1952), which
states that < is a well quasi ordering! (WQO) on A*, i.e., that any infinite sequence of words admits

1 Actually, the relation < that we defined over A* is even a well ordering.
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an infinite <-increasing subsequence. Indeed, the complement of a downward closure is closed under A-
upward closure. It follows from Higman’s Lemma that this complement has a finite number of <-minimal
elements and is therefore a finite union of piece languages.

Downward closed languages play an important role in the theory of lossy channel systems (Finkel,
1987; Abdulla and Jonsson, 1996; Finkel and Schnoebelen, 2001), which feature communication channels
where messages can be dropped arbitrarily. These have been investigated extensively, because the WQO
property of the subword relation yields decidability results that fail in the non-lossy case. However, the
complexity of such decidable problems may be huge (Schnoebelen, 2002; Schmitz and Schnoebelen,
2013).

Moreover, the downward closure is a useful abstraction of languages: Suppose a language L describes
the set of action sequences of a system modeled, for example, by a vector addition system or a pushdown
automaton. If this system is observed via a lossy channel, then L/ is the set of sequences seen by the
observer (Habermehl et al., 2010). Furthermore, computing a regular representation of L for a given
language L is in many situations sufficient for safety verification of parametrized asynchronous shared-
memory systems (La Torre et al., 2015).

Starting from a regular language given, e.g., by a finite automaton, one can easily compute a repre-
sentation of its downward closure (one can even obtain precise upper and lower bounds in terms of the
size of an automaton recognizing it (Karandikar et al., 2015)). However, despite the fact that the down-
ward closure of a language is always a simple regular language (the complement of a union of piece
languages), it is not always possible to effectively compute a finite automaton for L] given a description
of a (possibly nonregular) language L. Such negative results are known, for example, for Church-Rosser
languages (Gruber et al., 2007) and reachability sets of lossy channel systems (Mayr, 2003). We say that
downward closures are computable for C if a finite automaton for L] can be algorithmically computed
for every language L in C.

Unboundedness Problems. Let A = {aq,...,a,} be ordered with a; < --- < a,. For a symbol
a € Aandaword w € A*, let #,(w) denote the number of occurrences of a in w. The Parikh image
of a word w is the n-tuple (#q, (W), ..., #a, (w)). The Parikh image of a language L is the set of all
Parikh images of words from L. A tuple (my, ..., my) € N is dominated by a tuple (dy, . ..,d,) € N"
ifd; > m; foreveryi=1,...,n.

Definition 2.3 The diagonal problem for C is the following decision problem:

INPUT. A language L C A* from C.

QUESTION. Is each tuple (m, ..., m) € N™ dominated by some tuple in the Parikh image of L?

Equivalently, the diagonal problem for C asks whether there are infinitely many tuples (m, ..., m) domi-
nated by some tuple in the Parikh image of L.

The simultaneous unboundedness problem (SUP) is a restricted version of the diagonal problem where
the input is a language in which the symbols are grouped together:

Definition 2.4 The simultaneous unboundedness problem (SUP) for C is the following decision problem:
INPUT. A language L C af - --a} from C, for some ordering ay, . .., a, of A.
QUESTION. Is each tuple (m, ..., m) € N™ dominated by some tuple in the Parikh image of L?

In other words, the SUP asks whether L] = aj - - - a;;.
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Characterizations. Perhaps surprisingly, our second main result here implies that in a full trio, sepa-
rability by PTL is decidable if and only if downward closures are computable. Our proof relies on the
following characterization of computability of downward closures:

Theorem 2.5 (Zetzsche, 2015a) Let C be a full trio. Then downward closures are computable for C if
and only if the SUP is decidable for C.

We are now ready to state the second main result, which is an extension of Theorem 2.5 and connects it
to separability:

Theorem 2.6 For each full trio C, the following are equivalent:
(1) Separability of C by PTL is decidable.
(2) The diagonal problem for C is decidable.
(3) The SUP for C is decidable.
(4) Downward closures are computable for C.

Theorem 2.5 provides the equivalence between (3) and (4). We prove the remaining equivalences in
Section 4. In particular, we present an algorithm to decide separability for full trios that have a decidable
diagonal problem, showing one direction of the equivalence. The algorithm does not rely on semilinearity
of Parikh images. For example, in Section 5 we apply the theorem to Vector Addition System languages,
which do not have a semilinear Parikh image.

3 Common Patterns

In this section we prove Theorem 2.2. We say that an infinite sequence is adequate if it is (7, ?)-

adequate for some factorization pattern (7, ?) We will show the following combinatorial statement
using Simon’s Factorization Forest Theorem (Simon, 1990).

Lemma 3.1 Every infinite sequence (wy,),, of words admits an adequate subsequence.

Before proving it, we note that Lemma 3.1 gives us an alternative proof of Higman’s Lemma.
Corollary 3.2 (Higman, 1952) The scattered subword ordering over A* is well.
Proof: We want to show that for any sequence of words (w,, )nen, there exist two indices 7, j such that

© < 7 and w; X w;, where =< denotes the scattered substring relation. Taking a subsequence of (Wn)nen
if necessary, we may assume by Lemma 3.1 that (w, )nen is adequate. This means that there exists a

factorization pattern (7, ?), where @ = (ug,...,u,) and B = (By,..., B,) such that (wy)nen is
(7, ﬁ)-adequate, that is,

VneN, w, € ug(B1®)"u; - -up_l(Bp®)"up. (3.1
In particular for n = 0, there exist vy, . . . , v, such that

Wy = UQUOUT - - . Up—1VpUyp (3.2)
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and
v; € B;®. (3.3)

Note that by definition of the ® operation, if v € B®, then for all v’ € (B®)I*l, we have v < v’. Together
with (3.1), (3.2) and (3.3), this entails that wy < w, for all n > ng = max{|v;| | 0 < i < p}. It then
suffices to choose ¢ = 0 and j = nyg. O

Proof of Lemma 3.1: We use Simon’s Factorization Forest Theorem, which we recall. See (Simon, 1990;
Kufleitner, 2008; Bojariczyk, 2009; Colcombet, 2010, 2017) for proofs and extensions of this theorem. A
factorization tree of a nonempty word z is a finite ordered unranked tree 7'(z:) whose nodes are labeled
by nonempty words, and such that:

e all leaves of T'(x) are labeled by symbols,
e all internal nodes of T'(x) have at least 2 children, and
e if anode labeled y has k children labeled y1, . . ., yx from left to right, then y = y; - - - Y.

Given a semigroup morphism ¢ : A™ — S into a finite semigroup S, such a factorization tree is called
w-Ramseyan if every internal node has either 2 children, or k children labeled y;, . . ., yx, in which case
© maps all words y1, . .., yi to the same idempotent of 5, i.e., to an element e such that ee = e. Simon’s
Factorization Forest Theorem states that every word has a ¢-Ramseyan factorization tree of height at
most 3|S].

Let (wy), be an infinite sequence of words. We use Simon’s Factorization Forest Theorem with the
morphism Alph : AT — 24, Recall that Alph maps a word w to the set of symbols used in w.

Consider a sequence (T'(wy,))n, where T'(wy,) is an Alph-Ramseyan tree of w,, given by the Fac-
torization Forest Theorem. In particular, one may choose 7' (w,,) of height at most 3 - 2/4l. Therefore,
extracting a subsequence if necessary, one may assume that the sequence of heights of the trees 7'(w,,)
is a constant H. We argue by induction on H. If H = 0, then every w,, is a symbol. Hence, one may
extract from (w,, ), a constant subsequence, say (a),en, which is therefore ((a), ())-adequate, that is, ad-
equate for the factorization pattern consisting of (a) and the empty tuple (). Hence, it is adequate, which
concludes the case H = 0.

Assume now that H > 0. We denote the arity of the root of T'(w,,) by arity(w,,) and we call it the arity
of w,,. We distinguish two cases:

CASE 1. One can extract from (w,), a subsequence of bounded arity. Therefore, one may extract a
subsequence of constant arity, say K, from w,, and replacing (w,, ), by such a subsequence, one
may assume that (w,, ), itself has this property. This implies that each w,, can be written as a
concatenation of K words

Wp = Wn1 " Wn,K,

where w, ; is the label of the i-th child of the root in T'(w,). Therefore, the Alph-Ramseyan
subtree of each wy, ; is of height at most H — 1. By induction, one can extract from every (wy_;)n
an adequate subsequence. Proceeding iteratively for i = 1,2, ..., K, one extracts from (w,, ), a
subsequence (Wy(n) )n Such that every (wy(n),i)n is adequate. But a finite concatenation of adequate
sequences is obviously adequate. Therefore, the subsequence (wg(n))n Of (W), is also adequate.
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CASE 2. The arity of w,, grows to infinity. Therefore, extracting if necessary, one can assume for every n,
that arity(w,, ) > max(n, 3). Since each factorization tree is Alph-Ramseyan and since the arity of
the root of each tree is at least 3, all children of the root of the n-th tree map to the same idempotent
in 24, say B, C A. Since 24 is finite, one can further extract a subsequence, say We(n) such that
B (n) is constant, equal to some B C A. To sum up, each word of the subsequence is of the form

wa(n) = Wn,1 " Wn,K,,
with K, > n and, where the alphabet of wy, ; is B. Therefore, w,(,) € (B®)E~ C (B®)", which
means that (W, () )n is ((€, €), (B))-adequate, hence it is adequate. O

For a nonempty word w, denote its first (resp., last) symbol by first(w), (resp., last(w)). A factorization
pattern (/ , ﬁ) = ((uo,...,up), (B1,...,Bp)) is said to be proper if

1. foralli =0,...,p— 1, we have u; = ¢ or last(u;) ¢ B;y1,
2. foralli =1,...,p, we have u; = ¢ or first(u;) ¢ B;, and
3. foralli=1,...,p—1,if u; = ¢, then we have (B; ¢ Bi;1 and Bi11 € B;).

Note that if a sequence (w, ), is adequate, then there exists a proper factorization pattern (7, ﬁ) such

that (wy, )y is (7, ﬁ)-adequate. This is easily seen from the following observations and their symmetric
counterparts:

u=ay--aganday € B = a1 ---ap(B®)" Cay---ax_1(B®)",
BiCBiy1 = (B®)"(Bin®)" € (Bina )™

The following lemma gives a condition under which two sequences share a factorization pattern and is
very similar to (Almeida, 1994, Theorem 8.2.6). In its statement, we write v ~,, w for two words v and
w if they have the same scattered substrings up to length n, that is, if for every word « of length at most
n, we have v < v if and only if © < w. Notice that ~,, is an equivalence relation for every n € N.

Lemma 3.3 Let (U, ﬁ) and (?, 8) be proper factorization patterns. Let (vy)n and (wy ), be two
sequences of words such that

o (Un)nis (T, g)-adequate
o (wp)n is (?, 8)-adequate, and
® U, ~p Wy foreveryn > 0.

Then, U = ? and§ = 8

Proof: For a factorization pattern (/ ﬁ), we define

14

1@ B = (O fusl) + £,

=0
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where ¢ + 1 is the number of components in the vector U= (ug, ..., ue). Let

k= max(| (2, B)|, (¥, C)) + 1.

Consider the second word of the sequence (vy,)n, i.e., v1 = wugrius - --reug, where Alph(r;) = B;.
Define

’U;k) = ugrfu, ... rhu,. (3.4)

Recall that (v, ),, being a (7, ﬁ)-adequate sequence means that
VneN, v, €ug(B1®) ur - ue_1(Be®) uy. (3.5)

Let N = k-max(|r1], ..., |rnl). By (3.4) and (3.5), we get v{*) < vy. Let M > max(N, [0{"]), so that
v§k) is a scattered substring of vy, of length at most M. Since vps ~ps way, this gives that
0" < wyy (3.6)

To show that (7, ﬁ) = (?, 8), we first define a bijection between elements of the sequence of indexed
alphabets in ﬁ and elements of the sequence of those in 8 For this, we embed vik) in wys in the
‘leftmost” way. Let us make this precise: let 7,y € A* withx = z1--- 2|, and y = y; - - -y}, where
x;,y; € A. If @ < y, by definition there exists an increasing mapping h : {1,...,|z|} — {1,...,|y|}
such that z; = yj ;) holds for all 7. We say that such a mapping is an embedding of x in y. The lefimost

embedding heg, of x in y is such that additionally, for any embedding h, we have hiq () < h(7) for all 4.

To define the bijection, it is convenient to tag the subalphabets B;, C};, as some of them may be equal.
Therefore, we set B = {(B1,1),...,(B,¥¢)} and C = {(C1,1),...,(Cp,m)}, where £ (resp. m)
denotes the length of the vector § (resp. C'). We define a function f : B — C as follows. Consider
the leftmost embedding hje of v§k) in wyy, which exists by (3.6). Since (wy, ), is a (?, 8)-adequate
sequence, one may write

war = tosity - tm—18mtm  Wwith s; € (C;®)M for all 5.
Forii . . k (k) o - 8 . )
oriin {1,...,£}, consider the substring ¥ of v;"’. By definition of & > ||( ¢, C')|| and since |r;| > 0,
the pigeonhole principle implies that all positions of one of these k copies of ; must be mapped by Ajef
to positions of some substring s; € (C;®)M. We define f(B;,i) = (C}, j) for the smallest such index j.

The function g : C — B is defined symmetrically, by exchanging the roles of (v,,), and (wp ).
Moreover, since Alph(r;) = B; and r; < s; € (C;®)M, we obtain that f(B;,i) = (Cj,j) entails
B; C Cj. Similarly, if g(C;, j) = (B, 1), then C; C B;. If we show that f and g define a bijective
correspondence between B and C, then £ = m. The above observations would then imply that B, = C;,
for every i.

To establish that f and g are inverses of one another, we apply Lemma 8.2.5 from (Almeida, 1994),
which we shall first repeat:

Lemma 3.4 (Almeida, 1994, Lemma 8.2.5) Let X and Y be finite totally ordered sets and let P be a
partially ordered set. Let f : X — Y, g:Y — X,p: X — Pandq:Y — P be functions such that

1. f and g are nondecreasing.
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2. forany x € X,p(z) < q(f()),

3. foranyy €Y, q(y) < p(g(y)),

4. ifry, 20 € X, f(x1) = f(22) and p(x1) = q(f(x1)), then x1 = x2,
5. ifyr,y2 € Yog(y1) = g(y2) and q(y1) = p(g(y1)), then yr = yo.

Then f and g are mutually inverse functions andp = qo f andq=po g.

We prove Lemma 3.4 for the sake of completeness, and because there is a minor mistake in (Almeida,
1994): the original statement lacks the hypothesis that f, g are nondecreasing, and this hypothesis can
easily be seen to be necessary.

Proof of Lemma 3.4: By symmetry, it suffices to prove that for all x € X, we have g(f(z)) = . Note
that this equality together with Item 2 and Item 3 applied to y = f(z) then entails that p = g o f.

Let z € X, we have to show that g(f(x)) = x. We define inductively two sequences, by zo = z,
Yn = f(xn) € Y and 41 = g(yn) € X. Assume by contradiction that g # 1. By symmetry, we may
assume that o < x1. We claim that the sequence (z,, ), is strictly increasing, which immediately gives a
contradiction since X is finite. We prove this claim by induction. We already know that zo < z;.

Assume now that z,, 1 < x,,, we show that x,, < x,+1. Since f is nondecreasing, we have y,,—1 < y,.
We want to show that y,,_1 < y,. If on the contrary y,,—1 = yn, then f(z,_1) = f(z,) and by Items 2
and 3, we would have,

p(xn) < q(f(2n)) = q(yn) = @(Wn-1) < p(9(Yn—1)) = p(2n),

so that p(x,,) = q(f(zy)). Item 4 applied to x,, and x,,_; would imply that x,,_1 = x,,, contradicting
our induction hypothesis. Therefore, y,,—1 < y,. With a similar argument, from y,,_; < y,, we obtain
Ty < Tp41, as desired. O

To apply Lemma 3.4, let X = B be ordered according to the second component, that is, (B;,i) <
(Bj,j) when i < j. Similarly, let Y = C be ordered according to the second component. Observe that
the functions f : B — C and g : C — B defined above are nondecreasing by construction. Finally, let P
be the set of subalphabets of A partially ordered by inclusion, and let p and ¢ be the projections onto the
first coordinate.

Let us verify that f and g fulfill all conditions of Lemma 3.4. Item 2 holds since for all ¢ and 7,
f(Bi, i) = (Cj,7) implies that B; C C}. Item 3 holds symmetrically.

For Item 4, suppose that f(B;,,i1) = f(Bi,,i2) = (Cj, ) and that p(B;,,41) = q(f(Bi,, 1)), that
is, B;, = Cj. The first condition, f(B;,,%1) = f(Bi,,i2) = (Cj},J), means that a substring r;, and
a substring r;, of v§k) have all their positions mapped by A to positions of s; in wps. Therefore, all
intermediate positions are also mapped to positions of s;, which implies, using the second condition,
B;, = Cj, that Alph(r;, u;, - --7i,) € Alph(s;) = Cj = B;, = Alph(r, ). But we assumed that (7, ?)
is a proper factorization pattern, so ¢; must be equal to z5. This shows that Item 4 holds. Item 5 is dual.

It follows that indeed f and g define a bijective correspondence between B and C, thus ¢ = m and
B; = C}, for every i. Since we are dealing with proper factorization patterns, v%k) = wps now implies

that u; < t; for every 7. Symmetrically, t; < u; for every i. Thus, for every ¢, u; = t;. d

The proof of Theorem 2.2 relies on Lemmas 3.1 and 3.3, as well as on the following characterization of
PTL-(non)-separation.
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Lemma 3.5 Let I and E be two languages. Then, I and E are not PTL-separable if and only if for every
n € N, there exist v, € I and w,, € E such that v,, ~, wy,.

Proof: We first prove the implication from left to right by contraposition: suppose that there exists n € N
such that (I x E) N ~,, = (. We have to prove that I and E are PTL-separable. The assumption implies
that [I],, := {v | 3w € I such that v ~,, w} separates I from E. It remains to verify that it is a PTL.
Observe that ~,, has finite index, because an ~,,-class is defined by a subset of words of length at most n.
Therefore, [I],, is a finite union of ~,,-classes. To show that [I],, is a PTL, it is therefore enough to check
that a single ~,-class is a PTL, which is the case since the ~,,-class of u is

N otn () A\@D)

v=u, jol<n v, [ul<n

where vt is the A-upward closure of {v}, i.e., the piece language A*ay A* - - - A*ar A*, if v =ay - - ag.
For the other direction, we first note that a piecewise testable language is a union of ~,-equivalence
classes for some n. Indeed, notice that by definition, a piecewise testable language is a finite Boolean
combination of piece languages. Let n be the maximal length of the pieces defining these piece languages.
Any piece language A*a; A* - -- A*a,A*, may, for v = ay - - - ay, be written as | J,~,, [w]~,. This is a
finite union, as ~j has finite index. For every k, the equivalence relation ~ 1 is a refinement of ~y.
Therefore, A*a; A* --- A*ap A* may also be written as a finite union of ~,,-equivalence classes. And,
clearly, a finite Boolean combination of finite unions of ~,,-equivalence classes is again a finite union of
~p-equivalence classes. Now suppose that for every n € N, there are words in I (respectively, E) that
are ~,-equivalent. Since a piecewise testable language is a union of ~,-equivalence classes for some n,
any piecewise testable language containing I will, in this case, have nonempty intersection with F£. O

We are now able to prove Theorem 2.2 using Lemmas 3.1, 3.3 and 3.5.

Proof of Theorem 2.2. Two word languages I and E are not separable by PTL if and only if they contain

a common pattern (U, ﬁ)

Proof: To prove the “if’-direction of the theorem, we show that for every n, there exist words in I and

in E that are ~,,-equivalent. By hypothesis, I and F contain a common factorization pattern (7, ﬁ) By
definition, this gives us two sequences of words (vy, ),, and (wy, )., such that for all n,

vp € 1N UO(B1®)HUJ1 . 'Upfl(Bp@))nqu
w, € EN UQ(31®)nU1 s Up—l(Bp®)nuP'

Observe that for all i, (B;®)™ contains precisely all words from Bf" as scattered substrings of size up
to n. It follows that v,, ~,, w,.

We now prove the “only-if” direction. The existence of v,, ~, w, for every n € N defines an infi-
nite sequence of pairs (v, Wy, ), from which we will iteratively extract infinite subsequences to obtain
additional properties, while keeping ~,,-equivalence.

By Lemma 3.1, one can extract from (v,,, w, ), a subsequence whose first component forms an ade-
quate sequence. From this subsequence of pairs, using Lemma 3.1 again, we extract a subsequence whose
second component is also adequate (note that the first component remains adequate). Therefore, one can
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assume that both (v,), and (wy,), are themselves adequate. This means there exist proper factoriza-
tion patterns for which (v, ), resp. (wy), are adequate. Since v, ~, wy, Lemma 3.3 shows that one

can choose the same proper factorization pattern (7, B) such that both (v, ), and (wy,), are (U, ﬁ)-
adequate. This means that [ and E contain a common pattern (7, ). a

4 The Characterization for Separability
In this section we prove our main characterization:

Theorem 2.6. For each full trio C, the following are equivalent:
(1) Separability of C by PTL is decidable.
(2) The diagonal problem for C is decidable.
(3) The SUP for C is decidable.
(4) Downward closures are computable for C.

The equivalence between (3) and (4) is immediate from Theorem 2.5. The implication “(2) =
trivial because the SUP is a special case of the diagonal problem. We prove the other direction ““(3) = (2)”
and the implication “(1) = (3)” in Section 4.1. Finally, we prove the implication “(2) = (1)” in
Section 4.2, by giving an algorithm for separability if the diagonal problem is decidable.

4.1 Algorithms for the Diagonal Problem and the SUP

In this section, we reduce the diagonal problem to the simultaneous unboundedness problem and to sepa-
rability by PTL. It should be noted that the implication “(3) = (2)” already follows easily from the equiv-
alence between (3) and (4) (shown in (Zetzsche, 2015a)): when one can compute downward closures, the
diagonal problem reduces to the case of regular languages. However, the algorithm for downward closure
computation in (Zetzsche, 2015a) is not accompanied by any complexity bounds. Therefore, we mention
here a reduction that can be carried out in non-deterministic polynomial time if we assume that the full trio
operations require only polynomial time (Lemma 4.2). This reduction is based on the fact that downward
closed languages can be written as finite unions of ideals, which is also a central ingredient in (Zetzsche,
2015a). An ideal is a language of the form Bg{b1,c} B} - - - {bm, e} B¥,, where m > 0, by, ..., b, are
symbols, and By, ..., B, are alphabets. Clearly, every ideal is downward closed. We use the following
result by Jullien, which has later been rediscovered in (Abdulla et al., 2004).

Theorem 4.1 (Jullien, 1969) Every downward closed language is a finite union of ideals.

In fact, there is a notion of ideal in well quasi orderings for which this result holds in general. The property
of the theorem is even equivalent to the fact that the underlying quasi ordering has no infinite antichains,
see (Bonnet, 1975; Fraissé, 2000) and (Erdds and Tarski, 1943). See also (Finkel and Goubault-Larrecq,
2009; Leroux and Schmitz, 2015) for other perspectives.

We now prove the implication “(3) = (2)” of Theorem 2.6. In the following lemma, we use the defini-
tion of full trios as being closed under rational transductions. A subset 7' C A* x B* for alphabets A, B
is called a rational transduction if there is an alphabet C, a regular language R C C*, and morphisms
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a: C* — A*, §: C* — B* such that we have T' = {(«(w), 8(w)) | w € R}. For a language L C A*
and a rational transduction T' C A* x B*, we define

TL={weB"|Fvel: (vw)eT}.

It is well-known that a nonempty class of languages C is an effective full trio if and only if foreach L € C
and each rational transduction 7', we have effectively T'L € C, see (Berstel, 1979) for instance.
Observe that the set
D ={(u,v) € A" x A" |v 2 u}

is a rational transduction, meaning that for every member L of a full trio C, the language L| = DL is
effectively contained in C as well.

Lemma 4.2 Let C be a full trio. If the SUP is decidable for C, then so is the diagonal problem for C.

Proof: Let L C A* with A = {a1,...,a,}. We say that L satisfies the diagonal property if for each
m € N, the vector (m,...,m) (with |A| entries) is dominated by some vector in the Parikh image
of L. We claim that L satisfies the diagonal property if and only if we can order the symbols of A as
A={by <--- <b,}suchthatbj---b* C L]. The “if” direction is immediate, so suppose L satisfies
the diagonal property.

Since L satisfies the diagonal property, so does L|. According to Theorem 4.1, we can write L] as a
finite union of ideals. This means that at least one of these ideals has to satisfy the diagonal property. Let
I =C§{c1,e}C5 -+ - {cm, e} C}, be one such ideal. Then we have Co U- - - U C), = A, since any element
of A\ (CpU---UC,,) can occur at most m times in words in /. Hence, if we order the elements of A
linearly by picking first the elements of Cj, then those of Cy \ Cp, and so forth, the resulting ordering
A={b <--- < b,} clearly satisfies b} - - - b C I C L. This proves our claim.

Assume that C is a full trio for which the SUP is decidable. We show that the diagonal problem is
decidable for C as well. Let L C A* be a language. .

We guess a linear ordering A = {b; < --- < b,}. Notice that since C is closed under intersection
with regular sets, the language K = L] N b7 - -- b} is effectively contained in C. Then, K is an instance
of the SUP. By our claim, L satisfies the diagonal property if and only if there exists a linear ordering
A={bg <---<b,}suchthat K = L, Nb}---b} is a positive instance of the SUP. O

This concludes the proof of “(3) = (2)” of Theorem 2.6, so that we now have established that Items
(2), (3) and (4) are equivalent. It remains to connect these problems with the separation problem.

The correctness proof of our reduction of the SUP to the separability problem employs a characteriza-
tion of separability by PTL from (Czerwiriski et al., 2013b). For languages K, L C A*, a (K, L)-zigzag
is an infinite sequence of words (w; );en such that

(1) w; = w41 foreveryi € N,

(i) w; € K for every even ¢ and

(i) w; € L for every odd <.
The characterization for separability by PTL is then as follows.

Theorem 4.3 (Czerwinski et al., 2013b) Ler K, L C A* be languages. Then L and K are separable by
PTL if and only if there is no (K, L)-zigzag.

Lemma 4.4 Let C be a full trio. If separability by PTL is decidable for C, then so is the SUP for C.
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Proof: Let A = {a1,...,a,} andlet L C aj ---a) be alanguagein C. Let T C A* x A* be the rational
transduction
T ={(af" - -ak al™ - a2) [ ky,... Ky > 0}

Moreover, consider the regular language
2k1+1 2kn+1
K ={at"*" a2t | oy ook > 0}

We claim that T'(LJ,) and K are inseparable by PTL if and only if L] = a7 - - - a}. We first show that
this claim implies the lemma. Indeed, since C is a full trio, the language T'(LJ) is effectively contained
in C. Since K is a member of C (since every full trio contains the family of regular languages), the claim
clearly implies the lemma.

We now prove the claim. Suppose that L] = aj - - - a. Then we have T(L]) = (a1a1)* - - (anan)*
and the sequence (w;);en wWith w; = a} ---a?, is a (T'(L)), K)-zigzag, meaning that T'(L|) and K are
inseparable by PTL, by Theorem 4.3.

Now suppose T'(LJ) and K are inseparable by PTL. Then again by Theorem 4.3, thereis a (T'(LJ,), K)-
zigzag (w;);en. This means in particular that, for all ¢, we have w; =< w;41, so that |w;|, < |w;11], for
a € A. By construction of T and K, the numbers |w;|, and |w;41|, are incongruent modulo 2, which
implies |w;|, < |w;it1|e and therefore |w;|, > i. Moreover, since the sequence is a zigzag, we have
{wq; | ¢ > 0} C T(L|) and thus L = aj - - - a}. This completes the proof of our lemma. O

4.2 The Algorithm for Separability

It only remains to prove the implication “(2) = (1) to finish the proof of Theorem 2.6. In this section
we show that, for full trios with decidable diagonal problem, we can decide separability by PTL. Fix two
languages I and E from a full trio C which has decidable diagonal problem.

To test whether I is separable from E by a piecewise testable language S, we run two semi-procedures
in parallel. The positive one looks for a witness that I and E are separable by PTL, whereas the negative
one looks for a witness that they are not separable by a PTL. Since one of the semi-procedures always
terminates, we have an effective algorithm that decides separability. It remains to describe the two semi-
procedures.

Positive semi-procedure. We first note that, when a full trio has decidable diagonal problem, it also has
decidable emptiness. Indeed, emptiness of a language L C A* can be decided by taking the A-upward
closure of L (which can be effectively computed from L, since it can be implemented by a rational
transduction). In the resulting language, the diagonal problem returns true if and only if L is nonempty.

The positive semi-procedure enumerates all PTLs over the union of the alphabets of I and E. For every
PTL S it checks whether S is a separator, so if I C S and F N S = (. The first test is equivalent to
I N (A*\ S) = 0. Thus both tests boil down to checking whether the intersection of a language from
the class C (I or E, respectively) and a regular language (S and A* \ S, respectively) is empty. This is
decidable, as C is effectively closed under taking intersections with regular languages and has decidable
emptiness problem.

Negative semi-procedure. Theorem 2.2 shows that there is always a finite witness for inseparability: a
pattern (7, ?) The negative semi-procedure enumerates all possible patterns and for each one, checks
the condition of Theorem 2.2. We now show how to test this condition, i.e., for a pattern (7, ﬁ) test
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whether for all n € N the intersection of 5(7, ?, n) with both I and E is nonempty. Note that the
difficulty for testing this condition comes from the universal quantification over n.

Checking the condition. Here we show for an arbitrary language from C how to check whether for all
n € N its intersection with the language 5(7, ﬁ, n) is nonempty. Fix L € C over an alphabet A and
a pattern (1, ﬁ), where @ = (uo,...,ux) and B = (By,...,B). Intuitively, we just consider a
diagonal problem with some artifacts: we are counting the number of “full occurrences” of alphabets B;
and checking whether those numbers can simultaneously become arbitrarily big.

We show decidability of the non-separability problem by a formal reduction to the diagonal problem.
We perform a sequence of steps. In every step we will slightly modify the considered language L and
appropriately customize the condition to be checked. Using the closure properties of the full trio C we
will ensure that the investigated language still belongs to C.

First we add special symbols $;, fori € {1, ..., k}, which do not occur in A. These symbols are meant
to count how many times alphabet B; is “fully occurring” in the word. Then we will assure that words are
of the form

UQ (Bl @] {$1})* Up* - Uk—1 (Bk @] {$k})* Uk,

which already is close to what we need for the pattern. Then we will check that between every two
symbols $; (with the same ¢), every symbol from B; occurs, so that the $; are indeed counting the number
of iterations through the entire alphabet B;. Finally we will remove all the symbols except those from
{8$1,...,8$x}. The resulting language will contain only words of the form $7$5 - - - $; and the condition to
be checked will be exactly the diagonal problem.

More formally, let Ly := L. We modify iteratively Lo, resulting in L1, Lo, L3, and L4. Each of them
will be in C and we describe them next.

Language L; is the {$1,...,$;}-upward closure of Lg. Thus, L; contains, in particular, all words
where the $; are placed “correctly”, i.e., in between two $;-symbols the whole alphabet B; should oc-
cur. However at this moment we do not check it. By closure under B-upward closures, which can be
implemented by rational transductions, language L; belongs to C.

Note that L; also contains words in which the $;-symbols are placed totally arbitrary. In particular, they
can occur in the wrong order. The idea behind Lo is to consider only those words in which the $;-symbols
are placed at least in the “right areas”. Concretely, Ly is the intersection of L; with the language

Up (Bl U {$1})* Uy - Ukg—1 (Bk U {$k})* Uk .

Since C is a full trio, it is closed under intersection with regular languages, whence L belongs to C.
Language Lo may still contain words, such that in between two $;-symbols not all the symbols from
B; occur. We get rid of these by intersecting Lo with the regular language

U0($1Bl®)*$1’l,b1 e uk,1($kBg))*$kuk.

As such, we obtain L3 which, again by closure under intersection with regular languages, belongs to C.>
Note that the intersection of L. = L with the language 5(7, ?, n) is nonempty if and only if Ls

contains a word with precisely n + 1 symbols $; for every i € {1,...,k}. Indeed, L3 just contains

the (slightly modified versions of) words from Ly which fit into the pattern and in which the symbols $;

2 Of course, one could also immediately obtain L3 from Lj by performing a single intersection with a regular language.
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“count” occurrences of BZ@. Furthermore, for every word in L3, the word obtained by removing some
occurrences of some $; is in L3 as well. It is thus enough to focus on the $;-symbols. Language L4 is
therefore the {$1, ..., $ }-projection of Ls. By closure under projections, language L4 belongs to C. The
words contained in L4 are therefore of the form

al Qg
gar ... gan,

such that there exists w € L with at least a; — 1 occurrences of substrings of BZ@ between u;_1 and u;.

Therefore, L N £(, ﬁ, n) is nonempty for all n > 0 if and only if the tuple (n, ...,n) is dominated by
an element of the Parikh image of L, for infinitely many n > 0. This is precisely the diagonal problem,
which we know to be decidable for C. O

5 Decidable Classes

In this section we show that separability by piecewise testable languages is decidable for a wide range of
classes, by proving that they meet the conditions of Theorem 2.6, in particular, for context-free languages
and languages of labeled vector addition systems (which are the same as languages of labeled Petri nets).

Effectively semilinear Parikh images. A number of language classes is known to exhibit effectively
semilinear Parikh images. A set .S C N is linear if it is of the form

S={v+nvi+... +0nom | n1,...,nm € N}

for some base vector v € N¥ and period vectors vy, ..., v, € N¥. A semilinear set is a finite union of
linear sets. We say that a full trio C exhibits effectively semilinear Parikh images if every language in C
has a semilinear Parikh image and one can compute a representation as a (finite) union of linear sets.

Clearly, one can decide the diagonal problem for language classes with effectively semilinear Parikh
images. This amounts to checking whether in a representation of the Parikh image of the given language,
there is some linear set in which each of the symbols occurs in some period vector.

Another option is to use Presburger logic. Semilinear sets are exactly those definable by Presburger
logic. Moreover, the translation is effective. Assume that | A| = k, so the Parikh image P of the considered
language is a subset of N¥ and ¢ is a Presburger formula describing P having k free variables. Then

Y = VneN Jz1 00,00 ( /\ (xz Zn)) /\(b(xlvaa"'aIk)

is true if and only if the diagonal problem for the considered language is answered positively. Decidability
of the Presburger logic finishes the proof of decidability of the diagonal problem. We refer for the details
of semilinear sets and Presburger logic to (Ginsburg and Spanier, 1966).

Examples of full trios with effectively semilinear Parikh images are context-free languages (Parikh,
1966), multiple context-free languages (Seki et al., 1991), languages of reversal-bounded counter au-
tomata (Ibarra, 1978), stacked counter automata (Zetzsche, 2015b) and finite index matrix languages (Das-
sow and Paun, 1989).
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Higher-Order Pushdown Automata and Recursion Schemes. Very recently, it was shown that the
diagonal problem is decidable for higher-order pushdown automata (Hague et al., 2016) and even higher-
order recursion schemes (Clemente et al., 2016). Both of these methods use an inductive approach: The
diagonal problem for order-(n + 1) pushdown automata (resp. schemes) is decided by constructing an
order-n pushdown automaton (resp. scheme) that is equivalent with respect to the diagonal problem.
Hence, the algorithm arrives at order 0, for which the diagonal problem is easy to solve.

Languages of Labeled Vector Addition Systems and Petri Nets. A k-dimensional (labeled) vector
addition system, or (labeled) VAS M = (A, T, do,01,¢,s,t) over alphabet A consists of a finite set of
transitions T, a labeling ¢ : T — A U {e}, mappings do,d; : T — N¥, and source and target vectors
s,t € N*. Alabeled VAS defines a transition relation on the set N* of markings. For two markings u, v €
NF we write u —%+ v if there is an 7 € T such that 5o(r) < wand v = u — do(r) + 81(r) and £(r) = a,
where the addition and comparison of vectors is defined coordinate-wise. For two markings u, v € N¥ we
say that u reaches v (via the word w) if there is a sequence of markings ug = w, U1, ..., Up—1,Un = U
such that u; — w41 foralli € {0,...,n — 1} and w = ag---a,_1. For a given labeled VAS M the
language of M, denoted L(M), is the set of all words w € A* such that source reaches target via w. We
note that languages of labeled VASs are the same as languages of labeled Petri nets.

Since labeled VAS languages are known to be a full trio (Jantzen, 1979), we only need to prove decid-
ability of the diagonal problem. For instance, this can be done by using the computability of downward
closures for VAS languages (Habermehl et al., 2010).

Here, we present an alternative approach to this problem. We show that the diagonal problem for VAS
languages is decidable by reduction to the place-boundedness problem for VASs with one zero test, which
has been shown decidable (Bonnet et al., 2010, 2012). A k-dimensional (labeled) vector addition system
with one zero-test, or (labeled) VAS, over the alphabet A is a tuple M = (A, T,r,,d0,01,¢,s,t) such
that (A, T, do,01,%,s,t) is a VAS and additionally r, € T is a distinguished zero-test transition. The
semantics of a VAS, differs slightly from that of VASs. For two markings u,v € N¥ in a VAS, with
u = (u1,...,ux), we write u —— v if there is 7 € T such that (i) 5o (r) < u, (i) v = u — So(r) + 51 (r),
(iii) if » = 7., then u; = 0, and (iv) £(r) = a. Then, reaching another marking via a word is defined
accordingly as in a VAS. In (Bonnet et al., 2010, 2012), it was shown that given a k-dimensional VAS, and
ani € {1,..., k}, itis decidable whether for every n € N, there is a reachable marking v = (u1, ..., ug)
with u; > n. This is known as the place-boundedness problem.

To set up our reduction, we start from a VAS M. Our objective is to build from M a VAS, M., such
that M, is unbounded in some distinguished coordinate if and only if L(M ) has the diagonal property. To
build M, from M, we proceed in two steps.

STEP 1. The first step consists in modifying the VAS M to get another VAS M, in the following way.

— First, it is well-known that any VAS can be turned into one generating the same language and having
(0,...,0) € N¥ as target marking (Hack, 1976), meaning we may assume that the target is zero.

— Second, we introduce a new sum coordinate, say as coordinate 1: it is easy to modify the VAS so that
in the new first coordinate, one always has the sum of all original coordinates of M.

— Finally, we add for each a € A a symbol coordinate, which counts how many times we read sym-
bol a. That is, for every transition which is labeled by a € A, we add 1 in the symbol-coordinate
corresponding to a and 0 in the symbol-coordinates corresponding to other symbols. Hence, the set of
symbol-coordinates always contains the Parikh image of the read prefix.
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STEP 2. In the second step, we turn the VAS M’ into a VAS, M. . For this, we add,

— two mode coordinates: the VAS, M., will be able to switch from the first mode to the second mode
(but not the other way around), and

— a minimum coordinate, counting the minimum of all original coordinates. The intention is that this
specific coordinate will be unbounded if and only if the original VAS M has the diagonal property.

More precisely:

1. The initial marking is enriched by 1 on the first mode coordinate and by 0 in the second one.

2. All transitions of M’ are changed so that they subtract 1 from the first mode coordinate and add 1
to it as well (i.e., on the first mode coordinate, 6o(r) is —1 and 61 (r) is 1). This means that the
resulting transitions do not modify the mode coordinates, but can be fired only in the first mode.

3. The new zero-test transition r, tests to O the sum coordinate that was introduced in Step 1. More-
over, it only subtracts 1 from the first mode coordinate and adds 1 to the second mode coordinate.
In other words, it is applicable only in the first mode, and switches to the second mode.

4. Finally, we add a new transition 7, labeled by ¢, which subtracts 1 from each symbol coordinate
and adds 1 to the minimum coordinate. Moreover, 7 subtracts 1 from the second mode coordinate
and adds 1 to it (in other words, it does not affect the mode, but applies only in the second one).

Let us argue that the resulting VAS, M, is unbounded in the minimum coordinate if and only if L(M)
has the diagonal property. If L(M) has the diagonal property, then for each n, we find a run in M reading
a word w whose Parikh image dominates (n,...,n). Hence, we can take the corresponding run in the
VAS,_, then fire r, once and then fire 7 exactly n times to get the minimum coordinate to n.

On the other hand, if the minimum coordinate is unbounded in the VAS, M., then for each n > 0,
there is a run in which the minimum coordinate holds at least n. The minimum coordinate can only have a
nonzero content if the zero-test transition had been applied beforehand, so that this run has to correspond
to arunin M that arrives at (0,...,0) € N* (since the zero-test is performed on the sum coordinate), and
reads a word whose Parikh image dominates (n, ..., n). We have therefore reduced the diagonal problem
for VAS languages to the place-unboundedness problem for VAS . The former is therefore decidable.

Effective Parikh equivalence. Let us mention another obvious consequence of our characterization.
Assume separability by PTL is decidable for a full trio D. Furthermore, suppose that for each given
language L in a full trio C, one can effectively produce a Parikh equivalent language in D. Then, separa-
bility by PTL is also decidable for C. For example, this means that separability by PTL is decidable for
matrix languages (Dassow and Paun, 1989), a natural language class that generalizes VAS languages and
context-free languages. Indeed, it is well-known that given a matrix language, one can construct a Parikh
equivalent VAS language (Dassow and Paun, 1989).

Mixed instances. Our result further yields that if separability by PTL is decidable for each of the full
trios C and D, then it is also decidable whether given K € C and L € D are separable by a PTL. Indeed,
if the diagonal problem is decidable for C and for D, then combining the respective algorithms yields
decidability of the diagonal problem for the full trio C U D. For instance, separability of a context-free
language from the language of a labeled vector addition system is decidable.

Corollary 5.1 Let C and D be full trios. If separability by PTL is decidable for C and for D, then it is
also decidable for C U D.
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6 Undecidable Classes

Given the fact that separability by PTL is decidable for context-free languages, the question arises whether
the same is true of the context-sensitive languages. Here we show that this is nof the case, because of the
following reasons. First of all, context-sensitive languages are closed under complementation. Therefore,
decidable separability of context-sensitive languages by PTL would imply that it is decidable to test if
a given context-sensitive language is a PTL. The latter question, however, is already undecidable for
context-free languages (Corollary 6.3). In this section we provide these observations with more detail and
also exhibit a more general technique to show undecidable separability by PTL.

Thomas Place pointed out to us that, by a proof that follows similar lines to the proof of Greibach’s
Theorem (Greibach, 1968), one can show that testing whether a given context-free language is piecewise
testable is undecidable (Place, 2015a). We give the proof below (Proposition 6.2).

We noticed that the proof he gave us even applies to all full trios that contain the language,

Loy = {a™b" | n > 0}.

Note that this means that for all the language classes mentioned in Section 5, for which PTL-separability
is decidable, it is undecidable whether a given language is a PTL.

We introduce some additional material to allow for this generalization. Given a language L, the full trio
generated by L is the smallest full trio containing L, which we denote by 7 (L). Since the intersection
of full trios is a full trio and every full trio includes the regular languages, such a class indeed exists.
Observe that if L # 0, then T (L) consists of precisely those languages of the form RL, where R is a
rational transduction. In particular, a language RL in T (L) can be denoted using a representation for R.
Furthermore, note that 7 (L) is always closed under union, because RL U SL = (R U .S)L and the union
of rational transductions is again a rational transduction.

Lemma 6.1 The universality problem is undecidable for T (Lgap).

Proof: We reduce Post’s Correspondence Problem (PCP) to the (non-)universality problem of ’T(Lab)3.
An instance of PCP consists in an alphabet A, with A N {0,1} = 0, together with two morphisms
a,3: A* — {0,1}*. The problem asks whether there is a word w € A% such that a(w) = S(w).

Suppose we are given a PCP instance. From « and 3, we build a language M, 3 € T (Lgp) Over some
alphabet B such that M, g = B* iff there exists no w € A" with a(w) = S(w). Our language M, g
will be of the form R Lo, U RgLqp UK, where R, R are rational transductions and K is regular. Since
T (Lap) is effectively closed under union and includes the regular languages, it contains M, g.

Given a morphism : A* — {0, 1}*, we first describe the construction of R, (which will be instanti-
ated for 7 = «, B to get R, Rg). We want to construct a rational transduction R, such that

RyLoy = {uwv |u € A%, v € {0,1}",v # y(u)}. (6.1)

Assume first that we are able to construct such a rational transduction R, from . We argue that this
provides the desired reduction. Indeed, let B = AU {0,1} and let K = B*\ (AT{0,1}*). As explained
above, T (Lqp) effectively contains My 3 = RoLay U RgLg, U K. Now, in view of the values of
R Lap and RgLgy, given by (6.1), there is no w € AT with a(w) = B(w) if and only if M, g = B*.

3 It is worth comparing this proof to that of (Berstel, 1979, Lemma 8.3)
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It remains to construct a rational transduction R, satisfying (6.1). The intuition is that one uses the input
word a™b™ of L,y to produce all words uv where the n-th position of v differs from the n-th position of
~(u). Observe that y(u) # v means that

1. either |y(uw)| > |v,
2. orly(w)] < o,
3. or~y(u) and v differ at some common position.

Thus, the rational transduction R, is the union of three rational transductions. We illustrate its construc-
tion for the third case. As it is well-known that rational transductions are realized by finite transducers, i.e.,
finite automata reading an input and producing an output along transitions (Berstel, 1979), we describe
the third part of 12, as such a transducer. For our purpose, it suffices to describe its behavior on inputs of
the form a™b™ € L,p. On such an input, the transducer first outputs the prefix u = xyz of uv € R, Lap
in three steps:

o It outputs some word & € A* while, at the same time, it reads al 7@,

o It outputs a symbol y € A and remembers in its state a position k in y(y) and the symbol 4 in y(y)
at position k.

e It outputs some word z € A*.
The transducer then produces the suffix v = rst of uv € Ry Ly, again in three steps:
e Tt outputs some word r € {0, 1}* while, at the same time, it reads plrl,
e [t outputs a word s that, at position k, has a symbol that differs from <.
e It outputs some word ¢ € {0, 1}*.

Since the input is of the form a™b", the above procedure ensures that |y(z)| = |r| and therefore produces
precisely the words uv such that v and y(u) differ at some common position. Treating the other two cases
accordingly yields a construction of R, from «y, which concludes the proof. |

Proposition 6.2 (Place, 2015a) Let C be a full trio that contains the language Lyp. Then, testing whether
a given language from C is piecewise testable is undecidable.

Proof: Since 7 (L) is effectively contained in C, it clearly suffices to show that piecewise testability is
undecidable for T (Lgp).

Let L be a language from 7 (L) over an alphabet A. We show that, if we can decide whether L is
piecewise testable, then we can also decide whether L is universal. Since universality is undecidable for
T (Lqp) by Lemma 6.1, we have a contradiction.

Fix K as any language in 7 (L) that is not piecewise testable and # as a symbol that is not in A. We
claim that the language L' = K#A* U A*#L is piecewise testable if and only if L is universal. Note that
L' belongs to T (L) since the latter is effectively closed under union.

If L is universal, then L' = A*# A*, which is trivially piecewise testable.
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If L is not universal, assume by contradiction that L’ is piecewise testable. By hypothesis there is a
word w ¢ L. It is then immediate that K = L'(#w) ! is also piecewise testable (as piecewise testable
languages are closed under residuals) which is a contradiction by choice of K. O

Since the context-free languages are a full trio and contain L,;, we have the following as one example.
However, note that this is also true for all language classes mentioned in Section 5.

Corollary 6.3 Testing if a context-free language is piecewise testable is undecidable.

7 Concluding Remarks

Since the decidability results we presented are in strong contrast with the remark of Hunt III quoted in
the introduction, we briefly comment on this. What we essentially show is that undecidable emptiness-of-
intersection for a class C does not always imply undecidability for separability of C with respect to some
nontrivial class of languages. In the case of separability with respect to piecewise testable languages, the
main reason is basically that we only need to construct intersections of languages from C with languages
that are regular (or even piecewise testable). Here, the fact that such intersections can be effectively
constructed are, together with a decidable diagonal problem and some mild closure properties, sufficient
for decidability.

In terms of future work, we see many interesting directions and new questions. A first set of problems
concerns separability by PTL and very related topics. Which language classes have a decidable diagonal
problem? Can Theorem 2.6 be extended to also give complexity guarantees? In particular, although we
now know that separability of context-free languages by PTL is decidable, we do not know what the
complexity of the problem is. For example, it is not known if this problem is elementary or not. Finally,
can we find similar characterizations for separability by subclasses of PTL, as considered in (Hofman and
Martens, 2015)?

Another interesting set of questions concerns possible generalizations of our result to broader classes
of separators. Recently, it was shown that PTL is not the only nontrivial class for which separability
is decidable beyond regular languages. In Clemente et al. (2017) and Czerwiniski and Lasota (2017)
decidability of separability by regular languages was proven for classes of integer VASS languages and
one counter net languages, respectively. Both these language classes are full trios. Can one formulate
natural equivalent conditions (in the style of Theorem 2.6) not only for PTL separability, but for regular
separability or separability by other classes? For example, all the cases of which we are aware seem
to confirm the following conjecture: under mild robustness conditions, full trios have decidable regular
separability if and only if they have decidable intersection emptiness problem. Such a result would again
be close to the remark of Hunt III that we quoted in the introduction and would make it more precise.

Acknowledgments We would like to thank Tomda$ Masopust for pointing us to (Hunt III, 1982) and
Thomas Place for pointing out to us that determining if a given context-free language is piecewise testable
is undecidable. We are also grateful to the anonymous reviewers for many helpful remarks that simplified
proofs.

References

P. A. Abdulla and B. Jonsson. Verifying programs with unreliable channels. Information and Computa-
tion, 127(2):91-101, 1996.



24 Wojciech Czerwinski, Wim Martens, Lorijn van Rooijen, Marc Zeitoun, Georg Zetzsche

P. A. Abdulla, A. Collomb-Annichini, A. Bouajjani, and B. Jonsson. Using forward reachability analysis
for verification of lossy channel systems. Formal Methods in System Design, 25(1):39—-65, 2004.

J. Almeida. Finite semigroups and universal algebra, volume 3 of Series in Algebra. World Scientific
Publishing Co., 1994.

J. Almeida, J. Bartotiovd, O. Klima, and M. Kunc. On decidability of intermediate levels of concatenation
hierarchies. In Proceedings of the 19th International Conference on Developments in Language Theory
(DLT), Lecture Notes in Computer Science, pages 58—70. Springer, 2015.

T. Antonopoulos, D. Hovland, W. Martens, and F. Neven. Deciding twig-definability of node selecting
tree automata. In International Conference on Database Theory (ICDT), pages 61-73,2012.

M. Arfi. Polynomial operations on rational languages. In Symposium on Theoretical Aspects of Computer
Science (STACS), pages 198-206, 1987.

M. Benedikt and L. Segoufin. Regular tree languages definable in FO and in FOy,0g. ACM Transactions
on Computational Logic, 11(1):4:1-4:32,20009.

J. Berstel. Transductions and context-free languages. Teubner Stuttgart, 1979.

M. Bojaniczyk. Factorization forests. In International Conference on Developments in Language Theory
(DLT), pages 1-17,2009.

M. Bojariczyk and T. Idziaszek. Algebra for infinite forests with an application to the temporal logic EF.
In International Conference on Concurrency Theory (CONCUR), pages 131-145, 2009.

M. Bojaniczyk, L. Segoufin, and H. Straubing. Piecewise testable tree languages. Logical Methods in
Computer Science, 8(3), 2012.

R. Bonnet. On the cardinality of the set of initial intervals of a partially ordered set. In Infinite sets,
Keszthely, 1973, volume 3, pages 189-198. North-Holland, 1975.

R. Bonnet, A. Finkel, J. Leroux, and M. Zeitoun. Place-boundedness for vector addition systems with one
zero-test. In K. Lodaya and M. Mahajan, editors, FSTTCS 2010, volume 8 of LIPIcs, pages 192-203.
Leibniz-Zentrum fiir Informatik, 2010.

R. Bonnet, A. Finkel, J. Leroux, and M. Zeitoun. Model checking vector addition systems with one
zero-test. Logical Methods in Computer Science, 8(2), 2012.

J. A. Brzozowski and I. Simon. Characterizations of locally testable events. In Symposium on Switching
and Automata Theory (SWAT), 1971.

L. Clemente, P. Parys, S. Salvati, and I. Walukiewicz. The diagonal problem for higher-order recursion
schemes is decidable. In Symposium on Logic in Computer Science (LICS), pages 96—-105. ACM, 2016.

L. Clemente, W. Czerwinski, S. Lasota, and C. Paperman. Regular separability of Parikh automata. In
International Colloquium on Automata, Languages, and Programming (ICALP), pages 117:1-117:13,
2017.



A Characterization for Decidable Separability by Piecewise Testable Languages 25

T. Colcombet. Factorization forests for infinite words and applications to countable scattered linear order-
ings. Theoretical Computer Science, 411(4-5):751-764,2010.

T. Colcombet. The factorisation forest theorem. To appear in the handbook “Automata: from Mathematics
to Applications”, 2017.

W. Czerwinski and S. Lasota. Regular separability of one counter automata. In Symposium on Logic in
Computer Science (LICS), pages 1-12,2017.

W. Czerwinski, C. David, K. Losemann, and W. Martens. Deciding definability by deterministic regular
expressions. In Foundations of Software Science and Computation Structures (FOSSACS), pages 289—
304, 2013a.

W. Czerwinski, W. Martens, and T. Masopust. Efficient separability of regular languages by subsequences
and suffixes. In International Colloquium on Automata, Languages, and Programming (ICALP), pages
150-161,2013b.

W. Czerwinski, W. Martens, L. van Rooijen, and M. Zeitoun. A note on decidable separability by piece-
wise testable languages. In Fundamentals of Computation Theory (FCT), pages 173-185,2015.

J. Dassow and G. Paun. Regulated rewriting in formal language theory. Springer, Berlin, 1989.
P. Erd6s and A. Tarski. Families of mutually exclusive sets. Annals of Mathematics, 44(2):315-329, 1943.

A. Finkel. A generalization of the procedure of Karp and Miller to well structured transition systems. In
International Colloquium on Automata, Languages, and Programming (ICALP), pages 499-508, 1987.

A. Finkel and J. Goubault-Larrecq. Forward analysis for WSTS, part II: Complete WSTS. In International
Colloquium on Automata, Languages, and Programming (ICALP), pages 188-199, 2009.

A. Finkel and Ph. Schnoebelen. Well-structured transition systems everywhere! Theoretical Computer
Science, 256(1-2):63-92,2001.

R. Fraissé. Theory of Relations, volume 145 of Studies in Logic and the Foundations of Mathematics.
Elsevier, 2000.

S. Ginsburg and S. A. Greibach. Abstract families of languages. In Symposium on Switching and Automata
Theory (SWAT/FOCS), pages 128-139, 1967.

S. Ginsburg and E. H. Spanier. Semigroups, Presburger formulas, and languages. Pacific Journal of
Mathematics, 16:285-296, 1966.

C. GlaBer and H. Schmitz. Languages of dot-depth 3/2. In Symposium on Theoretical Aspects of Computer
Science (STACS), pages 555-566, 2000.

J. Goubault-Larrecq and S. Schmitz. Deciding piecewise testable separability for regular tree languages.
In 43rd International Colloquium on Automata, Languages, and Programming, (ICALP), volume 55 of
LIPIcs, pages 97:1-97:15. Leibniz-Zentrum fuer Informatik, 2016.



26 Wojciech Czerwinski, Wim Martens, Lorijn van Rooijen, Marc Zeitoun, Georg Zetzsche

S. Greibach. A note on undecidable properties of formal languages. Math. Systems Theory, 2(1):1-6,
1968.

H. Gruber, M. Holzer, and M. Kutrib. The size of Higman-Haines sets. Theoretical Computer Science,
387(2):167-176,2007.

P. Habermehl, R. Meyer, and H. Wimmel. The downward-closure of Petri net languages. In International
Colloquium on Automata, Languages, and Programming (ICALP), pages 466—477, 2010.

M. Hack. Petri net languages. Technical report, Massachusetts Institute of Technology, 1976. Computa-
tion Structures Group Memo 124.

M. Hague, J. Kochems, and C.-H. L. Ong. Unboundedness and downward closures of higher-order push-
down automata. In Proc. of the Symposium on Principles of Programming Languages (POPL), pages
151-163,2016.

L. H. Haines. On free monoids partially ordered by embedding. Journal of Combinatorial Theory, 6(1):
94-98, 19609.

G. Higman. Ordering by divisibility in abstract algebras. Proceedings of the London Mathematical
Society, $3-2(1):326-336, 1952.

P. Hofman and W. Martens. Separability by short subsequences and subwords. In International Confer-
ence on Database Theory (ICDT), pages 230-246, 2015.

H. B. Hunt ITI. On the decidability of grammar problems. Journal of the ACM, 29(2):429-447, 1982.

O. H. Ibarra. Reversal-bounded multi counter machines and their decision problems. Journal of the ACM,
25(1):116-133, 1978.

M. Jantzen. On the hierarchy of Petri net languages. RAIRO Informatique Théorique, 13(1), 1979.
P. Jullien. Contribution a l’étude des types d’ordres dispersés. PhD thesis, Université de Marseille, 1969.

P. Karandikar, M. Niewerth, and Ph. Schnoebelen. On the state complexity of closures and interiors of
regular languages with subwords and superwords. Theoretical Computer Science, 2015.

O. Klima. Piecewise testable languages via combinatorics on words. Discrete Mathematics, 311(20):
2124-2127,2011.

R. Knast. A semigroup characterization of dot-depth one languages. RAIRO - Theoretical Informatics
and Applications, 17(4):321-330, 1983.

S. R. Kosaraju. Decidability of reachability in vector addition systems (preliminary version). In ACM
Symposium on Theory of Computing (STOC), pages 267-281, 1982.

M. Kufleitner. The height of factorization forests. In Mathematical Foundations of Computer Science
(MFCS), pages 443-454,2008.



A Characterization for Decidable Separability by Piecewise Testable Languages 27

S. La Torre, A. Muscholl, and I. Walukiewicz. Safety of parametrized asynchronous shared-memory
systems is almost always decidable. In International Conference on Concurrency Theory (CONCUR),
volume 42, pages 72-84, 2015.

J. Leroux. The general vector addition system reachability problem by Presburger inductive invariants.
Logical Methods in Computer Science, 6(3), 2010.

J. Leroux and S. Schmitz. Demystifying reachability in vector addition systems. In Symposium on Logic
in Computer Science (LICS), 2015.

E. W. Mayr. An algorithm for the general Petri net reachability problem. In Annual ACM Symposium on
Theory of Computing (STOC), pages 238-246. ACM, 1981.

E. W. Mayr. An algorithm for the general Petri net reachability problem. SIAM Journal on Computing,
13(3):441-460, 1984.

R. Mayr. Undecidable problems in unreliable computations. Theoretical Computer Science, 297(1-3):
337-354, 2003.

R. McNaughton. Algebraic decision procedures for local testability. Mathematical Systems Theory, 8(1):
60-76, 1974.

M. Nivat. Transductions des langages de Chomsky. Annales de I'institut Fourier, 18(1):339—-455, 1968.
R. Parikh. On context-free languages. Journal of the ACM, 13(4):570-581, 1966.

J.-E. Pin and P. Weil. Ponynominal closure and unambiguous product. Theory Comput. Syst., 30(4):
383-422, 1997.

T. Place. Personal communication, 2015a.

T. Place. Separating regular languages with two quantifier alternations. In Symposium on Logic in Com-
puter Science (LICS), pages 202-213. IEEE, 2015b.

T. Place and L. Segoufin. Deciding definability in F02(<v7 <p) on trees. Logical Methods in Computer
Science (LMCS), 11(3), 2015.

T. Place and M. Zeitoun. Going higher in the first-order quantifier alternation hierarchy on words. In In-
ternational Colloquium on Automata, Languages, and Programming (ICALP), pages 342-353, 2014a.

T. Place and M. Zeitoun. Separating regular languages with first-order logic. In Joint Meeting of the Con-
ference on Computer Science Logic (CSL) and the Symposium on Logic in Computer Science (LICS),
pages 75:1-75:10. ACM, 2014b.

T. Place and M. Zeitoun. The covering problem: a unified approach for investigating the expressive
power of logics. In Mathematical Foundations of Computer Science (MFCS), volume 58 of LIPIcs,
pages 78:1-78:14, 2016a.

T. Place and M. Zeitoun. Separating regular languages with first-order logic. Logical Methods in Com-
puter Science, 12(1), 2016b.



28 Wojciech Czerwinski, Wim Martens, Lorijn van Rooijen, Marc Zeitoun, Georg Zetzsche

T. Place and M. Zeitoun. Separation for dot-depth two. In Symposium on Logic in Computer Science
(LICS). IEEE, 2017.

T. Place, L. van Rooijen, and M. Zeitoun. Separating regular languages by locally testable and locally
threshold testable languages. In Foundations of Software Technology and Theoretical Computer Science
(FSTTCS), pages 363-375,2013a.

T. Place, L. van Rooijen, and M. Zeitoun. Separating regular languages by piecewise testable and un-
ambiguous languages. In Mathematical Foundations of Computer Science (MFCS), pages 729-740,
2013b.

T. Place, L. van Rooijen, and M. Zeitoun. On separation by locally testable and locally threshold testable
languages. Logical Methods in Computer Science, 10(3:24):1-28,2014.

S. Schmitz and Ph. Schnoebelen. The power of well-structured systems. In International Conference on
Concurrency Theory (CONCUR), pages 5-24, 2013.

Ph. Schnoebelen. Verifying lossy channel systems has nonprimitive recursive complexity. Information
Processing Letters, 83(5):251-261,2002.

M. P. Schiitzenberger. On finite monoids having only trivial subgroups. Information and Control, 8(2):
190-194, 1965.

H. Seki, T. Matsumura, M. Fujii, and T. Kasami. On multiple context-free grammars. Theoretical Com-
puter Science, 88(2):191-229, 1991.

I. Simon. Piecewise testable events. In Automata Theory and Formal Languages, pages 214-222, 1975.
I. Simon. Factorization forests of finite height. Theoretical Computer Science, 72(1):65-94, 1990.

H. Straubing. Semigroups and languages of dot-depth two. Theoretical Computer Science, 58:361-378,
1988.

T. G. Szymanski and J. H. Williams. Noncanonical extensions of bottom-up parsing techniques. SIAM
Journal on Computing, 5(2), 1976.

P. Tesson and D. Thérien. Diamonds are forever: The variety DA. In Semigroups, Algorithms, Automata
and Languages, pages 475-500, 2002.

D. Thérien and T. Wilke. Over words, two variables are as powerful as one quantifier alternation. In
Symposium on Theory of Computing (STOC), pages 234-240, 1998.

Y. Zalcstein. Locally testable languages. Journal of Computer and System Sciences, 6(2):151-167, 1972.

G. Zetzsche. An approach to computing downward closures. In International Colloquium on Automata,
Languages, and Programming (ICALP), pages 440-451, 2015a.

G. Zetzsche. Computing downward closures for stacked counter automata. In Symposium on Theoretical
Aspects of Computer Science (STACS), volume 30, pages 743-756, 2015b.



arXiv:1511.05027v2 [cs.CC] 24 Oct 2017

Discrete Mathematics and Theoretical Computer Science DMTCS vol. 19:4, 2017, #2

Depth, Highness and DNR degrees

Philippe Moser '* Frank Stephan 21

Y Department of Computer Science, National University of Ireland, Maynooth, co Kildare, Ireland.
2 Department of Mathematics, The National University of Singapore, 10 Lower Kent Ridge Drive, S17, Singapore
119076, Republic of Singapore.

received 17" Nov. 2015, accepted 1 Oct. 2017.

We study Bennett deep sequences in the context of recursion theory; in particular we investigate the notions of
O(1)-deep ., O(1)-deep,, order-deep ;. and order-deep., sequences. Our main results are that Martin-L6f random
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1 Introduction

The concept of logical depth was introduced by C. Bennett [6] to differentiate useful information (such
as DNA) from the rest, with the key observation that non-useful information pertains in both very simple
structures (for example, a crystal) and completely unstructured data (for example, a random sequence, a
gas). Bennett calls data containing useful information logically deep data, whereas both trivial structures
and fully random data are called shallow.

The notion of useful information (as defined by logical depth) strongly contrasts with classical infor-
mation theory, which views random data as having high information content. I.e., according to classical
information theory, a random noise signal contains maximal information, whereas from the logical depth
point of view, such a signal contains very little useful information.

Bennett’s logical depth notion is based on Kolmogorov complexity. Intuitively a logically deep se-
quence (or equivalently a set) is one for which the more time a compressor is given, the better it can
compress the sequence. For example, both on trivial and random sequences, even when given more time,
a compressor cannot achieve a better compression ratio. Hence trivial and random sequences are not
logically deep.

Several variants of logical depth have been studied in the past [2, 9, 16, 18, 21]. As shown in [21], all
depth notions proposed so far can be interpreted in the compression framework which says a sequence
is deep if given (arbitrarily) more than ¢(n) time steps, a compressor can compress the sequence r(n)
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more bits than if given at most ¢(n) time steps only. By considering different time bound families for ¢(n)
(e.g. recursive, polynomial time etc.) and the magnitude of compression improvement r(n) - for short:
the depth magnitude - (e.g. O(1),O(logn)) one can capture all existing depth notions [2, 9, 16, 18, 21]
in the compression framework [21]. E.g. Bennett’s notion is obtained by considering all recursive time
bounds ¢ and a constant depth magnitude, i.e., 7(n) = O(1). Several authors studied variants of Bennett’s
notion, by considering different time bounds and/or different depth magnitude from Bennett’s original
notion [2, 3, 9, 16, 21].

In this paper, we study the consequences these changes of different parameters in Bennett’s depth notion
entail, by investigating the computational power of the deep sets yielded by each of these depth variants.

e We found out that the choice of the depth magnitude has consequences on the computational power
of the corresponding deep sets. The fact that computational power implies Bennett depth was
noticed in [16], where it was shown that every high degree contains a Bennett deep set (a set is high
if, when given as an oracle, its halting problem is at least as powerful as the halting problem relative
to the halting problem: A is high iff A’ >7 (""). We show that the converse also holds, i.e., that
depth implies computational power, by proving that if the depth magnitude is chosen to be “large”
(i.e., 7(n) = en), then depth coincides with highness (on the Turing degrees), i.e., a Turing degree
is high iff it contains a deep set of magnitude r(n) = en.

e For smaller choices of r, for example, if r is any recursive order function, depth still retains some
computational power: we show that depth implies either highness or diagonally-non-recursiveness,
denoted DNR (a total function is DNR if its image on input e is different from the output of the
e-th Turing machine on input e). This implies that if we restrict ourselves to left-r.e. sets, recursive
order depth already implies highness. We also show that highness is not necessary by constructing
a low order-deep set (a set is low if it is not powerful when given as an oracle).

e As a corollary, our results imply that weakly-useful sets introduced in [16] are either high or DNR
(set S is weakly-useful if the class of sets reducible to it within a fixed time bound s does not have
measure zero within the class of recursive sets).

e Bennett’s depth [6] is defined using prefix-free Kolmogorov complexity. Two key properties of
Bennett’s notion are the so-called slow growth law, which stipulates that no shallow set can quickly
(truth-table) compute a deep set, and the fact that neither Martin-L6f random nor recursive sets are
deep. It is natural to ask whether replacing prefix-free with plain complexity in Bennett’s formula-
tion yields a meaningful depth notion. We call this notion plain-depth. We show that the random is
not deep paradigm also holds in the setting of plain-depth. On the other hand we show that the slow
growth law fails for plain-depth: every many-one degree contains a set which is not plain-deep of
magnitude O(1).

o A key property of depth is that “easy” sets should not be deep. Bennett [6] showed that no recursive
set is deep. We give an improvement to this result by observing that no K -trivial set is deep (a set is
K -trivial if the complexity of its prefixes is as low as possible). Our result is close to optimal, since
there exist deep ultracompressible sets [18].

o In most depth notions, the depth magnitude has to be achieved almost everywhere on the set. Some
feasible depth notions also considered an infinitely often version [9]. Bennett noticed in [6] that
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infinitely often depth is meaningless because every recursive set is infinitely often deep. We propose
an alternative infinitely often depth notion that doesn’t suffer this limitation (called i.o. depth). We
show that little computational power is needed to compute i.0. depth, i.e., every hyperimmune
degree contains an i.0. deep set of magnitude en (a degree is hyperimmune if it computes a function
that is not bounded almost everywhere by any recursive function), and construct a I1{-class where
every member is an i.0. deep set of magnitude en. For hyperimmune-free sets we prove that every
non-recursive, non-DNR hyperimmune-free set is i.0. deep of constant magnitude, and that every
nonrecursive many-one degree contains such a set.

In summary, our results show that the choice of the magnitude for logical depth has consequences on
the computational power of the corresponding deep sets, and that larger depth magnitude is not neces-
sarily preferable over smaller magnitude. We conclude with a few open questions regarding the constant
magnitude case.

2 Preliminaries

We use standard computability/algorithmic randomness theory notations see [11, 22, 24]. We use <™ to
denote less or equal up to a constant term. We fix a recursive 1-1 pairing function (-) : N x N — N.
We use sets and their characteristic sequences interchangeably, we denote the binary strings of length n
by {0,1}"™ and {0, 1}* denotes the set of all infinite binary sequences. The join of two sets A, B is the
set A @ B whose characteristic sequence is A(0)B(0)A(1)B(1)..., thatis, (A ® B)(2n) = A(n) and
(A® B)(2n + 1) = B(n) for all n. An order function is an unbounded non-decreasing function from
N to N. A time bound function is a recursive order ¢ such that there exists a Turing machine ® such
that for every n, ®(n)[t(n)]] = t(n), i.e., ®(n) outputs the value ¢(n) within ¢(n) steps of computation.
Set A is left-r.e. iff the set of dyadic rationals strictly below the real number 0.A (a.k.a. the left-cut of
A denoted L(A)) is recursively enumerable (r.e.), i.e., there is a recursive sequence of non-decreasing
rationals whose limit is 0. A. All r.e. sets are left-r.e., but the converse fails.

We consider standard Turing reductions <, truth-table reductions <;; (where all queries are made in
advance and the reduction is total on all oracles) and many-one reductions <,,,. Two sets A, B are Turing
equivalent (A =7 B) if A <p B and B <7 A. The Turing degree of a set A is the set of sets Turing
equivalent to A. We fix a standard enumeration of all oracle Turing machines ®1, @, . . .; the jump A’ of
a set A is the halting problem relative to A, i.e., A’ = {e: ®Z'(e)|}. The halting problem is denoted
('. A set A is high (that is, has high Turing degree) if its halting problem is as powerful as the halting
problem of the halting problem, i.e., )" <7 A’. High sets are equivalent to sets that compute dominating
functions (i.e., sets A such that there is a function f with f <7 A such that for every computable function
g and for almost every n, f(n) > g(n)), i.e., a set is high iff it computes a dominating function [24]. A
set A is low if its halting problem is not more powerful than the halting problem of a recursive set, i.e.,
A’ <7 . Note that ()’ is high relative to every low set.

If one weakens the dominating property of high sets to an infinitely often condition, one obtains hyper-
immune degrees. A set is of hyperimmune degree if it computes a function that dominates every recursive
function on infinitely many inputs. Otherwise the set is called of hyperimmune-free degree.

Another characterization of computational power used in computability theory is the concept of diag-
onally non-recursive function (DNR). A total function g is DNR if for every e, g(e) # ®.(e), i.e., g can
avoid the output of every Turing machine on at least one specified input. A set is of DNR degree, if it
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computes a DNR function. It is known that every r.e. DNR degree is high, actually even Turing equivalent
to (' [1].

If one requires a DNR function to be Boolean, one obtains the PA-complete degrees: A degree is PA-
complete iff it computes a Boolean DNR function. It is known that there exists low PA-complete degrees
[24].

Fix a universal prefix free Turing machine U, i.e., such that no halting program of U is a prefix of
another halting program. The prefix-free Kolmogorov complexity of string z, denoted K (z), is the length
of the length-lexicographically first program x* such that U on input z* outputs z. It can be shown
that the value of K (z) does not depend on the choice of U up to an additive constant. K (z,y) is the
length of a shortest program that outputs the pair (z,y), and K (z|y) is the length of a shortest program
such that U outputs = when given y as an advice. We also consider standard time bounded Kolmogorov
complexity. Given time bound ¢ (resp. s € N), K*(x) (resp. Ks(x)) denotes the length of the shortest
prefix free program p such that U(p) outputs = within ¢(|x|) (resp. s) steps. Replacing U above with a
plain (i.e., non prefix-free) universal Turing machine yields the notion of plain Kolmogorov complexity,
and is denoted C'(z). We need the following counting theorem.

Theorem 2.1 (Chaitin [7]) There exists ¢ € N such that for every r,n € N,
n+ K(n) —r}| <2n-rte,

{o € {0,1}": K(0) <

A set A is Martin-L6f random (MLR) if none of its prefixes are compressible by more than a constant
term, i.e., Vn K(A [ n) > n — ¢ for some constant ¢, where A | n denotes the first n bits of the
characteristic function of A. A set A is K-trivial if its complexity is as low as possible, i.e., Vn K(A |
n) < K(n) + O(1). See the books of Downey and Hirschfeldt [11] and Nies [22] for more on C' and
K -complexity, MLR and trivial sets.

Effective closed sets are captured by I1{-classes. A II{-class P is a class of sequences such that there
is a computable relation R such that P = {S € {0,1}*| ¥n R(S | n)}.

Definition 1 (Bennett [6]) Ler g(n) < n be an order. A set S is g-deepy if for every recursive time
bound t and for almost alln € N, K*(S | n) — K(S | n) > g(n).

Aset S'is O(1)-deep (resp. order-deep,.) if itis c-deep, (resp. g-deep ) forevery ¢ € N (resp. for some
recursive order g). A set is said Bennett deep if it is O(1)-deep . We denote by g-deep,, the above notions
with K replaced with C. It is easy to see that for every two orders f, g such that Vn € N f(n) < g(n),
every g-deepy set is also f-deepy.

Bennett’s slow growth law (SGL) states that creating depth requires time beyond a “recursive amount”,
i.e., no shallow set quickly computes a deep one.

Lemma 2 (Bennett [6]; Juedes, Lathrop and Lutz [16]) Let h be a recursive order, and A <y B be
two sets. If A is h-deepy; (resp. O(1)-deep ;) then B is h'-deepy; (resp. O(1)-deep ) for some recursive
order I/. Furthermore given indices for the truth-table reduction and for h, one can effectively compute
an index for I/'.

The symmetry of information holds in the resource bounded case.

Lemma 3 (Li and Vitanyi [19]) For every time bound t, there is a time bound t' such that for all strings
z,y with |y| < t(|z]), we have C*(x,y) > C¥ (z) + C* (y | ) — O(log C*' (x,)). Furthermore given
an index for t one can effectively compute an index for t'.
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Corollary 4 Let t be a time bound and x, a be strings. Then there exists a time bound t' such that for
every prefix y of x we have C*(y | a) > C* (z | a) — |z| + |y| — O(log C*(y | a)). Furthermore given
an index for t one can effectively compute an index for t'.

Proof: Given p a C*-minimal program with advice a for y, |x| — |y| remaining bits, and a delimiter
after p, one can reconstruct z in time ¢'(-) = t(-) + O(n) steps given a. Thus C'(y | a) + |x| — |y| +
O(log C*(y | a)) =™ C* (2 | a). O

3 (C-Depth

Bennett’s original formulation [6] is based on K-complexity. In this section we investigate the depth
notion obtained by replacing K with C, which we call plain depth. We study the interactions of plain
depth with the notions of Martin-L6f random sets, many-one degrees and the Turing degrees of deep sets.

3.1 MLR is not order-deep,.

The following result is the plain complexity version of Bennett’s result that no MLR sets are Bennett deep.

Theorem 3.1 For every MLR set A and for every recursive order h, A is not h-deep .

Proof: Suppose by contradiction that set A is MLR and h-deep,,, for some h as above. We claim that
3%°n C(A | n) > n — h(n)/2. To prove the claim, let N = {n € N : h(n) # h(n — 1)}. Then given
a = h(n) with n € N, the program p: “Print the smallest  such that k(i) = a.” is a program for n of size
K(a)+O(1),ie.,

K(n) < K(a)+ O(1) < 2logh(n) + O(1) < h(n)/4.

Suppose ¢ is a C-minimal program for A [ n of size n — m, then appending 2logm + K (n) bits to ¢
yields a prefix free program ¢’ for A | n of size 2logm + K(n) +n — m.

Since A is MLR we have |¢'| > n — O(1), i.e., 2logm + K(n) + n —m > n — O(1) which implies
K(n) > m—2logm—0(1) > 2/3m (for m sufficiently large). If n € N, then2/3m < K(n) < h(n)/4,
thus m < h(n)/2,ie., C(A | n) > n — h(n)/2, which proves the claim.

Since for all n € N we have C™" (A | n) < n + O(1) (via a “print” program), it follows that for every
n €N,

2

C" (Aln)—C(AIn)<n+0(1)—n+h(n)/2 <t h(n)/2

which contradicts that A is h-deep,.. g

Sequences that are MLR relative to the halting problem are called 2-random. Equivalently a sequence A
is 2-random iff there is a constant ¢ such that C(A | n) > n — ¢ for infinitely many n [20, 23]. Since
there is a constant ¢’ such that n + ¢’ is a trivial upper bound on the plain Kolmogorov complexity of any
string of length n, it is clear that no 2-random sequence can be O(1)-deep... Thus most MLR sequences
are not O(1)-deep..
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3.2 The SGL fails for C-depth
The following result shows that the Slow Growth Law fails for plain depth.

Theorem 3.2 Every many-one degree contains a set which is not O(1)-deep .

Proof: The recursive many-one degrees consist only of sets which are not O(1)-deep. So consider any
set A different from both () and N and let B = {2?" : p € A}. Given any k, choose m = A(0) +2A(1) +
...+ 2% A(k) and let n be any number between 2™ and 2™*! which has C-complexity m. Now on one
hand C(B | n) > C(n) > m and on the other hand, one can compute m from the m-digit binary
number representing 7 and one can compute A(0), A(1), ..., A(k) from m and using B(2%") = A(p)
one can compute B | n from the binary representation of n and its length m so that C*(B [ n) < m + ¢
for some time bound ¢ and some constant ¢ independent of » and m. This shows that A is not O(1)-deep,..
Clearly A <,,, B. Furthermore, B <,, A by mapping all values of form 22" to p and all other values to a
fixed non-element of A. O

Note that this result shows that order-deep- does not imply order-deep: all the sets in the truth-table de-
gree of any order-deep, set are all order-deep (by the SGL), but this degree contains a non order-deep,,
set by the previous result.

3.3 Depth implies highness or DNR

The following result shows that being constant deep for C' implies computational power.

Theorem 3.3 Let A be an O(1)-deep set. Then A is high or DNR.

Proof: We prove the contrapositive. Suppose that A is neither DNR nor high. Let f(m) be (a coding of)
A | 2m+L Because f <; A, there are infinitely many m where ®,,(m) is defined and equal to f(m).
Hence there is an A-recursive increasing function g such that, for almost every m, g(m) is the time to find
an m’ > m with A(0)A(1)... A(2™*1) = &,,,(m’) and to evaluate the expression ®,,/ (m’) to verify
the finding. As A is not high, there is a recursive increasing function h with h(m) > g(m) for infinitely
many m. Now consider any m where h(m) > g(m). Then for the m’ found for this m, it holds that
h(m’) > h(m) and h(m') is also larger than the time to evaluate ®,,-(m’). Hence h(m) is larger than
the time to evaluate ®,,,(m) for infinitely many m where ®,,,(m) codes A | 2™+,

For each such m, let n be a number with 2™ < n < 2™*! and C(n) > m. Starting with a binary
description of such an n, one can compute m from n and run ®,,,(m) for h(m) steps and, in the case that
this terminates with a string o of length 2+, output ¢ | n. It follows from this algorithm that there
is a resource-bounded approximation to C' such that there exist infinitely many n such that, on one hand
C(A | n) > log(n) while on the other hand A | n can be described in log(n) + ¢ bits using this resource
bounded description. Hence A is not O(1)-deep,.. O

Since there are incomplete r.e. Turing degrees which are high, these are also not DNR and, by Theo-
rem 4.1, they contain sets which are 0.9-deep,. Thus the preceeding theorem cannot be improved to
show that “O(1)-deep sets are DNR”.

Theorem 3.4 There exists a set A such that A is (1 — £)n-deep (for any € > 0) but A is not DNR.



Depth, Highness and DNR degrees 7

Proof: There is a degree which is high but not DNR [24]. Thus we can, by Theorem 4.1, select a set A in
this degree which is (1 — £)n-deep,, for every € < 1. ad

4 K-Depth

Bennett’s original depth notion is based on prefix free complexity. He made important connections be-
tween depth and truth-table degrees; In particular he proved that the O(1)-deep, sets are closed upward
under truth-table reducibility, which he called the slow growth law. In the following section we pursue
Bennett’s investigation by studying the Turing degrees of deep sets. In the first subsection, we investi-
gate the connections between linear depth and high Turing degrees. We then look at the opposite end by
studying the interactions of various lowness notions with logical depth.

4.1 Highness and depth coincide

The following result shows that at depth magnitude en, depth and highness coincide on the Turing degrees.
The result holds for both K and C' depth.

Theorem 4.1 For every set A the following statements are equivalent:
1. The degree of A is en-deep, for some € > 0.
2. The degree of A is (1 — ¢)n-deep, for every € > 0.

3. Ais high.

Proof: We prove (1) = (3) using the contrapositive: Let ¢ > 0 and [ € N such that 6 < £/3 with
0 := 1/I. Let k be the limit inferior of the set {0, 1,...,} such that there are infinitely many n with
C(A I n) <n-k-0. Now one can define, relative to A, an A-recursive function g such that for each n
there is an m with n < m < g(n) and Cy(,) (A [ m) < m - k- 6. As Ais not high, there is a recursive
function A with h(n) > g(n) for infinitely many n; furthermore, h(n) < h(n + 1) for all n. It follows
that there are infinitely many n with Cj,,,)(A [ n) < n -k - 6 which is also at most n - ¢ away from the
optimal value, hence A is not € - n deep, which ends this direction’s proof.

Let us show (3) = (2). Lete > 0, A be high, and let ¢ <7 A be dominating. We construct B =y A
such that B is (1 — ¢)n-deep,.

By definition, if ¢ is a time bound and 4 an index of ¢ then for every m € N ®;(m)[t(m)] | = t(m).
Since ¢ is dominating, we have for almost every m € N, t(m) = ®;(m)[g(m)]].

We can thus use g to encode all time bounds that are total on all strings of length less than a certain
bound into a set H, where

H({i, 7)) = 1iff ®;(m)[g(27)] | forall m € {1,2,...,27}.

Thus ¢ is a (total) time bound iff for almost every j, H((i,j)) = 1 (where i is an index for t).
We have H <t A and we choose the pairing function (-) such that H | n? + 1 encodes the values

{H((,5)) : 1,j <n}.
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Let n € N and suppose B | 2" is already constructed. Given A [ n + 1 and H | n? + 1, we construct
B 2" From H | n?+1, we can compute the set L,, = {i <n: H((i,n)) = 1}, i.e., alist eventually
containing all time bounds that are total on strings of lengths less or equal to 2. Let

T, = max{®;(m): i € L,,m < 2"}.
Find the lex first string x,, of length 2™ — 1 such that

Let B | [27,2""t — 1] := A(n)z,. By construction we have B =1 A. Also, C(B | 2" | H |
n?+1, A n+1) <t C(n),ie., C(B | 2" < 2n2.

Let us prove B is %n-deepc; we then extend the argument to show B is (1 — ¢)n-deep. Let ¢ be a
time bound. Let n be large enough such that ¢, ts,t3 € L,_2 and t},t5,t5, ¢} € L, where the ¢;’s are
derived from ¢ as described below.

Let j be such that 2" < j < 2"*land j' = j — (2" — 1), i.e.,, B | j ends with the first j' — 2 bits of
%y, (One bit is “lost” due to the first bit used to encode A(n)).

We consider two cases, first suppose j° < logn. Let t; be a time bound (obtained from t) such that
CYB | j) >t C"(x,_1,B | 2" 1), where neither the constant nor ¢; depends on j, n. Let ¢ be derived
from ¢; using Lemma 3. We have

C'(z,_1,B 2"
>C2(B 2" YY) +0%(x, 1 | BT2"") — O(log2™)

>C?(B 12" Y+ Cr, (xn-1 | B 12" = O(n) because 2 € L1

>C2(B 12"+ 2" —O(n) by definition of z,,—1

>2n=l 4 9n=2 4 Cfs(B | 2772) — O(n) reapplying the argument above
3 2 2

> 2" — 2"+ 4+1)==j

> 72" 0m) > 22" 45 +1) = 3j

For the second case, suppose j' > logn. We have

CY(B | j)>C"(z, | §/,B|2")

> C%(z, | j/| B 12%) +C%(B|2") —O(n) By Lemma 3
> C% (2| B 2%) — 2"+ j' + C%2(B | 2") — O(n) by Corollary 4
> Cr, (zn | B12") = 2"+ 4+ C"(B ] 2") — O(n) because t; € Ly,
> 9" 2" 4§ + C%(B | 2") — O(n) by definition of ,
>+ Ccta (£n_1,B 2" = 0(n) same as in the first case
>+ 22" - O(n) same as in the first case
-2

3
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Note that each iteration of the argument above yields a 2"~ * term (k = 1,2, 3,...), therefore for any
e > 0, there is a number I of iterations, such that B can be shown (1 — a)n-deepc, for all n large enough
such that t1,%s,...,t37 € Ly. O

Corollary 5 Theorem 4.1 also holds for K -depth.

Proof: Because every set A is en-deep (for some ¢ > 0) iff it is e’n-deep for some £’ > 0, since for
every z, C'(z) < K(z) < C(x) + O(log |z]). O

4.2 Depth implies highness or DNR
An analogue of Theorem 3.3 holds for K.

Theorem 4.2 Let A be a h-deepy; set for some recursive order h. Then A is high or DNR.

Proof: We prove the contrapositive. Suppose that A is neither DNR nor high. Let f(m) be (a coding of)
A | h=Y(m), where h=1(m) = min, {h(n) = m}. The rest of the proof follows the proof of Theorem
3.3, with 2™ replaced with h=1(m). 0

As a corollary, we show that in the left-r.e. case, depth always implies highness.

Corollary 6 If A is left-r.e. and h-deep ; (for some recursive order h) then A is high.

Proof: Let A be as above. By definition of A being left-r.e., the left cut L(A) of Aisre.and L(A) = A.
By Lemma 2, L(A) is h’-deep (for some recursive order h’). By Theorem 4.2, L(A) is high or DNR.
Since every r.e. DNR set is high, A is high. O

As a second corollary, we prove that every weakly-useful set is either high or DNR. A set A is weakly-
useful if there is a time-bound s such that the class of all sets truth-table reducible to A with this time
bound s is not small, i.e., does not have measure zero within the class of recursive sets; see [16] for a
precise definition. In [16], it was shown that every weakly-useful set is O(1)-deep, (even order-deep
as observed in [3]) thus generalising the fact that ()’ is O(1)-deepy, since @' is weakly-useful.

Theorem 4.3 (Antunes, Matos, Souto and Vitanyi[3]; Juedes, Lathrop and Lutz [16]) Every weakly-
useful set is order-deep .

It is shown in [16] that every high degree contains a weakly-useful set. Our results show some type of
converse to this fact.

Theorem 4.4 Every weakly-useful set is either high or DNR.

Proof: This follows from Theorem 4.2, since every weakly-useful set is order-deep,- by Theorem 4.3.
O
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4.3 A low deep set

We showed in Theorem 4.1 that every en-deep setis high. Also Theorem 4.2 shows that every order-deep,
set is either high or DNR. Thus one might wonder whether there exists any non-high order-deep set. We
answer this question affirmatively by showing there exist low order-deep, sets.

Theorem 4.5 [f A has PA-complete degree, then there exists a weakly-useful set B =1 A.

Proof: Let f <7 A be a Boolean DNR function and let g(n) := 1 — f(n). It follows that if ®., is Boolean
and total, then g(e) = ®.(e). One can thus encode g into a set B <p A such that for every e such that
®. is Boolean and total and for every x, B({e + 1,z)) = ®.(x). One can also encode A into B (for
example, B({0,z)) = A(x)) so that A = B. Thus for every recursive set L there exists e such that for
every string z, we have L(z) = B(r.(z)), where r.(x) = (e, x) is computable within s(n) = n? steps
(by using a lookup table on small inputs). It follows that every recursive set is truth-table reducible to B
within time s(n) = n?. Because the class of recursive sets does not have measure zero within the class of
recursive sets [16], it follows that B is weakly-useful. O

Corollary 7 If A has PA-complete degree, then there exists an order-deep , set B =1 A. Furthermore,
there is a T19-class only consisting of order-deep . sets.

This corollary follows from Theorems 4.3 and 4.5. Recall that a set A is said low for € iff Chaitin’s €2 is
Martin-L6f random relative to A; a set A has superlow degree if its jump A’ is truth-table reducible to the
halting problem. Well-known basis theorems [10, 15] yield the following corollary.

Corollary 8 For each of the properties low, superlow, low for Q) and hyperimmune-free, there exists an
order-deep - set which also has this respective property.

Proof: There exists low sets A of PA-complete degree [24]. By Theorem 7 there exists an order-deep
set B =1 A . Since A is low it follows that B is low. a

The reason one uses PA-complete sets instead of merely Martin-Lof random sets (which also satisfy all
basis theorems), is that Martin-Lof random sets are not weakly-useful; indeed, it is known that they are
not even O(1)-deepy. This stands in contrast to the following result.

Corollary 9 There are two Martin-Lif random sets A and B such that A & B is order-deep .

Proof: Barmpalias, Lewis and Ng [5] showed that every PA-complete degree is the join of two Martin-Lof
random degrees; hence there are Martin-L6f random sets A, B such that A @ B is a hyperimmune-free
PA-complete set. Thus, by Theorem 4.5 there is a weakly-useful set Turing reducible to A @ B which,
due to the hyperimmune-freeness, is indeed truth-table reducible to A & B. It follows that A @ B is itself
weakly-useful and therefore order-deepy- by Theorem 4.3. O
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4.4 No K-trivial is O(1)-deep,,

A key property of depth is that “easy” sets should not be deep. Bennett [6] showed that no recursive set
is deep. Here we improve this result by observing that no K-trivial set is deep. It follows easily from
equivalent characterisations of K -triviality (see [11, 22]), but our proof is self-contained. As we will see
this result is close to optimal.

Theorem 4.6 No K -trivial set is O(1)-deep .

Proof: Let A be K-trivial and ¢ € N such that Vn € N, K(A | n) < K(n) + ¢. Let d be such that
for every string z, K(x) > K(|z|) — d and let g(n) = n?. There exists a constant d’ such that the set
M ={neN: K9(n) < K(n)+d'} is infinite (see [11] p. 139). Note that M is co-r.e., i.e., there exists
uniformly recursive approximations M; O My D ... D M of M. Let ¢’ = liminf,cp [{o € {0,1}" :
K(o) < K9(n)+c}|. By Theorem 2.1 (with r = n+ K (n) — K9(n)—c), ¢ < co. Consider the function

n) = minyn s or there exist ¢ strings o € 10, wit slo) < K9(n) 4+ cj.
i M h ist ¢’ string 0,1}" with K K9

By modifying f on the finitely many values before the liminf is reached, f is recursive. Wlog f is bounded
by a time bound which we also denote f. We have 3°°n € M such that K/ (A | n) < K(n)+c+d’ thus
for each of these infinitely many n’s we have K/ (A [n) — K(A [ n) < K(n) +c+d — K(n) +d =
c+d+d,ie., Aisnot O(1)-deepy. O

Call a set A ultracompressible if for every recursive order g and all n, K(A | n) <t K(n) + g(n). The
following theorem shows that our result is close to optimal.

Theorem 4.7 (Lathrop and Lutz [18]) There is an ultracompressible set A which is O(1)-deep .

Theorem 4.8 (Herbert [13]) There is a set A which is not K-trivial but which satisfies that for every A9
order gand alln, K(A | n) <t K(n) + g(n).

It would be interesting to know whether such sets as found by Herbert can be O(1)-deep . The result of
Herbert is optimal, Csima and Montalbdn [8] showed that such sets do not exist when using A9 orders and
Baartse and Barmpalias [4] improved this non-existence to the level AJ. We also point to related work of
Hirschfeldt and Weber [14].

Theorem 4.9 (Baartse and Barmpalias [4]) There is a AY order g such that a set A is K-trivial iff
K(A'n) <t K(n)+ g(n) forall n.

5 Infinitely Often Depth and Conditional Depth

Bennett observed in [6] that being infinitely often Bennett deep is meaningless, because all recursive sets
are infinitely often deep. A possibility for a more meaningful notion of infinitely often depth, is to consider
a depth notion where the length of the input is given as an advice. We call this notion i.o. depth.

Definition 10 A set A isi.o. O(1)-deepy if for every ¢ € N and for every time bound t there are infinitely
many n satisfying K{(A [ n|n)— K(A | n|n)>ec
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If we replace K with C' in the above definition, we call the corresponding notion i.0. O(1)-deep. The
fact that all recursive sets are infinitely often deep in Bennett’s approach does no longer hold for i.o. depth
as defined above.

Lemma 11 Ler A be recursive. Then A is neither i.o. O(1)-deep nori.o. O(1)-deep .

Proof: Let A be recursive and ¢ be a time bound. Wlog A is recursive in time ¢, i.e., for every n € N we
have C*(A | n | n) < c for some constant ¢, thus Vn C*(A | n|n) — C(A | n|n) < c. The K case is
similar. O

The following shows that very little computational power is needed to compute an i.0. deep set.

Theorem 5.1 1. There is a 11{-class such that every member is i.o. en-deeps for all e < 1. In
particular there is such a set of hyperimmune-free degree. Furthermore, every hyperimmune Turing
degree contains such a set.

2. Every nonrecursive many-one degree contains an i.o. O(1)-deep set.

3. If A is neither recursive nor DNR, then A is i.o. O(1)-deep .

Proof: This result is obtained by splitting the natural numbers recursively into intervals I,, = {an, ..., b}
such that b, = (2+a,,)?. Now one defines the I1{-class such that for each n = (e, k) where t = @, is de-
fined up to b,,, astring 7 € {0, 1}b» =+ igselected such that forallo € {0,1}%, C*(o7) > b, —2a,—2
and then it is fixed that all members A of the I19-class have to satisfy A(z) = 7(x — a,,) forall z € I,,.
Since there are 27—+ strings 7 and for each program of size below b,, — 2a,, — 2 can witness that
only 2% many 7 are violating C*(o7) > |7| — |o| for some o € {0,1}%", there will be less than
2bn—an+1l _ 9bn—an many 7 that get disqualified and so the search finds such a 7 whenever ®, is defined
up to b,. Hence, for every total ¢ = P, there are infinitely many intervals I,, with n of the form (e, k)
such that on these I,,, C*(A(0)A(1)... A(bn)|n) > C*(A(0)A(1) ... A(by)) — log(n) > b, — 3a, and
C(A(0)A(1) ... A(by)|n) < ay + c for a constant ¢, as the program only needs to know how A behaves
below a,, and can fill in the values of 7 on I,,. So the complexity improves after time ¢(b,) from b,, — 3a,,
to a,, and, to absorb constants, one can conservatively estimate the improvement by b,, — 5a,,. By the
choice of ay,, by, the ratio (b,, — 5a,,) /b, tends to 1 and therefore every A in the H?-class is en-deep, for
every ¢ < 1. Note that there are hyperimmune-free sets inside this I1{-class, as it has only nonrecursive
members.

Furthermore, one can see that the proof also can be adjusted to constructing a single set in a hyperim-
mune Turing degree rather than constructing a full I19-class. In that case one takes some function f in
this degree which is not dominated by any recursive function and then one permits for each n = (e, k) the
time ®.(b,,) in the case that ®.(b,) < f(k) and chooses T accordingly and one takes 7 = 0’»~%*1 in
the case that ®. does not converge on all values below b,, within time f (k) otherwise. This construction
is recursive in the given degree and a slight modification of this construction would permit to code the
degree into the set A.

For the second item, consider a set A C {4™ : n € N}. Every many-one degree contains such a set. For
each binary string o, let
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S, = {1 €{0,1}* : 4l°I=1 < |7| < 4l°l and 7(4™) = o(n) forall n < |o| and 7(n) = 0 for
all n < |7| which are not a power of 4}.

In other word, for every A C {4 : n € N}, SA(1)A(4)A(16)... A(4m) contains those 7 which are a prefix of
A and for which 7(4™) is defined but not 7(4"*1). For each e, k, n where ®, is a total function ¢, we now
try to find inductively for m = 4™ +1,4™ + 2,...,4""! strings o,,, € {0, 1} such that whenever o,
is found then it is different from all those o,,,» which have been found for some m’ < m and the unique
T € 8S,,, N{0,1}™ satisfies C*(7 | m) > e + 3k. Note that due to the resource-bound on C* one can for
each m’ < m check whether o, exists and take this information into account when trying to find o,.
Therefore, for those m where o, exists, the 7 € S, N {0,1}"™ can be computed from m, e and k and
hence C(7|m) < e + k + c for some constant ¢ independent of e, k, n, m.

Now assume that A is not infinitely often O(1)-deep,. Then there is a total function ¢ = @, and a
k > csuch that C(7 | |7]) > C'(7 | |7|) — k for all prefixes 7 of A. It follows that in particular never a o,
with S, consisting of prefixes of A is selected in the above algorithm using e, k. This then implies that
for almost all n and the majority of the m in the interval from 4™ to 4+ (which are those for which o,
does not get defined) it holds that C* (7 | m) < e+ 3k for the unique 7 € Sa(1)a(4)a(16)...4(am) N {0, 1}™.
There are at most 2¢*3¥+2 many strings ¢ € {0,1}""! such that at least half of the members 7 of S,
satisfy that C (7 ||7]) < e + 3k and there is a constant ¢’ such that for almost all n the corresponding o
satisfy C(o|n) < e + 3k + ¢. It follows that C(7 | |7|) < e + 3k + ¢ for some constant ¢’ and almost
all n and all 7 € S4(1)a(4)A(16)...4(an); in other words, C(7 | |7]) < e + 3k + ¢ for some constant ¢’/
and almost all prefixes 7 of A. Hence A is recursive [19, Exercise 2.3.4 on page 131].

For the third item, note that Merkle, Kjos-Hanssen and Stephan [17, Theorem 2.7] showed that a set A
has DNR Turing degree iff there is a function f <p A such that C(f(n)) > n for all n. It will be shown
that sets which are neither recursive nor i.o. O(1)-deep,. will permit to construct such a function f <r A
and are thus DNR.

Assume now that there is a time bound ¢ and a constant ¢ such that, for all n, C(A | n | n) + ¢ >
C'(A | n| n). Now, for input n, one searches relative to A for an m such that C*(A | m | m) > n + ¢
and lets f(n) = A | m for the so found m. As A is not recursive this search terminates for every n and
obviously f <p A. By assumption, C(A [ m | m) + ¢ > n + ¢ and, assuming a suitable compatibility
between conditional and normal Kolmogorov complexity, C(A [ m) > n, thatis, C(f(n)) > n. O

Due to these connections, non-recursive and non-high r.e. sets are a natural example of sets where all
members of the Turing degree satisfy that they are i.0. O(1)-deep, but not O(1)-deep .

Results of Franklin and Stephan [12] imply that for every Schnorr trivial set and every order h it holds
that A is not i.0. h-deep, as for every order h there is a time bound ¢ such that the function n — C*(A |
n | n) grows slower than h. Thus, the second and third points cannot be generalised to i.0. order-deep,..

It also follows that there are high truth-table degrees and hyperimmune-free Turing degrees which do
not contain any i.o. order-deep, set. These are obtained by considering examples for Schnorr trivial sets
such as the following ones: all maximal sets and, for every partial recursive {0, 1}-valued function
whose domain is a maximal set, all sets A satisfying Va ¢ (z) | = A(z) = ¥(x).

6 Conclusion

We conclude that the choice of the depth magnitude has consequences on the computational power of the
corresponding deep sets, and that larger magnitudes is not necessarily preferable over smaller magnitudes.
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Therefore choosing the appropriate depth magnitude for one’s purpose is delicate, as the corresponding
depth notions might be very different. When the depth magnitude is large, we proved that depth and
highness coincide. We showed that this is not the case for smaller depth magnitude by constructing a low
order deep set, but the set is not r.e. We therefore ask whether there is a low O(1)-deepy r.e. set.

From our results, for magnitudes of order O(1), K-depth behaves better than C-depth. To further
strengthen that observation we ask whether there is an MLR O(1)-deep set.
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In this article we focus on the parameterized complexity of the Multidimensional Binary Vector Assignment problem
(called BMVA). An input of this problem is defined by m disjoint sets V*, V2, ..., V™, each composed of n binary
vectors of size p. An output is a set of n disjoint m-tuples of vectors, where each m-tuple is obtained by picking
one vector from each set V*. To each m-tuple we associate a p dimensional vector by applying the bit-wise AND
operation on the m vectors of the tuple. The objective is to minimize the total number of zeros in these n vectors.
BMVA can be seen as a variant of multidimensional matching where hyperedges are implicitly locally encoded via
labels attached to vertices, but was originally introduced in the context of integrated circuit manufacturing.

We provide for this problem FPT algorithms and negative results (E7"H-based results, W2-hardness and a kernel
lower bound) according to several parameters: the standard parameter k (i.e. the total number of zeros), as well as
two parameters above some guaranteed values.

Keywords: parameterized complexity, kernel, above guarantee parameterization, AND-cross composition, multidi-
mensional binary vector assignment, wafer-to-wafer integration, locally encoded multidimensional matching

1 Introduction
1.1 Definition of the problem

In this paper, we consider the parameterized version of the MULTIDIMENSIONAL BINARY VECTOR AS-
SIGNMENT problem (BMVA). An input of this problem is described by m sets V1, V2, ..., V™, each of
these sets containing n p-dimensional binary vectors. We note V* = {vi,... v} } forall i € [m], and
for all j € [n] and r € [p], we denote by vi[r] € {0, 1} the r" component of v’.

In order to define the output of the problem, we need to introduce the notion of stack. A stack s =

(v§,v5,...,vs,) is an m-tuple of vectors such that Vi € [m], v € V. The output of BMVA is a set S of
@ [m)] stands for {1,...,m}.
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Figure 1: Example of BM VA instance with m = 3,n = 4, p = 6 and of a feasible solution S of cost ¢(S) = 17.

n stacks such that for all 4, j € [m] x [n], v} belongs to only one stack (in that case, the stacks are said
disjoint). An example of an instance together with a solution is depicted in Figure El

We are now ready to define the objective function. We define the operator A that, given two p-
dimensional vectors v and v, computes the vector w = (u[1] A v[1],u[2] Av[2],...,u[p] Av[p]). We
associate to any stack s a unique vector vy = /\ie[m] V3.

We define the cost of a binary vector v as the number of zeros in it. More formally, if v is p-dimensional,
c(v) = p— >, ¢ vlr]- We extend this definition to a set of stacks S = {s1,...,sn} as follows:
c(S) = > e (vs;). Finally, the objective of BMVA is to obtain a set S of n disjoint stacks while
minimizing ¢(S). In the decision version of the problem, we are given an integer &, and we ask whether
there exists a solution S of cost at most k. The problem is thus defined formally as follows:

Problem 1 MULTIDIMENSIONAL BINARY VECTOR ASSIGNMENT (BMVA)

Input: m sets of n binary p-dimensional vectors, an integer k
Question: Is there a set .S of n disjoint stacks such that ¢(S) < k ?

In order to avoid heavy notations throughout the paper, we will denote an instance of BM VA only by
Z[m,n,p, k], the notations of the sets and vectors being implicitly given as previously.

1.2 Application and related work

BMVA can be seen as a variant of multidimensional matching where hyperedges are implicitly locally
encoded via labels attached to vertices. However, this kind of problem was originally introduced by Reda
et al. () in the context of semiconductor industry as the “yield maximization problem in wafer-to-
wafer 3-D integration technology”. In this context, each vector v; represents a wafer, which is seen
as a string of bad dies (0) and good dies (1). Integrating two wafers corresponds to superimposing the
two corresponding strings. In this operation, a position in the merged string is “good” when the two
corresponding dies are good, and is “bad” otherwise. The objective of Wafer-to-Wafer Integration is to
form n stacks, while maximizing their overall quality, or equivalently, minimizing the number of errors
(depending on the objective function). In the following, we will denote by mazx Y 1-BMVA the dual
version of BM VA where given the same input and ouput, the objective is to maximize np — ¢(.5), the total
number of ones.

The results obtained so far concerning these problems mainly concern their approximability. It is proved
in [Dokka et al] (012)) that when m = 3, BMVA is NP-hard but admits a §-approximation. We can also
mention Dokka et al] (R014]) which provides a f (m)-approximation for general m, and an APX-hardness
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for m = 3. The main related article is Bougeret et al| (01¢) where it is proved that maz > 1-BM VA has
no O(p' =€) nor O(m!~¢)-approximation for any ¢ > 0 unless P = NP (even when n = 2), but admits
a Z-approximation algorithm for any constant ¢ € N, and is FPT when parameterized by p (which also
holds for BMVA). Notice that one of the reductions provided by Bougeret et al| (R016)) is a parameter-
preserving reduction from the CLIQUE problem to maz Y 1-BM VA, immediately proving W 1-hardness
for max Y 1-BMVA when parameterized by the objective function. This is why our motivation in this
paper is to consider the parameterized complexity of BMVA. As we will see in the next section, we pro-
vide an analysis for several parameters related to this problem.

For formal definitions and detailed concepts on Fixed-Parameter Tractability, we refer to the mono-
graph of [Downey and Fellowq (R013). Moreover, in order to define lower bounds on the running time of
parameterized algorithms, we will rely on the Exponential Time Hypothesis (ET H) of
(R001), stating that 3-SAT cannot be solved in O*(2°(")) where n is the number of variables (O*(.) hides
polynomial terms). For more results about lower bounds obtained under £'T"H, we refer the reader to the
survey of Lokshtanov et al] (2013).

1.3 Parameterizations

One of the main purposes of Fixed-Parameter Tractability is to obtain efficient algorithms when the con-
sidered parameter is small in practice. When dealing with the decision version of an optimization problem,
the most natural parameter is perhaps the value of the desired solution (e.g. k¥ for BMVA). Such a param-
eter is often referred to in the literature as the “standard parameter” of the problem. In some cases, this
parameter might not be very interesting, either because it usually takes high values in practice, or because
FPT algorithms with respect to this parameterization are trivial to find. When this happens, it is possible
to obtain more interesting results by subtracting to the objective function a known lower bound of it. For
instance, if one can prove that any solution of a given minimization problem is of cost at least 3, then one
can ask for a solution of cost B + ¢ and parameterize by c. This idea, called “above guarantee parameteri-
zation” was introduced by Mahajan et al] (009)) and first applied to MAX SAT and MAX CUT problems.
It then became a fruitful line of research with similar results obtained for many other problems (among
others, see [Cygan et al| (2013); Gutin et al] (2007); Gutin and Yed (013); Mahajan et al] (2009)).

In this paper, we analyze the parameterized complexity of BM VA using three types of parameters. The
first one is the standard parameter k: the number of zeros to minimize in the optimization version of the
problem. Then, three natural structural parameters: m, the number of sets of the input, n, the number of
vectors in each set, and p, the size of each vector. The last two parameters are above guarantee parameters.

As we said previously, we already proved in Bougeret et al{ (R016)) that BM VA is FPT parameterized
by p. As we will notice in Lemmaﬂ that we can obtain p < k after a polynomial pre-processing step,
this implies that BM VA is also FPT with its standard parameter. Our idea here is to use this previous
inequality in order to obtain smaller parameters. Thus, we define our first above guarantee parameter
Cp=k—p

Finally, in order to define our last parameter, we first need to describe the corresponding lower bound
B, that will represent the maximum, over all sets of vectors, of the total number of zeros for each set.
More formally, we define B = max;c[,, ¢(V*) where ¢(V*) = 377, ¢(v}). Since we perform a bit-wise
AND over each m-tuple, it is easily seen that any solution will be of cost at least 3. Thus, we define our
last parameter (g = k — B.
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1.4 Our results

In the next section, we present some pre-processing rules leading to a kernel of size O(k?m), and prove
that even when m = 3 we cannot improve it to p©(*) unless NP C coNP /poly (remember that BMVA
is known to be FPT when parameterized by p). Section E is mainly focused on results associated with
parameter (: we prove that BMVA can be solved in O* (4¢51°8(")) while it is W2-hard when parame-
terized by (s only, and cannot be solved in O*(2°(¢8)1°8(")) nor in O* (2¢5°(°8(")) assuming ETH. In
Section E, we focus on the parameterization by ¢,,: we show that when n = 2, the problem can be solved
in single exponential time with this parameter, but is not in XP for any fixed n > 3 (unless P = NP).
The reduction we use also shows that for fixed n € N, the problem cannot be solved in 2°(*) (and thus
in 2°(¢8)) unless ET H fails, which matches the upper bound obtained in Section . A summary of our
results is depicted in the following table.

Positive results Negative results
O(k*m) kernel (Thm. no p”@ kernel for m = 3 unless NP C coNP /poly (Thm. f)

. W 2-hard for (5 only (Thm. §)
*(4C log(n)
E?Th(lill ) ) algorithm no 2°(¢8) 1og(n) por 2¢so(oa(n) ynder ETH (Thm. §)
' no 2°(%) for fixed n under ET H (Thm. )

NP-hard for ¢, = 0 and fixed n > 3 (Thm. )

O*(d*r) algorithm
for n = 2 (Thm. i)

This article is the complete version of [Bougeret et al] (R013) where some proofs were omitted due to
space limitations.

2 First remarks and kernels

Let us start with two simple lemmas allowing us to bound the size of the input. Notice first that it is
not always safe to create a 1-stack (i.e. a stack with ones on every component) when possible. Indeed,
in instance V1 = {(111),(101),(011)}, V2 = {(111),(101), (110)}, V3 = {(111),(011), (110)},
depicted in Figure ﬂ, no optimal solution creates a 1-stack. However, as we will see in Lemmaﬂl, creating
1-stacks becomes safe if n > k.

Vs, c(vs,) =1
Usy C(DSZ) =1
Uss c(vgg) =1

Figure 2: Example of BM VA instance such that no optimal solution creates a 1-stack.

Lemma 1. There exists a polynomial algorithm which, given any instance
Z[m,n,p, k] of BMVA, either detects that T is a negative instance, or outputs an equivalent instance
Z'[m,n', p, k] such that n’ < k.
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Proof: Let Z[m, n, p, k| be an instance of BM VA, and suppose that n > k. Let us write a polynomial pre-
processing rule that either detects that 7 is a no instance, or compute an equivalent instance Z' [m, n”, p, k]
withn” =n — 1.

Notice first that there exists at least a 1-vector in every set V'%. If not, Z is a no instance as any solution
would be of cost at least n > k. It is now safe to create a 1-stack, obtaining a remaining instance Z"
with n” = n — 1. Indeed, if Z is a yes instance, then there must exist at least one 1-stack in the solution
(otherwise the cost would be at least n > k), and thus the remaining instance is also a yes instance. As
the converse is trivially true, the rule is safe. Applying it at most n — k times finally leads to the desired
upper bound. O

Lemma 2. There exists a polynomial algorithm which, given any instance
Z[m,n,p, k] of BMVA, either detects that T is a negative instance, or outputs an equivalent instance
Z'm,n,p', k] such that p’ < k.

Proof: Let Z[m, n, p, k] be an instance of the problem, and suppose that there exists r € [p] such that for
all (i,5) € [m] x [n] we have v’[r] = 1. In other words, the r*" component of all vectors of all sets is
a 1. In this case, it is clear that all vectors of any set of n stacks obtained from Z will also contain a 1
at the r*" component. Hence, we can modify Z[m, n, p, k] into Z'[m, n, p’, k] with p’ < p by dropping
all such components for all vectors. It is clear that this rule is safe since the cost of any solution remains
unchanged, and it can be applied in polynomial time. After applying this rule, for all r € [p'] there exists
(,7) € [m] x [n] such that v}[r] = 0. This immediately implies that the cost of any solution is at least p’,
and thus if p’ > k the algorithm detected a no instance. o

Given the two previous lemmas, we can suppose from now on that for any instance of BM VA we have
n < k and p < k. This immediately implies a polynomial kernel parameterized by k and m.

Theorem 1. BMVA admits a kernel with O(k*m) bits.

Let us now turn to the main result of this section. To complement Theorem El, we show that even
when m = 3, we cannot obtain a polynomial kernel with the smaller parameter p under some classical
complexity assumptions (notice however that the existence of a polynomial kernel in & only is still open
when m is not fixed). Notice also that as BM VA was known to be FP'T when parameterized by p, proved
in Bougeret et al| (2016, it was a natural question to ask for a polynomial kernel.

In order to establish kernel lower bounds, we use the concept of AND-cross-composition of Bodlaender

et al. , together with the recently proved AND-conjecture of (. In the following, a

parameterized problem is a subset of X* x N, where ¥* is the set of words over some finite alphabet X.

Definition 1 (Polynomial equivalence relation according to Bodlaender et al] (R014)). An equivalence
relation R on ¥* is called a polynomial equivalence relation if the two following conditions hold:

e There is an algorithm that given two strings x,y € X*, decides whether x and y belong to the same
equivalence class in (|z| + |y[)°(!) time.

e For any finite set S C X*, the equivalence relation R partitions the elements of S into at most
(maz,es|z])®M) classes.

Definition 2 (AND-cross-composition according to Bodlaender et al] (2014)). Let L C X* be a set and
let @ C ¥* x N be a parameterized problem. We say that L AND-cross-composes into () if there
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is a polynomial equivalence relation R and an algorithm which, given ¢ strings belonging to the same
equivalence class of R, computes an instance (z*, k*) € %* x N in time polynomial in >'_, |z;| such
that:

o (v, k*)eQ < x; € Lforalli e {1,...,t}

e k* is bounded by a polynomial in maz!_, |z;| 4+ logt
Theorem 2 ( ()). If some set L. C X* is NP-hard and L. AND-cross-composes into a pa-
rameterized problem Q), then there is no polynomial kernel for () unless NP C coNP /poly.
Theorem 3. Even for m = 3, BMVA parameterized by p does not admit a polynomial kernel unless

NP C coNP/poly.

Proof: The proof is an AND-cross-composition inspired by the NP-hardness reduction for BM VA pro-
vided by [Dokka et al| (2012). More precisely, we cross-compose from a sequence of instances of 3-
DIMENSIONAL PERFECT MATCHING. According to Definition E and Theorem , this will imply the
desired result. 3-DIMENSIONAL PERFECT MATCHING is formally defined as follows:

Problem 2 3-Dimensional Perfect Matching

Input: Three sets X, Y and Z of size n, a set of hyperedges S C X x Y x Z

Question: Does there exist a subset S’ C S such that:

e forall e,e’ € S’ withe = (z,y,2) and ¢ = (2/,y,2’), we have © # 2/,
y £y and z # 2’ (thatis, S’ is a matching)

e |S’| = n (thatis, S’ is perfect)

Let (X1,Y1,721,51),..., (X, Y, Z:, St) be a sequence of ¢ equivalent instances of 3-DPM, with re-
spect to the following polynomial equivalence relation: (X,Y, Z,S) and (X', Y’, Z’, S") are equivalent
if | X| = |X'| (and thus |Y| = |Y'| = |Z| = |Z’'| = |X|), and |S| = |S’|. In the following we denote
by n the cardinality of the sets X; (and equivalently the sets Y; and Z;), and by m the cardinality of the
sets S;. Moreover, for all ¢ € {1,...,t} wedefine X; = {;1,...,%in}, Y = {Yi1s -, Yin}, Zi =
{#zi1y--y2in}, and S; = {8i1,..., Si,m}. We also assume that ¢ = 29 for some ¢ € N (if it is not the
case, we add a sufficiently number of dummy yes-instances). _

In the following we construct three sets (X, Y™, Z*) of nt vectors each: X* = {z7 S G

yeeey

=1,..., =1,..., .
{yi; H=y o and Z* = {27, }/= 7", where each vector is composed of p* = m + 2mgq components.

Let us first describe the first m components of each vector. For all ¢ € {1,...,t},j € {1,...,n} and
ke{l,...,m} we set:

{ 1 if the hyperedge s; ;, contains x; ;

0 otherwise

« 1 if the hyperedge s; ;, contains y; ;
k] = 0 otherwise ’
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2 k] = { 1 if the hyperedge s; ;, contains 2; ;

iJ 0 otherwise

Then, foralli € {1,...,t}, we append two vectors b; and b; to all vectors {x;‘_’j}jzlp..’n, {yzj}j:17,,,,n
and {z;k j } j=1,...,n- The vector b; is composed of mq coordinates, and is defined as the binary representa-
tion of the integer i, where each bit is duplicated m times. Finally, b; is obtained by taking the complement
of b; (i.e. replacing all zeros by ones, and conversely) as depicted in Figure E It is now clear that each
vector x7 ; (resp. y; ;. z; ;) is composed of p* = m + 2mg coordinates. Thus, the parameter of the input
instance is a polynomial in n, m and log ¢t whereas the total size of the instance is a polynomial in the size
of the sequence of inputs, as required in cross-compositions. It now remains to prove that (X*, Y™*, Z*)
contains an assignment of cost k* = nt(mg + m — 1) if and only if for all s € {1,...,t}, S; contains a
perfect matching S.

e Suppose that for all ¢ € {1,...,¢} we have a perfect matching S} C S;. W.l.o.g. suppose that
S; ={Si1,...,8in}. Then, foreach j € {1,...,n}, we have s; j = (2 j,, Yi .. 2i,j,) for some
J1,J2,J3 € {1,...,n}. We assign x} ; with y', and 2/, . Itis easy to see that the cost of this
triple is m — 1 + mq. Indeed, they all have a one at the j** coordinate, corresponding to the j*
hyperedge of 5; (and this is the only shared one, since we can suppose that all hyperedges are
pairwise distinct), and they all contain the same vectors b; and b;. Summing up for all instances, we
get the desired solution value.

e Conversely, first remark that in any assignment, the cost of every triple (z}, ; , 7, ;,, 25 ) i
at least m — 1 + mg, and let us prove that this bound is tight when (1) all elements are chosen
within the same instance, i.e. i1 = 72 = i3 = 4, and (2) this triple corresponds to an element
of S;, i.e. (%ijy,Yijas%ijs) € Si. Indeed, suppose first that 31 # 45. Then, since the binary
representation of ¢, and ¢ differs on at least one bit, it is clear that the resulting vector is of cost at
least m(q + 1) > mq+m — 1. Now if iy = iy = i3 = 1, then the result is straightforward, since at
most one hyperedge of S; can contain z7, ; , v/, ;. and z7, ; . Finally, using the same arguments as
previously, we can easily deduce a perfect matching S, C S; foreach i € {1,...,t}, and the result
follows.

O

3 Parameterizing according to (s

In this section, we present an FPT algorithm when parameterized by (g and n (recall that both (g and
n are smaller parameters than the standard one k, since K = B + (5 and n < k in any reduced instance).
Notice first that it is easy to get an O* (2¢8(09(n)+10g(r))) algorithm. Indeed, by considering a set i € [m)]
where ¢(V?) = B, and guessing the positions of the (5 new zeros (among np possible positions) that
will appear in an optimal solution, we can actually guess in O*((np)°#) the vectors {vs:} of an optimal
solution, and it remains to check in polynomial time that every V7 can be “matched” to {vs; }. Now we
show how to get rid of the log(p) term in the exponent.

Theorem 4. BMVA can be solved in O* (45 1°8(7)),
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X Y] YA
@ @ [1100 100000000:° 11111111]  [1000 '00000000:: 11111111]  [0010 '00000000:: 11111111]
T T t ] t T
| | | |

! |
@ @ [0010 [00000000": 11111111] [0100 ; 00000000": 11111111] [0100 [ 00000000': 11111111]
! |

1 1 1
l()()()l 100000000, 11111111] lO()ll 100000000, 11111111] ll(]()l 1100000000, 11111111]
T T T

X. Yy Z, ! | ‘ ‘
[1000 101010101;: 10101010  [1000 101010101, 10101010 [1001 101010101,: 10101010]
T 1 T T
! |

@ [0100 T01010101':10101010] [0101 ;01010101 10101010] [0100 ] 01010101': 10101010]
T T T

[0011 ;01010101,° 10101010]  [0010 101010101}: 10101010]  [0010 1 01010101;: 10101010]
| | |
Y3

Z. ! I I I
il 1 1
[1000 110101010, 01010101} ~ [1100 1 10101010,: 01010101] [1100 1 10101010,  01010101]
! | I |
! 1 1
| |

Il
@ [0100 T101010101:01010101]  [0010
T
|
[oor
!
|

|

[

|

[

| |

1101010107: 01010101]  [0001

| |

Xy | I
EG)M [1000 , 11111111} 00000000] ~[0100 ;11111111

| | !

1 |

| |

T T

| |

T T

1 1

10101010 ()101[)1(]1J [0010 10101010 (]101[)101J
T T

|
10101010 01010101]  [0001

|
10101010 01010101]

00000000]  [0100 ; 11111111 : 00000000]

.
[0110 1111111113 00000000]  [1010
|
| | |
[0001 ]11111111700000000] [0001 | 11111111'7 00000000 [0001 ; 11111111': 00000000]

b; b; b; b; b; b;

111111113 00000000]  [1010 ' 11111111, 00000000]
| |

Figure 3: Example of Cross Composition construction from four equivalent instances of 3-Dimensional
Perfect Matching (X1, Y1, 21, {(z1,1, 1,1, 21,3), (21,1, Y1,2, 21,2), (T1,2,Y1,3, 21,3), (¥1,3, Y1,3, 21,3) })»
(X2,Ys, Zo, {(z2,1,y2,1, 22,1), (T2,2, Y2,2, 22,2), (T2,3,Y2,3, 22,3), (T2,3, Y2,2, 22,1) } ),
(X3,Ys, Zs, {(x3,1,y3,1, 23,1), (T3,2, Y3,1, 23,1), (¥3,3,Y3,2, 23,2), (3,3, Y3,3, 23,3) } ),
(X4,Ya, Zy, {(xa,1,ya,2, 24,2), (Ta,2,Ya,1, 24,1), (Ta,2,Y4,2, 24,2), (¥4,3,Y4,3, 74,3) })
withm = 3, n =12 and p = 20.

into an instance of bMVA
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Proof: Let Z[m,n,p, k] be an instance of our problem and, w.l.o.g., suppose that V! is a set whose
number of zeros reaches the upper bound B, i.e. ¢(V1) = B. The algorithm consists in constructing a
solution by finding an optimal assignment between V! and V2, ..., V™, successively.

We first claim that we can decide in polynomial time whether there is an assignment between V! and
V2 which does not create any additional zero.

To that end, we create a bipartite graph G with bipartization (4, B), A = {a1,...,an}, B={b1,...,
bn}, and link aj, and by, for all (j1,j2) € [n] X [n] iff assigning vector v}, from V! and vector v3, from
V2 does not create any additional zero in V' (vj, Av3, = vj).

If a perfect maching can be found in G, then we can safely delete the set V2 and continue. In order to
avoid heavy notations, we consider this first step as a polynomial pre-processing, and we re-label V¢ into
Vil foralli € {3,...,m} (and m is implicitly decreased by one).

In the following, we suppose that the previous pre-processing step cannot apply (i.e. there is no perfect
matching in ). Intuitively, in this case any assignment (including an optimal one) between V! and V2
must lead to at least one additional zero in V1. In this case, we perform a branching to guess one couple
of vectors from V! x V2 which will induce such an additional zero. More formally, we branch on every
couple (j1,j2) € [n] X [n], and create a new instance as a copy of Z in which v}, is replaced by v}, Av3,.
This operation increases ¢(V'1) by at least one, and thus B by at least one as well. If we denote by Z' this
new instance, we can check that a solution of cost at most & for Z' will immediately imply a solution of
cost at most k for Z, as 7' is constructed from Z by adding some zeros. The converse is also true as one
assignment we enumerate corresponds to one from an optimal solution.

As the value of 5 in this branching increases by at least one while we still look for a solution of cost k,
this implies that this branching will be applied at most (i times. Summing up, we have one polynomial
pre-processing and one branching of size n? which will be applied at most (5 times. The total running
time of this algorithm is thus bounded by O* (4¢5 1°8(n)),

O

Despite its simplicity, we now show that, when considering each parameter (n and (g) separately, this
algorithm is the best we can hope for (whereas the existence of an O* (2¥) algorithm is still open). Indeed,
we first show in Theoremﬂ that the linear dependence in (3 and log(n) in the exponent is necessary
(unless ETH fails), and also that we cannot hope for an FPT algorithm parameterized by (5 only unless
FPT = W2 (Theorem E). Finally, as we will see in the next section (Theorem E), this result is matched
by a 2°(¢8) Jower bound when n € N is fixed. We now present a reduction from the HITTING SET
problem which produces an instance of BMVA.

Problem 3 Hitting Set
Input: m subsets Ry, ..., Ry, of [n], and an integer k
Question: Is there a set R of k elements of [n] such that R N R; # @ for any i € [m]?

Lemma 3. There is a polynomial reduction from HITTING SET to BMVA that given an instance com-
posed of m subsets of [n] and an integer k, constructs an instance of BMVA Z|m/,n',p’, k'] such that
n' =nand (s =k

Proof: Let Ry, ..., R, be subsets of [n], and k& € N. We construct m sets V1, ..., V™ of n vectors each,
where, for all i € [m] we have V' = {v!, ..., v’ }, each vector being composed of n components. For all
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Vl VQ V3 V4 V5

[o111111]-ot11111] [0000000] [0000000] [0000000]

Ry
\
Q @ [1011111] [0000000]| [1011111] [0000000] [0000000]

[0000000] [1101111]|[0000000] [0000000] [0000000]
@ @)‘ Ry [0000000] [1110111] |[1110111] [0000000] [0000000]
‘ [0000000] [1111011] [rr11011] 1111011} [0000000]

[0000000] [0000000] [0000000] [1111101]\[0000000]

Rs [1111110] [0000000] [0000000] [trttt1o] {ittttttjo111011]

Figure 4: Example of reduction from an instance of Hitting Set consisting of four subsets of [n = 7] : R1 =
{1,2,7} ,Re = {1,3,4,5} , Rs = {2,4,5}, Ra = {5,6, 7}, and an integer kK = 2, to an instance of BMVA with
m' =5n =n,p=n.

i € [m]andall j € [n],if j € R;, then the vector v} is composed of ones everywhere except at the ;"
component. If j ¢ R;, then v;'- is a 0-vector (i.e. a vector with zero in every component). We also add a
set V* composed of (n — 1) 0-vectors and one 1-vector as depicted in Figure H

For this constructed instance, it is clear that B = n(n — 1) because of the set V*. In other words, any
assignment will lead to a solution with (n — 1) 0-vectors, and thus with at least n(n — 1) zeros. We will
actually show that this instance has a solution with n(n — 1) 4+ k zeros if and only if Ry, ..., R, has a
hitting set of size k. By the foregoing, we only need to focus on the only vector of each set which is
assigned to the 1-vector of V'*.
= Let J C [n] be a hitting set of size k. By the definition of a hitting set, for all i € [m], there exists
ji € JN R;. Thus, for all ¢ € [m], we select the vector v; from the set V? to be assigned to the 1-
vector of VV*. By construction, this vector has only one zero at the j* component, which implies that the
conjunction of all such vectors /\:11 vi will have a 1 everywhere except at the components corresponding
to J. We thus have the desired number of zeros in our solution.
< Conversely, for each i € [m], let j; € [n] be the vector from V' which is assigned to the 1-vector of
V*. Since the resulting conjunction of all these vectors has only k zeros, U;Z cannot be a 0-vector, and
we thus have j; € R;. Using the same arguments as previously, {u;, };c[m] corresponds to a hitting set of
Ry, ..., R, of size k.
As we seen previously, B = n(n — 1) for the obtained instance, k' = n(n — 1) + k, (which implies
(s = k), and the size of all sets is n, as desired. O

As we can see, the reduction is parameter-preserving for (g. From the W2-hardness of HITTING SET
provided by Downey and Fellowd (R013), we have the following:

Theorem 5. BMVA is W2-hard when parameterized by (3.
As said previously, we also use this reduction to show the following result:
Theorem 6. BMVA cannot be solved in O*(2°(¢58)1°8(")) por O* (26500°8(")) yunless ETH fails.

Proof: To show this, we use a the previous hardness result, but using a constrained version of the HITTING
SET problem obtained by [Lokshtanov et al] (2011)), where the element set is [k] x [k] and can thus be seen
as a table with k rows and k columns:
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Problem 4 k x k Hitting Set
Input: Aninteger k, and Ry, ..., R: C [k] x [k]

Is there a set R containing exactly one element from each row such that R N\ R; # ()

Question: forany i € [t]?

Lokshtanov et al. (201 1)) show that assuming ET H this problem cannot be solved in 2°(¢108(+))pO(1)
(whereas a simple brute force solves it in O* (2" log(k))). Notice that we can modify the question of this
problem by dropping the constraint that .S contains at least one element from each row. Indeed, let us add
to the instance a set of k sets {R/, ..., R} }, where R} contains all elements of row i for i € [k]. Now,
finding a (classical) hitting set of size k on this modified instance is equivalent to finding a solution of size
k for the original instance of k x k-HITTING SET. Moreover, it is easy to check that a 20(k10g(k)) nO(1)
algorithm for this relaxed problem would also contradict ET'H. To summarize, we know that unless
ET H fails, there is no 2°(*12(%)) nO(1) algorithm for the classical HITTING SET problem, even when the
ground set has size k2. This allows us to perform the reduction of LemmaB on these special instances,
leading to an instance Z[m/,n’,p’, k'] with associated parameter (5 such that (g = k and n’ = k2.
Suppose now that there exists an algorithm for BMVA running in 2°(¢8)18(") (k; 41+ n 4 p) O (D) Using
the reduction above, we would be able to solve the instance of k x k-HITTING SET in 0(k) log(kz)no(l),
and thus in 20(k10g(k)) nO) " \which would violate ETH. A similar idea also rules out any algorithm
running in 2¢5°0°8(") ynder ET H. O

4 Parameterizing according to ¢,

We now consider the problem parameterized by (, = k — p (recall that p < k). Notice that one motivation
of this parameterization is the previous reduction of LemmaB from HITTING SET. Indeed, when applied
for n = 2, it reduces an instance of VERTEX COVER to an instance of BMVA with £ = p + (,, where
(p 1s equal to the size of the vertex cover. Our intuition is confirmed by the following result: we show
that when parameterized by (,, the problem is indeed FPT when n = 2 (Theorem [7}). We complement
this by showing that for any n > 3, it becomes NP-hard when ¢, = 0 (Theorem PJ)), and is thus even
not in XP. The reduction we use even proves that for any fixed n > 3, the problem cannot be solved in
2°(F) (and thus in 2°(¢8)) unless ET H fails, while the algorithm of TheoremE runs in O*(2905)), In
the following, n-BM VA denotes the problem BM VA where the size of all sets is fixed to some constant
n € N.

4.1 Positive result forn = 2

In this subsection, we prove that 2-BMVA is FPT parameterized by (,. To do so, we reduce to the ODD
CYCLE TRANSVERSAL problem (OCT for short). In this problem, given a graph G = (V| E) and an
integer ¢ € N, the objective is to decide whether there exists a partition (X, S, S2) of V with | X| < ¢
such that S; and S5 are independent sets.

We first introduce a generalized version of OCT, called BIP-OCT. In this problem, we are given a set of
vertices V, an integer ¢, and a set of m pairs (A1, B1), ..., (Am, Bm) with A;, B; C V forall i € [m] and
A; N B; = . Informally, each pair (A4;, B;) can be seen as a complete bipartite subgraph. The output of
BIP-OCT is described by a partition (X, S1, S2) of V such that for any ¢ € [m], either (A4; \ X C S; and
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B;\ X C Sy)or(A;\ X C Sy and B; \ X C 57). The question is whether there exists such a partition
with | X| < c¢. As we can see, if all A; and B; are singletons (and thus form edges), then BIP-OCT
corresponds to OCT. Notice that in the following, the considered parameter of OCT and BIP-OCT will
always be the standard parameter, i.e. c. We first show that there is a linear parameter-preserving reduction
from 2-BM VA parameterized by ¢, to BIP-OCT, and then that there is also a linear parameter-preserving
transformation from BIP-OCT to OCT.

Lemma 4. There is a linear parameter-preserving reduction from 2-BMVA parameterized by ¢, to BIP-
OCT.

Proof: Let Z[m,2,p,p + (p] be an instance of 2-BMVA (i.e. in which every set contains only two
vectors), and let us construct an instance Z’ of BIP-OCT, such that Z has a solution of cost p + Cp iff 7
has a solution of size ¢,,. Notice first that we can suppose that for any ¢ € [m] and any r € [p], we cannot
have both v¢[r] = 0 and v}[r] = 0 as otherwise any stack s from any solution would have vs[r] = 0, and
thus we could safely remove such a component r from the instance (and decrease &k and p by one).

Let the vertex set of Z’ be [p]. Then, for all i € [m], let us define A; = {rjvi[r] = 0}, and B; =
{r|vi[r] = 0} as depicted in Figure f. By the foregoing, and as required in an instance of bip-OCT, we
have A; N B; = (). Let us prove that Z has a solution of cost p + ¢, iff Z’ has a solution (X, S7, S2) with
1X] < G

= Let S = {s1,s2} be a solution of Z of cost p + (,. Let X = {r|v,, [r] = vs,[r] = 0}, S1 =
{r|vs,[r] = 0 and vs,[r] = 1}, and S = {r|vs, [r] = 1 and v, [r] = 0}. Notice that (X, S7, S2) forms
a partition of [p] (as we cannot have a ro with vy, [rg] = vs,[ro] = 1, as this would imply that all the nm
vectors have v[rg] = 1, and such cooordinates have been removed from the instance in Lemma E), and
|X| = (p. It remains to prove that (X, S1, S2) is a feasible solution of Z’. Let ¢ € [m]. Without loss of
generality, let us suppose that v} has been added to s1 and v} has been added to s5. Letr € A; \ X. Since
r € A;, we have vi[r] = 0, and thus v, [r] = 0. Since r ¢ X, we have vg, [r] = 1. Thus, r € Sy, which
proves A; \ X C S;. Similarly, we can prove that B; \ X C Ss.

< Let (X, S1, S2) be a solution of 7’ with | X| < (,. Let s; be such that v, [r] = 0iff r € X or
r € Sp, and let so be such that v, [r] = 0iff r € X or € Sy. It remains to prove that the solution
S = {s1, s2} is feasible, which immediately implies that its cost is p + (,. Let i € [m]. Without loss of
generality, let us suppose that A; \ X C S7 and B; \ X C S2. We now claim that v} can be assigned to
s1 and vé can be assigned to so without creating any new zero. To do so, let us show that for all » € [p],
we have vi[r] =0 = vy, [p] = 0 (resp. vi[r] =0 = ws,[p] = 0). Indeed, let r € [p] such that
vi[r] = 0. Then by construction, it means that » € A;. Thus, by definition of the solution (X, S7, S2),
it means that either » € X or r € Sy, which implies v, [r] = 0 as desired. Similar arguments show that
vi[r] =0 = wv,,[p] = 0forallr € [p]. O

Lemma 5. There is a linear parameterized reduction from BIP-OCT to OCT.

Proof: Let 7 = (V,{A;, Bi}icjm), ¢) be an instance of BIP-OCT. Let us construct a graph G’ = (V', E’)
which contains an odd cycle transversal of size c if and only if Z has a solution of size ¢ for BIP-OCT.
Observe first that we cannot simply set V' = V and E’ = Uie[m],aeAi,beBi {a, b}. Indeed, if for example
Ay ={2,...,n}, By = {1}, Ao = {2,..., 5} and By = {§ + 1,...,n}, defining G’ as above would
lead to an odd cycle transversal of size one, as removing only vertex {1} makes the graph bipartite with
bipartization (As, Bs). However, this solution is not feasible for BIP-OCT as A1\ X = A;,and 4; € Az
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Vl V2 V3 S

[110110111]  [001111011]  [111010111}—110100110]

[o11101111]  [110101110]  [111111000 001001000 ]

Figure 5: Example of reduction from an instance of 2-BMVA, with n = 2,m = 3,p = 9, admitting a solution
of cost p + 2, to an instance of BIP-OCT, with |V| = p, A1 = {3,6},B1 = {1, } A2 = {2,3,7},By =
{3,5,9},As = {4,6}, Bs = {7, 8,9}, admitting the partition ({5, 9} ,{3,4,6},{1,2,7,8}) as solution of cost 2.

and A; ¢ Bs,. Intuitively, we have to prevent solutions of G’ from splitting sets A; \ X (and B; \ X)
between the two parts of the bipartization. To do so, we will construct G’ as described above, and then
we "augment" each bipartite graph by adding ¢ + 1 new vertices on each side. More formally, we start by
setting V' = V as said before, and for all ¢ € [m], we create two sets of ¢ + 1 new vertices A}, B.. We
then set £ = Uie[m],aeAiuA;,beBiuB;{av b}.

Let us now prove that Z contains a solution of size ¢ for BIP-OCT if and only if G’ contains an odd
cycle transversal of size c.

= Let (X, 51, 52) be an optimal solution of Z. We define a partial solution X', 57, S} of G’ by setting
X'= X and S] = S; forl € {1, 2} (the solution is partial in the sense that it remains to assign vertices
of AL U B/, foralli € [m]). Leti € [m]. If A; \ X = 0 and B; \ X = 0, then we add (arbitrarily)
Al to S7 and B] to Sj. Otherwise, if A; \ X # () and is added to S;, we add A} to S and B; to 5],
with [,1" € {1,2},1' # [, and if B; \ X # () and is added to S;, we add B] to S] and A} to .S}, with
LU e{1,2}, 1 #1.

This new solution has the same size (| X'| = | X|) and we claim that it is an odd cycle transversal of G'.
Indeed, let us check that any edge {u,v} € E’ such that {u,v} N X’ = () is not entirely contained in a
S;. If {u, v} is an edge of a complete bipartite of Z, i.e. if there exists 7 such that u € A; and v € B;,
then by definition of the solution (X, Sy, S2) it is straightforward that v and v are not both in S] nor in
S%. Otherwise, if {u, v} is adjacent to one or two of the new vertices, let i be such that u € A;. If v € B,
then the solution is valid as A} and B] are never added to the same set S/, I € {1,2}. Otherwise, we
necessarily have v € B;. Let I € {1, 2} be such that B; \ X (which is not empty) has been added to .S;.
In this case A; (and thus «) has been added to .S}, with I’ # [.

< Let (X', S, S5) be an optimal solution of G’. For any i € [m], let A; = (A; U A}) \ X’ and
B; = (B; U B})\ X'. A first observation is that A; # @andB # Pas|4; UA) =|B;UB}| > cand
|X'| < c. A second observation is that for any u and v € A;, u and v are in the same set S] for some
I € {1,2}. Indeed, suppose by contradiction that u € Sj and v € Sh. As B; # 0), there exists b € B; and
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1 € {1,2} such that b € S]. As all the edges of the complete bipartite subgraph on (A; U A}, B; U B})
belong to E’, we have {u,b} € E’' and {v,b} € E’, and thus S; contains both endpoints of an edge of
E’, which is a contradiction. In the same way, we can prove that for any ¢ € [m], and any w and v € B;,
w and v are in the same set .S} for some [ € {1,2}.

Thus, according to the two previous observations, for any i € [m] we can define A ; € {1,2} and
Ag, € {1, 2} such that A; C S/AA} and B; C S;\B_i, with Az # Ag, .

Let us now define X = X' NV, S; = S;NV,and S2 = S, NV, and check that this is a valid solution
of Z. Let i € [m]. Observe first that A; \ X C A, and thus either A; \X =0,0or4;\ X C SAA} . As the
same fact also holds for B; \ X, and as A, # Ag,» the constraint (4; \X CSjand B; \ X C Ss) or
(4;\ X C Syand B; \ X C Sy) is respected, and the solution is feasible, which concludes the proof.

O

As ODD CYCLE TRANSVERSAL can be solved in O*(2.3146°), proved by Lokshtanov et al| (R014)),
and since our parameters are exactly preserved in our two reductions, we obtain the following result:

Theorem 7. 2-BMVA can be solved in O*(dr) where d < 2.3146 is such that OCT can be solved in
O*(d°).

4.2 Negative results forn > 3

We now complement the previous result by proving that the problem is intractable with respect to the
parameter ,, for larger values of n.

Theorem 8. For any fixed n > 3, n-BMVA is not in XP when parameterized by (;, (unless P = NP),
and cannot be solved in 2°%) (unless ET H fails).

Proof: Let y > 3. We present a reduction from x-COLORING. Given a graph G = (V| E), this problem
consists to ask for a mapping f : V' — [x] such that for all {u,v} € E we have f(u) # f(v). Let
E = {e1,...,em} and V = [ng]. Let us construct an instance Z of n-BMVA with n = x, p = ng,
m = mg and such that G admits a y-coloring iff I has a solution of cost p (i.e. {, = 0). To each edge
e; = {u,v} € E, i € [mg], we associate a set V* with |V?| = y, where:

e v! represents the vertex u, that is vi[u] = 0 and vi[r] = 1 forany r € [ng], r # u,
e v} represents the vertex v, that is v4[v] = 0 and vi[r] = 1 for any r € [ng], 7 # v,
o forallj € {3,...,x}, v;'- is a 1-vector, i.e. it has a 1 at every component.

An example of this construcion is depicted in Figure E Let us now prove that G admits a y-coloring iff 7
has a solution of cost p = ng.

= Let §; C V., j € [x] be the x color classes (notice that the .S; are pairwise disjoint, some of them
may be empty, and |J;(,; 5; = V). To each S; we associate a stack s; such that v, [r] = 0iff r € 5.
It remains to prove that the solution S = {s1,..., s, } is feasible, as its cost is exactly p by construction.
Let us consider a set V¢ where vi (resp. v3) represents a vertex u (resp. v). As {u, v} is an edge of G,
we know that « and v have two different colors, i.e. that u € S; and v € S, for some j,j’ € [x] with
j # j'. Thus, we can add vj to stack s;, v} to stack s;/, and the x — 2 other v} (j > 3) in an arbitrary
way. Since the only 0 in v¢ (resp. v4) is at the u'® (resp. v'") component, we have vi A vs; = Vs, (resp.
vy A Vs, = Vs, ), which proves that S is feasible.
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V1,2 V1,3 V1,4 V2,3 V3,4 V2’5 V4,5 S

lot1ttt ot o] [1ot1t] [1ro11] [ro11t} 11101} 10101

[10111] [11011] [111001\[11011] [11101N[11110f—11110F01110]

[11111] [1aa] (1] [ fAonnn] [

Figure 6: Example of reduction from a positive instance of x-COLORING, with x = 3, V = [5|JE =
{{1,2},{1,3},{1,4},{2,3},{3,4},{2,5},{4,5}}, to an instance of BMVA with m = |E| = 6, n = x =
3,p = |V| = 5 admitting a solution of cost p.

< Let S = {s1,...,5y} be the stacks of an optimal solution. For j € [x], let S; = {r € [p]|v,[r] =

0}. Notice that U;‘:l S; =V, and as I is of cost p, all the S; are pairwise disjoints and form a partition
of V. Moreover, as for any i € [m], v} and v} have been assigned to different stacks, the correspond-
ing vertices have been assigned to different colors, and thus each S; induces an independent set, which
completes the reduction.

It is known, thanks to [mpagliazzo et al| (2001) that there is no 2°(VD) algorithm for deciding whether
a graph G = (V, E) admits a x-COLORING, for any x > 3 (under ET H). As we can see, the value of
the optimal solution for n-BM VA in the previous reduction equals the number of vertices in the instance
of x-COLORING, which proves that n-BM VA cannot be solved in 2°(%) for any n > 3.

O

Finally, remark that as for the parameterization by p, one could ask if BMVA is FPT when parame-
terized by the first lower bound B. However, we can see in the previous reduction that we obtain a graph
with B = 2, and thus the problem is even not in XP unless P = NP.

5 Conclusion

In this article, we presented some negative and positive results for a multidimensional binary vector as-
signment problem in the framework of parameterized complexity. Notice that neither lower bounds of
Theoremﬂ nor Theorem E are able to rule out an algorithm running in O*(2*) (when n is part of the
input), hence the existence of such an algorithm seems a challenging open problem. Another interesting
question concerns the improvement of the O(k?m) kernel of Theorem El by getting rid of the parameter
m: does BM VA admit a polynomial kernel when parameterized by & only?
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A gapped repeat (respectively, palindrome) occurring in a word w is a factor uvu (respectively, uvu) of w. In
such a repeat (palindrome) w is called the arm of the repeat (respectively, palindrome), while v is called the gap.
We show how to compute efficiently, for every position 7 of the word w, the longest gapped repeat and palindrome
occurring at that position, provided that the length of the gap is subject to various types of restrictions. That is,
that for each position 4 we compute the longest prefix « of w[i..n] such that uv (respectively, u™v) is a suffix of
wl[1..5 — 1] (defining thus a gapped repeat uvu — respectively, palindrome u*vu), and the length of v is subject to the
aforementioned restrictions.

Keywords: combinatorial pattern matching, gapped repeats, gapped palindromes

1 Introduction

Gapped repeats and palindromes have been investigated for a long time (see, e.g., Gusfield|(1997); Brodal
et al.| (1999); Kolpakov and Kucherov| (2000, 2009a); Kolpakov et al.| (2014); |Crochemore et al.| (2010);
Crochemore and Tischler| (2011) and the references therein), with motivation coming especially from the
analysis of DNA and RNA structures, where tandem repeats or hairpin structures play important roles
in revealing structural and functional information of the analysed genetic sequence (see (Gusfield| (1997);
Brodal et al.| (1999)); Kolpakov and Kucherov|(2009a) and the references therein).

A gapped repeat (respectively, palindrome) occurring in a word w is a factor uvu (respectively, ufvu)
of w. The middle part v of such a structure is called gap, while the two factors u (respectively, the factors
uf and ) are called left and right arms. Generally, the previous works were interested in finding all the
gapped repeats and palindromes, under certain numerical restrictions on the length of the gap or on the
relation between the length of the arm of the repeat or palindrome and the length of the gap.

A classical problem for palindromes asks to find the longest palindromic factor of a word (see, Man-
acher| (1975))). This is our first inspiration point in proposing an alternative point of view in the study
of gapped repeats and palindromes. As a second inspiration point for our work, we refer to the longest

*This is an extension of the conference papers of |(Gawrychowski and Manea| (2015), presented at the 20th International Sympo-
sium on Fundamentals of Computation Theory, FCT 2015, and of |Dumitran and Manea| (2015), presented at the 40th International
Symposium on Mathematical Foundations of Computer Science, MFCS 2015.
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previous factor table (LPF) associated to a word. This data structure was introduced and considered in the
context of efficiently computing Lempel-Ziv-like factorisations of words (see |Crochemore et al.[ (2013,
2010)). Such a table provides for each position ¢ of the word the longest factor occurring both at position
1 and once again on a position j < ¢. Several variants of this table were also considered by |(Crochemore
et al.[(2010): the longest previous reverse factor (LPrF'), where we look for the longest factor occurring
at position ¢ and whose mirror image occurs in the prefix of w of length ¢« — 1, or the longest previous
non-overlapping factor, where we look for the longest factor occurring both at position ¢ and somewhere
inside the prefix of length ¢ — 1 of w. Such tables may be seen as providing a comprehensive image of the
long repeats and symmetries occurring in the analysed word.

According to the above, in our work we approach the construction of longest previous gapped repeat or
palindrome tables: for each position ¢ of the word we want to compute the longest factor occurring both
at position 7 and once again on a position j < % (or, respectively, whose mirror image occurs in the prefix
of length 7 — 1 of w) such that there is a gap (subject to various restrictions) between ¢ and the previous
occurrence of the respective factor (mirrored factor). Similar to the original setting, this should give us a
good image of the long gapped repeats and symmetries of a word.

A simple way to restrict the gap is to lower bound it by a constant; i.e., we look for factors uwvu (or
ufvu) with |v| > g for some g > 0. The techniques of |Crochemore et al.| (2010) can be easily adapted to
compute for each position ¢ the longest prefix u of w[i..n] such that there exists a suffix uv (respectively,
uftv) of w(1..i — 1], forming thus a factor uvu (respectively, uvu) with |v| > g. Here we consider three
other different types of restricted gaps.

We first consider the case when the length of the gap is between a lower bound g and an upper bound
G, where g and G are given as input (so, may depend on the input word). This extends naturally the case
of lower bounded gaps.

Problem 1 Given w of length n and two integers g and G, such that 0 < g < G < n, construct the
arrays LPrF ; ¢|-] and LPF ; || defined for 1 < i < n:

a. LPrF, gli] = max{|u| | there exists v such that ufv is a suffix of w[1..i — 1] and w is prefix of
wli..n), with g < |v| < G}.

b. LPF, g[i] = max{|u]| | there exists v such that wv is a suffix of w[1..i— 1] and u is prefix of w[i..n],
with g < |v| < G}.

We are able to solve Problem|[Ifa) in linear time O(n). Problem[I[b) is solved here in O(nlogn) time.
Intuitively, in the case of gapped palindromes, when trying to compute the longest prefix u of wli..n] such
that ufv is a suffix of w[1..i — 1] with g < |v| < G, we just have to compute the longest common prefix
between wli..n] and the words w[1..5]7 with g < i — j < G. The increased difficulty in solving the
problem for repeats (reflected in the increased complexity of our algorithm) seems to come from the fact
that when trying to compute the longest prefix u of wli..n] such that uv is a suffix of w[l..i — 1] with
g < |v| < G, itis hard to see where the uv factor may start, so we have to somehow try more variants for
the length of u. [Brodal et al.| (1999) give an algorithm that finds all maximal repeats (i.e., repeats whose
arms cannot be extended) with gap between a lower and an upper bound, running in O(n logn + z) time,
where z is the number of such repeats. It is worth noting that there are words (e.g., (a?b)™/3, from Brodal
et al.[(1999)) that may have © (nG) maximal repeats uvu with |v| < G. Hence, for G > logn and g = 0,
for instance, our algorithm is faster than an approach that would first use the algorithms of [Brodal et al.
(1999) to get all maximal repeats, and then process them somehow to solve Problem [I{b).
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The data structures we construct allow us to trivially find in linear time the longest gapped palindrome
having the length of the gap between g and G, and in O(nlogn) time the longest gapped repeat with the
length of the gap between the bounds g and G.

In the second case, the gaps of the repeats and palindromes we investigate are only lower bounded;
however, the bound on the gap allowed at each position is defined by a function depending on the position.

Problem 2 Given w of length n and the values g(1),...,g(n)of g : {1,...,n} — {1,...,n}, construct
the arrays LPrF 4[-] and LPF ;|| defined for 1 < i < n:

a. LPrF,li] = max{|u| | there exists v such that u®v is a suffix of w[l..i — 1] and u is prefix of
wli..n), with g(i) < |v|}.

b. LPF 4[i| = max{|u| | there exists v such that wv is a suffix of w[1..i — 1] and w is prefix of w[i..n),
with g(i) < |v|}.

The setting of this problem can be seen as follows. An expert preprocesses the input word (in a way
specific to the framework in which one needs this problem solved), and detects the length of the gap
occurring at each position (so, computes g(¢) for all 7). These values and the word are then given to us,
to compute the arrays defined in our problems. We solve both problems in linear time. Consequently,
we can find in linear time the longest gapped palindrome or repeat whose gap fulfils the length restriction
defined by the position where this palindrome or repeat occurs (as above).

Finally, following [Kolpakov and Kucherov|(2009a); Kolpakov et al.|(2014), we analyse gapped repeats
wvu or palindromes u*vu where the length of the gap v is upper bounded by the length of the arm u
multiplied by some factor. More precisely, [Kolpakov et al.| (2014) investigate a-gapped repeats: words
wvu with |uv| < «a|ul. Similarly, Kolpakov and Kucherov| (2009a) analyse a-gapped palindromes, i.e.,
words ufvu with |uv| < alu|. For a = 2, these structures are called long armed repeats (or pairs)
and palindromes, respectively; for o = 1, they are squares and palindromes of even length, respectively.
Intuitively, one is interested in repeats or palindromes whose arms are roughly close one to the other;
therefore, the study of a-gapped repeats and palindromes was rather focused on the cases with small a.
Here, we address the general case, of searching in a word w a-gapped repeats or palindromes for o < |w|.

Problem 3 Given w of length n and a number o < n, construct the arrays LPal, -] and LRep,["],
defined for 1 < i < n:

a. LPal,[i] = max{|u| | there exists v such that u™v is a suffix of w[1..i — 1], u is a prefix of wli..n),
and |uv| < oful}.

b. LRep,[i] = max{|u| | there exists v such that uv is a suffix of w[l..i — 1], u is a prefix of w[i..n],
and and |uwv| < alul}.

The problem of constructing the set S of all factors of a word of length n which are maximal a-gapped
repeats of palindromes (i.e., the arms cannot be extended simultaneously with one symbol to the right or
to the left to get a longer similar structure) was thoroughly considered, and finally settled by |(Crochemore
et al.| (2016)); (Gawrychowski et al.| (2016) (see also the references therein). In both these papers, it is
shown that the number of a-gapped repeats or palindromes a word of length n may contain is ©(an).
Using as starting point the algorithm presented in|Gawrychowski and Manea|(2015), that finds the longest
a-gapped repeat or palindrome (without constructing the set of all such structures), |Gawrychowski et al.
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(2016) give an algorithm finding all maximal «-gapped repeats and a-gapped palindromes in optimal
time O(an). Here, we first present the algorithm of |(Gawrychowski and Manea) (2015) for the identifi-
cation of the longest a-gapped repeat or palindrome contained in a word, and briefly explain how it was
extended to output all maximal a-gapped repeats and palindromes in a word. Then we use the algorithm
of |(Gawrychowski et al.| (2016) and a linear time algorithm finding the longest square/palindrome centred
at each position of a word to solve Problem [3]in linear time.

Our algorithms are generally based on efficient data-structures. On one hand, we use efficient word-
processing data structures like suffix arrays, longest common prefix structures, or dictionaries of basic
factors. On the other hand, we heavily use specific data-structures for maintaining efficiently collections
of disjoint sets, under union and find operations. Alongside these data-structures, we make use of a series
of remarks of combinatorial nature, providing insight in the repetitive structure of the words.

2 Preliminaries

The computational model we use to design and analyze our algorithms is the standard unit-cost RAM with
logarithmic word size, which is generally used in the analysis of algorithms. In this model, the memory
word size is logarithmic in the size of the input.

Let V be a finite alphabet; V* denotes the set of all finite words over V. In the upcoming algorithmic
problems, we assume that the words we process are sequences of integers (i.e., over integer alphabets).
In general, if the input word has length n then we assume its letters are in {1,...,n}, so each letter
fits in a single memory-word. This is a common assumption in stringology (see, e.g., the discussion by
Karkkainen et al.| (2006]).

The length of a word w € V* is denoted by |w|. The empty word is denoted by X\. A word v € V* is
a factor of v € V* if v = zuy, for some x,y € V*; we say that u is a prefix of v, if x = ), and a suffix
of v, if y = A. We denote by w]i] the symbol occurring at position ¢ in w, and by w[i..j] the factor of w
starting at position 7 and ending at position j, consisting of the catenation of the symbols w[i], ..., w[j],
where 1 < i < j < n; we define w[i..j] = A if ¢ > j. The powers of a word w are defined recursively
by w® = X and w" = ww™ ! forn > 1. If w cannot be expressed as a nontrivial power (i.e., w is
not a repetition) of another word, then w is primitive. A period of a word w over V' is a positive integer
p such that w[i] = w]j] for all ¢ and j with i = j (mod p). Let per(w) be the smallest period of w.
A word w with per(w) < L;" is called periodic; a periodic wl[i..j] (with p = per(wli..j]) < L=5)
is a run if it cannot be extended to the left or right to get a word with the same period p, i.e., © = 1 or
wli — 1] # w[i +p — 1], and, j = n or w[j + 1] # w[j — p + 1]. Kolpakov and Kucherov| (1999)
showed that the number of runs of a word is linear and their list (with a run w[i..j] represented as the
triple (4, j, per(wli..j])) can be computed in linear time. The exponent of a run wi..j] occurring in w is
defined as Wm, the sum of the exponents of all runs in a word of length n is O(n) (see Kolpakov
and Kucherov|(1999)).

For a word u, |u| = n, over V- C {1,...,n} we build in O(n) time the suffix array as well as data
structures allowing us to retrieve in constant time the length of the longest common prefix of any two
suffixes u[é..n] and u[j..n] of u, denoted LCP,, (i, j) (the subscript u is omitted when there is no danger
of confusion). Such structures are called LCP data structures in the following. For details, see, e.g.,
Karkkiinen et al.| (2006); |Gusfield (1997), and the references therein. In the solutions of the problems
dealing with gapped palindromes inside a word w (Problems|I](a), 2Ja), and [3[(a)) we construct the suffix
array and LCOP data structures for the word u = wOw’?, where 0 is a new symbol lexicographically
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y = wli,i+2F —1]
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Fig. 1: Occurrences of the basic factors y = wli..i +2% — 1] in 2 = w[j..j +8-2* — 1]. The overlapping occurrences
are part of runs, and they can be returned as the pair formed of the first occurrence of y from each run and the period
of y. The representation of the occurrences of y in z will return 4 elements: 3 runs and one separate occurrence.

smaller than all the symbols of V; this takes O(|w|) time. To check whether w[i..j] occurs at position
¢ in w (respectively, w[i..j]™ occurs at position ¢ in w) we check whether £ + (5 — i 4+ 1) < n and
LCP,(i,0) > j — i+ 1 (respectively, LOP,(¢£,2|w| — j + w)) > j — i + 1). To keep the notation free
of subscripts, when we measure the longest common prefix of a word w|1..5]® and word w[i..n] we write
LCP(w[1..5]%,w[1..4]), and this is in fact an LCP-query on u = wOw®; when we measure the longest
common prefix of a word w[j..n] and word w(i..n] we write LCP(j, ), and this is in fact an LCP-query
on w.

The suffix array of wOw® allows us to construct in linear time a list £ of the suffixes w/[i..n] of w and
of the mirror images w|1..i]% of the prefixes of w (which correspond to the suffixes of length less than
|w| of wOw??), ordered lexicographically. Generally, we denote by Rank]i] the position of w[i..n] in the
ordered list £ of these factors, and by Rankg|[i] the position of w[1..i]% in L.

The dictionary of basic factors (introduced by (Crochemore and Rytter| (1991)) of a word w (DBF
for short) is a data structure that labels the factors w[i..i + ok _ 1] (called basic factors), for & > 0
and 1 < i < n — 2% + 1, such that every two identical factors of w get the same label and we can
retrieve the label of any basic factor in O(1) time. The DBF of a word of length n is constructed in
O(nlogn) time.

Note that a basic factor wi..i + 2¥ — 1] occurs either at most twice in any factor w[j..j + 28T — 1] or
the occurrences of wli..i + 2% — 1] in w[j..j +2**! — 1] form a run of period per(wl[i..i + 2% — 1]) (so the
corresponding positions where wi..i +2* — 1] occurs in w[j..j + 2%+ — 1] form an arithmetic progression
of ratio per(w[i..i + 2% — 1]), see [Kociumaka et al.[(2012)). Hence, the occurrences of wl[i..i + 2 — 1]
in w[j..j + 25+ — 1] can be presented in a compact manner: either at most two positions, or the starting
position of the progression and its ratio. For ¢ > 2, the occurrences of the basic factor wli..i + 2¥ — 1] in
wl[j..j+c2¥ —1] can be also presented in a compact manner: the positions (at most ¢) where wi..i+2% —1]
occurs isolated (not inside a run) and/or at most ¢ maximal runs that contain the overlapping occurrences
of wli..i + 2% — 1], each run having period per(w[i..i + 2~ — 1]).

Remark 1 Using the DBF of a word w of length n, given a number { > 0 we can produce in O(nlogn)
time a data structure answering the following type of queries in O(1) time: “Given i and k return the
compact representation of the occurrences of the basic factor wli..i + 28 — 1] inside the basic factor
wli — € — 2K i — ¢ —1]”. Similarly, given { > 0 and a constant ¢ > 0 (e.g., ¢ = 10), we can
produce in O(nlogn) time a data structure answering the following type of queries in O(1) time: “Given
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i and k return the compact representation of the occurrences of the basic factor wli..i + 2% — 1] in
wli —€—c2%.i—0—1] 7.

Indeed, once we construct the dictionary of basic factors of w, we reorganise it such that for each
distinct basic factor we have an array with all the positions where it occurs, ordered increasingly. Now,
we traverse each such array, keeping track of the current occurrence wli..i — 28 — 1] and a window
containing its occurrences from the range between i — { — c¢2F and i — { (and a compact representation
of these occurrences); when we move in our traversal of this array to the next occurrence of the current
basic factors, we also slide the window in the array, and, looking at the content of the previous window
and keeping track of the occurrences that were taken out and those that were added to its content, we can
easily obtain in constant time a representation of the occurrences of the considered basic factors inside
the new window.

The previous remark is extended by the following lemma in a more general setting: c is no longer a
constant, and in a query we look, this time, for the occurrences of a basic factor w/i..i + ok _ 1] in factors
2z = w[j..j + 2% — 1], where there is no relation between i and j.

Lemma 1 Given a word w of length n and a number ¢ > 2, we can preprocess w in time O(nlogn) such
that given any basic factor y = wli..i + 2% — 1] and any factor z = w[j..j + c2¥ — 1], with k > 0, we
can compute in O(loglogn + c) time a compact representation of all the occurrences of y in z.

Proof: We construct the dictionary of basic factors of a word of length n in O(n log n) time and reorganise
it such that for each basic factor we have an array with all its occurrences, ordered by their starting
positions. For each such array we construct data structures that allow predecessor/successor search in
O(loglogn) time with linear time preprocessing w.r.t. its length (see, e.g., [van Emde Boas| (1975)).
When we have to return the occurrences of y = wli..i +2% — 1] in z = w[j..j + ¢2¥ — 1], we search in the
basic factors-array corresponding to wl[i..i + 2¥ — 1] the successor of j and, respectively, the predecessor
of j+¢2* —1 and then return a compact representation of the occurrences of w([i..i+ 2% — 1] between these
two values. This representation can be obtained in O(c) time. We just have to detect those occurrences
that form a run; this can be done with a constant number of LCP queries. Indeed, for two consecutive
occurrences, we compute the length of their overlap, which gives us a period of w[i..i + 2% — 1]. Then we
look in w to see how long can the run with this period be extended to the right, which gives us the number
of occurrences of wli..i + 2% — 1] in that run. As their starting positions form an arithmetic progression,
we can represent them compactly. So, we return the representation of the occurrences of wli..i 4+ 2% — 1]
from this run, and then move directly to the first occurrence of w[i..i + 2F — 1] appearing after this run
and still in the desired range; as there are at most O(c) runs and separate occurrences of the given basic
factor in the desired range, the conclusion follows. d

In the following we make use of a result by (Gawrychowski| (2011), where it is shown that one can also
construct data structures that allow the fast identification of the suffixes of a word that start with a given
basic factor.

Lemma 2 (Gawrychowski (2011))) A word w of length n can be processed in O(n) time such that given
any basic factor wli..i + 2¥ — 1], with k > 0, we can retrieve in O(1) time the range of the suffix array
of w of suffixes starting with w[i..i + 2% — 1]. Equivalently, we can find the node of the suffix tree of w
closest to the root, such that the label of the path from the root to that node has the prefix w[i..i + 2% — 1].

We can now show the following lemma.
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Lemma 3 Given a word v, |v| = alogn, we can process v in time O(alogn) time such that given any
basic factor y = v[j - 2F + 1..(j + 1)2%], with j, k > 0 and j2F +1 > (a — 1) log n, we can find in O(a)
time O(«) bit-sets, each storing O(logn) bits, characterising all the occurrences of y in v.

Proof: We first show how the proof works for o = 1.

We first build the suffix tree for v in O(« log n) time (see|Farach|(1997)). We further process this suffix
tree such that we can find in constant time, for each factor v[j - 2% + 1..(j + 1)2¥], the node of the suffix
tree which is closest to the root with the property that the label of path from the root to it starts with
v[j - 2% + 1..(5 4+ 1)2¥]. According to Lemma this can be done in linear time.

Now, we augment the suffix tree in such a manner that for each node we store an additional bit-set,
indicating the positions of v where the word labelling the path from the root to the respective node occurs.
Each of these bit-sets, of size O(logn), can be stored in constant space; indeed, each logn block of bits
from the bit-set can be seen in fact as a number between 1 and n so we only need to store a constant
number of numbers smaller than n; in our model, each such number fits in a memory word. Computing
the bit-sets can be done in a bottom up manner in linear time: for a node, we need to make the union of
the bit-sets of its children, and this can be done by doing a bitwise or operation between all the bit-sets
corresponding to the children. So, now, checking the bit-set associated to the lowest node of the suffix
tree such that the label of the path from the root to that node starts with v[j - 2¥ + 1..(j + 1)2¥] we can
immediately output a representation of this factor’s occurrences in v.

This concludes the proof for o = 1.

For v > 1, we just have to repeat the algorithm in the previous proof for the words v[ilogn + 1..(7 +
2)log nJv[(aw — 1) logn + 1..alog n], for 0 < i < o — 2, which allows us to find all the occurrences of
the basic factors of v[(aw — 1) logn + 1..aclogn] in v. The time is clearly O(alogn).

a

Note that each of the bit-sets produced in the above lemma can be stored in a constant number of mem-
ory words in our model of computation. Essentially, this lemma states that we can obtain in O(alogn)
time a representation of size O(«) of all the occurrences of y in v.

Remark 2 By Lemma given aword v, [v| = alogn, and a basic factor y = v[j-2F+1, (j+1)2F], with
j k> 0and j28 + 1 > (o — 1) logn, we can produce O(a) bit-sets, each containing exactly O(logn)
bits, characterising all the occurrences of y in v. Let us also assume that we have access to all values
log x with x < n (which can be ensured by a O(n) preprocessing). Now, using the bit-sets encoding the
occurrences of y in v and given a factor z of v, |z| = cly| for some ¢ > 1, we can obtain in O(c) time
the occurrences of y in z: the positions (at most c) where y occurs outside a run and/or at most ¢ runs
containing the occurrences of y. Indeed, the main idea is to select by bitwise operations on the bit-sets
encoding the factors of v that overlap z the positions where y occurs (so the positions with an 1). For each
two consecutive such occurrences of y we detect whether they are part of a run in v (by LCP-queries on
v) and then skip over all the occurrences of y from that run (and the corresponding parts of the bit-sets)
before looking again for the 1-bits in the bit-sets.

Some of our solutions rely on an efficient solution for the disjoint set union-find problem. This problem
asks to maintain a family consisting initially of d disjoint singleton sets from the universe U = [1,n + 1)
(shorter for {1,...,n}) so that given any element we can locate its current set and return the minimal
(and/or the maximal) element of this set (operation called find-query) and we can merge two disjoint sets
into one (operation called union). In our framework, we know from the beginning the pairs of elements



8 Marius Dumitran, Pawet Gawrychowski, Florin Manea

whose corresponding sets can be joined. Under this assumption, a data-structure fulfilling the above
requirements can be constructed in O(d) time such that performing a sequence of m find and union
operations takes O(m) time in the computation model we use (see (Gabow and Tarjan| (1983)). As a
particular case, this data structure solves with O(n) preprocessing time and O(1) amortised time per
operation the interval union-find problem, which asks to maintain a partition of the universe U = [1,n+1)
into a number of d disjoint intervals, so that given an element of U we can locate its current interval, and
we can merge two adjacent intervals of the partition.

Remark 3 As a first consequence of the algorithms of |\Gabow and Tarjan| (1983), we recall a folklore
result, stating that we can process in O(n) time a weighted tree with O(n) nodes and all weights in O(n)
so that we can compute off-line, also in linear time, the answer to O(n) weighted level ancestor queries
on the nodes of this tree (where such a query asked for the first node on a path from a given node to the
root such that the sum of the weights of the edges between the given and the returned node is greater than
a given weight).

In the solutions of both tasks of Problem [I| we use the following variant of the interval union-find
problem.

Remark 4 Let U = [1,n + 1). We are given integers d,{ > 0 and for each i < { a partition P; of U in d
intervals, a sequence of d find-queries and a sequence of d union-operations to be performed alternatively
on P; (that is, we perform one find query then the one union operation, and so on, in the order specified
in the sequences of union and find-queries). We can maintain the structure and obtain the answers to all
find-queries in O(n + £d) total time.

To see why this holds, assume that we are given the sequence Q; = (x%,. .. 7%) of d find-queries and
the sequence U; = (y}, . .. ,yé) of d union-operations to be performed alternatively on this partition. As
defined above, first we perform the first find query in which we search for the interval containing 1, then
the first union between the interval ending on y; and the one starting on y1, then the second find query on
the updated partition, in which we search the interval containing x4, and so on. In the following we show
how to obtain the answers to all find-queries in O(n + (d) time.

As a first step, we sort in time O(n + £d) all the ends of the intervals in P; and the elements of Q;
for all © at once, using radix-sort. Then we separate them (now sorted) according to the partition they
correspond to: so, we have for each i an ordered list of the ends of the intervals of P; and the elements of
Q. Now we basically have all the data needed to be able to run the the algorithms of|Gabow and Tarjan
(1983) in O(d) time for each partition (e.g., the time used in our setting by the sub-routines defined and
used by |Gabow and Tarjan| (1983) is exactly just the one the required to apply the results of that paper,
for each of the partitions). In conclusion, the total time needed to process one partition and to perform
all the find queries and union operations on it is O(d). This adds up to a total time of O(n + {d).

We further give another lemma related to the union-find data structure.

Lemmad4 Let U = [1,n + 1). We are given k intervals I, . .., I}, included in U. Also, for each j < k
we are given a positive integer g; < n, the weight of the interval I;. We can compute in O(n + k) time
the values H[i] = max{g; | ¢ € I;} (or, alternatively, h[i| = min{g; | i € I,}) for alli < n.

Proof: Let us assume that I; = [a;,b;) where 1 < a; <mand1 <b; <n+1,foralll <j <k We
first show how the array H|-] is computed.
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We sort the intervals Iy, I, ..., I}, with respect to their starting positions a;, for 1 < j < k. Then,
we produce for each g from 1 to n the list of the intervals I; that have g; = g (again, sorted by their
starting positions). Using radix-sort we can achieve this in time O(n + k). Further, we set up a disjoint set
union-find data structure for the universe U = [1, n]. Initially, the sets in our structure are the singletons
{1}....,{n}; the only unions that we can a make while maintaining this structure are between the set
containing ¢ and the set containing ¢ + 1, for all 1 < ¢ < n — 1. Therefore, we can think that our structure
only contains intervals [a, b); initially, we have in our union-find data structures, for all i < n, the sets
{i} = [i,i + 1). Now, we process the intervals that have weight g, for each g from n to 1 in decreasing
order; that is, the intervals are considered in decreasing order of their weight. So, assume that we process
the input intervals of weight g. Assume that at this moment, U is partitioned in some intervals (some of
them just singletons); initially, as mentioned above, we only have singletons [i,7 + 1). Let I; = [a, b) be
an input interval of weight g. Let now ¢ = « (in the following, ¢ will take different values between « and
b). We locate the interval [cy, c2) (of the union-find structure we maintain) where ¢ is located; if this is a
singleton and H [¢] was not already set, then we set H[¢] = g. Further, unless ¢ is a, we merge the interval
containing ¢ to that containing £ — 1 and set { = co; if { = a we just set { = co. In both cases, we repeat
the procedure while ¢ < b. We process in this manner all the intervals I; with g; = g, in the order given
by their starting positions, then continue and process the intervals with weight g — 1, and so on.

The algorithm computes H|[-] correctly. Indeed, we set H[¢] = g when we process an interval I; of
weight g that contains ¢, and no other interval of greater weight contained ¢. To see the complexity of the
algorithm we need to count the number of union and find operations we make. First, we count the number
of union operations. For this, it is enough to note that for each element ¢ we might make at most 2 unions:
one that unites the singleton interval [¢, £ + 1) to the interval of £ — 1, which has the form [a, ¢) for some
a, and another one that unites the interval of ¢ + 1 to the one of ¢. So, this means that we make at most
O(n) union operations. For the find operations, we just have to note that when an interval I; is processed
the total number of finds is O(|I; \ U| + 2), where U is the union of the intervals that were processed
before I;. This shows that the total number of find operations is O(k + | Uj=1 1 I;|) = O(n + k).

By the results of Gabow and Tarjan|(1983)), as we know the structure of the unions we can make forms
a tree, our algorithm runs in O(n + k) time.

The computation of h[-] is similar. The only difference is that we consider the intervals in increasing
order of their weight. O

We conclude this section with a lemma that will be used in the solutions of Problem[3] It shows how to
compute in linear time the length of the longest square centred at each position of a given word.

Lemma 5 Given a word w of length n we can compute in O(n) time the values SC[i] = max{|u| | u is
both a suffix of w[1..i — 1] and a prefix of w[i..n]}.

Proof: Note that each square u? occurring in a word w is part of a maximal run w[i’..j'] = p®p’, where
p is primitive and p’ is a prefix of p, and u = ¢, where ¢ is a cyclic shift of p (i.e., ¢ is a factor of p? of
length |p[) and £ < 5.

So, if we consider a maximal run r = p®p’ and some ¢ < %, we can easily detect the possible centre
positions of the squares having the form (¢‘)? contained in this run, with ¢ a cyclic shift of p. These
positions occur consecutively in the word w: the first is the (|p|¢ + 1)!" position of the run, and the last is
the one where the suffix of length |p|¢ of the run starts. So they form an interval I, , and we associate to
this interval the weight g, , = |p|¢ (i.e., the length of an arm of the square). In this way, we define O(n)
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intervals (as their number is upper bounded by the sum of the exponents of the maximal runs of w), all
contained in [1,n 4 1), and each interval having a weight between 1 and n. By Lemma@ we can process
these intervals so that we can determine for each ¢ € [1,n+ 1) the interval of maximum weight containing
i, or, in other words, the maximum length SC/[i] of a square centred on 4. This procedure runs in O(n)
time. O

It is worth noting that using the same strategy as in the proof of Lemma 5] one can detect the minimum
length of a square centred at each position of a word (also called the local period at that position) in linear
time. Indeed, in this case we note that the square of minimum length centred at some position of the
input word must be primitively rooted. Then, we repeat the same strategy as in the proof of Lemmal[3] but
only construct the intervals I, , for the case when ¢ = 1 (i.e., the intervals [, ;) for all runs r, with the
corresponding weights. Then we use Lemma [4] for these intervals to determine the interval of minimum
weight that contains each position of the word. This leads to an alternative solution to the problem of
computing the local periods of a word, solved by [Duval et al.|(2003). Compared to the solution of |Duval
et al.|(2003), ours uses a relatively involved data structures machinery (disjoint sets union-find structures,
as well as an algorithm finding all runs in a word), but is much shorter and seems conceptually simpler as
it does not require a very long and detailed combinatorial analysis of the properties of the input word.

The same strategy allows solving the problem of computing in linear time, for integer alphabets, the
length of the shortest (or longest) square ending (or starting) at each position of a given word; this im-
proves the results by [ Kosaraju| (1994); |Xu| (2010), where such a result was only shown for constant size
alphabets. Let us briefly discuss the case of finding the shortest square ending at each position of the
word; such squares are, clearly, primitively rooted. So, just like in the case of searching squares centred
at some position, we can determine for each run an interval of positions where a square having exactly
the same period as the run may end. The period of each run becomes the weight of the interval associated
to that run. Then we use again Lemma 4] for these intervals to determine the interval of minimum weight
that contains each position of the word. Thus, we determine for each position the shortest square ending
on it. In the case when we want the longest square ending at each position, just like in the case of centred
squares, we define for each run several intervals. Fortunately, this does not increase asymptotically the
complexity.

In the following we apply the machinery developed in this section to identify the longest gapped repeats
and palindromes occurring in a word.

3 Lower and upper bounded gap

In this section we present the solutions of Problems [I{a) and [[(b). With these problems solved, we
can immediately retrieve the longest gapped repeat and palindrome contained in the input word of these
problems, such that the length gap is between a given lower bound and a given upper bound.

Theorem 1 Problem[I{a) can be solved in linear time.

Proof: Let 6 = G — g; for simplicity, assume that n is divisible by §. Further, for 1 < ¢ < n, let u be the
longest factor which is a prefix of w[i..n] such that u* is a suffix of some w[l..k] with g < i — k < G,
then, B[i] is the rightmost position j such that g < i — j < G and u® is a suffix of w[1..j]. Knowing Bl[i]
means knowing LPrF , ¢[i]: we just have to return LPrF (wli..n], w[1..5]%).

We split the set {1,...,n} into % ranges of consecutive numbers: Iy = {1,2,...,0}, [y ={0+1,0 +
2,...,26}, and so on. Note that for all 7 in some range I, = {k6 + 1,kd + 2, ..., (k + 1)d} from those
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defined above, there are at most three consecutive ranges where some j such that g < ¢ — j < G may be
found: the range containing k6 — G + 1, the range containing (k + 1)d — g — 1, and the one in between
these two (i.e., the range containing k6 + 1 — g). Moreover, for some fixed ¢, we know that we have to
look for B[i] in the interval {i — G,...,i — g — 1}, of length §; when we search B[i + 1] we look at
the interval {i + 1 — G,...,i — g}. So, basically, when trying to find B[i] for all i € I}, we move a
window of length § over the three ranges named above, and try to find for every content of the window
(so for every i) its one element that fits the description of B[¢]. The difference between the content of the
window in two consecutive steps is not major: we just removed an element and introduced a new one.
Also, note that at each moment the window intersects exactly two of the aforementioned three ranges.
We try to use these remarks, and maintain the contents of the window such that the update can be done
efficiently, and the values of B[i] (and, implicitly, LPrF 4 [i]) can be, for each i € I, retrieved very fast.
Intuitively, grouping the ¢’s on ranges of consecutive numbers allows us to find the possible places of the
corresponding BJi]’s for all i € I}, in O(§) time.

k41— G (k+1)0—g
| |
R 3 _Z*G . “93 A ko +1 (k+1)8
)l IR PR S e A A H i1 )
o | I

Fig. 2: Proof of Theorem [T} Construction of the ranges Ji, Jo, Js for some range Ix, and of the sliding window
J! U J! for some i € I}

We now go into more details. As we described in the preliminaries, let £ be the lexicographically
ordered list of the the suffixes w([i..n] of w and of the mirror images w([1..i]® of the prefixes of w (which
correspond to the suffixes of wf?). For the list £ we compute the arrays Rank[] and Rankg|[-]. We use
the suffix array for wOw® to produce for each of the ranges I;, computed above the set of suffixes of w
that start in the respective range (sorted lexicographically, in the order they appear in the suffix array) and
the set of prefixes of w ending in I, ordered lexicographically with respect to their mirror image.

We consider now one of the ranges of indexes I}, = {k0 + 1,kd + 2,...,(k + 1)} from the above,
and show how we can compute the values B[], for all ¢ € Ij,. For some i € I), we look for the maximum
¢ such that there exists a position j with w[j — £ + 1..5]% = wli.i + ¢ —1],andi — G < j <i—g. As
already explained, for the ¢’s of Ij, there are three consecutive ranges where the j’s corresponding to the
1’s of I, may be found; we denote them Jy, Js, J3.

Now, for an ¢ € I}, we have that B[¢] (for which g < ¢ — BJi] < G) belongs to J; U J/’, where J/ is an
interval starting with ¢ — G and extending until the end of the range that contains ¢ — G (which is one of
the ranges J1, Jo, J3) and J! is an interval ending with ¢ — g — 1, which starts at the beginning of the range
that contains ¢ — g — 1 (which is the range that comes next after the one containing ¢ — GG). Referencing
back to the intuitive explanation we gave at the beginning of this proof, J; U J/’ is the window we use to
locate the value of B[i] for an i € .

To compute Bl[i] for some i, take f; € J! such that LOP(w[1..£;]®, wli..n]) > LCOP(w|[1..5'1%, w[i..n))
for all j/ € J!. Similarly, take s; € J! such that for all j/ € J! we have LCP(w[l..s;]%, w[i..n]) >
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LCP(w[1..5'1%, w[i..n]). Once s; and f; computed, we set Bfi| = s; if LOP(w[1..s;]%, wli..n]) >
LCP(w[l..f;) w[i..n]); we set B[i] = f;, otherwise. So, in order to compute, for some i, the value
Bi], that determines LPrF , ¢[i], we first compute f; and s;.

We compute for all the indices ¢ € Ij, considered in increasing order, the values f;. We consider
for each i € Iy the interval J; and note that J; \ J;,, = {i — G}, and, if J] is not a singleton (i.e.,
Ji{ # {i — G})then Jj , C J]. If J] is a singleton, than .J;, is, in fact, one of the precomputed range
I,,, namely the one which starts on position¢ + 1 — G (so, p = i_(;G).

These relations suggest the following approach. We start with ¢ = kd + 1 and consider the set of words
w[l..7]% with j € J/; this set can be easily obtained in (O(J) time by finding first the range .J; in which
i — G is contained (which takes O(1) time, as J; = I,, for p = | 5 |), and then selecting from .J; of the
set of prefixes w[1..d] of w, ending in J; with d > i — G (ordered lexicographically with respect to their
mirror image). The ranks corresponding to these prefixes in the ordered list £ (i.e., the set of numbers
Rankpr[d]) define a partition of the universe U = [0,2n + 1) in at most § + 2 disjoint intervals. So, we
can maintain an interval union-find data structures like in Remark 4] where the ranks are seen as limits
of the intervals in this structure. We assume that the intervals in our data structure are of the form [a, b),
with a and b equal to some Rankg[d,] and Rankg[dp], respectively. The first interval in the structure is
of the form [0, a), while the last is of the form [b,2n + 1). We now find the interval to which Rank[i]
belongs; say that this is [a,b). This means that the words w|[1..d,]" and w[l..dy]" are the two words
of {w[l1..d]® | d € J!} which are closest to w[i..n] lexicographically (w[1..d,]® is lexicographically
smaller, w[l..dy] is greater). Clearly, f; = d, if LCP(w[1..d,)®, w[i..n]) > LCP(w[l..dy])%, wli..n])
and f; = d,, otherwise (in case of a tie, we take f; to be the greater of d, and d;). So, to compute f; we
query once the union-find data structure to find a and b, and the corresponding d, and dj, and then run
two more LCP queries.

When moving on to compute f; 1, we just have to update our structure and then run the same procedure.
Now, i — G is no longer a valid candidate for f; 1, and it is removed from .J/. So we just delete it from the
interval union-find data structure, and merge the interval ending right before Rankg[i — G| and the one
starting with Rankg[i — G]. This means one union operation in our interval union-find structure. Then
we proceed to compute f; 1 as in the case of f;.

The process continues until J/ is a singleton, so f; equals its single element.

Now, i — G is the last element of one of the ranges Ji, J2, or J3; assume this range is I,,. So far, we
performed alternatively at most ¢ find queries and § union operations on the union-find structure. Now,
instead of updating this structure, we consider a new interval partition of [0, 2n + 1) induced by the ranks
of the ¢ prefixes ending in I, ;. When computing the values f; for ¢ € I;, we need to consider a new
partition of U at most once: at the border between J; and Js.

It is not hard to see from the comments made in the above presentation that our algorithm computes
fi € Ij correctly. In summary, in order to compute f;, we considered the elements i € I from left to
right, keeping track of the left part J] of the window J U J!” while it moved from left to right through the
ranges J1, Jo and J3. Now, to compute the values s; for ¢ € Ij,, we proceed in a symmetric manner: we
consider the values ¢ in decreasing order, moving the window from right to left, and keep track of its right
part J/'.

As already explained, by knowing the values f; and s; for all ¢ € I} and for all k£, we immediately get
B3] (and, consequently LPrF'y [i]) for all .

We now evaluate the running time of our approach. We can compute, in O(n) time, from the very
beginning of our algorithm the partitions of [1,2n — 1) we need to process (basically, for each I, we
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find Jy, Jo and J3 in constant time, and we get the three initial partitions we have to process in O(9)
time), and we also know the union-operations and find-queries that we will need to perform for each such
partition (as we know the order in which the prefixes are taken out of the window, so the order in which
the intervals are merged). In total we have O(n/J) partitions, each having initially 6 + 2 intervals, and
on each we perform ¢ find-queries and d-union operations. So, by Remark ] we can preprocess this data
(once, at the beginning of the algorithm) in O(n) time, to be sure that the time needed to obtain the correct
answers to all the find queries is O(n). So, the total time needed to compute the values f; for all i € I,
and for all k is O(n). Similarly, the total time needed to compute the values s; for all ¢ is O(n). Then, for
each ¢ we get B[i] and LPrF, ¢[i] in O(1) time.

Therefore, Problem|[I{a) can be solved in linear time. O

Before giving the formal solution for Problem [T{b), we give a short intuitive description of how this
algorithm is different from the previous one. In this case, when trying to construct the repeat uvu with
the longest arm occurring at a certain position, we need to somehow restrict the range where its left
arm may occur. To this end, we restrict the length of the arm, and, consequently, search for uw with
ok < lu] < 2F+1 for each k < logn. Such a factor always start with wli+ 1.4+ 2’“] and may only occur
in the factor w[i — G — ok+1 4§ — g]. If 2k > @G — g, using the dictionary of basic factors data structures
(from [Crochemore and Rytter| (1991)) and the results by [Kociumaka et al.| (2012), we get a constant size
representation of the occurrences of w[i 4 1..i + 2¥] in that range (which are a constant number of times
longer than the searched factor), and then we detect which one of these occurrences produces the repeat
uvu with the longest arm. If 28 < G — g, we use roughly the same strategy to find the repeat uvu with
the longest arm and u starting in a range of radius 2"+ centred around 7 — G or in a range of length 2+ +1!
ending on ¢ — g (again, these ranges are just a constant number of times longer than the searched factor).
To detect a repeat starting between i — G' 4 2°T1 and i — g — 2"+ we use the strategy from the solution
of Problem a); in that case, we just have to return the longest common prefix of w[i..n] and the words
w[j..n] withi — G + 281 < j < — g — 2k*+1, Overall, this approach can be implemented to work in
O(nlogn) time.

Theorem 2 Problem|[I[b) can be solved in O(nlogn) time.

Proof: For 1 < i < n, let B[i] denote the value j such that w[j..j+LPF 4 ¢[i]—1] = w[i..i+ LPF 4 ¢[i]—
1Jand g < i—(j + LPF 4 [i] —1) < G. In other words, to define B[], let u be the longest factor which
is both a prefix of wli..n] and a suffix of some w[1..k] with g < ¢ — k < G; then, BJ[i] is the rightmost
position j such that ¢ < i — (j + |u| — 1) < G and w is a suffix of w[l..j + |u| — 1]. Clearly, knowing
Bli] means knowing LPrF; g[i].

Intuitively, computing B[7] is harder in this case than it was in the case of the solution of Problem a).
Now we have no real information where B[i] might be, we just know the range of w where the longest
factor that occurs both at BJi] and at ¢ ends. So, to determine B[i] we try different variants for the length
of this factor, and see which one leads to the right answer.

Let § = G — g and ko = |log ¢ |; assume w.l.0.g. that n is divisible by J.

As already noted, the solution used in the case of gapped palindromes in the proof of Theorem [T does
not work anymore in this case: we do not know for a given ¢ a range in which B([i] is found. So, we try to
restrict the places where B[i] can occur. We split our discussion in two cases.

In the first case, we try to find, for each ¢ and each k > ky, the factor uvu with the longest u, such that
the second u occurs at position 4 in w, 2% < |u| < 2¥*1 and g < |v| < G. Clearly, u should start with the
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Fig. 3: Proof of Theorem [2} Occurrences of wli..i + 2% — 1] inside w[i — G — 2"*'.5 — g — 1]: one separate
occurrence, and a run containing three occurrences. The separate occurrence can be prolonged to produce a gapped
palindrome uwvu, which is not, however, long enough as it does not reach the range between i — G and i — g. The
rightmost occurrence in the run produces the gapped repeat w(i..i 4+ 2% — 1Jv'w[i..i + 2% — 1], which fulfils the
conditions imposed on the gap.

basic factor w/i..i+2* — 1], and the left arm u in the factor uvu we look for should have its prefix of length
2F (so, a factor equal to the basic factor w(i..i +2* — 1]) contained in the factor w[i — G —2F+1..i — g —1],
whose length is G — g+ 2kt < gkotl y ok+l 1 <ok+2 1 < 4.2k

So, by Remark [I] using the dictionary of basic factors we can retrieve a compact representation of the oc-
currences of w/i..i + 2% — 1] in w[i — G — 2515 — g — 1]: these consist in a constant number of isolated
occurrences and a constant number of runs. For each of the isolated occurrences w[j’..;" + 2¥ — 1] we
compute LCP(j’,) and this gives us a possible candidate for u; we measure the gap between the two
occurrences of u (the one at 5’ and the one at 7) and if it is between smaller than G, we store this u as a
possible solution to our problem (we might have to cut a suffix of w so that the gap is also longer than g).
Further, each of the runs has the form p®p’, where |p| is the period of w[i..i + 2¥ — 1] and p’ is a prefix of
p (which varies from run to run); such a run cannot be extended to the right: either the period breaks, or it
would go out of the factor w[i — G — 2¥+1..i — g — 1]. Using a LCP query we find the longest factor p”p’’
with period |p|, occurring at position i. For a run p®p’, the longest candidate for the first u of the factor
uvu we look for starts with p¥p”’ where v = min{«, 5} and p”’ is the shortest of p’ and p”; if p’ = p”,
then this factor is extended with the longest factor that occurs both after the current run and after p”p”
and does not overlaps the minimal gap (i.e., end at least g symbols before ¢). This gives us a candidate
for the factor v we look for (provided that the gap between the two candidates for © we found is not too
large). In the end, we just take the longest of the candidates we identified (in case of ties, we take the one
that starts on the rightmost position), and this gives the factor uvu with the longest u, such that the second
u occurs at position 4 in w, 28 < |u| < 281 and g < |v| < G.

Iterating this process for all k and ¢ as above, we obtain for each ¢ the factor uvu with the longest u,
such that the second u occurs at position 4 in w, 2% < |u| and ¢ < |v| < G. By Remark the time
spent in this computation for some ¢ and & is constant, so the overall time used in the above computation
is O(nlogn). Clearly, if for some ¢ we found such a factor u, then this gives us both B[i] and LPFy [i];
if not, we continue as follows.

In the second case, we try to identify for each ¢ the factor uvu with the longest w, such that the second u
factor occurs at position ¢ in w, u < 2ko and g < |v] < G. Again, we consider each k < ko — 1 separately
and split the discussion in three cases.

Firstly, for each 4, we find the factor uvu with the longest u, such that the second u occurs at position
iinw, 28 < u < 281 g < |v| < G, and the first u has its prefix of length 2¥ in the factor w[i — G —
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2F+1 i — G + 2¥], whose length is 2F + 281 4+ 1 < 4.2%_ This can be done similarly to the above (report
all the occurrences of wli..i + 2¥ — 1] in that range, and try to extend them to get u); for all 7 and all k
takes O(nlogd) time.

Secondly, for each ¢, we find the factor uvu with the longest u, such that the second u occurs at
position 4 in w, 28 < u < 2¥+1 g < |v| < G, and the first u has its prefix of length 2¥ in the factor
wli — g — 28*+1..i — g — 1], whose length is 251, Again, this can be done like above, and for all i and all
k takes O(nlog ) time.

The third and more complicated subcase is when the first u starts in the factor w[i —G..i —g—2F+1 —1],
of length §;, = § — 281, Let g, = g + 25+ + 1; obviously, 6, = G — g;. Note that, in this case, every
factor of length at most 2¥+! starting in w[i—G'..i—g—2%*1 —1] ends before i — g, so it is a valid candidate
for the u we look for. In this case we can follow the algorithm from the proof of Theorem[I} We split the
set {1,...,n} into ranges of consecutive numbers: Iy = {1,2,..., 8}, [1 = {0p + 1,0k + 2,...,20x},
and so on. For some Iy = {{d, + 1,...,(¢ + 1)d;}, considering all ¢ € I, there are three consecutive
ranges from the ones defined above, where the first « of the factor uvu we look for may occur. The first
(leftmost, with respect to its starting position) such range is the one containing £J; — G, and let us denote
it Jy; the last one (rightmost) is the one that contains (¢ 4+ 1)d; — g — 1, and we denote it by J3. Clearly,
between the ranges containing £, — G and (¢ + 1)dx — gi — 1, respectively, there is exactly one complete
range, call it J5.

Moreover, for a precise ¢ € I, the possible starting positions of the left arm w of the repeat uvu of the
type we are searching for (i.e., with the gap between g and &), with the second u starting on ¢, form a
contiguous range J/ U J/’ where J/ is an interval starting with i — G and extending until the end of the
range J,, that contains ¢ — G, and J/’ is an interval ending with i — g;, — 1, contained in .J,;1 (when p < 3).
Like before, J/ U J!" can be seen as the content of a window that slides through J1, J3, J5 while searching
for BJi]. We denote by f; the position of J/ such that LC'P(f;,4) is maximum among all such positions;
we denote by s; the position of J!” such that LC P(s;, ) is maximum among all such positions. Then we
just have to check where, at f; or s;, occurs a longer factor that also occurs at <. We just explain how to
compute f;.

We start with ¢ = £6;, + 1 and consider the set of words w[j..n] with j € J/; this set can be easily
obtained in O(¢) time by finding first the range J; in which i — G is contained and then selecting from
J1 of the set of words w|d..n| of w starting in J; with d > ¢ — G (ordered lexicographically). The
ranks corresponding to these suffixes in the suffix array of w (i.e., the set of numbers Rank[d]) define
a partition of the universe U = [0,n + 1) in at most d; + 2 disjoint intervals. So, we can maintain an
interval union-find data structures like in Remark 4] where the ranks are seen as limits of the intervals
in this structure. We assume that the intervals in our data structure are of the form [a, b), with a and b
integers that are equal to some Rank|[d,] and Rank[dp]. The first interval in the structure is of the form
[0, @), while the last is of the form [b, n + 1). Recall that we want to compute f;. To this end, we just have
to find the interval to which Rank[i] belongs; say that this is [a, b). This means that the words w[d,..n]
and w[dy..n] are the two words of the set {w[d..n] | d € J/} which are closest to w][i..n] lexicographically
(w[dg..n] is lexicographically smaller, while w[dp..n] is lexicographically greater). Clearly, f; = d, if
LCP(ds,i) > LCP(dp,t) and f; = dp, otherwise (in case of a tie, we take d, if d, < d,, and dy
otherwise). So, to compute f; we have to query once the union-find data structure to find ¢ and b, and the
corresponding d, and dp, and then compute the answer to two LCP queries.

When moving on to compute f; i, we just have to update our structure. In this case, ¢ — G is no
longer a valid candidate for f;11, as it should be removed from J;. So we just delete it from the interval
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union-find data structure, and merge the interval ending right before Rank[i — G] and the one starting
with Rank[i — G]. This means one union operation in our interval union-find structure. Then we proceed
to compute f; 1 just in the same manner as in the case of f;.

The process continues in this way until we try to compute f; for J/ being a singleton. This means
that 7 — G is the last element of one of the ranges J;, Ja, or J3; let us assume that this range is [, from
the ranges defined above. Clearly, this time f; is the single element of J/. Until now, we performed
alternatively at most 0y, find operations and J;, union operations on the union-find data structure. Further,
instead of updating the union-find data structure, we consider a new interval partition of [0, n+ 1) induced
by the ranks of the d;, suffixes starting in I, ;. Note that when computing the values f; for i € I, we
need to consider a new partition of U once: at the border between J; and Js.

Now, by the same arguments as in the proof for gapped palindromes, the process takes O(n) in total
for all intervals I, (so, when we iterate ¢), for each k. In this way we find the factor uvu with the longest
u, such that the second u occurs at position ¢ in w, ok < g < 2K+ g < |v| < G, and the first u starts in
wli — G..i — g — 21 — 1]. Tterating for all k, we complete the computation of B[i] and LPF, c|[i] for
all 4; the needed time is O(n log ) in this case.

Considering the three cases above leads to finding for each ¢ the factor uvu with the longest u, such that
the second u factor occurs at position 7 in w, u < 2% and g < |v| < G. The complexity of this analysis
is O(nlogd). After concluding this, we get the value B[i] for each i. Therefore, the entire process of
computing B[i] and LPF, [i] for all i takes O(n logn) time. O

We conclude this section with the following consequence of Theorems [T|and 2]

Theorem 3 Given w of length n and two integers g and G, such that 0 < g < G < n, we can find in
linear time the gapped palindrome u*vu occurring in that word with the longest arm v and g < |v| < G.
Given w of length n and two integers g and G, such that 0 < g < G < n, we can find in O(nlogn) time
the gapped repeat uwvu occurring in that word with the longest arm w and g < |v| < G.

Proof: It is immediate that, after solving Problem [I] for the word w, we just have to check which is the
longest gapped palindrome (respectively, repeat) stored in the array L PrF, || (respectively, LPF 4 ¢[-]).
O

4 Lower bounded gap

To solve Problem [2[a) we need to find, for some position i of w, the factor w([1..5]% with j < i — g(i) that
occurs closest to w(1..] in the lexicographically ordered list £ of all the suffixes w[k..n] of w and of the
mirror images w(1..k]f of its prefixes. In the following we show how to do this for all i in O(n) time, by
reducing it to answering n find queries in an extended interval union-find data structure.

Theorem 4 Problem[2[a) can be solved in linear time.

Proof: In a preprocessing step of our algorithm, we produce the suffix array of w0w? and the lexicograph-
ically ordered list £ of the suffixes of w[i..n] of w and of the mirror images w[1..i]% of the prefixes of w
(which correspond to the suffixes of w). For the list £ we compute the arrays Rank[-] and Rankg|].
We first want to find, for each 4, the prefix w[1..5], such thati—j > g(i), w[1..j]® occurs before wli..n]
in £ (i.e., Rankg[j] < Rank]i]), and the length of the common prefix of w(1..j] and w(i..n] is greater or
equal to the length of the common prefix of w|[1..5']f and w[i..n] for j/ such that Rankg|[j'] < Rank[i];
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for the prefix w[1..j] as above, the length of the common prefix of w(1..5]¥ and w[i..n] is denoted by
LPrF ; [i], while B<[i] denotes j. If wl[i..n] has no common prefix with any factor w([1..5]% with i — j >
g(i) and Rankg(j] < Rankl[i], then LPrF 3 [i] = 0 and B[] is not defined; as a convention, we set
B [i]to —1

Afterwards, we compute for each i the prefix w(l..j], such that ¢« — j > g¢(¢), w[1..4]"* occurs after
wli..n] in £ (i.e., Rankg[j] > Rank][i]), and the length of the common prefix of w|1..5]® and wli..n] is
greater or equal to the length of the common prefix of w(1..5']f and wl[i..n] for " such that Rankg[j’] >
Rankli]; for the prefix w(1..j] as above, the length of the common prefix of w(l..5] and wli..n] is
denoted by LPrF [i], while B [i] denotes j. Clearly, LPrF,[i] = max{LPrF;[i], LPrF_[i]}. If
wli..n] has no common prefix with any factor w[1..j]® with i — j > g(i) and Rankg[j] > Rank]i], then
LPrF;[i] = 0 and B [i] is set to —1

For simplicity, we just present an algorithm computing LPT‘F; [[] and B.[-]. The computation of
LPrF [ ] is performed in a similar way.

]R

The main idea behind the computation of LPng< [i], for some 1 < ¢ < n, is that if w[1..j;] and
w(l..j2] are such that Rankgr[j2] < Rankg[j1] < Rankli] and j; < jo < i then definitely B.[i] # jo.
Indeed, LOP(w[1..52)%, w[i..n]) < LCP(w[l..5;]%, wli..n]), and, moreover, i — jo < i — j;. So, if
i — jo > g(i) then also i — j; > g(i), and it follows that LPrF[i] > LCP(w[l..5;]", w[i..n]) >
LCP(wl[1..52) %, wli..n]), so B.[i] cannot be j2. This suggests that we could try to construct for each i
an ordered list A; of all the integers j < n such that Rankg[j] < ¢ and moreover, if j; and js are in A;
and j; < jo then also Rankgr[j1] < Rankgrl[ja].

Now we describe how to implement this. Let us now consider i; and i3 which occur on consecutive
positions of the suffix array of w, such that Rank[i;] < Rank[iz]. The list A;, can be obtained from
A;, as follows. We consider one by one, in the order they appear in Rankg[-], the integers j such that
Rankli1] < Rankgrlj] < Rank[is], and for each of them update a temporary list .4, which initially
is equal to A;,. When a certain j is considered, we delete from the right end of the list A (where A
is ordered increasingly from left to right) all the values j' > j; then we insert j in .A. When there are
no more indices j that we need to consider, we set A;, to be equal to A. It is clear that the list A;, is
computed correctly.

Now, for each ¢ we need to compute the greatest j € A; such that j < i — g(i). As A; is ordered
increasingly, we could obtain j by performing a predecessor search on .4; (that is, binary searching the
greatest j of the list, which is smaller than i — g(7)), immediately after we computed it, and save the
answer in B [i]. However, this would be inefficient. Before proceeding, we note that if we compute the
lists A; for the integers 4 in the order they appear in the suffix array of w, then it is clear that the time
needed to compute all these lists is linear. Indeed, each j < n is introduced exactly once in the temporary
list, and then deleted exactly once from it. Doing the above mentioned binary searches would add up to a
total of O(nlogn). We can do better than that.

Now we have reduced the original problem to a data-structures problem. We have to maintain an
increasingly ordered (from left to right) list .A of numbers (at most n, in the range {1, ..., 2n}, each two
different), subject to the following update and query operations. This list can be updated by the following
procedure: we are given a number j, we delete from the right end of A all the numbers greater than j,
then we append j to A. By this update, the list remains increasingly ordered. The following queries can
be asked: for a given ¢, which is the rightmost number of A, smaller than £? We want to maintain this
list while n updates are executed, and n queries are asked at different moments of time. Ideally, the total
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time we can spend in processing the list during all the updates should be O(n), and, after all the updates
are processed, we should be able to provide in O(n) time the correct answer for all the queries (i.e., if a
certain query was asked after k& update operations were performed on the list, we should return the answer
to the query with respect to the state of the list after those k& update operations were completed).

Next we describe our solution to this problem.

We use a dynamic tree data-structure to maintain the different stages of A. Initially, the tree contains
only one path: the root 0 and the leaf 2n + 1. When an update is processed, in which a number 5 is added
to the list, we go up the rightmost path of the tree (from leaf to root) until we find a node with a value
smaller than j. Then j becomes the rightmost child of that node (i.e., j is a leaf). Basically, the rightmost
path of a tree after k& updates contains the elements of A after those &k updates, preceded by 0. When a
query is asked we associate that query with the leaf corresponding to the rightmost leaf of the tree at that
moment. In this way, we will be able to identify, after all updates were processed, the contents of the list
at the moments of time the queries were, respectively, asked: we just have to traverse the path from the
node of the tree associated to that query (this node was a leaf when the query is asked, but after all the
updates were processed might have become an internal node) to the root.

The tree can be clearly constructed in linear time: each node is inserted once on the rightmost tree, and
it disappears from this rightmost tree (and will not be reinserted there) when a smaller value is inserted in
the tree.

In this new setting, the queries can be interpreted as weighted level ancestor queries on the nodes of
the constructed tree (where the weight of an edge is the difference between the two nodes bounding it).
Considering that the size of the tree is O(n), all weights are also O(n), there are O(n) queries, and these
queries are to be answered off-line, it follows (see Remark [3)) that we can return the answers to all these
queries in O(n) time.

This completes the linear solution to our problem. o

To solve Problem 2(b) we use the following lemma.

Lemma 6 Given a word w, let L[i] = min{j | j < ¢, LCP(j,i) > LCP(k,%) for all k < i}. The array
L[] can be computed in linear time.

Proof: We first produce the suffix array of w. We denote by Rank|i] the position of w[i..n] in the suffix
array of w.

We first want to find, for each 4, the suffix w([j..n], such that j < ¢ is minimum with Rank[j] < Rank[i]
and LCP(j,i) > LCP(4’,4) forall 5/ < i such that Rank[j'] < Rank[i]. For the suffix w[j..n] as above,
let B.[i] = j. If no such j exists, we set B.[i] = —1.

Similarly, we compute, for each ¢, the suffix w[j..n], such that j < ¢ is minimum with Rank[j] >
Rankli] and LCP(j,1) > LCP(j’,4) for all 7/ < i such that Rank[j’] > Rank]i]. For the suffix w[j..n]
as above, let Bs [i] = j. Again, if no such j exists, we set B [i] = —1.

For simplicity, we just present an algorithm computing B.[-]. The computation of Bx[-] is per-
formed in a similar way. Then, L[i] = B [i] if LCP(Bx[i],i) > LCP(B<[i],i) or LCP(Bx[i],i) =
LCP(B.[i],i) and Bs[i] > B.[i]; similarly, L[] = B<[i] if LCP(Bsli],i) < LCP(B<[i],i) or
LCP(Bx[i],i) = LCP(B<][i],4) and Bx[i] < B<[i].

The main idea behind the computation of B.[i], for some 1 < i < n, is that if w[j;..n] and w[jz..n]
are such that Rankg[ja] < Rankg[j1] < Rank[i] and j1 < jo < i then definitely B.[i] # j2. In-
deed, LCP(ja,i) < LCP(j1,1), and, moreover, jo > ji, S0 ji is a better candidate than j, for B.[i].
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This suggests that we should construct for each i an ordered list 4; of all the integers j < n such that
Rankgrl[j] < i and moreover, if j; and js are in A; and j; < jo then also Rankg[j1] < Rankg[jz]. If j/
is on top of A;, then B[i] is just the minimum j of A; such that LCP(j,7) = LCP(j',1).

Let us now consider 7; and 5 which occur on consecutive positions of the suffix array of w, such that
Rank[i1] < Rank[iz]. Assume that we already computed B[i;]. The list .A;, can be obtained from
A;, by deleting from the right end of the list .A;, (where A;, is ordered increasingly from left to right)
all the values j > i;. Also, to compute B[i] more efficiently, we also delete all the values of 4;, that
are greater than Bli;]. Indeed, for some k > B[i] we have that LCP(B]Ji],i1) = LCP(B]Ji],i2) and
LCP(k,i1) = LCP(k,iz), so Bli1] is a better candidate for B[iz] than k. Afterwards, we insert 4 in the
updated list \A;,, to obtain a list .4;, from which Bl[is] can be computed. Clearly, this entire process takes
linear time, and leads to a correct computation of B.[-].

Afterwards, we compute Bs [-] similarly, and get L[] in linear time. O

Another lemma shows how the computation of the array LPF;[-] can be connected to that of the array
L[-]. For an easier presentation, let B[i] denote the leftmost starting position of the longest factor x; that
occurs both at position ¢ and at a position j such that j + |z;| < i — g(4); if there is no such factor x;,
then B[i] = —1. In other words, the length of the factor x; occurring at position B[i] gives us LPF ,[i].
In fact, LPF 4[i] = min{ LCP(BJi], 1), — g(i) — Bli]}.

Now, let L'[i] = L[i] and L*[i] = L[L¥~1[i], for k > 2; also, we define

L*[i] = {L[i], L[, LIZIZE, - -

The following lemma shows the important fact that B[i] can be obtained just by looking at the values
of LT [i]. More precisely, Bli] equals L*[i], where k is obtained by looking at the values L’ [i] < i — g(i)
and taking the one such that the factor starting on it and ending on ¢ — g(¢) — 1 has a maximal common
prefix with wi..n]. Afterwards, Theorem shows that this check can be done in linear time for all 7, thus
solving optimally Problem 2]

Lemma 7 For a word w of length n and all 1 < i < n such that B[i] # —1, we have that B[i] € L™ [i].

Proof: Let us assume, for the sake of a contradiction, that B[i| = j ¢ L™[i]. This means that j < i — g(i)
and min{LCP(j,i),i — g(¢) — j} > min{LCP(j',4),i — g(i) — j'} for all 7/ < i — g(i). We further
consider two simple cases.

In the first case, there is 5 < j such that j* € L*[i]; take j’ to be the greatest number less than j
that belongs to L*[¢]. Then, it is clear that the longest factor that occurs both at 5’ and at 7 ends before
i—g(i7)—1. Otherwise, we would have min{ LCP(j,7),i—g(i)—j} < i—g(i)—j < min{LCP(j’,i),i—
g(i) — 7'} = i — g(i) — j', so we would have B[i] = j', a contradiction. So, it follows immediately,
that LCP(j,i) > LCP(j’,4). Now, if j' = Lk[i] (thatis L[L[... L[7]...]], where L is applied k times on
i), then there exists k' < k such that j" = L¥[i] > j and LCP(j",i) > LCP(j',4) and LCP(j',i) =
LCP(L[j"],1). Clearly, this means that j occurs in the suffix array of w closer to the suffix w[i..n] than
the suffix w[L[j"]..n], but farther than the suffix w[j”..n|. So, LCP(j,j") > LCP(L[j"],7), which is
a contradiction to the definition of L[j”]. In conclusion, we cannot have that there is ;' < j such that
j' € Lt[q].

Now, assume that there is no j' < j such that j* € L*[i]. As j ¢ LT[i], this leads immediately to
a contradiction. Since B[i] # —1, we have that the suffix starting at position j has at least the prefix of
length one common with all the factors starting at positions from LT [i]. Therefore, at least one element
from LT [i] should be less or equal to j. This concludes our proof. O
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L3[i] L2[i] LIi] i
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Fig. 4: Proof of Theorem We measure the length of the common prefix between each factor starting on L* [:] and
ending on ¢ — g(4) and the suffix w[i..n]. The starting position of the factor that produces the longest such common
prefix is BJi]. Also, this longest common prefix defines the arm u of the gapped repeat uvu.

Theorem 5 Problem[2[b) can be solved in linear time.

Proof: The main idea in this proof is that, to compute LPF[i], it is enough to check the elements
j € LT[i] with 5 < i — g(i), and choose from them the one for which min{LCP(j,),% — g(z) — j} is
maximum; this maximum will be the value we look for. In the following, we show how we can obtain
these values efficiently.

First, if j = L[i] for some i, we define the value end[j] = k < LCP(LJj],), where |w[j..k]| <
min{ LCP(L[j],4),k — L[j]}. Basically, for each position k' < k, the longest factor z starting at L[]
and ending on k&’ which also occurs at position 7 is longer than any factor starting on position j and ending
on k' which also occurs at position i. Now we note that if j € LT[i] is the greatest element of this set
such that end[j] < i — g(¢) — 1, then LPF ;[i] = min{ LCP(j,),7 — g(i) — j}. Clearly, end[j] can be
computed in constant time for each j.

To be able to retrieve efficiently for some 4 the greatest element of this set such that end[j] <i—g(i)—1
we proceed as follows.

First we define a disjoint-set union-find data structure on the universe U = [1,n + 1), where the unions
can be only performed between the set containing ¢ and that containing L[], for all 7. Initially, each
number between 1 and n is a singleton set in this structure. Moreover, our structure fulfils the conditions
that the efficient union-find data structure of (Gabow and Tarjan| (1983)) should fulfil: the unions we make
form a tree.

Further, we sort in linear time the numbers i — ¢(i), for all 4; we also sort in linear time the numbers
end[k] for all k < n. We now traverse the numbers from n to 1, in decreasing order. When we reach
position j we check whether j equals end[k] for some k; if yes, we unite the set containing k with the
set containing end[k| for all k such that end[k] = j. Then, if j = i — g(i) for some i, we just have to
return the minimum of the set containing i; this value gives exactly the greatest element j € L*[i] such
that end[j] < ¢ — g(i) — 1. So, as described above, we can obtain from it the value of LPF [i]. The
computation of this array follows from the previous remarks.

To evaluate the complexity of our approach, note that we do O(n) union operations and O(n) find
queries on the union-find data structure. By the results of (Gabow and Tarjan| (1983)), the time needed to
construct the union-find data structure and perform these operations on it is also O(n). From every find
query we get in constant time the value of a element LPF ;[i]. So the solution of Problem is linear. O
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Just like in the previous section, the following consequence of the previous two theorems is immediate.

Theorem 6 Given w of length n and the values g(1),...,9(n) of g : {1,...,n} = {1,...,n}, we can
find in linear time the gapped palindrome (or repeat) uvu (respectively, uvu) occurring in w, with the
longest arm u, such that if its right arm starts on position i then |v| > g(i).

5 «-gapped Repeats and Palindromes

Recall that an «-gapped palindrome (respectively, repeat) wli..jlvw[é’..5'] is called maximal if the arms
cannot be extended to the right or to the left: neither wli..j 4+ 1]v'w[i’ — 1..5'] nor w[i — 1..5]vw[i’..5" +1]
(respectively, neither w[i..j + 1]v’w[i’..5" + 1] nor w[i — 1..j]v"w[i’ — 1..5]) are a-gapped palindromes
(respectively, repeats). |Gawrychowski and Maneal (2015) defined algorithms that find the longest a-
gapped palindromes and repeats in O(an) time; these algorithms do not compute the set of all a-gapped
palindromes or repeats, but just the ones with the longest arms. We present them below.

We first consider the case of a-gapped repeats.

Theorem 7 Given a word w of length n and an integer o < n, the longest a-gapped repeat uvu contained
in w can be found in O(an) time.

Proof: Informally, our approach works as follows (see also Figure [5). For each k, we try to find the
longest a-gapped repeat ujvus = uvu, with u; = uy = u, and 28*logn < |u| < 28*2logn. In each
such repeat, the right arm us must contain a factor (called k-block) z, of length ok log n, starting on a
position of the form j2* logn + 1. So, we try each such factor z, fixing in this way a range of the input
word where us could appear. Now, u; must also contain a copy of z. However, it is not mandatory that this
copy of z occurs nicely aligned to its original occurrence; that is, the copy of z does not necessarily occur
on a position of the form ilogn + 1. But, it is not hard to see that z has a factor y of length 2~ log n,
starting in its first log n positions and whose corresponding occurrence in w; starts on a position of the
form ¢logn + 1. Further, we can use the fact that u;vus is a-gapped and apply Lemma [T] to a suitable
encoding of the input word to locate in constant time for each y starting in the first logn positions of z
all possible occurrences of y on a position of the form ilogn + 1, occurring not more than (8« + 2)|y|
positions to the left of z. Intuitively, each occurrence of y found in this way fixes a range where u; might
occur in w, such that ujvug is a-gapped. So, around each such occurrence of y (supposedly, in the range
corresponding to u1) and around the y from the original occurrence of z we try to effectively construct
the arms wq and us, respectively, and see if we really get an a-gapped repeat. In the end, we just return
the longest repeat we obtained, going through all the possible choices for z and the corresponding y’s. We
describe in the following an O(«n) time implementation of this approach.

The first step of the algorithm is to construct a word w’, of length ﬁ, whose symbols, called blocks,
encode log n consecutive symbols of w grouped together. Basically, now we have two versions of the
word w: the original one, and the one where it is split in blocks. Clearly, the blocks can be encoded into
numbers between 1 and n in linear time. Indeed, we produce the suffix array of w, and group together the
suffixes that share a common prefix of length logn. Then, we label (injectively) the groups obtained in
this way with numbers between 1 and n. Finally, a block is encoded as the label of the suffix that starts
with that block. Consequently, we can construct in O(n) time the suffix arrays and L CP-data structures
for both w and w’. We can also build in O(n) time the data structures of Lemmal[l|for the word w’.

Now, we try to find the longest a-gapped repeat ujvus = wvu of w, with u; = us = wu, and
2kl ogn < |u| < 28*2logn, for each k > 1if a > logn or k > loglog n, otherwise. Let us consider
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Fig. 5: Proof of Theorem [/} Segment of w, split into blocks of length logn. In this segment, z is a k-block of
length 2% logn. For each factor y, of length 2¥~! log n, occurring in the first logn symbols of z (not necessarily
a sequence of blocks), we find the occurrences of y that correspond to sequences of 28~ blocks, and start at most
(84 2)|y| = (4o + 1) - 2¥ logn symbols (or, alternatively, (4a + 1) - 2 blocks) to the left of the considered z.
These y factors may appear as runs or as separate occurrences. Some of them can be extended to form an a-gapped
repeat u1vu2 = uvu such that the respective occurrence of y has the same offset in u; as the initial y in uo.

now one such k. We split again the word w, this time in factors of length ok log n, called k-blocks. For
simplicity, assume that each split is exact.

Clearly, if an a-gapped repeat ujvus like above exists, then uy contains at least one of the k-blocks.
Consider such a k-block z and assume it is the leftmost k-block of us. On the other hand, u; contains
at least 271 — 1 consecutive blocks from w’, so there should be a factor y of w corresponding to 2F~!
of these (281 — 1) blocks which is also a factor of z, and starts on one of the first log n positions of z.
Now, for each k-block z and each y, with |y| = 2¥~1logn and starting in its prefix of length log n, we
check whether there are occurrences of 3 in w ending before z that correspond to exactly 2! consecutive
blocks of w’ (one of them should be the occurrence of 4 in u1); note that the occurrence of 4 in z may not
necessarily correspond to a group of 2k=1 consecutive blocks, but the one from w; should. As wjvus is
a-gapped and |u;| < 2¥%2 log n, then the occurrence of y from u; starts at most (4 +1)2* log n symbols
before z (as |uyv| < alus| < a2¥*2logn, and z occurs with an offset of at most 2% log n symbols in us).
So, the block-encoding of the occurrence of the factor y from the left arm w; should occur in a factor of
(4c + 1)2% blocks of w’, to the left of the blocks corresponding to 2.

For the current z and an y as above, we check whether there exists a factor ' of w’ whose blocks
correspond to y, by binary searching the suffix array of w’ (using LCP-queries on w to compare the
factors of log n symbols of y and the blocks of w’, at each step of the search). If not, we try another
possible y. If yes, using Lemma [I| for w’, we retrieve (in O(loglog |w’| + «) time) a representation of
the occurrences of ¢’ in the range of (4c + 1)2* blocks of w’ occurring before the blocks of z; this range
corresponds to a range of length (4a + 1)2% log n of w.

If ¢/ is aperiodic then there are only O(«) such occurrences. Each factor of w corresponding to one of
these occurrences might be the occurrence of y from w1, so we try to extend both the factor corresponding
to the respective occurrence of 3 from w’ and the factor y from z in a similar way to the left and right to
see whether we obtain the longest a-gapped repeat. If 4/ is periodic (so, ¥ is periodic as well), we know
that the representation of its occurrences consists of O(«) separate occurrences and O(«) runs in which
' occurs (see Preliminaries). The separate occurrences are treated as above. Each run 7/ of w’ where 3/
occurs is treated differently, depending on whether its corresponding run r from w (made of the blocks
corresponding to r') supposedly starts inside w1, ends inside u1, or both starts and ends inside u;. We can
check each of these three cases separately, each time trying to establish a correspondence between r and
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the run containing the occurrence of y from z, which should also start, end, or both start or end inside us,
respectively. Then we define u; and us as the longest equal factors containing these matching runs on
matching positions. Hence, for each separate occurrence of 3" or run of such occurrences, we may find an
a-gapped repeat in w; we just store the longest. This whole process takes O(«) time.

If @« > logn, we run this algorithm for all £ > 1 and find the longest a-gapped repeat uvu, with
4logn < |u|, in O(an) time.

If a < logn, we run this algorithm for all £ > loglogn and find the longest a-gapped repeat uvu,
with 2!eglegn+1l 1609 < |u|, in O(an) time. If our algorithm did not find such a repeat, we should look
for a-gapped repeats with shorter arm. Now, |u/ is upper bounded by 2818 "+ 1]ogn = 2(logn)?, so
luvu| < Lo, for by = a-2(log n)? +2(logn)? = (2a+2)(log n)?. Such an a-gapped repeat uvu is, thus,
contained in (at least) one factor of length 2¢; of w, starting on a position of the form 1 4+ m#y for m > 0.
So, we take the factors w[1 +m&y..(m+2)£g] of w, for m > 0, and apply for each such factor, separately,
the same strategy as above. As an important detail, before running the algorithm presented above, we first
encode the symbols of w[1+mty..(m+2)¢], which were numbers between 1 and n, to numbers between
1 and 2¢; again, this is done by looking at the suffix array of w, and it allows us to apply recursively the

algorithm described before. The total time needed to do that is O (aEO %) = O(an). Hence, we found

the longest a-gapped repeats uvu, with 2198108(200)+116g(2¢,) < |ul. If our search was still fruitless, we
need to search a-gapped repeats with |u| < 21°81°8(2¢0)+116g(2/4) < 16logn (a rough estimation, based
on the fact that a < log n).

So, in both cases, & > logn or a < logn, it is enough to find the longest a-gapped repeats with
|u| < 161ogn. The right arm us of such a repeat is contained in a factor w[mlogn + 1..(m + 17) log n]
of w, while u; surely occurs in a factor x = w[mlogn — 16 logn + 1..(m + 17) log n] (or, if mlogn —
16alogn + 1 < 0, then in a factor = w[l..(m + 17)logn)); in total, there are O(n/logn) such x
factors. As before, we can process them in linear time in order to re-encode each of them as a word over
the alphabet consisting of numbers which are in O(an). In each of these factors, we look for a-gapped
repeats uyvuy = uvy with 281 < |u| < 2842 where 0 < k < loglogn + 2 (the case |u| < 2 is trivial),
and uy occurs in the suffix of length 17 log n of this factor. Moreover, us contains a factor y of the form
x[52% + 1..(j + 1)2F]. Using Lemma and Remark for each such possible y occurring in the suffix of
length 17 log n of =, we assume it is the one contained in ug and we produce in O(«) time a representation
of the O(«) occurrences of y in the factor of length (4« + 1)|y| preceding y. One of these should be the
occurrence of y from u. Similarly to the previous cases, we check in O(«) time which is the longest
a-gapped repeat obtained by pairing one of these occurrences to ¥y, and extending them similarly to the
left and right. The time needed for this is O(alogn) per each of the O(g;2.) factors z defined above.
This adds up to an overall complexity of O(an), again.

This was the last case we needed to consider. In conclusion, we can find the longest a-gapped repeat
uovu in O(an) time. O

Further we discuss the case of a-gapped palindromes.

R

Theorem 8 Given a word w of length n, the longest a-gapped palindrome u'*vu contained in w can be

determined in O(an) time.

Proof: Our approach is similar to the case of repeats, presented in the previous theorem. For each k, we
try to find the longest a-gapped palindrome u®vu, with 251 logn < |u| < 28*2logn. In each such
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a-gapped palindrome, the right arm « must contain a factor z, of length 2" log n, starting on a position of
the form j2* log n + 1. So, we try each such factor z, fixing in this way a range of the input word where
u could appear. Now, u!' must contain a factor z%%; however, it is not mandatory that this factor occurs
at a position of the form ilogn + 1. But, just like before, it is not hard to see that z has a factor y, of
length 2%~ ! log n, that starts in its first log n positions and whose corresponding occurrence 3% from u?
should start on a position of the form ilog n + 1. Further, we can use the fact that u”vu is a-gapped and
apply Lemma(T]to an encoding of the input word to locate in constant time for each y starting in the first
log n positions of z all possible occurrences of 3’ on a position of the form ilogn + 1, occurring not
more than (8a + 2)|y| positions to the left of z. Intuitively, each occurrence of y found in this way fixes
a range where «* might occur in w, such that u*vu is a-gapped. So, around each such occurrence of y%
(supposedly, in the range corresponding to «*) and around the y from z we try to effectively construct the
arms u’ and u, respectively, and see if we get the longest a-gapped palindrome. This approach can be
implemented in O(an) time, just like in the case of a-gapped repeats.

The first step of the algorithm is to construct a word w’, of length %, whose symbols, called blocks,
encode log n consecutive symbols of w grouped together. Now we have two versions of the word w: the
original one, and the one made of blocks. As before, the blocks can be encoded as numbers between 1
and n in linear time. We construct in O(n) time the suffix arrays and L CP-data structures for both w and
w’, and we build in O(n) time the data structures of LemmalI| for the word w’.

Considering the original word w, we find the a-gapped palindrome u®vu with 281 logn < |u| <
ok+2 log n, for each k > loglogn. To this end, we split again the word w, this time in factors of length
ok logn, called k-blocks. For simplicity, assume that each split we do is exact; to achieve this, we may
have to pad the word with a new symbol in a suitable manner.

If an a-gapped palindrome u*vu of the kind we search for exists, then « contains at least one of the
k-blocks. Consider such a k-block z and assume it is the leftmost k-block of u. On the other hand, u®
contains at least 2¥+! — 1 consecutive blocks from w’, so there should be a factor y of w with 3 corre-
sponding to 28~ of these (2¥*! — 1) blocks such that ¥ is a factor of z that starts on one of its first log n
positions. Now, for each k-block z and each y starting it its prefix of length log n, with |y| = 2*~!logn,
we check whether there are occurrences of y* ending before z (one of them should be the occurrence
of y® in u™) that correspond to exactly 2*~! consecutive blocks of w’. Note that the occurrence of ¥
in 2 may not necessarily correspond to a group of 2°~1 consecutive blocks, but the one of 3% from u”
do. As ufvu is a-gapped and |ufv| < a2¥*2logn, then the occurrence of 3™ from u!® starts at most
(4a+1)-2% log n symbols before 2. So, the block-encoding of y** should occur in a factor of (4a+1) - 2%
blocks of w’, to the left of the blocks corresponding to z.

For the considered z and some y as above, by binary searching the suffix array of w’ (using LCP-
queries on the word ww’ to compare the factors of logn symbols of 4? and the blocks of w’, at each
step of the search), we check whether there exists a factor ¢’ of w’ whose blocks correspond to yR. If not,
we try another possible y. If yes, we continue. Using Lemma for w’, we obtain a representation of the
occurrences of 3/ in the range of (4a + 1) - 2F blocks of w’, occurring before the blocks that correspond
to z; note that this range corresponds to a range of length (4a 4 1) - 2¥ log n of w.

If /' is aperiodic then there are O(«) such occurrences. Each factor corresponding to these occurrences
might be the occurrence of 3 from u%, so we try to extend it and the y from z in a similar way to see
whether we obtain the longest a-gapped palindrome.

If y' is periodic (so, y is periodic as well), the representation of its occurrences consists of O(«) separate
occurrences and O(«) runs in which 3’ occurs. The separate occurrences are treated as above. Each run 7’/
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Fig. 6: Proof of Theorem [8} Segment of w, split into blocks of length logn. In this segment, z is a k-block of
length 2% log n. For each factor g, of length 271 log n, occurring in the first log 7 symbols of z (not necessarily a
sequence of blocks), we find the occurrences of 37 that correspond to sequences of 28! blocks, and start at most
(84 2)|y| = (4a + 1) - 2¥ logn symbols (or, alternatively, (4a + 1) - 2 blocks) to the left of the considered z.
These y™ factors may appear as runs or as separate occurrences. Some of them can be extended to form an a-gapped
palindrome u®vu such that the respective occurrence of y™ is the mirror image of the initial y in uz.

of w’ where y’ occurs is treated differently, depending on whether its corresponding run r from w (made of
the blocks corresponding to ') supposedly starts inside «*, ends inside ', or both starts and ends inside
u. We can check all these three cases separately, each time trying to establish a correspondence between
r and the run containing the occurrence of y from z, which should also end, start, or both start or end
inside w, respectively. Then we define u! and u as the longest mirrored words containing these matching
runs on mirrored positions. In this way, for each separate occurrence of ¢’ or run of such occurrences,
we found a a-gapped palindrome in w; we just store the longest. This whole process takes O(1) time for

each run.

Ry, with

If @ > logn, we run this algorithm for all ¥ > 1 and find the longest a-gapped palindrome u
4logn < |u|, in O(an) time.

If @ < logn, we run this algorithm for all £ > loglogn and find the longest a-gapped palindrome
uftvu, with 218108 n+1 o0 < |y|, in O(an) time. If our algorithm did not find such a palindrome, we
should look for a-gapped palindrome with shorter arm. The length of this arm, |u|, is now upper bounded
by 2'°8leent1 160 = 2(logn)2, so [uffvu| < £y, for £y = a-2(logn)? +2(logn)? = (2a +2)(logn)?.
Such an a-gapped palindrome v is, thus, contained in (at least) one factor of length 2/, of w, starting
on a position of the form 1+m¥, for m > 0. So, we take the factors w[1+my..(m~+2)4g] of w, for m >
0, and apply for each such factor, separately, the same strategy as above. As noted in the previous proof,
these words can be re-encoded in linear time as words over an alphabet of size O(logn). The total time

needed to do that is O ( oy %) = O(an). Hence, we found the longest a-gapped palindromes utvu,

with 2!°8108(200)+1 160(2¢,) < |ul. If our search was still fruitless, we search a-gapped palindromes with
|u| < 2°8108(2f0)+1 g (2¢) < 161ogn (a rough estimation, based on the fact that o < log log n).

Now in both cases (when « > logn or o < logn) it is enough to find the a-gapped palindromes with
|u| < 16logn. The right arm w of such a repeat is contained in a factor w[mlogn + 1..(m + 17) logn]
of w, while u® surely occurs in a factor = wmlogn — 16alogn + 1..(m +17) log n] (o, if mlogn —
16alogn + 1 < 0, then in a factor z = w[l..(m + 17)logn]). In total, there are O(n/logn) such x
factors, and after a linear time preprocessing we can ensure that they are all over integer alphabets with
respect to their length. In each of them, we look for a-gapped palindromes u*vu with 281 < || < 2F+2,
where 0 < k < loglogn + 1 (the case |u| < 2 is trivial), and ug occurs in the suffix of length 9logn
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of this factor. Moreover, u contains a factor y of the form z[j2% + 1..(j + 1)2¥]. Using Lemma and
Remark [2] for each such possible y occurring in the suffix of length 17 log n of x, we assume it is the one
contained in u and we produce in O(«) time a representation of the O(«) occurrences of y'* in the factor
of length (4a + 1)|y| preceding y. One of these should be the occurrence of y'* from u®. Similarly to
the previous cases, we check in O(«) time which is the longest a-gapped palindrome obtained by pairing
one of these occurrences to y, and extending them similarly to the left and right. The time needed for this
is O(alogn) per each of the O(y;¢;) factors x defined above. This adds up to an overall complexity of
O(an), again.

This was the last case we needed to consider. In conclusion, we can find the longest a-gapped palin-
drome ufvu in O(an) time. O

The algorithms presented in the previous two proofs were non-trivially extended by |Gawrychowski
et al.| (2016) to algorithms that construct the sets of all maximal a-gapped repeats and maximal a-gapped
palindromes (which have a non-empty gap) in O(an) time. Essentially, instead of looking for the longest
a-gapped repeat (or palindrome) that contains a certain basic factor (as we did in this proof), we look
for all the maximal a-gapped repeats (respectively, palindromes) that contain the respective basic factor.
Using a series of deep combinatorial observations on the structure of these maximal gapped repeats or
palindromes, one can output all of them in O(1) time per repeat or palindrome. Using the crucial fact
that the number of both a-gapped repeats with non-empty gap as well as a-gapped palindromes with
non-empty gap is O(an) (in fact, the main result of Gawrychowski et al.| (2016))), we get that they can all
be identified and output in O(an) time.

Accordingly, we further show that given the set S of all factors of a word which are maximal a-gapped
palindromes (respectively, repeats) we can compute the array LPal, (respectively, LRep,,) for that word
in O(n + |S|) time. As a consequence, for constant «, these problems can be solved in linear time.

Note that, in this case, our strategy is fundamentally different from the ones we used in the cases
of Problems |1| and 2| There we were able to construct the desired data structures without constructing
first the set of all maximal gapped palindromes and maximal gapped repeats whose gap fulfilled the
required restrictions. Here we first find all maximal a-gapped repeats and a-gapped palindromes using
the algorithms of (Gawrychowski et al.| (2016), and then compute directly the desired data structures.

Theorem 9 Problem[3{a) can be solved in O(an) time.

Proof: We assume that we are given an input word w, for which the set S’ of all maximal «-gapped
palindromes is computed, using the algorithm of Gawrychowski et al.| (2016).

Let us consider a maximal a-gapped palindrome wli..i + ¢ — 1Jvw[j..j + ¢ — 1], with wi..i+ £ —1]% =
wlj..j + € — 1]. For simplicity, let us denote by 6 = |v| = j — i — £, the length of the gap; here, 7 and
j + £ — 1 will be called the outer ends of this palindrome, while j and ¢ 4+ ¢ — 1 are the inner ends.

It is not hard to see that from a maximal a-gapped palindrome one can get a family of a-gapped palin-
dromes whose arms cannot be extended by appending letters simultaneously to their outer ends. We now
show how this family of a-gapped palindromes can be computed. Intuitively, we extend simultaneously
the gap in both directions, decreasing in this way the length of the arms of the palindrome, until the gap
becomes long enough to violate the a-gapped restriction. The longest possible such extension of the gap
can be easily computed.

Indeed, let r = L%J It is not hard to check that for ' < r we have that w(i..i + £ — r' —

1o'wlj+r'..j+L€—1], withov' = w[i+€—1r"—1..i+{—1ow][j..j + ' — 1], is an a-gapped palindrome
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Fig. 7: Proof of Theorem [0} p = wvu is a maximal a-gapped palindrome (here o = 2) with |v| = & and |u| = £.

We define r = L%J = L%J. This allows us to define the interval I,,, where the right arm of an o-gapped
R, 1

palindrome obtained from p may start. Further, yv"y is an example of such an a-gapped palindrome; t%v't is a
gapped palindrome obtained from p, which is not a-gapped: it’s right arm does not start in I,,. The interval I, has
weight j + ¢ — 1.

whose left arm cannot be extended by appending letters to their outer ends. For 7/ > r we have that
wli.i+€—1r —1Wwlj+r.j+£—1,witho = wli+£f—7" —1.i+¢—1jow[j..j+r —1],
is still a gapped palindrome, but it is not a-gapped anymore. So, for a maximal a-gapped palindrome
p = wli..i + £ — 1Jvwlj..j + £ — 1], we associate the interval I, = [j, j + 7], and associate to it a weight
g(Ip) = j + ¢ — 1. Intuitively, we know that at each position j' € I, there exists a factor u, ending at
position j + ¢ — 1, such that u**v is a suffix of w(1..5" — 1] for some v.

On the other hand, if u is the longest factor starting at some position j/ < n such that v is a suffix of
w[1..j — 1], then the factor wli..j] = uf*vu is, in fact, a maximal a-gapped palindrome zfyz(.e., u® is
a prefix of 2% and w is a suffix of ). In other words, u and u* could be extended simultaneously inside
the gap, but not at the outer ends.

Consequently, to compute LPal,[i] for some i < n we have to find the a-gapped palindromes p € S
for which the interval I, contains ¢. Then, we identify which of these intervals has the greatest weight.
Say, for instance, that the interval I, m which contains ¢, is the one that weight maximal weight & from all
the intervals containing ¢. Then LPal,[j] = k — j + 1. Indeed, from all the factors u starting at position
7, such that ufv is a suffix of wll..57 — 1] for some v, there is one that ends at position %, while all the
other end before k (otherwise, the intervals associated, respectively, to the maximal a-gapped palindromes
containing each of these factors u*vu would have a greater weight). So, the palindrome ending at position
k is the longest of them all.

This allows us to design the following algorithm for the computation of LPal,[j]. We first use the
algorithm of |Kolpakov and Kucherov|(2009a) to compute the set .S of all maximal a-gapped palindromes
of w. For each maximal a-gapped palindrome p = w[i..i + £ — 1Jw[i + £..j — lJw[j..7 + £ — 1], we
e
weight g(I,) = j+{— 1. We process these |.S| intervals, with weights and bounds in [1, n], in O(n+|S])
time as in Lemma E} to compute for each j < n the maximal weight H|[j] of an interval containing j.
Then we set LPal,[j] = H[j] —j + 1.

The correctness of the above algorithm follows from the remarks at the beginning of this proof. Its
complexity is clearly O(an). O

associate the interval I, = [j,j + r], where r = L J and 6 = j — i — £, and associate to it the

The solution of Problem 3(b) is very similar.
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Theorem 10 Problem[3(b) can be solved in O(an) time.

Proof: We first use the algorithm of |Gawrychowski et al.| (2016) to compute the set .S of all maximal
a-gapped repeats with non-empty gap of w. For each maximal a-gapped repeat p = wi..i + £ — 1Jw[i +
L..j —1Jw[j..j +€— 1], we associate the interval I, = [f, j + 7], where r = L@#J andd = j—i—4,
and associate to it the weight g(I,,) = j + ¢ — 1. We process these | S| intervals, with weights and bounds
in [1,n], in O(n + |S|) time as in Lemma 4] to compute for each j < n the maximal weight H [j] of
an interval containing j. Now, we use Lemma [5|to compute the values SC[j] for each j < n. We set
LRep,[j] = max{H[j] — j+1,SC[j]}.

The complexity of this algorithm is O(an), as |S| € O(an) (see|/Gawrychowski et al.| (2016)).

The correctness of the algorithm follows from the following remark. For a maximal a-gapped repeat
p=wli.i+l—1wli+l.j—Nwj.j+l—1]letr = {WJ, where § = j — i — £. Then the
factors wli +r'..i + £ — Nwl[i + £..j + 7" — Nw[j + 1'..j + £ — 1] are a-gapped repeats for all ' < r,
whose right arm cannot be extended anymore to the right. Moreover, the factors w[i + r/..i + £ — 1Jw[i +

L.+ 71" —1w[j+r'..j + ¢ — 1] are gapped repeats which are not a-gapped for all ' > r. The rest of
the arguments showing the soundness of our algorithm are similar to those of Theorem [9] O

6 Future Work

In this paper we proposed a series of algorithms that construct data structures giving detailed information
on the longest gapped repeats and palindromes occurring in a given word. There are several directions in
which the work presented here can be continued.

Firstly, it seems interesting to us whether Problem b) (the construction of the array LPF ; ;[-]) can be
solved faster. An intermediate problem could be to check whether we can find in linear time the longest
gapped repeats with the length of the gap between a given lower bound and a given upper bound.

Secondly, although the algorithms we propose in Theorems [7]and[8|do not rely on computing and going
through all the maximal «-gapped repeats and palindromes when looking for the longest such structure,
they have asymptotically the same complexity as the (optimal) algorithms finding all such structures.
Thus, it seems natural and interesting to design algorithms finding the longest a-gapped repeat or palin-
drome of a word that run faster than the algorithms we proposed here (and, in particular, than the algo-
rithms finding all these structures). Also, it is interesting whether we can construct the data structures
defined in Problem [3| without producing first the list of all a-gapped repeats and palindromes.

Lastly, following the problems studied by |Gawrychowski et al.| (2013a,[2014), one could be interested
in finding the longest gapped pseudo-repeats. More precisely, for a literal bijective anti-/morphism f,
we want to find the longest word (or words) u such that a given word w contains a factor f(u)vu with
|v] subject to different length-restrictions (e.g., between a lower and an upper bound, or shorter than
|u| multiplied by a factor, like in the case of a-gapped repeats and palindromes, etc.). Such repeats
and palindromes are sometimes used to formalise repeats and palindromes occurring in DNA sequences.
In this setting one works with the alphabet {A, C, G, T}. When we are interested in direct repeats we
may take f work as a morphism and model the Watson-Crick complementarity: f(A) = T, f(C) =
G, f(G) = C,and f(T) = A; when we are interested in inverted repeats in the genetic sequence we may
take f work as an antimorphism, still defined by the Watson-Crick complementarity. It is not hard to see
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that our algorithms can also be adapted in a straightforward manner to work in the context of such gapped
pseudo-repeats.
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