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We study the local limit of the fixed-point forest, a tree structure associated to a simple sorting algorithm on permu-
tations. This local limit can be viewed as an infinite random tree that can be constructed from a Poisson point process
configuration on [0, 1]N. We generalize this random tree, and compute the expected size and expected number of
leaves of a random rooted subtree in the generalized version. We also obtain bounds on the variance of the size.
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1 Introduction
We start with a simple sorting algorithm on a deck of cards labeled 1 though n. If the value of the top
card is i, place it in the ith position from the top in the deck. Repeat until the top card is a 1. Viewing the
deck of cards as a permutation in one-line notation π = π(1)π(2) · · ·π(n), we create a new permutation,
τ(π), by removing the value π(1) from beginning of the permutation and putting it into position π(1).
For example, if π = 43512 then τ(π) = 35142. This induces a graph whose vertices are the permutations
of [n] = {1, · · · , n} and edges are pairs of permutations (π, τ(π)). Note that τ(π) has a fixed point at the
position π(1).

This graph is a rooted forest, which we denote by Fn and call the fixed point forest. A rooted forest
is a union of rooted trees, and a tree is a graph that does not contain any closed loops involving distinct
vertices. A permutation that begins with 1 is called the base of the tree in which they are contained. A
thorough introduction to the fixed point forest can be found in Johnson et al. (2017).

The fixed point forest was first studied in McKinley (2015). The largest tree in Fn has size bounded
between (n− 1)! and e(n− 1)! and has as its base the identity permutation. The longest path from a leaf
to a base is 2n−1 − 1 and is unique, starting from the permutation 23 · · ·n1 and ending at the identity.

Let Sn denote the set of permutations of length n. For π ∈ Sn, let F(π) denote the collection of fixed
points of π other than 1. For each m ∈ F(π) we create a new permutation π(m) such that

π(m)(i) =

 m, i = 1
π(i− 1), 2 ≤ i ≤ m
π(i), m < i ≤ n

.
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Fig. 1: The descendant tree desc(π) for π = 31245

We say we bump the value m in π to create π(m) and call π(m) a child of π. We let C(π) = {π(m) :
m ∈ F(π)} denote the set of children of π. Every child σ ∈ C(π) satisfies τ(σ) = π hence is connected
to π in Fn.

Let N(π) be the rooted tree in Fn that contains π, with π designated as the root instead of the unique
permutation that starts with 1 in N(π). Let desc(π) be the subtree of N(π) rooted at π and consisting
of π and its descendants, so that desc(π) ⊆ N(π). We call this the descendant tree of π (See Figure 1).
Note that for any permutation σ ∈ desc(π), there is some r such that τ r(σ) = π.

By Theorem 3.5 in Johnson et al. (2017), there exists a tree, T, such that as n → ∞, for πn chosen
uniformly at random from permutations of size n, the randomly rooted tree Nn = N(πn), converges in
the local weak sense to T. This limiting tree is described in Section 2 of Johnson et al. (2017), and the
subtree of T which corresponds to the local weak limit of desc(πn) has a similar description, denoted
by D. In Johnson et al. (2017), they find the distribution for the shortest and longest paths from the root
to a leaf in D. The main purpose of the paper is to study the size of D. For α ∈ [0, 1], we define a
generalization of D, denoted Dα such that D = D1. We compute the expected size and expected number
of leaves of Dα and show that they are both unbounded for α = 1. Finally we find bounds on the second
moment of the size of Dα. We show that the second moment has a phase transition from finite to infinite
somewhere between (3−

√
5)/2 and (

√
5− 1)/2.

2 Local limits, point process configurations, and trees
Poisson Point Processes
The following briefly introduces an important probabilistic object: Poisson point processes. A thorough
treatment can be found in Kingman (1993).

We say a random variable X is Poi(α) if it satisfies P(X = k) = 1
k!e
−ααk. If X0 and X1 are two

independent Poi(α0) and Poi(α1), respectively, then their sum is Poi(α0 + α1).
A point process on [0, 1] is an integer-valued measure on Borel sets of [0, 1]. It may be viewed as a

collection of points, which represent the atoms of the measure. A point process configuration on [0, 1] is a
collection of point processes, each on [0, 1], and can be viewed as a collection of labelled points on [0, 1].

A Poisson point process on [0, 1] with intensity α is a random integer-valued measure which satisfies
two properties: For any Borel subset E ⊂ [0, 1] with Borel measure λ, the number of atoms of the point
process in E is given by Poi(αλ), and for any disjoint Borel subsets of [0, 1] the number of atoms in
each are independent. Conditioned on the number of atoms in E the location of each of the atoms is
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ξ f(ξ, x)

x

Fig. 2: The bump map f(ξ, x) where ξ4 is assumed to be empty.

independent and uniform in E.
Collections of Poisson point processes can be merged to create a single poisson point process. Suppose

ξ0 is a Poi(α0) point process on [0, 1] and ξ1 is Poi(α1) point process on [0, 1] with ξ0 and ξ1 both
independent. Then the union of ξ0 and ξ1 is distributed like a Poi(α0 + α1) point process. The reverse
is also true. Let ξ′ be a Poi(α0 + α1) point process on [0, 1] and label each atom 0 with probability
α0/(α0 + α1) and 1 otherwise. Let ξ0 denote the point process consisting of the atoms labeled 0 and ξ1
the point process of the remaining atoms. Then ξ0 and ξ1 are, respectively, independent Poisson(α0) and
Poisson(α1) point processes on [0, 1]. This can be generalized further to α = α0 + · · ·+ αk−1. If ξ′ is a
Poisson(α) point process each atom in ξ′ is independently labeled such that the label is i with probability
αi/α for 0 ≤ i < k, then the collection of atoms labeled i is a Poisson(αi) point process and each ξi is
independent of the rest.

Let ξ1 and ξ2 be two independent Poisson(α) point processes. For x ∈ (0, 1), define ξ′1 = ξ2
∣∣
[0,x)

+

ξ1
∣∣
(x,1]

to be the point process consisting of the atoms from ξ2 restricted to the interval [0, x) and the
atoms from ξ1 restricted to the interval (x, 1]. If x is independent of ξ1 and ξ2 then the resulting process
ξ′1 is also a Poisson(α) point process.

Weak Convergence
We give a brief definition of the version of local weak convergence that is used to define T and D.
See Aldous and Steele (2004) or Benjamini and Schramm (2001) for a proper discussion of local weak
convergence, which is sometimes referred to as Benjamini-Schramm convergence.

Let G1, G2 · · · be a sequence of rooted graphs. For any rooted graph H , the r-neighborhood of the
root, denoted H(r), is the subgraph of H induced from all vertices that are distance at most r from the
root. The rooted graph G is the local weak limit of Gn if for every r ≥ 0 and every finite graph H ,

P[Gn(r) = H]→ P[G(r) = H].

From point process configurations to trees
Let ξ = (ξk)k≥0 be a point process configuration on [0, 1]N where each ξk is a point process on [0, 1]. For
each atom x ∈ ξ0 define the bump map f(ξ, x) = (ξ′k)k≥0 where

ξ′k = ξk+1

∣∣∣
[0,x)

+ ξk

∣∣∣
(x,1]

.

See Figure 2 for an illustration of this map. Given a point process configuration, ξ, the bump map allows
us to recursively define a tree with root v0 whose vertices are point process configurations. Define v0 to be
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ξ γ4(ξ)
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Fig. 3: A point process collection and corresponding 4-neighborhood of the bump tree. Note that any configuration
of point processes for ξ5 and higher will not affect the structure of the bump tree and thus γ4(ξ) = γ(ξ).

the root of the tree with corresponding point process configuration ξv0 = ξ. Suppose v is a vertex in the
tree with corresponding point process configuration given by ξv . For each x ∈ ξv0 , create a new vertex v(x)
in the tree with point process configuration given by the bump map ξv(x) = f(ξv, x). The newly created
vertex v(x) is a considered a child of v. We call this tree the bump tree of ξ and denote it by γ(ξ). For
fixed r ≥ 0 let γr(ξ) denote the r-neighborhood of the root in γ(ξ). Only the atoms in (ξ0, · · · , ξr−1) are
necessary to determine the structure of the γr(ξ), so we may write γr(ξ) = γr(ξ0, · · · , ξr−1) and assume
ξk = ∅ for k ≥ r. The map γr is continuous because a slight perturbation of the atoms will not change
the relative order of the points in (ξ0, · · · , ξr). See Figure 3 for an example of a finite neighborhood of
the root of the bump tree for a point process configuration.

For a permutation π of length n, we say the index i or the value π(i) is k-separated if π(i) = i+k. We
define the separation word of π point-wise by Wπ(i) := π(i) − i. No two permutations have the same
separation word. From this word we can construct a point process configuration (ξπk )k≥0 by placing an
atom in ξπk at position i/n if i is a k-separated point in π.

By Proposition 3.4 in Johnson et al. (2017), for fixed r ≥ 0, as n tends to infinity,

(ξπn0 , · · · , ξπnr−1) −→d (ξ0, · · · , ξr−1)

where ξk is a Poi(1) point process on [0, 1]. From the arguments of Theorem 3.5 in Johnson et al.
(2017), letting ξ = (ξk)k≥0, we have γr(ξπn)→ γr(ξ) by continuity of γr and the Continuous Mapping
Theorem [Billingsley (1999)]. Furthermore, it is seen that γr(ξπn) is the same as the r-neighborhood
of the descendant tree desc(πn) with high probability. Therefore D := γ(ξ) is the local weak limit of
desc(πn).

We now can state our main results. For α ∈ (0, 1], let ξ = (ξk)k≥0 be a collection of independent
Poi(α) point processes on [0, 1] and let Dα := γ(ξ) be the corresponding bump tree of ξ. Let D denote
the number of vertices and U the number of leaves in Dα. Finally let Eα and Pα denote the expectation
and probability associated with Poi(α) point processes. We now may state our main results.

Theorem 1. For 0 < α < 1, Eα[D] = (1− α)−1, and E1[D] diverges.

Theorem 2. For 0 < α < 1, Eα[U ] = e−α(1− α)−1, and E1[U ] diverges.

Theorem 3. For α ≥ (
√

5− 1)/2, Eα(D2) diverges. For α < (3−
√

5)/2, Eα(D2) is finite.
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ξ0

ξ1

ξ2

2 1 0 1 0

Fig. 4: A collection of point processes corresponding to the word 2 1 0 1 0.

3 Comparison with Galton-Watson trees
In this section we compare our results to the well-studied Galton-Watson tree Watson and Galton (1875);
Neveu (1986).

A Galton-Watson tree, GW, can be constructed through a simple random process. Start with a root v0
and a nonnegative integer-valued random variable X . Create Xv0 children of v0 where Xv0 is distributed
as and independent copy of X . For each child, v, of v0 repeat this process, where Xv is an independent
copy of X . Depending on the distribution of X , the resulting tree will have drastically different behavior.

Fix a nonnegative integer-valued random variable X with finite expectation 0 < E[X] < 1 and finite
second moment E[X2] < ∞. Let Y = |GW|. Let X denote the number of children of the root of GW
and for 1 ≤ i ≤ X , let Y i denote the number of vertices in the subtree consisting of the ith child and all of
its descendants. Each Y i is distributed identically as an independent copy of GW. We denote the size of
GW conditioned onX by (Y |X) = 1+

∑X
i=1 Y

i. Taking expectation we have E[(Y |X)] = 1+XE[Y ]
and thus

E[Y ] = E[E[(Y |X)]] = 1 + E[X]E[Y ]

and so
E[Y ] =

1

1−E[X]
.

A similar approach for the second moment gives the equation

E[Y 2] = 1 + E[X]E[Y ] + E[X]E[Y 2] + E[X2 −X]E[Y ]2,

which can be simplified to

E[Y 2] =
1

(1−E[X])2
+

E[X2]−E[X]

(1−E[X])3
. (1)

Given that E[X] < 1 and E[X2] is finite, (1) shows that E[Y 2] finite. In particular if X is Poi(α) then
E[Y ] agrees with Eα[D] from Theorem 1, while Theorem 3 shows the second moment E[Y 2] cannot
agree with the second moment Eα[D2] if α ≥ (

√
5 − 1)/2 since the former is finite while the latter

diverges.
The approach used to compute E[Y ] and E[Y 2] cannot be used to compute Eα[D] and Eα[D2] because

the subtrees from the root in Dα are not independent of each other.

4 Words from point process configurations
For a collection of point processes on [0, 1], ξ = {ξk}k≥0, let wr(ξ) be the word constructed from the
relative order of the atoms in (ξ0, · · · , ξr−1). For example see Figure 4. Assuming that no two atoms of ξ
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are in the same location, the structure of the r-neighborhood of the root in the tree γr(ξ) can be constructed
directly from this word. Let Ωr denote the space of finite words with letters from {0, · · · , r − 1}.

If ξ is a Poi(α) point process configuration, this induces a probability measure Pα,r on Ωr for every
r ≥ 0. The following lemma describes this distribution.

Lemma 4. Let ξ be a Poi(α) point process configuration and W = wr(ξ) the word given by the relative
order of the first r point processes of ξ. Let w denote a fixed word of length n in Ωr. Then

Pα,r(|W | = n) =
1

n!
e−αrαnrn (2)

and
Pα,r(W = w) =

1

n!
e−αrαn. (3)

Proof:
Construct the r independent Poi(α) point processes from a single Poi(rα) point process by labeling

each atom independently from {0, · · · , r − 1}, choosing the label uniformly at random. The probability
that |W | = n is precisely the probability that a Poi(rα) point process has n atoms in [0, 1], the right hand
side of (2). As the labeling is independent for each atom, each of the rn possible labelings is equally
likely, so the probability that W = w for a fixed w of length n is computed by dividing the right hand side
of (2) by rn, giving (3).

For W ∈ Ωr of length n we write W = W1 · · ·Wn in one line notation. For a fixed subset of indices
A = (i1, · · · , ij) let WA = Wi1 · · ·Wij . We may refine Lemma 4 even further.

Lemma 5. Let u = u1 · · ·uj be a word in Ωr. Let W ∈ Ωr, and A = (i1, · · · , ij) be a set of indices
such that 1 ≤ i1 < · · · < ij ≤ n. Then,

Pα,r ({WA = u} ∩ {|W | = n}) =
1

n!
e−αrαnrn−j .

Proof:
Conditioned on |W | = n, the labels of the atoms indexed by A are chosen independently so

Pα,r(WA = u||W | = n) = r−j

and the statement follows.

The tree γr(ξ) with word wr(ξ) will agree up to a relabeling of the vertices of the tree γr(ξ′) if
wr(ξ) = wr(ξ

′). A vertex in the tree corresponds to bumping a particular set of atoms in a particular
order. Therefore the measure Pα,r on words in Ωr is exactly the measure we need to understand the
γr(ξ).

We can translate our language of bumping atoms in ξ to bumping letters in words. Let W ∈ Ωr. For
each 0 ∈ W , we construct a new word by removing the chosen 0 and reducing every letter to the left of
it by 1. We say the index of this letter 0 is bumped and indices less than the bumped index are shifted.
The set of indices of the 0s in a word are called the bumpable indices. The set of words that can be
constructed by bumping a single 0 in W are called the children of W and denoted C(W ). For example the
word 2 1 0 1 0 has has two children, 1 0 � 1 0 and 1 0 � 0 �, where � is used to indicate bumped indices
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2 1 0 1 0

1 0 1 0
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Fig. 5: The tree, γ(w), for the root word w = 2 1 0 1 0

or indices shifted below zero. Once the letter at an index becomes � in a word it can never become 0 in
one of its descendants. We construct a rooted tree, denoted γ(W ), following a process that mirrors our
construction of γ(ξ) for point process configurations. We let γj(W ) denote the j-neighborhood of the
root in γ(W ).

We may omit the � symbol in the labeling of the tree. The � symbol is used to emphasize that the set
of indices is the same for each word in the same tree. See Figure 5 for the rooted tree in Ω3 associated
with the word 2 1 0 1 0. The sequence of indices that are bumped to reach the vertex v in γ(W ) is called
the bumping sequence of v.

For j ≥ 1 and every vertex v ∈ γj(W )\γj−1(W ) there is a corresponding set of j atoms that must
be bumped in a particular order to reach v. This sequence of atoms induces an ordered set of indices
A = {a1 < · · · < aj} and permutation, σ, of length j such that v is obtained by bumping the atoms at
the indices in order {aσ1 , · · · , aσj} where each of the indices must be 0 when they are bumped. We say
the set of indices A reaches v by the order σ. Since γ(W ) is a tree, any such v is reachable by a unique
pair (A, σ).

For a set of indices A = {a1 < · · · < aj}, we say A is complete in W if there exists an order σ ∈ Sj

and a sequence of words W = W 0, · · · ,W j such that for 1 ≤ i ≤ j, W i ∈ C(W i−1) is obtained by
bumping the index aσi in W i. Whether or not A is complete in W is independent of the letters not in A.
The following lemma gives conditions on when A is complete in W .

Lemma 6. IfA is complete inW ∈ Ωr with |A| = j, there is a unique σ ∈ Sj such that a vertex in γ(W )
is reachable by (A, σ). If r ≥ j, then for each σ ∈ Sj there is a unique sequence of values u = u1 · · ·uj
such if WA = u then there exists a vertex in γ(W ) that is reachable by (A, σ).

Finally, A is complete with respect to W if and only if Wai ≤ min(j − i, r − 1) for 1 ≤ i ≤ j.

Proof:
SinceA is complete inW there is at least one σ ∈ Sj and v in γ(W ) such that v is reachable by (A, σ).

First aσ1 is bumpable if and only if Waσ1
= 0. In order for aσi+1 to be bumpable after bumping aσ1 up to

aσi , the label of aσi+1
must be 0, and therefore index must be shifted exactly Waσi+1

times by bumping
indices larger then aσi+1

. For this to occur there must be exactly Waσi+1
integers m such that m < i+ 1
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and σm > σi+1. In terms of σ−1 we have for 1 ≤ i ≤ j,

Wai = #{i < m ≤ j|σ−1i > σ−1m }.

The sequence of values Wa1 · · ·Waj is the unique inversion table (Knuth (1998)) for the permutation
σ−1. No two permutations have the same inversion table and thus σ must be unique. Given a σ ∈ Sj , if
WA is the inversion table for σ−1 then A will be complete with respect to W .

Finally we have that Wa1 · · ·Waj is an inversion table if and only if Wai ≤ j − i for 1 ≤ i ≤ j. We
also have that Wai ≤ r − 1 by definition.

Define the following truncated factorial function:

fy(x) =

{
x!, x ≤ y,
y!yx−y, y < x.

Note that limy→∞ fy(x) = x!.
Let βr(j) denote the set of subwords of length j such such that A is complete in W if and only if

WA ∈ βr(j). For any r ≥ 0 and j ≥ 0, by Lemma 6,

|βr(j)| = fr(j)

and for r ≥ j, this simplifies to
|βr(j)| = j!.

5 Expectation of D and U

Let D(r) denote the number of vertices in γr(ξ). Let U (r) denote the number of leaves in γr(ξ) that are
distance less than r from the root. Note that a leaf in γr(ξ) that is distance r from the root may not be
a leaf in γr+1(ξ). By Theorem 5.1 in Johnson et al. (2017), the longest path to a leaf in γ(ξ) is almost
surely finite and therefore γr(ξ) is identical to γ(ξ) for large enough r. To compute the expectation of D
and U it suffices to compute the expectation of D(r) and U (r) and let r tend to infinity.

Let W be chosen from Ωr. For j ≤ r let D(r)
j = |γj(W )\γj−1(W )|. Similarly let Lj denote the set

of leaves in γj(W ), so that for j ≤ r − 1, U (r)
j = |Lj(W )\Lj−1(W )|, the number of leaves in γj(W )

exactly distance j from the root. By linearity of expectation

Eα,r[D
(r)] =

r∑
j=0

Eα,r[D
(r)
j ]

and

Eα,r[U
(r)] =

r−1∑
j=0

Eα,r[U
(r)
j ].

For a fixed j ≤ n, let A be the set of all subsets of j indices A ⊆ [n]. Consider a fixed A ∈ A and a
word u of length j with letters less than r. If a wordW ∈ Ωr has length n, there are rn−j possible fillings
of the indices in [n] \A and there are fr(j) ways to fill the indices of A so that A is complete in W .
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By Lemma 5 we have

Pα,r ({A is complete in W} ∩ {|W | = n}) = e−αrαnrn−jfr(j)/n!. (4)

By the one-to-one correspondence with complete indices A in W of size j with vertices in γ(W )

exactly distance j from the root, the expectation of D(r)
j is

Eα,r[D
(r)
j 1|W |=n] =

∑
A∈A

e−αrαnrn−jfr(j)/n! = e−αrαnrn−jfr(j)/(j!(n− j)!). (5)

For r ≥ j,

Eα,r[D
(r)
j 1|W |=n] = e−αrαnrn−j/(n− j)!, (6)

and Eα,r[D
(r)
j ] =

∑
n≥j E[D

(r)
j 1|W |=n], so

Eα,r[D
(r)
j ] = αje−αr

∑
n≥j

(αr)n−j

(n− j)!
= αj . (7)

Proof of Theorem 1: From (7), Eα,r[D
(r)
j ] = αj for j ≤ r and Eα,r[D

(r)] =
∑r
j=0 α

j . Then
limr→∞D(r) = D and by Monotone Convergence Theorem

Eα[D] = lim
r→∞

Eα,r[D
(r)] = lim

r→∞

1− αr+1

1− α
=

1

1− α
.

Expected number of leaves
For a set of indices A of size j that are complete in W , let X denote the word obtained after bumping
every index in A. The vertex labelled with X is a leaf if it contains no bump-able indices, that is X has
no 0s. Let a0 = 0 and aj+1 = |W | + 1. For 0 ≤ i ≤ j, an index bi ∈ (ai, ai+1) is bump-able in X if
and only if Wbi = j − i. If r ≤ j and i ≤ j − r, Wbi < r ≤ j − i and hence bi cannot be bump-able.
Otherwise if i > j − r, there are r − 1 choices for Wbi so that bi is not bump-able.

Let `(r, n,A) denote the number words, w of length n in Ωr such that A corresponds to a leaf in γ(w).
There are fr(j) possible ways to fill in the indices of A. For r ≤ j,

`(r, n,A) = fr(j)r
∑j−r
i=0 (ai+1−ai−1)(r − 1)

∑j
i=j−r+1(ai+1−ai−1). (8)

For j < r this simplifies to
`(r, n,A) = j!(r − 1)n−j . (9)

Thus for j < r we have

Pα,r

({
|W | = n

}⋂{
X is a leaf

})
= e−αrαn(r − 1)n−jj!/n!. (10)
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For j < r the expectation of U (r)
j 1{|W |=n} is

Eα,r[U
(r)
j 1{|W |=n}] =

∑
A∈A

e−αrαn(r − 1)n−jj!/n! = e−αrαn(r − 1)n−j/(n− j)!. (11)

Summing over n ≥ j gives

Eα,r[U
(r)
j ] = e−αrαj

∑
n≥j

(α(r − 1))n−j/(n− j)! = e−ααj . (12)

Proof of Theorem 2:
From (12), Eα,r[U

(r)
j ] = e−ααj for j < r and Eα,r[U

(r)] =
∑r−1
j=0 e

−ααj . Then limr→∞ U (r) = U
and by Monotone Convergence Theorem

Eα[U ] = lim
r→∞

Eα,r[U
(r)] = lim

r→∞
e−α

1− αr

1− α
=

e−α

1− α
. (13)

6 Expectation of D2

For a, b, c,m ≥ 0 let n = a+ b+ c+m. Let B(a, b, c,m) be the set of all ordered pairs of subsets of [n],
(A,B), such that |A \ B| = a, |B \ A| = b, and |A ∩ B| = c and let B(a, b, c) =

⋃
m B(a, b, c,m). We

denote the set of distinct subwords u on the indices A ∪ B such that and both uA and uB are complete
by χr(A,B). The size of χr(A,B) is denoted by xr(A,B) and only depends on the relative order of A
and B. Suppose (A,B) ∈ B(a, b, c). For both subwords to be complete, each index ai ∈ A \ B must
have letters strictly less than min(a+ c− i, r), each index bj ∈ B \A must have letters strictly less than
min(b+ c− j, r), and each index ai = bj ∈ A∩B must have letters strictly less than min(a+ c− i, b+
c− j, r). Thus

xr(A,B) =
fr(a+ c)fr(b+ c)∏

ai=bj
min(r,max(a+ c− i, b+ c− j))

. (14)

The following lemma provides uniform bounds of xr(A,B) for all (A,B) ∈ B(a, b, c).

Lemma 7. Fix a, b, c and r ≥ 0. For (A,B) ∈ B(a, b, c), if a ≤ b, then

fr(a+ c)fr(b) ≤ xr(A,B) ≤ (a+ c)!(b+ c)!/c!

Otherwise if a > b, then

fr(b+ c)fr(a) ≤ xr(A,B) ≤ (a+ c)!(b+ c)!/c!.

Proof:
For a fixed a, b, c and r, xr(A,B) will reach its minimum value over B(a, b, c) when the product in

the denominator is maximized in the right hand side of (14). The denominator of xr(A,B) is maximized
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when every index inA∩B is less than every index inA∪B \A∩B soA∩B = {a1 = b1, · · · , ac = bc}.
In this case for a ≤ b the denominator of the right hand side of (14) is given by

c∏
i=1

min(r, b+ i) = fr(b+ c)/fr(b)

and
xr(A,B) = fr(a+ c)fr(b).

Otherwise for a > b

xr(A,B) = fr(b+ c)fr(a).

For the other direction xr(A,B) is maximized when the denominator in the right-hand side of (14) is
minimized. This occurs when every index in A ∩B is greater than every index in A ∪B \A ∩B. In this
case,

xr(A,B) =
fr(a+ c)fr(b+ c)

fr(c)
≤ (a+ c)!(b+ c)!

c!
. (15)

These bounds on xr(A,B) will give us bounds on Eα[D2]. Let Vr = 1 +
∑∞
j=1D

(r)
j . For a fixed set

of indices A ∈ Z+ let 1A(W ) denote the indicator function that is 1 if WA is complete and 0 if WA is not
complete or A is not a subset of indices of W . Then

Vr =
∑
A⊂Z+

1A(W )

with limr→∞ Vr = D. We also have

V 2
r =

∑
(A,B)⊂Z2

+

1A(W )1B(W )

=
∑
a,b,c

∑
B(a,b,c)

1A(W )1B(W )

=
∑

a,b,c,m

∑
B(a,b,c,m)

1A(W )1B(W )1|W |=a+b+c+m.

For a fixed pair (A,B) ∈ B(a, b, c,m), using Lemma 5 we have

Eα,r[1A(W )1B(W )1{|W |=a+b+c+m}]

=
∑

u∈χr(A,B)

Pα,r ({WA∪B = u} ∩ {|W | = a+ b+ c+m})

=
1

(a+ b+ c+m)!
e−αrαa+b+c+mrmxr(A,B). (16)
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The value of xr(A,B) depends on (A,B) but the upper and lower bounds from Lemma 7 only depend
on a, b, and c. Thus we have bounds of (16) that are uniform for all (A,B) ∈ B(a, b, c,m). For each m
the size of B(a, b, c,m) is

(
a+b+c+m
a,b,c,m

)
= (a+b+c+m)!

a!b!c!m! . Thus∑
B(a,b,c,m)

Eα,r
[
1A(W )1B(W )1|W |=a+b+c+m

]
≥ αa+b+c

a!b!c!
fr(max(a, b) + c)fr(min(a, b))

1

m!
(αr)me−αr (17)

Summing over m ≥ 0 in (17) gives the lower bound∑
B(a,b,c)

Eα,r [1A(W )1B(W )] ≥ αa+b+c

a!b!c!
fr(min(a, b) + c)fr(max(a, b)). (18)

Similarly for the upper bound we have∑
B(a,b,c)

Eα,r [1A(W )1B(W )] ≤ αa+b+c
(
a+ c

c

)(
b+ c

c

)
. (19)

Proof of Theorem 3:
In this section we make repeated use of the identity∑

n≥0

(
n+ k

n

)
xn =

1

(1− x)k+1
.

See Wilf (2006) for a variety of similar identities.
By Fatou’s Lemma limr→∞Eα,r[V

2
r ] ≤ Eα[limr→∞ V 2

r ] = Eα[D2] so

lim
r→∞

∑
a<b,c

αa+b+c

a!b!c!
fr(min(a, b) + c)fr(max(a, b)) ≤

∑
0≤a<b,0≤c

(
a+ c

a

)
αa+b+c (20)

≤ Eα[ lim
r→∞

V 2
r ]

= Eα[D2].

The right hand side of (20) can be simplified further. Suppose 1/2 < α < 1. Then∑
0≤a<b,0≤c

(
a+ c

c

)
αa+b+c =

∑
0≤a<b

αb

1− α

(
α

(1− α)

)a
(21)

=
1

2α− 1

∑
b>0

αb

((
α

1− α

)b
− 1

)
(22)

=
1

2α− 1

∑
b>0

(
α2

1− α

)b
− αb. (23)
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There is an issue when α = 1/2 in (22) and (23). But in this case α
1−α = 1 in (21), so (22) becomes∑

b≥0
bαb

1−α , which is finite. Otherwise (23) diverges precisely when α2/(1 − α) ≥ 1 which occurs if
(
√

5− 1)/2 ≤ α < 1. For the other direction we have

Eα[D2] = Eα[ lim
r→∞

V 2
r ]

≤
∑

a,b,c≥0

(
a+ c

c

)(
b+ c

c

)
αa+b+c

=
∑
b,c≥0

(
b+ c

c

)
αb+c

(1− α)c+1

=
1

(1− α)2

∑
c≥0

(
α

(1− α)2

)c
(24)

The last line (24) converges when α/(1− α)2 < 1, which occurs when 0 < α < (3−
√

5)/2.

As α increases from (3 −
√

5)/2 to (
√

5− 1)/2 a phase transition occurs where Eα[D2] becomes
infinite. With a more precise analysis of the size of xr(A,B) that depends more closely on the relative
order of A and B, one might be able to obtain the exact location where this phase transition occurs.
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In this article we consider square permutations, a natural subclass of permutations that can be defined in terms of
either geometric conditions or pattern avoidance, and convex permutominoes, a related subclass of polyominoes.
While these two classes of objects arise independently in various contexts, they play a natural role in the description
of certain random horizontal and vertical convex grid configurations.

We propose a common approach to the enumeration of these two classes of objets that allows us to explain the known
common form of their generating functions, and to derive new refined formulas and linear time random generation
algorithms for these objects and the associated grid configurations.

Keywords: Bijection; Encoding; Enumeration; Random sampling

1 Introduction
Square permutations and convex permutominoes are natural subclasses of permutations and polyominoes
that were introduced independently in the last ten years and have been shown to enjoy remarkably simple
and similar enumerative formulas: their respective generating functions Sq(t) and Cp(t) with respect to
the size are

Sq(t) =
t2

1− 4t

(
2 +

2t

1− 4t

)
− 4t3

(1− 4t)3/2
(1)

Cp(t) =
t2

1− 4t

(
2 +

2t

1− 4t

)
− t2

(1− 4t)3/2
(2)

Equivalently, the number Sqn of square permutations with n points and the number Cpn of convex per-
mutominoes with size n are respectively

(n+ 2) 22n−5 − 4(2n− 5)

(
2n− 6

n− 3

)
(n+ 2) 22n−5 − (2n− 3)

(
2n− 4

n− 2

)
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These results were first obtained by Mansour and Severini [9] for Sq(t), then recovered by Duchi
and Poulalhon [8] and by Albert et al [1], while for Cp(t) they were first obtained by Boldi et al [3]
and, independently, by Disanto et al [7]. Known proofs of these formulas rely on writing recursive
decompositions resulting into linear equations with one catalytic variable that can be easily solved via
the kernel method. An explicit connection between the two classes of objects was obtained by Bernini et
al [2], resulting in a composition relation of the formCp(t) = ISq(t, 2) where ISq(t, u) is the generating
function of certain indecomposable square permutations counted by their size and number of free fixed
points (see Section 2 for definitions and precise statements).

While relatively simple, none of these known proofs explain, as far as we know, the common shape of
the formulas, nor its particular form as a difference between an asymptotically dominant rational term and
a simple subdominant algebraic term.

By introducing an injective encoding of square permutations and of convex permutominoes into a same
class of marked wordsM, we provide here an explanation of the common form of the two formulas and
generalize them to take into account natural parameters extending the Narayana refinement for Catalan
numbers.

The rest of the paper is organized as follows. In Section 2 we provide an original motivation for the
definitions of convex permutominoes and square permutations. In Section 3 we first present our encoding
and introduce the announced class of marked words M containing the code words and interpreting the
rational part of the formula. We then state our main results and some consequences for random generation.
The remaining sections are dedicated to the proofs of the results: In Section 4 and Section 5 and Section 6
we describe the subsets of words ofM which do not encode square permutations, indecomposable square
permutations, and convex permutominoes respectively. This allows to conclude the proof of the results
stated in Section 3.

2 Definitions and motivations
2.1 Square permutations
Let S be a set of points in the plane. A point of S is a upper-right record if there is no point in S that is
both over it and to its right. In other terms,

• (x, y) ∈ S is a upper-right record of S if for all (x′, y′) ∈ S, either x′ ≤ x or y′ ≤ y (or both).

One defines similarly upper-left, bottom-left and bottom-right records. Finally a point of S that is a record
in one of these four directions is called a exterior point of S, otherwise it is an interior point.

In the rest of the paper we identify a permutation σ of the set {1, . . . , n} with its geometric representa-
tion, the set of points R(σ) = {(i, σ(i)) | i = 1, . . . , n}. In particular for simplicity, the point σ(i) of the
permutation σ stands for the point (i, σ(i)) of the geometric representation of the permutation σ.

Observe that the records of R(σ) correspond to the records of σ in the usual combinatorial sense:
upper-right records of R(σ) are right-left maxima of σ, bottom-right records are right-left minima, and so
on for other types of records.

Then we have the following definition (see Figure 1):

• A permutation is a square permutation if its geometric representation has no interior point.

The terminology square permutation arises from the following path representation: given a permutation,
connect the successive upper-left records from left to right to form the left-upper path of σ, and define
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(a) (b) (c) (d)

Fig. 1: (a) The square permutation 3, 5, 4, 1, 2. (b) A square permutation with an upper-left record which is also a
bottom-right record. (c) A square permutation with an upper-right record which is also a bottom-left record. (d) A
permutation that is not square.

(a) (b)

Fig. 2: (a) A triangular permutation. (b) A parallel permutation.

accordingly the right-upper path, right-lower path and left-lower path. Then an equivalent definition is the
following:

• A square permutation is a permutation such that each point belongs to the left-upper, right-upper,
right-lower or right-upper path.

The following two subclasses of square permutations play an important role in our approach:

• A triangular permutation is a square permutation such that each point belongs either to the left-
upper path, the right-upper path, or the right-lower path (see Figure 2 (a)).

• A parallel permutation is a square permutation such that all points belong to the left-upper or the
right-lower path (see Figure 2 (b)).

The size of a permutation is its number of points. We let Sq denote the class of square permutations
and Sqn denote the number of square permutations of size n. We let T denote the class of triangular
permutations and Tn denote the number of triangular permutations of size n. We let P denote the class of
parallel permutations and Pn denote the number of parallel permutations of size n.

Remark 1 We would like to point out that:
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• Square permutations can be characterized in terms of pattern avoidance, in particular Waton
proved [10] that they are all the permutations avoiding the following sixteen patterns of length
five: {

14325 14352 15324 15342 24315 24351 25314 25341
41325 41352 42315 42351 51324 51342 52314 52341

}
• Triangular permutations are all the permutations avoiding the following four patterns of length

four: {
3214 3241 4213 4231

}
• Parallel permutations are permutations avoiding 321, indeed they can be seen as two interleaved

increasing sequences of points.

2.2 Convex permutominoes
Like for square permutations, we use an approach in terms of points in the plane to introduce convexity
in the context of self-avoiding polygons:

• A closed self-avoiding walk on the square lattice is a convex polygon if, as set of points, it has no
interior point.

This notion of convexity for polygon is equivalent to the one used in the context of polyomino enumeration
(see [5], and more precisely [6] for convex polygons).

The turnpoints of a polygon on the square lattice are the vertices of the lattice at which the underlying
walk changes direction. The sides of a polygon are the sequences of steps between turnpoints: any
polygon on the square lattice has the same number of sides and turnpoints and they are both even. The
upper walk of a convex polygon is the sub-walk of the polygon starting from the highest of its leftmost
points with a horizontal step and ending at the highest of its rightmost points with a horizontal step. An
upper side of a polygon is a horizontal side that belongs to the upper walk of the polygon. One defines
similarly the left walk and the left sides of a polygon.

We are interested in the subclass of polygons that are “generic” in the sense that they do not have two
sides in the same column or line, and “reduced” in the sense that each line or column that they intersect
contains a side:

• A polygon P on the square lattice is a permutomino of size n if each line of abscissa or ordinate i
contains exactly one side of P for i = 0, . . . , n.

Finally a convex permutomino is a permutomino which is convex (see Figure 3). Equivalently:

• A convex permutomino is a permutomino such that each point of the underlying walk is a record.

In fact it is clearly enough to check that each turnpoint is a record. As for square permutations, two
subclasses of convex polygons will be of particular interest:

• A directed convex permutomino is a permutomino such that each turnpoint is either a left-upper, a
right-upper, or a right-lower record (see Figure 4 (a)).

• A parallelogram permutomino is a permutomino such that each turnpoint is either a left-upper or a
right-lower record (see Figure 4 (b)).
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(a) (b) (c)

Fig. 3: (a) A convex permutomino of size 7. (b) A permutomino that is not convex. (c) A convex polygon that is not
a permutomino.

(a) (b)

Fig. 4: (a) a directed convex permutomino; (b) a parallelogram permutomino.

Remark 2 We would like to point out that permutominoes can be viewed as collections of unit squares
lattice cells glued together such that the interior is connected, that is, they are a subclass of polyominoes.

We let Cp denote the class of convex permutominoes and Cpn the number of convex permutominoes of size
n. We let Dp denote the class of directed convex permutominoes and Dpn denote the number of directed
convex permutominoes of size n. We let Pp be the class of parallelogram permutominoes and Ppn the
number of parallelogram permutominoes of size n. Finally, we let Dp(t) and Pp(t) denote respectively
the generating functions of triangular and parallelogram permutominoes.

Square permutations versus convex permutominoes It is known that, besides the similarities between
Formulas (1) and (2) for square permutations and convex permutominoes, the parallel between these two
classes extends also to their subclasses. In particular, we have that:

T (t) = B(t) and Dp(t) =
B(t)

2
where B(t) =

1√
1− 4t

is the generating function of central binomial coefficients, and

P (t) = Pp(t) = C(t) where C(t) =
1− 2t−

√
1− 4t

2t

is the generating function of Catalan numbers.

2.3 A link with random grid configurations.
The relevance of the number Sqn of square permutations andCpn of convex permutominoes is highlighted
by the following propositions (see Figure 5):
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(a) (b)

Fig. 5: (a) A set of 6 exterior points on a grid of size M ×N . (b) A convex polygon with 12 turnpoints on a grid of
size M ×N .

Proposition 3 The number EM,N (n) of configurations of n exterior points on a M ×N grid satisfies

EM,N (n) ∼
M,N→∞

Sqn ·
(
M

n

)(
N

n

)
.

Proof: Observe that the probability to have a non generic configuration, that is a configuration with two
or more points belonging to the same column or row, goes to 0. Indeed M and N tends to infinity unlike
the number of points n. Given a generic configuration of n exterior points on a grid M × N it can be
uniquely decomposed into a square permutation giving its reduced shape and a selection of n of the N
columns and n of the M rows that are used by the points. 2

A similar result holds for convex polygons on the square lattice with a fixed number of turnpoints.

Proposition 4 The number CM,N (n) of convex polygons with 2n turnpoints on a M ×N grid satisfies

CM,N (n) ∼
M,N→∞

Cpn ·
(
M

n

)(
N

n

)
.

Proof: Observe that the probability to have a non generic polygon, with two or more turnpoints belonging
to the same column or row, goes to 0. Indeed M and N tends to infinity unlike the number of turnpoints
n. Given a generic convex polygon it can be uniquely decomposed into a convex permutomino giving its
reduced shape and a selection of n of the N columns and n of the M rows that are used by the turnpoints.
2

2.4 Convex permutominoes and colored square permutations
A permutation σ of {1, . . . , n} is decomposable if there exist two permutations π of {1, . . . , k} and π′ of
{1, . . . , `} with k + ` = n such that σ in vector notation is the permutation π1, π2, . . . , πk, π′1 + k, π′2 +
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(b)(a)

Fig. 6: (a) A permutomino and its corresponding square permutation with a colored fixed point (represented with a
little square). (b) A permutomino and its corresponding square permutation with a non-colored fixed point.

k, . . . , π′` + k. It is co-decomposable if there exist two permutations π of {1, . . . , k} and π′ of {1, . . . , `}
with k + ` = n such that σ is the permutation π1 + `, π2 + `, . . . , πk + `, π′1, π

′
2, . . . , π

′
`. A permutation

is indecomposable if it is not decomposable, co-indecomposable if it is not co-decomposable, and fully
indecomposable if it is both indecomposable and co-indecomposable.

A fixed point of a permutation σ is an entry i such that σ(i) = i. It is a free fixed point if the corre-
sponding point is not a bottom-left or upper-right record. Let f(σ) denote the number of free fixed points
of σ.

A colored permutation is a permutation with a (possibly empty) subset of its free fixed points that are
colored. In particular a colored square permutation is a colored permutation whose underlying permu-
tation is square, and we identify standard permutations with colored permutations without colored fixed
point.

Theorem 5 (Bernini et al [2]) There is a bijection φ between

• convex permutominoes of size n, and

• colored square permutations of size n that are co-indecomposable.

To obtain the colored permutation associated to a convex permutomino P , one should first color the
bottom turnpoint on the leftmost edge of P in black, and then alternatively color all other turnpoints of
P in white or black, following the boundary of P in clockwise order, so that adjacent turnpoints have
different colors. Then φ(P ) is the permutation represented by black points, with fixed points that belong
to the upper walk of P as colored fixed points (resp. belonging to the lower boundary of P as non-colored
fixed points). See an example in Figure 6.

As announced in the introduction, this theorem leads to a relation between the generating function of
convex permutominoes with respect to the size and the generating function of co-indecomposable square
permutations with respect to the size and number of free fixed points. However, this relation does not
explain the similarity between Formulas (1) and (2).
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`

Y

Y

R
L
R
L

L

X D D U U U U X

L

Y

Y

L
`
L
L

R

X D D U U U U X U U U XX U U U D X

Fig. 7: Two square permutations of size 8 whose marked biwords are re-
spectively (X,Y )(D,L)(D,L)(U,L)(U,R)(U,L)(U,R)(X,Y ) with m = 3 and
(X,Y )(U,R)(U,L)(U,L)(U,L)(U,L)(D,L)(X,Y ) with m = 6.

3 Main results
3.1 The horizontal-vertical encoding
We now define the horizontal-vertical encoding of a colored square permutation. We will later study this
encoding for three subsets of colored square permutations: square permutations (that is, colored square
permutations without colored points), indecomposable square permutations, and colored co-indecomposable
square permutations (which are in bijection with convex permutominoes as previously discussed).

Let us say that a point (x, y) in a set S is an upper point if it is a upper-left or a upper-right record of
S, and it is a left point if it is a upper-left or bottom-left record of S. Given a colored permutation σ, we
denote by H(σ) = Xu2 . . . un−1X the horizontal profile of σ, where

ui =

{
U, if σ(i) is an upper point that is not colored;
D, otherwise

with i ∈ {2, . . . , n− 1}, and the letter X codes for the horizontal projection of extremal points of σ, and
we denote by V (σ) = Y v2 . . . vn−1Y the vertical profile of σ, where

vj =

{
L, if (σ−1(j), j) is a left point that is not colored;
R, otherwise;

with j ∈ {2, . . . , n− 1}, and the letter Y codes for the vertical projection of extremal points of σ.
Finally let the code of a permutation σ be the triple (H(σ), V (σ), σ(1)): we will see later that the

encoding σ 7→ (H(σ), V (σ), σ(1)) is indeed injective for the families of permutations we are interested
in.

In order to state our results let us consider the following set of words: Let W = A∗ denote the set
of (bi)words on the alphabet A = {U,D} × {L,R}, and letM denote the set of marked words (w,m)
consisting of

• a word w = (u1, v1) · · · (un, vn) ∈ {(X,Y )} · W · {(X,Y )}

• and a mark m with 1 ≤ m ≤ n and vm ∈ {L, Y }.
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Observe then that the triple (H(σ), V (σ), σ(1)) can alternatively be viewed as a marked biword (w,m)
ofW by taking w = (X,Y )(u2, v2) . . . (un−1, vn−1)(X,Y ) and m = σ(1) where, by construction, the
mark m is on a letter L or X of the vertical profile (see Figure 7 for an example, where the marked letter
L is represented by `).

The main contribution of this paper is to prove that the above horizontal/vertical encoding of square per-
mutations and of convex permutominoes by words ofM, is injective and to describe the complementary
sets of non-coding words, that is, the elements ofM that are not codewords in both cases:

Theorem 6 The horizontal/vertical encoding defines bijections

Sq ≡M − T ↙ · {(D,L), (D,R)} · W · {(X,Y )} − T ↖ · {(U,R), (D,L)} · W · {(X,Y )}

Cp ≡M − D↙ · {(D,L)} · W · {(X,Y )} − D↖+ · W · {(X,Y )}

where T ↙ and T ↖ are languages encoding variants of triangular permutations (namely permutations ob-
tained from triangular permutations by a 180o or 90o rotation respectively), while D↙ and D↖+ are lan-
guages encoding variants of directed convex permutominoes (namely permutations obtained respectively
from colored triangular permutations by a 180o rotation or from indecomposable triangular permutations
by a 90o rotation respectively).

3.2 Enumerative consequences and random sampling
Let now M(t;x, y) and W (t;x, y) be respectively the generating functions ofM andW with respect to
the length (var. t), number of U and X (var. x) and number of L and Y (var. y). Then

W (t;x, y) =
1

(1− (1 + x)(1 + y)t)

and, upon dealing separately with the case m ∈ {1, n} where the mark is on a letter Y from the case
1 < m < n where the mark is on a letter L, we have that

M(t;x, y) = 2 · txy ·W (t;x, y) · txy + (txy) ·W (t;x, y) · t(1 + x)y ·W (t;x, y) · txy.

In particular M(t, 1, 1) gives an a priori unrelated combinatorial interpretation of the dominant rational
term in Formula (1) and (2) since

W (t; 1, 1) =
1

1− 4t
and M(t; 1, 1) =

t2

1− 4t

(
2 +

2t

1− 4t

)
.

From Theorem 6 it already appears that the two sets of words that do not encode objects belonging to
Sq and to Cp according to their horizontal/vertical encoding, that we call non-coding words for Sq and for
Cp, have a similar structure. In fact the analogy between the two results goes further since the languages
T ↙ and T ↖, D↙, D↖+ have essentially the same univariate generating functions:

T↙(t) = T↖(t) = (2D↙(t) + 1)t = 2D↖+(t)− t = t√
1− 4t

(3)
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and these results together with Theorem 6 immediately imply Formulas (1) and (2).
The evaluations (3) can be obtained from algebraic decompositions of the respective classes of objects,

but we choose also to obtain them by re-using the same horizontal/vertical encoding to relate all these four
generating functions to the generating series N(t;x, y) of Narayana numbers, defined by the equation

N(t;x, y) = t · (1 + xN(t;x, y))(1 + yN(t;x, y)).

From this analysis we obtain the refinements of Formulas (1) and (2):

Corollary 7 Let Sq(t, x, y) be the generating function of square permutations with respect to the size (t),
the number of upper points (x) and the number of left points (y), and let Cp(t;x, y) be the generating
function of convex permutominoes with respect to the size (t), the number of upper sides (x) and the
number of left sides (y). Then

Sq(t;x, y) =M(t;x, y)− T̃↙(t, x, y) · t · (y + 1) ·W (t, x, y) · txy
− T↖(t, x, y) · t · (x+ y) ·W (t, x, y) · txy

Cp(t;x, y) =M(t;x, y)− D↙(t, x, y) · t · y ·W (t, x, y) · txy
− D↖+(t, x, y) ·W (t, x, y) · txy

where the auxiliary series are explicit rational functions of x, y and the Narayana function evaluations
N(t;x, y) and N(t;xy, 1). In particular

T↖(t;x, y) =
xyN(t;x, y)

(1− xyN(t;x, y))(1 + (x+ y − xy)N(t;x, y))

T̃↙(t;x, y) =
xyN(t;xy, 1)

(1− yN(t;xy, 1))(1 +N(t;xy, 1))
.

Remark 8 Observe that, when specializing x = y = 1, we obtain T̃↙(t; 1, 1) = T↙(t; 1, 1).

In the proof of Theorem 6 we provide a linear time decoding procedure that, given a word inM, outputs
the corresponding square permutation or convex permutomino. Consequently, since Formulas (1)–(2)
immediately imply that Sqn and Cpn behave asymptotically as the number of words of size n inM, we
also have the following corollary:

Corollary 9 There is a random sampling algorithm to generate uniform random square permutations
with n points or uniform random convex permutominoes of size n in expected time linear in n.

This result implies in turn that there is an algorithm to produce in linear time generic random horizontally
and vertically convex configurations of points and self-avoiding polygons on a large grid.

We would like to point out that the properties of large random square permutations are studied by Borga
and Slivken in [4], where they proved that their shape is typically rectangular.

4 A decoding algorithm for square permutations
We first give a detailed description of the decoding algorithm for square permutations (without colors), in
the other cases the decoding algorithm will be similar.



Square permutations and convex permutominoes 11

We already pointed out that the set of triples coding square permutations of size n forms a subset of
M. However, this subset is not easy to describe directly. We provide an algorithmic description via the
following decoding algorithm.

Let us take an element ofM of length n, viewed as a triple (u, v, `). We are going to construct a partial
permutation σ = σ(1) . . . σ(k), with k ≤ n. The idea is to insert each point on the grid from left to right
as long as a compatible decoding is possible. The rules to construct σ depend on the letters of u and v: the
letter L (resp. R, U , D) means that the point of the permutation we are constructing belongs to a left path
(resp. right, lower, upper path) of the corresponding permutation, while the letters X or Y means that this
point is extremal. Then (see Figure 8) :

• Write u (resp. v) along the upper edge (resp. left edge) of the grid n×n starting from the left (resp.
starting from the bottom).

• Start reading the word u: u1 is necessarily an X and it should correspond to the leftmost point of
the permutation. Accordingly insert a point σ(1) in the leftmost column and in row ` (the row of
the marked letter of v).

• Continue reading each letter ui of u, for i ≥ 2:

1. If i = n then insert the point σ(n) in the unique remaining empty row and end the algorithm.

2. If ui = U and we have not yet inserted the highest point of the permutation, then take the first row
j above σ(i− 1) that is labeled with L or Y and insert the point σ(i) = j.

3. If ui = U and we have already inserted the highest point of the permutation, there are two cases:

• if σ(1) . . . σ(i− 1) is contained in the grid (i− 1)× (i− 1) attached to the upper-left corner
of the grid n × n then the insertion is valid only if the row n − i is labeled with L or Y , and
then σ(i) = n− i; otherwise the insertion is invalid and the algorithm stops (see the first case
in Figure 8, where the invalid insertion is represented with a white bullet);

• otherwise take the first row j under σ(i − 1) that is labeled with R or Y and insert the point
σ(i) = j.

4. If ui = D and we have not yet inserted the lowest point of the permutation, then take the first row
j that is labeled with L or Y under σ(i − 1) and insert the point σ(i) = j: if σ(1) . . . σ(i − 1) is
contained in the grid (i− 1)× (i− 1) attached to the upper-left corner of the grid n× n and j = i
then the insertion is invalid and the algorithm stops (see the second case in Figure 8).

5. If ui = D and we have already inserted the lowest point of the permutation, then take the first row
j that is labeled with R or Y above σ(i − 1) and insert the point σ(i) = j: if σ(1) . . . σ(i − 1) is
contained in the grid (i− 1)× (i− 1) attached to the bottom-left corner of the grid n× n then the
insertion is invalid and the algorithm stops (see the third case in Figure 8).

Let us suppose that the algorithm ends after reading i letters of u and v, i ∈ {1, . . . , n}. Then we can
state the following proposition :

Proposition 10 Given an element (w, `) ofM of size n viewed as triple (u, v, `) the algorithm stops and
yields:
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Fig. 8: Four examples of triples (u, v, `), only the fourth represents an encoding of a square permutation.

• (in case of success) a permutation σ(1) . . . σ(n) ∈ Sqn whose code is (w, `), or

• (in Cases 3 and 4 above) a triple (ρ, (ui, vn−i), (u
′′, v′′)), where ρ = Standard(σ(1) . . . σ(i −

1)) ∈ T↖
i−1, with 2 ≤ i ≤ n, is the standardization of σ on {1, . . . , i−1}, i.e., ρl = σ(l)−n+ i−1

with l ∈ {1, . . . , i − 1}, (ui, vn−i) ∈ {(U,R), (D,L)}, and (u′′, v′′) is a pair of words of length
n− i− 1 where u′′ = ui+1 . . . un−1X and v′′ = Y v2 . . . vn−i−1, or

• (in Case 5 above) a triple (ρ, (ui, vi), (u
′′, v′′)), where ρ = σ(1) . . . σ(i − 1) ∈ T↙

i−1 with 2 ≤
i ≤ n, (ui, vi) ∈ {(D,L), (D,R)}, and (u′′, v′′) is a pair of words of length n − i − 1, where
u′′ = ui+1 . . . un−1X and v′′ = vi+1 . . . vn−1Y .

Proof Proof of Proposition 10: By construction the permutation obtained by applying the algorithm is
uniquely determined and it has no interior points. Indeed, the first point σ1 is determined by the marked
letter and Case 2 (resp. 3,4,5) of the previous algorithm uniquely describes the insertion of a point in the
left-upper path (resp. right-upper path, left-lower path, right-lower path) of σ. We just need to prove that
row j in Case 2 (resp. 3, 4, 5) does exist. Suppose that it does not, then for Case 2 (resp. 4) it means that
the point at the row labeled by Y , i.e., the higher (resp. lower) point of the permutation it has already been
inserted, thus contradicting the hypothesis that it has not. For Case 3 (resp. 5) we have two possibilities :

• the lower (resp. higher ) point of the permutation has already been inserted, therefore the leftmost
left-upper and left-lower paths have been constructed, i.e., there is no L row free, thus contradicting
the hypothesis that there is no R or Y row free;

• the lower (resp. higher ) point of the permutation has not been inserted, therefore the lower (resp.
higher) row, labeled by Y , is still free, thus contradicting the hypothesis.

Now we have to distinguish the two ways in which the algorithm can stop :

1. i = n. In this case we obtain by construction a permutation in Sqn and (u, v, `) is the code of σ.

2. i < n. In this case we obtain from the previous algorithm a partial permutation σ of size i− 1 and
a pair of words (u′′, v′′) of length n − i − 2. If the algorithm stops in Case 3 or 4 then the partial
permutation σ of the grid n× n is contained in the grid (i− 1)× (i− 1) on the upper-left corner.
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Since σ is contained in the i−1 upper row, the lowest row has not been touched and the construction
of a right-lower path has not started: ρ = Standard(σ) is a rotated triangular permutation ∈ T↖

i−1.
If the algorithm stops in Case 5, ρ = σ1 . . . σi−1 is directly a permutation of {1, . . . , i − 1} and
similarly as above ρ ∈ T↘

i−1 since the construction of a right-upper path has not started.

2 This yields a bijection corresponding to the first statement in Theorem 6:

M≡ Sq + T ↙ · {(D,L), (D,R)} · W · {(X,Y )} + T ↖ · {(U,R), (D,L)} · W · {(X,Y )}

In turn this bijection implies an equation for refined generating series:

M(t;x, y) = Sq(t;x, y) + T̃↙(t;x, y) · t · (1 + y) ·W (t;x, y) · txy
+ T↖(t;x, y) · t · (x+ y) ·W (t;x, y) · txy

where T̃↙(t;x, y) = (txy)−1T↙
1 (t;x, y) − 1 is a modified version of the bivariate generating series of

south west triangular permutations in which the rightmost point contributes to the parameter x only if it is
maximal, and T↙

1 (t;x, y) denotes the generating series of south west triangular permutations ending with
a maximal point. More generally we use the subscript 1 to indicate that a subset of triangular or parallel
permutations having a unique (extremal) point on the trivial face.

Corollary 11

{(w, n) ∈M} ≡ (•T ↘) + (•P↘)× {(U,R), (D,L)} ×W × {(X,Y )}, (4)

Proof: Indeed, observe that the permutations of T↘ of size n− 1 are exactly the permutations of Sq that
can be obtained from permutations of Sq of size n that start with the maximal value n. Moreover, the
permutations of P↘ of size k − 1 are exactly the permutations that can be obtained from permutations of
T↗ of size k that start with the maximal value. Then by applying Theorem 6 we obtain the result. 2

Consequently,

txy ·W (t;x, y) · txy = (T↘
1 (t;x, y)− txy) + P↘

1 (t;x, y) · t(x+ y) ·W (t;x, y) · txy. (5)

These relations are enough to compute the univariate generating functions (with x = y = 1): indeed
by symmetry of the various classes of triangular permutations and by knowing that P↘ are counted by
Catalan numbers we directly obtain a proof of Formula 1.

In order to obtain the refined generating series a bit more information is necessary because the four
symmetry classes of triangular permutations have different refined generating series: the symmetry along
the co-diagonal exchanges the parameter counted by x and y, so that T↘

1 (t;x, y) = T↘
1 (t; y, x) and

T↖
1 (t;x, y) = T↖

1 (t; y, x) while T↗
1 (t;x, y) = T↙

1 (t; y, x), but symmetries do not imply such direct
relations between these three classes of series.

Forcing the initial point to be in row one yields a second equation that allows to compute the refined
generating series T↗

1 (t;x, y) (and T↙
1 (t;x, y)):

Corollary 12

{(w, 1) ∈M} ≡ (•T ↗) + (•P↗)× {(D,L), (D,R)} ×W × {(X,Y )}, (6)
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Consequently,

txy ·W (t;x, y) · txy = (T↗
1 (t;x, y)− txy) + P̃↗

1 (t;x, y) · t(1 + y) ·W (t;x, y) · txy, (7)

where P̃↗
1 (t;x, y) = P̃↘

1 (t;xy, 1).
However, the approach has to be modified in order to deal with the last series T↖(x, y): by symmetry

with respect to the main diagonal this amounts to counting elements of T ↘ with respect to the number
of bottom points and right points; however note that it is not possible to simply change the encoding into
D for lower points and R for right points while keeping the left to right decoding procedure because the
later becomes ambiguous. Instead one can rely on the fact that T ↖ can be described in terms of P↖ and
the set C↖ of co-indecomposable elements of T ↖, and similarly for T ↘

1 and C↘: more precisely we have

T ↖ ≡ C↖ × (1 + P↖), T ↘
1 ≡ •+ P

↘
1 × C↘. (8)

These decompositions yield the refined identities:

T↖(t;x, y) = C↖(t;x, y)(1 + P̃↖(t;x, y)) = C↖(t;x, y)P↘
1 (t;x, y) (9)

T↘
1 (t;x, y) = txy + P↘

1 (t;x, y)C̃↘(t;x, y) (10)

Then due to the fact that co-indecomposable permutations have no points that are simultaneously upper
and left points, apart from their uppermost and leftmost points (which are distinct), we haveC↖(t;x, y) =

C̃↘(txy; 1
y ,

1
x )xy.

As a conclusion,

T↖(t;x, y) = P↘
1 (t;x, y)

T↘
1 (txy, 1y ,

1
x )xy − txy

P↘
1 (txy, 1y ,

1
x )

In order to finish the computation we need to identify the various refinements of the Catalan generating
series. Let N(t;x, y) be the Narayana generating series, the unique formal power series solution of the
equation

N(t;x, y) = t(1 + xN(t;x, y))(1 + yN(t;x, y)).

Then

P↖
1 (t;x, y) =

xyN(t;x, y)

1 + (x+ y − xy)N(t;x, y)
.

Observe also thatN(txy, 1y ,
1
x ) = xyN(t;x, y) so that P̃↗

1 (t;x, y) = P↖
1 (t;xy, 1) = txy(1+xyN(t;xy, 1)),

so that all expressions are rational in terms of x, y, N(t;x, y) and N(t;xy, 1).
In particular we obtain that

T↖(t;x, y) =
xyN(t;x, y)

(1− xyN(t;x, y))(1 + (x+ y + xy)N(t;x, y))
(11)

T̃↙(t;x, y) =
xyN(t;xy, 1)

(1− yN(t;xy, 1))(1 +N(t;xy, 1))
(12)

which together with

Sq(t;x, y) =M(t;x, y) − T̃↙(t;x, y) · t · (1 + y) ·W (t;x, y) · txy
− T↖(t;x, y) · t · (x+ y) ·W (t;x, y) · txy



Square permutations and convex permutominoes 15

Y

L

R

L

R

`

R

L

R

Y

Y

L

`

R

L

L

L

L

R

Y

Y
L

R

L

L

L

`

R

L

Y

X U D U D U D D U XX U D U U U D D DX X D U D U D D U U X

Fig. 9: Three examples of triples (u, v, `). Only the third one gives a square permutation that is indecomposable and
co-indecomposable.
gives the result.

Corollary 13 Uniform random square permutations can be generated in expected linear time.

Proof: To generate a permutation of size n, one generates triples (u, v, `) from Mn and applies the
decoding algorithm until a square permutation of size n is obtained. Each generation and decoding step
takes linear time in n. The probability of rejection goes to zero as n goes to infinity since it corresponds
to partially decoded permutations that are asymptotically negligible with respect to the total number of
square permutations. 2

5 A decoding algorithm for fully indecomposable square permu-
tations

By using the previous encoding for square permutations we can specialize the bijection of Theorem 6
to the class of indecomposable square permutations, co-indecomposable square permutations or fully
indecomposable square permutations (i.e. square permutations that are both indecomposable and co-
indecomposable). The idea is to adapt the previous decoding algorithm in order to remove triples that
do not correspond to objects of these class: each resulting algorithm is similar to the decoding algorithm
for square permutations, with slightly different stopping conditions. We present here the case of fully
indecomposable square permutations (see Figure 9 for an example):

• in Case 2 above one should stop as soon as σ1 . . . σi−1 is contained in the grid (i − 1) × (i − 1)
attached to the lower-left corner, regardless of the other conditions;

• in Cases 3 and 4 above, one should stop as soon as σ1 . . . σi−1 is contained in the grid (i−1)×(i−1)
attached to the upper-left corner, regardless of the other conditions.

Let F be the class of fully indecomposable square permutations, then from this decoding algorithm we
obtain the following bijection:

M≡ F + C↙ · W · {(X,Y )} + C↖ · W · {(X,Y )}

and consequently the following equation for its refined generating function:

M(t;x, y) = F (t;x, y) + C̃↙(t;x, y) ·W (t;x, y) · txy
+ C↖(t;x, y) ·W (t;x, y) · txy
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Fig. 10: Four examples of triples (u, v, `). The third one and the fourth one belong to the class of colored co-
indecomposable square permutations.

where C̃↙(t;x, y) and C↖(t;x, y) can obtained by Formula (12)–(11) via Equation (9). In particular for
x = y = 1 we see that the (known) can be written in a similar form as Sq(t) and Cp(t):

F (t; 1, 1) =
t2

1− 4t

(
1 +

2t

1− 4t

)
− t2

(1− 4t)3/2

6 The encoding for convex permutominoes and a decoding algo-
rithm

The decoding algorithm for convex permutominoes, viewed as colored co-indecomposable square per-
mutations, is similar to the decoding algorithm for square permutations, with slightly different stopping
conditions (see Figure 10 for an example):

• in Cases 3 and 4 above, one should stop as soon as σ1 . . . σi−1 is contained in the grid (i−1)×(i−1)
attached to the upper-left corner, regardless of the other conditions, to eliminate co-decomposable
permutations;

• in Case 5 above, one should declare the insertion invalid only if j 6= i, to allow for colored fixed
points.

As a result, we obtain the bijection

M ≡ Cp+D↖+ ·W · {(X,Y )}+D↙ · {(D,L)} ·W · {(X,Y )}

where D↙ denotes the subclass of colored permutations that can be obtained from colored square per-
mutations ending with a maximal value by removing this maximal value, and D↖+ denotes the subclass
of co-indecomposable colored permutations that can be obtained from colored co-indecomposable square
permutations ending with a minimal value by removing this last value and standardizing the permutation.

In order to deal with D↖+ and D↙ we use again that the symmetric permutation classes D↘+ and D↗

can be obtained as adapted special cases of the above construction of Cp:

• D↘+, co-indecomposable colored square permutations starting with the maximal value (σ1 = n
for a permutation of size n):

{(w, n) ∈M} ≡ (•D↘+) + (•Q↘+) ·W · {(X,Y )}+ • · {(D,L), (D,R)} ·W · {(X,Y )}
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where Q↘+ denotes the class of permutations obtained from co-indecomposable permutations of
Cp that start with the maximal value and end with the minimal value by removing these extremal
values.

• D↗, colored square permutations starting with the minimal value (σ ∈ Sq s.t. σ1 = 1), are obtained
when the decoding is applied to pairs (w, 1):

{(w, 1) ∈M} ≡ (•D↗) + (•(1 +Q↗)) · {(D,L)} ·W · {(X,Y )}

whereQ↗ denotes the class of permutations that are obtained from colored permutations of Cp that
start with the minimal value and end with the maximal value by removing these extremal values.

Finally the classes Q↘ and Q↗ are again simple variants of the class of permutations avoiding the
pattern 123, that for which various algebraic decompositions or bijective constructions are available.

Generating functions Taking into account the U , X , L and Y s, the above bijection translate into gen-
erating function relations. For convex permutominoes:

M(t;x, y) = Cp(t;x, y) + D̃↙(t;x, y) · ty ·W (t;x, y) · txy
+ D↖+(t;x, y) ·W (t;x, y) · txy.

For the set D↘, and D↗+, the bijection yields

txy ·W (t;x, y) · txy = D↗
1 (t;x, y) +Q↗(t;x, y) · ty ·W (t;x, y) · txy

txy ·W (t;x, y) · txy = D↘
1

+(t;x, y) + txy · t(1 + y) ·W (t;x, y) · txy +Q↘+(t;x, y) ·W (t;x, y) · txy

The rest of the computation is analogous to the case of square permutations using symmetries, and
leads again to a parametrization in terms of the same refined Narayana series N(t;x, y) and N(t;xy, 1).
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Super-strong Wilf equivalence classes of the symmetric group Sn on n letters, with respect to the generalized factor

order, were shown by Hadjiloucas, Michos and Savvidou (2018) to be in bijection with pyramidal sequences of con-

secutive differences. In this article we enumerate the latter by giving recursive formulae in terms of a two-dimensional

analogue of non-interval permutations. As a by-product, we obtain a recursively defined set of representatives of

super-strong Wilf equivalence classes in Sn. We also provide a connection between super-strong Wilf equivalence

and the geometric notion of shift equivalence—originally defined by Fidler, Glasscock, Miceli, Pantone, and Xu

(2018) for words—by showing that an alternate way to characterize super-strong Wilf equivalence for permutations

is by keeping only rigid shifts in the definition of shift equivalence. This allows us to fully describe shift equiva-

lence classes for permutations of size n and enumerate them, answering the corresponding problem posed by Fidler,

Glasscock, Miceli, Pantone, and Xu (2018).

Keywords: Patterns in permutations, generalized factor order, super-strong Wilf equivalence, non-interval permuta-

tions, shift equivalence.

1 Introduction

In this work we continue the study of super-strong Wilf equivalence on permutations in n letters with

respect to the generalized factor order that commenced in Hadjiloucas et al. (2018). S. Kitaev et al. in

Kitaev et al. (2009) referred to this notion originally as strong Wilf equivalence. J. Pantone and V. Vatter

in Pantonel and Vatter (2014) used the term “super-strong Wilf” to distinguish this from a more general

notion they defined and called “strong Wilf equivalence”.

First we recall some notation and definitions from Kitaev et al. (2009) and Hadjiloucas et al. (2018).

Let P and N be the sets of positive and non-negative integers, respectively. For each n,m ∈ N with

m < n we let [m,n] = {m,m + 1, . . . , n} and for each n ∈ P we let [n] = [1, n]. Let P∗ be the set of

words on the alphabet P. Its elements are of the form w = w1w2 · · ·wiwi+1 · · ·wn−1wn, with n ∈ N and

∗Corresponding author.

ISSN 1365–8050 c© 2019 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License

http://arxiv.org/abs/1803.08818v5
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wi ∈ P for i ∈ [n]. The reversal w̃ of w is defined as w̃ = wnwn−1 · · ·wi+1wi · · ·w2w1. If n = 0, then

w is equal to the empty word—which will be denoted by ǫ—whereas if n ∈ P and each letter wi appears

exactly once, w is a permutation on n letters. We let |w| be the length n of the word w, ||w|| be the height

or norm of w defined as ||w|| = w1 + · · ·+ wi + · · ·+ wn and alph(w) be the set of distinct letters of P

that occur in w. The set of all permutations w on n letters such that alph(w) = [n] is denoted by Sn.

Given w, u ∈ P
∗, we say that u is a factor of w if there exist words s, v ∈ P

∗ such that w = suv. If

s = ǫ (resp., v = ǫ) u is called a prefix (resp., suffix) of w. A prefix u of a non-empty word w is called

proper if u 6= w.

Consider the poset (P,≤) with the usual order in P. The generalized factor order on P
∗, introduced

by Kitaev et al. in Kitaev et al. (2009), is the partial order—also denoted by ≤ here—obtained by letting

u ≤ w if and only if there is a factor v of w such that |u| = |v| and ui ≤ vi, for each i ∈ [|u|]. Such a

factor v of w is called an embedding of u in w. If the first element of v is the j-th element of w, then the

index j is called an embedding index of u into w. The embedding index set of u into w, or embedding set

for brevity, is defined as the set of all embedding indices of u into w and is denoted by Em(u,w).

For example, if u = 322 and w = 2343213421, then u ≤ w with embedding factors v = 343, v′ = 432
and v′′ = 342 and corresponding embedding index set Em(u,w) = {2, 3, 7}.

Let now t, x be two commuting indeterminates. The weight of a word w ∈ P
∗ is defined as the

monomial wt(w) = t|w|x||w||. A bijection f : P∗ → P
∗ is called weight-preserving if the weight of w is

preserved under f , i.e., |f(w)| = |w| and ||f(w)|| = ||w||, for every w ∈ P
∗.

Definition 1. ((Kitaev et al., 2009, Section 5)) Two words u, v ∈ P
∗ are called super-strongly Wilf equiv-

alent, denoted u∼ss v, if there exists a weight-preserving bijection f : P∗ → P
∗ such that Em(u,w) =

Em(v, f(w)), for all w ∈ P
∗.

In Hadjiloucas et al. (2018) super-strong Wilf equivalence classes in Sn were fully characterised using

pyramidal sequences of consecutive differences of permutations. The latter are defined as follows.

Definition 2. ((Hadjiloucas et al., 2018, Definition 13)) Let u ∈ Sn and s = s1 · · · si · · · sn = u−1.

For i = n − 1 down to 1 consider the suffix sisi+1 · · · sn−1sn of s and its alphabet set Σi(s) =

alph(sisi+1 · · · sn−1sn) = {s
(i)
i , s

(i)
i+1, . . . , s

(i)
n−1, s

(i)
n }, where s

(i)
i < s

(i)
i+1 < · · · < s

(i)
n−1 < s

(i)
n . We

define ∆i(s) to be the vector of consecutive differences in Σi(s), i.e.,

∆i(s) = (s
(i)
i+1 − s

(i)
i , . . . , s(i)n − s

(i)
n−1).

The sequence

p(s) = (∆1(s),∆2(s), . . . ,∆n−2(s),∆n−1(s))

has a pyramidal form and is called the pyramidal sequence of consecutive differences of s ∈ Sn. For any

u ∈ Sn note that we always obtain ∆1(s) = (1, 1, . . . , 1
︸ ︷︷ ︸

n−1

).

Remark 1. Let u ∈ Sn and s = u−1. The vector ∆i(s) can also be computed directly from u as the vector

of distances between letters in u that are greater than or equal to i, as they appear sequentially in u from

left to right.
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Example 1. Let u = 592738164. Then s = u−1 = 735918462. The pyramidal sequence of differences

for s is the following:

∆8(s) = (4)
∆7(s) = (2, 2)
∆6(s) = (2, 2, 2)
∆5(s) = (1, 2, 2, 2)
∆4(s) = (1, 2, 2, 2, 1)
∆3(s) = (1, 2, 1, 1, 2, 1)
∆2(s) = (1, 1, 1, 1, 1, 2, 1)
∆1(s) = (1, 1, 1, 1, 1, 1, 1, 1)

The main result of Hadjiloucas et al. (2018) is the following.

Theorem 1. ((Hadjiloucas et al., 2018, Theorem 15)) Let n ≥ 2 and u, v ∈ Sn with s = u−1, t = v−1.

Then u∼ssv if and only if p(s) = p(t), i.e., if ∆i(s) = ∆i(t), for each i ∈ [n− 1].

Note that Theorem 1 holds trivially also for n = 1 and that for every u ∈ Sn we always have

∆i(u
−1) = (1, 1, . . . , 1

︸ ︷︷ ︸

n−1

).

To enumerate all super-strong Wilf equivalence classes of Sn it suffices to enumerate all distinct pyrami-

dal sequences of consecutive differences of permutations. In Section 2 the latter are constructed explicitly

starting always from the vector ∆1 = (1, 1, . . . , 1
︸ ︷︷ ︸

n−1

) and using three basic rules for the transition from ∆i

to ∆i+1, namely either by adding up two consecutive entries of the vector ∆i or by deleting the leftmost

(resp., the rightmost) entry of ∆i. If ∆i is periodic, i.e., of the form (d, d, . . . , d
︸ ︷︷ ︸

n−i

), for some d ∈ P, dele-

tion from the left or from the right has the same effect and this makes direct enumeration of pyramidal

sequences problematic.

In Section 3 we overcome this difficulty by defining trapezoidal sequences of consecutive differences as

the sequences (∆1, . . . ,∆i+1) of the first i+1 vectors of the corresponding pyramidal structures such that

∆i+1 is the only periodic vector, except from ∆1. It turns out that trapezoidal sequences can be encoded

by certain prefixes of length i of permutations in n letters and the latter are enumerated recursively in

Section 4 (see Theorem 4). Having enumerated trapezoidal sequences of differences it is not so hard

to finally enumerate pyramidal sequences of differences and therefore super-strong Wilf equivalences

of permutations (see Theorem 2). We are also able to construct recursively a set of representatives of

super-strong Wilf equivalence classes using the aforementioned prefixes of permutations (see Corollary

1). Using similar arguments we also recursively enumerate all super-strong Wilf equivalence classes of a

given cardinality (see Theorem 3).

Finally, in Section 5 we establish the connection between super-strong Wilf equivalence and shift equiv-

alence, for permutations. We prove that two permutations are super-strongly Wilf equivalent if and only

if they are shift equivalent using only rigid shifts and not reversals (see Proposition 4). This allows us

to describe fully the shift equivalence classes of permutations (see Theorem 5) and finally enumerate

them (Corollary 2). The latter answers the exact enumeration problem of shift equivalence classes for

permutations, posed in (Fidler et al., 2018, §5).
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2 Pyramidal sequences of vectors

Observing the way pyramidal sequences of consecutive differences of a permutation are constructed, we

can see that the transition between ∆i and ∆i+1 follows one of three simple steps (see (Hadjiloucas et al.,

2018, Lemma 17)), namely: add up two consecutive entries of ∆i; delete the leftmost entry of ∆i; delete

the rightmost entry of ∆i.

To enumerate such structures it is more convenient to leave aside their connections to permutations and

focus on these simple rules that can indeed construct all possible pyramidal sequences of this type.

Definition 3. A pyramidal sequence of vectors is a sequence of the form

p = (∆1, . . . ,∆i,∆i+1, . . . ,∆n−1),

where each ∆i is a sequence of n − i positive integers such that ∆1 = (1, 1, . . . , 1
︸ ︷︷ ︸

n−1

) and if ∆i =

(d1, d2, . . . , dn−i−1, dn−i) we have the following three options for ∆i+1:

∆i+1 =







(d1, . . . , dk−1, dk + dk+1, dk+2, . . . , dn−i), for some k ∈ [n− i− 1], or

(d2, . . . , dn−i−1, dn−i), or

(d1, d2, . . . , dn−i−1).

It is important to note that if ∆i = (d, d, . . . , d
︸ ︷︷ ︸

n−i

) for some d ∈ P, the second and third options coincide.

Let Πn denote the set of all pyramidal sequences of the above form.

Lemma 1. Given a permutation u ∈ Sn, its pyramidal sequence p(u−1) lies in Πn.

Proof: Following the notation of Definition 2 there are three distinct cases to consider for the transition

from ∆i(s) to ∆i−1(s). If si−1 < s
(i)
i , then the difference s

(i)
i − si−1 will be added at the left of ∆i(s).

If si−1 > s
(i)
n , then the difference si−1 − s

(i)
n will be added at the right of ∆i(s). Finally, if there exists

an index k such that s
(i)
k < si−1 < s

(i)
k+1, then the difference s

(i)
k+1 − s

(i)
k in ∆i(s) will break up into the

two summands si−1 − s
(i)
k and s

(i)
k+1 − si−1 in ∆i−1(s).

For the converse, we have the following construction.

Lemma 2. Given an element p ∈ Πn, there exists u ∈ Sn such that p = p(u−1).

Proof: In view of Remark 1, we construct such a permutation recursively, using the connection between

∆i+1 and ∆i in each step. We start from letters n and n − 1 and place them in distance d, where

∆n−1 = (d). There are two options for this. We choose the one with n− 1 on the left.

Let ∆i = (d1, d2, . . . , dn−i−1, dn−i) and suppose, by induction, that all letters greater than i are

placed in the word and their distances agree with ∆i+1. In view of Definition 3, there are three options

for the transition from ∆i to ∆i+1. If the k-th coordinate in ∆i+1 is equal to dk + dk+1, then letter i is

placed in distance d1 + d2 + · · · + dk−1 + dk to the right of the leftmost letter of the previous step. If

∆i+1 = (d2, . . . , dn−i) (resp., ∆i+1 = (d1, . . . , dn−i−1)), then letter i is placed in distance d1 (resp.,

dn−i) to the left of the leftmost (resp., to the right of the rightmost) letter of the previous step.
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Throughout this step-by-step construction, we have either one or two choices for the placement of each

new letter. The latter occurs only on transitions from ∆i = (d, d, . . . , d
︸ ︷︷ ︸

n−i

) to ∆i+1 = (d, d, . . . , d
︸ ︷︷ ︸

n−i−1

). In this

case we choose again to place letter i at distance d to the left of the leftmost letter of the previous step.

Remark 2. The above proof is an alternative way to show that the cardinality of each super-strong Wilf

equivalence class of permutations is equal to 2j for some j. This had been shown with a more technical and

difficult proof using the notion of cross equivalence in (Hadjiloucas et al., 2018, Corollary 27). Moreover,

it is evident that the exponent j is equal to the number of transitions from ∆i = (d, d, . . . , d
︸ ︷︷ ︸

n−i

) to ∆i+1 =

(d, d, . . . , d
︸ ︷︷ ︸

n−i−1

), for i ∈ [n − 1]. Note that by convention ∆n is the empty vector, so there is always such a

transition from ∆n−1 to ∆n.

We demonstrate the above construction by way of an example.

Example 2. (cf. (Hadjiloucas et al., 2018, Example 18))

Consider the pyramidal sequence of vectors appearing in Example 1. Following the steps described in

Lemma 2, one possible construction for u is shown in the following diagram, where the symbol ◦ is

used to represent smaller letters than the ones appearing in every step—which are shown inside a box

here—and each sequence below an under brace denotes the corresponding vector ∆i.

8 ◦ ◦ ◦ 9
︸ ︷︷ ︸

4

→ 8 ◦ 7 ◦ 9
︸ ︷︷ ︸

2 2

→ 6 ◦ 8 ◦ 7 ◦ 9
︸ ︷︷ ︸

2 2 2

→ 5 6 ◦ 8 ◦ 7 ◦ 9
︸ ︷︷ ︸

1 2 2 2

→ 5 6 ◦ 8 ◦ 7 ◦ 9 4
︸ ︷︷ ︸

1 2 2 2 1

→ 5 6 ◦ 8 3 7 ◦ 9 4
︸ ︷︷ ︸

1 2 1 1 2 1

→ 5 6 2 8 3 7 ◦ 9 4
︸ ︷︷ ︸

1 1 1 1 1 2 1

→ 5 6 2 8 3 7 1 9 4
︸ ︷︷ ︸

1 1 1 1 1 1 1 1

= u.

Remark 3. It is helpful to view Definition 3 in the following way. Suppose that we originally have n walls

which define n − 1 chambers with one ball in each one of them. This is precisely the situation in ∆1.

Then at each step, the transition from ∆i to ∆i+1 can be visualized by the removal of some wall. If this

wall is internal, the balls at its left and right chambers will all be concentrated at one unified chamber. On

the other hand, if this wall is external, all corresponding balls to its left (if it is a right wall) or to its right

(if it is a left one) will be removed. This combinatorial game ends when only two walls, i.e., one chamber,

are left. We want to enumerate the number of ways that this can be done, considering that two moves are

different if they result to a different set-up of chambers and balls.

For technical reasons, we extend the notion of consecutive differences for permutations to number sets.

More precisely, for a set X = {x1 < x2 < · · · < xk−1 < xk} ⊂ P, let

∆(X) = (x2 − x1, . . . , xk − xk−1)

be the vector of consecutive differences in X . For a given vector ∆ = (d1, . . . , dk−1) and a given c ∈ P

we also set

c(∆) = {c, c+ d1, . . . , c+ d1 + · · ·+ dk−1}.
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Note that, given a set X and a vector ∆, we have that ∆ = ∆(X) if and only if X = c(∆), for some

c ∈ P.

3 Trapezoidal sequences of consecutive differences

Let l ≥ 2. A permutation w of length l (resp., a set A of cardinality l) is called periodic when the vector

of consecutive differences of alph(w) (resp., of A) is equal to (d, d, . . . , d
︸ ︷︷ ︸

l−1

), for some d ∈ P.

A vector ∆ is called periodic if ∆ = (d, d, . . . , d), for some d ∈ P.

Definition 4. For a fixed i ∈ [n − 2], a trapezoidal sequence of consecutive differences of height i is a

sequence (∆1, . . . ,∆i,∆i+1) of the i+ 1 initial parts of a pyramidal sequence in Πn such that:

• ∆i+1 is periodic, and

• ∆j is not periodic, for all j ∈ [2, i].

Let ∆i,n denote the set of all trapezoidal sequences of height i, inherited by pyramidal sequences of Πn.

Example 3. The sequence of differences

(2, 2, 2)
(1, 2, 2, 2)
(1, 2, 2, 2, 1)
(1, 2, 1, 1, 2, 1)
(1, 1, 1, 1, 1, 2, 1)
(1, 1, 1, 1, 1, 1, 1, 1)

lies in ∆5,9; it is the sequence of the 6 initial parts of the pyramidal sequence in Example 1.

We will encode trapezoidal sequences of consecutive differences of height i using a certain type words

of length i, defined as follows.

Definition 5. Let n ≥ 3. For i ∈ [n− 2] we define the set Di,n as the set of all words u = u1u2 · · ·ui of

length i such that:

• u appears as a non-empty prefix of a permutation w in Sn, whose remaining (n− i)-letter suffix is

periodic, i.e., the set [n] \ alph(u) is periodic, and

• u is the prefix of smallest length with the above property, i.e., for all j < i the set [n]\{u1, u2, . . . , uj}
is not periodic.

Example 4. The word u = 73591 lies in D5,9. Indeed, the set [9] \ alph(u) = [9] \ {1, 3, 5, 7, 9} =
{2, 4, 6, 8} is periodic since its vector of consecutive differences is (2, 2, 2). On the other hand, for each

of the proper prefixes u′ ∈ {7359, 735, 73, 7} of u, it is easy to check that the set [9] \ alph(u′) is not

periodic.

The following result yields a recursive algorithm for the construction of sets Di,n.

Proposition 1. For n = 3 we have D1,3 = {1, 2, 3}. For n ≥ 4 we construct Di,n recursively as follows:
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1. For i = 1 we have D1,n = {1, n}.

2. For i ≥ 2, Di,n is the set of prefixes u of length i of permutations in Sn whose corresponding suffix

is periodic and for each proper prefix u′ of u of length 1 ≤ j < i we have u′ /∈ Dj,n.

Proof: For n = 3 the result is evident. For n ≥ 4 and i = 1 it follows immediately. Let i > 1 and

u ∈ Di,n. Then each proper prefix u′ of u has the property that [n] \ alph(u′) is not periodic, therefore

u′ /∈ Dj,n, for j = |u′|.
For the reverse direction suppose that u is a prefix of some permutation on n letters such that [n] \

alph(u) is periodic and for each proper prefix u′ of u we have u′ /∈ Dj,n, for j = |u′|. Then we must

show that [n] \ alph(u′) is not periodic. If j = 1 then u′ /∈ {1, n} and the result follows. Thus we may

suppose that j > 1 and for the sake of contradiction let us assume that [n]\alph(u′) is periodic. Consider

the set

L = {|t| : t proper prefix of u and [n] \ alph(t) is periodic}.

Clearly L 6= ∅, as |u′| ∈ L. By the well-ordering principle, min(L) exists. Set min(L) = l. Then l > 1
and there exists a proper prefix x of u of length l such that [n]\alph(x) is periodic. Furthermore, for each

proper prefix y of x we get [n] \ alph(y) is not periodic. Then by definition x ∈ Dl,n. On the other hand,

as x is a proper prefix of u, by our assumption x /∈ Dl,n, a contradiction.

Example 5. For n = 5 by definition we get D1,5 = {1, 5}. To calculate the set of prefixes D2,5 observe

that the only possible vectors of differences for the corresponding periodic sets in this case are either

(1, 1) or (2, 2). These correspond to the sets {1, 2, 3}, {2, 3, 4}, {3, 4, 5} and {1, 3, 5}, respectively. All

possible prefixes with letters in the complements of the above sets are 45, 54; 15, 51; 12, 21 and 24, 42,

respectively. The prefixes 54, 15, 51, and 12 are rejected since they have a proper prefix in D1,5. Hence,

we obtain that D2,5 = {21, 24, 42, 45}.

We are now ready to show that each trapezoidal sequence in ∆i,n can be encoded as a word in Di,n.

The main idea is the following. Each word in Di,n may be viewed as a sequence of iwalls that are going to

be deleted one after the other, starting from the original n walls containing n− 1 balls and ending up with

an equal number of balls in each chamber, a set-up described in Remark 3. Taking into consideration the

way that balls are separated after each wall deletion, a unique trapezoidal sequence in ∆i,n is constructed

bottom-up. This turns out to be a well defined map which we will show to be a bijection.

Proposition 2. There is a bijection between the set of prefixes Di,n and the set of trapezoidal sequences

of consecutive differences ∆i,n.

Proof: Suppose that u = u1 · · ·ui ∈ Di,n. We construct a unique element p ∈ ∆i,n in the following way.

First, we define sets Xj , j ∈ [i+ 1], inductively as

X1 = [n] and Xj+1 = Xj \ {uj}, for j ∈ [i]. (1)

The image of u is then defined to be

φ(u) = p = (∆1, . . . ,∆j , . . . ,∆i+1), where ∆j = ∆(Xj).
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For the reverse direction, let p = (∆1, . . . ,∆j ,∆j+1, . . . ,∆i+1) ∈ ∆i,n. Suppose that ∆j+1 =
(d1, . . . , dn−j−1) and ∆j = (e0, e1, . . . , en−j−1). We define sets Yj inductively as follows. Set Y1 = [n].
For j ∈ [2, i], let yj = min(Yj) and set

Yj+1 =

{

yj(∆j+1), if ∆j+1 6= (e1, . . . , en−j−1)

yj + e0(∆j+1), if ∆j+1 = (e1, . . . , en−j−1).
(2)

We then set ψ(p) = u = u1 · · ·uj · · ·ui, where {uj} = Yj+1 \ Yj .

By construction and in view of Definitions 4 and 5, we obtain that φ(u) ∈ ∆i,n and ψ(p) ∈ Di,n.

It remains to show that φ and ψ are inverses of each other, i.e., ψ(φ(u)) = u and φ(ψ(p)) = p, for each

u ∈ Di,n and p ∈ ∆i,n.

For the former equality it suffices to demonstrate inductively on j that Yj = Xj , given the set Xj

in (1), for j ∈ [i] and the recursive construction of the sets Yj in (2). For j = 1 we immediately get

Y1 = X1 = [n]. Assuming that Yk = Xk, and thus yk = min(Yk) = min(Xk) = xk, we have to

show that Yk+1 = Xk+1. If ∆k+1 6= (e1, . . . , en−k−1), then Yk+1 = yk(∆k+1) = xk(∆k+1). Now

since ∆k+1 = ∆(Xk+1) we get xk(∆k+1) = Xk+1 and the result follows. If, on the other hand,

∆k+1 = (e1, . . . , en−k−1), then we obtain that Yk+1 = yk + e0(∆k+1) = xk + e0(∆k+1). Clearly

yk /∈ Yk+1 and in fact we have {yk} = Yk \ Yk+1 and furthermore yk = uk. Since Xk+1 = Xk \ {uk},

we obtain Xk+1 = Yk+1.

For the latter equality, our arguments are reversed starting with the given set Yj in (2) and using the

recursive construction of the sets Xj in (1).

Example 6. The image of the word u = 73591 ∈ D5,9 via the bijection φ is the trapezoidal sequence of

differences appearing bottom-up on the right column of the following table.

|1 • |2 • |3 • |4 • |5 • |6 • |7 • |8 • |9 → ∆1 = (1, 1, 1, 1, 1, 1, 1, 1)
7 → |1 • |2 • |3 • |4 • |5 • |6 • 7 • |8 • |9 → ∆2 = (1, 1, 1, 1, 1, 2, 1)
3 → |1 • |2 • 3 • |4 • |5 • |6 • 7 • |8 • |9 → ∆3 = (1, 2, 1, 1, 2, 1)
5 → |1 • |2 • 3 • |4 • 5 • |6 • 7 • |8 • |9 → ∆4 = (1, 2, 2, 2, 1)
9 → |1 • |2 • 3 • |4 • 5 • |6 • 7 • |8 9 → ∆5 = (1, 2, 2, 2)
1 → 1 |2 • 3 • |4 • 5 • |6 • 7 • |8 9 → ∆6 = (2, 2, 2)

Now set di,n = |Di,n| = |∆i,n| and let sn be the number of distinct super-strong Wilf equivalence

classes of Sn. It is trivial to see that s1 = s2 = 1 and s3 = 2. For n ≥ 4 the enumeration of super-strong

Wilf equivalence classes is achieved using the numbers di,n as follows.

Theorem 2. Let n ≥ 4. The number sn of distinct super-strong Wilf equivalence classes of Sn is given

by the recursive formula

sn = sn−1 +

n−2∑

i=2

di,n · sn−i. (3)

Proof: Let Ti,n = {(∆1, . . . ,∆i,∆i+1, . . . ,∆n−1) ∈ Πn : (∆1, . . . ,∆i,∆i+1) ∈ ∆i,n}, for i ∈
[n− 2]. We clearly have

Πn = T1,n ⊔ T2,n ⊔ · · · ⊔ Ti,n ⊔ · · · ⊔ Tn−2,n. (4)
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Observe that ∆1,n consists of just one element, namely (∆1,∆2), where ∆1 = (1, 1, . . . , 1
︸ ︷︷ ︸

n−1

) and ∆2 =

(1, 1, . . . , 1
︸ ︷︷ ︸

n−2

). Then there is an immediate bijective correspondence between Πn−1 and T1,n, therefore

|T1,n| = sn−1.

Now let i ∈ [2, n − 2]. Consider a pyramidal sequence in Ti,n. Then there exists a d ∈ [n − 1] such

that ∆i+1 = (d, d, . . . , d
︸ ︷︷ ︸

n−i−1

) and for all j ∈ [2, i] there exists no e such that ∆j = (e, e, . . . , e
︸ ︷︷ ︸

n−j

).

Our first claim is that all entries in ∆k for k ∈ [i+1, n− 1] will be multiples of d. Indeed, suppose that

∆k = (d1, . . . , dn−k), where by induction it is assumed that d | di, for all l ∈ [n − k]. If ∆k+1 is equal

either to (d2, . . . , dn−k) or (d1, . . . , dn−k−1), then the result follows immediately. On the other hand, if

∆k+1 = (d1, . . . , dm−1, dm + dm+1, dm+2, . . . , dn−k) it is enough to show that d | (dm + dm+1), which

follows inductively from d | dm and d | dm+1.

We now define a map τi,n : Ti,n → ∆i,n ×Πn−i as

τi,n(∆1, . . . ,∆i,∆i+1, . . . ,∆n−1) =
(

(∆1, . . . ,∆i,∆i+1),
1

d
· (∆i+1, . . . ,∆n−1)

)

, (5)

where ∆i+1 = (d, d, . . . , d
︸ ︷︷ ︸

n−i−1

). Our previous claim ensures that τi,n is well defined. Furthermore, it is also

a bijection whose inverse is the map ρi,n : ∆i,n ×Πn−i → Ti,n defined as

ρi,n
(

(∆1, . . . ,∆i,∆i+1), (∆
′

1, . . . ,∆
′

n−i−1)
)

= (∆1, . . . ,∆i,∆i+1, d ·∆
′

1, . . . , d ·∆
′

n−i−1),

where ∆i+1 = (d, . . . , d
︸ ︷︷ ︸

n−i−1

). By direct enumeration, it follows that |Ti,n| = di,n ·sn−i, for i ∈ [2, n−2].

Our next goal is to find a set of representatives of super-strong Wilf equivalence classes in Sn. To do

this, we start with the notion of the reduced form of a permutation. For a permutation τ , its reduced form

red(τ) is the permutation obtained by replacing the smallest entry of τ by 1, the second smallest by 2,

and so on.

For technical reasons we define Ei,n to be

Ei,n =

{

{1}, if i = 1

Di,n, if i ∈ [2, n− 2].

Corollary 1. Let Rn be the set of permutations in Sn defined recursively as

Rn = {u · v : u ∈ Ei,n; red(v) ∈ Rn−i; i ∈ [n− 2]}.

Then a set of super-strong Wilf equivalence classes representatives in Sn is given by the set

Cn = {w−1 : w ∈ Rn}.

Proof: In view of Theorem 2, the cardinality of Rn is the correct one. To construct a permutation

u · v ∈ Rn, we fix a prefix u ∈ Ei,n and a permutation τ ∈ Rn−i. Then there is a unique suffix v such

that alph(v) = [n] \ alph(u) and red(v) = τ .
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Consider two elements in Rn, namely w = u · v and w′ = u′ · v′. We will prove inductively on n that

if w 6= w′ then w−1
≁ss w

′−1
. To do that it suffices to show that the corresponding pyramidal sequences

of consecutive differences p(w) and p(w′) are not the same. We distinguish between two cases.

Case 1: If u 6= u′, where u, u′ ∈ Ei,n, then we necessarily get i ≥ 2 and hence u and u′ are distinct

elements in Di,n. In view of the bijection φ in Proposition 2, we obtain φ(u) 6= φ(u′) and

therefore the corresponding pyramidal sequences are distinct.

Case 2: If u = u′ then v 6= v′. On the other hand, alph(v) = alph(v′), which implies that red(v) and

red(v′) are distinct elements of Rn−i. Our inductive argument on length immediately implies

that p(red(v)) 6= p(red(v′)), hence the initial parts for p(u · v) and p(u′ · v′) are distinct since

they are a scalar multiple of p(red(v)) and p(red(v′)), respectively.

In all cases, we get p(u · v) 6= p(u′ · v′), as required.

The recursively constructed sets Rn, for n ∈ [3, 6], are given in Table 5 (see Appendix), where all

prefixes u ∈ Ei,n of permutations in Rn are highlighted in red colour.

In our next result, we enumerate the set of super-stong Wilf equivalent classes of permutations of given

cardinality. In view of Remark 2, such a cardinality is always a power of 2. Let sj,n be the number of

super-strong Wilf equivalence classes of order 2j in Sn, where j ∈ [n− 1]. Note that s0,n = 0. It is easy

to check that s1,2 = s1,3 = s2,3 = 1.

Theorem 3. For n ≥ 4 we have

sj,n = sj−1,n−1 +

n−j−1
∑

k=2

dk,n · sj,n−k.

Proof: Let Fj,n be the set of all pyramidal sequences in Πn with corresponding super-strong Wilf equiv-

alence class of order 2j . From (4) it clearly follows that

Fj,n = (Fj,n ∩ T1,n) ⊔ (Fj,n ∩ T2,n) ⊔ · · · ⊔ (Fj,n ∩ Ti,n) ⊔ · · · ⊔ (Fj,n ∩ Tn−2,n). (6)

By Remark 2, the exponent j is equal to the number of transitions from ∆k = (d, d, . . . , d
︸ ︷︷ ︸

n−k

) to ∆k+1 =

(d, d, . . . , d
︸ ︷︷ ︸

n−k−1

), for k ∈ [n− 1]. Recall that for k = n− 1, by convention ∆k+1 is the empty vector.

Let i ∈ [2, n − 1]. Consider a pyramidal sequence (∆1, . . . ,∆n−1) ∈ Ti,n. Observe that for k ∈ [i]
there are no transitions of the aforementioned form, therefore restricting the bijection τi,n in (5) to Fj,n,

the only contribution to the exponent j comes from the part (∆i+1, . . . ,∆n−1). But the number of

different classes there is equal to sj,n−i. It follows that |Fj,n ∩ Ti,n| = di,n · sj,n−i.

Now let i = 1. Observe that there is a transition from ∆1 to ∆2 = (1, 1, . . . , 1
︸ ︷︷ ︸

n−2

) that raises the exponent

of the order of the equivalence class by one, hence to get the desired exponent j we need j − 1 additional

transitions on the upper part of the pyramid; there are precisely sj−1,n−1 classes satisfying that and the

result follows.
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4 Numbers di,n and non-interval permutations

The calculation of numbers sn and sj,n is based on the coefficients di,n. In this section we will present a

recursive formula for the latter.

It turns out that numbers di,n are related to the number an of non-interval permutations. These are

all permutations s = s1s2 · · · sn of size n ≥ 2 such that the alphabet of any prefix s1 · · · sl of length

2 ≤ l < n is not equal to the interval [k, l + k − 1], for some k (see (Aval et al., 2011, Proposition 4.5)).

The enumeration of non-interval permutations yields the integer sequence

2, 2, 8, 44, 296, 2312, 20384, 199376, 2138336, 24936416, 3141422848, . . .

(also known as |bn|, for n ≥ 2, where bn is Sequence A077607 of oei (1964)) with recurrence formula

i∑

k=1

ak+1 · (i − k + 1)! = (i+ 1)!. (7)

Our initial calculations indicated the equation di,n = ai+1, for relatively small i. In fact, numbers di,n
satisfy the recursive formula of our following result, whose special case for i < ⌊n

2 ⌋ coincides with (7).

Let ql,m and rl,m be the quotient and remainder, respectively, of an arbitrary integer l with a non-zero

integer m.

Theorem 4. Let n ≥ 4. For a given i ∈ [n− 2] set m = n− i− 1. Then

i∑

k=1

qn−k,m

2
· (rn−k,m + i− k + 1) · dk,n · (i− k)! =

qn,m
2

· (rn,m + i+ 1) · i!. (8)

For the proof of the theorem we will need the following result.

Lemma 3. Let pi,n be the number of all prefixes of length i of permutations in n letters with corresponding

periodic suffix and set m = n− i− 1. Then

pi,n =
qn,m
2

· (rn,m + i+ 1) · i!.

Proof: It suffices to count the number xi,n of all ordered periodic words of length n − i in n distinct

letters and then multiply it with the i! choices for the remaining prefix letters. For a fixed d ∈ [qn,m], each

such ordered periodic word has the form a(a+d) · · · (a+ jd) · · · (a+md), for j ∈ [0,m] and is uniquely

determined by the choice for the letter a. There exist precisely n− dm such choices, so that

xi,n =

qn,m∑

d=1

(n− dm) = nqn,m −m

qn,m∑

d=1

d = nqn,m −m
qn,m
2

(qn,m + 1).

Now since n = mqn,m + rn,m, we obtain xi,n =
qn,m

2 (rn,m + i+ 1) and our result follows.

Proof of Theorem 4: We count the number of prefixes pi,n with periodic suffix in two ways. By Lemma

3 we directly obtain the number on the right hand side of (8).
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An alternative counting method for pi,n is to start from the prefixes themselves. Consider a prefix u
of length i such that the remaining (n − i)-letter suffix is an ordered periodic word. Then there exists a

unique k ∈ [i] such that the prefix u′ of u lies in Dk,n. For this particular k-letter prefix u′, the number of

all prefixes of length i − k in the remaining n − k distinct letters is equal to pi−k,n−k and by Lemma 3

we obtain that

pi−k,n−k =
qn−k,m

2
(rn−k,m + i− k + 1)(i − k)!,

since m = (n− k)− (i− k)− 1 = n− i− 1. Note that for k = i we get p0,n−i = 1, as expected.

A simple counting argument now yields

pi,n =

i∑

k=1

pi−k,n−k · dk,n

and the result follows.

Remark 4. Let i < ⌊n
2 ⌋. Recall that m = n − i − 1. Then it follows that m ≥ ⌈n

2 ⌉ − 1, so that

qn,m = qn−k,m = 1 and rn,m = n−m, rn−k,m = (n−k)−m, for k ∈ [i]. Substituting in (8) we obtain

i∑

k=1

dk,n · (i − k + 1)! = (i+ 1)!.

It follows that dk,n = ak+1, for all k < ⌊n
2 ⌋, since d1,n = a2 = 2.

This equality of cardinalities is not a mere coincidence. There is actually a deeper connection between

Di,n and the corresponding non-interval permutations.

Proposition 3. There is a bijection between the set of prefixes Dk,n, for k < ⌊n
2 ⌋ and the set Ak+1 of all

non-interval permutations of length k + 1.

Proof: It is more convenient to find a bijection from Dk,n to the set Bk+1 of all permutations b =
b1b2 · · · bkbk+1 of size k + 1 ≥ 2 such that any suffix bk−l+2 · · · bk+1 of length 2 ≤ l < k + 1 is not, up

to order, equal to an interval of the form [j, l+ j − 1]. This is possible due to the fact that Bk+1 is clearly

equinumerous to Ak+1, via the bijection w 7→ w̃.

Let u = u1u2 · · ·uk be a prefix in Dk,n. Let a = min([n] \ alph(u)). We define a map ρ : Dk,n −→
Bk+1 as ρ(u) = red(ua).

For the reverse direction we define a map

θ : Bk+1 −→ Dk,n as θ(b1 · · · bkbk+1) = v1 · · · vk, where, for i ∈ [k],

vi =

{

bi, if bi < bk+1

bi + (n− k − 1), if bi > bk+1.
(9)

We begin by showing that maps ρ and θ are well-defined.

To show that ρ(u) ∈ Bk+1, for u ∈ Dk,n, observe that since k < ⌊n/2⌋, the vector of consecutive

differences of [n] \ alph(u) is necessarily equal to (1, 1, . . . , 1
︸ ︷︷ ︸

n−k−1

), hence

π = u1 · · ·uka(a+ 1) · · · (a+ n− k − 1) ∈ Sn.
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This implies that if we set ρ(u) = b1 · · · bkbk+1, we must have

bi =

{

ui, if ui < a

ui − (n− k − 1), if ui > a,
(10)

for i ∈ [k] and bk+1 = a.

Suppose, for the sake of contradiction, that ρ(u) /∈ Bk+1. Then consider the smallest index j ∈ [k]
such that

{bj, . . . , bk+1} = {a− l, . . . , a− 1, a, a+ 1, . . . , a+ r},

for some l, r ∈ [k − j]. Note that l + r = k − j. In view of (10) we have that

{uj, . . . , uk+1} = {a− l, . . . , a− 1, a, a+ (n− k), . . . , a+ r + (n− k − 1)}. (11)

Combining the form of the permutation π and (11), we obtain that u1 · · ·uj−1 lies in Dj−1,n, which

contradicts the definition of Dk,n.

Let b = b1 · · · bkbk+1 ∈ Bk+1. We need to show that v = v1 · · · vk = θ(b) ∈ Dk,n. By definition of θ,

it follows that

v1 · · · vk bk+1 (bk+1 + 1) · · · (bk+1 + n− k − 1) ∈ Sn,

and consequently a prefix of v (not necessarily proper) lies in Dj,n for some j ≤ k. If j < k, then b would

have a suffix of length k + 1− j corresponding to an interval, a contradiction.

It remains to show that ρ ◦ θ = idBk+1
and θ ◦ ρ = idDk,n

. We will demonstrate the former, the

latter follows using similar arguments. Having that b = b1 · · · bkbk+1 ∈ Bk+1 and in view of (9), we

obtain alph(v1 · · · vk) = [bk+1 − 1] ∪ [bk+1 + n − k, n]. Hence, min
(
[n] \ alph(v)

)
= bk+1 and

ρ(v) = red(vbk+1) = b, as required.

Example 7. Let us calculate the number s10 of super-strong Wilf equivalence classes of S10. In view

of Theorem 2, we need to calculate the numbers di,10, for i ∈ [8]. Since ⌊10/2⌋ = 5, Proposition 3

immediately yields d1,10 = a2 = 2, d2,10 = a3 = 2, d3,10 = a4 = 8 and d4,10 = a5 = 44.

To evaluate d5,10 set i = 5 and m = 4 in (8) and since q10,4 = q9,4 = q8,4 = 2; q7,4 = q6,4 = 1;

r10,4 = r6,4 = 2, r9,4 = 1, r8,4 = 0 and r7,4 = 3, we obtain

2

2
· (1 + 5) · 2 · 4! +

2

2
· (0 + 4) · 2 · 3! +

1

2
· (3 + 3) · 8 · 2! +

1

2
· (2 + 2) · 44 · 1! + d5,10=

2

2
· (2 + 6) · 5!.

It follows that d5,10 = 488. Using (8) in a similar fashion, we get d6,10 = 4, 664, d7,10 = 58, 336 and

d8,10 = 1, 114, 944.

Substituting the above values of di,10, i ∈ [2, 8] and the recursively calculated values s2 = 1, s3 = 2,

s4 = 8, s5 = 40, s6 = 256, s7 = 1, 860, s8 = 15, 580 and s9 = 144, 812, for i < 10 to formula (3), we

finally obtain s10 = 1, 490, 564.

Using the same reasoning we have calculated all numbers sn, for n ∈ [12] (see Table 2 in the Appendix).

The calculation is based on the numbers di,n, for i ∈ [10] and n ∈ [3, 12] (see Table 1 in the Appendix).

In particular, in view of Proposition 3, numbers dk,n, for all k < ⌊n
2 ⌋, i.e., numbers of all non-interval

permutations of length k + 1, are highlighted with red colour in that table. Finally, numbers sj,n, for

i ∈ [11] and n ∈ [2, 12], are shown in Table 4 in Appendix.
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5 Shift and super-strong Wilf equivalence classes of permuta-

tions

Shift equivalence is a geometric notion which was firstly introduced for words in general in Fidler et al.

(2018) providing a new insight in Wilf equivalence theory. It is defined using the notions of the skyline

diagram and rigid shift of a word. The skyline diagram of a word u = u1u2 · · ·un ∈ P
∗ of length n is

the geometric figure formed by adjoining n columns of squares such that the i-th column is made up of

ui squares. A rigid shift of a word u is any word v that can be formed by cutting the skyline diagram of u
at some height h and rigidly moving together all blocks above the cut line in such a way that each moved

column comes to rest on a column of height h.

Definition 6. (Fidler et al., 2018, p. 4) Two words are shift equivalent if one can be obtained from the

other by performing any finite sequence of rigid shifts and reversals.

Restricting ourselves to permutations we define the following notion.

Definition 7. Two permutations are strongly shift equivalent if one can be obtained from the other by

performing any finite sequence of rigid shifts only.

Example 8. Consider the permutation u = 32415 ∈ S5. Then v = 42513 is a rigid shift of u because

v is constructed by cutting the skyline diagram of u at height 3 and rigidly moving all blocks above it by

two positions to the left. The permutation w = 31524 can not be obtained from u by a sequence of rigid

shifts. Nevertheless, w is shift equivalent to u since w̃ = v.

We have the following result that relates super-strong Wilf equivalence and strong shift equivalence for

permutations and provides us with an alternate way to characterize the former.

Proposition 4. Let u, v ∈ Sn. Then u is strongly shift equivalent to v if and only if u ∼ss v.

Proof: Suppose that u is strongly shift equivalent to v. Since u is obtained from v by a finite sequence of

rigid shifts, it suffices to show that if v is obtained from u by performing a single rigid shift, then u ∼ss v.

The proof of (Fidler et al., 2018, Theorem 1) is based on the construction of a weight-preserving bijection

from the m-minimal clusters of u to the m-minimal clusters of v. It is shown there that, for a fixed

embedding set E, m(v, E) is itself a rigid shift of m(u,E), hence it is also a rearrangement of m(u,E),
for all embedding index sets E. Using the Minimal Cluster Rearrangement Theorem, a necessary and

sufficient criterion for super-strong Wilf equivalence (see (Hadjiloucas et al., 2018, Theorem 4)), we

conclude that u ∼ss v.

For the converse, suppose that u ∼ss v. This is equivalent to ∆i(s) = ∆i(t) = ∆i for all i ∈ [n− 1],
where s = u−1 and t = v−1. We will construct a sequence of rigid shifts that transforms u to v, starting

from greater letters to smaller ones. This is done inductively for i from n− 1 down to 1.

Let i ∈ [n − 1]. Its relative position with respect to the greatest letters in u and v depends only on

the transition from ∆i+1 to ∆i. The only case where we have more than one choice for this placement

is when ∆i+1 = (d, d, . . . , d
︸ ︷︷ ︸

n−i−1

) and ∆i = (d, d, . . . , d
︸ ︷︷ ︸

n−i

). In this case, the factors of the words u and v that

correspond to the previous distance vector ∆i+1 are strongly shift equivalent by induction, and may be

written in the form

∗ ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗ ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗ · · · ∗ ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗ ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗,
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where ∗ corresponds to letters greater than i and ◦ corresponds to letters less than or equal to i. There are

two choices for the placement of the letter i on u and v. We may assume that the character i is placed on

the left of the above configuration for u as follows

i ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗ ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗ · · · ∗ ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗ ◦ · · · ◦
︸ ︷︷ ︸

d−1

∗.

If i is also placed on the left of the above configuration for v, no rigid shift is needed. On the other hand,

if it is placed on the right, then by applying a rigid shift of height i by d places to the left, we get the same

configuration, or a strongly shift equivalent configuration inherited by the previous steps as in u.

In the case where i was placed originally to the right of the above configuration for u, the rigid shift, if

needed, would be of the same type to the right.

We are now ready to describe the shift equivalence class [u]sh of a permutation u in terms of the

corresponding super-strong Wilf classes [u]ss and [ũ]ss of u and its reversal ũ, respectively.

Theorem 5. Let v, id ∈ Sn, where v = 1 2 · · · (n−3) (n−1) (n−2) n and id is the identity permutation.

Then for an arbitrary element u ∈ Sn we have

[u]sh =

{

[u]ss, if u∼ss id, or u∼ss v,

[u]ss ⊔ [ũ]ss, otherwise.

Proof: By (Hadjiloucas et al., 2018, Theorem 22) it is known that the only super-strong Wilf equivalence

classes that remain invariant under the application of the reversal map u 7→ ũ in Sn are the classes

In = [id]ss and Mn = [v]ss. Note that in terms of pyramidal sequences, the classes In and Mn

correspond to the pyramid that contains only 1’s and the pyramid with 1’s everywhere except from the

uppermost part which is ∆n−1 = (2), respectively. Our result now follows directly from Proposition 4

and the definition of shift equivalence.

The enumeration of shift equivalence classes of permutations of size n is given by the next result which

follows immediately by the previous theorem.

Corollary 2. Let shn be the number of distinct shift equivalence classes of the symmetric group Sn for

n ≥ 3. Then

shn = 1 +
sn
2
.

Numbers shn, for n ∈ [12] are shown in Table 3 (see Appendix).

6 Conclusions and further research

The main result of this paper is a recursive formula for the number sn of super-strong Wilf equivalence

classes of permutations in n letters. This has been done by introducing a new family of numbers di,n which

enumerate either trapezoidal sequences of height i in pyramidal sequences of consecutive differences for

permutations of size n, or prefixes of length i of some sort of generalized non-interval permutations of

size n.

One problem that has not been dealt here is the evaluation of a generating function for the sequence

sn. In view of Theorem 2, this would require a bivariate generating function for the double indexed
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sequence di,n, a problem that might be of interest on its own as these numbers could appear elsewhere.

To this purpose, one needs to treat formulae (8) and (3) with some exceptional care, as variable n in (3) is

involved in both numbers di,n and sn. This project seems to be quite ambitious.
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Appendix

i\n 3 4 5 6 7 8 9 10 11 12

1 3 2 2 2 2 2 2 2 2 2

2 6 4 2 2 2 2 2 2 2

3 24 16 14 8 8 8 8 8

4 168 100 80 68 44 44 44

5 1,212 712 500 488 416 296

6 10,824 6,376 4,664 3,704 3,512

7 103,992 58,336 43,592 33,152

8 1,114,944 630,544 444,992

9 12,907,824 7,167,802

10 162,773,970

Table 1: The numbers di,n, for 1 ≤ i ≤ 10 and 3 ≤ n ≤ 12

n 1 2 3 4 5 6 7 8 9 10 11 12

sn 1 1 2 8 40 256 1,860 15,580 144,812 1,490,564 16,758,972 205,029,338

Table 2: The numbers sn, for 1 ≤ n ≤ 12

n 1 2 3 4 5 6 7 8 9 10 11 12

shn 1 1 2 5 21 129 931 7,791 72,407 745,283 8,379,487 102,514,670

Table 3: The numbers shn, for 1 ≤ n ≤ 12

j\n 2 3 4 5 6 7 8 9 10 11 12

1 1 1 6 28 196 1,452 12,632 119,744 1,260,432 14,389,600 178,692,748

2 1 1 10 46 330 2,416 21,216 197,120 2,067,024 23,263,418

3 1 1 12 62 442 3,204 28,276 262,080 2,707,296

4 1 1 14 72 546 3,992 34,680 318,408

5 1 1 16 82 630 4,744 41,108

6 1 1 18 92 718 5,412

7 1 1 20 102 810

8 1 1 22 112

9 1 1 24

10 1 1

11 1

Table 4: The numbers sj,n, for 1 ≤ j ≤ 11 and 2 ≤ n ≤ 12
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n Rn

3 123, 213

4 1234, 1324

2134, 2314, 2413, 3124, 3214, 3412

5 12345, 12435, 13245, 13425, 13524, 14235, 14325, 14523;

21345, 21435; 24135, 24315; 42135, 42315; 45123, 45213;

23145, 23415, 23514, 25134, 25314, 25413, 31245, 31425, 31524, 32145, 32415, 32514,

34125, 34215, 34512, 35124, 35214, 35412, 41235, 41325, 41523, 43125, 43215, 43512

6 123456, 123546, 124356, 124536, 124635, 125346, 125436, 125634,

132456, 132546, 135246, 135426, 153246, 153426, 156234, 156324,

134256, 134526, 134625, 136245, 136425, 136524, 142356, 142536, 142635, 143256,

143526, 143625, 145236, 145326, 145623, 146235, 146325, 146523, 152346, 152436,

152634, 154236, 154326, 154623;

213456, 213546, 214356, 214536, 214635, 215346, 215436, 215634;

561234, 561324, 562134, 562314, 562413, 563124, 563214, 563412;

231456, 231546; 246135, 246315; 261345, 261435; 264135, 264315; 312456, 312546;

315246, 315426; 321456, 321546; 351246, 351426; 426135, 426315; 456123, 456213;

462135, 462315; 465123, 465213; 513246, 513426; 516234, 516324; 531246, 531426;

546123, 546213;

234156, 234516, 234615; 235146, 235416, 235614; 236145, 236415, 236514;

241356, 241536, 241635; 243156, 243516, 243615; 245136, 245316, 245613;

251346, 251436, 251634; 253146, 253416, 253614; 254136, 254316, 254613;

256134, 256314, 256413; 263145, 263415, 263514; 265134, 265314, 265413;

314256, 314526, 314625; 316245, 316425, 316524; 324156, 324516, 324615;

325146, 325416, 325614; 326154, 326415, 326514; 341256, 341526, 341625;

342156, 342516, 342615; 345126, 345216, 345612; 346125, 346215, 346512;

352146, 352416, 352614; 354126, 354216, 354612; 356124, 356214, 356412;

361245, 361425, 361524; 362145, 362415, 362514; 364125, 364215, 364512;

365124, 365214, 365412; 412356, 412536, 412635; 413256, 413526, 413625;

415236, 415326, 415623; 416235, 416325, 416523; 421356, 421536, 421635;

423156, 423516, 423615; 425136, 425316, 425613; 431256, 431526, 431625;

432156, 432516, 432615; 435126, 435216, 435612; 436125, 436215, 436512;

451236, 451326, 451623; 452136, 452316, 452613; 453126, 453216, 453612;

461235, 461325, 461523; 463125, 463215, 463512; 512346, 512436, 512634;

514236, 514326, 514623; 521346, 521436, 521634; 523146, 523416, 523614;

524136, 524316, 524613; 526134, 526314, 526413; 532146, 532416, 532614;

534126, 534216, 534612; 536124, 536214, 536412; 541236, 541326, 541623;

542136, 542316, 542613; 543126, 543216, 543612;

Table 5: The sets Rn, for 3 ≤ n ≤ 6
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Classical pattern avoidance and occurrence are well studied in the symmetric group Sn. In this paper, we provide

explicit recurrence relations to the generating functions counting the number of classical pattern occurrence in the set

of 132-avoiding permutations and the set of 123-avoiding permutations.

Keywords: permutation statistics, classical patterns, Catalan numbers, Dyck paths

1 Introduction

Let Sn denote the set of permutations of size n. Given a sequence w = w1 · · ·wn of distinct integers,

we let red(w) be the permutation that we replace the i-th smallest integer in σ with i. For example,

red(4685) = 1342. Given a permutation τ = τ1 · · · τj in Sj , we say that the pattern τ occurs in σ =
σ1 · · ·σn ∈ Sn if there exist 1 ≤ i1 < · · · < ij ≤ n such that red(σi1 · · ·σij ) = τ . We say that a

permutation σ avoids the pattern τ if τ does not occur in σ. In the theory of permutation patterns, τ is

called a classical pattern.

We let Sn(τ) denote the set of permutations in Sn which avoid τ . If Γ is a collection of permutations,

then we let Sn(Γ) denote the set of permutations in Sn that avoid each permutation in Γ. We write

occrτ (σ) for the number of the pattern τ occurrences in σ. For example, the permutation σ = 867943251
avoids the pattern 132, while it contains the pattern 123 and occr123(σ) = 1 since only the subsequence

6, 7, 9 matches 123.

Classical patterns have been studied separately for a long time. It is well known that for all n ≥ 1,

|Sn(132)| = |Sn(123)| = Cn, where Cn = 1
n+1

(

2n
n

)

is the nth Catalan number. Mansour (2001, 2004)

enumerated the number of permutations in Sn avoiding 2 classical patterns. Mansour and Vainshtein

(2001, 2002) enumerated the number of permutations in Sn(132) or Sn(123) that has 0 or 1 occurrence

of a certain pattern. See Kitaev (2011) for a comprehensive introduction to patterns in permutations.

However, there is not much research about the distribution of classical patterns in Sn(τ). Mansour and

Vainshtein (2000) gave a continued fraction form of the generating function of the distribution of the

pattern 12 · · · k in Sn(132). Very recently, Janson (2017a,b) studied patterns in random permutations

avoiding 132 or 123 in a probabilistic way. Pan et al. (2019) studied consecutive pattern matches in

Sn(132) and Sn(123).

ISSN 1365–8050 c© 2019 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License

http://arxiv.org/abs/1810.10099v6
http://dmtcs.episciences.org/
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Given two sets of permutations Λ = {λ1, . . . , λr} and Γ = {γ1, . . . , γs}, it is natural to study the

distribution of classical patterns γ1, . . . , γs in Sn(Λ). That is, we want to study generating functions of

the form

QΓ
Λ(t, x1, . . . , xs) := 1 +

∑

n≥1

tnQΓ
n,Λ(x1, . . . , xs), (1)

where

QΓ
n,Λ(x1, . . . , xs) :=

∑

σ∈Sn(Λ)

x
occrγ1 (σ)
1 · · ·x

occrγs (σ)
s . (2)

When Λ = {λ} and Γ = {γ} are singletons, we write

Q
γ
λ(t, x) := 1 +

∑

n≥1

tnQ
γ
n,λ(x) and Q

γ
n,λ(x) :=

∑

σ∈Sn(λ)

xoccrγ(σ). (3)

The main goal of this paper is to study the distribution of classical patterns in the set of 132-avoiding

permutations and the set of 123-avoiding permutations using a recursive method.

To study the generating functions Q
γ
λ(t, x) when λ is 132 or 123, we shall first study the symmetries in

Sn(132) and Sn(123). Given a permutation σ = σ1σ2 . . . σn ∈ Sn, we let σr be the reverse of σ defined

by σr = σn . . . σ2σ1, and σc be the complement of σ defined by σc = (n+1− σ1)(n+1− σ2) . . . (n+
1 − σn). Further, we let σrc = (σr)c be the reverse-complement of σ, and σ−1 be the inverse of σ. For

example, for σ = 15324, we have σr = 42351, σc = 51342, σrc = 24315, and σ−1 = 14352.

The actions above give several symmetries about classical pattern distributions in Sn(λ), and we have

the following lemma.

Lemma 1. For any permutations λ and γ, we have

Q
γ
λ(t, x) = Q

γ∗

λ∗(t, x),

where ∗ is one of the actions r, c, rc or −1.

Proof: We shall only prove the case when ∗ = r. All the other cases are based on similar proofs.

The action reverse bijectively sends a permutation σ ∈ Sn(λ) to a permutation σr ∈ Sn(λ
r), while

each occurrence of γ in σ is sent to an occurrence of γr in σr, thus occrγr(σr) = occrγ(σ), and it follows

immediately that Q
γ
λ(t, x) = Q

γr

λr (t, x).

When the permutation λ is of length three, since 123 = 123rc = 123−1 and 132 = 132−1, we have the

following corollary.

Corollary 1. Given any permutation pattern γ, we have

Q
γ
123(t, x) = Q

γrc

123(t, x) = Q
γ−1

123 (t, x), Q
γ
132(t, x) = Q

γ−1

132 (t, x).

When γ is a pattern of length three, we have the following corollary.
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Corollary 2. We have the following equations,

Q231
132(t, x) = Q312

132(t, x), Q132
123(t, x) = Q213

123(t, x), and Q231
123(t, x) = Q312

123(t, x).

Considering the distribution of patterns of length three, we only need to study the following 4 generating

functions for Sn(132),

(1) Q123
132(t, x),

(2) Q213
132(t, x),

(3) Q231
132(t, x) = Q312

132(t, x),

(4) Q321
132(t, x),

and the following 3 generating functions for Sn(123),

(1) Q132
123(t, x) = Q213

123(t, x),

(2) Q231
123(t, x) = Q312

123(t, x),

(3) Q321
123(t, x).

It is easy to check that all the 7 generating functions are different when looking at S8(132) and S8(123).
Our motivation of this paper is to study the 7 generating functions above, and then generalize some of the

results. For example, we show that the function

Qn(x1, . . . , x7) := Q
{12,21,123,213,231,312,321}
n,132 (x1, . . . , x7)

satisfies the recursion that Q0(x1, . . . , x7) = 1, and

Qn(x1, . . . , x7) =

n
∑

k=1

xk−1
1 x

k(n−k)
2 x

(k−1)(n−k)
5

·Qk−1(x1x3x
(n−k)
5 , x2x4x

(n−k)
7 , x3, . . . , x7) ·Qn−k(x1x

k
6 , x2x

k
7 , x3, . . . , x7).

The structure of this paper is as follows. In Section 2, we introduce some background about permutations

and two bijections between Sn(132) and Sn(123) and Dyck paths which are useful in our computation.

Then we study length-three pattern distributions in Sn(132) in Section 3 and in Sn(123) in Section 4. In

Section 5, we show two applications of our results in computing pattern popularities. Finally in Section

6, we give a summary of this paper.

2 Preliminaries

Let σ = σ1 · · ·σn be a permutation written in one-line notation. The graph of σ, G(σ), is obtained by

placing σi in the ith column counting from left to right and σth
i row counting from bottom to top on an

n × n table for i = 1, . . . , n. For example, the graph of the permutation σ = 471569283 is pictured in

Figure 1.
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We define inv(σ) :=
∣

∣{(i, j)|1 ≤ i < j ≤ n, σi > σj}
∣

∣ to be the number of inversions and

coinv(σ) :=
∣

∣{(i, j)|1 ≤ i < j ≤ n, σi < σj}
∣

∣ to be the number of coinversions of a permutation

σ. Note that the number of inversions of a permutation is the same as the number of occurrences of the

pattern 21, and the number of coinversions of a permutation is the same as the number of occurrences of

the pattern 12. Clearly, inv(σ) + coinv(σ) =
(

n
2

)

.

4

7

1

5
6

9

2

8

3

Fig. 1: The graph of σ = 471569283.

Given a permutation σ = σ1 · · ·σn ∈ Sn, we say that σj is a left-to-right minimum of σ if σi > σj

for all i < j. We let LRmin(σ) denote the number of left-to-right minima of σ. We shall also call

each left-to-right minimum of σ a peak, and the remaining numbers non-peaks of σ. We can see that the

permutations in Figure 3 and Figure 4 both have peaks {8, 6, 4, 3, 2, 1}.

Let π = π1 · · ·πm ∈ Sm and σ = σ1 · · ·σn ∈ Sn, then the direct sum (π⊕σ) and the skew sum (π⊖σ)

of π and σ are defined by

π ⊕ σ := π1 · · ·πm(σ1 +m) · · · (σn +m), (4)

π ⊖ σ := (π1 + n) · · · (πm + n)σ1 · · ·σn. (5)

Given an n × n square, we will label the coordinates of the columns from left to right and the coor-

dinates of the rows from top to bottom with 0, 1, . . . , n (different from the coordinates of the graph of a

permutation). An (n, n)-Dyck path is a path made up of unit down-steps D and unit right-steps R which

starts at (0, 0) and ends at (n, n) and stays on or below the diagonal y = x (these are “down-right” Dyck

paths). The set of (n, n)-Dyck paths is denoted by Dn.

Given a Dyck path P , we let the first return of P , denoted by ret(P ), be the smallest number i > 0 such

that P goes through the point (i, i). For example, for P = DDRDDRRRDDRDRDRRDR shown in

Figure 2, ret(P ) = 4 since the leftmost point after (0, 0) on the diagonal that P goes through is (4, 4).
We refer to positions (i, i) where P goes through as return positions of P . We call the full cells

between P and the main diagonal area cells, and the cells below P coarea cells. Then we let area(P ) and

coarea(P ) be the number of area cells and coarea cells of P . In the example in Figure 2, area(P ) = 7
and coarea(P ) = 29.

We shall also label the diagonals that go through corners of squares that are parallel to and below the

main diagonal with 0, 1, 2, . . . starting at the main diagonal, as shown in Figure 2. The peaks of a path P

are the positions of consecutive DR steps. We say that a peak is on the ith diagonal of P if its DR steps

start and end at the ith diagonal. The path in Figure 2 has four peaks on the first diagonal, one peak on the

second diagonal and one peak on the main diagonal.
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0th diagonal

1st diagonal

2nd diagonal

ret= 4

Fig. 2: A (9, 9)-Dyck path P = DDRDDRRRDDRDRDRRDR.

It is well known that for all n ≥ 1, |Sn(132)| = |Sn(123)| = |Dn| = Cn, where Cn = 1
n+1

(

2n
n

)

is the

nth Catalan number. Many bijections are known between these Catalan objects (see Stanley (2013)). We

will apply the bijection of Krattenthaler (2001) between Sn(132) and Dn and the bijection of Deutsch and

Elizalde (2003) between Sn(123) and Dn in our computation. The authors of this paper also discussed

the two bijections in Qiu and Remmel (2018, 2019) with more details.

We shall first describe the bijection Φ of Krattenthaler (2001) between Sn(132) and Dn. Given any

permutation σ = σ1 · · ·σn ∈ Sn(132), we draw the graph G(σ) of σ. Then, we shade the cells to the

north-east of the cell that contains σi. Φ(σ) is the path that goes along the south-west boundary of the

shaded cells. For example, this process is pictured in Figure 3 in the case where σ = 867943251 ∈
S9(132). In this case, Φ(σ) = DDRDDRRRDDRDRDRRDR.

8

6
7

9

4
3
2

5

1

→

Fig. 3: The map Φ : Sn(132) → Dn.

The horizontal segments (or segments) of the path Φ(σ) are the maximal consecutive sequences of

R steps in Φ(σ). For example, in Figure 3, the lengths of the horizontal segments, reading from top

to bottom, are 1, 3, 1, 1, 2, 1, and {6, 7, 9} is the set of numbers associated with the second horizontal

segment of Φ(σ).
The map Φ is invertible since for each Dyck path P , the peaks of P give the left-to-right minima of

the 132-avoiding permutation, and the remaining numbers are uniquely determined by the left-to-right

minima. More details about Φ can be found in Krattenthaler (2001). We have the following properties for

Φ.

Lemma 2. Let P ∈ Dn and σ = Φ−1(P ). Then



6 Dun Qiu, Jeffrey Remmel

(1) for each horizontal segment H of P , the set of numbers associated to H form a consecutive increasing

sequence in σ and the least number of the sequence sits immediately above the first right-step of H .

(2) The number n is in the column of the last right-step before the first return.

(3) Suppose that σi is a peak of σ and the cell containing σi is on the kth diagonal. Then there are k

elements in the graph G(σ) in the first quadrant relative to the coordinate system centered at (i, σi).

(4) inv(σ) = coarea(P ); coinv(σ) = area(P ).

Proof: (1), (2) and (3) are proved in Lemma 3 in Qiu and Remmel (2018).

For (4), it is clear that for any pair of indices i < j, we have σi > σj if and only if in path P , the ith

column intersects the σth
j row at a coarea cell. Thus the number of inversions of σ is equal to the coarea

of P , i.e. inv(σ) = coarea(P ). Since inv(σ) + coinv(σ) = area(P ) + coarea(P ) =
(

n
2

)

, we have

coinv(σ) = area(P ).

8

6

9

7

4
3
2

5

1

→

Fig. 4: The map Ψ : Sn(123) → Dn.

The bijection Ψ : Sn(123) → Dn given by Deutsch and Elizalde (2003) can be described in a similar

way. Given any permutation σ ∈ Sn(123), the Dyck path Ψ(σ) is constructed exactly as the bijection

Φ. Figure 4 shows an example of this map from σ = 869743251 ∈ S9(123) to the Dyck path DDRD-

DRRRDDRDRDRRDR. The map Ψ is invertible because each 123-avoiding permutation has a unique

left-to-right minima set. More details about Ψ can be found in Deutsch and Elizalde (2003). We then have

the following lemma from Qiu and Remmel (2018).

Lemma 3 (Qiu and Remmel (2018), Lemma 4). Let P ∈ Dn and σ = Ψ−1(P ). Then

(1) for each horizontal segment H of P , the least element of the set of numbers associated to H sits

directly above the first right-step of H , and the remaining numbers of the set form a consecutive

decreasing sequence in σ.

(2) σ can be decomposed into two decreasing subsequences, the first decreasing subsequence corre-

sponds to the peaks of σ and the second decreasing subsequence corresponds to the non-peaks of

σ.

(3) Suppose that σi is a peak of σ and the cell containing σi is on the kth diagonal. Then there are k

elements in the graph G(σ) in the first quadrant relative to the coordinate system centered at (i, σi).
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3 The functions Q
γ
132(t, x)

In this section, we give the recursive relations for generating functions Q
γ
132(t, x) by examining the set

Sn(132). We shall first look at the structure of a 132-avoiding permutation.

Given σ = σ1 · · ·σn ∈ Sn(132), we suppose σk = n is the biggest number in the permutation. The

numbers σ1, . . . , σk−1 must be bigger than the numbers σk+1, . . . , σn since otherwise there will be a

132 pattern in σ. Thus we can break the permutation σ into three parts: the first k − 1 numbers, the

biggest number σk = n, and the last n − k numbers. We let A(σ) = red(σ1 · · ·σk−1) and B(σ) =
red(σk+1 · · ·σn) be the reduction of the first k − 1 numbers and the last n − k numbers, then A(σ) ∈
Sk−1(132) and B(σ) ∈ Sn−k(132). The left picture of Figure 3 is an example for σ = 867943251 ∈
S9(132) with A(σ) = 312 and B(σ) = 43251. We also let A(σ) := red(σ1 · · ·σk) be the reduction of

the first k numbers. The structure of σ is shown in Figure 5.

A(σ)

B(σ)

n

Fig. 5: The structure of σ ∈ Sn(132).

Now we count the number of occurrences of a pattern γ = γ1 · · · γr ∈ Sr(132) in σ ∈ Sn(132). The

case when r = 1 is trivial and occr1(σ) = n. If r > 1, we shall count γ from the three parts, A(σ), σk

and B(σ). First, there are (occrγ(A(σ)) + occrγ(B(σ))) occurrences of γ in parts A(σ) and B(σ). Then

we count occurrences of γ that intersect with at least two of the three parts of σ.

Similar to σ, we shall break γ into three parts: A(γ) = red(γ1 · · · γs−1), γs = r and B(γ) =
red(γs+1 · · · γr). We also let A(γ) = red(γ1 · · · γs). Let χ(x) be the function that takes value 1 when the

statement x is true and 0 otherwise. Then there are

(a) χ(s = r) · occrA(γ)(A(σ)) occurrences of γ stretching over parts A(σ) and σk,

(b) χ(s = 1) · occrB(γ)(B(σ)) occurrences of γ stretching over parts σk and B(σ),

(c) χ(s < r) · occrA(γ)(A(σ)) · occrB(γ)(B(σ)) occurrences of γ stretching over parts A(σ) and B(σ)
if γr = r − s,

(d) and χ(1 < s < r) · occrA(γ)(A(σ)) · occrB(γ)(B(σ)) occurrences of γ stretching over all three parts.

Note that (c) requires γr = r − s, i.e. the permutation B(γ) cannot be expressed as the skew sum of two

smaller permutations. If γr 6= r − s, then



8 Dun Qiu, Jeffrey Remmel

(c’) if {π1 ⊖ τ1, . . . , πj ⊖ τj} is the collection of ways to write γ as the skew sum of two smaller

permutations, then the number of occurrences of γ stretching over parts A(σ) and B(σ) is

j
∑

i=1

occrπi
(A(σ)) · occrτi(B(σ)).

We name the method above the recursive counting method, which allows us to count occrγ(σ) by counting

pattern occurrences from the components of σ.

3.1 The function Q
{12,21}
n,132

(x1, x2)

As a first application of our recursive counting method, we have the following theorem first proved by

Fürlinger and Hofbauer Fürlinger and Hofbauer (1985) in 1985 about the distribution of patterns of length

two.

Theorem 1 (Fürlinger and Hofbauer). Let Qn(x1, x2) := Q
{12,21}
n,132 (x1, x2) and

Q(t, x1, x2) := Q
{12,21}
132 (t, x1, x2), then

Q0(x1, x2) = 1, Qn(x1, x2) =

n
∑

k=1

xk−1
1 x

k(n−k)
2 Qk−1(x1, x2)Qn−k(x1, x2), (6)

and

Q(t, x, 1) = 1 + tQ(t, x, 1) ·Q(tx, x, 1). (7)

The theorem was initially proved by enumerating area and coarea statistics of Dyck paths. Here we

shall give a brief proof using permutations.

Proof: To prove equation (6), we shall consider the distribution of the patterns γ = 12 and τ = 21 in

Sn(132) using the recursive counting method.

Given σ ∈ Sn(132) such that σk = n, we break σ into 3 parts: A(σ), σk and B(σ). We have

A(σ) ∈ Sk−1(132) and B(σ) ∈ Sn−k(132). By (a) of the recursive counting method,

occr12(σ) = occr12(A(σ)) + occr12(B(σ)) + occr1(A(σ))

= occr12(A(σ)) + occr12(B(σ)) + k − 1, (8)

and

occr21(σ) = occr21(A(σ)) + occr21(B(σ)) + occr1(B(σ)) + occr1(A(σ)) · occr1(B(σ))

= occr21(A(σ)) + occr21(B(σ)) + k(n− k). (9)

Thus,

Qn(x1, x2) =
∑

σ∈Sn(132)

x
occr12(σ)
1 x

occr21(σ)
2
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=

n
∑

k=1

∑

σ∈Sn(132),σk=n

x
occr12(A(σ))+occr12(B(σ))+k−1
1 x

occr21(A(σ))+occr21(B(σ))+k(n−k)
2

=
n
∑

k=1

xk−1
1 x

k(n−k)
2

∑

σ∈Sn(132),σk=n

x
occr12(A(σ))
1 x

occr21(A(σ))
2 x

occr12(B(σ))
1 x

occr21(B(σ))
2

=

n
∑

k=1

xk−1
1 x

k(n−k)
2

∑

π∈Sk−1(132)

x
occr12(π)
1 x

occr21(π)
2

∑

τ∈Sn−k(132)

x
occr12(τ)
1 x

occr21(τ)
2

=

n
∑

k=1

xk−1
1 x

k(n−k)
2 Qk−1(x1, x2)Qn−k(x1, x2),

which proves equation (6). Equation (7) is a consequence of equation (6). More explicitly, by equation

(6),

Qn(x, 1) =

n
∑

k=1

xk−1Qk−1(x, 1)Qn−k(x, 1) (10)

for any n > 0. Thus,

Q(t, x, 1) =
∑

n≥0

tnQn(x, 1)

=
∑

n≥0

tn
n
∑

k=1

xk−1Qk−1(x, 1)Qn−k(x, 1)

= 1 + t
∑

n≥0

n
∑

k=1

tk−1xk−1Qk−1(x, 1)t
n−kQn−k(x, 1)

= 1 + t





∑

n≥0

(tx)nQn(x, 1)









∑

n≥0

tnQn(x, 1)





= 1 + tQ(tx, x, 1) ·Q(t, x, 1).

Using the recursive equation (6), we can use Mathematica to compute the Taylor series of the function

Q
{12,21}
132 (t, x1, x2) as follows.

Q
{12,21}
132 (t, x1, x2) = 1 + t+ t2(x1 + x2) + t3(x3

1 + x2
1x2 + 2x1x

2
2 + x3

2) + t4(x6
1 + x5

1x2

+ 2x4
1x

2
2 + 3x3

1x
3
2 + 3x2

1x
4
2 + 3x1x

5
2 + x6

2) + t5(x10
1 + x9

1x2 + 2x8
1x

2
2

+ 3x7
1x

3
2 + 5x6

1x
4
2 + 5x5

1x
5
2 + 7x4

1x
6
2 + 7x3

1x
7
2 + 6x2

1x
8
2 + 4x1x

9
2 + x10

2 ) + · · · . (11)

Setting x2 = 1 and x1 = x in equation (11), we have

Q12
132(t, x) = 1 + t+ t2(1 + x) + t3(1 + 2x+ x2 + x3) + t4(1 + 3x+ 3x2 + 3x3 + 2x4 + x5 + x6)

+ t5(1 + 4x+ 6x2 + 7x3 + 7x4 + 5x5 + 5x6 + 3x7 + 2x8 + x9 + x10) + · · · . (12)
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3.2 The function Q
{12,21,123,213,231,312,321}
n,132

(x1, . . . , x7)

Let Γ2 = {12, 21} and Γ3 = {123, 213, 231, 312, 321} be sets of permutation patterns, then the function

QΓ2∪Γ3
n,132 (x1, . . . , x7) = Q

{12,21,123,213,231,312,321}
n,132 (x1, . . . , x7)

tracks all patterns of length two or three of permutations in Sn(132). We shall prove the following

theorem. We use the shorthand Qn(x1, . . . , x7) for QΓ2∪Γ3
n,132 (x1, . . . , x7).

Theorem 2. The function QΓ2∪Γ3
n,132 (x1, . . . , x7) satisfies the recursion

Q0(x1, . . . , x7) = 1,

Qn(x1, . . . , x7) =
n
∑

k=1

xk−1
1 x

k(n−k)
2 x

(k−1)(n−k)
5

·Qk−1(x1x3x
(n−k)
5 , x2x4x

(n−k)
7 , x3, . . . , x7) ·Qn−k(x1x

k
6 , x2x

k
7 , x3, . . . , x7). (13)

Proof: We shall consider the distribution of the patterns γ1 = 12, γ2 = 21, γ3 = 123, γ4 = 213,

γ5 = 231, γ6 = 312 and γ7 = 321 in Sn(132).
Given σ ∈ Sn(132) such that σk = n. Similar to Theorem 1, we make permutations A(σ) ∈

Sk−1(132) and B(σ) ∈ Sn−k(132). The number of occurrences of γ1 and γ2 is given by equation

(8) and (9). For the patterns γ3, γ4, γ5, γ6 and γ7, we have the following formulas from the recursive

counting method.

occr123(σ) = occr123(A(σ)) + occr123(B(σ)) + occr12(A(σ)), (14)

occr213(σ) = occr213(A(σ)) + occr213(B(σ)) + occr21(A(σ)), (15)

occr231(σ) = occr231(A(σ)) + occr231(B(σ))

+occr12(A(σ)) · occr1(B(σ)) + occr1(A(σ)) · occr1(B(σ))

= occr231(A(σ)) + occr231(B(σ)) + (n− k)occr12(A(σ)) + (k − 1)(n− k), (16)

occr312(σ) = occr312(A(σ)) + occr312(B(σ)) + occr12(B(σ)) + occr1(A(σ)) · occr12(B(σ))

= occr312(A(σ)) + occr312(B(σ)) + k · occr12(B(σ)), and (17)

occr321(σ) = occr321(A(σ)) + occr321(B(σ)) + occr21(B(σ))

+occr1(A(σ)) · occr21(B(σ)) + occr21(A(σ)) · occr1(B(σ))

= occr321(A(σ)) + occr321(B(σ)) + k · occr21(B(σ)) + (n− k)occr21(A(σ)). (18)

Thus,

Qn(x1, . . . , x7)

=
∑

σ∈Sn(132)

x
occr12(σ)
1 x

occr21(σ)
2 x

occr123(σ)
3 x

occr213(σ)
4 x

occr231(σ)
5 x

occr312(σ)
6 x

occr321(σ)
7

=

n
∑

k=1

∑

π∈Sk−1(132)

∑

τ∈Sn−k(132)

x
occr12(π)+occr12(τ)+k−1
1 x

occr21(π)+occr21(τ)+k(n−k)
2
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·x
occr123(π)+occr123(τ)+occr12(π)
3 x

occr213(π)+occr213(τ)+occr21(π)
4

·x
occr231(π)+occr231(τ)+(n−k)occr12(π)+(k−1)(n−k)
5 x

occr312(π)+occr312(τ)+k·occr12(τ),
6

·x
occr321(π)+occr321(τ)+k·occr21(τ)+(n−k)occr21(π)
7

=
n
∑

k=1

xk−1
1 x

k(n−k)
2 x

(k−1)(n−k)
5 Qk−1(x1x3x

(n−k)
5 , x2x4x

(n−k)
7 , x3, . . . , x7)

·Qn−k(x1x
k
6 , x2x

k
7 , x3, . . . , x7).

Using Mathematica, one can efficiently compute the polynomial

QΓ2∪Γ3
132 (t, x1, . . . , x7) =

∑

n≥0 t
nQΓ2∪Γ3

n,132 (x1, . . . , x7) as follows.

QΓ2∪Γ3
132 (t, x1, . . . , x7) = 1 + t+ t2(x1 + x2) + t3(x3

1x3 + x2
1x2x4 + x1x

2
2x5 + x1x

2
2x6 + x3

2x7)

+ t4
(

x6
1x

4
3 + x5

1x2x
2
3x

2
4 + x4

1x
2
2x3x

2
4x5 + x3

1x
3
2x3x

3
5 + x4

1x
2
2x3x

2
4x6 + x2

1x
4
2x

2
5x

2
6 + x3

1x
3
2x3x

3
6

+x3
1x

3
2x

3
4x7 + x2

1x
4
2x4x

2
5x7 + x2

1x
4
2x4x

2
6x7 + x1x

5
2x

2
5x

2
7 + x1x

5
2x5x6x

2
7 + x1x

5
2x

2
6x

2
7 + x6

2x
4
7

)

+t5
(

x10
1 x10

3 + x9
1x2x

7
3x

3
4 + x8

1x
2
2x

5
3x

4
4x5 + x7

1x
3
2x

4
3x

3
4x

3
5 + x6

1x
4
2x

4
3x

6
5 + x8

1x
2
2x

5
3x

4
4x6 + x6

1x
4
2x

2
3x

4
4x

2
5x

2
6

+ x7
1x

3
2x

4
3x

3
4x

3
6 + x4

1x
6
2x3x

6
5x

3
6 + x6

1x
4
2x

4
3x

6
6 + x4

1x
6
2x3x

3
5x

6
6 + x7

1x
3
2x

3
3x

6
4x7 + x6

1x
4
2x

2
3x

5
4x

2
5x7

+ x5
1x

5
2x

2
3x

2
4x

5
5x7 + x6

1x
4
2x

2
3x

5
4x

2
6x7 + x5

1x
5
2x

2
3x

2
4x

5
6x7 + x5

1x
5
2x3x

5
4x

2
5x

2
7 + x4

1x
6
2x3x

2
4x

5
5x

2
7

+ x5
1x

5
2x3x

5
4x5x6x

2
7 + x4

1x
6
2x3x

2
4x

4
5x6x

2
7 + x5

1x
5
2x3x

5
4x

2
6x

2
7 + x3

1x
7
2x4x

4
5x

3
6x

2
7 + x4

1x
6
2x3x

2
4x5x

4
6x

2
7

+ x3
1x

7
2x4x

3
5x

4
6x

2
7 + x4

1x
6
2x3x

2
4x

5
6x

2
7 + x3

1x
7
2x3x

6
5x

3
7 + x3

1x
7
2x3x

3
5x

3
6x

3
7 + x3

1x
7
2x3x

6
6x

3
7 + x4

1x
6
2x

6
4x

4
7

+ x3
1x

7
2x

3
4x

3
5x

4
7 + x2

1x
8
2x

4
5x

2
6x

4
7 + x3

1x
7
2x

3
4x

3
6x

4
7 + x2

1x
8
2x

3
5x

3
6x

4
7 + x2

1x
8
2x

2
5x

4
6x

4
7 + x2

1x
8
2x4x

4
5x

5
7

+x2
1x

8
2x4x

2
5x

2
6x

5
7 + x2

1x
8
2x4x

4
6x

5
7 + x1x

9
2x

3
5x

7
7 + x1x

9
2x

2
5x6x

7
7 + x1x

9
2x5x

2
6x

7
7 + x1x

9
2x

3
6x

7
7 + x10

2 x10
7

)

+ · · · . (19)

Let

P γ
n (q, x) :=

∑

σ∈Sn(132)

qcoinv(σ)xoccrγ(σ),

We can evaluate appropriate variables of QΓ2∪Γ3
n,132 (x1, . . . , x7) at 1 and use the relation that inv(σ) +

coinv(σ) =
(

n
2

)

to get the following corollary. We use the shorthand Pn for P γ
n in the RHS of each

equation.

Corollary 3. We have the following equations.

P
γ
0 (q, x) = 1 for each pattern γ, (20)

P 123
n (q, x) =

n
∑

k=1

qk−1Pk−1(qx, x)Pn−k(q, x), (21)

P 213
n (q, x) =

n
∑

k=1

qk−1x
(k−1)(k−2)

2 Pk−1

( q

x
, x
)

Pn−k(q, x), (22)
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P 231
n (q, x) =

n
∑

k=1

qk−1x(k−1)(n−k)Pk−1

(

qx(n−k), x
)

Pn−k(q, x), (23)

P 312
n (q, x) =

n
∑

k=1

qk−1Pk−1 (q, x)Pn−k(qx
k, x), and (24)

P 321
n (q, x) =

n
∑

k=1

qk−1x
(n−k)(kn−4k+2)

2 Pk−1

( q

xn−k
, x
)

Pn−k

( q

xk
, x
)

. (25)

Note that as a consequence of Lemma 1, the two polynomials P 231
n (q, x) and P 312

n (q, x) are identical,

and Corollary 3 gives two different recursions for such polynomials.

We can also compute Q
γ
132(t, x) =

∑

n≥0 t
nP γ

n (1, x) where γ has length three as follows.

Q123
132(t, x) = 1+t+2t2+t3(4+x)+t4(8+4x+x2+x4)+t5(16+12x+5x2+x3+4x4+2x5+x7+x10)

+t6(32+32x+18x2+6x3+13x4+10x5+3x6+4x7+3x8+5x10+2x11+2x13+x16+x20)+ · · · ,
(26)

Q213
132(t, x) = 1+t+2t2+t3(4+x)+t4(8+2x+3x2+x3)+t5(16+5x+6x2+5x3+3x4+5x5+2x6)

+ t6(32 + 12x+ 16x2 + 11x3 + 9x4 + 10x5 + 10x6 + 5x7 + 10x8 + 10x9 + 6x10 + x12) + · · · ,
(27)

Q231
132(t, x) = Q312

132(t, x)

= 1 + t+ 2t2 + t3(4 + x) + t4(8 + 2x+ 3x2 + x3) + t5(16 + 4x+ 6x2 + 7x3 + 4x4 + 2x5 + 3x6)

+ t6(32 + 8x+ 12x2 + 14x3 + 17x4 + 7x5 + 17x6 + 5x7 + 5x8 + 8x9 + 5x10 + 2x12) + · · · ,
(28)

Q321
132(t, x) = 1+t+2t2+t3(4+x)+t4(7+3x+3x2+x4)+t5(11+5x+9x2+3x3+6x4+3x5+4x7+x10)

+t6(16+7x+15x2+9x3+17x4+7x5+10x6+12x7+7x8+6x9+7x10+3x11+6x12+4x13+5x16+x20)

+ · · · . (29)

3.3 Longer patterns whose distributions satisfy good recursions

We have built recursions for generating functions which give the distribution of all patterns of length two

or three in Sn(132). This leads to a natural question — can we give recursions for the generating functions

tracking any pattern in Sn(132) like we have done in Section 3.1 and Section 3.2? We notice that though

we can always use the recursive counting method, we do not always obtain clear recursions like Theorem

1 and Theorem 2.

Let γ be a permutation pattern. We say that the distribution of the pattern γ in Sn(132) satisfies a good

recursion if there exist s permutations γ1, . . . , γs of length at least two such that the generating function
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Qn(x, x1, . . . , xs) = Q
γ,γ1,...,γs

n,132 (x, x1, . . . , xs) satisfies that Q0(x, x1, . . . , xs) = 1, and

Qn(x, x1, . . . , xs) =

n
∑

i=1

q(X)Qi−1(p1(X), . . . , ps+1(X))Qn−i(q1(X), . . . , qs+1(X)) (30)

for n ≥ 1, where X = {x, x1, . . . , xs}, and q(X), p1(X), . . . , ps+1(X), q1(X), . . . , qs+1(X) are 2s+ 3
rational functions about variables in X such that the powers of variables in the numerator and denominator

are polynomials of n and i.

Thus, for any pattern γ whose distribution satisfies a good recursion, there is a Qn(x, x1, . . . , xs)
defined as above such that it can be computed recursively from the functions Qi(x, x1, . . . , xs) for

i = 0, . . . , n − 1. We have the following theorem about the number of permutations in Sn(132) whose

distributions satisfy good recursions.

Theorem 3. Let {an}n≥0 be the integer sequence defined by

a0 = a1 = 1, a2 = 2, and an = an−1 + 2an−2 + an−3. (31)

Then the number of permutations in Sn(132) whose distributions satisfy good recursions is at least an.

Proof: Given σ = σ1 · · ·σn ∈ Sn(132), we define

σ′ := σ1 · · ·σn(n+ 1), (32)

σ′′ := (n+ 2)σ1 · · ·σn(n+ 1), (33)

σ′′′ := (σ1 + 1) · · · (σn + 1)(n+ 2)1, and (34)

σ′′′′ := (n+ 3)(σ1 + 1) · · · (σn + 1)(n+ 2)1. (35)

We construct a set Γ of permutation patterns as follows. We first let the empty permutation ∅ be an

element of Γ. Next, for each permutation σ ∈ Γ, we let σ′, σ′′, σ′′′, σ′′′′ ∈ Γ. Clearly, each permutation

in Γ is 132-avoiding, and the number of permutations in Γ ∩ Sn is an based on the recursive construction

of the set Γ.

From the recursive counting method, the distributions of σ′, σ′′, σ′′′, σ′′′′ satisfy good recursions as

long as the distribution of σ satisfies a good recursion. Thus the distribution of each permutation in Γ
satisfies a good recursion, which proves the theorem.

In fact, when we count the number of occurrences of γ ∈ Sr(132) in σ ∈ Sn(132) with recursive

counting method, we shall break the pattern γ into three parts: A(γ), r and B(γ). γ fails to satisfy a

good recursion by the case (c’) of the recursive counting method if γ = π⊖ τ for some permutations π, τ

of length at least two (in this case the generating function cannot be recursively computed in the way of

equation (30) since the RHS of equation (30) never gives the product occrπ(A(σ)) · occrτ (B(σ))). This

is saying that we cannot have |A(γ)| ≥ 1 and |B(γ)| ≥ 2 simultaneously.

If B(γ) is empty, then γ = A(γ)′. If B(γ) = 1, then γ = A(γ)′′′. If |B(γ)| ≥ 2 and A(γ) is empty,

then we shall decompose B(γ) into three parts: A(B(γ)), r− 1 and B(B(γ)). If B(B(γ)) is empty, then

γ = A(B(γ))′′. If B(B(γ)) is not empty, then B(B(γ)) can only be of size one to make γ not separable

into a skew sum of two nontrivial permutations, and γ = A(B(γ))′′′′.
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Thus, Γ collects all permutations that satisfy good recursions if we use the recursive counting method,

and there are exactly an permutations in Sn whose distributions satisfy good recursions using the recursive

counting method (there might be more permutations in Sn whose distributions satisfy good recursions,

but for other reasons not accessible by the recursive counting method).

The sequence {an}n≥0 = {1, 1, 2, 5, 10, 22, 47, 101, 217, . . .} appears in OEIS of Sloane (2005) as

sequence A101399.

We shall give an example of a longer pattern γ = 12 · · ·m whose distribution satisfies a good recursion

in the following theorem. Note that this gives a way to count the number of occurrences of 12 · · ·m in

Sn(132) different from that of Mansour and Vainshtein (2000).

Theorem 4. Given m ≥ 2 and n ≥ 0, we let

Q
(m)
n,132(x2, x3, . . . , xm) :=

∑

σ∈Sn(132)

x
occr12(σ)
2 x

occr123(σ)
3 · · ·xoccr12···m(σ)

m and (36)

Q
(m)
132 (t, x2, x3, . . . , xm) :=

∑

n≥0

tnQ
(m)
n,132(x2, x3, . . . , xm), (37)

then we have the following equations,

Q
(m)
n,132(x2, . . . , xm)=

n
∑

k=1

xk−1
2 Q

(m)
k−1,132(x2x3, x3x4, . . . , xm−1xm, xm)Q

(m)
n−k,132(x2, . . . , xm),(38)

Q
(m)
132 (t, x2, . . . , xm)=1 + tQ

(m)
132 (tx2, x2x3, x3x4, . . . , xm−1xm, xm)Q

(m)
132 (t, x2, . . . , xm). (39)

Proof: We shall consider the distribution of the pattern γs = 12 · · · s for s = 2, . . . ,m in Sn(132).
Given σ ∈ Sn(132) such that σk = n, we have A(σ) ∈ Sk−1(132) and B(σ) ∈ Sn−k(132). By the

recursive counting method, we have

occr12···s(σ) = occr12···s(A(σ)) + occr12···s(B(σ)) + occr12···(s−1)(A(σ)). (40)

Thus,

Q
(m)
n,132(x2, . . . , xm)=

∑

σ∈Sn(132)

m
∏

i=2

x
occr12···i(σ)
i

=

n
∑

k=1

∑

π∈Sk−1(132)

∑

τ∈Sn−k(132)

m
∏

i=2

x
occr12···i(π)
i · x

occr12···i(τ)
i · x

occr12···(i−1)(π)

i

=

n
∑

k=1

xk−1
2 Q

(m)
k−1,132(x2x3, x3x4, . . . , xm−1xm, xm)Q

(m)
n−k,132(x2, . . . , xm), (41)

which proves equation (38), and equation (39) follows immediately from equation (38).

This theorem can be seen as a generalization of Theorem 1 of Fürlinger and Hofbauer (1985).
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3.4 The distribution of patterns of length four in Sn(132)

Let Γ4 = {1234, 2134, 2314, 2341, 3124, 3214, 3241, 3412, 3421, 4123, 4213, 4231, 4312, 4321} be the

set of patterns in S4(132). By Theorem 3, there are 10 of the 14 patterns in Γ4 satisfying good recursions.

To track all the 14 patterns in S4(132), we shall refine the generating function Qn by the number of

coinversions and define

Qn,i(x1, . . . , x19) := QΓ2∪Γ3∪Γ4
n,132 (x, 1, x1, . . . , x19)

∣

∣

xi , (42)

then

QΓ2∪Γ3∪Γ4
n,132 (x1, . . . , x21) =

(n2)
∑

i=0

xi
1x

(n2)−i

2 Qn,i(x3, . . . , x21). (43)

We let xi track the occurrences of length three patterns and yi track the occurrences of length four

patterns, then we have the following theorem which gives recursive relations for the generating function

Qn,i(x1, . . . , x5, y1, . . . , y14).

Theorem 5. The function Qn,i(x1, . . . , x5, y1, . . . , y14) satisfies the following recursion,

Q0,0(x1, . . . , x5, y1, . . . , y14) = 1, (44)

Qn,i(x1, . . . , x5, y1, . . . , y14) = 0 for i < 0 or i >

(

n

2

)

, and (45)

Qn,i(x1, . . . , x5, y1, . . . , y14) =

n
∑

k=1

i+1−k
∑

j=0

x
j
1x

(k−1
2 )−j

2 x
(n−k)(k+j−1)
3 x

k(i+1−k−j)
4 x

(n−k)((k−1
2 )−j)+k((n−k

2 )+k+j−i−1)
5 y

j(n−k)
4

· y
((k−1

2 )−j)(n−k)

7 y
(j+k−1)(i+1−k−j)
8 y

(j+k−1)((n−k
2 )+k+j−i−1)

9 y
((k−1

2 )−j)(i+1−k−j)

13

· y
((k−1

2 )−j)((n−k
2 )+k+j−i−1))

14

·Qk−1,j(x1y1y
n−k
4 , x2y2y

n−k
7 , x3y3y

n−k
9 , x4y5y

n−k
12 , x5y6y

n−k
14 , y1, . . . , y14)

·Qn−k,i+1−k−j(x1y
k
10, x2y

k
11, x3y

k
12, x4y

k
13, x5y

k
14, y1, . . . , y14). (46)

Proof: We shall count the number of occurrences of the 19 patterns of length three or four in Sn(132)
using the recursive counting method. Let σ ∈ Sn(132) such that σk = n, occr12(σ) = i and occr21(σ) =
j, we have A(σ) ∈ Sk−1(132), B(σ) ∈ Sn−k(132), and j =

(

n
2

)

− i. We shall abbreviate occrγ(A(σ)),

occrγ(B(σ)) and occrγ(A(σ)) to Aγ , Bγ and Aγ in this proof.

Similar to Theorem 2, the formulas for occurrences of 123, 213, 231, 312, 321 are given by equations

(14), (15), (16), (17) and (18). Then we shall look at the 14 patterns of length four. Case (a) of the

recursive counting method implies that

occrπ1π2π34(σ) = Aπ1π2π34 +Bπ1π2π34 +Aπ1π2π3 (47)

for any π1π2π3 ∈ S3(132). For patterns not ending with 4, it follows from the recursive counting method

that

occr2341(σ) = A2341 +B2341 +A12 · B1 +A123 ·B1
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= A2341 +B2341 + j(n− k) + (n− k)A123, (48)

occr3241(σ) = A3241 +B3241 +A21 · B1 +A213 ·B1

= A3241 +B3241 +

((

k − 1

2

)

− j

)

(n− k) + (n− k)A213, (49)

occr3412(σ) = A3412 +B3412 +A12B12 +A1B12

= A3412 +B3412 + (j + k − 1)(i + 1− k − j), (50)

occr3421(σ) = A3421 +B3421 +A12B21 +A1B21 +A231B1

= A3421 +B3421 + (n− k)A231 + (j + k − 1)

((

n− k

2

)

+ k + j − i− 1

)

,(51)

occr4123(σ) = A4123 +B4123 +A1B123 = A4123 +B4123 + kB123, (52)

occr4213(σ) = A4213 +B4213 +A1B213 = A4213 +B4213 + kB213, (53)

occr4231(σ) = A4231 +B4231 +A1B231 +A312B1

= A4231 +B4231 + kB231 + (n− k)A312, (54)

occr4312(σ) = A4312 +B4312 +A1B312 +A21B12

= A4312 +B4312 + kB312 +

((

k − 1

2

)

− j

)

(i+ 1− k − j), (55)

occr4321(σ) = A4321 +B4321 +A1B321 +A21B21 +A321B1

= A4321 +B4321 + kB321

+(n− k)A321 +

((

k − 1

2

)

− j

)((

n− k

2

)

+ k + j − i− 1

)

. (56)

Then, one can arrange the generating function Qn,i(x1, . . . , x5, y1, . . . , y14) in a similar way to equation

(19) to prove the recursion.

We can compute the polynomial QΓ2∪Γ3∪Γ4
n,132 (x1, . . . , x21) =

∑(n2)
i=0 x

i
1x

(n2)−i

2 Qn,i(x3, . . . , x21) effi-

ciently by Mathematica as follows.

QΓ2∪Γ3∪Γ4
132 (t, x1, . . . , x21) = 1 + t+ t2(x1 + x2) + t3(x3

1x3 + x2
1x2x4 + x1x

2
2x5 + x1x

2
2x6 + x3

2x7)

+ t4
(

x4
1x10x

2
2x3x

2
4x5 + x3

1x11x
3
2x3x

3
5 + x4

1x12x
2
2x3x

2
4x6 + x2

1x15x
4
2x

2
5x

2
6 + x3

1x17x
3
2x3x

3
6

+ x3
1x13x

3
2x

3
4x7 + x2

1x14x
4
2x4x

2
5x7 + x2

1x18x
4
2x4x

2
6x7 + x1x16x

5
2x

2
5x

2
7 + x1x19x

5
2x5x6x

2
7

+x1x
5
2x20x

2
6x

2
7 + x6

2x21x
4
7 + x6

1x
4
3x8 + x5

1x2x
2
3x

2
4x9

)

+ · · · . (57)

4 The functions Q
γ
123(t, x)

We use the bijection Ψ : Sn(123) → Dn of Deutsch and Elizalde (2003) to study the distribution of

the patterns 132 and 231 in Sn(123). When computing the distribution of 132-distribution, we prove a

stronger result about 1m · · · 2-distribution in Sn(123). Our method does not apply for the pattern 321 due

to the complexity of the structure of 123-avoiding permutations.
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4.1 The distribution of the pattern 1m · · ·2 in Sn(123)

Given σ = σ1 · · ·σn ∈ Sn(123). If σi1 · · ·σim is an occurrence of the pattern 1m · · ·2, then the number

σi1 must be a left-to-right minimum of σ, otherwise there exists a number σa < σi1 with index a < i1,

and (a, i1, im) is an occurrence of the pattern 123.

Under the map Ψ : Sn(123) → Dn, the number σi1 sits above a peak of the corresponding Dyck path

Ψ(σ). Suppose that the number σi1 is on the dth diagonal of Ψ(σ), then by (3) of Lemma 3, there are d

numbers to the right of σi1 that are bigger than σi1 , appearing in a decreasing way. It follows immediately

that there are
(

d
m−1

)

occurrences of the pattern 1m · · · 2 at the peak σi1 since any m− 1 of the d numbers

to the right of σi1 that are bigger than σi1 create a pattern 1m · · · 2 with the number σi1 .

Now let cd(σ) be the number of peaks that are on the dth diagonal of Ψ(σ), then

occr1m···2(σ) =
∑

d≥0

cd(σ)

(

d

m− 1

)

. (58)

We also let cd(P ) denote the number of peaks that are on the dth diagonal of a path P .

We define

Q
(m)
n,123(s, x2, x3, . . . , xm) :=

∑

σ∈Sn(123)

sLRmin(σ)x
occr12(σ)
2 x

occr132(σ)
3 · · ·x

occr1m(m−1)···2(σ)
m and(59)

Q
(m)
123 (t, s, x2, x3, . . . , xm) :=

∑

n≥0

tnQn,123(s, x2, x3, . . . , xm), (60)

then we have the following theorem.

Theorem 6. Given n ≥ 0 and m ≥ 2,

Q
(m)
n,123(s, x2, . . . , xm) = sQ

(m)
n−1,123(s, x2, . . . , xm)

+

n
∑

k=2

Q
(m)
k−1,123(sx2, x2x3, x3x4, . . . , xm−1xm, xm)Q

(m)
n−k,123(s, x2, . . . , xm), (61)

and

Q
(m)
123 (t, s, x2, . . . , xm) = 1 + t(s− 1)Q

(m)
123 (t, s, x2, . . . , xm)

+ tQ
(m)
123 (t, sx2, x2x3, x3x4, . . . , xm−1xm, xm)Q

(m)
123 (t, s, x2, . . . , xm). (62)

Proof: We enumerate the pattern occurrences using the Dyck path bijection Ψ. Given any Dyck path P ,

we can break the path at the first return to write P as DP1RP2, where P1 is the path after the first D step

before the last R step before the first return, and P2 is the path after the first return.

Let k = ret(P ). By equation (58), we have

Q
(m)
n,123(s, x2, . . . , xm)
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=
∑

σ∈Sn(123)

s
∑

d≥0 cd(σ)(d0)x
∑

d≥0 cd(σ)(d1)
2 x

∑
d≥0 cd(σ)(d2)

3 · · ·x
∑

d≥0 cd(σ)( d
m−1)

m

=
∑

P∈Dn

s
∑

d≥0 cd(P )(d0)x
∑

d≥0 cd(P )(d1)
2 x

∑
d≥0 cd(P )(d2)

3 · · ·x
∑

d≥0 cd(P )( d
m−1)

m

= s
∑

P2∈Dn−1

s
∑

d≥0 cd(P2)(d0)x
∑

d≥0 cd(P2)(d1)
2 · · ·x

∑
d≥0 cd(P2)( d

m−1)
m

+

n
∑

k=2

∑

P1∈Dk−1

s
∑

d≥0 cd(P1)(d+1
0 )x

∑
d≥0 cd(P1)(d+1

1 )
2 · · ·x

∑
d≥0 cd(P1)( d+1

m−1)
m

·
∑

P2∈Dn−k

s
∑

d≥0 cd(P2)(d0)x
∑

d≥0 cd(P2)(d1)
2 · · ·x

∑
d≥0 cd(P2)( d

m−1)
m

= sQ
(m)
n−1,123(s, x2, . . . , xm)

+

n
∑

k=2

∑

P1∈Dk−1

s
∑

d≥0 cd(P1)(d0)x
∑

d≥0 cd(P1)((d0)+(
d

1))
2 · · ·x

∑
d≥0 cd(P1)(( d

m−2)+(
d

m−1))
m

·
∑

P2∈Dn−k

s
∑

d≥0 cd(P2)(d0)x
∑

d≥0 cd(P2)(d1)
2 · · ·x

∑
d≥0 cd(P2)( d

m−1)
m

= sQ
(m)
n−1,123(s, x2, . . . , xm)

+

n
∑

k=2

Q
(m)
k−1,123(sx2, x2x3, x3x4, . . . , xm−1xm, xm)Q

(m)
n−k,123(s, x2, . . . , xm).

Equation (62) follows immediately from equation (61).

Evaluating m at 3 gives the following corollary for the distribution of the coinversion and the occr132
statistics.

Corollary 4. Q
(3)
n,123(s, q, x) =

∑

σ∈Sn(123)
sLRmin(σ)qcoinv(σ)xoccr132(σ) satisfies

Q
(3)
0,123(s, q, x) = 1, Q

(3)
n,123(s, q, x) = sQ

(3)
n−1,123 +

n
∑

k=2

Q
(3)
k−1,123(sq, qx, x)Q

(3)
n−k,123(s, q, x). (63)

Further,

Q
(3)
123(t, s, q, x) = 1 + t(s− 1)Q

(3)
123(t, s, q, x) + tQ

(3)
123(t, sq, qx, x)Q

(3)
123(t, s, q, x).

Then we can use the recursive formula to compute Q
{12,132}
123 (t, q, x) =

∑

n≥0 t
nQ

(3)
n,123(1, q, x):

Q
{12,132}
123 (t, q, x) = 1+ t+ t2(1 + q) + t3(1 + 2q+ q2 + q2x) + t4(1 + 3q+3q2 + q3 +2q2x+2q3x

+ q4x2 + q3x3)+ t5(1+4q+6q2+4q3 + q4+3q2x+6q3x+3q4x+3q4x2 +2q5x2 +2q3x3 +2q4x3
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+ q6x3 + 2q5x4 + q4x6 + q6x6) + · · · . (64)

By looking at the coefficients of the generating functions, we observe a property that

|{σ ∈ Sn(132) : occr12···j(σ) = i}| = |{σ ∈ Sn(123) : occr1j(j−1)···2(σ) = i}| for all i < j. (65)

Let [xi]Q denote the coefficient of xi in the function Q, then the property above is equivalent to the

following theorem.

Theorem 7. For any nonnegative integers i < j,

[tnxi]
Q

1···j
132 (t,x) = [tnxi]

Q
1j···2
123 (t,x). (66)

Proof: One can use the recursive equations (38) and (61) to prove the theorem using induction. Here we

shall give an alternative combinatorial proof of the theorem using the Dyck path bijections Φ and Ψ.

By equation (58), σ ∈ Sn(123) has i occurrences of the pattern 1j(j − 1) · · · 2 where j > i if and only

if the corresponding Dyck path Ψ(σ) has i peaks on the j − 1st diagonal and no peaks on the kth diagonal

for all k ≥ j.

On the other hand, let π ∈ Sn(132) and occr12···j(π) = i. The corresponding Dyck path Φ(π) has no

peaks on the kth diagonal for all k ≥ j. Otherwise, if πi is on the kth diagonal for some k ≥ j, there

are k numbers to the right of πi that are greater than πi, forming a length k + 1 increasing subsequence

together with πi. There are
(

k+1
j

)

> i occurrences of the pattern 12 · · · j in this subsequence, which leads

to a contradiction.

Further, if πℓ1 · · ·πℓj is an occurrence of the pattern 12 · · · j, then πℓ1 must be a peak on the j − 1st

diagonal, otherwise any peak to the left of πℓ1 that is smaller than πℓ1 is on the kth diagonal for some

k ≥ j by Lemma 2 (c), contradicting with the statement that Φ(π) has no peaks on the kth diagonal for all

k ≥ j.

Thus, π has i occurrences of the pattern 1 · · · j where j > i if and only if the corresponding Dyck path

Φ(π) has i peaks on the j − 1st diagonal and no peaks on the kth diagonal for all k ≥ j, which proves

equations (65) and (66).

4.2 The distribution of the pattern 231 in Sn(123)

We give recursive formulas for the generating function of Sn(123) tracking the number of occurrences of

the pattern 231 by refining function Qn by the number of left-to-right minima. Given σ ∈ Sn(123), we

let linv(σ) be the number of pairs (i, j) such that σi is a left-to-right minimum, σj is not a left-to-right

minimum and σi > σj . For a Dyck path P , we also let linv(P ) = linv(Ψ−1(σ)).
Next, we define

Dn(s, q, x, y) :=
∑

σ∈Sn(123)

sLRmin(σ)qoccr12(σ)xlinv(σ)yoccr231(σ) and (67)

Dn,k(q, x, y) :=
∑

σ∈Sn(123),LRmin(σ)=k

qoccr12(σ)xlinv(σ)yoccr231(σ), (68)

then Dn(s, q, x, y) =
∑n

k=1 s
kDn,k(q, x, y), and we have the following theorem for Dn(s, q, x, y).
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Theorem 8. D0(s, q, x, y) = D0,0(q, x, y) = 1. For any n, k ≥ 1,

Dn,1(q, x, y) = qn−1, Dn,n(q, x, y) = 1, Dn,k(q, x, y) = 0 for k > n, (69)

and

Dn,k(q, x, y) = xn−kDn−1,k−1(q, x, y) + qkDn−1,k(q, xy, y)

+

n−1
∑

i=2

min(i−1,k−1)
∑

j=max(1,k+i−n)

qjxj(n−i−k+j)yj(n−i)Di−1,j(qy
n−i, xy, y)Dn−i,k−j(q, x, y). (70)

Proof: Given σ ∈ Sn(123) such that LRmin(σ) = k, we let P = Ψ(σ) be the corresponding Dyck

path which has k peaks by Lemma 3. Suppose that ret(σ) = i, then similar to Theorem 6, we can write

P = DP1RP2, where P1 is a Dyck path of size i− 1 and P2 is a Dyck path of size n− i.

If i = 1, then P1 is empty, and DP1R is a peak on the main diagonal, thus P2 should be a Dyck path of

size n− 1 with k − 1 peaks. There are n− k extra linvs between the first peak and the n− k non-peaks

in P2, thus the contribution of this case is xn−kDn−1,k−1(q, x, y).
If i = n, then P2 is empty, and P = DP1R. P1 should be a Dyck path of size n − 1 with k peaks.

There are k more inversions of Ψ−1(DP1R) than Ψ−1(P1), and there are linv(P1) more occurrences of

the pattern 231 in Ψ−1(DP1R) than Ψ−1(P1), thus the contribution of this case is qkDn−1,k(q, xy, y).
If 1 < i < n, then both P1 and P2 are not empty. Suppose that there are j peaks in P1, then there

are k − j peaks in P2. Other than the statistics counted inside P1 and P2, there are j more inversions

of Ψ−1(DP1R) than Ψ−1(P1), j(n − i − k + j) extra linvs between P1 and P2, and j(n − i) + (n −
i)occr12(Ψ

−1(P1)) + linv(P1) extra occurrences of the pattern 231, thus the contribution of this case is

qjxj(n−i−k+j)yj(n−i)Di−1,j(qy
n−i, xy, y)Dn−i,k−j(q, x, y).

Summing over all the cases gives (70).

Then we can compute Q
{12,231}
123 (t, q, x) =

∑

n≥0 t
nDn(1, q, 1, x) using the recursive formula to get

Q
{12,231}
123 (t, q, x) = 1+t+(1+q)t2+t3(1+q+2q2+qx)+t4(1+q+2q2+2q3+q4+qx+2q3x+qx2

+ 3q2x2) + t5(1 + q + 2q2 + 2q3 + 3q4 + 2q6 + qx+ 2q3x+ 2q5x+ qx2 + 3q2x2 + 5q4x2 + 2q5x2

+ qx3 + q2x3 + 4q3x3 + q4x3 + 3q2x4 + 4q3x4 + q4x4) + · · · . (71)

5 Applications in pattern popularity

Let S be a set of permutations and γ be a permutation pattern. The popularity of γ in S, fS(γ), is defined

by

fS(γ) :=
∑

σ∈S

occr(γ). (72)

Let

Fγ(t) :=
∑

n≥0

fSn(132)(γ)t
n and (73)



Classical patterns in Sn(132) and Sn(123) 21

Gγ(t) :=
∑

n≥0

fSn(123)(γ)t
n, (74)

Bóna (2012) and Homberger (2012) studied the popularity of length two or three patterns in Sn(132) and

Sn(123).

Theorem 9 (Bóna and Homberger). Let C(t) :=
∑

n≥0 Cnt
n be the generating function of Catalan

numbers. Then

F12(t) =
t2C3(t)

(1− 2tC(t))
2 , (75)

G12(t) =
tC2(t)

1− 2tC(t)
. (76)

In this section, we shall apply our results in Section 3 and Section 4 in pattern popularity problems, and

we have the following theorem.

Theorem 10. Let m > 2 be an integer. Then

F12···m(t) =
tC(t)F12···(m−1)(t)

1− 2tC(t)
, and (77)

G1m···2(t) =
tC(t)G1(m−1)···2(t)

1− 2tC(t)
. (78)

Proof: Equation (77) is a consequence of equation (39). To be more explicitly, it is a fact that

Q
(m)
132 (t, x2, . . . , xm)

∣

∣

x2=···=xm=1
= C(t). (79)

It follows from the definition of Q
(m)
132 (t, x2, . . . , xm) that

F12···m(t) =
∂Q

(m)
132 (t, x2, . . . , xm)

∂xm

∣

∣

∣

∣

x2=···=xm=1

. (80)

Taking partial derivative of equation (39) over xm and evaluating x2, . . . , xm at 1 give

F12···m(t) =
∂Q

(m)
132 (t, x2, . . . , xm)

∂xm

∣

∣

∣

∣

x2=···=xm=1

= t

(

∂Q
(m)
132 (t, x2, . . . , xm)

∂xm

Q
(m)
132 (t, x2, . . . , xm)

+
∂Q

(m)
132 (t, x2, . . . , xm)

∂xm−1
Q

(m)
132 (t, x2, . . . , xm)
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+
∂Q

(m)
132 (t, x2, . . . , xm)

∂xm

Q
(m)
132 (t, x2, . . . , xm)

) ∣

∣

∣

∣

∣

x2=···=xm=1

= t
(

C(t)F12···(m−1)(t) + 2C(t)F12···m(t)
)

, (81)

which implies equation (77).

Equation (78) is a consequence of equation (62) and can be proved in a similar way. We shall omit the

proof of equation (78).

6 Summary and future work

We have obtained recursions of generating functions of Sn(132) tracking all patterns of length two, three

or four. In fact, it is possible to give a recursion for the generating function Q
γ
n,132(t, x) of Sn(132)

tracking the occurrences of a pattern γ of any length in Sn(132) if one does enough refinement.

On Sn(123), we have only obtained recursions of generating functions tracking two patterns of length

two, two patterns of length three and the special pattern 1m(m− 1) · · · 2. The recursions about Sn(123)
tend to be more complicated than those about Sn(132), and we have not succeeded in computing a recur-

sion for the generating function tracking the pattern 321.

We have applied our results about classical pattern distributions in pattern popularity problems, and

we have obtained nice results on pattern 1 · · ·m popularity in Sn(132) and pattern 1m · · ·2 popularity in

Sn(123).
We have noticed other equalities of coefficients of generating functions Q

γ
132(t, x) and Q

γ
123(t, x) ex-

cept equation (66). For example, the number of permutations in Sn(123) with one occurrence of the

pattern 231 is equal to the number of permutations in Sn(231) with one occurrence of the pattern 123,

which is equal to 2n− 5; the number of permutations in Sn(132) with one occurrence of the pattern 3412
is equal to the number of permutations in Sn(132) with one occurrence of the pattern 2341, which is one

less than the 2n− 5th Fibonacci number.

We have not studied sets of permutations avoiding patterns of length bigger than three. We shall study

such problems in the future.
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On the number of pancake stacks requiring

four flips to be sorted
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Using existing classification results for the 7- and 8-cycles in the pancake graph, we determine the number of per-

mutations that require 4 pancake flips (prefix reversals) to be sorted. A similar characterization of the 8-cycles in the

burnt pancake graph, due to the authors, is used to derive a formula for the number of signed permutations requiring 4

(burnt) pancake flips to be sorted. We furthermore provide an analogous characterization of the 9-cycles in the burnt

pancake graph. Finally we present numerical evidence that polynomial formulas exist giving the number of signed

permutations that require k flips to be sorted, with 5 ≤ k ≤ 9.

Keywords: Pancake graph, burnt Pancake graph, Cayley graphs, cycle embedding

1 Introduction

The idea of sorting permutations is a classical one in combinatorics and computer science. Of particular

interest is when the sorting is performed utilizing only prefix reversals (see, for example, [CFM+09,

Cib11, GP79]). Problems like the pancake problem that ask to determine the minimum number of prefix-

reversal flips that are needed to sort any permutation in Sn are computationally hard to solve [BFR15]. In

this context a natural question arises: How many permutations in Sn require k prefix-reversal flips to be

sorted? One of our main contributions is the answer to the case k = 4 (the cases k ≤ 3 are trivial) for

both permutations and signed permutations. Our methods rely on an existing classification of the 6-,7-,

and 8-cycles in the pancake graph and a classification of the 8-cycles in the burnt pancake graph, which

is due to the authors [BBP19]. In particular, our main results are the following.

(I) We provide an explicit formula that gives the number of permutations in Sn that require exactly

four prefix reversal flips to be sorted. This formula is given by a simple integer-valued polynomial

1

2

(
2n4 − 15n3 + 29n2 + 6n− 34

)
,

where n ≥ 4. The details are given in Section 3.
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(II) We give an explicit formula for the number of signed permutations in Bn that require exactly four

prefix-reversal flips to be sorted. This formula is also given by a simple integer-valued polynomial,

namely,
1

2
n(n− 1)2(2n− 3),

with n ≥ 1. The details are given in Section 4.

(III) We also provide a classification of all the 9-cycles in the burnt pancake graph. Concretely, we

prove that all of these 9-cycles can be described by two canonical forms. The details are given in

Section 5.

We point out that the polynomial in (I) can also be derived from the algorithm described in [HV16],

where the authors utilize structural properties of certain permutations to obtain generating functions. Our

methods are entirely elementary and rely on the classification of cycles inside the pancake and burnt

pancake graph and on the principle of inclusion-exclusion. Presently, the algorithm in [HV16] cannot be

applied to signed permutations, and in particular, no other proof for our second main result (II) is known.

The reader is referred to Section 2 for the basic definitions and notation used throughout the paper. We

end the paper with conjectures for closed formulas giving the number of signed permutations requiring

exactly k prefix-reversal flips to be sorted with 5 ≤ k ≤ 9, and other conjectures.

2 Preliminaries and notation

Throughout this note, n will denote a positive integer greater than 1, and for a positive integer k ≤ n,

[k] will denote the set {1, 2, . . . , k}. We will use Sn to denote the set of permutations of the set [n].
Furthermore, if 2 ≤ i ≤ n, we denote by ri the following permutation, written in one-line notation:

ri = i (i− 1) · · · 2 1 (i+ 1) · · · n.

The elements of the set R := {ri}
n
i=2 are referred to as prefix reversals or pancake flips.

Similarly one can define prefix reversals on the group of signed permutations. A signed permuta-

tion is a permutation w of the set [±n] := {−n,−(n − 1), . . . ,−2,−1, 1, 2, . . . n − 1, n} satisfying

w(−i) = −w(i) for all i ∈ [n]. For convenience, we will use i instead of −i. We will use win-

dow notation (see [BB05, Section 8.1]) to denote signed permutations. More specifically, we will use

[w(1)w(2) . . . w(n)] to denote w. In Coxeter groups literature, the group of signed permutations is

denoted by Bn (see [BB05, Chapter 8]). In this context, if i ∈ [n], a signed prefix reversal is given by

rBi = [i i− 1 · · · 1 (i + 1) (i+ 2) · · · n].

We refer to the elements of the set RB := {rBi }
n
i=1 as signed prefix reversals or burnt pancake flips.

If clear from the context, we may drop the words “signed,” “burnt,” and the B superscript. It is worth

pointing out that for any i ∈ [n], ri and rBi are both involutions (elements of order two) of Sn and Bn,

respectively. That is,

(ri)
2
= 1 2 · · · (i− 1) i (i+ 1) · · ·n, and

(
rBi
)2

= [1 2 · · · (i − 1) i (i+ 1) · · ·n].
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The graph Pn := (Sn, En) where

En := {{π, πri} : π ∈ Sn, 2 ≤ i ≤ n}

is called the pancake graph of order n. Similarly, the graph BPn := (Bn, E
B
n ), where

EB
n := {{π, πrBi } : π ∈ Bn, i ∈ [n]},

is called the burnt pancake graph.

Both Pn and BPn are Cayley graphs of Sn and Bn, respectively, since the groups Sn and Bn are

generated by R and RB, respectively. Therefore, both Pn and BPn are vertex transitive graphs; that

is, given any two vertices u, v in a vertex transitive graph, there exists a graph isomorphism f such that

v = f(u).
We will use Pn−1(q) (BPn−1(q), respectively) to denote the subgraph of Pn (BPn, respectively) in-

duced by the subset of Sn (Bn, respectively) of all permutations that end with q, with q ∈ [n] ([±n],
respectively) in one-line notation. Furthermore, for 1 < k < n, we use Pk−1(p) (BPk−1(p), respec-

tively) to denote the subgraph of Pn−1(n) (BPn−1(n), respectively) whose vertices are the set of all

π ∈ Sn with

π = π1 π2 · · · πk−1 p (k + 1) (k + 2) · · · n,

where p ∈ [k] and πi ∈ [k] \ {p} or, respectively, π ∈ Bn with

π = [π1 π2 · · · πk−1 p (k + 1) (k + 2) · · · n],

where p ∈ [±k] and πi ∈ [±k] \ {p}. The edges of Pk(p) being {{π, πri} : π ∈ Pk(p), 2 ≤ i ≤ k − 1}
({{π, πri} : π ∈ BPk(p), i ∈ [k − 1]}, respectively). One readily notices that each Pk(p) (BPk(p),
respectively) is isomorphic to Pk−1 (BPk−1, respectively).

A key result that we will use is the following classification of the 6-, 7-, and 8-cycles in Pn, n ≥ 4. We

will refer to each cycle C in Pn (BPn, respectively) by listing the edges that form C consecutively, and

we label each edge {π, πri} ({π, πrBi }, respectively), with π ∈ Sn, ri ∈ R (with π ∈ Bn, r
B
i ∈ RB ,

respectively) by ri (rBi , respectively). Since there are multiple ways to refer to a cycle, we choose a

canonical form for every cycle. We say that a cycle C is in canonical form if C = ri1 · · · riℓ (C =
rBi1 · · · r

B
iℓ

, if in BPn) and the sequence (i1, . . . , iℓ) is lexicographically maximal among all sequences

corresponding to indices of prefix reversals that would also traverse C. For example, r3r2r3r2r3r2 is in

canonical form whereas r2r3r2r3r2r3 is not since (232323) <
lex

(323232). We are now ready to spell out

the cycle classifications that are used in the proofs of our main results.

The following is an amalgam of results spanning three articles written by Konstantinova and Medvedev,

which classifying the canonical forms of small cycles (6-,7-,8-, and 9-cycles) in Pn. This single theorem is

actually a restatement of four separate results found in [KM10, Lemma 3], [KM10, Theorem 1], [KM14,

Theorem 1.3], and [KM11, Theorem 4].

Theorem 2.1 If n ≥ 3, then

there is only one canonical 6-cycle in Pn:

r3r2r3r2r3r2. (2.1)
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Furthermore, the 7-cycles in Pn have the following canonical forms:

rkrk−1rkrk−1rk−2rkr2, 4 ≤ k ≤ n. (2.2)

Moreover, the 8-cycles in Pn have the following canonical forms:

rkrjrirjrkrk−j+irirk−j+i, 2 ≤ i < j ≤ k − 1, 4 ≤ k ≤ n, (2.3)

rkrk−1r2rk−1rkr2r3r2, 4 ≤ k ≤ n, (2.4)

rkrk−irk−1rirkrk−irk−1ri, 2 ≤ i ≤ k − 2, 4 ≤ k ≤ n, (2.5)

rkrk−i+1rkrirkrk−irk−1ri−1, 3 ≤ i ≤ k − 2, 5 ≤ k ≤ n, (2.6)

rkrk−1ri−1rkrk−i+1rk−irkri, 3 ≤ i ≤ k − 2, 5 ≤ k ≤ n, (2.7)

rkrk−1rkrk−irk−i−1rkriri+1, 2 ≤ i ≤ k − 3, 5 ≤ k ≤ n, (2.8)

rkrk−j+1rkrirkrk−j+1rkri, 2 ≤ i < j ≤ k − 1, 4 ≤ k ≤ n, and (2.9)

r4r3r4r3r4r3r4r3. (2.10)

Additionally, the 9-cycles in Pn have the following canonical forms:

rkrk−1rirk−1rkriri−1ri+1r2, 3 ≤ i ≤ k − 2, 5 ≤ k ≤ n, (2.11)

r2rk−i+2rkri−2ri−1riri−1rkrk−i+2, 4 ≤ i ≤ k − 1, 5 ≤ k ≤ n, (2.12)

rkrk−irk−1rk−j+i−1rk−jrkrj−i+1rjri, 2 ≤ i < j ≤ k − 2, 5 ≤ k ≤ n, (2.13)

rkrk−1riri−1rk−1rkriri+1r2, 3 ≤ i ≤ k − 2, 5 ≤ k ≤ n, (2.14)

rkrk−1rk−2rk−1rk−2rkr3rkrk−2, 4 ≤ k ≤ n, (2.15)

rkrk−1rk−2rirkr2rkrirk−1, 2 ≤ i ≤ k − 3, 5 ≤ k ≤ n, (2.16)

rkrk−j+irkrjrirkrk−jrk−irj−i, 2 ≤ i ≤ j − 2, i+ 2 ≤ j ≤ k − 2, 6 ≤ k ≤ n, (2.17)

rkrk−j+irk−jrkrjrirkrk−irj−i, 2 ≤ i ≤ j − 2, i+ 2 ≤ j ≤ k − 2, 6 ≤ k ≤ n, (2.18)

rkrk−j+irk−j+1rkrjrirkrk−i+1rj−i+1, 2 ≤ i < j ≤ k − 1, 4 ≤ k ≤ n, (2.19)

rkrk−1rkrk−1rkrk−1rk−3rkr3, 5 ≤ k ≤ n. (2.20)

In the same spirit as the classification of the cycles in Pn, the authors proved the following theorem

classifying the 8-cycles in BPn, for n ≥ 2.

Theorem 2.2 (Theorem 4.1 in [BBP19]) If n ≥ 2 then each 8-cycle in BPn has one of the following

canonical forms:

rkrjrirjrkrk−j+irirk−j+i, 1 ≤ i < j ≤ k − 1, 3 ≤ k ≤ n, (2.21)

rkrjrkrirkrjrkri, 2 ≤ i, j ≤ k − 2, i+ j ≤ k, 4 ≤ k ≤ n, (2.22)

rkrirkr1rkrirkr1, 2 ≤ i ≤ k − 1, 3 ≤ k ≤ n, and (2.23)

rkr1rkr1rkr1rkr1 2 ≤ k ≤ n. (2.24)

Our question is a very natural one: How many pancake stacks require k flips to be sorted? Equivalently,

how many permutations in Sn require composition with k prefix reversals to be sorted? Naturally, we will

think of permutations instead of pancake stacks for convenience in notation. In this light, we define the

pancake distance between two permutations as follows.
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Definition 2.3 Given π1, π2 ∈ Sn, we write d(π1, π2) = k if π2 = π1ri1 · · · rik for some ri1 , . . . , rik ∈
R, and k is minimal. Namely, if π2 = π1rj1rj2 · · · rjk′

then k ≤ k′. We call d(·, ·), the pancake distance.

By the same token, if given σ1, σ2 ∈ Bn such that σ1 = σ2r
B
i1
rBi2 · · · r

B
iℓ

and ℓ is minimal, we say that

the burnt pancake distance between σ1 and σ2 is ℓ and write dB(σ1, σ2) = ℓ.

If k ≥ 1, we denote by Rk(n) the number of permutations in Sn that require k flips to be sorted, that

is, Rk(n) = |{π ∈ Sn : d(e, π) = k}|. Similarly, we use RB
k (n) to denote the cardinality of the set

|{π ∈ Bn : dB(e, π) = k}|
One easily sees that R0(n) = 1 (corresponding to the identity permutation that is already sorted) and

that R1(n) = n−1, as the only stacks that can be sorted with one flip are the prefix-reversal permutations.

For k = 2, 3 the cycle structure of Pn allows us to conclude that

R2(n) = (n− 1)(n− 2) and R3(n) = (n− 1)(n− 2)2 − 1 if n ≥ 3.

Indeed, the smallest cycle in Pn is a 6-cycle and there is only one such a cycle, namely, r3r2r3r2r3r2
(see [KM14, Theorem 1.1-1.2]). Hence, since there are n− 1 prefix reversals, R2(n) = (n− 1)(n − 2)
and R3(n) = (n− 1)(n− 2)2 − 1. The first non-trivial computation is R4(n).

We have computed values of Rk(n) and RB
k (n) for several instances of n, k utilizing a system with

Dual Xeon CPUs and 256GB of RAM for the largest computations. We have summarized the values found

in Table 1 and Table 2 and remark that due to computing limitations, several entries are still unknown.

However, we were able to compute enough values to be able to offer some conjectures, which we present

in Section 6. We are happy to share our code upon request.

We are now ready to prove the first main result of this paper, an explicit description of R4(n).

3 Permutations requiring four flips to be sorted
The approach we use to obtain the number of pancake stacks that require four flips is the following: we will

use the principle of inclusion-exclusion (PIE) using a family of sets Ai and we will use the classification

of 7- and 8-cycles in Pn when obtaining the cardinality of the intersections of said sets. More formally,

our aim is to obtain the cardinality of the set A4 := {π ∈ Sn : d(e, π) = 4}. We furthermore let Ai ⊆ A4,

for 0 ≤ i ≤ 4, be the following sets.

1. If 0 ≤ i ≤ 3,

Ai := {π = rj1rj2rj3rj4 ∈ A4 : ji+1 = n, jk 6= n for k < i+ 1}.

2. If i = 4,

A4 := {π = rj1rj2rj3rj4 ∈ A4 : jk 6= n for all k ∈ [4]}.

In other words, if one were to think of a path between e and π ∈ A4 in Pn, Ai would contain all the

paths that have i+ 1 vertices inside Pn−1(n). It follows that

R4(n) = |A
4| =

∣∣∣∣∣

n⋃

i=0

Ai

∣∣∣∣∣ . (3.1)

We will utilize PIE to compute the cardinality of the union
⋃n

i=0
Ai.

In the proof of Theorem 3.3, we will need to determine substrings of larger strings. It will be more

clear in the exposition if we establish the following convention.
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1234

3214 2134

4321

4123

2314 3124

4312

3421 2341

2143

14234132

1324

42131342

3412

2431

1243

3241

1432

24133142

4231

Fig. 1: Pancake graph P4. The different colors indicate the different pancake generators. The 12-cycle

r4r3r2r4r2r3r4r3r2r4r2r3 is highlighted.

Definition 3.1 Let ri1ri2 · · · rim represent a cycle in Pn or BPn. We say that a string s is a continuous

substring of ri1ri2 · · · rim if s or its reversal can be written in the form r′j1r
′
j2
· · · r′jℓ where jk+1 = jk +1

(mod m) for 1 ≤ k ≤ ℓ− 1.

For example, consider the cycle r4r3r2r4r2r3r4r3r2r4r2r3 (highlighted in Figure 1.) Then r2r4r2r3r4
is a continuous substring as is r2r3r4r3.

Our intention with this definition is to emphasize that if ri1ri2 · · · rim is a cycle, then rim and ri1 should

be considered consecutive edges.

Observation 3.2 (a) There are six continuous substrings of the form rnrarbrc in the only canonical

form for a 7-cycle containing rn, rnrn−1rnrn−1rn−2rnr2. These are indicated by an arrow on top

of the longer string (the directions indicate how to read the substring):

−−−−−−−−−−→rnrn−1rnrn−1rn−2rnr2, rnrn−1
−−−−−−−−−−→rnrn−1rn−2rnr2,

−−−−→rnrn−1rnrn−1rn−2rnr2, rnrn−1rnrn−1rn−2rn
←−r2 ,

rnrn−1
←−−−−−−−−−−rnrn−1rn−2rnr2, and rnrn−1rnrn−1

←−−−−−−rn−2rnr2.

We let Q0 denote the set of these continuous substrings. That is,

Q0 := {rnrn−1rnrn−1, rnrn−1rn−2rn,

rnr2rnrn−1, rnrn−1rnr2,

rnrn−2rn−1rn, rnr2rnrn−2}.
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(b) There are six continuous substrings of the form rarnrbrc in rnrn−1rnrn−1rn−2rnr2, the only

canonical form for a 7-cycle containing rn. These are indicated by an arrow on top of the longer

string (the directions indicate how to read the substring):

rn
−−−−−−−−−−−→rn−1rnrn−1rn−2rnr2,

−→rnrn−1rnrn−1rn−2rnr2,
−−−−−−→rnrn−1rnrn−1rn−2rnr2,

←−−−−−−−−−−rnrn−1rnrn−1rn−2rnr2,

rnrn−1rn
←−−−−−−−−−rn−1rn−2rnr2, and rnrn−1rnrn−1rn−2

←−−rnr2.

We let Q1 denote the set of these continuous substrings. That is,

Q1 := {rn−1rnrn−1rn−2, rn−2rnr2rn,

r2rnrn−1rn, rn−1rnrn−1rn,

r2rnrn−2rn−1, rn−1rnr2rn}.

(c) There are two continuous substrings of the form rarbrnrc with a 6= n in rnrn−1rnrn−1rn−2rnr2.

These are shown by an arrow over the top of the canonical form of the 7-cycles (the directions

indicate how to read the substring): rnrn−1rn
−−−−−−−−−→rn−1rn−2rnr2 and rn

←−−−−−−−−−−−rn−1rnrn−1rn−2rnr2. We let

Q2 denote the set of these continuous substrings. That is,

Q2 := {rn−1rn−2rnr2, rn−2rn−1rnrn−1}.

(d) Since there is only once 6-cycle, r2r3r2r3r2r3, then r2r3r2rn = r3r2r3rn. We define

Q3 := {r2r3r2rn}.

The sets Q0, Q1, Q2, and Q3 are important to identify since they are those length 4 paths in Pn for

which there is a “short cut,” of length 3, in Q0, Q1, and Q2. While Q3 represents a length 4 path that

potentially may be double counted since it has another representation. Thus these paths will need to be

accounted for in the cardinalities of the sets Ai.

Theorem 3.3 If n ≥ 4, then

R4(n) =
1

2
(2n4 − 15n3 + 29n2 + 6n− 34).

Proof: We will use PIE with the sets Ai, for 0 ≤ i ≤ 4 and (3.1). We verify each of the cardinalities, one

by one. To obtain the relevant cardinality of intersections of the sets, we will use Theorem 2.1 since some

permutations that can be sorted in four flips can also be sorted in three, and even if said permutations

require four flips to be sorted, there might be more than one way of doing so. We explain each of the cases

in detail in the proof. To obtain a recurrence for Rk(n), we will assume that n > 4.

|A4|. Due to the recursive structure of Pn, it follows that |A4| = R4(n− 1).
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|A3|. Any permutation in A3 will be of the form rarbrcrn where 2 ≤ a, b, c ≤ n− 1, a 6= b, and b 6= c.
We can choose a in n−2ways and b, c in n−3ways. By Observation 3.2(d), r2r3r2rn = r3r2r3rn
so to avoid double counting we remove the string in Q3 from the set of strings of the form rarbrcrn
to get A3. Hence, |A3| = (n− 2)(n− 3)2 − 1.

|A2|. Any permutation in A2 will be of the form rarbrnrc where 2 ≤ a, b, c ≤ n− 1 and a 6= b. We can

choose a, c in n − 2 ways each and b in n − 3 ways, so there are (n − 2)2(n − 3) strings of this

form. All of these strings represent permutations that can be sorted in four flips, but some of these

can be also be sorted in three flips. So we need to exclude those permutations that can be sorted in

three flips to get A2. Notice that any permutation that can be sorted in four flips and also in three

flips will be part of a 7-cycle in Pn. By Observation 3.2(c), there are two strings of this form, those

in Q2, that lead to the same permutation. Therefore, |A2| = (n− 2)2(n− 3)− 2.

|A1|. Any permutation in A1 will be of the form rarnrbrc where 2 ≤ a, b ≤ n − 1, 2 ≤ c ≤ n, and

b 6= c. We can choose a, b, c in n − 2 ways each, and so there are (n − 2)3 strings of this form.

All of these strings represent permutations that can be sorted in four flips but some of these can

be also be sorted in three flips. Notice that any permutation that can be sorted in four flips and

also in three flips will be part of a 7-cycle in Pn. So if we can find rarnrbrc as a continuous

substring of rnrn−1rnrn−1rn−2rnr2 (the only canonical form for a 7-cycle containing rn), then

the permutation obtained from rarnrbrc can be sorted in three flips, and should not be counted in

A1. By Observation 3.2(b), there are six strings that should not be counted in A1, those in Q1.

Furthermore, unlike in the previous case, there are some 8-cycles to consider: The two strings of

the form rarnrbrc and rzrnryrx (with 2 ≤ x ≤ n, 2 ≤ y, z ≤ n − 1) would represent the same

permutation, if they are part of an 8-cycle of the form rarnrbrcrxryrnrz . Comparing with the

canonical forms of the 8-cycles in Theorem 2.1. First, there are 2(n− 4) cycles of the form (2.7),

ri−1rnrn−i+1rn−i rnrirnrn−1, for 3 ≤ i ≤ n− 2, and

rn−irnrirn rn−1ri−1rnrn−i+1, for 3 ≤ i ≤ n− 2.

Second, there are n−4 cycles of the form (2.8): rn−i−1rnriri+1 rnrn−1rnrn−i with 2 ≤ i ≤ n−3.

For a total of 3(n − 4) such strings that are double counted of the form rarnrbrc. Therefore,

|A1| = (n− 2)3 − 3(n− 4)− 6.

|A0|. Any permutation in A0 will be of the form rnrarbrc where 2 ≤ a ≤ n − 1, 2 ≤ b, c ≤ n and

b 6= c. We can choose a, b, c in n− 2 ways each, so there are (n− 2)3 strings that follow this form.

The two strings rnr2r3r2 and rnr3r2r3 lead to the same permutation because of the only 6-cycle

r3r2r3r2r3r2 in Pn (so r3r2r3 = r2r3r2) so we will exclude the string rnr2r3r2 to avoid double

counting. As before, we need to account for strings that yield permutations that are part of 7-cycles,

since these can be sorted in three flips. Let π = rnrarbrc denote a permutation that can be sorted

in three flips, then π must form part of a 7-cycle. By Observation 3.2(a), there are six strings, those

in Q0, that should not be counted as part of A0. In this case, no 8-cycle leads to double counting as

if there exists rnrxryrz with 2 ≤ x ≤ n − 1 and 2 ≤ y, z ≤ n with rnrarbrc = rnrxryrz , then

rnrarbrcrzryrxrn must be an 8-cycle, which is not possible by observing the canonical forms for

8-cycles in Pn given in Theorem 2.1. Therefore, |A0| = (n− 2)3 − 7.
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|A0 ∩ A1|. If π ∈ A0 ∩ A1, then there must be an 8-cycle of the form rxrnryrzrarbrcrn with 2 ≤
a, b, z ≤ n, 2 ≤ c, x, y ≤ n − 1, y 6= z, a 6= z, a 6= b, and c 6= b where rxrnryrz 6∈ Q1 and

rnrcrbra /∈ Q0. Since in this cycle the two rns are separated by one reversal, no such 8-cycles exist

of the form (2.3), (2.4), nor (2.5).

By comparing with (2.6), we see that the form

rn−i+1rnrirk rn−irn−1ri−1rn,

with 3 ≤ i ≤ n− 2, contributes n− 4 to |A0 ∩ A1|.

By comparing with (2.7) we see that the forms

rirnrn−1ri−1 rnrn−i+1rn−irn, for 3 ≤ i ≤ n− 2, and

rirnrn−irn−i+1 rnri−1rn−1rn, for 3 ≤ i ≤ n− 2,

contribute 2(n− 4) to |A0 ∩ A1|.

By comparing with (2.8) we see that the form

rn−1rnrn−irn−i−1 rnriri+1rn,

with 2 ≤ i ≤ n− 3, contributes n− 4 to |A0 ∩ A1|.

By comparing with (2.9) we get that the following cycles

rn−j+1rnrirn rn−j+1rnrirn,

with 2 ≤ i < j ≤ n − 1, contribute 1

2
(n − 2)(n − 3) to |A0 ∩ A1|. However, when i = 2 and

j = 3 the cycle is rn−2rnr2rnrn−2rnr2rn. So rn−2rnr2rn = rnr2rnrn−2, but the left-hand-

side string is in Q1 and the right-hand-side string is in Q0. Thus this cycle should be excluded,

since both strings actually represent the same permutation rn−1rnrn−1. Therefore, |A0 ∩ A1| =
1

2
(n− 2)(n− 3) + 4(n− 4)− 1 = 1

2
(n2 + 3n− 28).

|A0 ∩ A2|. If π ∈ A0 ∩ A2, then there must be an 8-cycle of the form rxryrnrzrarbrcrn with 2 ≤
a, b, x ≤ n, 2 ≤ c, y, z ≤ n − 1, x 6= y, z 6= a, a 6= b, and b 6= c where rxryrnrz /∈ Q2 and

rnrcrbra /∈ Q0. Since in this cycle a pair of rns are separated by two reversals, no such cycle of

the form (2.3), (2.4), (2.5), (2.6), nor (2.9) exists.

Upon comparison with (2.7) we see that the forms

rn−1ri−1rnrn−i+1 rn−irnrirn, for 3 ≤ i ≤ n− 2,

rn−i+1rn−irnri rnrn−1ri−1rn, for 3 ≤ i ≤ n− 2,

rn−irn−i+1rnri−1 rn−1rnrirn, for 3 ≤ i ≤ n− 2, and

ri−1rn−1rnri rnrn−irn−i+1rn, for 3 ≤ i ≤ n− 2,

contribute 4(n− 4) to |A0 ∩ A2|.
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Furthermore, upon comparing with (2.8), we see that

rn−irn−i−1rnri ri+1rnrn−1rn, for 2 ≤ i ≤ n− 3, and

riri+1rnrn−1 rnrn−irn−i−1rn, for 2 ≤ i ≤ n− 3,

contribute 2(n− 4) to |A0 ∩ A2|.

Hence |A0 ∩ A2| = 6(n− 4).

|A0 ∩ A3|. If π ∈ A0 ∩ A3, then there must be an 8-cycle of the form rxryrzrnrarbrcrn with 2 ≤
a, c, x, y, z ≤ n − 1, 2 ≤ b ≤ n, x 6= y, y 6= z, a 6= b, and b 6= c where rxryrzrn /∈ Q1 and

rnrcrbra /∈ Q0. Since in this cycle a pair of rns are separated by three reversals, no such cycle of

the form (2.7), (2.8), nor (2.9) exists.

Let us compare with form (2.3), we see that the form

rjrirjrn rn−j+irirn−j+irn,

with 2 ≤ i < j ≤ n− 1, contributes 1

2
(n− 2)(n− 3) to |A0 ∩ A3|.

When we compare with form (2.4), r2r3r2rn rn−1rnrirn actually does not contribute to |A0 ∩A3|
since r2r3r2rn ∈ Q3.

We now compare with (2.5),

rn−irn−1rirnrn−irn−1rirn,

with 2 ≤ i ≤ n− 2. Each value of i gives a valid cycle (neither of the paths are in Q0 nor Q3).

We now compare with (2.6),

rn−irn−1ri−1rnrn−i+1rnrirn, for 3 ≤ i ≤ n− 2.

This form contributes n− 4 to |A0 ∩ A3|.

Hence,

|A0 ∩ A3| =
1

2
(n− 2)(n− 3) + (n− 4) + (n− 3) =

1

2
(n2 − n− 8).

|A0 ∩ A4|. If a permutation π ∈ A0 ∩ A4, then there must be an 8-cycle of the form rwrxryrzrarbrcrn,

where 2 ≤ w, x, y, z ≤ n− 1 and rnrcrbra /∈ Q0. No such 8-cycle exist since there are no cycles

with four reversals between a pair of rn in Theorem 2.1. So |A0 ∩ A4| = 0.

|A1 ∩ A2|. If a permutation π ∈ A1 ∩ A2, then there must be an 8-cycle of the form rxryrnrzrarbrnrc
with 2 ≤ a ≤ n, 2 ≤ b, c, x, y, z ≤ n − 1, x 6= y, z 6= a, and a 6= b where rxryrnrz /∈ Q2 and

rcrnrbra /∈ Q1. Since in this cycle a pair of rn are separated by three reversals, no such cycle of

the form (2.7), (2.8), nor (2.9) exists.

From form (2.3), we get: rirjrnrn−j+i rirn−j+irnrj with 2 ≤ i < j ≤ n− 1. Each value of i and

j give a valid cycle (the paths are not in Q1 or Q2) except when i = n− 2 and j = n − 1. Hence

the contribution of (2.3) is 1

2
(n− 2)(n− 3)− 1.
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From form (2.4), we get: r2rn−1rnr2r3r2rnrn−1 and r3r2rnrn−1r2rn−1rnr2. Thus this form

contributes 2 to |A1 ∩ A2|.

From form (2.5), we get: rn−1rirnrn−i rn−1rirnrn−i with 2 ≤ i ≤ n− 2. Each value of i except

for i = n− 2 gives a valid cycle (the paths are not in Q1 or Q2). Thus this form contributes n− 4
to |A1 ∩ A2|.

From form (2.6) we get: rn−1ri−1rnrn−i+1 rnrirnrn−i with 3 ≤ i ≤ n − 2. If we replace i − 1
with i in this form, we obtain the cycles whose first four reversals are the same as those obtained

from the form (2.5) in the previous paragraph. So the permutations that were contributed from form

(2.6) were already considered and would be double counted. Thus this particular form contributes

nothing to |A1 ∩ A2|.

Therefore, |A1 ∩ A2| =
1

2
(n− 2)(n− 3) + (n− 4) + 1 = 1

2
(n2 − 3n).

Other intersections of two sets. All other intersections A1∩A3, A1∩A4, A2∩A3, A2∩A4, and A3∩A4

are empty. Otherwise, there would be an 8-cycle that could not be matched to any of the canonical

forms of Theorem 2.1. Specifically, it can seen that the number of reversals between any two rn
would be greater than or equal to four, which does not occur in any of the 8-cycles in Theorem 2.1.

|A0 ∩ A1 ∩ A2|. If a permutation belongs to these three sets, π ∈ A0 ∩ A1 ∩ A2, then it must be that

the permutation can be written in the forms π = rnrwrvru, π = rcrnrbra and π = rxryrnrz with

2 ≤ b, c, x, y, w, z ≤ n− 1 and 2 ≤ a, u, v ≤ n and none in Q0, Q1, or Q2. Thus, Pn must contain

8-cycles of the following forms:

rxryrnrzrarbrnrc, (3.2)

rxryrnrzrurvrwrn, or (3.3)

rcrnrarbrurvrwrn. (3.4)

Notice that if there are cycles of the form (3.2) and of the form (3.3), there will be cycles that can

be written in the form (3.4) as well. Once again we will use the classification of the 8-cycles given

in Theorem 2.1 to see if there are cycles that can be written in the form (3.2), that would share the

first four reversals from (3.3) at the same time.

Comparing (2.3) with (3.2) we obtain the cycles of the form

rirjrnrn−j+i rirn−j+irnrj , (3.5)

with 2 ≤ i < j ≤ n− 1. With the substitutions of n− 1 for j and i− 1 for i, these cycles become

ri−1rn−1rnri ri−1rirnrn−1,

with 3 ≤ i ≤ n− 1. Notice when comparing with the form (2.7),

ri−1rn−1rnrirnrn−irn−i+1rn,

with 2 ≤ i ≤ n − 3 the first four reversals match. So each value of i in the overlap of indices,

3 ≤ i ≤ n− 2, corresponds to a permutation in this intersection and contributes a total of n− 4 to

|A0 ∩A1 ∩ A2|.
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Now substituting i+ 1 for j in (3.5), we obtain the following form

riri+1rnrn−1rirn−1rnri+1,

which matches (2.8)

riri+1rnrn−1rnrn−irn−i−1rn,

in the first four reversals, with 2 ≤ i ≤ n − 3. So each value i in the above form contributes a

permutation to the intersection for a total of n− 4 to |A0 ∩ A1 ∩ A2|. No other canonical 8-cycles

would have the first four reversals from the form (3.2), and so the total contribution to |A0∩A1∩A2|
starting from (2.3) is 2(n− 4).

Moreover, comparing (2.4) with (3.2), we do not find any additional cycles that are also of the form

(3.3).

Furthermore, comparing (2.5) with (3.2), we find the form

rn−1rirnrn−i rn−1rirnrn−i, (3.6)

with 2 ≤ i ≤ n− 2. By substituting i− 1 for i in (3.6), we obtain

rn−1ri−1rnrn−i+1 rn−1ri−1rnrn−i+1,

with 3 ≤ i ≤ n− 1. The first four reversals of which match with form (2.7)

rn−1ri−1rnrn−i+1 rn−irnrirn,

with 3 ≤ i ≤ n− 2. So each value of i in the overlap of these intervals, 3 ≤ i ≤ n− 2, contribute

a permutation to this intersection for a total of n − 4 added to |A0 ∩ A1 ∩ A2|. No other matches

with form (2.5) are obtained, and thus the contribution to |A0 ∩ A1 ∩A2| from (2.5) is n− 4.

Finally, we compare (2.6) with (3.2) and obtain the form

rn−1ri−1rnrn−i+1 rnrirnrn−i, (3.7)

with 3 ≤ i ≤ n − 2. If we compare form (3.7) with any of the other canonical forms of 8-cycles

in Pn, we would find a match with form (2.5) after substituting i − 1 for i in (3.7). However, these

cycles have already been counted.

This completes the count of permutations found in A0∩A1∩A2, and thus |A0∩A1∩A2| = 3(n−4).

An exhaustive argument gives that any other intersections of three of the sets A0, . . . , A4 will be empty,

since no cycle matching three forms at the same time exists. Therefore if n > 4,

R4(n) =

∣∣∣∣∣

4⋃

i=0

Ai

∣∣∣∣∣

=
∑

S⊆{0,1,2,3,4},S 6=∅

(−1)|S|+1
⋂

i∈S

Ai

= |A0|+ |A1|+ |A2|+ |A3|+ |A4| − |A0 ∩ A1| − |A0 ∩ A2| − |A0 ∩A3| − |A1 ∩A2|

+ |A0 ∩ A1 ∩ A2|

= R4(n− 1) +
1

2
(8n3 − 57n2 + 111n− 40).
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n

k
0 1 2 3 4 5 6 7 8 9 10 11

1 1 0 0 0 0 0 0 0 0 0 0 0

2 1 1 0 0 0 0 0 0 0 0 0 0

3 1 2 2 1 0 0 0 0 0 0 0 0

4 1 3 6 11 3 0 0 0 0 0 0 0

5 1 4 12 35 48 20 0 0 0 0 0 0

6 1 5 20 79 199 281 133 2 0 0 0 0

7 1 6 30 149 543 1357 1903 1016 35 0 0 0

8 1 7 42 251 1191 4281 10561 15011 8520 455 0 0

9 1 8 56 391 2278 10666 38015 93585 132697 79379 5804 0

10 1 9 72 575 3963 22825 106461 377863 919365 1309756 814678 73232

11 1 10 90 809 6429 43891 252737 1174766 4126515 9981073 14250471 9123648

12 1 11 110 1099 9883 77937 533397 3064788 14141929 49337252 118420043 169332213

13 1 12 132 1451 14556 130096 1030505 7046318 40309555 184992275 639783475 1525125357

14 1 13 156 1871 20703 206681 1858149 14721545 100464346 572626637

15 1 14 182 2365 28603 315305 3169675 28528986 226016576

16 1 15 210 2939 38559 465001 5165641 52027677 468966948

17 1 16 240 3599 50898 666342 8102491 90238067 911274131

18 1 17 272 4351 65971 931561 12301949 150044655 1677036683

19 1 18 306 5201 84153 1274671 18161133 240665410 2947991637

20 1 19 342 6155 105843 1711585 26163389 374193014 4982872347

21 1 20 380 7219 131464 2260236 36889845 566212968 8141208511

Tab. 1: Numbers of the form Rk(n) for several values of n and k. In particular, notice that if n ≥ 4,

R4(n) =
1

2
(2n4 − 15n3 + 29n2 + 6n− 34). The empty entries are unknown to us.

Using the initial condition R4(4) = 3 (see Table 1) and solving the recurrence, it follows that if n ≥ 4,

R4(n) =
1

2
(2n4 − 15n3 + 29n2 + 6n− 34),

as desired. ✷

4 Signed permutations requiring four flips to be sorted

We write RB
k (n) to denote the number of sign permutations that require k burnt pancake flips to be sorted.

Since the smallest cycle that can be found in BPn has length 8 (See [Com11]), it follows that if n ≥ 1,

RB
1 (n) = n,RB

2 (n) = n(n− 1), and RB
3 (n) = n(n− 1)2.

So the first non-trivial case is the computation of RB
4 (n). We will follow the same method used in

Section 3: We will define certain sets whose union will the set of all signed permutations requiring four

flips to sort. The cardinality of this union will then equal the number of burnt pancake stacks that require

four flips to be sorted. The computation of the cardinality of the union of the sets that we will define is

carried out utilizing the principle of inclusion-exclusion. We will use the classification of canonical forms

of the 8-cycles, due to the authors [BBP19], from Theorem 2.2.

Our aim is to obtain the cardinality of the set BA4 := {π ∈ Bn : dB(e, π) = 4}. We furthermore let

BAi ⊆ BA4, 0 ≤ i ≤ 4, be the following sets.

1. If 0 ≤ i ≤ 3,

BAi := {π = rBj1r
B
j2
rBj3r

B
j4
∈ BA4 : ji+1 = n, jk 6= n for k < i+ 1}.

2. If i = 4,

BA4 := {π = rBj1r
B
j2
rBj3r

B
j4
∈ BA4 : jk 6= n for all k ∈ [4]}.



14 Saúl A. Blanco, Charles Buehrle, Akshay Patidar

In other words, if one were to think of a path between the identity and π ∈ BA4 in BPn, BAi would

contain all the paths that have i+ 1 vertices inside BPn−1(n). It follows that

RB
4 (n) = |BA4| =

∣∣∣∣∣

n⋃

i=0

BAi

∣∣∣∣∣ . (4.1)

Just like in the previous section, we will use PIE to compute the cardinality of the union
⋃n

i=0
BAi.

In the proof of the main theorem of this section, the following two results will be used.

Lemma 4.1 (Lemma 4.5 in [BBP19]) If π1, π2 ∈ V (BPn−1(p)), for any p ∈ [±n], with dB(π1, π2) ≤
2, then π1r

B
n and π2r

B
n must belong to distinct copies of BPn−1 in BPn.

Moreover, the following corollary also follows.

Corollary 4.2 Let C be an 8-cycle in BPn, with n ≥ 2. If C has vertices in exactly two copies BPn−1(i)
and BPn−1(j) with i, j ∈ [±n], then C has four vertices in BPn−1(i) and four vertices in BPn−1(j).

Proof: By Lemma 4.1, if the endpoints in the BPk−1(p) copy (say π1 and π2) are at a distance of at most

two, then π1rk and π2rk will belong to distinct copies of BPk−1. Hence an 8-cycle cannot occur in such

a way that it has six vertices in one copy of BPn−1 and two in the other, or with five vertices in one copy

and two in the other. Therefore an 8-cycle with vertices in exactly two copies of BPn−1 can only have

four vertices in each of the copies. ✷

We now state and prove the main theorem of this section, that is, an explicit formula for RB
4 (n).

Theorem 4.3 If n ≥ 1, then

RB
4 (n) =

1

2
n(n− 1)2(2n− 3).

Proof: We will use PIE with the sets BAi, 0 ≤ i ≤ 4, and (4.1), and the canonical forms for the 8-cycles

from Theorem 2.2. We analyze each of the cardinalities individually. To derive a recurrence for RB
k (n),

we will first assume that n > 3.

|BA4|. Due to the recursive structure of BPn, it follows that |BA4| = R4(n− 1).

|BA3|. Any permutation in BA3 will be of the form rBa rBb rBc rBn where 1 ≤ a, b, c ≤ n− 1, a 6= b, and

b 6= c. We can choose a in n − 1 ways and b, c in n − 2 ways each. Since there are no 6-, nor 7-

cycles in BPn, each choice of a, b, c will give a different signed permutation that requires four flips

to be sorted. Indeed, if there were two strings rBd rBe rBf rBn and rBx rBb yBc zBn corresponding to the

same permutation, rBd rBe rBf rBz rBy rBx would be a 6-cycle in BPn, and these do not exist. Therefore,

|BA3| = (n− 1)(n− 2)2.

|BA2|. Any permutation in BA2 will be of the form rBa r
B
b rBn rBc where 1 ≤ a, b, c ≤ n − 1, a 6= b.

All of these signed permutations require four flips to be sorted, as there are no 6-, nor 7-cycles.

Furthermore, if two strings of this form produced the same signed permutation, then there would

be an 8-cycle of the form rBd rBe rBn rBf rBz rBn rBy rBx , which cannot be placed in any of the canonical

forms given in Theorem 2.2. Therefore, |BA2| = (n− 1)2(n− 2).
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|BA1|. Any permutation in BA1 will be of the form rBa rBn rBb rBc where 1 ≤ a, b ≤ n − 1, 1 ≤ c ≤ n,

and b 6= c. We can choose a, b, c in n − 1. The same arguments presented in the previous cases

yield that each of these strings give a different signed permutation, and so |BA1| = (n− 1)3.

|BA0|. Any permutation in BA0 will be of the form rBn rBa rBb rBc where 1 ≤ a ≤ n − 1, 1 ≤ b, c ≤ n,

and b 6= c. Since there are no 6-, nor 7- cycles, each of these strings will lead to a different signed

permutation, and so |BA0| = (n− 1)3.

|BA0 ∩BA1|. If π ∈ BA0 ∩ BA1, then there must be an 8-cycle of the form rBn rBa rBb r
B
c rBz rBy rBn rBx

where 1 ≤ a, x, y ≤ n − 1, 1 ≤ b, c, y, z ≤ n, a 6= b, b 6= c, and y 6= z. We find contributions to

this form from the canonical forms (2.22), (2.23), and (2.24) only. For form (2.22), we obtain the

following cycles

rBn rBj rBn rBi rBn rBj rBn r
B
i , (4.2)

with 2 ≤ i, j ≤ n − 2, i + j ≤ n. Considering the possible values of i, j can take in (4.2), we get
1

2
(n− 3)(n− 2) 8-cycles.

Similarly, comparing with (2.23) we get 2(n − 2) 8-cycles arising from all possible values of i in

the forms below.

rBn rBi r
B
n rB1 rBn rBi rBn rB1 , with 2 ≤ i ≤ n− 1, and

rBn rB1 r
B
n rBi rBn rB1 rBn rBi , with 2 ≤ i ≤ n− 1.

Furthermore, by comparing with (2.24) we get only one 8-cycle: rBn r
B
1 rBn rB1 rBn rB1 rBn rB1 . Putting

the pieces together, we have

|BA0 ∩BA1| =
1

2
(n− 2)(n− 3) + 2(n− 2) + 1.

|BA0 ∩BA2|. If π ∈ BA0 ∩BA2, then there must be an 8-cycle of the form rBn rBa rBb rBc rBz rBn r
B
y rBx . If

such a cycle existed, it would have five vertices in one copy of BPn−1, which contradicts Corol-

lary 4.2. Hence, |BA0 ∩BA2| = 0.

|BA0 ∩BA3|. If π ∈ BA0 ∩ BA3, then there must be an 8-cycle of the form rBn rBa rBb rBc rBn rBz rBy rx
where 1 ≤ a, c, x, y, z ≤ n− 1, 1 ≤ b ≤ n, a 6= b, b 6= c, x 6= y, and y 6= z. The only canonical

form that can match this is (2.21), obtaining

rBn rBj rBi rBj rBn rBn−j+ir
B
i r

B
n−j+i, (4.3)

with 1 ≤ i < j ≤ n− 1. There are 1

2
(n− 1)(n− 2) possible values for i, j in (4.3), and so

|BA0 ∩BA3| =
1

2
(n− 1)(n− 2).

|BA0 ∩BA4|. Essentially the same argument as the case BA0 ∩BA2 gives that |BA0 ∩BA4| = 0.
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|BA1 ∩BA2|. If π ∈ BA1 ∩ BA2, then there must be an 8-cycle of the form rBa rBn rBb r
B
c rBz rBn rBy rBx

where 1 ≤ a, b, x, y, z ≤ n− 1, 1 ≤ c ≤ n, a 6= x, b 6= c, c 6= z, and x 6= y. The only canonical

form from Theorem 2.2 that matches this form is (2.21), we get

rBn−j+ir
B
n rBj rBi rBj rBn rBn−j+ir

B
i , (4.4)

with 1 ≤ i < j ≤ n− 1. Considering all possible values for i, j in (4.4), we have

|BA1 ∩BA2| =
1

2
(n− 1)(n− 2).

Other intersections All other intersections BA1 ∩ BA3, BA1 ∩ BA4, BA2 ∩ BA3, BA2 ∩ BA4, and

BA3∩BA4 are empty. By the same token, all the intersections of three distinct sets from {BAi}
4
i=0

are empty as well. Indeed, if one of these intersections were not empty, then there would be an 8-

cycle that could not be matched to any of the canonical forms of Theorem 2.2.

Now, using PIE, if n > 3 it follows that

RB
4 (n) =

∣∣∣∣∣

4⋃

i=0

BAi

∣∣∣∣∣

=
∑

S⊆{0,1,2,3,4},S 6=∅

(−1)|S|+1
⋂

i∈S

BAi

= |BA0|+ |BA1|+ |BA2|+ |BA3|+ |BA4| − |BA0 ∩BA1| − |BA0 ∩BA3|

− |BA1 ∩BA2|

= RB
4 (n− 1) +

1

2
(8n3 − 33n2 + 45n− 20).

After solving the recurrence relation, using the initial condition RB
4 (3) = 18 (see Table 2), we obtain that

for n ≥ 3,

RB
4 (n) =

1

2
n(n− 1)2(2n− 3).

Upon further inspection, it turns out that the if we plug in n = 1, 2 into 1

2
n(n − 1)2(2n − 3) we obtain

0, 1 respectively. Since these are indeed the true values of RB
4 (1) and RB

4 (2), we have that for n ≥ 1,

RB
4 (n) =

1

2
n(n− 1)2(2n− 3). This completes the proof of the theorem. ✷

5 Classification of the 9-cycles in the Burnt Pancake Graph

In this section, we present classification of any 9-cycle in BPn, with n ≥ 2. This presentation is in the

same spirit as [BBP19, KM10, KM11, KM14, KM16] where similar forms for 6-,7-,8- and 9-cycles in

the pancake graphs Pn and 8-cycles in the burnt pancake graph BPn are given. We start the description

of 9-cycles in BPn, with n ≥ 2, by giving some preliminary definitions, notation, and lemmas.

In classifying the 9-cycles we will look at decomposing the window notation of the a signed permutation

σ ∈ Bn into substrings, σ = [XY Z]. A convenient notation that will be employed is for a signed reversal
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n

k
0 1 2 3 4 5 6 7 8 9 10 11

1 1 1 0 0 0 0 0 0 0 0 0 0

2 1 2 2 2 1 0 0 0 0 0 0 0

3 1 3 6 12 18 6 2 0 0 0 0 0

4 1 4 12 36 90 124 96 18 3 0 0 0

5 1 5 20 80 280 680 1214 1127 389 40 4 0

6 1 6 30 150 675 2340 6604 12795 15519 6957 959 43

7 1 7 42 252 1386 6230 24024 71568 159326 222995 136301 21951

8 1 8 56 392 2548 14056 68656 276136 901970 2195663 3531887 2743477

9 1 9 72 576 4320 28224 166740 843822 3636954 12675375 33773653 60758618

10 1 10 90 810 6885 51960 359928 2193534 11738418 53257425 198586153

11 1 11 110 1100 10450 89430 710358 5060220 32328648 180577749

12 1 12 132 1452 15246 145860 1306448 10645866 79016157

13 1 13 156 1872 21528 227656 2269410 20812077 175905015

14 1 14 182 2366 29575 342524 3760484 38319281 363216425

15 1 15 210 2940 39690 499590 5988892 67117596

16 1 16 240 3600 52200 709520 9220512 112694400

17 1 17 272 4352 67456 984640 13787272 182483644

18 1 18 306 5202 85833 1339056 20097264 286341948

19 1 19 342 6156 107730 1788774 28645578

20 1 20 380 7220 133570 2351820 40025856

21 1 21 420 8400 163800 3048360 54942566

22 1 22 462 9702 198891 3900820 74223996

23 1 23 506 11132 239338 4934006 98835968

24 1 24 552 12696 285660 6175224 129896272

25 1 25 600 14400 338400 7654400 168689820

Tab. 2: Numbers of the form RB
k (n) for several values of n and k. In particular, notice that if n ≥ 1, then

RB
4 (n) =

1

2
n(n− 1)2(2n− 3). The empty entries are unknown to us.

of a substring, that is if X = [x1 x2 · · · xi−1 xi], then X = [xi xi−1 · · · x2 x1]. As is customary,

for a graph G we shall use V (G) for its set of vertices and E(G) for its set of edges. In this section, we

generally follow the convention of using names of signed permutations based on the last character, e.g.,

π ∈ V (BPn−1(p)), π ∈ V (BPn−1(p)), ρ ∈ V (BPn−1(q)), etc.

In addition to Lemma 4.1, a few other lemmas from [BBP19] will be necessary in the classification of

all the 9-cycles in BPn, with n ≥ 3. We recall that BP2 is itself an 8-cycle [Com11, Theorem 10], so if

a 9-cycle exists in BPn, then n ≥ 3.

Lemma 5.1 (Lemma 4.2 in [BBP19]) If π ∈ V (BPn−1(p)) and πrBn ∈ V (BPn−1(q)), then |p| 6= |q|.

Moreover, the following lemma is also used.

Lemma 5.2 (Lemma 4.3 in [BBP19]) Let π, τ ∈ Bn have the same first element q ∈ [±n] in window

notation. Then d(π, τ) = 3 if and only if τ = πrBj rBi rBj , 1 ≤ i < j ≤ n where π = [ABC], τ = [ABC],
|A| = j − i, |B| = i, and |C| ≥ 0.

We are now ready to state and prove the main result of this section, the classification of all the 9-cycles

in BPn, with n ≥ 3.

Theorem 5.3 If n ≥ 3, then the canonical forms of 9-cycles in BPn are as follows:

rBk rBk−ir
B
k rBk−jr

B
k−i−jr

B
k rBj r

B
i+jr

B
i 1 ≤ i, j ≤ k − 2, i+ j ≤ k − 1, 3 ≤ k ≤ n; (5.1)

rBk rBi+jr
B
i r

B
k rBk−ir

B
j rBk rBk−jr

B
k−i−j 1 ≤ i, j ≤ k − 2, i+ j ≤ k − 1, 3 ≤ k ≤ n. (5.2)

Proof: As mentioned before, BPk has a recursive structure and we can find 2k copies of BPk−1 em-

bedded into BPk, with 3 ≤ k ≤ n. Recall that we use BPk−1(x), with x ∈ [±k], to denote the

subgraph isomorphic to BPk−1 induced by looking at the vertices of BPk that end with the string
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BPk−1(q) BPk−1(p)

ρ1

ρ2

ρ3

ρ4

ρ5 π4

π3

π2

π1

Fig. 2: A 9-cycle incident on two copies of BPk−1 would need to be a (5+4) cycle.

x (k+1) (k+2) · · · n. We will make use of this recursive structure to classify all 9-cycles in BPn−1(n),
which is the copy including the identity, by considering the vertices of the 9-cycles in different copies of

BPk−1 embedded in BPk. Due to the vertex transitive nature of BPn, if there is a cycle C in BPn, there

would be a cycle with the same labels as C that includes the identity, and therefore it is enough to consider

the cycles that contain the identity.

Since each vertex in BPk−1(x) is connected to exactly one other vertex in some BPk−1(y), with

y ∈ [±k] \ {x}, any 9-cycle will share at least two vertices with any copy of BPk−1. We will identify a

9-cycle with a partition (a1 + a2 + · · ·+ am) of 9. That is, a1 + a2 + · · ·+ am = 9, where ai indicates

the number of vertices in the ith copy of BPk−1 the cycle is incident upon. As noted above, ai ≥ 2 for

all i. Thus a 9-cycle can be formed by using two, three, or four copies of BPk−1. Enumerating through

each possible partition will exhaust all possible 9-cycles.

CASE I :- A cycle incident upon two copies of BPk−1.

We know from Lemma 4.1 that if two permutations π1 and π2 belong to the same copy of BPk−1

and are at a distance of less than 3, then π1r
B
k and π2r

B
k belong to different copies of BPk−1.

Hence it is necessary that five vertices are in one copy and four vertices are in the other.

Let the two copies used be BPk−1(p) and BPk−1(q). By Lemma 5.1, |p| 6= |q|. So we may

track the position and sign of both p and q in a every permutation of the cycle. Suppose that four

vertices of such a 9-cycle belong to BPk−1(p), and the other five vertices belong to BPk−1(q) (see

Figure 2). The four vertices of BPk−1(p) form a path of length three whose endpoints are adjacent

to vertices fromBPk−1(q), which means both vertices should have q in their first positions. Starting

with one of these vertices in BPk−1(p) we have the form π1 = [qXp]. By Lemma 5.2, we can

describe the forms of the remaining vertices of BPk−1(p). With 1 ≤ i < j ≤ k − 1 we have

π2 = π1r
B
j = [X1qX2p], π3 = π2r

B
i = [X12X11qX2p], π4 = π3r

B
j = [qX11X12X2p] where

X = X1X2, X1 = X11X12, |X1| = j − 1, and |X12| = i. Continuing in BPk−1(q) we see

ρ1 = [pX2 X12 X11q] and ρ5 = [pX2X12X11q]. Taking A = pX2 and B = X11q it is clear

that |A|, |B|, |X12| ≥ 1. We need a path of length four from ρ5 = [AX12B] to ρ1 = [AX12B].
rB|A|+|X12|

rB|X12|
rB|A|+|X12|

is a path of length three. Thus if a path of length four existed, there

would be a 7-cycle in BPk−1(q), which is not possible since the length of the smallest cycle in

BPn is eight. Hence cycles of form (5+4) are not possible.

CASE II :- A cycle incident upon three copies of BPk−1.

There can be three possibilities for the partition of vertices (5+2+2) or (4+3+2) or (3+3+3). Let the
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BPk−1(p)

BPk−1(q)

BPk−1(s)

π1

π2

π3

π4

π5 σ2

σ1

ρ2

ρ1

Fig. 3: A 9-cycle incident upon three copies of BPk−1 with vertex partition (5+2+2).

BPk−1(p)

BPk−1(q)

BPk−1(s)

π1

π2

π3

π4

σ3

σ2

σ1

ρ2

ρ1

Fig. 4: A 9-cycle incident upon three copies of BPk−1 with vertex partition (4+3+2).

three copies incident upon be BPk−1(p), BPk−1(q), and BPk−1(s). By Lemma 5.1, it follows that

|p| 6= |q|, |p| 6= |s|, and |q| 6= |s|.

Suppose five vertices of such a 9-cycle belong to the copy BPk−1(p), two vertices belong to a copy

BPk−1(q) and the other two vertices belong to a copy BPk−1(s) (see Figure 3). As ρ2 will have

s in its first position and that π1 is exactly two edges away, we see that π1 = [qXsY p]. This gives

ρ1 = π1r
B
k = [pY sXq], ρ2 = ρ1r

B
|Y |+2

= [sY pXq], σ1 = ρ2r
B
k = [qXpY s]. σ2 must have p in

its first position, which is not possible in one edge from σ1. Hence cycles of form (5+2+2) do not

exist in the burnt pancake graph.

Suppose four vertices of such a 9-cycle belong to the copy BPk−1(p), two vertices belong to a

copy BPk−1(q), and the other three vertices belong to a copy BPk−1(s) (see Figure 4). As ρ2 will

have s in its first position and that π1 is exactly two edges away, we see that π1 = [qXsY p]. This

gives ρ1 = π1r
B
k = [pY sXq], ρ2 = ρ1r

B
|Y |+2

= [sY pXq], σ1 = ρ2r
B
k = [qXpY s]. Now, σ3

must have p in its first position, so in the path from σ1 to σ3, p should be involved in both the flips.

σ2 = σ1r
B
|X|+|Y2|+2

= [Y2pXqY1s] where Y = Y1Y2. This gives σ3 = σ2r
B
|Y2|+1

= [pY2 XqY1s],

π4 = σ3r
B
k = [sY1qXY2p]. Taking A = sY1, B = qX , C = Y2p where |A|, |B|, |C| ≥ 1 we

need to find a path of length three between π4 = [ABC] and π1 = [BAC]. One may verify that

π4r
B
|A|r

B
|A|+|B|r

B
|B| = π1. Taking |X | = i− 1, |Y1| = j − 1 we get |Y2| = k − i− j − 1 ≥ 0 and a

cycle corresponding to (5.1).

Suppose three vertices of such a 9-cycle belong to a copy BPk−1(p), three vertices belong to a
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BPk−1(p)

BPk−1(q)

BPk−1(s)

π1

π2

π3

σ1

σ2

σ3

ρ3

ρ2

ρ1

Fig. 5: A 9-cycle incident upon three copies of BPk−1 with vertex partition (3+3+3).

copy BPk−1(q) and the other three vertices belong to a copy BPk−1(s) (see Figure 5). The vertex

in BPk−1(p) that is adjacent to a vertex in BPk−1(q), π1, can be of the form (a) π1 = [qXsY p] or

(b) π1 = [qXsY p].

(a) Since π1 = [qXsY p], then ρ1 = π1r
B
k = [pY sXq]. As π3 must have s in its first position, s

should be involved in only one reversal in the path from π1 to π3. So the first reversal must not

involve s. This gives π2 = π1r
B
|X1|+1

= [X1qX2sY p] where X = X1X2, π3 = π2r
B
|X|+2

=

[sX2qX1Y p], and σ1 = π3r
B
k = [pY X1qX2s]. As σ3 must have q in its first position, q

should be involved in one reversal in the path from σ1 to σ3. So the first reversal must not

involve q. This gives two possibilities:

i. σ2 = σ1r
B
|Y2|+1

[Y2pY1 X1qX2s] where Y = Y1Y2 and σ3 = σ2r
B
|Y |+|X1|+2

= [qX1Y1p

Y2X2s]. Following through with this possibility we get ρ3 = [sX2Y2pY1 X1q]. We

need a path of length two from ρ3 to ρ1 = [pY2 Y1sX2 X1q]. As ρ1 has p in its first

position, p should be involved in only the second reversal. In order for this to be so,

without having to exchange the positions of Y1, it must be that |Y1| = 0. Then we get

ρ3r
B
|X2|+1

rB|X2|+|Y2|+2
= ρ1. Taking |X | = i − 1 and |X2| = j − 1 we get |Y2| =

k − i− j − 1 ≥ 0 and a cycle corresponding to (5.2).

ii. σ2 = σ1r
B
|Y |+|X12|+1

= [X12Y pX11qX2s] where X1 = X11X12 with |X12| ≥ 1

and σ3 = σ2r
B
|Y |+|X1|+2

= [qX11pY pX12X2s]. Following through with this pos-

sibility we get ρ3 = [sX2X12Y pX11q]. We need a path of length two from ρ3 to

ρ1 = [pY sX2 X12 X11q]. As ρ1 has p in its first position, p should be involved in

only the second reversal. We have ρ3r
B
|X2|+|X12|+1

rB|X12
|rB|X2|+|X12|+|Y |+2

= ρ1. This is

a path of length three which can be reduced to length two if and only if |X12| = 0. Since

|X12| ≥ 1 this possibility does not give any 9-cycle.

(b) If π1 = [qXsY p], then ρ1 = π1r
B
k = [pY sXq]. As π3 must have s in its first position,

s should be involved in both the reversals. This gives π2 = π1r
B
|X|+|Y1|+2

= [Y1sXqY2p]

where Y = Y1Y2, π3 = π2r
B
|Y1|+1

= [sY1XqY2p], and σ1 = π3r
B
k = [pY2qXY1s]. As σ3

must have q in its first position, q should be involved in both the reversals in the path from σ1

to σ3. This gives two possibilities:
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BPk−1(p)

BPk−1(q)

BPk−1(s)

BPk−1(t)

π1

π2

π3

τ2 τ1

σ2

σ1

ρ2ρ1

(a) pairwise different absolute values.

BPk−1(p)

BPk−1(q)

BPk−1(p)

BPk−1(t)

π1

π2

π3

τ2 τ1

π2

π1

ρ2ρ1

(b) equal absolute values non-adjacent.

Fig. 6: 9-cycles incident upon four copies of BPk−1 with vertex partition (3+2+2+2).

i. σ2 = σ1r
B
|X1|+|Y2|+2

= [X1qY2pX2Y1s] where X = X1X2 and σ3 = σ2r
B
|X1|+1

=

[qX1Y2pX2Y1s]. Following through with this possibility we get ρ3 = σ3r
B
k = [sY1X2p

Y2 X1q]. We need a path of length two from ρ3 to ρ1 = [pY2 Y1sX2 X1q]. As ρ1 has

pY2 in its prefix, X2 with the same sign and ordering of characters, but s will have the

opposite sign in ρ3, then pY2 and X2 must be part of both reversals but s must only be

part of one. This is only possible if |X2| = 0. Then ρ3r
B
|Y |+2

rB|Y2|+1
= ρ1. Taking

|X1| = j − 1, |Y1| = i − 1 we get |Y2| = k − i − j − 1 and a cycle corresponding to

(5.2).

ii. σ2 = σ1r
B
|X|+|Y2|+|Y12|+2

= [Y12XqY2pY11s] where Y1 = Y11Y12 with |Y12| ≥ 1 and

σ3 = σ2r
B
|X|+|Y12|+1

= [qXY12Y2pY11s]. Following through with this possibility we

get ρ3 = σ3r
B
k = [sY11pY2Y12Xq]. We need a path of length two from ρ3 to ρ1 =

[pY2 Y12 Y11sXq]. As ρ1 has p in its first position, p should be involved in both the rever-

sals in this path. However, it can be seen that ρ3r
B
|Y11|+|Y12|+|Y2|+2

rB|Y12|
rB|Y12|+|Y2|+1

=

ρ1. This is a path of length three within BPk−1(q) which can be reduced to length two

if and only if |Y12| = 0 but by assumption |Y12| ≥ 1. Therefore this possibility does not

yield a 9-cycle.

CASE III :- A cycle incident upon four copies of BPk−1.

Due to the constraints on the part sizes in our partition, there can be only one possibility (3+2+2+2).

Let the four copies used be BPk−1(p), BPk−1(q), BPk−1(s), and BPk−1(t) with three vertices in

BPk−1(p) and two vertices in each of the other copies. Let us assume, without loss of generality,

that one vertex of BPk−1(p) is adjacent to a vertex of BPk−1(q). Here the absolute values of

p, q, s, and t may not be distinct. By Lemma 5.1 only non-adjacent copies can have the same

absolute value. This gives rise to three subcases, which we describe below.
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BPk−1(p)

BPk−1(q)

BPk−1(s)

BPk−1(q)

π1

π2

π3

ρ2 ρ1

σ2

σ1

ρ2ρ1

(c) equal absolute values non-adjacent

BPk−1(p)

BPk−1(q)

BPk−1(p)

BPk−1(q)

π1

π2

π3

ρ2 ρ1

π2

π1

ρ2ρ1

(d) two pairs of equal absolute values.

Fig. 6: 9-cycles incident upon four copies of BPk−1 with vertex partition (3+2+2+2).

(a) The absolute values of p, q, s and t are pairwise different (see Figure 6a).

Since none are opposites, p, q, s, and t, or their opposites, are present in all the signed permu-

tations in the cycle. Then depending upon the relative position and signs of s and t in our first

signed permutation four cases arise. Since ρ2 is two reversals away from π1 with one revers-

ing all elements and ρ2 must begin with s it is necessary that s be in π1. The four possible

cases of π1 are [qXsY tZp], [qXsY tZp], [qXtY sZp], and [qXtY sZp].

i. If π1 = [qXsY tZp], then ρ1 = π1r
B
k = [pZtY sXq], ρ2 = ρ1r

B
|Y |+|Z|+3

= [sY tZp

Xq], and σ1 = ρ2r
B
k = [qXpZtY s]. Now σ2 must have t in its first position, which is

not possible in one reversal from σ1. So this case does not yield any 9-cycles.

ii. If π1 = [qXsY tZp], then ρ1 = π1r
B
k = [pZtY sXq], ρ2 = ρ1r

B
|Y |+|Z|+3

= [sY tZp

Xq], σ1 = ρ2r
B
k = [qXpZtY s], σ2 = σ1r

B
|X|+|Z|+3

= [tZpXqY s], and τ1 = σ2r
B
k =

[sY qXpZt]. Now τ2 must have p in its first position, which is not possible in one reversal

from τ1. So this case does not yield any 9-cycles.

iii. If π1 = [qXtY sZp], then ρ1 = π1r
B
k = [pZsY tXq], ρ2 = ρ1r

B
|Z|+2

= [sZpY tXq],

σ1 = ρ2r
B
k = [qXtY pZs], σ2 = σ1r

B
|X|+2

= [tXqY pZs], τ1 = σ2r
B
k = [sZpY qXt],

τ2 = τ1r
B
|Z|+2

= [pZsY qXt], and π3 = τ2r
B
k = [tXqY sZp]. We need a path of length

two from π3 to π1, however, π3r
B
|X|+2

= π1 which is a path of length one. As there are

no 3-cycles in the burnt pancake graph, a path of length two between π3 and π1 does not

exist. Hence this case does not yield any 9-cycles.

iv. If π1 = [qXtY sZp], then ρ1 = π1r
B
k = [pZsY tXq], ρ2 = ρ1r

B
|Z|+2

= [sZpY tXq],

and σ1 = ρ2r
B
k = [qXtY pZs]. Now σ2 must have t in its first position, which is not

possible in one reversal from σ1. So this case does not yield any 9-cycles.

(b) The absolute values of only one pair among p, q, s, t are the same. This gives rise to two cases.

One where the pair of copies with opposite signed last elements have only two vertices each.
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The other where the pair of copies with opposite signed last elements includes the one copy

with three vertices.

i. Say that s = p, |q| 6= |t| (see Figure 6b). In this case π1 can be either [qXtY p] or

[qXtY p].

If π1 = [qXtY p], then ρ1 = π1r
B
k = [pY tXq], ρ2 = ρ1r

B
1 = [pY tXq], π1 = ρ2r

B
k =

[qXtY p], π2 = π1r
B
|X|+2

= [tXqY p], τ1 = π2r
B
k = [pY qXt], τ2 = τ1r

B
1 = [pY qXt],

and π3 = τ2r
B
k = [tXqY p]. We need a path of length two from π3 to π1 but π3r

B
|X|+2

=
π1 which is a path of length one. As there are no 3-cycles in the burnt pancake graph a

path of length two between π3 and π1 does not exist. Hence this case does not yield any

9-cycle.

If π1 = [qXtY p], then ρ1 = π1r
B
k = [pY tXq], ρ2 = ρ1r

B
1 = [pY tXq], π1 = ρ2r

B
k =

[qXtY p]. As π2 must have t in its first position, which is not possible in one reversal

from π2. So this case does not yield a 9-cycle.

ii. Say that t = q, |p| 6= |s| (see Figure 6c).

As ρ2 will have s at first position π1 = [qXsY p]. This gives ρ1 = π1r
B
k = [pY sXq],

ρ2 = ρ1r
B
|Y |+2

= [sY pXq], σ1 = ρ2r
B
k = [qXpY s], σ2 = σ1r

B
1 = [qXpY s], ρ1 =

σ2r
B
k = [sY pXq], ρ2 = ρ1r

B
|Y |+2

= [pY sXq], π3 = ρ2r
B
k = [qXsY p]. We need a path

of length two from π3 to π1 but π3r
B
1 = π1 which is a path of length one. As there are no

3-cycles in burnt pancake graph a path of length two between π3 and π1 does not exist.

Hence this case does not give any 9-cycle.

(c) The absolute values of the two pairs among p, q, s, t are the same, i.e s = p and t = q (see

Figure 6d).

Let π1 = [qXp]. This gives ρ1 = π1r
B
k = [pXq], ρ2 = ρ1r

B
1 = [pXq], π1 = ρ2r

B
k = [qXp],

π2 = π1r
B
1 = [qXp], ρ1 = π2r

B
k = [pXq], ρ2 = ρ1r

B
1 = [pXq], and π3 = ρ2r

B
k = [qXp].

We need a path of length two from π3 to π1 but π3r
B
1 = π1, which is a path of length one. As

there are no 3-cycles in the burnt pancake graph a path of length two between π3 and π1 does

not exist. Hence this case does not yield any 9-cycle.

So there are no cycles of the form (3+2+2+2) in the burnt pancake graph.

This finalizes all possible partitions of the vertices, and thus gives all possible 9-cycles in BPk. ✷

6 Concluding Remarks

In the preceding sections, we have provided explicit formulas for the number of pancake and burnt pancake

stacks with n pancakes that require four flips to be sorted, utilizing entirely elementary methods using

cycle classification of the pancake and burnt pancake graph and the principle of inclusion-exclusion, as

well as providing a classification of all 9-cycles in the burnt pancake graph.

Having a classification of longer cycles in Pn andBPn might allow us to take a similar approach to what

we used in the proof of Theorem 3.3 and Theorem 4.3. Currently, there is no published classification of

the 10-cycles for either Pn and BPn. The authors have worked out said classification, though the number

of canonical forms alone makes it hard to do a systematic, manual approach using PIE. For example, we
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found 59 canonical forms for 10-cycles in Pn and 8 canonical forms for 10-cycles in BPn. However, the

process would be extremely tedious.

Utilizing structural characteristics of permutations satisfying certain properties, Homberger and Vat-

ter [HV16] gave an algorithm that can be used to enumerate certain permutations. In particular, they

prove that for “sufficiently large” n, the number of permutations of [n] that can be sorted with k prefix

reversals is given by a polynomial. More specifically, if one defines

R̃k(n) :=

k∑

i=0

Ri(n), (6.1)

then for sufficiently large n, R̃k(n) is given by a polynomial. From (6.1) it is possible to compute Rk(n)

from R̃k(n) if Ri(n) is known for 0 ≤ i < k. In this light, and using the output of the Homberger-Vatter

algorithm from [HV16] for R̃k(n) with k = 5, 6, one obtains the following.

1. If n ≥ 5, then

R5(n) =
1

6

(
6n5 − 65n4 + 173n3 + 296n2 − 1724n+ 1590

)
.

2. If n ≥ 6, then

R6(n) =
1

60

(
60n6 − 883n5 + 3140n4 + 10775n3 − 91400n2 + 171068n− 58020

)
.

These polynomials explain all the nonzero values for the columns k = 5, 6 in Table 1. The situation

for k > 6 is a bit more interesting, as the polynomial obtained by the Homberger-Vatter algorithm does

not explain all nonzero values of Rk(n). Indeed, their algorithm produces polynomials that are valid for

“sufficiently large” n. For example, the algorithm correctly computes R̃7(n) if n > 7. Indeed, if n > 7,

R7(n) = R̃7(n)−

6∑

i=1

Ri(n)

=
1

240
(240n7 − 4619n6 + 21881n5 + 109275n4− 1372445n3+

4476344n2− 4550196n− 850320). (6.2)

However, (6.2) does not account for R7(6) = 2 and R7(7) = 1016. Therefore, there is no polynomial

that would explain all the nonzero values of R7(n).

After computing R̃8(n) using the Homberger-Vatter algorithm, which took several days using a system

with Dual Xeon CPUs and 256GB of RAM, we found a polynomial that explains most of the nozero

entries of the column k = 8 in Table 1. Namely, if n > 7,
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R8(n) = R̃8(n)−
7∑

i=1

Ri(n)

=
1

5040
(5040n8 − 122683n7 + 759857n6 + 4519067n5− 79101715n4+

364661948n3− 561161062n2− 267373812n+ 844945920). (6.3)

Once again, (6.3) does not account for R8(7) = 35, so once again, there is no polynomial that explains

all the nonzero values of R8(k).
The situation for RB

k (n) does not seem to be as mysterious. While the Homberger-Vatter algorithm

does not apply to signed permutations, the numbers RB
k (n) seem to be given by polynomials. Using a

standard polynomial fitting procedure with the data from Table 2, we obtain the following conjecture.

Conjecture 6.1 If n ≥ 1, then

(i) RB
5 (n) =

1

6
n(n− 1)(n− 2)(6n2 − 17n+ 3),

(ii) RB
6 (n) =

1

60
n(n− 1)(n− 2)(60n3 − 343n2 + 401n+ 284),

(iii) RB
7 (n) =

1

240
n(n− 1)(n− 2)(n− 3)(240n3 − 1499n2 + 925n+ 5104),

(iv) RB
8 (n) =

1

5040
n(n− 1)(n− 2)(n− 3)(5040n4 − 52123n3 + 113415n2 + 314716n− 1027242),

and

(v) RB
9 (n) =

1

40320
(n− 1)(n− 2)(n− 3)(n− 4)(40320n5− 444061n4+644746n3+6638777n2−

18991470n).

These polynomials also conveniently explain the zero entries of Table 2, which seems to indicate that

RB
k (n) are better behaved than those of Rk(n).
Another question that might give interesting results is proving any summation identities that Rk(n) or

RB
k (n) satisfy. From their definitions, it is clear that

∑

k≥0

Rk(n) = |Sn| = n!

and that ∑

k≥0

RB
k (n) = |Bn| = 2nn!.

Notice that determining the maximum value of k, for a given n, such that Rk(n) (or RB
k (n)) is not zero

is equivalent to the classic pancake problem (or the burnt pancake problem).

A less trivial identity can be found by looking at the explicit formulas that describe the nonzero values

of Rk(n) for 0 ≤ k ≤ 6, namely, we have the following Corollary.

Corollary 6.2 If k ≤ 6 and Rk(n− i) > 0 for 1 ≤ i ≤ k + 1, then

Rk(n) =

k+1∑

i=1

(−1)i+1

(
k + 1

i

)
Rk(n− i).
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Since the polynomials (6.2) and (6.3) do not cover the values R7(6), R7(7), and R8(7), Corollary 6.2

would once again require n to be “sufficiently large.”

For signed permutations, we have observed the following identity, which would follow from RB
k (n)

being integer-valued polynomials and by using the Gregory-Newton interpolation formula for integer-

valued polynomials (for background see [CC97]).

Conjecture 6.3 If k, n ≥ 1, then

RB
k (n) =

k∑

j=1

(
k−j∑

i=0

(−1)i
(
i+ j − 1

i

)(
n

i+ j

))
RB

k (j), for k ≥ 1.

We have verified Conjecture 6.3 for all the values in Table 2. This conjecture would follow from a

result similar to Homberger-Vatter giving that the RB
k (n) are all polynomials and continue to explain the

zero and nonzero values.
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An inversion sequence of length n is an integer sequence e = e1e2 . . . en such that 0 ≤ ei < i for each i. Corteel–
Martinez–Savage–Weselcouch and Mansour–Shattuck began the study of patterns in inversion sequences, focusing
on the enumeration of those that avoid classical patterns of length 3. We initiate an analogous systematic study of
consecutive patterns in inversion sequences, namely patterns whose entries are required to occur in adjacent posi-
tions. We enumerate inversion sequences that avoid consecutive patterns of length 3, and generalize some results to
patterns of arbitrary length. Additionally, we study the notion of Wilf equivalence of consecutive patterns in inversion
sequences, as well as generalizations of this notion analogous to those studied for permutation patterns. We classify
patterns of length up to 4 according to the corresponding Wilf equivalence relations.

Keywords: Inversion sequence, pattern avoidance, consecutive pattern, Wilf equivalence

1 Introduction
Let In denote the set of inversion sequences of length n, defined as integer sequences e = e1e2 . . . en such
that 0 ≤ ei < i for each i. Let Sn denote the symmetric group of all permutations of [n] = {1, 2, . . . , n}.
There is a natural bijection between Sn and In, where each permutation π ∈ Sn is encoded by its inversion
sequence

Θ(π) = e = e1e2 . . . en, with ei = |{j : j < i and πj > πi}| . (1)

Other closely-related bijections between Sn and In, obtained by composing Θ with trivial symmetries,
appear in the literature as well. Corteel, Martinez, Savage and Weselcouch [7], and Mansour and Shat-
tuck [17] initiated the study of classical patterns in inversion sequences, motivated by the potential of this
correspondence to inform the study of patterns in permutations. Their systematic enumeration of classical
patterns of length 3 turns out to be interesting in its own right, as it connects these patterns in inversion
sequences to well-known sequences such as Bell numbers, Euler up/down numbers, Fibonacci numbers
and Schröder numbers. Since the appearance of the work of Corteel et al. and Mansour and Shattuck,
the interest in patterns in inversion sequences has been on the rise, and research in this area continues to
proliferate [5, 6, 13, 14, 16, 18, 22].

Let us start with some basic definitions. We define a pattern to be a sequence p = p1p2 . . . pr with
pi ∈ {0, 1, . . . , r − 1} for all i, where a value j > 0 can appear in p only if j − 1 appears as well. Define
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the reduction of a word w = w1w2 . . . wk over the integers to be the word obtained by replacing all the
occurrences of the ith smallest entry of w with i−1 for all i. We say that an inversion sequence e contains
the classical pattern p = p1p2 . . . pr if there exists a subsequence ei1ei2 . . . eir of e whose reduction is p.
Otherwise, we say that e avoids p.

Example 1.1. The inversion sequence e = 0021213 avoids the classical pattern 210, but it contains the
classical pattern 110. Indeed, e3e5e6 = 221 has reduction 110.

Unlike patterns in permutations, patterns in inversion sequences may have repeated entries.
Corteel et al. [7] and Mansour and Shattuck [17] provide formulas for the number of inversion se-

quences of length n that avoid a given pattern p of length 3. In this paper, we initiate an analogous
systematic study of consecutive patterns in inversion sequences.

We define consecutive patterns in inversion sequences in analogy to consecutive patterns in permuta-
tions, which were introduced by Elizalde and Noy [12]. We underline the entries of a consecutive pattern
to distinguish it from the classical case.

Definition 1.2. An inversion sequence e contains the consecutive pattern p = p1p2 . . . pr if there is
a consecutive subsequence eiei+1 . . . ei+r−1 of e whose reduction is p; this subsequence is called an
occurrence of p in position i. Otherwise, we say that e avoids p. Define

Em(p, e) = {i : eiei+1 . . . ei+r−1 is an occurrence of p} .

Denote by In(p) the set of inversion sequences of length n that avoid p.

Example 1.3. The inversion sequence e = 0021100300 ∈ I10 avoids 120, but it contains 010, since
e7e8e9 = 030 is an occurrence of 010. It also contains three occurrences of p = 100, in positions
Em(p, e) = {3, 5, 8}.

It is often useful to represent an inversion sequence e as an underdiagonal lattice path consisting of unit
horizontal and vertical steps. Each entry ei of e is represented by a horizontal step: a segment between the
points (i−1, ei) and (i, ei). The vertical steps are then inserted to make the path connected (see Figure 1).

Fig. 1: Representation of e = 002031 ∈ I6 as a lattice path.

We are also interested in the following equivalence relations, defined in analogy to those for consecutive
patterns in permutations (see [9, 11]). Henceforth, unless otherwise stated, patterns will refer to patterns
in inversion sequences, and equivalence of patterns will refer to the equivalences in Definition 1.4.
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Definition 1.4. Let p and p′ be consecutive patterns. We say that p and p′ are

• Wilf equivalent, denoted by p ∼ p′, if |In (p)| = |In (p′)|, for all n;

• strongly Wilf equivalent, denoted by p s∼ p′, if for each n andm, the number of inversion sequences
in In containing m occurrences of p is the same as for p′;

• super-strongly Wilf equivalent, denoted by p
ss∼ p′, if the above condition holds for any set of

prescribed positions for the m occurrences; that is,

|{e ∈ In : Em(p, e) = T}| = |{e ∈ In : Em(p′, e) = T}| .

for all n and all T ⊆ [n].

As suggested by their names, we have that p ss∼ p′ implies p s∼ p′, which in turn implies p ∼ p′. An
equivalence of any one of the these three types will be called a generalized Wilf equivalence.

2 Summary of Results
In this paper we give recurrences to compute the numbers |In(p)| of inversion sequences avoiding the
consecutive pattern p, for p of length 3. Most of our recurrences use the refinement In,k = {e ∈ In :
en = k} of In, which allows us to define

In,k (p) = In,k
⋂

In (p) , (2)

for a given pattern p. Note that In,k (p) = ∅ for k ≥ n and In (p) =
⋃n−1

k=0 In,k (p), for any pattern p.

Example 2.1. For the consecutive pattern p = 001, we have |I3 (001)| = 4, as I3,0 (001) = {000, 010},
I3,1 (001) = {011} and I3,2 (001) = {012}.

Pattern p in the OEIS? Recurrence for
∣∣In,k(p)

∣∣ |In(p)| coincides with

012 A049774
∣∣In,k (p)

∣∣ = |In−1 (p)| −
∑k−1

l=1

∑l−1
j=0

∑
i≥j |In−3,i (p)| |Sn (321)|

021 A071075
∣∣In,k (p)

∣∣ = |In−1 (p)| − (n− 2− k)
∑k−1

j=0 |In−2,j (p)| |Sn (1324)|
102 New

∣∣In,k (p)
∣∣ = |In−1 (p)| −

∑
j≥1 j |In−2,j (p)|

120 A200404
∣∣In,k (p)

∣∣ = |In−1 (p)| −
∑

j>k(n− 2− j) |In−2,j (p)| |Sn (1432)|
201 New

∣∣In,k (p)
∣∣ = |In−1 (p)| − k

∑
j>k |In−2,j (p)|

210 New
∣∣In,k (p)

∣∣ = |In−1 (p)| −
∑n−4

l=k+1

∑n−3
j=l+1

∑
i≤j |In−3,i(p)|

Tab. 1: Consecutive patterns of length 3 with no repeated letters. Sequences A049774, A071075 and A200404
are known to count |Sn (321)|, |Sn (1324)| and |Sn (1432)|, respectively, and exponential generating functions for
A049774 and A071075 are known. All other results in the table are new.

A summary of our results for consecutive patterns of length 3 is given in Table 1 for patterns with
no repeated letters, and in Table 2 for patterns with repeated letters. In particular, we indicate which
sequences match existing sequences in the On-Line Encyclopedia of Integer Sequences (OEIS) [20].
Here, 1324 and 1432 denote vincular (sometimes called generalized) permutation patterns, where the
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Pattern p in the OEIS? Recurrence for
∣∣In,k(p)

∣∣
000 A052169 |In(p)| =

(n+1)!−dn+1

n
, where dn is the number of derangements of [n]

001 New
∣∣In,k (p)

∣∣ = |In−1 (p)| −
∑

j<k |In−2,j (p)|
010 New

∣∣In,k (p)
∣∣ = |In−1 (p)| − (n− 2− k)

∣∣In−2,k (p)
∣∣

011 New
∣∣In,k (p)

∣∣ = |In−1 (p)| −
∑

j<k |In−2,j (p)| if k 6= n− 1, and |In,n−1 (p)| = |In−1(p)|
100

ss∼ 110 New
∣∣In,k (p)

∣∣ = |In−1 (p)| −
∑

j>k |In−2,j (p)|
101 New

∣∣In,k (p)
∣∣ = |In−1 (p)| − k

∣∣In−2,k (p)
∣∣

Tab. 2: Consecutive patterns of length 3 with repeated letters.

entries in underlined positions are required to be adjacent in an occurrence, as defined by Babson and
Steingrı́msson [2]. We use Sn(σ) to denote the set of permutations in Sn that avoid a pattern σ.

Another main result of this paper is the classification of consecutive patterns of length 3 and 4 according
to the generalized Wilf equivalence classes from Definition 1.4. The equivalence classes for length 3 are
given by Tables 1 and 2. Specifically, the equivalence 100

ss∼ 110 is the only generalized Wilf equivalence
among consecutive patterns of length 3; that is, no other two such patterns are even Wilf equivalent.

The next theorem describes the corresponding classes for patterns of length 4. The patterns p are listed
in increasing order of the values of |In (p)|, for n ≤ 10; that is, from least avoided to most avoided in
inversion sequences of length up to 10.

Theorem 2.2. A complete list of the generalized Wilf equivalences between consecutive patterns of length
4 is as follows:

(i) 0102
ss∼ 0112.

(ii) 0021
ss∼ 0121.

(iii) 1002
ss∼ 1012

ss∼ 1102.

(iv) 0100
ss∼ 0110.

(v) 2013
ss∼ 2103.

(vi) 1200
ss∼ 1210

ss∼ 1220.

(vii) 0211
ss∼ 0221.

(viii) 1000
ss∼ 1110.

(ix) 1001
ss∼ 1011

ss∼ 1101.

(x) 2100
ss∼ 2210.

(xi) 2001
ss∼ 2011

ss∼ 2101
ss∼ 2201.

(xii) 2012
ss∼ 2102.

(xiii) 2010
ss∼ 2110

ss∼ 2120.

(xiv) 3012
ss∼ 3102.

Again, all the Wilf equivalences among consecutive patters of length 4 are super-strong Wilf equiv-
alences. This leads us to speculate the following, in analogy to Nakamura’s conjecture for consecutive
patterns in permutations [19, Conjecture 5.6], which remains open.

Conjecture 2.3. Two consecutive patterns of length k in inversion sequences are strongly Wilf equivalent
if and only if they are Wilf equivalent.

It is in fact possible that a stronger version of Conjecture 2.3 holds, namely that all three types of
generalized Wilf equivalence for consecutive patterns in inversion sequences (see Definition 1.4) coincide.
The results in this paper show that this is the case for consecutive patterns of length at most 4.
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On the other hand, following Martinez and Savage [18], one can reframe the notion of patterns of length
3 to consider triples of binary relations among the entries in an occurrence. In a followup paper [1], we
study the consecutive analogue of this framework. Perhaps surprisingly, in the setting of consecutive
patterns of relations, the notions of Wilf equivalence and strong Wilf equivalence do not coincide in
general.

The rest of the paper is organized as follows. In Section 3 we study consecutive patterns of length 3,
proving the results summarized in Tables 1 and 2. Section 4 is devoted to the classification of consecutive
patterns of length 4 into generalized Wilf equivalence classes, proving Theorem 2.2. Some of our results
apply to consecutive patterns of arbitrary length, and will be given in Proposition 3.2, and Theorems 4.17
and 4.18.

3 Consecutive Patterns of Length 3
In this section we enumerate inversion sequences avoiding each given consecutive pattern of length 3.
Tables 3 and 4 provide the first 8 terms of the sequence |In(p)| for patterns of length 3 without and
with repeated letters, respectively. There are 13 consecutive patterns of length 3, which fall into 12 Wilf
equivalence classes, which are also super-strong Wilf equivalence classes.

Pattern p |In(p)| for 1 ≤ n ≤ 8

012 1, 2, 5, 17, 70, 349, 2017, 13358

021 1, 2, 6, 23, 107, 585, 3671, 25986

102 1, 2, 6, 22, 96, 492, 2902, 19350

120 1, 2, 6, 23, 107, 582, 3622, 25369

201 1, 2, 6, 24, 118, 684, 4548, 34036

210 1, 2, 6, 24, 118, 684, 4554, 34192

Tab. 3: First 8 terms of the sequence |In(p)| for consecutive patterns p of length 3 with no repeated letters.

Pattern p |In(p)| for 1 ≤ n ≤ 8

000 1, 2, 5, 19, 91, 531, 3641, 28673

001 1, 2, 4, 11, 42, 210, 1292, 9352

010 1, 2, 5, 17, 76, 417, 2701, 20199

011 1, 2, 5, 17, 75, 407, 2621, 19524

100
ss∼ 110 1, 2, 6, 23, 109, 618, 4098, 31173

101 1, 2, 6, 23, 109, 619, 4113, 31352

Tab. 4: First 8 terms of the sequence |In(p)| for consecutive patterns p of length 3 with repeated letters.

3.1 The pattern 000

The following result provides a method to compute |In (000)| recursively.

Proposition 3.1. The sequence |In (000)| satisfies the recurrence

|In (000)| = (n− 1) |In−1 (000)|+ (n− 2) |In−2 (000)| ,
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for n ≥ 3, with initial terms |I1 (000)| = 1 and |I2 (000)| = 2.

Proof: It is clear that |In (000)| = |In|, for n < 3, so |I1 (000)| = 1 and |I2 (000)| = 2. For n ≥ 3, let
us count the inversion sequences e ∈ In (000) by considering two cases.

If en−1 6= en, then there are |In−1 (000)| many ways to choose the first n − 1 entries of e and n − 1
possibilities for en, since en may be an element of {0, 1, . . . , n− 1} \ {en−1}.

If en−1 = en, then it must be that en−2 6= en−1. So there are |In−2 (000)|many ways to choose the first
n− 2 entries of e and n− 2 possibilities for en−1 = en, which can be any element in {0, 1, . . . , n− 2} \
{en−2}. Since every e ∈ In (000) falls into one of these two cases, the stated recurrence follows.

The following result generalizes Proposition 3.1 to patterns of arbitrary length, providing a recurrence
for the number of inversion sequences avoiding the consecutive pattern consisting of r zeros. We denote
this pattern by 0r.

Proposition 3.2. Let n ≥ r ≥ 2. The sequence |In (0r)| satisfies the recurrence

|In (0r)| =
r−1∑
j=1

(n− j) |In−j (0r)| ,

with initial conditions |In (0r)| = n!, for 1 ≤ n < r.

Proof: Let Aj denote the subset of In (0r) consisting of sequences e for which j is the largest integer
such that en−j+1 = en−j+2 = · · · = en. Given that In (0r) =

⊔r−1
j=1 Aj (which denotes a disjoint union),

we see that |In (0r)| =
∑r−1

j=1 |Aj |.
Fix 1 ≤ j ≤ r − 1. Let us construct a sequence e ∈ Aj . There are |In−j (0r)| possibilities for the first

n− j entries of e. Once these entries are determined, we have n− j choices for the remaining (repeated)
entry en−j+1 = en−j+2 = · · · = en, which can be any element in {0, 1, . . . , n− j} \ {en−j}, since
en−j+1 ≤ n − j. Given that every sequence in Aj may be constructed this way and every sequence
constructed in this manner is in Aj , we deduce that |Aj | = (n − j) |In−j (0r)|, which concludes the
proof.

A derangement is a permutation without fixed points. The next result relates inversion sequences avoid-
ing the pattern 000 to derangements.

Corollary 3.3. Let dn be the number of derangements of length n. For n ≥ 1,

|In (000)| = (n+ 1)!− dn+1

n
.

Proof: We proceed by induction on n. The cases n = 1, 2 are straightforward to verify, so let n ≥ 3.
Suppose that |Ij (000)| = ((j + 1)!− dj+1) /j, for 1 ≤ j < n. By Proposition 3.1,

|In (000)| = (n− 1) |In−1 (000)|+ (n− 2) |In−2 (000)| ,
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so it follows from the inductive hypothesis that

|In (000)| = (n− 1)
n!− dn
n− 1

+ (n− 2)
(n− 1)!− dn−1

n− 2

= n!− dn + (n− 1)!− dn−1

=
(n+ 1)!− n(dn + dn−1)

n
.

It is well-known that the number of derangements satisfies the recurrence dn = (n − 1)(dn−1 + dn−2).
This implies that |In (000)| = ((n+ 1)!− dn+1) /n.

The sequence ((n + 1)! − dn+1)/n is listed as A052169 in [20]. It would be interesting to find a
direct combinatorial proof of Corollary 3.3, such as a bijection between In (000) × [n] and the set of
permutations in Sn+1 with at least one fixed point.

3.2 The patterns 100 and 110

Next we prove that patterns 100 and 110 are Wilf equivalent. We begin by finding a recurrence for
|In,k (110)|, as defined in Equation (2). The idea is to exploit the fact that if e = e1e2 . . . en ∈ In (110),
then e1e2 . . . en−1 ∈ In−1 (110), as we implicitly did in the proof of Proposition 3.1. Throughout this
section, we use the convention that

|I0 (p)| = 1, (3)

for any pattern p. This value also serves as an initial term in most of the recurrences below, even when
not explicitly stated. We also use the convention that |In,j (p)| = 0, if n < 0.

Proposition 3.4. Let n ≥ 1 and 0 ≤ k < n. The sequence |In,k (110)| satisfies the recurrence

|In,k (110)| = |In−1 (110)| −
n−3∑

j=k+1

|In−2,j (110)| .

Proof: It is straightforward to verify that the recurrence holds for n = 1, 2 (the sum on the right-hand
side is empty in these cases). Assume n ≥ 3. For j ≤ n− 3, let

An−1,j = {e ∈ In−1,j (110) : en−2 = j} .

Note that e ∈ In,k (110) if and only if e1e2 . . . en−1 ∈ In−1 (110) \
⊔n−3

j=k+1An−1,j and en = k. Hence,

|In,k (110)| = |In−1 (110)| −
n−3∑

j=k+1

|An−1,j | .

It remains to determine |An−1,j |, for k+1 ≤ j ≤ n−3. Since e ∈ An−1,j if and only if e1e2 . . . en−2 ∈
In−2,j (110) and en−1 = j, we deduce that |An−1,j | = |In−2,j (110)|.

It is clear by definition that |In (p)| =
∑n−1

k=0 |In,k (p)| for any pattern p, so Proposition 3.4 allows us to
compute |In (110)| recursively. We now show that the number of inversion sequences avoiding the pattern
100 satisfies the same recurrence.
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Proposition 3.5. Let n ≥ 1 and 0 ≤ k < n. The sequence |In,k (100)| satisfies the recurrence

|In,k (100)| = |In−1 (100)| −
n−3∑

j=k+1

|In−2,j (100)| .

Proof: The result clearly holds for n = 1, 2, so we assume n ≥ 3. Let

Cn−1,k = {e ∈ In−1,k (100) : en−2 > en−1} .

If e ∈ In,k (100), then e1e2 . . . en−1 ∈ In−1 (100). Additionally, since en−2en−1en is not an occur-
rence of 100, it is not possible to have en−2 > en−1 = k. Thus, e1e2 . . . en−1 ∈ In−1 (100) \ Cn−1,k.

Conversely, given e1e2 . . . en−1 ∈ In−1 (100) \ Cn−1,k, setting en = k yields an inversion sequence
e = e1e2 . . . en ∈ In,k (100). From this bijective correspondence between In,k (100) and In−1 (100) \
Cn−1,k, it follows that

|In,k (100)| = |In−1 (100)| − |Cn−1,k| . (4)

Let us determine |Cn−1,k|. First suppose 0 ≤ k ≤ n− 4. Note that e1e2 . . . en−1 ∈ Cn−1,k if and only
if e1e2 . . . en−2 ∈ In−2,j (100) for some k + 1 ≤ j ≤ n− 3 and en−1 = k. Hence,

|Cn−1,k| =
n−3∑

j=k+1

|In−2,j (100)| . (5)

In fact, this formula also holds for k = n− 3, n− 2, since in these cases the sum on the right-hand side is
empty, and the left-hand side is zero by definition. The result now follows from Equations (4) and (5).

Using Equation (3), the next corollary is an immediate consequence of Propositions 3.4 and 3.5.

Corollary 3.6. The patterns 110 and 100 are Wilf equivalent. Furthermore, if n ≥ 1 and 0 ≤ k < n,
then |In,k (110)| = |In,k (100)|.

Next we show that, in fact, patterns 110 and 100 are super-strongly Wilf equivalent.

Definition 3.7. We say that a consecutive pattern p is non-overlapping if it is impossible for two occur-
rences of p in an inversion sequence to overlap in more than one entry. Equivalently, p = p1 . . . pr is
non-overlapping if, for all 1 < i < r, the reductions of p1 . . . pi and pr−i+1 . . . pr do not coincide.

Example 3.8. The pattern 110 is non-overlapping, but this is not the case for the pattern 1100. Indeed,
e = 0000221100 ∈ I10 is an example of an inversion sequence with two occurrences of 1100 which
overlap in two entries, namely e5e6e7e8 and e7e8e9e10.

Lemma 3.9. Let n be a positive integer and S ⊆ [n], then

|{e ∈ In : Em(110, e) ⊇ S}| = |{e ∈ In : Em(100, e) ⊇ S}| .

Proof: Consider the map

ΦS : {e ∈ In : Em(110, e) ⊇ S} → {e′ ∈ In : Em(100, e′) ⊇ S}
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that replaces the occurrences of 110 in e in positions of S with occurrences of 100. More specifically, for
e in the domain, ΦS(e) = e′ is defined as

e′j =

{
ej+1, if j − 1 ∈ S,
ej , otherwise,

for 1 ≤ j ≤ n. Note that e′ ∈ In because, if j − 1 ∈ S, then ej−1ejej+1 is an occurrence of 110, and so
e′j = ej+1 < ej < j.

To show that ΦS is a bijection, let us describe its inverse. For e′ ∈ In with Em(100, e′) ⊇ S, define
ΨS(e′) = e by

ej =

{
e′j−1, if j − 1 ∈ S,
e′j , otherwise,

for 1 ≤ j ≤ n. Note that e ∈ In because, if j − 1 ∈ S, then e′j−1e
′
je
′
j+1 is an occurrence of 100, and so

ej = e′j−1 < j − 1 < j. Since 110 and 100 are non-overlapping, ΦS and ΨS are well-defined. It is clear
by construction that ΦS and ΨS are inverses of each other.

The following lemma provides the final argument required to show that 110
ss∼ 100.

Lemma 3.10. Let p and p′ be two consecutive patterns such that

|{e ∈ In : Em(p, e) ⊇ S}| = |{e ∈ In : Em(p′, e) ⊇ S}|

for all positive integers n and all S ⊆ [n]. Then p ss∼ p′.

Proof: Given S ⊆ [n], let

f=(S) = |{e ∈ In : Em(p, e) = S}| and f≥(S) = |{e ∈ In : Em(p, e) ⊇ S}| .

For any T ⊆ [n], it is clear that
f≥(T ) =

∑
S⊇T

f=(S),

so the Principle of Inclusion-Exclusion (see [21, Theorem 2.1.1]) implies that

f=(T ) =
∑
S⊇T

(−1)|S\T |f≥(S). (6)

Similarly, letting

f ′=(S) = |{e ∈ In : Em(p′, e) = S}| and f ′≥(S) = |{e ∈ In : Em(p′, e) ⊇ S}| ,

we have
f ′=(T ) =

∑
S⊇T

(−1)|S\T |f ′≥(S). (7)

By assumption, f≥(S) = f ′≥(S) for all S ⊆ [n], so Equations (6) and (7) imply that f=(T ) = f ′=(T ) for
all T ⊆ [n]. This proves that p ss∼ p′.

The next proposition is an immediate consequence of Lemmas 3.9 and 3.10. A generalization to pat-
terns of arbitrary length will be given in Theorem 4.12.

Proposition 3.11. The patterns 110 and 100 are super-strongly Wilf equivalent.
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3.3 Other patterns of length 3
Applying the same technique used in the proof of Propositions 3.4 and 3.5, we have obtained recurrences
for |In,k (p)| for all consecutive patterns p of length 3. In each case, we consider an inversion sequence e =
e1e2 . . . en ∈ In,k(p) and analyze the possibilities for e1e2 . . . en−1 ∈ In−1(p). We then determine that
e1e2 . . . en−1 may be any sequence in In−1(p), with the exception of certain e1e2 . . . en−2 ∈ In−2,j(p),
which are not allowed for some values of j. For this reason we obtain recurrences for |In,k (p)| in terms
of |In−1 (p)| and |In−2,j (p)|, with j in a certain range.

We now list recurrences obtained for consecutive patterns of length 3 with no repeated letters.

Proposition 3.12. Let n ≥ 1 and 0 ≤ k < n. Then the following recurrences hold:

(a) For k < n− 1,

|In,k (021)| = |In−1 (021)| − (n− 2− k)

k−1∑
j=0

|In−2,j (021)| ,

and |In,n−1 (021)| = |In−1(021)|.

(b) |In,k (102)| = |In−1 (102)| −
∑

j≥1 j |In−2,j (102)|.

(c) |In,k (120)| = |In−1 (120)| −
∑

j>k(n− 2− j) |In−2,j (120)|.

(d) |In,k (201)| = |In−1 (201)| − k
∑

j>k |In−2,j (201)|.

Next, we describe the recurrence obtained for the pattern 012, which contains terms of the form
|In−3,j (012)|. In this case, when we consider an inversion sequence e = e1e2 . . . en ∈ In,k(012) and
analyze the possibilities for e1e2 . . . en−1 ∈ In−1(012), we determine that e1e2 . . . en−1 may be any se-
quence in In−1(012), with the exception of certain e1e2 . . . en−3 ∈ In−3,j(012), which are not allowed
for some values of j. Indeed, e = e1e2 . . . en ∈ In,k(012) if and only if:

e1e2 . . . en−1 ∈ In−1(012), en = k and en−2, en−1 do not satisfy en−2 < en−1 < k.

Now e1e2 . . . en−1 belongs to In−1(012) and satisfies en−2 < en−1 < k if and only if e1e2 . . . en−3 ∈
In−3,i(012) for some i ≥ en−2, and en−2 < en−1 < k. Hence, making the substitutions j = en−2 and
l = en−1, we deduce the following result.

Proposition 3.13. Let n ≥ 4 and 0 ≤ k < n. Then the sequence |In,k (012)| satisfies the recurrence

|In,k (012)| = |In−1 (012)| −
k−1∑
l=1

l−1∑
j=0

∑
i≥j

|In−3,i (012)| ,

with initial conditions |I1,0 (012)| = |I2,0 (012)| = |I2,1 (012)| = |I3,2 (012)| = 1 and |I3,0 (012)| =
|I3,1 (012)| = 2.

With some algebraic manipulations, the triple sum in Proposition 3.13 may be simplified to obtain the
following recurrence, which can be computed more efficiently.
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Corollary 3.14. Let n ≥ 4 and 0 ≤ k < n. Then

|In,k (012)| = |In−1 (012)| −
k−3∑
i=0

(i+ 1)

(
k − 1− i

2

)
|In−3,i (012)| − k(k − 1)

2

n−4∑
i=k−2

|In−3,i (012)| ,

with the same initial conditions as in Proposition 3.13.

Proof: Changing the order of the two outermost summations in the triple sum in Proposition 3.13, we
obtain

k−1∑
l=1

l−1∑
j=0

∑
i≥j

|In−3,i (012)| =
k−2∑
j=0

k−2∑
l=j

∑
i≥j

|In−3,i (012)| =
k−2∑
j=0

(k − j − 1)
∑
i≥j

|In−3,i (012)|

Similarly, changing the order of the rightmost double summation above yields

k−1∑
l=1

l−1∑
j=0

∑
i≥j

|In−3,i (012)| =
k−3∑
i=0

i∑
j=0

(k − j − 1) |In−3,i (012)|+
n−4∑

i=k−2

k−2∑
j=0

(k − j − 1) |In−3,i (012)|

=

k−3∑
i=0

(i+ 1)

(
k − 1− i

2

)
|In−3,i (012)| − k(k − 1)

2

n−4∑
i=k−2

|In−3,i (012)| .

The result then follows from Proposition 3.13.

The following is the recurrence obtained for the pattern 210 using a similar argument.

Proposition 3.15. Let n ≥ 1 and 0 ≤ k < n. Then the sequence |In,k (210)| satisfies the recurrence

|In,k (210)| = |In−1 (210)| −
n−4∑

l=k+1

n−3∑
j=l+1

∑
i≤j

|In−3,i(210)| .

As in Corollary 3.14, we may simplify the triple sum in Proposition 3.15 to obtain the following recur-
rence.

Corollary 3.16. Let n ≥ 1 and 0 ≤ k < n. If 1 ≤ n ≤ 4 or 0 ≤ n − 5 < k, then |In,k (210)| =
|In−1 (210)|. Otherwise (i.e., 0 ≤ k ≤ n− 5),

|In,k (210)| = |In−1 (210)| − 1

2

[
(n− k − 4)(n− k − 3)

k+2∑
i=0

|In−3,i(210)|

+

n−4∑
i=k+3

(n− i− 2)(n+ i− 2k − 5) |In−3,i(210)|
]
.

Similarly, it is possible to write recurrences for all the remaining consecutive patterns of length 3 with
repeated letters. We list them next.

Proposition 3.17. Let n ≥ 1 and 0 ≤ k < n. Then the following recurrences hold:
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(a) |In,k (001)| = |In−1 (001)| −
∑

j<k |In−2,j (001)|.

(b) |In,k (010)| = |In−1 (010)| − (n− 2− k) |In−2,k (010)|.

(c) For k < n− 1,
|In,k (011)| = |In−1 (011)| −

∑
j<k

|In−2,j (011)| ,

and |In,n−1 (011)| = |In−1(011)|.

(d) |In,k (101)| = |In−1 (101)| − k |In−2,k (101)|.

3.4 From patterns in inversion sequences to patterns in permutations
In this subsection we discuss some correspondences between consecutive patterns of length 3 in inversion
sequences and permutation patterns. We exploit the bijection Θ : Sn → In defined by (1). For π ∈ Sn

and 1 ≤ i ≤ n, let
Ei(π) = {j ∈ [n] : j < i and πj > πi} .

The entries of e = Θ(π) are given by ei = |Ei(π)|.
Lemma 3.18. Let π ∈ Sn, and let e = Θ(π) be its corresponding inversion sequence. Then πi > πi+1 if
and only if ei < ei+1.

Proof: Suppose πi > πi+1. Then every j < i such that πj > πi satisfies πj > πi+1. It follows that
Ei(π) ⊆ Ei+1(π). Since i+ 1 ∈ Ei+1(π) \ Ei(π), this inclusion is strict, and so ei < ei+1.

Conversely, suppose ei < ei+1. If πi < πi+1, then i 6∈ Ei+1(π), so there must exist some j ∈
Ei+1(π) \ Ei(π) with j < i. But then πi+1 < πj < πi, which contradicts πi < πi+1. It follows that
πi > πi+1.

Proposition 3.19. Let π ∈ Sn, and let e = Θ(π) be its corresponding inversion sequence. Then π avoids
321 if and only e avoids 012. Hence, |In (012)| = |Sn (321)|, for all n.

Proof: By Lemma 3.18, π contains 321 if and only if e contains 012. Equivalently, π avoids 321 if and
only if e avoids 012. Consequently, the map Θ induces a bijection between Sn (321) and In (012).

The sequence |Sn (321)| appears as A049774 in [20]. The exponential generating function for per-
mutations avoiding 321 is known, see [8, 12]. It follows from Proposition 3.19 and [12, Theorem 4.1]
that ∑

n≥0

|In (012)| z
n

n!
=

√
3

2

exp (z/2)

cos
(√

3z/2 + π/6
) .

Nevertheless, the recurrence in Proposition 3.13 appears to be new.
By Lemma 3.18, π contains (r + 1) r . . . 1 if and only if e contains 01 . . . r. Thus, Proposition 3.19 is

generalized as follows.

Proposition 3.20. Let π ∈ Sn, and let e = Θ(π) be its corresponding inversion sequence. Then π avoids

(r + 1) r . . . 1 if and only if e avoids 01 . . . r. Hence, |In (01 . . . r)| =
∣∣∣Sn

(
(r + 1) r . . . 1

)∣∣∣, for all n.

The next result relates 120 and 021 to vincular patterns in permutations.
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Proposition 3.21. Let π ∈ Sn, and let e = Θ(π) be its corresponding inversion sequence. Then:

(a) π avoids 3214 if and only if e avoids 120;

(b) π avoids 2413 if and only if e avoids 021.

In particular, |In (120)| = |Sn (3214)| and |In (021)| = |Sn (2413)| for all n.

Proof: The proof of both results is quite similar, so we only prove (a). It suffices to show that π contains
3214 if and only e contains 120.

Suppose that π contains an occurrence πjπiπi+1πi+2 of 3214, where j < i and πi+1 < πi < πj <
πi+2. By Lemma 3.18, we have ei < ei+1. If l ∈ Ei+2(π), then l < i + 2 and πl > πi+2. Since
πi, πi+1 < πi+2, it must be that l < i, and so l ∈ Ei(π). We deduce that Ei+2(π) ⊆ Ei(π). In fact, since
j ∈ Ei(π) \ Ei+2(π), the inclusion is strict, so ei+2 < ei. It follows that eiei+1ei+2 is an occurrence of
120.

Conversely, suppose that e contains an occurrence eiei+1ei+2 of 120, where ei+2 < ei < ei+1. By
Lemma 3.18, we have πi > πi+1. If πi > πi+2, then Ei(π) ⊆ Ei+2(π), contradicting that ei > ei+2. It
follows that πi+2 > πi, and so πiπi+1πi+2 is an occurrence of 213. Finally, since ei > ei+2, there exists
j ∈ Ei(π) \ Ei+2(π). In particular, j < i and πi < πj < πi+2, and thus πjπiπi+1πi+2 is an occurrence
of 3214.

Permutations avoiding the vincular pattern 1432 were studied by Baxter and Pudwell [4]. The sequence
|Sn (1432)| appears as A200404 in [20], but no enumerative results seem to be known. The next corollary
shows that |In (120)| = |Sn (1432)|, and so we can use the recurrence in Proposition 3.12(c) to compute
these numbers. Given a permutation π = π1π2 . . . πn ∈ Sn, its reverse-complement is the permutation
πRC , where (πRC)i = n+ 1− πn+1−i, for 1 ≤ i ≤ n.

Corollary 3.22. There is a bijection between In (120) and Sn (1432).

Proof: The map π → πRC induces a bijection between Sn (3214) and Sn (1432). Indeed, for 1 ≤ j <
i ≤ n, we have πi+1 < πi < πj < πi+2 if and only if n+1−πi+2 < n+1−πj < n+1−πi < n+1−πi+1,
which is equivalent to πRC

n−i−1 < πRC
n−j+1 < πRC

n−i+1 < πRC
n−i. Thus, π contains 3214 if and only if πRC

contains 1432. The result now follows from Proposition 3.21(a).

Next we show that the sequence counting 021-avoiding inversion sequences coincides with that count-
ing 1324-avoiding permutations, which is given by A071075 in [20].

Corollary 3.23. For all n, |In (021)| = |Sn (1324)|.

Proof: As in proof of Corollary 3.22, the map π → πRC induces a bijection between Sn (2413) and
Sn (2413). Similarly, by applying the reversal operation π1π2 . . . πn → πn . . . π2π1, we observe that
|Sn (132)| = |Sn (231)|. It follows from [10, Proposition 3.1] or [15, Corollary 15] that |Sn (1324)| =
|Sn (2314)|. Finally, a result of Baxter and Shattuck [3] states that |Sn (2413)| = |Sn (2314)|. Combining
these with Proposition 3.21(b), we obtain

|In (021)| = |Sn (2413)| = |Sn (2413)| = |Sn (2314)| = |Sn (1324)| .
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The exponential generating function for permutations avoiding 1324 can be deduced by combining [10,
Proposition 3.1] and [12, Theorem 4.1]. It follows from Corollary 3.23 that

∑
n≥0

|In (021)| z
n

n!
= exp

(∫ z

0

dt

1−
∫ t

0
e−u2/2du

)
.

A functional equation satisfied by the ordinary generating function for 1324-avoiding permutations is
given by Baxter and Shattuck [3]. The recurrence in Proposition 3.12(a) appears to be new.

4 Consecutive Patterns of Length 4
In this section we study consecutive patterns of length 4 in inversion sequences. Specifically, we deter-
mine the Wilf equivalence classes for consecutive patterns of length 4. This classification is summarized
in Theorem 2.2. There are a total of 75 consecutive patterns of length 4, which fall into 55 Wilf equiva-
lence classes. This is also the number of both strong and super-strong Wilf equivalence classes because,
as mentioned before, all the equivalences among consecutive patterns of length 4 are super-strong equiv-
alences. Of these 55 classes, 1 contains four patterns, 4 contain three patterns, 9 contain two patterns, and
41 contain one pattern.

The only consecutive pattern p of length 4 for which the sequence |In(p)| appears in the OEIS [20]
is p = 0123. We have that |In(0123)| = |Sn(1234)|, which is sequence A117158 in [20]. By Propo-
sition 3.20, the map Θ gives a bijection between In(0123) and Sn(4321). The exponential generating
function for this sequence is known [8, 12]. It follows from [12, Theorem 4.3] that∑

n≥0

|In (0123)| z
n

n!
=

2

cos z − sin z + e−z
.

4.1 Equivalences proved via bijections
In this subsection we use bijections to prove equivalences (ii)–(vii), (ix), (xi), (xii) and (xiv) in Theo-
rem 2.2. All the equivalences established in this subsection are in fact stronger than super-strong Wilf
equivalence: we show not only that p ss∼ p′, but rather that

|{e ∈ In : Em(p, e) = S, Em(p′, e) = T}| = |{e ∈ In : Em(p, e) = T, Em(p′, e) = S}| , (8)

for all n and all S, T ⊆ [n]. In other words, the joint distribution of the positions of the occurrences of p
and p′ is symmetric. Taking the union over all T ⊆ [n] in Equation (8), it clearly implies that p ss∼ p′.

Equation (8) is proved by exhibiting a bijection from In to itself that changes all occurrences of p into
occurrences of p′, and vice versa. The following notion will help us construct such a bijection.

Definition 4.1. Two consecutive patterns p and p′ are mutually non-overlapping if it is impossible for
an occurrence of p and an occurrence of p′ in an inversion sequence to overlap in more than one entry;
equivalently, if for all 1 < i < r, the reductions of p1 . . . pi and p′r−i+1 . . . pr do not coincide, and neither
do the reductions of p′1 . . . p

′
i and pr−i+1 . . . pr

Example 4.2. The patterns 110 and 010 are mutually non-overlapping. However, the same cannot be said
about the patterns 110 and 100. For example, the inversion sequence e = 0002211 ∈ I7 has occurrences
of 110 and 100 overlapping in two entries, e5 and e6.
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Next we prove equivalence (ii) in Theorem 2.2.

Proposition 4.3. The patterns p = 0021 and p′ = 0121 satisfy Equation (8). In particular, 0021
ss∼ 0121.

Proof: We define a map φ : In → In that changes every occurrence of 0021 into an occurrence of 0121,
and vice versa. Specifically, let φ(e) = e′, where

e′j =


ej+2, if ej−1ejej+1ej+2 is an occurrence of 0021,

ej−1, if ej−1ejej+1ej+2 is an occurrence of 0121,

ej , otherwise.

For instance, if e = 00032454, then φ(e) = e′ = 00232254.
First, let us show that e′ is an inversion sequence by checking that e′j < j for all j. Indeed, if

ej−1ejej+1ej+2 is an occurrence of 0121, then e′j = ej−1 < j − 1 < j. Additionally, if ej−1ejej+1ej+2

is an occurrence of 0021, then e′j = ej+2 < ej+1 < j + 1, so e′j < j.
Since 0021 and 0121 are non-overlapping and mutually non-overlapping, occurrences of these patterns

can only overlap in one entry. Since φ switches occurrences of 0021 and 0121 and does not change the
first or the last entry of any occurrence, we conclude that φ−1 = φ, so φ is a bijection. Furthermore,
the positions of the occurrences of 0021 (respectively, 0121) in e ∈ In are precisely the positions of the
occurrences of 0121 (respectively, 0021) in φ(e). It follows that Equation (8) holds and that 0021

ss∼
0121.

The idea in the proof of Proposition 4.3 can be exploited to prove a more general result. In order to do
this, we need to introduce some terminology.

Definition 4.4. Let p = p1p2 . . . pr and p′ = p′1p
′
2 . . . p

′
r be two consecutive patterns such that p1 = p′1,

pr = p′r, and maxi{pi} = maxi{p′i} = d (that is, p and p′ have the same number d + 1 of dis-
tinct entries). Suppose that e ∈ In has an occurrence of p in position i, and let f : {0, 1, . . . , d} →
{ei, ei+1, . . . , ei+r−1} (where the right-hand side is viewed as a set, disregarding repetitions) be the order-
preserving bijection such that eiei+1 . . . ei+r−1 = f(p1)f(p2) . . . f(pr).

Define a sequence e′ = e′1e
′
2 . . . e

′
n by setting

e′ie
′
i+1 . . . e

′
i+r−1 = f(p′1)f(p′2) . . . f(p′r),

and e′j = ej for j < i or j > i+r−1. This operation is called a change of the occurrence eiei+1 . . . ei+r−1
of p into an occurrence of p′. If, additionally, e′ ∈ In (that is, e′j < j for all j), then we say that this
change is valid.

Example 4.5. Consider e = 00134015331 ∈ I11. It is not valid to change the occurrence e2e3e4e5e6 of
01230 into an occurrence of 03210. Indeed, such a change would yield e′ = 00431015331, which is not
an inversion sequence. On the other hand, it is valid to change the occurrence e7e8e9e10e11 of 02110 into
an occurrence of 02100, and this change yields e′ = 00134015311 ∈ I11.

Definition 4.6. Let p = p1p2 . . . pr and p′ = p′1p
′
2 . . . p

′
r be two consecutive patterns such that

p1 = p′1, pr = p′r, and max
i
{pi} = max

i
{p′i}.
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We say that p is changeable for p′ if, for all 1 ≤ i ≤ r,

p′i ≤ max ({pj : 1 ≤ j ≤ i} ∪ {pj − j + i : i < j ≤ r}) .

If p is changeable for p′ and p′ is changeable for p, then we say that p and p′ are interchangeable.

Example 4.7. Consider the consecutive patterns p = 01230 and p′ = 03210. Note that

p′2 = 3 > 1 = max ({pj : 1 ≤ j ≤ 2} ∪ {pj − j + 2 : 2 < j ≤ 5}) .

Hence, 01230 is not changeable for 03210.
On the other hand, the patterns p = 0021 and p′ = 0121 are interchangeable. Indeed, in this case

p′2 = 1 = max ({pj : 1 ≤ j ≤ 2} ∪ {pj − j + 2 : 2 < j ≤ 4}) and p′i = pi for i 6= 2, so p is changeable
for p′. Similarly, p′ is changeable for p because pi ≤ p′i, for all i.

The next lemma relates Definitions 4.4 and 4.6, showing why the concept of changeability is useful.

Lemma 4.8. Let p = p1p2 . . . pr and p′ = p′1p
′
2 . . . p

′
r be two consecutive patterns. Then p is changeable

for p′ if and only if, for every inversion sequence e ∈ In, it is valid to change any given occurrence of p
in e into an occurrence of p′.

Proof: First we prove the forward direction. Suppose that p is changeable for p′. Let e ∈ In be an
inversion sequence with an occurrence of p in position i. Let e′ be the sequence obtained by changing the
occurrence eiei+1 . . . ei+r−1 of p into an occurrence of p′. To prove that this change is valid, it suffices to
show that e′i+t−1 < i+ t− 1 for all t such that p′t 6= pt.

Let t be such that p′t 6= pt, and let Mt = max ({pj : 1 ≤ j ≤ t} ∪ {pj − j + t : t < j ≤ r}). By
assumption, p′t ≤ Mt. If Mt = pj for some 1 ≤ j ≤ t, then p′t ≤ pj implies that e′i+t−1 ≤ ei+j−1 <
i + j − 1 ≤ i + t − 1 because e′i+t−1 = f(p′t) and ei+j−1 = f(pj), where f is the order-preserving
bijection f in Definition 4.4. On the other hand, ifMt = pj−j+t for some t < j ≤ r, then p′t ≤ pj−j+t
implies that e′i+t−1 ≤ ei+j−1 − j + t < (i+ j − 1)− j + t = i+ t− 1.

To prove the converse, suppose now that p is not changeable for p′. We construct an inversion sequence
e with an occurrence of p whose change into an occurrence of p′ is not valid. Let t be such that

p′t > max ({pj : 1 ≤ j ≤ t} ∪ {pj − j + t : t < j ≤ r}) . (9)

Let s be the smallest integer such that c = 0sp is an inversion sequence and s+ t− p′t is nonnegative.
Equivalently,

s = max ({pj − j + 1 : 1 ≤ j ≤ r} ∪ {p′t − t}) .

We write c = c1c2 . . . cs+r, where ci = 0 for 1 ≤ i ≤ s and cs+j = pj for 1 ≤ j ≤ r. Now, define
e = e1e2 . . . es+r by setting

ei =

{
ci + s+ t− p′t, if ci ≥ p′t,
ci, otherwise.

Next we show that e is an inversion sequence. If i is such that ei = ci, then ei < i, because ci is an
inversion sequence. If i is such that ei 6= ci, then i = s+j for some 1 ≤ j ≤ r, and p′t ≤ ci = cs+j = pj .
By inequality (9), p′t ≤ pj implies that t < j ≤ r, and so p′t > pj − j + t. Hence,

ei = ci + s+ t− p′t = pj + s+ t− p′t < pj + s+ t− (pj − j + t) = s+ j = i.
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We have shown that ei < i in any case, and so e ∈ Is+r.
Since c has an occurrence of p in position s+ 1, so does e. Indeed, by our definition of s, we know that

s+ t− p′t ≥ 0, so adding s+ t− p′t to the values ci for which ci ≥ p′t does not alter their relative order.
Let e′ be the sequence obtained by changing the occurrence es+1es+2 . . . es+r of p into an occurrence of
p′. Then e′s+t = p′t + s+ t− p′t = s+ t. This implies that e′ 6∈ Is+r, so the change is not valid.

Example 4.9. We showed in Example 4.7 that 01230 is not changeable for 03210. By Lemma 4.8, this
is equivalent to the existence of some inversion sequence with an occurrence of 01230 whose change into
p′ is not valid. Example 4.5 gives such an inversion sequence.

On the other hand, we determined in Example 4.7 that 0021 and 0121 are interchangeable. Again by
Lemma 4.8, this is equivalent to the fact that, in every e ∈ In, it is valid to change any occurrence of 0021
(respectively, 0121) in e into an occurrence of 0121 (respectively, 0021). This property was shown in the
proof of Proposition 4.3.

Theorem 4.10. Let p and p′ be non-overlapping, mutually non-overlapping and interchangeable consec-
utive patterns. Then p and p′ satisfy Equation (8). In particular, p ss∼ p′.

Proof: Mimicking the proof of Proposition 4.3, we define a map φ : In → In that changes occurrences
of p into occurrences of p′ and vice versa. Since p and p′ are interchangeable, Lemma 4.8 implies that
it is possible to make these changes. Moreover, since p and p′ are non-overlapping and mutually non-
overlapping, all of these changes can be made simultaneously, and therefore φ is well-defined and φ−1 =
φ. Hence, φ is a bijection and the result follows.

We now list equivalences between consecutive patterns of length 4 that follow as particular instances
of Theorem 4.10. In each case, it can be easily verified that the patterns in question are non-overlapping,
mutually non-overlapping and interchangeable. We use the same labeling from Theorem 2.2.

Corollary 4.11. The following equivalences hold:

(iii) 1002
ss∼ 1012

ss∼ 1102.

(iv) 0100
ss∼ 0110.

(v) 2013
ss∼ 2103.

(vi) 1200
ss∼ 1210

ss∼ 1220.

(vii) 0211
ss∼ 0221.

(ix) 1001
ss∼ 1011

ss∼ 1101.

(xi) 2001
ss∼ 2011

ss∼ 2101
ss∼ 2201.

(xii) 2012
ss∼ 2102.

(xiv) 3012
ss∼ 3102.

4.2 Equivalences between non-overlapping patterns proved via
inclusion-exclusion

The equivalences between consecutive patterns of length 4 in this subsection follow from the next result,
which has weaker hypotheses than Theorem 4.10. It relaxes the condition of p and p′ being mutually
non-overlapping, at the expense of not proving Equation (8) and not producing a direct bijection changing
all the occurrences of p into occurrences of p′.

Theorem 4.12. Let p and p′ be non-overlapping and interchangeable consecutive patterns. Then p ss∼ p′.
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Proof: We mimic the proof of Lemma 3.9 and prove that

|{e ∈ In : Em(p, e) ⊇ S}| = |{e ∈ In : Em(p′, e) ⊇ S}|

for all positive integers n and all S ⊆ [n].
Fix n and S, and consider the map

ΦS : {e ∈ In : Em(p, e) ⊇ S} → {e ∈ In : Em(p′, e) ⊇ S}

that changes the occurrences of p in e in positions of S into occurrences of p′. Given that p is non-
overlapping and changeable for p′, Lemma 4.8 implies that ΦS is well-defined.

Similarly, we define the map ΨS : {e ∈ In : Em(p′, e) ⊇ S} → {e ∈ In : Em(p, e) ⊇ S} that changes
the occurrences of p′ in e in positions of S into occurrences of p. Since p′ is non-overlapping and change-
able for p, we deduce again that ΨS is well-defined. It is clear that ΦS and ΨS are inverses of each other,
which implies that ΦS is a bijection. The result now follows from Lemma 3.10.

The next corollary is a consequence of Theorem 4.12. The equivalences are labeled as in Theorem 2.2.

Corollary 4.13. The following equivalences hold:

(viii) 1000
ss∼ 1110. (x) 2100

ss∼ 2210.

Proof: It is straightforward to verify that 1000 and 1110 are non-overlapping and interchangeable, and
that the same is true for 2100 and 2210. The result follows from Theorem 4.12.

The patterns 1000 and 1110 (respectively, 2100 and 2210) may overlap with one another, so it is not
possible to deduce Corollary 4.13 from Theorem 4.10.

4.3 Equivalences between overlapping patterns proved via inclusion-exclusion
All the equivalences proved so far have relied on the patterns being non-overlapping. In this subsection
we adapt the proof of Theorem 4.12 to patterns that may have occurrences overlapping in more than one
entry. We start by proving equivalence (i) from Theorem 2.2.

Proposition 4.14. The patterns 0102 and 0112 are super-strongly Wilf equivalent.

Proof: We will prove that, for all n and all S ⊆ [n],

|{e ∈ In : Em(0102, e) ⊇ S}| = |{e ∈ In : Em(0112, e) ⊇ S}| . (10)

There is no loss of generality in assuming that there are no consecutive elements in S, because no two
occurrences of 0102 (or 0112) can overlap in three entries.

We can write S uniquely as a disjoint union of blocks, which we define as maximal subsets whose
entries form an arithmetic sequence with difference 2. Explicitly, S =

⊔m
j=1Bj , with blocks Bj =

{ij , ij + 2, ij + 4 . . . , ij + 2lj} and ij + 2(lj + 1) < ij+1 for 1 ≤ j ≤ m− 1.
Define a map ΦS : {e ∈ In : Em(0102, e) ⊇ S} → {e ∈ In : Em(0112, e) ⊇ S} by setting ΦS (e) =

e′, where

e′i =

{
ei−1, if i− 2 ∈ S,
ei, otherwise.
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In other words, ΦS changes occurrences of 0102 in positions of S into occurrences of 0112. To see that
ΦS is a bijection, we define its inverse map ΨS by setting ΨS(e′) = e, where

ei =

{
e′ij , if i− 2 ∈ Bj ,

e′i, otherwise.

The map ΨS changes occurrences of 0112 in positions of S into occurrences of 0102.
Since ΦS is a bijection, Equation (10) is proved, and the result follows from Lemma 3.10.

A schematic diagram of the maps ΦS and ΨS from the above proof appears in Figure 2. An example
of the computation of ΦS is given next.

Fig. 2: Schematic diagram of the behavior of ΦS and ΨS from Proposition 4.14 on occurrences within a block.

Example 4.15. Let S = {3, 5, 9} and e = 0102040523262889 ∈ I16, which satisfy S ⊆ Em(0102, e) =
{1, 3, 5, 9, 11}. Changing the occurrences of 0102 in positions of S into occurrences of 0112, we obtain
ΦS(e) = e′ = 0102244523362889. Note that S ⊆ Em(0112, e′) = {3, 5, 9, 13}, and that ΨS(e′) = e.

Next we prove equivalence (xiii) from Theorem 2.2.

Proposition 4.16. The patterns 2010, 2110 and 2120 are super-strongly Wilf equivalent.

Proof: For any n and S ⊆ [n], we construct a bijection

ΦS : {e ∈ In : Em(p, e) ⊇ S} → {e ∈ In : Em(p′, e) ⊇ S}

that changes occurrences of p = 2010 in positions of S into occurrences of p′ = 2110 (likewise, p′ =
2120). The construction is very similar to the proof of Proposition 4.14, and so the details are omitted.
Using Lemma 3.10, the result follows.

Proof Proof of Theorem 2.2: All the listed super-strong Wilf equivalences follow from Propositions 4.3,
4.14 and 4.16, and Corollaries 4.11 and 4.13. A brute force computation of the first ten terms of the se-
quences |In (p)| for each consecutive pattern p of length 4 shows that there are no additional equivalences,
and so the list gives a complete classification.

We can generalize Proposition 4.14 to patterns of the form 0r 1 0r 2 0r . . . (s− 1) 0r s and
0r 1 1r 2 2r . . . (s− 1) (s− 1)r s, with r ≥ 1 and s ≥ 2, by proving a statement analogous to (10).
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Indeed, we generalize the notion of a block to be a maximal subset of S whose elements form an increas-
ing sequence where consecutive differences are of the form a(r+ 1), with 1 ≤ a ≤ s− 1. Again, we can
write S uniquely as a disjoint union of blocks, say S =

⊔m
j=1Bj . We define a bijection ΦS , analogous to

the one in the proof of Proposition 4.14, which changes occurrences of 0r 1 0r 2 0r . . . (s− 1) 0r s in po-
sitions of S into occurrences of 0r 1 1r 2 2r . . . (s− 1) (s− 1)r s, as suggested by the schematic diagram
in Figure 3. Specifically, we set ΦS (e) = e′, where

e′i =

{
ei−b−1, if i− a(r + 1)− b ∈ S for some 1 ≤ a ≤ s− 1 and 0 ≤ b ≤ r − 1,

ei, otherwise.

Fig. 3: Schematic diagram showing how ΦS changes an occurrence of 0r 1 0r 2 0r . . . (s− 1) 0r s into an occurrence
of 0r 1 1r 2 2r . . . (s− 1) (s− 1)r s.

Theorem 4.17. For every r ≥ 1 and s ≥ 2, the patterns 0r 1 0r 2 0r . . . (s− 1) 0r s and
0r 1 1r 2 2r . . . (s− 1) (s− 1)r s are super-strongly Wilf equivalent.

Similarly, we can generalize Proposition 4.16 as follows.

Theorem 4.18. For every r ≥ 1 and s ≥ 2, the patterns s 0r (s− 1) 0r . . . 0r 10r,
s (s− 1)r s (s− 2)r s . . . s 1rs 0r and s (s− 1)r (s− 1) (s− 2)r (s− 2) . . . 1r1 0r are super-strongly
Wilf equivalent.

4.4 A note regarding patterns extending 110 and 100

Definition 4.19. Let r > s > 0. Suppose p = p1p2 . . . pr and p′ = p′1p
′
2 . . . p

′
s are consecutive patterns

of length r and s, respectively. We say p extends p′ on the right (respectively, left) if the leftmost (respec-
tively, rightmost) s entries of any occurrence of p in an inversion sequence form an occurrence of p′. If p
extends p′ either on the left or on the right, then we say p extends p′.

Example 4.20. The patterns of length 4 extending 110 are 1102, 1101, 2201, 1100 and 2210 on the right;
and 2110, 1110, 1220, 0110 and 0221 on the left. The patterns of length 4 extending 100 are 1002, 1001,
2001, 1000 and 2110 on the right; and 2100, 1100, 1200, 0100 and 0211 on the left.

We proved in Proposition 3.11 that 100
ss∼ 110, so it is natural to ask whether p ss∼ p′ for some patterns p

and p′ of length 4 extending 100 and 110, respectively. It follows from Theorem 2.2 that, in fact, there is a
bijective correspondence between patterns of length 4 extending 100 and those extending 110, preserving
super-strong Wilf equivalence classes.

Corollary 4.21. Consider the bijection from patterns of length 4 extending 100 to patterns of length 4
extending 110 given by the following assignment:
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0100 7→ 0110,
1002 7→ 1102,

1200 7→ 1220,
0211 7→ 0221,

1000 7→ 1110,
1001 7→ 1101,

1100 7→ 1100,
2100 7→ 2210,

2001 7→ 2201,
2110 7→ 2110.

Then, for each pair p 7→ p′, we have that p ss∼ p′.
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Two permutations in a class are Wilf-equivalent if, for every size, n, the number of permutations in the class of

size n containing each of them is the same. Those infinite classes that have only one equivalence class in each size

for this relation are characterised provided either that they avoid at least one permutation of size 3, or at least three

permutations of size 4.

1 Introduction

In the classical study of permutation patterns, two permutations π and σ are said to be Wilf-equivalent

if the class, Av(π), of permutations avoiding π and the class, Av(σ), of permutations avoiding σ have

the same enumeration sequence. Notational definitions are given in the next section. Arguably, one

of the main results that initiated this area of study was that any two permutations of size 3 are Wilf-

equivalent. Due to underlying symmetries this relation could have had at most two equivalence classes

on permutations of size 3. It has since been discovered that among the permutations of size 4 there are

only three Wilf-equivalence classes while, taking only symmetry into account, there could have been up

to seven.

In this paper we are concerned with a relativised version of Wilf-equivalence. Rather than considering

all the permutations that avoid π we consider only those that belong to some given class C – so the original

notion just corresponds to taking C to be the class of all permutations.

Definition 1. Let C be a permutation class. Two permutations π, σ ∈ C are Wilf-equivalent relative to C
if the two classes C ∩ Av(π) and C ∩ Av(σ) have the same enumeration sequence. In this case we write

π ≡C σ.

If C is clear from context we sometimes omit mentioning it.

Let (cn)n∈N be the enumeration sequence of a class C. If π ∈ C has size k then the enumeration

sequence (pn)n∈N of C ∩ Av(π) satisfies pn = cn for n < k and pk = ck − 1. Therefore, if π and σ are

Wilf-equivalent relative to C they must have the same size.

Definition 2. Let C be a permutation class. The Wilf-sequence of C is the sequence (wn)n∈N where wn

is the number of ≡C-equivalence classes among the permutations of C of size n.

Obviously wn 6 cn in general but it has been observed in multiple contexts that it is frequently the

case that wn = o(cn). We refer to this phenomenon as a Wilf-collapse. Since it is known that the partially

ordered sets corresponding to permutation classes do not have infinite automorphism groups (Albert et al.

(2015)) this cannot occur solely due to global symmetries of the containment relation within a pattern

class. Our particular concern in this paper is with the ultimate Wilf-collapse:
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Definition 3. A permutation class C is uniquely-Wilf if the equivalence relation ≡C has only one equiva-

lence class on permutations of size n in C for all n.

In Albert and Li (2019) it was shown that the class Av(312, 213) is uniquely-Wilf. It is the aim of

this paper to explore the landscape of uniquely-Wilf classes with the ultimate (but unrealised) goal of

classifying them completely.

2 Preliminaries

In this section we introduce our notation, definitions and make some basic observations. Notations chosen

are somewhat standard in the field of classical permutation patterns so we shall be quite brief. A primer on

this notation can be found in Bevan (2015) and for introductions to and/or surveys of the field we suggest

the books Bóna (2012) and Kitaev (2011) and a survey article Vatter (2015).

We denote by S the class of all finite permutations. For a set of permutations X we denote the set of

permutations in X of size k by Xk and similarly use X≤k etc. The enumeration sequence (xn)n∈N of X

is defined by xk = |Xk|.
The set S carries a partial order ≤ called classical pattern containment. Specifically, π ≤ σ if σ,

considered as a sequence in one line notation, contains a subsequence order-isomorphic to π. There are

eight automorphisms of S as a partially ordered set generated by the operations on sequences of: reverse,

complement (subtract each term for a permutation of size n from n+1) and inverse. All the questions we

consider respect these automorphisms.

If π ≤ σ we say that σ involves π, while if π 6≤ σ we say that σ avoids π. Further we define:

Inv(π) = {σ ∈ S : π ≤ σ}

Av(π) = {σ ∈ S : π 6≤ σ}.

When π ≤ σ and |σ| = |π|+ 1 we say that σ covers π.

The Av(π) notation is extended to sets of permutations with the requirement that all the permutations

in the set must be avoided. A set of permutations is a class if it is downwards-closed with respect to ≤ or

equivalently if it is of the form Av(X) for some set of permutations X . As already seen we generally use

Greek letters to denote individual permutations, upper case Latin letters to denote sets of permutations,

and calligraphic upper case Latin letters to denote permutation classes. Additionally we set I = Av(21)
to be the class of all monotone-increasing permutations and D = Av(12) to be the class of all monotone-

decreasing permutations.

Definition 4. Let k and n be positive integers. A permutation class C is (k, n)-balanced if, for all π, σ ∈
Ck, |Cn ∩ Inv(π)| = |Cn ∩ Inv(σ)|.

Any permutation class is (k, n)-balanced for any k ≥ n (since the two sets in question are singletons if

k = n and empty otherwise) so the issue of whether or not a class is (k, n)-balanced is really of interest

only if k < n.

Observation 5. A permutation class C is uniquely-Wilf if and only if it is (k, n)-balanced for all pairs of

positive integers (k, n).

Proof: Suppose that C is uniquely-Wilf and that π, σ ∈ Ck. Then π ≡C τ so the two classes C ∩ Av(π)
and C ∩ Av(σ) have the same enumeration sequence. In particular |Cn ∩ Av(π)| = |Cn ∩ Av(σ)|. But
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Cn∩Inv(π) = Cn\(Cn∩Av(π)) and similarly for σ so this is equivalent to |Cn∩Inv(π)| = |Cn∩Inv(σ)|,
i.e., C is (k, n)-balanced.

Conversely, suppose that C is (k, n)-balanced for all pairs of positive integers (k, n). Let π, σ ∈ Ck be

given. Then, for any n,

|Av(π) ∩ Cn| = cn − | Inv(π) ∩ Cn| = cn − | Inv(σ) ∩ Cn| = |Av(σ) ∩ Cn|,

i.e., π ≡C σ, hence C is uniquely-Wilf.

Observation 6. Let C be a uniquely-Wilf class that contains both 12 and 21. Then, for each k, either C
contains both 12 · · · k and k(k − 1) · · · 1 or it contains neither of those permutations. In the latter case C
is finite.

Proof: If, for some k, C contained 12 · · · k but not k(k − 1) · · · 1 then 12 6≡C 21 since C contains a

permutation of size k avoiding 21 but none avoiding 12. This contradiction establishes the first claimed

result. The second part follows immediately since, by the Erdős-Szekeres theorem (Erdős and Szekeres

(1935)), a class containing neither 12 · · · k nor k(k − 1) · · · 1 cannot contain any permutation of size

greater than (k − 1)2.

Observation 6 establishes a trichotomy for uniquely-Wilf classes: they might be finite, consist only of

monotone permutations of a single type, or contain both monotone permutations of every size. Somewhat

disingenuously we consider the first two cases as trivial ones and focus on the last. This is disingenuous

since any uniquely-Wilf class C is the union of all the finite uniquely-Wilf classes C≤k for each positive

integer k. This observation is central to the experimental results described in the next section.

3 Experimental results

Let F be a finite uniquely-Wilf class whose permutations are all of size at most n. We are interested in

determining those uniquely-Wilf classes C with the property that C ∩ S≤n = F . This condition already

puts some restrictions on C – specifically that any permutation of size at most n that does not belong to F
is avoided by all the elements of C, i.e., C ⊆ Av(S≤n \ F). For convenience we denote Av(S≤n \ F) by

F↑ – this is the maximum class (in terms of set containment) whose restriction to S≤n is F .

Observation 7. Let C be a permutation class and let k be a positive integer. Then C = (C≤k)
↑

if and only

if C = Av(X) for some X ⊆ S≤k.

Proof: This is essentially a restatement of the definition. If C = (C≤k)
↑

then we can take X to be

Av(S≤k \ C≤k). Conversely if C = Av(X) for some X ⊆ S≤k then X ⊆ S≤k \ C≤k and so Av(S≤k \
C≤k) ⊆ C. But the reverse containment always holds so C = Av(S≤k \ C≤k).

If F ⊆ S≤n is a finite uniquely-Wilf class, then an obvious question to address is:

Which subsets X ⊆ Sn+1 have the property that F ∪X is a uniquely-Wilf class?

Call such subsets potential extensions of F to size n + 1. It’s quite easy to determine whether X is

a potential extension of F of size n + 1. First of all X must not contain any permutations that cannot

lie in any extension of F , i.e., X ⊆ F↑. This ensures that F ∪ X is a class. Secondly, F ∪ X must
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be (k, n + 1)-balanced for all k ≤ n. Since F was already (k,m) balanced for all m ≤ n and F ∪ X

contains no permutations of size greater than n+1 these two conditions are both necessary and sufficient

for X to be a potential extension of F .

This suggests an experimental technique to build uniquely-Wilf classes from the bottom up. Start with

a finite permutation class F that is uniquely-Wilf and contains permutations up to size n. Consider binary

vectors (i.e., indicator functions) x :
(

F↑
)

n+1
→ {0, 1} where, as usual we denote x(π) by xπ and

associate x with the set X = x
−1(1). Then par abus de langage we call x a potential extension of F to

size n + 1 if the associated set X is. The important thing is that this construction already captures the

first condition above since we only consider permutations from F↑. Each of the balancing conditions that

any two permutations of the same size, say σ, τ ∈ Fk, have the same number of extensions in X can be

expressed as a constraint:
∑

σ≤π

xπ −
∑

τ≤π

xπ = 0.

Here, and in the following few equations, π ranges over
(

F↑
)

(i.e., the set of permutations on which

the notation xπ is defined).

From a practical standpoint we might wish to change the form in which we express these constraints.

For instance we could use instead:
∑

σ≤π,τ 6≤π

xπ −
∑

τ≤π,σ 6≤π

xπ = 0.

Or, for each 2 ≤ k ≤ n we could assign a target, tk, with

0 ≤ tk ≤
∣

∣

∣

(

F↑
)

n+1

∣

∣

∣

and, for σ ∈ Fk, use the constraint
∑

σ≤π

xπ = tk.

Or we could simply look for all solutions that give (n, n + 1)-balance (possibly with a target) and then

filter out those that do not also give (k, n+ 1)-balance for k < n.

Whatever our chosen system of constraints might be it can then be passed to a constraint solver. We

used the system Minion (Gent et al. (2006)). All solutions can be found and then (if necessary) these can

be filtered to provide all the potential extensions. Then we can proceed in the same manner on each of

these (trying to further extend to size n + 2) until either some resolution is achieved or we exhaust our

patience or machine resources. What sorts of resolution can we hope for?

• We might find that none of the potential extensions of F contain the monotone permutations of

size n + 1. In this case we know that there is no infinite uniquely-Wilf class whose restrictions to

permutations of size at most n is F .

• We might find that the only potential extension of F that contains both monotone permutations of

size n + 1 is F↑
n+1. If this continues to be the case when we extend to n + 2, n + 3 etc. then

we might form the opinion that F↑ is uniquely-Wilf and is the only such class whose restriction to

permutations of size at most n is F . However, this does not constitute a proof of that opinion – but

it is something we can attempt to prove.
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Since we are interested only in infinite uniquely-Wilf classes containing both 12 and 21 our starting

point is the finite class S≤2 = {1, 12, 21}. The (1, n)-balancing condition is always trivially satisfied and

(2, n)-balance is satisfied whenever we include both monotone permutations of size n. So our first sets of

possible extensions are the union of {123, 321} with each of the sixteen subsets of {132, 213, 231, 312}.

Since all questions about Wilf-equivalence are invariant under the action of the automorphism group of

(S,≤) we can further restrict our experiments to one representative of each orbit of that group on sets of

permutations. Our findings are as follows:

Experimental results. Let F ⊆ S≤3 be a finite class with F2 = {12, 21}. Then:

1. If |F3| = 2 the only infinite uniquely-Wilf class containing F is F↑ = I ∪ D.

2. If |F3| = 3 the only infinite uniquely-Wilf class containing F is F↑.

3. If |F3| = 4 and F3 = {123, 213, 312, 321} or one of its symmetries then the only infinite uniquely-

Wilf class containing F is F↑ while, for all other choices of F3 with |F3| = 4, there are no such

classes.

4. If |F3| = 5 then there is no infinite uniquely-Wilf class containing F .

5. If F3 = S3 and |F4| < 22 then there are no infinite uniquely-Wilf classes containing F .

In the next section we prove the first and second results above along with the first half of the third

result. Provided that we trust our constraint solver (which we do) and our translation of the constraints

into code(i) for the constraint solver (which we have to) the second half of the third result, the fourth result,

and the fifth result require no further proof.

Of note is that we have not completely classified infinite uniquely-Wilf classes since the cases where

F3 = S3 and |F4| ∈ {22, 23, 24} remain open – this is where exhaustion set in as there were simply too

many possible extensions to deal with using our present ideas. While the case |F4| = 22 could probably

be handled by our current techniques using some additional computational power it does seem that the

remaining cases are definitely out of reach using the straight forward constraints presented here. In order

to complete the classification would seem to require either determining some new constraints that have

been overlooked, some clever ordering of the CSP that facilitates its (non-)solution, or a new structural

idea.

However, we are confident enough to present:

Conjecture 8. There are no infinite uniquely-Wilf classes, C, with C3 = S3.

4 Proofs

In this section we provide the required proofs that justify the resolutions of the experiment above.

Proposition 9. The only infinite uniquely-Wilf class, C with C3 = {123, 321} is I ∪ D.

(i) This code is freely available from the authors on request. Owing to its specialised nature we do not feel it appropriate, at this

time, to make it part of a more widely available repository.
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Proof: Certainly I ∪ D is uniquely-Wilf. If C3 = {123, 321} then C↑
≤3 = I ∪ D as any non-monotone

permutation of size 4 contains at least one non-monotone permutation of size 3. But any infinite uniquely-

Wilf class containing 12 and 21 must contain I ∪ D.

Up to symmetry, there is only one set of three permutations of size three containing {123, 321} so the

second result we need is:

Proposition 10. The only infinite uniquely-Wilf class C with C3 = {123, 132, 321} is C = Av(213, 231, 312).

Proof: Let C = Av(213, 231, 312). Since all the permutations avoided in C are of size three, C = C↑
≤3.

To verify that C is uniquely-Wilf is easy. The permutations in C have the structure shown in the picture

below:

That is, they can be represented by an increasing sequence followed by a decreasing one. There is an

obvious one to one correspondence between such permutations and pairs (a, b) of integers with a ≥ 0 and

b ≥ 1. Here a represents the size of the increasing sequence and b the size of the decreasing one – and

we always choose the maximum element to be in the decreasing sequence. Thus, the representation of the

increasing permutation of size n in this form is as the pair (n − 1, 1). With respect to this representation

(a, b) ≤ (c, d) as permutations if and only if a ≤ c and b ≤ d i.e., the containment order of permutations

and the usual coordinatewise order coincide. In particular each permutation, (a, b), of size n has exactly

k + 1 extensions of size n + k namely those corresponding to pairs (a + x, b + k − x) for 0 ≤ x ≤ k.

Thus, C is uniquely-Wilf.

Note that, in C every permutation has exactly two covers since (a, b) is covered by (a + 1, b) and by

(a, b+ 1).

Suppose that E were a proper uniquely-Wilf subclass of C containing all monotone permutations and

with E3 = C3. Let n + 1 be the least size of any permutation in C \ E and note that n ≥ 3. Since we

omit one element of C from E in size n + 1 there is an element of E of size n with only one cover in E .

Therefore, as E is uniquely-Wilf, every element of E of size n must have exactly one cover of size n+ 1.

In particular, the monotone permutation (n, 1) must be the unique cover of (n− 1, 1) belonging to E and

hence its other cover (n− 1, 2) 6∈ E .

As (n − 2, 2) ∈ E , but (n − 1, 2) 6∈ E , it must be the case that (n − 2, 3) ∈ E since that is the only

remaining cover of (n− 2, 2) in C. Now if n = 3 we already have a contradiction since (1, 3), (0, 4) ∈ E
are the two covers of (0, 3) ∈ E . But if n ≥ 4 then since (n − 3, 4) also covers (n − 3, 3) we have

(n − 3, 4) 6∈ E . Since (n − 1, 2), (n − 3, 4) 6∈ E none of their covers can lie in E . But these include

(n− 1, 3) and (n− 2, 4) which are the two covers of (n− 2, 2). So (n− 2, 2) has no covers in E and we

have our contradiction (since E is infinite all monotone permutations have one cover in E). The latter part

of the argument is perhaps better understood through the following picture where filled circles represent

elements of E and open ones elements of C \ E :
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n

n+ 1

n+ 2

(n − 1, 1) (n − 2, 2) (n − 3, 3) (n − 4, 4)

(n − 1, 3) (n − 2, 4)

The second half of the proof above can also be adapted to characterise the finite uniquely-Wilf classes

containing 123, 321 and one other permutation of size three. They agree with the maximum such class to

some size, then include none or half (rounded up if necessary) of the permutations in that class at the next

size, and then no further permutations.

Proposition 11. Let F ⊆ S3 be the finite class with F3 = {123, 132, 231, 321}. The only infinite

uniquely-Wilf class containing F is F↑ = Av(213, 312).

Proof:

That Av(213, 312) is uniquely-Wilf is proven in Albert and Li (2019) so we provide only a short sketch

of the argument here for the reader’s convenience. Permutations in this class have the wedge-shaped

structure shown below:

The permutations of size n in the class are naturally encoded by binary sequences of length n− 1 over

the alphabet {L,R} obtained by reading the permutation from bottom to top and noting which “side”

of the picture the corresponding element belongs. The containment relation in the class is exactly the

subsequence containment relation for these words. Consider two words αL and βR where α and β are

words of the same length. A word contains αL but none of its prefixes do if and only if it is of the form

ARkL where A contains α but none of its prefixes do and k ≥ 0. But similarly a word contains βR but

none of its prefixes do if and only if it is of the form BLkR where B contains β but none of its prefixes do.

This sets up a length-preserving bijection between the minimal words containing αL and those containing

βR whenever we have such a bijection with respect to α and β. But of course such a bijection exists

when α and β are both the empty word, so induction shows that this bijection exists in general for any

two words of the same length. This bijection then extends to a length-preserving bijection between all

words containing αL and all words containing βR since these are obtained from words of the first type

by concatenation with an arbitrary word. This establishes that Av(213, 312) is uniquely-Wilf.

Now suppose that E is a proper subclass of Av(213, 312) that contains F3. The permutations in E can

be partitioned into their maximal monotone intervals which must be alternately increasing and decreasing

when considered from bottom to top. There must be a bound on the number of such intervals (since E
is proper). Therefore the structure of a permutation in E is determined (essentially) by a finite tuple of

non-negative integers summing to its size and the enumeration of E is polynomially bounded and hence

ultimately polynomial (Kaiser and Klazar (2002/03)).

The structure of polynomial classes is well-understood and we will make use of a form introduced

in Homberger and Vatter (2016) – we sketch only the necessary details here and refer to that paper for
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the full results. Define a peg permutation to be a permutation written in one line notation where each

of its elements is decorated with a superscript from the set {+,−, •}. For example, 2−3−1• is a peg

permutation.

Given a pegged permutation ρ̃ the set of permutations Grid(ρ̃) consists of all those permutation that

can be obtained from ρ by inflating each point into a monotone (possibly empty) interval according to the

associated symbol: for + an arbitrary increasing interval, for − an arbitrary decreasing interval, and for •
either a single point or nothing at all. For instance 4321, 2431 and 432651 all belong to Grid(2−3−1•)
but 123 does not.

Departing from the terminology of Homberger and Vatter (2016) we say that a pegged permutation is

properly pegged if it contains no two element monotone interval of any of the following forms:

1+2+, 1•2+, 1+2•, 2−1−, 2•1−, 2−1•. (1)

To be explicit, the first condition above means that there are no two consecutive elements a and a + 1
in the pegged permutation both of which are decorated with +. We define Gridf (ρ̃) to be the subset of

Grid(ρ̃) consisting of all inflations of ρ in which any symbol decorated with + or − is inflated into a

monotone interval of size at least two, and any symbol decorated with • is replaced by a single point (the

superscript stands for “filled”). Restating the conclusion of Theorem 1.4 of Homberger and Vatter (2016)

slightly:

There exists a finite set H̃ of properly pegged permutations such that E is the disjoint union of the sets

Gridf (ρ̃) for ρ̃ ∈ H̃ .

We remark that since E is a class that, if ρ̃ ∈ H̃ then in fact Grid(ρ̃) ⊆ E since Grid(ρ̃) is just the

downward closure of Gridf (ρ̃).
Choose ρ̃ ∈ H̃ in such a way that the total number, m of + and − decoration on ρ̃ is maximal

(among all the elements of H̃) and, among all such, the underlying permutation ρ is maximal in the

pattern containment order. Equality is allowed in either case. For instance it might be the case that

2+4+1•3−, 2−4•1−3+ ∈ H̃ . If no other permutation in H̃ contains more than three non-• decorations

and no permutation with three non-• decorations contains 2413 then either of these would be a suitable

choice for ρ̃. Form a permutation π ∈ Gridf (ρ̃) by inflating each such non-• symbol to a monotone inter-

val having at least K elements where K is greater than the square of the largest size of any permutation

underlying an element of H̃ . This choice of K ensures (easily) that the only covers of π in E are obtained

by extending the inflated intervals by one point. In particular π has exactly m covers in E . Therefore, as

E is uniquely-Wilf, all sufficiently large permutations in E must have exactly m covers.

Now suppose that Grid(1+3+2•) ⊆ E . Then any permutation that consists of a monotone increasing

sequence followed by one more element belongs to E as these all occur as elements of Grid(1+3+2•). In

particular, for any n, the monotone increasing permutation of size n has at least n+ 1 covers in E which

contradicts the observation above that all sufficiently large permutations in E must have exactly m covers.

So it follows by contradiction that Grid(1+3+2•) 6⊆ E . This, together with the fact that E is a class,

implies that no ρ̃ ∈ H̃ contains a 132 pattern with both the 1 and the 3 carrying + decorations – we’ll

abbreviate this as “no 1+3+2 pattern”. Similarly, there can be no ρ̃ ∈ H̃ containing a 23−1− pattern.

This technique of showing that certain restrictions on the labelings of the permutations in H̃ must be

satisfied because otherwise some permutation has “too many” covers contradicting the assumption that E
is uniquely-Wilf is used throughout the remainder of the argument.

The underlying permutations of H̃ belong to Av(312, 213) so if there were three or more non-• dec-

orations then two of them would occur on the same side and would therefore have the same sign. Since
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the intervals described in (1) cannot occur they could not be consecutive, and this would create one of the

forbidden situations above. It follows that there can be at most two non-• decorations on each permutation

of H̃ and, if there are two, they must have differing signs.

Therefore, every sufficiently large permutation in E has either exactly one or exactly two covers. The

former case is easily dismissed – since the increasing permutation has only the increasing cover the only

permutation in H̃ carrying a + decoration would have to be 1+ and similarly 1− would be the only one

containing the − decoration (and all the monotone permutations of E would be represented by these along

with 1•). The rest of the permutations (if any) would carry only •s so define a finite set – but if any existed

there would a non-monotone permutation with no covers. So E = I ∪ D but supposedly E3 = F3 which

contains non-monotone permutations.

Supposing that each sufficiently large permutation in E has exactly two covers also implies that

Grid(2+3−1•) 6⊆ E

since otherwise the monotone increasing permutation of size n would then have all of:

123 · · · (n+ 1), 23 · · · (n+ 1)1, and 123 · · · (n− 1)(n+ 1)n

as covers. Similarly, Grid(1•3+2−) 6⊆ E . Also,

Grid(1+3•4•2−) 6⊆ E and Grid(2+4•3•1−) 6⊆ E

as otherwise the monotone increasing (or decreasing in the second case) permutation would have at least

three extensions.

Putting all these observations together shows that the only possible elements of H̃ containing both a +
and a − decoration are 1+2− and 2+1−. Only one can occur as, if they both did, increasing permutations

would have at least three covers in E .

Suppose without loss of generality that 1+2− ∈ H̃. We claim that, other than 1+, 1−, and 1•2− all

other patterns in H̃ contain only •s as decorations.

To rule out other patterns containing symbols x+ observe first that Grid(2+1•) 6⊆ E since if it were,

there would be an extra extension to the monotone increasing permutation beyond the two already avail-

able from Grid(1+2−). It follows, that the only possible + decoration on an element of H̃ can occur on

the first (and least) element of a pattern. No decorations of 132 can belong to H̃ since we can’t place •s

on both the 3 and the 2 as that case is already covered by 1+2− and other labelings are forbidden by (1)

or previous observations. By (1) we cannot begin 1+2•. Finally, Grid(1+3•4•2•) also gives extra exten-

sions to the monotone increasing permutation. Any larger labeled pattern includes one of these forbidden

cases, and so we’ve ruled out the presence of a + except for 1+2− and 1+.

Now we want to rule out patterns in H̃ other than 1−, 1•2− and 1+2− that contain symbols x−. We

cannot appeal to symmetry because we’ve broken that by assuming Grid(1+2−) is contained in E . In

Grid(2•3−1•) we gain an extra extension to the monotone decreasing permutation so no pattern in H̃ can

contain a 23−1 pattern. Similarly no 231− patterns can occur. Together these rule out all possibilities of

having a symbol x− other than the ones which are explicitly allowed.

Now 231 ∈ E but is not in Grid(1+), Grid(1−), Grid(1•2−), or Grid(1+2−) so its representation

must be as Grid(2•3•1•). The same applies for its supposed two covers in E , each of their covers, and so

on. However, H̃ is finite, so we have our final contradiction.
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The proof of Proposition 11 has obviously been the most intricate of the arguments so far. Fundamen-

tally though it is not so different in character to the previous ones (indeed it would have been possible

to absorb those into its proof). Working in a polynomial class is a powerful restriction because of the

limit it imposes on the number of extensions of any sufficiently large permutation. This then enables the

“surplus extensions” technique to rule out many configurations. The second author, as part of his current

PhD research (to be submitted in 2020), has proven that the only uniquely-Wilf polynomial classes are

the ones that already arise in Proposition 11.

5 Conclusion

Our goal of characterising the uniquely-Wilf permutation classes has not been fully realised as the possi-

bility still exists that there may be some which we have not discovered. If so, they will contain all of S3

and at least 22 elements of S4.

It is notable that most of the arguments by contradiction in Proposition 11 focused on the existence

of surplus extensions to a monotone permutation. The monotone permutations are already somewhat

special in the order of pattern containment since they are the only permutations that cover only one other

permutation. Therefore it does not seem unreasonable to ask:

Question 12. What can be determined about classes in which all non-monotone permutations are Wilf-

equivalent?

For polynomial classes, the second author has answered this question completely (forthcoming as part

of his PhD thesis in 2020) and, other than the examples already discovered above there are only a few new

examples for instance the class Av(123, 312) which was considered in Albert and Li (2019).

The authors would like to acknowledge the helpful comments of two referees, which have improved

the presentation of this work significantly.
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We enumerate cyclic permutations avoiding two patterns of length three each by providing explicit formulas for all
but one of the pairs for which no such formulas were known. The pair (123, 231) proves to be the most difficult of
these pairs. We also prove a lower bound for the growth rate of the number of cyclic permutations that avoid a single
pattern q, where q is an element of a certain infinite family of patterns.

Keywords: permutations, cycles, pattern avoidance, enumeration

1 Introduction
The theory of permutation patterns considers permutations as linear orders. That is, a permutation p is
simply a linear order p1p2 · · · pn of the integers [n] = {1, 2, · · · , n}. Let p = p1p2 · · · pn be a permuta-
tion, let k < n, and let q = q1q2 · · · qk be another permutation. We say that p contains q as a pattern if
there exists a subsequence 1 ≤ i1 < i2 < · · · < ik ≤ n so that for all indices j and r, the inequality
qj < qr holds if and only if the inequality pij < pir holds. If p does not contain q, then we say that p
avoids q. An exact formula for the number Sn(q) of q-avoiding permutations of length n is known for
all patterns q of length three, and all patterns q of length four, except 1324, and its reverse, 4231. There
are numerous other results on the growth rate of the sequences Sn(q) as well. See Vatter (2015) for an
overview of these results.

Questions about pattern avoidance become much more difficult if we also consider permutations as
elements of the symmetric group, or even just bijections over the set [n] that have a cycle decomposition.

In this paper, we study pattern avoiding permutations that consist of a single cycle, or, as we will call
them, cyclic permutations. Let Cn(q) be the number of cyclic permutations of length n that avoid the
pattern q. Similarly, let Cn(q, q

′) be the number of cyclic permutations that avoid both patterns q and q′.
The problem of determining Cn(q) for any given pattern q of length three was raised by Richard Stanley
at the Permutation Patterns conference in 2007. No such formulas have been found. The main result
of the paper will be an explicit formula for the sequence Cn(123, 231) counting cyclic permutations that

∗Partially supported by Simons Collaboration Grant 421967.
†Supported by a UF Scholars award.

ISSN 1365–8050 c© 2019 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License

ar
X

iv
:1

80
5.

05
19

6v
5 

 [
m

at
h.

C
O

] 
 1

3 
N

ov
 2

01
9

http://dmtcs.episciences.org/
http://dmtcs.episciences.org/5014


2 Miklós Bóna , Michael Cory

avoid both 123 and 231. We will also prove an explicit enumeration formula for the easier pair (123, 132).
Taken together with a result of Archer and Elizalde Archer and Elizalde (2014), which was the first non-
trivial result of the field, and some straightforward pairs that we handle in Section 4, this will complete
the analysis of cyclic permutations avoiding any given pair of patterns of length three, except for the pair
(132, 213). For that pair of patterns, an exact formula is still not known, but an upper bound has recently
been proved by Brice Huang Huang (2019).

The cited results of Archer and Elizalde (2014) and Huang (2019), and the results of this paper, enable
us to make the following comparison. Let q and q′ be two distinct patterns of length three each. Let
Sn(q, q

′) be the number of all permutations of length n that avoid both patterns q and q′. See Bóna (2012)
for exact enumeration formulas for the numbers Sn(q, q

′). Using those formulas,

lim
n→∞

Cn(q, q
′)

Sn(q, q′)
= 0.

We end the paper by stating some open problems and conjectures. We solve a special case of one of the
conjectures, proving that if q is an element of a certain infinite family of patterns, then 2Cn(q) ≤ Cn+1(q)
for n ≥ 2.

2 The pair (123, 231)
In this section, we enumerate cyclic permutations that avoid both 123 and 231. This is the most difficult
of the pairs we handle in this paper. We start by proving a collection of structural properties of such
permutations. We will use some basic facts about inversions of permutations and conjugacy classes in the
symmetric group. These facts can be found in many introductory combinatorics textbooks, such as Bóna
(2016).

2.1 Preliminary lemmas
2.1.1 Bounds on layer sizes
First, we show what a typical cyclic permutation that avoids both 123 and 231 must look like. Recall that
an involution is a permutation whose square is the identity permutation. In other words, an involution is a
permutation in which each cycle is of length 1 or 2.

Lemma 2.1 Let p be a permutation of length n that avoids the patterns 123 and 231 and which is not an
involution. Then there exist three positive integers a, b, and c so that a+ b+ c = n, and

p = n n− 1 · · · (n− a+ 1) b (b− 1) · · · 1 (b+ c) (b+ c− 1) · · · (b+ 1).

In other words, the lemma states that p consists of three decreasing subsequences of consecutive in-
tegers in consecutive positions, namely, p starts with a decreasing subsequence of its a largest entries,
then continues with a decreasing subsequence of its b smallest entries, and then it ends in a decreasing
subsequence of its c remaining entries. These three decreasing subsequences will be called the layers of
p. For instance, if n = 9, and the layer lengths are a = 4, b = 2 and c = 3, then p = 987621543. See
Figure 2.1.1 for an illustration.

Proof: All entries preceding the entry n have to be smaller than all entries following n or a 231-pattern
would be formed. All entries preceding the entry n must be in decreasing order or a 123-pattern would be
formed.
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Fig. 1: The permutation p that belongs to the triple (4, 2, 3).

If n is not the leftmost entry, then this means that all entries on the right of n must be in decreasing
order, or a 123-pattern is formed. So if n is not the leftmost entry, then

p = i (i− 1) · · · 1 n (n− 1) · · · (i+ 1),

but then p is an involution.
That is, if p is not an involution, then p = p1p2 · · · pn starts with the entry p1 = n. Let a be the largest

integer so that we have p1p2 · · · pa = n(n − 1) · · · (n − a + 1). As p is not an involution, it follows
that a ≤ n − 2. Repeating the argument of the first paragraph of this proof for the remaining entries
{1, 2, · · · , n− a} of p, we see that they must form a string of the form

b (b− 1) · · · 1 (n− a) (n− a− 1) · · · (b+ 1)

for some b < n− a. 2

Note that Lemma 2.1 implies that the total number of permutations (cyclic or not) of length n that avoid
both 123 and 231 is 1 +

(
n
2

)
.

Another way to state the result of Lemma 2.1 is that if p is a cyclic permutation that avoids 123 and
231, then

pi =

 n+ 1− i if 1 ≤ i ≤ a,
a+ b+ 1− i if a+ 1 ≤ i ≤ a+ b, and
n+ b+ 1− i if a+ b+ 1 ≤ i ≤ n.

(1)

We will use the identities stated in (1) in the rest of this section without referencing (1) each time.
We will call the permutation p defined by the triple (a, b, c) the permutation of that triple. We will call

a triple (a, b, c) a good triple if its permutation is cyclic.
Now we are going to prove some results, mostly necessary conditions, regarding the parameters a, b,

and c of good triples.

Proposition 2.2 The triple (a, b, c) is good if and only if the triple (a, c, b) is good.

Proof: It suffices to show that the permutations of those two triples are conjugates of each other, since
that implies that they have the same cycle structure. In order to see that the permutation p of the triple
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(a, b, c) and the permutation q of the triple (a, c, b) are conjugates, let w be the decreasing permutation of
length n.

For the rest of this paper, we will multiply permutations left to right, so rs means that we first apply the
permutation r to the set [n], then we apply the permutation s to that set.

Then p = wx, where x(i) = i if i > b+c, and x(i) = i−b (modulo b+c) if i ≤ b+c. (So x cyclically
rotates the string of the last b + c entries of w forward by b positions.) On the other hand, q = wx−1,
since x−1 rotates that same string backward by b positions, which is the same as rotating it forward by c
positions.

Note that w is an involution, so q−1 = xw, and so wq−1w = w(xw)w = wx = p. Therefore, p is a
conjugate of q−1, and therefore, of q. 2

Proposition 2.3 If the triple (a, b, c) is good, then a ≤ bn/2c and, c ≤ bn/2c.

Proof: If n = 2k + 1, and a ≥ k + 1, then pk+1 = k + 1 is a fixed point. If n = 2k, and a ≥ k + 1, then
pk = k + 1 and pk+1 = k form a 2-cycle.

Similarly, assume that c > bn/2c. Then the third layer of p starts in position n − c + 1, in the entry
b + c. So at that position, the entry in the position is larger than the index of the position. Moving to the
right one position at a time, the index of the position will increase by 1 at each step, while the entry in the
position will decrease by one. At the end, we will be at position n, that will contain the entry b + 1. So
at the end, the index of the position is larger than the entry in it. As both the index and the content of our
position changed one by one, there had to be a leftmost position j where the index j was at least as large
as the entry pj . If, at that point, equality held, then j = pj is a fixed point p. If, on the other hand, at that
point j > pj held, then pj = j − 1, and therefore, pj−1 = j, and (j − 1 j) is a 2-cycle in p. 2

The following corollary is a direct consequence of Propositions 2.2 and 2.3.

Corollary 2.4 If the triple (a, b, c) is good, then b ≤ bn/2c.

Proposition 2.5 If the triple (a, b, c) is good, then a ≥ b, and a ≥ c.

Proof: It follows from Proposition 2.2 that it suffices to prove a ≥ b. Let us assume the contrary, that
is, that b ≥ a + 1. Consider the second layer of p. Its first entry is in position a + 1, and it is b. So
pa+1 = b, then pa+2 = b − 1, and this trend continues, ending in pa+b = 1. If a + 1 = b, then a + 1
is a fixed point in p. If not, then, sequence of entries b, b − 1, ..., 1 starts above the sequence of positions
a+ 1, a+ 2, ...a+ b, but ends below it, so it crosses it somewhere, and then the proof is identical to that
of the inequality c ≤ bn/2c in Proposition 2.3. 2

2.1.2 Restrictions related to common divisors of layer lengths
It turns out that b and c cannot have large common divisors.

Lemma 2.6 If (a, b, c) is a good triple, then the largest common divisor of b and c is 1 or 2. Furthermore,
if the largest common divisor of b and c is 2, then a is even.

Proof: Let us assume the contrary, that is, that b = fk and c = gk, with k > 2. The crucial observation is
that in this case, p permutes the remainder classes modulo k. In fact, we claim that for all i, the equality

pi ≡ n+ 1− i (mod k) (2)
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holds. In order to prove (2), first note that it holds for i = 1, since p1 = n. Now we show that (2) remains
true for each index i, as we grow i one by one. First, note that (2) stays true as long as i ≤ a. That is,
note that (2) stays true while we are on the first layer, since every time we make one step to the right, both
sides decrease by 1. When we pass from the first layer to the second, i grows from a to a + 1, while pi
decreases from n− a+1 = (f + g)k+1 to b = fk, so modulo k, it decreases by 1. So (2) remains true.
After this, (2) remains true at each step to right one the second layer (since again, each step decreases both
the left-hand side and the right-hand side by 1). When we pass from the second layer to third, i changes
from a + b to a + b + 1, while pi changes from 1 to b + c = (f + g)k, so modulo k, it decreases by 1.
Finally, (2) remains true on the third layer as it did on the first two layers.

Equality (2) shows that p acts as an involution on the remainder classes modulo k. In particular, if the
equation j ≡ n+ 1− j (modulo k), or, equivalently, j ≡ a+ 1− j (modulo k), has a solution j, then the
remainder class of j is mapped onto itself by p. In other words, that remainder class is a union of cycles,
so p cannot be cyclic.

If the equation j = a+1− j does not have a solution modulo k, then select any remainder class i, and
the remainder class a + 1 − i. These two classes are mapped onto each other, so they form a union of
cycles in p. This union does not contain all of p, since p has k > 2 remainder classes. So again, p cannot
be cyclic.

Finally, if k = 2, and a is odd, then the remainder class 1 maps onto itself. In other words, odd entries
map into odd entries, and even entries map into even entries, so p is not cyclic. 2

Lemma 2.6 stops short of claiming that b and c must always be relatively prime to each other. The next
proposition shows that in some cases, they have to be. In the next section, we will see that those cases are
not as rare as it might now seem.

Proposition 2.7 If (a, b, c) is a good triple and a = b+ c, then b and c are relatively prime to each other.

Proof: Let us assume the contrary, that is, that b and c are both even numbers. Then so is b + c = a.
Furthermore, n = 2a is even, so p can only be cyclic if it is an odd permutation, that is, if it has an odd
number of inversions. On the other hand, the number of inversions of p is

Ia,b,c =

(
a

2

)
+

(
b

2

)
+

(
c

2

)
+ a(b+ c). (3)

Note that if x is an even number, then
(
x
2

)
is odd if and only if x = 4k+2 for some integer k. As a = b+c,

this must hold for an even number of summands out of the first three summands of Ia,b,c. As a(b + c) is
always even, it follows that Ia,b,c is always even. 2

2.2 The size of the first layer
The following lemma is probably the most suprising result of this paper. We have already seen in Propo-
sition 2.3 that if (a, b, c) is a good triple, then a ≤ n/2. Interestingly, a cannot be much smaller either.

Lemma 2.8 Let (a, b, c) be a good triple, and let us assume that b ≤ c. Recall that n = a+ b+ c. Then

1. if n is even, then a = n/2 or a = (n/2)− 1, and

2. if n is odd, then a = (n− 1)/2.
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In other words, we never have more than two choices for a. This immediately proves the crude upper
bound Cn(123, 231) ≤ n, since we never have more than n/2 choices for b.

In the rest of this paper, we will often consider p to be a directed path. For instance, if p = 2413, then
p1 = 2, p2 = 4, p3 = 1 and p4 = 3, and so p is a directed path that goes from 1 to 2 to 4 to 3 and then
back to 1. We also say that p maps 1 to 2, 2 to 4, 4 to 3, and 3 to 1.

Proof: Let us assume the contrary, that is, that a ≤ b+ c− 3. Note that as a ≥ c, this implies that b ≥ 3.
Let a = kb+ r, with 0 ≤ r ≤ b− 1.

We will show that the entry r+1 of p is part of a cycle that is shorter than n. In fact, we will show that
it is part of a cycle that does not even contain all entries of the second layer.

Note that because r + 1 ≤ b ≤ c ≤ a, the equality a = r + 1 could only hold if a = b = c held, but
that would imply that r = 0, and a = b = c = 1, contradicting the assumption that a ≤ b + c − 3. As
r+1 ≤ b, the entry r+1 is on the second layer of p, and pmaps it to the first layer, to pr+1 = n−r. From
there, p continues to pn−r = n+ b+1− (n− r) = b+ r+1 on the last layer, then to pb+r−1 = n− b− r
on the first layer, then again to pn−b−r = 2b + r + 1 on the last layer, and so on. The important point is
that 0 ≤ a− c < b− 2 < b, so p will visit the last layer as many times (k times) as the first layer before
running out of space and returning to the second layer. The last visit to the last layer before the first return
to the second layer will be at pn−r−(k−1)b = kb + r + 1 = a + 1. From there, p goes to pa+1 = b. If b
happens to equal r + 1, then we can stop, as we have just found a cycle that contains only one entry form
the second layer.

Otherwise, we follow p a bit further. Next, p goes to pb = n + 1 − b on the first layer, then to
pn+1−b = 2b on the last layer, and so on, making k visits on each of the first and last layers. The last visit
on the last layer will be at pn+1−kb = (k+ 1)b = kb+ r+ (b− r) = a+ (b− r). Finally, from here, we
move on to the second layer, to pa+b−r = r + 1, where we started our walk. So we have found a cycle in
p that contains only two entries, r + 1 and b, from the second layer, completing our proof. 2

Example 2.9 Let a = 7, let b = 3, and let c = 7. Then n = 17, and

p = 17 16 15 14 13 12 11 3 2 1 10 9 8 7 6 5 4.

We have a = 2b+ 1, so r = 1. Starting at r + 1 = 2, the path of p goes from 2 to 16 to 5 to 13 to 8 to
3 to 15 to 6 to 12 to 9 to 2, completing a cycle that contains only two entries from the second layer.

2.3 Positive results
In this section, we will assume without loss of generality that b ≤ c, unless stated otherwise. Our results
will be positive, that is, they will show that if a, b, and c satisfy certain necessary conditions, then the
triple (a, b, c) is good.

Theorem 2.10 Let (a, b, c) be a triple of positive integers that satisfies a = b + c = n/2, with b and c
relatively prime to each other. Then (a, b, c) is a good triple.

Proof: Let a = kb + r, with 1 ≤ r ≤ b, then c = (k − 1)b + r, and n = a + b + c = 2a = 2kb + 2r.
Note that this implies that b and r are relatively prime to each other. Indeed, if b = xd and r = yd held
for some d > 1, then c = (k − 1)b+ r would also be divisible by d, which is a contradiction.

Let us start following p, beginning at any entry i on the second layer. So 1 ≤ i ≤ b. From that entry,
p goes to pi = n + 1 − i, then to pn+1−i = b + i, then to pb+i = n + 1 − b − i, and so on. In the first
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layer, p will visit positions i, b+ i, 2b+ i, and so on, while on the last layer, p will visit positions n, n− b,
n − 2b, and so on. Continuing in this way, p will visit all entries of the first layer whose position index
is congruent to i modulo b, and all entries on the last layer whose position index (when counted from the
right) is congruent to i modulo b before returning to the second layer. Therefore, in order to prove that p
is cyclic, it suffices to prove that p contains all b entries of its second layer in one cycle. Indeed, we have
just seen that between two visits to the second layer, p covers an entire remainder class of positions on
the first and third layers. So if a cycle contains all entries of the second layer, then that cycle contains all
entries of p.

Crucially, as the first layer is b units longer than the last layer, p will run out of space on the last layer
first. In other words, p will always arrive at the second layer from the first layer.

That is, if i ≤ r, then as p arrives at position kb + i on the first layer, it finds the entry pkb+i =
n+1−kb−i = a+r+1−i there, and then it goes to the second layer, to the entry pa+r+1−i = b+i−r. If
i > r, then as p arrives at position (k−1)b+i on the first layer, it finds the entry p(k−1)b+i = a+b+r+1−i
there, and then it goes to the second layer, to the entry pa+b+r+1−i = i− r.

So in all cases, the first entry that p visits on the second layer after visiting i is the entry that is congruent
to i− r modulo b. In other words, each visit of the second layer occurs r spots to the right of the last one,
modulo b.

However, that implies that p will visit all its entries on the second layer before returning to its starting
point i, since r is relatively prime to b, the length of the second layer. 2

Example 2.11 Let a = 7, let b = 3, and let c = 4. Then n = 14, and

p = 14 13 12 11 10 9 8 3 2 1 7 6 5 4.

Let us start at i = 1. Then p goes from 1 to 14 to 4 to 11 to 7 to 8 to 3 to 12 to 6 to 9 to 2 to 13 to 5 to
10 to 1. See Figure 2.11 for an illustration. Note that for each pair of layers (L,M), we represented all
movements from L to M using the same kind of arrows, and still we only needed four arrow types instead
of the potential maximum, nine. This shows the relative simplicity of the action of p.

9

8
7
6

2
1

5
4

3

10
11

12
13

14

Fig. 2: The action of p = 14 13 12 11 10 9 8 3 2 1 7 6 5 4.

Note that between the first and second visit to the second layer, p visits all entries pj on the first layer
where j = 3`+ 1, and all entries on the last layer that are in position 3`+ 1 when counted from the end.
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Between the second and third visits of p to the second layer, the same goes for entries in positions 3`, and
between the third and fourth visits of p to the second layer, the same goes for entries in positions 3`+ 2.

Theorem 2.12 Let (a, b, c) be a triple of positive integers that satisfies a = b + c − 1, with a ≥ c ≥ b,
and with b and c relatively prime to each other. Then (a, b, c) is a good triple.

Proof: Let a = kb+ r, with 0 ≤ r ≤ b− 1, then c = (k − 1)b+ r + 1, and n = a+ b+ c = 2a+ 1 =
2kb+ 2r + 1.

The proof is similar to that of Theorem 2.10, with one significant difference. This time, c = a− b+ 1,
so there is exactly one entry on the second layer of p, namely the entry r + 1, so that if we start walking
the along the path of p at r + 1, then we will visit the last layer as many times as the first layer before
returning to the second layer. (In the situation of Theorem 2.10, there was no such entry.) Otherwise, just
as in the proof of Theorem 2.10, it suffices to show that p contains a cycle that contains all entries of the
second layer.

So let us start walking at this exceptional entry r+1. Our walk takes us to position r+1 that contains the
entry pr+1 = n−r, then position n−r, that contains entry pn−r = b+1−r, and so on, through positions
r+1, b+r+1, 2b+r+1, and so on on the first layer, and positions n−r, n−r−b, and so on on the last
layer, eventually reaching the leftmost position of the last layer, position n − r − (k − 1)b = a + b + 1,
containing the entry pa+b+1 = n− a = a+ 1. We will then reach the second layer in the next step, at its
leftmost position, at pa+1 = b.

Other than the exceptional entry r + 1, all entries of the second layer (including b) will behave iden-
tically. That is, from i, the walk of p goes to pi = n + 1 − i, then to pn+1−i = b + i, then to
pb+i = n + 1 − b − i, and so on. In the first layer, p will visit positions i, b + i, 2b + i, and so on,
while on the last layer, p will visit positions n, n − b, n − 2b, and so on. If i ≤ r, then as p arrives at
position kb+ i on the first layer, it finds the entry pkb+i = n+1− kb− i = a+ r+2− i there, and then
it goes to the second layer, to the entry pa+r+2−i = b + i − r − 1. If i > r, then as p arrives at position
(k− 1)b+ i on the first layer, it finds the entry p(k−1)b+i = a+ b+ r+2− i there, and then it goes to the
second layer, to the entry pa+b+r+2−i = i − r − 1. So in all cases when i 6= r + 1, the next visit on the
second layer after visiting entry i is at the unique entry that is congruent to i − r − 1 modulo b. In other
words, each visit of the second layer occurs r + 1 spots to the right of the last one, modulo b.

Our proof is now complete noting that b is relatively prime to r + 1. Indeed, if d > 1 divides both b
and r+ 1, then it also divides c = (k− 1)b+ r+ 1, contradicting the assumption that b and c are relative
primes. 2

Example 2.13 Let a = 6, let b = 3, and let c = 4. Then n = 13, and

p = 13 12 11 10 9 8 3 2 1 7 6 5 4.

As a = 2b, we have r = 0, and so we start at r+ 1 = 1. Then p goes from 1 to 13 to 4 to 10 to 7 to b = 3
to 11 to 6 to 8 to b− (r + 1) = 2 to 12 to 5 to 9 to b− 2(r + 1) = 1.

The case when a = b + c − 2 is a little bit more cumbersome. Therefore, we need two more negative
results before announcing our enumeration formulas. For these two propositions, we drop the assumption
that b ≤ c.

Proposition 2.14 Let n = 4k. If (a, b, c) is a good triple, then a = 2k = n/2.
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Proof: All we need to show is that it is not possible to have a = 2k − 1, and b + c = 2k + 1. Let us
assume that that is the case; in particular, that both a and b+ c are odd, and therefore, exactly one of b and
c is even. As we no longer assume that b ≤ c, we can assume without loss of generality that b is even and
c is odd. The number Ia,b,c of inversions of p is given in (3). It follows from our assumption that a(b+ c)
is odd. As p is a permutation of even length, if it is cyclic, then it has to have an odd number of inversions.
Therefore, the sum ia,b,c =

(
a
2

)
+
(
b
2

)
+
(
c
2

)
has to be even. Recall that we can assume that b is even and

c is odd. There are the following two cases.

1. If b = 4`, then a ≡ c − 2 modulo 4, so
(
a
2

)
+
(
c
2

)
is odd, while

(
b
2

)
is even. So ia,b,c is odd, and

therefore, Ia,b,c is even.

2. If b = 4`+ 2, then a ≡ c modulo 4, so
(
a
2

)
+
(
c
2

)
is even, while

(
b
2

)
is odd. So again, ia,b,c is odd,

and therefore, Ia,b,c is even.

So p cannot be cyclic if a = 2k − 1 and b = 2k + 1, proving our claim. 2

Proposition 2.15 Let n = 4k + 2 > 2, and let a = 2k. Then b and c must both be even.

Proof: Let us assume the contrary, that is, that b and c are both odd (they must be of the same parity, since
b+ c = n− a = 2k + 2).

If p is cyclic, then it has an odd number of inversions. As a(b + c) is even, that means that ia,b,c =(
a
2

)
+
(
b
2

)
+
(
c
2

)
must be odd. There are again two cases.

1. If a is divisible by 4, then b + c is not, so, given that b and c are both odd, b ≡ c modulo 4, so(
b
2

)
+
(
c
2

)
is even, and so is

(
a
2

)
, implying that ia,b,c is even.

2. If a = 4`+ 2, then b+ c is divisible by four, so b ≡ c− 2 modulo 4, so
(
b
2

)
+
(
c
2

)
is odd, and so is(

a
2

)
, implying again that ia,b,c is even.

So if b and c are odd, then Ia,b,c is even, and p cannot be cyclic. 2

Theorem 2.16 Let (a, b, c) be a triple of positive integers satisfying a = 2K, with a ≥ b, and a ≥ c, so
that b+ c = 2K+2, and b and c are both even, and have no common divisor larger than 2. Then (a, b, c)
is a good triple.

Proof: Let a = kb+ r, with 0 ≤ r ≤ b− 1, then c = (k − 1)b+ r + 2, and n = a+ b+ c = 2a+ 2 =
2kb+ 2r + 2. Note in particular that the conditions imply that r is an even number, and that b and r + 2
have largest common divisor 2.

The proof is similar to that of Theorem 2.12, with one significant difference. This time, c = a− b+ 2,
so there are exactly two entries on the second layer of p, namely the entries r + 1 and r + 2, so that if we
start walking the along the path of p at r + 1, or at r + 2, then we will visit the last layer as many times
as the first layer before returning to the second layer. (In the situation of Theorem 2.10, there was no such
entry, and in the situation of Theorem 2.12, there was one such entry.)

So let us start walking at the exceptional entry r + 1. Our walk takes us to position r + 1 that contains
the entry pr+1 = n − r, then to position n − r, that contains the entry pn−r = b + 1 − r, and so on,
through positions r+1, b+ r+1, 2b+ r+1, and so on on the first layer, and positions n− r, n− r− b,
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and so on on the last layer, eventually reaching the second-from-the-left position of the last layer, position
n− r− (k− 1)b = a+ b+ 2, containing the entry pa+b+2 = n− a− 1 = a+ 1. We will then reach the
second layer in the next step, at its leftmost position, at pa+1 = b.

After r + 1, all entries of the second layer, except for r + 2, will behave identically. That is, from i,
the walk of p goes to pi = n + 1 − i, then to pn+1−i = b + i, then to pb+i = n + 1 − b − i, and so
on. In the first layer, p will visit positions i, b + i, 2b + i, and so on, while on the last layer, p will visit
positions n, n − b, n − 2b, and so on. If i ≤ r, then as p arrives at position kb + i on the first layer, it
finds the entry pkb+i = n+ 1− kb− i = a+ r + 3− i there, and then it goes to the second layer, to the
entry pa+r+3−i = b+ i− r − 2. If i > r + 2, then as p arrives at position (k − 1)b+ i on the first layer,
it finds the entry p(k−1)b+i = a + b + r + 3 − i there, and then it goes to the second layer, to the entry
pa+b+r+3−i = i− r − 2. So in all cases when i /∈ {r + 1, r + 2}, the next visit on the second layer after
visiting entry i is at the unique entry that is congruent to i− r− 2 modulo b. In other words, each visit of
the second layer occurs r + 2 spots to the right of the last one, modulo b.

Therefore, the visits of p at the second layer will occur in the following order: r+1, b, b− (r+2), b−
2(r + 2), · · · , understood modulo b. As b and r + 2 have largest common divisor 2, the first b/2 visits
starting with b will all be at distinct even entries of the second layer, the last one arriving at r + 2.

The entry r+2 is exceptional in the same way as r+1 is – the walk starting there will reach the second
layer from the third layer, not the first. Indeed, our walk takes us to the position r + 2 that contains the
entry pr+2 = n− r − 1, then to position n− r − 1, that contains the entry pn−r−1 = b+ 2− r, and so
on, through positions r + 2, b + r + 2, 2b + r + 2, and so on on the first layer, and positions n − r − 1,
n−r−b−1, and so on on the last layer, eventually reaching the leftmost position of the last layer, position
n− r − 1− (k − 1)b = a+ b+ 1, containing the entry pa+b+1 = n− a. We will then reach the second
layer in the next step, at the entry pn−a = a+ b+1− (n−a) = a+ b+1− (b+ c) = a− c+1 = b− 1.

After this, the remaining entries of the second layer again behave identically, just as we have seen two
paragraphs above. So the next visits on the second layer are at r+1, b−1, b−1−(r+2), b−1−2(r+2), . . ..
As b and r+2 have largest common divisor 2, the smallest solution of the equation b− 1− j(r+2) ≡ 1,
or, equivalently, −j(r + 2) ≡ 0 modulo b is j = b/2. So the first b/2 visits will be at distinct odd entries
of the second layer, and the next one will be at the entry 1, closing the cycle of p. 2

Example 2.17 Let a = 8, b = 4, and c = 6. Then n = 18, r = 0, and

p = 18 17 16 15 14 13 12 11 4 3 2 1 10 9 8 7 6 5.

Starting at r+1 = 1, the permutation p maps 1 to 18 to 5 to 14 to 9 to b = 4 to 15 to 8 to 11 to r+2 = 2
to 17 to 6 to 13 to 10 to b− 1 = 3 to 16 to 7 to 12 to 1.

Now that we have completely characterized good triples, and therefore, cyclic permutations that avoid
both 123 and 231, we are ready to announce our enumeration formulas.

Theorem 2.18 Let φ be the Euler totient function. That is, for a positive integer z, let φ(z) be the number
of positive integers less than z that are relatively prime to z. Then, for n > 2, the following enumeration
formulas hold.

Cn(123, 231) =

 φ(2k) = φ(n/2) if n = 4k,
φ(k + 1) + φ(2k + 1) = φ

(
n+2
4

)
+ φ

(
n
2

)
if n = 4k + 2,

φ(m) = φ((n+ 1)/2) if n = 2m− 1.
(4)
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Note that the formula of Theorem 2.18 does not hold for n = 2, because in that case, k = 0, so
k + 1 = 2k + 1, resulting in an overcount and leading to the incorrect value of 2, instead of the correct
value of C2(123, 231) = 1. The sequence Cn(123, 231) is listed in OEIS Sloane as sequence A309563.

Proof: If n = 4k, and (a, b, c) is a good triple, then Proposition 2.14 shows that a = 2k. Let b < a be
relatively prime to a. Then, and only then, b is also relatively prime to c = a − b. Theorem 2.10 then
shows that (a, b, c) is a good triple. Therefore, there are φ(2k) choices for b, and hence, for a good triple
(a, b, c).

If n = 4k + 2, then Lemma 2.8 shows that either a = 2k + 1 or a = 2k − 1 holds for all good triples
(a, b, c). In the first case, b + c = 2k + 1. Let b < a be relatively prime to a. Then, and only then, b
is also relatively prime to c = a − b. By Theorem 2.10, all such choices of b will lead to a valid triple.
So this case contributes φ(2k + 1) permutations to the total count. In the second case, b + c = 2k + 2.
Proposition 2.15 shows that b and c must both be even, implying that b/2 ∈ [k], since c 6= 0. Lemma 2.6
shows that b/2 and c/2 must be relatively prime to each other, and that is equivalent to saying that b/2 is
relatively prime to (b + c)/2 = k + 1. On the other hand, Theorem 2.16 shows that if b/2 and c/2 are
relatively prime to each other, then the triple (a, b, c) is good. So this second case contributes φ(k + 1)
permutations to the total count.

Finally, if n = 2m − 1, then by Lemma 2.8 we must have a = m − 1, b + c = m, and b must be any
positive integer less than m that is relatively prime to b+ c = m. By Theorem 2.12, each such choice of
b will lead to a valid triple. This completes the proof. 2

Recall that after the proof of Lemma 2.8, we pointed out that the crude upper bound Cn(123, 231) ≤ n
holds. Now, using Theorem 2.18 and the trivial inequality φ(z) ≤ z − 1, we can sharpen that bound to
Cn(123, 231) ≤ 3n−6

4 , for n ≥ 4. This upper bound is attained for integers n = 4k + 2 if and only if
both k + 1 and 2k + 1 are primes. For instance, k = 6, yielding n = 26, satisfies this requirement.

3 The pair (123, 132)
It turns out that the enumeration formula for the pair (123, 132) is significantly simpler.

Theorem 3.1 For all n ≥ 3, the equality

Cn(123, 132) = 2b(n−1)/2c

holds.

Proof: First note that in any permutation that avoids both 123 and 132, (so not only in the cyclic permu-
tations avoiding those patterns), the entry 1 must be in the last or next-to-last position. Once the place of
the entry 1 is chosen, the entry 2 has to be in the last or next-to-last available position, and so on.

Let p = p1p2 · · · pn be a cyclic permutation that avoids both 132 and 123. Then p1 = n or p1 = n− 1,
otherwise p1 is eventually followed by two larger entries, forcing p1 to be the first entry of a 123-pattern
or a 132-pattern. If p1 = n, then pn 6= 1, since that would mean that (1n) is a 2-cycle of p, and if
p1 = n− 1, then pn−1 6= 1, since then (1(n− 1)) would be a 2-cycle in p. So, in both cases, exactly one
of the two positions that were originally eligible to contain the entry 1 is available. Once we selected the
position of 1, we return to the front of the permutation, and select the value of p2. We have two choices
for p2, namely the two largest remaining entries. The choice that we make for p2 will eliminate one of
these two positions for the entry 2.
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We must show that this process keeps going on like this, that is, if i ≤ b(n−1)/2c, then we will always
have two choices for the entry pi, while if i < b(n − 1)/2c, we will have exactly one choice. This will
prove the statement of the theorem.

As we fill the positions of p, we form two sets. Let Si = {p1, p2, · · · , pi}, and let Ti be set of positions
that the entries 1, 2, · · · , i occupy. Note that if 1 ≤ i ≤ b(n−1)/2c, then Si 6= Ti. Indeed, Si = Ti would
imply that the restriction of p to Si is a bijection from Si onto itself, that is, it is a permutation of the set
Si, and therefore, a union of its cycles. That would contradict the condition that the longer permutation p
itself is a cycle.

It is easy to see that both Si and Ti are i-element subsets of the set {n − i, n − i + 1, · · · , n}. (In the
first two paragraphs of this proof, we show this for S1 and T1, and the cases of general i are very similar
to these.) In other words, they both contain at most one gap, either inside, or at the end.

We will now count the ways in which the sets S1, S2, · · · and T1, T2, · · · can be built up from S0 =
T0 = ∅.

When we extend Si−1 to Si, we do one of two things. Either we fill the gap in Si−1, turning it into the
interval [n− i+ 1, · · · , n], or we add a new, minimal element n− i to Si−1 to form Si.

When we extend Ti−1 to Ti, we could think that we have these same two choices. However, we
cannot make the same choice as we made for Si. Indeed, if Si and Ti are both equal to the interval
[n − i + 1, · · · , n], then Si = Ti, which we have already excluded. If Si and Ti were both obtained by
adding the new element n− i, that means that pi = n− i and pn−i = i, so (i (n− i)) is a 2-cycle, which
is a contradiction. Therefore, we have only one choice when we extend Ti−1 to Ti.

If n is odd, then we make 2(n−1)/2 choices in this way, building the sequence S1, S2, · · · , S(n−1)/2,
and so selecting the leftmost (n− 1)/2 entries of p, and the positions of the smallest (n− 1)/2 entries of
p. Then we put the last remaining entry in the last remaining position.

If n = 2k, then we make 2k−1 choices in this way, selecting the sequence S1, S2, · · · , Sn/2, and so
selecting the first k − 1 entries of p, and the positions of the smallest k − 1 entries of p. This leaves two
empty positions, one of them is the kth position, and the other one is somewhere in the second half of
p. This also leaves two unused entries, one of them is the entry k, and the other one is an entry from the
larger half of p. As p(k) 6= k, our hands are tied, and the proof is complete. 2

4 The remaining pairs
A result of Archer and Elizalde Archer and Elizalde (2014) shows that

Cn(132, 231) =
1

2n

∑
d|n

d=2k+1

µ(d)2n/d,

where µ is the number theoretical Möbius function.
Most of the remaining pairs are straightforward to enumerate. This is the content of the next theorem.

Theorem 4.1 The following equalities hold.

1. For n ≥ 5, Cn(123, 321) = 0.

2. For n ≥ 3, Cn(231, 312) = 0.
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3. For all positive integers n, Cn(231, 321) = 1.

4. For all positive integers n, Cn(132, 321) = φ(n).

Proof:

1. The famous Erdős-Szekeres theorem shows Sn(123, 321) = 0 if n ≥ 5. So there are no permuta-
tions (cyclic or not) of length five or more avoiding both of those patterns.

2. Permutations that avoid 231 and 312 must start with a decreasing sequence of their k1 smallest
entries for some k1, then continue with a decreasing sequence of their next k2 smallest entries, and
so on, like the permutation 321 54 6 987. (Such permutations are called layered permutations.) This
structure implies that all such permutations are involutions, so they cannot be cyclic if n > 2.

3. In permutations avoiding 231 and 321, the sequence of entries on the right of n must be increasing,
and must consist of entries that are larger than the entries on the left of n. However, such permuta-
tions entries on the left of n are mapped into entries on the left of n, which makes it impossible for
such a permutation to be cyclic unless there is nothing on the left of n. Therefore, the only cyclic
permutation avoiding those patterns is n12 · · · (n− 1).

4. If a permutation p of length n avoids both 132 and 321, and does not end in n (which cyclic
permutations cannot do), then it is of the form (i+1) (i+2) · · ·n 1 2 · · · i for some i ≥ 1. In other
words, p = qi, where q = 23 · · ·n1. Such a permutation is cyclic if and only if i < n is relatively
prime to n.

2

All other pairs of patterns of length three are equivalent to one of those that we have considered, by
the trivial symmetries (taking inverses, or taking reverse complements), except for the pair (132, 213).
Therefore, the enumeration of cyclic permutations avoiding pairs of patterns of length three is almost
complete.

5 Further Directions
The enumeration of cyclic permutations avoiding a single pattern of length three has proved more difficult
than that of pairs of patterns of length three, and no results are yet known.

Numerical evidence shown in Table 1 enabled us to formulate the following conjectures.

Conjecture 5.1 For all positive integers n, the chain of inequalities

Cn(123) ≥ Cn(132) = Cn(213) ≥ Cn(321) ≥ Cn(231) = Cn(312)

holds.

The four distinct sequences in Table 1 are listed in OEIS as sequences A309504, A309505, A309506,
and A309508 Sloane.

Note that the equality Cn(132) = Cn(213) is obvious, since the reverse complement of a cyclic permu-
tation is a cyclic permutation, and the reverse complement of a q-avoiding permutation avoids the reverse
complement of q. Also note that the equality Cn(231) = Cn(312) is obvious, since the inverse of a cyclic
permutation is cyclic, and the inverse of a q-avoiding permutation avoids q−1.
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Tab. 1: Number of cyclic permutations avoiding a single pattern of length 3
Avoiding: 123 132 213 231 312 321
n=3 2 2 2 1 1 2
4 4 4 4 2 2 4
5 10 10 10 5 5 10
6 24 24 24 12 12 24
7 68 68 68 30 30 66
8 188 182 182 86 86 178
9 586 544 544 253 253 512
10 1722 1574 1574 748 748 1486
11 5492 4888 4888 2274 2274 4446
12 16924 14864 14864 7152 7152 13468

Conjecture 5.2 For each pattern q of length 3 and n ≥ 3, the chain of inequalities

2Cn(q) ≤ Cn+1(q) ≤ 4Cn(q)

holds.

In the following theorem, we prove the lower bound of Conjecture 5.2 for the pattern 321 (and an
infinite collection of longer patterns).

Theorem 5.3 Let q = q1q2 · · · qk be any involution of length k > 2 such that if qi = k, then i ≤ k − 2.
Then for all n ≥ 2, the inequality

2Cn(q) ≤ Cn+1(q)

holds.

Note that 321 is the only pattern of length three that satisfies the requirements of the theorem. There
are four such patterns of length four, namely 4321, 4231, 3412, and 1432. Proof: Let p = p1p2 · · · pn be

any cyclic permutation of length n that avoids q. Now insert the entry n+1 to the next-to-last position of
p. Then p is still q-avoiding, since n+1 is too far back in p to be part of any copies of q. Furthemore, the
obtained permutation p′ is still cyclic, since pi = p′i for all i ≤ n − 1, and p maps n to x, while p′ maps
n to n + 1, and then n + 1 to x. So, we get the cyclic diagram of p′ by simply inserting the entry n + 1
between n and x in the cyclic diagram of p.

Doing this for all Cn(q) cyclic, q-avoiding permutations of length n yields a set S of cyclic q-avoiding
permutations of length n + 1, each of which contains the entry n + 1 in the nth position. As q is an
involution, the inverse r−1 of any q-avoiding permutation r is also q-avoiding. So taking the inverse of
each permutation in S yields a set T of Cn(q) cyclic q-avoiding permutations of length n + 1, each of
which contains the entry n in the (n + 1)st position. Finally, S and T are disjoint sets, since a cyclic
permutation that is longer than 2 cannot contain the 2-cycle (n n+ 1). 2

Some additional numerical evidence raises the following question.

Question 5.4 Let q be any pattern of length k ≥ 3. Is it true that

(k − 1)Cn(q) ≤ Cn+1(q)

if n ≥ k?
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Note that for general (non-cyclic) permutations, the answer to the analogous question is a straightfor-
ward ”yes”. Indeed, let the maximal entry k of q be in the (i+ 1)st position of q. Then there are i entries
on the left of k, and k − 1 − i entries on the right of k in q. Therefore, if p is a q-avoiding permutation
of length n, then the new maximal entry n+ 1 can be inserted in p in k − 1 ways, so that it is one of the
leftmost i entries, or one of the rightmost k − 1− i entries. In all those cases, n+ 1 will be either too far
left or too far right to be in a q-pattern. (See also Exercise 4.33 in Bóna (2012).)
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We prove that the joint embedding property is undecidable for hereditary graph classes, via a reduction from the tiling
problem. The proof is then adapted to show the undecidability of the joint homomorphism property as well.
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1 Introduction
A hereditary class C of structures has the joint embedding property (JEP) if, given A,B ∈ C, there exists
C ∈ C such that A,B embed into C. Among other things, this is equivalent to whether C is atomic, i.e.
cannot be expressed as a union of two proper hereditary subclasses. A general strategy for understanding
a hereditary class is to reduce this to understanding its atomic subclasses, as in the following lemma for
calculating growth rates in permutation classes (see Vatter (2014) for a reference).

Lemma 1.1 Suppose C is a permutation class, with no infinite antichain in the containment order. Then C
can be expressed as a finite union of atomic subclasses. Furthermore, the upper growth rate of C is equal
to the maximum upper growth rate among its atomic subclasses.

Our main theorem is the following.

Theorem 1.2 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JEP.

Our next result considers a variation on the JEP called the joint homomorphism property, which is
of interest in infinite-domain constraint satisfaction problems Bodirsky (2012). Modifying our proof of
Theorem 1.2 gives the following, answering a question of Bodirsky (personal communication).

Theorem 1.3 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the joint homomorphism property.
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Theorem 1.2 is first proven for graphs enriched by a sufficient supply of unary predicates, and then a
formal reduction to the pure graph language is given. A very rough sketch of the proof is as follows. The
first two steps ensure that the tiling problem is equivalent to whether we can jointly embed two particular
graphs, and the third step ensures that joint embedding for the class is equivalent to joint embedding for
those two graphs.

1. Construct two graphs A∗, representing a grid, and B∗ representing a suitable collection of tiles.

2. Choose a finite set of constraints to ensure that successfully joint embedding A∗ and B∗ encodes a
solution to the tiling problem.

3. Show that if the tiling problem admits a solution, then the chosen class admits a joint embedding
procedure.

The JEP for a class C of finite structures specified by forbidden substructures is also equivalent to
C admitting a universal object for finite structures, i.e. a countable structure avoiding the forbidden
substructures and into which all members of C embed. In graph classes, the existence of a universal object
for countable structures, i.e. a countable graph avoiding the forbidden substructures and into which all
other such countable graphs embed, has received much attention. In particular, in Cherlin (2011) Cherlin
proved the undecidability of the existence of a countable universal graph for hereditary graph classes,
which serves as inspiration for the proof of Theorem 1.2.

This paper was motivated by a question of Ruškuc on the decidability of atomicity for finitely-based
permutation classes Ruškuc (2005), viewing permutations as structures in a language of two linear orders.
Based on our results, we believe there is a strong possibility Ruškuc’s problem is undecidable, although it
is not yet clear whether our methods are sufficient to show this. However, in forthcoming work, we intend
to adapt our arguments to show the undecidability of the corresponding problem for classes of structures in
a language of three linear orders.

2 The tiling problem
Rather than using a reduction from the halting problem to prove undecidability, we will use tiling problems.
The input to a tiling problem consists of a finite set Tiles of tile types, as well as a set of rules of the
form “Tiles of type i cannot be placed directly above tiles of type j” and “Tiles of type k cannot be placed
directly right of tiles of type `”. A solution to a tiling problem is a function τ : N2 → Tiles, interpreted as
placing tiles on a grid, that respects the tiling rules.

Theorem 2.1 (Berger (1966)) There is no algorithm that, given a set of tile types and tiling rules, decides
whether the corresponding tiling problem has a solution.

As we will be reducing from the tiling problem, which is co-recursively enumerable, we point out here
that if C is a hereditary class of finite structures in a finite relational language, then the JEP for C is also
co-recursively enumerable. To see this, consider A,B ∈ C that can be jointly embedded, as witnessed
by C ∈ C and embeddings f : A→ C and g : B → C. As C is hereditary, the substructure of C induced
on f(A) ∪ g(B) is also in C. Thus, given A,B ∈ C, there is a finite bound on the size of the possible
witnesses for joint embedding, and they can be exhaustively checked.
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3 Graphs with unary predicates
In this section, we work with a language with many of the features our argument needs built in. This
section’s argument is then augmented with coding tricks to give arguments in the standard graph language.

3.1 The language
We will work in the following language.

1. E: a symmetric, irreflexive binary edge relation

2. Oi, P ′i, Gi, T 1 for i ∈ { 0, 1 }: unary predicates, which will denote origin vertices, non-origin path
vertices, grid vertices, and tile vertices

3. Ci for 1 ≤ i ≤ 4: unary predicates, which will denote additional coding vertices

We also define a unary predicate P i = Oi ∪ P ′i, which will denote path vertices.

3.2 The Canonical Models
We here further flesh out steps (1) and (2) from the proof sketch in the introduction.

We also assume that our language contains a directed edge relation and two colored edges. We will show
how to code these in our language, using the available unary predicates, in §3.3.

Although we are concerned with the JEP for finite structures in a hereditary class C, the compactness
theorem implies that the JEP for the finite members of C is equivalent to the JEP for countable members of
C. Rather than work with families of increasingly large finite structures, we prefer to take our canonical
models to be countable.

A* B*

(0,0) (2,0)(1,0) (0,0) (1,0) (2,0)

Fig. 1: A portion of the canonical models A∗ and B∗, with the grid points in A∗ tiled by tiles attached
to grid points with the same coordinates in B∗. Path points are blue, with the origin a different shade.
Grid points are red, their y-coordinate determined by an orange edge and their x-coordinate by a green
edge. Tile points are purple. Points in 0-superscripted predicates have a black border, while points in
1-superscripted predicates do not.
This encodes a tiling of (0,0) with tile-type 2, (1,0) with tile-type 2, and (2,0) with tile-type 1.
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A∗ (see Figure 1) will contain a 1-way infinite directed path, with vertices in P 0, and a marked origin in
O0. To every pair of points in this path, we attach a G0-vertex, representing a grid point with coordinates
taken from the attached path points. Because we must distinguish between x and y-coordinates, we use the
colored edges to attach each grid point to its coordinates.
B∗ will look like a copy of A∗, using 1-superscripted predicates instead, but with a path of length t

(where t is the number of tile types in the given tiling problem) T 1-vertices attached to each G1-point.
These represent a full tile-set available at each coordinate, with the different tile-types being distinguished
by their distance from the corresponding G1-point.

When we try to jointly embed A∗ and B∗, we wish our constraints to force the following: for every
G0-point in A, with coordinates (x, y), we must add an edge to one tile-point attached to the G1-point in
B with the same coordinates. This is interpreted as tiling the point (x, y) by the corresponding tile-type,
and our constraints should further enforce the local tiling rules.

For the particular classes of structures we are dealing with here, namely graphs with forbidden induced
subgraphs, our choice of B∗ is rather baroque. We could have simply chosen B∗ to be a collection of t tile
points, with some further coding to distinguish the different tile-types. However, the construction presented
here is more flexible and better adapted to handling more complex classes of structures.

3.3 Preliminary definitions
We will now precisely state our constraints, but first will establish some notation.

Definition 3.1 We first define the “special” edges our construction uses.

1. x→i y if x, y ∈ P i and there exist a ∈ C1, b ∈ C2 such that xEaEbEy. In this case, we say x is
the predecessor of y, and y the successor of x.

2. Πi
1(v, w) if v ∈ Gi, w ∈ P i, and there exists a ∈ C3 such that vEaEw. In this case, we say w is an

x-projection of v.

3. Πi
2(v, w) if v ∈ Gi, w ∈ P i, and there exists a ∈ C4 such that vEaEw. In this case, we say w is a

y-projection of v.

We say g is a Gi-origin, or sometimes a grid origin, if there is an x ∈ Oi such that Πi
1(g, x) and

Πi
2(g, x).
Our constraints will force x and y-projections to be unique. Given g, g′ in Gi, we say g′ is a horizontal

successor of g if they have the same y-projection, and the x-projection of g′ is the→-successor of the
x-projection of g. Similarly for vertical successor, but with x and y switched.

We now define binary relations related to the tiles.

1. For i ∈ [t] (i.e. i ∈ { 1, . . . , t }), we say τi(x, y) if x ∈ G1, y ∈ T 1, and there exist v1, . . . , vi ∈ T 1

such that vi = y and xEv1E . . . Evi. In this case, we say y is a tile of type i associated to x.

2. τ(x, t) if x ∈ G0, there is some y ∈ G1 and i ∈ [t] such that τi(y, t), and xEt. In this case, we say
x is tiled by t or that x is tiled by a tile of type i.

Finally, we say x has a full set of tiles if there exist ti for i ∈ [t] such that for all i, τi(x, ti).
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3.4 Constraints
In addition to the constraints forcing a valid tiling to be produced when joint embedding the canonical
models, we have several constraints which ensure that the origin, path, and grid points encode something
grid-like. We would like to choose further constraints which ensure that every structure in our class looks
like A∗ or B∗. We would like every grid point to have coordinates from the path, or every G1-point to have
a complete tile-set. However, as we cannot enforce such “totality” conditions using forbidden structures,
we must allow for partial structures.

In the previous section, we noted that we would wish our constraints to force a G0-point to be tiled
using a tile from a G1-point with the same coordinates. However, as we are forbidding a finite number
of finite structures, our constraints must have a local character; as determining the coordinates of a grid
point requires walking back to the origin, and thus looking at an unbounded number of vertices, we cannot
use our constraints as desired. Instead, we will start the tiling at the origin, and then propagate it by local
constraints.

Given a tiling problem T , we now define GT as the class of all finite graphs with the following constraints.
Afterwards, we explicitly describe the forbidden subgraphs for some of the constraints.

1. The unary predicates in the language are disjoint.

2. A path vertex has at most 1→-predecessor.

3. An origin vertex has no→-predecessor.

4. A grid vertex has at most 1 x-projection and 1 y-projection.

5. Tile vertices are associated to at most one grid point, i.e. given t ∈ T 1, there do not exist distinct
g, h ∈ G1 such that τi(g, t) and τj(h, t).

6. Tile vertices have a unique type, i.e. if τi(g, t) and τj(g, t) then i = j.

7. The tiling rules of T are respected.

8. If g ∈ G0 and h ∈ G1 are grid-origins, and h has a full set of tiles, then g must be tiled by a tile
associated to h.

9. If a grid vertex is tiled, and there is an appropriate tile set for its neighbor, then its neighbor is also
tiled. More precisely, we require the following.

Suppose g, g′ ∈ G0 with g′ a horizontal (resp. vertical) successor of g, and h, h′ ∈ G1 with h′ a
horizontal (resp. vertical) successor of h. Suppose τ(g, t) where t is a tile vertex associated with h.
If h′ has a full tileset, then g′ must be tiled by a tile vertex associated with h′.

We note that only the last two constraints require the presence of edges, and so are the only ones that
require forbidding induced subgraphs.

We now give explicit forbidden subgraphs for some of the constraints. We sometimes forbid a non-
induced subgraph; this is equivalent to forbidding the finite set of induced subgraphs obtained by adding
edges in any fashion to the non-induced subgraph.

(1) For every pair of unary predicates, we forbid a point belonging to both predicates.
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(2) For i = 0, 1, we forbid the non-induced subgraphs consisting of points p, p′, q ∈ P i (and the
requisite coding vertices), such that p→i q and p′ →i q.

(7) Suppose T forbids a tile of type j to the right of (respectively, above) a tile of type i. Then we forbid
the following as a non-induced subgraph.

Let g, g′ ∈ G0 with g′ a horizontal (resp. vertical) successor of g. Let h, h′ ∈ G1 with h′ a
horizontal (resp. vertical) successor of h. Finally, let τ(g, th,i), τ(g′, th′,j) where th,i is a tile of type
i associated to h and th′,j is a tile of type j associated to h′.

(8) Let o0 ∈ O0, o1 ∈ O1, g ∈ G0, h ∈ G1, and t1, . . . , tt ∈ T 1, with Π0
1(g, o0), Π0

2(g, o0), Π1
1(h, o1),

Π1
2(h, o1), and hEt1E . . . Ett. We forbid this as an induced subgraph, as well as any graph obtained

by adding edges to this configuration, unless an edge is added between g and some ti.

3.5 An Informal Proof
We wish to prove the following.

Proposition 3.2 Let T be a tiling problem, and GT be the hereditary graph class defined above. Then GT
has the JEP if and only if T has a solution.

We first give an informal version of the proof, somewhat fleshing out the sketch from the introduction.

Proof: The easy direction: from the JEP to a tiling
Suppose GT has the JEP. Note that A∗, B∗ as described above are in GT , so we may jointly embed them.
By constraint 8, the g0-origin in A∗ must be tiled by adding an edge to a tile associated with the g1-origin
in B∗, and by constraint 9 this must propagate to a tiling of the whole grid in A∗, for each (i, j) adding
an edge from the g0-point in A∗ with coordinates (i, j) to a tile associated with the g1-point in B∗ with
coordinates (i, j). Since the tiling rules must be respected by constraint 7, we may then read a solution to
the tiling problem off the resulting graph.

The delicate direction: from a tiling to the JEP
Here, we are a bit sketchier. We first fix a solution θ : N2 → [t] to the tiling problem T . Given A,B ∈ GT ,
we initially take the disjoint union C = A tB.

As only constraints 8 and 9 require the presence of edges, these are the only constraints that may be
violated at this point, and in fact only constraint 8 may be. We thus use θ(0, 0) to tile all G0-origins in one
factor from all full tilesets attached to G1-origins in the other factor. However, now there may be violations
of constraint 9 for points with coordinates (1, 0) and (0, 1). We continue using θ to appropriately tile our
grids. The key point here is constraints 2-4 ensure that every grid point we must work with has well-defined
coordinates, so we have a definite input to give to θ. 2

In the following two subsections, we give the formal proof of Proposition 3.2.

3.6 From the JEP to a Tiling
Suppose GT has the JEP. For this direction, we may largely repeat the informal version.

Let Π0 = { p0i | i ∈ N }, and let Γ0 = (Π0)2, whose elements we denote g0i,j rather than (p0i , p
0
j ). Let

A∗ start with the vertex set Π0 ∪ Γ0, with p00 ∈ O0, Π0\ { p00 } ⊂ P ′0, and Γ0 ⊂ G0. Also, add coding
vertices in Ci and the associated edges needed to encode the relations p0i →0 p0i+1 for each p0i ∈ Π0, and
Π0

1(g0i,j , p
0
i ) and Π0

2(g0i,j , p
0
j ).
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Let B∗ be constructed as A∗, but using 1-superscripted points, sets, and predicates in place of 0-
superscripted ones. Let Θ1 = Γ1 × [t], and denote its elements as t1g,i rather than (g, i), Add these vertices
to B∗, with Θ1 ⊂ T 1. Finally, for each g ∈ Γ1, add edges so that gEt1g,1E . . . Et

1
g,t.

By inspection, A∗, B∗ ∈ GT . Let C ∈ GT jointly embed A∗ and B∗. We claim C encodes a solution to
T .

By constraint 1, no points in A∗ and B∗ got identified in C, except perhaps coding vertices. By
constraints 8 and 9, for every (i, j) ∈ N2 there is some k ∈ [T ] such that τ(g0i,j , t

1
gi,j ,k

). Define the
function θ : N2 → [t] by picking one such k for each (i, j). By constraint 7, θ is a solution to T .

3.7 From a Tiling to the JEP
For this section, we fix a solution θ : N2 → [t] to T .

We begin by establishing some effects of constraints 2-4, which will allow us to assign coordinates to
grid points. We note that, although it would add little additional overhead, it is not necessary to constrain
the number of→-successors, and so constraints 2 and 3 actually allow the path vertices to form a forest.

Definition 3.3 In any graph, let→i
n be the n-fold composition of→i.

Given p ∈ P i and o ∈ Oi, we say p is on a path with origin o if there is some n ∈ N so that o→i
n p. In

this case, we say p is at distance n from o.
Let Gi∗ be the set of all g ∈ Gi such that there exist o ∈ Oi and x, y ∈ P i with Πi

1(g, x),Πi
2(g, y) and

x and y are on paths with origin o. In this case, if x is at distance n from o, and y at distance m, we say g
has coordinates (n,m).

Constraints 2 and 3 ensure that if p is on a path with origin o and a path with origin o′, then o = o′.
They also ensure that the distance of p from o is unique. This, together with constraint 4, ensures that the
coordinates of a grid point are unique.

Definition 3.4 Let θ∗ : G0
∗ → [t] be defined by θ∗(g) = i if and only if g has coordinates (n,m) and

θ(n,m) = i.

We are now ready to state our joint embedding procedure. Let A,B ∈ GT . Let C0 be the disjoint
union A tB. We construct an extension C of C0 by adding edges of the form (g, t) when the following
conditions are met.

1. (g, t) ∈ A×B ∪B ×A

2. g ∈ G0

3. g has coordinates (n,m) for some n,m ∈ N

4. There is h ∈ G1 with coordinates (n,m) such that τθ∗(g)(h, t)

Remark 3.5 This procedure may add many more tiling-relations than would be required to satisfy the
constraints. For example, we tile any grid point with coordinates, even if preceding grid points are missing
that block propagation from the origin, and we may tile using tiles from incomplete tilesets.

We now wish to show that C ∈ GT by showing it satisfies each constraint.
As constraint 1 only involves unary predicates, and these remain unchanged by taking the disjoint union

and adding edges, it remains satisfied in C.
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Lemma 3.6 C satisfies constraints 2–6.

Proof: For all these constraints, the forbidden configuration is connected, and thus they are satisfied in C0.
However, our procedure then only adds edges from G0 to T 1-vertices, which by constraint 1 are not of any
other type. As none of the forbidden configurations involve both G0 and T 1-vertices, such edges cannot
cause them to be violated, and so they continue to be satisfied in C. 2

For the remaining constraints, the outline of the argument is the same. We consider a forbidden
configuration in C, and show that it must have arisen from adding edges to a particular configuration in C0.
We then argue that our procedure would have added edges to the C0-configuration so as to avoid creating
the forbidden configuration in C.

Lemma 3.7 C satisfies constraint 7.

Proof: Again, our constraint is connected, and so satisfied in C0. Fix a violation of 7, say of the horizontal
rule, with vertices as in the constraint description. As we only add edges from G0-vertices to T 1-vertices,
we must have added either the edge (g, th,i) or (g′, th′,j). However, if we have only added one such edge,
the configuration without that edge would be connected and would have been present in C0, and so be
entirely contained in one factor. This is a contradiction, as we only add edges between points in distinct
factors. Thus our procedure must have added both these edges.

Thus th,i is a tile of type θ∗(g) and th′,j is a tile of type θ∗(g′), and by constraints 5 and 6 these types
are unique. Suppose g has coordinates (n,m); as g′ is a horizontal successor of g, it must have coordinates
(n+ 1,m). But then th,i is of type θ(n,m) and th,j is of type θ(n+ 1,m), so they cannot violate 7. 2

Lemma 3.8 C satisfies constraint 8.

Proof: Let X = { g, c, d, o } , Y = { g′, c′, d′, o′, t′1, . . . , t′t }, and suppose X ∪ Y witnesses a violation of
constraint 8, with o ∈ O0, g ∈ G0 with x and y-projections equal to o, and c and d the requisite coding
vertices; let g′, c′, d′, o′ be a corresponding configuration using 1-superscripted predicates, and let ti ∈ T 1

for 1 ≤ i ≤ t with g′Et′1E . . . Et
′
t.

As X and Y are each connected and neither contains both a g0-point and a T 1-point, they must each lie
in a single factor, and these factors must be distinct. Thus in C0, g and g′ both have coordinates (0, 0) and
g′ has a full tileset, so our procedure adds an edge from g to t′θ(0,0), and so the constraint is satisfied in C.
2

Lemma 3.9 C satisfies constraint 9.

Proof: Consider a violation of constraint 9, with labels as in the constraint description (including suitable
path and coding vertices). Since the constraint is connected, it must have been satisfied in C0, and so the
edge from g to t must have been added by our procedure afterward. As in Lemma 3.8, the violation then
splits into two connected components in C0, one in each factor; one component contains g, g′, and their
associated path and coding vertices while the other contains h, h′, and their associated tilesets and path and
coding vertices.

As our procedure added an edge from g to t, g and h must have had coordinates in C0. Thus g′ and h′

also have coordinates in C0. As h′ has a full tileset in C0, our procedure adds an edge from g′ to a tile in
this tileset, which satisfies the constraint. 2



The undecidability of joint embedding and joint homomorphism for hereditary graph classes 9

4 Moving to the language of graphs
Given a finitely-constrained hereditary class GT in the language with unary predicates, we wish to produce
a finitely-constrained hereditary graph class that has the JEP if and only if GT does. For this, we need
some means of interpreting the unary predicates in the pure graph language. Our plan is to associate the ith

unary predicate to some graph Gi, and to represent “v is in the ith predicate” by freely joining a copy of
Gi over v. In order for this coding to be unambiguous, the graphs we choose must form an antichain under
embeddings.

We remark that we do not actually require an infinite antichain in the following definition, merely one
with as many graphs as we have unary predicates. For our argument, the minimum size will be 13.

Definition 4.1 We now fix an infinite collection of 2-connected graphs with basepoints (Gi, ai)i∈N, such
that {Gi }i∈N is an antichain under embeddability, and such that there is no automorphism of any Gi
moving the basepoint.

Definition 4.2 Given a graph G, a block of G is a maximal 2-connected component. Every graph has a
unique decomposition into blocks.

Definition 4.3 Let Ck be the class of finite graphs with k unary predicates, which we will refer to as colors
{ 1, . . . , k }. Let C∗k ⊂ Ck be the subclass in which the colors partition the vertices, and in which any
(colored) copy of the Gi are forbidden.

Definition 4.4 Define ∧ : C∗k → { graphs } as follows: for each vertex of the graph, if it has color i, freely
attach a copy of Gi over it at the basepoint, i.e. for each v ∈ G with color i, take the disjoint union
G t (Gi, ai), and then identify v with ai. These copies of Gi will be called attached copies.

The image of A ∈ C∗k will be denoted by Â. We will also let Ĝ = { Ĝ | G ∈ G }.

Lemma 4.5 Let G ∈ C∗k . Any copy of Gi in Ĝ is an attached copy.

Proof: As Gi is 2-connected, any copy must be contained in a single block of Ĝ. As the copies of Gi are
freely attached, the blocks of Ĝ are those of G as well as the attached Gj for various j. Thus, any copy of
Gi must be contained in one of the attached Gj . As {Gi } is an antichain, it must be one of the attached
copies of Gi. 2

Definition 4.6 Let ∨ : { graphs } → Ck be given by taking a graph, and for each copy of Gi free over its
basepoint, retaining the basepoint and giving it color i, and forgetting the remaining vertices.

Lemma 4.7 For any G ∈ Ck, ∨(Ĝ) ∼= G. In particular, ∧ is injective.

Proof: This is immediate from Lemma 4.5. 2

Lemma 4.8 A graph is in the image of ∧ if and only if it satisfies the following properties.

1. For each i, every copy of Gi is free over its basepoint.

2. If v is the basepoint of a copy H1 of Gi and H2 of Gj , then H1 = H2.

3. Every vertex is, for some i, part of a copy of Gi.
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Remark 4.9 (2) implicitly uses that {Gi } is an antichain.

Proof: Suppose we start with G ∈ C∗k . Then Ĝ is produced by making each vertex the basepoint of a copy
of Gi, for the appropriate i. Thus (3) is satisfied. Conditions (1) and (2) are satisfied by Lemma 4.5.

Now suppose we are given a graph G of this form. By conditions (1) and (2), the vertex set of ∨(G)
consists of the basepoints of copies of Gi, each given color i, and with edges between them induced by G.
Then, using condition (3), we have G = ∨̂(G). 2

Lemma 4.10 ∧ preserves embeddings, i.e. there exists an embedding A ↪→ B if and only if there exists an
embedding Â ↪→ B̂

Proof: The forward direction is clear.
For the other direction, suppose Â ↪→ B̂. Then for each copy of Gi ⊂ Â, the basepoint must be mapped

to such a basepoint in B̂. By Lemma 4.8, each of these basepoints in B̂ has a free copy of Gi over it, and
so can be identified with a vertex in ∨(B̂). Furthermore, it will receive the same color as the corresponding
point in ∨(Â). Finally, ∨ preserves the induced graph on the points it retains, so ∨(Â) ↪→ ∨(B̂), and so by
Lemma 4.7 we are finished. 2

As ∧ preserves embeddings, the class GT in the language with unary predicates will have the JEP if and
only if its image under ∧ does. However, this image is not a hereditary graph class, and it is not clear that
its downward closure will be finitely-constrained. So our goal now is to find some finitely-constrained
hereditary graph class such that every member can be completed to an element in the image of GT under ∧,
which must satisfy the conditions of Lemma 4.8.

The following constraints are meant to enforce conditions (1) and (2) of Lemma 4.8.

Definition 4.11 LetH1 be the set of graphs consisting of, for each i, a copy of Gi and an additional vertex
adjacent to a point that is not the basepoint of Gi.

LetH2 be the set of graphs consisting of a copy of Gi and Gj freely joined over their basepoints, for
each i, j, allowing i = j.

Definition 4.12 Given a set G of graphs, we define ¬G to be the corresponding hereditary graph class
forbidding the graphs in G.

Keeping in mind condition (3) of Lemma 4.8, the plan for our completion algorithm is to freely attach a
copy of Gi for some i over every vertex that is not already in some copy of one of the {Gi }. However,
randomly assigning colors may produce a forbidden structure. Thus, we make sure we have a “dummy”
color available, which is not in any non-trivial constraint, and only use its associated Gi for our completion.

Lemma 4.13 Let G ⊂ Ck, such that ¬G ⊂ C∗k . Further suppose that the only graphs in G containing a
k-colored vertex are multicolored single vertices and colored copies of the {Gi }.

Then every graph in ¬(Ĝ ∪ H1 ∪H2) embeds into one in ¬̂G.

Proof: Let G ∈ ¬(Ĝ ∪ H1 ∪H2). Since G ∈ ¬H1, it satisfies (1) from Lemma 4.8. Since G contains all
multicolored single vertices, then since G ∈ ¬(Ĝ ∪ H2), it also satisfies (2) from Lemma 4.8.
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For every vertex v for which there is no i such that v is in copy of Gi free over its basepoint, we freely
attach to v a copy of Gk, identifying v with the basepoint. Call the resulting graph G+, and note it satisfies
(3) from Lemma 4.8.

Using the 2-connectedness of the {Gi } as in Lemma 4.5, G+ still satisfies (1) and (2) from Lemma 4.8.
We claim it is also still in ¬Ĝ, as we have only added copies of Gk. Suppose Ĥ ∈ Ĝ embeds into G+.

Then H ∈ G embeds into ∨(G+).
As G+ satisfies (2) from Lemma 4.8, H cannot be a multicolored vertex. As G+ ∈ ¬H1, H cannot be a

colored copy of any of the {Gi }. Thus H does not contain any k-colored vertices.
Consider the subgraph A ⊂ G+ induced by all vertices which are not the basepoint of a freely-attached

copy of Gk. Then H must embed into ∨(A). But then Ĥ embeds into A and thus into G. 2

Lemma 4.14 Let G ⊂ Ck, such that ¬G ⊂ C∗k . Further suppose that the only graphs in G containing a
k-colored vertex are multicolored single vertices and colored copies of the {Gi }. Then ¬(Ĝ ∪ H1 ∪H2)
has the JEP if and only if ¬G has the JEP.

Proof: Suppose ¬G has the JEP. Let A,B ∈ ¬(Ĝ ∪ H1 ∪ H2). Extend them to A+, B+ ∈ ¬̂G. Then,
there is some C ∈ ¬G embedding ∨(A+),∨(B+). Thus Ĉ embeds A+, B+, and so A,B as well.

Now suppose ¬(Ĝ ∪ H1 ∪H2) has the JEP. Let A,B ∈ ¬G. Then there is some C ∈ ¬(Ĝ ∪ H1 ∪H2)

embedding Â, B̂. Extend C to C+ ∈ ¬̂G. Then ∨(C+) embeds A,B. 2

In order to finally prove our main theorem, we must choose a suitable set { (Gi, ai) }. The graphs must
be 2-connected, form an antichain under embedding, and have no automorphism moving the basepoint.
Finally, in order to have GT ⊂ C∗k , no colored version of them may embed into our canonical models
A∗, B∗, and they must not be produced by our joint embedding process for the graphs with unary predicates.
We ensure these last two points by having every edge be contained in a triangle.

Notation 4.15 Let Wn be the wheel graph on n + 1 vertices, i.e. an n-cycle with an additional vertex
adjacent to all others.

We let Gi = W2i+5. The basepoint of Gi will be the unique point of degree greater than 3.

The following fact for all wheel graphs is easy. Our restriction to Wn for n ≥ 7 and odd is only for
continuity with the next section.

Fact 4.16 The wheel graphs {Wn } are 2-connected, have every edge contained in a triangle, and form
an antichain under embedding. Furthermore, there is no automorphism moving our choice of basepoint.

Theorem 4.17 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JEP.

Proof: By Proposition 3.2, it is undecidable whether GT has the JEP, as T varies. We may modify
GT to G∗T by introducing an extra color and forbidding all uncolored vertices. We also add constraints
forbidding {Gi }, as well as constraints forbidding an edge between any two grid vertices. Because our
joint embedding procedure only adds edges from grid vertices to tile vertices, it will not add edges between
grid vertices, and so respects this constraint.

Note that our canonical models contain no triangles (as the coding vertices break up edges), and thus no
copies of the {Gi }, and they also satisfy the new constraints forbidding edges between grid vertices. Our
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joint embedding procedure only adds edges from grid vertices to tile vertices, and edges are only added
to one tile vertex in a given set of tiles. By constraints 5-6, there are no edges between tile vertices in
distinct tile sets, so our joint embedding procedure will produce no triangles. For any i, every edge of Gi is
contained in a triangle, so no copies of Gi will be produced.

We may thus apply Lemma 4.14 to G∗T to produce a family of finitely-constrained hereditary graph
classes for which the JEP is undecidable as T varies. 2

5 The joint homomorphism property
A class of structures has the joint homomorphism property (JHP) if, given any two structures in the class,
there is a third that admits homomorphisms from both. This notion naturally arises in infinite-domain
constraint satisfaction problems. For example, the constraint satisfaction problem for a theory can be
realized as the constraint satisfaction problem for a particular model if and only if the models of the theory
have the JHP Bodirsky (2012). The following question was posed by Bodirsky in January 2018 (personal
communication).

Question 1 Is there an algorithm that, given a finite set of forbidden induced subgraphs, decides whether
the corresponding hereditary graph class has the JHP?

In this section, our main result is a negative answer to this question, obtained by modifying our
construction for the JEP.

Theorem 5.1 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JHP.

Theorem 5.1 will be proven by modifying our proof of Theorem 4.17. The reader should be familiar
with the brief sketch of the proof of Theorem 4.17 appearing in the introduction and the discussion at the
beginning of Section 4 about removing the unary predicates; relevant results and definitions will be recalled
or referenced as needed.

Unlike the JEP, the JHP is sensitive to changing between quantifier-free interdefinable languages. For
example, we get the following as a corollary to Theorem 4.17, but will later have to work much more
without the non-edge relation present.

Proposition 5.2 Work in a language with relations for edges and non-edges. Then there is no algorithm
that, given a finite set of forbidden induced subgraphs, decides whether the corresponding hereditary graph
class has the JHP.

Proof: Our goal is to alter the forbidden structures so that any homomorphism is actually an embedding.
Suppose we are given a finite set Cred of forbidden induced subgraphs in the language with just the edge

relation. Let C be the set of graphs, in the enriched language, with the non-edge relation added between any
non-adjacent points. Let C+ be the union of C with the graphs on two points in which either both relations
or neither relation is present, ensuring the relations act as edges and non-edges. Then we claim ¬Cred has
the JEP if and only if ¬C+ has the JHP.

First, note that a homomorphism between two structures in ¬C+ must be an embedding. Second, we
may define embedding-preserving maps between ¬Cred and ¬C+ as follows. Given a graph A ∈ ¬Cred,
let A+ ∈ ¬C+ be the structure obtained by adding the non-edge relation between non-adjacent vertices.
Given A ∈ ¬C+, let Ared ∈ ¬Cred be the graph obtained by forgetting the non-edge relation. 2
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Definition 5.3 We will say a homomorphism is proper if it is not an isomorphism.

Recall that Wn is a wheel graph, as in Notation 4.15.

Fact 5.4 Every proper homomorphic image of W5 contains a copy of K4.

As in Proposition 5.2, the plan for proving Theorem 5.1 will be to modify our graphs so that any C
witnessing the JHP also witnesses the JEP, at least in our canonical models. In Proposition 5.2, we did this
by adding the non-edge relation between any two non-adjacent vertices to make our structures clique-like.
Here we do the following.

1. Forbid K4.

2. In our canonical models, over any two non-adjacent basepoints of copies (Gi1 , ai1) and (Gi2 , ai2)
(the graphs we are using to code unary predicates, see Definition 4.1) freely join a copy of W5, while
keeping the vertices non-adjacent (i.e., first take the disjoint union with a copy of W5, then identify
two non-adjacent points of the new copy of W5 with ai1 and ai2 ).

The procedure above ensures that homomorphisms cannot identify the basepoints of the (Gi, ai) in our
new canonical models, nor add edges between them, as this would create a copy of K4. Thus the copies
of W5 act similarly to the non-edge relation in Proposition 5.2. The constraint set H1 from Definition
4.11 ensures that we cannot add an edge, nor make any identification, between a non-basepoint and any
point outside the copy of Gi it lies in. Thus the only possible issue is if the homomorphisms of our new
canonical models fail to be embeddings within a single copy of some antichain element Gi.

This last possibility will be removed by forbidding all proper homomorphic images of each Gi that we
use from our antichain. However, these forbidden homomorphic images of Gi might embed into Gi, or
some other Gj , but our choice of {Gi } will prevent this.

Lemma 5.5 The wheel graphs, {Wi } form an antichain under homomorphism. Also, for i odd, Wi is a
core, i.e. any endomorphism is an automorphism.

Proof: The fact the odd wheels are cores is standard, e.g. see Example 2.23 of Hahn and Tardif.
Suppose φ is a homomorphism from Wi to Wj . By Fact 4.16, we already know φ cannot be an

embedding, so it must either identify points or add edges. In either case, φ(Wi) will have at least two
vertices of degree greater than 3. But Wj has only one vertex of degree greater than 3. 2

Lemma 5.6 Any homomorphic image of Wi is 2-connected.

Proof: Now let φ : Wi → H be a homomorphism. Suppose H becomes disconnected upon removing a
vertex v. Then Wi becomes disconnected upon removing the preimage of v. Let c ∈ Wi be the vertex
connected to all others. If c 6∈ φ−1(v), then Wi is still connected after removing φ−1(v). If c ∈ φ−1(v),
then no other point is in φ−1(v), so again Wi remains connected after its removal. 2

Notation 5.7 As in the previous section, we let Gi = W2i+5. The basepoint ai of Gi will be the unique
point of degree greater than 3.

Definition 5.8 Given a graph G, we construct an augmented copy of G, denoted G+, as follows. First,
we start with a copy of G. Then over every non-adjacent pair of vertices, we freely join a copy of W5,
identifying that pair of vertices with a pair of non-adjacent vertices in W5.
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We will use A+, B+ to denote the augmented copies of our canonical models A∗, B∗, where the new
vertices we have added are marked with a new unary predicate C5. Note that A+, B+ contain A∗, B∗ as
induced subgraphs.

Lemma 5.9 A+, B+ contain no homomorphic images, including embeddings, of any of the {Gi }, nor
any copies of K4.

Proof: As neither A∗ nor B∗ contain triangles, the only triangles in A+, B+ are in the copies of W5 we
have added. Thus there are no copies of K4. Now suppose there is some φ : Gi → H , with H embedding
in A+ or B+. An edge (u, v) of H will be old if Gi contains an edge between some element of φ−1(u)
and some element of φ−1(v), and otherwise the edge will be new.

Let H ′ be the graph H with all new edges removed. Then every edge of H ′ is contained in a triangle,
and so must be contained in some copy of W5, and so the same is true for the vertices of H . Since H
cannot be contained in a single copy of W5, as the {Wi } form an antichain under homomorphism, it must
be contained in the union of multiple copies of W5, say W 1, . . . ,Wn. Since H contains a vertex adjacent
to all others, all the W i must intersect at a single point, and so are otherwise pairwise disjoint. But H ′ is
2-connected, and no subgraph of W 1 ∪ · · · ∪Wn such that every edge connects two points in the same
W i will be, unless contained within a single W i. 2

We now shift from the language with unary predicates to the pure graph language. Given the choice of
(Gi, ai) to encode unary predicates, for any choice of tiling problem T we get a hereditary graph classHT ,
which has the JEP if and only if T has a solution. We wish to add extra constraints to this graph class. In
particular we wish to forbid K4 and proper homomorphic images of the {Gi }, for i ≤ 14. (We choose
i = 14 because our original construction in a language with unary predicates used 12 unary predicates. We
have added another predicate C5 in this section, and require a “dummy” predicate for the translation to the
pure graph language.) We will call the resulting hereditary graph classH+

T .

Notation 5.10 Recall the function ∧ from Definition 4.4. As before, we will use Ĝ to denote ∧(G).

Lemma 5.11 Let Â+, B̂+ be the canonical models in the pure graph language, obtained by applying the
function ∧ to A+, B+. Then Â+, B̂+ do not contain copies of K4 or any proper homomorphic images of
the {Gi }, and so are inH+

T .

Proof: As K4 and any homomorphic images of the {Gi } are 2-connected, if one of them is contained in
Â+ or B̂+ then it must be contained in a single block. We know they are not contained in any of the copies
of {Gi } attached by ∧ as the {Gi } are cores and form an antichain under homomorphisms, so they must
have been present in A+, B+. But by Lemma 5.9, we know this is not the case. 2

As we already knowHT has the JEP when T has a solution, to check thatH+
T has the JEP, it suffices to

check that our joint embedding procedure forHT does not create any new copies of K4 or homomorphic
images of {Gi }.

Recall the two steps of our joint embedding procedure in the pure graph language. First, for every vertex
v such that there is no i such that v is in a copy of Gi free over its basepoint, we attach a copy of Gk freely
over v, which gets identified with the basepoint, where Gk represents a unary predicate specially reserved
for this completion process (in our case, k = 14). We may then interpret the resulting graph in the language
with unary predicates, and in the next step we add edges as we would have done there.
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Lemma 5.12 Let T be a tiling problem with a solution, and suppose A,B ∈ H+
T . Then applying our joint

embedding procedure to A,B creates no homomorphic images of any of the {Gi }i≤14 except for copies
of G14, nor any copies of K4, and so produces a graph inH+

T .

Proof: In the first step of our joint embedding procedure, we add copies of G14 freely over various vertices.
AsK4 and homomorphic images of the {Gi } are 2-connected, any new copies of these graphs must appear
in the attached copies of G14. First, K4 does not embed into G14. Then, as G14 is a core and the {Gi }
form an antichain under homomorphisms, the only homomorphic image of any of the {Gi } embedding in
G14 is G14 itself.

Let A′ and B′ be the graphs obtained from A and B as a result of this first step. As the graphs {Gi }
and K4 are connected, no copies of K4 or the {Gi } are created by passing to the disjoint union A′ tB′.
We now continue on to the second step of our joint embedding procedure, in which edges between the
factors are added to A′ tB′. The key point in this step is that no edge we add is contained in a triangle.
This immediately rules out creating any copies of K4.

Now suppose our joint embedding procedure creates some graph H , a homomorphic image of one of the
{Gi }. Let φ : Gi → H be a homomorphism. We divide the edges of H into two classes. An edge (u, v)
of H will be old if Gi contains an edge between some element of φ−1(u) and some element of φ−1(v),
and otherwise the edge will be new.

First, note that as all the edges of Gi are contained in a triangle, the same is true for all the old edges of
H . Thus our joint embedding procedure cannot add any old edges.

Let H ′ be the graph H with all the new edges removed. Then H ′ must be contained in the disjoint union
A′ tB′. As H ′ is connected, it must be contained in one of the factors. As our joint embedding procedure
does not add edges within a factor, we have H ′ = H , and so H was already present in one of the factors. 2

Theorem 5.13 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JHP.

In particular, given a tiling problem T ,H+
T has the JHP if and only if T has a solution.

Proof: First, suppose T has a solution. Then by Lemma 5.12,H+
T has the JEP, and thus the JHP.

Now suppose H+
T has the JHP. Then there is some C ∈ H+

T that Â+, B̂+ both have homomorphisms
into. We now wish to argue any homomorphism of Â+ into C must be an embedding, and similarly for
B̂+.

Consider taking a homomorphism of Â+ whose image must be inH+
T . We cannot identify or add edges

between any two basepoints of any of the {Gi }, as they are either already adjacent or have a copy of W5

freely joined over them, so the identification or new edge would create a copy of K4. We cannot identify
any non-basepoint of a copy of one of the {Gi } with any point outside of that copy of Gi as that would
create an edge incident to the non-basepoint, forbidden byH1 (Definition 4.11), unless we identified the
entire copy of Gi with another copy of Gi; however the latter is forbidden as the basepoints cannot be
identified. We also cannot add an edge to a non-basepoint from outside the copy of Gi it is in. Finally, we
cannot add edges or identify points within a given copy of one of the {Gi }, since all proper homomorphic
images of the {Gi } are forbidden.

Thus Â+, B̂+ actually embed in C, and as in Section 3.6 this must encode a solution to T . 2
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6 Questions
Closely related to Theorem 4.17 is the JEP for monotone graph classes, i.e. those specified by forbidden
(non-induced) subgraphs.

Question 2 (Cherlin et al. (1999), after Example 6) Is there an algorithm that, given finite set of for-
bidden subgraphs, decides whether the corresponding monotone graph class has the joint embedding
property?

When forbidding non-induced subgraphs, the constraints cannot force a joint embedding procedure to
add edges between factors. Thus, when attempting to adapt the proof of Theorem 4.17, the only option for
tiling a grid point is through identifying points in different factors. This is a violent act that forces various
uniqueness restrictions on the construction.

In addition to the interest due to the required change in approach, Question 2 arises in the program for
deciding whether a monotone graph class admits a countable universal graph, as laid out in Cherlin et al.
(1999). Since the JEP is necessary for the existence of such a countable universal graph, it would seem
to be a preliminary consideration. In Cherlin et al. (1999), the additional complication of considering
Question 2 is intentionally avoided by assuming the forbidden subgraphs to be connected, so disjoint union
serves as a joint embedding procedure. But if the answer to Question 2 is positive, it would be natural to
take a broader view of the decision problem for universality by allowing arbitrary forbidden subgraphs.

As mentioned earlier, the following problem of Ruškuc was the motivation for this paper.

Question 3 Is there an algorithm that, given finite set of forbidden permutations, decides whether the
corresponding permutation class has the joint embedding property?

The main difficulty in working with permutation classes seems to be the transitivity of the orders. When
performing joint embedding, once we decide how to relate a single point in each factor to each other, many
other such relations are forced by transitivity. This is in contrast to the induced subgraph case, where
adding an edge between factors only forces us to add another edge if there is a conflict with one of the
forbidden subgraphs, which we have complete control over choosing.

A partial step towards Question 3 would be to consider the JEP for permutation graphs. Given a
permutation, this is the corresponding graph with the same vertex set and with edges defined by xEy if
and only if the two orders disagree between x and y.

Question 4 Is there an algorithm that, given finite set of forbidden permutations, decides whether the
corresponding hereditary permutation graph class has the joint embedding property?

In Gallai (1967), Gallai characterized permutation graphs in terms of an infinite family of forbidden
induced subgraphs. (The characterization is more easily available in de Ridder et al..) Thus, one could
approach Question 4 by attempting to modify the proof of Theorem 4.17 to avoid the graphs on Gallai’s
list.
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Under what circumstances might every extension of a combinatorial structure contain more copies of another one than

the original did? This property, which we call prolificity, holds universally in some cases (e.g., finite linear orders)

and only trivially in others (e.g., permutations). Integer compositions, or equivalently layered permutations, provide

a middle ground. In that setting, there are prolific compositions for a given pattern if and only if that pattern begins

and ends with 1. For each pattern, there is an easily constructed automaton that recognises prolific compositions for

that pattern. Some instances where there is a unique minimal prolific composition for a pattern are classified.

Keywords: patterns, occurrences, compositions

1 Introduction

In combinatorics we are often interested in the ways that one structure, a pattern, can occur inside another,

the text. There are many different ways to study the nature of occurrences. At the heart of the study of

permutation patterns is the notion of pattern avoidance, studying permutations which contain no occur-

rences of given pattern. Early papers in this area include Simion and Schmidt [11] and Stankova [12]. A

survey of the current state of research on classical permutation patterns can be found in Vatter [13]. Whilst

considering permutation patterns Bóna [2] and Fulmek [6] are amongst those who have considered texts

containing a prescribed number of occurrences. Bóna [3] also examined the case where some patterns

definitely occur, but other patterns are absent. Asymptotic statistics on occurrences of certain patterns as

well as the distribution of occurrences of patterns amongst texts of different lengths have been studied by

Janson [8] and Janson, Nakamura, and Zeilberger [9]. It is also possible to study the texts that permit the

highest number of occurrences, or the packing density as presented by Albert, Atkinson, Handley, Holton,

and Stromquist [1] and others. Kuszmaul [10] has attempted to find efficient algorithmic methods to count

the number of occurrences of a pattern in each member of a set of texts. Some of these problems have

also been studied in the context of words, with Burstein and Mansour [5] examining prescribed counts of

patterns and Burstein, Hästö, and Mansour [4] studying packing density of words under subword order.

Another approach we can take, and the one considered in this paper is to examine how the number of

occurrences of the pattern can change as we change the containing structure. If we add a new element

to the text then the number of occurrences of the pattern must either stay the same, or increase. We

will investigate the combinations of patterns and texts having the property that regardless of how a new

element is added to the text the number of occurrences of the pattern increases.

ISSN 1365–8050 c© 2019 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License

http://arxiv.org/abs/1904.05533v4
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For example, consider the case of finite linear orders. Since, up to isomorphism, there is only one such

structure of any given size, any k elements of a linear order on n elements, represents an occurrence of

the k element order so the number of occurrences is
(
n
k

)
and no matter how we add a new element the

number of k element suborders increases, provided that n ≥ k > 0, since

(
n+ 1

k

)

>

(
n

k

)

This gives rise to the following definition

Definition 1.1. A text τ , is prolific for a pattern π, or π-prolific, if every proper extension of τ contains

more occurrences of π than τ .

Observation. If τ is prolific for π and τ is contained in ν then ν is prolific for π since any extension of

ν contains extensions of τ and therefore also new occurrences of π. Thus, the set of texts defined by the

property of being prolific for π is upwards closed set with respect to containment order.

In contrast to finite linear orders, among the set of all permutations only the singleton permutation has

any prolific texts. This is because any non-singleton permutation, π, cannot end with both its maximum

and its minimum element. If π does not end with its maximum then extending any other permutation by

a new maximum element at its end creates no new copies of π. In the other case, extension by a new

minimum element has the same effect.

Linear orders (which could be thought of simply as monotone permutations) and the set of all permu-

tations lie at opposite ends of the scale in terms of what patterns have prolific texts and what those texts

are. Neither one allows for an interesting study of prolificity in general. To see whether this concept is

of interest at all we need to demonstrate the existence of a middle ground between these two extremes. It

turns out that integer compositions (or in terms of permutations, layered permutations) occupy part of that

middle ground.

2 Basic Definitions

Let n be a positive integer. A sequence of positive integers whose sum is n is called a composition of n.

We can display any composition graphically as a skyline diagram as shown in Figure 1. Denote by Cn all

the compositions of n and let C denote the set of all compositions.

Fig. 1: The skyline diagram of a composition

A composition of n can also be thought of as a partition of the set [n] = {1, . . . , n} whose parts form

intervals. For example, the composition with part sizes 2, 1 and 2 corresponds to partition of [5] into the

sets {1, 2}, {3}, and {4, 5}. The correspondence between the partition view and the skyline diagrams can

be seen in Figure 2. As the skyline diagram is more compact we will use this view throughout.



Prolific Compositions 3

1 2 3 4 5

(a) as a partition into intervals

1

2

3 4

5

(b) as a skyline diagram

Fig. 2: Different representations of a composition

Of course there is also a correspondence between compositions of n and layered permutations on n

elements. When a composition is written as a partition into intervals, by writing the elements of each in-

terval from largest to smallest, and writing the intervals in order we immediately obtain the corresponding

layered permutation, as shown in Example 2.1.

Example 2.1. The composition ({1, 2}, {3}, {4, 5}, {6, 7, 8, 9})maps to the layered permutation 213549876.

1

2

3 4

5

6

7

8

9

Although we do not make use of this correspondence in the following work it is part of the underlying

motivation: to determine what patterns have prolific texts, and what those texts are in various permutation

classes.

An element of a composition is a member of the underlying set and in the skyline diagram, each

individual square also represents an element of the underlying set. The size of a composition, v, is the

size of its underlying set and is denoted |v|; furthermore, a part of size x is a part in the composition where

the corresponding interval contains x integers.

Compositions can also be represented as words over N+ where each letter is the size of the corre-

sponding part in the composition. This is the most convenient representation in text so we will write

compositions in concatenative notation by just listing the sizes of their parts, the composition in Figure 1

is therefore written as 1324211. When we consider compositions as words denote partial words by greek

letters and individual parts by numerals or roman letters.

A new elements can be inserted into a composition by

1. increasing the size of some part by one, or

2. creating a new part of size one adjacent to some existing part

There are therefore, up to isomorphism, k + (k + 1) ways of inserting a new element into a composition

with k parts. Any composition obtained by inserting one or more elements into the composition p are

called the extensions of p.

Consider how to find an embedding, of one composition of n inside another composition of m. In the

context of partitions, we can say that an embedding is an strictly order-preserving injection from [n] to
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[m] such that two elements belong to the same part of the composition of n if and only if their images

belong to the same part of the composition of n. Figure 3 shows an embedding of the composition 122321
in the composition 13224211.

Fig. 3: An occurrence of 122321 in 13224211.

When we consider compositions as a sequence whose sum is n then a composition, u, with ℓ parts has

an embedding into a composition, v, with k parts if we can find a subset of ℓ parts of the composition v

such that each part of this subset is at least as large as the corresponding part in u. This is formalised in

the following definition.

Definition 2.2. Given two compositions u = u1u2 . . . uk and v = v1v2 . . . vn (where k ≤ n) let � be the

binary relation on the set of compositions such that u � v if there exists a set of k indices I = {i1, . . . , ik}
such that uℓ ≤ viℓ for all ℓ ∈ {1, . . . , k}.

An occurrence of a composition u with k parts in a composition v under the relation � is a way of

selecting k parts of v and then from each of those parts i choosing ui elements from those parts.

When looking for an occurrence of a composition u = u1u2 . . . uk inside a composition v we can

match the first part of u1 into the leftmost part of vi1 of v with size greater than u1, we can then match u2

into the left most sufficiently large part of v after vi1 and so on until we have seen an occurrence of u (or

run out of parts in v). This greedy approach allows us to check whether v contains u in time proportional

to the length of v in the worst case. The existence of a leftmost occurrence of u in v, or of a rightmost

occurrence, or similar considerations based around the greedy algorithm is a critical part of many of the

proofs below.

The support of an occurrence of u in v is the set of indices that correspond to the chosen parts, for

example, the support of the occurrence indicated in Figure 3 is {1, 2, 4, 5, 6, 8}.

Definition 2.3. Given a composition u with k parts, and a set of indices X ⊆ {1, . . . , k}, the subcompo-

sition of u at X , denoted uX is the composition formed by taking the parts of u at the indices selected by

X .

Given a composition u with k parts and a composition v with ℓ parts where k ≤ ℓ, the set of supports

of u in v, denoted supp(u, v), is the those X ∈
(
[ℓ]
k

)
such that u � vX .

Example 2.4. The supports of occurrences of u = 122321 in v = 13224211 can be found by noting that

the part of size 3 in u must occur in the part of size 4 in v. We can therefore take any 3 of the first 4 parts,

the part of size 4 and the part of size 2 that follows it as well as either of the last two parts. The set of

supports of u in v therefore has 8 elements.

Denote by Occ(u, v) the number of occurrences of u inside the compositions v. For this relation, each

part of size k in v that matches a part of size ℓ in u contributes a factor of
(
ℓ
k

)
to the number of occurrences.
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That is

OccL(u, v) =
∑

X∈([ℓ]k )

∏

j∈[k]

(
vXj

uj

)

(1)

Note that if the set of indices chosen is not in the set of supports then the that particular term of the sum

will be equal to 0.

If the union of the set of supports of occurrences of a composition u in a composition v is equal to the

set of all the indices of v then we say that v is covered by u.

The reverse of a composition u, rev(u), is the composition of |u| that has the same parts as u but the

order of the parts are reversed.

Remark. The number of occurrences of u in v is the same as the number of occurrences of rev(u) in

rev(v). In fact rev : C → C is an automorphism of the collection of compositions as an ordered set. This

symmetry will sometimes be implicitly used in our proofs.

Given a composition u with k parts and an index i in [k] the prefix of u up to i is the subcomposition of

u at I = {1, . . . , i− 1}. Similarly, the suffix of u after i is the subcomposition of u at I = {i+ 1, . . . , k}.

Note that neither of the prefix of u up to i or the suffix of u after i contain the ith part of the composition.

3 Prolific Compositions

Recalling the definition of being prolific in the context of compositions: a composition v of size n is

prolific for a composition u, or u-prolific, if for all proper extensions, v′ of v, the number of occurrences

of u in v′ is strictly greater than the number of occurrences of u in v. To determine whether v is u-prolific

it suffices to consider extensions, v′, of v with |v′| = |v|+1. Denote the set of all u-prolific compositions

as Pro(u).

Remark. A composition v is in Pro(u) if and only if rev(v) is in Pro(rev(u)).

Theorem 3.1. If u = u1u2 . . . uk, then Pro(u) is non-empty if and only if u1 = uk = 1

Proof: If u1 6= 1 and v is any composition then 1v contains no additional occurrences of u compared to v.

Similarly if uk 6= 1 then v1 contains no more occurrences of u than v does. So, in both cases Pro(u) = ∅.

Conversely, if u = 1α1 then v = 1αα1 is prolific. If a new element is inserted into v before the end

of the first α then it creates a new occurrence of u using the new element, the second α and the final part.

While if a new element is inserted into v after the end of the first α then it creates a new occurrence of u

using the first one, the first α, and the new element.

Lemma 3.2. If a composition v is u-prolific, then it must contain at least one occurrence of u.

Proof: Suppose there were a composition v that was u-prolific but did not contain an occurrence of u.

Since the last part of u must be of size 1 then increasing the size of the last part of v would not create any

occurrences of u, so therefore v could not have been u-prolific. Any u-prolific composition must therefore

contain at least one occurrence of u.

Remark. Since a u-prolific composition must have at least one occurrence of u then it must have at least

the same number of parts as u.
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In fact the following lemma extends strengthens the statement made in Lemma 3.2 considerably.

Theorem 3.3. If a composition v is u-prolific, then it must be covered by u.

Proof: Suppose there existed a composition v than belonged to Pro(u) but was not covered by copies of

u. Choose a part X of v, with size x, that does not occur in the support of any occurrence of u. Write v

as αxβ.

v = . . . . . .

X

. . .

α β

Consider the extension of v formed by inserting a new part of size one immediately after X . Since

v is u-prolific this must create a new occurrence of u. If the new part were to play the role of the first

part of u in the new occurrence then there would have existed a number of occurrences of u that used

the same parts as the new occurrence, but used an element of the part X instead of the new part, and X

would be covered. Therefore, the new part must play the role of the last part, or some internal part, of u.

Furthermore in the new occurrence of u must use the part X as otherwise any element of X could play

the role that the inserted element plays and X would be covered.

Now, suppose that the maximum prefix of u in αX were the same as that in α. Then whatever parts

of u that were used in the occurrence could have been found entirely in α, contradicting the observation

that X must be used. So the maximum prefix of u in αX is strictly longer than that in α. Hence when

greedily finding an occurrence of u in v the part X will be used and this contradicts with the assumption

that X was not covered.

Corollary. In order to discover whether a composition v is u-prolific we need only check that:

• v is covered by u, and

• for all factorisations of v = αxyβ with x, y > 1 there is an occurrence of u in αx1yβ that uses the

inserted 1.

Proof: If v is covered then increasing any part increases at least one term of the sum in Equation (1) and

therefore increases the number of occurrences. Inserting any new singleton parts adjacent to an existing

part of size 1 in v need not be considered since the new part can be substituted for the existing part in

any occurrence that used the existing part. Therefore it suffices to consider inserting new parts of size 1
between parts of size strictly greater than 1.

Now consider the problem of how to efficiently determine that v is prolific for u (assuming that u starts

and ends with 1). The following description will provide the basis for an automaton that recognises this

property. That is, the automaton will accept exactly those words over N that are u-prolific. Each letter of
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such a word corresponds to processing a part in a composition so the non-accepting states can be thought

of as encoding the conditions that must be satisfied by the remaining suffix of the word being processed

in order that it should be u-prolific. What are these suffix conditions?

First consider the condition that inserting a 1 after any prefix of v should create a new occurrence of

u. The prefix v1v2 . . . vi contains some maximal prefix α of u. Then there is a maximal β such that α1
contains the prefix β1 of u. This might be α1 itself, but if α is not followed immediately by a 1 in u then

β will be the maximal prefix of α that is followed by a 1 in u. Such a β will always exist (though it may

be empty) since u begins with a 1. Now write u = β1γ. The requirement that the new 1 after vi creates a

new occurrence of u is precisely the requirement that the remainder of v should contain an occurrence of

γ. This is the local suffix requirement at vi.

At the point where vi is being considered there was already some existing suffix requirement. If vi is

greater than or equal to the first character of that suffix then this requirement is reduced in length by one,

otherwise it stays the same. The final suffix requirement after considering vi is then the longer of the

previous (possibly modified) one, and the local suffix requirement at vi.

The initial suffix requirement (before we process any characters at all) is all of u. This ensures that, as

soon as the suffix requirement becomes empty we will have constructed a word containing an occurrence

of u. So, when the suffix requirement is non-empty we have either not found an occurrence of u or there

remain positions where inserting a 1 would not create a copy of u. To that point, the word we have

processed is certainly not u-prolific. But, as soon as the suffix requirement is empty these two conditions

are both satisfied and we will show below that all such v are u-prolific.

Example 3.4. Given the composition u = 1213221 and v = 15512443221we can associate the u-prefix,

u-suffix requirement pairs show in Table 1.

Tab. 1: Maximal prefixes and suffix requirement pairs for u = 1213221 and v = 15512443221

i vi u-prefix u-suffix

1 1 1 213221

2 5 12 13221

3 5 121 3221

4 1 121 3221

5 2 121 3221

6 4 1213 3221

7 4 12132 3221

8 3 121322 221

9 2 1213221 21

10 2 1213221 1

11 1 1213221 ε

The preceding discussion proves:

Theorem 3.5. Given a composition v and a composition u, v is u-prolific if and only if the suffix require-

ments for the last part of v are empty.

Proof: We have already argued that if the suffix requirement is non-empty then v is not u-prolific.
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Suppose that v finishes with an empty suffix requirement. Such a v contains occurrences of u and the

insertion of a 1 at any point creates new occurrences of u. It remains only to show that v is covered by u.

Let X be any part of v and write v = αXβ. We consider two cases: the maximal prefix of u in αX

is the same as that in α, or it is longer. Because the suffix condition is eventually empty we know that

there is a new occurrence of u in αX1β which necessarily uses the 1 and corresponds to a factorisation

u = γ1τ where γ occurs in αX .

In the first case, γ also occurs in α and so we could use any element of X in place of the 1, i.e., that

part is covered.

But in the second case we already know that X is covered. For the fact that the maximal prefix of u in

αX is longer than that in α implies that X will be part of the leftmost occurrence of u in v (and we know

such an occurrence exists).

Thus every part of v is covered and we can conclude that v is u-prolific.

As already foreshadowed, Theorem 3.5 allows the construction an automaton that recognises u-prolific

compositions. In this automaton the states are given by pairs (p, s), where p represents the length of the

prefix seen and s is the length of suffix requirement needed when inserting a new element after the current

partial composition. There exists a transition on an interval I = [a, b] between states (p, s) and (p′, s′)
if appending any value in the interval I to a word seen at (p, s) causes the prefix of u seen to become p′

symbols long and causes the length of the suffix requirement to become s′. If a state is unreachable we

omit it from the final automaton. Note that p′ = p or p+ 1 and s′ = s or s− 1.

Example 3.6. The automaton for recognising 1441-prolific compositions.

(0, 3) (1, 3) (2, 3) (3, 2)

(4, 2)

(4, 1) (4, 0)
[1,∞]

[1, 3]

[4,∞]

[1, 3]

[4,∞]

[1, 3]

[4,∞]

[4,∞]

[1, 3]

[1,∞]
[1,∞]

Observing that transitions in the automaton are caused by intervals whose endpoints are associated to

values in the composition leads us to the following definition.

Definition 3.7. For any composition u, an interval [a, b− 1] is critical if one of the following holds:

• a = 1 and b is the minimum value of a non-1 symbol in u,

• a and b are values of symbols in u and b is the least such value greater than a, or

• a is the maximum value in u, and b = ∞.

Example 3.8. The critical intervals of u = 373499 are

{[1, 2], [3, 3], [4, 6], [7, 8], [9,∞]}

In the automaton describing u-prolific permutations each transition is labeled by unions of critical

intervals. This suggests that there is a notion of standardisation relative to u.



Prolific Compositions 9

Definition 3.9. Given a composition, u, we can define the the u-standardisation of w as the function that

takes each part of w and maps it to the ordinal value of the critical interval u that contains the size of that

part.

Example 3.10. Suppose that u = 373499 then the u standardisation of w = 8(12)4663281 is

stu(w) = 453332141

Note that the u-standardisation of u is supported by the set [m], or [m+ 1] \ {1}, where m is the

number of distinct values of u, and the latter occurs if the symbol 1 does not occur in u. It is the unique

composition of this support such that the order relations between corresponding elements are the same as

in u. This order preservation property is similar to that of the notion of standardisation in permutations.

Theorem 3.11. For any composition u

w ∈ Pro(u) ⇐⇒ stu(w) ∈ Pro(stu(u))

Proof: If two different values belong to the same critical interval for u then they can be exchanged for

one another in any word v without changing the supports of any occurrences of u. In particular, they must

induce the same transition from any state of the automaton that recognises Pro(u). But even more, all that

matters is which critical interval they belong to in order from smallest to largest – so we can collapse each

critical interval (except the unbounded one) to a single value which is the corresponding value in stu(u).
That is, except for this relabelling, the two automata for Pro(u) and Pro(stu(u)) are identical from which

the result follows.

Example 3.12. Equivalence between the automaton for recognising 1441-prolific compositions, and that

recognising 1221-prolific compositions (1221 is the 1441-standardisation of 1441).

(0, 3) (1, 3) (2, 3) (3, 2)

(4, 2)

(4, 1) (4, 0)
[1,∞]

[1, 3]

[4,∞]

[1, 3]

[4,∞]

[1, 3]

[4,∞]

[4,∞]

[1, 3]

[1,∞]
[1,∞]

(0, 3) (1, 3) (2, 3) (3, 2)

(4, 2)

(4, 1) (4, 0)
[1,∞]

[1, 1]

[2,∞]

[1, 1]

[2,∞]

[1, 1]

[2,∞]

[2,∞]

[1, 1]

[1,∞]
[1,∞]
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4 Minimal Prolific Compositions

The set of u-prolific compositions is closed upwards so it makes sense to try to determine its minimal

elements. By a theorem of Higman [7], the partial order of compositions is a quasi-well order. Therefore

the set of minimal u-prolific permutations will always be finite. In this section we give a variety of results

about these compositions.

Theorem 4.1. If γ is a minimally prolific composition for u, then 1γ is minimally prolific for 1u.

Proof:

Consider the automaton that recognises prolific words for 1u. The initial suffix condition is 1u. Any

character now changes the suffix condition to u and extends the prefix seen. But then the remainder of the

automaton is exactly the automaton for recognising prolific words for u. So the minimum words accepted

by this automaton consist of the minimum possible character to trigger the first transition followed by a

minimal word of the u-prolific automaton, exactly as claimed.

Corollary. If u is a minimally prolific composition for v, then the composition 1 . . . 1
︸ ︷︷ ︸

n times

u is minimally

prolific for 1 . . . 1
︸ ︷︷ ︸

n times

v.

Lemma 4.2. Given a composition u, the unique minimal u-prolific composition is u itself if and only if u

has a part of size one between every pair of parts of size greater than one.

Proof: Under the given conditions on u in the Corollary to Theorem 3.3 the second condition is vacuous.

Since u is covered by itself and no smaller composition can be covered by copies of u the composition u

is minimally prolific for itself.

Suppose that u has a pair of parts with no one between them, then write u as αxyβ with x, y > 1 then

clearly αx1yβ contains no new copies of u.

If u is u-prolific then we call it a self-prolific composition.

Theorem 4.3. Given a composition of k+2 parts, u = 1e1e2 . . . ek−1ek1 such that for all i > 0, ei > 1.

There is a unique minimal u-prolific composition p given by:

p = 1e1e2 . . . ek−1 max(ek, e1) e2 . . . ek−1ek1

Proof: p is u-prolific.

The composition p is covered by u since the first (k + 1) parts form an occurrence of u with any other

part of p.

Adding a new part of size 1 anywhere before the (k + 1)st part creates a new occurrence of u with

the last (k + 1) parts, and adding a new part of size 1 anywhere after the (k + 1)st part creates a new

occurrence of u with the first (k + 1) parts. Therefore p is u-prolific.

No composition contained in p is u-prolific.

Without loss of generality (due to symmetry under reversal) we can consider reducing the size of one

of the first k + 1 parts.

We have two cases:
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Case 1 (ek ≥ e1). Consider inserting a new part of size 1 after the middle term. To the right of this

part there are only k parts so we cannot find an occurrence of u in which the new part plays the role of

the leftmost part of size 1. In order that we should have a new occurrence of u to the left of the new part

would require each such part to match into the corresponding part of u since there are exactly enough parts

available. But one of them is smaller than the corresponding part of u so this cannot happen. Therefore,

no new occurrence of u is created.

Case 2 (e1 > ek). If we have reduced any of the first k parts then we can insert a new part after the middle

term and the logic follows from the previous case. On the other hand if we reduce the middle part then

inserting a new part of size 1 before it does not create any new occurrences of u. The new part cannot

play the role of a rightmost one in any occurrence of u since there are only k parts preceding it. Also, it is

not possible to use the new part as a leftmost one since all the remaining parts would be required but the

first of them is now smaller than e1.

Taking both of these cases together tells us that no composition contained in p is u-prolific.

Any composition not containing p is not u-prolific.

Suppose there existed a composition v that did not contain p but was u-prolific. Write p as 1W1. Since

v avoids p, and occurrence matching can occur greedily, it is possible to concatenate additional parts to v

to produce a composition that contains 1W but does not contain p. That composition will still be u-prolific

since v was. So without loss of generality, we may assume that v contains 1W but not 1W1. Now v has

the form

v = v1v2 . . . vm

We can greedily match parts of 1W into v, the matching must finish at the part vm since v does not

contain 1W1,

v1 v2 . . . x . . . y . . . vm≥ ≥ ≥ ≥ ≥ ≥

1 e1 . . . ek−1 max(e1, ek) e2 . . . ek

(2)

Consider adding a new part of size 1 immediately before the part y above. This new part cannot be the

initial one in an occurrence of u as the first layer that the part e1 can match into is the part y, and then

matching greedily would continue as before and ends when the part ek has been matched into the part vm
– so no copy of u would be found.

If this new part were a right hand 1 in an occurrence of u then we must have seen a part of size ek
between the parts x and y. This means that ek < max(e1, ek). Therefore, if ek ≥ e1 then v is not

u-prolific with this part not creating any new occurrences of u.

In the case that ek < e1, consider putting a new part of size 1 immediately after x, this cannot be a right

hand 1 in an occurrence of u, as the prefix of u up to this part is 1, . . . , ek−1 . If it were a left hand 1 in an

occurrence of u then the part y is the first part that matches e1, and the greedy match continues as before

from this point, and no new occurrence of u will be found. So v is not u-prolific.

Lemma 4.4. If v = 1γ1 is a minimally prolific composition for u = 1β1 then for every part, vi, of v there

exists some insertion of an element into 1γ1 such that any new occurrence of u must use vi.

Proof: Otherwise every insertion of a 1 creates a new occurrence of u not using vi. But then the compo-

sition formed by deleting vi from v is already prolific, contradicting v’s minimality.
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Theorem 4.5. If 1α1 is self-prolific and 1γ1 is a minimally prolific composition for 1β1 then the compo-

sition v = 1α1γ1 is minimally prolific for u = 1α1β1.

Proof: The argument is essentially the same as that for Theorem 4.1. Because 1α1 is self-prolific the au-

tomaton for Pro(1α1) has loop transitions labelled by values less than the next element of 1α1 and proper

transitions to the next state on larger values. It is a single chain with no branches. But, in considering

the automaton for Pro(1α1β1) the same transitions apply only the suffix conditions have β1 appended.

Therefore the complete structure of the Pro(1α1β1) automaton is obtained from the Pro(1β1) automaton

by fusing its initial state (corresponding to an empty prefix) with the penultimate state of the Pro(1α1)
automaton (corresponding to a remaining suffix requirement of 1.)

In particular the minimal compositions accepted by this automaton are exactly 1α followed by a mini-

mal composition accepted by the Pro(1β1) automaton.

We have now seen that certain compositions u have unique minimal u-prolific compositions.

Now we consider methods for determining the minimal u-prolific compositions for compositions that

are not encompassed by the previous results.

An automaton, A, that accepts minimally prolific compositions (and possibly some others) for the

composition u is easily constructed from the automaton, D that accepts all u-prolific words. Consider

what happens if we were to follow a transition that loops in D, if we then reach an accepting state we

could find a smaller u-prolific composition by omitting the part introduced by this loop, therefore we can

redirect any transitions that label loops into a non-accepting sink state. Any interval causing a transition

can be replaced by the smallest value it contains, and any larger values can also be redirected to the sink

state since any composition obtained by using a larger value causing the same transition can be made

smaller by using the smaller value.

Example 4.6. The automaton for recognising minimal 1221-prolific compositions, as well as some other

1221-prolific compositions.

(0, 1) (1, 1) (2, 1) (3, 2)

(4, 2)

(4, 3) (4, 4)
1 2 2

1

2

2

1

After these modifications the automaton accepts fewer compositions but still accepts only u-prolific

compositions and still accepts all minimal u-prolific compositions. If there are no branches then in fact

we will have established that there is only one minimal u-prolific permutation. However, if there are

branches then Dijkstra’s algorithm can be applied to find a minimal weight path to the accepting state

– where the weight of a path is the sum of its labels. This path must represent a minimal u-prolific

composition, v. But now we can easily modify the automaton to accept only those words accepted by

the original one which do not contain v (simply by keeping track of what prefix of v has been found and

passing to a sink state if we contain v). If this modification still has accepting computations then we can

find a minimum weight word that it accepts which is another minimal u-prolific composition. Since we

know that the set of minimal u-prolific permutations is finite this procedure terminates with the complete

set.
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Application of this technique has allowed us to verify the theory presented in this section as well as find

some examples of interesting behaviour that leads to further questions and avenues for investigation. For

example, in the family of compositions having the structure

Mk = 122 1 . . .1
︸ ︷︷ ︸

k ones

221

there are k + 1 minimally prolific compositions for the composition Mk for all k from 0 to 8. This gives

rise to the following conjecture.

Conjecture 1. Given any integer r there exists a composition u such that the set of minimally u-prolific

compositions has exactly r elements.

5 Future

The concept of prolificity can be framed in another way. Consider any class of combinatorial objects that

carries a notion of embedding where each embedding of a structure A into a structure B is witnessed by

an injective map from A to B. Then, even if we do not want to count embeddings, it makes sense to say

that B is covered by A if the union of the ranges of such maps is B. Now we can say that B is A-prolific

if every structure containing B is covered by A. In compositions this definition is equivalent since we

obtained covering as a necessary condition (strictly speaking the counting definition would require only

that for a structure C containing B the union of the images of A should contain C \B).

Despite this natural framing it seems that this concept has not previously been investigated extensively.

We believe that the previous sections show that there are contexts in which it is of interest – at the very

least for integer compositions, where a number of open questions still remain. For instance, aside from

the two conjectures above we can ask: if u is a composition with k parts, then what is the maximum

possible size of the set of minimal u-prolific compositions? Note this question does have a finite answer

since we may assume that u is standardised and there are only finitely many standardised compositions

with k parts.

We can easily consider prolificity in other combinatorial structures, for instance graphs. If embedding

is taken to be as an induced subgraph, it is easy to see that there are no G-prolific graphs for any graph G

other than a single vertex. This is because a graph can be extended by adding a new vertex independent

of all others, and also by adding a new vertex adjacent to all others. For G having more than one vertex,

one of these extensions fails to contain new copies of G. However, it is easy to establish that, in the class

of graphs of bounded degree d, there exist graphs that are prolific for the graph that has three vertices and

one edge.

In general we believe that the use of automata in considering prolific structures, as we were able to

do for compositions, is a powerful tool. This suggests that further investigations should concentrate on

classes that allow the representation of structures as words over some alphabet.
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Linear chord diagrams are partitions of [2n] into n blocks of size two called chords. We refer to a block of the form

{i, i+ 1} as a short chord. In this paper, we study the distribution of the number of short chords on the set of linear

chord diagrams, as a generalization of the Narayana distribution obtained when restricted to the set of noncrossing

linear chord diagrams. We provide a combinatorial proof that this distribution is unimodal and has an expected value

of one. We also study the number of pairs (i, i + 1) where i is the minimal element of a chord and i + 1 is the

maximal element of a chord. We show that the distribution of this statistic on linear chord diagrams corresponds to

the second-order Eulerian triangle and is log-concave.

Keywords: linear chord diagrams, matchings, noncrossing partitions, Narayana numbers, Eulerian triangle

1 Introduction

Linear chord diagrams are partitions of [2n] = {1, 2, ..., 2n} into n blocks of size two called chords. For

a given chord {a, b} with b > a, we call a the startpoint, b the endpoint and b− a the length of the chord.

Linear chord diagrams with n chords are also called (perfect) matchings on [2n], i.e. ways of connecting

2n points in the plane lying on a horizontal line by n arcs, each arc connecting two of the points and lying

above the points, as described by Stanley (2015).

Two chords, {a1, b1} and {a2, b2}, are said to be crossing if a1 < a2 < b1 < b2 and are said to be

nesting if a1 < a2 < b2 < b1. For example, when n = 2 there are three linear chord diagrams:

1 2 3 4 1 2 3 4 1 2 3 4

The first of the three linear chord diagrams above consists of a pair of chords that are neither crossing nor

nesting; the second diagram consists of exactly one crossing and the third diagram consists of exactly one

nesting.

When n = 3, there are fifteen linear chord diagrams, all of which are shown in Figure 1 below. The

diagrams in the first row of Figure 1 are noncrossing (i.e., contain no crossings), while the last diagram

in the first row and the first four diagrams in the second row of Figure 1 are nonnesting (i.e., contain no

nestings). In general, the total number of linear chord diagrams having n chords is (2n− 1)!!.
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Fig. 1: The set of all linear chord diagrams with three chords each of length at least one.

Sullivan gave a relationship for the diagonals of the array (1) below of linear chord diagrams with n

chords where all chords have length at least k. See Sullivan (2017).

n\k 1 2 3 4 5
1 1
2 3 1
3 15 5 1
4 105 36 10 1
5 945 329 99 20 1
... · · ·

(1)

We are interested in further refining this table by considering the number of chords of length k for each

linear chord diagram with n chords.

In this paper, we will focus only on the case where k = 1, i.e. those linear chord diagrams with n

chords whose shortest chord is of length at least 1, classified by the number of chords of length 1. In

other words, we will look at the set of all linear chord diagrams with n chords (since all diagrams have

a shortest chord of length at least 1) by number of chords of length 1. In this context, a short chord will

be understood to be a chord of length one. Table (2) gives the total number Ln,s of linear chord diagrams

with n chords exactly s of which are short (have length one):

n\s 0 1 2 3 4 5 6 7 8
0 1
1 0 1
2 1 1 1
3 5 6 3 1
4 36 41 21 6 1
5 329 365 185 55 10 1
6 3655 3984 2010 610 120 15 1
7 47844 51499 25914 7980 1645 231 21 1
8 72135 769159 386407 120274 25585 3850 406 28 1
... · · ·

(2)
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n L1
n(q) L2

n(q) L3
n(q)

1 q

2 1 + q + q2 q2

3 5 + 6q + 3q2 + q3 1 + 2q + 2q2 q3

4 36+41q+21q2+6q3+q4 10+ 14q+9q2 +2q3 + q4 1 + 3q + 4q2 + 2q3

...
...

Fig. 2: The distribution of the number of minimal length chords on Lk

n for k = 1, 2, 3, . . . .

More generally, if we let Lk
n denote the set of all linear chord diagrams having n chords, each of which

has length at least k, then for π ∈ Lk
n, we refer to a chord of length k in π as a short chord. For π ∈ Lk

n,

define sc(π) to be the number of short chords, i.e. the number of chords of length k, in π. We want to

consider the distribution of the number of short chords on Lk
n, that is,

Lk
n(q) :=

∑

π∈Lk
n

qsc(π).

See Figure 2. Note that the numbers Ln,s in the table (2) above are the coefficients of the polynomials

L1
n(q) in the first column of the table in Figure 2. The numbers Ln,s are recorded as A079267 in Sloane

(2019).

It is known that the Catalan numbers Cn = 1
n+1

(

2n
n

)

count the number of noncrossing matchings on

[2n]. The Narayana numbers, N(n, k) = 1
k

(

n−1
k−1

)(

n
k−1

)

, count the number of noncrossing matchings on

[2n] with k arcs of the form (i, i+ 1) (i.e., k chords of length 1). The Narayana numbers are given by the

following table:

n\k 1 2 3 4 5
1 1
2 1 1
3 1 3 1
4 1 6 6 1
5 1 10 20 10 1
... · · ·

We may consider table (2) as a generalization of the Narayana numbers on the set of all matchings on

[2n].
An LR pair in a linear chord diagram is a pair of consecutive integers (i, i + 1) where i is a startpoint

of a chord and i + 1 is an endpoint of a (possibly different) chord. The Narayana numbers also count the

number of nonnesting matchings on [2n] with k LR pairs, which can be seen as follows. We first make

the well known observation that the Narayana numbers count the number of Dyck paths of length 2n with

k peaks, as described by Stanley (1999). Consider a Dyck path as a list of n up steps U and n down steps

D, such that at any step the number of preceding down steps never exceeds the number of preceding up

steps. Label the U steps of the list with the numbers 1 through n, from left to right, and label the D steps

of the list with the numbers 1 through n, from left to right. Draw a linear chord diagram with n chords

by connecting the U step labeled i with the D step labeled i, for all i = 1, . . . , n. The result is a unique

nonnesting linear chord diagram with n chords and k LR-pairs.

https://oeis.org/A079267
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We obtain a different generalization of the Narayana numbers by considering LR pairs in all matchings

on [2n] (equivalently, linear chord diagrams with n chords). Let Tn,k denote the number of all linear

chord diagrams with n chords having exactly k LR pairs. The following table gives the numbers Tn,k:

n\k 1 2 3 4 5 6 7
1 1
2 2 1
3 6 8 1
4 24 58 22 1
5 120 444 328 52 1
6 720 3708 4400 1452 114 1
7 5040 33984 58140 32120 5610 240 1
... · · ·

(3)

In Section 2 of this paper, we prove combinatorially that the rows of table (2) are unimodal and con-

jecture that they are also log-concave. We also give the exponential generating functions for the columns

of this triangle. It is known that the expected number of short chords among the elements of L1
n is one.

This fact was first shown by Kreweras and Poupard (1978) and more recently extended by Young (2018).

However, in Section 2, we provide a combinatorial proof of this fact by providing a bijection between the

total number of linear chord diagrams with n chords and the total number of chords of length one among

all linear chord diagrams with n chords. In Section 3, we explore the triangle given by table (3). We

connect table (3) to the second order Eulerian triangle and prove that the rows of table (3) are log-concave

(and thus also unimodal).

2 A Generalized Narayana Triangle

We now explore several interesting properties of the generalized Narayana triangle given in table (2), i.e,

the number of linear chord diagrams with n chords, exactly s of which have length 1. It is easy to see

that the entries on the main diagonal of this triangle will always have the value 1. Furthermore, the entries

along the first sub-diagonal correspond to the triangular numbers
(

n
2

)

.

Now recall from Section 1 that Ln,s =
∣

∣{π ∈ L1
n | sc(π) = s}

∣

∣ is the number of linear chord diagrams

having n chords exactly s of which are chords of length one. We introduce the following shorthand,

Ln(q) := L1
n(q) =

n
∑

s=0

Ln,s q
s,

and note that the coefficients of Ln(q) are given by the rows of table (2).

Theorem 1. Ln(q) is unimodal.

Proof: Let Ln,s := {π ∈ L1
n| sc(π) = s} denote the set of linear chord diagrams having n chords and

exactly s short chords (i.e., chords of length one), so that |Ln,s| = Ln,s. We can show that Ln(q) is

unimodal by establishing injective maps φ1 : Ln,0 → Ln,1 and φj : Ln,j → Ln,j−1 for j = 2, . . . , n.

Define φj : Ln,j → Ln,j−1 for j ≥ 2 as follows. Let π ∈ Ln,j . Then π has j short chords, where j ≥ 2.

Take the rightmost short chord, say {i, i+ 1}, and unwrap this chord by sending the right endpoint to the
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beginning of the diagram, i.e., replacing it with the long chord {1, i}. The result is a linear chord diagram

with j − 1 short chords where all short chords are covered. φj is injective. Define φ1 : Ln,0 → Ln,1 as

follows. Let π ∈ Ln,0. Take the first (long) chord {1, i} and turn it into the short chord {i, i + 1}; the

result is a chord diagram with exactly one short chord. This map is injective but not surjective because it

will not produce the chord diagrams in Ln,1 that begin with a short chord.

Conjecture 1. The coefficients of Ln(q) form a log-concave sequence.

Theorem 2. The exponential generating function for the number Ln,s of linear chord diagrams with n

chords, exactly s of which are chords of length one, is

e(−1+
√
1−2t)

√
1− 2t

· (1−
√
1− 2t)s

s!
.

Proof: First we note that, for s ≥ 0, the numbers Ln,s satisfy the recurrence

Ln,s = Ln−1,s−1 + (2n− 2− s)Ln−1,s + (s+ 1)Ln−1,s+1 (4)

with L0,0 = 1 and Ln,s = 0 for s > n. A combinatorial proof of this recurrence is given in Krasko and

Omelchenko (2017). We want to find the exponential generating function

Ls(t) :=

∞
∑

n=0

Ln,s

tn

n!

for the sth column of the triangle in (2). To do this, we extend the approach in Krasko and Omelchenko

(2017) that was used to find the exponential generating function L0(t). Recalling this approach, we define

Ln(q) := Ln,0 + Ln,1q + Ln,2q
2 + · · ·+ Ln,nq

n

and note that

Ln,s =
L
(s)
n (0)

s!
.

In Krasko and Omelchenko (2017), the authors define the bivariate generating function

ω(q, t) =
∞
∑

n=0

Ln(q)
tn

n!

and use recurrence (4) to show that

ω(q, t) =
e(1−q)(−1+

√
1−2t)

√
1− 2t

,

thereby setting q = 0 to obtain

L0(t) =
e(−1+

√
1−2t)

√
1− 2t
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as the exponential generating function for the first column of (2).

We can extend this observation by noting that

Ls(t) =

∞
∑

n=0

Ln,s

tn

n!
=

∞
∑

n=0

L
(s)
n (0)

s!

tn

n!
=

(

1

s!

∂sω

∂qs

∣

∣

∣

∣

q=0

)

and
1

s!

∂sω

∂qs
=

e(1−q)(−1+
√
1−2t)

√
1− 2t

· (1−
√
1− 2t)s

s!
.

Letting q = 0 in the last equation we obtain

Ls(t) =
e(−1+

√
1−2t)

√
1− 2t

· (1 −
√
1− 2t)s

s!
.

The last line of the preceding proof implies that the triangle in (2) is an exponential Riordan array with

initial function g = e(−1+
√

1−2t)
√
1−2t

and multiplier function f = 1 −
√
1− 2t. For reference, see Shapiro

et al. (1991) or Barry (2007). Furthermore, we may use Riordan group algebra to count the total number

of short chords among all linear chord diagrams with n chords. To do this, we multiply triangle (2) by the

infinite column vector (0, 1, 2, 3, . . . )T , using Riordan group multiplication. Since tet is the exponential

generation function for the sequence 0, 1, 2, 3, 4, . . . , the Riordan multiplication proceeds as follows:

(

e(−1+
√
1−2t)

√
1− 2t

, 1−
√
1− 2t

)

∗ tet =
e(−1+

√
1−2t)

√
1− 2t

(

1−
√
1− 2t

)

e1−
√
1−2t

=
1√

1− 2t
− 1

=

∞
∑

n=0

(2n− 1)!!
tn

n!
,

where (2n − 1)!! = 1 · 3 · 5 · (2n − 1) for n ≥ 1 and 0 otherwise. The result is that the total number

of short chords among all linear chord diagrams with n chords is the same as the total number of linear

chord diagrams with n chords.

We now provide a bijective argument for the fact that the expected number of short chords among all

linear chord diagrams with n chords is one.

Theorem 3 (Kreweras and Poupard (1978)). The total number of short chords among all linear chord

diagrams with n chords is equal to the number of linear chord diagrams with n chords.

Proof: We will construct a bijection which maps each short chord s in a linear chord diagram D with n

chords to a unique linear chord diagram Ds with n chords.

To begin, identify a short chord s in any linear chord diagram D with n chords. If s = {1, 2}, then

s will be mapped to the diagram D that s is a part of, that is, Ds = D. If s = {i, i + 1} in D, where

i > 1, then s will be mapped to the diagram Ds that has the same connectivity as D, except that the chord



Statistics on Linear Chord Diagrams 7

Fig. 3: An illustration of the bijective proof of Theorem 3 in the case where n = 3. For each short chord s (highlighted

in bold) above, see its corresponding linear chord diagram Ds pictured below.

{i, i+1} in D has been replaced with the chord {1, i+1} and all start and endpoints between 1 and i− 1
have moved one position to the right. It should be clear that if s1 and s2 are two different short chords,

either from the same or different diagrams, then Ds1 6= Ds2 , and hence this map is injective.

To invert this map, we do the following. Take a linear chord diagram D and consider its first chord

{1, i + 1}. If i = 1, associate D with its first chord s = {1, 2}. If i > 1, create a new diagram by

removing {1, i+ 1} from D, shifting all the start and endpoints 2, . . . , i of D one position to the left and

inserting the chord s = {i, i+1}. Associate D with the short chord s = {i, i+1} from this new diagram.

It should be clear from the description of this inverse map that if D1 and D2 are two different linear chord

diagrams, then the short chord s1 associated with D1 will be different from the short chord s2 associated

with D2.

See Figure 3 for a depiction of this bijection when n = 3.

Hence, we have a bijection between the set of short chords among all linear chord diagrams with n

chords and the set of linear chord diagrams with n chords.

3 The Second-Order Eulerian Triangle

In this section, we explore the second-order Eulerian triangle, which can be thought of as another general-

ization of the Narayana triangle. The second-order Eulerian triangle is given below, where entry E(n, k)
is known to count the number of permutations of the multiset {1, 1, 2, 2, . . . , n, n} with k ascents such



8 Naiomi T. Cameron, Kendra Killpatrick

that between any two copies of m there are only numbers less than m.

n\k 0 1 2 3 4 5 6
1 1
2 1 2
3 1 8 6
4 1 22 58 24
5 1 52 328 444 120
6 1 114 1452 4400 3708 720
7 1 240 5610 32120 58140 33984 5040
... · · ·

This triangle is recorded as A008517 Sloane (2019). The second-order Eulerian numbers are known to

satisfy the recurrence:

E(n, k) = (k + 1)E(n− 1, k) + (2n− k − 1)E(n− 1, k − 1) (5)

where E(n, 0) = 1. This can be seen by the following argument.

One can form all permutations of the multiset {1, 1, 2, 2, . . . , n, n} with k ascents in which between

any two copies of m there are only numbers less than m by taking all such permutations of the multiset

{1, 1, 2, 2, . . . , n − 1, n − 1} with k ascents and first replacing all numbers m = 1, 2, . . . , n − 1 with

m + 1. Then insert the pair 1 1 at the end of the permutation or between any ascent, which can be done

in k + 1 ways. One can also form such a permutation by taking any such permutation of the multiset

{1, 1, 2, 2, . . . , n − 1, n − 1} with k − 1 ascents and inserting the pair 1 1 at any place which is not an

ascent, which can be done in 2n− k − 1 ways.

The row reversal of the second-order Eulerian triangle gives the triangle

n\k 1 2 3 4 5 6 7
1 1
2 2 1
3 6 8 1
4 24 58 22 1
5 120 444 328 52 1
6 720 3708 4400 1452 114 1
7 5040 33984 58140 32120 5610 240 1
... · · ·

(6)

whose entries we will denote by T (n, k). Note we have re-indexed the columns to initialize with k = 1.

Proposition 1. The entries T (n, k) of the row reversed second-order Eulerian triangle (6), which satisfy

T (n, k) = (n− k + 1)T (n− 1, k − 1) + (n− 1 + k)T (n− 1, k) (7)

with n, k ≥ 1 and T (n, 1) = n!, count the number of linear chord diagrams with n chords and k LR

pairs.

https://oeis.org/A008517
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Proof: The fact that T (n, k) satisfies recurrence (7) follows directly from recurrence (5) for the second-

order Eulerian triangle. We will show that the number of linear chord diagrams with n chords and k LR

pairs also satisfies recurrence (7).

To form a linear chord diagram with n chords and k LR pairs, start with a linear chord diagram with

n − 1 chords and k − 1 LR pairs. Place a new start point for a chord at the beginning of the diagram

and place the end point for the chord after any start point that isn’t in an LR pair. This can be done in

n− (k−1) = n−k+1 ways. One can also form a linear chord diagram with n chords and k LR pairs by

starting with a linear chord diagram with n− 1 chords and k LR pairs. Place a new start point for a chord

at the beginning of the diagram and place the end point for the chord after any end point or after any start

point that is in an LR pair. This can be done in (n− 1) + k ways.

Thus we can consider the row-reversed second-order Eulerian triangle to be a generalization of the

Narayana triangle for all linear chords diagrams (not just those that are non-nesting, which are those

counted by the Narayana triangle). Since the generalized Narayana triangle studied in Section 2 has

entries that we have proven to be unimodal and conjecture to be log-concave, one might wonder if those

properties hold for this second generalization of the Narayana triangle as well.

Using the following lemma due to Kurtz (1972), we may conclude that the coefficients in each row of

the (row-reversed) second-order Eulerian triangle form a log-concave, and therefore unimodal, sequence.

Lemma 1 (Kurtz (1972)). Suppose

n
∑

k=0

R(n, k)qk is a polynomial for which R(n, k) satisfies the recur-

rence relation

R(n, k) = (a1n+ a2k + a3) R(n− 1, k)

+ (b1n+ b2k + b3) R(n− 1, k − 1),

for n ≥ k ≥ 1, with boundary conditions R(0, 0) > 0,

R(n,−1) = R(n, n+ 1) = 0, for n ≥ 1,

a1 ≥ 0, a1 + a2 ≥ 0, a1 + a2 + a3 > 0, and

b1 ≥ 0, b1 + b2 ≥ 0, b1 + b2 + b3 > 0.

Then, for given n, the sequence {R(n, k)}0≤k≤n is log-concave.

Theorem 4. T (n, k) forms a log-concave sequence.

Proof: T (n, k) satisfies Lemma 1 with a1 = 1, a2 = 1, a3 = −1, b1 = 1, b2 = −1, b3 = 1.

4 Summary and Future Work

We have given two generalizations of the Narayana numbers, the number of linear chord diagrams with n

chords and k short chords and the number of linear chord diagrams with n chords and k LR pairs which

give the Narayana numbers when restricted to non-crossing linear chord diagrams (in the first case) and

nonnesting linear chord diagrams (in the second case), but which are not themselves equidistributed. In
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addition, the first generalization gives a study of the coefficients given by the polynomials in the first

column of table in Figure 2.

Since the results of this paper focus on generalizing the Narayana numbers and the first column of the

table in Figure 2, one might wonder if there are interesting results that could be proven for the coefficients

of the remaining columns in Figure 2.

Another interesting observation is that all matchings can be considered to be Fibonacci tableaux with no

fixed points and all non-nesting matchings are both Fibonacci tableaux and 2×n tableaux that are counted

by the Catalan numbers. Fibonacci tableaux with no fixed points correspond to permutations that are 312,

321 and 123 avoiding, thus giving a relation between matchings and pattern avoiding permutations. It

would be interesting to see results involving various statistics on these objects translated to and/or from

linear chord diagrams.
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