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We study the local limit of the fixed-point forest, a tree structure associated to a simple sorting algorithm on permu-
tations. This local limit can be viewed as an infinite random tree that can be constructed from a Poisson point process
configuration on [0, 1]". We generalize this random tree, and compute the expected size and expected number of
leaves of a random rooted subtree in the generalized version. We also obtain bounds on the variance of the size.
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1 Introduction

We start with a simple sorting algorithm on a deck of cards labeled 1 though n. If the value of the top
card is ¢, place it in the ¢th position from the top in the deck. Repeat until the top card is a 1. Viewing the
deck of cards as a permutation in one-line notation 7 = 7(1)7(2) - - - m(n), we create a new permutation,
7(m), by removing the value 7(1) from beginning of the permutation and putting it into position m(1).
For example, if 7 = 43512 then 7(7) = 35142. This induces a graph whose vertices are the permutations
of [n] = {1,--- ,n} and edges are pairs of permutations (7, 7(7)). Note that 7(r) has a fixed point at the
position 7(1).

This graph is a rooted forest, which we denote by F,, and call the fixed point forest. A rooted forest
is a union of rooted trees, and a tree is a graph that does not contain any closed loops involving distinct
vertices. A permutation that begins with 1 is called the base of the tree in which they are contained. A
thorough introduction to the fixed point forest can be found in Johnson et al.|(2017).

The fixed point forest was first studied in [McKinley| (2015). The largest tree in F}, has size bounded
between (n — 1)! and e(n — 1)! and has as its base the identity permutation. The longest path from a leaf
to a base is 2! — 1 and is unique, starting from the permutation 23 - - - n1 and ending at the identity.

Let G,, denote the set of permutations of length n. For 7 € &,,, let F(7) denote the collection of fixed
points of 7 other than 1. For each m € F(7) we create a new permutation (™ such that

m, =1
™M@y =< w(i—1), 2<i<m
(1), m<i<n
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Fig. 1: The descendant tree desc(r) for m = 31245

We say we bump the value m in 7 to create (™) and call 7(™) a child of =. We let C(r) = {m(™) :
m € F(m)} denote the set of children of 7. Every child o € C() satisfies 7(c) = 7 hence is connected
to 7 in F,,.

Let N () be the rooted tree in F;, that contains 7, with 7 designated as the root instead of the unique
permutation that starts with 1 in N (7). Let desc(r) be the subtree of N (7) rooted at 7 and consisting
of 7 and its descendants, so that desc(m) C N (). We call this the descendant tree of 7 (See Figure [1)).
Note that for any permutation o € desc(r), there is some 7 such that 7" (o) = 7.

By Theorem 3.5 in Johnson et al.| (2017)), there exists a tree, T, such that as n — oo, for m,, chosen
uniformly at random from permutations of size n, the randomly rooted tree N,, = N (m,,), converges in
the local weak sense to T. This limiting tree is described in Section 2 of Johnson et al.|(2017), and the
subtree of T which corresponds to the local weak limit of desc(m,,) has a similar description, denoted
by D. In|Johnson et al.|(2017), they find the distribution for the shortest and longest paths from the root
to a leaf in D. The main purpose of the paper is to study the size of D. For a € [0, 1], we define a
generalization of D, denoted D, such that D = D;. We compute the expected size and expected number
of leaves of D, and show that they are both unbounded for o« = 1. Finally we find bounds on the second
moment of the size of D,. We show that the second moment has a phase transition from finite to infinite
somewhere between (3 — 1/5)/2 and (v/5 — 1)/2.

2 Local limits, point process configurations, and trees
Poisson Point Processes

The following briefly introduces an important probabilistic object: Poisson point processes. A thorough
treatment can be found in |[Kingman| (1993)).

We say a random variable X is Poi(a) if it satisfies P(X = k) = ;e *a*. If X; and X; are two
independent Poi(«y) and Poi(a ), respectively, then their sum is Poi(ag + aq).

A point process on [0, 1] is an integer-valued measure on Borel sets of [0, 1]. It may be viewed as a
collection of points, which represent the atoms of the measure. A point process configuration on [0, 1] is a
collection of point processes, each on [0, 1], and can be viewed as a collection of labelled points on [0, 1].

A Poisson point process on [0, 1] with intensity « is a random integer-valued measure which satisfies
two properties: For any Borel subset E C [0, 1] with Borel measure A, the number of atoms of the point
process in FE is given by Poi(a)), and for any disjoint Borel subsets of [0, 1] the number of atoms in
each are independent. Conditioned on the number of atoms in E the location of each of the atoms is
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Fig. 2: The bump map f (&, x) where &, is assumed to be empty.

independent and uniform in E.

Collections of Poisson point processes can be merged to create a single poisson point process. Suppose
&o is a Poi(ag) point process on [0, 1] and &; is Poi(ay) point process on [0, 1] with & and &; both
independent. Then the union of &, and &; is distributed like a Poi(ag + «1) point process. The reverse
is also true. Let &’ be a Poi(ag + ) point process on [0, 1] and label each atom 0 with probability
ag/(ap + 1) and 1 otherwise. Let &, denote the point process consisting of the atoms labeled 0 and &;
the point process of the remaining atoms. Then &j and &; are, respectively, independent Poisson(cy) and
Poisson(a;) point processes on [0, 1]. This can be generalized further to o« = cvg + -+ + a—;1. If ¢’ is a
Poisson(c) point process each atom in £’ is independently labeled such that the label is ¢ with probability
a;/a for 0 < i < k, then the collection of atoms labeled ¢ is a Poisson(c;) point process and each &; is
independent of the rest.

Let &; and & be two independent Poisson(«) point processes. For z € (0,1), define {] = 52’[0@) +

& ‘ @) © be the point process consisting of the atoms from &; restricted to the interval [0, ) and the

atoms from ¢; restricted to the interval (x, 1]. If z is independent of &; and &5 then the resulting process
&1 is also a Poisson(«) point process.

Weak Convergence

We give a brief definition of the version of local weak convergence that is used to define T and D.
See |Aldous and Steele| (2004)) or Benjamini and Schramm| (2001) for a proper discussion of local weak
convergence, which is sometimes referred to as Benjamini-Schramm convergence.

Let G1,G4 - - - be a sequence of rooted graphs. For any rooted graph H, the r-neighborhood of the
root, denoted H (r), is the subgraph of H induced from all vertices that are distance at most r from the
root. The rooted graph G is the local weak limit of G,, if for every > 0 and every finite graph H,

P[G,(r) = H] — P[G(r) = H].

From point process configurations to trees

Let £ = (&) k>0 be a point process configuration on [0, 1] where each & is a point process on [0, 1]. For
each atom x € &, define the bump map (¢, x) = (},)x>0 Where

&k

&, = §k+1‘

+ .
[0,z) (z,1]

See Figure 2] for an illustration of this map. Given a point process configuration, &, the bump map allows
us to recursively define a tree with root vy whose vertices are point process configurations. Define vy to be
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Fig. 3: A point process collection and corresponding 4-neighborhood of the bump tree. Note that any configuration
of point processes for &5 and higher will not affect the structure of the bump tree and thus v4(£) = v(£).

the root of the tree with corresponding point process configuration £¥° = £. Suppose v is a vertex in the
tree with corresponding point process configuration given by £¥. For each « € £, create a new vertex v(z)
in the tree with point process configuration given by the bump map £¥(*) = f(£?, x). The newly created
vertex v(z) is a considered a child of v. We call this tree the bump tree of £ and denote it by v(£). For
fixed r > 0 let ,.(£) denote the r-neighborhood of the root in (). Only the atoms in (£, - -+ ,&,—1) are
necessary to determine the structure of the v,.(£), so we may write v,.(§) = v,.(€o, - -+ , &—1) and assume
& = () for k > r. The map , is continuous because a slight perturbation of the atoms will not change
the relative order of the points in (&g, - -+ ,&,). See Figure [3| for an example of a finite neighborhood of
the root of the bump tree for a point process configuration.

For a permutation 7 of length n, we say the index ¢ or the value 7 (¢) is k-separated if (i) = i + k. We
define the separation word of © point-wise by W™ (i) := 7 (i) — i. No two permutations have the same
separation word. From this word we can construct a point process configuration ({7 )x>o by placing an
atom in &] at position ¢/n if ¢ is a k-separated point in 7.

By Proposition 3.4 in Johnson et al.|(2017), for fixed » > 0, as n tends to infinity,

( gna"' 7£77-r21) —d (507"' 757'—1)

where £, is a Poi(1) point process on [0, 1]. From the arguments of Theorem 3.5 in Johnson et al.
(2017), letting & = (&x)k>0, We have v, (€™ ) — 7,-(€) by continuity of -y, and the Continuous Mapping
Theorem [Billingsley| (1999)]. Furthermore, it is seen that +,.(£™) is the same as the r-neighborhood
of the descendant tree desc(m,,) with high probability. Therefore D := ~() is the local weak limit of
desc(my,).

We now can state our main results. For o € (0, 1], let £ = (£x)r>0 be a collection of independent
Poi(«) point processes on [0, 1] and let D,, := (&) be the corresponding bump tree of . Let D denote
the number of vertices and U the number of leaves in D,,. Finally let E, and P, denote the expectation
and probability associated with Poi(«a/) point processes. We now may state our main results.

Theorem 1. For0 < a < 1, E,[D] = (1 — a)~!, and E1[D] diverges.
Theorem 2. For0 < a < 1, E,[U] = e~ (1 — )™}, and E;[U] diverges.
Theorem 3. For o > (v/5 — 1)/2, E,(D?) diverges. For a < (3 — /5)/2, E,(D?) is finite.
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Fig. 4: A collection of point processes corresponding to the word 210 1 0.

3 Comparison with Galton-Watson trees

In this section we compare our results to the well-studied Galton-Watson tree Watson and Galton| (1875));
Neveu! (1986)).

A Galton-Watson tree, GW, can be constructed through a simple random process. Start with a root vg
and a nonnegative integer-valued random variable X . Create X, children of vy where X, is distributed
as and independent copy of X. For each child, v, of vy repeat this process, where X, is an independent
copy of X. Depending on the distribution of X, the resulting tree will have drastically different behavior.

Fix a nonnegative integer-valued random variable X with finite expectation 0 < E[X] < 1 and finite
second moment E[X?] < co. Let Y = [GW/|. Let X denote the number of children of the root of GW
and for 1 < i < X, let Y denote the number of vertices in the subtree consisting of the sth child and all of
its descendants. Each Y is distributed identically as an independent copy of GW. We denote the size of
GW conditioned on X by (Y|X) =1+ ZzX:1 Y. Taking expectation we have E[(Y|X)] = 1+ XE[Y]
and thus

E[Y] = E[E[(Y|X)]] = 1 + E[X]E[Y]

and so
1

=TT R

A similar approach for the second moment gives the equation

E[Y]

E[Y? =1+ EX|E[Y] + E[X]E[Y?] + E[X? - X|E[Y]?,
which can be simplified to

1 E[X?] — E[X]
(1-E[X])?  (1-E[X])?

E[Y?] = (1)
Given that E[X] < 1 and E[X?] is finite, (T) shows that E[Y?] finite. In particular if X is Poi(a) then
E[Y] agrees with E,[D] from Theorem [I| while Theorem [3] shows the second moment E[Y2] cannot
agree with the second moment E,[D?] if a > (v/5 — 1)/2 since the former is finite while the latter
diverges.

The approach used to compute E[Y] and E[Y 2] cannot be used to compute E,, [D] and E,, [ D?] because
the subtrees from the root in D, are not independent of each other.

4 Words from point process configurations

For a collection of point processes on [0, 1], § = {&x}r>0. let w,(€) be the word constructed from the
relative order of the atoms in (&g, - - - ,&-—1). For example see Figure Assuming that no two atoms of £
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are in the same location, the structure of the r-neighborhood of the root in the tree 7,-(£) can be constructed
directly from this word. Let €2,. denote the space of finite words with letters from {0,--- ,r — 1}.

If £ is a Poi(«) point process configuration, this induces a probability measure P, ,. on €2, for every
r > 0. The following lemma describes this distribution.

Lemma 4. Let £ be a Poi(«) point process configuration and W = w,.(§) the word given by the relative
order of the first r point processes of £. Let w denote a fixed word of length n in §2,.. Then

1
P.,([W|=n)=—e *"a"r" 2)

’ n!

and 1
Po,(W=w)=—e *a™ 3)

’ n!

Proof:

Construct the r independent Poi(«) point processes from a single Poi(r«) point process by labeling
each atom independently from {0, --- ,7 — 1}, choosing the label uniformly at random. The probability

that || = n is precisely the probability that a Poi(r«) point process has n atoms in [0, 1], the right hand
side of (). As the labeling is independent for each atom, each of the r™ possible labelings is equally
likely, so the probability that W = w for a fixed w of length n is computed by dividing the right hand side
of @) by r™, giving (3). O

For W € Q, of length n we write W = W7 - - - W,, in one line notation. For a fixed subset of indices
A= (iy,---,i5) let Wy = W;, - W;,. We may refine Lemmaeven further.

Lemma 5. Let u = uy ---u; be aword in Q,. Let W € Q,, and A = (i1,--- ,i;) be a set of indices
such that 1 <i; < --- <i; < n. Then,

1 ,
Po, ((Wa=u} N {{W]=n}) = —e a5,

Proof:
Conditioned on |W| = n, the labels of the atoms indexed by A are chosen independently so

Po,(Wa=u||W|=n)= rd

and the statement follows. O

The tree 7,-(§) with word w,(§) will agree up to a relabeling of the vertices of the tree v,.(¢') if
wy(§) = wy(&). A vertex in the tree corresponds to bumping a particular set of atoms in a particular
order. Therefore the measure P, , on words in €, is exactly the measure we need to understand the
7 (©).

We can translate our language of bumping atoms in & to bumping letters in words. Let W € ,.. For
each 0 € W, we construct a new word by removing the chosen 0 and reducing every letter to the left of
it by 1. We say the index of this letter 0 is bumped and indices less than the bumped index are shifted.
The set of indices of the Os in a word are called the bumpable indices. The set of words that can be
constructed by bumping a single 0 in W are called the children of W and denoted C(W). For example the
word 2 1 0 1 0 has has two children, 1 0 J 1 0 and 1 0 O 0 OJ, where [J is used to indicate bumped indices
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Fig. 5: The tree, y(w), for the root word w =21010

or indices shifted below zero. Once the letter at an index becomes [J in a word it can never become 0 in
one of its descendants. We construct a rooted tree, denoted y(W), following a process that mirrors our
construction of (&) for point process configurations. We let ; (1) denote the j-neighborhood of the
root in y(W).

We may omit the [J symbol in the labeling of the tree. The [J symbol is used to emphasize that the set
of indices is the same for each word in the same tree. See Figure [5] for the rooted tree in 23 associated
with the word 2 1 0 1 0. The sequence of indices that are bumped to reach the vertex v in (W) is called
the bumping sequence of v.

For j > 1 and every vertex v € ~y;(W)\7;—1(W) there is a corresponding set of j atoms that must
be bumped in a particular order to reach v. This sequence of atoms induces an ordered set of indices
A = {a1 < --- < a;} and permutation, o, of length j such that v is obtained by bumping the atoms at
the indices in order {ay,, - - , agj} where each of the indices must be 0 when they are bumped. We say
the set of indices A reaches v by the order o. Since (W) is a tree, any such v is reachable by a unique
pair (4, 0).

For a set of indices A = {a; < --- < a;}, we say A is complete in W if there exists an order o € &;
and a sequence of words W = WO ... W/ such that for 1 < i < j, W% € C(Wi~1) is obtained by
bumping the index a,, in W*. Whether or not A is complete in W is independent of the letters not in A.
The following lemma gives conditions on when A is complete in WW.

Lemma 6. If A is complete in W € Q, with |A| = j, there is a unique o € S such that a vertex in y(W)
is reachable by (A, o). If r > j, then for each o € & there is a unique sequence of values u = u - - - u;
such if W4 = u then there exists a vertex in y(W) that is reachable by (A, o).

Finally, A is complete with respect to W if and only if W, < min(j —é,r — 1) for 1 < i < j.

Proof:

Since A is complete in W there is at least one o € .S and v in y(WW) such that v is reachable by (A, o).
First a,, is bumpable if and only if W,, = 0. In order for a,, , to be bumpable after bumping a., up to
a4, , the label of a,,, , must be 0, and therefore index must be shifted exactly Wa(’i+1 times by bumping
indices larger then a,,  , . For this to occur there must be exactly Waaiﬂ integers m such that m < ¢ 41
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and 0,,, > ;1. In terms of 0 ~! we have for 1 < i < j,
We, = #{i <m < jlo; ' >0,'}.

The sequence of values Wy, - -+ W, is the unique inversion table (Knuth| (1998)) for the permutation
o~1. No two permutations have the same inversion table and thus ¢ must be unique. Givena o € & j»if
W 4 is the inversion table for c~! then A will be complete with respect to .

Finally we have that W, - - - Waj is an inversion table if and only if W,, < j —iforl <14 < j. We
also have that W,, < r — 1 by definition. O

Define the following truncated factorial function:

e ={ e TEY

yly Y, y <.

Note that lim, ., f,(z) = z!.
Let §,(j) denote the set of subwords of length j such such that A is complete in W if and only if
Wa € B,(j). Forany r > 0 and j > 0, by Lemmal6)]

and for r > 3, this simplifies to

5 Expectation of D and U

Let D(") denote the number of vertices in ~,-(¢). Let U(") denote the number of leaves in ~,.(¢) that are
distance less than r from the root. Note that a leaf in ~,.(¢) that is distance r from the root may not be
a leaf in v,41(€). By Theorem 5.1 in Johnson et al|(2017), the longest path to a leaf in y(€) is almost
surely finite and therefore ~,.(£) is identical to (€) for large enough r. To compute the expectation of D
and U it suffices to compute the expectation of D) and U(") and let r tend to infinity.

Let W be chosen from Q,.. For j < r let D](-T) = | (W)\yj—1(W)|. Similarly let £; denote the set

of leaves in y; (W), so that for j < r — 1, Ujm = |L;(W)\L;—1(W)], the number of leaves in y; (V)
exactly distance j from the root. By linearity of expectation

Ea,r[D(r)] = Z EQ,T[DJ('T)]
=0

and
r—1

Ea,r[U(T)} = ZEO‘»T[UJ(T)]'
3=0
For a fixed j < n, let A be the set of all subsets of j indices A C [n]. Consider a fixed A € A and a

word u of length j with letters less than r. If a word W € (),. has length n, there are 7™~/ possible fillings
of the indices in [n] \ A and there are f,-(j) ways to fill the indices of A so that A is complete in TV.
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By Lemma 5| we have
P, ({Aiscomplete in W} N {|[W|=n}) = e *"a"r" 77 f,(j)/n. 4)

By the one-to-one correspondence with complete indices A in W of size j with vertices in (W)
exactly distance j from the root, the expectation of DY) is

Eo [D 1w2] = 7 e @ a™ I () /nl = e~ a7 £(7) /(1 (n — 5)1). (5)
AcA
Forr > j,
Eo o [D{ 1w -] = €70 f(n = )1, (6)
and anr[Dg.T)] =0, E[D](,T)l‘w|=n], S0
n—j
B, (D] = ade-or SO ) 7
oAD T =alemny = (7)

n>j

Proof of Theorem (It From (7)), Ea’T[DJ(,T)} = ol for j < r and E,,[D™)] = >i_pad. Then

lim,_,oo D™ = D and by Monotone Convergence Theorem

1—atl 1
E.[D] = lim E,,[D®] = lim — % =

r—00 r—oo 11— 1—o

Expected number of leaves

For a set of indices A of size j that are complete in T, let X denote the word obtained after bumping
every index in A. The vertex labelled with X is a leaf if it contains no bump-able indices, that is X has
no 0s. Let ap = 0 and a1 = |W|+ 1. For 0 <4 < j, an index b; € (a;, aj41) is bump-able in X if
andonly if W, = j —4. Ifr < jandi < j—r, W, <r < j — 7 and hence b; cannot be bump-able.
Otherwise if ¢ > j — r, there are » — 1 choices for W}, so that b; is not bump-able.

Let £(r, n, A) denote the number words, w of length n in €2, such that A corresponds to a leaf in y(w).
There are f,.(j) possible ways to fill in the indices of A. For r < j,

(r.n, A) = f,()rEim s —aD T eameD), ®)

For j < r this simplifies to ‘
Lr,n, A) = jl(r —1)"77. 9)

Thus for 7 < r we have

P, ({|W| = n} ﬂ {X is aleaf}) =e Q" (r — 1)" 741 /nl. (10)
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For j < r the expectation of U;T)lﬂw‘:n} is

Eo (UM 1wizn)] = > et (r = 1)l nl = e 0" (r = 1)"7 /(n—4). (1)
AcA
Summing over n > j gives

E, (U] = el Y (a(r —1)" 7 /(n — j)l = e 0. (12)

n>j

Proof of Theorem
From (12), Emr[U;r)] =e %l forj < rand B, [UM] = Zg;é e~“a’. Then lim, ., U™ = U
and by Monotone Convergence Theorem
1—a" e ¢

E.[U] = lim E,,[U"] = lim e = : (13)

r—00 r—00 1—« 1—«

O

6 Expectation of D?

For a,b,c,m > 0letn = a+ b+ c+m. Let B(a, b, ¢, m) be the set of all ordered pairs of subsets of [n],
(A, B),suchthat |[A\ B| = a, |B\ A| = b,and |[AN B| = cand let B(a, b, c) = |J,, B(a,b,c,m). We
denote the set of distinct subwords u on the indices A U B such that and both u4 and up are complete
by x.(A, B). The size of x,.(4, B) is denoted by x,.(A, B) and only depends on the relative order of A
and B. Suppose (A4, B) € B(a,b,c). For both subwords to be complete, each index a; € A\ B must
have letters strictly less than min(a + ¢ — ¢,7), each index b; € B \ A must have letters strictly less than
min(b+ ¢ — j,r), and each index a; = b; € AN B must have letters strictly less than min(a + ¢ —14,b+
¢ —j,r). Thus

fra+c)fr(b+c)
Hai:bj min(r7 max(a +c— i, b+c— ])) ’

z.(A, B) = (14)

The following lemma provides uniform bounds of x..(A, B) for all (A, B) € B(a, b, ¢).
Lemma 7. Fix a,b,candr > 0. For (A, B) € B(a,b,¢), ifa < b, then
frla+c)fr(b) <z.(A,B) < (a+ )b+ )!/c!
Otherwise if a > b, then

frd+c)fr(a) <z.(A,B) < (a+)(b+ )/

Proof:
For a fixed a, b, ¢ and r, x,.(A, B) will reach its minimum value over B(a, b, ¢) when the product in
the denominator is maximized in the right hand side of (T4). The denominator of z,.(A, B) is maximized
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when every index in AN B is less than every index in AUB\ ANBso ANB ={a; =by, -+ ,a. = b.}.
In this case for a < b the denominator of the right hand side of (I4) is given by

Hmin(r,b—i— i) = fr(b+c)/fr(b)

i=1
and
xT(AvB) - fr(aJrC)fr(b)'
Otherwise for a > b
xr(A>B> = fr(b+ C)fr(a)'

For the other direction z,.(A, B) is maximized when the denominator in the right-hand side of (T4) is
minimized. This occurs when every index in A N B is greater than every index in AU B\ AN B. In this
case,

o(A, B) = frla+c)fr(b+c) < (a+ )b+ c)!.

fr(c) c!

15)

O

These bounds on z,.(A, B) will give us bounds on E,[D?]. Let V. = 1+ 372, D](.T). For a fixed set
of indices A € Z, let 1 4(W) denote the indicator function that is 1 if W, is complete and 0 if W4 is not
complete or A is not a subset of indices of W. Then

Vo= > 1a(W)

ACZy

with lim,_, o, V;. = D. We also have

Vi= ) LaW)ip(W)
(A,B)CZ3

> 1aW)ap(w)

a,b,c B(a,b,c)

= Z Z lA(W)lB(W)l\W|:a+b+c+m-

a,b,c,m B(a,b,c,m)

For a fixed pair (4, B) € B(a, b, ¢, m), using Lemmawe have

Eor[1aW)1(W)1gw |=atbtctmy]

- Z Po,({Waus=u}n{|W|=a+b+c+m})
u€xr(A,B)

1
— —ar a+btc+m,_ .m - A B). 16
(a+b+c+m)!e “ (4, B) (16)
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The value of z,(A, B) depends on (A, B) but the upper and lower bounds from Lemma([7)only depend

on a, b, and c. Thus we have bounds of (I6) that are uniform for all (4, B) € B(a, b, ¢, m). For each m
the size of B(a, b, c, m) is (a+b+c+m) (atbretm)! Thyg

a,b,c,m alblelm!

Z Eaﬂ' |:1A(W)1B(W)1|W\:a+b+c+m:|
B(a,b,c,m)
aa+b+c
>
— alblc!

Summing over m > 0 in (I7) gives the lower bound

fr(max(a,b) + ¢) fr(min(a, b))i'(ozr) Me= T (17)

aa+b+c

> Eo,[1a(W)1p(W)] > i {r(min(a, b) + ¢) fr(max(a, b)), (18)
B(a,b,c) o
Similarly for the upper bound we have
b
> B [1a(W)15(W)] < 0™t (a ! C) ( ic) (19)

B(a,b,c)

Proof of Theorem
In this section we make repeated use of the identity

n B (1 — x)k+1"
n>0

See |Wilf] (2006) for a variety of similar identities.
By Fatou’s Lemma lim,_, o E,, [V;2] < E4[lim, o V,2] = E,[D?] so

aa+b+c a+c
. . < a+b+tc
tin 3 O i)+ ofmaxen) = Y (" )a (0)
a<b,c 0<a<b,0<c
< E4[lim V2]
T—>00
= E,[D?].

The right hand side of (20) can be simplified further. Suppose 1/2 < @ < 1. Then

atc atbtc _
S (0)wre ¥ it (ale )) @b
0<a<b,0<c 0<a<b

:2a—1 < 1—a > (22)
(e

b
2a—1z(1 ) T 23)
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There is an issue when a = 1/2 in (22) and 23). But in this case %- = 1 in 1)), so (22) becomes

>0 %, which is finite. Otherwise ([23) diverges precisely when a?/(1 — «) > 1 which occurs if

(v/5 —1)/2 < a < 1. For the other direction we have

E.[D?] = E,[ lim V2]

r— 00

a+c\(b+c\ sipre
= 2, (000
a,b,c>0
_Z b+c abte
B ¢ ) (1—a)tt

b,c>0
1 « ¢
- > 24
(1—a>2§<<1—a>2> e

The last line converges when a/(1 — a)? < 1, which occurs when 0 < a < (3 — v/5)/2. O

As « increases from (3 — 1/5)/2 to (v/5 — 1)/2 a phase transition occurs where E,[D?] becomes
infinite. With a more precise analysis of the size of x,.(A4, B) that depends more closely on the relative
order of A and B, one might be able to obtain the exact location where this phase transition occurs.
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In this article we consider square permutations, a natural subclass of permutations that can be defined in terms of
either geometric conditions or pattern avoidance, and convex permutominoes, a related subclass of polyominoes.
While these two classes of objects arise independently in various contexts, they play a natural role in the description
of certain random horizontal and vertical convex grid configurations.

We propose a common approach to the enumeration of these two classes of objets that allows us to explain the known
common form of their generating functions, and to derive new refined formulas and linear time random generation
algorithms for these objects and the associated grid configurations.

Keywords: Bijection; Encoding; Enumeration; Random sampling

1 Introduction

Square permutations and convex permutominoes are natural subclasses of permutations and polyominoes
that were introduced independently in the last ten years and have been shown to enjoy remarkably simple
and similar enumerative formulas: their respective generating functions Sq(¢) and Cp(t) with respect to

the size are
2 2t 4¢3
=— (2 - 1
Sa(t) 1—4t < Tz 4t> (1 — 4¢)3/2 M
2 2t 2
=— (2 - 2
Cp(t) 1—4t< +1—4t) (1— 4t)32 @

Equivalently, the number Sq,, of square permutations with n points and the number Cp,, of convex per-
mutominoes with size n are respectively

(n+2)22"=5 — 4(2n — 5) (2” - 6)

n—3
(n+2)22"=5 — (2n — 3) (2:_24>
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These results were first obtained by Mansour and Severini [9] for Sq(t), then recovered by Duchi
and Poulalhon [8] and by Albert ez al [1l], while for Cp(t) they were first obtained by Boldi et al [3]
and, independently, by Disanto et al [7]. Known proofs of these formulas rely on writing recursive
decompositions resulting into linear equations with one catalytic variable that can be easily solved via
the kernel method. An explicit connection between the two classes of objects was obtained by Bernini et
al [2]], resulting in a composition relation of the form Cp(t) = 1.Sq(t,2) where 1.5q(t,u) is the generating
function of certain indecomposable square permutations counted by their size and number of free fixed
points (see Section [2|for definitions and precise statements).

While relatively simple, none of these known proofs explain, as far as we know, the common shape of
the formulas, nor its particular form as a difference between an asymptotically dominant rational term and
a simple subdominant algebraic term.

By introducing an injective encoding of square permutations and of convex permutominoes into a same
class of marked words M, we provide here an explanation of the common form of the two formulas and
generalize them to take into account natural parameters extending the Narayana refinement for Catalan
numbers.

The rest of the paper is organized as follows. In Section [2] we provide an original motivation for the
definitions of convex permutominoes and square permutations. In Section [3| we first present our encoding
and introduce the announced class of marked words M containing the code words and interpreting the
rational part of the formula. We then state our main results and some consequences for random generation.
The remaining sections are dedicated to the proofs of the results: In Sectiond]and Section[5]and Section [¢]
we describe the subsets of words of M which do not encode square permutations, indecomposable square
permutations, and convex permutominoes respectively. This allows to conclude the proof of the results
stated in Section 3

2 Definitions and motivations

2.1 Square permutations

Let S be a set of points in the plane. A point of S is a upper-right record if there is no point in .S that is
both over it and to its right. In other terms,

o (z,y) € S is aupper-right record of S if for all (', y’) € S, either 2’ < z or y’ < y (or both).

One defines similarly upper-left, bottom-left and bottom-right records. Finally a point of S that is a record
in one of these four directions is called a exterior point of S, otherwise it is an interior point.

In the rest of the paper we identify a permutation o of the set {1, ...,n} with its geometric representa-
tion, the set of points R(c) = {(¢,0(7)) | ¢ = 1,...,n}. In particular for simplicity, the point o (i) of the
permutation o stands for the point (i,0(i)) of the geometric representation of the permutation o.

Observe that the records of R(o) correspond to the records of ¢ in the usual combinatorial sense:
upper-right records of R(c) are right-left maxima of o, bottom-right records are right-left minima, and so
on for other types of records.

Then we have the following definition (see Figure [I)):

e A permutation is a square permutation if its geometric representation has no interior point.

The terminology square permutation arises from the following path representation: given a permutation,
connect the successive upper-left records from left to right to form the left-upper path of o, and define
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1] A RENN

g4 o

(a) (b) () (d)

Fig. 1: (a) The square permutation 3,5,4,1,2. (b) A square permutation with an upper-left record which is also a
bottom-right record. (¢) A square permutation with an upper-right record which is also a bottom-left record. (d) A
permutation that is not square.

(a) (b)

Fig. 2: (a) A triangular permutation. (b) A parallel permutation.

accordingly the right-upper path, right-lower path and left-lower path. Then an equivalent definition is the
following:

o A square permutation is a permutation such that each point belongs to the left-upper, right-upper,
right-lower or right-upper path.

The following two subclasses of square permutations play an important role in our approach:

e A triangular permutation is a square permutation such that each point belongs either to the left-
upper path, the right-upper path, or the right-lower path (see Figure 2] (a)).

o A parallel permutation is a square permutation such that all points belong to the left-upper or the
right-lower path (see Figure 2] (b)).

The size of a permutation is its number of points. We let S, denote the class of square permutations
and S, denote the number of square permutations of size n. We let 7 denote the class of triangular
permutations and 7, denote the number of triangular permutations of size n. We let P denote the class of
parallel permutations and P,, denote the number of parallel permutations of size n.

Remark 1 We would like to point out that:
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e Square permutations can be characterized in terms of pattern avoidance, in particular Waton
proved [10] that they are all the permutations avoiding the following sixteen patterns of length

five:

14325 14352 15324 15342 24315 24351 25314 25341
41325 41352 42315 42351 51324 51342 52314 52341

o Triangular permutations are all the permutations avoiding the following four patterns of length
four:
{ 3214 3241 4213 4231 }

e Parallel permutations are permutations avoiding 321, indeed they can be seen as two interleaved
increasing sequences of points.

2.2 Convex permutominoes

Like for square permutations, we use an approach in terms of points in the plane to introduce convexity
in the context of self-avoiding polygons:

e A closed self-avoiding walk on the square lattice is a convex polygon if, as set of points, it has no
interior point.

This notion of convexity for polygon is equivalent to the one used in the context of polyomino enumeration
(see [3]], and more precisely [6] for convex polygons).

The rurnpoints of a polygon on the square lattice are the vertices of the lattice at which the underlying
walk changes direction. The sides of a polygon are the sequences of steps between turnpoints: any
polygon on the square lattice has the same number of sides and turnpoints and they are both even. The
upper walk of a convex polygon is the sub-walk of the polygon starting from the highest of its leftmost
points with a horizontal step and ending at the highest of its rightmost points with a horizontal step. An
upper side of a polygon is a horizontal side that belongs to the upper walk of the polygon. One defines
similarly the left walk and the left sides of a polygon.

We are interested in the subclass of polygons that are “generic” in the sense that they do not have two
sides in the same column or line, and “reduced” in the sense that each line or column that they intersect
contains a side:

e A polygon P on the square lattice is a permutomino of size n if each line of abscissa or ordinate ¢
contains exactly one side of P for¢ =0,...,n.

Finally a convex permutomino is a permutomino which is convex (see Figure[3). Equivalently:
e A convex permutomino is a permutomino such that each point of the underlying walk is a record.

In fact it is clearly enough to check that each turnpoint is a record. As for square permutations, two
subclasses of convex polygons will be of particular interest:

o A directed convex permutomino is a permutomino such that each turnpoint is either a left-upper, a
right-upper, or a right-lower record (see Figure E] (a)).

o A parallelogram permutomino is a permutomino such that each turnpoint is either a left-upper or a
right-lower record (see Figure ] (b)).
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(a) (0) (c)

Fig. 3: (a) A convex permutomino of size 7. (b) A permutomino that is not convex. (c¢) A convex polygon that is not
a permutomino.

(a) (b)
Fig. 4: (a) a directed convex permutomino; (b) a parallelogram permutomino.

Remark 2 We would like to point out that permutominoes can be viewed as collections of unit squares
lattice cells glued together such that the interior is connected, that is, they are a subclass of polyominoes.

We let C,, denote the class of convex permutominoes and C,, , the number of convex permutominoes of size
n. We let D, denote the class of directed convex permutominoes and D,  denote the number of directed
convex permutominoes of size n. We let PP, be the class of parallelogram permutominoes and P, the
number of parallelogram permutominoes of size n. Finally, we let D, (t) and P,(t) denote respectively
the generating functions of triangular and parallelogram permutominoes.

Square permutations versus convex permutominoes It is known that, besides the similarities between
Formulas (1)) and (2) for square permutations and convex permutominoes, the parallel between these two
classes extends also to their subclasses. In particular, we have that:

B(t) 1

T(t)=DB(t) and D,(t)= 5 where B(t) = \/17—7415

is the generating function of central binomial coefficients, and

1214

P(t)=P,(t) =C(t) where  C(t) 57

is the generating function of Catalan numbers.

2.3 A link with random grid configurations.

The relevance of the number S¢,, of square permutations and C'p,, of convex permutominoes is highlighted
by the following propositions (see Figure [3):
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(a) (b)

Fig. 5: (a) A set of 6 exterior points on a grid of size M x N. (b) A convex polygon with 12 turnpoints on a grid of
size M x N.

Proposition 3 The number Ep n(n) of configurations of n exterior points on a M x N grid satisfies

M\ (N
Enn(n) M.N—s00 San- (n> (n>

Proof: Observe that the probability to have a non generic configuration, that is a configuration with two
or more points belonging to the same column or row, goes to 0. Indeed M and N tends to infinity unlike
the number of points n. Given a generic configuration of n exterior points on a grid M x N it can be
uniquely decomposed into a square permutation giving its reduced shape and a selection of n of the NV
columns and n of the M rows that are used by the points. a

A similar result holds for convex polygons on the square lattice with a fixed number of turnpoints.

Proposition 4 The number Cyy n(n) of convex polygons with 2n turnpoints on a M x N grid satisfies

M\ (N
Crr.n (1) MNNaoon"' (n> <n>

Proof: Observe that the probability to have a non generic polygon, with two or more turnpoints belonging
to the same column or row, goes to 0. Indeed M and NNV tends to infinity unlike the number of turnpoints
n. Given a generic convex polygon it can be uniquely decomposed into a convex permutomino giving its
reduced shape and a selection of n of the N columns and n of the M rows that are used by the turnpoints.
0O

2.4 Convex permutominoes and colored square permutations

A permutation o of {1, ...,n} is decomposable if there exist two permutations 7 of {1,...,k} and 7’ of
{1,...,£} with k 4+ ¢ = n such that o in vector notation is the permutation 71, 7o, ..., 7k, 71 + k, 75 +
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r%)

Q [ ] .—ﬁ) [ ]
.

O [ ] &{) [ ]

(a) (0)

Fig. 6: (a) A permutomino and its corresponding square permutation with a colored fixed point (represented with a
little square). (b) A permutomino and its corresponding square permutation with a non-colored fixed point.

k,..., 7, + k. Itis co-decomposable if there exist two permutations 7 of {1,...,k} and 7’ of {1,...,¢}
with k + ¢ = n such that ¢ is the permutation 1 + ¢, 7o + £, .., 7, + £, 7}, 7, ..., 7). A permutation
is indecomposable if it is not decomposable, co-indecomposable if it is not co-decomposable, and fully
indecomposable if it is both indecomposable and co-indecomposable.

A fixed point of a permutation o is an entry 4 such that o (i) = 4. It is a free fixed point if the corre-
sponding point is not a bottom-left or upper-right record. Let f (o) denote the number of free fixed points
of 0.

A colored permutation is a permutation with a (possibly empty) subset of its free fixed points that are
colored. In particular a colored square permutation is a colored permutation whose underlying permu-
tation is square, and we identify standard permutations with colored permutations without colored fixed
point.

Theorem 5 (Bernini et al [2]]) There is a bijection ¢ between

® convex permutominoes of size n, and

e colored square permutations of size n that are co-indecomposable.

To obtain the colored permutation associated to a convex permutomino P, one should first color the
bottom turnpoint on the leftmost edge of P in black, and then alternatively color all other turnpoints of
P in white or black, following the boundary of P in clockwise order, so that adjacent turnpoints have
different colors. Then ¢(P) is the permutation represented by black points, with fixed points that belong
to the upper walk of P as colored fixed points (resp. belonging to the lower boundary of P as non-colored
fixed points). See an example in Figure [6]

As announced in the introduction, this theorem leads to a relation between the generating function of
convex permutominoes with respect to the size and the generating function of co-indecomposable square
permutations with respect to the size and number of free fixed points. However, this relation does not
explain the similarity between Formulas (T) and (2).
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Y ° Y °

R ° L °

L ° { |e

R ) L °

L ° L )

{e L °

L ° R °

Y ° Y )

XDDUUUU X XUUUUUDX

Fig. 7: Two  square  permutations of size 8  whose marked biwords are re-
spectively (X,Y)(D,L)(D,L)U,L)U,R)(U,L)U,R)(X,Y) with m = 3 and

(X,Y)(U,R)(U, L)(U,L)(U, L)(U, L)(D, L)(X,Y) with m = 6.
3 Main resulis

3.1 The horizontal-vertical encoding

We now define the horizontal-vertical encoding of a colored square permutation. We will later study this
encoding for three subsets of colored square permutations: square permutations (that is, colored square
permutations without colored points), indecomposable square permutations, and colored co-indecomposable
square permutations (which are in bijection with convex permutominoes as previously discussed).

Let us say that a point (x,y) in a set S is an upper point if it is a upper-left or a upper-right record of
S, and it is a left point if it is a upper-left or bottom-left record of S. Given a colored permutation o, we
denote by H (o) = Xus ... u,—1X the horizontal profile of o, where

_J U, ifo(i)is an upper point that is not colored;
’ D, otherwise
with ¢ € {2,...,n — 1}, and the letter X codes for the horizontal projection of extremal points of o, and
we denote by V(o) = Yvs ... v,-1Y the vertical profile of o, where

L, if (071(j),7) is a left point that is not colored;
v; =
J R, otherwise;

with j € {2,...,n — 1}, and the letter Y codes for the vertical projection of extremal points of o.
Finally let the code of a permutation o be the triple (H (o), V (c),0(1)): we will see later that the
encoding o — (H(0),V(0),0(1)) is indeed injective for the families of permutations we are interested
in.
In order to state our results let us consider the following set of words: Let YW = A* denote the set
of (bi)words on the alphabet A = {U, D} x {L, R}, and let M denote the set of marked words (w, m)
consisting of

e aword w = (u1,v1) - (un,vyn) € {(X,Y)} - W-{(X,Y)}

e and a mark m with 1 <m <nandv,, € {L,Y}.
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Observe then that the triple (H(c), V (c), (1)) can alternatively be viewed as a marked biword (w, m)
of W by taking w = (X,Y)(u2,v2) ... (up—1,v5—1)(X,Y) and m = o(1) where, by construction, the
mark m is on a letter L or X of the vertical profile (see Figure|/|for an example, where the marked letter
L is represented by ¢).

The main contribution of this paper is to prove that the above horizontal/vertical encoding of square per-
mutations and of convex permutominoes by words of M, is injective and to describe the complementary
sets of non-coding words, that is, the elements of M that are not codewords in both cases:

Theorem 6 The horizontal/vertical encoding defines bijections

SQEM - T/{(D7L)a(D7R)}W{(XaY)} - T\'{(UaR)v(D’L>}'W'{(X7Y)}

Cp=M — D<-{(D,L)} - W-{(X,Y)} — D" W -{(X,Y)}

where T< and T™ are languages encoding variants of triangular permutations (namely permutations ob-
tained from triangular permutations by a 180° or 90° rotation respectively), while D<" and D™~ are lan-
guages encoding variants of directed convex permutominoes (namely permutations obtained respectively
from colored triangular permutations by a 180° rotation or from indecomposable triangular permutations
by a 90° rotation respectively).

3.2 Enumerative consequences and random sampling

Let now M (t; 2, y) and W (¢; x, y) be respectively the generating functions of M and W with respect to
the length (var. ¢), number of U and X (var. ) and number of L and Y (var. y). Then

1

W(t;x,y) = (1= (1 +a2)(1+y))

and, upon dealing separately with the case m € {1,n} where the mark is on a letter Y from the case
1 < m < n where the mark is on a letter L, we have that

M(tz,y) =2 tey W(tz,y) - tey + (tay) - W(tiz,y) - (1 +2)y - W(t2,y) - tay.

In particular M (¢, 1,1) gives an a priori unrelated combinatorial interpretation of the dominant rational
term in Formula (I)) and (2)) since

1 t? 2t

From Theorem [6]it already appears that the two sets of words that do not encode objects belonging to
Sq and to Cp according to their horizontal/vertical encoding, that we call non-coding words for Sq and for
Cp, have a similar structure. In fact the analogy between the two results goes further since the languages
T< and T, D<, D™ have essentially the same univariate generating functions:

t

T<(t) = T™(t) = (2D (t) + 1)t = 2D~ (t) —t = e

3)
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and these results together with Theorem [6]immediately imply Formulas (1) and ().

The evaluations (3)) can be obtained from algebraic decompositions of the respective classes of objects,
but we choose also to obtain them by re-using the same horizontal/vertical encoding to relate all these four
generating functions to the generating series N (¢; x, y) of Narayana numbers, defined by the equation

N(tz,y) =t - (1 +xN(t;z,y)(1+yN(tz,y)).

From this analysis we obtain the refinements of Formulas (I)) and (2):

Corollary 7 Let Sq(t,x,y) be the generating function of square permutations with respect to the size (t),
the number of upper points (x) and the number of left points (y), and let Cp(t;x,y) be the generating
function of convex permutominoes with respect to the size (t), the number of upper sides (x) and the
number of left sides (y). Then

Sq(t;z,y) = M(t;z,y) — T (ta,y) - t- (y+ 1) - W(t,2,y) - tay
— Tt z,y) -t (x+y) W(tz,y) - tey
Cp(t;z,y) = M(t;x,y) — D7, y) - t-y- Wt z,y) - toy
— DMt y) - W(t,x,y) - toy

where the auxiliary series are explicit rational functions of x, y and the Narayana function evaluations
N(t;x,y) and N(t;zy, 1). In particular

™ (t2,y) (L—ayN(tz,y)(1+ (z+y —ay)N(tz,y))
T (t2,9) = DAL

(1 —yN(t;zy, 1))(1 + N(t;zy,1))

Remark 8 Observe that, when specializing x = y = 1, we obtain T (t;1,1) = T+ (t; 1, 1).

In the proof of Theorem [6] we provide a linear time decoding procedure that, given a word in M, outputs
the corresponding square permutation or convex permutomino. Consequently, since Formulas (I)-(2)
immediately imply that Sg,, and Cp,, behave asymptotically as the number of words of size n in M, we
also have the following corollary:

Corollary 9 There is a random sampling algorithm to generate uniform random square permutations
with n points or uniform random convex permutominoes of size n in expected time linear in n.

This result implies in turn that there is an algorithm to produce in linear time generic random horizontally
and vertically convex configurations of points and self-avoiding polygons on a large grid.

We would like to point out that the properties of large random square permutations are studied by Borga
and Slivken in [4], where they proved that their shape is typically rectangular.

4 A decoding algorithm for square permutations

We first give a detailed description of the decoding algorithm for square permutations (without colors), in
the other cases the decoding algorithm will be similar.
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We already pointed out that the set of triples coding square permutations of size n forms a subset of
M. However, this subset is not easy to describe directly. We provide an algorithmic description via the
following decoding algorithm.

Let us take an element of M of length n, viewed as a triple (u, v, £). We are going to construct a partial
permutation o = o(1)...o(k), with k& < n. The idea is to insert each point on the grid from left to right
as long as a compatible decoding is possible. The rules to construct o depend on the letters of u and v: the
letter L (resp. R, U, D) means that the point of the permutation we are constructing belongs to a left path
(resp. right, lower, upper path) of the corresponding permutation, while the letters X or Y means that this
point is extremal. Then (see Figure |3 :

e Write u (resp. v) along the upper edge (resp. left edge) of the grid n x n starting from the left (resp.
starting from the bottom).

e Start reading the word wu: u; is necessarily an X and it should correspond to the leftmost point of
the permutation. Accordingly insert a point (1) in the leftmost column and in row ¢ (the row of
the marked letter of v).

e Continue reading each letter u; of u, for ¢ > 2:
1. If i = n then insert the point o(n) in the unique remaining empty row and end the algorithm.

2. If u; = U and we have not yet inserted the highest point of the permutation, then take the first row
j above o(i — 1) that is labeled with L or Y and insert the point o (i) = j.

3. If u; = U and we have already inserted the highest point of the permutation, there are two cases:

e ifo(1)...0(i — 1) is contained in the grid (¢ — 1) x (¢ — 1) attached to the upper-left corner
of the grid n X n then the insertion is valid only if the row n — ¢ is labeled with L or Y, and
then o (i) = n — i; otherwise the insertion is invalid and the algorithm stops (see the first case
in Figure[§] where the invalid insertion is represented with a white bullet);

e otherwise take the first row j under o (i — 1) that is labeled with R or Y and insert the point
o) =7.

4. If u; = D and we have not yet inserted the lowest point of the permutation, then take the first row
Jj that is labeled with L or Y under o (¢ — 1) and insert the point o(¢) = j: if o(1)...0(i — 1) is
contained in the grid (i — 1) x (i — 1) attached to the upper-left corner of the grid n x nand j = i
then the insertion is invalid and the algorithm stops (see the second case in Figure [).

5. If u; = D and we have already inserted the lowest point of the permutation, then take the first row
Jj that is labeled with R or Y above o (i — 1) and insert the point o(¢) = j: if o(1)...0(i — 1) is
contained in the grid (¢ — 1) x (¢ — 1) attached to the bottom-left corner of the grid n x n then the
insertion is invalid and the algorithm stops (see the third case in Figure [g).

Let us suppose that the algorithm ends after reading ¢ letters of u and v, ¢ € {1,...,n}. Then we can
state the following proposition :

Proposition 10 Given an element (w, £) of M of size n viewed as triple (u,v, {) the algorithm stops and
vields:



12 Enrica Duchi

O
U

O
19

Nt Dl be D b

R R R TN S R
T R S - S R R
/
SR SRR - R S R

XUDUUUDDDX XUDUUDDDDX XDUDUDDUUX XUDUDUDDUX

Fig. 8: Four examples of triples (u, v, £), only the fourth represents an encoding of a square permutation.

e (in case of success) a permutation o(1) . ..o(n) € Sq, whose code is (w, £), or

e (in Cases 3 and 4 above) a triple (p, (u;, vn—;), (u”,v")), where p = Standard(c(1)...0(i —
1)) € Ti\_l, with 2 < i < n, is the standardization of o on {1,...,i—1},i.e, py=0c(l)—n+i—1
withl € {1,...,i — 1}, (u;,vn—s) € {(U,R),(D, L)}, and (u",v") is a pair of words of length
n—1i—1whereu” =ujy1...up_1X andv” =Yvg... vy_i_1, or

e (in Case 5 above) a triple (p, (u;,v;), (u”,v")), where p = o(1)...0(i — 1) € T/ with 2 <
i <n, (u,v;) € {(D,L),(D,R)}, and (u",v") is a pair of words of length n — i — 1, where
W =wui1 . cup_1 X andv” = vy .. v1Y.

Proof Proof of Proposition By construction the permutation obtained by applying the algorithm is
uniquely determined and it has no interior points. Indeed, the first point o; is determined by the marked
letter and Case 2 (resp. 3,4,5) of the previous algorithm uniquely describes the insertion of a point in the
left-upper path (resp. right-upper path, left-lower path, right-lower path) of o. We just need to prove that
row j in Case 2 (resp. 3, 4, 5) does exist. Suppose that it does not, then for Case 2 (resp. 4) it means that
the point at the row labeled by Y, i.e., the higher (resp. lower) point of the permutation it has already been
inserted, thus contradicting the hypothesis that it has not. For Case 3 (resp. 5) we have two possibilities :

o the lower (resp. higher ) point of the permutation has already been inserted, therefore the leftmost
left-upper and left-lower paths have been constructed, i.e., there is no L row free, thus contradicting
the hypothesis that there is no R or Y row free;

o the lower (resp. higher ) point of the permutation has not been inserted, therefore the lower (resp.
higher) row, labeled by Y, is still free, thus contradicting the hypothesis.

Now we have to distinguish the two ways in which the algorithm can stop :
1. i = n. In this case we obtain by construction a permutation in Sg,, and (u, v, £) is the code of o.

2. 17 < n. In this case we obtain from the previous algorithm a partial permutation o of size ¢ — 1 and
a pair of words (u”,v"”) of length n — ¢ — 2. If the algorithm stops in Case 3 or 4 then the partial
permutation o of the grid n X n is contained in the grid (¢ — 1) X (¢ — 1) on the upper-left corner.
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Since o is contained in the ¢ — 1 upper row, the lowest row has not been touched and the construction
of a right-lower path has not started: p = Standard(c) is a rotated triangular permutation € 7}~ ;.
If the algorithm stops in Case 5, p = o7 ...0;_1 is directly a permutation of {1,...,7 — 1} and
similarly as above p € T, since the construction of a right-upper path has not started.

O This yields a bijection corresponding to the first statement in Theorem [6}

In turn this bijection implies an equation for refined generating series:

M(t;z,y) = Sq(t;z,y) + T (tx,y) -t (L+y) - W(tz,y) - try
+ T (ta,y) -t (x+y) - Wt z,y) - tey

where T (t; z,y) = (tzy) T (t;z,y) — 1 is a modified version of the bivariate generating series of
south west triangular permutations in which the rightmost point contributes to the parameter x only if it is
maximal, and T} (¢; z, y) denotes the generating series of south west triangular permutations ending with
a maximal point. More generally we use the subscript 1 to indicate that a subset of triangular or parallel
permutations having a unique (extremal) point on the trivial face.

Corollary 11
{(w,n) e M} = (eT>)+ (eP>) x {(U,R),(D,L)} x W x {(X,Y)}, 4)

Proof: Indeed, observe that the permutations of 7 of size n — 1 are exactly the permutations of Sq that
can be obtained from permutations of Sq of size n that start with the maximal value n. Moreover, the
permutations of P> of size k — 1 are exactly the permutations that can be obtained from permutations of
T~ of size k that start with the maximal value. Then by applying Theorem [6] we obtain the result. a

Consequently,
try - W(t;z,y) - toy = (T (G 2,y) — toy) + Pt a,y) -He +y) - Wtz y) - tey. (5)

These relations are enough to compute the univariate generating functions (with ¢ = y = 1): indeed
by symmetry of the various classes of triangular permutations and by knowing that P> are counted by
Catalan numbers we directly obtain a proof of Formulal[I]

In order to obtain the refined generating series a bit more information is necessary because the four
symmetry classes of triangular permutations have different refined generating series: the symmetry along
the co-diagonal exchanges the parameter counted by x and y, so that 7,*(t;z,y) = T,*(t;y,z) and
T (tz,y) = Ty (t;y,x) while TY (t;2,y) = TY (t;y,x), but symmetries do not imply such direct
relations between these three classes of series.

Forcing the initial point to be in row one yields a second equation that allows to compute the refined
generating series 77 (t; z,y) (and T (¢; x,y)):

Corollary 12
{(w,1) e M} = (oT7) + (eP7) x {(D, L), (D, R)} x W x {(X,Y)}, (6)
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Consequently,
tey - W(tz,y) - tay = (T7 (G2, y) — tey) + P (Ga,y) (1 +y) - W(ta,y) - tay, (D)

where P/ (t;x,y) = Py*(t; 2y, 1).

However, the approach has to be modified in order to deal with the last series 7™ (z,y): by symmetry
with respect to the main diagonal this amounts to counting elements of 7 > with respect to the number
of bottom points and right points; however note that it is not possible to simply change the encoding into
D for lower points and R for right points while keeping the left to right decoding procedure because the
later becomes ambiguous. Instead one can rely on the fact that 7™ can be described in terms of P™ and
the set C™ of co-indecomposable elements of 7™, and similarly for 7;> and C™: more precisely we have

T=CS x (L+PY), T =e+ P xC>. )

These decompositions yield the refined identities:
T (t;2,y) = C™ (Ga,y)(1+ P (t2,y) = C™ (G2, 9) P (t2,y) 9
Ty (t,y) = toy + Py (o, y)C (2, ) (10)

Then due to the fact that co-indecomposable permutations have no points that are simultaneously upper
and left points, apart from their uppermost and leftmost points (which are distinct), we have C™ (¢; z,y) =
~ 11
C(twy; 4, 3 )y

As a conclusion,

11
Ty (tzy, o, )oYy — try
~ T 1
Py (txy, IE ;)

In order to finish the computation we need to identify the various refinements of the Catalan generating
series. Let N(¢;x,y) be the Narayana generating series, the unique formal power series solution of the
equation

T (tz,y) = Py(tx,y)

N(t;z,y) =t(1+aN(t2,y) (1 +yN(t 2, y)).

Then
ryN(t;z,y)

P (¢ = )
v (B@y) 1+ (z+y—ay)N(tz,y)

Observe also that N (tzy, 5, ) = 2yN (t; 2,y) so that P (t,y) = P (t a2y, 1) = tey(14+ayN (8 2y, 1)),

Tz
so that all expressions are rational in terms of z, y, N (¢; z,y) and N (¢; zy, 1).
In particular we obtain that

(4. _ zyN (t;z,y)
629 = Ay NGy + (e +y + ) NG a,) (an
T (ty2,) = zyN(t; 2y, 1 (12)

(1 —=yN(t;zy,1))(1+ N(t; 2y, 1))
which together with

Sq(t;z,y) = M(t;z,y) — T< (tz,y) - t- (1 +y)-
— T™(ta,y) -t (x+y)-
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Fig. 9: Three examples of triples (u, v, £). Only the third one gives a square permutation that is indecomposable and
co-indecomposable.
gives the result.

Corollary 13 Uniform random square permutations can be generated in expected linear time.

Proof: To generate a permutation of size n, one generates triples (u, v, ¢) from M, and applies the
decoding algorithm until a square permutation of size n is obtained. Each generation and decoding step
takes linear time in n. The probability of rejection goes to zero as n goes to infinity since it corresponds
to partially decoded permutations that are asymptotically negligible with respect to the total number of
square permutations. O

5 A decoding algorithm for fully indecomposable square permu-
tations

By using the previous encoding for square permutations we can specialize the bijection of Theorem [6]
to the class of indecomposable square permutations, co-indecomposable square permutations or fully
indecomposable square permutations (i.e. square permutations that are both indecomposable and co-
indecomposable). The idea is to adapt the previous decoding algorithm in order to remove triples that
do not correspond to objects of these class: each resulting algorithm is similar to the decoding algorithm
for square permutations, with slightly different stopping conditions. We present here the case of fully
indecomposable square permutations (see Figure[J] for an example):

e in Case 2 above one should stop as soon as oy ... o0;_1 is contained in the grid (i — 1) x (i — 1)
attached to the lower-left corner, regardless of the other conditions;

e in Cases 3 and 4 above, one should stop as soon as o7 . .. 0;_1 is contained in the grid (i—1) x (i —1)
attached to the upper-left corner, regardless of the other conditions.

Let F be the class of fully indecomposable square permutations, then from this decoding algorithm we
obtain the following bijection:

M=F +C7-W-{(X,Y)} +C> - W-{(X,Y)}
and consequently the following equation for its refined generating function:

M(t;z,y) = F(t;z,y) + O (tz,y)  W(tiz,y) - tey
+ C™(tz,y) - Wt z,y) - toy
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Fig. 10: Four examples of triples (u,v,¢). The third one and the fourth one belong to the class of colored co-
indecomposable square permutations.

where C< (t; z,y) and C™ (t; z, y) can obtained by Formula (T2)—(TT)) via Equation (). In particular for
x =y = 1 we see that the (known) can be written in a similar form as Sq(t) and Cp(t):

12 2t t2
F(t;1,1) = 1 —
(t1,1) 14t( +14t> (1 — 4t)3/2

6 The encoding for convex permutominoes and a decoding algo-
rithm

The decoding algorithm for convex permutominoes, viewed as colored co-indecomposable square per-
mutations, is similar to the decoding algorithm for square permutations, with slightly different stopping
conditions (see Figure|10|for an example):
e in Cases 3 and 4 above, one should stop as soon as o7 . .. 0;_1 is contained in the grid (i—1) x (i—1)
attached to the upper-left corner, regardless of the other conditions, to eliminate co-decomposable
permutations;

e in Case 5 above, one should declare the insertion invalid only if j # 4, to allow for colored fixed
points.

As a result, we obtain the bijection
M=Cp+DT W {X,Y)}+D< - {(D,L)} - W -{(X,Y)}

where D~ denotes the subclass of colored permutations that can be obtained from colored square per-
mutations ending with a maximal value by removing this maximal value, and D™~ denotes the subclass
of co-indecomposable colored permutations that can be obtained from colored co-indecomposable square
permutations ending with a minimal value by removing this last value and standardizing the permutation.

In order to deal with D™ and D" we use again that the symmetric permutation classes D> and D~
can be obtained as adapted special cases of the above construction of Cp:

e DT, co-indecomposable colored square permutations starting with the maximal value (o1 = n
for a permutation of size n):

{(w,n) e M} = (eD>T) + (eQ>7) - W {(X,Y)} +o-{(D,L),(D,R)} - W - {(X,Y)}
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where @™ denotes the class of permutations obtained from co-indecomposable permutations of
Cp that start with the maximal value and end with the minimal value by removing these extremal
values.

e D, colored square permutations starting with the minimal value (¢ € S¢ s.t. o1 = 1), are obtained
when the decoding is applied to pairs (w, 1):

{(w,1) e M} = (eD7) + (e(1+ Q7)) -{(D, L)} - W -{(X,Y)}

where Q- denotes the class of permutations that are obtained from colored permutations of Cp that
start with the minimal value and end with the maximal value by removing these extremal values.

Finally the classes Q™ and Q- are again simple variants of the class of permutations avoiding the
pattern 123, that for which various algebraic decompositions or bijective constructions are available.

Generating functions Taking into account the U, X, L and Y's, the above bijection translate into gen-
erating function relations. For convex permutominoes:

M(t;z,y) = Cp(t;z,y) + D7 (t;2,y) - ty - W(t;z,y) - try
+ D T (tyx,y) - Wt z,y) - toy.
For the set D™, and D", the bijection yields
try - W(t;z,y) - tey = Df (t2,y) + Q7 (t2,y) - ty - W(t z,v) - tay
tey - W(t;x,y) - tey = Dyt (G, y) +tey - t(1+y) - Wt 2,y) - tey + Q> (2,y) - Wt 2, y) - tay

The rest of the computation is analogous to the case of square permutations using symmetries, and
leads again to a parametrization in terms of the same refined Narayana series N (¢; z,y) and N (¢; zy, 1).
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Super-strong Wilf equivalence classes of the symmetric group S,, on n letters, with respect to the generalized factor
order, were shown by Hadjiloucas, Michos and Savvidou (2018) to be in bijection with pyramidal sequences of con-
secutive differences. In this article we enumerate the latter by giving recursive formulae in terms of a two-dimensional
analogue of non-interval permutations. As a by-product, we obtain a recursively defined set of representatives of
super-strong Wilf equivalence classes in S,,. We also provide a connection between super-strong Wilf equivalence
and the geometric notion of shift equivalence—originally defined by Fidler, Glasscock, Miceli, Pantone, and Xu
(2018) for words—by showing that an alternate way to characterize super-strong Wilf equivalence for permutations
is by keeping only rigid shifts in the definition of shift equivalence. This allows us to fully describe shift equiva-
lence classes for permutations of size n and enumerate them, answering the corresponding problem posed by Fidler,
Glasscock, Miceli, Pantone, and Xu (2018).

Keywords: Patterns in permutations, generalized factor order, super-strong Wilf equivalence, non-interval permuta-
tions, shift equivalence.

1 Introduction

In this work we continue the study of super-strong Wilf equivalence on permutations in n letters with
respect to the generalized factor order that commenced in Hadjiloucas et al. (2018). S. Kitaev et al. in
Kitaev et al. (2009) referred to this notion originally as strong Wilf equivalence. J. Pantone and V. Vatter
in Pantonel and Vatter (2014) used the term “super-strong Wilf” to distinguish this from a more general
notion they defined and called “strong Wilf equivalence”.

First we recall some notation and definitions from Kitaev et al. (2009) and Hadjiloucas et al. (2018).
Let P and N be the sets of positive and non-negative integers, respectively. For each n,m € N with
m < nwelet[m,n] = {m,m+1,...,n} and for each n € P we let [n] = [1,n]. Let P* be the set of
words on the alphabet IP. Its elements are of the form w = wyws - - - w;w;i41 - - - Wp_1wy, withn € N and

*Corresponding author.
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w; € Pfori € [n]. The reversal w of w is defined as w = wywp_1 -+ - Wip1w; - - - wowy. If n = 0, then
w is equal to the empty word—which will be denoted by e—whereas if n € [P and each letter w; appears
exactly once, w is a permutation on n letters. We let |w| be the length n of the word w, ||w|| be the height
or norm of w defined as ||w|| = w1 + - -+ + w; + - - - + w,, and alph(w) be the set of distinct letters of P
that occur in w. The set of all permutations w on n letters such that alph(w) = [n] is denoted by S,,..

Given w,u € P*, we say that u is a factor of w if there exist words s, v € P* such that w = suv. If
s = € (resp., v = €) u is called a prefix (resp., suffix) of w. A prefix u of a non-empty word w is called
proper if u # w.

Consider the poset (P, <) with the usual order in P. The generalized factor order on P*, introduced
by Kitaev et al. in Kitaev et al. (2009), is the partial order—also denoted by < here—obtained by letting
u < w if and only if there is a factor v of w such that |u| = |v| and u; < v;, for each ¢ € [Ju|]. Such a
factor v of w is called an embedding of u in w. If the first element of v is the j-th element of w, then the
index j is called an embedding index of u into w. The embedding index set of u into w, or embedding set
for brevity, is defined as the set of all embedding indices of u into w and is denoted by Em(u, w).

For example, if u = 322 and w = 2343213421, then u < w with embedding factors v = 343, v" = 432
and v” = 342 and corresponding embedding index set Em(u, w) = {2,3,7}.

Let now ¢,z be two commuting indeterminates. The weight of a word w € P* is defined as the
monomial wt(w) = t*lzl*ll A bijection f : P* — P* is called weight-preserving if the weight of w is
preserved under f, i.e., | f(w)| = |w| and || f(w)|| = ||w]], for every w € P*.

Definition 1. ((Kitaev et al., 2009, Section 5)) Two words u, v € P* are called super-strongly Wilf equiv-
alent, denoted u ~ v, if there exists a weight-preserving bijection f : P* — P* such that Em(u,w) =
Em(v, f(w)), forall w € P*.

In Hadjiloucas et al. (2018) super-strong Wilf equivalence classes in S,, were fully characterised using
pyramidal sequences of consecutive differences of permutations. The latter are defined as follows.

Definition 2. ((Hadjiloucas et al., 2018, Definition 13)) Let u € S,, and s = s1---8;- -8, = u_ '
For i = n — 1 down to 1 consider the suffix s;s;+1---Sp—15, of s and its alphabet set ¥;(s) =
alph(s;$i+1 - Sn—18n) = {sgi),sgle, .. .,sgll,sg)}, where sl(-i) < 51(21 < - < 553)_1 < sgf). We
define A;(s) to be the vector of consecutive differences in £;(s), i.e.,

Ai(s) = (s — s, s — s,

The sequence
p(s) = (A1(s), Da(s), ..., An—2(s), An-1(s))
has a pyramidal form and is called the pyramidal sequence of consecutive differences of s € S,,. For any
u € S, note that we always obtain Aq(s) = (1,1,...,1).
——
n—1
Remark 1. Letu € S,, and s = u~'. The vector A;(s) can also be computed directly from u as the vector

of distances between letters in u that are greater than or equal to ¢, as they appear sequentially in u from
left to right.
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Example 1. Let u = 592738164. Then s = u~! = 735918462. The pyramidal sequence of differences
for s is the following:

As(s) = (4)

Az(s) = (2,2)
AG(S) = (27272)
As(s) =(1,2,2,2)
Ay(s) =(1,2,2,2,1)
Ag(s) = (1,2,1,1,2,1)
As(s) = (1,1,1,1,1,2,1)
Aq(s)=1(1,1,1,1,1,1,1,1)

The main result of Hadjiloucas et al. (2018) is the following.

Theorem 1. ((Hadjiloucas et al., 2018, Theorem 15)) Let n > 2 and u,v € S,, with s = v, t = v~L.
Then u ~,v if and only if p(s) = p(t), i.e., if A;(s) = A;(¢), foreachi € [n — 1].

Note that Theorem 1 holds trivially also for n = 1 and that for every u € S, we always have
Ai(u™t) = (1,1,...,1).
——
n—1

To enumerate all super-strong Wilf equivalence classes of S, it suffices to enumerate all distinct pyrami-
dal sequences of consecutive differences of permutations. In Section 2 the latter are constructed explicitly
starting always from the vector Ay = (1,1,...,1) and using three basic rules for the transition from A;

n—1
to A;41, namely either by adding up two consecutive entries of the vector A; or by deleting the leftmost
(resp., the rightmost) entry of A,. If A; is periodic, i.e., of the form (d, d, ..., d), for some d € PP, dele-
h\’,_/
n—u
tion from the left or from the right has the same effect and this makes direct enumeration of pyramidal
sequences problematic.

In Section 3 we overcome this difficulty by defining trapezoidal sequences of consecutive differences as
the sequences (A1, ..., A1) of the first i + 1 vectors of the corresponding pyramidal structures such that
A1 is the only periodic vector, except from A;. It turns out that trapezoidal sequences can be encoded
by certain prefixes of length ¢ of permutations in n letters and the latter are enumerated recursively in
Section 4 (see Theorem 4). Having enumerated trapezoidal sequences of differences it is not so hard
to finally enumerate pyramidal sequences of differences and therefore super-strong Wilf equivalences
of permutations (see Theorem 2). We are also able to construct recursively a set of representatives of
super-strong Wilf equivalence classes using the aforementioned prefixes of permutations (see Corollary
1). Using similar arguments we also recursively enumerate all super-strong Wilf equivalence classes of a
given cardinality (see Theorem 3).

Finally, in Section 5 we establish the connection between super-strong Wilf equivalence and shift equiv-
alence, for permutations. We prove that two permutations are super-strongly Wilf equivalent if and only
if they are shift equivalent using only rigid shifts and not reversals (see Proposition 4). This allows us
to describe fully the shift equivalence classes of permutations (see Theorem 5) and finally enumerate
them (Corollary 2). The latter answers the exact enumeration problem of shift equivalence classes for
permutations, posed in (Fidler et al., 2018, §5).
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2 Pyramidal sequences of vectors

Observing the way pyramidal sequences of consecutive differences of a permutation are constructed, we
can see that the transition between A; and A follows one of three simple steps (see (Hadjiloucas et al.,
2018, Lemma 17)), namely: add up two consecutive entries of A;; delete the leftmost entry of A;; delete
the rightmost entry of A;.

To enumerate such structures it is more convenient to leave aside their connections to permutations and
focus on these simple rules that can indeed construct all possible pyramidal sequences of this type.

Definition 3. A pyramidal sequence of vectors is a sequence of the form

b= (Alv" '7Ai;Ai+la- "7An71)7

where each A; is a sequence of n — 4 positive integers such that A; = (1,1,...,1) and if A; =
——
n—1
(dy,dsg,...,dn—i—1,dn—;) we have the following three options for A;;:
(di, ..., dg—1,dk + dgy1,dgy2, ... ,dp—;), forsomek € [n — i — 1], or

Aiy1 =14 (da,...,dp—i—1,dn—;), or
(di,da,...,dp—i—1).

It is important to note that if A; = (d, d, . .., d) for some d € P, the second and third options coincide.
—
n—

Let II,, denote the set of all pyramidal sequences of the above form.

Lemma 1. Given a permutation u € S,,, its pyramidal sequence p(u~?') lies in II,,.

Proof: Following the notation of Definition 2 there are three distinct cases to consider for the transition
from A;(s) to A;_1(s). If 8,1 < 5\ then the difference s\ — s;_; will be added at the left of Ai(s).

If s;1 > ssf ), then the difference s; 1 — sSf ) will be added at the right of A;(s). Finally, if there exists

an index k such that s\ < s, ; < s,(;)rl, then the difference s,(;}rl — 5" in A;(s) will break up into the

two summands s;_1 — sg) and SEJJ)FI —s;—11in A;_1(s). O
For the converse, we have the following construction.

Lemma 2. Given an element p € II,,, there exists u € S,, such that p = p(u~1).

Proof: In view of Remark 1, we construct such a permutation recursively, using the connection between
A;yq and A; in each step. We start from letters n and n — 1 and place them in distance d, where
A,,—1 = (d). There are two options for this. We choose the one with n — 1 on the left.

Let A; = (dy,ds,...,dn—i—1,d,—;) and suppose, by induction, that all letters greater than ¢ are
placed in the word and their distances agree with A;; ;. In view of Definition 3, there are three options
for the transition from A; to A;1. If the k-th coordinate in A; 4 is equal to di + di1, then letter 7 is
placed in distance d; + d2 + - -+ + dg—1 + di to the right of the leftmost letter of the previous step. If
Aijt1 = (da, ... ,dn—y) (resp., Ajr1 = (d1,...,dn—i—1)), then letter ¢ is placed in distance d; (resp.,
dn—;) to the left of the leftmost (resp., to the right of the rightmost) letter of the previous step.
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Throughout this step-by-step construction, we have either one or two choices for the placement of each
new letter. The latter occurs only on transitions from A; = (d,d, ... ,d) to A;41 = (d,d, ..., d). In this
—— ———

n—i n—i—1
case we choose again to place letter ¢ at distance d to the left of the leftmost letter of the previous step. [

Remark 2. The above proof is an alternative way to show that the cardinality of each super-strong Wilf
equivalence class of permutations is equal to 27 for some 5. This had been shown with a more technical and
difficult proof using the notion of cross equivalence in (Hadjiloucas et al., 2018, Corollary 27). Moreover,

it is evident that the exponent j is equal to the number of transitions from A; = (d,d,...,d) to Aj41 =
~
n—u
(d,d,...,d), fori € [n — 1]. Note that by convention A,, is the empty vector, so there is always such a
——
n—i—1

transition from A,,_1 to A,,.

We demonstrate the above construction by way of an example.
Example 2. (cf. (Hadjiloucas et al., 2018, Example 18))
Consider the pyramidal sequence of vectors appearing in Example 1. Following the steps described in
Lemma 2, one possible construction for u is shown in the following diagram, where the symbol o is
used to represent smaller letters than the ones appearing in every step—which are shown inside a box
here—and each sequence below an under brace denotes the corresponding vector A;.

0009—>8009—>@080709—>608o709

4 2 2 2 2 2 1 2 2 2
560807 09[4]+5608[3]709456[2]837 094
1 2 2 2 1 1 211 2 1 11111 2 1

—562837[1]94=u.
—_——————

11111111

Remark 3. 1t is helpful to view Definition 3 in the following way. Suppose that we originally have n walls
which define n — 1 chambers with one ball in each one of them. This is precisely the situation in A;.
Then at each step, the transition from A; to A; ;1 can be visualized by the removal of some wall. If this
wall is internal, the balls at its left and right chambers will all be concentrated at one unified chamber. On
the other hand, if this wall is external, all corresponding balls to its left (if it is a right wall) or to its right
(if it is a left one) will be removed. This combinatorial game ends when only two walls, i.e., one chamber,
are left. We want to enumerate the number of ways that this can be done, considering that two moves are
different if they result to a different set-up of chambers and balls.

For technical reasons, we extend the notion of consecutive differences for permutations to number sets.
More precisely, foraset X = {1 < 2o < -+ < xp_1 < a} C P, let

AX)= (22 —21,...,0k — T—1)

be the vector of consecutive differences in X . For a given vector A = (dy,...,dr—1) and a given ¢ € P
we also set
¢(A) ={c,c+dy,...,e+di + -+ di-1}
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Note that, given a set X and a vector A, we have that A = A(X) if and only if X = ¢(A), for some
ceP.

3 Trapezoidal sequences of consecutive differences

Let! > 2. A permutation w of length [ (resp., a set A of cardinality /) is called periodic when the vector
of consecutive differences of alph(w) (resp., of A)is equal to (d,d,...,d), for some d € P.
———

-1
A vector A is called periodic if A = (d,d, . ..,d), for some d € P.

Definition 4. For a fixed i € [n — 2], a trapezoidal sequence of consecutive differences of height i is a
sequence (Aq,...,A;,; A;11) of the ¢ + 1 initial parts of a pyramidal sequence in II,, such that:

e A, is periodic, and

e A; is not periodic, for all j € [2,1].

Let A; ,, denote the set of all trapezoidal sequences of height 4, inherited by pyramidal sequences of I7,,.

Example 3. The sequence of differences

(17 17 17 17 17 27 1)
(1717171717 7171)

lies in Aj o; it is the sequence of the 6 initial parts of the pyramidal sequence in Example 1.

We will encode trapezoidal sequences of consecutive differences of height ¢ using a certain type words
of length 7, defined as follows.

Definition 5. Let n > 3. For ¢ € [n — 2] we define the set D, ,, as the set of all words v = ujug - - - u; of
length 7 such that:

e u appears as a non-empty prefix of a permutation w in S,,, whose remaining (n — ©)-letter suffix is
periodic, i.e., the set [n] \ alph(u) is periodic, and

o u is the prefix of smallest length with the above property, i.e., forall j < i the set [n]\{u1, u2, ..., u;}
is not periodic.

Example 4. The word u = 73591 lies in D5 g. Indeed, the set [9] \ alph(u) = [9] \ {1,3,5,7,9} =
{2,4, 6,8} is periodic since its vector of consecutive differences is (2,2, 2). On the other hand, for each
of the proper prefixes u’ € {7359, 735,73,7} of w, it is easy to check that the set [9] \ alph(u’) is not
periodic.

The following result yields a recursive algorithm for the construction of sets D; ,,.

Proposition 1. For n = 3 we have D1 3 = {1,2,3}. For n > 4 we construct D; ,, recursively as follows:
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1. Fori=1we have Dy, = {1,n}.

2. Fori > 2, D, ,, is the set of prefixes u of length i of permutations in S,, whose corresponding suffix
is periodic and for each proper prefix u' of u of length 1 < j < i we have v’ ¢ D; ,.

Proof: For n = 3 the result is evident. For n > 4 and ¢ = 1 it follows immediately. Let ¢ > 1 and
u € D; . Then each proper prefix v’ of u has the property that [n] \ alph(u’) is not periodic, therefore
u' ¢ Djp, for j = |u/|.

For the reverse direction suppose that u is a prefix of some permutation on n letters such that [n] \
alph(u) is periodic and for each proper prefix u’ of u we have v’ ¢ D, ,,, for j = |u/|. Then we must
show that [n] \ alph(u’) is not periodic. If j = 1 then w’ ¢ {1,n} and the result follows. Thus we may
suppose that j > 1 and for the sake of contradiction let us assume that [n] \ alph(u') is periodic. Consider
the set

L ={]t| : tproperprefixof u and [n]\ alph(¢)is periodic}.

Clearly L # 0, as |u’| € L. By the well-ordering principle, min(L) exists. Set min(L) = {. Then! > 1
and there exists a proper prefix x of u of length [ such that [n] \ alph(z) is periodic. Furthermore, for each
proper prefix y of = we get [n] \ alph(y) is not periodic. Then by definition 2 € Dy ,,. On the other hand,
as x is a proper prefix of u, by our assumption x ¢ D ,,, a contradiction. o

Example 5. For n = 5 by definition we get D1 5 = {1,5}. To calculate the set of prefixes Dy 5 observe
that the only possible vectors of differences for the corresponding periodic sets in this case are either
(1,1) or (2,2). These correspond to the sets {1,2,3},{2,3,4},{3,4,5} and {1, 3,5}, respectively. All
possible prefixes with letters in the complements of the above sets are 45, 54;15,51; 12, 21 and 24, 42,
respectively. The prefixes 54, 15, 51, and 12 are rejected since they have a proper prefix in D 5. Hence,
we obtain that Dy 5 = {21,24,42, 45}.

We are now ready to show that each trapezoidal sequence in 4; ,, can be encoded as a word in D; ,,.
The main idea is the following. Each word in D; ,, may be viewed as a sequence of 7 walls that are going to
be deleted one after the other, starting from the original n walls containing n — 1 balls and ending up with
an equal number of balls in each chamber, a set-up described in Remark 3. Taking into consideration the
way that balls are separated after each wall deletion, a unique trapezoidal sequence in 4A; ,, is constructed
bottom-up. This turns out to be a well defined map which we will show to be a bijection.

Proposition 2. There is a bijection between the set of prefixes D; ,, and the set of trapezoidal sequences
of consecutive differences A; ,,.

Proof: Suppose that u = u; - - - u; € D, ,,. We construct a unique element p € A; ,, in the following way.
First, we define sets X, j € [¢ + 1], inductively as

X1 = [n] and XjJrl = Xj \ {Uj}, forj € [Z] (1)
The image of u is then defined to be

d)(u) =p= (Al, .. .,Aj, .. .7Ai+1)7 where Aj = A(XJ)



8 loannis Michos, Christina Savvidou

For the reverse direction, let p = (Aq,...,A;,Aji1,...,Ai+1) € A;,. Suppose that A =
(dy,...,dp—j—1)and A; = (eg, €1,...,en—;—1). We define sets Y; inductively as follows. Set Y1 = [n].
For j € [2,1], let y; = min(Y}) and set

T Q) i Ay # (e, en—jo1)
Yjp1 =922 "7 _ )
Y+ eO(Aj+1)7 if Aj+1 = (e1,..., €n7j71)-

We then set ¢(p) = u =uq - --u; - - - u;, where {u;} =Y, 11\ Y.
By construction and in view of Definitions 4 and 5, we obtain that ¢(u) € A; ,, and ¥(p) € D, .

It remains to show that ¢ and 1) are inverses of each other, i.e., ¥(¢(u)) = u and ¢(¢)(p)) = p, for each
u€eD;pandp € A, .

For the former equality it suffices to demonstrate inductively on j that Y; = X;, given the set X
in (1), for j € [i] and the recursive construction of the sets Y; in (2). For j = 1 we immediately get
Y1 = X1 = [n]. Assuming that Y}, = X}, and thus y; = min(Y;) = min(Xy) = zx, we have to
show that Y11 = Xpyq. If Ak-i—l #+ (61, ey en_k_l), then Y11 = %(A/ﬁ_l) = .T_]g(A]gJ,_l). Now
since Agyp1 = A(Xpq1) we get Tg(Ag41) = Xp41 and the result follows. If, on the other hand,
Aky1 = (€1,...,6n—k—1), then we obtain that Yy11 = yr + eo(Art+1) = zk + eo(Ag41). Clearly
yr & Yi+1 and in fact we have {yr} = Y% \ Y41 and furthermore yi, = ug. Since Xp11 = Xi \ {ur},
we obtain Xy41 = Yi41.

For the latter equality, our arguments are reversed starting with the given set Y} in (2) and using the
recursive construction of the sets X in (1). O

Example 6. The image of the word u = 73591 € D5 g via the bijection ¢ is the trapezoidal sequence of
differences appearing bottom-up on the right column of the following table.

lief2e|z0|s0]s0|co[regelg — A;=(1,1,1,1,1,1,1,1)
7T = |1elae|se|se|se|ge selsely — A, =(1,1,1,1,1,2,1)
3 = [1eaeze|ye[50[ce re[gefg — Az =(1,2,1,1,2,1)
5 = |1efzeze[,e s0|ce sefge|g — Ay =(1,2,2,2,1)
9 — |1ezezef,e s0|ce rels o — As = (1,2,2,2)
I = | [2ezefjese[ce se0]g o — Ag=1(2,2,2)
Now set d; , = |Din| = |Ain| and let s, be the number of distinct super-strong Wilf equivalence

classes of S,,. It is trivial to see that s1 = so = 1 and s3 = 2. For n > 4 the enumeration of super-strong
Wilf equivalence classes is achieved using the numbers d; ,, as follows.

Theorem 2. Let n > 4. The number s, of distinct super-strong Wilf equivalence classes of Sy, is given
by the recursive formula

n—2
Sp = Sp—1 + Z di,n *Spn—i- (3)
=2

Proof: Let 7;771 = {(A17"'7Ai7Ai+17"'7An—l) e 1, : (A17"'7Ai7Ai+1) S Ai,n}’ for¢ €
[n — 2]. We clearly have

Hn:7d1,n|—|7d2,n|—|"'|—|7di,n|—|"'|—|7;172,n- (4)
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Observe that Ay ,, consists of just one element, namely (A, Ag), where Ay = (1,1,...,1) and Ay =
——
n—1
(1,1,...,1). Then there is an immediate bijective correspondence between I1,,_; and T; ,, therefore
N——
n—2

|7-1,n| = Sn—1-

Now let ¢ € [2,n — 2]. Consider a pyramidal sequence in 7; ,,. Then there exists a d € [n — 1] such
that A;11 = (d,d,...,d) and for all j € [2,{] there exists no e such that A; = (e, e, ..., e).

n—i—1 n—j

Our first claim is that all entries in Ay, for k € [i + 1, n — 1] will be multiples of d. Indeed, suppose that
Ay = (dy,...,dn—), where by induction it is assumed that d | d;, for all [ € [n — k|. If Ag41 is equal
either to (da,...,dp—g) or (d1,...,dn—k—1), then the result follows immediately. On the other hand, if
A1 = (d1,...,dm-1,dm +dm+t1,dm+2, - .. ,dn—_r) it is enough to show that d | (d,,, + d+1), which
follows inductively from d | d,,, and d | dypp41.

We now define amap 7, , : Ty = Aip X I_; as

1
Tin(AL - A Aig, . A1) = (A1, -, Ay, A1), a (Aig1,---,An—1)), )
where A;41 = (d,d, ..., d). Our previous claim ensures that 7; ,, is well defined. Furthermore, it is also
———

n—i—1
a bijection whose inverse is the map p; ,, : A; ,, X II,,_; — T; , defined as

’

pi,n((Alv o 7Ai7 Ai+1): (Alv e 7An—i—1)) = (A17 BERE Ai7Ai+17d . A17 cee 7d . Anfifl)’
where A; 41 = (d, ..., d). By direct enumeration, it follows that | 7; ,,| = d; - Sp—i, fori € [2,n—2]. O
——
n—i—1

Our next goal is to find a set of representatives of super-strong Wilf equivalence classes in S,,. To do
this, we start with the notion of the reduced form of a permutation. For a permutation 7, its reduced form
red(7) is the permutation obtained by replacing the smallest entry of 7 by 1, the second smallest by 2,
and so on.

For technical reasons we define &; ,, to be

e {{1}, if Q=1
' Din, if i€[2,n—2].
Corollary 1. Let R, be the set of permutations in S, defined recursively as
Rp={u-v:u€é&,y; red(v) € Ro_i; i €[n—2]}.
Then a set of super-strong Wilf equivalence classes representatives in S, is given by the set

C, = {w_1 wE R}

Proof: In view of Theorem 2, the cardinality of R,, is the correct one. To construct a permutation
u-v € Ry, we fix a prefix u € &; ,, and a permutation 7 € R,,—;. Then there is a unique suffix v such
that alph(v) = [n] \ alph(u) and red(v) = 7.
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Consider two elements in R,,, namely w = v - v and w’ = v’ - v'. We will prove inductively on n that
if w # w' then w™! =gy w' ~!. To do that it suffices to show that the corresponding pyramidal sequences
of consecutive differences p(w) and p(w’) are not the same. We distinguish between two cases.

Case 1: If u # v/, where u,u’ € &, then we necessarily get ¢+ > 2 and hence u and v’ are distinct
elements in D; ,. In view of the bijection ¢ in Proposition 2, we obtain ¢(u) # ¢(u') and
therefore the corresponding pyramidal sequences are distinct.

Case 2: If u = v’ then v # v’. On the other hand, alph(v) = alph(v’), which implies that red(v) and
red(v’) are distinct elements of R,,—;. Our inductive argument on length immediately implies
that p(red(v)) # p(red(v’)), hence the initial parts for p(u - v) and p(u’ - v’) are distinct since
they are a scalar multiple of p(red(v)) and p(red(v")), respectively.

In all cases, we get p(u - v) # p(u’ - v'), as required. O

The recursively constructed sets R,,, for n € [3,6], are given in Table 5 (see Appendix), where all
prefixes u € &; ,, of permutations in R,, are highlighted in red colour.

In our next result, we enumerate the set of super-stong Wilf equivalent classes of permutations of given
cardinality. In view of Remark 2, such a cardinality is always a power of 2. Let s;, be the number of
super-strong Wilf equivalence classes of order 27 in S,,, where j € [n — 1]. Note that sg ,, = 0. It is easy
to check that S1,2 = 81,3 = S2,3 = 1.

Theorem 3. For n > 4 we have

n—j—1

Sjn = 8j—1n-1+ E dkn - Sjn—k-
k=2

Proof: Let F; ,, be the set of all pyramidal sequences in I7,, with corresponding super-strong Wilf equiv-
alence class of order 27. From (4) it clearly follows that

Fim = (Fjn 0Tin) U(Fjn N T2p) U U(Fjn N Tin) U U (Fjn N Tn2.n)- (6)

By Remark 2, the exponent j is equal to the number of transitions from Ay = (d, d, ... ,d) to Agyq =
——

n—k

(d,d,...,d),for k € [n— 1]. Recall that for k = n — 1, by convention A4 is the empty vector.
——

n—k—1

Let i € [2,n — 1]. Consider a pyramidal sequence (Aq,...,A,_1) € T; . Observe that for k € [i]
there are no transitions of the aforementioned form, therefore restricting the bijection 7; ,, in (5) to Fj ,
the only contribution to the exponent j comes from the part (A;41,...,4,_1). But the number of
different classes there is equal to s; ,,—,. It follows that | F; ,, N 7i n| = din - Sj,n—i-

Now let i = 1. Observe that there is a transition from A; to Ay = (1,1,..., 1) that raises the exponent

N——
n—2

of the order of the equivalence class by one, hence to get the desired exponent 5 we need 7 — 1 additional
transitions on the upper part of the pyramid; there are precisely s;_1 ,—1 classes satisfying that and the
result follows. O
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4 Numbers d, ,, and non-interval permutations

The calculation of numbers s, and s; 5, is based on the coefficients d; ,,. In this section we will present a
recursive formula for the latter.

It turns out that numbers d; ,, are related to the number a,, of non-interval permutations. These are
all permutations s = s152--- S, of size n > 2 such that the alphabet of any prefix s; - - - s; of length
2 <1 < nis not equal to the interval [k,! + k — 1], for some & (see (Aval et al., 2011, Proposition 4.5)).
The enumeration of non-interval permutations yields the integer sequence

2,2, 8, 44, 296, 2312, 20384, 199376, 2138336, 24936416, 3141422848, . ..

(also known as |b,, |, for n > 2, where b,, is Sequence A077607 of oei (1964)) with recurrence formula

D Stk (i—k+ 1) = (i+ 1)L (7

k=1

Our initial calculations indicated the equation d; ,, = a;41, for relatively small 7. In fact, numbers d;
satisfy the recursive formula of our following result, whose special case for i < | %] coincides with (7).

Let q; »,, and 7 ,,, be the quotient and remainder, respectively, of an arbitrary integer [ with a non-zero
integer m.

Theorem 4. Let n > 4. For a giveni € [n — 2] setm =n — i — 1. Then

Z qnf2k.,m . (Tnfk,m +i—k+ 1) . dkm . (’L — k)' — Qn2,m . (Tn,m 4+ i+ 1) il (8)
k=1
For the proof of the theorem we will need the following result.

Lemma 3. Let p; ,, be the number of all prefixes of length i of permutations inn letters with corresponding
periodic suffix and set m =n — i — 1. Then

dn,m

2

Pin = (rpm +i+1) -4l

Proof: It suffices to count the number z; ,, of all ordered periodic words of length n — ¢ in n distinct
letters and then multiply it with the ¢! choices for the remaining prefix letters. For a fixed d € [g, ], each
such ordered periodic word has the form a(a+d) - - - (a4 jd) - - - (a+md), for j € [0, m] and is uniquely
determined by the choice for the letter a. There exist precisely n — dm such choices, so that

dn,m dn,m

dn,m
Tin = Z (n - dm) = Ndn,m — M Z d= Ngn,m — MM 9 (Qn,m + 1)
d=1 d=1

Gn,m

Now since n = mqn m + rn,m, we obtain z; , = =5

(rn,m + @+ 1) and our result follows. O

Proof of Theorem 4: We count the number of prefixes p; ,, with periodic suffix in two ways. By Lemma
3 we directly obtain the number on the right hand side of (8).
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An alternative counting method for p; ,, is to start from the prefixes themselves. Consider a prefix u
of length ¢ such that the remaining (n — ¢)-letter suffix is an ordered periodic word. Then there exists a
unique k € [i] such that the prefix u’ of u lies in Dy, ,,. For this particular k-letter prefix u’, the number of
all prefixes of length ¢ — & in the remaining n — & distinct letters is equal to p;_ ,— and by Lemma 3

we obtain that
qn—k,m

2
sincem = (n — k) — (i —k) — 1 =n — 14— 1. Note that for k = ¢ we get pg ,—; = 1, as expected.
A simple counting argument now yields

Di—kn—k = (Tn—km +1—k+1)(i — k),

3
Din = E Di—kn—k dk,n
k=1

and the result follows. O

Remark 4. Leti < |Z]. Recall that m = n — 4 — 1. Then it follows that m > [§] — 1, so that

Gnym = Qn—k,m = land 7y, = n—m, rp_.m = (n—k) —m, for k € [i]. Substituting in (8) we obtain

idk,n i—k+ 1) =(i+ 1)
k=1

It follows that dy ,, = ax1, forall k < | %], since dy,,, = ag = 2.
This equality of cardinalities is not a mere coincidence. There is actually a deeper connection between
D; », and the corresponding non-interval permutations.

Proposition 3. There is a bijection between the set of prefixes Dy, for k < | 5| and the set Ay 1 of all
non-interval permutations of length k + 1.

Proof: It is more convenient to find a bijection from Dy, ,, to the set By of all permutations b =
b1bg - - - bbg41 of size k + 1 > 2 such that any suffix bg_;42 - - - biy1 of length 2 < [ < k + 1 is not, up
to order, equal to an interval of the form [j,1 4+ j — 1]. This is possible due to the fact that By is clearly
equinumerous to Ay 1, via the bijection w +— .

Let v = ujuz - - - ug be a prefix in D, ,,. Let a = min([n] \ alph(u)). We define a map p : Dy, —
B+1 as p(u) = red(ua).

For the reverse direction we define a map
0 :Bry1 — Dy as 0(b1- - - bpbgg1) = vy - - - vy, where, for i € [k],

{bi, if by < bpyq
V; =

9
bi+(n—k—1), if b > bss. &

We begin by showing that maps p and 6 are well-defined.
To show that p(u) € By, for u € Dy, observe that since k& < |n/2], the vector of consecutive
differences of [n] \ alph(u) is necessarily equal to (1,1,..., 1), hence
——

n—k—1

T=u;-ukafla+1)---(a+n—k—1)€S§,.
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This implies that if we set p(u) = by - - - bpbg+1, we must have

(2] if 7
bi=1" Lo (10)
u—(n—k—-1), if wu; >a,

fori € [k] and by11 = a.
Suppose, for the sake of contradiction, that p(u) ¢ Byy1. Then consider the smallest index j € [k]
such that
{bj,....op+1}={a—-1,...,a—-1,a,a+1,...,a+ 7},

for some I, € [k — j]. Note thatl + r = k — j. In view of (10) we have that
{uj,...;upp1}={a—10,...,a—1l,a,a+(n—k),...,a+r+(n—k—1)} (11)

Combining the form of the permutation 7 and (11), we obtain that uq - - - u;—; lies in D;_q 5, which
contradicts the definition of Dy, j,.
Letb = by - brbrt1 € Bit1. We need to show that v = vy - - - v, = 0(b) € Dy, By definition of 6,
it follows that
v U D1 (b1 +1) - (g1 +n—k—1) € Sy,

and consequently a prefix of v (not necessarily proper) lies in D ,, for some j < k. If 5 < k, then b would
have a suffix of length k£ + 1 — j corresponding to an interval, a contradiction.

It remains to show that p o § = idp, ., and 6 o p = idp, ,. We will demonstrate the former, the
latter follows using similar arguments. Having that b = by - - - bgbgr1 € Bgy1 and in view of (9), we
obtain alph(vy - -+ vg) = [bp1 — 1] U [bgsr + n — k,n]. Hence, min ([n] \ alph(v)) = bi41 and
p(v) = red(vbg41) = b, as required. O

Example 7. Let us calculate the number sqg of super-strong Wilf equivalence classes of S1g. In view
of Theorem 2, we need to calculate the numbers d; 19, for ¢ € [8]. Since [10/2| = 5, Proposition 3
immediately ylelds d1710 = a2 = 2, d2710 = a3z = 2, d3710 = a4 = 8 and d4710 = a5 = 44.

To evaluate ds 10 set ¢ = 5 and m = 4 in (8) and since o4 = go.4 = gsa = 2, q74 = Qo4 = 1;
7104 = T6,4 = 2, r9,4 = 1, 84 = 0 and T4 = 3, we obtain

%~(1+5)~2~4!+§~(O+4)-2-3!+%-(3+3)~8~2!+%~(2+2)-44-1!+d5710:
It follows that ds 10 = 488. Using (8) in a similar fashion, we get d¢ 10 = 4,664, d7,10 = 58,336 and
dg.10 = 1,114,944.

Substituting the above values of d; 10, ¢ € [2, 8] and the recursively calculated values so = 1, s3 = 2,
sq4 = 8, s5 = 40, s = 256, sy = 1,860, sg = 15,580 and sg = 144, 812, for ¢ < 10 to formula (3), we
finally obtain s19 = 1,490, 564.

Using the same reasoning we have calculated all numbers s,,, forn € [12] (see Table 2 in the Appendix).
The calculation is based on the numbers d; ,,, for i € [10] and n € [3, 12] (see Table 1 in the Appendix).
In particular, in view of Proposition 3, numbers dy, ,,, for all k < L%J, i.e., numbers of all non-interval
permutations of length k 4 1, are highlighted with red colour in that table. Finally, numbers s; ,,, for
i € [11] and n € [2,12], are shown in Table 4 in Appendix.

(246) -5

N Do
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5 Shift and super-strong Wilf equivalence classes of permuta-
tions

Shift equivalence is a geometric notion which was firstly introduced for words in general in Fidler et al.
(2018) providing a new insight in Wilf equivalence theory. It is defined using the notions of the skyline
diagram and rigid shift of a word. The skyline diagram of a word u = wjug - - - u, € P* of length n is
the geometric figure formed by adjoining n columns of squares such that the ¢-th column is made up of
u; squares. A rigid shift of a word u is any word v that can be formed by cutting the skyline diagram of u
at some height h and rigidly moving together all blocks above the cut line in such a way that each moved
column comes to rest on a column of height h.

Definition 6. (Fidler et al., 2018, p. 4) Two words are shift equivalent if one can be obtained from the
other by performing any finite sequence of rigid shifts and reversals.

Restricting ourselves to permutations we define the following notion.

Definition 7. Two permutations are strongly shift equivalent if one can be obtained from the other by
performing any finite sequence of rigid shifts only.

Example 8. Consider the permutation v = 32415 € S5. Then v = 42513 is a rigid shift of u because
v is constructed by cutting the skyline diagram of u at height 3 and rigidly moving all blocks above it by
two positions to the left. The permutation w = 31524 can not be obtained from u by a sequence of rigid
shifts. Nevertheless, w is shift equivalent to u since w = v.

We have the following result that relates super-strong Wilf equivalence and strong shift equivalence for
permutations and provides us with an alternate way to characterize the former.

Proposition 4. Let u,v € Sy,. Then u is strongly shift equivalent to v if and only if u ~gs v.

Proof: Suppose that u is strongly shift equivalent to v. Since u is obtained from v by a finite sequence of
rigid shifts, it suffices to show that if v is obtained from u by performing a single rigid shift, then v ~45 v.
The proof of (Fidler et al., 2018, Theorem 1) is based on the construction of a weight-preserving bijection
from the m-minimal clusters of u to the m-minimal clusters of v. It is shown there that, for a fixed
embedding set E, m(v, F) is itself a rigid shift of m(u, E), hence it is also a rearrangement of m(u, E),
for all embedding index sets . Using the Minimal Cluster Rearrangement Theorem, a necessary and
sufficient criterion for super-strong Wilf equivalence (see (Hadjiloucas et al., 2018, Theorem 4)), we
conclude that u ~ 4 v.

For the converse, suppose that u ~s v. This is equivalent to A;(s) = A;(t) = A, foralli € [n — 1],
where s = ! and t = v~!. We will construct a sequence of rigid shifts that transforms w to v, starting
from greater letters to smaller ones. This is done inductively for ¢ from n — 1 down to 1.

Let i € [n — 1]. Its relative position with respect to the greatest letters in « and v depends only on
the transition from A;; to A;. The only case where we have more than one choice for this placement
is when A, = (d,d,...,d)and A; = (d,d,...,d). In this case, the factors of the words u and v that

n—i—1 n—i
correspond to the previous distance vector A;; are strongly shift equivalent by induction, and may be
written in the form
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where * corresponds to letters greater than ¢ and o corresponds to letters less than or equal to ¢. There are
two choices for the placement of the letter < on v and v. We may assume that the character ¢ is placed on
the left of the above configuration for w as follows

O+++0 %k O+++0 %k +++ %k O+++0 %k O-+-+0 %k,
A e N~ =
d—1 d—1 d—1 d—1

If 7 is also placed on the left of the above configuration for v, no rigid shift is needed. On the other hand,
if it is placed on the right, then by applying a rigid shift of height ¢ by d places to the left, we get the same
configuration, or a strongly shift equivalent configuration inherited by the previous steps as in .

In the case where ¢ was placed originally to the right of the above configuration for u, the rigid shift, if
needed, would be of the same type to the right. o

We are now ready to describe the shift equivalence class [u],, of a permutation u in terms of the
corresponding super-strong Wilf classes [u],, and [u],, of u and its reversal 4, respectively.

Theorem 5. Letv,id € S, wherev =12 --- (n—3) (n—1) (n—2) n and id is the identity permutation.
Then for an arbitrary element u € S,, we have

[u],, U [a],,, otherwise.

U if urgsid, or ur~gsv,
o = {[ o0
Proof: By (Hadjiloucas et al., 2018, Theorem 22) it is known that the only super-strong Wilf equivalence
classes that remain invariant under the application of the reversal map v +— @ in S, are the classes
T, = [id],, and M,, = [v],,. Note that in terms of pyramidal sequences, the classes Z,, and M,,
correspond to the pyramid that contains only 1’s and the pyramid with 1’s everywhere except from the
uppermost part which is A,,_; = (2), respectively. Our result now follows directly from Proposition 4
and the definition of shift equivalence. o

The enumeration of shift equivalence classes of permutations of size n is given by the next result which
follows immediately by the previous theorem.

Corollary 2. Let sh,, be the number of distinct shift equivalence classes of the symmetric group Sy, for
n > 3. Then

Sn
hp, =1+ —.
S + 5

Numbers sh,,, for n € [12] are shown in Table 3 (see Appendix).

6 Conclusions and further research

The main result of this paper is a recursive formula for the number s,, of super-strong Wilf equivalence
classes of permutations in 7 letters. This has been done by introducing a new family of numbers d; , which
enumerate either trapezoidal sequences of height ¢ in pyramidal sequences of consecutive differences for
permutations of size n, or prefixes of length ¢ of some sort of generalized non-interval permutations of
size n.

One problem that has not been dealt here is the evaluation of a generating function for the sequence
Sn. In view of Theorem 2, this would require a bivariate generating function for the double indexed
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sequence d; ,,, a problem that might be of interest on its own as these numbers could appear elsewhere.
To this purpose, one needs to treat formulae (8) and (3) with some exceptional care, as variable n in (3) is
involved in both numbers d; ,, and s,,. This project seems to be quite ambitious.
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Appendix
[i\n |3]4]5] 6 ] 7 [ 8 | 9 | 10 | 11 | 12 |
13|12 2 2 2 2 2 2 2 2
2 6| 4 2 2 2 2 2 2 2
3 24 | 16 14 8 8 8 8 8
4 168 | 100 80 68 44 44 44
5 1,212 | 712 500 488 416 296
6 10,824 | 6,376 4,664 3,704 3,512
7 103,992 | 58,336 43,592 33,152
8 1,114,944 | 630,544 444,992
9 12,907,824 | 7,167,802
10 162,773,970

Table 1: The numbers d; ,,, for1 <7 <10and 3 <n <12

[ n1]2[3[4]5] 6 |

7

| 38

| 9

10

[ 11

[ 12

(s, [ 1] 1]2]8]40]256] 1,860 | 15,580 | 144,812 | 1,490,564 | 16,758,972 | 205,029,338 |

Table 2: The numbers s,,, for1 <n <12

[ nft[2]3[4]5]6 |7 |

8

E

| 10 ]

T

2]

[sho 1] 1]2]5]21[129]0931] 7,791 | 72,407 | 745,283 | 8,379,487 | 102,514,670 |

Table 3: The numbers sh,,, for1 <n < 12

[j\n[2]3]4]5] 6] 7 [ 8 | 9 | 10 | 11 | 12 |
I{|1]1]6]28]196 | 1,452 | 12,632 | 119,744 | 1,260,432 | 14,389,600 | 178,692,748
2 11|10 46 330 2,416 | 21,216 197,120 | 2,067,024 | 23,263,418
3 1|1 12 62 442 3,204 28,276 262,080 2,707,296
4 1 1 14 72 546 3,992 34,680 318,408
5 1 1 16 82 630 4,744 41,108
6 1 1 18 92 718 5,412
7 1 1 20 102 810
8 1 1 22 112
9 1 1 24
10 1 1
11 1

Table 4: The numbers s, ,,, for1 < j <1land2 <n <12
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Lo Ra |
3| 123,213
4 || 1234, 1324
2134,2314,2413,3124, 3214, 3412
5 || 12345, 12435, 13245, 13425, 13524, 14235, 14325, 14523;
21345,21435; 24135, 24315; 42135, 42315; 45123, 45213;
23145,23415,23514, 25134, 25314, 25413, 31245, 31425, 31524, 32145, 32415, 32514,
34125, 34215, 34512, 35124, 35214, 35412, 41235, 41325, 41523, 43125, 43215, 43512
6 || 123456, 123546, 124356, 124536, 124635, 125346, 125436, 125634,

132456, 132546, 135246, 135426, 153246, 153426, 156234, 156324,

134256, 134526, 134625, 136245, 136425, 136524, 142356, 142536, 142635, 143256,
143526, 143625, 145236, 145326, 145623, 146235, 146325, 146523, 152346, 152436,
152634, 154236, 154326, 154623;

213456, 213546, 214356, 214536, 214635, 215346, 215436, 215634;
561234,561324, 562134, 562314, 562413, 563124, 563214, 563412;

231456, 231546; 246135, 246315; 261345, 261435; 264135, 264315; 312456, 312546;
315246, 315426; 321456, 321546; 351246, 351426; 426135, 426315; 456123, 456213;
462135, 462315; 465123, 465213; 513246, 513426; 516234, 516324; 531246, 531426;
546123, 546213;

234156, 234516, 234615; 235146, 235416, 235614; 236145, 236415, 236514;
241356, 241536, 241635; 243156, 243516, 243615; 245136, 245316, 245613;
251346, 251436, 251634; 253146, 253416, 253614; 254136, 254316, 254613;
256134, 256314, 256413; 263145, 263415, 263514; 265134, 265314, 265413;
314256, 314526, 314625; 316245, 316425, 316524; 324156, 324516, 324615;
325146, 325416, 325614; 326154, 326415, 326514; 341256, 341526, 341625;
342156, 342516, 342615; 345126, 345216, 345612; 346125, 346215, 346512;
352146, 352416, 352614; 354126, 354216, 354612; 356124, 356214, 356412;
361245,361425,361524; 362145, 362415, 362514; 364125, 364215, 364512;
365124,365214, 365412; 412356, 412536, 412635; 413256, 413526, 413625;
415236, 415326, 415623; 416235, 416325, 416523; 421356, 421536, 421635;
423156, 423516, 423615; 425136, 425316, 425613; 431256, 431526, 431625;
432156,432516, 432615; 435126, 435216,435612; 436125, 436215, 436512,
451236,451326,451623; 452136, 452316,452613; 453126, 453216, 453612,
461235,461325,461523;463125,463215,463512; 512346, 512436, 512634,
514236, 514326, 514623; 521346, 521436, 521634; 523146, 523416, 523614;
524136, 524316, 524613; 526134, 526314, 526413; 532146, 532416, 532614;
534126, 534216, 534612; 536124, 536214, 536412; 541236, 541326, 541623;
542136, 542316, 542613; 543126, 543216, 543612;

Table 5: The sets R,,, for3 <n <6
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Classical pattern avoidance and occurrence are well studied in the symmetric group S,,. In this paper, we provide
explicit recurrence relations to the generating functions counting the number of classical pattern occurrence in the set
of 132-avoiding permutations and the set of 123-avoiding permutations.
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1 Introduction

Let S,, denote the set of permutations of size n. Given a sequence w = wy - - - wy, of distinct integers,
we let red(w) be the permutation that we replace the i-th smallest integer in o with i. For example,
red(4685) = 1342. Given a permutation 7 = 71 --- 7; in S;, we say that the pattern 7 occurs in o =
o1---0p € Sy if there exist 1 < 43 < --- < i; < n such that red(o;, - --aij) = 7. We say that a
permutation o avoids the pattern 7 if 7 does not occur in o. In the theory of permutation patterns, 7 is
called a classical pattern.

We let S,,(7) denote the set of permutations in S,, which avoid 7. If T is a collection of permutations,
then we let S, (") denote the set of permutations in S,, that avoid each permutation in I'. We write
ocer, (o) for the number of the pattern T occurrences in o. For example, the permutation o = 867943251
avoids the pattern 132, while it contains the pattern 123 and occri23(o) = 1 since only the subsequence
6, 7,9 matches 123.

Classical patterns have been studied separately for a long time. It is well known that for all n > 1,
|8, (132)] = |5,(123)| = Cy., where C,, = = (*") is the ™ Catalan number. Mansous (2001, EOOﬂ])
enumerated the number of permutations in S,, avoiding 2 classical patterns. Mansour and Vainshtei
(oo1, enumerated the number of permutations in S,,(132) or S,,(123) that has 0 or 1 occurrence
of a certain pattern. See () for a comprehensive introduction to patterns in permutations.
However, there is not much research about the distribution of classical patterns in S, (7). Mansour and
Vainshtein () gave a continued fraction form of the generating function of the distribution of the
pattern 12---k in §,,(132). Very recently, (R0174,p) studied patterns in random permutations
avoiding 132 or 123 in a probabilistic way. (R019Y) studied consecutive pattern matches in
S,(132) and S,,(123).
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2 Dun Qiu, Jeffrey Remmel

Given two sets of permutations A = {A1,..., A} and T' = {v1,...,7s}, it is natural to study the
distribution of classical patterns 71, ..., vs in S, (A). That is, we want to study generating functions of
the form

Qg(tv'rla"'axS) ::1+Zth7Fl,A('r17"'aIS)a (D
n>1
where
ngA (551, N 7555) — Z xcl)ccr»yl (o) .’L‘ZCCY’“ (o‘)' @)
cESH(A)

When A = {A\} and T" = {v} are singletons, we write

Ql(t,x) =1+ Zt" aa(z) and Q) \(z) = Z e (), 3)

n>1 T€Sn(N)

The main goal of this paper is to study the distribution of classical patterns in the set of 132-avoiding
permutations and the set of 123-avoiding permutations using a recursive method.

To study the generating functions Q3 (¢, z) when X is 132 or 123, we shall first study the symmetries in
S,(132) and S,,(123). Given a permutation o = 01032 .. .0, € Sy, we let 0" be the reverse of o defined
by 0" = 0y, ...092071, and o¢ be the complement of o definedby 0¢ = (n+1—01)(n+1—02)...(n+
1 — 0,). Further, we let "¢ = (07)¢ be the reverse-complement of o, and o~! be the inverse of . For
example, for o = 15324, we have 0" = 42351, 0¢ = 51342, 0" = 24315, and o~1 =14352.

The actions above give several symmetries about classical pattern distributions in S, (), and we have
the following lemma.

Lemma 1. For any permutations X and v, we have

Q’)\Y(tv .”L') = Q}* (t7 .”L'),
where x is one of the actions r, c, rc or —1.

Proof: We shall only prove the case when * = r. All the other cases are based on similar proofs.
The action reverse bijectively sends a permutation o € S, () to a permutation 6" € S,,(A\"), while
each occurrence of -y in o is sent to an occurrence of 4" in ¢”, thus occr(0”) = occr, (o), and it follows

immediately that Q] (¢, z) = }:(t, ). O

When the permutation ) is of length three, since 123 = 1237 = 123~ ! and 132 = 13271, we have the
following corollary.

Corollary 1. Given any permutation pattern -y, we have

Qlas(t,7) = Qlag(t:2) = Qg (1,7), Qlan(t, ) = Q1 (£, ).

When 7 is a pattern of length three, we have the following corollary.
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Corollary 2. We have the following equations,
tha(t, ) = Qs (t x), 133(t2) = QB3 o), and  QRi(t,7) = Q1X(t ).

Considering the distribution of patterns of length three, we only need to study the following 4 generating
functions for S,,(132),

(1) Q13
@ @t
(3) Qi
@) Qi3
and the following 3 generating functions for S,,(123),
(1) Qi33(t, x) = Q3(t, ),
@ QA(t.2) = QIR(1,),
3) Qi3(t, ).

It is easy to check that all the 7 generating functions are different when looking at Sg(132) and Sg(123).

Our motivation of this paper is to study the 7 generating functions above, and then generalize some of the
results. For example, we show that the function

t,x

) >

t,x

) i

(t,z)
(t, )
(t,7) = QI3 (t, ).
(t, )

t,x

) >

12,21,123,213,231,312,321
Q (w17"'7x7)::Q;{1132 }( 1,...,$7)
satisfies the recursion that Qo(x1,...,27) = 1, and
Qn(xl Z Ik 1 k (n—k) (k—l)(n—k)
)
—k —k
'Qk71($1$3517én );I2I4x'(7n )7:637"'5:177) 'ank(xlxgvx2x§7x3a'"5I7)'

The structure of this paper is as follows. In Section 2, we introduce some background about permutations
and two bijections between S,,(132) and S,,(123) and Dyck paths which are useful in our computation.
Then we study length-three pattern distributions in S,,(132) in Section 3 and in S,,(123) in Section 4. In
Section 5, we show two applications of our results in computing pattern popularities. Finally in Section
6, we give a summary of this paper.

2 Preliminaries

Let 0 = o1 --- 0, be a permutation written in one-line notation. The graph of o, G(o), is obtained by
placing o; in the i*" column counting from left to right and o' row counting from bottom to top on an
n x n table for i = 1,...,n. For example, the graph of the permutation o = 471569283 is pictured in
Figure EI



4 Dun Qiu, Jeffrey Remmel

We define inv(o) := |[{(i,j)]1 < i < j < n, 0; > 05} to be the number of inversions and
coinv(o) = |[{(i,j)|1 < i < j < n, 0; < 0;}| to be the number of coinversions of a permutation
o. Note that the number of inversions of a permutation is the same as the number of occurrences of the
pattern 21, and the number of coinversions of a permutation is the same as the number of occurrences of

the pattern 12. Clearly, inv(c) + coinv(c) = (5).

Fig. 1: The graph of o = 471569283.

Given a permutation o = oy -0y, € S, wWe say that o; is a left-to-right minimum of o if o; > o;
for all i < j. We let LRmin(o) denote the number of left-to-right minima of 0. We shall also call
each left-to-right minimum of o a peak, and the remaining numbers non-peaks of o. We can see that the
permutations in FigureE and Figure E both have peaks {8,6,4,3,2,1}.

Letmr=m - 7y € Spand o = o1 - - - 0, € Sy, then the direct sum (7 @ o) and the skew sum (7w S o)
of 7 and o are defined by

T®o = - Tm(or+m)---(on +m), 4)
TS0 = (m4n) - (Tm+n)or--on. 5)

Given an n X n square, we will label the coordinates of the columns from left to right and the coor-
dinates of the rows from top to bottom with 0, 1, ..., n (different from the coordinates of the graph of a
permutation). An (n,n)-Dyck path is a path made up of unit down-steps D and unit right-steps R which
starts at (0, 0) and ends at (n,n) and stays on or below the diagonal y = x (these are “down-right” Dyck
paths). The set of (n, n)-Dyck paths is denoted by D,,.

Given a Dyck path P, we let the first return of P, denoted by ret(P), be the smallest number ¢ > 0 such
that P goes through the point (¢, ). For example, for P = DDRDDRRRDDRDRDRRDR shown in
Figure [}, ret(P) = 4 since the leftmost point after (0, 0) on the diagonal that P goes through is (4, 4).

We refer to positions (i,i) where P goes through as return positions of P. We call the full cells
between P and the main diagonal area cells, and the cells below P coarea cells. Then we let area(P) and
coarea(P) be the number of area cells and coarea cells of P. In the example in Figure I, area(P) = 7
and coarea(P) = 29.

We shall also label the diagonals that go through corners of squares that are parallel to and below the
main diagonal with 0,1, 2, ... starting at the main diagonal, as shown in Figure E The peaks of a path P
are the positions of consecutive DR steps. We say that a peak is on the i diagonal of P if its DR steps
start and end at the i" diagonal. The path in Figure E has four peaks on the first diagonal, one peak on the
second diagonal and one peak on the main diagonal.
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0™ diagonal

1%t diagonal

2" diagonal

ret= 4

Fig. 2: A (9,9)-Dyck path P = DDRDDRRRDDRDRDRRDR.

It is well known that for all n > 1, |S,,(132)| = |S,(123)| = |Dy,| = Cy, where C), = n+-1(27?) is the

n'" Catalan number. Many bijections are known between these Catalan objects (see (R013)). We
will apply the bijection of Krattenthaler| (R001]) between S,,(132) and D,, and the bijection of Deutsch and
Elizalde (2003) between S,.(123) and D,, in our computation. The authors of this paper also discussed
the two bijections in [Qiu and Remmel (2018}, P019) with more details.

We shall first describe the bijection ® of Krattenthaler] (001)) between S,,(132) and D,,. Given any
permutation 0 = o1 -+ -0, € S,(132), we draw the graph G(o) of o. Then, we shade the cells to the
north-east of the cell that contains o;. ®(o) is the path that goes along the south-west boundary of the
shaded cells. For example, this process is pictured in Figure E in the case where 0 = 867943251 €
S9(132). In this case, ®(6) = DDRDDRRRDDRDRDRRDR.

9

Fig. 3: The map ® : S,(132) — D,,.

The horizontal segments (or segments) of the path ®(o) are the maximal consecutive sequences of
R steps in ®(o). For example, in Figure E, the lengths of the horizontal segments, reading from top
to bottom, are 1,3,1,1,2,1, and {6, 7,9} is the set of numbers associated with the second horizontal
segment of ®(c).

The map & is invertible since for each Dyck path P, the peaks of P give the left-to-right minima of
the 132-avoiding permutation, and the remaining numbers are uniquely determined by the left-to-right
minima. More details about ® can be found in [Krattenthaler (2001). We have the following properties for
.

Lemma 2. Let P € D, and o = ®~1(P). Then
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(1) foreach horizontal segment H of P, the set of numbers associated to H form a consecutive increasing
sequence in o and the least number of the sequence sits immediately above the first right-step of H.

(2) The number n is in the column of the last right-step before the first return.

(3) Suppose that o; is a peak of o and the cell containing o; is on the k™ diagonal. Then there are k
elements in the graph G(o) in the first quadrant relative to the coordinate system centered at (i, 0;).

(4) inv(o) = coarea(P); coinv(c) = area(P).

Proof: (1), (2) and (3) are proved in Lemma 3 in Qiu and Remme] (R018§).
For (4), it is clear that for any pair of indices ¢ < j, we have o; > o if and only if in path P, the it
column intersects the a}h row at a coarea cell. Thus the number of inversions of ¢ is equal to the coarea

of P, ie. inv(c) = coarea(P). Since inv(c) + coinv(s) = area(P) + coarea(P) = (), we have

coinv(c) = area(P). O

Fig. 4: The map ¥ : S,,(123) — Ds.

The bijection ¥ : S,,(123) — D,, given by [Deutsch and Elizalde (2003)) can be described in a similar
way. Given any permutation o € S, (123), the Dyck path ¥ (o) is constructed exactly as the bijection
®. Figure E shows an example of this map from o = 869743251 € Sy(123) to the Dyck path DDRD-
DRRRDDRDRDRRDR. The map V¥ is invertible because each 123-avoiding permutation has a unique
left-to-right minima set. More details about ¥ can be found in Deutsch and Elizaldd (2003)). We then have
the following lemma from Qiu and Remme] (2018).

Lemma 3 (f )iu and Remmel (EOIQ), Lemma4). Let P € D, and 0 = V~*(P). Then

(1) for each horizontal segment H of P, the least element of the set of numbers associated to H sits
directly above the first right-step of H, and the remaining numbers of the set form a consecutive
decreasing sequence in o.

(2) o can be decomposed into two decreasing subsequences, the first decreasing subsequence corre-
sponds to the peaks of o and the second decreasing subsequence corresponds to the non-peaks of
o.

(3) Suppose that o; is a peak of o and the cell containing o; is on the k'™ diagonal. Then there are k
elements in the graph G(o) in the first quadrant relative to the coordinate system centered at (i, 0;).
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3 The functions Q];,(t, x)

In this section, we give the recursive relations for generating functions 75, (¢, z) by examining the set
S5, (132). We shall first look at the structure of a 132-avoiding permutation.

Given 0 = 01 - -0, € S8,(132), we suppose o = n is the biggest number in the permutation. The
numbers o1, ...,0,_1 must be bigger than the numbers o1, ...,0, since otherwise there will be a
132 pattern in 0. Thus we can break the permutation ¢ into three parts: the first & — 1 numbers, the
biggest number o, = n, and the last n — k numbers. We let A(c) = red(oy---0—1) and B(o) =
red(og41 - - - 0p,) be the reduction of the first k& — 1 numbers and the last n — k& numbers, then A(c) €
Sk_1(132) and B(o) € S,_1(132). The left picture of Figure f§ is an example for 0 = 867943251 €
So(132) with A(o) = 312 and B(o) = 43251. We also let A(o) := red(oy - - - o) be the reduction of
the first & numbers. The structure of & is shown in Figure fj.

B(o)

Fig. 5: The structure of o € S,,(132).

Now we count the number of occurrences of a pattern y = 71 - - -, € §-(132) ino € S,,(132). The
case when r = 1 is trivial and occri (o) = n. If » > 1, we shall count «y from the three parts, A(o), o
and B(o). First, there are (occr~ (A(o)) + occr~ (B(0))) occurrences of «y in parts A(c) and B(o). Then
we count occurrences of vy that intersect with at least two of the three parts of o.

Similar to o, we shall break v into three parts: A(y) = red(y1---7vs—1), 7s = r and B(y) =
red(Vss1 - 7). Wealsolet A(y) = red(7; - - -7s). Let x(z) be the function that takes value 1 when the
statement x is true and O otherwise. Then there are

(a) x(s =) -occry(y)(A(o)) occurrences of «y stretching over parts A(c) and oy,
(b) x(s =1)-occrp(y)(B(c)) occurrences of 7 stretching over parts o, and B(o),

(©) x(s <) -ocerz, (A(0)) - ocerp(y)(B(0)) occurrences of v stretching over parts A(o) and B(o)
ifvy, =r—s,

(d) and x(1 < s < 7)-0ccr4()(A(0)) - ocer g,y (B(c)) occurrences of -y stretching over all three parts.

Note that (c) requires v, = r — s, i.e. the permutation B(~y) cannot be expressed as the skew sum of two
smaller permutations. If 7, £ r — s, then
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(¢) if {m © 7,...,m; © 7;} is the collection of ways to write - as the skew sum of two smaller
permutations, then the number of occurrences of -y stretching over parts A(c) and B(o) is

Z ocery, (A -ocer, (B(0)).

We name the method above the recursive counting method, which allows us to count occr, (o) by counting
pattern occurrences from the components of o.

3.1 The function Q{12 (1, )

As a first application of our recursive counting method, we have the following theorem first proved by
Fiirlinger and Hofbauer Fiirlinger and Hofbauey ([1983) in 1985 about the distribution of patterns of length
two.

Theorem 1 (Fiirlinger and Hofbauer). Ler Q, (21, x2) := Qf:fél} (x1,22) and
Qt,x1,x2) := %g 21}(t, x1,x2), then
Qo(z1,22) =1, Qn(21,22) Zfﬂk L2b " P Qui (1, 22) Qur(1, 22), (6)
and
Qlt,z, 1) =14+tQ(t,z,1) - Q(tx, x,1). @)

The theorem was initially proved by enumerating area and coarea statistics of Dyck paths. Here we
shall give a brief proof using permutations.

Proof: To prove equation (ﬂ), we shall consider the distribution of the patterns v = 12 and 7 = 21 in
S1,(132) using the recursive counting method.

Given o € §,(132) such that o, = n, we break o into 3 parts: A(co), o) and B(c). We have
A(o) € Sx—1(132) and B(0) € S,,—1(132). By (a) of the recursive counting method,

occrio(o) = oceria(A(o)) 4+ oceria(B(o)) + ocery (A(o))
= occria(A(o)) 4+ oceria(B(o)) + k — 1, (8)
and
occrar(0) = ocerar(A(0)) + ocerar (B(o)) + ocery (B(o)) + ocery (A(o)) - ocery (B(o))
= occra1(A(0)) + ocerar (B(o)) + k(n — k). )
Thus,

occriz(o occra1 (o
Qular,an) = Y ayeene@ggeom()

0€S8,(132)
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DS

k=10€8,(132),0,=n

n

= Yataen Y

=

—

k—1_ k(n—k)
e >

Wesk71(132)

M- T1:

b
Il
—

pOCeT12 (A(o'))xoccrm (A(o))

0€8,(132),0,=n

occr us occr us
2 12( )3:2 21(m) § :

occriz(A(o))+oceria(B(o))+k—1 occray (A(o))+occrar (B(o))+k(n—k)
Ty T2

° S xcl)ccrm(B(a'))xgccrgl(B(cr))

ocCcCr T occr T
s 12( )3:2 21(7)

€S8, _1(132)

1 k(n—k
a 1552(" )Qk—l(wlax2)Qn—k(xlax2)a

which proves equation (E). Equation (ﬂ) is a consequence of equation (E). More explicitly, by equation

®.

= Qe (2, 1)Qu (@, 1)

for any n > 0. Thus,

(10)
k=
Qt,z,1) = > t"Qn(x,1)
n>0
= Zt"Zxk YQr1(z,1)Qpn_p(z,1)
n>0 k=1
= 1+t Z Z 1 T Qp o (a, D Qi (2, 1)
n>0k=1
= 1+t1 Z(tm)nQn(x, 1) Z t"Qn(z,1)
n>0 n>0
O

Using the recursive equation (E), we can use Mathematica to compute the Taylor series of the function

Q{12,21}

132 ' (t,x1, m2) as follows.

{12,21}
132

(t, 1, 20) = 1+t +1%(x1 + 29) + 3 (25 + 2520 + 2&61:[:% + 23) + t1 (2§ + 252

+ 22ta2 + 32325 + 3ax2ay + 3xiad + 25) + 5 (210 + 2lwy + 22822

+ 31:1:172 + 51:11:2 + 53:13:2 + 73:13:2 + 73:1:172 + 61:1:172 + 41:1:172 + xéo) 4+ (A1)

Setting z2 = 1 and z; = x in equation (, we have

Qis(t,x) =1+t + 2 (1 +2) + 3(1 + 22 + 2® + 2%) + t*(1 + 32 + 32% + 32° + 22 + 2° + 29)

+ 51+ 4z + 627+ 72% + T2 + 525 + 525 + 32" + 228 + 2% + 210+ ... (12)
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3.2 The function Q5131323323 ()
LetTy = {12,21} and T'3 = {123,213, 231, 312, 321} be sets of permutation patterns, then the function

Ul 12,21,123,213,231,312,321
Qn,zlgzs(xla---@ﬁ :Q;{msz }(171,...,:1:7)
tracks all patterns of length two or three of permutations in S,,(132). We shall prove the following
theorem. We use the shorthand Q,,(z1, ..., z7) for Qnﬂ%};‘ (x1,...,27).
Theorem 2. The function folugl;?’ (1, ...,x7) satisfies the recursion
Q0(3317 s 5I7) = 17
k=1, k E) (k—1)(n—k
Qnla1,. .. 20 Zx (n—k) é )(n—Fk)
n—k —k
' Qk—l(xl«%'B«Té )756256496(7” ) zs, ... ,27)  Quor(T128, w22k, 15, .. 17). (13)

Proof: We shall consider the distribution of the patterns v = 12, 7o = 21, 73 = 123, 74 = 213,
~v5 = 231, v = 312 and y7 = 321 in S,,(132).

Given 0 € S,(132) such that o, = m. Similar to Theorem El, we make permutations A(o) €
Sk—1(132) and B(o) € S,—1(132). The number of occurrences of ; and 7, is given by equation
(E) and (E). For the patterns 3, v4, 75, Y6 and 77, we have the following formulas from the recursive
counting method.

ocerioz(o) = oceriaz(A(o)) + oceriag(B(o)) + oceria(A(0)), (14)
oceraiz(o) = oceraiz(A(o)) + oceraiz(B(o)) + ocerar (A(0)), (15)
0CCra231 (O') = 0CCrozi A(O’) + occrazy (B 0’))

—4occry

)
)
)
(A(o)
) 4 occrasi (B
)
)
)
)
)

~ N~~~ —~ N~ —~

= occrasy (A(o) (B(0)) + (n — k)occria(A(o)) + (k —1)(n — k), (16)
ocergia(o) = ocersia(A(o)) + ocersia(B(o)) + occeria(B(0)) + ocery (A(o)) - oceria(B(0))
= occrsia(A(0)) + ocersia(B(o)) + k - ocer12(B(0)), and (17)
ocersar (o) = ocerser(A(o)) + ocersar (B(o)) + oceray (B(o))
+occeri (A(0)) - ocera (B(o)) + occera; (A(o)) - ocery (B(o))
= occrsan (A(0)) + ocerser (B(o)) + k - ocerar (B(0)) + (n — k)occrar (A(o)). (18)
Thus,
Qn(z1,...,27)
_ Z I::l)ccrlg(a)xgccrgl(U):Cgccrlgg(a)Izccrglg(a)xgccrggl(U)Igccrglg(U)I;ccrggl(o)
0€5,(132)
_ i Z Z I(l)ccrlg(7r)+occr12(r)+k—lx(2)ccr21(7r)+occr21(r)+k(n—k)

k=17eS,k_1(132) TES, _1(132)
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xOCCrlzg (m)+oceriaz (7)+oceria () :EOCCrzlg (m)+ocera13(7)+ocera ()
3 4

xOCCrzgl (m)+oceraz: (1)+(n—k)oceria(m)+(k—1)(n—k) xOCCrglz (m)+ocersia(7)+k-oceria(T),
5 6

:L.OCCI‘321(71')+OCCI‘321(T)+k~OCCr21(T)+(’n,7k)OCCr21(7T)
7
n
k—1_k(n—k) (k—1)(n—k) (n—k) (n—k)
= E ] Ty T Qr—1(z12327;5 L ToT ATy Sy X3y T7)
k=1

'Qn—k(xlxlgax2xl’;7x37 SRR (E?)-

Using Mathematica, one can efficiently compute the polynomial
rur r,ul
132 (G, xr) =30, 50" Q 50" (21, -, w7) as follows.
%QUF?* (t,x1,...,27) = 1+t +1%(x1 + 20) + P (2523 + xiwomy + 210505 + 212526 + To27)

4,6, 4 5 2,2 4,2 2 3.3 3 4,2 2 2,4,.2. 2 3,.3 3

+t (3:13:3 + X{T2T3TY + T{X3X3LLT5 + TIT5X3X5 + T LT3T1T6 + XTI XT5Tg + TITHT3Ty
2,4 2 2,4 2 2,.2 2 2,2 4

—l—a:?a:g:zzizm + XIX3T4T5T7 + TIXoXT4TgTT7 + xlxg:z5:1:7 + 3:13331353363:7 + 3:11323:6:1:7 + a:ga:7)

5 (10,10 9, 7.3 8,254 7,.3,4.3.3 6,.4,4.6 8,254 6,.4,2.4 2 2
+t (:El T3 + TiX2T3Xy + TIX3T3X4 L5 + T ToX3T4TE + L1 ToX3T5 + TIT5X3T 46 + T{XT3L4T5Xg

4 4 4,4 4 4,2 2
+ a:zg:ga:3xi$g + xlxgxgajgxg + x?3:23:3:1:g + xlxgxgxgxg + xe%x%xim + x?3:2x3:1323:5:1:7

5,.5,2.2,5 6,.4,2.5. 2 5.5,.2.2.5 5.5, »5.,.2,.2 4,6, 2,52
+ X ToT3T XX 7 + X{ToT3T X7 + T XT3T X g7 + X{ToL3T4T5X7 + X1 Xy L3THT 5T

5.5 5 2 4.6 2.4, 2 5.5 5.2 .2 3.7, 4.3 2 4.6 2. 4.2
+ X{XT3T4T5L6X7 + L1 ToT3TLX5LTT + TITX3TLLLT + L1 TT4T5 L7 + L1 ToT3TLX5L6 LT

3,7, 34,2 4,6, .2.5.2 3.7, 6.3 3,7 3,33 3,7 .63 4,6, 6 4
+ XL T4TEX g7 + X{XT3T4T 57 + XTI XT3T5T7 + TIXXITET L7 + TIXoX3LgTy + T{Toly Xy
3,733 4 2,8.4,2 4 3,.7,.3,.3.4 2,8.3,.3 4 2,82 4 4 2,8, 4.5
T+ TIXQXYXEL 7 + XTI XX LTy + LI ToXy T 7 + TIXRTEXELy + LI THXELgL7 + T ToL4T 5T
2 ) 2 4 2 2 10,.1
—0—3:1333134:1:5336:1:? + x13:§3:4:1:63:? + xlxg:zgajg + 3:11:23:5336:1:? + xlxg%xﬁxg + xlxg:zgajg + 3:203:70)

+-o. (19

Let
Pg(q, I) = Z qcc'in\’(a')IOCCr,Y (a-)7
0E€8,(132)

We can evaluate appropriate variables of Q1253 (21, ..., 27) at 1 and use the relation that inv(c) +

coinv(c) = (4) to get the following corollary. We use the shorthand P, for P in the RHS of each
equation.

Corollary 3. We have the following equations.

PJ(g,xz) = 1 foreach pattern -, (20)

P7123(Q7"E) = Zqkilpk—l(qxux)Pn—k((Lx)v (21)
k=1

p213 _ k=1, E=DE=D 5 (2 )pn_ 22

n (qvx) Zq Y 2 k—1 qu k:((Lx)a ( )

=
Il
—
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PP ga) = 3¢ lat O p (g2 5) Py, @), (23)
k=1

312 _ . k—1 k

PP (qx) = > ¢" ' Pioi(q,7) Paoi(qa®,2), and (24)
k=1

P32 - holyetiig=t2 p (—q )Pn, (i ) 25

n ((LI) Zq € k—1 xn—k’x k xkax ( )

~
Il
—

Note that as a consequence of Lemma [], the two polynomials P23!(q, z) and P3'2(q, x) are identical,
and Corollary P| gives two different recursions for such polynomials.
We can also compute Q735 (t, ) = 3, 5o t" P, (1, ) where -y has length three as follows.

1a(t, x) = 14+t +26% +43 (d+a) +t* (8+4z+ 22 +2*) +° (16 + 120+ 52’ +2° + 42t +-20° + 27 +210)

+1%(32 4320+ 1822 + 623 + 1327 +102° + 325 + 427 + 328 + 5210 4- 221 2213 4216 4-220) . . |
(26)

5t x) = 1+t +22 413 (4+2) + (84 22+ 32% +2°) +£° (16 4+ 52+ 627 + 5% + 32* +- 52° +22.°)

+1%(32 4 122 + 162 + 112° 4 92* 4 102° + 102° + 527 +102% 4 102° + 6210 + 21%) + ...
27

ta2(t,7) = Qs (1, @)
=1+t+22 + 34+ 2) +t*(8 + 2z + 32 + 23) + (16 + 4o + 622 + T2 + 42 + 22° + 329)

+5(32 + 82 + 1222 + 1423 + 172" + 725 + 1725 + 527 4 528 + 82° + 5210 + 2212) + - -+ |
(28)

3 (t, x) = 1+t4+262 44 (4+ )+t (T+32+ 32 +2h) +1° (114+-52+ 922+ 323 +62* +32° +42" +210)
+t8(16+72+152°+92° +172* +- 725 + 102+ 1227+ 72 + 627+ 720432 46212 +- 422 45210 +-220)
- (29)

3.3 Longer patterns whose distributions satisfy good recursions

We have built recursions for generating functions which give the distribution of all patterns of length two
or three in Sy, (132). This leads to a natural question — can we give recursions for the generating functions
tracking any pattern in S,,(132) like we have done in Section 3.1 and Section 3.2? We notice that though
we can always use the recursive counting method, we do not always obtain clear recursions like Theorem
and Theorem ﬂ

Let y be a permutation pattern. We say that the distribution of the pattern v in S,,(132) satisfies a good
recursion if there exist s permutations vy, . . ., 7ys of length at least two such that the generating function
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Qn(r,z1,. . m5) = QY1357 (v, 71, ..., x,) satisfies that Qo(x, z1,...,25) = 1, and

n

Qu(@,z1, . w5) = Y q(X)Qia(pr(X), -, pe1 (X)) Qni(q1(X), -, gs11(X))  (30)

=1

forn > 1, where X = {z,z1,...,25},and ¢(X),p1(X), ..., ps+1(X), q1(X), ..., qs41(X) are 2s + 3
rational functions about variables in X such that the powers of variables in the numerator and denominator
are polynomials of n and 7.

Thus, for any pattern v whose distribution satisfies a good recursion, there is a Qn(z,21,...,xs)
defined as above such that it can be computed recursively from the functions Q;(z,x1,...,xs) for
i =0,...,n — 1. We have the following theorem about the number of permutations in S,,(132) whose
distributions satisfy good recursions.

Theorem 3. Let {a,}n>0 be the integer sequence defined by
ag=a1=1,a2 =2, anda, = an_1 + 2a,_9 + ayp_3. (31
Then the number of permutations in S,,(132) whose distributions satisfy good recursions is at least a.,.

Proof: Given o = 01 - - - 0, € S,,(132), we define

o = o1-op(n+1), (32)
o' = (n+2)oy-opn(n+1), (33)
" = (o1+1)--(6p,+1)(n+2)1, and (34)

o = (n+3)(o1+1)-- (o +1)(n+2)1. (35)

We construct a set I' of permutation patterns as follows. We first let the empty permutation () be an
element of T'. Next, for each permutation ¢ € T, we let ¢/, 0", "', 0" € T. Clearly, each permutation
in I is 132-avoiding, and the number of permutations in I' N S, is a,, based on the recursive construction
of the set I'.

From the recursive counting method, the distributions of o’,c”,c"’, c"" satisfy good recursions as
long as the distribution of o satisfies a good recursion. Thus the distribution of each permutation in "
satisfies a good recursion, which proves the theorem.

In fact, when we count the number of occurrences of v € S,(132) in 0 € S,(132) with recursive
counting method, we shall break the pattern ~ into three parts: A(7y), r and B(v). ~ fails to satisfy a
good recursion by the case (c¢’) of the recursive counting method if 7y = m © 7 for some permutations 7, T
of length at least two (in this case the generating function cannot be recursively computed in the way of
equation (B() since the RHS of equation (B0) never gives the product occr,(A(c)) - ocer, (B(o))). This
is saying that we cannot have |A(~)| > 1 and |B(y)| > 2 simultaneously.

If B(7) is empty, then v = A(~)’. If B(y) = 1, then v = A(y)". If | B()| > 2 and A(v) is empty,
then we shall decompose B(~) into three parts: A(B(Y)), r — 1 and B(B(v)). If B(B(y)) is empty, then
~ = A(B(v))". If B(B(v)) is not empty, then B(B(~)) can only be of size one to make ~ not separable
into a skew sum of two nontrivial permutations, and v = A(B(~))"".

"
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Thus, I collects all permutations that satisfy good recursions if we use the recursive counting method,
and there are exactly a,, permutations in S,, whose distributions satisfy good recursions using the recursive
counting method (there might be more permutations in S,, whose distributions satisfy good recursions,
but for other reasons not accessible by the recursive counting method). o

The sequence {a,}n>0 = {1,1,2,5,10,22,47,101,217,...} appears in OEIS of as
sequence A101399.

We shall give an example of a longer pattern v = 12 - - - m whose distribution satisfies a good recursion
in the following theorem. Note that this gives a way to count the number of occurrences of 12---m in
S, (132) different from that of Mansour and Vainshteir| (00()).

Theorem 4. Given m > 2 andn > 0, we let

Qg:?BQ (T2, 23, Tm) = Z x;ccnz(o)xgccrlzs(a) . x%crm'”m(g) and (36)
08, (132)

Qgg;)(t,@,:zrg,...,:cm) = ZthSﬁEQ(IQ,Ig,...,Zcm), (37)
n>0

then we have the following equations,

QS:;)E)Q(:E% N 7xm) - Z A le 1. 132(1;2:537 L3T4y s Tm—1Tm, xm)Qfl"i)ngQ (5527 B 7xm)7(38)
k=1
5’3?2) (t,xoy...,xm)=1+ thgg (txe, T2T3, T34, . ., Tin—1Tm, :vm)Qg;) (t, 2oy ..y Tm)- (39)

Proof: We shall consider the distribution of the pattern v, = 12---sfors = 2,...,m in §,(132).
Given o € S,,(132) such that o, = n, we have A(0) € S;_1(132) and B(o) € S,—1(132). By the
recursive counting method, we have

occryn..s(0) = oceria..s(A(0)) + oceria...s(B(0)) 4 occryg...s—1) (A(0)). (40)
Thus,
Qi:z)SQ(IQa e ,ZCm) = Z H oceriz.. 2
Sn(132) i=2
_ i Z Z ﬁ gccrlg.,.i(w) .I;)CCrlz.,.i(T) .x?ccrlg.,.(i,l)(w)
k=17€S8;_1(132) T€S, _1(132) i=2
= Z k 1, 132($2I3, L3L4y -y Tm—1Tm, Im)Qi:i)]g)l?Q(va cee 7xm)a(41)
k=
which proves equation (@), and equation (@) follows immediately from equation (@). O

This theorem can be seen as a generalization of Theorem [I] of [Fiirlinger and Hofbauet ([1983).
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3.4 The distribution of patterns of length four in S,,(132)

Let T'y = {1234,2134,2314,2341,3124, 3214, 3241, 3412, 3421,4123,4213,4231,4312,4321} be the
set of patterns in S4(132). By Theorem , there are 10 of the 14 patterns in I'y satisfying good recursions.
To track all the 14 patterns in S4(132), we shall refine the generating function @,, by the number of
coinversions and define

Qn,i(xla cee ,1’19) = QE?E’,ESUFAI ((E, 1,1’1, cee ,1’19) i) (4’2)
then
)
Qi (@, wo) = Y aiay? Quls, .. a2). (43)
i=0

We let z; track the occurrences of length three patterns and y; track the occurrences of length four
patterns, then we have the following theorem which gives recursive relations for the generating function

Qn,i(xla- <oy L5, Y1y et ay14)-

Theorem 5. The function Q,, ;(x1,...,T5,Y1, ..., Y14) satisfies the following recursion,
Qoo(T1,. .., 5,y1,-..,y14) = 1, (44)
n
Qn_’i(xl, ey X5, Y1y e y14) = Ofori <Qori> <2>, and (45)
Qn,i(xla sy Ty YLy ,y14) =
n i+1—k k—1 . k—1 . n—k .
- - _ - R —k —j)+k ktj—i—1) 5(p_

Z Z x{xg 2') ngn k) (k+j 1):172(1“ k 47)17;" (521 =) +k(("2") Fhti—i 1)yi(n k)
k=1 j=0

)0 G-k G (5w io) (5 3) k)

(("21)=)(("3")+hti=i=1))
“Y14
Q1 (@1y1yy " 22yeyn 8 2aysye F, 2aysyls L asyeyty By Y1)
- Qnkit1— ki (T1YLo, T2UY1, T3Yla, Tayls, TYLs, Y1, - - Y1a).  (46)

Proof: We shall count the number of occurrences of the 19 patterns of length three or four in S,,(132)
using the recursive counting method. Let o € S,,(132) such that o, = n, occri2(0) = @ and occray (o) =
j, we have A(c) € 8,-1(132), B(o) € S,,—,(132), and j = (%) — i. We shall abbreviate occr, (A(c)),
occr, (B(c)) and ocer., (A()) to A, B, and A, in this proof.

Similar to Theorem [, the formulas for occurrences of 123, 213, 231, 312, 321 are given by equations

), ), (), ) and @ Then we shall look at the 14 patterns of length four. Case (a) of the
recursive counting method implies that

OCCI‘ﬂ-lﬂ-2ﬂ-34(O') = Aﬂ'1ﬂ’2ﬂ’34 + Bﬂ’1ﬂ’2ﬂ'34 + Aﬂ'1ﬂ’2ﬂ’3 47

for any 7y mems € S3(132). For patterns not ending with 4, it follows from the recursive counting method
that

occraga1 (o) = Agsar + Basar + A12 - B1 + Aies - By
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= Agzar + Bozar +j(n— k) + (n — k) Aq2s, (48)

occrsaqr (o) = Aszgar + Baoar + Aoy - By + Aziz - By
k—1 )

= Asou + Bsoar + (( 9 ) - ]) (n—k)+ (n —k)A23, (49)
occraqiz(0) = Asaiz + Bsaiz + A12Bia + A1 Bio

= Asgio+ Bsgio+(G+Ek-1)0GE+1—k—7), (50)
occraqnn (o) = Asaor + Bsazi + A12B21 + A1 Boy + A2z By

—k

= Asaz1 + Baaor +(n —k)Agz1 + (j +k—1) <(n 9 > t+hk+j—i— 1) ,(51)
occryo3(0) = Agia3 + Baios + A1 Bias = Ayi23 + Baioz + kB3, (52)
occryziz(0) =  As213 + Baziz + A1Baiz = Au21z + Baois + kBaas, (53)
occrazst (o) = Asosr + Bazg1 + A1Bagi + Az12By

= Ayo31 + Baga1 + kBasz1 + (n — k) Azia, (54
occryziz(0) =  Asziz + Bz + A1Baia + Aa1 Bia

k-1 A . .

= Auzi2 + Bazia + kB3zi2 + (< 9 ) —]) (i+1—k—j), (55)

occryze1(0) = Aasor + Basar + A1Bsa1 + Ao1Bo1 + Az By

= Auzz1 + Baza1 + kB3a1

ot () (3 re)

Then, one can arrange the generating function Q,, ;(x1,...,%5,¥y1,...,Y14) in a similar way to equation
(19) to prove the recursion. O
We can compute the polynomial szl%gaum (x1,...,291) = Zz(iz) x§x§2)ﬂQn7i(:v3, .., To1) effi-

ciently by Mathematica as follows.

I>Ul3uUT 2 3.3 2 2 2 3
15 At X1, mo1) = L+t (m1 + 22) + 7 (2723 + XTX2xs + L1255 + X1X5X6 + THT7)
4 (.4 2 2 3 3 3 4 2 2 2 4.2 2 3 3 3
+t (wlxlox2x3x4x5 + T{X11 25235 + T T12T5X3T4 X6 + TIX15X9T5L5 + TIX17L5L3Tg

2 4 2 2 4 2 2,2 2
+ x?xlgxg:rix7 + XI{T14T5304T5T7 + TIT18X5T4T5T7 + x1x16x3x5:177 + x1x19x3x5:176x7

5 2,2 6 4 6,.4 5 2,2
+T1XT5T20TET7 + ToT21T7 + T{T3T8 + x11213x419) +---. (857

4 The functions Q],;(t, )

We use the bijection ¥ : S,,(123) — D,, of Deutsch and Elizaldg (2003) to study the distribution of
the patterns 132 and 231 in S,,(123). When computing the distribution of 132-distribution, we prove a
stronger result about 1m - - - 2-distribution in S,,(123). Our method does not apply for the pattern 321 due
to the complexity of the structure of 123-avoiding permutations.
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4.1 The distribution of the pattern 1m ---2 in S,,(123)

Giveno = 01 -+ -0, € S8,(123). If 0y, - - - 0, is an occurrence of the pattern 1m - - - 2, then the number
o, must be a left-to-right minimum of o, otherwise there exists a number o, < o;, with index a < 7,
and (a, i1, %) is an occurrence of the pattern 123.

Under the map ¥ : S,,(123) — D,,, the number o;, sits above a peak of the corresponding Dyck path
W(o). Suppose that the number o;, is on the d™ diagonal of ¥ (o), then by (3) of Lemma B, there are d
numbers to the right of o;, that are bigger than o;,, appearing in a decreasing way. It follows immediately
that there are (md_l) occurrences of the pattern 1m - - - 2 at the peak o;, since any m — 1 of the d numbers
to the right of o;, that are bigger than o;, create a pattern 1m - - - 2 with the number o, .

Now let c4(o) be the number of peaks that are on the d diagonal of ¥(o), then

occrim.2(0) = 3 ca(o) (m‘i 1). (58)

d>0

We also let cq(P) denote the number of peaks that are on the d'" diagonal of a path P.
We define

leml)23 (5,22, T3, ..., Tm) = Z SLRmin(a)Igccrlz(a)xgccrlaz(o) o Izlccrlm(mfl),.,g(o) and(59)
0€S,(123)
QUs (t, 5,02, 73, ..., x) = > " Qu2s(s, 22,73, ..., Tm), (60)
n>0

then we have the following theorem.

Theorem 6. Givenn > 0andm > 2,

ngi)23(sv L2y vy Im) = SanZ)Lng(S, Lo, ... 7CCm)
n
+ Z QI(CT)I;123(SI2’ L2X3, L3L4 - -+ s Tm—1Tm; xm)Q*ELW—l)k,l23(Sa Z2,. .. axm)v (61)
k=2
and

Oty 5,00, wm) = 1+ t(s — Qs (8, 5,72, .., Tn)

+ thng) (t, T2, ToT3, T3Ta, - - ., Ty—1 Lo, xm)Qggng) (t,8,@2,...,Tm). (62)
Proof: We enumerate the pattern occurrences using the Dyck path bijection ¥. Given any Dyck path P,
we can break the path at the first return to write P as D P; RP», where P, is the path after the first D step

before the last R step before the first return, and P; is the path after the first return.
Let k = ret(P). By equation (5§), we have

Qi:j?ﬂi(sa Z2, ... wrm)
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- Z §22d>0 Cd(d)(g)xzzdzo Cd(")(cll)x?dzo ca()(3) ..x%dzo ca(@) (1)
0€5,(123)
- Z §2-d>0 Cd(P)(g)xgdzo Cd(P)(f)x?)Zdzo ca(P)(3) . .x%dzo ca(P)(,,%4)
PeD,,
- Z SZdZO Cd(Pz)(g)IéZdZO Cd(P2)(?) . .Inzldzo Cd(P2)(mi1)
P,€Dy -1

+ i Z szdzo Cd(Pl)(dgl)wQEdzo Cd(Pl)(drl) .. .;vnzw:dzo Cd(Pl)(itll)

k=2 P1€Dj,_1

Z SZdZO Cd(Pz)(g)abZdzo Cd(Pz)(T) . znZ*LdZD Cd(Pz)(md,l)
P2€Dy,
= SQST)1,123(5=$27---755m)

n d d d d
+ Z Z §22d>0 Cd(Pl)(g)xzzdzo ca(P)(()+(5)) . x%dzo ca(P)((n2)+(m?1))

k=2 P1€Dj,_1

T sTazecalP(3) Tz calP)(t) | TazocalP)(ns)
P2€Dy
= SQSﬁ)ng(S, Tay .oy L)
+ Z Q£T11123(8x27 T2X3,T3T4y .-, Tm—1Tm, xm)QiZi)ngg(S, L2y enny xm)
k=2
Equation (@) follows immediately from equation (@). O

Evaluating m at 3 gives the following corollary for the distribution of the coinversion and the occriss
statistics.

Corollary 4. Q,(f:)123(s, q,x) = Zaesn(us) gLRmin(0) geoinv(o) pocerisa (0) gypisfies

3 3 3 3 3
((),{23(57 ¢,r) =1, ng,)123(57 q,r) = 5@5121,123 + Z Ql(c—)1,123(5q7 qx,x)lesz%(s, q,z). (63)
k=2

Further,

Bt s,q,2) =1+ t(s — 1)QEL(t, 5, ¢, ) + 1QSL (L, 5q, g2, 2) QN (1, 5, ¢, ).

Then we can use the recursive formula to compute Qgg’M} (tg,2) =350 t"in)lﬁ(l, q,x):
021320 (¢, g, 2) = 1+t +82(1+ ) + 2 (1 +2¢+ ¢ + ¢°2) + t*(1 + 3¢+ 3¢* + ¢ + 2¢°¢ + 2¢°
+ '+ P23+ t5 (1 +4g+6¢° +4¢° + ¢* + 3% + 6%z + 3¢ = + 3¢ 2 + 2¢° 22 + 24323 + 2¢*2?
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+¢823 + 2¢%2% + ¢*ab + ¢Baf) + - . (64)

By looking at the coefficients of the generating functions, we observe a property that
{o € 8,(132) : occria...j(0) = i}| = [{o € S$p(123) : oceryj(j_1y..2(0) = i}| foralli < j. (65)

Let [2%]¢ denote the coefficient of 2% in the function @, then the property above is equivalent to the
following theorem.

Theorem 7. For any nonnegative integers i < j,

[tnxi] }7 _ [tnxz]

32 (B@) T (66)

Qids * ()"
Proof: One can use the recursive equations @ and () to prove the theorem using induction. Here we
shall give an alternative combinatorial proof of the theorem using the Dyck path bijections ¢ and V.

By equation (5§), o € S,,(123) has i occurrences of the pattern 15(j — 1) - - - 2 where j > 4 if and only
if the corresponding Dyck path W (o) has i peaks on the j — 1t diagonal and no peaks on the k" diagonal
forall k£ > j.

On the other hand, let 7 € S,,(132) and occrya...;(7) = i. The corresponding Dyck path ®(7) has no
peaks on the kth diagonal for all £ > j. Otherwise, if 7; is on the Eth diagonal for some k£ > j, there
are k numbers to the right of 7; that are greater than 7;, forming a length k£ + 1 increasing subsequence
together with 7;. There are (kjl) > 4 occurrences of the pattern 12 - - - j in this subsequence, which leads
to a contradiction.

Further, if 7y, - - - 7y, is an occurrence of the pattern 12 - - - j, then 7;, must be a peak on the j — 18t
diagonal, otherwise any peak to the left of 7, that is smaller than 7, is on the k™ diagonal for some
k > j by Lemma [} (c), contradicting with the statement that ®(7) has no peaks on the k" diagonal for all
k> 3.

Thus, 7 has 7 occurrences of the pattern 1 - - - j where 5 > 7 if and only if the corresponding Dyck path
®(7) has i peaks on the j — 1% diagonal and no peaks on the k' diagonal for all k£ > j, which proves

equations (63) and (b6). (|

4.2 The distribution of the pattern 231 in S,,(123)

We give recursive formulas for the generating function of S,,(123) tracking the number of occurrences of
the pattern 231 by refining function @),, by the number of left-to-right minima. Given o € S,,(123), we
let linv (o) be the number of pairs (4, j) such that o; is a left-to-right minimum, o; is not a left-to-right
minimum and o; > o;. For a Dyck path P, we also let linv(P) = linv(¥ ~1(0)).

Next, we define

Z SLRmin(cr) qoccrlg (U)Ilinv(d)yoccr%l (o) and 67)
oE€S8,(123)

Z qoccr12(d)xlinv(d)yoccrggl (o) 7 (68)
0€S8,(123),LRmin(o)=k

DTL(S7 q7 x? y)

Dn,k(qv &€, y)

then D,,(s,¢,2,y) = > r—; 8" Dy (g, ,y), and we have the following theorem for D,, (s, ¢, z, y).
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Theorem 8. Dy(s,q,z,y) = Do o(q,x,y) = 1. Foranyn,k > 1,
Dni(q,2,y) = ¢""" Dun(q,2.y) = 1, Da(g,z,y) = 0fork >n, (69)

and

Dn,k(Qu x, y) = xn_an—l,k—l((L x, y) + qun—l,k((L Ty, y)
n—1 min(i—1,k—1)
+ > AT TID, gy ey, y) Dok (g, 7,)- (70)
i=2 j=max(1l,k+i—n)

Proof: Given o € §,,(123) such that LRmin(c) = k, we let P = ¥(0) be the corresponding Dyck
path which has k& peaks by Lemma . Suppose that ret(o) = i, then similar to Theorem E, we can write
P = DP, RP,, where P; is a Dyck path of size ¢ — 1 and P is a Dyck path of size n — i.

If ¢ = 1, then P is empty, and D P; R is a peak on the main diagonal, thus P, should be a Dyck path of
size n — 1 with k — 1 peaks. There are n — k extra linvs between the first peak and the n — k non-peaks
in Py, thus the contribution of this case is iC"_an—m—l (q,2,y).

If © = n, then P, is empty, and P = DP; R. P; should be a Dyck path of size n — 1 with k peaks.
There are k more inversions of ¥~ (DP; R) than ¥~1(P), and there are linv(P; ) more occurrences of
the pattern 231 in W—!(D Py R) than ¥ ~1(P;), thus the contribution of this case is ¢* D, 1 x(q, 2y, y)-

If 1 < ¢ < n, then both P, and P; are not empty. Suppose that there are j peaks in P;, then there
are k — j peaks in P,. Other than the statistics counted inside P; and P, there are j more inversions
of U"Y(DPyR) than V=1(Py), j(n — i — k + j) extra linvs between P and P, and j(n — i) + (n —
i)ocerio (W 1(Py)) + linv(Py) extra occurrences of the pattern 231, thus the contribution of this case is
qjx‘j(n_i_k"‘j)yj("_i)Difl,j (qy" " 2y, y) Dn—in—j(q, z,y).

Summing over all the cases gives (@). o
Then we can compute Qgg’w} (t,q,2) = ,50t" Dn(1,q,1, ) using the recursive formula to get
{12,231}

13 (g, ) = 1t 4+ (1+ )P+ 3 (1 4+ g+ 2¢> +qr) +t (1 +g+ 22 +2¢° + ¢* + gz + 242+ g
+3¢%2Y) + (1 + g+ 2¢° + 2¢° + 3¢* + 2¢° + gz + 2¢3x + 2¢°x + q2® + 3¢%2? + 5¢*2? + 2¢°2?
+q2® 4+ @Pad + 4¢3 + ¢*od + 3%t + 4Pt ¢t + - (7))

5 Applications in pattern popularity

Let S be a set of permutations and  be a permutation pattern. The popularity of vy in S, fs(7y), is defined
by

fs(y) == Z ocer (7). (72)
oeS
Let
Fy(t) = Z fs.32)(7)t" and (73)
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Gy(t) = Y fs,az(Nt", (74)

n>0

Bénd (R012) and Hombergel (017) studied the popularity of length two or three patterns in S,, (132) and
S, (123).

Theorem 9 (Béna and Homberger). Let C(t) := > - Cnt™ be the generating function of Catalan
numbers. Then B

- t2C3(t)
fel) = T aowr 7
2
Gua(t) — % (76)

In this section, we shall apply our results in Section 3 and Section 4 in pattern popularity problems, and
we have the following theorem.

Theorem 10. Let m > 2 be an integer. Then

tO(t) Fia...(m—1)(t)

Fiowm(t) = T 7
tC() Gy 1.0t
Gim.a(t) = (i_lgtclé)r“(). (78)

Proof: Equation (Iﬂ) is a consequence of equation (@). To be more explicitly, it is a fact that

(L, 2, . .. )|, =C(1), (79)
It follows from the definition of Qgg;) (t, 9, ..., Ty) that
OQ\™ (t, 20, ..., T
Fu...m(t) _ Q132( y L2, y L ) (80)
Oxpy, ==z, =1
T2 Tm
Taking partial derivative of equation @) over =, and evaluating x2, ..., x,, at 1 give
Q™) t,To, ..., Tm
Froom(t) = 29122 o )
Lm, To=-=Tpym=1
aQ(m)(tu‘T?u"'axm) m
= t < 132 5. 532)(t, Ty ney Tm)
0 (m)t,x,...,xm m
+ Qua (22 ) 532)(15,,@2,...,,@7”)

81777171
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0Q\ ™ (t, za, ... 2m) (m
+ Q132(,.I'2, » L ) ( )(t,xg,...,:vm)>

8Im 132

To=:=Tm=1

= t(C(t)Fia...(m-1)(t) + 2C(t) Fiz..m (1)) , 81)

which implies equation (Iﬂ).
Equation (@) is a consequence of equation @) and can be proved in a similar way. We shall omit the
proof of equation (@). O

6 Summary and future work

We have obtained recursions of generating functions of S,,(132) tracking all patterns of length two, three
or four. In fact, it is possible to give a recursion for the generating function Q) ;3,(t, ) of S,,(132)
tracking the occurrences of a pattern +y of any length in S,,(132) if one does enough refinement.

On S,,(123), we have only obtained recursions of generating functions tracking two patterns of length
two, two patterns of length three and the special pattern 1m(m — 1) - - - 2. The recursions about S,,(123)
tend to be more complicated than those about S,,(132), and we have not succeeded in computing a recur-
sion for the generating function tracking the pattern 321.

We have applied our results about classical pattern distributions in pattern popularity problems, and
we have obtained nice results on pattern 1 - - - m popularity in S, (132) and pattern 1 - - - 2 popularity in
Sn(123).

We have noticed other equalities of coefficients of generating functions Q45 (¢, z) and Q755(t, ) ex-
cept equation (@). For example, the number of permutations in S,,(123) with one occurrence of the
pattern 231 is equal to the number of permutations in S,,(231) with one occurrence of the pattern 123,
which is equal to 2n — 5; the number of permutations in S, (132) with one occurrence of the pattern 3412
is equal to the number of permutations in S,, (132) with one occurrence of the pattern 2341, which is one
less than the 2n — 5" Fibonacci number.

We have not studied sets of permutations avoiding patterns of length bigger than three. We shall study
such problems in the future.
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Using existing classification results for the 7- and 8-cycles in the pancake graph, we determine the number of per-
mutations that require 4 pancake flips (prefix reversals) to be sorted. A similar characterization of the 8-cycles in the
burnt pancake graph, due to the authors, is used to derive a formula for the number of signed permutations requiring 4
(burnt) pancake flips to be sorted. We furthermore provide an analogous characterization of the 9-cycles in the burnt
pancake graph. Finally we present numerical evidence that polynomial formulas exist giving the number of signed
permutations that require £ flips to be sorted, with 5 < k < 9.

Keywords: Pancake graph, burnt Pancake graph, Cayley graphs, cycle embedding

1 Introduction

The idea of sorting permutations is a classical one in combinatorics and computer science. Of particular
interest is when the sorting is performed utilizing only prefix reversals (see, for example, [CFM ™09,
Cibl1, GP79]). Problems like the pancake problem that ask to determine the minimum number of prefix-
reversal flips that are needed to sort any permutation in .S,, are computationally hard to solve [BFR15]. In
this context a natural question arises: How many permutations in .S,, require k prefix-reversal flips to be
sorted? One of our main contributions is the answer to the case k = 4 (the cases k < 3 are trivial) for
both permutations and signed permutations. Our methods rely on an existing classification of the 6-,7-,
and 8-cycles in the pancake graph and a classification of the 8-cycles in the burnt pancake graph, which
is due to the authors [BBP19]. In particular, our main results are the following.

(I) We provide an explicit formula that gives the number of permutations in S,, that require exactly
four prefix reversal flips to be sorted. This formula is given by a simple integer-valued polynomial

1
5 (20" = 15n% +29n* + 6n — 34),

where n > 4. The details are given in Section 3.
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(II) We give an explicit formula for the number of signed permutations in B,, that require exactly four
prefix-reversal flips to be sorted. This formula is also given by a simple integer-valued polynomial,
namely,

1
in(n —1)%(2n — 3),
with n > 1. The details are given in Section 4.

(III) We also provide a classification of all the 9-cycles in the burnt pancake graph. Concretely, we
prove that all of these 9-cycles can be described by two canonical forms. The details are given in
Section 5.

We point out that the polynomial in (I) can also be derived from the algorithm described in [HV16],
where the authors utilize structural properties of certain permutations to obtain generating functions. Our
methods are entirely elementary and rely on the classification of cycles inside the pancake and burnt
pancake graph and on the principle of inclusion-exclusion. Presently, the algorithm in [HV16] cannot be
applied to signed permutations, and in particular, no other proof for our second main result (II) is known.

The reader is referred to Section 2 for the basic definitions and notation used throughout the paper. We
end the paper with conjectures for closed formulas giving the number of signed permutations requiring
exactly k prefix-reversal flips to be sorted with 5 < k& < 9, and other conjectures.

2 Preliminaries and notation

Throughout this note, n will denote a positive integer greater than 1, and for a positive integer k£ < n,
[k] will denote the set {1,2,...,k}. We will use S, to denote the set of permutations of the set [n].
Furthermore, if 2 < ¢ < n, we denote by r; the following permutation, written in one-line notation:

ri=i(i—1)---21(i+1) - n.

The elements of the set R := {r; }7_, are referred to as prefix reversals or pancake flips.

Similarly one can define prefix reversals on the group of signed permutations. A signed permuta-
tion is a permutation w of the set [+n| ;= {-n,—(n — 1),...,—2,-1,1,2,...n — 1,n} satisfying
w(—i) = —w(i) for all ¢ € [n]. For convenience, we will use 7 instead of —i. We will use win-
dow notation (see [BB05, Section 8.1]) to denote signed permutations. More specifically, we will use
[w(1)w(2) ... w(n)] to denote w. In Coxeter groups literature, the group of signed permutations is
denoted by B,, (see [BB03, Chapter 8]). In this context, if i € [n], a signed prefix reversal is given by

rB=lii—1---1(+1)(GE+2) - n].

We refer to the elements of the set RP := {rZ}7_| as signed prefix reversals or burnt pancake flips.
If clear from the context, we may drop the words “signed,” “burnt,” and the B superscript. It is worth
pointing out that for any i € [n], r; and T‘Z-B are both involutions (elements of order two) of S,, and B,,,
respectively. That is,

(r)>=12---(i—1)i(i+1)---n,and

(rB) =[12- (= 1)i(i+1)--n].
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The graph P, := (Sy, E,,) where
E, ={{m,mr;}:m€8,,2<i<n}
is called the pancake graph of order n. Similarly, the graph BP,, := (B,,, EP), where
Ej = {{m ]} :m € Boi € n]},

is called the burnt pancake graph.

Both P, and BP, are Cayley graphs of S,, and B,,, respectively, since the groups S,, and B,, are
generated by R and RP, respectively. Therefore, both P, and BP, are vertex transitive graphs; that
is, given any two vertices u, v in a vertex transitive graph, there exists a graph isomorphism f such that
v = f(u).

We will use P,,—1(q) (BP,—1(q), respectively) to denote the subgraph of P,, (BP,, respectively) in-
duced by the subset of S,, (B, respectively) of all permutations that end with ¢, with ¢ € [n] ([£n],
respectively) in one-line notation. Furthermore, for 1 < k < n, we use Py_1(p) (BPx—1(p), respec-
tively) to denote the subgraph of P,_;(n) (BP,_1(n), respectively) whose vertices are the set of all
m € S, with

m=mme - Tp—1p(k+1)(k+2) - n,

where p € [k] and ; € [k] \ {p} or, respectively, 7 € B,, with
m=[mmy - mpo1p(k+1)(E+2) - n],

where p € [+k] and 7; € [+k] \ {p}. The edges of Py (p) being {{m,7r;} : 7w € Pp(p),2 <i <k -1}
{{m,7r;} : @ € BPx(p),i € [k — 1]}, respectively). One readily notices that each Py (p) (BPx(p),
respectively) is isomorphic to Py_1 (BPj_1, respectively).

A key result that we will use is the following classification of the 6-, 7-, and 8-cycles in P,,,n > 4. We
will refer to each cycle C in P, (BP,, respectively) by listing the edges that form C' consecutively, and
we label each edge {m,7r;} ({m, 7rB}, respectively), with 7 € S,,,7; € R (with 7 € B,,,r? € RB,
respectively) by r; (rZ, respectively). Since there are multiple ways to refer to a cycle, we choose a
canonical form for every cycle. We say that a cycle C' is in canonical form if C' = r;, ---1;, (C =
rﬁ = ~7’£ , if in BP,)) and the sequence (i1, ...,%¢) is lexicographically maximal among all sequences
corresponding to indices of prefix reversals that would also traverse C. For example, r3rarsrorsrs is in

canonical form whereas rorsrarsrers is not since (232323) 1< (323232). We are now ready to spell out

the cycle classifications that are used in the proofs of our main results.

The following is an amalgam of results spanning three articles written by Konstantinova and Medvedev,
which classifying the canonical forms of small cycles (6-,7-,8-, and 9-cycles) in P,,. This single theorem is
actually a restatement of four separate results found in [KM10, Lemma 3], [KM10, Theorem 1], [KM 14,
Theorem 1.3], and [KM11, Theorem 4].

Theorem 2.1 Ifn > 3, then
there is only one canonical 6-cycle in P,,:

r3ror3rarara. (21)
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Furthermore, the 7-cycles in P,, have the following canonical forms:
TRTk—1TkTk—1Tk—2TkT2, 4<k<n. (2.2)

Moreover, the 8-cycles in P,, have the following canonical forms:

TETTiTj Tk ke i Ta Th—j+i 2<i<ji<k—-1,4<k<n, (2.3)
TRTk—1T2Tk—1TET27372, 4<k<n, 2.4)
TRTh—iTh—1TiTkTk—iTk—1T4, 2<i<k—-2,4<k<n, (2.5)
TRk i 1TRT TR h—iTh—1Ti—1, 3<i<k—-2,5<k<n, (2.6)
TETk—1Ti—1TkTk—i+1Tk—iTkTis 3<i<k—-25<k<n, 2.7
TRTE—1TkTk—iTh—i—1TETiTi+1, 2<i<k-3,5<k<mn, (2.8)
TRTh—j 1 TR Tk k—j+1Tk 4, 2<i<j<k—-14<k<n, and 2.9)
TAT3TATITAT3T4TS. (2.10)

Additionally, the 9-cycles in P,, have the following canonical forms:

TETh—1TiTh—1TkTiTi—1Ti+172, 3<i<k—-25<k<n, (2.11)
ToTk i1 2TkTi—2Ti—1TiTi—1TkTk—i+2, 4<i<k-1,5<k<n, (212
TRTk—iTh—1Tk—j4i—1Tk—jTETj—i+175T4, 2<i<j<k—-25<k<n, (2.13)
TETh—1TiTi—1Tk—1TkTiTi+172, 3<i<k—-25<k<n, (2.14)
TR h—1Tk—2Tk—1Tk—2TkT 3Tk k—2, 4<k<n, (215)
TETk—1Tk—2TiTkT2 kT Th—1, 2<i<k-3,5<k<n, (2.16)
TRTh—j i TR T3 TR ke i Th—i T —i 2<1<7j—-2,i4+2<j<k—-26<k<n, (217
TRV k=i Th— i TR 7Tk k=i Tj—i 2<i<7—-2i+2<73<k—-26<k<n, (2.18)
TR ki Th— 4 LTET 5 Tk i 1T — i 415 2<i<j<k—-1,4<k<n, (219
TETk—1TkTk—1TkTk—1Tk—3TkT3, 5<k<n. (220

In the same spirit as the classification of the cycles in P,, the authors proved the following theorem
classifying the 8-cycles in BP,, forn > 2.

Theorem 2.2 (Theorem 4.1 in [BBP19]) If n > 2 then each 8-cycle in BP,, has one of the following
canonical forms:

TRTGTiT Tk k—j4iTi Tk —j+i l<i<j<k-13<k<n, 2.21)
TETTRTiTET TR G, 2<i,j<k-2i+j<k4d4<k<n, (2.22)
T —— 29<i<k-1,3<k<n, and  (2.23)
TETITET1TET1TET] 2<k<n. (2.24)

Our question is a very natural one: How many pancake stacks require & flips to be sorted? Equivalently,
how many permutations in .S, require composition with k prefix reversals to be sorted? Naturally, we will
think of permutations instead of pancake stacks for convenience in notation. In this light, we define the
pancake distance between two permutations as follows.
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Definition 2.3 Given 71, m € Sy, we write d(m1,m2) = k if mo = w114, - - - 14, for some vy, ..., 1, €
R, and k is minimal. Namely, if 7o = 717, 7j, - - - 75, then k < k'. We call d(-,-), the pancake distance.

By the same token, if given 01,02 € By, such that o1 = oorBrB .. rB and ¢ is minimal, we say that

21" 19 ip
the burnt pancake distance between o and o is ¢ and write d® (01,02) =¢.

If £ > 1, we denote by R (n) the number of permutations in S,, that require & flips to be sorted, that
is, Ri(n) = |[{m € S, : d(e,m) = k}|. Similarly, we use R?(n) to denote the cardinality of the set
{m € B, : dB(e,7) = k}|

One easily sees that Ry(n) = 1 (corresponding to the identity permutation that is already sorted) and
that R (n) = n— 1, as the only stacks that can be sorted with one flip are the prefix-reversal permutations.
For k = 2, 3 the cycle structure of P,, allows us to conclude that

Ry(n) = (n —1)(n —2)and R3(n) = (n — 1)(n — 2)*> = 1ifn > 3.

Indeed, the smallest cycle in P, is a 6-cycle and there is only one such a cycle, namely, r3rarsrarsrs
(see [KM 14, Theorem 1.1-1.2]). Hence, since there are n — 1 prefix reversals, R2(n) = (n — 1)(n — 2)
and R3(n) = (n — 1)(n — 2)? — 1. The first non-trivial computation is Ry(n).

We have computed values of Ry (n) and RP(n) for several instances of n, k utilizing a system with
Dual Xeon CPUs and 256GB of RAM for the largest computations. We have summarized the values found
in Table 1 and Table 2 and remark that due to computing limitations, several entries are still unknown.
However, we were able to compute enough values to be able to offer some conjectures, which we present
in Section 6. We are happy to share our code upon request.

We are now ready to prove the first main result of this paper, an explicit description of R4(n).

3 Permutations requiring four flips to be sorted

The approach we use to obtain the number of pancake stacks that require four flips is the following: we will
use the principle of inclusion-exclusion (PIE) using a family of sets A; and we will use the classification
of 7- and 8-cycles in P,, when obtaining the cardinality of the intersections of said sets. More formally,
our aim is to obtain the cardinality of the set A* := {7 € S,, : d(e, 7) = 4}. We furthermore let A; C A*,
for 0 < i < 4, be the following sets.

1. f0<i<3,
Ai = {m=rjrj,risris € A* 1 jig1 = n, gk #nfork <i+1}.

2. Ifi =4,
A4 = {71' =TT i3T5, € A4 t Jk ;!é nforall k € [4]}

In other words, if one were to think of a path between e and m € A%in P,, A; would contain all the
paths that have ¢ + 1 vertices inside P,,_1(n). It follows that

U
i=0

We will utilize PIE to compute the cardinality of the union |J"_, A;.
In the proof of Theorem 3.3, we will need to determine substrings of larger strings. It will be more
clear in the exposition if we establish the following convention.

Ry(n) = |AY] = : 3.1)
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Fig. 1: Pancake graph P,. The different colors indicate the different pancake generators. The 12-cycle
TAT3TaTATIT3T4T3T2 4273 18 highlighted.

Definition 3.1 Let r;, 1y, - - - 13, represent a cycle in P, or BP,,. We say that a string s is a continuous
substring of 74, 74, - - - 14, if S or its reversal can be written in the form 7‘;17“;2 e r}l where ji11 = ji + 1
(mod m) for1 <k </{-—1.

For example, consider the cycle r4r3rar rorsrarsraryrars (highlighted in Figure 1.) Then roryrorsry
is a continuous substring as is ror3ryrs.

Our intention with this definition is to emphasize that if r;, r;, - - - r; , is acycle, then r;, and 7;; should
be considered consecutive edges.

Observation 3.2  (a) There are six continuous substrings of the form r,roryre in the only canonical
form for a 7-cycle containing vy, 7n7n—1TnTn—1"n—2"n72. These are indicated by an arrow on top
of the longer string (the directions indicate how to read the substring):

—_— —
TnTn—1TnTn—1Tn—-2TnT2, TnTn—1TnTn—1Tn—-2TnT2,
—

TnTn—-1TnTn—1Tn—-2TnT2, TnTnflTnTnflTn72Tnﬁ2;

ann—la nTn—1Tn—2"TnT2, and ﬁrn—lrnrn—li n—2TnT2.
We let (g denote the set of these continuous substrings. That is,

QO = {T'n'rn—l'rnrn—laann—lrn—2rn7
TnT2TnTn—1,TnTn—-1"TnT2,

T'nTn—2Tn—1Tn, 7"77,7”2777,7"77,72}-
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(b) There are six continuous substrings of the form r,r,rpre N TR p_1TpTn—1Tn—2"nT2, the only
canonical form for a 7-cycle containing r,,. These are indicated by an arrow on top of the longer
string (the directions indicate how to read the substring):

— o d —_—
TnTn—-1TnTn—-1Tn—-2"TnT2, TnTn—1"nTn—-1Tn—-2TnT2,
— —_— %
TnTn—-1TnTn—1Tn—-2TnT2, nTn—1TnTn—1Tn—-2TnT2,

annflrni n—1Tn—2TnT2, and annflrnrnflrnfﬁ nT2-

We let Q1 denote the set of these continuous substrings. That is,

Q1 :=A{rn1rnTn_1Tn—2,Tn_2rnrary,
r2TnTn—1Tn, Tn—1TnTn—1"n,

reTrnTn—2Tn—1, Tnflrn"’QTn}-

(c) There are two continuous substrings of the form rorprnTe With @ £ 1IN 7Ty _1TnTr—1Tn—2TnT2.
These are shown by an arrow over the top of the canonical form of the 7-cycles (the directions
indicate how to read the substring): T,mTn—1"nTn—1Tn—2TnT2 ANd T Vp_ 1T Tn—1Tn—2Tnr2. We let
Q2 denote the set of these continuous substrings. That is,

Q2 = {rn_1rn—2rnre, rpn—2Tn_1Tnrn_1}.

(d) Since there is only once 6-cycle, ror3rorsrars, then rorsrar, = r3rorsry,. We define
Q3 := {rorsrar, }.

The sets Qo, Q1,Q2, and @3 are important to identify since they are those length 4 paths in P, for
which there is a “short cut,” of length 3, in Qg, @1, and Q2. While Q3 represents a length 4 path that
potentially may be double counted since it has another representation. Thus these paths will need to be
accounted for in the cardinalities of the sets A;.

Theorem 3.3 Ifn > 4, then

1
Ry(n) = 5(2n4 — 151 4 29n% 4 6n — 34).

Proof: We will use PIE with the sets A;, for 0 < i < 4 and (3.1). We verify each of the cardinalities, one
by one. To obtain the relevant cardinality of intersections of the sets, we will use Theorem 2.1 since some
permutations that can be sorted in four flips can also be sorted in three, and even if said permutations
require four flips to be sorted, there might be more than one way of doing so. We explain each of the cases
in detail in the proof. To obtain a recurrence for Ry (n), we will assume that n > 4.

|A4|. Due to the recursive structure of P,, it follows that |A4| = R4(n — 1).
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Any permutation in A3 will be of the form r,ryr.r, where 2 < a,b,c <n —1,a # b, and b # c.
We can choose a in n — 2 ways and b, ¢ in n — 3 ways. By Observation 3.2(d), rer3rar, = r3rarsry,
so to avoid double counting we remove the string in (03 from the set of strings of the form r,ryr.r),
to get A3. Hence, |A3] = (n — 2)(n — 3)? — 1.

Any permutation in As will be of the form 7,77, 7. where 2 < a,b,¢c < n — 1 and a # b. We can
choose a,c in n — 2 ways each and b in n — 3 ways, so there are (n — 2)2(n — 3) strings of this
form. All of these strings represent permutations that can be sorted in four flips, but some of these
can be also be sorted in three flips. So we need to exclude those permutations that can be sorted in
three flips to get A,. Notice that any permutation that can be sorted in four flips and also in three
flips will be part of a 7-cycle in P,,. By Observation 3.2(c), there are two strings of this form, those
in @2, that lead to the same permutation. Therefore, |As| = (n — 2)%(n — 3) — 2.

Any permutation in A; will be of the form r,r,ryr. where 2 < a,b < n—1,2 < ¢ < n, and
b # c. We can choose a, b, c in n — 2 ways each, and so there are (n — 2)3 strings of this form.
All of these strings represent permutations that can be sorted in four flips but some of these can
be also be sorted in three flips. Notice that any permutation that can be sorted in four flips and
also in three flips will be part of a 7-cycle in P,,. So if we can find r,7,7p7. as a continuous
substring of 7,7, 17 "n—1Tn—27n T2 (the only canonical form for a 7-cycle containing 7,,), then
the permutation obtained from 7,7, 7,7, can be sorted in three flips, and should not be counted in
Aj. By Observation 3.2(b), there are six strings that should not be counted in A, those in Q.
Furthermore, unlike in the previous case, there are some 8-cycles to consider: The two strings of
the form rqr, 7 and r 7,7y, (With 2 < 2 < n,2 < y,2z < n — 1) would represent the same
permutation, if they are part of an 8-cycle of the form rqr,ryrcryryr,r,. Comparing with the
canonical forms of the 8-cycles in Theorem 2.1. First, there are 2(n — 4) cycles of the form (2.7),

Ti—1TnTn—i+1Tn—i "TnTiTnTn—1, for 3 <i<n-— 27 and

Tn—iTnTiTn Tn—1Ti—1TnTn—it+1, for3d3 <t <n—2.

Second, there are n—4 cycles of the form (2.8): 7, ;17,7741 T n—1TnTn—; With2 <1 <n—3.
For a total of 3(n — 4) such strings that are double counted of the form r,r,rp7.. Therefore,
|A1| = (n—2)% —3(n —4) — 6.

Any permutation in Ay will be of the form 7, r,ryr. where 2 < a < n—1,2 < b,¢c < n and
b # c. We can choose a, b, ¢ in n — 2 ways each, so there are (n — 2)? strings that follow this form.
The two strings 7, 721372 and r, 737273 lead to the same permutation because of the only 6-cycle
r3ror3rer3Ty in Py (S0 137913 = rorsre) so we will exclude the string 7, 797372 to avoid double
counting. As before, we need to account for strings that yield permutations that are part of 7-cycles,
since these can be sorted in three flips. Let 7 = r, 7,77 denote a permutation that can be sorted
in three flips, then 7 must form part of a 7-cycle. By Observation 3.2(a), there are six strings, those
in QQp, that should not be counted as part of Ay. In this case, no 8-cycle leads to double counting as
if there exists 7, 7,7yr, with2 < o <n —1and 2 < y,z < n with r,reryre = ryr7y72, then
TnTaTyTcT2TyTz Ty Must be an 8-cycle, which is not possible by observing the canonical forms for
8-cycles in P, given in Theorem 2.1. Therefore, | Ag| = (n —2)3 — 7.
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Ao N Al If m € Ag N Ay, then there must be an 8-cycle of the form 7,7, 7y, Torprcry With 2 <
a,b,z <n,2<cz,y<n-1y# 2 a# 2 a#0b, and c # b where ryr,ryr. ¢ Q1 and
TnTeToTa & Qo. Since in this cycle the two r, s are separated by one reversal, no such 8-cycles exist
of the form (2.3), (2.4), nor (2.5).

By comparing with (2.6), we see that the form

Tn—i+1TnTiTk Th—iTn—1Ti—1Tn,

with 3 <4 < n — 2, contributes n — 4 to | Ag N A4].
By comparing with (2.7) we see that the forms

TirnTn—1Ti—1 " n—it1Tn—iTn, ford <i<n—2 and
TiTaTn—iTn—it1 TnTi—1Tn—1Tn, ford3 <i¢<mn—2,

contribute 2(n — 4) to |Ag N Ay].
By comparing with (2.8) we see that the form

Tn—1TnTn—iTn—i—1 TnTiTi4+1Tn,

with 2 <4 < n — 3, contributes n — 4 to | Ag N A4].
By comparing with (2.9) we get that the following cycles

Tn—54+1TnTiTn "'n—j4+1Tn"iTn,

with 2 < i < j < n — 1, contribute £(n — 2)(n — 3) to [Ag N A;|. However, when i = 2 and
7 = 3 the cycle is ry,_orproryrp_orpraTy. SO rp_orpraly, = TpTolyTyp_2, but the left-hand-
side string is in ()1 and the right-hand-side string is in Q)g. Thus this cycle should be excluded,
since both strings actually represent the same permutation 7, _17,7r,—1. Therefore, |[Ag N A1] =
in—2)(n—3)+4(n—4)—1=1(n®>+3n—28).

Ao N Al If m € Ag N Ay, then there must be an 8-cycle of the form r,ryr,r.rerprery with 2 <
a,bx <n,2<cy,z<n-1z#y z#a a#b andb # c where rpryr,r, ¢ Q2 and
raTelTe & Qo. Since in this cycle a pair of r,s are separated by two reversals, no such cycle of
the form (2.3), (2.4), (2.5), (2.6), nor (2.9) exists.

Upon comparison with (2.7) we see that the forms

Tn—1Ti—1TnTn—i+1 Tn—iTnTiTn, ford <i<n—2,

Trn—it1Tn—iTnTi TnTn-1Ti—1Tn, for3 <i<mn—2
Tn—iTn—i+1TnTi—1 Tn—1TnTiTn, for3 <i<mn—2 and
Ti1Tn—1TnTi TnTn—iTn—it17n, ford3 <i<mn—2

contribute 4(n — 4) to |Ag N As|.
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Furthermore, upon comparing with (2.8), we see that

Tn—iTn—i—1TnTi Ti41TnTn—1Tn, for2 <i<n —3, and
TiTit1TnTn—1 TnTn—iTn—i—1Tn, for2<i<n—3,
contribute 2(n — 4) to |Ag N As|.
Hence |Ag N As| = 6(n — 4).

|Ao N As|. If 7 € Ag N As, then there must be an 8-cycle of the form r,ryr,r,rerprery with 2 <

a,c,x,y,2<n—1,2<b<mn,x#y y#za#b andb # c where ryryr,r, ¢ Q1 and
TnTcToTa & Qo. Since in this cycle a pair of r,,s are separated by three reversals, no such cycle of
the form (2.7), (2.8), nor (2.9) exists.

Let us compare with form (2.3), we see that the form
TiTiTiTn Tn—j+iTiTn—j4+iTn,

with 2 < i < j < n — 1, contributes 3 (n — 2)(n — 3) to |4y N As].

When we compare with form (2.4), rarsrar, r,—17, 77y actually does not contribute to | Ag N As|
since ror3ror, € Qg.

We now compare with (2.5),
Tn—iTn—1Ti{TnTn—iTn—17iTn,

with 2 < ¢ < n — 2. Each value of i gives a valid cycle (neither of the paths are in Q¢ nor @3).

We now compare with (2.6),
Tn—iTn—1Ti—1Tn n—i+1TnTiTn, ford <i<mn —2.

This form contributes n — 4 to |Ag N As].
Hence, ) )
|Ap N As| = 5(n—2)(n—3)+(n—4)+(n—3)= §(n2—n—8).

|Ap N Ay|. If a permutation m € Ag N Ay, then there must be an 8-cycle of the form 7, ry7y 774747,

where 2 < w,x,y,z < n —1and r,r.rpre ¢ Qo. No such 8-cycle exist since there are no cycles
with four reversals between a pair of r,, in Theorem 2.1. So |4y N A4| = 0.

|A1 N As|. If a permutation 7 € A; N As, then there must be an 8-cycle of the form 7,7y r, .76 e

with2 <a <n,2<becuz,yz<n—1x#vy, z#a,and a # b where rryr,r, ¢ Q2 and
TenTora ¢ Q1. Since in this cycle a pair of r,, are separated by three reversals, no such cycle of
the form (2.7), (2.8), nor (2.9) exists.

From form (2.3), we get: 7,77, 7n—jqi TiTn—j+iTn7; With2 <4 < j < n — 1. Each value of 7 and

j give a valid cycle (the paths are not in Q)1 or ()2) except wheni =n — 2 and 7 = n — 1. Hence
the contribution of (2.3) is 2(n — 2)(n — 3) — 1.
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From form (2.4), we get: ror,_1rprersroryrn—1 and r3ror,rp_1727,—17,r2. Thus this form
contributes 2 to |A; N As|.

From form (2.5), we get: 7, —17i"nTn—i Tn—17iTnTn—; With 2 < ¢ < n — 2. Each value of 7 except
for i = n — 2 gives a valid cycle (the paths are not in ()1 or (J2). Thus this form contributes n — 4
to |A1 N A2|

From form (2.6) we get: 7, 17— 17nTn—it1 T™nTiTnTn—i With 3 < 7 < n — 2. If we replace 7 — 1
with ¢ in this form, we obtain the cycles whose first four reversals are the same as those obtained
from the form (2.5) in the previous paragraph. So the permutations that were contributed from form
(2.6) were already considered and would be double counted. Thus this particular form contributes
nothing to |A; N As|.

Therefore, |[A; N Az| = 2(n—2)(n —3) + (n— 4) + 1 = 1(n® — 3n).

Other intersections of two sets. All other intersections A1 NAs3, AyNAy, AsNA3, AsNAy, and AsNAy
are empty. Otherwise, there would be an 8-cycle that could not be matched to any of the canonical
forms of Theorem 2.1. Specifically, it can seen that the number of reversals between any two 7,
would be greater than or equal to four, which does not occur in any of the 8-cycles in Theorem 2.1.

|Ao N Ay N As|. If a permutation belongs to these three sets, 7 € Ag N A1 N As, then it must be that
the permutation can be written in the forms m = 7, 7,7y 7y, T = rcryTy7rq and T = 57,1, 7, With
2<b,c,x,y,w,z<n—1and 2 < a,u,v < nand none in Qq, Q1, or Q2. Thus, P,, must contain
8-cycles of the following forms:

Ty Tl 2Ta b n e, (3.2)
Ty Tl 2 TuTyTw Ty, OF (3.3)
TelnTalsTul o w n - (3.4)

Notice that if there are cycles of the form (3.2) and of the form (3.3), there will be cycles that can
be written in the form (3.4) as well. Once again we will use the classification of the 8-cycles given
in Theorem 2.1 to see if there are cycles that can be written in the form (3.2), that would share the
first four reversals from (3.3) at the same time.

Comparing (2.3) with (3.2) we obtain the cycles of the form
Tl T n—jti TiTn—j4+iTnTj, (3.5)
with 2 <17 < 7 < n — 1. With the substitutions of n — 1 for j and ¢ — 1 for 7, these cycles become
Ti—1Tn—1TnTi Ti—1TiTnTn—1,
with 3 <7 < n — 1. Notice when comparing with the form (2.7),
T 1Tn—1TnTiTnTn—iTn—i+1Tn,

with 2 < ¢ < n — 3 the first four reversals match. So each value of ¢ in the overlap of indices,
3 <1 < n — 2, corresponds to a permutation in this intersection and contributes a total of n — 4 to
Ao N A1 N Asl.
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Now substituting 7 + 1 for j in (3.5), we obtain the following form

TiTi41TnTn—1TiTn—1TnTi+1,
which matches (2.8)
TiTi+1TnTn—-1"n"Tn—iTn—i—1"n,
in the first four reversals, with 2 < 7 < n — 3. So each value 7 in the above form contributes a
permutation to the intersection for a total of n — 4 to |Ag N A; N As|. No other canonical 8-cycles

would have the first four reversals from the form (3.2), and so the total contribution to |AgNA; N As|
starting from (2.3) is 2(n — 4).

Moreover, comparing (2.4) with (3.2), we do not find any additional cycles that are also of the form
(3.3).

Furthermore, comparing (2.5) with (3.2), we find the form
Tn—1TiTnTn—i Tn—1TiTnTn—i, (36)
with 2 <7 < n — 2. By substituting ¢ — 1 for 7 in (3.6), we obtain

Tn—1Ti—1TnTn—i4+1 "Th—1Ti—1TnTn—i+1,

with 3 < ¢ < n — 1. The first four reversals of which match with form (2.7)
Tn—1Ti—1T"nTn—i+1 Tn—iTnTiTn,

with 3 <4 < n — 2. So each value of ¢ in the overlap of these intervals, 3 < ¢ < n — 2, contribute
a permutation to this intersection for a total of n — 4 added to |Ag N A1 N Az|. No other matches
with form (2.5) are obtained, and thus the contribution to |Ag N A1 N Ag| from (2.5) is n — 4.

Finally, we compare (2.6) with (3.2) and obtain the form
Tn—1Ti—1"nTn—i+1 ™nTiTnTn—q, (3.7)

with 3 < ¢ < n — 2. If we compare form (3.7) with any of the other canonical forms of 8-cycles
in P, we would find a match with form (2.5) after substituting ¢ — 1 for ¢ in (3.7). However, these
cycles have already been counted.

This completes the count of permutations found in AgN AN Az, and thus |AgNA1NAs| = 3(n—4).

An exhaustive argument gives that any other intersections of three of the sets Ay, .. ., A4 will be empty,
since no cycle matching three forms at the same time exists. Therefore if n > 4,
4

U

=0
= > (=D 4

5C{0,1,2,3,4},5#0 i€S

| Aol + [A1] + | Aa| + |As| + [Aa] — [Ag N Ar| — |Ag N Ag| — |Ag N As| — | A1 N Ay
+]Ap N A N Ayl

Ry(n)

1
= Ry(n—1)+ 5(8113 — 57n% + 111n — 40).



Stacks requiring four flips to be sorted 13

n k 0 1 2 3 4 5 6 7 8 9 10 11
1 1 0 0 0 0 0 0 0 0 0 0 0
2 1 1 0 0 0 0 0 0 0 0 0 0
3 1 2 2 1 0 0 0 0 0 0 0 0
4 1 3 6 11 3 0 0 0 0 0 0 0
5 1 4 12 35 48 20 0 0 0 0 0 0
6 1 5 20 79 199 281 133 2 0 0 0 0
7 1 6 30 149 543 1357 1903 1016 35 0 0 0
8 1 7 42 251 1191 4281 10561 15011 8520 455 0 0
9 1 8 56 391 2278 10666 38015 93585 132697 79379 5804 0
10 1 9 72 575 3963 22825 106461 377863 919365 1309756 814678 73232
11 1 10 90 809 6429 43891 252737 1174766 4126515 9981073 14250471 9123648
12 1 11 110 1099 9883 77937 533397 3064788 14141929 49337252 118420043 169332213
13 1 12 132 1451 14556 130096 1030505 7046318 40309555 184992275 639783475 1525125357
14 1 13 156 1871 20703 206681 1858149 14721545 100464346 572626637
15 1 14 182 2365 28603 315305 3169675 28528986 226016576
16 1 15 210 2939 38559 465001 5165641 52027677 468966948
17 1 16 240 3599 50898 666342 8102491 90238067 911274131
18 1 17 272 4351 65971 931561 12301949 150044655 1677036683
19 1 18 306 5201 84153 1274671 18161133 240665410 2947991637
20 1 19 342 6155 105843 1711585 26163389 374193014 4982872347
21 1 20 380 7219 131464 2260236 36889845 566212968 8141208511

Tab. 1: Numbers of the form Ry (n) for several values of n and k. In particular, notice that if n > 4,
Ry(n) = 1(2n* — 1503 4 29n? 4 6n — 34). The empty entries are unknown to us.

Using the initial condition R4(4) = 3 (see Table 1) and solving the recurrence, it follows that if n > 4,
1
Ry(n) = 5(2n4 — 151 4 29n% 4 6n — 34),

as desired. O

4 Signed permutations requiring four flips to be sorted

We write RP (n) to denote the number of sign permutations that require k burnt pancake flips to be sorted.
Since the smallest cycle that can be found in B P, has length 8 (See [Com11]), it follows that if n > 1,
RE(n) =n,RE(n) =n(n—1),and R¥(n) = n(n — 1)2.

So the first non-trivial case is the computation of RP(n). We will follow the same method used in
Section 3: We will define certain sets whose union will the set of all signed permutations requiring four
flips to sort. The cardinality of this union will then equal the number of burnt pancake stacks that require
four flips to be sorted. The computation of the cardinality of the union of the sets that we will define is
carried out utilizing the principle of inclusion-exclusion. We will use the classification of canonical forms
of the 8-cycles, due to the authors [BBP19], from Theorem 2.2.

Our aim is to obtain the cardinality of the set BA* := {7 € B,, : d®(e, ) = 4}. We furthermore let
BA; C BA*, 0 < i < 4, be the following sets.

1. If0<4 <3,

BA; :={r = r.ﬁr.ﬁrﬁrﬁ € BA*: jii1 =n,jx Anfork <i+1}.
2. Ifi =4,

BAy = {r = rﬁrﬁrﬁrﬁ € BA* . j #nforall k € [4]}.
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In other words, if one were to think of a path between the identity and 7 € BA*in BP,, BA; would
contain all the paths that have ¢ + 1 vertices inside BP,,_(n). It follows that

U

=0

RB(n) = |BAY| = . .1

Just like in the previous section, we will use PIE to compute the cardinality of the union U?:o BA;.
In the proof of the main theorem of this section, the following two results will be used.

Lemma 4.1 (Lemma 4.5 in [BBP19]) If 71,7y € V(BP,_1(p)), for any p € [£n], with dB (w1, 1) <

2, then wlrf and 7721"5 must belong to distinct copies of BP,,_1 in BP,.

Moreover, the following corollary also follows.

Corollary 4.2 Let C be an 8-cycle in BP,, withn > 2. If C has vertices in exactly two copies BP,,_1 (i)
and BP,,_1(j) with i, j € [£n), then C has four vertices in BP,,_1(i) and four vertices in BP,,_1(j).

Proof: By Lemma 4.1, if the endpoints in the BPj;_1(p) copy (say 71 and 75) are at a distance of at most
two, then 77 and a7y, will belong to distinct copies of BPj_;. Hence an 8-cycle cannot occur in such
a way that it has six vertices in one copy of BF,,_; and two in the other, or with five vertices in one copy
and two in the other. Therefore an 8-cycle with vertices in exactly two copies of BP,,_; can only have
four vertices in each of the copies. O

We now state and prove the main theorem of this section, that is, an explicit formula for R¥ (n).

Theorem 4.3 Ifn > 1, then
1
RB(n) = 5n(n —1)%(2n — 3).

Proof: We will use PIE with the sets BA;, 0 < i < 4, and (4.1), and the canonical forms for the 8-cycles
from Theorem 2.2. We analyze each of the cardinalities individually. To derive a recurrence for RZ (n),
we will first assume that n > 3.

| BA4|. Due to the recursive structure of BP,, it follows that |[BA4| = R4(n — 1).

|BA3|. Any permutation in BA3z will be of the form rZrBrBrDB where 1 < a,b,c <n —1, a # b, and
b # c¢. We can choose a in n — 1 ways and b, ¢ in n — 2 ways each. Since there are no 6-, nor 7-

cycles in B P, each choice of a, b, c will give a different signed permutation that requires four flips

to be sorted. Indeed, if there were two strings r7r2r7rF and rrfyZ 2] corresponding to the

same permutation, 7’5” rf 7’}3 rBrByB would be a 6-cycle in BP,, and these do not exist. Therefore,

BAg| = (n—1)(n—2)2%

n

|BAs|. Any permutation in BAs will be of the form rfrfrfrf where 1 < a,b,c < n—1,a # b.
All of these signed permutations require four flips to be sorted, as there are no 6-, nor 7-cycles.
Furthermore, if two strings of this form produced the same signed permutation, then there would

be an 8-cycle of the form rFrPrJrZrDrlrPr, which cannot be placed in any of the canonical

n-y

forms given in Theorem 2.2. Therefore, | BAs| = (n — 1)%(n — 2).
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|BA;|. Any permutation in BA; will be of the form rZrZrPrZ where 1 < a,b <n—1,1<c¢ <n,
and b # c. We can choose a,b,c in n — 1. The same arguments presented in the previous cases
yield that each of these strings give a different signed permutation, and so |BA;| = (n — 1)3.

|BAo|. Any permutation in BAg will be of the form rZrZrBrZ where 1 <a <n—1,1 < b,c <n,

and b # c. Since there are no 6-, nor 7- cycles, each of these strings will lead to a different signed
permutation, and so | BAg| = (n — 1)3.

|BAog N BA:|. If 7 € BAg N BAy, then there must be an 8-cycle of the form rFrZrfrBrBrlrBe5
where 1 < a,z,y <n—-1,1<bcy,z<mn,a#bb+#c andy # z. Weﬁndcontr1but10nsto
this form from the canonical forms (2.22), (2.23), and (2.24) only. For form (2.22), we obtain the

following cycles
B, B.B. B B B B B
TRl T T T3 ThTi s “4.2)

with2 < 14,5 <n — 2,7+ j < n. Considering the possible values of 7, j can take in (4.2), we get
1(n —3)(n — 2) 8-cycles.

Similarly, comparing with (2.23) we get 2(n — 2) 8-cycles arising from all possible values of i in
the forms below.

B.B,B,B B B BB
Tl Tt Tyt Thr,with2 <i<mn-—1, and
rBrBrBrBypBrBrBLB githo <i<n—1.

Furthermore, by comparing with (2.24) we get only one 8-cycle: rZrBrByrByrByByByB pytting

the pieces together, we have

|BAg N BA;| = (n—2)( —3)4+2(n—2)+1.

|BAo N BA,|. If m € BAg N BA,, then there must be an 8-cycle of the form rZrZrrBrBrBrlrE 1t
such a cycle existed, it would have five vertices in one copy of B P, _;, which contradicts Corol-

lary 4.2. Hence, |[BAg N BAs| = 0.

BAgN BA3|. If 1 € BAg N BAj, then there must be an 8-cycle of the form rZ2rByByrByByByrBy,
| y b

n'z'y

where 1 < a,c,z,y,2<n—1,1<b<n,a#bb#c x+#y,andy # z. The only canonical
form that can match this is (2.21), obtaining

B, B
r —j+iTi Tn—j+i> (4.3)

with 1 < < j <n — 1. There are 1(n — 1)(n — 2) possible values for 4, j in (4.3), and so
|[BAg N BA3| = (n —1)(n—2).

|BAg N BA4|. Essentially the same argument as the case BAg N BAs gives that |[BAg N BA4| = 0.
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|BAy N BA,|. If 7 € BA; N BAj, then there must be an 8-cycle of the form rJrFrlrBrBrlrlrD
where 1 < a,b,z,y,2<n—-1,1<c<mn,a#zb#c c# z and x # y. The only canonical

form from Theorem 2.2 that matches this form is (2.21), we get
rffjﬂr rB o P 4.4

with 1 <17 < 7 < n — 1. Considering all possible values for 7, j in (4.4), we have

|BA, A BAs| = %(n —D(n—2).

Other intersections All other intersections BA; N BA3, BAy N BAy, BA; N BA3, BA; N BA,, and
BA3;NBA, are empty. By the same token, all the intersections of three distinct sets from { BA; }}_
are empty as well. Indeed, if one of these intersections were not empty, then there would be an 8-
cycle that could not be matched to any of the canonical forms of Theorem 2.2.

Now, using PIE, if n > 3 it follows that

4
U BA,
=0

- Y coreea

5C{0,1,2,3,4},5#0 ies
|BAO| + |BA1| + |BA2| + |BA3| + |BA4| — |BAO n BA1| — |BAO n BA3|
—|BA; N BAs|

R{ (n)

1
=RE(n—-1)+ 5(8713 — 33n% 4 45n — 20).

After solving the recurrence relation, using the initial condition RF (3) = 18 (see Table 2), we obtain that
forn > 3,
1
RB(n) = §n(n —1)2(2n — 3).
Upon further inspection, it turns out that the if we plug in n = 1,2 into n(n — 1)*(2n — 3) we obtain
0, 1 respectively. Since these are indeed the true values of RZ(1) and R¥(2), we have that for n > 1,

RP(n) = in(n —1)%(2n — 3). This completes the proof of the theorem. O

5 Classification of the 9-cycles in the Burnt Pancake Graph

In this section, we present classification of any 9-cycle in BP,,, with n > 2. This presentation is in the
same spirit as [BBP19, KM10, KM11, KM14, KM16] where similar forms for 6-,7-,8- and 9-cycles in
the pancake graphs P,, and 8-cycles in the burnt pancake graph B P, are given. We start the description
of 9-cycles in BP,,, with n > 2, by giving some preliminary definitions, notation, and lemmas.

In classifying the 9-cycles we will look at decomposing the window notation of the a signed permutation
o € B, into substrings, 0 = [XY Z]. A convenient notation that will be employed is for a signed reversal
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n k 0 1 2 3 4 5 6 7 8 9 10 11
1 1 1 0 0 0 0 0 0 0 0 0 0
2 1 2 2 2 1 0 0 0 0 0 0 0
3 1 3 6 12 18 6 2 0 0 0 0 0
4 1 4 12 36 90 124 96 18 3 0 0 0
5 1 5 20 80 280 680 1214 1127 389 40 4 0
6 1 6 30 150 675 2340 6604 12795 15519 6957 959 43
7 1 7 42 252 1386 6230 24024 71568 159326 222995 136301 21951
8 1 8 56 392 2548 14056 68656 276136 901970 2195663 3531887 2743477
9 1 9 72 576 4320 28224 166740 843822 3636954 12675375 33773653 60758618
10 1 10 90 810 6885 51960 359928 2193534 11738418 53257425 198586153
11 1 11 110 1100 10450 89430 710358 5060220 32328648 180577749
12 1 12 132 1452 15246 145860 1306448 10645866 79016157
13 1 13 156 1872 21528 227656 2269410 20812077 175905015
14 1 14 182 2366 29575 342524 3760484 38319281 363216425
15 1 15 210 2940 39690 499590 5988892 67117596
16 1 16 240 3600 52200 709520 9220512 112694400
17 1 17 272 4352 67456 984640 13787272 182483644
18 1 18 306 5202 85833 1339056 20097264 286341948
19 1 19 342 6156 107730 1788774 28645578
20 1 20 380 7220 133570 2351820 40025856
21 1 21 420 8400 163800 3048360 54942566
22 1 22 462 9702 198891 3900820 74223996
23 1 23 506 11132 239338 4934006 98835968
24 1 24 552 12696 285660 6175224 129896272
25 1 25 600 14400 338400 7654400 168689820

Tab. 2: Numbers of the form Rf (n) for several values of n and k. In particular, notice that if n > 1, then

RP(n) = in(n —1)?(2n — 3). The empty entries are unknown to us.

of a substring, that is if X = [z xo --- x;_1 x4, then X = [z; x;_1 -+ x2 x1]. As is customary,
for a graph G we shall use V(G) for its set of vertices and F(G) for its set of edges. In this section, we
generally follow the convention of using names of signed permutations based on the last character, e.g.,
m € V(BP,-1(p)), m € V(BP,_1(p)), p € V(BP.-1(q)), etc.

In addition to Lemma 4.1, a few other lemmas from [BBP19] will be necessary in the classification of
all the 9-cycles in BP,,, with n > 3. We recall that B P is itself an 8-cycle [Com11, Theorem 10], so if

a 9-cycle exists in BFP,,, thenn > 3.
Lemma 5.1 (Lemma 4.2 in [BBP19]) If 7 € V(BP,_1(p)) and mrZ € V(BP,_1(q)), then |p| # |q|.

Moreover, the following lemma is also used.

Lemma 5.2 (Lemma 4.3 in [BBP19]) Let w,7 € B,, have the same first element q € [£n] in window
notation. Then d(m,T) = 3 ifand only if T = wrfr?rf, 1<i<j<nwherenw =[ABC], T =[ABC],
|Al =j —14, |B| =14 and |C| > 0.

We are now ready to state and prove the main result of this section, the classification of all the 9-cycles
in BP,, withn > 3.

Theorem 5.3 Ifn > 3, then the canonical forms of 9-cycles in BP,, are as follows:
A L S A 1<i,j<k-2, i+j<k-1, 3<k<mn; (5.1
TETEFijTETkaiT-BTETkajTE o 1<i,j7<k—-2, i+j<k-1, 3<k<n. (52

Proof: As mentioned before, BP;, has a recursive structure and we can find 2k copies of BP;_; em-
bedded into BP, with 3 < k < n. Recall that we use BP,_1(z), with x € [£k], to denote the
subgraph isomorphic to BPy_; induced by looking at the vertices of BP) that end with the string
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P1
P2

BP,_1(q)| p3
P4

Fig. 2: A 9-cycle incident on two copies of BPj;,_; would need to be a (5+4) cycle.

z(k+1)(k+2) --- n. We will make use of this recursive structure to classify all 9-cycles in BP,,_1(n),
which is the copy including the identity, by considering the vertices of the 9-cycles in different copies of

BP,_

1 embedded in B Py. Due to the vertex transitive nature of BP,, if there is a cycle C' in BP,, there

would be a cycle with the same labels as C' that includes the identity, and therefore it is enough to consider
the cycles that contain the identity.

Since each vertex in BP;_1(x) is connected to exactly one other vertex in some BPy_1(y), with
y € [£k] \ {z}, any 9-cycle will share at least two vertices with any copy of BP;_1. We will identify a
9-cycle with a partition (a1 4+ a2 + - -+ + @y, ) of 9. Thatis, a; + a2 + - - - + a,,, = 9, where a; indicates
the number of vertices in the ith copy of BP;_; the cycle is incident upon. As noted above, a; > 2 for
all 7. Thus a 9-cycle can be formed by using two, three, or four copies of BPj_;. Enumerating through
each possible partition will exhaust all possible 9-cycles.

CASE T :-

CASE1II :-

A cycle incident upon two copies of BPj_1.

We know from Lemma 4.1 that if two permutations 7; and 75 belong to the same copy of BPj;,_;
and are at a distance of less than 3, then wlrf and wzrf belong to different copies of BPj_;.
Hence it is necessary that five vertices are in one copy and four vertices are in the other.

Let the two copies used be BP;_1(p) and BP;_1(q). By Lemma 5.1, |p| # |g|]. So we may
track the position and sign of both p and ¢ in a every permutation of the cycle. Suppose that four
vertices of such a 9-cycle belong to BP;_1(p), and the other five vertices belong to BPj,_1(q) (see
Figure 2). The four vertices of BPj;_1(p) form a path of length three whose endpoints are adjacent
to vertices from B Py_1 (¢), which means both vertices should have ¢ in their first positions. Starting
with one of these vertices in BPy_1(p) we have the form m; = [¢Xp]. By Lemma 5.2, we can
describe the forms of the remaining vertices of BPj_1(p). With 1 < i < 7 < k — 1 we have
my = mry = [X1gXop], m3 = mrl = [X12X11¢Xop], m = myr] = [¢X11X12Xop] where
X = X1 Xo, X; = X11 X192, |X1| = j — 1, and | X12| = ¢. Continuing in BPy_1(q) we see
p1 = [pXo X12 X11q] and p5 = [pX2X12X11q]. Taking A = pX, and B = Xj1q it is clear
that |A[,|B|, | X12| > 1. We need a path of length four from ps = [AX12B] to p; = [AX12B].
TIJ?4I+\X12\TIJ§<12\TIJ?4I+\X12I is a path of length three. Thus if a path of length four existed, there
would be a 7-cycle in BPy_1(q), which is not possible since the length of the smallest cycle in

BP, is eight. Hence cycles of form (5+4) are not possible.

A cycle incident upon three copies of BPy_;.

There can be three possibilities for the partition of vertices (5+2+2) or (4+3+2) or (3+3+3). Let the
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BPy_1(q)

BP;_1(p)

BPk_l (8)

v

Fig. 3: A 9-cycle incident upon three copies of BPj,_; with vertex partition (54+2+2).

Pr_1(q)

BPy;_1(p)

.

BP]C,1 (8)

Fig. 4: A 9-cycle incident upon three copies of B P;_; with vertex partition (4+3+2).

three copies incident upon be BPy_1(p), BPx—1(q), and BP;_1(s). By Lemma 5.1, it follows that
Ip| # lal, [p| # |s|, and [q| # [s].

Suppose five vertices of such a 9-cycle belong to the copy BPi._1(p), two vertices belong to a copy
BPy;_1(q) and the other two vertices belong to a copy BPj;—1(s) (see Figure 3). As py will have
s in its first position and that 7, is exactly two edges away, we see that m; = [¢X sY p|. This gives

pr=mrP = []3737(1], p2 = plrﬁ,HQ = [sYpXq), o1 = parP = [gX]_??S]. o2 must have p in
its first position, which is not possible in one edge from ;. Hence cycles of form (5+2+2) do not
exist in the burnt pancake graph.

Suppose four vertices of such a 9-cycle belong to the copy BP;_1(p), two vertices belong to a
copy BPx_1(q), and the other three vertices belong to a copy BPx_1(s) (see Figure 4). As po will
have s in its first position and that 7, is exactly two edges away, we see that m; = [¢ X sYp]. This
gives p1 = mrP = [B?SY(]], p2 = plr€/|+2 = [sYpXql, o1 = porf = [QXB?S]. Now, o3
must have p in its first position, so in the path from oy to o3, p should be involved in both the flips.
o9 = UlT&IHYzIJr? = [YopXqYs] where Y = Y1 Ys. This gives o3 = 02r§,2‘+1 = [B?Q XqYis],
Ty = o3rf = [sY1¢XYap]. Taking A = sY1, B = ¢X, C = Yap where |A],|B|,|C| > 1 we
need to find a path of length three between 7, = [ABC|] and m; = [BAC]. One may verify that
ﬁ4r€4|rﬁ‘+|3‘r%| =m. Taking | X|=i—1,|YV1| =j—1weget|Ya]=k—i—j—1>0anda
cycle corresponding to (5.1).

Suppose three vertices of such a 9-cycle belong to a copy BP_1(p), three vertices belong to a
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BP;_1(q)

BP;_1(p)

BP]C,1 (S)

Fig. 5: A 9-cycle incident upon three copies of BP,_; with vertex partition (3+3+3).

copy BP;_1(q) and the other three vertices belong to a copy BPx_1(s) (see Figure 5). The vertex
in BP;_1(p) that is adjacent to a vertex in BP;_1(q), m1, can be of the form (a) m; = [¢X sYp] or
(b) 1 = [¢XsYpl.

(a) Since m = [¢XsYp], then p; = mr] = [pYsXq|. As w3 must have s in its first position, s
should be involved in only one reversal in the path from 71 to 3. So the first reversal must not
inv_olve s. This gives my = WlT\B;ﬁHl_:Equ?SYp] where X = X1 X5, m3 = 7T2r|]§<\+2 =
[sX2¢X1Yp], and 07 = 7731"5 = [pY X1qX2s]. As o3 must have g in its first position, ¢
should be involved in one reversal in the path from o to o3. So the first reversal must not
involve ¢. This gives two possibilities:

o2 §2|+1[}/2p71 X1qXos] where Y = Y1Y; and 03 = UQTﬁfmxllJri:_[ﬂXlYlB
Y5 Xos]. Following through with this possibility we get p3 = [sXoYopY: Xiq]. We

need a path of length two from p3 to p; = [pY> Y15X> X1q]. As p; has p in its first
position, p should be involved in only the second reversal. In order for this to be so,
without having to exchange the positions of Y7, it must be that |[Y7]| = 0. Then we get
p3r|]§(2\+1r|]§(2\+|Y2|+2 = p1. Taking |X| = i —1and |X3| = j — 1 we get |Ya| =
k —1i—j— 1> 0anda cycle corresponding to (5.2).

il. 09 = 0’1T€/‘+|X12|+1 = [X12YpX11qX28] where Xl = X11X12 with |X12| Z 1

and o5 = agrﬁ,l Hxie = lgX 11pY pX12X2s]. Following through with this pos-

1. 09 = o311

sibility we get pg_:ﬁYQXquX—Hq]. We need a path of length two from p3 to

p1 = [pY sXo X12 X11q]. As p; has p in its first position, p should be involved in

only the second reversal. We have p3r|]§<2\+|X12|+1T\B;<12 |1"‘fo2I_HXH‘JFIY‘JF2 = p1. Thisis
a path of length three which can be reduced to length two if and only if | X;72| = 0. Since
| X12| > 1 this possibility does not give any 9-cycle.

(b) If m = [¢XsYp], then py = mrf = [pY'sXq|. As m3 must have s in its first position,
s should be involved in both the reversals._This gives my = wlrgq vl = [_7137(13/219]
where Y = Y1Ys, m3 = 7T2T€,1H_1 = [sY1 X qYop|, and 01 = 7731"]? = [pY2qXYis]. As o3
must have g in its first position, ¢ should be involved in both the reversals in the path from o
to o3. This gives two possibilities:
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BP;—1(q) BP;_1(q)
- BP;,_1(s) - BPy_1(p)
BPy_1(p) o, BPy_1(p) o
BP,_1 (1) BPy_1 (1)
(a) pairwise different absolute values. (b) equal absolute values non-adjacent.

Fig. 6: 9-cycles incident upon four copies of B Py_; with vertex partition (3+2+2+2).

i g9 = UlT\B;ﬁl-HYzH-Q = [qungXgﬁs] where X = X1X2 and g3 = UQT\B;ﬁH-l =
[¢X1Y2pX,Y1s]. Following through with this possibility we get ps = o3rf = [sY1 Xap
Y2 X1q]. We need a path of length two from p3 to p; = [B?Q Y1sX2 X1q]. As p; has
B?Q in its prefix, X, with the same sign and ordering of characters, but s will have the
opposite sign in p3, then pY and X, must be part of both reversals but s must only be
part of one. This is only possible if |X3| = 0. Then P31y 4ol Ry = p1- Taking
| X1] =4 —1,|Y1| =i —1we get |[Y2] = k — i — j — 1 and a cycle corresponding to
(5.2).

. o9 = 01r&\+|Y2H—|Y12\+2 = [YEQYQYVQPKS] where Y7 = Y71Yi2 with |Y12| > 1 and
o3 = agrgq HVisl+1 = [¢XY12YpY11s]. Following through with this possibility we
get p3 = osry = [sY11pY2Y12Xq]. We need a path of length two from ps to p; =
[pYs Y12 Y115X¢q]. As p1 has p in its first position, p should be involved in both the rever-
sals in this path. However, it can be seen that p3r€’u|+\Ym|+\Yzl+2T€’12\Tﬁﬁzl-HYzl-H =
p1. This is a path of length three within BPy_1(¢) which can be reduced to length two
if and only if |Y12| = 0 but by assumption |Y;2| > 1. Therefore this possibility does not
yield a 9-cycle.

CASE III :- A cycle incident upon four copies of BPj,_.
Due to the constraints on the part sizes in our partition, there can be only one possibility (3+2+2+2).

Let the four copies used be BP;_1(p), BPx—1(q), BPx_1(s), and BPj;_1(t) with three vertices in
BP;_1(p) and two vertices in each of the other copies. Let us assume, without loss of generality,
that one vertex of BPj_1(p) is adjacent to a vertex of BPy_1(q). Here the absolute values of
P,q, s, and ¢t may not be distinct. By Lemma 5.1 only non-adjacent copies can have the same
absolute value. This gives rise to three subcases, which we describe below.
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BPF.-1(q) BPy-1(q)
i ) i BPkil(B)
BPy—1(p) - BPy—1(p) -
BPkfl(g) BPkfl(g)
(c) equal absolute values non-adjacent (d) two pairs of equal absolute values.

Fig. 6: 9-cycles incident upon four copies of B Py_; with vertex partition (3+2+2+2).

(a) The absolute values of p, q, s and ¢ are pairwise different (see Figure 6a).

Since none are opposites, p, g, s, and ¢, or their opposites, are present in all the signed permu-
tations in the cycle. Then depending upon the relative position and signs of s and ¢ in our first
signed permutation four cases arise. Since p is two reversals away from 7; with one revers-
ing all elements and p» must begin with s it is necessary that s be in ;. The four possible
cases of 7y are [qX sYtZp|, [qXsYtZp], [¢XtY sZp]|, and [¢XtY sZp].

i.

ii.

1ii.

iv.

It my = [gXsYiZp], then p1 = mrf = [pZtY sXq), po = pirfyyy 745 = [Y1Zp
Xql, and oy = porZ = [¢XpZtY s|. Now oo must have ¢ in its first position, which is
not possible in one reversal from o;. So this case does not yield any 9-cycles.

Eﬂ'l = [gXsYtZp], then_pi: mry = [pZtYsXq), p2 :_Pl_T@\Hsz = [sYtZp
Xql, 01 = pgrf = [¢XpZtYs], o9 = 01T€<|+‘Z|+3 = [tZpXqYs],and 11 = 021",? =
[sY ¢XpZt]. Now 72 must have p in its first position, which is not possible in one reversal
from 7. So this case does not yield any 9-cycles.

If m = [¢XtYsZp), th_en p1=mrd = [9787_27(]],_;)2 = p1T|BZH-2 = [§Zp§§7q],
o1 = por = [qXtYpZs], o2 = Ung(lJrQ = [tXqYpZs], 11 = oorP = [sZpY qXt],
Ty = 7'11"‘BZ|+2 = [pZsY qXt], and w3 = morf = [tXqY sZp]. We need a path of length
two from 73 to 71, however, 7737’&‘ 4o =T which is a path of length one. As there are

no 3-cycles in the burnt pancake graph, a path of length two between 73 and 7 does not
exist. Hence this case does not yield any 9-cycles.

If mp = [¢XtYsZp], then p; = mrd = [BZS?th], p2 = p1T|BZH-2 = [sZpYtXq|,

and o1 = porf = lgX LY]_)ZS]. Now o2 must have ¢ in its first position, which is not
possible in one reversal from o;. So this case does not yield any 9-cycles.

(b) The absolute values of only one pair among p, q, s, t are the same. This gives rise to two cases.
One where the pair of copies with opposite signed last elements have only two vertices each.



Stacks requiring four flips to be sorted 23

The other where the pair of copies with opposite signed last elements includes the one copy
with three vertices.

i.

ii.

Say that s = p, |q| # |t| (see Figure 6b). In this case 71 can be either [¢XtY'p| or
[qXtYp).

If 11 = [¢XtYp], then p; = mrd = []3727(1], p2 = p1rP = [pYtXq, m o= parP =
[aXtYpl. my = mrfi |, = [tXqVpl 11 = mar = [pY ¢Xt], 72 = mir = [pY¢Xt],
and 3 = 7218 = [tXqY p|. We need a path of length two from 73 to 71 but 71'31"‘3;(|+2 =
w1 which is a path of length one. As there are no 3-cycles in the burnt pancake graph a
path of length two between 73 and 71 does not exist. Hence this case does not yield any
9-cycle.

If 1 = [¢XtYp], then p; = 71'11"}6B = [B?th], p2 = p1rP = [pYtXq, o= pgrf =
[¢XtY'p]. As my must have ¢ in its first position, which is not possible in one reversal
from 75. So this case does not yield a 9-cycle.

Say thatt = ¢, [p| # |s| (see Figure 6c).

As po will have s at first position 71 = [¢X sYp]. This gives py = mirf = [pYsXq],
p2 = plr‘ff,lJr2 = [sYpXq], 01 = porf = [qXpYs], 02 = 1P = [¢XpYs], p1 =
oarp = [sYpXql, p2 = &rﬁ/‘w = [pY'sXq|, w3 = parf = [¢X sY p]. We need a path
of length two from 73 to 71 but 73 rlB = m; which is a path of length one. As there are no
3-cycles in burnt pancake graph a path of length two between 73 and 7; does not exist.
Hence this case does not give any 9-cycle.

(c) The absolute values of the two pairs among p, g, s, t are the same, i.e s = p and t = q (see
Figure 6d). B B
Let m; = [¢Xp]. This gives p; = 71'17’,? = [BY(]], p2 = p1rP = [pXq], T = pgrf = [¢Xp],
my = mry = [¢Xpl. p1 = mori = [pXq]. pp = pr17 = [pXgl. and 75 = pori} = [gX].
We need a path of length two from 73 to 71 but w37 = 71, which is a path of length one. As
there are no 3-cycles in the burnt pancake graph a path of length two between 73 and 7; does
not exist. Hence this case does not yield any 9-cycle.

So there are no cycles of the form (3+2+2+2) in the burnt pancake graph.

This finalizes all possible partitions of the vertices, and thus gives all possible 9-cycles in B P;. O

6 Concluding Remarks

In the preceding sections, we have provided explicit formulas for the number of pancake and burnt pancake
stacks with n pancakes that require four flips to be sorted, utilizing entirely elementary methods using
cycle classification of the pancake and burnt pancake graph and the principle of inclusion-exclusion, as
well as providing a classification of all 9-cycles in the burnt pancake graph.

Having a classification of longer cycles in P,, and B P,, might allow us to take a similar approach to what
we used in the proof of Theorem 3.3 and Theorem 4.3. Currently, there is no published classification of
the 10-cycles for either P, and B P,. The authors have worked out said classification, though the number
of canonical forms alone makes it hard to do a systematic, manual approach using PIE. For example, we
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found 59 canonical forms for 10-cycles in P,, and 8 canonical forms for 10-cycles in BF,,. However, the
process would be extremely tedious.

Utilizing structural characteristics of permutations satisfying certain properties, Homberger and Vat-
ter [HV16] gave an algorithm that can be used to enumerate certain permutations. In particular, they
prove that for “sufficiently large” n, the number of permutations of [r] that can be sorted with k prefix
reversals is given by a polynomial. More specifically, if one defines

Ri(n) : (6.1)

i
]
=
S

then for sufficiently large n, Ry, (n) is given by a polynomial. From (6.1) it is possible to compute Ry (n)
from Ry (n) if R;(n) is known for 0 < ¢ < k. In this light, and using the output of the Homberger-Vatter
algorithm from [HV16] for Ry (n) with k = 5, 6, one obtains the following.

1. If n > 5, then

Rs(n) = — (6n° — 65n* + 17303 + 296n? — 1724n + 1590) .

| =

2. If n > 6, then

1
Re(n) = 5 (60n° — 883n° 4 3140n* + 107751 — 91400n> + 171068n — 58020) .

These polynomials explain all the nonzero values for the columns £ = 5,6 in Table 1. The situation
for £ > 6 is a bit more interesting, as the polynomial obtained by the Homberger-Vatter algorithm does
not explain all nonzero values of Ry(n). Indeed, their algorithm produces polynomials that are valid for
“sufficiently large” n. For example, the algorithm correctly computes }~%7(n) if n > 7. Indeed, if n > 7,

6

Rr(n) = Re(n) — Y Ri(n)
i=1
1
= 270(240717 — 4619n° 4 21881n° + 109275n* — 13724450+
4476344n° — 4550196n — 850320). (6.2)

However, (6.2) does not account for R7(6) = 2 and R, (7) = 1016. Therefore, there is no polynomial
that would explain all the nonzero values of R7(n).

After computing Rg (n) using the Homberger-Vatter algorithm, which took several days using a system
with Dual Xeon CPUs and 256GB of RAM, we found a polynomial that explains most of the nozero
entries of the column k£ = 8 in Table 1. Namely, if n > 7,
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7

Rs(n) = Rs(n) — Y _ Ri(n)

=1

= 5010 (5040n° — 122683n" + 759857n° 4 4519067n° — 791017150+

364661948n> — 561161062n> — 267373812n + 844945920). (6.3)

Once again, (6.3) does not account for Rg(7) = 35, so once again, there is no polynomial that explains
all the nonzero values of Rg(k).

The situation for RE (n) does not seem to be as mysterious. While the Homberger-Vatter algorithm
does not apply to signed permutations, the numbers R (n) seem to be given by polynomials. Using a
standard polynomial fitting procedure with the data from Table 2, we obtain the following conjecture.

Conjecture 6.1 [fn > 1, then
(i) RE(n) = tn(n —1)(n —2)(6n* — 17n + 3),

(ii) RE(n L

(n) = &n(n —1)(n — 2)(60n® — 343n2 + 401n + 284),
(iii) RP(n) = gsn(n —1)(n — 2)(n — 3)(240n® — 1499 + 925n + 5104),
(iv) RE(n) =

and

—sn(n —1)(n — 2)(n — 3)(5040n* — 52123n° + 11341502 + 3147161 — 1027242),

(v) RE(n) = g5555 (n — 1)(n — 2)(n — 3)(n — 4)(40320n° — 444061n" 4 64474603 + 6638777n? —
18991470n).

These polynomials also conveniently explain the zero entries of Table 2, which seems to indicate that
RB(n) are better behaved than those of Ry (n).

Another question that might give interesting results is proving any summation identities that Ry (n) or
RP(n) satisfy. From their definitions, it is clear that

> Ri(n) =|Sa| =n!

k>0

and that

> RP(n) =|Bn| = 2"n!.
k>0

Notice that determining the maximum value of k, for a given n, such that Ry (n) (or RZ(n)) is not zero
is equivalent to the classic pancake problem (or the burnt pancake problem).

A less trivial identity can be found by looking at the explicit formulas that describe the nonzero values
of Ry (n) for 0 < k < 6, namely, we have the following Corollary.

Corollary 6.2 Ifk < 6 and Ri(n —1i) > 0for 1 <i <k+ 1, then

k+1
Ry(n) = 3 (~1)7+! (k ’ 1) Ri(n — ).
i=1
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Since the polynomials (6.2) and (6.3) do not cover the values R7(6), R(7), and Rg(7), Corollary 6.2
would once again require n to be “sufficiently large.”

For signed permutations, we have observed the following identity, which would follow from RE (n)
being integer-valued polynomials and by using the Gregory-Newton interpolation formula for integer-
valued polynomials (for background see [CC97]).

Conjecture 6.3 If k,n > 1, then

Ri(n) = zk: <§(—1)i(i+i B 1) (ij)) RB(j), fork > 1.

j=1 \i=0

We have verified Conjecture 6.3 for all the values in Table 2. This conjecture would follow from a
result similar to Homberger-Vatter giving that the R (n) are all polynomials and continue to explain the
zero and nonzero values.
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An inversion sequence of length n is an integer sequence e = ejez ... e, such that 0 < e; < ¢ for each ¢. Corteel—
Martinez—Savage—Weselcouch and Mansour—Shattuck began the study of patterns in inversion sequences, focusing
on the enumeration of those that avoid classical patterns of length 3. We initiate an analogous systematic study of
consecutive patterns in inversion sequences, namely patterns whose entries are required to occur in adjacent posi-
tions. We enumerate inversion sequences that avoid consecutive patterns of length 3, and generalize some results to
patterns of arbitrary length. Additionally, we study the notion of Wilf equivalence of consecutive patterns in inversion
sequences, as well as generalizations of this notion analogous to those studied for permutation patterns. We classify
patterns of length up to 4 according to the corresponding Wilf equivalence relations.

Keywords: Inversion sequence, pattern avoidance, consecutive pattern, Wilf equivalence

1 Introduction

Let I, denote the set of inversion sequences of length n, defined as integer sequences ¢ = ejes . .. €, such
that 0 < e; < i for each 4. Let S,, denote the symmetric group of all permutations of [n] = {1,2,...,n}.
There is a natural bijection between S,, and I,,, where each permutation 7 € S, is encoded by its inversion
sequence

O(r) =e=-ejez...€,, with e;=|{j:j<iandm; >m}. (D

Other closely-related bijections between S,, and I,,, obtained by composing © with trivial symmetries,
appear in the literature as well. Corteel, Martinez, Savage and Weselcouch [7]], and Mansour and Shat-
tuck [[17] initiated the study of classical patterns in inversion sequences, motivated by the potential of this
correspondence to inform the study of patterns in permutations. Their systematic enumeration of classical
patterns of length 3 turns out to be interesting in its own right, as it connects these patterns in inversion
sequences to well-known sequences such as Bell numbers, Euler up/down numbers, Fibonacci numbers
and Schroder numbers. Since the appearance of the work of Corteel ef al. and Mansour and Shattuck,
the interest in patterns in inversion sequences has been on the rise, and research in this area continues to
proliferate [S) 16} 13,14} (16} 18} 22]].

Let us start with some basic definitions. We define a pattern to be a sequence p = p1ps ... p, with
p; €{0,1,...,r — 1} for all i, where a value j > 0 can appear in p only if j — 1 appears as well. Define
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the reduction of a word w = wyws ... wy, over the integers to be the word obtained by replacing all the
occurrences of the sth smallest entry of w with ¢ — 1 for all ¢. We say that an inversion sequence e contains
the classical pattern p = p1ps . . . p, if there exists a subsequence e;, €, . . . €;,. of e whose reduction is p.
Otherwise, we say that e avoids p.

Example 1.1. The inversion sequence e = 0021213 avoids the classical pattern 210, but it contains the
classical pattern 110. Indeed, eseseg = 221 has reduction 110.

Unlike patterns in permutations, patterns in inversion sequences may have repeated entries.

Corteel et al. [7] and Mansour and Shattuck [17]] provide formulas for the number of inversion se-
quences of length n that avoid a given pattern p of length 3. In this paper, we initiate an analogous
systematic study of consecutive patterns in inversion sequences.

We define consecutive patterns in inversion sequences in analogy to consecutive patterns in permuta-
tions, which were introduced by Elizalde and Noy [12]]. We underline the entries of a consecutive pattern
to distinguish it from the classical case.

Definition 1.2. An inversion sequence e contains the consecutive pattern p = pips...p, if there is
a consecutive subsequence e;e;y1 . ..e;4+,—1 Of e whose reduction is p; this subsequence is called an
occurrence of p in position ¢. Otherwise, we say that e avoids p. Define

Em(p,e) = {i: e;e;y1...€;4r—1 is an occurrence of p} .

Denote by I,,(p) the set of inversion sequences of length n that avoid p.

Example 1.3. The inversion sequence e = 0021100300 € I, avoids 120, but it contains 010, since
ereseg = 030 is an occurrence of 010. It also contains three occurrences of p = 100, in positions
Em(p,e) = {3,5,8}.

It is often useful to represent an inversion sequence e as an underdiagonal lattice path consisting of unit
horizontal and vertical steps. Each entry e; of e is represented by a horizontal step: a segment between the
points (i —1, ;) and (4, e;). The vertical steps are then inserted to make the path connected (see Figure|1)).

6 s
s
s
s
5 v
’
’
’
4 2
’
’
’
3 %
s
s
’
2
’
’
’
1 — o o
’
s
] 1 5 6

Fig. 1: Representation of e = 002031 € I as a lattice path.

We are also interested in the following equivalence relations, defined in analogy to those for consecutive
patterns in permutations (see [9, [11]]). Henceforth, unless otherwise stated, patterns will refer to patterns
in inversion sequences, and equivalence of patterns will refer to the equivalences in Definition [T.4]
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Definition 1.4. Let p and p’ be consecutive patterns. We say that p and p’ are
o Wilf equivalent, denoted by p ~ p/, if I, (p)| = |I, (p')|, for all n;

o strongly Wilf equivalent, denoted by p < p/, if for each n and m, the number of inversion sequences
in I, containing m occurrences of p is the same as for p/;

o super-strongly Wilf equivalent, denoted by p ~ p/, if the above condition holds for any set of
prescribed positions for the m occurrences; that is,

He €1, :Em(p,e) =T} =|{e€l,: Em(p,e) =T} .
foralln and all T C [n].

As suggested by their names, we have that p ~ p’ implies p ~ p/, which in turn implies p ~ p’. An
equivalence of any one of the these three types will be called a generalized Wilf equivalence.

2 Summary of Results

In this paper we give recurrences to compute the numbers |I,(p)| of inversion sequences avoiding the
consecutive pattern p, for p of length 3. Most of our recurrences use the refinement I,, , = {e € I,, :
en = k} of I, which allows us to define

Lx(p) =L )In (p), )

for a given pattern p. Note that I,, 5 (p) = 0 for k > n and I, (p) = U}y—g Lu.x (p), for any pattern p.

Example 2.1. For the consecutive pattern p = 001, we have |I3 (001)| = 4, as I3 o (001) = {000, 010},
1371 (M) = {011} and 13}2 (@) = {012}

Patternp  inthe OEIS?  Recurrence for |I,, , (p)| |1, (p)]| coincides with
012 A049774 Lk (p)] = [Tam1 (P)] = 2721 2020 s [Tn—s,i ()] |Sn (321)]
021 A071075 Lok ()] = [Tn—1 ()] = (n = 2 = k) 32525 [Tn—2,5 ()] S (1324)]
102 New Lo )] = Lot ()] = 1 7 Tz, (9)]
120 A200404 Lok ()] = Tn—1 (P)] = 5k (n =2 = j) [Tn—2,; (p)] |Sn (1432)]
201 New Lo )] = Lt ()] = k3 [Lnczys (0]
210 New Lok (0)| = Tae1 (0)| = 27y 00 Sy T3, (0)]

Tab. 1: Consecutive patterns of length 3 with no repeated letters. Sequences A049774, A071075 and A200404
are known to count | Sy, (321)[, | S, (1324)] and | S, (1432)|, respectively, and exponential generating functions for
A049774 and A071075 are known. All other results in the table are new.

A summary of our results for consecutive patterns of length 3 is given in Table [] for patterns with
no repeated letters, and in Table [2] for patterns with repeated letters. In particular, we indicate which
sequences match existing sequences in the On-Line Encyclopedia of Integer Sequences (OEIS) [20].
Here, 1324 and 1432 denote vincular (sometimes called generalized) permutation patterns, where the



4 Juan S. Auli, Sergi Elizalde

Pattern p in the OEIS?  Recurrence for |In7;c (p)|

000 A052169 |I.(p)| = %, where d, is the number of derangements of [n]

001 New Lok ()] = [Tn—1 (D) = X< Tn—2,5 (P)]

010 New Tk (P)] = Tn—1 (P)| = (0 = 2 = k) [T 2.1 ()|

011 New Lk ()| = Tn—1 (D) = Xjcp Mn—2,5 (P)] if b # n — 1, and Lo n—1 (p)] = [Tn—1(p)|
100 % 110 New Lok ()] = [Tn—1 (D) = 2o Tn—2,5 (0)]

101 New Lok (0)] = [Tn—1 (@) = k |Tn_2.k (p)]

Tab. 2: Consecutive patterns of length 3 with repeated letters.

entries in underlined positions are required to be adjacent in an occurrence, as defined by Babson and
Steingrimsson [2]]. We use S, (o) to denote the set of permutations in .S, that avoid a pattern o.

Another main result of this paper is the classification of consecutive patterns of length 3 and 4 according
to the generalized Wilf equivalence classes from Definition[T.4] The equivalence classes for length 3 are
given by Tables and Specifically, the equivalence 100 < 110 is the only generalized Wilf equivalence
among consecutive patterns of length 3; that is, no other two such patterns are even Wilf equivalent.

The next theorem describes the corresponding classes for patterns of length 4. The patterns p are listed
in increasing order of the values of |I,, (p)|, for n < 10; that is, from least avoided to most avoided in
inversion sequences of length up to 10.

Theorem 2.2. A complete list of the generalized Wilf equivalences between consecutive patterns of length
4 is as follows:

(i) 0102 ~ 0112. (viii) 1000 ~ 1110.

(i) 0021 X 0121. (ix) 1001 2 1011 X 1101.

(iii) 1002 < 1012 < 1102. (x) 2100 < 2210.

(iv) 0100 ~ 0110. (xi) 2001 2011 < 2101 < 2201.
(v) 2013 % 2103, (xii) 2012 ~ 2102.

(vi) 1200 < 1210 < 1220. (xiii) 2010 ¥ 2110 ~ 2120.

(vii) 0211 ~ 0221. (xiv) 3012 ~ 3102.

Again, all the Wilf equivalences among consecutive patters of length 4 are super-strong Wilf equiv-
alences. This leads us to speculate the following, in analogy to Nakamura’s conjecture for consecutive
patterns in permutations [19, Conjecture 5.6], which remains open.

Conjecture 2.3. Two consecutive patterns of length k in inversion sequences are strongly Wilf equivalent
if and only if they are Wilf equivalent.

It is in fact possible that a stronger version of Conjecture holds, namely that all three types of
generalized Wilf equivalence for consecutive patterns in inversion sequences (see Definition|].4) coincide.
The results in this paper show that this is the case for consecutive patterns of length at most 4.
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On the other hand, following Martinez and Savage [18], one can reframe the notion of patterns of length
3 to consider triples of binary relations among the entries in an occurrence. In a followup paper [1]], we
study the consecutive analogue of this framework. Perhaps surprisingly, in the setting of consecutive
patterns of relations, the notions of Wilf equivalence and strong Wilf equivalence do not coincide in
general.

The rest of the paper is organized as follows. In Section 3| we study consecutive patterns of length 3,
proving the results summarized in Tables[[|and[2] Section[]is devoted to the classification of consecutive
patterns of length 4 into generalized Wilf equivalence classes, proving Theorem[2.2] Some of our results
apply to consecutive patterns of arbitrary length, and will be given in Proposition [3.2] and Theorems
and .18l

3 Consecutive Patterns of Length 3

In this section we enumerate inversion sequences avoiding each given consecutive pattern of length 3.
Tables [3| and 4] provide the first 8 terms of the sequence |I,,(p)| for patterns of length 3 without and
with repeated letters, respectively. There are 13 consecutive patterns of length 3, which fall into 12 Wilf
equivalence classes, which are also super-strong Wilf equivalence classes.

Pattern p In(p)| for1 <n <8
012 1,2,5,17,70, 349, 2017, 13358
021 1,2,6,23, 107, 585, 3671, 25986
102 1,2,6,22,96,492, 2902, 19350
120 1,2,6,23,107, 582, 3622, 25369
201 1,2, 6,24, 118, 684, 4548, 34036
210 1,2,6,24, 118, 684, 4554, 34192

Tab. 3: First 8 terms of the sequence |I,,(p)| for consecutive patterns p of length 3 with no repeated letters.

Pattern p |In(p)| for1 <n <8
000 1,2,5,19,91, 531, 3641, 28673
001 1,2,4,11, 42,210, 1292, 9352
010 1,2,5,17,76,417,2701, 20199
011 1,2,5,17,75,407, 2621, 19524
100 X 11 1,2,6,23, 109, 618, 4098, 31173
101 1,2,6,23,109, 619, 4113, 31352

Tab. 4: First 8 terms of the sequence |1, (p)| for consecutive patterns p of length 3 with repeated letters.

3.1 The pattern 000

The following result provides a method to compute |I,, (000)| recursively.

Proposition 3.1. The sequence |I,, (000)] satisfies the recurrence

L, (000)[ = (n — 1) [Lp—1 (000)] 4 (n — 2) [T—2 (000)],
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forn > 3, with initial terms |I; (000)| = 1 and |I2 (000)| = 2.

Proof: It is clear that |I,, (000)| = |L,|, for n < 3, so |I; (000)| = 1 and |I» (000)| = 2. For n > 3, let
us count the inversion sequences e € I,, (000) by considering two cases.
If e,,_1 # ey, then there are |I,,_; (000)| many ways to choose the first n — 1 entries of e and n — 1

possibilities for e,,, since e, may be an element of {0,1,...,n — 1} \ {ep_1}.

If e,,—1 = ey, then it must be that e,,_o # e,,_1. So there are |I,,_5 (000)| many ways to choose the first
n — 2 entries of e and n — 2 possibilities for e,,_; = e,,, which can be any element in {0,1,...,n — 2} \
{en—2}. Since every e € I,, (000) falls into one of these two cases, the stated recurrence follows. O]

The following result generalizes Proposition [3.1]to patterns of arbitrary length, providing a recurrence
for the number of inversion sequences avoiding the consecutive pattern consisting of  zeros. We denote
this pattern by 0".

Proposition 3.2. Letn > r > 2. The sequence |1, (Q")| satisfies the recurrence

1. (07 = ) _(n—j) Ly (O")],

j=1

with initial conditions |1, (Q")| = nl, for1 <n <.

Proof: Let A; denote the subset of I,, (0") consisting of sequences e for which j is the largest integer
suchthate, ;11 =e,_ji2 =--- = e,. GiventhatI, (0") = U;;i A, (which denotes a disjoint union),
r—1
we see that |1, (0")| = >0 _ [4;].
Fix 1 < j <r — 1. Let us construct a sequence e € A;. There are |I,,_; (0")| possibilities for the first
n — j entries of e. Once these entries are determined, we have n — j choices for the remaining (repeated)

entry €,_j41 = €p—_j+2 = -+ = €y, which can be any element in {0,1,...,n —j} \ {e,—;}, since
en—j+1 < n — j. Given that every sequence in A; may be constructed this way and every sequence
constructed in this manner is in A;, we deduce that |A;| = (n — j) [I,—; (0")|, which concludes the

proof. O

A derangement is a permutation without fixed points. The next result relates inversion sequences avoid-
ing the pattern 000 to derangements.

Corollary 3.3. Let d,, be the number of derangements of length n. Forn > 1,

I, (000)| =
T, (000) -

Proof: We proceed by induction on n. The cases n = 1,2 are straightforward to verify, so let n > 3.
Suppose that |I; (000)| = ((j + 1)! — d;41) /4. for 1 < j < n. By Proposition 3.1}

L, (000)[ = (n — 1) [L—1 (000)] 4 (n — 2) [I,—2 (000)],
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so it follows from the inductive hypothesis that

n! —d, (n—=1)—=dp_1
_o)y\t T )T Ol

n— +(n ) n—2

=nl—d,+(n—1)—d,1

L, (000)] = (n — 1)

n

It is well-known that the number of derangements satisfies the recurrence d,, = (n — 1)(dn—1 + dp—2).
This implies that |I,, (000)| = ((n + 1)! — dp11) /n. O

The sequence ((n + 1)! — d,41)/n is listed as A052169 in [20]. It would be interesting to find a
direct combinatorial proof of Corollary such as a bijection between I, (000) x [n] and the set of
permutations in S, 41 with at least one fixed point.

3.2 The patterns 100 and 110

Next we prove that patterns 100 and 110 are Wilf equivalent. We begin by finding a recurrence for
I, 5 (110)|, as defined in Equation (2). The idea is to exploit the fact that if e = eqe3...e, € I, (110),
then ejes...ep—1 € I, (110), as we implicitly did in the proof of Proposition Throughout this
section, we use the convention that

o (p) =1, 3)

for any pattern p. This value also serves as an initial term in most of the recurrences below, even when
not explicitly stated. We also use the convention that [I,, ; (p)| = 0, if n < 0.

Proposition 3.4. Lern > 1 and 0 < k < n. The sequence |I,, ;. (110)| satisfies the recurrence

n—3

L (110)] = [T,y (110)| = D [T,—o; (110)].
J=k+1

Proof: It is straightforward to verify that the recurrence holds for n = 1,2 (the sum on the right-hand
side is empty in these cases). Assume n > 3. For j < n — 3, let

Ap_1j={e€l,_1,;(110) s ep_o =j}.

Note that e € I, 1, (110) if and only if ejeq ... e,—1 € I,,_1 (110) \ |_|;:,§+1 Ap_1,; and e, = k. Hence,

n—3
[Tk (110)] = [Ty (120) = >~ [An—agl-
j=k+1

It remains to determine | A, _1 j|, fork+1 < j <n—3. Sincee € A,,_1 jifandonlyifejes...e,_o €

I,—>;(110) and e,,—; = j, we deduce that |A,,_; ;| = |L,—2; (110)|. O

It is clear by definition that |I,, (p)| = ZZ;& I, x (p)| for any pattern p, so Proposition allows us to
compute |I,, (110)]| recursively. We now show that the number of inversion sequences avoiding the pattern
100 satisfies the same recurrence.
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Proposition 3.5. Letn > 1 and 0 < k < n. The sequence |1, ;, (100)| satisfies the recurrence

n—3
[Tk (100)] = [T,y (100)] = Y [Tn2,; (100)].
J=k+1

Proof: The result clearly holds for n = 1, 2, so we assume n > 3. Let
Cnfl,k - {6 S Infl,k (@) lep_2 > enfl} .

If e € 1,, 1 (100), then eeg...e,—1 € I,_1 (100). Additionally, since e,_ze,_1€, is not an occur-
rence of 100, it is not possible to have e,_o > €,_1 = k. Thus, ejez...e,—1 € I,_1 (100) \ Cp,_1 k.
Conversely, given ejez ...e,—1 € I,_1 (100) \ C),—1 , setting e,, = k yields an inversion sequence
e =ejes...e, € 1,5 (100). From this bijective correspondence between I, 5, (100) and I,_; (100) \
Cp—1,k, it follows that
|In,k (MN = |In71 (MN - |Cn71,k| . “4)

Let us determine |C,_1 /. First suppose 0 < k < n —4. Note that eey ... e,_1 € Cp_1 1, if and only
iferes...en—o €I,_5,;(100) forsome k+1 < j <n —3ande,_ 1 = k. Hence,

n—3
|Cr—1,k| = Z Ln—2,; (100)] . o)

j=k+1

In fact, this formula also holds for k = n — 3, n — 2, since in these cases the sum on the right-hand side is
empty, and the left-hand side is zero by definition. The result now follows from Equations (@) and (5). O

Using Equation (3), the next corollary is an immediate consequence of Propositions [3.4]and [3.5]

Corollary 3.6. The patterns 110 and 100 are Wilf equivalent. Furthermore, if n > 1 and 0 < k < n,
then |L, i, (110)| = [I,, . (100)|.

Next we show that, in fact, patterns 110 and 100 are super-strongly Wilf equivalent.
Definition 3.7. We say that a consecutive pattern p is non-overlapping if it is impossible for two occur-

rences of p in an inversion sequence to overlap in more than one entry. Equivalently, p = py...p, is
non-overlapping if, for all 1 < ¢ < r, the reductions of p; ...p; and p,_;11 . .. p, do not coincide.

Example 3.8. The pattern 110 is non-overlapping, but this is not the case for the pattern 1100. Indeed,
e = 0000221100 € I;( is an example of an inversion sequence with two occurrences of 1100 which
overlap in two entries, namely esegereg and eregegerq.

Lemma 3.9. Let n be a positive integer and S C [n), then

{e €I, : Em(110,e) 2 S}| = |[{e € I, : Em(100,¢e) D S}|.

Proof: Consider the map

®s:{ecl,: Em(110,e) D S} — {¢’ € I, : Em(100,¢’) O S}
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that replaces the occurrences of 110 in e in positions of .S with occurrences of 100. More specifically, for
e in the domain, ®g(e) = €’ is defined as

6/ o €j+1, lf] —1le S,
J e, otherwise,

for 1 < j < n. Note that ¢’ € I,, because, if j — 1 € S, then €j—1e;¢e;41 is an occurrence of 110, and so

B .
€; = €541 <e; <.

To show that ¢ is a bijection, let us describe its inverse. For e’ € I,, with Em(100,¢€’) D S, define
Us(e') = eby
o ey, ifj—1€S8,
J > otherwise,
for 1 < j < n. Note that e € I,, because, if j — 1 € S, then 69716369+1 is an occurrence of 100, and so
e; = 63‘—1 < j—1 < j. Since 110 and 100 are non-overlapping, ®5 and ¥ g are well-defined. It is clear
by construction that @5 and ¥ g are inverses of each other. O]

The following lemma provides the final argument required to show that 110 < 100.
Lemma 3.10. Let p and p' be two consecutive patterns such that
{e €1, : Em(p,e) 2 S} =|{e €I, : Em(p’,e) 2 S}|
for all positive integers n and all S C [n). Thenp X 7.
Proof: Given S C [n], let
f=(8) ={e €L, : Em(p,e) = S}| and  f>(5) = [{e € I, : Em(p,e) 2 S}|.

For any T' C [n], it is clear that

(1) = 3 F(S),

52T
so the Principle of Inclusion-Exclusion (see [21, Theorem 2.1.1]) implies that
f=(T) =D () (S). ©6)
5oT

Similarly, letting
fL(S)=|{e€l, :Em(p’,e) = S}| and f/Z(S) =|{e €1, :Em(p/,e) 2 S},

we have
FLT) = Y (=)L (S). @)
2T
By assumption, f>(S) = fL(S) forall S C [n], so Equations (6) and (7) imply that f_(T') = f_(T) for
all T C [n]. This proves that p Xy, O

The next proposition is an immediate consequence of Lemmas [3.9/and [3.10] A generalization to pat-
terns of arbitrary length will be given in Theorem.12]

Proposition 3.11. The patterns 110 and 100 are super-strongly Wilf equivalent.
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3.3 Other patterns of length 3

Applying the same technique used in the proof of Propositions [3.4]and [3.5] we have obtained recurrences
for |I,, . (p)] for all consecutive patterns p of length 3. In each case, we consider an inversion sequence e =
eiés...e, € I, (p) and analyze the possibilities for ejes ... e,—1 € I,_1(p). We then determine that
eiés...e,_1 may be any sequence in I,,_; (p), with the exception of certain eses . ..e,—2 € I,_2 ;(p),
which are not allowed for some values of j. For this reason we obtain recurrences for |L,, j (p)| in terms
of |I,—1 (p)| and |L,_2 ; (p)|, with j in a certain range.

‘We now list recurrences obtained for consecutive patterns of length 3 with no repeated letters.

Proposition 3.12. Letn > 1 and 0 < k < n. Then the following recurrences hold:

(a) Fork <n —1,

e
|
—

Lok (021)] = Ly (021)] = (n =2 = k) } [Tz (021)],

<
Il
o

and [L, ;1 (021)] = [L,—1(021)].
(b) L (102)] = [Tn—1 (102)| = 3255, 5 [Tn—2,; (102)].
(¢) [Tk (120)] = L1 (120)] — 3250 (n — 2 — j) [Ln—2 5 (120)].
(d) (Lo (201)] = Loy (201)] = K32, [Tn—2,5 (201)].

Next, we describe the recurrence obtained for the pattern 012, which contains terms of the form
[I,—3,, (012)]. In this case, when we consider an inversion sequence ¢ = ejez...e, € I, 1(012) and
analyze the possibilities for ejes . ..e,—1 € I,_1(012), we determine that ejes . .. e,_; may be any se-
quence in I,,_;(012), with the exception of certain ejes . ..e,—3 € I,,_3 ;(012), which are not allowed
for some values of j. Indeed, e = ejez ... ey, € I, (012) if and only if:

erey...en—1 €1I,.1(012), e, =%k and e,_2,e,_1 donotsatisfy e, o <e,_1 <k.

Now ejes...e,_1 belongs to I,,_1(012) and satisfies e,,_o < e,—1 < k if and only if ejes...€,_3 €
I,_5,(012) for some ¢ > e,,_9, and e,,_2 < e,—1 < k. Hence, making the substitutions j = e,,_, and
l = ep—1, we deduce the following result.

Proposition 3.13. Lern > 4 and 0 < k < n. Then the sequence |L,, i, (012)| satisfies the recurrence

k—11-1

Lo (012)] = Loy (012)] = 05 ST Ls, (012)],

=1 j=0i>j

with initial conditions |1 o (012)] = |I2,0 (012)] = |I21 (012)] = I3 (012)] = 1 and |13 (012)| =
13,1 (012)] = 2.

With some algebraic manipulations, the triple sum in Proposition may be simplified to obtain the
following recurrence, which can be computed more efficiently.
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Corollary 3.14. Letn > 4and 0 < k < n. Then

k-3
T (012)] = [T,y (012)] = 3+ 1) (kl) T 02— 20 S ),
1=0 1=k—2

with the same initial conditions as in Proposition[3.13]

Proof: Changing the order of the two outermost summations in the triple sum in Proposition [3.13] we
obtain

k—11-1 k—2k—-2 k—
Do (012) = YN N g (012)] Z —J =1 |Lus: (012)]
=1 j=0 i>j J=01=j i>j j=0 2]

Similarly, changing the order of the rightmost double summation above yields

k—11-1 -3 4 -4 k-2
> L5, (012)] Z (k—j—1) L, 3, (012)| Z > (k=i —1)[L,_5,(012)|
1=1 j=0 i>j i=0 j=0 i=k—2 j=0
k—3
= (i+1)(k—1—>|1n31(012) Z 1,5, (012)].
=0 i=k—2
The result then follows from Proposition O

The following is the recurrence obtained for the pattern 210 using a similar argument.

Proposition 3.15. Lern > 1 and 0 < k < n. Then the sequence |L,, i, (210)| satisfies the recurrence

n—4 n-—3

Lo (210)] = [Ty (200)] = > >0 > " [1,-5,(210)]

I=k+1j=I+1i<j

As in Corollary [3.14] we may simplify the triple sum in Proposition [3.15]to obtain the following recur-
rence.

Corollary 3.16. Letn > 1land 0 < k < n. If1 <n <4or0 <n—5 <k, then |1, (210)| =
|I,—1 (210)|. Otherwise (i.e., 0 < k < n —5),

k+2

L, (210)| = |L,,_ 1(210)|—[(n—k’ (n—k—3)> [T, 5,(210)]
1=0
n—4
+ > (n—i—2)(n+i—2k—5)L,_5,(210)]
i=k+3

Similarly, it is possible to write recurrences for all the remaining consecutive patterns of length 3 with
repeated letters. We list them next.

Proposition 3.17. Letn > 1 and 0 < k < n. Then the following recurrences hold:
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(@) [T (001)] = [T,y (001)] — 32, Loy (0OL)]
(b) [T (010)] = [T,y (010)] — (n — 2 — k) [T,_2,x (010)]

(c) Fork <n —1,
T (011)] = [T,y (011)] = > [T, o5 (011)],
i<k

and [T, (011)] = |, 1 (011)].
(d) ‘In,k (M)' = |In—1 (M)‘ —k ‘171—2,]@‘ (MM

3.4 From patterns in inversion sequences to patterns in permutations

In this subsection we discuss some correspondences between consecutive patterns of length 3 in inversion
sequences and permutation patterns. We exploit the bijection © : S,, — I,, defined by (I). For 7 € S,
and 1 <7 <n,let

E(r)={je€n]:j<iandm; >m}.

The entries of e = O(7) are given by e; = | E;(7)|.

Lemma 3.18. Let w € S, and let e = O(7) be its corresponding inversion sequence. Then ; > ;41 if
andonly ife; < e;41.

Proof: Suppose m; > m;;1. Then every j < i such that w; > m; satisfies m; > ;4. It follows that
E;(m) C E;i11(w). Since i + 1 € E;1(m) \ E;(n), this inclusion is strict, and so e; < ;1.

Conversely, suppose e¢; < e;41. If m; < w41, then i € E;1(m), so there must exist some j €
Eit1(m) \ E;(m) with j < ¢. But then ;11 < m; < m;, which contradicts m; < m;41. It follows that
T > Ti41- O

Proposition 3.19. Let w € S,,, and let e = O(7) be its corresponding inversion sequence. Then m avoids
321 if and only e avoids 012. Hence, |1,, (012)| = |S,, (321)|, for all n.

Proof: By Lemma [3.18] 7 contains 321 if and only if e contains 012. Equivalently,  avoids 321 if and
only if e avoids 012. Consequently, the map © induces a bijection between S,, (321) and I,, (012). O

The sequence |S,, (321)| appears as A049774 in [20]. The exponential generating function for per-
mutations avoiding 321 is known, see [8, [12]]. It follows from Proposition and [12, Theorem 4.1]
that

" 3 2
S (i) 2 = Y3 eeD)
= n! 2 cos (V3z2/2+ m/6)
Nevertheless, the recurrence in Proposition [3.13|appears to be new.

By Lemma 3.18] 7 contains (r + 1) ... 1 if and only if e contains 01 ...r. Thus, Proposition is
generalized as follows.

Proposition 3.20. Let w € S,,, and let e = O(r) be its corresponding inversion sequence. Then m avoids

(r+1)r...1ifand only if e avoids 01 . . .r. Hence, |I,, (01...7)| = |S, ((7’+1)r...1>

The next result relates 120 and 021 to vincular patterns in permutations.

, for all n.
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Proposition 3.21. Let m € S, and let e = O(7) be its corresponding inversion sequence. Then:
(a) ™ avoids 3214 if and only if e avoids 120;
(b) ™ avoids 2413 if and only if e avoids 021.

In particular, |1, (120)| = |S,, (3214)| and |I,, (021)| = |S,, (2413)| for all n.

Proof: The proof of both results is quite similar, so we only prove (a). It suffices to show that 7 contains
3214 if and only e contains 120.

Suppose that 7 contains an occurrence 7;7; ;1742 of 3214, where j < tand w4y < 7 < 7; <
Tit2. By Lemma [3.18] we have e; < e;41. If | € E; o(m), then ! < i + 2 and m; > m;42. Since
iy i1 < Tiyo, it mustbe that ! < i, and sol € F;(7). We deduce that E;o(7) C E;(w). In fact, since
j € Ei(m) \ E;y2(m), the inclusion is strict, so e; 42 < e;. It follows that e;e;11€;42 is an occurrence of
120.

Conversely, suppose that e contains an occurrence e;e;41e;42 of 120, where e; 12 < €; < ;4. By
Lemma we have m; > ;1. If 1; > 7,19, then E;(7) C E;yo(m), contradicting that e; > e;45. It
follows that ;2 > 7;, and so 7;7;4.17;42 is an occurrence of 213. Finally, since e; > e; 2, there exists
J € Ei(m) \ Eiyo(m). In particular, j < ¢ and m; < mj < 7,19, and thus 7;7;m;417;42 is an occurrence
of 3214. O

Permutations avoiding the vincular pattern 1432 were studied by Baxter and Pudwell [4]. The sequence
|Sy, (1432)| appears as A200404 in [20], but no enumerative results seem to be known. The next corollary
shows that |I,, (120)| = |S,, (1432)], and so we can use the recurrence in Proposition [3.12|c) to compute
these numbers. Given a permutation 7 = w7y ... T, € S,, its reverse-complement is the permutation

¢ where (7€), =n+1—m,q1_4, for1 <i <n.

Corollary 3.22. There is a bijection between 1,, (120) and S,, (1432).

Proof: The map 7 — 75 induces a bijection between S,, (3214) and S,, (1432). Indeed, for 1 < j <
t <n,wehavem;11 < m <m; <myegifandonlyifntl—mio <ntl-—m; <ntl-m <n+l-mi1,
which is equivalent to 7% | < 7 | < al%. | <l Thus, = contains 3214 if and only if 77¢
contains 1432. The result now follows from Proposition[3.21fa). O

Next we show that the sequence counting 021-avoiding inversion sequences coincides with that count-
ing 1324-avoiding permutations, which is given by A071075 in [20].

Corollary 3.23. Foralln, |I,, (021)| = |S, (1324)].

Proof: As in proof of Corollary the map 7 — 77¢ induces a bijection between S,, (2413) and
Sp (2413). Similarly, by applying the reversal operation my7s ... 7, — @, ...7T2m, We observe that
|Sn (132)] = |S,, (231)]. It follows from [10 Proposition 3.1] or [15, Corollary 15] that |.S,, (1324)] =
| Sy, (2314)|. Finally, a result of Baxter and Shattuck [3] states that | S,, (2413)| = |.S,, (2314)|. Combining
these with Proposition 3.21(b), we obtain

[Tn (021)[ = |Sn (2413)] = [ Sy (2413)| = [Sy (2314)[ = |5y (1324)] .
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The exponential generating function for permutations avoiding 1324 can be deduced by combining [10}
Proposition 3.1] and [[12 Theorem 4.1]. It follows from Corollary that

n # dt
S 020 e ([ )
n! 0o 1— [je v*/2du

n>0

A functional equation satisfied by the ordinary generating function for 1324-avoiding permutations is
given by Baxter and Shattuck [3]]. The recurrence in Proposition [3.12f(a) appears to be new.

4 Consecutive Patterns of Length 4

In this section we study consecutive patterns of length 4 in inversion sequences. Specifically, we deter-
mine the Wilf equivalence classes for consecutive patterns of length 4. This classification is summarized
in Theorem There are a total of 75 consecutive patterns of length 4, which fall into 55 Wilf equiva-
lence classes. This is also the number of both strong and super-strong Wilf equivalence classes because,
as mentioned before, all the equivalences among consecutive patterns of length 4 are super-strong equiv-
alences. Of these 55 classes, 1 contains four patterns, 4 contain three patterns, 9 contain two patterns, and
41 contain one pattern.

The only consecutive pattern p of length 4 for which the sequence |I,,(p)| appears in the OEIS [20]
is p = 0123. We have that |I,(0123)| = |5, (1234)|, which is sequence A117158 in [20]. By Propo-
sition the map © gives a bijection between I,,(0123) and S,,(4321). The exponential generating
function for this sequence is known [8, [12]]. It follows from [12} Theorem 4.3] that

2

n
YL, (0123)] = = : .
= n! cosz —sinz + e %

4.1 Equivalences proved via bijections

In this subsection we use bijections to prove equivalences (ii)—(vii), (ix), (xi), (xii) and (xiv) in Theo-
rem All the equivalences established in this subsection are in fact stronger than super-strong Wilf
equivalence: we show not only that p % p/, but rather that

H{e €L, :Em(p,e) =S, Em(p',e) =T} = |{e€l,:Em(p,e)=T,Em(p,e)=S}, (8

for all n and all S, T C [n]. In other words, the joint distribution of the positions of the occurrences of p

and p’ is symmetric. Taking the union over all T C [n] in Equation (8), it clearly implies that p <yl
Equation (8] is proved by exhibiting a bijection from I, to itself that changes all occurrences of p into

occurrences of p’, and vice versa. The following notion will help us construct such a bijection.

Definition 4.1. Two consecutive patterns p and p’ are mutually non-overlapping if it is impossible for
an occurrence of p and an occurrence of p’ in an inversion sequence to overlap in more than one entry;
equivalently, if for all 1 < i < r, the reductions of p; ...p; and p}._, ,; ... p, do not coincide, and neither
do the reductions of p ...p; and p,_; 11 ... Dy

Example 4.2. The patterns 110 and 010 are mutually non-overlapping. However, the same cannot be said
about the patterns 110 and 100. For example, the inversion sequence e = 0002211 € I; has occurrences
of 110 and 100 overlapping in two entries, e5 and eg.
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Next we prove equivalence (ii) in Theorem [2.2]

Proposition 4.3. The patterns p = 0021 and p’ = 0121 satisfy Equation [§). In particular, 0021 < 0121.

Proof: We define a map ¢ : I, — I, that changes every occurrence of 0021 into an occurrence of 0121,
and vice versa. Specifically, let ¢(e) = €', where

€jy2, ifej_1ejeji1ej4o1s an occurrence of 0021,
€; =4ej—1, ifej_ieje;ri1ej401isanoccurrence of 0121,
€j, otherwise.

For instance, if e = 00032454, then ¢(e) = ¢/ = 00232254.

First, let us show that e’ is an inversion sequence by checking that 6;» < j for all j. Indeed, if
€j—1€;€;j4+1€j+2 is an occurrence of 0121, then e;. =ej_1 < j—1<j. Additionally, if e;_ieje;411€j42
is an occurrence of 0021, then e} =ejp2<ejr1 <j+1,50 e; < j.

Since 0021 and 0121 are non-overlapping and mutually non-overlapping, occurrences of these patterns
can only overlap in one entry. Since ¢ switches occurrences of 0021 and 0121 and does not change the
first or the last entry of any occurrence, we conclude that ¢~! = ¢, so ¢ is a bijection. Furthermore,
the positions of the occurrences of 0021 (respectively, 0121) in e € I,, are precisely the positions of the
occurrences of 0121 (respectively, 0021) in ¢(e). It follows that Equation (8) holds and that 0021 3
0121. O

The idea in the proof of Proposition .3|can be exploited to prove a more general result. In order to do
this, we need to introduce some terminology.

Definition 4.4. Let p = p1p2...p, and p’ = piph ... pl. be two consecutive patterns such that p; = pf,
pr = ph., and max;{p;} = max;{p,} = d (that is, p and p’ have the same number d + 1 of dis-
tinct entries). Suppose that e € I,, has an occurrence of p in position ¢, and let f : {0,1,...,d} —
{ei,€eit1,--.,€i+r—1} (Where the right-hand side is viewed as a set, disregarding repetitions) be the order-
preserving bijection such that e;e; 1 ... e;4r—1 = f(p1)f(p2) ... f(pr).

Define a sequence e’ = €} €}, ... e}, by setting

€iip1 -+ Cipr1 = (V) f(D2) - f(D1),

and e} = ejfor j <iorj > i+r—1. This operation is called a change of the occurrence e;€;41 ... €j4r_1
of p into an occurrence of p’. If, additionally, ¢ € I, (that is, e;- < j for all j), then we say that this
change is valid.

Example 4.5. Consider e = 00134015331 € I;;. It is not valid to change the occurrence eseseqeseg of
01230 into an occurrence of 03210. Indeed, such a change would yield ¢/ = 00431015331, which is not
an inversion sequence. On the other hand, it is valid to change the occurrence eyegegejger; of 02110 into
an occurrence of 02100, and this change yields e/ = 00134015311 € I;;.

Definition 4.6. Letp = p1ps...p, and p’ = p)p) ... pl be two consecutive patterns such that

p1=py, pr=p,, and miaX{pi} = mZaX{pQ}
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We say that p is changeable for p’ if, forall 1 < ¢ < r,
p; <max({p;:1<j<i}U{p; —j+i:i<j<r}).

If p is changeable for p’ and p’ is changeable for p, then we say that p and p’ are interchangeable.

Example 4.7. Consider the consecutive patterns p = 01230 and p’ = 03210. Note that
py=3>1=max({p;: 1<j<2}U{p;—j+2:2<j<5}).

Hence, 01230 is not changeable for 03210.

On the other hand, the patterns p = 0021 and p’ = 0121 are interchangeable. Indeed, in this case
ph=1=max({p; :1<j<2}U{p; —j+2:2<j<4})andp, = p, fori # 2, so p is changeable
for p’. Similarly, p’ is changeable for p because p; < pl, for all 4.

The next lemma relates Definitions .4 and[4.6] showing why the concept of changeability is useful.

Lemma4.8. Letp = p1pa...pr and p' = pip} ... pl. be two consecutive patterns. Then p is changeable
for ' if and only if, for every inversion sequence e € 1,, it is valid to change any given occurrence of p
in e into an occurrence of p'.

Proof: First we prove the forward direction. Suppose that p is changeable for p’. Let e € I,, be an
inversion sequence with an occurrence of p in position 7. Let ¢’ be the sequence obtained by changing the
occurrence e;€;11 . . . €;4_1 of p into an occurrence of p’. To prove that this change is valid, it suffices to
show that €], | < i+t — 1 forall ¢ such that p; # p;.

Let ¢ be such that p, # p;, and let M; = max({p; : 1 <j<t}U{p; —j+t:t<j<r}). By
assumption, p; < M;. If M; = p; for some 1 < j < t, then p} < p; implies thatej , | < e;y;_1 <
i+j—1<i+t—1becausee;,, ; = f(p;)and e;;;_1 = f(p;), where f is the order-preserving
bijection f in Deﬁnition On the other hand, if M; = p;—j+t forsomet < j < r, thenp; < p;—j+t
implies thatej,, | <ej ;1 —j+t<(i+j—1)—j+t=i+t—1

To prove the converse, suppose now that p is not changeable for p’. We construct an inversion sequence
e with an occurrence of p whose change into an occurrence of p’ is not valid. Let ¢ be such that

py >max({p;: 1<j<tlU{p;—j+t:t<j<r}). 9

Let s be the smallest integer such that ¢ = 0°p is an inversion sequence and s + ¢ — p} is nonnegative.
Equivalently,
s=max ({p; —j+1:1<j<r}u{p, —t}).

We write ¢ = cica...Co4p, Where ¢; = O for 1 < ¢ < sand ¢g4; = pj for1 < j < r. Now, define
e =ejes...eqq, by setting

o ci+s+t—p;, ifc;>pj,
’ Ci, otherwise.

Next we show that e is an inversion sequence. If ¢ is such that e; = ¢;, then e; < i, because ¢; is an
inversion sequence. If 7 is such that e; # ¢;, theni = s+ j forsome 1 < j < r,andp} < ¢; = Cotj = Pj-
By inequality (9), p; < p, implies that ¢ < j < r, and so p; > p; — j + t. Hence,

ei=citstt—p,=pjts+t—p,<pj+s+t—(pj—j+t)=s+j=i
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We have shown that e; < ¢ in any case, and so e € I ,.

Since c has an occurrence of p in position s + 1, so does e. Indeed, by our definition of s, we know that
s+t —p, > 0,s0adding s + ¢t — pj to the values ¢; for which ¢; > p} does not alter their relative order.
Let ¢’ be the sequence obtained by changing the occurrence e, 1€51 2 . .. €51, of p into an occurrence of
p'. Thene) , = p; + s+t — p;, = s+ t. This implies that €’ & I, so the change is not valid. O

Example 4.9. We showed in Example that 01230 is not changeable for 03210. By Lemma this
is equivalent to the existence of some inversion sequence with an occurrence of 01230 whose change into
p’ is not valid. Example gives such an inversion sequence.

On the other hand, we determined in Example that 0021 and 0121 are interchangeable. Again by
Lemma4.§] this is equivalent to the fact that, in every e € L, it is valid to change any occurrence of 0021

(respectively, 0121) in e into an occurrence of 0121 (respectively, 0021). This property was shown in the
proof of Proposition

Theorem 4.10. Let p and p’ be non-overlapping, mutually non-overlapping and interchangeable consec-
utive patterns. Then p and p' satisfy Equation ). In particular, p X p'.

Proof: Mimicking the proof of Proposition we define a map ¢ : I,, — I, that changes occurrences
of p into occurrences of p’ and vice versa. Since p and p’ are interchangeable, Lemma implies that
it is possible to make these changes. Moreover, since p and p’ are non-overlapping and mutually non-
overlapping, all of these changes can be made simultaneously, and therefore ¢ is well-defined and ¢~* =
¢. Hence, ¢ is a bijection and the result follows. L]

We now list equivalences between consecutive patterns of length 4 that follow as particular instances
of Theorem[4.10] In each case, it can be easily verified that the patterns in question are non-overlapping,
mutually non-overlapping and interchangeable. We use the same labeling from Theorem[2.2]

Corollary 4.11. The following equivalences hold:
(iii) 1002 < 1012 % 1102. (ix) 1001 % 1011 2 1101.

iv) 0100 ~ 0110. ss ss ss
(iv) 0100 ~ 0110 (xi) 2001 252011 £ 2101 & 2201

(v) 2013 %< 2103.

(vi) 1200 £ 1210 £ 1220. (xii) 2012 ~ 2102,

(vii) 0211 = 0221. (xiv) 3012 % 3102.

4.2 Equivalences between non-overlapping patterns proved via
inclusion-exclusion

The equivalences between consecutive patterns of length 4 in this subsection follow from the next result,
which has weaker hypotheses than Theorem It relaxes the condition of p and p’ being mutually
non-overlapping, at the expense of not proving Equation (8)) and not producing a direct bijection changing
all the occurrences of p into occurrences of p’.

Theorem 4.12. Let p and p' be non-overlapping and interchangeable consecutive patterns. Then p < p'.
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Proof: We mimic the proof of Lemma3.9|and prove that
{e € I, : Em(p,e) 2 S} =|{e €I, : Em(p’,e) 2 S}|

for all positive integers n and all S C [n].
Fix n and S, and consider the map

bs:{ecl,:Em(pe) 2S5} —>{cel,:Em(p,e) DS}

that changes the occurrences of p in e in positions of S into occurrences of p’. Given that p is non-
overlapping and changeable for p/, Lemma implies that ® is well-defined.

Similarly, we define the map ¥ : {e € I, : Em(p/,e) 2 S} — {e € I, : Em(p, €) D S} that changes
the occurrences of p’ in e in positions of S into occurrences of p. Since p’ is non-overlapping and change-
able for p, we deduce again that ¥ g is well-defined. It is clear that @5 and W g are inverses of each other,
which implies that ® g is a bijection. The result now follows from Lemma [3.10] O

The next corollary is a consequence of Theorem[d.12] The equivalences are labeled as in Theorem [2.2]

Corollary 4.13. The following equivalences hold:
(viii) 1000 % 1110. (x) 2100 < 2210.

Proof: It is straightforward to verify that 1000 and 1110 are non-overlapping and interchangeable, and
that the same is true for 2100 and 2210. The result follows from Theorem .12, [

The patterns 1000 and 1110 (respectively, 2100 and 2210) may overlap with one another, so it is not
possible to deduce Corollary f.13|from Theorem .10
4.3 Equivalences between overlapping patterns proved via inclusion-exclusion

All the equivalences proved so far have relied on the patterns being non-overlapping. In this subsection
we adapt the proof of Theorem to patterns that may have occurrences overlapping in more than one
entry. We start by proving equivalence (i) from Theorem [2.2]

Proposition 4.14. The patterns 0102 and 0112 are super-strongly Wilf equivalent.
Proof: We will prove that, for all n and all S C [n],

{e € I, : Em(0102,¢e) 2 S}| = {e € I,, : Em(0112,¢) D S}|. (10)

There is no loss of generality in assuming that there are no consecutive elements in .S, because no two
occurrences of 0102 (or 0112) can overlap in three entries.

We can write S uniquely as a disjoint union of blocks, which we define as maximal subsets whose
entries form an arithmetic sequence with difference 2. Explicitly, S = |_|;n:1 Bj, with blocks B; =
{ij,’ij +2,ij +4...,ij +21j}andij +2(lj + 1) < Z'j+1 for 1 <j<m-1.

Define a map ®s : {e € I, : Em(0102,¢) D S} — {e € I,, : Em(0112,e) D S} by setting P (e) =
e/, where

, €1, ifi—2¢€8,
e. =
! e, otherwise.
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In other words, ®s changes occurrences of 0102 in positions of S into occurrences of 0112. To see that
¢ is a bijection, we define its inverse map ¥ g by setting Ug(e') = e, where

PR
. — €, ifi—2¢€ By,
1 T .
e}, otherwise.

The map Wg changes occurrences of 0112 in positions of S into occurrences of 0102.
Since @ is a bijection, Equation (10) is proved, and the result follows from Lemma[3.10] O

A schematic diagram of the maps ®g and ¥ from the above proof appears in Figure 2] An example
of the computation of ¢ is given next.

e [
o o
Dy
—_—
Vg
-—
€ Block B; e Block B;

Fig. 2: Schematic diagram of the behavior of ®s and Vs from Proposition f.14]on occurrences within a block.

Example 4.15. Let S = {3,5,9} and e = 0102040523262889 € I,¢, which satisfy S C Em(0102, e) =
{1,3,5,9,11}. Changing the occurrences of 0102 in positions of .S into occurrences of 0112, we obtain
Dg(e) = e =0102244523362889. Note that S C Em(0112,¢’) = {3,5,9, 13}, and that ¥ g(e’') = e.

Next we prove equivalence (xiii) from Theorem 2.2}

Proposition 4.16. The patterns 2010, 2110 and 2120 are super-strongly Wilf equivalent.

Proof: For any n and S C [n], we construct a bijection
Ps:{ec€l,:Em(p,e) 2 S} = {e€l,:Em(p,e) 2S5}

that changes occurrences of p = 2010 in positions of S into occurrences of p’ = 2110 (likewise, p’ =
2120). The construction is very similar to the proof of Proposition [4.14] and so the details are omitted.
Using Lemma 3.10} the result follows. O

Proof Proof of Theorem 2.2} All the listed super-strong Wilf equivalences follow from Propositions[4.3]
M.14]and [4.16] and Corollaries d.1T]and f.13] A brute force computation of the first ten terms of the se-
quences |I,, (p)| for each consecutive pattern p of length 4 shows that there are no additional equivalences,
and so the list gives a complete classification. O

We can generalize Proposition .14 to patterns of the form 0710720"...(s—1)0"s and
0"11722" ... (s—1)(s—1)"s, withr > 1 and s > 2, by proving a statement analogous to (T0).
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Indeed, we generalize the notion of a block to be a maximal subset of .S whose elements form an increas-
ing sequence where consecutive differences are of the form a(r + 1), with 1 < a < s — 1. Again, we can
write S uniquely as a disjoint union of blocks, say .S = |_|;.”:1 B;. We define a bijection ®g, analogous to
the one in the proof of Proposition , which changes occurrences of 0" 10" 20" ... (s — 1) 0" s in po-
sitions of .S into occurrences of 0" 2"...(s —1) (s —1)" s, as suggested by the schematic diagram

in Figure 3] Specifically, we set @5 (¢) = ¢’, where

, ei—p—1, ifi—a(r+1)—be Sforsomel <a<s—land0<b<r-—1,
e, =
€i, otherwise.

S

s—1 (s—1)

S
s—1
2 Qg 2 2r
_
1 e 1 1
o o o o o

Fig. 3: Schematic diagram showing how ® g changes an occurrence of 0" 10" 20" ... (s — 1) 0" s into an occurrence
of 07117227 ... (s—1) (s —1)"s.

Theorem 4.17. For every v > 1 and s > 2, the patterns 0"10720"...(s—1)0"s and
07117227 ... (s = 1) (s — 1)" s are super-strongly Wilf equivalent.

Similarly, we can generalize Proposition .16 as follows.
Theorem 4.18. For every r > 1 and s > 2, the patterns s0" (s—1)0"...0" 10",
s(s—1)"s(s—2)"s...51"s0" and s(s—1)"(s—1)(s—2)"(s—2)...1"10" are super-strongly
Wilf equivalent.

4.4 A note regarding patterns extending 110 and 100

Definition 4.19. Let r > s > 0. Suppose p = p1p2 ... p, and p’ = p)p) ... p. are consecutive patterns
of length r and s, respectively. We say p extends p’ on the right (respectively, left) if the leftmost (respec-
tively, rightmost) s entries of any occurrence of p in an inversion sequence form an occurrence of p’. If p
extends p’ either on the left or on the right, then we say p extends p’.

Example 4.20. The patterns of length 4 extending 110 are 1102, 1101, 2201, 1100 and 2210 on the right;
and 2110, 1110, 1220, 0110 and 0221 on the left. The patterns of length 4 extending 100 are 1002, 1001,
2001, 1000 and 2110 on the right; and 2100, 1100, 1200, 0100 and 0211 on the left.

We proved in Proposition that 100 < 110, so it is natural to ask whether p = p’ for some patterns p
and p’ of length 4 extending 100 and 110, respectively. It follows from Theorem2.2]that, in fact, there is a
bijective correspondence between patterns of length 4 extending 100 and those extending 110, preserving
super-strong Wilf equivalence classes.

Corollary 4.21. Consider the bijection from patterns of length 4 extending 100 to patterns of length 4
extending 110 given by the following assignment:
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0100 — 0110, 1200 — 1220, 1000 +— 1110, 1100 — 1100, 2001 — 2201,
1002 — 1102, 0211 — 0221, 1001 — 1101, 2100 — 2210, 2110 — 2110.

Then, for each pair p — p', we have that p = p'.

References

[1] Juan S. Auli and Sergi Elizalde. Consecutive patterns in inversion sequences II: Avoiding patterns
of relations. J. Integer Seq., 22:Art. 19.7.5, 2019.

[2] Eric Babson and Einar Steingrimsson. Generalized permutation patterns and a classification of the
Mabhonian statistics. Sém. Lothar. Combin., 44(Art. B44b):547-548, 2000.

[3] Andrew Baxter and Mark Shattuck. Some Wilf-equivalences for vincular patterns. J. Comb., 6:19—
45, 2015.

[4] Andrew M. Baxter and Lara K. Pudwell. Enumeration schemes for vincular patterns. Discrete
Math., 312:1699-1712, 2012.

[5] Nicholas Beaton, Mathilde Bouvel, Veronica Guerrini, and Simone Rinaldi. Enumerating five fami-
lies of pattern-avoiding inversion sequences; and introducing the powered Catalan numbers. Theoret.
Comput. Sci., 777:69-92, 2019.

[6] Mathilde Bouvel, Veronica Guerrini, Andrew Rechnitzer, and Simone Rinaldi. Semi-Baxter and
strong-Baxter: Two relatives of the Baxter sequence. SIAM J. Discrete Math., 32:2795-2819, 2018.

[7] Sylvie Corteel, Megan A. Martinez, Carla D. Savage, and Michael Weselcouch. Patterns in inversion
sequences 1. Discrete Math. Theor. Comput. Sci., 18, 2016.

[8] F. N. David and D. E. Barton. Combinatorial Chance. Lubrecht & Cramer Ltd, 1962.

[9] Tim Dwyer and Sergi Elizalde. Wilf equivalence relations for consecutive patterns. Adv. in Appl.
Math., 99:134-157, 2018.

[10] Sergi Elizalde. Asymptotic enumeration of permutations avoiding a generalized pattern. Adv. in
Appl. Math., 36:138-155, 2006.

[11] Sergi Elizalde. A survey of consecutive patterns in permutations. In Recent Trends in Combinatorics
(IMA Vol. Math. Appl.), pages 601-618. Springer, 2016.

[12] Sergi Elizalde and Marc Noy. Consecutive patterns in permutations. Adv. in Appl. Math., 30:110—
125, 2003.

[13] Dongsu Kim and Zhicong Lin. Refined restricted inversion sequences. Sém. Lothar. Combin., 78,
2017.

[14] Dongsu Kim and Zhicong Lin. A sextuple equidistribution arising in pattern avoidance. J. Combin.
Theory Ser. A, 155:267-286, 2018.

[15] Sergey Kitaev. Partially ordered generalized patterns. Discrete Math., 298:212-229, 2005.



22 Juan S. Auli, Sergi Elizalde

[16] Zhicong Lin. Restricted inversion sequences and enhanced 3-noncrossing partitions. European J.
Combin., 70:202-211, 2018.

[17] Toufik Mansour and Mark Shattuck. Pattern avoidance in inversion sequences. Pure Math. Appl.
(PUM.A.), 25:157-176, 2015.

[18] Megan A. Martinez and Carla D. Savage. Patterns in inversion sequences II: Inversion sequences
avoiding triples of relations. J. Integer Seq., 21:Art. 18.2.2, 2018.

[19] Brian Nakamura. Computational approaches to consecutive pattern avoidance in permutations. Pure
Math. Appl. (PU.M.A.), 22:253-268, 2011.

[20] OEIS Foundation Inc. The On-Line Encyclopedia of Integer Sequences. published electronically at
https://oeis.orgl

[21] Richard P. Stanley. Enumerative Combinatorics, Vol. 1. Cambridge University Press, Second edi-
tion, 2011.

[22] Sherry H. F. Yan. Bijections for inversion sequences, ascent sequences and 3-nonnesting set parti-
tions. Appl. Math. Comput., 325:24-30, 2018.


https://oeis.org

arXiv:1904.05500v3 [math.CO] 20 Oct 2019

Discrete Mathematics and Theoretical Computer Sciencq DMTCS vol. 21:2, 2019, #7]

Uniquely-Wilf classes

Michael Albert Jinge Li

Department of Computer Science, University of Otago

received 12" Apr. 2019, revised 25" Sep. 2019, accepted 15" Oct. 2019.

Two permutations in a class are Wilf-equivalent if, for every size, n, the number of permutations in the class of
size n containing each of them is the same. Those infinite classes that have only one equivalence class in each size
for this relation are characterised provided either that they avoid at least one permutation of size 3, or at least three
permutations of size 4.

1 Introduction

In the classical study of permutation patterns, two permutations 7 and o are said to be Wilf-equivalent
if the class, Av(w), of permutations avoiding 7 and the class, Av (o), of permutations avoiding o have
the same enumeration sequence. Notational definitions are given in the next section. Arguably, one
of the main results that initiated this area of study was that any two permutations of size 3 are Wilf-
equivalent. Due to underlying symmetries this relation could have had at most two equivalence classes
on permutations of size 3. It has since been discovered that among the permutations of size 4 there are
only three Wilf-equivalence classes while, taking only symmetry into account, there could have been up
to seven.

In this paper we are concerned with a relativised version of Wilf-equivalence. Rather than considering
all the permutations that avoid m we consider only those that belong to some given class C — so the original
notion just corresponds to taking C to be the class of all permutations.

Definition 1. Let C be a permutation class. Two permutations m,c € C are Wilf-equivalent relative to C
if the two classes C N Av () and C N Av(o) have the same enumeration sequence. In this case we write
™ =¢c 0.

If C is clear from context we sometimes omit mentioning it.

Let (¢p)nen be the enumeration sequence of a class C. If 7 € C has size k then the enumeration
sequence (pr)nen of C N Av(m) satisfies p, = ¢, for n < k and py, = ¢, — 1. Therefore, if 7 and o are
Wilf-equivalent relative to C they must have the same size.

Definition 2. Ler C be a permutation class. The Wilf-sequence of C is the sequence (wy,)nen where wy,
is the number of =¢-equivalence classes among the permutations of C of size n.

Obviously w,, < ¢, in general but it has been observed in multiple contexts that it is frequently the
case that w,, = o(c,). We refer to this phenomenon as a Wilf-collapse. Since it is known that the partially
ordered sets corresponding to permutation classes do not have infinite automorphism groups
)) this cannot occur solely due to global symmetries of the containment relation within a pattern
class. Our particular concern in this paper is with the ultimate Wilf-collapse:
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Definition 3. A permutation class C is uniquely-Wilf if the equivalence relation =¢ has only one equiva-
lence class on permutations of size n in C for all n.

In Albert and L{ (R019) it was shown that the class Av(312,213) is uniquely-Wilf. It is the aim of
this paper to explore the landscape of uniquely-Wilf classes with the ultimate (but unrealised) goal of
classifying them completely.

2 Preliminaries

In this section we introduce our notation, definitions and make some basic observations. Notations chosen
are somewhat standard in the field of classical permutation patterns so we shall be quite brief. A primer on
this notation can be found in Bevan ) and for introductions to and/or surveys of the field we suggest
the books m (m) and [Kitaev] (RO11)) and a survey article ().

We denote by S the class of all finite permutations. For a set of permutations X we denote the set of
permutations in X of size k by X}, and similarly use X<y, etc. The enumeration sequence (z,,)nen of X
is defined by 21, = | Xy|.

The set S carries a partial order < called classical pattern containment. Specifically, 7 < o if o,
considered as a sequence in one line notation, contains a subsequence order-isomorphic to m. There are
eight automorphisms of S as a partially ordered set generated by the operations on sequences of: reverse,
complement (subtract each term for a permutation of size n from n + 1) and inverse. All the questions we
consider respect these automorphisms.

If 7 < o we say that o involves m, while if 7 £ o we say that o avoids . Further we define:

Inv(r) ={ceS : 7w <o}
Av(m)={ceS : Lo}

When 7 < o and |o| = |7| + 1 we say that o covers .

The Av(m) notation is extended to sets of permutations with the requirement that all the permutations
in the set must be avoided. A set of permutations is a class if it is downwards-closed with respect to < or
equivalently if it is of the form Av(X) for some set of permutations X . As already seen we generally use
Greek letters to denote individual permutations, upper case Latin letters to denote sets of permutations,
and calligraphic upper case Latin letters to denote permutation classes. Additionally we set Z = Av(21)
to be the class of all monotone-increasing permutations and D = Av(12) to be the class of all monotone-
decreasing permutations.

Definition 4. Ler k and n be positive integers. A permutation class C is (k,n)-balanced if, for all 7,0 €
Cr, |C NInv ()| = |Cp, N Inv (o).

Any permutation class is (k, n)-balanced for any k > n (since the two sets in question are singletons if
k = n and empty otherwise) so the issue of whether or not a class is (k, n)-balanced is really of interest
only if k < n.

Observation 5. A permutation class C is uniquely-Wilf if and only if it is (k, n)-balanced for all pairs of
positive integers (k,n).

Proof: Suppose that C is uniquely-Wilf and that 7w, o € Cy. Then ™ =¢ 7 so the two classes C N Av ()
and C N Av(o) have the same enumeration sequence. In particular |C,, N Av(w)| = |C, N Av(o)|. But
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CrNInv(w) = C, \ (C,NAv(r)) and similarly for o so this is equivalent to |C,, NInv ()| = |C,, NInv (o),
ie., Cis (k,n)-balanced.

Conversely, suppose that C is (k, n)-balanced for all pairs of positive integers (k,n). Let m, 0 € Cy, be
given. Then, for any n,

|Av(m) NCy| = cp — |Inv(m) NCp| = ¢, — [Inv(o) NCp| = | Av(o) NCyl,
i.e., m =¢ o, hence C is uniquely-Wilf. o

Observation 6. Let C be a uniquely-Wilf class that contains both 12 and 21. Then, for each k, either C
contains both 12 - - - k and k(k — 1) - - - 1 or it contains neither of those permutations. In the latter case C
is finite.

Proof: If, for some k, C contained 12-- -k but not k(k — 1)---1 then 12 #¢ 21 since C contains a
permutation of size k avoiding 21 but none avoiding 12. This contradiction establishes the first claimed
result. The second part follows immediately since, by the Erd6s-Szekeres theorem (Erd8s and Szekeres
)), a class containing neither 12---k nor k(k — 1)---1 cannot contain any permutation of size
greater than (k — 1)2. O

Observation E establishes a trichotomy for uniquely-Wilf classes: they might be finite, consist only of
monotone permutations of a single type, or contain both monotone permutations of every size. Somewhat
disingenuously we consider the first two cases as trivial ones and focus on the last. This is disingenuous
since any uniquely-Wilf class C is the union of all the finite uniquely-Wilf classes C<j, for each positive
integer k. This observation is central to the experimental results described in the next section.

3 Experimental results

Let F be a finite uniquely-Wilf class whose permutations are all of size at most n. We are interested in
determining those uniquely-Wilf classes C with the property that C N S<,, = F. This condition already
puts some restrictions on C — specifically that any permutation of size at most n that does not belong to F
is avoided by all the elements of C, i.e., C C Av(S<, \ F). For convenience we denote Av(S<, \ F) by
FT — this is the maximum class (in terms of set containment) whose restriction to S<n is F.

Observation 7. Let C be a permutation class and let k be a positive integer. Then C = (Cgk)/r if and only
ifC = Av(X) for some X C S<.

Proof: This is essentially a restatement of the definition. If C = (Cgk)T then we can take X to be
Av(S<i \ C<k). Conversely if C = Av(X) for some X C S<j, then X C S<i, \ C<j, and so Av(S<y \
C<r) C C. But the reverse containment always holds so C = Av(S<j \ C<g). O

If F C S<,, is a finite uniquely-Wilf class, then an obvious question to address is:
Which subsets X C 8,41 have the property that F U X is a uniquely-Wilf class?

Call such subsets potential extensions of F to size n + 1. It’s quite easy to determine whether X is
a potential extension of F of size n + 1. First of all X must not contain any permutations that cannot
lie in any extension of F, i.e., X C FT. This ensures that F U X is a class. Secondly, F U X must
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be (k,n + 1)-balanced for all k& < n. Since F was already (k,m) balanced for all m < n and F U X
contains no permutations of size greater than n 4 1 these two conditions are both necessary and sufficient
for X to be a potential extension of F.

This suggests an experimental technique to build uniquely-Wilf classes from the bottom up. Start with
a finite permutation class F that is uniquely-Wilf and contains permutations up to size n. Consider binary
vectors (i.e., indicator functions) x : (FT) .~ — {0,1} where, as usual we denote x(7) by x, and
associate x with the set X = x~1(1). Then par abus de langage we call x a potential extension of F to
size n + 1 if the associated set X is. The important thing is that this construction already captures the
first condition above since we only consider permutations from . Each of the balancing conditions that
any two permutations of the same size, say o, 7 € Fj, have the same number of extensions in X can be

expressed as a constraint:
E X — E x, = 0.

o<m T

Here, and in the following few equations, 7 ranges over (]—' T) (i.e., the set of permutations on which
the notation x; is defined).
From a practical standpoint we might wish to change the form in which we express these constraints.
For instance we could use instead:
DT SR

o<m,7&m r<m,o&m

Or, for each 2 < k < n we could assign a target, t5, with

0 <t <|(F), ]

and, for o € F}, use the constraint

E:Xﬁ:tb

o<m

Or we could simply look for all solutions that give (n,n + 1)-balance (possibly with a target) and then
filter out those that do not also give (k,n + 1)-balance for k < n.

Whatever our chosen system of constraints might be it can then be passed to a constraint solver. We
used the system Minion ( ()). All solutions can be found and then (if necessary) these can
be filtered to provide all the potential extensions. Then we can proceed in the same manner on each of
these (trying to further extend to size n + 2) until either some resolution is achieved or we exhaust our
patience or machine resources. What sorts of resolution can we hope for?

e We might find that none of the potential extensions of F contain the monotone permutations of
size n + 1. In this case we know that there is no infinite uniquely-Wilf class whose restrictions to
permutations of size at most n is F.

e We might find that the only potential extension of F that contains both monotone permutations of
size n + 1 is }—i 1 1. If this continues to be the case when we extend to n + 2, n + 3 etc. then
we might form the opinion that 7T is uniquely-Wilf and is the only such class whose restriction to
permutations of size at most n is F. However, this does not constitute a proof of that opinion — but
it is something we can attempt to prove.
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Since we are interested only in infinite uniquely-Wilf classes containing both 12 and 21 our starting
point is the finite class S<o = {1,12,21}. The (1, n)-balancing condition is always trivially satisfied and
(2, n)-balance is satisfied whenever we include both monotone permutations of size n. So our first sets of
possible extensions are the union of {123, 321} with each of the sixteen subsets of {132, 213,231, 312}.
Since all questions about Wilf-equivalence are invariant under the action of the automorphism group of
(S, <) we can further restrict our experiments to one representative of each orbit of that group on sets of
permutations. Our findings are as follows:

Experimental results. Let F C S<3 be a finite class with Fo = {12,21}. Then:
1. If | F3| = 2 the only infinite uniquely-Wilf class containing F is F' = I U D.
2. If|F3| = 3 the only infinite uniquely-Wilf class containing F is F .

3. If | Fs| = 4 and F3 = {123,213,312, 321} or one of its symmetries then the only infinite uniquely-
Wilf class containing F is F' while, for all other choices of F3 with | F3| = 4, there are no such
classes.

4. If | Fs| = b5 then there is no infinite uniquely-Wilf class containing F.
5. If F3 = Ss and | Fy| < 22 then there are no infinite uniquely-Wilf classes containing F.

In the next section we prove the first and second results above along with the first half of the third
result. Provided that we trust our constraint solver (which we do) and our translation of the constraints
into codeﬂ for the constraint solver (which we have to) the second half of the third result, the fourth result,
and the fifth result require no further proof.

Of note is that we have not completely classified infinite uniquely-Wilf classes since the cases where
F3 = Sz and |Fy4| € {22,23,24} remain open — this is where exhaustion set in as there were simply too
many possible extensions to deal with using our present ideas. While the case |F4| = 22 could probably
be handled by our current techniques using some additional computational power it does seem that the
remaining cases are definitely out of reach using the straight forward constraints presented here. In order
to complete the classification would seem to require either determining some new constraints that have
been overlooked, some clever ordering of the CSP that facilitates its (non-)solution, or a new structural
idea.

However, we are confident enough to present:

Conjecture 8. There are no infinite uniquely-Wilf classes, C, with C3 = Ss.

4 Proofs

In this section we provide the required proofs that justify the resolutions of the experiment above.

Proposition 9. The only infinite uniquely-Wilf class, C with C3 = {123,321} is Z U D.

@ This code is freely available from the authors on request. Owing to its specialised nature we do not feel it appropriate, at this
time, to make it part of a more widely available repository.
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Proof: Certainly Z U D is uniquely-Wilf. If C3 = {123,321} then CL?) = 7 U D as any non-monotone
permutation of size 4 contains at least one non-monotone permutation of size 3. But any infinite uniquely-
Wilf class containing 12 and 21 must contain Z U D. O

Up to symmetry, there is only one set of three permutations of size three containing {123, 321} so the
second result we need is:

Proposition 10. The only infinite uniquely-Wilf class C with Cs = {123,132,321}isC = Av(213,231, 312).

Proof: Let C = Av(213,231, 312). Since all the permutations avoided in C are of size three, C = CL?).
To verify that C is uniquely-Wilf is easy. The permutations in C have the structure shown in the picture

below: \
/

That is, they can be represented by an increasing sequence followed by a decreasing one. There is an
obvious one to one correspondence between such permutations and pairs (a, b) of integers with a > 0 and
b > 1. Here a represents the size of the increasing sequence and b the size of the decreasing one — and
we always choose the maximum element to be in the decreasing sequence. Thus, the representation of the
increasing permutation of size n in this form is as the pair (n — 1, 1). With respect to this representation
(a,b) < (c,d) as permutations if and only if a < ¢ and b < d i.e., the containment order of permutations
and the usual coordinatewise order coincide. In particular each permutation, (a,b), of size n has exactly
k + 1 extensions of size n + k namely those corresponding to pairs (a + x,0 + k — z) for 0 < x < k.
Thus, C is uniquely-Wilf.

Note that, in C every permutation has exactly two covers since (a, b) is covered by (a + 1,b) and by
(a,b+1).

Suppose that £ were a proper uniquely-Wilf subclass of C containing all monotone permutations and
with &3 = C3. Let n + 1 be the least size of any permutation in C \ £ and note that n > 3. Since we
omit one element of C from & in size n + 1 there is an element of £ of size n with only one cover in &.
Therefore, as £ is uniquely-Wilf, every element of £ of size n must have exactly one cover of size n + 1.
In particular, the monotone permutation (n, 1) must be the unique cover of (n — 1, 1) belonging to £ and
hence its other cover (n — 1,2) & £.

As (n—2,2) € £, but (n — 1,2) ¢ &, it must be the case that (n — 2,3) € £ since that is the only
remaining cover of (n — 2,2) in C. Now if n = 3 we already have a contradiction since (1, 3),(0,4) € £
are the two covers of (0,3) € £. Butif n > 4 then since (n — 3,4) also covers (n — 3,3) we have
(n—3,4) ¢ £. Since (n — 1,2),(n — 3,4) ¢ & none of their covers can lie in £. But these include
(n—1,3) and (n — 2,4) which are the two covers of (n — 2,2). So (n — 2, 2) has no covers in £ and we
have our contradiction (since £ is infinite all monotone permutations have one cover in £). The latter part
of the argument is perhaps better understood through the following picture where filled circles represent
elements of £ and open ones elements of C \ &:
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(n—1,3) (n—2,4)
n+2

n+1

n
(n—1,1) (n—2,2) (n—3,3) (n—4,4)

O

The second half of the proof above can also be adapted to characterise the finite uniquely-Wilf classes
containing 123, 321 and one other permutation of size three. They agree with the maximum such class to
some size, then include none or half (rounded up if necessary) of the permutations in that class at the next
size, and then no further permutations.

Proposition 11. Let F C S3 be the finite class with F3 = {123,132,231,321}. The only infinite
uniquely-Wilf class containing F is F' = Av(213,312).

Proof:

That Av(213, 312) is uniquely-Wilf is proven in [Albert and L (019 so we provide only a short sketch
of the argument here for the reader’s convenience. Permutations in this class have the wedge-shaped
structure shown below:

The permutations of size n in the class are naturally encoded by binary sequences of length n — 1 over
the alphabet {L, R} obtained by reading the permutation from bottom to top and noting which “side”
of the picture the corresponding element belongs. The containment relation in the class is exactly the
subsequence containment relation for these words. Consider two words awL and SR where « and (3 are
words of the same length. A word contains L but none of its prefixes do if and only if it is of the form
ARFL where A contains o but none of its prefixes do and k& > 0. But similarly a word contains SR but
none of its prefixes do if and only if it is of the form BL* R where B contains /3 but none of its prefixes do.
This sets up a length-preserving bijection between the minimal words containing oL and those containing
BR whenever we have such a bijection with respect to o and . But of course such a bijection exists
when « and (3 are both the empty word, so induction shows that this bijection exists in general for any
two words of the same length. This bijection then extends to a length-preserving bijection between all
words containing oL and all words containing SR since these are obtained from words of the first type
by concatenation with an arbitrary word. This establishes that Av(213, 312) is uniquely-Wilf.

Now suppose that & is a proper subclass of Av(213,312) that contains F3. The permutations in £ can
be partitioned into their maximal monotone intervals which must be alternately increasing and decreasing
when considered from bottom to top. There must be a bound on the number of such intervals (since £
is proper). Therefore the structure of a permutation in £ is determined (essentially) by a finite tuple of
non-negative integers summing to its size and the enumeration of £ is polynomially bounded and hence
ultimately polynomial (Kaiser and Klazai (2002/03))).

The structure of polynomial classes is well-understood and we will make use of a form introduced
in Homberger and Vatter] (201¢) — we sketch only the necessary details here and refer to that paper for
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the full results. Define a peg permutation to be a permutation written in one line notation where each
of its elements is decorated with a superscript from the set {+, —, }. For example, 2737 1° is a peg
permutation.

Given a pegged permutation p the set of permutations Grid(p) consists of all those permutation that
can be obtained from p by inflating each point into a monotone (possibly empty) interval according to the
associated symbol: for + an arbitrary increasing interval, for — an arbitrary decreasing interval, and for e
either a single point or nothing at all. For instance 4321, 2431 and 432651 all belong to Grid(27371°*)
but 123 does not.

Departing from the terminology of [Homberger and Vatter| (2016]) we say that a pegged permutation is
properly pegged if it contains no two element monotone interval of any of the following forms:

1ot 102t 1t2°, 271, 2°17, 27 1°. (1)

To be explicit, the first condition above means that there are no two consecutive elements a and a + 1
in the pegged permutation both of which are decorated with +. We define Gridf(ﬁ) to be the subset of
Grid(p) consisting of all inflations of p in which any symbol decorated with 4+ or — is inflated into a
monotone interval of size at least two, and any symbol decorated with e is replaced by a single point (the
superscript stands for “filled”). Restating the conclusion of Theorem 1.4 of Homberger and Vattet (2016)
slightly:

There exists a finite set H of properly pegged permutations such that £ is the disjoint union of the sets
Grid/ (p) for p € H.

We remark that since £ is a class that, if 5 € H then in fact Grid(p) C & since Grid(p) is just the
downward closure of Grid” (7).

Choose p € H in such a way that the total number, m of + and — decoration on p is maximal
(among all the elements of H) and, among all such, the underlying permutation p is maximal in the
pattern containment order. Equality is allowed in either case. For instance it might be the case that
274+1°37,274°1-3% € H . If no other permutation in H contains more than three non-e decorations
and no permutation with three non-e decorations contains 2413 then either of these would be a suitable
choice for p. Form a permutation m € Grid/ (p) by inflating each such non-e symbol to a monotone inter-
val having at least K elements where K is greater than the square of the largest size of any permutation
underlying an element of H. This choice of K ensures (easily) that the only covers of 7 in £ are obtained
by extending the inflated intervals by one point. In particular 7 has exactly m covers in £. Therefore, as
€ is uniquely-Wilf, all sufficiently large permutations in £ must have exactly m covers.

Now suppose that Grid(17372®) C £. Then any permutation that consists of a monotone increasing
sequence followed by one more element belongs to £ as these all occur as elements of Grid(1+t372°). In
particular, for any n, the monotone increasing permutation of size n has at least n + 1 covers in £ which
contradicts the observation above that all sufficiently large permutations in £ must have exactly m covers.
So it follows by contradiction that Grid(1+3%2®) ¢ £. This, together with the fact that £ is a class,
implies that no p € H contains a 132 pattern with both the 1 and the 3 carrying + decorations — we’ll
abbreviate this as “no 117372 pattern”. Similarly, there can be no j € H containing a 23~ 1~ pattern.

This technique of showing that certain restrictions on the labelings of the permutations in H must be
satisfied because otherwise some permutation has “too many” covers contradicting the assumption that £
is uniquely-Wilf is used throughout the remainder of the argument.

The underlying permutations of H belong to Av(312,213) so if there were three or more non-e dec-
orations then two of them would occur on the same side and would therefore have the same sign. Since
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the intervals described in () cannot occur they could not be consecutive, and this would create one of the
forbidden situations above. It follows that there can be at most two non-e decorations on each permutation
of H and, if there are two, they must have differing signs.

Therefore, every sufficiently large permutation in £ has either exactly one or exactly two covers. The
former case is easily dismissed — since the increasing permutation has only the increasing cover the only
permutation in H carrying a + decoration would have to be 17 and similarly 1~ would be the only one
containing the — decoration (and all the monotone permutations of £ would be represented by these along
with 1°). The rest of the permutations (if any) would carry only es so define a finite set — but if any existed
there would a non-monotone permutation with no covers. So £ = Z U D but supposedly £5 = F3 which
contains non-monotone permutations.

Supposing that each sufficiently large permutation in £ has exactly two covers also implies that

Grid(27371°) ¢ &
since otherwise the monotone increasing permutation of size n would then have all of:
123---(n+1),23---(n+1)1,and123--- (n — 1)(n + 1)n
as covers. Similarly, Grid(1°3%27) € £. Also,
Grid(173%°4°27) € £and Grid(214°3°17) € €

as otherwise the monotone increasing (or decreasing in the second case) permutation would have at least
three extensions.

Putting all these observations together shows that the only possible elements of H containing both a +
and a — decoration are 172~ and 2*1~. Only one can occur as, if they both did, increasing permutations
would have at least three covers in £.

Suppose without loss of generality that 172~ € H. We claim that, other than 1*, 1~, and 1°2~ all
other patterns in H contain only es as decorations.

To rule out other patterns containing symbols 21 observe first that Grid(2+1°®) € & since if it were,
there would be an extra extension to the monotone increasing permutation beyond the two already avail-
able from Grid(1727). It follows, that the only possible + decoration on an element of H can occur on
the first (and least) element of a pattern. No decorations of 132 can belong to H since we can’t place es
on both the 3 and the 2 as that case is already covered by 1727 and other labelings are forbidden by ()
or previous observations. By (El) we cannot begin 112°. Finally, Grid(173°4°2°) also gives extra exten-
sions to the monotone increasing permutation. Any larger labeled pattern includes one of these forbidden
cases, and so we’ve ruled out the presence of a + except for 172~ and 17.

Now we want to rule out patterns in H other than 1~, 1°2~ and 172~ that contain symbols z7. We
cannot appeal to symmetry because we’ve broken that by assuming Grid(1127) is contained in £. In
Grid(2°371°*) we gain an extra extension to the monotone decreasing permutation so no pattern in H can
contain a 237 1 pattern. Similarly no 231~ patterns can occur. Together these rule out all possibilities of
having a symbol ™~ other than the ones which are explicitly allowed.

Now 231 € & but is not in Grid(1"), Grid(1™), Grid(1*27), or Grid(1727) so its representation
must be as Grid(2°3°1°). The same applies for its supposed two covers in &, each of their covers, and so
on. However, His finite, so we have our final contradiction. O
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The proof of Proposition [l 1| has obviously been the most intricate of the arguments so far. Fundamen-
tally though it is not so different in character to the previous ones (indeed it would have been possible
to absorb those into its proof). Working in a polynomial class is a powerful restriction because of the
limit it imposes on the number of extensions of any sufficiently large permutation. This then enables the
“surplus extensions” technique to rule out many configurations. The second author, as part of his current
PhD research (to be submitted in 2020), has proven that the only uniquely-Wilf polynomial classes are
the ones that already arise in Proposition .

5 Conclusion

Our goal of characterising the uniquely-Wilf permutation classes has not been fully realised as the possi-
bility still exists that there may be some which we have not discovered. If so, they will contain all of S
and at least 22 elements of Sy.

It is notable that most of the arguments by contradiction in Proposition |L 1] focused on the existence
of surplus extensions to a monotone permutation. The monotone permutations are already somewhat
special in the order of pattern containment since they are the only permutations that cover only one other
permutation. Therefore it does not seem unreasonable to ask:

Question 12. What can be determined about classes in which all non-monotone permutations are Wilf-
equivalent?

For polynomial classes, the second author has answered this question completely (forthcoming as part
of his PhD thesis in 2020) and, other than the examples already discovered above there are only a few new
examples for instance the class Av(123,312) which was considered in Albert and L{ (2019).

The authors would like to acknowledge the helpful comments of two referees, which have improved
the presentation of this work significantly.
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We enumerate cyclic permutations avoiding two patterns of length three each by providing explicit formulas for all
but one of the pairs for which no such formulas were known. The pair (123, 231) proves to be the most difficult of
these pairs. We also prove a lower bound for the growth rate of the number of cyclic permutations that avoid a single
pattern g, where ¢ is an element of a certain infinite family of patterns.

Keywords: permutations, cycles, pattern avoidance, enumeration

1 Introduction

The theory of permutation patterns considers permutations as linear orders. That is, a permutation p is

simply a linear order p1ps - - - p,, of the integers [n] = {1,2,--- ,n}. Let p = p1pa - - - p,, be a permuta-
tion, let £ < n, and let ¢ = q1¢2 - - - ;. be another permutation. We say that p contains q as a pattern if
there exists a subsequence 1 < 41 < i < --- < 1 < n so that for all indices j and r, the inequality

q; < g, holds if and only if the inequality p;; < p;, holds. If p does not contain g, then we say that p
avoids q. An exact formula for the number S,,(¢) of g-avoiding permutations of length n is known for
all patterns ¢ of length three, and all patterns g of length four, except 1324, and its reverse, 4231. There
are numerous other results on the growth rate of the sequences Sy, (q) as well. See |Vatter (2015) for an
overview of these results.

Questions about pattern avoidance become much more difficult if we also consider permutations as
elements of the symmetric group, or even just bijections over the set [n] that have a cycle decomposition.

In this paper, we study pattern avoiding permutations that consist of a single cycle, or, as we will call
them, cyclic permutations. Let C,,(q) be the number of cyclic permutations of length n that avoid the
pattern ¢. Similarly, let C,,(q, ¢') be the number of cyclic permutations that avoid both patterns ¢ and ¢’
The problem of determining C,(q) for any given pattern ¢ of length three was raised by Richard Stanley
at the Permutation Patterns conference in 2007. No such formulas have been found. The main result
of the paper will be an explicit formula for the sequence C,, (123, 231) counting cyclic permutations that
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avoid both 123 and 231. We will also prove an explicit enumeration formula for the easier pair (123, 132).
Taken together with a result of Archer and Elizalde |Archer and Elizalde| (2014), which was the first non-
trivial result of the field, and some straightforward pairs that we handle in Section 4] this will complete
the analysis of cyclic permutations avoiding any given pair of patterns of length three, except for the pair
(132, 213). For that pair of patterns, an exact formula is still not known, but an upper bound has recently
been proved by Brice Huang |Huang| (2019).

The cited results of |Archer and Elizalde| (2014) and [Huang| (2019)), and the results of this paper, enable
us to make the following comparison. Let g and ¢’ be two distinct patterns of length three each. Let
Sn(q, q") be the number of all permutations of length n that avoid both patterns ¢ and ¢’. See Béna|(2012)
for exact enumeration formulas for the numbers S, (g, ¢’). Using those formulas,

/
i Cnl@d) _
n—oo Sp(q,q')

We end the paper by stating some open problems and conjectures. We solve a special case of one of the
conjectures, proving that if ¢ is an element of a certain infinite family of patterns, then 2C,,(q) < Cp+1(q)
forn > 2.

2 The pair (123,231)

In this section, we enumerate cyclic permutations that avoid both 123 and 231. This is the most difficult
of the pairs we handle in this paper. We start by proving a collection of structural properties of such
permutations. We will use some basic facts about inversions of permutations and conjugacy classes in the
symmetric group. These facts can be found in many introductory combinatorics textbooks, such as Boéna
(2016).

2.1 Preliminary lemmas

2.1.1 Bounds on layer sizes

First, we show what a typical cyclic permutation that avoids both 123 and 231 must look like. Recall that
an involution is a permutation whose square is the identity permutation. In other words, an involution is a
permutation in which each cycle is of length 1 or 2.

Lemma 2.1 Let p be a permutation of length n that avoids the patterns 123 and 231 and which is not an
involution. Then there exist three positive integers a, b, and c so that a + b + ¢ = n, and

p=nn—1--(n—a+1)b(b-1)---1 (b+c)(b+c—1)---(b+1).

In other words, the lemma states that p consists of three decreasing subsequences of consecutive in-
tegers in consecutive positions, namely, p starts with a decreasing subsequence of its a largest entries,
then continues with a decreasing subsequence of its b smallest entries, and then it ends in a decreasing
subsequence of its ¢ remaining entries. These three decreasing subsequences will be called the layers of
p. For instance, if n = 9, and the layer lengths are a = 4, b = 2 and ¢ = 3, then p = 987621543. See
Figure 2.1.1] for an illustration.

Proof: All entries preceding the entry n have to be smaller than all entries following n or a 231-pattern
would be formed. All entries preceding the entry n must be in decreasing order or a 123-pattern would be
formed.
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Fig. 1: The permutation p that belongs to the triple (4, 2, 3).

If n is not the leftmost entry, then this means that all entries on the right of » must be in decreasing
order, or a 123-pattern is formed. So if n is not the leftmost entry, then

p=i(i—1)---1nn-1)---(i+1),

but then p is an involution.

That is, if p is not an involution, then p = p1ps - - - p,, starts with the entry p; = n. Let a be the largest
integer so that we have p1ps---p, = n(n —1)---(n —a + 1). As p is not an involution, it follows
that a < n — 2. Repeating the argument of the first paragraph of this proof for the remaining entries
{1,2,--- ,n — a} of p, we see that they must form a string of the form

b(b—1)---1 (n—a)(n—a—1)---(b+1)

for some b < n — a. O

Note that Lemma[2.Timplies that the total number of permutations (cyclic or not) of length n that avoid
both 123 and 231 is 1 + (}).
Another way to state the result of Lemma is that if p is a cyclic permutation that avoids 123 and
231, then
n+1l—iifl <i<a,
p; = a+b+1—tifa+1<i<a-+b and (D
n+b+1—idifa+b+1<i<n.

We will use the identities stated in (1)) in the rest of this section without referencing (1)) each time.

We will call the permutation p defined by the triple (a, b, ¢) the permutation of that triple. We will call
a triple (a, b, ¢) a good triple if its permutation is cyclic.

Now we are going to prove some results, mostly necessary conditions, regarding the parameters a, b,
and c of good triples.

Proposition 2.2 The triple (a, b, ¢) is good if and only if the triple (a, ¢, b) is good.

Proof: It suffices to show that the permutations of those two triples are conjugates of each other, since
that implies that they have the same cycle structure. In order to see that the permutation p of the triple
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(a, b, ¢) and the permutation ¢ of the triple (a, ¢, b) are conjugates, let w be the decreasing permutation of
length n.

For the rest of this paper, we will multiply permutations left to right, so rs means that we first apply the
permutation r to the set [n], then we apply the permutation s to that set.

Then p = wz, where z:(i) = iif i > b+¢, and (i) = i —b (modulo b+ c¢) if i < b+c. (So x cyclically
rotates the string of the last b + c entries of w forward by b positions.) On the other hand, ¢ = wz ™1,
since x~! rotates that same string backward by b positions, which is the same as rotating it forward by c
positions.

Note that w is an involution, so ¢~ = zw, and so wg™'w = w(zw)w = wx = p. Therefore, p is a
conjugate of g~', and therefore, of q. d

1 1

Proposition 2.3 [f the triple (a,b, c) is good, then a < |n/2| and, ¢ < |n/2].

Proof: If n = 2k + 1,and a > k + 1, then py+1 = k + 1 is a fixed point. If n = 2k, and @ > k + 1, then
pr =k + 1 and py1 = k form a 2-cycle.

Similarly, assume that ¢ > |n/2]. Then the third layer of p starts in position n — ¢ + 1, in the entry
b+ c. So at that position, the entry in the position is larger than the index of the position. Moving to the
right one position at a time, the index of the position will increase by 1 at each step, while the entry in the
position will decrease by one. At the end, we will be at position n, that will contain the entry b + 1. So
at the end, the index of the position is larger than the entry in it. As both the index and the content of our
position changed one by one, there had to be a leftmost position j where the index j was at least as large
as the entry p;. If, at that point, equality held, then j = p; is a fixed point p. If, on the other hand, at that
point j > p; held, then p; = j — 1, and therefore, p;_1 = j, and (j — 1 j) is a 2-cycle in p. O

The following corollary is a direct consequence of Propositions [2.2]and 2.3
Corollary 2.4 [fthe triple (a,b, c) is good, then b < |n/2|.

Proposition 2.5 If the triple (a, b, ¢) is good, then a > b, and a > c.

Proof: It follows from Proposition that it suffices to prove a > b. Let us assume the contrary, that
is, that b > a + 1. Consider the second layer of p. Its first entry is in position a + 1, and it is b. So
Pa+1 = b, then p,12 = b — 1, and this trend continues, ending in pgp = 1. If a +1 = b, thena + 1
is a fixed point in p. If not, then, sequence of entries b,b — 1, ..., 1 starts above the sequence of positions
a+ 1,a+2,...a + b, but ends below it, so it crosses it somewhere, and then the proof is identical to that
of the inequality ¢ < |n/2] in Proposition[2.3] O

2.1.2 Restrictions related to common divisors of layer lengths
It turns out that b and ¢ cannot have large common divisors.
Lemma 2.6 If (a,b, ¢) is a good triple, then the largest common divisor of b and cis 1 or 2. Furthermore,

if the largest common divisor of b and c is 2, then a is even.

Proof: Let us assume the contrary, that is, that b = fk and ¢ = gk, with & > 2. The crucial observation is
that in this case, p permutes the remainder classes modulo k. In fact, we claim that for all ¢, the equality

pi=n+1—1 (mod k) 2)
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holds. In order to prove @]), first note that it holds for ¢ = 1, since p; = n. Now we show that @) remains
true for each index i, as we grow ¢ one by one. First, note that stays true as long as ¢ < a. That is,
note that (2)) stays true while we are on the first layer, since every time we make one step to the right, both
sides decrease by 1. When we pass from the first layer to the second, ¢ grows from a to a + 1, while p;
decreases fromn —a+ 1= (f 4+ g)k + 1to b = fk, so modulo k, it decreases by 1. So (2)) remains true.
After this, (Z)) remains true at each step to right one the second layer (since again, each step decreases both
the left-hand side and the right-hand side by 1). When we pass from the second layer to third, ¢ changes
from a + b to a + b + 1, while p; changes from 1to b + ¢ = (f + g)k, so modulo £, it decreases by 1.
Finally, (2 remains true on the third layer as it did on the first two layers.

Equality shows that p acts as an involution on the remainder classes modulo k. In particular, if the
equation j = n + 1 — 5 (modulo k), or, equivalently, j = a + 1 — j (modulo k), has a solution j, then the
remainder class of j is mapped onto itself by p. In other words, that remainder class is a union of cycles,
so p cannot be cyclic.

If the equation j = a 4+ 1 — j does not have a solution modulo &, then select any remainder class ¢, and
the remainder class @ + 1 — 7. These two classes are mapped onto each other, so they form a union of
cycles in p. This union does not contain all of p, since p has k£ > 2 remainder classes. So again, p cannot
be cyclic.

Finally, if £ = 2, and a is odd, then the remainder class 1 maps onto itself. In other words, odd entries
map into odd entries, and even entries map into even entries, so p is not cyclic. a

Lemma 2.6|stops short of claiming that b and ¢ must always be relatively prime to each other. The next
proposition shows that in some cases, they have to be. In the next section, we will see that those cases are
not as rare as it might now seem.

Proposition 2.7 If (a,b, c) is a good triple and a = b+ ¢, then b and c are relatively prime to each other.
Proof: Let us assume the contrary, that is, that b and ¢ are both even numbers. Then so is b + ¢ = a.

Furthermore, n = 2a is even, so p can only be cyclic if it is an odd permutation, that is, if it has an odd
number of inversions. On the other hand, the number of inversions of p is

Tape = (;) + (2) + <;) +a(b+o). 3)

Note that if = is an even number, then (“2“’) is odd if and only if z = 4k +2 for some integer k. As a = b+c,

this must hold for an even number of summands out of the first three summands of I, ;, .. As a(b+ c) is
always even, it follows that I, j . is always even. O

2.2 The size of the first layer

The following lemma is probably the most suprising result of this paper. We have already seen in Propo-
sition[2.3|that if (a, b, c) is a good triple, then a < n/2. Interestingly, a cannot be much smaller either.

Lemma 2.8 Let (a, b, c) be a good triple, and let us assume that b < c. Recall that n = a + b + c. Then
1. ifniseven, thena =n/2ora = (n/2) — 1, and

2. ifnisodd thena = (n—1)/2.
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In other words, we never have more than two choices for a. This immediately proves the crude upper
bound C,,(123,231) < n, since we never have more than n/2 choices for b.

In the rest of this paper, we will often consider p to be a directed path. For instance, if p = 2413, then
p1 =2,p2 =4,p3 = 1and py = 3, and so p is a directed path that goes from 1 to 2 to 4 to 3 and then
back to 1. We also say that p maps 1to2,2to4,4to3,and 3 to 1.

Proof: Let us assume the contrary, that is, that a < b + ¢ — 3. Note that as a > c, this implies that b > 3.
Leta=kb+r,with0 <r <b-—1.

We will show that the entry r + 1 of p is part of a cycle that is shorter than n. In fact, we will show that
it is part of a cycle that does not even contain all entries of the second layer.

Note that because 7 + 1 < b < ¢ < a, the equality a = r + 1 could only hold if a = b = ¢ held, but
that would imply that » = 0, and @ = b = ¢ = 1, contradicting the assumption that a < b+ c — 3. As
r+1 < b, the entry 7+ 1 is on the second layer of p, and p maps it to the first layer, to p, 1 = n—r. From
there, p continues to p,,—, =n+b+1— (n—r) = b+r+1 on the last layer, then to pp .1 =n—b—r
on the first layer, then again to p,_,—, = 2b + r + 1 on the last layer, and so on. The important point is
that 0 < a —c < b — 2 < b, so p will visit the last layer as many times (k times) as the first layer before
running out of space and returning to the second layer. The last visit to the last layer before the first return
to the second layer will be at p,_,_(r_1), = kb+r + 1 = a + 1. From there, p goes to p, 1 = b. If b
happens to equal r + 1, then we can stop, as we have just found a cycle that contains only one entry form
the second layer.

Otherwise, we follow p a bit further. Next, p goes to p, = n + 1 — b on the first layer, then to
Pn+1—b = 2b on the last layer, and so on, making k visits on each of the first and last layers. The last visit
on the last layer will be at p,, 11—y = (k+1)b=kb+7r+ (b—17) = a+ (b — r). Finally, from here, we
move on to the second layer, to p,+,—, = r + 1, where we started our walk. So we have found a cycle in
p that contains only two entries, 7 + 1 and b, from the second layer, completing our proof. O

Example 2.9 Leta = 7,letb = 3,and letc = 7. Then n = 17, and
p=1716151413121132110987654.

We have a = 2b + 1, so r = 1. Starting at r + 1 = 2, the path of p goes from 2 to 16 to 5 to 13 to 8 to
3to 15to6to 12 to 9 to 2, completing a cycle that contains only two entries from the second layer.

2.3 Positive results

In this section, we will assume without loss of generality that b < ¢, unless stated otherwise. Our results
will be positive, that is, they will show that if a, b, and c satisfy certain necessary conditions, then the
triple (a, b, ¢) is good.

Theorem 2.10 Let (a, b, ¢) be a triple of positive integers that satisfies a = b+ ¢ = n/2, with b and ¢
relatively prime to each other. Then (a, b, ¢) is a good triple.

Proof: Leta = kb+r, with1 <r < b, thenc= (k—1)b+r,andn = a+ b+ ¢ = 2a = 2kb + 2r.
Note that this implies that b and r are relatively prime to each other. Indeed, if b = xd and r = yd held
for some d > 1, then ¢ = (k — 1)b + r would also be divisible by d, which is a contradiction.

Let us start following p, beginning at any entry ¢ on the second layer. So 1 < 4 < b. From that entry,
pgoestop; =n—+1—1,thento p,+1—; = b+, thentoppy;, =n+1—b— 1, and so on. In the first
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layer, p will visit positions ¢, b+ i, 2b+ ¢, and so on, while on the last layer, p will visit positions n, n — b,
n — 2b, and so on. Continuing in this way, p will visit all entries of the first layer whose position index
is congruent to ¢ modulo b, and all entries on the last layer whose position index (when counted from the
right) is congruent to ¢ modulo b before returning to the second layer. Therefore, in order to prove that p
is cyclic, it suffices to prove that p contains all b entries of its second layer in one cycle. Indeed, we have
just seen that between two visits to the second layer, p covers an entire remainder class of positions on
the first and third layers. So if a cycle contains all entries of the second layer, then that cycle contains all
entries of p.

Crucially, as the first layer is b units longer than the last layer, p will run out of space on the last layer
first. In other words, p will always arrive at the second layer from the first layer.

That is, if © < r, then as p arrives at position kb + ¢ on the first layer, it finds the entry pipt; =
n+1—kb—1i = a+r+1—1 there, and then it goes to the second layer, to the entry pg4p+1—; = b+i—r. If
i > r, then as p arrives at position (k—1)b+i on the first layer, it finds the entry p(;_1)p4; = a+b+r+1—i
there, and then it goes to the second layer, to the entry pg4pqryr1—i =17 — 7.

So in all cases, the first entry that p visits on the second layer after visiting ¢ is the entry that is congruent
to ¢ — r modulo b. In other words, each visit of the second layer occurs r spots to the right of the last one,
modulo b.

However, that implies that p will visit all its entries on the second layer before returning to its starting
point i, since r is relatively prime to b, the length of the second layer. O

Example 2.11 Leta = 7, let b = 3, and let ¢ = 4. Then n = 14, and
p=1413121110983217654.

Let us start at = 1. Then p goes from 1 to 14to4to11to 7to8to3to 12to6to9to2to 13 to 5 to
10 to 1. See Figure for an illustration. Note that for each pair of layers (L, M), we represented all
movements from L to M using the same kind of arrows, and still we only needed four arrow types instead
of the potential maximum, nine. This shows the relative simplicity of the action of p.

Fig. 2: The actionof p =141312111098321765 4.

Note that between the first and second visit to the second layer, p visits all entries p; on the first layer
where 7 = 3¢ + 1, and all entries on the last layer that are in position 3¢ 4+ 1 when counted from the end.
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Between the second and third visits of p to the second layer, the same goes for entries in positions 3¢, and
between the third and fourth visits of p to the second layer, the same goes for entries in positions 3¢ + 2.

Theorem 2.12 Let (a, b, ¢) be a triple of positive integers that satisfies a = b+ c — 1, witha > ¢ > b,
and with b and c relatively prime to each other. Then (a, b, ¢) is a good triple.

Proof: Leta = kb+r,with0 <r <b—1,thenc=(k—1)b+r+1l,andn=a+b+c=2a+1=
2kb+2r + 1.

The proof is similar to that of Theorem [2.10} with one significant difference. This time, ¢ = a — b+ 1,
so there is exactly one entry on the second layer of p, namely the entry r + 1, so that if we start walking
the along the path of p at » + 1, then we will visit the last layer as many times as the first layer before
returning to the second layer. (In the situation of Theorem[2.10} there was no such entry.) Otherwise, just
as in the proof of Theorem [2.10] it suffices to show that p contains a cycle that contains all entries of the
second layer.

So let us start walking at this exceptional entry 74 1. Our walk takes us to position r+1 that contains the
entry p,+1 = n—r, then position n —r, that contains entry p,,_, = b+ 1—r, and so on, through positions
r+1,b+r+1,2b+r+1, and so on on the first layer, and positions n —r, n —r — b, and so on on the last
layer, eventually reaching the leftmost position of the last layer, positionn —r — (k — 1)b = a4+ b+ 1,
containing the entry p,44+1 = n — a = a + 1. We will then reach the second layer in the next step, at its
leftmost position, at p,+1 = b.

Other than the exceptional entry r + 1, all entries of the second layer (including b) will behave iden-
tically. That is, from ¢, the walk of p goes to p; = n + 1 — ¢, then to p,11—; = b + 4, then to
Po+i = n+ 1 — b — 1, and so on. In the first layer, p will visit positions i, b + ¢, 2b + ¢, and so on,
while on the last layer, p will visit positions n, n — b, n — 2b, and so on. If ¢ < r, then as p arrives at
position kb + ¢ on the first layer, it finds the entry pgpy; = n+1— kb —1i = a4+ r 4+ 2 — i there, and then
it goes to the second layer, to the entry pgyr42-; = b+ —r — 1. If i > r, then as p arrives at position
(k —1)b+ i on the first layer, it finds the entry p(j,_1yy4; = a + b+ r -+ 2 —i there, and then it goes to the
second layer, to the entry pgypyr42-; =@ — 7 — 1. So in all cases when i # r + 1, the next visit on the
second layer after visiting entry ¢ is at the unique entry that is congruent to ¢ —  — 1 modulo b. In other
words, each visit of the second layer occurs r + 1 spots to the right of the last one, modulo b.

Our proof is now complete noting that b is relatively prime to ~ + 1. Indeed, if d > 1 divides both b
and r + 1, then it also divides ¢ = (k — 1)b + r + 1, contradicting the assumption that b and c are relative
primes. a

Example 2.13 Let a = 6, let b = 3, and let ¢ = 4. Then n = 13, and
p=13121110983217654.

As a = 2b, we have r = (, and so we start at 7 + 1 = 1. Then p goes from 1to 13to4to 10to 7tob =3
tollto6to8tob— (r+1)=2t012to5to9tob—2(r+1) =1.

The case when a = b + ¢ — 2 is a little bit more cumbersome. Therefore, we need two more negative
results before announcing our enumeration formulas. For these two propositions, we drop the assumption
that b < c.

Proposition 2.14 Let n = 4k. If (a, b, ¢) is a good triple, then a = 2k = n /2.
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Proof: All we need to show is that it is not possible to have a« = 2k — 1, and b + ¢ = 2k + 1. Let us
assume that that is the case; in particular, that both a and b + ¢ are odd, and therefore, exactly one of b and
cis even. As we no longer assume that b < ¢, we can assume without loss of generality that b is even and
cis odd. The number I, ; . of inversions of p is given in . It follows from our assumption that a(b + ¢)
is odd. As p is a permutation of even length, if it is cyclic, then it has to have an odd number of inversions.
Therefore, the sum ¢4 5, = (g) + (’2’) + (g) has to be even. Recall that we can assume that b is even and
c is odd. There are the following two cases.

1. If b = 44, then @ = ¢ — 2 modulo 4, so (;) + (g) is odd, while (12’) is even. So iq . is odd, and
therefore, I, . is even.

2. If b = 4¢ + 2, then @ = ¢ modulo 4, so (g) + (;) is even, while (12’) is odd. So again, 7, . is odd,
and therefore, I, p . is even.

So p cannot be cyclic if a = 2k — 1 and b = 2k + 1, proving our claim. O
Proposition 2.15 Letn = 4k + 2 > 2, and let a = 2k. Then b and c must both be even.

Proof: Let us assume the contrary, that is, that b and c are both odd (they must be of the same parity, since
b+c=n—a=2k+2).
If p is cyclic, then it has an odd number of inversions. As a(b + ¢) is even, that means that i, . =

(5) + (g) + (5) must be odd. There are again two cases.

1. If a is divisible by 4, then b + c is not, so, given that b and c are both odd, b = ¢ modulo 4, so
(3) + () is even, and so is (%), implying that i, 5 . is even.

2. If a = 4¢ + 2, then b + ¢ is divisible by four, so b = ¢ — 2 modulo 4, so (12’) + (5) is odd, and so is
(5), implying again that i, ;. is even.

So if b and c are odd, then I, ; . is even, and p cannot be cyclic. O

Theorem 2.16 Let (a,b, ¢) be a triple of positive integers satisfying a = 2K, with a > b, and a > ¢, so
that b+ ¢ = 2K + 2, and b and c are both even, and have no common divisor larger than 2. Then (a, b, ¢)
is a good triple.

Proof: Leta = kb+r, with0 <r <b—1,thenc=(k—1)b+r+2,andn=a+b+c=2a+2=
2kb + 2r + 2. Note in particular that the conditions imply that 7 is an even number, and that b and r + 2
have largest common divisor 2.

The proof is similar to that of Theorem [2.12] with one significant difference. This time, c = a — b + 2,
so there are exactly two entries on the second layer of p, namely the entries  + 1 and r + 2, so that if we
start walking the along the path of p at  + 1, or at r + 2, then we will visit the last layer as many times
as the first layer before returning to the second layer. (In the situation of Theorem[2.10] there was no such
entry, and in the situation of Theorem [2.12] there was one such entry.)

So let us start walking at the exceptional entry r + 1. Our walk takes us to position r + 1 that contains
the entry p,+1 = n — r, then to position n — r, that contains the entry p,_, = b+ 1 — r, and so on,
through positions r + 1, b+ r + 1, 2b 4+ r + 1, and so on on the first layer, and positions n —r,n —r — b,
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and so on on the last layer, eventually reaching the second-from-the-left position of the last layer, position
n—r—(k—1)b=a+b+ 2, containing the entry p,p+2 =7 —a — 1 = a + 1. We will then reach the
second layer in the next step, at its leftmost position, at p,+1 = b.

After » + 1, all entries of the second layer, except for r + 2, will behave identically. That is, from 4,
the walk of p goestop; = n+ 1 — i, then to pp,+1—; = b+, thento ppr; = n+ 1 — b — i, and so
on. In the first layer, p will visit positions ¢, b 4 ¢, 2b + 4, and so on, while on the last layer, p will visit
positions n, n — b, n — 2b, and so on. If ¢ < r, then as p arrives at position kb + ¢ on the first layer, it
finds the entry pgp+; = n+ 1 — kb — i = a + r + 3 — i there, and then it goes to the second layer, to the
entry patri3—; = b+1i—r —2.If i > r + 2, then as p arrives at position (k — 1)b + 7 on the first layer,
it finds the entry p._1)p4; = @ + b+ + 3 — i there, and then it goes to the second layer, to the entry
Datbtr+s—i =1 —1 — 2. Soinall cases when i ¢ {r + 1,r + 2}, the next visit on the second layer after
visiting entry ¢ is at the unique entry that is congruent to ¢ —  — 2 modulo b. In other words, each visit of
the second layer occurs r + 2 spots to the right of the last one, modulo b.

Therefore, the visits of p at the second layer will occur in the following order: r + 1,b,b — (r +2),b —
2(r + 2),- - -, understood modulo b. As b and r + 2 have largest common divisor 2, the first b/2 visits
starting with b will all be at distinct even entries of the second layer, the last one arriving at r + 2.

The entry r + 2 is exceptional in the same way as r + 1 is — the walk starting there will reach the second
layer from the third layer, not the first. Indeed, our walk takes us to the position r + 2 that contains the
entry p,+2 = n — r — 1, then to position n — r — 1, that contains the entry p,,_,_1 = b+ 2 — r, and so
on, through positions r 4+ 2, b + r + 2, 2b + r + 2, and so on on the first layer, and positions n — r — 1,
n—r—>b—1, and so on on the last layer, eventually reaching the leftmost position of the last layer, position
n—r—1—(k—1)b=a+ b+ 1, containing the entry p,+4+1 = n — a. We will then reach the second
layer in the next step, attheentry p,,—q = a+b+1—(n—a) =a+b+1—(b+c¢)=a—c+1=>b—1.

After this, the remaining entries of the second layer again behave identically, just as we have seen two
paragraphs above. So the next visits on the second layer are at r+1,b—1,b—1—(r42),b—1—-2(r+2), .. ..
As b and r + 2 have largest common divisor 2, the smallest solution of the equationb — 1 — j(r +2) = 1,
or, equivalently, —j(r 4+ 2) = 0 modulo b is j = b/2. So the first b/2 visits will be at distinct odd entries
of the second layer, and the next one will be at the entry 1, closing the cycle of p. O

Example 2.17 Leta =8, b=4, andc=6. Thenn = 18, r = 0, and
p=18171615141312114321109876 5.

Starting at v + 1 = 1, the permutation p maps 1 to 18 to 5to 14to 9tob=4to 15t08tolltor+2 =2
tol7to6to13to10tob—1=3to16t0o71to12to 1.

Now that we have completely characterized good triples, and therefore, cyclic permutations that avoid
both 123 and 231, we are ready to announce our enumeration formulas.

Theorem 2.18 Let ¢ be the Euler totient function. That is, for a positive integer z, let ¢(z) be the number
of positive integers less than z that are relatively prime to z. Then, for n > 2, the following enumeration
formulas hold.

¢(2k) = ¢(n/2) if n = 4k,
Cn(123,231) = ¢ ok +1)+ 02k +1) = ¢ (2£2) + ¢ (%) ifn =4k +2, @)
¢(m) = ¢((n+1)/2) if n = 2m — 1.
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Note that the formula of Theorem does not hold for n = 2, because in that case, k = 0, so
k 4+ 1 = 2k + 1, resulting in an overcount and leading to the incorrect value of 2, instead of the correct
value of C(123,231) = 1. The sequence C,,(123,231) is listed in OEIS [Sloane| as sequence A309563.

Proof: If n = 4k, and (a, b, ¢) is a good triple, then Proposition shows that a = 2k. Let b < a be
relatively prime to a. Then, and only then, b is also relatively prime to ¢ = a — b. Theorem then
shows that (a, b, ¢) is a good triple. Therefore, there are ¢(2k) choices for b, and hence, for a good triple
(a,b,c).

If n = 4k + 2, then Lemma [2.8|shows that either @ = 2k + 1 or a = 2k — 1 holds for all good triples
(a,b,c). In the first case, b+ ¢ = 2k + 1. Let b < a be relatively prime to a. Then, and only then, b
is also relatively prime to ¢ = a — b. By Theorem [2.10] all such choices of b will lead to a valid triple.
So this case contributes ¢(2k + 1) permutations to the total count. In the second case, b + ¢ = 2k + 2.
Proposition shows that b and ¢ must both be even, implying that b/2 € [k], since ¢ # 0. Lemma
shows that b/2 and ¢/2 must be relatively prime to each other, and that is equivalent to saying that b/2 is
relatively prime to (b + ¢)/2 = k + 1. On the other hand, Theorem shows that if /2 and ¢/2 are
relatively prime to each other, then the triple (a, b, ¢) is good. So this second case contributes ¢(k + 1)
permutations to the total count.

Finally, if n = 2m — 1, then by Lemmawe must have a = m — 1, b + ¢ = m, and b must be any
positive integer less than m that is relatively prime to b 4+ ¢ = m. By Theorem[2.12] each such choice of
b will lead to a valid triple. This completes the proof. O

Recall that after the proof of Lemma we pointed out that the crude upper bound C,,(123,231) <n
holds. Now, using Theorem and the trivial inequality ¢(z) < z — 1, we can sharpen that bound to
C(123,231) < 2228 for n > 4. This upper bound is attained for integers n = 4k + 2 if and only if
both k 4 1 and 2k + 1 are primes. For instance, k = 6, yielding n = 26, satisfies this requirement.

3 The pair (123,132)
It turns out that the enumeration formula for the pair (123, 132) is significantly simpler.

Theorem 3.1 For all n > 3, the equality
C,(123,132) = 2L(n=1/2]
holds.

Proof: First note that in any permutation that avoids both 123 and 132, (so not only in the cyclic permu-
tations avoiding those patterns), the entry 1 must be in the last or next-to-last position. Once the place of
the entry 1 is chosen, the entry 2 has to be in the last or next-to-last available position, and so on.

Letp = p1p2 - - - py, be a cyclic permutation that avoids both 132 and 123. Thenp; =norp; =n—1,
otherwise p; is eventually followed by two larger entries, forcing p; to be the first entry of a 123-pattern
or a 132-pattern. If p; = n, then p,, # 1, since that would mean that (1n) is a 2-cycle of p, and if
p1 =n — 1, then p,_1 # 1, since then (1(n — 1)) would be a 2-cycle in p. So, in both cases, exactly one
of the two positions that were originally eligible to contain the entry 1 is available. Once we selected the
position of 1, we return to the front of the permutation, and select the value of p5. We have two choices
for po, namely the two largest remaining entries. The choice that we make for py will eliminate one of
these two positions for the entry 2.
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We must show that this process keeps going on like this, thatis, if i < |[(n—1)/2], then we will always
have two choices for the entry p;, while if i < |[(n — 1)/2], we will have exactly one choice. This will
prove the statement of the theorem.

As we fill the positions of p, we form two sets. Let S; = {p1,p2,- -, ;i }, and let T; be set of positions
that the entries 1,2, - - - , 4 occupy. Note thatif 1 <14 < |(n—1)/2], then S; # T;. Indeed, S; = T; would
imply that the restriction of p to S; is a bijection from S; onto itself, that is, it is a permutation of the set
S;, and therefore, a union of its cycles. That would contradict the condition that the longer permutation p
itself is a cycle.

It is easy to see that both \S; and T; are i-element subsets of the set {n —i,n — i+ 1,--- ,n}. (In the
first two paragraphs of this proof, we show this for S; and 77, and the cases of general i are very similar
to these.) In other words, they both contain at most one gap, either inside, or at the end.

We will now count the ways in which the sets Sy, So, -+ and 77,75, - - - can be built up from Sy =
To = 0.

When we extend .S;_; to S;, we do one of two things. Either we fill the gap in S;_1, turning it into the
interval [n — ¢+ 1,- -+, n], or we add a new, minimal element n — i to S;_; to form .S;.

When we extend T;_1 to T;, we could think that we have these same two choices. However, we
cannot make the same choice as we made for .S;. Indeed, if S; and 7T; are both equal to the interval
[n—i+1,---,n], then S; = T;, which we have already excluded. If S; and T; were both obtained by
adding the new element n — i, that means that p; = n — ¢ and p,,_; = 4, so (¢ (n — 7)) is a 2-cycle, which
is a contradiction. Therefore, we have only one choice when we extend T;;_1 to 7T;.

If n is odd, then we make 2("~1/2 choices in this way, building the sequence S, S, - - - s Sn—1)/2>
and so selecting the leftmost (n — 1)/2 entries of p, and the positions of the smallest (n — 1)/2 entries of
p. Then we put the last remaining entry in the last remaining position.

If n = 2k, then we make 25~ choices in this way, selecting the sequence Sy,.5,---, 5, /2, and so
selecting the first £ — 1 entries of p, and the positions of the smallest k& — 1 entries of p. This leaves two
empty positions, one of them is the kth position, and the other one is somewhere in the second half of
p. This also leaves two unused entries, one of them is the entry k, and the other one is an entry from the
larger half of p. As p(k) # k, our hands are tied, and the proof is complete. O

4 The remaining pairs
A result of Archer and Elizalde |Archer and Elizalde| (2014} shows that

1
Cn(132,231) = o > w2/,
d|n

d=2k+1

where p is the number theoretical Mobius function.
Most of the remaining pairs are straightforward to enumerate. This is the content of the next theorem.

Theorem 4.1 The following equalities hold.
1. Forn > 5, C,,(123,321) = 0.

2. Forn >3, C,(231,312) = 0.
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3. For all positive integers n, C,,(231,321) = 1.
4. For all positive integers n, C,,(132,321) = ¢(n).
Proof:
1. The famous ErdGs-Szekeres theorem shows S, (123,321) = 0 if n > 5. So there are no permuta-

All

tions (cyclic or not) of length five or more avoiding both of those patterns.

Permutations that avoid 231 and 312 must start with a decreasing sequence of their k; smallest
entries for some k1, then continue with a decreasing sequence of their next k5 smallest entries, and
so on, like the permutation 321 54 6 987. (Such permutations are called /ayered permutations.) This
structure implies that all such permutations are involutions, so they cannot be cyclic if n > 2.

In permutations avoiding 231 and 321, the sequence of entries on the right of n must be increasing,
and must consist of entries that are larger than the entries on the left of n. However, such permuta-
tions entries on the left of n are mapped into entries on the left of n, which makes it impossible for
such a permutation to be cyclic unless there is nothing on the left of n. Therefore, the only cyclic
permutation avoiding those patterns is n12- - (n — 1).

If a permutation p of length n avoids both 132 and 321, and does not end in n (which cyclic
permutations cannot do), then it is of the form (¢ +1) (¢+2)---n 12-- -4 for some ¢ > 1. In other
words, p = ¢*, where ¢ = 23 - --nl. Such a permutation is cyclic if and only if i < n is relatively
prime to n.

a

other pairs of patterns of length three are equivalent to one of those that we have considered, by

the trivial symmetries (taking inverses, or taking reverse complements), except for the pair (132,213).
Therefore, the enumeration of cyclic permutations avoiding pairs of patterns of length three is almost
complete.

5 Further Directions

The enumeration of cyclic permutations avoiding a single pattern of length three has proved more difficult
than that of pairs of patterns of length three, and no results are yet known.
Numerical evidence shown in Table[T|enabled us to formulate the following conjectures.

Conjecture 5.1 For all positive integers n, the chain of inequalities

holds.

Cn(123) > €, (132) = C,,(213) > C,(321) > C,,(231) = C,(312)

The four distinct sequences in TableE] are listed in OEIS as sequences A309504, A309505, A309506,
and A309508 |Sloanel

Note that the equality C/,(132) = C,,(213) is obvious, since the reverse complement of a cyclic permu-

tation

is a cyclic permutation, and the reverse complement of a g-avoiding permutation avoids the reverse

complement of g. Also note that the equality C,,(231) = C,,(312) is obvious, since the inverse of a cyclic

permutation is cyclic, and the inverse of a g-avoiding permutation avoids ¢~ .

1
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Tab. 1: Number of cyclic permutations avoiding a single pattern of length 3

Avoiding: 123 132 213 231 312 321

n=3 2 2 2 1 1 2

4 4 4 4 2 2 4

5 10 10 10 5 5 10

6 24 24 24 12 12 24

7 68 68 68 30 30 66

8 188 182 182 86 86 178
9 586 544 544 253 253 512
10 1722 1574 1574 748 748 1486
11 5492 4888 4888 2274 2274 4446
12 16924 14864 14864 7152 7152 13468

Conjecture 5.2 For each pattern q of length 3 and n > 3, the chain of inequalities

2Cn(9) < Cn+1(11) < 4071(‘1)
holds.

In the following theorem, we prove the lower bound of Conjecture [5.2] for the pattern 321 (and an
infinite collection of longer patterns).

Theorem 5.3 Let ¢ = q1q2 - - - g1, be any involution of length k > 2 such that if ¢; = k, then i < k — 2.
Then for all n > 2, the inequality

2Cn(q) < Cnia(q)
holds.

Note that 321 is the only pattern of length three that satisfies the requirements of the theorem. There
are four such patterns of length four, namely 4321, 4231, 3412, and 1432. Proof: Let p = p1ps - - - p,, be

any cyclic permutation of length n that avoids g. Now insert the entry n + 1 to the next-to-last position of
p. Then p is still g-avoiding, since n + 1 is too far back in p to be part of any copies of ¢g. Furthemore, the
obtained permutation p’ is still cyclic, since p; = p} for all i < n — 1, and p maps n to z, while p’ maps
nton+ 1, and then n 4+ 1 to z. So, we get the cyclic diagram of p’ by simply inserting the entry n + 1
between n and x in the cyclic diagram of p.

Doing this for all C,,(q) cyclic, g-avoiding permutations of length n yields a set .S of cyclic g-avoiding
permutations of length n + 1, each of which contains the entry n + 1 in the nth position. As ¢ is an
involution, the inverse ! of any g-avoiding permutation r is also g-avoiding. So taking the inverse of
each permutation in S yields a set T' of C,,(q) cyclic g-avoiding permutations of length n + 1, each of
which contains the entry n in the (n + 1)st position. Finally, S and T are disjoint sets, since a cyclic
permutation that is longer than 2 cannot contain the 2-cycle (n n + 1). g

Some additional numerical evidence raises the following question.
Question 5.4 Let g be any pattern of length k > 3. Is it true that

(k—=1)Cn(q) < Cny1(q)
ifn>k?
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Note that for general (non-cyclic) permutations, the answer to the analogous question is a straightfor-
ward "yes”. Indeed, let the maximal entry k of ¢ be in the (¢ 4 1)st position of ¢q. Then there are i entries
on the left of k, and k — 1 — 4 entries on the right of k in ¢g. Therefore, if p is a g-avoiding permutation
of length n, then the new maximal entry n + 1 can be inserted in p in kK — 1 ways, so that it is one of the
leftmost 7 entries, or one of the rightmost kK — 1 — ¢ entries. In all those cases, n + 1 will be either too far
left or too far right to be in a g-pattern. (See also Exercise 4.33 in Bo6nal (2012).)
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1 Introduction

A hereditary class C of structures has the joint embedding property (JEP) if, given A, B € C, there exists
C' € C such that A, B embed into C'. Among other things, this is equivalent to whether C is atomic, i.e.
cannot be expressed as a union of two proper hereditary subclasses. A general strategy for understanding
a hereditary class is to reduce this to understanding its atomic subclasses, as in the following lemma for
calculating growth rates in permutation classes (see |Vatter| (2014)) for a reference).

Lemma 1.1 Suppose C is a permutation class, with no infinite antichain in the containment order. Then C
can be expressed as a finite union of atomic subclasses. Furthermore, the upper growth rate of C is equal
to the maximum upper growth rate among its atomic subclasses.

Our main theorem is the following.

Theorem 1.2 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JEP.

Our next result considers a variation on the JEP called the joint homomorphism property, which is
of interest in infinite-domain constraint satisfaction problems [Bodirsky|(2012)). Modifying our proof of
Theorem [I.2] gives the following, answering a question of Bodirsky (personal communication).

Theorem 1.3 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the joint homomorphism property.
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Theorem [I.2]is first proven for graphs enriched by a sufficient supply of unary predicates, and then a
formal reduction to the pure graph language is given. A very rough sketch of the proof is as follows. The
first two steps ensure that the tiling problem is equivalent to whether we can jointly embed two particular
graphs, and the third step ensures that joint embedding for the class is equivalent to joint embedding for
those two graphs.

1. Construct two graphs A*, representing a grid, and B* representing a suitable collection of tiles.

2. Choose a finite set of constraints to ensure that successfully joint embedding A* and B* encodes a
solution to the tiling problem.

3. Show that if the tiling problem admits a solution, then the chosen class admits a joint embedding
procedure.

The JEP for a class C of finite structures specified by forbidden substructures is also equivalent to
C admitting a universal object for finite structures, i.e. a countable structure avoiding the forbidden
substructures and into which all members of C embed. In graph classes, the existence of a universal object
for countable structures, i.e. a countable graph avoiding the forbidden substructures and into which all
other such countable graphs embed, has received much attention. In particular, in|Cherlin| (2011) Cherlin
proved the undecidability of the existence of a countable universal graph for hereditary graph classes,
which serves as inspiration for the proof of Theorem|1.2

This paper was motivated by a question of Ruskuc on the decidability of atomicity for finitely-based
permutation classes Ruskuc| (2005), viewing permutations as structures in a language of two linear orders.
Based on our results, we believe there is a strong possibility Ruskuc’s problem is undecidable, although it
is not yet clear whether our methods are sufficient to show this. However, in forthcoming work, we intend
to adapt our arguments to show the undecidability of the corresponding problem for classes of structures in
a language of three linear orders.

2 The tiling problem

Rather than using a reduction from the halting problem to prove undecidability, we will use tiling problems.
The input to a tiling problem consists of a finite set Tiles of tile types, as well as a set of rules of the
form “Tiles of type ¢ cannot be placed directly above tiles of type 5 and “Tiles of type k cannot be placed
directly right of tiles of type £”. A solution to a tiling problem is a function 7: N? — T'iles, interpreted as
placing tiles on a grid, that respects the tiling rules.

Theorem 2.1 (Berger|(1966)) There is no algorithm that, given a set of tile types and tiling rules, decides
whether the corresponding tiling problem has a solution.

As we will be reducing from the tiling problem, which is co-recursively enumerable, we point out here
that if C is a hereditary class of finite structures in a finite relational language, then the JEP for C is also
co-recursively enumerable. To see this, consider A, B € C that can be jointly embedded, as witnessed
by C' € C and embeddings f: A — C and g: B — C. As C is hereditary, the substructure of C' induced
on f(A)U g(B) is also in C. Thus, given A, B € C, there is a finite bound on the size of the possible
witnesses for joint embedding, and they can be exhaustively checked.
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3 Graphs with unary predicates

In this section, we work with a language with many of the features our argument needs built in. This
section’s argument is then augmented with coding tricks to give arguments in the standard graph language.
3.1 The language

We will work in the following language.
1. E: a symmetric, irreflexive binary edge relation

2. O, P G*, T fori € {0,1}: unary predicates, which will denote origin vertices, non-origin path
vertices, grid vertices, and tile vertices

3. C; for 1 <i < 4: unary predicates, which will denote additional coding vertices

We also define a unary predicate P* = O U P’%, which will denote path vertices.

3.2 The Canonical Models

We here further flesh out steps (1) and (2) from the proof sketch in the introduction.

We also assume that our language contains a directed edge relation and two colored edges. We will show
how to code these in our language, using the available unary predicates, in

Although we are concerned with the JEP for finite structures in a hereditary class C, the compactness
theorem implies that the JEP for the finite members of C is equivalent to the JEP for countable members of
C. Rather than work with families of increasingly large finite structures, we prefer to take our canonical
models to be countable.

A B’

Fig. 1: A portion of the canonical models A* and B*, with the grid points in A* tiled by tiles attached
to grid points with the same coordinates in B*. Path points are blue, with the origin a different shade.
Grid points are red, their y-coordinate determined by an orange edge and their z-coordinate by a green
edge. Tile points are purple. Points in O-superscripted predicates have a black border, while points in
1-superscripted predicates do not.

This encodes a tiling of (0,0) with tile-type 2, (1,0) with tile-type 2, and (2,0) with tile-type 1.
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A* (see Figure will contain a 1-way infinite directed path, with vertices in P°, and a marked origin in
O°. To every pair of points in this path, we attach a G°-vertex, representing a grid point with coordinates
taken from the attached path points. Because we must distinguish between x and y-coordinates, we use the
colored edges to attach each grid point to its coordinates.

B* will look like a copy of A*, using 1-superscripted predicates instead, but with a path of length t
(where t is the number of tile types in the given tiling problem) 7"-vertices attached to each G -point.
These represent a full tile-set available at each coordinate, with the different tile-types being distinguished
by their distance from the corresponding G'*-point.

When we try to jointly embed A* and B*, we wish our constraints to force the following: for every
G°-point in A, with coordinates (z,y), we must add an edge to one tile-point attached to the G -point in
B with the same coordinates. This is interpreted as tiling the point (z, y) by the corresponding tile-type,
and our constraints should further enforce the local tiling rules.

For the particular classes of structures we are dealing with here, namely graphs with forbidden induced
subgraphs, our choice of B* is rather baroque. We could have simply chosen B* to be a collection of t tile
points, with some further coding to distinguish the different tile-types. However, the construction presented
here is more flexible and better adapted to handling more complex classes of structures.

3.3 Preliminary definitions

We will now precisely state our constraints, but first will establish some notation.

Definition 3.1 We first define the “special” edges our construction uses.

1. x =ty ifx,y € P’ and there exist a € Cy1,b € Cy such that tEaFEbEy. In this case, we say T is
the predecessor of y, and y the successor of x.

2. H’i (v,w) ifv € G', w € P?, and there exists a € Cs such that vEaEw. In this case, we say w is an
x-projection of v.

3. H% (v,w) ifv € G, w € P, and there exists a € Cy such that vEaEw. In this case, we say w is a
y-projection of v.

We say g is a G*-origin, or sometimes a grid origin, if there is an x € O such that 11} (g, ) and
IT5(g, ).

Our constraints will force x and y-projections to be unique. Given g, g’ in G, we say ¢’ is a horizontal
successor of g if they have the same y-projection, and the x-projection of ¢’ is the —-successor of the
x-projection of g. Similarly for vertical successor, but with x and y switched.

We now define binary relations related to the tiles.

1. Fori€[t](ie.i€{1,...,t}), wesay ;(z,y) ifv € G', y € T, and there exist vy, ...,v; € T*
such that v; = y and xEvi E . .. Ev;. In this case, we say y is a tile of type ¢ associated to .

2. 7(x,t) if v € G, there is some y € G* and i € [t] such that 7;(y, t), and xEt. In this case, we say
x is tiled by ¢ or that x is tiled by a tile of type <.

Finally, we say x has a full set of tiles if there exist t; for i € [t] such that for all i, 7;(x, t;).
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3.4 Constraints

In addition to the constraints forcing a valid tiling to be produced when joint embedding the canonical
models, we have several constraints which ensure that the origin, path, and grid points encode something
grid-like. We would like to choose further constraints which ensure that every structure in our class looks
like A* or B*. We would like every grid point to have coordinates from the path, or every G'*-point to have
a complete tile-set. However, as we cannot enforce such “totality” conditions using forbidden structures,
we must allow for partial structures.

In the previous section, we noted that we would wish our constraints to force a Go—point to be tiled
using a tile from a G*'-point with the same coordinates. However, as we are forbidding a finite number
of finite structures, our constraints must have a local character; as determining the coordinates of a grid
point requires walking back to the origin, and thus looking at an unbounded number of vertices, we cannot
use our constraints as desired. Instead, we will start the tiling at the origin, and then propagate it by local
constraints.

Given a tiling problem 7, we now define G as the class of all finite graphs with the following constraints.
Afterwards, we explicitly describe the forbidden subgraphs for some of the constraints.

1. The unary predicates in the language are disjoint.

2. A path vertex has at most 1 —-predecessor.

3. An origin vertex has no —-predecessor.

4. A grid vertex has at most 1 z-projection and 1 y-projection.

5. Tile vertices are associated to at most one grid point, i.e. given t € T, there do not exist distinct
g,h € G* such that 7;(g, t) and 7;(h, t).

6. Tile vertices have a unique type, i.e. if 7;(g, ) and 7;(g, t) then i = j.
7. The tiling rules of 7 are respected.

8. If g € GY and h € G! are grid-origins, and h has a full set of tiles, then g must be tiled by a tile
associated to h.

9. If a grid vertex is tiled, and there is an appropriate tile set for its neighbor, then its neighbor is also
tiled. More precisely, we require the following.

Suppose g, g’ € G° with ¢’ a horizontal (resp. vertical) successor of ¢, and h, h’ € G* with b’ a
horizontal (resp. vertical) successor of h. Suppose 7(g,t) where t is a tile vertex associated with h.
If 1/ has a full tileset, then g’ must be tiled by a tile vertex associated with h’'.

‘We note that only the last two constraints require the presence of edges, and so are the only ones that
require forbidding induced subgraphs.

We now give explicit forbidden subgraphs for some of the constraints. We sometimes forbid a non-
induced subgraph; this is equivalent to forbidding the finite set of induced subgraphs obtained by adding
edges in any fashion to the non-induced subgraph.

(1) For every pair of unary predicates, we forbid a point belonging to both predicates.
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(2) Fori = 0,1, we forbid the non-induced subgraphs consisting of points p,p’,q € P* (and the
requisite coding vertices), such that p =% g and p’ —? ¢.

(7) Suppose T forbids a tile of type j to the right of (respectively, above) a tile of type i. Then we forbid
the following as a non-induced subgraph.

Let g,g' € G° with ¢’ a horizontal (resp. vertical) successor of g. Let h,h/ € G* with b/ a
horizontal (resp. vertical) successor of h. Finally, let 7(g, t5;), 7(¢’, tns ;) Where ¢y, ; is a tile of type
i associated to h and tp/ ; is a tile of type j associated to h'.

(8) Letog € 0% 01 € O, g€ G°, h € G, and t1,...,t € T, with I1Y(g, 00), 113(g, 00 ), 11} (h, 01),
I13(h,01), and hEt, E . .. Et. We forbid this as an induced subgraph, as well as any graph obtained
by adding edges to this configuration, unless an edge is added between g and some ;.

3.5 An Informal Proof
We wish to prove the following.

Proposition 3.2 Let T be a tiling problem, and G be the hereditary graph class defined above. Then G
has the JEP if and only if T has a solution.

We first give an informal version of the proof, somewhat fleshing out the sketch from the introduction.

Proof: The easy direction: from the JEP to a tiling

Suppose G has the JEP. Note that A*, B* as described above are in G, so we may jointly embed them.
By constraint the g%-origin in A* must be tiled by adding an edge to a tile associated with the g'-origin
in B*, and by constraint@]this must propagate to a tiling of the whole grid in A*, for each (i, j) adding
an edge from the ¢g°-point in A* with coordinates (4, j) to a tile associated with the g*-point in B* with
coordinates (7, j). Since the tiling rules must be respected by constraint we may then read a solution to
the tiling problem off the resulting graph.

The delicate direction: from a tiling to the JEP
Here, we are a bit sketchier. We first fix a solution : N2 — [t] to the tiling problem 7. Given A, B € G,
we initially take the disjoint union C' = AU B.

As only constraints [§]and [9] require the presence of edges, these are the only constraints that may be
violated at this point, and in fact only constraintmay be. We thus use 6(0, 0) to tile all G°-origins in one
factor from all full tilesets attached to G*-origins in the other factor. However, now there may be violations
of constraint@] for points with coordinates (1,0) and (0, 1). We continue using 6 to appropriately tile our
grids. The key point here is constraints 2}Jfd] ensure that every grid point we must work with has well-defined
coordinates, so we have a definite input to give to 6. a

In the following two subsections, we give the formal proof of Proposition [3.2]

3.6 From the JEP to a Tiling

Suppose G7 has the JEP. For this direction, we may largely repeat the informal version.

Let I1° = {p) | i € N}, and let T = (II°)?, whose elements we denote g ; rather than (r?, p?). Let
A* start with the vertex set [I° UT?, with p) € OY, I\ { p§ } € P"°, and I'° C G°. Also, add coding
vertices in C; and the associated edges needed to encode the relations p§ —° p?, ; for each p{ € I1°, and
119(g7 ;, ) and 119 (g7 ;, p9).
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Let B* be constructed as A*, but using 1-superscripted points, sets, and predicates in place of O-
superscripted ones. Let ©1 = I' x [t], and denote its elements as t;i rather than (g, ), Add these vertices
to B*, with ©! C T'. Finally, for each g € T'!, add edges so that gEth(l]ylE . Et;t.

By inspection, A*, B* € Gr. Let C € G jointly embed A* and B*. We claim C' encodes a solution to
T.

By constraint [I} no points in A* and B* got identified in C, except perhaps coding vertices. By
constraints (8| and (9} for every (i,j) € N there is some k € [T7] such that 7(g7;,t;, ). Define the

function 6: N? — [t] by picking one such k for each (i, j). By constraint[7] ¢ is a solution to 7.
3.7 From a Tiling to the JEP

For this section, we fix a solution #: N2 — [t] to 7.

We begin by establishing some effects of constraints 2}4] which will allow us to assign coordinates to
grid points. We note that, although it would add little additional overhead, it is not necessary to constrain
the number of —-successors, and so constraints [2| and [3|actually allow the path vertices to form a forest.

Definition 3.3 In any graph, let —, be the n-fold composition of —'.

Given p € P' and o € O%, we say p is on a path with origin o if there is some n € N so that o —!, p. In
this case, we say p is at distance n from o.

Let G' be the set of all g € G* such that there exist o € O and x,y € P* with 11} (g, x), 114 (g, y) and
x and y are on paths with origin o. In this case, if x is at distance n from o, and y at distance m, we say g
has coordinates (n, m).

Constraints [2| and [3| ensure that if p is on a path with origin o and a path with origin ¢’, then 0 = ¢'.
They also ensure that the distance of p from o is unique. This, together with constraint[4] ensures that the
coordinates of a grid point are unique.

Definition 3.4 Let 0. : G — [t] be defined by 0.(g) = i if and only if g has coordinates (n,m) and
O(n,m) = .

We are now ready to state our joint embedding procedure. Let A, B € Gy. Let Cy be the disjoint
union A LI B. We construct an extension C' of Cy by adding edges of the form (g, ¢) when the following
conditions are met.

1. (gt) e Ax BUBx A

2.g€GY

3. g has coordinates (n, m) for some n,m € N

4. There is h € G* with coordinates (n, m) such that 7g_(4)(h, t)

Remark 3.5 This procedure may add many more tiling-relations than would be required to satisfy the
constraints. For example, we tile any grid point with coordinates, even if preceding grid points are missing
that block propagation from the origin, and we may tile using tiles from incomplete tilesets.

We now wish to show that C' € G by showing it satisfies each constraint.
As constraint[Ionly involves unary predicates, and these remain unchanged by taking the disjoint union
and adding edges, it remains satisfied in C.
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Lemma 3.6 C satisfies constraints[2H6|

Proof: For all these constraints, the forbidden configuration is connected, and thus they are satisfied in Cj.
However, our procedure then only adds edges from G° to T'!-vertices, which by constraintmare not of any
other type. As none of the forbidden configurations involve both G® and T*-vertices, such edges cannot
cause them to be violated, and so they continue to be satisfied in C. O

For the remaining constraints, the outline of the argument is the same. We consider a forbidden
configuration in C, and show that it must have arisen from adding edges to a particular configuration in C.
We then argue that our procedure would have added edges to the Cy-configuration so as to avoid creating
the forbidden configuration in C.

Lemma 3.7 C satisfies constraint[/]

Proof: Again, our constraint is connected, and so satisfied in Cy. Fix a violation of /| say of the horizontal
rule, with vertices as in the constraint description. As we only add edges from G°-vertices to T -vertices,
we must have added either the edge (g,t5;) or (¢, ts ;). However, if we have only added one such edge,
the configuration without that edge would be connected and would have been present in Cy, and so be
entirely contained in one factor. This is a contradiction, as we only add edges between points in distinct
factors. Thus our procedure must have added both these edges.

Thus t5, ; is a tile of type 6. (g) and ¢ ; is a tile of type 6. (¢'), and by constraintsand@these types
are unique. Suppose g has coordinates (n,m); as ¢’ is a horizontal successor of g, it must have coordinates
(n+1,m). But then ¢, ; is of type 6(n, m) and ¢, ; is of type 6(n 4 1,m), so they cannot violate[7]] O

Lemma 3.8 C satisfies constraint|[8

Proof: Let X = {g,c,d,0},Y ={¢',c,d',o,t|,... ¢}, and suppose X UY witnesses a violation of
constraint with o € 0%, g € G° with x and y-projections equal to o, and ¢ and d the requisite coding
vertices; let ¢/, ¢/, d’, o’ be a corresponding configuration using 1-superscripted predicates, and let t; € T
forl <i<twithg' Et|E...Et;.

As X and Y are each connected and neither contains both a g°-point and a T'*-point, they must each lie
in a single factor, and these factors must be distinct. Thus in Cp, g and g’ both have coordinates (0,0) and
¢’ has a full tileset, so our procedure adds an edge from g to t; (0,0)° and so the constraint is satisfied in C.
O

Lemma 3.9 C satisfies constraint[9}

Proof: Consider a violation of constraint[9] with labels as in the constraint description (including suitable
path and coding vertices). Since the constraint is connected, it must have been satisfied in C, and so the
edge from g to ¢ must have been added by our procedure afterward. As in Lemma[3.8] the violation then
splits into two connected components in Cjy, one in each factor; one component contains g, g’, and their
associated path and coding vertices while the other contains h, 4/, and their associated tilesets and path and
coding vertices.

As our procedure added an edge from g to ¢, g and h must have had coordinates in Cy. Thus g’ and i’
also have coordinates in Cy. As &/ has a full tileset in C, our procedure adds an edge from ¢’ to a tile in
this tileset, which satisfies the constraint. O
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4 Moving to the language of graphs

Given a finitely-constrained hereditary class G in the language with unary predicates, we wish to produce
a finitely-constrained hereditary graph class that has the JEP if and only if G does. For this, we need
some means of interpreting the unary predicates in the pure graph language. Our plan is to associate the 7*"
unary predicate to some graph G, and to represent “v is in the i* predicate” by freely joining a copy of
G, over v. In order for this coding to be unambiguous, the graphs we choose must form an antichain under
embeddings.

We remark that we do not actually require an infinite antichain in the following definition, merely one
with as many graphs as we have unary predicates. For our argument, the minimum size will be 13.

Definition 4.1 We now fix an infinite collection of 2-connected graphs with basepoints (G;, a;);cn, such
that { G; }, .y is an antichain under embeddability, and such that there is no automorphism of any G
moving the basepoint.

Definition 4.2 Given a graph G, a block of G is a maximal 2-connected component. Every graph has a
unique decomposition into blocks.

Definition 4.3 Let Cy, be the class of finite graphs with k unary predicates, which we will refer to as colors
{1,...,k}. Let C} C Cy be the subclass in which the colors partition the vertices, and in which any
(colored) copy of the G; are forbidden.

Definition 4.4 Define A: Ci; — { graphs } as follows: for each vertex of the graph, if it has color i, freely
attach a copy of G; over it at the basepoint, i.e. for each v € G with color i, take the disjoint union
G U (G, a;), and then identify v with a;. These copies of G; will be called attached copies.

The image of A € C}; will be denoted by A. We will also let G = {G |G eghl.

Lemma 4.5 Let G € C}. Any copy of G; in G is an attached copy.

Proof: As G; is 2-connected, any copy must be contained in a single block of G. As the copies of G; are
freely attached, the blocks of G are those of G as well as the attached G; for various j. Thus, any copy of
G; must be contained in one of the attached G;. As { G, } is an antichain, it must be one of the attached
copies of G. O

Definition 4.6 Let V: { graphs } — Cy, be given by taking a graph, and for each copy of G free over its
basepoint, retaining the basepoint and giving it color i, and forgetting the remaining vertices.

Lemma 4.7 For any G € Cy, \/(é) > G. In particular, A is injective.
Proof: This is immediate from Lemma[4.3] O

Lemma 4.8 A graph is in the image of N if and only if it satisfies the following properties.
1. For each i, every copy of G; is free over its basepoint.
2. If v is the basepoint of a copy Hy of G; and Hy of G, then Hy = Ho.

3. Every vertex is, for some 1, part of a copy of G;.



10 Samuel Braunfeld

Remark 4.9 (2) implicitly uses that { G; } is an antichain.

Proof: Suppose we start with G € Cj;. Then Gis produced by making each vertex the basepoint of a copy

of G, for the appropriate 4. Thus (3) is satisfied. Conditions (1) and (2) are satisfied by Lemma.5]
Now suppose we are given a graph G of this form. By conditions (1) and (2), the vertex set of V(G)

consists of the basepoints of copies of G fﬁh given color ¢, and with edges between them induced by G.

Then, using condition (3), we have G = V(G). O

Lemma 4.10 A preserves embeddings, i.e. there exists an embedding A — B if and only if there exists an
embedding A — B

Proof: The forward direction is clear.

For the other direction, suppose A < B. Then for each copy of G; C A, the basepoint must be mapped
to such a basepoint in B. By Lemma each of these basepoints in B has a free copy of G; over it, and
so can be identified with a vertex in V(B). Furthermore, it will receive the same color as the corresponding

point in VV(A). Finally, V preserves the induced graph on the points it retains, so V(A) < V(B), and so by
Lemma[4.7]] we are finished. O

As A preserves embeddings, the class G in the language with unary predicates will have the JEP if and
only if its image under A does. However, this image is not a hereditary graph class, and it is not clear that
its downward closure will be finitely-constrained. So our goal now is to find some finitely-constrained
hereditary graph class such that every member can be completed to an element in the image of G7 under A,
which must satisfy the conditions of Lemma 48]

The following constraints are meant to enforce conditions (1) and (2) of Lemma[4.§]

Definition 4.11 Let H; be the set of graphs consisting of, for each i, a copy of G; and an additional vertex
adjacent to a point that is not the basepoint of G;.

Let Hy be the set of graphs consisting of a copy of G; and G; freely joined over their basepoints, for
each i, j, allowing i = j.

Definition 4.12 Given a set G of graphs, we define =G to be the corresponding hereditary graph class
Sforbidding the graphs in G.

Keeping in mind condition (3) of Lemma[4.8] the plan for our completion algorithm is to freely attach a
copy of G; for some ¢ over every vertex that is not already in some copy of one of the { G; }. However,
randomly assigning colors may produce a forbidden structure. Thus, we make sure we have a “dummy”
color available, which is not in any non-trivial constraint, and only use its associated G; for our completion.

Lemma 4.13 Let G C Cy, such that =G C C;.. Further suppose that the only graphs in G containing a
k-colored vertex are multicolored single vertices and colored copies of the { G; }.

Then every graph in —|(§ U H1 U Ha) embeds into one in —G.

Proof: Let G € ﬁ(éu Hi1 U Hs). Since G € —Hy, it satisfies (1) from Lemma Since G contains all
multicolored single vertices, then since G € =(G U Hs), it also satisfies (2) from Lemma
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For every vertex v for which there is no ¢ such that v is in copy of G; free over its basepoint, we freely
attach to v a copy of G, identifying v with the basepoint. Call the resulting graph G, and note it satisfies
(3) from Lemma4.8]

Using the 2-connectedness of the { G; } as in Lemma G still satisfies (1) and (2) from Lemma

We claim it is also still in ~G, as we have only added copies of G. Suppose H € G embeds into G+.
Then H € G embeds into V(G ™).

As G satisfies (2) from Lemma H cannot be a multicolored vertex. As G € =H,, H cannot be a
colored copy of any of the { G; }. Thus H does not contain any k-colored vertices.

Consider the subgraph A C G induced by all vertices which are not the basepoint of a freely-attached
copy of G. Then H must embed into V/(A). But then H embeds into A and thus into G. O

Lemma 4.14 Let G C Cy, such that =G C Cj,. Further suppose that the only graphs in G containing a

k-colored vertex are multicolored single vertices and colored copies of the { G; }. Then —\(QA UH1UHs)
has the JEP if and only if =G has the JEP.

Proof: Suppose —G has the JEP. Let A, B € ﬂ(QAU H1 U Hs). Extend them to AT, BT € =G. Then,
there is some C' € =G embedding V(A+),V(BT). Thus C embeds A+, B+, and so A, B as well.

Now suppose —|(g UH1 U H,) has the JEP. Let A, B € —G. Then there is some C' € —(G U H; UHy)
embedding A, B. Extend C to C* € =G. Then V(C™") embeds A, B. O

In order to finally prove our main theorem, we must choose a suitable set { (G, a;) }. The graphs must
be 2-connected, form an antichain under embedding, and have no automorphism moving the basepoint.
Finally, in order to have G C Cj, no colored version of them may embed into our canonical models
A*, B*, and they must not be produced by our joint embedding process for the graphs with unary predicates.
We ensure these last two points by having every edge be contained in a triangle.

Notation 4.15 Let W, be the wheel graph on n + 1 vertices, i.e. an n-cycle with an additional vertex
adjacent to all others.
We let G; = Wa; 5. The basepoint of G; will be the unique point of degree greater than 3.

The following fact for all wheel graphs is easy. Our restriction to W,, for n > 7 and odd is only for
continuity with the next section.

Fact 4.16 The wheel graphs { W,, } are 2-connected, have every edge contained in a triangle, and form
an antichain under embedding. Furthermore, there is no automorphism moving our choice of basepoint.

Theorem 4.17 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JEP.

Proof: By Proposition [3.2] it is undecidable whether G has the JEP, as 7 varies. We may modify
G to G5 by introducing an extra color and forbidding all uncolored vertices. We also add constraints
forbidding { G; }, as well as constraints forbidding an edge between any two grid vertices. Because our
joint embedding procedure only adds edges from grid vertices to tile vertices, it will not add edges between
grid vertices, and so respects this constraint.

Note that our canonical models contain no triangles (as the coding vertices break up edges), and thus no
copies of the { G; }, and they also satisfy the new constraints forbidding edges between grid vertices. Our
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joint embedding procedure only adds edges from grid vertices to tile vertices, and edges are only added
to one tile vertex in a given set of tiles. By constraints [5}j6] there are no edges between tile vertices in
distinct tile sets, so our joint embedding procedure will produce no triangles. For any i, every edge of G; is
contained in a triangle, so no copies of G; will be produced.

We may thus apply Lemma . 14| to G- to produce a family of finitely-constrained hereditary graph
classes for which the JEP is undecidable as 7 varies. O

5 The joint homomorphism property

A class of structures has the joint homomorphism property (JHP) if, given any two structures in the class,
there is a third that admits homomorphisms from both. This notion naturally arises in infinite-domain
constraint satisfaction problems. For example, the constraint satisfaction problem for a theory can be
realized as the constraint satisfaction problem for a particular model if and only if the models of the theory
have the JHP Bodirsky|(2012). The following question was posed by Bodirsky in January 2018 (personal
communication).

Question 1 Is there an algorithm that, given a finite set of forbidden induced subgraphs, decides whether
the corresponding hereditary graph class has the JHP?

In this section, our main result is a negative answer to this question, obtained by modifying our
construction for the JEP.

Theorem 5.1 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JHP.

Theorem [5.1] will be proven by modifying our proof of Theorem The reader should be familiar
with the brief sketch of the proof of Theorem appearing in the introduction and the discussion at the
beginning of Sectiondabout removing the unary predicates; relevant results and definitions will be recalled
or referenced as needed.

Unlike the JEP, the JHP is sensitive to changing between quantifier-free interdefinable languages. For
example, we get the following as a corollary to Theorem [£.17] but will later have to work much more
without the non-edge relation present.

Proposition 5.2 Work in a language with relations for edges and non-edges. Then there is no algorithm
that, given a finite set of forbidden induced subgraphs, decides whether the corresponding hereditary graph
class has the JHP.

Proof: Our goal is to alter the forbidden structures so that any homomorphism is actually an embedding.

Suppose we are given a finite set C"*? of forbidden induced subgraphs in the language with just the edge
relation. Let C be the set of graphs, in the enriched language, with the non-edge relation added between any
non-adjacent points. Let C* be the union of C with the graphs on two points in which either both relations
or neither relation is present, ensuring the relations act as edges and non-edges. Then we claim —-C"*? has
the JEP if and only if =C* has the JHP.

First, note that a homomorphism between two structures in ~C T must be an embedding. Second, we
may define embedding-preserving maps between —C"*? and ~C* as follows. Given a graph A € —C"?,
let AT € =C™ be the structure obtained by adding the non-edge relation between non-adjacent vertices.
Given A € -C™, let A7°® € ~C"*? be the graph obtained by forgetting the non-edge relation. O
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Definition 5.3 We will say a homomorphism is proper if it is not an isomorphism.
Recall that W, is a wheel graph, as in Notation .15}
Fact 5.4 Every proper homomorphic image of W contains a copy of K.

As in Proposition [5.2] the plan for proving Theorem [5.1] will be to modify our graphs so that any C'
witnessing the JHP also witnesses the JEP, at least in our canonical models. In Proposition[5.2} we did this
by adding the non-edge relation between any two non-adjacent vertices to make our structures clique-like.
Here we do the following.

1. Forbid Kj4.

2. In our canonical models, over any two non-adjacent basepoints of copies (G;,, a;, ) and (G,,, a;,)
(the graphs we are using to code unary predicates, see Definition 4.1} freely join a copy of W, while
keeping the vertices non-adjacent (i.e., first take the disjoint union with a copy of W, then identify
two non-adjacent points of the new copy of W5 with a;, and a;,).

The procedure above ensures that homomorphisms cannot identify the basepoints of the (G;, a;) in our
new canonical models, nor add edges between them, as this would create a copy of K. Thus the copies
of Wy act similarly to the non-edge relation in Proposition [5.2] The constraint set 7; from Definition
[@.TT]ensures that we cannot add an edge, nor make any identification, between a non-basepoint and any
point outside the copy of G; it lies in. Thus the only possible issue is if the homomorphisms of our new
canonical models fail to be embeddings within a single copy of some antichain element G;.

This last possibility will be removed by forbidding all proper homomorphic images of each GG; that we
use from our antichain. However, these forbidden homomorphic images of GG; might embed into G;, or
some other G;, but our choice of { G; } will prevent this.

Lemma 5.5 The wheel graphs, { W; } form an antichain under homomorphism. Also, for i odd, W; is a
core, i.e. any endomorphism is an automorphism.

Proof: The fact the odd wheels are cores is standard, e.g. see Example 2.23 of Hahn and Tardifl
Suppose ¢ is a homomorphism from W; to W;. By Fact we already know ¢ cannot be an

embedding, so it must either identify points or add edges. In either case, ¢(W;) will have at least two

vertices of degree greater than 3. But W; has only one vertex of degree greater than 3. a

Lemma 5.6 Any homomorphic image of W; is 2-connected.

Proof: Now let ¢: W; — H be a homomorphism. Suppose H becomes disconnected upon removing a
vertex v. Then W; becomes disconnected upon removing the preimage of v. Let ¢ € W; be the vertex
connected to all others. If ¢ & ¢~1(v), then W; is still connected after removing ¢~ 1(v). If ¢ € ¢~ 1(v),
then no other point is in ¢ ~!(v), so again W; remains connected after its removal. O

Notation 5.7 As in the previous section, we let G; = Wa, 5. The basepoint a; of G; will be the unique
point of degree greater than 3.

Definition 5.8 Given a graph G, we construct an augmented copy of G, denoted G, as follows. First,
we start with a copy of G. Then over every non-adjacent pair of vertices, we freely join a copy of W5,
identifying that pair of vertices with a pair of non-adjacent vertices in Wi.
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We will use AT, BT to denote the augmented copies of our canonical models A*, B*, where the new
vertices we have added are marked with a new unary predicate C5. Note that A*, Bt contain A*, B* as
induced subgraphs.

Lemma 5.9 A", BT contain no homomorphic images, including embeddings, of any of the { G; }, nor
any copies of K.

Proof: As neither A* nor B* contain triangles, the only triangles in A*, BT are in the copies of W5 we
have added. Thus there are no copies of K4. Now suppose there is some ¢: G; — H, with H embedding
in AT or B*. An edge (u,v) of H will be old if G; contains an edge between some element of ¢~ (u)
and some element of ¢~ !(v), and otherwise the edge will be new.

Let H' be the graph H with all new edges removed. Then every edge of H' is contained in a triangle,
and so must be contained in some copy of W5, and so the same is true for the vertices of H. Since H
cannot be contained in a single copy of Wi, as the { W; } form an antichain under homomorphism, it must
be contained in the union of multiple copies of W5, say W', ..., W™, Since H contains a vertex adjacent
to all others, all the W must intersect at a single point, and so are otherwise pairwise disjoint. But H' is
2-connected, and no subgraph of W' U --- U W™ such that every edge connects two points in the same
W will be, unless contained within a single W*. O

We now shift from the language with unary predicates to the pure graph language. Given the choice of
(G, a;) to encode unary predicates, for any choice of tiling problem 7 we get a hereditary graph class H,
which has the JEP if and only if 7 has a solution. We wish to add extra constraints to this graph class. In
particular we wish to forbid K4 and proper homomorphic images of the { G; }, for i < 14. (We choose
1 = 14 because our original construction in a language with unary predicates used 12 unary predicates. We
have added another predicate C5 in this section, and require a “dummy” predicate for the translation to the
pure graph language.) We will call the resulting hereditary graph class 7—[;‘-

Notation 5.10 Recall the function N from Definition As before, we will use G to denote AQ).

Lemma 5.11 Let Z:‘, B be the canonical models in the pure graph language, obtained by applying the

function A to AT, BT. Then A+, B+ do not contain copies of K4 or any proper homomorphic images of
the { G; }, and so are in ;.

Proof As K4 and any homomorphic images of the { G; } are 2-connected, if one of them is contained in

A+ or B then it must be contained in a single block. We know they are not contained in any of the copies
of { G; } attached by A as the { G; } are cores and form an antichain under homomorphisms, so they must
have been presentin A, B¥. But by Lemma we know this is not the case. |

As we already know H has the JEP when 7 has a solution, to check that HZF has the JEP, it suffices to
check that our joint embedding procedure for H 7 does not create any new copies of K4 or homomorphic
images of { G; }.

Recall the two steps of our joint embedding procedure in the pure graph language. First, for every vertex
v such that there is no ¢ such that v is in a copy of G; free over its basepoint, we attach a copy of Gy, freely
over v, which gets identified with the basepoint, where G, represents a unary predicate specially reserved
for this completion process (in our case, £ = 14). We may then interpret the resulting graph in the language
with unary predicates, and in the next step we add edges as we would have done there.
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Lemma 5.12 Let T be a tiling problem with a solution, and suppose A, B € ’H7+-. Then applying our joint
embedding procedure to A, B creates no homomorphic images of any of the { G; }, <14 €xcept for copies

of G'14, nor any copies of K4, and so produces a graph in ’H;‘-.

Proof: In the first step of our joint embedding procedure, we add copies of G14 freely over various vertices.
As K4 and homomorphic images of the { G; } are 2-connected, any new copies of these graphs must appear
in the attached copies of G14. First, K4 does not embed into G14. Then, as G14 is a core and the { G; }
form an antichain under homomorphisms, the only homomorphic image of any of the { G; } embedding in
G4 is G4 itself.

Let A’ and B’ be the graphs obtained from A and B as a result of this first step. As the graphs { G; }
and K, are connected, no copies of K4 or the { G; } are created by passing to the disjoint union A’ L B’.
We now continue on to the second step of our joint embedding procedure, in which edges between the
factors are added to A’ LI B’. The key point in this step is that no edge we add is contained in a triangle.
This immediately rules out creating any copies of Kjy.

Now suppose our joint embedding procedure creates some graph H, a homomorphic image of one of the
{G;}. Let ¢: G; — H be a homomorphism. We divide the edges of H into two classes. An edge (u,v)
of H will be old if G; contains an edge between some element of ¢~ ! (u) and some element of ¢~ (v),
and otherwise the edge will be new.

First, note that as all the edges of G; are contained in a triangle, the same is true for all the old edges of
H. Thus our joint embedding procedure cannot add any old edges.

Let H' be the graph H with all the new edges removed. Then H’ must be contained in the disjoint union
A’ U B’. As H' is connected, it must be contained in one of the factors. As our joint embedding procedure
does not add edges within a factor, we have H' = H, and so H was already present in one of the factors. O

Theorem 5.13 There is no algorithm that, given a finite set of forbidden induced subgraphs, decides
whether the corresponding hereditary graph class has the JHP.
In particular, given a tiling problem T, ”H;C has the JHP if and only if T has a solution.

Proof: First, suppose 7 has a solution. Then by Lemma 'H# has the JEP, and thus the JHP.

Now suppose H;C has the JHP. Then there is some C € 7—[? that ij, EI both have homomorphisms
i/nt\o. We now wish to argue any homomorphism of AT into C must be an embedding, and similarly for
BT.

Consider taking a homomorphism of A+ whose image must be in ”H;C. We cannot identify or add edges
between any two basepoints of any of the { G, }, as they are either already adjacent or have a copy of W
freely joined over them, so the identification or new edge would create a copy of 4. We cannot identify
any non-basepoint of a copy of one of the { G; } with any point outside of that copy of G; as that would
create an edge incident to the non-basepoint, forbidden by #; (Definition[4.TT), unless we identified the
entire copy of G; with another copy of GG;; however the latter is forbidden as the basepoints cannot be
identified. We also cannot add an edge to a non-basepoint from outside the copy of G; it is in. Finally, we
cannot add edges or identify points within a given copy of one of the { G; }, since all proper homomorphic
images of the { G, } are forbidden.

Thus ;11 , BT actually embed in C, and as in Sectionthis must encode a solution to 7T . O
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6 Questions

Closely related to Theorem is the JEP for monotone graph classes, i.e. those specified by forbidden
(non-induced) subgraphs.

Question 2 (Cherlin et al. (1999), after Example 6) Is there an algorithm that, given finite set of for-
bidden subgraphs, decides whether the corresponding monotone graph class has the joint embedding

property?

When forbidding non-induced subgraphs, the constraints cannot force a joint embedding procedure to
add edges between factors. Thus, when attempting to adapt the proof of Theorem[4.17} the only option for
tiling a grid point is through identifying points in different factors. This is a violent act that forces various
uniqueness restrictions on the construction.

In addition to the interest due to the required change in approach, Question [2]arises in the program for
deciding whether a monotone graph class admits a countable universal graph, as laid out in Cherlin et al.
(1999). Since the JEP is necessary for the existence of such a countable universal graph, it would seem
to be a preliminary consideration. In|Cherlin et al.| (1999), the additional complication of considering
Question [2]is intentionally avoided by assuming the forbidden subgraphs to be connected, so disjoint union
serves as a joint embedding procedure. But if the answer to Question [2]is positive, it would be natural to
take a broader view of the decision problem for universality by allowing arbitrary forbidden subgraphs.

As mentioned earlier, the following problem of RuSkuc was the motivation for this paper.

Question 3 Is there an algorithm that, given finite set of forbidden permutations, decides whether the
corresponding permutation class has the joint embedding property?

The main difficulty in working with permutation classes seems to be the transitivity of the orders. When
performing joint embedding, once we decide how to relate a single point in each factor to each other, many
other such relations are forced by transitivity. This is in contrast to the induced subgraph case, where
adding an edge between factors only forces us to add another edge if there is a conflict with one of the
forbidden subgraphs, which we have complete control over choosing.

A partial step towards Question [3] would be to consider the JEP for permutation graphs. Given a
permutation, this is the corresponding graph with the same vertex set and with edges defined by x Ey if
and only if the two orders disagree between x and y.

Question 4 Is there an algorithm that, given finite set of forbidden permutations, decides whether the
corresponding hereditary permutation graph class has the joint embedding property?

In|Gallaif (1967), Gallai characterized permutation graphs in terms of an infinite family of forbidden
induced subgraphs. (The characterization is more easily available in|de Ridder et al.l) Thus, one could
approach Question ] by attempting to modify the proof of Theorem to avoid the graphs on Gallai’s
list.
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Under what circumstances might every extension of a combinatorial structure contain more copies of another one than
the original did? This property, which we call prolificity, holds universally in some cases (e.g., finite linear orders)
and only trivially in others (e.g., permutations). Integer compositions, or equivalently layered permutations, provide
a middle ground. In that setting, there are prolific compositions for a given pattern if and only if that pattern begins
and ends with 1. For each pattern, there is an easily constructed automaton that recognises prolific compositions for
that pattern. Some instances where there is a unique minimal prolific composition for a pattern are classified.
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1 Introduction

In combinatorics we are often interested in the ways that one structure, a pattern, can occur inside another,
the text. There are many different ways to study the nature of occurrences. At the heart of the study of
permutation patterns is the notion of pattern avoidance, studying permutations which contain no occur-
rences of given pattern. Early papers in this area include Simion and Schmidt ] and Stankova [@]. A
survey of the current state of research on classical permutation patterns can be found in Vatter []. Whilst
considering permutation patterns Béna [ and Fulmek [|4] are amongst those who have considered texts
containing a prescribed number of occurrences. Bdna [J] also examined the case where some patterns
definitely occur, but other patterns are absent. Asymptotic statistics on occurrences of certain patterns as
well as the distribution of occurrences of patterns amongst texts of different lengths have been studied by
Janson [E] and Janson, Nakamura, and Zeilberger [E]. It is also possible to study the texts that permit the
highest number of occurrences, or the packing density as presented by Albert, Atkinson, Handley, Holton,
and Stromquist [El] and others. Kuszmaul ] has attempted to find efficient algorithmic methods to count
the number of occurrences of a pattern in each member of a set of texts. Some of these problems have
also been studied in the context of words, with Burstein and Mansour ] examining prescribed counts of
patterns and Burstein, Histo, and Mansour [] studying packing density of words under subword order.

Another approach we can take, and the one considered in this paper is to examine how the number of
occurrences of the pattern can change as we change the containing structure. If we add a new element
to the text then the number of occurrences of the pattern must either stay the same, or increase. We
will investigate the combinations of patterns and texts having the property that regardless of how a new
element is added to the text the number of occurrences of the pattern increases.
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For example, consider the case of finite linear orders. Since, up to isomorphism, there is only one such
structure of any given size, any k elements of a linear order on n elements, represents an occurrence of
the k element order so the number of occurrences is (Z) and no matter how we add a new element the
number of k element suborders increases, provided that n > k£ > 0, since

)= ()

This gives rise to the following definition

Definition 1.1. A text 7, is prolific for a pattern 7, or 7-prolific, if every proper extension of 7 contains
more occurrences of 7 than 7.

Observation. If T is prolific for 7 and 7 is contained in v then v is prolific for 7 since any extension of
v contains extensions of 7 and therefore also new occurrences of 7. Thus, the set of texts defined by the
property of being prolific for 7 is upwards closed set with respect to containment order.

In contrast to finite linear orders, among the set of all permutations only the singleton permutation has
any prolific texts. This is because any non-singleton permutation, 7, cannot end with both its maximum
and its minimum element. If 7 does not end with its maximum then extending any other permutation by
a new maximum element at its end creates no new copies of 7. In the other case, extension by a new
minimum element has the same effect.

Linear orders (which could be thought of simply as monotone permutations) and the set of all permu-
tations lie at opposite ends of the scale in terms of what patterns have prolific texts and what those texts
are. Neither one allows for an interesting study of prolificity in general. To see whether this concept is
of interest at all we need to demonstrate the existence of a middle ground between these two extremes. It
turns out that integer compositions (or in terms of permutations, layered permutations) occupy part of that
middle ground.

2 Basic Definitions

Let n be a positive integer. A sequence of positive integers whose sum is n is called a composition of n.
We can display any composition graphically as a skyline diagram as shown in Figure EI Denote by €,, all
the compositions of n and let € denote the set of all compositions.

Fig. 1: The skyline diagram of a composition

A composition of n can also be thought of as a partition of the set [n] = {1,...,n} whose parts form
intervals. For example, the composition with part sizes 2, 1 and 2 corresponds to partition of [5] into the
sets {1, 2}, {3}, and {4, 5}. The correspondence between the partition view and the skyline diagrams can
be seen in Figure . As the skyline diagram is more compact we will use this view throughout.
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(a) as a partition into intervals

(b) as a skyline diagram

Fig. 2: Different representations of a composition

Of course there is also a correspondence between compositions of n and layered permutations on n
elements. When a composition is written as a partition into intervals, by writing the elements of each in-
terval from largest to smallest, and writing the intervals in order we immediately obtain the corresponding
layered permutation, as shown in Example .

Example 2.1. The composition ({1, 2}, {3},{4,5}, {6, 7, 8,9}) maps to the layered permutation 213549876.

2 5
113]4

Although we do not make use of this correspondence in the following work it is part of the underlying
motivation: to determine what patterns have prolific texts, and what those texts are in various permutation
classes.

An element of a composition is a member of the underlying set and in the skyline diagram, each
individual square also represents an element of the underlying set. The size of a composition, v, is the
size of its underlying set and is denoted |v|; furthermore, a part of size x is a part in the composition where
the corresponding interval contains z integers.

Compositions can also be represented as words over Nt where each letter is the size of the corre-
sponding part in the composition. This is the most convenient representation in text so we will write
compositions in concatenative notation by just listing the sizes of their parts, the composition in Figureﬁl
is therefore written as 1324211. When we consider compositions as words denote partial words by greek
letters and individual parts by numerals or roman letters.

A new elements can be inserted into a composition by

1. increasing the size of some part by one, or
2. creating a new part of size one adjacent to some existing part

There are therefore, up to isomorphism, k& + (k 4+ 1) ways of inserting a new element into a composition
with k parts. Any composition obtained by inserting one or more elements into the composition p are
called the extensions of p.

Consider how to find an embedding, of one composition of n inside another composition of m. In the
context of partitions, we can say that an embedding is an strictly order-preserving injection from [n] to
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[m] such that two elements belong to the same part of the composition of n if and only if their images
belong to the same part of the composition of n. Figureﬁ shows an embedding of the composition 122321
in the composition 13224211.

Fig. 3: An occurrence of 122321 in 13224211.

When we consider compositions as a sequence whose sum is n then a composition, u, with ¢ parts has
an embedding into a composition, v, with k parts if we can find a subset of ¢ parts of the composition v
such that each part of this subset is at least as large as the corresponding part in w. This is formalised in
the following definition.

Definition 2.2. Given two compositions u = ujusg . ..ug and v = vivs ... v, (Where k < n) let < be the
binary relation on the set of compositions such that u < v if there exists a set of k indices I = {i1,..., i}
such that up < v;, forall £ € {1,...,k}.

An occurrence of a composition u with &k parts in a composition v under the relation < is a way of
selecting k parts of v and then from each of those parts 7 choosing u; elements from those parts.

When looking for an occurrence of a composition v = wujus ... u inside a composition v we can
match the first part of u; into the leftmost part of v;; of v with size greater than u;, we can then match ug
into the left most sufficiently large part of v after v;, and so on until we have seen an occurrence of u (or
run out of parts in v). This greedy approach allows us to check whether v contains u in time proportional
to the length of v in the worst case. The existence of a leftmost occurrence of w in v, or of a rightmost
occurrence, or similar considerations based around the greedy algorithm is a critical part of many of the
proofs below.

The support of an occurrence of v in v is the set of indices that correspond to the chosen parts, for
example, the support of the occurrence indicated in Figure E is {1,2,4,5,6,8}.

Definition 2.3. Given a composition u with k parts, and a set of indices X C {1,..., k}, the subcompo-
sition of u at X, denoted ux is the composition formed by taking the parts of w at the indices selected by
X.

Given a composition u with k parts and a composition v with £ parts where k£ < ¢, the set of supports
of u in v, denoted supp(u, v), is the those X € ([g) such that u < vx.

Example 2.4. The supports of occurrences of u = 122321 in v = 13224211 can be found by noting that
the part of size 3 in v must occur in the part of size 4 in v. We can therefore take any 3 of the first 4 parts,
the part of size 4 and the part of size 2 that follows it as well as either of the last two parts. The set of
supports of u in v therefore has 8 elements.

Denote by Occ(u, v) the number of occurrences of u inside the compositions v. For this relation, each
part of size k in v that matches a part of size ¢ in u contributes a factor of (i) to the number of occurrences.
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That is

Ocee(uv)= 3 ] (”X) 1)

ey ek
xe(fyielk

Note that if the set of indices chosen is not in the set of supports then the that particular term of the sum
will be equal to 0.

If the union of the set of supports of occurrences of a composition « in a composition v is equal to the
set of all the indices of v then we say that v is covered by u.

The reverse of a composition u, rev(u), is the composition of |u| that has the same parts as u but the
order of the parts are reversed.

Remark. The number of occurrences of u in v is the same as the number of occurrences of rev(u) in
rev(v). In fact rev : € — € is an automorphism of the collection of compositions as an ordered set. This
symmetry will sometimes be implicitly used in our proofs.

Given a composition u with k parts and an index 4 in [k] the prefix of u up to i is the subcomposition of
watI = {1,...,7— 1}. Similarly, the suffix of u after i is the subcompositionof uwat I = {i + 1,...,k}.
Note that neither of the prefix of u up to i or the suffix of u after i contain the i part of the composition.

3 Prolific Compositions

Recalling the definition of being prolific in the context of compositions: a composition v of size n is
prolific for a composition u, or u-prolific, if for all proper extensions, v’ of v, the number of occurrences
of w in v’ is strictly greater than the number of occurrences of « in v. To determine whether v is u-prolific
it suffices to consider extensions, v’, of v with |v'| = |v| + 1. Denote the set of all u-prolific compositions
as Pro(u).

Remark. A composition v is in Pro(w) if and only if rev(v) is in Pro(rev(u)).

Theorem 3.1. If u = ujus . .. uk, then Pro(u) is non-empty if and only if uy = ug, = 1

Proof: If u; # 1 and v is any composition then 1v contains no additional occurrences of u compared to v.
Similarly if uj # 1 then v1 contains no more occurrences of u than v does. So, in both cases Pro(u) = ().

Conversely, if u = 1al then v = laal is prolific. If a new element is inserted into v before the end
of the first « then it creates a new occurrence of u using the new element, the second « and the final part.
While if a new element is inserted into v after the end of the first « then it creates a new occurrence of u
using the first one, the first o, and the new element. O

Lemma 3.2. Ifa composition v is u-prolific, then it must contain at least one occurrence of u.

Proof: Suppose there were a composition v that was u-prolific but did not contain an occurrence of u.
Since the last part of u must be of size 1 then increasing the size of the last part of v would not create any
occurrences of u, so therefore v could not have been u-prolific. Any u-prolific composition must therefore
contain at least one occurrence of u. (]

Remark. Since a u-prolific composition must have at least one occurrence of u then it must have at least
the same number of parts as u.
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In fact the following lemma extends strengthens the statement made in Lemma @ considerably.
Theorem 3.3. If a composition v is u-prolific, then it must be covered by u.
Proof: Suppose there existed a composition v than belonged to Pro(u) but was not covered by copies of

u. Choose a part X of v, with size z, that does not occur in the support of any occurrence of u. Write v
as axf.

~Oolll ] H

Consider the extension of v formed by inserting a new part of size one immediately after X. Since
v is u-prolific this must create a new occurrence of u. If the new part were to play the role of the first
part of u in the new occurrence then there would have existed a number of occurrences of u that used
the same parts as the new occurrence, but used an element of the part X instead of the new part, and X
would be covered. Therefore, the new part must play the role of the last part, or some internal part, of w.
Furthermore in the new occurrence of w must use the part X as otherwise any element of X could play
the role that the inserted element plays and X would be covered.

Now, suppose that the maximum prefix of u in X were the same as that in «. Then whatever parts
of u that were used in the occurrence could have been found entirely in «, contradicting the observation
that X must be used. So the maximum prefix of v in aX is strictly longer than that in «. Hence when
greedily finding an occurrence of u in v the part X will be used and this contradicts with the assumption
that X was not covered.

(]

Corollary. In order to discover whether a composition v is u-prolific we need only check that:
e v is covered by u, and

e for all factorisations of v = axyB with x,y > 1 there is an occurrence of u in ax1yp that uses the
inserted 1.

Proof: If v is covered then increasing any part increases at least one term of the sum in Equation (|I|) and
therefore increases the number of occurrences. Inserting any new singleton parts adjacent to an existing
part of size 1 in v need not be considered since the new part can be substituted for the existing part in
any occurrence that used the existing part. Therefore it suffices to consider inserting new parts of size 1
between parts of size strictly greater than 1. O

Now consider the problem of how to efficiently determine that v is prolific for v (assuming that u starts
and ends with 1). The following description will provide the basis for an automaton that recognises this
property. That is, the automaton will accept exactly those words over N that are u-prolific. Each letter of
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such a word corresponds to processing a part in a composition so the non-accepting states can be thought
of as encoding the conditions that must be satisfied by the remaining suffix of the word being processed
in order that it should be u-prolific. What are these suffix conditions?

First consider the condition that inserting a 1 after any prefix of v should create a new occurrence of
u. The prefix vyvs . .. v; contains some maximal prefix o of u. Then there is a maximal $ such that 1
contains the prefix 81 of u. This might be a1 itself, but if « is not followed immediately by a 1 in u then
B will be the maximal prefix of « that is followed by a 1 in u. Such a S will always exist (though it may
be empty) since u begins with a 1. Now write u = [31+. The requirement that the new 1 after v; creates a
new occurrence of w is precisely the requirement that the remainder of v should contain an occurrence of
~. This is the local suffix requirement at v;.

At the point where v; is being considered there was already some existing suffix requirement. If v; is
greater than or equal to the first character of that suffix then this requirement is reduced in length by one,
otherwise it stays the same. The final suffix requirement after considering v; is then the longer of the
previous (possibly modified) one, and the local suffix requirement at v;.

The initial suffix requirement (before we process any characters at all) is all of w. This ensures that, as
soon as the suffix requirement becomes empty we will have constructed a word containing an occurrence
of u. So, when the suffix requirement is non-empty we have either not found an occurrence of u or there
remain positions where inserting a 1 would not create a copy of u. To that point, the word we have
processed is certainly not u-prolific. But, as soon as the suffix requirement is empty these two conditions
are both satisfied and we will show below that all such v are u-prolific.

Example 3.4. Given the composition v = 1213221 and v = 15512443221 we can associate the u-prefix,
u-suffix requirement pairs show in Table III

Tab. 1: Maximal prefixes and suffix requirement pairs for u = 1213221 and v = 15512443221

i | v; | u-prefix | u-suffix
1|1 1 213221
2|5 12 13221
315 121 3221
411 121 3221
5|2 121 3221
6 | 4 1213 3221
74 12132 3221
8 | 3 | 121322 221
9 | 2| 1213221 21
10 | 2 | 1213221 1
11 ] 1 | 1213221 €

The preceding discussion proves:

Theorem 3.5. Given a composition v and a composition u, v is u-prolific if and only if the suffix require-
ments for the last part of v are empty.

Proof: We have already argued that if the suffix requirement is non-empty then v is not u-prolific.
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Suppose that v finishes with an empty suffix requirement. Such a v contains occurrences of v and the
insertion of a 1 at any point creates new occurrences of u. It remains only to show that v is covered by .

Let X be any part of v and write v = o X 5. We consider two cases: the maximal prefix of u in X
is the same as that in o, or it is longer. Because the suffix condition is eventually empty we know that
there is a new occurrence of v in X 15 which necessarily uses the 1 and corresponds to a factorisation
u = 17 where vy occurs in X .

In the first case, 7y also occurs in v and so we could use any element of X in place of the 1, i.e., that
part is covered.

But in the second case we already know that X is covered. For the fact that the maximal prefix of v in
aX is longer than that in « implies that X will be part of the leftmost occurrence of « in v (and we know
such an occurrence exists).

Thus every part of v is covered and we can conclude that v is u-prolific.
O

As already foreshadowed, Theorem E allows the construction an automaton that recognises u-prolific
compositions. In this automaton the states are given by pairs (p, s), where p represents the length of the
prefix seen and s is the length of suffix requirement needed when inserting a new element after the current
partial composition. There exists a transition on an interval I = [a, b] between states (p, s) and (p’, s)
if appending any value in the interval I to a word seen at (p, s) causes the prefix of u seen to become p’
symbols long and causes the length of the suffix requirement to become s’. If a state is unreachable we
omit it from the final automaton. Note that p’ = porp + 1 and s’ = s or s — 1.

Example 3.6. The automaton for recognising 1441-prolific compositions.

[4,00] @ [4,00]

[1,3] [1,3]

(1,3]

Observing that transitions in the automaton are caused by intervals whose endpoints are associated to
values in the composition leads us to the following definition.

Definition 3.7. For any composition u, an interval [a, b — 1] is critical if one of the following holds:
e ¢ = 1 and b is the minimum value of a non-1 symbol in u,
e ¢ and b are values of symbols in u and b is the least such value greater than a, or
e ¢ is the maximum value in u, and b = oo.
Example 3.8. The critical intervals of u = 373499 are
{[1,2],3,3], (4,6, [7, 8], [9, 0] }

In the automaton describing u-prolific permutations each transition is labeled by unions of critical
intervals. This suggests that there is a notion of standardisation relative to wu.
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Definition 3.9. Given a composition, u, we can define the the u-standardisation of w as the function that
takes each part of w and maps it to the ordinal value of the critical interval « that contains the size of that
part.

Example 3.10. Suppose that u = 373499 then the u standardisation of w = 8(12)4663281 is
sty (w) = 453332141

Note that the u-standardisation of u is supported by the set [m], or [m + 1] \ {1}, where m is the
number of distinct values of u, and the latter occurs if the symbol 1 does not occur in u. It is the unique
composition of this support such that the order relations between corresponding elements are the same as
in u. This order preservation property is similar to that of the notion of standardisation in permutations.

Theorem 3.11. For any composition u

w € Pro(u) <= sty (w) € Pro(st,(u))

Proof: If two different values belong to the same critical interval for u then they can be exchanged for
one another in any word v without changing the supports of any occurrences of u. In particular, they must
induce the same transition from any state of the automaton that recognises Pro(u). But even more, all that
matters is which critical interval they belong to in order from smallest to largest — so we can collapse each
critical interval (except the unbounded one) to a single value which is the corresponding value in st,, (u).
That is, except for this relabelling, the two automata for Pro(u) and Pro(st, (u)) are identical from which
the result follows.

O

Example 3.12. Equivalence between the automaton for recognising 1441-prolific compositions, and that
recognising 1221-prolific compositions (1221 is the 1441-standardisation of 1441).
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4 Minimal Prolific Compositions

The set of u-prolific compositions is closed upwards so it makes sense to try to determine its minimal
elements. By a theorem of Higman [ﬂ], the partial order of compositions is a quasi-well order. Therefore
the set of minimal u-prolific permutations will always be finite. In this section we give a variety of results
about these compositions.

Theorem 4.1. If v is a minimally prolific composition for u, then 17 is minimally prolific for 1u.

Proof:

Consider the automaton that recognises prolific words for 1u. The initial suffix condition is lu. Any
character now changes the suffix condition to u and extends the prefix seen. But then the remainder of the
automaton is exactly the automaton for recognising prolific words for . So the minimum words accepted
by this automaton consist of the minimum possible character to trigger the first transition followed by a
minimal word of the u-prolific automaton, exactly as claimed. o

Corollary. If u is a minimally prolific composition for v, then the composition 1 ...1w is minimally
. n times
prolific for 1. ’ 1.
n times
Lemma 4.2. Given a composition u, the unique minimal u-prolific composition is w itself if and only if u
has a part of size one between every pair of parts of size greater than one.

Proof: Under the given conditions on u in the Corollary to Theorem E the second condition is vacuous.
Since u is covered by itself and no smaller composition can be covered by copies of « the composition u
is minimally prolific for itself.

Suppose that v has a pair of parts with no one between them, then write v as cxy with z,y > 1 then
clearly azly/ contains no new copies of w. O

If u is u-prolific then we call it a self-prolific composition.

Theorem 4.3. Given a composition of k + 2 parts, u = lejes . ..ex_1ex1 such that for alli > 0,¢e; > 1.
There is a unique minimal u-prolific composition p given by:

p=leres...ex_1max(eg,e1)es...ep_1e51

Proof: p is u-prolific.

The composition p is covered by w since the first (k 4 1) parts form an occurrence of v with any other
part of p.

Adding a new part of size 1 anywhere before the (k + 1) part creates a new occurrence of u with
the last (k + 1) parts, and adding a new part of size 1 anywhere after the (k + 1) part creates a new
occurrence of u with the first (k 4 1) parts. Therefore p is u-prolific.

No composition contained in p is u-prolific.

Without loss of generality (due to symmetry under reversal) we can consider reducing the size of one
of the first k£ + 1 parts.

We have two cases:
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Case 1 (e, > ej). Consider inserting a new part of size 1 after the middle term. To the right of this
part there are only & parts so we cannot find an occurrence of u in which the new part plays the role of
the leftmost part of size 1. In order that we should have a new occurrence of u to the left of the new part
would require each such part to match into the corresponding part of u since there are exactly enough parts
available. But one of them is smaller than the corresponding part of w so this cannot happen. Therefore,
no new occurrence of u is created.
Case 2 (e; > ey). If we have reduced any of the first k parts then we can insert a new part after the middle
term and the logic follows from the previous case. On the other hand if we reduce the middle part then
inserting a new part of size 1 before it does not create any new occurrences of u. The new part cannot
play the role of a rightmost one in any occurrence of u since there are only & parts preceding it. Also, it is
not possible to use the new part as a leftmost one since all the remaining parts would be required but the
first of them is now smaller than e;.

Taking both of these cases together tells us that no composition contained in p is u-prolific.
Any composition not containing p is not u-prolific.

Suppose there existed a composition v that did not contain p but was u-prolific. Write p as 1W1. Since
v avoids p, and occurrence matching can occur greedily, it is possible to concatenate additional parts to v
to produce a composition that contains 1147 but does not contain p. That composition will still be u-prolific
since v was. So without loss of generality, we may assume that v contains 1 but not 11/ 1. Now v has
the form

V=01V2...Unm

We can greedily match parts of 1W into v, the matching must finish at the part v,,, since v does not
contain 1W1,

V1 U2 e X e Yy . Um
WV WV v WV, WV WV, 2)
1 €1... €r_1 max(ej,er) ex... eg

Consider adding a new part of size 1 immediately before the part y above. This new part cannot be the
initial one in an occurrence of u as the first layer that the part e; can match into is the part y, and then
matching greedily would continue as before and ends when the part ej, has been matched into the part v,,
— s0 no copy of u would be found.

If this new part were a right hand 1 in an occurrence of u then we must have seen a part of size ey,
between the parts  and y. This means that e, < max(ey,e). Therefore, if e, > ey then v is not
u-prolific with this part not creating any new occurrences of u.

In the case that e, < ej, consider putting a new part of size 1 immediately after x, this cannot be a right
hand 1 in an occurrence of u, as the prefix of u up to this partis 1,...,ex—1 . If it were a left hand 1 in an
occurrence of u then the part y is the first part that matches e;, and the greedy match continues as before
from this point, and no new occurrence of v will be found. So v is not u-prolific. O

Lemma 4.4. If v = 171 is a minimally prolific composition for w = 131 then for every part, v;, of v there
exists some insertion of an element into 171 such that any new occurrence of u must use v;.

Proof: Otherwise every insertion of a 1 creates a new occurrence of u not using v;. But then the compo-
sition formed by deleting v; from v is already prolific, contradicting v’s minimality. o
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Theorem 4.5. If 1al is self-prolific and 11 is a minimally prolific composition for 131 then the compo-
sition v = 1ad~y1 is minimally prolific for u = 1a181.

Proof: The argument is essentially the same as that for Theorem . Because 1al is self-prolific the au-
tomaton for Pro(1a1) has loop transitions labelled by values less than the next element of 1a1 and proper
transitions to the next state on larger values. It is a single chain with no branches. But, in considering
the automaton for Pro(1a141) the same transitions apply only the suffix conditions have /51 appended.
Therefore the complete structure of the Pro(1a1/31) automaton is obtained from the Pro(1/31) automaton
by fusing its initial state (corresponding to an empty prefix) with the penultimate state of the Pro(1al)
automaton (corresponding to a remaining suffix requirement of 1.)

In particular the minimal compositions accepted by this automaton are exactly 1« followed by a mini-
mal composition accepted by the Pro(151) automaton. O

We have now seen that certain compositions u have unique minimal u-prolific compositions.

Now we consider methods for determining the minimal u-prolific compositions for compositions that
are not encompassed by the previous results.

An automaton, A, that accepts minimally prolific compositions (and possibly some others) for the
composition u is easily constructed from the automaton, D that accepts all u-prolific words. Consider
what happens if we were to follow a transition that loops in D, if we then reach an accepting state we
could find a smaller u-prolific composition by omitting the part introduced by this loop, therefore we can
redirect any transitions that label loops into a non-accepting sink state. Any interval causing a transition
can be replaced by the smallest value it contains, and any larger values can also be redirected to the sink
state since any composition obtained by using a larger value causing the same transition can be made
smaller by using the smaller value.

Example 4.6. The automaton for recognising minimal 1221-prolific compositions, as well as some other
1221-prolific compositions.

(0,1) }—! @ 2

After these modifications the automaton accepts fewer compositions but still accepts only u-prolific
compositions and still accepts all minimal u-prolific compositions. If there are no branches then in fact
we will have established that there is only one minimal u-prolific permutation. However, if there are
branches then Dijkstra’s algorithm can be applied to find a minimal weight path to the accepting state
— where the weight of a path is the sum of its labels. This path must represent a minimal u-prolific
composition, v. But now we can easily modify the automaton to accept only those words accepted by
the original one which do not contain v (simply by keeping track of what prefix of v has been found and
passing to a sink state if we contain v). If this modification still has accepting computations then we can
find a minimum weight word that it accepts which is another minimal wu-prolific composition. Since we
know that the set of minimal u-prolific permutations is finite this procedure terminates with the complete
set.
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Application of this technique has allowed us to verify the theory presented in this section as well as find
some examples of interesting behaviour that leads to further questions and avenues for investigation. For
example, in the family of compositions having the structure

M, =1221...1221
———

k ones

there are k£ + 1 minimally prolific compositions for the composition M}, for all k£ from O to 8. This gives
rise to the following conjecture.

Conjecture 1. Given any integer r there exists a composition v such that the set of minimally u-prolific
compositions has exactly r elements.

5 Future

The concept of prolificity can be framed in another way. Consider any class of combinatorial objects that
carries a notion of embedding where each embedding of a structure A into a structure B is witnessed by
an injective map from A to B. Then, even if we do not want to count embeddings, it makes sense to say
that B is covered by A if the union of the ranges of such maps is B. Now we can say that B is A-prolific
if every structure containing B is covered by A. In compositions this definition is equivalent since we
obtained covering as a necessary condition (strictly speaking the counting definition would require only
that for a structure C' containing B the union of the images of A should contain C'\ B).

Despite this natural framing it seems that this concept has not previously been investigated extensively.
We believe that the previous sections show that there are contexts in which it is of interest — at the very
least for integer compositions, where a number of open questions still remain. For instance, aside from
the two conjectures above we can ask: if u is a composition with k£ parts, then what is the maximum
possible size of the set of minimal u-prolific compositions? Note this question does have a finite answer
since we may assume that v is standardised and there are only finitely many standardised compositions
with k parts.

We can easily consider prolificity in other combinatorial structures, for instance graphs. If embedding
is taken to be as an induced subgraph, it is easy to see that there are no G-prolific graphs for any graph G
other than a single vertex. This is because a graph can be extended by adding a new vertex independent
of all others, and also by adding a new vertex adjacent to all others. For G having more than one vertex,
one of these extensions fails to contain new copies of G. However, it is easy to establish that, in the class
of graphs of bounded degree d, there exist graphs that are prolific for the graph that has three vertices and
one edge.

In general we believe that the use of automata in considering prolific structures, as we were able to
do for compositions, is a powerful tool. This suggests that further investigations should concentrate on
classes that allow the representation of structures as words over some alphabet.
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Linear chord diagrams are partitions of [2n] into n blocks of size two called chords. We refer to a block of the form
{i,i + 1} as a short chord. In this paper, we study the distribution of the number of short chords on the set of linear
chord diagrams, as a generalization of the Narayana distribution obtained when restricted to the set of noncrossing
linear chord diagrams. We provide a combinatorial proof that this distribution is unimodal and has an expected value
of one. We also study the number of pairs (7,7 + 1) where ¢ is the minimal element of a chord and 7 + 1 is the
maximal element of a chord. We show that the distribution of this statistic on linear chord diagrams corresponds to
the second-order Eulerian triangle and is log-concave.

Keywords: linear chord diagrams, matchings, noncrossing partitions, Narayana numbers, Eulerian triangle

1 Introduction

Linear chord diagrams are partitions of [2n] = {1, 2, ..., 2n} into n blocks of size two called chords. For
a given chord {a, b} with b > a, we call a the startpoint, b the endpoint and b — a the length of the chord.
Linear chord diagrams with n chords are also called (perfect) matchings on [2n], i.e. ways of connecting
2n points in the plane lying on a horizontal line by n arcs, each arc connecting two of the points and lying
above the points, as described by .

Two chords, {a1, b1} and {a2, b2}, are said to be crossing if a1 < as < by < be and are said to be
nesting if a; < as < be < by. For example, when n = 2 there are three linear chord diagrams:

N N m
1 2 3 4 1 2 3 4

1 2 3 4

The first of the three linear chord diagrams above consists of a pair of chords that are neither crossing nor
nesting; the second diagram consists of exactly one crossing and the third diagram consists of exactly one
nesting.

When n = 3, there are fifteen linear chord diagrams, all of which are shown in Figure EI below. The
diagrams in the first row of Figure EI are noncrossing (i.e., contain no crossings), while the last diagram
in the first row and the first four diagrams in the second row of Figure EI are nonnesting (i.e., contain no
nestings). In general, the total number of linear chord diagrams having n chords is (2n — 1)!!.
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Fig. 1: The set of all linear chord diagrams with three chords each of length at least one.

Sullivan gave a relationship for the diagonals of the array (|ll) below of linear chord diagrams with n
chords where all chords have length at least k. See (RO17.

105 36 10 1
945 329 99 20 1

n\k| 1 2 3 4 5

1] 1

2 | 3 1

3115 5 1 %
4

5

We are interested in further refining this table by considering the number of chords of length k for each
linear chord diagram with n chords.

In this paper, we will focus only on the case where k = 1, i.e. those linear chord diagrams with n
chords whose shortest chord is of length at least 1, classified by the number of chords of length 1. In
other words, we will look at the set of all linear chord diagrams with n chords (since all diagrams have
a shortest chord of length at least 1) by number of chords of length 1. In this context, a short chord will
be understood to be a chord of length one. Table (E) gives the total number L,, ¢ of linear chord diagrams
with n chords exactly s of which are short (have length one):

n\s 0 1 2 3 4 5 6 7 8

0 1

1 0 1

2 1 1 1

3 ) 6 3 1

4 36 41 21 6 1 )
) 329 365 185 95 10 1

6 3655 3984 2010 610 120 15 1

7 | 47844 51499 25914 7980 1645 231 21 1

8 | 72135 769159 386407 120274 25585 3850 406 28 1
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n | Ly(q) L2(q) L3 (q)
1 1q

2 | 14+qg+¢? q>

3 |5+6g+3¢2+¢° 14 2q + 2¢? 7

4

364+41¢+21¢2+6¢>+q¢* 10+14¢+9¢> +2¢° +¢* 1+ 3q+4¢*> +2¢°

Fig. 2: The distribution of the number of minimal length chords on £X for k =1,2,3,....

More generally, if we let £* denote the set of all linear chord diagrams having n chords, each of which
has length at least k, then for m € Eﬁ, we refer to a chord of length & in 7 as a short chord. For m € Eﬁ,
define sc() to be the number of short chords, i.e. the number of chords of length k, in 7. We want to
consider the distribution of the number of short chords on Eﬁ, that is,

) — Z qSC(ﬂ')'

TeLE

See Figure ﬂ Note that the numbers L, , in the table (ﬂ) above are the coefficients of the polynomials
LL(q) in the first column of the table in Flgureﬁ The numbers L,, s are recorded as |A079267]in [Sloane]
(2019).

It is known that the Catalan numbers C,, =

+1 2") count the number of noncrossing matchings on
[2n]. The Narayana numbers, N (n, k) = 1 (}~ ) "), count the number of noncrossing matchings on
[2n] with k arcs of the form (¢, + 1) (1 e., k chords of le ength 1). The Narayana numbers are given by the
following table:

n\k|1 2 3 4 5
1 |1

2 |1 1
301 3 1
411 6 6 1
5 (1 10 20 10 1

We may consider table () as a generalization of the Narayana numbers on the set of all matchings on
[2n)].

An LR pair in a linear chord diagram is a pair of consecutive integers (4,7 4+ 1) where i is a startpoint
of a chord and ¢ 4 1 is an endpoint of a (possibly different) chord. The Narayana numbers also count the
number of nonnesting matchings on [2n] with k& LR pairs, which can be seen as follows. We first make
the well known observation that the Narayana numbers count the number of Dyck paths of length 2n with
k peaks, as described by (). Consider a Dyck path as a list of n up steps U and n down steps
D, such that at any step the number of preceding down steps never exceeds the number of preceding up
steps. Label the U steps of the list with the numbers 1 through n, from left to right, and label the D steps
of the list with the numbers 1 through n, from left to right. Draw a linear chord diagram with n chords
by connecting the U step labeled ¢ with the D step labeled 7, for all ¢ = 1,...,n. The result is a unique
nonnesting linear chord diagram with n chords and &£ LR-pairs.
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We obtain a different generalization of the Narayana numbers by considering LR pairs in all matchings
on [2n] (equivalently, linear chord diagrams with n chords). Let T}, ;, denote the number of all linear
chord diagrams with n chords having exactly k LR pairs. The following table gives the numbers T, :

n\k| 1 2 3 4 5 6 7

1 | 1

2 | 2 1

3| 6 8 1

4 | 24 58 22 1 3)
5 | 120 444 328 52 1

6 | 720 3708 4400 1452 114 1

7 | 5040 33984 58140 32120 5610 240 1

In Section 2 of this paper, we prove combinatorially that the rows of table (ﬂ) are unimodal and con-
jecture that they are also log-concave. We also give the exponential generating functions for the columns
of this triangle. It is known that the expected number of short chords among the elements of L. is one.
This fact was first shown by Kreweras and Poupard (1978) and more recently extended by ().
However, in Section 2, we provide a combinatorial proof of this fact by providing a bijection between the
total number of linear chord diagrams with n chords and the total number of chords of length one among
all linear chord diagrams with n chords. In Section 3, we explore the triangle given by table (). We
connect table (E) to the second order Eulerian triangle and prove that the rows of table (E) are log-concave
(and thus also unimodal).

2 A Generalized Narayana Triangle

We now explore several interesting properties of the generalized Narayana triangle given in table (ﬂ), ie,
the number of linear chord diagrams with n chords, exactly s of which have length 1. It is easy to see
that the entries on the main diagonal of this triangle will always have the value 1. Furthermore, the entries
along the first sub-diagonal correspond to the triangular numbers (g)

Now recall from Section ] that L, ; = [{m € L, | sc(r) = s} is the number of linear chord diagrams
having n chords exactly s of which are chords of length one. We introduce the following shorthand,

Lo(@) = L3(@) = > Lns ¢°,
s=0

and note that the coefficients of L,,(g) are given by the rows of table (ﬁ).

Theorem 1. L, (q) is unimodal.

Proof: Let £,, s := {7 € L]| sc(r) = s} denote the set of linear chord diagrams having n chords and
exactly s short chords (i.e., chords of length one), so that |£,, 5| = L, s. We can show that L, (q) is
unimodal by establishing injective maps ¢ : L, 0 = Lp1and ¢ : L, j — Ly j_1forj=2,...,n.
Define ¢; : L, j — Ly, j—1 forj > 2asfollows. Letm € L,, ;. Then 7 has j short chords, where j > 2.
Take the rightmost short chord, say {i,i + 1}, and unwrap this chord by sending the right endpoint to the
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beginning of the diagram, i.e., replacing it with the long chord {1,}. The result is a linear chord diagram
with j — 1 short chords where all short chords are covered. ¢; is injective. Define ¢ : L,, 0 = Ly,,1 as
follows. Let m € L,, 9. Take the first (long) chord {1,:} and turn it into the short chord {i,7 + 1}; the
result is a chord diagram with exactly one short chord. This map is injective but not surjective because it
will not produce the chord diagrams in £,, ; that begin with a short chord. O

Conjecture 1. The coefficients of L,,(q) form a log-concave sequence.

Theorem 2. The exponential generating function for the number Ly, ¢ of linear chord diagrams with n
chords, exactly s of which are chords of length one, is

e(&ﬁ/ﬁ) (1 _ m)s
V1-2t s! '

Proof: First we note that, for s > 0, the numbers L,, , satisfy the recurrence
Ln,s = Lnfl,sfl + (2n -2 S)Lnfl.,s + (S + 1)Lnfl.,erl (4)

with Lgo = 1 and L,, ; = 0 for s > n. A combinatorial proof of this recurrence is given in Krasko and
Omelchenko (R017). We want to find the exponential generating function

o0 t"
Ly(t) =) Lns—
n=0 ’

for the sth column of the triangle in (E). To do this, we extend the approach in Krasko and Omelchenkq
) that was used to find the exponential generating function Ly (¢). Recalling this approach, we define

Ln(q) = Ln,O + Ln,lq + Ln,2q2 + -+ Ln,nqn

and note that

In Krasko and Omelchenkd (2017), the authors define the bivariate generating function

wlast) = 3 L)
n=0 '

and use recurrence @) to show that
e(1—a)(—1+v1-2¢)
w(g,t) = ———
(g:1) T

thereby setting ¢ = 0 to obtain
e(—14+vI=20)

o) ===
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)

as the exponential generating function for the first column of (E).
We can extend this observation by noting that

’ﬂ

> L&) t" 1 0°
=S r - S 0L (1 52

and
10°w (- 1HVI=2D) (1 /T 2f)s

s'9¢° Ji-2t s

Letting ¢ = 0 in the last equation we obtain

e(71+\/172t) (1 — 1= 2t)s
V1—2t s! ’

Ly(t) =

O

The last line of the preceding proof implies that the triangle in (ﬂ) is an exponential Riordan array with
o(—1HVT=ET) - . :

&———— and multiplier function f = 1 — /1 — 2t. For reference, see Shapiro
et al. (JL991)) or Barry| (R007). Furthermore, we may use Riordan group algebra to count the total number
of short chords among all linear chord diagrams with n chords. To do this, we multiply triangle (E) by the
infinite column vector (0, 1,2,3,...)7, using Riordan group multiplication. Since te' is the exponential

initial function g =

generation function for the sequence 0, 1, 2, 3,4, . . ., the Riordan multiplication proceeds as follows:
(—1+1=2%) (—14vT=30)
¢ e v
7,1— 1—-2t *tt = — (1 -— 1—92¢ 1—/1-2t
< V=21 ) © N (1—v )e
1
= ——-1
1-2¢

— Z (2n — 1) u_

where (2n — 1)l =1-3-5-(2n — 1) for n > 1 and 0 otherwise. The result is that the total number
of short chords among all linear chord diagrams with n chords is the same as the total number of linear
chord diagrams with n chords.

We now provide a bijective argument for the fact that the expected number of short chords among all
linear chord diagrams with n chords is one.

Theorem 3 (Kreweras and Poupard (1978)). The total number of short chords among all linear chord
diagrams with n chords is equal to the number of linear chord diagrams with n chords.

Proof: We will construct a bijection which maps each short chord s in a linear chord diagram D with n
chords to a unique linear chord diagram D with n chords.

To begin, identify a short chord s in any linear chord diagram D with n chords. If s = {1,2}, then
s will be mapped to the diagram D that s is a part of, that is, Dy = D. If s = {i,i + 1} in D, where
¢ > 1, then s will be mapped to the diagram D, that has the same connectivity as D, except that the chord
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Fig. 3: An illustration of the bijective proof of Theoremﬁ in the case where n = 3. For each short chord s (highlighted
in bold) above, see its corresponding linear chord diagram D, pictured below.

{i,i+ 1} in D has been replaced with the chord {1, 4+ 1} and all start and endpoints between 1 and ¢ — 1
have moved one position to the right. It should be clear that if s; and sy are two different short chords,
either from the same or different diagrams, then D, # D,,, and hence this map is injective.

To invert this map, we do the following. Take a linear chord diagram D and consider its first chord
{1,i + 1}. If ¢ = 1, associate D with its first chord s = {1,2}. If i > 1, create a new diagram by
removing {1,¢ + 1} from D, shifting all the start and endpoints 2, ..., i of D one position to the left and
inserting the chord s = {4,714 1}. Associate D with the short chord s = {4, 4+ 1} from this new diagram.
It should be clear from the description of this inverse map that if D, and D2 are two different linear chord
diagrams, then the short chord s; associated with D; will be different from the short chord s associated
with Ds.

See FigureE for a depiction of this bijection when n = 3.

Hence, we have a bijection between the set of short chords among all linear chord diagrams with n
chords and the set of linear chord diagrams with n chords. o

3 The Second-Order Eulerian Triangle

In this section, we explore the second-order Eulerian triangle, which can be thought of as another general-
ization of the Narayana triangle. The second-order Eulerian triangle is given below, where entry E(n, k)
is known to count the number of permutations of the multiset {1,1,2,2,...,n,n} with k ascents such
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that between any two copies of m there are only numbers less than m.

k|0 1 2 3 4 5 6
1 |1

2 |1 2

3 /1 8 6

4 |1 22 58 24

5 |1 52 328 444 120

6 |1 114 1452 4400 3708 720

7 |1 240 5610 32120 58140 33984 5040

This triangle is recorded as JA008517 [Sloang (2019). The second-order Eulerian numbers are known to
satisfy the recurrence:

Enk)=(k+1)En—-1,k)+ (2n—k—-1)E(n—1,k—1) 3)

where E(n,0) = 1. This can be seen by the following argument.

One can form all permutations of the multiset {1,1,2,2,...,n,n} with k ascents in which between
any two copies of m there are only numbers less than m by taking all such permutations of the multiset
{1,1,2,2,...,n — 1,n — 1} with k ascents and first replacing all numbers m = 1,2,...,n — 1 with
m + 1. Then insert the pair 1 1 at the end of the permutation or between any ascent, which can be done
in k + 1 ways. One can also form such a permutation by taking any such permutation of the multiset
{1,1,2,2,...,n — 1,n — 1} with k — 1 ascents and inserting the pair 1 1 at any place which is not an
ascent, which can be done in 2n — k — 1 ways.

The row reversal of the second-order Eulerian triangle gives the triangle

n\k| 1 2 3 4 5 6 7
1 | 1

2 | 2 1

3| 6 8 1

4 | 24 58 22 1 ©)
5 | 120 444 328 52 1

6 | 720 3708 4400 1452 114 1

7 | 5040 33984 58140 32120 5610 240 1

whose entries we will denote by T'(n, k). Note we have re-indexed the columns to initialize with k& = 1.

Proposition 1. The entries T'(n, k) of the row reversed second-order Eulerian triangle (ﬂ ), which satisfy
Tnk)=(n—k+1)Tn—-1,k—1)+(n—-14+k)T(n—1,k) 7

with n,k > 1 and T(n,1) = nl, count the number of linear chord diagrams with n chords and k LR
pairs.
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Proof: The fact that T'(n, k) satisfies recurrence (I]) follows directly from recurrence (E) for the second-
order Eulerian triangle. We will show that the number of linear chord diagrams with n chords and k£ LR
pairs also satisfies recurrence (ﬁ).

To form a linear chord diagram with n chords and k& LR pairs, start with a linear chord diagram with
n — 1 chords and k£ — 1 LR pairs. Place a new start point for a chord at the beginning of the diagram
and place the end point for the chord after any start point that isn’t in an LR pair. This can be done in
n—(k—1) = n—k+1 ways. One can also form a linear chord diagram with n chords and %k LR pairs by
starting with a linear chord diagram with n — 1 chords and k& LR pairs. Place a new start point for a chord
at the beginning of the diagram and place the end point for the chord after any end point or after any start
point that is in an LR pair. This can be done in (n — 1) + k ways. O

Thus we can consider the row-reversed second-order Eulerian triangle to be a generalization of the
Narayana triangle for all linear chords diagrams (not just those that are non-nesting, which are those
counted by the Narayana triangle). Since the generalized Narayana triangle studied in Section 2 has
entries that we have proven to be unimodal and conjecture to be log-concave, one might wonder if those
properties hold for this second generalization of the Narayana triangle as well.

Using the following lemma due to ([1972)), we may conclude that the coefficients in each row of
the (row-reversed) second-order Eulerian triangle form a log-concave, and therefore unimodal, sequence.

Lemma 1 ( ()). Suppose Z R(n, k)qk is a polynomial for which R(n, k) satisfies the recur-
k=0
rence relation

R(n,k) = (ain+azk +a3) R(n —1,k)
+ (bin 4 bok +b3) R(n — 1,k — 1),

Sforn >k > 1, with boundary conditions R(0,0) > 0,
R(n,—1)=R(n,n+1) =0, forn > 1,
a1 >0, a1 +a2 >0, ay +as+az >0, and
by >0, by + b2 >0, by + ba + b3 > 0.

Then, for given n, the sequence { R(n, k) }o<k<n is log-concave.

Theorem 4. T'(n, k) forms a log-concave sequence.

Proof: T'(n, k) satisfies Lemmam withay =1,a0 =1,a3 =—1,by =1,bo = —1,b3 = 1. O

4 Summary and Future Work

We have given two generalizations of the Narayana numbers, the number of linear chord diagrams with n
chords and & short chords and the number of linear chord diagrams with n chords and k£ LR pairs which
give the Narayana numbers when restricted to non-crossing linear chord diagrams (in the first case) and
nonnesting linear chord diagrams (in the second case), but which are not themselves equidistributed. In
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addition, the first generalization gives a study of the coefficients given by the polynomials in the first
column of table in Figure .

Since the results of this paper focus on generalizing the Narayana numbers and the first column of the
table in Figure E, one might wonder if there are interesting results that could be proven for the coefficients
of the remaining columns in Figure E

Another interesting observation is that all matchings can be considered to be Fibonacci tableaux with no
fixed points and all non-nesting matchings are both Fibonacci tableaux and 2 x n tableaux that are counted
by the Catalan numbers. Fibonacci tableaux with no fixed points correspond to permutations that are 312,
321 and 123 avoiding, thus giving a relation between matchings and pattern avoiding permutations. It
would be interesting to see results involving various statistics on these objects translated to and/or from
linear chord diagrams.
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