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A function on an algebra is congruence preserving if, for any congruence, it maps pairs of congruent elements onto
pairs of congruent elements. We show that on the algebra of binary trees whose leaves are labeled by letters of an
alphabet containing at least three letters, a function is congruence preserving if and only if it is a polynomial function,
thus exhibiting the first example of a non commutative and non associative affine complete algebra.
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1 Introduction

A function on an algebra is congruence preserving if, for any congruence, it maps pairs of congruent
elements onto pairs of congruent elements.

A polynomial function on an algebra is a function defined by a term of the algebra using variables, con-
stants and the operations of the algebra. Obviously, every polynomial function is congruence preserving.

Algebras where all congruence preserving functions are polynomial functions are called affine complete
in the terminology introduced by . They are extensively studied in the book by Kaarli and
Pixley (R0OT)).

In the commutative case, many algebras have been shown to be affine complete: Boolean algebras
, , p-rings with unit (, 1972)). For distributive lattices, Plo§¢ica and Haviar| (200g)
described congruence preserving functions, and (1964)) determined which distributive lattices are
affine complete. Affine completenes is an intrinsic property of an algebra, which fails to hold even for
very simple algebras: e.g., in A = (Z, +), the function f: Z — Z defined by

r'{1/2)

:. >
f(z)=1if >0 then 5 4 % 2l

/OO e 22 —1)%dt else —f(—x).
1

has been proved to be congruence preserving (Cégielski et al. |, 013), but it is not a polynomial function
because its power series is infinite. Hence A = (Z, +) is not affine complete.
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In the non commutative case, very little is known about affine complete algebras. We proved in Arnold
etal. ) that the free monoid X* is an associative non commutative affine complete algebra if ¥ has at
least three letters, and we proved in [Arnold et al.| (202()) a partial result concerning a non commutative and
non associative algebra: every unary congruence preserving function f: T'(X) — T(X) is a polynomial
function, where T'(X) is the algebra of full binary trees with leaves labelled by letters of an alphabet &
having at least three letters. We here generalize this result proving that a congruence preserving function
f: T(Z)™ — T(X) of any arity n is a polynomial function, where 7 (X) is the algebra of arbitrary
(possibly non full) binary trees with labelled leaves. This generalization is twofold: (1) non full binary
trees are allowed in 7 (X), and (2) congruence preserving functions of arbitrary arity are allowed. This
exhibits an example of a non commutative and non associative affine complete algebra. Non commutative
and non associative algebras are of constant use in Computer Science, and congruences are also very often
used, whence the potential usefulness of our result.

We first define binary trees and their congruences, we then study conditions which will enable us to
prove that every congruence preserving function is a polynomial function, and to finally prove the affine
completeness of 7'(%).

2 The algebra of binary trees

2.1 Trees, congruences

For an algebra .4 with domain A, a congruence ~ on A is an equivalence relation on A which is compati-
ble with the operations of A. We state the characterization of congruences by kernels of homomorphisms.

Lemma 2.1. Let A = (A, %) be an algebra with a binary operation *. An equivalence ~ on A is a
congruence iff there exists an algebra B = (B, x) with a binary operation * and there exists §: A — B
a homomorphism such that ~ coincides with the kernel congruence ker(0) of 6, defined by x ~¢ y iff

0(x) = 0(y).
Let ¥ be an alphabet not containing {0, 1}. We shall represent the algebra of binary trees over X, i.e.,

trees with leaves labeled by letters of X, as a set of words 7 (3) on the alphabet ¥ U {0, 1}, together with
the binary product operation *.

Definition 2.2. The algebra B = (T (X), *) of binary trees over X is defined as follows.

* A binary tree over X is a finite set of words ¢ C {0, 1}*X such that: For any ua, vb € t, if ua # vb
then w is not a prefix of v and v is not a prefix of u. The carrier set 7 (X) is the set of all binary
trees. The empty set () is a binary tree denoted by 0.

* The binary product operation  is defined by: for ¢, t' € T(X), t x¢' = 0.t U 1.t'. In particular,
0x0=0.

When the alphabet 3 is clear, we will denote by T the set of all binary trees. Trees are generated by
{0} U X and the operation *.
An essential property of this algebra 5 is that its elements are uniquely decomposable.

Lemma 2.3 (Unicity of decomposition). Ift is a tree not in {0} U X then there exists a unique ordered
pair (t1,t2) # (0,0) in T2 such that t = t1 * ta.
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Fig. 1: From left to right, t = {000, 1la}, 7 = {0c, 1d}, t1 = va—~-(t) = {00b, 01c, 11d}, t2 = {00b, 01c, 11d},
ts = {00a, 10b, 11c}. Trees t1, t2, ts have the same size 6, trees ¢1 and ¢3 are similar (have the same skeleton.)

This property allows us to associate with each ¢t € T its size |t| (number of nodes)
—10| =0, and foralla € %, |a| =1,
—ift ¢ {0} UX thent = t; * ta, and |t| = [t1] + |t2] + 1.

If |t| > 1 then there exist ¢1, to with |¢;| < |¢| such that ¢t = ¢; x to. Trees t x ¢/, 0 x ¢/, t x O are trees
whose root has two sons, a single right son, a single left son, respectively. See Figure .

2.2 Homomorphisms, graftings

Lemma 2.4. Let B = (B, %) be an algebra with a binary operation *. Every mapping h: ¥ — B can
be uniquely extended to a homomorphism h: T — B.

Remark 2.5. 1) Because of the universal property of Lemma E, homomorphisms are (uniquely) defined
by giving their values on .

2) For every endomorphism, 4(0) = 0. Otherwise, as 0 = 0% 0, h(0) = h(0) * h(0); if ~(0) = ¢ with
[t| > 1then ¢t =t %t implies |t| = 2|t| + 1, a contradiction.

Definition 2.6. For a given a € %, let v, be the endomorphism sending ¥ onto a. If for some a € %,
Vo (t) = vo(t'), trees t and ¢’ are said to be similar, which is denoted by ¢ ~ t'.

Note that the congruence ~ does not depend on the choice of the letter a € X since v (t) = v (v, (t)).
From an intuitive viewpoint, ¢ ~¢ ¢’ means that ¢ and ¢’ have the same skeleton, i.e., they are identical
except for the leaf labels. See Figure El

Other congruences fundamental for our proof are the kernels of the grafting endomorphisms, defined
below.

Definition 2.7 (Grafting). Let a € X and 7 € 7. Then the grafting v,—,.: 7 — T is the endomorphism
defined by its restriction on X
T ifb=a,
Ya—1 (b) = { .

b ifb+#a.

In other words, for any @ € ¥ and any 7 € T, ¥4, is the endomorphism sending the letter @ on 7 and
each other letter on itself.

An endomorphism % of (T (X),*) is idempotent if for every t € T, h(h(t)) = h(t). By Lemma.4,
h is idempotent iff for every a € 3, h(h(a)) = h(a). For instance if a does not occur in 7 then 4, is
idempotent.
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Proposition 2.8. Let 7 € T, lett, t € T, and let a1 # az be two letters in X. If Vo, (t) = Ya,—+(t)
fori=1,2, thent =1t'.

Proof: By induction on min(|¢], [¢'|).

Basis Case 0: If min([t],|t']) = O then one of ¢,¢’ is 0, say ¢ = 0. If ¢ # 0 then ¢’ contains at least one
occurrence of some letter b. As Yo, 5+ (t') = Yo, =7 (t) = Va,—+(0) = 0, we have v,,,,(t') = 0, which
implies (because ¢’ # 0 was supposed) that 7 = 0. Then v,, - (') = 0 implies that all leaves of ¢’ are
equal to both a; and as, a contradiction. Hence ' = 0 and t = t'.

Basis Case 1: If min(|t], |t'|) = 1 then ¢ or ' is a letter, say ¢t = b, and there is one ¢, say ¢ = 1, such

that a3 # b, thus b = V4, -7 () = Ya, >+ ().

o If ¢’ is aletter ¢ # b, then 4, - (c) = b. If ¢ = a; then b = 4, - (¢) = 7. Since V4, - (c) = ¢ =
Yag—r () € {7,b} = {b}, we have that ¢ = b, a contradiction. If ¢ # a1 and Yo, - (c) = c # b =
Ya,—+(c), a contradiction. Hence ¢’ =t = b.

o If |t/| > 1thent/ = t] x ), and Yo, —+(t') = Yay—r(t]) * Ya; -+ (t5) which can be only of size 0
or > 2, contradicting y,, —,-(t') = b. this case is excluded.

Induction: If min(|t|,|t']) > 1thent = t; xty and t' = ¢/ x ¢, with min(|¢;], [t}]) < min(|¢], |¢]),
1 2 [

fori = 1,2. By Lemma P.3, 7o, (t1) * Ya,—7(t2) = Yo, (t]) * Ya, - (th) implies vq, - (;) =
Ya;—s7(t;), for j = 1,2. By the induction hypothesis ¢; = ¢;, hence t = t'. O

Proposition 2.9. Let us fixa € &, with |[X| > 3, t, t € T such thatt ~4 t'.
(1) If, for some T € T of size || # 1, Ya—sr (t) = Yasr (t'), thent =t'.
(2) If, for allb # a, b € X, Yasp(t) = Yasp(t'), thent =t'.

Proof: Both (1) and (2) are proved by induction on [¢| = |¢’|, and in both cases, the result obviously holds
ift=t=0.

Basis: If |t| = |t'| = 1.
(1) We assume thatt = b # c = t'.
1) If a & {b, c} then v4—(t) = b # ¢ = y4—-(t'), a contradiction.
(ii) Otherwise, a € {b,c}, e.g.,a = b =t, then Y4+ (t) = Yasr(a) = 7 and Yo (') = Yasr(c) = ¢,
hence 7 = ¢, which contradicts |7] # 1.
(2) We assume thatt = b # ¢ = t'.
(i) The case a & {b, ¢} yields a contradiction as in case (1).
(ii) Otherwise, e.g., a = b, there exists d & {a, ¢}, and we get v4—4(t) = Ya—sd(a) = d and v,—q(t') =
Ya—d(€) = ¢, contradicting V44 (t) = va—a(t’).

Induction: As in Proposition E in both cases: since ¢ and ¢’ are similar, t = t1 * 2 and ¢’ = ¢} * t, with
t; similar to ¢} and |¢;| < |¢5]. O
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2.3 Congruence preserving functions on trees

Definition 2.10. A function f: 7™ — 7T is congruence preserving (abbreviated into CP) if for all con-
gruences ~on T, forall t1,... t,, th,..., ¢, inT,t; ~t; foralli =1,...,n, implies f(t1,...,t,) ~
F@, .. t).
Remark 2.11. (1) It follows from Lemma that CP functions are characterized by the fact that for
all homomorphisms A from (7, %) to any algebra (A, x4), h(t;) = h(t}) for alli = 1,...,n, implies
R(f(t1,. .. tn)) = h(f(t],....t})).

(2) If f is CP and endomorphism h is idempotent then h(f(t1,...,t,)) = h(f(h(t1),...,h(tn))).
Indeed, let ~, be the congruence associated with h, fori = 1,...,n, we have h(t;) = h(h(t;)), hence
t; ~p h(t;), whence the result.

We will show that congruence preserving functions on the algebra (7 (%), x) are polynomial functions.
Let us first formally define polynomials on trees.

Definition 2.12. Let z1,...,z, ¢ X be called variables. A polynomial P(z1,...,z,) is a tree on the
alphabet X U {z1,...,z,}.
With every polynomial P(x1,...,x,) we will associate a polynomial function P:T™ — T defined
by: forany @ = (t1,...,t;,...,tn) €T,
P ifP=0orPecX
P(@) =< ti if P =u;

Py (@)« Py(@) if P = P P
Obviously, every polynomial function is CP. Our goal is to prove the converse, namely

Theorem 2.13. Let |X| > 3. If g: T™ — T is CP then there exists a polynomial Py such that g = /PZ.

3 Equality of CP functions
Notation 3.1. For any f: 7™ — T, we denote by f Ison its restriction to ™.

In this section we prove that if f and g are two CP functions, then f s = 9|sm implies f = g, provided
that 3 contains at least three letters.

Lemma 3.2. Suppose ¥ has at least three letters. If f and g are unary CP functions on T such that for
alla € %, f(a) = g(a) then forallt € T, f(t) and g(t) are similar.

Proof: We have to show that v,(f(t)) = v,(g(t)) for some a € ¥ and for all t. As v, is idempotent
and f is CP, by Remark 2), vo(f(t)) = va(f(va(t))), and similarly for g. Hence it suffices to
prove f(va(t)) = g(va(t)). Let by, by € X such that a, by, by are pairwise distinct. As v, s, (1) i
idempotent, by Remark (2), we have vy, 0, (1) (f (b:)) = Vb, —vu (1) (f(Va(t))). The same holds for g,
i€ Vo, o0 (1) (9(0)) = Yo, w0 (1) (9(Va(t))). From f(b;) = g(b;), we deduce that vy, ., (1) (f(va(t))) =
Vo —va(t)(9(¥a(t))). This equality holds for i = 1,2, thus Proposition B.§ implies that f(v,(t)) =
9(va(t))- O

The following proposition shows that a unary CP function f is completely determined by its values on X.

Proposition 3.3. Suppose ¥ has at least three letters. If f and g are unary CP functions on T such that
foralla € %, f(a) = g(a) thenforallt € T, f(t) = g(t).
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Proof: Let a be a letter that occurs in ¢. For any other letter b, the endomorphisms 7,4 and V4,

are idempotent, where t;, = 7,—4(t). Thus by Remark 2), Yat, (f(@)) = Yaot, (f(ts)), and
Va1, (9()) = Yamst, (9(t)). As f(a) = g(a) we have sy, (f(t)) = Yast, (9(t1)). By LemmaP.3,
f(ty) and g(t,) are similar, and by Proposition .9 (1) f(t,) = g(ts).

On the other hand, as f and g are CP and ¢t ~,, , 15, we get Ya—p(f(t)) = Yass(f(tp)) and
Ya—b(9(t)) = Ya—b(g(ts)), hence vo—p(f(t)) = Ya—sb(g(t)). As this is true for all b # a, we have
by Proposition .9 (2), f(t) = g(t). O

Proposition @ now can be generalized.

Notation 3.4. For any function f: 7" — T, anyt € T,and @ = (t1,...,t,), we define

(1) a n-ary function f... ; obtained by “freezing” the (n+1)th argument to the value ¢, and defined by: for
allag e T, f.. (@) = f(4,t),

(2) a unary function fz . obtained by “freezing” the n first arguments to the value @ = (¢1,...,t,), and
defined by: forall¢t € T, fz.(t) = f(4,t).

Proposition 3.5. Let f and g be n-ary CP functions on T such that forallay, ... ,a, € %, f(a1,...,a,) =
glal,...,an) thenforallty,... . t, €T, f(t1,...,tn) = g(t1,...,tn).

Proof: By induction on n. For n = 1 the result was proved in Proposition . Assume the result holds
for n. By the hypothesis, for all a1,...,a,,a € X, we have f(a1,...,an,a) = g(a1,...,an,a), i.e.,
foalar,...,an) = g.. o(a1,...,a,). By the induction applied to f... 4, forall @ € T", f.. ,(¥) =
g... o(@0), or equivalently fz.(a) = gz.(a). As fz.(a) = ga.(a), applying now Proposition B.3 to fz..
and gz, yields fz.(t) = gz,.(t) for all ¢, hence f(,t) = g(4,t). O

4 The algebra of binary trees is affine complete

To prove that any CP function is a polynomial function, as a consequence of Proposition and of the
fact that a polynomial function is CP, it is enough to show that the restriction f |son of fr T" > TtoX"
is equal to the restriction P|Zn of a n-ary polynomial function. For such restricted functions we introduce

a weakened version WCP of the CP condition, namely,

Definition 4.1. Function g: 7" — 7T is said to be WCP iff for any idempotent mapping h: ¥ — 3,
Va, 0 € X", h(w) = h(0) = h(g(@)) = h(g(?v)), where for & = (uq,...,un), h(@) denotes
(h(ug)y ... h(ug)).

Every CP function is clearly WCP.

Lemma 4.2. [f g is WCP then for all 4,7 € X", g(@) and g(¥) are similar.

Proof: As v, (@) = v,(0) = (a,...,a) forall @, € ™ and g is WCP, v,(g(@)) = v, (g(?)). O
We often use a different form of the condition WCP, which deals only with alphabetic graftings.

Proposition 4.3. A function g is WCP if and only if
(GCP) (G for graftings) forall a1, ag, . . .,an € 5,0 € {1,...,n}andb; € 3, 4,0, (9(a1,...,ay)) =
Ya;—b; (g(ala ceey @1, b’ia Ait1y- - aan))
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Proof: Since vq, b, (a1, -+, an) = Ya;—b; (@1, -+, @i—1,bi, Qiy1, ..., an), clearly WCP implies GCP.
The proof of the converse is by induction on n. It is 0bV10usly true forn = 0.

Otherwise, let h be a mapping h: ¥ — ¥ and let @, ¥ € X" such that h(@) = h(7), and let a,b € &
such that h(a) = h(b). By (GCP), we have v,4(9(%, a)) = Ya—b(g(@, b)), hence h(vya—b(g(d, a))) =
h(Va—b(g(d,b))).

h(c ifc#a ., .,
But h(ya—6(c)) = { hgbg ~h(a) ife i u hence h o v, = h. Therefore h(g(i, a)) = h(g(d,b)),
and by the induction applied to g.._ . h(g(@,a)) = h(g(@,b)) = h(g(7,D)). O

Let us first study unary WCP functions whose restriction to X takes its values in 3.

Proposition 4.4. Assume |S| > 3. Let f: T — T be WCP and such that f(¥) C 3. Then fls, is (1)
either a constant function (2) or the identity.

Proof: If f is not the identity there exist a, b, with a # band f(a) = b. As Yo—p(f (b)) = vaup(f(a)) =
Ya—b(b) = b, we get f(b) € {a7 b}'

For ¢ & {a,b}, Yase(f(¢)) = Yase(f(a)) = b implies f(c) = b. It remains to prove that f(b) = b.
From yp—¢(f (b)) = Yo—c(f(c)) = ¢, we deduce that f(b) € {c,b}, hence f(b) € {a,b} N {c, b} = {b},
which concludes the proof.

We now will generalize Proposition E by Proposition E (replacing a unary f by a n-ary g).

Proposition 4.5. Assume |Z| > 3. If g: T™ — T is WCP and such that g(X") C %, then 9|y is (1)
either a constant function (2) or a projection m}'.

Proof: The proof is by induction on n. By Proposition @ it is true for n = 1. If g is of arity n + 1 then,
by induction hypothesis, for any a € 3, the function g... , of arity n is either a constant or a projection
m;'. We first show that these functions are all equal to a given 7", or all equal to a same constant, or every
g... q 1s the constant function a.

Let us assume that g... , = 7*. Letd = (a,...,a,¢,qa,...,a) and ¥ = (a,...,a,d,a,...,a) with
a, ¢, d pairwise disjoint, so that for any b, vy,4(g(@, a)) = ¢ and v4—4(g(0, a)) = d. It follows from the
GCP condition that v4—4(g(@, a)) = Ya—b(g(@, b)) = ¢ and v,—5(9(¥, a)) = Ya—b(g(7,b)) = d, which
is impossible if g... ;, is either a constant or a projection 77 with j # i. Hence all g... , are equal to 7",

implying g = 7" 1.

Assume now all the g... , are constant. For every i, ¥, a, we have g(@,a) = g(,a). We choose an
arbitrary @ € X" which will be fixed. By the induction hypothesis g; . is either (1) the identity, or (2)
a constant ¢. In case (1), for all ¥,a, g(@,a) = g(v,a) = a and g = WZI% In case (2), for all ¥, a, b,

g(t,a) = g(v,b) = cand g is a constant. O

As CP functions are WCP, for g a CP function such that for some ay, ...,a, € X, g(a1,...,a,) € 2,
we have shown that there exists a polynomial P, which is either a constant @ € X or an x;, such that

g = E We will now extend to the case when g(a1,...,a,) € 2.

Proposition 4.6. Assume that |X| > 3. Let g: T™ — T be WCP. Then there exists a polynomial P, such

thatg| , = g|zn
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Proof: Let o(g) be the common size of all the g(@), @ € £™. The proof is by induction on o(g).

Basis: If o(g) = 0 then Ilgm = P|En = 0. If o(g9) = 1 then g(ai,...,a,) € ¥ and the result is
proved in Proposition E

Induction: If o(g) > 1 there exists two functions g;: 7™ — T for i = 1,2 such that for all ¥ € X",
g(@) = g1(1) % g2(), with |o(g;)| < |o(g)|- It remains to show that both ¢g; and g, are WCP. Let
i, ¥ € X" be such that h(@) = h(¥) for some mapping h: ¥ — 3. Extend % as an endomorphism
T — T by LemmaP.4, then h(g(%@0)) = h(g:(@) * g2(%0)) = h(g1(@)) * h(g2(&)). Similarly, h(g(7)) =
h(g1(V)) x h(g2(7)). As g is WCP and h(@) = h(¥), we have h(g(@)) = h(g(¥)). Then by Lemma
(unique decomposition) we get h(g;(@)) = h(g;(¥)) fori = 1, 2. This is true for any h, thus g; and go are
WCP. By the induction hypothesis there exists P; such 161-|En = 9i|zn’ hence g|zn = }:|zn * E|Zn =

Pl*P2|En' O

Theorem 4.7. If f: T™ — T is CP then there exists a polynomial P such that f = P.

Proof: Since f is CP, f also is WCP. By the previous proposition, there exists P such that f g = P g
and by Proposition E, f=P. O

5 Conclusion

We proved that, when X has at least three letters, the algebra of arbitrary binary trees with leaves labeled
by letters of X is an affine complete algebra (non commutative and non associative).
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1 Introduction

Various notions of homogeneity appear in several areas of mathematics, such as model theory, group the-
ory, combinatorics, etc. Roughly speaking, a structure A is said to be homogeneous if certain kinds of
local morphisms (i.e., morphisms defined on “small” substructures of 4) extend to endomorphisms of
A. Specifying the kind of morphisms that are expected to be extendible, one can define many different
versions of homogeneity. We consider a variant called polymorphism-homogeneity introduced by C. Pech
and M. Pech [15] that involves “multivariable” homomorphisms: we require extendibility of homomor-
phisms defined on finitely generated substructures of direct powers of A (see Section 2.4 for the precise
definition).

We study polymorphism-homogeneity of finite algebraic structures and of certain relational structures
constructed from algebras. Since homomorphisms depend on the term operations, not on the particular
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choice of basic operations, we work mainly with the clone C' = Clo(A) of term operations of the algebraic
structure A = (A, F') (i.e., C is the clone generated by F; see Section 2.1). An n-ary operation f: A™ —
A can be regarded as an (n + 1)-ary relation, called the graph of f, denoted by f* (see Section 2.3).
Probably the most natural way to convert A into a relational structure is to consider the graphs of the
operations of A, thus we define C* = {f*® : f € C} to be the set of graphs of term operations of A. We
will prove that if the relational structure (A, C*) is polymorphism-homogeneous, then the algebra A is
also polymorphism-homogeneous, but the converse is not true in general.

To construct a relational structure that is equivalent to A in terms of polymorphism-homogeneity, ob-
serve that the relation f* is nothing else than the solution set of the equation f(z1,...,Z,) = Tp41. We
might consider more general equations where the right hand side is not necessarily a single variable: let
C° be the set of solution sets of equations of the form f(z1,...,z,) = g(x1,...,2,), where f,g € C.
It turns out that (A, C°) is the “right” choice for a relational counterpart of A: the algebra A is polymor-
phism-homogeneous if and only if the relational structure (A, C°) is polymorphism-homogeneous.

The elements of C° are solution sets of single equations, hence intersections of such sets are solution
sets of systems of equations. The latter are also called algebraic sets, as they are analogues of algebraic
varieties") investigated in algebraic geometry; the study of these sets can thus be regarded as universal
algebraic geometry [16]. Motivated by the fact that a set of vectors over a field is the solution set of
a system of (homogeneous) linear equations if and only if it is closed under affine linear combinations
(all linear combinations), we investigated the possibility of characterizing algebraic sets by means of
closure conditions in [18, 19]. If algebraic sets over A are exactly those sets of tuples that are closed
under a suitably chosen set of operations, then we say that A has property (SDC) (see Section 2.3 for an
explanation). We will see that this property is equivalent to polymorphism-homogeneity of (A, C°) and
of A.

The categorical notion of injectivity also asks for extensions of certain homomorphisms, so it is not sur-
prising that a finite algebra A is polymorphism-homogeneous if and only if it is injective in a certain class
of algebras, namely in the class of finite subpowers of A (see Section 2.5 for the definitions). Perhaps it is
more natural to consider injectivity in the variety HSP A generated by A, hence we will also investigate
the relationship between this notion and polymorphism-homogeneity.

Figure 1 shows the six properties that we are concerned with in this paper. In Section 3 we prove all
the implications and equivalences indicated in the figure. It turns out that for finite algebras four of the six
conditions are equivalent, thus we have actually three different properties marked by the three boxes. In
Section 4 we determine finite semilattices, lattices, Abelian groups and monounary algebras possessing
these three properties, and these examples will justify all of the “non-implications” in Figure 1.

2 Preliminaries

2.1 Clones and relational clones

Let (954") denote the set of all n-ary operations on a set A (i.e., maps f: A" — A), and let O 4 be the
set of all operations of arbitrary finite arities on A. In this paper we will always assume that the set A on

which we consider operations and relations is finite. The composition of f € 054") by g1,...,9n € Off)

® Note that the word variety has a different meaning in universal algebra: a variety is an equationally definable class of algebras,
or, equivalently, a class of algebras that is closed under homomorphic images, subalgebras and direct products.
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(A, C*) is polymorphism- é (A, C?) is polymorphism- é ; A is polymorphism-
homogeneous @ﬁ homogeneous homogeneous

A is injective in HSP(A) A is injective in SPgn (A) <:> A has property (SDC)

—
=

Fig. 1: Relationships between property (SDC) and several variants of polymorphism-homogeneity and injectivity.

is the k-ary operation f(g1, ..., g,) defined by

flor,--gn)(@) = f(g1(a),... .gn(a))  (a€A").

A set C C O4 of operations is a clone if C' is closed under composition and contains the projections
(1,...,2n) = x; for 1 <i < n. We use the symbol C™ for the n-ary part of C, i.e., C(™ = Cﬁ(’)g").
The clone generated by F C O, is the least clone Clo(F') containing F. By the definition of a term
operation, Clo(F) is the clone of term operations of the algebra A = (A, F'), hence we will also use the
notation Clo(A) for this clone.

A k-ary partial operation on A is a map h: domh — A, where the domain of h can be any set
domh C AF. The set of all partial operations on A is denoted by P4, and the set of all k-ary partial
operations on A is denoted by Px(f). A strong partial clone is a set of partial operations that is closed under
composition, contains the projections, and contains all restrictions of its members to arbitrary subsets of
their domains. Note that if C' C O, is a clone, then the least strong partial clone Str(C') containing
C consists of all restrictions of elements of C, i.e., h € Py4 belongs to Str(C) if and only if i can be
extended to a total operation hecC.

An n-ary relation on A is a subset of A™; the set of all relations (of arbitrary arities) on A is denoted

by Ra. Given a set of relations R C R4, a primitive positive formula ®(x1,...,x,) over R is an
existentially quantified conjunction:

t
D(z1,... ) = Fy1 -+ - Jym &pi(z£z), e zﬁ?), 2.1)

i=1
where p; € R is arelation of arity r;, and each zj(-i) is a variable from the set {21, ..., Zn, Y1, ..., Ym} for

i=1,...,t, j=1,...,r;. Therelation p = {(a1,...,a,) : ®(a1,...,a,) is true} C A™ is then said to
be defined by the primitive positive formula ®. The set of all primitive positive definable relations over 2
is denoted by (R)3, and such sets of relations are called relational clones. If we allow only quantifier-free
primitive positive formulas, then we obtain the weak relational clone (R)3.
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2.2 Q@Galois connections between operations and relations

If M = (my;) € A™**is ann x k matrix over the set A, then we denote the i-th row and the j-th column
of M by M;, and M, ;, respectively:

M = (mi,...ome)  (i=1,...,n),
M*j = (mljv"'umn‘j) (]: 1,,k)

Ifh e PXC) is a partial operation of arity k such that the rows of M are in the domain of h, then we can
apply h to each row of M, and then we obtain the n-tuple (h(M 1a)s e v s h(Mn*)) We may also denote
this tuple by h(M,q,. .., M.x), as it is nothing but the componentwise application of & to the k& columns
of M. Therefore, we have

(R(Mis), ..., h(Myy)) = (M, ..., M.y).

We will often use the above equality without further mention.

We say that a k-ary (partial) operation h preserves the relation p C A", denoted as h > p, if for every
matrix M € A™** such that each column of M belongs to p (and each row of M is in the domain of
h), we have h(M,1,..., M) € p. If R is a set of relations, then we write h > R to indicate that h
preserves all elements of R. In other words, i > R holds if and only if & is a (partial) polymorphism of
the relational structure A = (A, R), i.e., h is a homomorphism from (the substructure dom h of) A* to
A. The set of all (partial) operations preserving each relation of R is denoted by Pol R (pPol R), and the
set of all relations preserved by each member of a set F' of (partial) operations is denoted by Inv F:

Pol R = {h € Oa:hp> pforevery p € R};
pPol R = {h € Pa:hp> pforevery p € R};
InvF ={p€ERa:h>pforeveryh € F}.

Note that Pol R = pPol RN O 4.

The closed sets under the Galois connection Pol — Inv (pPol — Inv) between (partial) operations and
relations are exactly the (strong partial) clones and the (weak) relational clones; this makes these Galois
connections fundamental tools in clone theory.

Theorem 2.1 ([2, 9, 17]). For any set of operations F' C O 4 and any set of relations R C R 4, we have
Clo(F) = PolInv F and (R)3 = Inv Pol R. For any set of partial operations F C P4 and any set of
relations R C R 4, we have Str(F) = pPolInv F and (R)# = Inv pPol R.

2.3 Universal algebraic geometry and centralizers

Let A be a finite algebra and let C' = Clo(A) be the clone of term operations of A. If f and g are n-ary
term operations of A, then f(x1,...,2,) = g(z1,...,x,) is an equation in n variables over A, which we
may simply write as a pair (f, g). The solution set of (f, g) is then the set Sol(f,g) = {(a1,...,an) €
A" : f(a1,...,an) = g(a1,...,an)}. Of special interest are the equations of the form f(z1,...,z,) =
T 1; the solution set of this equation is the (n + 1)-ary relation f* = {(a1,...,an,an11) € A"TL:
f(a1,...,an) = any1)}, which is called the graph of f. We use the symbols C* and C° for the set of
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graphs and for the set of all solution sets of equations over C":

C':{f':fEC};
C° = {Sol(f,g): f.g € C™ ,neN}.

Note that C* C C°, and it is easy to verify that (C*)3 = (C°)3 (see Lemma 3.2 of [19]), but in general
(C*)# and (C°)3 may be different weak relational clones.

The members of (C°)4 are intersections of solution sets of finitely many equations, i.e., (C°)# consists
of solution sets of finite systems of equations over A. Allowing infinite systems of equations, we obtain
the so-called algebraic sets, which are the main objects of study in universal algebraic geometry [16].
Since we deal only with finite algebras, every system of equations is equivalent to a finite system of
equations, thus the elements of (C°)y are exactly the algebraic sets.

As mentioned in Section 1, basic results of linear algebra hint at the possibility that algebraic sets can
sometimes be described by closure conditions. It turns out that if there is a clone D such that algebraic
sets are exactly those sets of tuples that are closed under D, then D must be the clone C* = Pol C*® (see
Corollary 3.7 in [19]). This clone is called the centralizer of C, since it consists of those operations that
commute with every member of C'; in other words, a k-ary operation i belongs to C* if and only if A is
a homomorphism from A¥ to A. (Observe that since (C*)5 = (C°)3, the centralizer can equivalently be
defined as C* = Pol C°, by Theorem 2.1.)

If the algebraic sets (i.e., solution sets of systems of equations) of A coincide with the C*-closed sets
of tuples, then we say that the algebra A has property (SDC); this abbreviation stands for “Solution sets
are Definable by closure under the Centralizer”. We proved in [18] that every two-element algebra has
this property, and in [19] finite semilattices and lattices with property (SDC) were characterized (see
Sections 4.1 and 4.2). In general, property (SDC) is easily seen to be equivalent to the condition (C°)3 =
(C°)4, i.e., the algebra A has property (SDC) if and only if quantifiers can be eliminated from primitive
positive formulas over C°. Let us state this fact explicitly for later reference together with a few more
equivalent conditions (see Theorem 3.6 of [19]).

Theorem 2.2 ([19]). For every clone C on a finite set A, the following five conditions are equivalent:
(i) C has Property (SDC);
(i) (C%)3 = Inv (C*);
(i) (C%)z = (C%)3;

(iv) every primitive positive formula over C° is equivalent to a quantifier-free primitive positive formula
over C°;

(V) (C®)yp is a relational clone.

2.4 Polymorphism-homogeneity

A first-order structure A (i.e., a set A equipped with relations and/or operations) is said to be k-polymor-
phism-homogeneous, if every homomorphism h: 5 — A defined on a finitely generated substructure
B < AF extends to a homomorphism h: AF 5 A (Considering only finite structures, the assumption
that B is finitely generated can be omitted from the definition.) The case k¥ = 1 gives the notion of
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homomorphism-homogeneity introduced by P. J. Cameron and J. Nesetiil [4]. If A is k-polymorphism-
homogeneous for every natural number k, then we say that A is polymorphism-homogeneous [15]. These
two notions are linked by the following result, which was proved for relational structures by C. Pech and
M. Pech [15] and for algebraic structures by Z. Farkasova and D. Jakubikova-Studenovska [6], but the
same proof works for arbitrary first-order structures.

Proposition 2.3 ([6, 15]). A first-order structure A is polymorphism-homogeneous if and only if AF is
homomorphism-homogeneous for all natural numbers k.

In the next proposition we recall a useful result from [15] that relates polymorphism-homogeneity and
quantifier elimination for finite relational structures; we give a short proof utilizing the Galois connections
between (partial) operations and relations.

Proposition 2.4 ([15]). A finite relational structure has quantifier elimination for primitive positive for-
mulas if and only if it is polymorphism-homogeneous.

Proof: A finite relational structure A = (A4, R) has quantifier elimination for primitive positive formulas
if and only if (R)3 = (R)3. Using the Galois connections Pol — Inv (clones and relational clones) and
pPol — Inv (strong partial clones and weak relational clones), we can reformulate this condition in several
steps to reach polymorphism-homogeneity:

(R)4 = (R)3 <= InvpPolR =InvPolR
<= pPolInv pPol R = pPolInv Pol R
<= pPol R = Str(Pol R)

< {hePy:h>R}={hePy: hextendsto h € Oy suchthatﬁDR}

<= A s polymorphism-homogeneous.

2.5 Injectivity

Let KC be a class of algebras and A € K. We say that A is injective in K if every homomorphism: B — A
extends to a homomorphismﬁ: C — A whenever B,C € K and B < C. Clearly, if A is injective in IC,
then A is also injective in every subclass of IC that contains A. Injectivity is most often considered in the
largest relevant class /C; for example, if A is a group or a lattice, then K is usually chosen to be the class
of all groups or lattices. In this paper we shall consider smaller classes, namely the variety generated by
A and the set of finite subpowers of A. Recall that a class of algebras is a variety if and only if it is closed
under direct products, subalgebras, and homomorphic images. The variety generated by A, denoted by
HSP A, consists of the homomorphic images of subalgebras of direct powers of A. Analogously, SPg, A
denotes the class of subalgebras of finite direct powers of A, and we refer to algebras in this class as finite
subpowers of A. Let us mention that in [14] a group A is called relatively injective if it is injective in the
variety HSP A.

3 Polymorphism-homogeneity, algebraic sets and injectivity

First let us prove the equivalences shown on the right hand side of Figure 1. The equivalence of property
(SDC) and polymorphism-homogeneity of (A, C°) follows immediately from Proposition 2.4.
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Proposition 3.1. If A is a finite algebra and C = Clo(A), then A has property (SDC) if and only if
(A, C°) is polymorphism-homogeneous.

Proof: By Theorem 2.2, property (SDC) of A is equivalent to quantifier elimination for primitive positive
formulas for the relational structure (A, C°), and the latter is equivalent to polymorphism-homogeneity
of (A4, C°) by Proposition 2.4. O

In the next theorem we establish the connection between “algebraic” and “relational” polymorphism-
homogeneity. We need two technical lemmas for the proof of this result.

Lemma 3.2. Suppose that A is a finite algebra, C = Clo(A) and h € P,Exk) is a k-ary partial operation
on A. If dom h is a subalgebra of AF, then the following three conditions are equivalent:

(a) h> C*;
(b)) h> C°;

(¢) his a homomorphism from dom h to A.

Proof: To show that (a) implies (b), assume that i > C*, and let p = Sol(f, g), where f,g € C™); we
shall prove that h > p. Let M € A™** be a matrix such that each row of M belongs to dom h and each
column of M belongs to p. Then we have f(Mi.,..., M,.) € domh, as dom h is a subalgebra of A¥
and f € C. Now let M’ € A(*tD*¥ be the matrix obtained by adding the row f (M1, ..., M,.) to the
bottom of M. Since f(Miu,...,Mp) = (f(Mi1),..., f(M.)), every column of M’ belongs to f°,
hence applying h to each row of M’, we obtain a tuple in f°, because h preserves f*® by our assumption.
This means that

h(f(Maa), - -, f(Mag)) = f(M(Mia, ..., M) G.D
Using a similar argument, replacing f by g, we obtain
h(g(My1),...,9(Myx)) = g(h(My1, ..., Mig)). (3.2)
All columns of M were assumed to be in the relation p = Sol(f, g); therefore,
f(Mia) = g(Maa), - -, f(Mag) = g(Ma)- 3.3)

Combining (3.1), (3.2) and (3.3), we can conclude that f(h(M.1,..., M) = g(h(Mia,..., M.i)),
hence h(M,1, ..., M) € p, and this proves that h > p.

Next suppose that (b) holds; to prove that & is an algebra homomorphism, consider an operation f €
C™ and tuples dy,...,d, € domh. Since domh is a subalgebra, we have f(dy,...,d,) € domh.
Let M € A("*T1*k be the matrix whose rows are dy,...,d,, f(di,...,d,). Then all columns of M
belong to f*, hence (h(dy),...,h(dy), h(f(dy,...,d ))) € f*, since h was assumed to preserve C°
(recall that C° D C*®). Thus we have f(h(dy),...,h(dy)) = h(f(d1,...,dy)), proving that  is indeed
a homomorphism.

Finally, assume (c) and let us verify (a). Let f € C™), and let M € AM™TUXF be an arbitrary
matrix whose rows and columns belong to dom . and to f*, respectively; in particular, the last row
of M is f(Mis,...,Mp.). We need to show that h(M.,q,..., M) € f°, which is equivalent to
f(h(M1s), ..., h(Mys)) = h(f(Mix, ..., My.)). The latter equality is justified by the fact that h is
a homomorphism. o
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Lemma 3.3. Let C' be a clone on a finite set A, and let h € 731(4]6) be a k-ary partial operation on
A. If h preserves C°, then h can be extended to a partial operation he P,(le) such that h > C° and
dom h = [dom h] (the subalgebra of A* generated by dom h).

Proof: If a € [domA], then a can be obtained from the elements of dom h by an operation ¢ € C.
Adding inessential variables to ¢ if necessary, we can assume that actually all elements of dom A are
used, and thus the arity of ¢ is m := |domh|. Therefore, we can write a = t(dy,...,d,,), where
domh = {di,...,d,,} and t € C("™). We then define the desired extension of / at a by

h(a) = t(h(dy),. .., h(dny)). (3.4)

First we need to verify that I is well defined. Suppose that an element a € [dom h] can be written
in more than one way in the above form: a = t;(dy,...,d,,) = ta(dy,...,d,,) with t,t, € C™),
Setting p = Sol(t1,t2) € C°, and letting D € A™*¥ be the matrix with rows dy, ..., d,,, every column
of D belongs to the relation p. Since h preserves p, we have h(D,1,...,D.;) € p, and therefore

t1(h(Dsa, ..., D)) = ta(h(Ds1,...,Dsx)) holds. This implies that h is well defined, as the value
of h(a) in (3.4) does not depend on the particular choice of the operation ¢:

t1(h(d1), ..., h(dm)) = t1(h(D1.),. .., h(Dmy))
\(h(Ds1, ..., Dur))

t(h(
tr(h(
= to(h(Du1, .., Diy))
ta(h(
ta(h(

Choosing the i-th projection t(z1,...,2,,) = z; in (3.4), we see that h(d;) = h(d;) for all i €
{1,...,m}, thus P is an extension of h. It remains to prove that h preserves C°.

Let f,g € C™), let p = Sol(f,g) € C°, and let M € A™** be a matrix such that all rows of M
are in dom h and each column of M belongs to the relation p. Since M;, € domh = [dom h], we
can write M;, = t;(dy,...,d,,) for suitable operations ¢; € c(™) for i = 1,...,n. Since M,; € p,
we have f(M.;) = g(M,;) for j = 1,...,k, or, equivalently, (M, ..., Mp) = g(Muy, ..., Myy).
Combining the latter two observations, we get that

flt, .o tn)(dy, ..y dy) = f(t(de, ..oy dim), - oo tn(de, .o din))
:f(Ml*; -an*)
=g(Mys, ..., Mpy)
=g(t1(di,...,dm), ..., tn(dy,...,dp))
=g(t1,-. ., tp)(d1,...,dp)
Using the notation f' = f(¢1,...,t,) and ¢’ = g(¢1,...,ts), we can summarize the calculation above
as f'(dy,...,dyn) = ¢'(dy,...,ds), which means that the columns of the matrix D belong to the re-

lation p’ := Sol(f’,¢’). The clone C is closed under composition, thus f’, ¢’ € C, hence p’ € C°.
We assumed that h > C°; therefore, we have (h(di1),...,h(d,,)) € p’, and this is equivalent to
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f'(h(d1),...,h(dm)) = ¢'(h(d1),...,h(ds)). Expanding this last equality using the definition of
f! and ¢’ together with (3.4), we obtain h(M,1, ..., M.r)) € p, which completes the proof of h > C°:

F(R(Myy,. .., Myp)) = f(R(My,), ..., k(M)
= f(h(ti(d1, ... dm)), -, At (dy - din)))
Flt(A(dr), ..o h(dm))s - st (A(d1), -, h(d )
= f(t1,. ., tn)(A(d1),. .., h(dy))

f(h(dr), - .., h(dm))
=g'(h(d1),...,h(dn))
=g(t1,. .., tn)(h(dy), ..., h(dm))
(ti(h(d1), .. h(dm)), - ta(R(dr), ... B(dn)))
(h(t1(diy. ooy dm))y s Bt (da, .., dim)))
(h(Myy), ..., h(Myy))
(

O

Theorem 3.4. If A is a finite algebra and C' = Clo(A), then A is polymorphism-homogeneous if and only
if (A, C°) is polymorphism-homogeneous.

Proof: Assume first that A is polymorphism homogeneous, and consider an arbitrary partial polymor-
phism h of (A, CO) ie, h € P preserves C°. By Lemma 3.3, h can be extended to a C°- preservmg
partial operation 1 defined on the subalgebra [dom h] < A¥. Applying Lemma 3.2 to h, we see that 1 is
an algebra homoArnorphlsm from [dom h] to A. Since A is polymoArphlsm homogeneous, I extends to a

homomorphismﬁ: A* — A. Using Lemma 3.2 again, we see that h preserves C'°, hence it is a polymor-
phism of the relational structure (A, C°), and this proves that the latter is polymorphism-homogeneous.
Now suppose that (A, C°) is polymorphism-homogeneous, and let h € PXC) be a homomorphism
from a subalgebra dom h < A* to A. Lemma 3.2 shows that b > C°, i.e., h is a partial polymorphism
of (4,C°). Since (4, CO) is polymorphism-homogeneous, h can be extended to a polymorphism h of
(A,C°). By Lemma 3.2, h:AF > Adsa homomorphism, and this proves that A is polymorphism-
homogeneous. o

To complete the proof of the equivalences in the box on the right hand side of Figure 1, we relate
injectivity and polymorphism-homogeneity.

Proposition 3.5. If A is a finite algebra, then A is polymorphism-homogeneous if and only if A is injective
in SPﬁn (A)

Proof: Assume that A is polymorphism-homogeneous, and let B, C € SPg,, (A) such that B < C. Then
we have B < C < A* for some k& € N; in particular, B is a subalgebra of AF. Therefore, if h: B — A

is a homomorphism, then h extends to a homomorphism hi AR — A by the polymorphism-homogeneity
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of A. A restriction of / then gives a homomorphism form C to A that extends h, thereby proving the
injectivity of A.
Conversely, if A is injective in SPg, (A) and h € Px(f) is a homomorphism from a subalgebra dom / <

AF to A, then the injectivity of A immediately yields an extension h: AF — A of h, thus A is indeed
polymorphism-homogeneous. O

Corollary 3.6. If A is a finite algebra and C = Clo(A), then the following conditions are equivalent:
(i) A has property (SDC);
(i) A is polymorphism-homogeneous;
(iii) (A, C®) is polymorphism-homogeneous;

(iv) A is injective in SPgay(A).

Proof: Combine propositions 3.1 and 3.5 and Theorem 3.4. o

It remains to verify the “one-way” implications in Figure 1. Since HSP(A) D SPg,(A), it is trivial
that if A is injective in HSP(A), then it is also injective in SPx,(A). We end this section by proving the
remaining implication; in fact, we formulate it in a bit more explicit form, which will be useful in the next
section.

Proposition 3.7. If A is a finite algebra and C = Clo(A), then (A, C*) is polymorphism-homogeneous
if and only if (A, C°) is polymorphism-homogeneous and (C*)3 = (C°)4.

Proof: According to Proposition 2.4, we need to prove the following equivalence:
(C%)3=(C%3 <= (C°)3 = (C%)3and (C*)3 = (C%)3.

This follows immediately from the following chain of containments (the last containment is Lemma 3.2
of [19], the others are trivial):

(C%)3 C(C%)3 C(C%)3=(C")s.

4 Examples

We describe explicitly the finite algebras satisfying the properties considered in the previous section in cer-
tain well known varieties: semilattices, lattices, Abelian groups and monounary algebras. These charac-
terizations will provide counterexamples showing that the only valid implications among these properties
are the ones shown in Figure 1.
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4.1 Semilattices

If we consider finite semilattices, then it turns out that five of the six conditions of Figure 1 are equivalent,
and these semilattices have already been determined in the literature [3, 10, 19].

Theorem 4.1. If A is a finite semilattice and C = Clo(A), then the following conditions are equivalent:
(i) A has property (SDC);
(ii) A is polymorphism-homogeneous;
(iii) (A, C°) is polymorphism-homogeneous;
(iv) A is injective in SPay(A);
(v) Ais injective in HSP(A);
(vi) A is the semilattice reduct of a finite distributive lattice.

Proof: We know that conditions (i)—(iv) are equivalent (see Corollary 3.6), and it was proved in Theo-
rem 5.5 of [19] that (i) is equivalent to (vi). G. Bruns and H. Lakser [3] and, independently, A. Horn and
N. Kimura [10] showed that the injective objects in the category of semilattices are the semilattice reducts
of completely distributive lattices. Therefore, if A is the semilattice reduct of a finite distributive lattice,
then A is injective in the variety of all semilattices, thus A is also injective in HSP(A). This proves that
(vi) implies (v), and taking into account that (v) obviously implies (iv), the proof is complete. O

The top left condition of Figure 1, i.e., polymorphism-homogeneity of (A, C*), is not equivalent to the
others; in fact, it is satisfied only by the trivial semilattices.

Lemma 4.2. Let A be a two-element semilattice and let C = Clo(A). Then the relational structure
(A, C*) is not polymorphism-homogeneous.

Proof: We can assume without loss of generality that A = ({0,1}, A) with the usual ordering 0 < 1.
Let us consider the equation z A y A z = x A y. Obviously, the solution set S = {0,1}3\ {(1,1,0)}
of this equation is defined by a quantifier-free primitive positive formula over C°. If S can be defined
by a quantifier-free primitive positive formula ¢ over C*, then we can assume without loss of generality
that ® consists of a single equality, as S misses only one element of {0, 1}3 (in other words, S is meet-
irreducible in the lattice of subsets of {0, 1}3). Thus ® is of the form f(z;, z;, z;) = x, with i, j, k, £ €
{1, 2, 3}. Taking associativity, commutativity, and idempotence of the operation A into account, we have
the following possibilites for ® (excluding those trivial cases where the left hand side coincides with the
right hand side):

=y, r=xNvy, r=xANz, r=yNz, rT=TANYNz,
Y=z y=xANy, y=rANz, y=yNz y=xANy~Nz,
zZ=ux, z=x N, 2= Nz, z2=yYNz, Z2=xNYNz.

It is easy to check that S' does not satisfy any of the equalities above; therefore, S cannot be defined by
a quantifier-free primitive positive formula over C'*. Thus S belongs to (C°)3 but not to (C'*)#, hence
(A, C*) is not polymorphism-homogeneous by Proposition 3.7. O
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Theorem 4.3. If A is a nontrivial finite semilattice and C = Clo(A), then the relational structure (A, C'*)
is not polymorphism-homogeneous.

Proof: Let a,b € A such that a < b, and let us consider the same equation as in the proof of Lemma 4.2.
Now for the solution set S of this equation we have that S N {a,b}* = {a,b}>\ {(b,b,a)}. The same
argument as in the proof of Lemma 4.2 shows that S cannot be defined by a quantifier-free primitive
positive formula over C*. O

4.2 Lattices

For finite lattices the situation is very similar to the case of semilattices: five of the six conditions of
Figure 1 are equivalent, and the sixth one is satisfied only by trivial lattices.

Theorem 4.4. If A is a finite lattice and C = Clo(A), then the following conditions are equivalent:
(i) A has property (SDC);
(ii) A is polymorphism-homogeneous;
(iii) (A, C°) is polymorphism-homogeneous;
(iv) A is injective in SPap(A);
(v) A is injective in HSP(A);

(vi) A is a finite Boolean lattice (i.e., a direct power of the two-element chain).

Proof: Just as in the proof of Theorem 4.1, the equivalence of (i)—(iv) follows from Corollary 3.6, and the
equivalence of (i) and (vi) is Theorem 4.8 of [19]. (Let us mention that I. Dolinka and D. Masulovi¢ [5]
proved that a finite lattice is homomorphism-homogeneous if and only if it is a chain or a Boolean lattice.
This together with Proposition 2.3 can also be used to prove that (ii) and (vi) are equivalent.) To complete
the proof, it suffices to prove that (vi) implies (v). This follows immediately from a result of R. Balbes
[1]: the injective objects in the category of distributive lattices are the complete Boolean lattices (observe
that if A is a nontrivial Boolean lattice, then HSP(A) is the variety of distributive lattices). O

Lemma 4.5. Let A be a two-element lattice and let C = Clo(A). Then the relational structure (A, C*)
is not polymorphism-homogeneous.

Proof: We can assume without loss of generality that A = ({0, 1}, V, A) with the usual ordering 0 < 1.
Let us consider the equation (1 V z2) A (r3 Aw4) = x3 A z4; the solution set S = {0,1}*\ {(0,0,1,1)}
of this equation is defined by a quantifier-free primitive positive formula over C°. If S can be defined
by a quantifier-free primitive positive formula ® over C*®, then we can assume without loss of generality
that ® consists of a single equality, as .S misses only one element of {0, 1}* (in other words, S is meet-
irreducible in the lattice of subsets of {0,1}%). Thus S is the solution set of an equation of the form
f(z1,xa, 23, 24) = u, where u € {x1, 22, x3, x4 }. Note that since f is generated by the lattice operations
V and A, it is a monotone function. We consider four cases corresponding to the variable u.
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1. If u = 1, then f (21,22, x3,24) = 21 holds for all (z1, x2, 23, 24) € S and f(0,0,1,1) = 1.
In particular, we have f(0,1,1,1) =0 < 1 = f(0,0,1, 1), contradicting the monotonicity of f.

2. If u = xo, then f(x1,x2,23,24) = 22 holds for all (21,22, x3,24) € S and f(0,0,1,1) = 1.
In particular, we have f(1,0,1,1) =0 < 1 = f(0,0,1, 1), contradicting the monotonicity of f.

3. If u = x3, then f(x1,x9,x3,x4) = x5 holds for all (x71, x2,x3,x4) € S and £(0,0,1,1) = 0.
In particular, we have f(0,0,1,0) =1 > 0 = f(0,0,1, 1), contradicting the monotonicity of f.

4. If u = x4, then f(x1,x2,x3,24) = x4 holds for all (1,2, x3,24) € S and f(0,0,1,1) = 0.
In particular, we have f(0,0,0,1) =1 > 0 = f(0,0,1, 1), contradicting the monotonicity of f.

We see that .S cannot be defined by a quantifier-free primitive positive formula ® over C*, hence (C°)3 #
(C*)3#, and thus (A, C*) is not polymorphism-homogeneous by Proposition 3.7. O

Theorem 4.6. If A is a nontrivial finite lattice and C = Clo(A), then the relational structure (A, C®) is
not polymorphism-homogeneous.

Proof: Let a,b € A such that a < b, and let us consider the same equation as in the proof of Lemma 4.5.
Now for the solution set S of this equation we have that S N {a,b}* = {a,b}*\ {(a,a,b,b)}. If S can
be defined by a quantifier-free primitive positive formula ® over C®, then at least one of the equalities
in ® defines the set {a,b}* \ {(a,a,b,b)} when restricted to the sublattice {a, b}, and this leads to a
contradiction using the same argument as in the proof of Lemma 4.5. O

4.3 Abelian groups

For Abelian groups all six conditions of Figure 1 are equivalent, and these groups have already been
determined, so we only need to combine some results from the literature to prove the following theorem.

Theorem 4.7. If A is a finite Abelian group and C = Clo(A), then the following conditions are equiva-
lent:

(i) A has property (SDC);
(i) A is homomorphism-homogeneous;
(iii) A is polymorphism-homogeneous;
(iv) (4, C°) is polymorphism-homogeneous;
(v) (A, C*) is polymorphism-homogeneous;
(vi) A is injective in SPgy, (A);
(vii) A is injective in HSP(A);

(viii) each Sylow-subgroup of A is homocyclic, i.e., A = Zgi* X -+ X Zg'*, where qu, . . ., qi are powers
of different primes and my, ..., my € N.
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Proof: Conditions (i), (iii), (iv) and (vi) are equivalent by Corollary 3.6. By Proposition 3.7, (iv) is
equivalent to (v), since we have (C*)3 = (C°)4 for groups: every equality can be written in an equivalent
form where there is only a single variable on the right hand side. The equivalence of (ii) and (viii) follows
from the description of quasi-injective Abelian groups presented as an exercise in [7] (for finite groups
quasi-injectivity is equivalent to homomorphism-homogeneity). The class of groups given in (viii) is
closed under taking finite direct powers, so we can conclude with the help of Proposition 2.3 that (iii) and
(viii) are equivalent. It seems to be a folklore fact that the injective members of the variety of Abelian
groups defined by the identity nx = 0 withn = q; - ... - gi are exactly the groups given by (viii) (see,
e.g., [8]). Therefore, (viii) implies (vii), and this completes the proof, as (vii) trivially implies (vi). O

4.4 Monounary algebras

A monounary algebra is an algebra A = (A, f) with a single unary operation f € (’)541). An element
a € Ais cyclic if there is a natural number k such that f*(a) = a. (Here f*(a) stands for f(--- f(a)---)
with a k-fold repetition of f, and we also use the convention f O(a) = a.) If A is finite, then for every
element a € A there is a least nonnegative integer ht(a), called the height of a, such that f"*()(q) is
cyclic. If a € A\ f(A), i.e., a has no preimage, then we say that a is a source. (Note that ht(a) = 0 if
and only if a is cyclic; in particular, ht(a) > 1 for any source a.)

Polymorphism-homogeneous monounary algebras were characterized by Z. Farkasovd and D. Jaku-
bikova-Studenovskd in [6] using Proposition 2.3 and the description of homomorphism-homogeneous
monounary algebras obtained by E. Jungdbel and D. MaSulovié [13]. As an illustration of the results of
Section 3, we present a simple self-contained proof, which relies on the following technical lemma about
quantifier elimination in monounary algebras.

Lemma 4.8. Let A = (A, f) be a finite monounary algebra, and let C = Clo(A). The algebra A is
polymorphism-homogeneous if and only if for each natural number k, there is a quantifier-free primitive
positive formula Vi (x) over C° such that

Va € A: Ui(a) <= Jap€ A:a = fk(ao). 4.1

Proof: We use Theorem 3.4: we prove that the existence of Uy, is necessary and sufficient for polymor-
phism-homogeneity of (A, C°). By Proposition 2.4, the necessity is obvious; to prove sufficiency, let us
consider an arbitrary primitive positive formula ®(z1, ..., x,) over C°. We show how to eliminate one
quantifier; repeatedly applying this procedure we can eliminate all quantifiers from ®. So we may assume
without loss of generality that ® involves only one quantifier, hence it has the following form:

t

D21, wn) =y & (F1(ws) = £ (v3)),

i=1

where ¢, 7;,s; are nonnegative integers, and the variables u;,v; belong to the set {x1,...,x,,y} for
1 =1,...,t. We define the weight of ® as
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Informally speaking, w(®) shows how “deeply” y is involved in P.
If y occurs in at least two equalities in ®, then we can use (at least) one of the following four types of
substitutions to decrease the weight of the formula (we omit trivial equalities):

FE@)= 1 @) & [ (y)=F" () ~ FEm ()= () & f (y) =" (x5), ik >m;
FE)=f ) & fry)=F"(y) ~ )= @) & )=1"y), ifk>m, m>n;
Fr)=F @) & f(y)=1"y) ~ 5 @)=F"(y) & fFy)=F(z), ifk<m, m>n;
=) &f™y)=1"y) ~ )= &f™y)=1"y), ifk>m, k>l m>n.

After finitely many steps we arrive at a formula ®’ such that ®’ is equivalent to @, and it is not possible to
decrease the weight of ®' any more using the substitutions above. This implies that the variable y appears
in at most one equality in ®’. We have one of the following three cases for ®’.

1. If y does not appear at all, then we can simply drop the quantifier Iy from ®’.

2. If i appears in an equality of the form f*(y) = f*(y), then there is no “interaction” between y
and the other variables. If there is an element a € A such that f*(a) = f%(a), then we can again
omit the quantifier 3y and the equality f*(y) = f*(y) from ®’, and the resulting quantifier-free
formula is equivalent to ®’ (hence also equivalent to ®). If there is no element a € A such that
f¥(a) = f*(a), then ®'(x1,...,,) is never satisfied: it defines the empty n-ary relation. In this
case the empty relation can be defined by the quantifier-free formula f*(z1) = f*(z1), thus this
formula is equivalent to .

3. If y appears in an equality of the form f*(y) = f%(x;), then let ®"(z1,...,z,) be the formula
that is obtained from ®’ by deleting the quantifier Jy and the equality f*(y) = f*(x;). Then the
quantifier-free formula ®” (z1, . .., z,,) & ¥ (f*(x;)) is equivalent to ®, according to (4.1).

O

Theorem 4.9 ([6]). If A = (A, f) is a finite monounary algebra and C' = Clo(A), then the following
conditions are equivalent:

(i) A has property (SDC),
(ii) A is polymorphism-homogeneous;
(iii) (A, C°) is polymorphism-homogeneous;
(iv) A is injective in SPay(A);
(V) Either A has no sources, or all sources of A have the same height: Va,b € A\ f(A): ht(a) = ht(b).
Proof: Conditions (i)—(iv) are equivalent by Corollary 3.6, so it suffices to prove the equivalence of (ii)

and (v). As a preliminary observation, let us note that an element a € A is cyclic if and only if a = f*(a),
where £ is the least common multiple of the lengths of the cycles of A.
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Suppose that (v) holds, and assume first that there are no sources in A. Then every element is cyclic,
thus the formula 2 = x can be chosen for U (z) in (4.1) for all £ € N. Suppose now that all sources in
A have the same height n > 1. If k > n, then an arbitrary element a € A can be written as a = f*(ag)
for a suitable ap € A if and only if a is cyclic. Thus, the formula x = f*(z) can be chosen for ¥ (x),
whenever k > n. Similarly, if & < n, then 3ag € A: a = f*(ag) holds if and only if ht(a) < n — k, i.e.,
if f*~*(a) is cyclic. Therefore, we can put f"~*(x) = f"~**+¢(x) for ¥;,(z) in this case. This proves
that (v) implies (ii), according to Lemma 4.8.

Conversely, assume that there exist formulas Wy, () satisfying (4.1). We can write ¥4 (x) in the follow-
ing form, and we can assume without loss of generality that r; < s; fori =1,...,¢:

t

= & (fri(@) = £7 ().

=1

If a is a cyclic element, then ¥4 (a) must hold according to (4.1). This implies that 7; = s; (mod ¢) for
allie {1....,t}.

Now suppose for contradiction that there exist sources a,b € A\ f(A) with ht(a) < ht(b). Clearly,
Uy (f(b)) must be true by (4.1), thus we have f"(f(b)) = f*(f(b)) for each i. This is equivalent to
fritL(b) = f5+1(b), which implies that 7 71(b) is a cyclic element (recall that 7; < s;), hence we have
ht(b) < r; + 1. Since ht(a) < ht(b) — 1, we can conclude that ht(a) < r;, i.e., f™(a) is a cyclic element.
The length of every cycle is a divisor of ¢, and we know that r; = s; (mod ¢), thus f"(a) = f* (a).
This means that ¥ (a) is true, contradicting the fact that « is a source. O

Next we determine finite monounary algebras corresponding to the top left box of Figure 1.

Theorem 4.10. Let A = (A, f) be a finite monounary algebra, and let C = Clo(A). Then the relational
structure (A, C'*) is polymorphism-homogeneous if and only if f is either bijective or constant.

Proof: If f is constant, then it is clear that (A, C'®) is polymorphism-homogeneous. Assume now that f
is bijective. Then the condition of Theorem 4.9 is satisfied (there are no sources at all), so A is polymor-
phism-homogeneous, and thus by Theorem 3.4 (A, C°) is polymorphism-homogeneous as well. There-
fore, by Proposition 3.7, it suffices to show that (C°)3 = (C*)4. This is clear, as any equality of the form
f¥(x) = f4(y) with k < £ is equivalent to z = f*~*(y), since f is bijective (here z and y might be the
same variable).

For the other direction, let us suppose that (A, C*®) is polymorphism-homogeneous. By Proposition 3.7,
(A, C®) is also polymorphism-homogeneous, and then Theorem 4.9 (together with Theorem 3.4) implies
that either there are no sources, or there is an integer n > 1 such that every source in A has height n. If
there are no sources in A, then every element is cyclic, and therefore f is bijective. From now on let us
suppose that A has sources with a common height n. Proposition 3.7 shows that there exists a quantifier-
free primitive positive formula ®(z, y) over C'* such that ®(x, y) is equivalent to f(z) = f(y). We can
write ®(z,y) in the following form:

t

&f’r?ul 7,7

i=1

where ¢, r; are nonnegative integers, and u;,v; € {x,y} fori = 1,...,t. Obviously, ®(a, a) holds for
every element a € A. Let us choose a to be of height n, i.e., let a be a source. Then f"(u;) = v; holds



Polymorphism-homogeneity and universal algebraic geometry 17

for u; = v; = aif and only if r; = 0, thus ®(z, y) is equivalent either to z = y or to 2 = z. Taking into
account that ®(z, y) is also equivalent to f(x) = f(y), we can conclude that f(z) = f(y) < z =1y
or f(z) = f(y) <= =z = x. Inthe first case f is a bijection, and in the second case f is constant. [

Injective objects in the category of all monounary algebras were determined by D. Jakubikov4-Stude-
novskd [11]; in the finite case these are exactly the monounary algebras A = (A, f) where f is bijective
and has a fixed point. However, in order to complete the picture of Figure 1 for monounary algebras, we
need to describe those monounary algebras A that are injective in the variety HSP A. This has been done
by D. Jakubikova-Studenovskd and G. Czédli, but this result appeared only in Hungarian in the masters
thesis [12] of T. Jeges, a student of G. Czédli.

Theorem 4.11 ([12]). A finite monounary algebra A = (A, f) is injective in the variety HSP(A) if and
only if all of its sources have the same height and it has a one-element subalgebra (i.e., f has a fixed
point).

Let us note that comparing theorems 4.9, 4.10 and 4.11, one can construct examples illustrating each
one of the “non-implications” of Figure 1.
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The age A(G) of a graph G (undirected and without loops) is the collection of finite induced subgraphs of G,
considered up to isomorphy and ordered by embeddability. It is well-quasi-ordered (wqo) for this order if it contains
no infinite antichain. A graph is path-minimal if it contains finite induced paths of unbounded length and every
induced subgraph G’ with this property embeds G. We construct 2° path-minimal graphs whose ages are pairwise
incomparable with set inclusion and which are wqo. Our construction is based on uniformly recurrent sequences and
lexicographical sums of labelled graphs.
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1 Introduction and presentation of the results

We consider graphs that are undirected, simple and have no loops. Among those with finite induced
paths of unbounded length, we ask which ones are unavoidable. If a graph is an infinite path, it can be
avoided in the following sense: it contains a direct sum of finite paths of unbounded length. This latter
one, on the other hand, cannot be avoided. Indeed, two direct sums of finite paths of unbounded length
embed in each other. Similarly, two complete sums of finite paths of unbounded length embed in each
other. Hence, the direct sum, respectively the complete sum of finite paths of unbounded length are, in
our sense, unavoidable. Are there other examples? This question is the motivation behind this article.

We recall that the age of a graph G is the collection Age(G) of finite induced subgraphs of G, consid-
ered up to isomorphy and ordered by embeddability (a graph H embeds in a graph H' if H is isomorphic
to an induced subgraph of H'. cf. Fraissé (2000)). It is well-quasi-ordered (wqo) for this order if it
contains no infinite antichain. A path is a graph P such that there exists a one-to-one map f from the
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set V/(P) of its vertices into an interval I of the chain Z of integers in such a way that {u, v} belongs to
E(P), the set of edges of P, if and only if |f(u) — f(v)| = 1 for every u,v € V(P). If I = {1,...,n},
then we denote that path by P,,; its length is n — 1, so, if n = 2, P, is made of a single edge, whereas if
n =1, P, is a single vertex. We denote by P., the path on N. We say that a graph G is path-minimal if it
contains induced paths of finite unbounded length and every induced subgraph G’ of G with this property
embeds a copy of G. Let @, P, respectively },, P, be the direct sum, respectively the complete sum of
paths P, (these operations are a particular case of lexicographical sum defined in Subsection 4.1). These
graphs are path-minimal graphs. There are others. Our main result is this.

Theorem 1 There are 2%° path-minimal graphs whose ages are pairwise incomparable and wqo for
embeddability.

Our construction uses uniformly recurrent sequences, and in fact Sturmian sequences (or billiard se-
quences) Morse and Hedlund (1940), and lexicographical sums of labelled graphs. The existence of 250
wqo ages is a nontrivial fact. It was obtained for binary relations in Pouzet (1978b) and for undirected
graphs in Sobrani (1992) and in Sobrani (2002). The proofs were based on uniformly recurrent sequences.
We use similar ideas in Laflamme et al. (2014) to prove that there are 2%° linear orders L of order type
w on N such that L is orthogonal to the natural order on N (see Theorem 2 and Corollary 2 of Laflamme
et al. (2014)).

We cannot expect to characterize path-minimal up to isomorphy. Indeed, recall that two graphs are
equimorphic if they embed in each other. In general, equimorphic graphs are not isomorphic. Now, if a
graph G is path-minimal then as it is easy to observe, every graph equimorphic to G is path-minimal.

We leave open the following:

Problems 1 (i) If a graph embeds finite induced paths of unbounded length, does it embed a path-
minimal graph ?

(ii) If a graph is path-minimal, is its age wqo ?
(iii) If a graph G is path-minimal, how many path-minimal graphs with the same age are they?
(iv) If a graph G is path-minimal, is G can be equipped with an equivalence relation = whose blocks are
paths in such a way that (G, =) is path-minimal?
In some situations, ®,, P, and },, P, are the only path-minimal graphs (up to equimorphy).

Theorem 2 [f the incomparability graph of a poset embeds finite induced paths of unbounded length,
then it embeds the direct sum or the complete sum of finite induced paths of unbounded length.

If x,y are two vertices of a graph G, we denote by dg(x,y) the length of the shortest path joining x
and y if any, and dg(z,y) := +oo otherwise. This defines a distance on the vertex set V' of G whose
values belong to the completion N =N*u {+00} of non-negative integers. This distance is the graphic
distance. If A is a subset of V, the graph G’ induced by G on A is an isometric subgraph of G if
de(z,y) =dg(z,y) forall z,y € A.

If instead of induced paths we consider isometric paths, then

Theorem 3 If a graph embeds isometric finite paths of unbounded length, then it embeds a direct sum of
such paths.
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We examine the primality of the graphs we obtain. Direct and complete sums of finite paths of un-
bounded length are not prime in the sense of Subsection 3.3, and not equimorphic to prime graphs. We
construct 2% examples, none of them being equimorphic to a prime one (Theorem 25). We construct also
2% which are prime (Theorem 25). These examples are minimal in the sense of Pouzet (1979), but not in
the sense of Pouzet and Zaguia (2009).

We conclude this introduction with:

1.0.1 An outline of the proof of Theorem 1.

It uses two main ingredients. One is the so called uniformly recurrent sequences (or words).

Let L be a set, a uniformly recurrent word over L with domain N is a sequence u = (u(n))nen of
elements of L such that for any given integer n there is some integer m(u,n) such that every factor v of
u of length at most n appears as a factor of every factor of u of length at least m(u,n). Allouche and
Shallit (2003); Berthé and Rigo (2010); Lothaire (2002). To a uniformly recurrent word u we associate
the labelled path P, on N where the label of vertex n is the value u(n) of the sequence w. If the alphabet
Lis {0,1}, we may view P, as a path with a loop at every vertex n for which u(n) = 1 and no loop at
vertices for which u(n) = 0. Next comes the second ingredient.

Fix amap % : L x L - {0, 1} and denote by i » j the image of (7, j). Let G, .) be the lexicographical
sum over the chain w of non-negative integers of copies of the labelled path P,. This is a labelled graph
whose vertex set is N x N with labelling £. Sets of the form {i} x N are the components of G, .y. On
each component {i} x N, the graph is a copy of P,, the label £(i,n) being u(n), two vertices (i,n) and
(J,m) of G(y,+), such that i < j, are linked by an edge if £(i,n) x £(j,m) = 1.

Since w is uniformly recurrent, the set Fac(u) of finite factors of u is wqo w.r.t the factor ordering
hence, by a theorem of Higman on words Higman (1952), the ages of P, and of G(,, .y are wqo. Deleting
the loops, we get a graph that we denote §(u7*) and whose age is also wqo. Let A be a subset of V' :=
V(@(uy*)) such that for each non-negative integer ¢, the restriction of @(u_’*) to An ({i} x N) is a finite
path, and furthermore, the length of these various paths is unbounded. Then this restriction has the same
age as @(m*) furthermore, two restrictions obtained by this process are equimorphic (i.e. embeddable
in each other), thus we do not refer to the family of path and denote by @(u,*) any of these restrictions.
We prove that @(u,*) is path-minimal (Proposition 17). If the operation * is constant and equal to 0,
respectively equal to 1, Q\(m*) is a direct sum, respectively a complete sum of paths. To conclude the
proof of the theorem, we need to prove that there is some operation = and 2™° words u such that the ages
of a(u,*) are incomparable. This is the substantial part of the proof. For that, we prove in Lemma 20 that
if L = {0,1} and « is the Boolean sum or a projection and  is uniformly recurrent then every long enough
path in @(u,*) is contained in some component. This is a rather technical fact. We think that it holds for
any operation. We deduce that if Fac(u) and Fac(u'") are not equal up to reversal or to addition (mod 2)
of the constant word 1 the ages of é\(u,*) and é\(u,,*) are incomparable w.r.t. set inclusion (Proposition
21). To complete the proof of Theorem 1, we then use the fact that there are 2%° uniformly recurrent
words u,, on the two letters alphabet {0, 1} such that for a # j the collections Fac(uq) and Fac(ug) of
their finite factors are distinct, and in fact incomparable with respect to set inclusion (this is a well known
fact of symbolic dynamic, e.g. Sturmian words with different slopes will do).
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2 Prerequisites

We denote by w the order type of the chain (N, <) of non negative integers, by w? the order type of its
reverse, by ( the order type of (Z,<).

The graphs we consider are undirected, simple and have no loops. That is, a graph is a pair G := (V, E),
where F is a subset of [V']?, the set of 2-element subsets of V. Elements of V' are the vertices of G and
elements of F its edges. We denote by = ~ y the fact that the pair {x,y} forms an edge. The graph
G be given, we denote by V(G) its vertex set and by E(G) its edge set. If x,y are two vertices of
G, we denote by dg(x,y) the length of the shortest path joining 2 and y if any, and dg(x,y) = +o0
otherwise. This defines a distance on V(G) with values in the completion N = N*u {+00} of the
non-negative integers. This distance is the graphic distance. On each connected component, this is an
ordinary distance with integer values. If x is any vertex of G and r € N, the ball of center x, radius
r, is the set Bg(x,7) = {y € V(G) : dg(=z,y) < r}. More generally, if X is a subset of V, we set
Bg(X,r) = Ugex Ba(z,7). The diameter of G, denoted by d¢, is the supremum of dg(z,y) for
x,y € V. If Ais a subset of V, the graph G’ induced by G on A is an isometric subgraph of G if
de(z,y) = dg(x,y) for all z,y € A. The supremum of the length of induced finite paths of G, denoted
by Dg, is sometimes called the detour of G Buckley and Harary (1988). We denote by Dg(x,y) the
supremum of the lengths of the induced paths joining = to y. Evidently, if x and y are connected by a
path, dg(z,y) < Dg(x,y). A graph G is locally finite if the neighbourhood of every vertex = of G is
finite. Equivalently, the balls B¢ («x,r) are finite for every vertex = and integer r € N. It is easy to see that
if a graph G is finite, the detour of G is finite; if the detour is finite and the graph is connected then the
diameter is bounded; and if the diameter is bounded and G is locally finite then G is finite. We formally
state below the well-known result of Konig Kénig (1927) and refer to Polat (1998) and Watkins (1986)
for significant results on infinite paths.

Proposition 4 [f a connected graph is infinite and locally finite then it contains an infinite isometric path

We apply to graphs concepts of the theory of relations as developed in Fraissé (2000). We feel free to
use these concepts for labelled graphs as well without giving more details. A graph G embeds in a graph
G’ and we set G < G’ if G is isomorphic to an induced subgraph of G. Two graphs GG, G’ which embed
in each other are said to be equimorphic. A class C of graphs is hereditary if G' € C and G < G’ imply
G € C. We recall that the age of a graph G is the collection Age(G) of finite graphs H which embed in
G. A collection A of finite graphs is the age of a graph if and only if it is hereditary and up-directed (that
is any pair H, H' of members of A embeds in some member of A) (see Fraissé 1945 Fraissé (2000)). An
age A is inexhaustible if any two of its members embed disjointedly into a third. Equivalently, if G is a
graph with age A then for every finite subset F' of V(@) the graph induced on V(G) \ F has the same
age as GG. Most of the time we consider the members of an age up to isomorphy.

2.1 Posets, Comparability and incomparability graphs

Throughout, P := (V, <) denotes an ordered set (poset), that is a set V' equipped with a binary relation <
on V which is reflexive, antisymmetric and transitive. We say that two elements z,y € V are comparable
if z < y or y < x, otherwise, we say they are incomparable. The dual of P denoted P? is the order
defined on V as follows: if =,y € V, then z < y in P? if and only if y < z in P. A set of pairwise
comparable elements is called a chain. On the other hand, a set of pairwise incomparable elements is
called an antichain.
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The comparability graph, respectively the incomparability graph, of a poset P := (V,<) is the undi-
rected graph, denoted by Comp(P), respectively Inc(P), with vertex set V' and edges the pairs {u,v}
of comparable distinct vertices (that is, either u < v or v < u) respectively incomparable vertices. We set
x ~ y if z and y are comparable, and x || y otherwise. A graph G := (V, E) is a comparability graph if the
edge set is the set of comparabilities of some order on V. From the Compactness Theorem of First Order
Logic, it follows that a graph is a comparability graph if and only if every finite induced subgraph is a
comparability graph. Hence, the class of comparability graphs is determined by a set of finite obstructions.
The complete list of minimal obstructions was determined by Gallai Gallai (2001).

2.2 Words, age of words, uniformly recurrent words

We recall basic facts on words Allouche and Shallit (2003); Lothaire (2002); Fogg (2002).

Let A be a finite set, k& be the number of its elements. A word u is a sequence of elements of A, called
letters, whose domain is an interval I of Z. If this sequence is finite, the length of w is the length |u| of the
sequence. In this case, we may suppose that the domain is [0, ...n[. If v is a word, and I is an interval
of its domain, the restriction of u to I is denoted by u;;. We denote by O the empty word. If I is infinite,
we may suppose that the domain is N, N* := {0,-1,...,-n...} or Z. If u is a finite word and v is a
word, finite or infinite with domain N, the concatenation of v and v is the word uv obtained by writing
v after u. If v has domain N*, the word vu is similarly defined. A word v is a factor of u if u = uyvus.
This defines an order on the collection of finite words, the factor ordering. The age of a word u is the set
Fac(u) of all its finite factors endowed with the factor order. We note that a set A of finite words is the
age of a word w if A is an ideal for the factor ordering, that is a non-empty set of finite words which is an
initial segment (that is if v € A, then every factor of v is also in A) and is up-directed (that is if v, v’ € A,
then there exists v” € A such that v and v’ are factors of v'"). Note that the domain of w is not necessarily
N, it can be N* or Z. The age of a word u is inexhaustible if for every v,v’ € Fac(u) there is some w
such that v'wv’ € Fac(u). If an age is inexhaustible this is the age of a word on N. A word u is recurrent
if every finite factor occurs infinitely often. This amounts to the fact that Fac(u) is inexhaustible.

A word v on N is uniformly recurrent if for every n € N there exists m € N such that each factor
u(p),...,u(p +n) of length n occurs as a factor of every factor of length m.

There is a relation between uniformly recurrent words and well-quasi-ordering via the notion of Jénsson
poset. An ordered set (poset) P is a Jonsson poset if it is infinite and every proper initial segment has a
strictly smaller cardinality than P. J6nsson posets were introduced by Oman and Kearnes Kearnes and
Oman (2013). Countable Jonsson posets were studied and described in Pouzet (1978b); Pouzet and Sauer
(2006); Assous and Pouzet (2018). In particular, a countable poset P is Jonsson if and only if it is well-
quasi-ordered, has height w, and for each n < w, there is m < w such that each element of height at most
n is below every element of height at least m.

Their appearance in the domain of symbolic dynamics is due to the following result.

Theorem 5 Let u be a word with domain N over a finite alphabet. The following properties are equiva-
lent:

(i) w is uniformly recurrent;
(ii) Fac(u) is inexhaustible and wqo;

(iii) Fac(u) equipped with the factor ordering is a countable Jonsson poset.
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The only nontrivial implication is (i) = (#4¢) (Lemma II-2.5 of Ages belordonnés in Pouzet (1978b) p.
47). For reader’s convenience, we prove it below (the proof was never published).

Lemma 6 Let A be an inexhaustible age of words. If A is not Jonsson then it is not wqo.

Proof: Suppose that .4 contains a proper initial segment B which is infinite. Let Sy,...5,... be a
sequence of members of B with |8,,| < |8n+1| for every n € N. Let u be a word on N with Fac(u) = A.
Let I,, be an interval of N such that ur, = (.
Claim: For each n € N, the set 7, of intervals J of N such that [, € J and u, s € B is finite.
Proof of Claim. If this is not the case, let [I,, =) := {m € N: min([,) < m} and (« I,,[:= {m e N :
m < min I, }. Then Fac(u[s,-)) € B. Since A is inexhaustible Fac(uy,[) = Fac(u) = A. This
contradicts B # A. This completes the proof of the claim. [

For each n € N let J,, be a maximal element of U 7,,. The set I of n € N such that 0 € J,, is finite,
otherwise the union of the .J,,’s would be N and B would be equal to .A. Forn € N\ [ set x,, := min J,, -1,
Yn = max.J, + 1, J, = J,, U{z,,yn} and 7y, = uyJ .

Since the length of the 3/, s is increasing, there is an infinite subset K of N \ [ such that |y,| < |v,,| for
n <min K. We claim that the set of ~,, for n € K is an infinite antichain.

Indeed, if 7y, < 7y, then either |y, | = |ym| in which case v, = Vi, OF |vn] < |Ym|- In this latter case,
either V17, 0(zn} < Ymtdm OF YntJnu{yn} < Ymtdy,- SINCE Yy, € B and B is an initial segment of A,
either V17, u{wn} OF YntJ,u{y,} belongs to B, contradicting the maximality of .Jj,. |

In the sequel, we suppose that A := {0,...% — 1}. To the word u with domain N we may associate the
labelled path P, on N where vertex n is labelled by u(n). We may consider P, as a binary structure made
of the path and k unary relations Uy, ..., Ux_1 where U;(n) = 1 if u(n) = i. If the alphabet is {0, 1}, this
can be expressed in a much simpler form: P, is the path where vertex n has a loop if and only if u(n) = 1.

Due to Theorem 5 and a theorem of Higman, there is a simple correspondence between properties of
words and properties of labelled paths. First we recall Higman’s theorem on words.

Let P := (V, <) be an ordered set and let P* be the set of finite sequences of elements of V' that we see
as words on the alphabet V. The subword ordering on P* is defined as follows. If u := ug, ..., 4,1 and
v =g, ..., Upm—1 are two words then we let v < v if there is a 1-1 order preserving map ¢ from the interval
[0, n[ into the interval [0, m[ such that u; < v,;y for each i < n.

Theorem 7 Higman (1952)If P is wqo, then P* is wqo.
Next, we state the correspondence.
Theorem 8 Let u be a word with domain N on a finite alphabet. The following properties are equivalent:
(i) w is uniformly recurrent;
(ii) Age(P,) is inexhaustible and wqo.
Proof: Suppose that « is uniformly recurrent. According to (i) = (i¢) of Theorem 5, Fac(u) is inex-
haustible and wqo. Members of Age(P,) are finite direct sums of labelled paths. They can be viewed as

words on the alphabet Flac(u). From Higman’s theorem this set of words is wqo. Hence Age(P,) is wqo.
The fact that Age(P,) is inexhaustible is obvious. Conversely, suppose that Age(P,) is inexhaustible
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and wqo. Then trivially, Fac(u) is inexhaustible and wqo. Hence, from (i4) = (i) of Theorem 5, u is
uniformly recurrent. O

As it is well known there are 2%° uniformly recurrent words with distinct ages (e.g. Sturmian words
with different slopes, e.g., see Chapter 6 of Fogg (2002)). Despite the fact that the age of a labelled path
P, does not determine the age of u (it does it up to reversal), this suffices to prove that:

Lemma 9 There are 2%° labelled paths with distinct ages.

We will need this fact and more, namely that the graphs @(u,*), that we define in Subsection 4.1,
have distinct ages (Proposition 21). For this, we start with the following notation and observations. If
v = V... Vp,_1 is a finite word, let v? := v, _;---vg its reverse; if X is a set of words, set X := {v¢ :
v € X}. If Fac(u) is the age of a word u on N, then Fac(u)? is the set of factors of a word on
N* ={0,-1,...,-n...} but in general, it is not necessarily the age of a word on N. Except if the word
u is recurrent and especially if the word is uniformly recurrent. Next, let 1 be the constant word equal to
1;if v := vg...v,-1 is a word on {0, 1}, denote by v+1 the word (vg+1...v,-1+1) where the sum + is
modulo 2. If X is a set of words, set X+1 := {v+1 : v € X }. Note that if X is the age of a uniformly
recurrent word, then X +1 is too.

Definition 1 Two ages A and A’ of uniformly recurrent words are equivalent if A € {A’, A'4, A'+1, A941}.

This is an equivalence relation and each equivalence class has at most four elements. From 2% uniformly
recurrent words with distinct ages we can extract 2™° ages of words which are not pairwise equivalent. In
particular these words yield 2%¢ labelled paths with distinct ages. This proves Lemma 9 (and more).

3 A general setting for minimality

Definition 2 Let C be a class of finite graphs. A graph G is C-minimal if Age(Q), the age of G, contains C
and every induced subgraph G' of G such that C ¢ Age(G") embeds G. Equivalently, G is minimal among
the graphs G" such that C € Age(G'"), the collection of these G being quasi-ordered by embeddability.

Example 1 [f*P is the collection of all finite paths, we say that a *3-minimal graph is path-minimal.
A natural question is:

Question 1 Given a class C of finite graphs, does every graph such that C € Age(G) embeds some
C-minimal graph?

We have no answer, except in some special cases.
For example, we have:

Fact1 If G is a path-minimal graph and Age(G) =| ‘R, the set of graphs which embed in some finite
path, then G is a direct sum of finite paths of unbounded length.

Proof: Since Age(G) is equal to | P, the graph G is the direct sum of paths, some finite and some
infinite. If no connected component of G is infinite, then the length of these connected components is
unbounded and G is equimorphic to a direct sum of finite paths of arbitrarily large length. Else if some
connected component of G is infinite it embeds a direct sum of finite paths of unbounded length. O

For an other example, see Theorem 2.
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Question 2 Ler G be a graph such that C ¢ Age(G). Does G embed a graph G' such that Age(G') is
minimal in the sense that for no induced subgraph G" of G' such that C ¢ Age(G"), Age(G") strictly
included in Age(G')?

The following are obvious observations.
(1) A positive answer to Question 1 yields a positive answer to Question 2.
(2) If{G': G' < Gand C < Age(G')} is well founded, then the answer to Question 1 is positive.

(3) If the collection of ages of induced subgraphs G’ of G containing C is well founded when ordered by
set inclusion, then the answer to Question 2 is positive.

3.1 Links to other notions of minimality

Definition 3 A graph G is minimal for its age (or simply minimal) if it embeds in every induced subgraph
G’ of G with the same age as G Pouzet (1979).

Fact2 If G is C-minimal, then it is minimal.

Proof: Let G’ be an induced subgraph of G such that Age(G') = Age(G). Since G is C-minimal,
C c Age(G). Since Age(G') = Age(G) we have C € Age(G"). From the C-minimality of G we deduce
that G embeds into G’ proving that G is minimal. O

Question 3 Does there exist a graph such that no induced subgraph with the same age is minimal?( Pouzet
(1979)).

In Pouzet (1979), examples of multirelations (not graphs) yield a positive answer to that question.

Fact 3 If G is a graph as in Question 3, then for C = Age(Q), G does not embed a C-minimal graph.

Proof: Suppose that some induced subgraph of G’ of G, with C ¢ Age(G"), is C-minimal. Then it follows
from Fact 2 that G’ is minimal. A contradiction. |

3.2 Indivisibility and minimality

Definition 4 An age A of finite graphs is indivisible if for every graph G such that Age(G) = A and
every partition of the vertex set of G into two parts A and B, one the induced graphs of G on A or B has
age A. Equivalently, an age A of finite graphs is indivisible if for every S € A there is S € A such that
for every partition A, B of the vertex set of S, one of the induced graphs S\, S\p embeds S (cf. Pouzet
(1979) p.331 and also Fraissé (2000)).

Let Gy, = (V,,, E,) for n € N be a family of graphs having pairwise disjoint vertex sets. We define the
direct sum of (G, )nen, denoted @,,G,,, is the graph whose vertex set is U,y V;, and edge set UpenFE,.
The complete sum of (G, )nen, denoted Y, G, is the graph whose vertex set is UnenV;, and edge set
Uigj ({0, } v e Vi Av € Vi uupenEn.

For an indivisible age A, graphs that are .A-minimal are easy to describe.
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Theorem 10 If A is an indivisible age of finite graphs, then every graph G with A ¢ Age(G) embeds
some graph G’ which is A-minimal. In fact, either G embeds a direct sum ®,G,, or a complete sum
>n G, of finite graphs Go, G1, -+, G, -+~ such that A =| {G,, : n < w}, the set of graphs which embed in
some (Gy,.

This result is essentially Lemma 4.2 of Milner and Pouzet (1992). It is based on Propositions IV.2.3.3,
IV.2.3.1 and IV.2.3.2, p.338, 339 of Pouzet (1979). We do not give a proof. We prefer to give the following
illustration (Lemma 4.1 of Milner and Pouzet (1992)).

Proposition 11 Ifa graph embeds finite cliques of unbounded cardinality, then either it embeds an infinite
clique or a direct sum of finite cliques of unbounded cardinality.

This proposition is readily obtained from Ramsey’s Theorem on quadruples. For the reader’s conve-
nience we provide a proof. For each integer m > 0, choose a complete graph GG,,, on m vertices and set
V(Gm) = {v0.m, s Vi.ms**, Um—1.m }- Let [N]? be the set of pairs {n,m} withn <mand f : [N]? - G
be the map defined by f(n,m) = v, . Partition the set [N]* of 4-tuples {i, j, k,{} into three classes
according to whether f (i, 7) is equal, adjacent, or not adjacent to f(k,!). From Ramsey’s Theorem there
exists an infinite subset X of N such that [ X ]* is in one class. The conclusion follows.

3.3 Minimality and primality

Let G := (V, E) be a graph. According to Gallai Gallai (2001), a subset A of V' is autonomous (also called
module in the literature) in G if for every v ¢ A, either v is adjacent to all vertices of A or v is not adjacent
to any vertex of A. Clearly, the empty set, the singletons in V' and the whole set V' are autonomous in
G, they are called frivial. An undirected graph is called indecomposable if all its autonomous sets are
trivial. With this definition, graphs on a set of size at most two are indecomposable. Also, there are no
indecomposable graphs on a three-element set. An indecomposable graph with more than three elements
will be called prime. The graph Py, the path on four vertices, is prime. In fact, as it is well known, every
prime graph contains an induced P, (Sumner Sumner (1973) for finite graphs and Kelly Kelly (1985) for
infinite graphs). Furthermore, every infinite prime graph contains an induced countable prime graph Ille
(2005).

Definition 5 Pouzet and Zaguia (2009) A an infinite graph G is minimal prime if G is prime and every
prime induced subgraph with the same cardinality as G embeds G.

In Pouzet and Zaguia (2009), the authors provided among other things, the list of minimal prime graphs
with no infinite cliques or no infinite independent sets.

Definition 6 An age A of graphs is minimal prime if A contains prime graphs of unbounded cardinality
but every proper hereditary subclass contains only finitely many prime graphs.

Problem 1 Oudrar (2015)(Problem 11 page 99 subsection 5.3.1) If a graph G (more generally a binary
relational structure) is minimal prime, is its age minimal prime?
4 Path-minimality

This section is devoted to the proof of Theorem 1. In Subsection 4.1 we define the lexicographical sum
of labelled graphs, the set of labels being endowed with an operation » with 0-1 values. This allows us to
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construct a path-minimal graph Q (u,~) attached to each uniformly recurrent word u (Proposition 17). In
Subsection 4.2 we consider path-minimal graphs attached to some periodic sequences and prove that their
ages are pairwise incomparable (Proposition 18). In Subsection 4.3 we show first that for some operations
x on L := {0,1} each long enough path in Q\(u)*) is contained in some component (Lemma 20). Then

we prove that there are 2% such Q\(uy*)’s whose ages are wqo and incomparable w.r.t. inclusion. This
completes the proof of Theorem 1.

4.1 Lexicographical sum of labelled graphs

Definition 7 A labelled graph is a pair (G, £) where G := (V, E) is a graph and £ is a map from 'V into a
set L of labels. If H denotes a labelled graph, then H denotes the underlying graph. In our context, the
set L has no order structure, so when we say that (G, £) embeds into (G, ¢") and write (G, £) < (G',¢'),
we mean that there is an embedding h of G into G’ such that £'(h(v)) = £(v) forallv eV.

If L = {0,1}, we may replace a labelling ¢ by a loop at every vertex v such that £(v) = 1 and suppress
the label 0.

In the sequel L is endowed with a map = : L x L — {0,1} and we set i x j := *(4, j). We denote by %
the dual of *, defined by i x? j := j * .

Let (G4, £;);es be a family of labelled graphs, indexed by a chain C := (I, <), and suppose that the sets
V(G,), for i € I, are pairwise disjoint. The lexicographical sum Y., ;. (G, {;) of the family (G, £;)ier
is the labelled graph (G, £) whose vertex set is U;er V(G;) and edge set

E = (UiGIEi) @] {{xi,xj} Y <j,£CZ' € V(Gl),IJ € V(GJ) and E(Il) * é(ZCJ) = 1}

If  takes only the value 0, then Y, ,.; (G, ;) is the direct sum of (G, ¢;)ir. On the other hand, if »
takes only the value 1, then Y, ;.1 (G, £;) is the complete sum of (G, 4; )ier.

If the sets V' (G;)’s are not pairwise disjoint, we replace each (G;,¥¢;) by a copy on {i} x V(G;). If
all (Gy,¥¢;)’s are equal to the same labelled graph (G, ¢) then the lexicographical sum of copies of (G, )
indexed by the chain C is the labelled graph (G,¢) -, C on I x V(G) such £(i,z) := ¢;(x) for each (i, )
and for ¢ < j in C, (4,2) and (j,y) form an edge if and only if £(i,2) * £(j,y) = 1 (our notation agrees
with the notation of lexicographical sum of chains). In the sequel we will mostly consider lexicographical
sum of copies of a labelled graph (G, ¢) indexed by the chain w of the non-negative integers. If GG is a
labelled graph over a set L of labels and » denotes the map from L x L to {0,1}, we denote by G -, w
the lexicographical sum of copies of G indexed by the chain w of the non-negative integers; we denote
by G -, w the graph obtained by removing the labels of G -, w. In the sequel, our graphs G will be paths
labelled by uniformly recurrent sequences.

Remark 1 The fact that our family of labelled graphs is indexed by a chain is enough to serve our
purpose. But one could consider a more general notion of lexicographical sum in a way that the fact that
two vertices x; and x; are adjacent depends only upon the values of the labels ¢(z;) and ¢(x;). This
amounts to impose that the sets V;, for ¢ € I, are Fraissé intervals (a generalization of autonomous sets;
see Fraissé (1984) and for a general development, see Ehrenfeucht et al. (1999)) of (G, £), that is:

for every z;, 2 € Vi, y ¢ Vi,
if £(z;) = £(x}), then {;,y} is an edge if and only if {z},y} is anedge. (1)
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0 4
1 3
0 2
1 1
0 0

Fig. 1: Sum of two labeled paths. For n € N set £(2n) = 0 and £(2n + 1) = 1. The operation * is the Boolean sum.

A crucial property of lexicographical sums is the following

Lemma 12 Let (G;,4;)ier and (G, 0} )irerr be two families of labelled graphs, indexed by the chains

C:=(I,<) and C" = (I', <) respectively. If there is an embedding o from C in C' and for each i € I an
embedding f; of (G;,4;) in (G;(i),ﬂ;(i)) then User fi is an embedding of (G, £) - Cin (G',¢") -, C".

The proof is immediate: the fact two vertices (4, 2) and (j, y) with ¢ < j form an edge depends only upon
the values of ¢;(x) * ¢;(y).
We have also:

Lemma 13 If O is the dual of a chain C then (G,£) -, C = (G,£) -,a C°.

Let C be a class of L-labelled graphs. Let C. be the collection of L-labelled graphs which are lexico-
graphical sums of L-labelled graphs belonging to C indexed by some chain and let C, , be those that are
finite sums.

Theorem 14 Let C be a class of L-labelled graphs.

(1) IfC is a hereditary class of L-labelled finite graphs, then (?;<w is hereditary;

(2) IfC is an inexhaustible age of L-labelled graphs, then CA;W is an inexhaustible age too;

(3) IfC is wqo then C, ., is wqo.

(4) If C consists of direct sums of labelled paths of bounded length then the length of labelled paths in
Ci <y, is bounded.
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Proof: Only the last two statements are nontrivial. They are consequence of Higman’s Theorem Higman
(1952).

(3) Let P be the class C quasi ordered by embeddability. To a finite sequence (Gp,...,Gp-1) € P*
associate the sum ;1 . -1y Gi and observe that the operation }; is order preserving from P* into
Crcw if (Goy oty Go1) < (G oy Gy y) then Yicy 01y Gi € Yien

is wqo by Higman’s Theorem. Its image is C. ., which is wqo too.

(4) The proof relies on a strengthening of the notion of wqo due to the first author (Pouzet (1972), Fraissé
(2000) 13.2.1 page 355). A collection C of labelled graphs is 1-well if the collection C[;] made of pairs
(G,U) where G € C and U is a unary relation on V(G) is wqo. A collection of paths (labelled or not)
of unbounded length is not 1-well. Indeed, to each path G associate (G, U) where U take value 1 on the
end-vertices of GG and 0 on the other vertices. Then paths with different length are incomparable. Now,
suppose that C consists of direct sums of labelled paths of bounded length then, with Higman’s Theorem,
C[1] is wqo, and again by Higman’s Theorem (é;«,.;)[l] is wqo. Hence the length of paths in Coco is
bounded. O

w1y G}. Since P is wqo, P~

..........

Lemma 15 Let G be a labelled graph and let G -, C' be the lexicographic sum of copies of G indexed
by the chain C := (I,<). Let J be an infinite subset of I, (A;)jes be a family of subsets of V(G),
S = (Gy)jes where G := G4, and G, sy be the graph induced by G - C on Ujc;{j} x A;. Then

(1) Age(Gs,5)) = Age(G . C) if Age(G) = Uics Age(Gi).

(2) Furthermore, if Cy; has order type w or w® and (A;)jes, (A%)jes are two families of finite subsets
of V(G) such that Age(G) = U,ey Age(Gi) = Ujes Age(G;) then G, sy and G, sy are equimor-
phic.

Proof: (1) Let H € Age(G-. C). Let F ¢ I x V(G) such that (G -, C)p is isomorphic to H. Let K be
the projection of F on I. For k € K, set F, := {x ¢ V(G) : (k,x) € F'}. Since Age(G) = Uiy Age(G),
G\, embeds in some G;. Write ko, ..., ky,—1 the elements of K in an increasing order, so k; < k;;; for
i €{0,...,m - 2}. For each 4, 0 < i < m, we may select ng, such that G\, embeds in Gy, , this Gy,
being isomorphic to Gr{nki}x Apy and the indices ny, strictly increasing with 7. Then, with Lemma 12,
one can see that H embeds into (G* ) Wocicm (i, }xAn, - N€NCE N G (4 ), thus H € Age(G(4,s))- This
proves our assertion. '

(2)We prove that G/, sy embeds in G, sy. We may suppose that C}; has order type w and identify
it with N. We built a strictly increasing self map ¢ on N such that (G -+ C}7){n}x4a, embeds in (G -,
w) Mo(n)}xAL - The conclusion follows with Lemma 12. O

Corollary 16 G -, ¢, G -, w? and G -, w have the same age.

Definition 8 7o a uniformly recurrent word u on N over the alphabet L we associate four graphs G ,, ),
Q(u,x) é\(u)*) and Q\(u)*). The graph Gy, .y = Py -« w is the lexicographical sum of w copies of the
labelled graph P,. To emphasize, the vertex set V (G, .y) is N x N; on each component {i} x N, the
graph induced by G, .y is a copy of the path P, labelled by u; the label of vertex (i,x) is u(x), two
vertices (i,x) and (j,y) of Gy ) With i < j are linked by an edge if and only if u(x) x u(y) = 1. Let
(In)nen be a family of intervals of N of unbounded finite length then Q) .y is the induced subgraph of
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Guy on I = Upen{n} x I. Let G(u ) and Q(u +) be the graphs obtained by removing the labels of
G (u,x) and Q, +) respectively. Hence, Q(u «) is the restriction to 1 ofG(u -

Proposition 17 The graphs G(m*) and Q(m*) have the same age and this age is wqo. Furthermore
Q\(u)*) is path-minimal.

Proof: First, we prove that G(u,*) and Q\(uy*) have the same age. This follows from the fact that G(uy*)
and @), have the same age. This fact is an immediate consequence of Lemma 15.

Next we prove that Age(@\(m*)), the age of G'\(u’*), is wqo. Again, this fact follows from the fact
that Age(Gy,+)) is wqo. This last fact follows from Item (3) of Theorem 14. Indeed, according to
Theorem 8, Age(P,) is wqo. If C := Age(P,) then C,_,, is wqo by Item (3) of Theorem 14. Since
Age(Gu,n)) € Crcur Age(Gu,vy) is Wqo.

We prove that any other family of intervals of finite unbounded length yields an equimorphic graph to
Q(u «) and furthermore that this graph as well as Q(u «) 1s path-minimal. For that, we apply the following
claim.

Claim: Let G := G (), @ := Q(y,+) and G, @ be the graphs obtained by deleting the labels.

(1) @ contains finite induced paths of unbounded length.
(2) Let Ac V(G). If G, 4 contains finite paths of unbounded length, then Q embeds into G 4.

Proof of Claim: Forn € Nlet A, := An ({n} x P,). We claim that for each integer m there exists some
N such that G tA,, contains a path of length at least m. Suppose that this is not the case. This means
that there is some integer & such that the length of paths in each A,, is bounded by k. In this case, G tA,
decomposes into a direct sum of labelled paths of length at most k. According to (4) of Theorem 14, the
length of paths in G} 4 is bounded, contradicting our hypothesis. This proves our claim. For each m, let
I,,,, be an interval of N of length m such that {n,,} x I, is included into some A,, , the A,  being
distinct and in an increasing order. The set S := {P, I I, : m € N} is an infinite subset of Age(P,).
Since wu is uniformly recurrent, it follows from Theorem 8 that S is cofinal in Age(P,), that is every
element of Age(P,) embeds in some element of S. Thus Lemma 15 applies, () embeds into G'; 4, hence
Q embeds into G tA. This completes the proof of the claim.

The proof of the Proposition 17 is now complete. |

4.2 Congruences and path-minimal graphs

In this subsection, we start with a simple construction. It gives an illustration of our techniques and allows
us to show that there are countably many path-minimal graphs with incomparable ages (Proposition 18).

Let k£ > 2 be an integer and =, be the congruence modulo % on the integers. Let Gy, be the graph with
vertex set N x N such that two vertices (x,y) and (z',y") form an edge if either z = 2" and [y - '[ = 1 or
z#a'andy # y'. Let Q». be the restriction of Gy, to {(n,m):m <n +5}.

The graph G}, can be obtained by the process described in Subsection 4.1. Indeed, let u := (u(n))nen
where u(n) is the residue of n modulo k. Hence w is a periodic word on the alphabet {0, ..., k—1}. Define
* from {0,...,k -1} x{0,...,k—1} into {0,1} by setting i x¢ =0 fori =0,...,k—landi*j =1
otherwise. To the word u we associate the labelled path P, on N where vertex n is labelled by u(n). Let
G be the lexicographical sum of copies of P, indexed by the chain w, say G := P, -, w, and G be the
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graph obtained by removing the labels of G. Then Gy = G. Note that G5 = G (u,~) Where u is the periodic
sequence 010101. .. and * is the Boolean sum on {0, 1}.

Proposition 18 For each integer k > 2, Qy, is a path-minimal graph and for different values of k the ages
of Qi are incomparable w.r.t. inclusion.

The fact that Qj, is path-minimal follows from Proposition 17. We give a self-contained proof of the
full proposition above avoiding the use of wqo. It relies on claims 2, 3 and 4 stated below.
ForieN,letN; := {(,7): j € N} and let G () be the graph induced by G}, on N;. This is an infinite
path that we call a component of G),. The restriction Qy of Gy, to the set X; == {(i,7) :j <i+5} is an
induced path of length ¢ + 5 that we call also a component of Q. We note that Qy, is a union of finite
paths of unbounded length.
Claim 1: §(G5) = 3and 6(Gy) = 2 for k > 3.

Proof: Let a := (z,y) and a’ := (z',y") be two distinct vertices. We claim that their distance is at
most 3if z # 2’ or k > 2, and at most 3 if x = 2’ and k = 2. Suppose that x # 2/, eg., z < z’. If
y' =y then (z,y) ~ (¢/,y+ 1) ~ («',y) and the distance is 2. Suppose that y # ¢/, e.g., y < y'. If
y' #r y then (z,y) ~ (2',y") and the distance is 1. If y' =5 y then (z,y) ~ (2',y +1) ~ (a',9)
and the distance is 2. Suppose that = z'. We may suppose that y # y’ otherwise the distance is
0. We may thus also suppose y < y’. Let r be the residue of 4’ — y mod k, i.e. y' = my + r with
0<r <k Ifr=0then (z,y) ~ (z+1Ly+1) ~ (¢,y') and thus dg (a,a’) < 2. If k = 2 and
r = 1 then either m = 1 and thus (z,y) ~ (z,y’), and the distance is 1, or m > 1, in which case
(z,y) ~ (x+Ly+1) ~ (z,y' - 1) ~ (z,y') and hence d, (a,a’) < 3. If k> 2letr’ :=2if r = 1 and
r’:=1ifr > 1. Then (z,y) ~ (x + Ly +7") ~ (z,3") andhenced  (a,a’) <2. o

Claim 2: An induced path of length at least six of Gy is necessarily included in a component of Gy.

Proof: Let R := ((zi,y:))iso be an induced path in G, of length at least four. Then the following four
statements below hold:

(1) Foralliandforall j >i+2wehave z; =z, Or Z; = Tj41.
Proof: Suppose xT; + T and xT; * Tj+l- Since (Iz,%) 7[‘ (.Ij,yj) and (xz,yz) ')L (Ij+layj+l),
Yj =k Yi =k Yj+1. Since (z;,y;) ~ (zj+1,Y5+1) and y; =p y;+1 we must have z; = x;,1 and
ly; — y;+1| = 1 which is impossible since k > 2.m

(2) Foralliand for all j > i + 2, x; is equal to at least three elements among ;, Zj41, Zj+2, ;+3.
Proof: Suppose for a contradiction that j < r < s < j + 3 such that z;; ¢ {z,,z,}. Since R is induced
we have 4, = y; =k ys. It follows from (1) that s — r # 1. There are three cases to consider.

Casel:r=jands=j+2.

It follows from (1) that z;,1 = x; = 743. Since ;.3 # x; and R is induced we infer that ;.3 = y;.
But then y;,3 =, yj+2 contradicting ;.3 # ;2.

Case2:r=j+1lands=j+3.

This follows from Case 1 and symmetry.

Case3:r=jands=j+3.

It follows from (1) that z;.1 = x; = .2 and hence |y;+1 — y;+2| = 1. Furthermore, y;.3 = y;+1 and
Yj =k Yj+2. Hence, y;.1 = Yi =k Yj+2 contradicting |y;.1 — yj+2| = 1.0
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(3) If R has length at least five, there exists at most one index ¢ > 2 such that zy # x;.
Proof: Suppose 2 < < j such that z; # ¢ # x;. It follows from (1) that ;.1 = zo. Then j # ¢+ 1. It
follows from (2) that we may assume without loss of generality that j = ¢ + 2. Then (x;43,¥i+3) € R
or ¢ > 2 and hence (x;-1,y;-1) is not a neighbour of (xg,y0) € R. We obtain a contradiction by
applying (2) to the sequence (xo,y0) and (2;,v:), (Tiv1,Yir1)s (Tiv2, Yiv2), (Tir3, Yirs) or to the
sequence (29, %0) and (2i-1,Yi-1), (Ti; ¥i)s (Tis1, Yir1 ), (Tiva, Yiv2).M

(4) Let (z0,90), (21,91), ..., (6, ys) be an induced path in Gy, for k > 2. If there exists ¢ such that
T + T4, theni = 1.
Proof: 1If not, then by (3) there is a unique ¢ > 2 such that g # x; . If ¢ # 4, then there are
then at least two indices r,s > 2 such that |r — s| = 1 and («,,y,) and (zs,ys) are not adjacent
to (z;,y;). Hence, y. = yo =k ys. Since z, = xo = xs we infer that |ys — y,| = 1 contradicting
ys = yr mod k. We now assume ¢ = 4. Hence, ¢ = x2 = £3 = x5 = 6. We now consider the path
(I67y6) = (xﬁvyﬁ)v(xllvyi) = (x5,y5),...,(:17§,,y§,) = (Ilvyl)v(xévyé) = (%o, Yo0). Since I{J = IZL
we apply the previous argument (as in the case 7o # 4) to this path and we obtain a contradiction.m

(5) Let (x0,v0),(x1,%1), .-, (6, ys) be an induced path in Gy fork >2. Thenzg = 21 = ... = 6.
Proof: 1t follows from (4) that zg = z2 = ... = x¢. By symmetry, 6 = 4 = 3 = T2 = 1 = Xp.
Therefore, zg = 1 = ... = xg as required.m

O

The value six is best possible: The sequence (0,0), (1,1),(0,k), (0,% + 1), (1,2k), (0,2k + 1) yields
an induced path in GG;, which is not included in a component of G.
Claim 3: The graph Q. is path-minimal.

Proof: Let Y be a subset of V(@k) such that the graph induced by Q) on Y contains finite induced
paths of unbounded length. From Claim 2 above, each induced path of length at least six is included in
some component of G &, hence in a component of @ k. Since the components of @ & are finite, there is an
infinite sequence of integers (i, )nen such that @k I'Y n X, contains a path on a subset Z;  of length n.
According to Lemma 15, @k embeds in @k PUi,en Zi, - O

Claim 4: For each k > 2, Age(Qy) = Age(Gy) and if k # &/, then Age(Gy) and Age(G}) are incom-
parable with respect to set inclusion.

Proof: The first part is obvious. For the second part, let R be a path of length m > max{k + 1,6} in a
component of Gy. Let z be a vertex in another component. The trace on R of the neighborhood of z is a
union of paths, each of length k — 1; two such paths consecutive in R being separated by a single vertex.
Then @kl‘ Ru{z} cannot be embedded in @ku Indeed, otherwise, by Claim 2, the path R of length m
will be mapped in a component of Gy ona path R’ and the element  will be mapped on an element x’
in another component. Hence Gy | R U {z} will be isomorphic to G | R’ U {z'}. But the trace on R’ of
the neighborhood of z’ is a union of paths, each of length k¥’ — 1 and two such paths consecutive in R’ are
separated by a single vertex. Since k # &’ this is not possible. O

Sequences other than u := (u(n))nen, where u(n) is the residue of n modulo k, will produce path-
minimal graphs with different ages. This is the subject of the next two subsections.
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4.3 A general construction of path-minimal graphs with incomparable ages

Our aim in this subsection is to show that there is an operation * on L := {0, 1} and 2™° uniformly recurrent
words in such a way that the ages of the graphs Q(u7*) given in Proposition 17 are pairwise incomparable
w.r.t. inclusion. Since Q\(U_’*) and @\(uy*) have the same age, we only need to consider @(uy*). We restrict
ourselves to L := {0, 1} while several arguments extend to general alphabets. We leave the general case
to further investigations.

The proof has two parts, developed in the next two subsections. We show first that long paths in G (u,%)
are contained in components (Lemma 20). Next, we use that fact to prove that well-chosen words provide
distinct ages (Proposition 21).

4.3.1 Long paths are contained in components

Let L := {0,1}. The first projection is the operation defined by i » j = 4 for all 7, j, while the second
projection is defined by ¢ ~ j = j for all ¢,j. The Boolean sum is the operation + on {0,1} such that
0+0 = 141 =0 and 0+1 = 140 = 1. This operation is also the sum modulo two (cf. Section 4.2). Note that
the term Boolean Sum is also used for the inclusive or in Boolean Algebra in which case 1 + 1 = 1. If *
is an operation on {0, 1}, its dual, *¢, is the operation defined by i ¢ j := j = 7. Let * be the operation
on {0,1} defined by i*j := (i+1) » (j+1). The Boolean sum is invariant under the two transformations
defined above (i.e. (+)¢ = + and + = +). The dual of the first projection is the second, while i%j = i+1 if
* is the first projection and ixj = j+1 if « is the second.
Let u := (uy, )nen be a 0-1 sequence; let u+1 be the sequence defined by u+1(n) = u(n)+1.

Lemma 19 Let u be a 0-1 sequence. Then @(m*) = a(u+1,¥) and Age(é(u,*)) = Age(@(m*d)).

Proof: The verification of the first equality is immediate. For the second, observe that from Corollary 16,
Age(é\(uﬁ*)) = Age(P, -« w) = Age(P, -» w?). Since by Lemma 13, P, -, w? = P, -,a w = (/?\(u_’*d), the
second equality follows. |

This fact suggests that we consider operation  and * as equivalent for each +" € {x, x? % (¥)4}.

Let u be a uniformly recurrent and non constant word on L. For i € {0, 1} there is a maximum, denoted
by l;(u), of the length of factors of i’s in u. Let I(u) := max{lo(u),l1(u)} and set p(u) := 2(I(u)+1)+1
if w is not the periodic word 010101 ... ; otherwise set ¢(u) := 6. Note that po(u) = p(u+1).

Lemma 20 Let x be the Boolean sum or an operation equivalent to the second projection. If u is any
uniformly recurrent and non constant word, then every path of length at least p(u) in G, is contained
in one component.

Proof: Set G := (/}\(u_r*) and for ¢ € N, set X, := {i} x N. Throughout this proof, R denotes a finite induced
path of G, V(R) denotes its set of vertices and E(R) its set of edges. We let Vo (R), respectively V3 (R),
denote the vertices of R labelled 0, respectively labelled 1, in G(uy*).

(o) * is the Boolean sum. We observe first that since @(u,*) = @(u+17*), R is a path of @(u+17*). Since
o(u) = p(u+l), we may suppose that the values of u are defined up to complementation. Also, and
since R is connected Vo (R) # @ # V1 (R).

Claim 1: Every induced path, regardless of its length, is contained in at most three components of G.
Proof of Claim 1: If R is contained in at most two components, then we are done. Next, suppose that
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@ (b)

Fig. 2: Two examples of paths not contained in one component of G (u,) if * is the Boolean sum. The thick vertical
lines represent components of G (%)

R is contained in at least three components of G.

Sub Claim: Up to the complement of u, there are three vertices a, b, c of R contained in three distinct
components of G such that £(a) = 1, £(b) =0 and £(c) = 0.

Proof of Sub Claim: Let X be a component meeting R in a vertex a labeled 1. If all vertices of R
not in X have the same label O then pick b and ¢ not in X and in two distinct components. If all
vertices of R not in X have the same label 1, then since R is connected there must be a vertex a’ in
X labeled 0, then choose a’ and pick b and ¢ not in X and in two distinct components. Replacing u
by its complement u+1, the vertices a’, b, ¢ satisfy the conclusion of the claim. Else, there exists a
component Y # X meeting R in a vertex b labeled 0. If all the remaining vertices of R notin X uY
are labeled 0, then we have two vertices in two distinct components and not in X both labeled 0. Else
if there exists a vertex c of R notin X U Y which is labeled 1, then replacing u by its complement,
u+1, the vertices a’,b’, ¢’ with o' = b,b’ = a,c = ¢, satisfy the conclusion of the claim. This
completes the proof of the sub claim.m

Denote by X,, X, and X, the components of G containing a, b and ¢, respectively. We claim that
V(R) ¢ X,uX,uX,. Indeed, letx ¢ X,uXpuX,. If £(z) = 1, then z is adjacent to both b and ¢ and
therefore the graph induced on {a,b, c,x} is a 4-cycle. Else if £(x) = 0, then x is adjacent to a and
hence a has degree at least three. Hence, « cannot be a vertex of R. This proves V(R) ¢ X,uX,uX,
and therefore R is contained in three components of G. This completes the proof of Claim 1.

Claim 2: Every path of length at least five is contained in at most two components of G.

Proof of Claim 2: We prove Claim 2 by induction on the length of the path contained in G. For the
basis case we prove that every path of length five is contained in at most two components of G. In
fact, we will prove that every path that contains the vertices a, b, ¢ defined in the Sub Claim of Claim
1 will have length at most four.
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Suppose that ¢ is not an end vertex of R. Let ¢’ € R be the neighbor of ¢ distinct of a. Then £(¢’) =1
and ¢’ € X3. Indeed, if £(¢’) = 0 then ¢’ € X, and since ¢(a) = 1, {a,c'} is an edge, which is
impossible. Thus £(¢”) = 1. If ¢’ ¢ X3, then {b, ¢’} is an edge, thus {a,c, ¢/, b} forms a 4-cycle. This
is impossible. Similarly, if b is not an end vertex, and if b’ is the neighbor of b in R distinct from
a then £(b") = 1 and b’ is in X.. Now, if there are a’ and b’ as above, the path ¢, c,a, b, b’ cannot
be extended. Suppose not and let « ¢ {a,b,c,b’,c'} a vertex that extends the path ¢/, ¢, a,b,b’. If
£(x) =0, then x € X, because otherwise a would have degree three in R which is not possible. But
then {a,b,c,b’, ¢, x} induces a 6-cyle. Else if £(x) = 1, then b or ¢ would have degree three which is
impossible.

Now, suppose that b is an end vertex. Then c is not an end vertex because R has length five. Let
¢’ € R be the neighbor of ¢ distinct of a. Then, as proved in the previous paragraph, ¢(¢’) = 1 and
¢’ € X. Let d be the neighbor of ¢’ in R distinct from c¢. Then ¢(d) = 0 and d € X,,. Indeed, suppose
£(d) = 1, then d is adjacent to ¢ or to b which is impossible. It follows then that d € X, because
otherwise d would be adjacent to a, making a of degree three in R which is impossible. We now
prove that {a,b, ¢,c¢’, d} cannot be extended. Indeed, let 2 ¢ V(R). If £(z) = 0, then « is adjacent to
¢’ or a, and this is impossible. Else if £(x) = 1, then z is adjacent to b or ¢, and this is impossible.

For the inductive step, let k£ > 5 be the length of R := z, ..., z; assume that every path of length
k — 1 is contained in at most two components of GG. By the induction hypothesis, the path 1, ..., xj
is contained in at most two components X,, and X,, of G. If m = n or g € X,,, U X,,, then R
is contained in at most two components of G and we are done. So we may assume that m # n
and zo ¢ X, U X,,. We argue to a contradiction. We may assume that z; € X,,. Since the path
Zg, ..., L1 has a smaller length than that of R, it is contained in two components of GG, namely X,
and the component containing zo. Thus V(R) n X,,, = {x}. Next, we may assume without loss of
generality that £(xg) = 0 (otherwise, replace u by u+1). Then £(xy) = 0 (this is because {xg, xy} is
not an edge and z( and xy, are in different components) and ¢(xz1) = 1 (this is because {zg, 1} is an
edge and z( and x; are in different components). From £(z1) = 1 and £(x) = 0 we get that {x1, 2} }
is an edge hence k = 2, a contradiction. This completes the proof of Claim 2.

We should mention that the bound in Claim 2 is sharp. For an example see Figure 3.

Claim 3: If R is contained in two distinct components X,,, and X,, of G such that [V (R) n X,,,| =1
or |V(R) n X,| = 1, then the length of R is less than p(u).

Proof of Claim 3: Let R be a path that is contained in G so that [V (R) n X,,,| = 1. Let = be such
that V/(R) n X,,, := {«}. Without loss of generality we may assume that £(z) = 0 (otherwise, replace
u by u+1). We suppose that the length of R is at least ¢(u) and we argue to a contradiction. Since
the degree of = in R is at most two we infer that the graph induced by V(R) \ {«} on X, is the
direct sum of at most two paths Ry and R where R; or Ry could be empty. Hence |V (R)| =
[V(Ry1)|+|V(R)| + 1. Since the length of R is at least ¢(u) := 2(I(u) + 1) + 1, we infer that R; or
R has length at least [(u) + 1, say R; has length at least [(u) + 1. From z is adjacent to exactly one
vertex y of Ry and £(x) = 0 we deduce that £(y) = 1 and all other vertices z of Ry verify £(z) = 0.
Hence u has a factor of zero’s of cardinality I(u) + 1 which is impossible. This completes the proof
of Claim 3.

Claim 4: If R is contained in two distinct components X, and X, of G such that [V (R) n X,,| > 2
and |V (R) n X,,| > 2, then the length of R is at most five.
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°(

Fig. 3: An example of a path of length four contained in three components in the case * is the Boolean sum. The
thick vertical lines represent components of G (y «).

Proof of Claim 4: Since R is connected we infer that, up to a permutation of m and n, there are
vertices = and y such that x € V(R) n X, (x) = 0, and y € V(R) n X,,, £(y) = 1. From
£(y) = 1 we deduce that [Vo(R) n X,,,| < 2. Now suppose for a contradiction that all vertices of
V(R)n X,, are labeled 0. From |V5(R) n X,,| < 2 and our assumption |V (R) N X,,,| > 2 we deduce
that |V (R) n X,,| = 2. In particular, y has degree two in R. Therefore, no vertex v € V(R) n X,
distinct from y is joined to y and furthermore can be labeled 1 because otherwise the graph induced
on {y,v}u(V(R)nX,,) is a4-cycle. But then there is no subpath of R that connects y and v (such a
path will have to contain some vertex labelled 1 and there are none). This proves that not all vertices
of V(R) n X,,, can be labeled 0. By symmetry we obtain that not all vertices of V(R) n X,, can be
labeled 1. Let t € V(R) n X,,, be labeled 1 and let z € V/(R) n X,, be labeled 0.

Next, we prove that |Vo(R)| < 3. Suppose for a contradiction that there are distinct vertices r, s €
V(R) labeled 0 and such that {r,s} n {z,z} = @. Then {r,s} ¢ X,, and {r,s} ¢ X,, because
otherwise y or ¢ would have degree at least three which is not possible. Say r € X,,, and s € X,
and note that ¢ and y have degree two. We prove that V(R) = {r,s,t,x,y,z}. This leads to a
contradiction since {r,y,z} and {s,t,z} are then nontrivial connected components of R. For the
proof, suppose that g ¢ {r, s,t,z,y, 2} is a vertex of G. If £(q) = 0, then ¢ is adjacent to ¢ if ¢ ¢ X,
or q is adjacent to y if ¢ ¢ X,,. Hence, ¢ or y have degree three which is impossible. Else if £(q) = 1,
then ¢ is adjacent to = and r if ¢ ¢ X,,, and therefore {q, z,y, r} induces a 4-cycle, or ¢ is adjacent to
z and s if ¢ ¢ X, and therefore {q, ¢, z, s} induces a 4-cycle. In both cases we obtain a contradiction.
This proves our claim V(R) = {r,s,t,z,y,z}. Similarly, we prove that [V; (R)| < 3 and therefore
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[V (R)| < 6. This proves that the length of R is at most five, as claimed. This completes the proof of
Claim 4.

The conclusion of the lemma in the case * is the Boolean sum is obtained as follows. Let I? be an
induced path of length at least ¢(u) in G. It follows from Claim 2 and ¢ (u) > 6 that R is contained
in at most two components of G. It follows from Claims 3 and 4 that R cannot be included in two
distinct components of G. Hence, R is contained in one component of G as required.

= is the second projection, that is 7 x 7 = j for all 7, j. We note that since R is connected, there exist
n' <n,x’ e V(R)NnX,, x € V(R)n X, such that {2, 2} € E(R). Since {z/,2} € E(R), {(x) = 1.
Since * is the second projection, x is adjacent to all vertices of V(R) \ X,,. Hence, [V (R)\ X,,| <2
because otherwise the degree of = in R would be at least three which is not possible.

Claim 1: |V (R) \~ X,,| = 1. Hence, V(R) \» X, = {z'}.

Suppose that |V (R) \ X,,| = 2. If y € V(R) n X, distinct from z, then y cannot be adjacent to x (this
is because x has degree two in R). Furthermore, £(y) = 0 because otherwise y would be adjacent
to all vertices of V' (R) \ X,, and hence R would have a 4-cycle which is not possible. From that, y
is not adjacent to any vertex of R which is impossible. Consequently, [V (R) n X,,| = 1. It follows
that [V (R)| = 3. Due to ¢(u) > 5, we have |V (R)| > 6, a contradiction. This completes the proof of
Claim 1.

Note that since every vertex of V(R) N\ X,, is adjacent to every vertex of V1 (R) n X,, we must have
Vi(R)n X,|<2.

Casel. |V (R)n X, |=1.

In this case, the length of R is at most lo(u) + 1.

Indeed, we have Vi (R) n X,, = {z}. Hence z is the only neighbour of z’. Thus z’ is an end vertex of
R, the remaining vertices of R are in X, all vertices distinct from z being labelled 0. So the length
of Rislg + 1 as claimed. Since ¢(u) > lo(u) + 1 this case is not possible.

Case 2. |V1(R)n X, | =2.

In this case, the length of R is at most 2(Ip(u) + 1).

Indeed, the vertex z’ is linked to the two vertices of Vi (R), thus, R \ {2’} has two connected
components, each one made of a path in X, labelled 0 except an end vertex belonging to V;(R).
Thus the length of R is 2(£o(u) + 1). Since ¢(u) > 2(Ip(u) + 1) this case is not possible.

O

This proof is quite different from the original one. We thank one of the referees of this paper for
suggesting an other approach that eventually lead us to the proof given above.

Remark 2 Recall that G-,w® and G-, w have the same age (Corollary 16). If the operation * is symmetric,
then G -, w® and G -, w are equimorphic and the corresponding Q(u,«)’s are path-minimal. On the other

hand, if = is the second projection the corresponding Q) (,,.)’s are path-minimal but not equimorpic.

4.3.2 Incomparable ages
We complete the proof of Theorem 1 by proving:

Proposition 21 Let  be the Boolean sum or the second projection on {0, 1}. If u and u' are two uniformly
recurrent words which are not constant and the factor sets Fac(u) and Fac(u") are nonequivalent in the
sense of Definition 1 then Age(G (y,.y) and Age(G (. +)) are incomparable w.rt. set inclusion.
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Let G (,,.) be the lexicographical sum of copies of P, and G := é\(u)*) be the resulting graph on
N x N. We associate to this graph G a set Ag(u) of words over the alphabet {0, 1} defined as follows.
A word w = wg-+ Wy w1 belongs to Ag if there is a path (j,vp), ..., (j,vm-1) in {j} x N and some
(i,v) € Nx N with j # ¢ such that w,, = 1 if and only if the pair {(j,v,), (i,v))} is an edge of G for all
n<m.

Taking account of the definition of G, . the condition on w amounts to say that either w,, = u(v) *
u(vy) foralln <m if j <iorwy, =u(vy,) * u(v) if i < j.

Let u := (u(n))ner be a word on a general alphabet L, the index set I being an interval of Z. For i € L
set i * u:= (i * u(n))nes. Foraset U of words set i * U := {i  u:u € U} and if X is a subset of L set
X x U :=U;ex ¢ * U. Similarly define w x i, U x4, U » X.

With these notations we have immediately:

Lemma 22 Ag(u) is the set union of L x Fac(u), Fac(u) * L and their duals.

Specializing to L = {0,1}, if » is the Boolean sum then L *« Fac(u) = Fac(u) » L = Fac(u) U
Fac(utl), while Lx Fac(u) = Fac(u) and Fac(u)* L = Fac(0)uFac(1) if * is the second projection.

Proof of Proposition 21. The proof goes in two steps.
1. If Age(a(u)*)) c Age(a(u,)*)) then Ag(u) € Ag(u').
2. If Ag(u) € Ag(u") then Fac(u) and Fac(u') are equivalent.

The proof of Item (1) is easy. Let w € Ag(u). Let H be a path in a component and a vertex (7, v)
in G(,,.) witnessing this fact. Since the component are infinite this path is included in a path H' long
enough so that Lemma 20 ensures that in any embedding of é\(u)*) PH U {(i,v)} in é\(u,)*) the image
of H' is mapped into a component. Since necessarily (¢, v) is mapped into another component, from this
embedding we get that w € Ag(u’).

The proof of Item (2) goes as follows. Suppose that A (u) € Ay, (u'). Then, by Lemma 22, Fac(u) is
included in the set union of L x Fac(u'), Fac(u') x L and their dual. Since Fac(u) is an ideal included
in a finite union of initial segments, it is included in one of them. Hence it is included in a set of the form
Fac(v) equivalent to Fac(u') or equal to Fac(0) or to Fac(1). According to Theorem 5, since v is
uniformly recurrent, Fac(v) is Jénsson. Hence Fac(v) = Fac(u). Since u is non constant, v is distinct
from 0 and 1, hence Fac(v) is equivalent to Fac(u'). ]

4.4 Primality and path-minimality

Let G := (V, E) be a graph. If G is path-minimal then, by definition, G is embeddable in G,y provided
that this restriction contains finite induced paths of unbounded length. And, in this case, Gy is path-
minimal too. In some cases, as presented in Theorem 23 and 24, G is prime; in other cases, e.g. in
Theorem 25, no graph equimorphic to G is prime.

Theorem 23 The graphs @k, for k > 2, are prime.

Proof: Let M be a nontrivial module in @ k-
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* M meets each component in at most one vertex.

Indeed, suppose that M contains at least two vertices, say a and b, of some component X; of G.
Then, it contains X;. Indeed, first, it contains the vertices of X; exterior to the path joining a and b;
since X; := {(¢,7) : j <i+5} it contains the vertices on that path. Next, we prove that M = X . For
that we prove that M contains X}, forall k # 4. Leta := (¢,0),b:= (4,1), ¢:= (k,0), d := (k,1). By
construction d ~ b and d ~ a. Hence by the same token, ¢,d € M. Since M is a module containing
a and b it contains c. Similarly ¢ + a and ¢ ~ b. Hence by the same token, d € M. Since M contains
two elements of X it contains all of it. Thus M = X. Contradicting the fact that M is nontrivial.

* M is a singleton.

Indeed, suppose that M contains at least two elements a := (i,n) and b := (j,m). According to the
previous item, ¢ # j. Without loss of generality we may suppose that ¢ > j, so that | X;| > 6. We
claim that there is some a’ := (4,n") distinct of a such that a’ is not linked to a and b in the same
way. Since M is a module, this implies that a belongs to M and this contradicts the previous item.
In order to prove our claim, set v := 1 if n #; m and v = 0 otherwise. Suppose that v = 0, that is
a ¢ b. Since | X;| > 6, one of the sets {n+1,n+2,n+3}and {n—1,n-2,n—3}is included in X.
Suppose that {n+1,n+2,n+3} < X;. If k> 2thenforn’ :=n+2,a’ € X; anda’ 4 abuta’ ~ b. If
k = 2 then the same conclusion holds for n := n+ 3. Suppose that v = 1, thatis a ~ b. If n.+1 =, m,
set n’ := n + 1. If not, then either n + 2 #;, m in which case set n’ := n + 2, or n + 2 =, m, in which
case n + 3 #;, m and we may set n' :=n + 3.

Remark 3 Qy, k > 2, is not minimal prime in the sense of Definition 5.

Indeed, with similar arguments as in the proof of Theorem 23, the restriction of @k to N x {0,1,2,3,4}
is also prime and hence @), is not minimal prime in the sense of Definition 5.

Theorem 24 There are 2%° path-minimal prime graphs whose ages are pairwise incomparable and wqo.

Proof: Let x be the Boolean sum. Let u be a uniformly recurrent and non constant word, let G(u)*) be
the labelled graph on N x N associated to u, let £ be the labelling and G be the restriction of @(u)*) to
the set X := {(n,m) : m < n + ¢(u)}. Containing only paths of finite unbounded length, this graph is
path-minimal. We show in an almost identical way as in Theorem 23 that this graph is prime.

Let M be a nontrivial module in G.

* M meets each component in at most one vertex. Indeed, suppose that M contains at least two
vertices, say a and b, of some component X; of @k. Then it contains X;. Indeed, note first that it
contains the vertices in X; exterior to the path joining a to b, next note that it contains the vertices
of X; on that path (since X; := {(4,7) : j <i+5}). Next we prove that M = X. Let ¢ := (j, k) ¢ X,
that is j # 7. Since |X;| > ¢(u), X; contains a := (i,n) and b := (i,m) with u(n) # u(m), hence
£(a)+€(c) = u(n)+u(k) # u(m)+u(k) = £(b)+€(c). That means that c is not linked to @ in the
same way as to b. Since M is a module, it contains c¢. Thus M = X. A contradiction.



Long paths in graphs 23

* M is a singleton.

Indeed, suppose that M contains at least two elements a := (i,n) and b := (j,m). According to the
previous item, ¢ # j. We claim that there is some ¢ := (i, k) distinct of a such that ¢ is not linked to
a and b in the same way. Since M is a module, this implies that ¢ belongs to M and this contradicts
the previous item. In order to prove our claim, set v := £(a) * £(b). Suppose that v = 0, that is a not
linked to . Since | X;| > ¢(u) we may find k& with |k — i| > 2 and ¢(c) # £(a), proving our claim in
that case. We do similarly if v = 1.

O

Theorem 25 There are 2%° path-minimal non prime graphs whose ages are pairwise incomparable and
wqo and such that any graph equimorphic to these graphs is also nonprime.

Proof: Let * to be the second projection, i.e., i « j = j for all i, j € {0,1}. Consider the graph é\(u)*) for
a uniformly recurrent word u. For i € N, set X; := {i} x P,. Let k € N. We claim that M}, := U‘I;ZOXZ- is a

module in é\(u)*). Indeed, if ¢ My, then either £(x) = 0, in which case x is not adjacent to any vertex of
My, or £(x) = 1, in which case z is adjacent to every vertex of M. Now let G be a graph equimorphic to
Q\(U_’*). Clearly the trace of M}, on G is a module in G and if is k large enough, M}, is nontrivial proving
that (3 is not prime. According to Proposition 17 this graph is path-minimal. According to Proposition 21
(applied to the second projection) there are 2%° graphs of that form with pairwise incomparable ages. O

Remark 4 We get the same conclusion by replacing the second projection by the first. Indeed, in that
case, the sets N\ My, are modules of G(u,*)~

5 Proof of Theorem 2

Let G := (V,E) be a graph and let F' ¢ V. We define a binary relation = on V \ F' as follows. For
v,v' € V N\ F set
v=pvifforall fe F ({f,v} e E< {f,v'} €E).

It is easily seen that = defines an equivalence relation on V' \ F'. Let 7 (F) be the partition of V' \ F'
induced by =. Each equivalence class B is completely determined by a subset of F', namely, the subset

of f € F such that { f,v} € E for every v € B. Hence, the number of equivalence classes of = is at most
2171,

Lemma 26 Let G := (V,E) be a graph, F €V and B € 17¢(F’). Then the equivalence =p induces a
partition of F in at most two subsets A and A’. In particular, Gy aup is the direct or complete sum of Gy o
and GrB.

Proof: Let A be the set of u € F' such that {u,z} € F for some 2 € B. Let ' € A. Since B is an
equivalence class of = we have {u',2'} € E for all 2’ € B. Furthermore, if v’ € F we have u =g u' if
u’ € A. Hence A is an element of the partition induced by =g and its complement in F' is also an element
of the partition induced by =p. This proves the first assumption of the lemma. The rest is a consequence.
O

Paths in the incomparability graph of a poset have a special form given the following lemma which is
an improvement of 1.2.2 Lemme, p.5 of Pouzet (1978a).
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Lemma 27 Let x,y be two vertices of a poset P with x < y. If xg, ..., x, is an induced path from x to y
in the incomparability graph of P then x; < x; forall j > i + 2.

Proof: We proceed by induction on n. If n < 2 the property holds trivially. Suppose n > 3. Taking out
xo, induction applies to z1,...,z,. Similarly, taking out z,,, induction applies to xg,...,x,—1. Since
the path from x to x,, is induced, xo is comparable to every x; with 5 > 2 and z,, is comparable to
every x; with j < n — 1. In particular, since n > 3, x¢ is comparable to x,_1. Necessarily, To < z,_1.
Otherwise, x,,—1 < o and then by transitivity x,,_1 < ,, which is impossible since {x,,-1, z, } is an edge

of the incomparability graph. Thus, we may apply induction to the path zo,...,z,-1 and get zo < x; for
every j > 2. Similarly, we get z; < x,, and via the induction applied to the path from z; to z,,, we obtain
x; < xp for j <m - 1. The stated result follows. O

If P:= (V,<) is a poset, a subset X of V is order convex or convex if forall z,y € X, [x,y] == {z:x <
z<y}cX.

Lemma 28 Let P := (V, <) be a poset. If a convex subset C of V' contains the end vertices of an induced
path of length n + 3, then it contains an induced subpath of length n.

Proof: Let zg, ..., ,,+3 be an induced path of length n + 3 with xg, z,,.3 € C. It follows from Lemma 27
that xg < x; < 41 if 2 <4 <n + 3. Hence the path xo, ..., 2,41 is in C. m]

Let P := (V,<) be a poset. For v € V, denote by D(v) :={u eV :u<v},U(v) :={ueV:u>v}and
Inc(v) := {u € V : u is incomparable to v}.

Lemma 29 [f G is the incomparability graph of a poset P = (V, <), then for each subset F of V, each
element of T (F’) is convex.

Proof: Observe first that for each u € V, the sets U(v) and D(v) and Inc(v) are convex. Next, observe
that the intersection of convex subsets is convex. To conclude that an element of 7 (F') is convex it is
enough to prove that it is the intersection of convex sets. For that, let v ¢ F. For each y € F set V,(y) to
be Inc(y) if v|y, U(y) if y < v, or D(y) if v < y. We claim that the equivalence class containing v is
B :=Nyer Vo (y). Indeed, by definition v € B and B is convex since intersection of convex sets. Next, if
v’ =p v, then v’ € B. Finally, if v’ ¢ B, then for some y € F', v ¢ V,,(y) and thus v" #p v. |

Lemma 30 Let n, k be nonnegative integers and fr(n) = k- (n +4). If the incomparability graph of a
poset P contains an induced path C of length at least fi,(n), then for every covering of P by at most k
convex sets, one convex set contains a subpath of C of length n.

Proof: We start with the following claim.

Claim 1 [fthe vertices of a path of length m are coloured with k colors, then there are two vertices of the
same color at distance at least | %' |.

Proof of Claim 1 Let vy, vy, ..., v,, be a path, [ := [%J and wyg := Vo, wq = VU, W = Vg, ..., Wk = Ukl
The colors of these k + 1 vertices cannot be all different, so two vertices w;, w; with i < j have the same
color. Their distance is at least [.00
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If we have a path of length at least fx(n) = k- (n + 4), there are two vertices x, y on this path at distance
at least n + 4. The induced path is © = x;, Tj41, Ti42, -, Titn+2, Titn+3, Titn+4. According to the proof of
Lemma 28, all vertices x;2, ..., Ti+n+2 are in the convex hull of {x;, T;4n+4}- |

Lemma 31 Let P := (V,<) be a poset. If Inc(P) contains induced finite paths of unbounded length,
then for every integer n there is an induced path C' of length n and a subset V' of V. \ V(C') such that:

(1) V' is convex and contains induced paths of Inc(P) of unbounded finite lengths.

(2) Either all vertices x € V(C) and y € V' are adjacent, or nonadjacent in Inc(P).

Proof: Since Inc(P) contains induced paths of unbounded length, it contains a path C” of length n’ >
2-(n+4). Let F := V(C"). Since Inc(P) contains induced paths of unbounded lengths and F is finite,
the same holds for V' \ F. The partition of V' \ F' in equivalence classes with respect to = has at most
gn'+1 equivalence classes. According to Lemma 29 each block is convex. According to Lemma 30 some
of these equivalence classes contain paths of unbounded length. According to Lemma 26, the equivalence
=y~ on F' induces a partition in at most two sets. According to Lemma 30, one of these two sets contains
a subpath C of C' of length n. With C’, V' we get the required conclusion. 0O We prove Theorem 2

as follows. With Lemma 31 we build a sequence (C),, V! ),en where C), is an induced path of length n of
V,;_,, with V/; =V and such that V, is convex and all its elements are either all adjacent or nonadjacent
to C/ . This does not prevent the situation that at some stage C!, is nonadjacent to all elements of V! and
some other C, adjacent to all. But at least either there will be infinitely many in the first case, in which
case we obtain a direct sum of paths of arbitrarily large lengths, or not, in which case we obtain a complete

sum.

6 Proof of Theorem 3

The result is a consequence of the following lemma.

Lemma 32 The supremum of the diameters of the connected components of a graph G is infinite if and
only if G embeds a direct sum of isometric paths of arbitrarily large lengths.

Proof: Let us associate to each connected component C' of G the supremum of the lengths of the isometric
paths in C. If all these suprema are finite we are done (in each connected component we can select a path
of maximal length). Otherwise, for some connected component the supremum is infinite. We can assume
that G is the graph induced on this connected component. Let V' be its set of vertices. If X is a subset
of V it has a diameter 6(X ). If this diameter is finite, the diameter of B (X, 1) is also finite (at most
0(X) +2), and hence B (X, m) is finite for any every m > 1. The diameter of V' \ Bg (X, m) is infinite
(indeed if U, W are two subsets the diameter of U U W is at most §(U) + 6(W') + d(U,W)). Choose
an integer m arbitrarily. Take k < m and two elements z,y in V \ Bg(X,m) at distance k and a path
R of length k. If a vertex of this path is in Bg(X,1) then z is in Bg(X, k + 1), which is impossible if
k < m - 1. Therefore, the isometric path is in the complement of Bs (X, 1) and therefore it has no edge
in common with the other paths already constructed. O
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The finite models of a universal sentence & in a finite relational signature are the age of a structure if and only if ®
has the joint embedding property. We prove that the computational problem whether a given universal sentence ®
has the joint embedding property is undecidable, even if ® is additionally Horn and the signature of ® only contains
relation symbols of arity at most two.
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1 Introduction

The age of a relational structure ®© is a term from model-theory used for the class of all finite structures
that can be embedded to ®. Universal Horn sentences which describe the age of a relational structure are
particularly relevant in theoretical computer science; we mention two contexts where they appear.

The constraint satisfaction problem (CSP) of a structure ® with a finite relational signature 7 is the
problem of deciding whether a given finite 7-structure 2 has a homomorphism to ©. If the domain of ©
is finite, then the CSP of ®© is clearly in NP. Moreover, finite-domain CSPs admit a dichotomy between
P and NP [Bull7, Zhul7]. In the infinite, the situation is much more complicated and the CSP might
even be undecidable, e.g., the solvability of Diophantine equations can be represented as the CSP of
(Z;+,-,{0},{1}). What one usually does when studying infinite-domain CSPs is to restrict the set of
admissible templates © in order to guarantee a certain upper bound on complexity while still being able
to model interesting decision problems. One such restriction is requiring the age of © to be definable
by a universal first-order sentence, we then say that ® is finitely bounded. In this case, the CSP of ©
is in NP. For every satisfiable instance 2, we can guess a finite structure ‘8 which admits a surjective
homomorphism from 2l and embeds into ®. To verify that B8 indeed embeds into ©, we must only
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confirm that it satisfies the fixed universal sentence, which can be done in time polynomial in the size of
2A. If the age of ® is definable by a universal Horn sentence, then the CSP of © is even guaranteed to
be solvable in polynomial time by a Datalog program. Here, we would simply saturate the relations of 2
under application of the fixed set of Horn rules and reject if and only if we can derive the empty clause.
A wide variety of decision problems are CSPs of reducts of finitely bounded structures, e.g., digraph
acyclicity or satisfiability of a fixed connected MMSNP sentence [Bod21]. However, in general it is not
clear which universal (Horn) sentences actually describe the age of a relational structure, and this question
can be considered as an interesting decision problem if one intends to study the CSPs of reducts of finitely
bounded structures.

Description logics are knowledge representation languages frequently used to formalize ontologies.
To enable reference to concrete objects and predefined predicates on these objects, a description logic
can be extended by a concrete domain, which is usually represented by a fixed relational structure. By
a result in [BR21], if the age of a relational structure ® is defined by a universal sentence ®, then ©
yields a tractable concrete domain extension of the description logic ££ if and only if ® is equivalent
to a universal Horn sentence. To enable user-definability of concrete domains for ££, one would need
an algorithm accepting precisely those universal Horn sentences which describe the age of a relational
structure.

We show that the question whether a given universal sentence is equivalent to a universal Horn sentence
can be decided effectively. This motivates the question whether one can also decide which universal Horn
sentences describe the age of a relational structure. By a classical result of Fraissé, the finite models of
a universal sentence ® in a finite relational signature are the age of some structure if and only if ¢ has
the joint embedding property [Hod93]. The problem whether a given universal sentence ® has the joint
embedding property is undecidable by a result of [Bral9], but the theories used by Braunfeld to prove the
undecidability are not universal Horn. We prove that the joint embedding property remains undecidable
even if the given universal sentence is additionally Horn, and if the signature is binary. Our proof is based
on the undecidability of universality of context-free languages and shorter than the argument of Braunfeld.

2 Preliminaries

The set {1,...,n} is denoted by [n]. We often use the bar notation for tuples; for a tuple @ indexed by
a set I, the value of a at the position ¢ € I is denoted by alil. For a function f: A — B and a tuple
a € A%, weset f(a) == (f(am),..., f(ak)). We always use capital Fraktur letters 21, B, €, etc to
denote structures, and the corresponding capital Roman letters A, B, C, etc for their domains.

Let 7 be a finite relational signature. An atomic T-formula, or T-atom for short, is a formula of the
form R(z1,...,x,) for R € 7 and (not necessarily distinct) variables x1, ..., z,. Note that in this text
equality atoms, i.e., expressions of the form x = y, are not permitted. A class C of relational T-structures
has the joint embedding property (JEP) if for every pair B, B2 € C, there exists € € C and embeddings
fi: B; = € (i € [2]). Itis closed under forming disjoint unions if € € C and f;: B; — € can be chosen
so that f1(B1) U fo(Ba) = C, f1(B1) N fo(B2) =0, and R® = f1(R®1) U fo( R®?) forevery R € T.

If 20 is a 7-structure and P is a T-sentence, we write 2 |= P if A satisfies @. If ® and ¥ are T-sentences,
we write ® | U if every 7-structure that satisfies @ also satisfies U. For universal sentences, this is
equivalent to the statement that every finite T-structure that satisfies ® also satisfies ¥, by a standard
application of the compactness theorem of first-order logic. If ® is a 7-sentence, we denote the class of
all finite models of ® by [®]<“. Clearly, every universal formula can be written as V1, . . ., T,,. 1 where
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1) is quantifier-free and in conjunctive normal form. Conjuncts of 1 are also called clauses; clauses are
disjunctions of atomic formulas and negated atomic formulas. A clause ¢ is a weakening of a clause 1) if
every disjunct of v is also a disjunct of ¢. We sometimes omit universal quantifiers in universal sentences
(all first-order variables are then implicitly universally quantified). It is well-known that a class C of finite
T-structures can be described by forbidding isomorphic copies of fixed finitely many finite 7-structures
if and only if C = [®]<“ for some universal 7-sentence ®. With this observation, it is easy to see that
Braunfeld [Bral9] proved undecidability for the following decision problem. His proof is based on a
reduction from the unrestricted tiling problem.

INPUT: A universal sentence @ in a finite relational signature.
QUESTION: Does [®]<* have the JEP?

A universal sentence ® is called Horn if its quantifier-free part is a conjunction of Horn clauses, i.e.,
disjunctions of positive or negative atomic formulas each having at most one positive disjunct. Every
Horn clause can be written equivalently as an implication

1A Npn = o

where ¢1, ..., ¢, are atomic formulas (possibly n = 0), and ¢ is either an atomic formula or L which
stands for the empty disjunction. We refer to ¢, A - - - A ¢,, as the premise, and to ¢q as the conclusion of
the Horn clause. A Horn clause over a signature 7 is called a tautology if it holds in all T-structures, i.e.,
if the conclusion equals one of the conjuncts of the premise.

We say that a Horn clause ¢1 A - - - A ¢,, = ¢g can be applied to a structure A if 1 A --- A @, A "¢
is satisfiable in 2. Let ® be a Horn sentence. We say that 2( is closed under application of Horn clauses
Jfrom @ if no conjunct of @ is applicable to 2, i.e., if 2 is a model of ®.

Definition 1. Let ® be a universal Horn sentence and ) a Horn clause, both in a fixed relational signature
7. An SLD-derivation of ¢ from ® of length k is a finite sequence of Horn clauses v, . . .,V = ¥ such
that 1 is a conjunct in ® and each ; (1 < i < k) is a (binary) resolvent of 1;_1 and a conjunct ¢; from
D, i.e., for some atomic formula ¢g_1, we have

Pi-1 i

1 ’ ie 0 1 i j
i A AT A AT = ) i N NG =Py

i—1 ; +1 i
Diig A NPT NG A AT AT A AT =
P

There exists an SLD-deduction of v from ®, written as ® &+ 1, if 1 is a tautology or a weakening of a
Horn clause that has an SLD-derivation from ® up to renaming variables.

The following theorem presents a fundamental property of universal Horn sentences: that SLD-deduction
is a sound and complete calculus for entailment of Horn clauses by Horn sentences.

Theorem 1 (Theorem 7.10 in [NCAW97]). Let ® be a universal Horn sentence and 1) a Horn clause,
both in a fixed signature T. Then

L iff DF.
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3 Universal Horn Sentences and the JEP

This section deals with two separate topics. First, we discuss the semantical difference between universal
sentences and universal Horn sentences which is described by the convexity condition. Second, we present
some important observations about the JEP in the context of universal Horn sentences which we later use
in the proof of our main result. Let 7 be a relational signature.

A universal T-sentence @ is called convex if for all atomic 7-formulas ¢4, ..., ¢n, Y1, ..., Vg, if

o A o=\ ¢

i€[n] JElk]

then there exists j € [k] such that

i1€[n]
We say that ® is preserved in products if for every non-empty family (2f;);c; of models of ®, the di-
rect product [| 1 2U; is also a model of ®. The following is well known; e.g., the direction (3)=-(1) is
Corollary 9.1.7 in [Hod93]. Since we also need (4) we provide a proof for the convenience of the reader.

Theorem 2 (McKinsey). Let ® be a universal sentence with relational signature 7. Then the following
are equivalent.

1. ® is convex;
2. ® is equivalent to a universal Horn sentence;
3. ® is preserved in products;

4. ® is preserved in binary products of finite structures.

Proof: “1=2": We may assume that ® is in prenex normal form and that its quantifier-free part ¢ is in
conjunctive normal form. Every conjunct in ¢ is equivalent to an implication of the form /\ie[n] ¢i =
Ve ;- Since @ is convex, we can replace the conjunct by A,c(, ¢ = ¢; for some j € [k]. In this
way, ® can be rewritten into an equivalent universal Horn sentence.

“2=-3": Corollary 9.1.6 in [Hod93].

“3=4": This direction is trivial.

“4=-1": Suppose that ® has m variables and is not convex, i.e., ® &= /\ie[n] ¢; = \/je[k] ; but, for
every j € [k], there exists a model 2; of ® such that 2; |= (A, i A —;)(t;) for some tuple t; € A7
We may assume that each 2, is finite; otherwise we replace it with its substructure on the coordinates of

t; while preserving the desired properties. For 5, := ((¢1111,...,¢;111), ..., (t1lml, ..., t;lml)) we have
H A = ( /\ @i N /\ _'1/%')(53')-
i€lf] i€[n] i€[j]

It follows by induction on j € [k] that if ® is preserved in binary products of finite structures, then
[Lic(; i = ©. We then obtain a contradiction for j = k. O

It is natural to consider the following question as a decision problem.
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INPUT: A universal sentence ¢ in a finite relational signature.
QUESTION: Is @ equivalent to a universal Horn sentence?

Proposition 1. Deciding whether a given universal sentence ® is equivalent to a universal Horn sentence
is IT5-complete. The problem is 115-hard even when the signature is limited to unary relation symbols.

Proof: We first prove containment in IT5. For a given universal sentence ®, let ¢(z1,...,x,) be the
quantifier-free part of ®. If ® is not equivalent to a universal Horn sentence, then, by Theorem 2, ® has
two finite models 2/, 9B such that 2 x B is not a model of ®. This means that there exists ¢ € (A x B)"
such that 24 x B F£ ¢(t). But then, by the definition of product of structures, there exist substructures
A" of A and B’ of B of size at most n with t € (A’ x B')" and A’ x B’ £ ¢(t). Since models of &
are preserved under taking substructures, we have 2’ |= ® and B’ = ®. Conversely, if there exist two
models of ® of size at most n whose product is not a model of ®, then clearly ¢ is not equivalent to a
universal Horn sentence by Theorem 2.

The argument above shows that the following algorithm is sound and complete for the complement of
the original problem. We first guess two models 2 and B of ® of size at most n such that 2 x ‘B is not
a model of ®. The latter can be verified in time polynomial in n by guessing a tuple ¢ € (A x B)™ such
that 2 x B F£ ¢(t). Verifying 2 |= ® and B = @ iteratively would require a loop over up to n™ many
tuples, which would not yield an efficient procedure. Instead, we deal with the verification using a coNP
oracle that guesses any potential tuple witnessing that B F£ ® or 2 = .

Since this shows that the complement of the original problem is in 35, the original problem itself is in
1.

The IT5-hardness can be shown by a reduction from the complement of the propositional 3VSAT prob-
lem. Consider an instance

X1, XY X, - X U(XY, . X)) (1)

of propositional IVSAT. We first obtain the signature 7 = {C,...,Ck,C, L, R} consisting of unary
symbols only. Let ¢(z, £x11, - . ., 2¢) be the quantifier-free 7-sentence obtained from ¥ (X7, ..., X,) by
replacing each propositional variable X; with C;(z) if i € [k], and with C(x;) if i € [¢] \ [k]. Now we set

P =Va,y, Tpt1,. ..,z (~C(x) AC(y)) = (z/J(x, Tps1,-- - 20) A (L(z) V R(x)))

The idea is to show that: ® is equivalent to Va, y (C(y) = C(z)) if (1) is not satisfiable, and otherwise ®
is not equivalent to any universal Horn sentence.

“=": Suppose that (1) is satisfiable, i.e., there exists amap f: {X1,..., X} — {0, 1} such that every
map f': {X;y...,Xs} — {0,1} which extends f is a satisfactory assignment for U(Xy,..., X,). Let
21, be the 7-structure over {a1, az} such that

1. forevery i € [k] and j € [2], 2 = C;(a;) if and only if f(X;) = 1,
2. A ': ﬁC(al) A\ L(al), and A, ': C(ag).

We define 2 i analogously by switching the roles of L and R in item 2 above. It follows directly from
our assumption about f, item 1, and item 2 that 2; | ®. We also clearly get 2z = @ since the
construction of 2y, and A is symmetrical w.r.t. ®. Now consider the structure 2, x Ar. We have that
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A x AR ): ﬁC((al , al)) A\ C((ag, ag)). However, A, x Ar }75 L((al, al)) \/R((a1 R al)). Thus, [[(I)]]<w
is not preserved under products, which means that ® is not equivalent to any universal Horn sentence by
Theorem 2.

“<": Suppose that ® is not equivalent to any universal Horn sentence. By Theorem 2, [®]<% is not
preserved in binary products of finite structures, i.e., there exist 2, B € [®]<* such that 2 x B [~ P.

First, suppose that either 2 |= C(a) for every a € A or 2 = =C(a) for every a € A, and either B |=
C(b) forevery b € B or B |= —~C(b) for every b € B. Then it also holds that either A x B = C((a, b))
for every (a,b) € A x Bor 2 x B | =C((a,b)) for every (a,b) € A x B. But then we clearly have
2A x B = P, a contradiction to our original assumption.

Next suppose that, without loss of generality, there exist a1, a2 € A such that 2 = =C(a1) A C(az).
Let f: {Xy,...,Xx} — {0,1} be the map defined by f(X;) = 1 if and only if 2 = C;(a1). Let
fA{X1,..., X¢} — {0,1} be an arbitrary extension of f. We want to show that f’ is a satisfactory
assignment for ¥(X7, ..., Xy). For this, we consider the map f”: {xgt1,...,2z¢} — {a1, a2} given by
f"(z;) = ag if and only if f'(X;) = 1. Since A = ®1, we have A |= (a1, f(xk+1), ..., f(z¢)). By the
definition of ¢y and f”, the map f’ is a satisfying assignment for ¥(X}, ..., X,). We conclude that (1) is
satisfiable. (]

In the context of the results in [BR21], the IT5-hardness in Proposition 1 would also be interesting under
the assumption that [®]<* has the JEP. This can be achieved with a simple trick where we introduce a
fresh binary symbol F into 7 and expand the premise of the implication in ® by the conjunction E(z, y) A
E(y, zk41) A /\f;,;rl E(z;,z;11). As a consequence, [®]<“ is even closed under the formation of
disjoint unions, which is a strong form of the JEP.

Corollary 1. Deciding whether a given universal sentence ® such that [P]<“ has the JEP is equivalent
1o a universal Horn sentence is 115-hard, even when the signature is limited to binary relation symbols.

The trick above is based on a general observation about connected clauses that we later use in our
undecidability proof, in the form of Proposition 2.

Definition 2. A Horn clause ¢ = 1 is called connected if the graph with vertex set {x1, ..., x,} where
x; and x; form an edge if they appear jointly in a conjunct of ¢, forms a connected graph on all variables
occurring in ¢ = 1 in the usual graph-theoretic sense.

Proposition 2. Let ® be a universal Horn sentence such that each conjunct in the quantifier-free part of
® is connected. Then [D]<% is closed under the formation of disjoint unions and therefore has the JEP.

Example 1. The class of all finite strict partial orders, defined by
Vx,y,z(x<y/\y<z:>x<z)/\(x<x:>J_),

is the age of the set of all finite subsets of N partially ordered by set inclusion.

In fact, universal sentences preserved under disjoint unions can be fully characterized in terms of being
equivalent to a universally quantified conjunction of connected clauses, see, e.g., Theorem 4.4 in [Com83].
One should not expect any similar normal form for universal sentences whose finite models have the JEP
since this property is undecidable. However, there is a useful reformulation of the JEP for classes of finite
structures defined by universal Horn sentences that greatly simplifies the presentation of our undecidability
proof.
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Definition 3. Let ® be a universal Horn sentence over the relational signature T, and let $(T) and (T, g)
be conjunctions of atomic T-formulas. We write Y(Z,§) <o ¢(T) if for every x that is L or an atomic
T-formula with free variables among

® E=VE,y(v(z,5) = x(x) implies @ = Vi(o(z) = x(7)).

In our proofs later it will be useful to take a proof-theoretic perspective on the JEP.

Lemma 1. Let ® be a universal Horn sentence over the relational signature 7. Then the following are
equivalent:

1. [®]<% has the joint embedding property.

2. Suppose that ¢1(Z1) and ¢o(T2) are conjunctions of atomic formulas with disjoint sets of variables
and such that ¢;(Z;) N\ ® is satisfiable for both i € [2]. Then ¢1(T1) A ¢2(T2) < ¢$1(Z1).

Proof: “1=2": Let ¢1(Z1) and ¢2(Z2) be as in the first part of item 2. Let Uy(Z;) and ¥5(Z3) be
the conjunctions of all atomic formulas implied by ® A ¢1(Z1) and ® A ¢2(Z2), respectively. By our
assumption, ® A ¥4 (Z1) and ® A Uo(Z5) are both satisfiable. Define 9B; and B, as the structures whose
domains consist of the variables {Z1[11, ...}, and {Zal1], ... }, respectively, and where Z is a tuple of a
relation for R € 7 if the conjunct R(Z) is contained in ¥y or ¥4, respectively. Note that, by construction,
B, and ‘B, satisfy every Horn clause in ®. Since ® is universal Horn, this implies that 81,8, €
[®]<«. Since [®]<“ has the joint embedding property, there exists € € [®]<“ together with embeddings
fi: B; — € fori € {1,2}. By the construction of B, and B, it follows that ® H Yz, To (gbl (Z1) A
¢2(Z2) = L). Let x(Z1) be an atomic 7-formula such that ® |= Vz1,Z2(41(Z1) A ¢2(Z2) = x(Z1)).
By the construction of 8, and B2, and because f; and f, are homomorphisms, there exist a tuple Z over
By such that € = x(f1(Z)). Since fi is an embedding, we must also have 81 = x(Z). Thus, by the
construction of B, and By, it follows that & = Vz1 (41 (Z1) = x(Z1)).

“2=1": Let B1,By € [P]<* be arbitrary. We construct a structure € € [O]<¥ with f;: B; — €
as follows. Without loss of generality we may assume that By N By = ). Let ¢1(Z1) and ¢2(Z2)
be the conjunctions of all atomic 7-formulas which hold in *B; and *B,, respectively. By construction,
¢:(Z;) N\ ® is satisfiable for both i € [2]. Let ¥(Z1, Z2) be the conjunction of all atomic formulas implied
by ®PAG1(Z1)Ap2(T2). We claim that DAV is satisfiable: otherwise, @ |= VI, Za(¢1(Z1)AP2(T2) = 1),
and then item 2 implies that ® |= VZ1(¢1(Z1) = L), which is impossible since B1 = . Define € as the
structure with domain {Z1(11, ..., Z2[1], ... } and such that R® contains a tuple Z if and only if ¥ contains
the conjunct R(z). For i € [2], let f; be the identity map. We claim that f; is an embedding from B; to
€. It is clear from the construction of € that f; is a homomorphism. Suppose for contradiction that there
exists R € 7 and a tuple z over B; such that z ¢ RF while f;(2) € R®. For the sake of notation, we
assume that ¢ = 1; the case that 7 = 2 can be shown analogously. Note that the construction of € implies
that ® = VZ1, Z2(¢1(Z1) A ¢2(Z2) = R(Z)). Then item 2 implies that ® = VZ1(¢1(Z1) = R(2)), a
contradiction to B € [®]<¥. Thus, f; is an embedding from B; to €. This concludes the proof of the
joint embedding property. o

We mention in passing that (1) and (2) are equivalent even if equality is permitted in .
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4 Undecidability of the JEP

In this section we prove that the problem of deciding whether the class of all finite models of a given
universal Horn sentence @ has the joint embedding property is undecidable. Our proof is based on a
reduction from the problem of deciding the universality of a given context-free grammar. As usual, the
Kleene plus of 3, denoted by X, is the set of all finite words over ¥ of length > 1. A context-free
grammar (CFG) is a 4-tuple G = (N, X, P, S) where

* N is afinite set of non-terminal symbols,
* Y is a finite set of terminal symbols,
e P is a finite set of production rules of the form A — w where A € N andw € (N UX)™",

* S € N is the start symbol.

For u,v € (N UX)" we write u —¢ v if there are z,y € (N UX)" and (A — w) € P such
that v = Ay and v = zwy. The transitive closure of — ¢ is denoted by —¢.. The language of G is
L(G) == {w € 1 | § =% w}. Note that with this definition the empty word, i.e., the word e of length 0,
can never be an element of L(G); some authors use a modified definition that also allows rules that derive
€, but for our purposes the difference is not essential.

Example 2. Let G := ({S},{a,b},{S — aSbh, S — ab},S). Then it follows by a simple induction that
L(G) = {a™b™ | n > 1} because every accepting derivation path in —¢ is of the form S —¢ -+ —¢
a™ 1Syl 5o abm.

The idea of the reduction is to compute from a given context-free grammar G a universal Horn sentence
which consists of two parts, ®; and ®5: the sentence $5 only depends on ¥ and entails many Horn clauses
witnessing failure of the JEP via Lemma 1; the sentence ®; can be computed efficiently from G and is
such that [®,]<“ is closed under the formation of disjoint unions and prevents all the failures of the JEP
of [®1 A ®2]<¢ if and only if G is universal, i.e., L(G) = 7.

Theorem 3. For a given universal Horn sentence ® the question whether [®] <% has the JEP is undecid-
able even if the signature is limited to at most binary relation symbols.

Proof: The universality problem for context-free grammars is known to be undecidable [Har78] (Lemma 8.4.2,
page 259). Here, we assume that (A — A) € P forevery A € N. Note that this assumption does not
influence L(G) at all.

Encoding context-free grammars into ages of relational structures. Let 7 be the signature that con-
tains the unary symbols I and 7', and the binary relation symbol R, for every elementa € N UX. Let @,
be the universal Horn sentence that contains, for every (A — a; ...a,) € P, the Horn clause

/\ R, (zs,2i11) = Ra(21, Tpy1), ()
i€[n]
and additionally the Horn clause
I(,Tl) /\T(.’L‘g)/\Rs(xl,,Tg) = 1. 3)

Note that each conjunct of ®; is connected, which means that [®;]<“ has the JEP by Proposition 2. The
following correspondence can be shown via a straightforward induction.



Universal Horn Sentences and the Joint Embedding Property 9

Claim 1. Foreveryw =ay...a, € (N UX)T, we have

A—=Gw ifandonlyif @1 FEVr1,...,2p4
( N Rai(wiwin) = RA(ILJ?nH))- 4)

i1€[n]

Proof: “=": Suppose that A —¢, ai ...ay, for A € N. Then there is a path in =g from Ato a; ...ay
of length A > 1. We prove the statements by induction on .

In the induction base A = 1 we have (A — a) € P in which case (4) is a conjunct of ;.

In the induction step A — X + 1, we assume that the claim holds for all paths of length < A, and that
there exists a path of length A+ 1 from A to a; ... ay, i.e., there exists (A — a; ...ax—1Bagy1...an) €
P and a path of length A from B to ay . . . a;. By the induction hypothesis, after renaming of variables we
have that

Py |= Vag, . .. ,$é+1( N Ra(wi i) = RB($k71'€+1))~ ®)
i€le\[k—1]

By the construction of ®;, after renaming of variables we also have that

1 ':Vfﬂlv---,Ik,fcula---,xnﬂ( /\ Ra,(zi,i11)
i€lk—1]

A Rp(Tr, Tep1) A /\ Ro,(%i,%i41) = RA($1,$n+1))- (6)
i€[n]\[€]

We can now apply an SLD derivation step to (6) with (5) to obtain (4).

“«<": Suppose that ®; = (4). By Theorem I, there is an SLD-deduction of (4) from ®;. If (4) is
a tautology, then n = 1 and a; = A in which case the statement is true because (A — A) € P for
every A € N. Otherwise, (4) is a weakening of a Horn clause v that has an SLD-derivation from ®;
modulo renaming variables. Note that the removal of any atom from the premise of (4) would make it
disconnected. The same also applies to v since its atomic subformulas are among the atomic subformulas
of (4). Since every Horn clause in ®; is connected, and SLD-derivations modulo renaming variables
clearly preserve connectedness, it cannot be the case that (4) was obtained from ) by adding an atom to
the premise. Next, note that ®; A /\ie[n] Ry, (i, ;41) is satisfiable for every a;...a, € (N UX)T.
Thus, it also cannot be the case that (4) was obtained from v by adding an atom to the conclusion. Hence,
we may assume that (4) and v are equal. We prove the claim by induction on the length A of a shortest
possible SLD-derivation for .

In the base case A = 0, ¢ must be a conjunct of ®;. By the construction of &, we get that (A —
ai...an) € Pandthus A —§ a1 ... an.

In the induction step A — X + 1, we assume that the claim holds if ¢/ has an SLD-derivation of length
< . Suppose that ¢ requires an SLD-derivation of length A 4 1. By the construction of ®;, there must
exist (B, ag ...ag) € P such that ®; contains a conjunct of the form (2) that is used in the last step in a
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Figure 1: An illustration of the situation in Claim 2 for n = 6.

shortest possible SLD-derivation of ¢). Moreover, there exists an SLD-derivation of

A Rai(xi7xi+1)) A Rp(zk, Tet1)
i€[k—1]
A /\ Ro,(wi,zi41) = Ra(x1, n41) @)
i€\

from ®, of length < \. By the induction hypothesis, (7) is equivalentto A —¢ a1 ...ap—1Bagy1 ... an-1.
Therefore, A =% a1, ..., an. O

Creating candidates for failure of the JEP. Let 7 be the signature which contains all symbols from 7;
except for the ones coming from N and additionally the unary symbol U and the binary symbol (). The
sentence P9 consists of the following Horn clauses for every a € X:

Uy) AN (z1) = Q(y, 71) (8)
U(y) /\Q(yvxl)/\Ra(‘rlv‘TQ) :>Q(y,$2) (9)
Uy) AQ(y,x1) A Ro(x1,22) NT(22) = L (10)

The proof of the following claim is left to the reader (a straightforward consequence of Theorem 1), see
Figure 1 for an illustration of Claim 2.

Claim 2. Let ¢(Z) be a conjunction of (12 \ {Q})-atoms. Then
Py = VZ(p(z) = 1)

if and only if there exists a1 . . .a, € X7 such that ¢ has a subformula of the form

Uly) AN (1) AT (2n41) A /\ Ro,(zi, iy1) (1)

i€[n]

where the variables need not be distinct.

Now we are ready for the main part of the proof. We set ® := ®; A $s.
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Claim 3. [®]<“ has the JEP if and only if L(G) = 2.

Proof: “=": Suppose that [®]<% has the JEP. Let a; ...a,, € X*. Consider the formulas ¢; (y) and
¢2(21, ..., Tnt1) given by

¢1:=Ul(y)
and  ¢o = I(x1) AT (Tpy1) A /\ Ra, (zi, i41).
i1€[n]
By Claim 2, we have
By =Var, .21,y (01 Ada = L), (12)

Since [®]<“ has the JEP, by Lemma 1(2), we have that ® A ¢; or ® A ¢ is not satisfiable.

Note that every Horn clause in ®; contains an R,-atom for some ¢ € N U X in its premise, and
¢1 contains none. Also note that every Horn clause in ®5 contains an [-atom or an R,-atom for some
a € N U X in its premise, and ¢ contains none. Hence, the 7-structure with domain {y} and whose
relations are described by the atomic formula U (y) is closed under application of Horn clauses from @,
i.e., ® A ¢, is satisfiable. Since one of the formulas ® A ¢; and ® A ¢- is not satisfiable, we must have

D =V, Tng1(d2 = 1), (13)

Next, note that every Horn clause in ®2 contains a U-atom in its premise, ¢ contains no U-atom, and
no Horn clause in ®; contains a U-atom in its conclusion. We claim that then

1 V..., wng1 (g2 = 1). (14)

Suppose, on the contrary, that ®; A ¢ is satisfiable. Let 2 be any finite model of ®; A ¢2. We assume
that U = (), otherwise we remove all elements from U*. Then 2 still satisfies ¢ because ¢, does not
contain any U-atoms, and 2( remains closed under application of Horn clauses from ®; because no Horn
clause in ®; contains a U-atom in its conclusion. But then 2 is also closed under application of Horn
clauses from ®, because every Horn clause in ®5 contains a U-atom in its premise. We conclude that
A E @ A ¢o, a contradiction to (13). Hence (14) holds.

Finally, note that (3) is the only Horn clause in ®; which contains an /- or T-atom in its premise, and
that no Horn clause in ®; contains an I- or T'-atom in its conclusion. We claim that then

Vo, @nen (A Ra(@i2i1) = Ro(on,an)). (15)

i€[n]

Suppose, on the contrary, that (15) does not hold. Then there exists a finite 7-structure 2 satisfying ®; A
/\ie[n] Ro, (zi, xiv1) A—Rg (21, xpy1). We may assume that A = {x1,. .., z,41} because the models of
a universal sentence are always closed under taking substructures. We may also assume that 7% = T2 = (),
otherwise we remove all elements from these relations. Then 2 remains closed under application of Horn
clauses from ®; because no Horn clause in ®; contains an /- or 7T-atom in its conclusion. Now consider
the structure 2’ obtained from 2 by adding x; to I® and z,, 1 to T, Then 2’ is closed under application
of Horn clauses from ®; because (3) is the only Horn clause in ®; that has an /- or T'-atom in its premise
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and it cannot be applied to 2l since (z1, Zn11) ¢ R%/. But then 2’ = ®1 A ¢2, a contradiction to (14).
Hence (15) holds.

Now it follows from Claim 1 and (15) that a; ... a, € L(G) and we are done.

“«<": We prove the contrapositive and assume that [®]<“ does not have the JEP. Then there exists a
counterexample to Lemma 1(2), i.e., there exists a Horn clause v of the following form

$1(Z1) A d2(Z2) = X

where Y is either L or an atomic 7-formula with free variables among z; such that

D |= VI, T (d1 A g2 = X), (16)
P B VI (1 = X), 17

and, for both ¢ € {1,2},
P VT (¢ = L). (18)

We choose 1 minimal with respect to the number of its atomic subformulas.

Our proof strategy is as follows. First we show that ¢ encodes a single word w € X7 in the sense of
Claim 2. Then we show that the word w may not be contained in L(G), because otherwise a part of the
counterexample would encode w in the sense of Claim 1 which would lead to a contradiction.

Observation 1. v has an SLD-deduction from @4, and only contains symbols from To.

Proof of Observation 1: First, we claim that &, - v or @5 - ¢. By Theorem 1, we have ® - /. Note that
X(Z1) cannot be a subformula of ¢1(Z1), by (17). Also note that x(Z;1) cannot be a subformula of ¢ (Z2)
as these two formulas have no common variables. Hence, x(Z1) is not a subformula of ¢ (Z1) A ¢2(Z2),
i.e., 1 is not a tautology. Let ¢/’ be a Horn clause such that ¢ is a weakening of ¢’ and v’ has an SLD-
derivation ¢y, . . ., ¢}, = ¢’ from ®. Note that the Horn clauses in ® have the property that, depending on
whether they come from ®; or from &5, they either contain no Q)-atoms or no R 4-atoms for A € N. This
applies in particular to ¢, which is a conjunct from ®. Since the conclusion of each Horn clause in @4
is an R 4-atom for A € N and the conclusion of each Horn clause in @2 is a Q-atom, the property of 1{
from above propagates inductively to every ¢, for ¢ € [k]. But this means that ¢/’ has an SLD-derivation
from ®; or from ®5. Hence, v has an SLD-deduction from ®; or from ®,, which concludes the claim.

Next, we claim that &5 - . Suppose, on the contrary, that ®; - . Let ¢} and ¢/, be the formulas
obtained from ¢; and ¢, respectively, by removing all Q-atoms. Since ®; - 1), the SLD-derivation
sequence 1y, . . ., 1}, from the paragraph above contains no Q-atoms. Thus, all Q-atoms occurring in 1
come from the weakening step, which means that

Oy VT, T (0] A dh = X). (19)

Since () is a Horn clause from @1, it follows from the minimality assumption for ¢ that either  is an
R 4-atom for some A € N, or x is L. In both cases, (18), (19), and (17) witness that [®;]<“ does not
have JEP through an application of Lemma 1. But this is in contradiction to Proposition 2. Thus, ®; - v
does not hold, and ®, - 1 holds instead. This concludes the claim.

Since @5 - 1), the premise ¢1 A ¢2 of 1 can only contain symbols from 75, otherwise we could remove
all (7y \ 72)-atoms and get a contradiction to the minimality of . Since v, is a Horn clause from @, it
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also follows from the minimality assumption for v that either x is an (Q-atom, or x is L. Thus, 1 only
contains symbols from 75. O

Observation 2. ¢1 A ¢ does not contain any Q-atoms, and x equals L.

Proof of Observation 2: By Observation 1, ) has an SLD-deduction from ®5. Recall from the proof of
Observation 1 that ¢ cannot be a tautology. By the minimality of 1/, we may assume that there exists an
SLD-derivation of 1) from ®,. Consider any SLD-derivation ¢y, . . . , ¥ of ¢ from ®,. Note that, by the
construction of @, for every i € [k], if there exists a variable y in ;1 such that

1. every (Q-atom contains y in its first argument,
2. every U-atom contains ¥ in its only argument,

then 1); also satisfies item 1 and item 2 for the same variable y. Since every possible choice of ¥y from
®,, initially satisfies these two conditions, it follows via induction that item 1 and item 2 must hold for
1 = 1y, for some y. Also note that (8) is the only Horn clause in @, that is not connected, but the lack
of connectivity is only because the variable y satisfying item 1 and item 2 is isolated from the remaining
variables. It follows by induction that this is also true for .

We claim that v is of the form (10). Suppose, on the contrary, that 1/ is of the form (9) or (8). Then
the conclusion of 1) is a Q-atom. By our assumption, the conclusion of ) may only contain variables from
Z1. Thus, also the variable y that satisfies item 1 and item 2 for ¢ is contained in Z;. Since the second
variable in the conclusion of v is connected to all remaining variables and the variables of ¢; and ¢, are
disjoint, ¢ must be the empty conjunction. This leads to a contradiction to (17). Thus our claim holds.
The claim implies that y equals L.

Since y satisfies item 1 for 1, if ¢ contains any ()-atom in the premise, then ¢ is connected. But
then, since the variables of ¢, and ¢ are disjoint while v is connected, either ¢; or ¢ must be the empty
conjunction. Since x equals L, this leads to a contradiction to (18). Thus, 1) does not contain any ()-atoms
at all. O

As a consequence of Observation 1 and Observation 2 we have that @5 = ¢ where ® is of the form
1 N\ ¢2 = L and @1, ¢ are conjunctions of atomic 72 \ {Q}-formulas. Therefore, Claim 2 implies that
there exists ay . .. a, € X7 such that ¢; A ¢ is of the form

Uy) AML(@) AT (@ns1) A )\ Ra, (@i, wit1) (20)

i€[n]
where the variables need not all be distinct. More specifically,
* ¢1(Z1) equals U(y), and
o ¢2(Zo) equals I(z1) AT (xpy1) A /\ie[n] R, (zi, xi1).
Note that, if L(G) = X7, then Claim 1 together with (3) implies that

Dy Vo, .. ang (2 = 1). 2D
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If some variables among x1, ..., x,41 are identified in (20), then we still have (21) even if we perform
the same identification of variables. But then we get a contradiction to (18). Thus, L(G) # >+, which
concludes the proof of Claim 3. O

We have thus found a reduction from the undecidable universality problem for G to the decidability
problem of the JEP for [®]<“; note that ® is universal Horn and can be computed from G in polynomial
time. O

5 Open Problems

An important open question about universal sentences over relational signatures is the decidability of the
amalgamation property (AP), which is a strong form of the joint embedding property, and which is of
fundamental importance in constraint satisfaction [Bod21]. Unlike the JEP, the AP is decidable if all
relation symbols in the signature are at most binary (see, e.g., [KL87, BKS20]). For general relational
signatures, we ask the following question.

Question 1. Is it decidable whether the class of finite models of a given universal Horn sentence ¢ has
the amalgamation property?
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We present the Boolean dimension of a graph, we relate it with the notions of inner, geometric and symplectic
dimensions, and with the rank and minrank of a graph. We obtain an exact formula for the Boolean dimension
of a tree in terms of a certain star decomposition. We relate the Boolean dimension with the inversion index of a
tournament.
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1 Presentation and preliminaries

We define the notion of Boolean dimension of a graph, as it appears in Belkhechine et al.| (2010) (see
also (Belkhechine, |2009; Belkhechine et al., 2012)). We present the notions of geometric and symplectic
dimensions, and the rank and minrank of a graph, which have been considered earlier. When finite, the
Boolean dimension corresponds to the inner dimension; it plays an intermediate role between the geomet-
ric and symplectic dimensions, and does not seem to have been considered earlier. The notion of Boolean
dimension was introduced in order to study tournaments and their reduction to acyclic tournaments by
means of inversions. The key concept is the inversion index of a tournament (Belkhechinel 2009; Belkhe-
chine et al., [2010} 2012) presented in Section E} Our main results are an exact formula for the Boolean
dimension of a tree in terms of a certain star decomposition (Theorem [2.9) and the computation of the
inversion index of an acyclic sum of 3-cycles (Theorem [3.7).

Notations in this paper are quite elementary. The diagonal of a set X is the set Ax = {(z,z) : x € X }.
We denote by £(X) the collection of subsets of X, by X™ the set of m-tuples (z1,...,2,,) of elements
in X, by [X]™ the m-element subsets of X, and by [ X]<“ the collection of finite subsets of X. The
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cardinality of X is denoted by | X|. We denote by R the first infinite cardinal, by ®; the first uncountable
cardinal, and by w; the first uncountable ordinal. A cardinal « is regular if no set X of cardinal k can
be divided in strictly less than x subsets, all of cardinality strictly less than x. If x denotes a cardinal, 2"
is the cardinality of the power set £( X) of any set X of cardinality . If x is an infinite cardinal, we set
log, (k) for the least cardinal i such that k < 2#. We note that for an uncountable cardinal  the equality
log,(2") = k may require some set theoretical axioms, such as the Generalized Continuum Hypothesis
(GCH). If & is an integer, we use log, (%) in the ordinary sense, hence the least integer 1 such that x < 2%
is [log, k]. We refer the reader to Jech|(2003) and Kunen|(2011) for further background about axioms of
set theory if needed.

The graphs we consider are undirected and have no loops. They do not need to be finite, but our main
results are for finite graphs. A graph is a pair (V, E) where E is a subset of [V]?, the set of 2-element
subsets of V. Elements of V are the vertices and elements of E are the edges. Given a graph G, we
denote by V(@G) its vertex set and by E(G) its edge set. For u,v € V(G), we write v ~ v and say that u
and v are adjacent if there is an edge joining u and v. The neighbourhood of a vertex u in G is the set
Ng(u) of vertices adjacent to u. The degree d(u) of a vertex w is the cardinality of Ng(u). If X is a
subset of V(G), the subgraph of G induced by X is Gx = (X, En[X]?). A clique in a graph G is a
set X of vertices such that any two distinct vertices in X are adjacent. If X is a subset of a set V, we set
KY = (V,[X]?); we say also that this graph is a clique.

1.1 The Boolean sum of graphs and the Boolean dimension of a graph

Let (G;)qer be a family of graphs, all with the same vertex set V. The Boolean sum of this family is the
graph, denoted by +(G; )z, with vertex set V' such that an unordered pair e := {x,y} of distinct elements
of V is an edge if and only if it belongs to a finite and odd number of E(G;). If the family consists
of two elements, say (G} );e0,13 We denote this sum by Go+G. This is an associative operation (but,
beware, infinite sums are not associative). If each E(G;) is the set of edges of some clique C;, we say
(a bit improperly) that +(G;)ier is a sum of cliques. We define the Boolean dimension of a graph G,
which we denote by dimp,1(G), as the least cardinal  such that G is a Boolean sum of & cliques. In all,
dimpeo1 (G) = k if there is a family of x subsets (C;);er of V(G), and not less, such that an unordered
pair e := {x, y} of distinct elements is an edge of G if and only if it is included in a finite and odd number
of C;’s.

A Boolean representation of a graph G in a set E is amap f : V(G) — £(E) such that an unordered
pair e := {z,y} of distinct elements is an edge of G if and only if the intersection f(z) n f(y) is finite
and has an odd number of elements.

Example 1.1. Let G be a graph. For a vertex z € V(G), let Eg(z) = {e € E(G) : © € e}. Set
E := E(G). Then the map f : V(G) - P(F) defined by f(x) := Eg(x) is a Boolean representation.
Indeed, for every 2-element subset e := {x,y} of V(G), the intersection f(x) n f(y) has one element if
and only if e € E(G), otherwise it is empty.

The following result is immediate, still it has some importance.

Proposition 1.2. A graph G is a Boolean sum of k cliques if and only if G has a Boolean representation
in a set of cardinality k.

Proof: If G is the Boolean sum of a family (C;);e; of & cliques, then let f : V(G) — #(I) defined by
setting f(x) := {i € I : x € C;}. This defines a Boolean representation in I. Conversely, if f : V(G) —
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#(F) is a Boolean representation in a set E, then set C; := {x € V(G) :i € f(x)} fori € E. Then G is
the Boolean sum of the family (G );eg, where G; := (V(G),[C;]?) foreachi € E. O

We note that the Boolean dimension of a graph and of the graph obtained by removing some isolated
vertices are the same. Hence dimp,01(G) = 1 if and only if it is of the form G = K with |X| > 2. Since
every graph G := (V| E') can be viewed as the Boolean sum of its edges, the Boolean dimension of G is
always defined, and is at most the number of edges, that is, at most the cardinality |[V']?| of [V]2. If V
is infinite, then |[V']?| = |V|; hence dimpooi (G) < [V| (but see Question[L.1]below). If V is finite, with n
elements, then dimp,o1(G) < n — 1 (see Belkhechine et al.| (2010). By induction on n: pick z € V and
observe that G = (V,Ex{ee E:x ¢ e})i—K}\/[G(w)+KxG(Z)U )~ In fact, paths on n vertices are the only
n-vertex graphs with Boolean dimension n — 1, see Theorem a result that requires some ingredients
developed below.

Recall that a module in a graph G is any subset A of V(G) such that for every a,a’ € A and b €
V(G) \ A, we have a ~ b if and only if a’ ~ b. A duo is any two-element module (e.g., see Courcelle and
Delhommé| (2008)) for an account of the modular decomposition of graphs).

Lemma 1.3. If a graph G has no duo then every Boolean representation is one to one. In particular,
dimpool (G) 2 logy ([V(G)]).

Proof: Observe that if f is a representation and v is in the range of f, then f~!(v) is a module and this
module is either a clique or an independent set. O

Question 1.1. The inequality in Lemmall.3|may be strict if V(&) is finite. Does dimpoo1(G) < log, ([V(G)])
when V (G) is infinite? The answer may depend on some set theoretical hypothesis (see Example .
But we do not known if the Boolean dimension of every graph on at most a continuum of vertices is at
most countable. Same question may be considered for trees.

Let F be a set; denote by O(E)™ the graph whose vertices are the subsets of E, two vertices X and
Y being linked by an edge if they are distinct and their intersection is finite and odd. If « is a cardinal, we
set O(k)™* for any graph isomorphic to O(E)™, where E is a set of cardinality .

Theorem 1.4. A graph G with no duo has Boolean dimension at most k if and only if it is embeddable
in O(k)™*. The Boolean dimension of O(k)™" is at most k. It is equal to k if k > 2 and K is at most
countable, or if k is uncountable and (GCH) holds.

Proof: If there is an embedding f from G in a graph of the form O(FE)™, then f is a Boolean repre-
sentation of G, hence dimp,o1(G) < |E|. Conversely, if G has no duo and has a Boolean representation
f in a set E then, by Lemma[1.3] f is an embedding of G in O(E)™. Let E be a set of cardinality .
For each X ¢ V(O(E)™) = RP(FE) set f(X) := X viewed as a subset of £( F). The map f is a Boolean
representation, hence dimp,o O(E)™* < k. Alternatively, set C; := {X € £(FE) : i € X} for each i € E.
Then O(E)™ is the Boolean sum of the [C;]?,i € E. If = 2, a simple inspection shows that the Boolean
dimension of O(E)™ is k. If k > 3 then O(E)™" has no duo. This relies on the following claim.

Claim 1.5. If A, B are two distinct subsets of E, then there is a subset C of E, distinct from A and B,
with at most two elements such that the cardinalities of the sets An C and B n C cannot have the same

parity.
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Indeed, we may suppose that A ¢ B. Pick z € AN B. If |A| > 1, then set C := {z}. If not, then A = {z}.
In this case, either B is empty and C := {x,y}, with y # = will do, or B is nonempty, in which case, we
may set C := {y}, where y € Bif |B| > 1, or C := {y, 2z}, where B ={y} and z € E ~ (AU B).

Since O(E)™* has no duo, Lemmall.3]ensures that dimpeo (O(E) ™) > log, [V (O(E))|) = log,(27).
If » is at most countable, or  is uncountable and (GCH) holds, then this last quantity is . This completes
the proof of the theorem. ]

We can obtain the same conclusion with a weaker hypothesis than (GCH).

Lemma 1.6. Let  be an infinite cardinal. If i < k for every u < k, then dimpoo1 (O(k)™) = k.

Proof: The proof relies on the following claim, which is of independent interest.

Claim 1.7. Let p* be the cardinality of the set of countable subsets of an infinite cardinal ii. Then the
cliques in O(p)™* have cardinality at most u®.

The proof relies on a property of almost disjoint families. Let us recall that an almost disjoint family
is a family A := (Aq)qer of sets such that the intersection A, N Ag is finite for « # 8. Note that if C is
a clique in O(p)™, then for every pair of distinct sets X, Y in C, the intersection X nY is finite and its
cardinality is odd. Hence, C is an almost disjoint family.

To prove our claim it suffices to prove the following claim, well known by set theorists.

Claim 1.8. There is no almost disjoint family of more that % subsets of an infinite set of cardinality p.

Proof of Claim [L.8} Suppose that such a family A := (Aq)aes exists, with [I| > p“. Since p= = p,
we may suppose that each A, is infinite and then select a countable subset B, of A,. The family B :=
(Ba)aer is almost disjoint, but since |I| > u*, there are « # /3 such that B, = Bg, hence B, N Bj is
infinite, contradicting the fact that 3 is an almost disjoint family. O
Now the proof of the lemma goes as follows. Suppose that dimp,e(O(k)™ = pu < k. Then there
is an embedding from the graph O(x)™* into the graph O(p)™*. Trivially, O(x)™* contains cliques of
cardinality at least . Hence O ()™ too. But since p* < , Claim 1.7 says that this is impossible. Thus
dimpeo (O(K)™) = k. O
We thank [Avraham| (2021)) for providing Claim[I.§]
Examples 1.9. For a simple illustration of Lemma [1.6] take x = (2%°)* the successor of 2%. For an
example, negating (GCH), suppose wy = 2%°, k = wo, w3 = 2*! = 2¥2, In this case, dimpeo (O(k) ™) = K
and log,(27) = wy < k.
Question 1.2. Does the equality dimpo1 (O(x)™) = k hold without any set theoretical hypothesis?

Remark 1.10. Theorem [1.4] asserts that O(x)™* is universal among graphs with no duo of Boolean di-
mension at most « (that is embeds all graphs with no duo of dimension at most ), but we do not know
which graphs on at most 2” vertices embed in O(x)™*.

In contrast with Claim[I.7] we have:
Lemma 1.11. For an infinite cardinal k, the graph O(k)™" embeds a graph made of 2" disjoint edges. It
embeds also some trees made of 2" vertices.

Proof: Let G be the graph made of 2% disjoint edges {aq, by } With « € 2%, We show that G is isomorphic
to an induced subgraph of O(E)™*, where F is the set [£]< of finite subsets of , augmented of an extra
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element r. Since |E| = k, this proves our first statement. For the purpose of the proof, select 2" subsets
X, of k which are pairwise incomparable with respect to inclusion and contain an infinite subset X . For
each a € 27, let A, := [ X4 u{r} and B, := E \ [X,]<“. We claim that the subgraph H of O(E)™*
induced by {4, : a € 27} U {B, : a € 27} is a direct sum of the edges {A,, By} for @ € 2%. That
A, and B, form an edge is obvious: their intersection is the one element set {r}. Now, let a # 3. We
claim that the three intersections A, N Ag, A, N Bg and B, N Bg are all infinite. For the first one, this is
obvious (it contains [ X, N X g]“”), for the next two, use the fact that the A, are up-directed with respect
to inclusion, hence the difference A, \ Ag is cofinal in A, thus must be infinite, and the union A, U Ag
cannot cover [k]<“, hence its complement is infinite. It follows that the graph H contains no other edges
than the pairs { A, B, }’s. This proves that H is isomorphic to G, and yields our first statement. For the
second statement, add R := [ X ]<“ u {r} to the set of vertices of H. We get a tree. Indeed, for each «, the
vertices R and A, do not form an edge in O(E)™* (indeed, R n A, = [ X]*“ hence is infinite), while for
each 3, the vertices R and Ag form an edge (since Rn Ag = {r}). O

For infinite graphs with finite Boolean dimension, a straightforward application of Tychonoff’s theorem
yields the following result.

Theorem 1.12. Let n € N. For every graph G, dimpoo1(G) < n if and only if dimpeo(Gix) < n for
every finite subset X of V(Q).

Proof: Suppose that the second condition holds. For every finite subset X of V(G) let Ux be the set
of maps f from V(G) into the powerset K := P({1,...,n}) such that the restriction f;x is a Boolean
representation of G x in {1,...,n}. Each such set Ux is nonempty and closed in the set K V(&) equipped
with the product topology, the set K being equipped with the discrete topology. Every finite intersection
Ux, n---n Uy, contains Uy, ..ux, hence is nonempty. The compactness of K" (%) ensures that the
intersection of all of those sets is nonempty. Any map in this intersection is a Boolean representation of
G. O

Examples of graphs with finite Boolean dimension are given at the end of the next subsection.

1.2 Geometric notions of dimensions of graphs

We introduce three notions of dimensions: geometric, inner, and symplectic, all based on bilinear forms.
We prove that if the Boolean dimension of a graph is finite, then it coincides with the inner dimension,
and either these dimensions minus 1 coincide with the geometric and the symplectic dimension, or they
coincide with the geometric dimension, the symplectic being possibly larger (Theorem [T.18). We note
before all that in general, the Boolean dimension is not based on a bilinear form. It uses the map ¢ :
P(E) - 2 := {0,1} defined by setting o(X,Y) := 1 if | X n Y] is finite and odd and 0 otherwise. But
except when F is finite, it is not bilinear on £( F) equipped with the symmetric difference.

Let IF be a field, and let U be a vector space over F, and let  be a bilinear form over U. We recall
that this form is symmetric if (z,y) = p(y,x) for all z,y € U. Two vectors x,y are orthogonal if
o(x,y) = 0. A vector z € U is isotropic if p(x,x) = 0. The orthogonal of a subset X of U is the subspace
Xt ={yeU:¢(x,y)=0forall z € X}. Wesetz* instead of {z}*. We recall that ¢ is degenerate if
there is some 2 € U \ {0} such that ¢(x,y) = 0 for all y € U. The form ¢ is said to be alternating if each
x € U is isotropic, in which case (U, ¢) is called a symplectic space. The form ¢ is an inner form or a
scalar product if U has an orthonormal basis (made of non-isotropic and pairwise othogonal vectors).
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Definition 1.13. Let U be a vector space equipped with a symmetric bilinear form . Let G be a graph.
We say that amap f:V (G) — U is a geometric representation of G in (U, ) if for all u,v € V(G),u + v,
we have u ~ v if and only if p(f(u), f(v)) # 0. The geometric dimension of G, denoted by dimgeom (G),
is the least cardinal « for which there exists a geometric representation of GG in a vector space U of
dimension s equipped with a symmetric bilinear form . The symplectic dimension of GG, denoted by
dimgymp(G), is the least cardinal « for which there exists a symplectic space (U, ¢) in which G has a
geometric representation. The inner dimension of G, denoted by dim;,, (G), is the least cardinal  for
which G has a geometric representation in a vector space of dimension  equipped with a scalar product.

The notions of geometric and symplectic dimension were considered by several authors, for example,
Garzon| (1987); (Godsil and Royle| (2001a). There is an extensive literature about this subject (e.g. |Fal-
lat and Hogben| (2007); (Grout| (2010)), and notably the role of the field. But apparently, the Boolean
dimension was not considered.

Except in subsection [T.4] we consider these notions only for the 2-element field Fo, identified with
the set {0,1}. If U has finite dimension, say k, we identify it with F%. the set of all k-tuples over
{0,1}; the basis (e;)i:1,... k» Where e; is the 0-1-vector with a 1 in the i-th position and 0 elsewhere,
is orthonormal; the scalar product of two vectors x := (1,...,21) and y := (y1,...,yx) of F% is then
(x| y) :=z1y1 + -+ + 1y, We recall the following dichotomy result.

Theorem 1.14. A nondegenerate bilinear symmetric form ¢ on a finite k-dimensional space U over the
two-element field T falls into two types. Either o is non-alternating and (U, @) is isomorphic to (F5.|)
with the scalar product, or ¢ is alternating, k is even, and (U, ) is isomorphic to the symplectic space
H(k) := (174, |}1-2), where 17+ is the orthogonal of 1 := (1,...,1) with respect to the scalar product |
on &+,

For reader’s convenience, we give a proof. The proof, suggested by Christian Delhommé, is based on
two results exposed in Algebra, Vol. 3, of (Cohn| (1991). Let (U, ¢) be as stated in the above theorem.
Case 1: ¢ is not symplectic, that is ¢(z,x) # 0 for some vector z. We apply Proposition 7.1 page 344
of |Cohn| (1991)), namely: If U is a vector space of characteristic 2 and ¢ is a symmetric bilinear form
which is not alternating, then U has a orthogonal basis. Since ¢ is nondegenerate and the field if Fo,
any orthogonal basis is orthonormal, hence ¢ is a scalar product. Case 2: ¢ is symplectic. In this case,
Lemma 5.1, p.331 of |[Cohn| (1991) asserts in particular that: Every symplectic space, (that is a space
equipped with a bilinear symmetric form which is nondegenerate and alternating) on an arbitrary field is
a sum of hyperbolic planes. Thus k is even and in our case U is isomorphic to any symplectic space with
the same dimension, in particular to H (k).

When dealing with these notions of dimension, we may always consider nondegenerate forms, hence in
the case of finite dimensional representation, Theorem applies. In fact Lemma|[I.3]and Theorem
extend.

Let U be a vector space over 2 and ¢ a symmetric bilinear form defined on U with values in . Let
O;l be the graph of the non-orthogonality relation on U, that is, the graph whose edges are the pairs of
distinct elements z and y such that p(z,y) = 1. If k is an integer, then we denote by O, (k) the graph on
FF% of the non-orthogonality relation associated with the inner product | Similarly, for k even, let O (k)
be the graph on H (k), the orthogonal of 1 := (1,...,1) with respect to the scalar product | on (Fy)**1,
equipped with the symplectic form induced by the scalar product.

Lemma 1.15. [f dim(U), the dimension of the vector space U, is at least 3, then the graph O has no
duo if and only if p is nondegenerate. Hence, dimgeor, (O3") = dim(U) when  is nondegenerate.
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Proof: Suppose that ¢ is degenerate. Pick a nonzero element a in the kernel of . Then, as it is easy to
check, the 2-element set {0, a} is a module of O_*. Conversely, let {a, b} be a duo of O_*. We claim that
¢ := a+b belongs to the kernel of ¢, thatis p(x,c¢) = 0 forevery x € U. Indeed, if x ¢ {a,b}, then p(x,a) =
o(x,b), hence p(x,c) = 0 since {a,b} is a module. If x € {a,b} (e.g. x := a), then since dim(U') > 3, we
may pick some z ¢ span{a, b} := {0,a,b,a + b}, hence ¢(z,c) = 0. Since z + a ¢ {a,b}, (2 +a,c) = 0.
It follows that ¢(a,c) = 0, proving our claim. According to Lemma every representation of O_* is

]
one to one; since the identity map is a representation, we have dimgeom (O,") = dim(U). O

We give below an existential result. The proof of the second item is based on the A-system lemma (see
(Kunen| 2011} Rinot) for an elementary proof) that we recall now.

Lemma 1.16. Suppose that k is a regular uncountable cardinal, and A := (An) aer Is a family of finite
sets. Then there exist a subfamily B := (Ay)ack, where the cardinality of K is k, and a finite set R such
that A, N Ag = R for all distinct o, B € K.

Theorem 1.17. 1. Every graph has a symplectic dimension, and hence, it has a geometric one. How-
ever:

2. not every graph has an inner dimension, e.g., a graph with k vertices, with k regular, and no clique
and no independent set of K vertices, does not have an inner representation; on an other hand:

3. every locally finite graph has an inner dimension.

Proof:

1. Let G be a graph, and k := [V(G)|. Let U be a vector space over Fo with dimension « (e.g.,
U := FEV(G)], the set of maps f : V(G) — F5 which are 0 almost everywhere). Define a symplectic
form ¢ on a basis B := {b, : v € V(G)} of U indexed by the elements of V' (G) (e.g., b, is the map
from V(G) to F2 defined by b, (v) = 1 and b, (u) = 0 for w # v). For that, set (b, b,) :==1ifu v
and u ~ v; in particular (b, b, ) = 0 for every v € V(G). Then extend o on U by bilinearity. Since
the vectors of the basis are isotropic and [, has characteristic two, ¢ is symplectic. By construction,
the map v — b, is a representation of G in (U, ). Hence G has a symplectic dimension.

2. An inner representation of a graph G reduces to a map f from V(&) into the vector space [ E]<
of finite subsets of a set E' equipped with the symmetric difference such that for every two-element
subset e := {u,v} of V(G), we have e € E(G) if and only if |f(u) n f(v)]| is odd. Suppose that
V(G) = k and no subset of V' (G) of cardinality « is a clique or an independent set. According
to Ramsey’s theorem, « is uncountable. Apply Lemma @ to A = (f(u))uev(q). Let B =
(f(w))yex be a subfamily of A, where K has cardinal x, and let R be given by this lemma. Since
f(u)n f(v) = R for all every u,v € K, the set K is a clique or an independent set depending on
the fact that the cardinality of R is odd or even. Hence, if G has no clique and no independent set
of x vertices, it cannot have an inner representation. A basic example on cardinality X; is provided
by the comparability graph G of a Sierpinskization of a subchain A of the reals of cardinality X;
with an order of type w; on A.

3. Let £ := E(G). Let [E]“ be the collection of finite subsets of F; equipped with the symmetric
difference A, [ E]<“ is a vector space over [Fy; the one-element subsets of £ form a basis; the map
¢ [E] x [E]*Y — Fs defined by setting o(X,Y) = 1if [X nY] is odd and ¢(X,Y) = 0
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otherwise is a bilinear form for which the one-element subsets of £ form an orthonormal basis.
Hence ¢ is an inner product. Let f : V(G) — £(FE) be defined by setting f(z) := Eg(z) (= {e €
E : x € e}). Since for any pair of distinct vertices z,y € V(G), |Eg(x) n Eg(y)| = 1 amounts to
o(f(x), f(y)) =1, f is an inner representation of G.

O

As noted by Delhommé| (2021), the Boolean dimension can be strictly smaller than the geometric
dimension. For an example, if « is an infinite cardinal, the geometric dimension of O (k)™ is 2" while its
Boolean dimension is at most . Indeed, from Theorem O(k)™ has a geometric representation in a
vector space U. As for any representation, Lemmais still valid; since O(x)™ has no duo (for x > 3)
the cardinality of U is at least 2”, thus the dimension of the vector space U is 2, while O(x)™" has a
Boolean representation in a set of cardinality «.

Problem 1.3. Does every countable graph has an inner dimension?

1.3 Graphs with finite geometric dimension
Theorem 1.18. If the Boolean dimension of a graph G is finite, then it is equal to the inner dimension of
G and either
1. the geometric dimension, the symplectic dimension and the Boolean dimension of G are equal,
or
2. the geometric dimension and the symplectic dimension of G are equal to the Boolean dimension of
G minus 1,
or
3. the geometric dimension and the Boolean dimension of G are equal and are strictly less than the

symplectic dimension of G, in which case the difference between these two numbers can be arbi-
trarily large.

Proof: The first assertion is obvious. By definition, dimgeom (G) < min{dimpge1(G), dimgymp(G)}.
Apply Theorem[1.14] Let k := dimgeom (G). If k # dimpooi(G), then G is representable into H (k) and
thus in F5*1, hence (2) holds. If k = dimpoe1(G), then dimgymp(G) > k. The examples given in (a)
below show that the difference dimgymp(G) — dimpeo(G) can be large. O

We give some examples when the graphs are finite.

Examples 1.19. (a) dimgeom (K%)= dimpoo(KY) = 1if | X]| > 2 (in fact they equal 0 if | X| < 1) and
dimgymp (K'Y ) = 2k if | X| € {2k, 2k + 1}.

(b) dimgeom (Op; (k)) = dimpool (OF, (k)) = k for k > 2, and 0 otherwise.

(©) ditgeom (07 (k) = dimyymp (O3 (k) = dimpoo (07 (k)) = 1 = k for k = 2m > 4, and
dimgeom (O3t (2)) = dimpoo (074(2)) = dimgymp (074 (2)) - 1 = 1.

® Norbert Sauer informed us on january 2022 that the answer is positive
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These examples are extracted from Belkhechine et al.|(2012). The paper being unpublished, we give a
hint below. We use the following lemma.

Lemma 1.20. If G == (V, E) is a graph for which dimgym,(G) = 2k € N, then every clique of G has at
most 2k + 1 elements.

This fact is a straightforward consequence of the following claim which appears equivalently formu-
lated in jvan Lint and Wilson|(2001) as Problem 190.(i), page 238.

Claim 1.21. If ¢ + 1 subsets A;, i < £+ 1, of an L-element set A have odd size, then there are i,j < £ + 1,
i # j such that A; 0 A; has odd size.

We prove now that the examples satisfy the stated conditions.

Item (a). The first part is obvious. For the second part, we use Claim [I.2T)and Lemma [I.20] Indeed,
let f: V(G) — H(2k). Composing with the involution & of F2**! we get a representation in 1 + H (2k),
where the involution 4 is defined by h(z) = x + 1, where 1 := (1,1,...,1) € FZ**1. The image of a
clique of G yields subsets of odd size such that the intersection of distinct subsets has even size. Thus
from Claim[T.2T]above there are no more than 2k + 1 such sets.

With that in hand, we prove the desired equality dimsymp(KX(G)) =2k if | X| € {2k, 2k + 1}.

Indeed, let X be an n-element subset of V(G) and let (x;);<,, be an enumeration of X. Let k with
n<2k+1and f: V(G) - F3**! be defined by f(z) = 0if x € V(G) ~ X and f(x) = (b;)j<2r+1,
where b; = 1 forall j # 4 and b; = 0 if = z;. Clearly, f is a representation of G in H(2k), thus
dimgymp (K V(G)) < 2k. The reverse inequality follows from Lemma

symp (1A x

Item (b). If k£ = 1, the graph O]Ei(k) is made of two isolated vertices, and if k = 2 the graph is a path
on three vertices plus an isolated vertex, their respective Boolean dimensions are 1 and 2, as claimed. If
k > 3 the result follows from the conclusion of Lemma

Item (c) If & = 2, the graph O (k) is made of a clique on three vertices plus an isolated vertex,
hence its Boolean dimension is 1. If & > 4, the equality dimgeom (OFf (k)) = dimgymp(OF (k)) follows
from the conclusion of Lemma The number of edges of O (k) and O, (k) are different, hence
O3+ (k) cannot have a Boolean representation in (F%,|). Since it has a representation in (F5*!,]), the
result follows. O

The paper by |Godsil and Royle|(2001a) contains many more results on the symplectic dimension over
[, of finite graphs.

1.4 Dimension and rank

We compute the symplectic dimension and the geometric dimension of a graph G in terms of its adjacency
matrix.

Let n € N. Let A be an n x n symmetric matrix with coefficients in a field F. We denote by rankg(A)
the rank of A computed over the field F. The minrank of A, denoted by minranky(A), is the minimum
of rankp(A + D), where D is any diagonal symmetric matrix with coefficients in F. If F = 5, we denote
these quantities by ranka (A4) and minranks(A). Let G := (V, E) be a graph on n vertices. Let vy, ..., v,
be an enumeration of V. The adjacency matrix of G is the n x n matrix A(G) := (a;,j)1<i,j<n Such that
Qg5 = 1if Ui ~ Uy and Q5 = 0 otherwise.

Theorem 1.22. If G is a graph on n vertices, then the symplectic and the geometric dimensions of G over
a field F are respectively equal to the rank and the minrank of A(G) over .



10 Maurice Pouzet, Hamza Si Kaddour, Bhalchandra D. Thatte

An nxn symmetric matrix B := (b; ;)1<i,j<n Over a field F is representable as the matrix of a symmetric
bilinear form ¢ on a vector space U over a field [ if there exists n vectors uq, ..., u, in U, not necessarily
distinct, such that b; ; = ¢(u;, u;) forall 1 <4, j <n.

The matrix B can be represented in U := F", where (u;)1<i<n is the canonical basis and ¢ (u;,u;) =
b; ;. According to the following lemma (see Corollary 8.9.2 p. 179 of (Godsil and Royle|(2001b)), there is
a representation in a vector space whose dimension is the rank of the matrix B.

Lemma 1.23. An n x n symmetric matrix B of rank r has a principal r x r submatrix of full rank.
The following result shows that this value is optimum.

Lemma 1.24. The smallest dimension of a vector space in which a symmetric matrix B is representable
is the rank of B.

Proof: It is an immediate consequence of the following facts, whose proofs are a simple exercise in linear
algebra.

1) Let r := rank(B). Then r < dim(U) for any vector space U in which B is representable. Let ¢ be
a bilinear form on U, and let 1, ..., u, be n vectors of U such that ¢(u;,u;) = b;; forall 1 <4,j <n,
where (b; ;)1<i j<n = B. Let B(j1),...,B(j,) be r linearly independent column vectors of B with
indices ji,...,Jr. We claim that the corresponding vectors u;, ,...,u;, are linearly independent in U.

r

T T
Suppose that a linear combination Z Aj, U, 18 zero. Then, for every vector u € U, ¢ Z A Wiy, w) = 0.
k=1 k=1

T '
This rewrites as »_ \;, ¢(uj,,u) = 0. In particular, > X;, p(uj,,u;) = 0 for every i = 1,...,n. That s,

k=1 k=1
r

Z)\jk B;, = 0. Since these column vectors are linearly independent, the A;, ’s are zero. This proves our
k=1
claim.

2) Suppose that ¢ is nondegenerate and U is spanned by the vectors ug, ..., u,. Then r > dim(U).
The proof follows the same lines as above. Let s := dim(U). Then, among the w;’s there are s linearly
independent vectors, say u;,,...,u;,. We claim that the column vectors B(j1),...,B(js) are linearly

independent. Suppose that a linear combination Z/\kBjk is zero. This yields Z/\kgo(ujk ,u;) = 0 for

k=1 k=1
s

S
every i, 1 <i <n, hence (> Ayuj,,u;) = 0. Since the u;’s generate U, we have (Y Apuj, ,u) = 0 for

k=1 k=1
S

every u € U. Since the form ¢ is nondegenerate, Z Aruj, = 0. Since the vectors uj, , ..., u;, are linearly
k=1
independent, the \g’s are all zero. This proves our claim.

3) Suppose that B is representable in a vector space U equipped with a symmetric bilinear form .
Then B is representable in a quotient of U equipped with a nondegenerate bilinear form. O

Theorem follows immediately from Lemma|l.24
Remark 1.25. Theorem for the symplectic dimension of graphs over s is due to|Godsil and Royle
(2001a). The minrank over several fields has been intensively studied, see |Fallat and Hogben! (2007) for a
survey. These authors consider the problem of minrank of graphs, and obtain a combinatorial description
for the minimum rank of trees. In the next section, we only state that in case of trees, the Boolean
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dimension, geometric dimension and the minimum rank coincide, thus the formula given in Theorem @]
below for the Boolean dimension gives yet another combinatorial description for the minimum rank of a
tree.

2 Boolean dimension of trees

In this section, we show that there is a nice combinatorial interpretation for the Boolean dimension of
trees. We mention first the following result of Houmem Belkhechine et al. [Belkhechine et al.[(2012]).

Lemma 2.1. Let G = (V| E) be a graph, with V + @. Let m € N, and let f:V — FL' be a representation
of G in the vector space F5' equipped with a symmetric bilinear form p. Let A €V such that A + @.
Suppose that for all finite X ¢ A, X # @, there exists v € V N X such that |Ng(v) n X| is odd. Then
{f(z) | x € A} is linearly independent in the vector space F5".

Proof: Let X be a non empty finite subset of A. We claim that ¥,y f(x) # 0. Indeed, letv e V \ X
such that |Ng(v) n X| is odd. We have (¥ cx f(2), f(v)) = Xaex p(f(x), f(v)). This sum is equal
to |Ng(v) n X| modulo 2. Thus Y. x f(z) # 0 as claimed. Since this holds for every finite subset X of
A, the conclusion follows. O

This suggests the following definition.

Definition 2.2 ((Belkhechine et al.}[2012)). Let G := (V, F') be a graph. A set A c V is called independent
(mod 2) if for all finite X ¢ A, X # @, there exists v € V' \ X such that |Ng(v) n X| is odd, otherwise
A is said to be dependent (mod 2). Let inds(G) be the maximum size of an independent set (mod 2)
in G. From now, we omit (mod 2) unless it is necessary to talk about independence in the graph
theoretic sense.

Corollary 2.3. For every graph G, we have inds(G) < dimgeom (G).

Problem 2.1. Does the equality hold?

Note that the independent sets (mod 2) of a graph do not form a matroid in general. Indeed, let G be
made of six vertices, three, say {a, b, ¢} forming a clique, the three others, say a’,b’, ¢’ being respectively
connected to a,b and c. Then {a’,a, b, c} is independent (mod 2), hence 4 < indy(G). Also, {a’,b’, ¢’}
is independent (mod 2) but cannot be extended to a larger independent set (mod 2). Since G is the
Boolean sum of a 3-vertex clique and three edges, dimpo1(G) < 4. Finally, inds(G) = dimgeom (G) =
dimBool(G) =4.

From Corollary [2.3]above, we deduce the following result.

Theorem 2.4. The Boolean dimension of a path on n vertices (n € N,n > 0) is n—1. Every other n-vertex
graph, withn > 2, has dimension at most n — 2.

Proof: Let P, be the path on {0,...,n — 1}, whose edges are pairs {i,7 + 1}, with ¢ < n — 1. Suppose
n > 2. Since P, is the Boolean sum of its edges, dimpoo1(P,) < n—1. Let A := {0,...,n - 2}. Then
A is independent (mod 2). Indeed, let X be a nonempty subset of A and x be its largest element, then
the vertex v := x + 1 is such that |[Np, (v) n X| = 1. Thus inds(P,) > n — 1. From the inequalities
n -1 <indy(P,) < dimgeom (Pr) < dimpool(Py,) < n — 1, the fact that the dimension of P, is n — 1
follows.
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Now we prove that if the Boolean dimension of a graph G on n vertices is n — 1, then G is a path.
Observe first that G is connected. Otherwise, G is the direct sum G’ ® G of two non trivial graphs G’
and G” with respectively n’ and n” vertices. As it is immediate to see, dimpeo1 (G) = dimpoo (G'®G") <
dimpee1(G) + dimpeo (G”) <n' —1+n' —1 = n—2. Next we observe that G cannot be a cycle. Indeed,
an easy induction shows that cycles on n vertices have dimension at most n — 2. Indeed, the cycle Cj is
a clique thus has dimension 1. For n > 4, the cycle C,, on n vertices {0, ...,n — 1} is the Boolean sum
of the cycle on the first n — 1 vertices and the 3-vertex cycle on {0,n — 2,n — 1}, thus its dimension is
at most n — 2 (in fact it is equal to n — 2; this is obvious for C4 while for n > 5, its dimension is at least
n — 2 since it contains a path on n — 1 vertices). Next, we check that if G has no more than four vertices,
then it is a path. For the final step, we argue by induction, but we need a notation. Let G := (V, E) be a
graph and = € V. Let G_, be the subgraph of G induced by V' \ {z}. Let G* := (G_;)+Kq(z), where
Kg(x) =K X;Eﬁ Let G* be the graph obtained by adding to G” the vertex x as an isolated vertex. In
simpler terms, we obtain G* by deleting from G the vertex = and by adding, via the Boolean sum, all
edges between vertices of N (). For an example, if G is a path then G* is a path on V' \ {x}.

Claim 2.5. IfV is finite then | dimpool (G) — dimpoo (G*)| < 1.
Proof of Claim Note that G*+KY , = G and GHKY , = G*. Thus |dimpee(G) -

; Ng(z)u{z Ng (z)u{z
dimpeo (G*)] < dimBool(KxG(x)u{m})- Since K n, (z)u{z} i a clique, its Boolean dimension is 1; and
since G* and G* differ by an isolated vertex, they have the same Boolean dimension. The claimed
inequality follows.

Now, let GG be our graph on n vertices such that dimp,o1(G) = n — 1. Suppose that every graph G’ on
n' vertices, n’ < n, is a path whenever dimp,, (G') =n' - 1.

Claim 2.6. G* is a path for every x € V(G).
Indeed, since G* has n — 1 vertices, dimpoe1 (G*) < n — 2; since dimpoo1(G) = n — 1, the claim above
ensures that dimp,1(G*) = n—2. The conclusion follows for the hypothesis on graphs with n—1 vertices.

Claim 2.7. Let x,y € V(G) with x # y. If G* and GY are two paths P, and P,, then dg(z),dg(y) < 2
if{z,y} ¢ E(G), and dg(z),dc(y) < 3 otherwise.

Proof of Claim We have G*+GY = GJ}KJX\//G(z)u{x}er*"Kz‘\/fG(y)u{y} = K]‘GG(I)U{I}J—KXG(y)U{y}.
Since G and GY are two paths P, and P, P,+P, = K]‘\/,G(Z)U{x}wLKxG(y)U{y}. We have dp, i p, (2) <2,

hence for the Boolean sum Eg(z)+Eq(y) of stars Eg(z) and Eg(y), we have dg, ()i gq(y)(T) < 2.
The conclusion of the claim follows.

Now let z € V. Since dg () < 3 and n > 5 there is some vertex y not linked to = by an edge. Hence by
Claim dg(x) < 2. From this follows that G is a direct sum of paths and cycles.

Since G must be connected and cannot be a cycle, G is a path. O

We thank [Bondy| (2009) for suggesting this result several years ago. In fact, it is a consequence of
previous results about geometric dimension of graphs, obtained for general fields (Bento and Leal Duartel,
2005} [Rheinboldt and Shepherd, |1974).

We go from paths to trees as follows.

Definition 2.8. Let 7' := (V, F) be a tree. A star decomposition ¥ of T is a family {S1,..., Sk} of
subtrees of T" such that each S; is isomorphic to K ,, (a star) for some m > 1, the stars are mutually edge-
disjoint, and each edge of T is an edge of some .S;. For a star decomposition ¥, let ¢(X) be the number



On the Boolean dimension of a graph and other related parameters 13

of trivial stars in X (stars that are isomorphic to K7 1), and let s(X) be the number of nontrivial stars in
Y (stars that are isomorphic to K7 ,,, for some m > 1). We define the parameter m(T") = miny {¢t(X) +
25(X)} over all star decompositions X of T'. A star decomposition X of T' for which ¢(3)+2s(X) = m(T)
is called an optimal star decomposition of T'.

The Boolean dimension of a graph counts the minimum number of cliques needed to obtain this graph

as a Boolean sum. If ¥ := {S},...,S%} is a star decomposition of a tree T, one has dimpe1(T") <
k
Z dimpeo1(S;). Since dimpeo(S;) = 1 if S; is a trivial star, and dimp,e1(S;) = 2 otherwise (note that
i=1
if S; = K1, it is the Boolean sum of a clique on m + 1 vertices and a clique on a subset of m vertices),

k
hence we have ) dimpooi(S;) = t(X) + 25(X), hence dimpooi(T') < t(X) + 2s(X). The inequality

=1
dimpee1(T) < m(T) follows.
Here is our result.

Theorem 2.9. For all trees T, we have indy(T') = dimpee1(T') = m(T).
We introduce the following definition.

Definition 2.10. A cherry in a tree T is a maximal subtree S isomorphic to K ,, for some m > 1 that
contains m end vertices of 7. We refer to a cherry with m edges as an m-cherry.

Proposition 2.11. Let T = (V, E) be a tree that contains a cherry. If all proper subtrees T' of T satisfy
ind2(T") = m(T"), then ind2(T) = m(T).

Proof: Let x € V be the center of a k-cherry in T, with Np(z) = {uy,...,ug,wi,..., we}, where
dr(u;) =1 for all 4, and dr(w;) > 1 for all 4. For each ¢ = 1 to ¢, let T; be the maximal subtree that
contains w; but does not contain x.

First, we show that any optimal star decomposition of 7" in which x is not the center of a nontrivial
star can be transformed into an optimal star decomposition in which z is the center of a nontrivial star.
Consider an optimal star decomposition ¥ in which x is not the center of a nontrivial star. Therefore,
edges xu; are trivial stars of 3. Now if £ > 2 or if there is a trivial star zw; in X, then we could have
improved t(X) + 2s(2) by replacing all trivial stars containing x by their union, which is a star centered
at . Hence, assume that k¥ = 2 and each w; is the center of a nontrivial star S;, which contains the
edge zw;. Now replace each S; by S! = S; — zw;, and add a new star centered at z with edge set

{zwy,...,xws, xu1, TU9}. The new decomposition is also optimal.
Now consider an optimal star decomposition 3 in which z is the center of a nontrivial star. The induced
decompositions on T; are all optimal since X is optimal. For each i € {1,...,¢}, let A; be a maximum

size independent set in T;. Hence |A;| = indy(T;) = m(T;) forall i > 1, and m(T') = 2+ ¥, m(T;) =
2+ Y, indy(T;). We show that A == {x,us } U (U;A;) is a maximum size independent set in 7.

Consider a non-empty set X ¢ A. We show that there exists v € V' \ X such that |[N7(v) n X| is odd.
If z € X, we have Np(ug) n X = {z}. If X = {u; }, we have Np(x) n X = {u;}. So suppose x ¢ X and
X #{u1}. Let B; = X nV(T;) fori e {1,...,£}. Since B; is nonempty for some 4, and = ¢ X, we find
v € V(T;) \ B; such that [N7, (v) n B;| is odd. Now [N (v) n X| is odd since = ¢ X and v is not adjacent
to uy. Moreover, |A| = m(T). O

Proposition 2.12. Let T := (V, E) be a tree that contains a vertex y of degree 2 adjacent to a vertex z of
degree 1. If indo(T - 2) = m(T - z), then indo(T') = m(T).
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Proof: First, we show that m(T') = m(T — z) + 1. If there is an optimal star decomposition of T'— z — y
in which some vertex z is the center of a star, then m (7T — z) =m(T - z—y) and m(T) =m(T - z) + 1,
elsem(T-z2)=m(T-z-y)+1land m(T)=m(T -z-y) +2.

Now we consider a maximum sized independent set A" in T—z. We have |A’| = inds(T-2) = m(T-=z).
We define A== A'u{y}ify¢ A’;and A== A" u{z}ify € A". We show that A is independent in T'.

Casel: y¢ A’ henceye Aandz ¢ A. Let BC A, B + @.

If y € B, then [Ny (2) n B| is odd.

If y ¢ B, then B ¢ A’, hence there exists v € V(T - z) such that |Nr_,(v) n B| is odd, and [Ny (v) n B|
is odd.

Case2: ye A', hence z¢ A. Let BC A, B #+ @.

If z ¢ B,then Bc A’". Find v € V(T - z) \ B such that [Ny_,(v) n B| is odd. Hence [N (v) n B| is
odd.

Now suppose that z € B. If B = {z}, then |N7(y) n B| is odd. Otherwise, consider B \ {z}, which is
a subset of A’. Find v € V(T - z) \ (B~ {z}) such that |Np_,(v) n (B~ {z})| is odd. If v # y, then
[Nt (v) n B|isodd. If v = y and € Nr(y) \ {z}, then [Ny (v) n B is even and z € B. In this case, let
B’ = (B~ {z})u{y}. Thisis a subset of A". Find u € V(T - z) \ B’ such that |Nr_,(u) n B’| is odd.
Since B’ contains x and y, we conclude that u is not adjacent to any of y and z, hence [Ny (u)n Bl is odd.

Thus we have shown that A is independent. We have indy(T) > [4] = |A'|+1=m(T - 2) +1 =m(T).
Since indy(T") cannot be more than m(7"), we have inds(T') = m(T). O

Proof Proof of Theorem If a tree T has two vertices, then inds(7T') = m(T') = 1. Each tree with at
least 3 vertices contains a cherry or a vertex of degree 2 adjacent to a vertex of degree 1. (This is seen by
considering the second-to-last vertex of a longest path in 7'.) Now, induction on the number of vertices,
using Propositions and implies the result. O

3 Inversion index of a tournament and Boolean dimension
3.1 Inversion index of a tournament

Let T be a tournament. Let V(T') be its vertex set and A(T) be its arc set. An inversion of an arc
a = (z,y) € A(T) consists to replace the arc a by a* := (y,z) in A(T). For a subset X ¢ V(T),
let Inv(T, X)) be the tournament obtained from 7" after reversing all arcs (z,y) € A(T) n (X x X).
For example, Inv(T,V') is T*, the dual of T. For a finite sequence (X;);<m of subsets of V(T), let
Inv(T, (X;)i<m ) be the tournament obtained from 7" by reversing successively all the arcs in each of the
subsets X;, ¢ < m, that is, the tournament equal to 7" if m = 0 and to Inv(Inv(T, (X;)i<m-1), Xm-1) if
m > 1. Said differently, an arc (x,y) € A(T) is reversed if and only if the number of indices ¢ such that
{z,y} € X; is odd. The inversion index of T, denoted by i(T'), is the least integer m such that there is a
sequence (X;)i<m of subsets of V(T') for which Inv(T, (X;)<m) is acyclic.

In the sequel, we consider tournaments for which this index is finite. In full generality, the inversion
index of a tournament 71" can be defined as the least cardinal s such the Boolean sum of 7" and a graph of
Boolean dimension & is acyclic. The case  finite is stated in Lemma below. We leave tournaments
with infinite inversion index to further studies.
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The motivation for the notion of inversion index originates in the study of critical tournaments. Indeed,
the critical tournaments of |Schmerl and Trotter| (1993) can be easily defined from acyclic tournaments by
means of one or two inversions whereas the (—1)-critical tournaments, characterized in Belkhechine et al.
(2007), can be defined by means of two, three or four inversions Belkhechine| (2009). Another interest
comes from the point of view of logic.

Results about the inversion index originate in the thesis of Belkhechine (2009). Some results have been
announced in Belkhechine et al.|(2010); they have been presented at several conferences by the first author
and included in a circulating manuscript [Belkhechine et al.| (2012). The lack of answer for some basic
questions is responsible for the delay of publication.

The inversion index is a variant of the Slater index: the least number of arcs of a tournament which have
to be reversed in order to get an acyclic tournament (Slater, [1961). The complexity of the computation
of the Slater index was raised by |Bang-Jensen and Thomassen| (1992)). |Alon| (2006) and independently
Charbit, Thomassé, and Yeo| (2007) showed that the problem is NP-hard. An extension of the inversion
index to oriented graphs is studied in|Bang-Jensen et al.| (2020).

Problem 3.1. Is the computation of the inversion index NP-hard?
Question 3.2. Are there tournaments of arbitrarily large inversion index?
This last question has a positive answer. There are two reasons, the first one is counting, the second

one, easier, is based on the notion of well-quasi-ordering.

For n € N, let i(n) be the maximum of the inversion index of tournaments on n vertices. We have
i(n) = 0forn < 2,i(3) =4(4) =1, i(5) = i(6) = 2. For larger n a counting argument Belkhechine
(2009); Belkhechine et al.| (2010, 2012) yields the following result.

Theorem 3.1. ”T_l —logy n < i(n) < n -4 forall integer n > 6.

It is quite possible that i(n) > [”T_lj, due to the path of strong connectivity (it is not even known if
reverse inequality holds).

The path of strong connectivity on n vertices is the tournament 7,, defined on N, := {0,...,n - 1}
whose arcs are all pairs (¢,7 + 1) and (j,%) suchthati+ 1 <n and i< j <n.

Fig. 1: Path of strong connectivity on 5 vertices

Question 3.3. Is the inversion index of a path of strong connectivity on n vertices equal to ["74]?
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3.2 Well-quasi-ordering

Basic notions of the theory of relations apply to the study of the inversion index. These notions include the
quasi order of embeddability, the hereditary classes and their bounds, and the notion of well-quasi-order.
For those, we refer to |[Fraissé| (2000).

Let Z¥ be the class of finite tournaments 7" whose inversion index is at most m. This is a hereditary
class in the sense that if 7' € Z and 7" is embeddable into T then T” € Z5. It can be characterized by
obstructions or bounds. A bound is a tournament not in Z5* such that all proper subtournaments are in

m

Zs¥. We may note that the inversion index of every bound of Z¥ is at least m + 1. Hence, the fact that
Zs¥ is distinct of the class of all finite tournaments provides tournaments of inversion index larger than
m. This fact relies on the notion of well-quasi-ordering.

A poset P is well-quasi-ordered if every sequence of elements of P contains an increasing subsequence.
Theorem 3.2. The class of all finite tournaments is not well-quasi-ordered by embeddability.

This is a well known fact. As indicated by a referee, it has been mentioned by several authors. See e.g.,
Latkal| (1994) for a much stronger version of Theorem @] and also subsection 3.1 of |Cherlin and Latka
(2000). For the convenience of the reader we give a proof.

Proof: Let T, be the path of strong connectivity on {0,...,n — 1} as defined above. Let C,, be the
tournament obtained from 7, by reversing the arc (n — 1,0). We claim that for n > 7, the C,;’s form
an antichain. Indeed, to C,, we may associate the 3-uniform hypergraph H,, on {0,...,n — 1} whose 3-
element hyperedges are the 3-element cycles of C,,. An embedding from some C,, to another C,,,, m > n,
induces an embedding from H,, to H,,. To see that such an embedding cannot exist, observe first that the
vertices 0 and n — 1 belong to exactly n — 3 hyperedges, and the vertices 1 and n — 2 belong to exactly
two hyperedges, the other vertices to three hyperedges, hence an embedding i will send {0,n — 1} on
{0,m —1}. The preservation of the arc (0,n — 1) imposes h(0) = 0 and h(n — 1) = m — 1. Then, the
preservation of the arcs (7,7 + 1) yields a contradiction since n < m. O

Theorem 3.3. |Belkhechine et al.|(2010) For each m € N, the class L is well-quasi-ordered.

Proof: The class £ made of a finite linear order L with m unary predicates Uy,...,U,, (alias m
distinguished subsets) and ordered by embeddability is well-quasi-ordered. This is a straightforward con-
sequence of Higman’s theorem on words (see [Higmanl [1952), in fact, an equivalent statement. Higman’s
result asserts that the collection of words on a finite alphabet, ordered by the subword ordering, is well-
quasi-ordered. Since members of £+ can be coded by words on an alphabet with 2" elements, the class

L5 is well-quasi-ordered. The map associating to each (L, Uy, ..., U,,) the Boolean sum L+U ... +U,,
preserves the embeddability relation, hence the range of that map is well-quasi-ordered. This range being
equal to Z~, this later class is well-quasi-ordered. O

Corollary 3.4. There are finite tournaments with arbitrarily large inversion index.
We have the following result concerning the bounds.
Theorem 3.5. |Belkhechine et al.|(2010) The class Ly has only finitely many bounds.
Proof: From the proof of Theorem the class Z"; made of tournaments of Z*, with one unary

predicate added, is well-quasi-ordered. According to an adaptation of Proposition 2.2 of |Pouzet (1972)
translated in this case, Z has finitely many bounds. O
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We thank the referee for observing that the well-quasi-ordering of Z*; suffices to yield the finiteness
of the bounds of Z5.

Question 3.4. What is the maximum of the cardinality of bounds of Z5*~?

Remark 3.6. It must be observed that the collection of graphs with geometric dimension at most m over
a fixed finite field has finitely many bounds and an upper bound on their cardinality is given in |Ding
and Kotlov| (2006). How the cardinality of these bounds relate to the cardinality of bounds of Z.” is not
known.

3.3 Boolean dimension and concrete examples of tournaments with large in-
version index

Let C3.n be the sum of copies of the 3-cycle C3 indexed by the n-element acyclic tournament n :=
({0,...,n=1},{(i,4) |0<i<j<n-1}) withO< - <n-1.

Theorem 3.7. The inversion index of the sum Cs.n of 3-cycles over an n-element acyclic tournament is
n.

Fig.2: C5.4

No elementary proof is known. The proof we present relies on the notion of Boolean sum of graphs.
According to the definition of Boolean sum, we have the following result immediately.

Lemma 3.8. The inversion index of a tournament T' is equal to the least integer k such that the Boolean
sum T+G of T with a graph G of Boolean dimension k is an acyclic tournament.

Proof of Theorem 3.7} Let T := C3.n, V := V(T) and r := i(T). Clearly r < n. Conversely, let H
be a graph with vertex set V' such that L := T+H is an acyclic tournament and dimp,, (H) = r. Let
U := (F3)" equipped with the ordinary scalar product | and f : V' — U be a representation of H.

Claim 3.9. Foreachi€ {0,...,n -1}, we may enumerate the vertices of {0,1,2} x {i} into x;, y;, z; in
such a way that (x;,9;), (Vi, zi ), (zi,2;) are arcs of T, (f(3)|f(2)) =1 and (f(z;)|f(y:)) = 0.
Claim 3.10. The set {f(x;) : i < n} is linearly independent in U.

Proof of Claim This amounts to prove that Y ,.; f(z;) # 0 for every non-empty subset I of
{0,...,m —1}. Let I be such a subset. Let m € {0,...,n — 1} such that x,, is the largest element of
{z; : 1 € I'} in the acyclic tournament L.

Subclaim 3.11. (f(x)|f(zm)) = (f()|f(ym)) foreach i € I ~ {m}.

Proof of Subclaim 3.11} By construction, we have x,, <1, 2, and z,, <1 Ym, hence by transitivity
x; < Zm and x; <, Ym,. If i < m in the natural order then, by definition of T', (z;, z,,) € A(T') and
(zi,ym) € A(T), thus (f(z:)|f(zm)) = 0 = (f(2:)|f(ym)), whereas if i > m in the natural order, then
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(Zm,x;) € A(T) and (ym,x;) € A(T), thus (f(z;)|f(zm)) =1 = (f(x;)|f(ym)), proving the subclaim.

O
Since (£ () (2)) = Land (f(2m)|f (y)) = 0. it follows that Sies (£l (2)) # Sier (F (@)l ())-
Thatis ((Zier £ (2:)|f (2)) # ((Sier F(@0))|F (yrm)). Thus the sum Y,y () # 0 as claimed. O

We have n < r. This proves the theorem. O

Acknowledgements

The authors thank a referee of this paper for his extremely careful and detailed suggestions which sig-
nificantly improved the presentation of this paper and also the content (e.g., Theorem [I.T7). The third
author would like to thank Institut Camille Jordan, Université Claude Bernard Lyon 1 for hospitality and
support. Support from CAPES Brazil (Processo: : 88887.364676/2019-00) and Labex MILYON: ANR-
10-LABX-0070 are gratefully acknowledged. The first author is pleased to thank Uri Avraham, Adrian
Bondy and Christian Delhommé for their contribution.

References
N. Alon. Ranking tournaments. SIAM J. Discrete Math., 20:137-142, 2006.

U. Avraham. Personal communication, April 2021.

J. Bang-Jensen and C. Thomassen. A polynomial algorithm for the 2-path problem for semicomplete
digraphs. SIAM J. Discrete Math., 5(3):366-376, 1992.

J. Bang-Jensen, J. C. Ferreira da Silva, and F. Havet. Inversion number of an oriented graph and related
parameters. In M. Couceiro, P. Monnin, and A. Napoli, editors, Proceedings of the Ist International
Conference on Algebras, Graphs and Ordered Sets (ALGOS 2020), pages 119-139, Nancy, France,
Aug. 2020. HAL. URL https://hal.inria.fr/hal-02918958,

H. Belkhechine. Indécomposabilité des graphes et des tournois. PhD thesis, Université de Sfax and
Université Claude-Bernard Lyon 1, Jul 2009.

H. Belkhechine, I. Boudabbous, and J. Dammak. Morphologie des tournois (-1)-critiques. C. R. Acad.
Sci. Paris, Ser. I, 345:663-666, 2007.

H. Belkhechine, M. Bouaziz, I. Boudabbous, and M. Pouzet. Inversion dans les tournois. C.R. Acad. Sci.
Paris, Ser. I, 348:703-707, 2010.

H. Belkhechine, M. Bouaziz, I. Boudabbous, and M. Pouzet. Inversions in tournaments. Unpublished
manuscript, 2012.

A. Bento and A. Leal Duarte. On Fiedler’s characterization of tridiagonal matrices over arbitrary fields.
Linear Algebra Appl., 401:467-481, 2005.

A. Bondy. Personal communication, July 2009.

P. Charbit, S. Thomassé, and A. Yeo. The minimum feedback arc set problem is NP-hard for tournaments.
Combin. Probab. Comput., 16(1):1-4, 2007.


https://hal.inria.fr/hal-02918958

On the Boolean dimension of a graph and other related parameters 19

G. Cherlin and B. Latka. Minimal antichains in well-founded quasi-orders with an application to tourna-
ments. J. Combin. Theory Ser. B, 80(2):258-276, 2000.

P. M. Cohn. Algebra, volume 3. John Wiley, Sons, Ltd., Chichester, second edition, 1991. xii+474 pp.

B. Courcelle and C. Delhommé. The modular decomposition of countable graphs. Definition and con-
struction in monadic second-order logic. Theoretical Computer Science, 394(2):1-38, 2008.

C. Delhommé. Personal communication, April 2021.

G. Ding and A. Kotlov. On minimal rank over finite fields. (English summary). Electron. J. Linear
Algebra, 15:210-214, 2006.

S. M. Fallat and L. Hogben. The minimum rank of symmetric matrices described by a graph: a survey.
Linear Algebra and its Applications, 426(2-3):558-582, 2007.

R. Fraissé. Theory of relations. Studies in Logic and the Foundations of Mathematics, 145. North-Holland
Publishing Co., Amsterdam, revised edition, 2000. xii+451 pp.

M. H. Garzon. Symplectic embeddings of graphs. Journal of Combinatorial Mathematics and Combina-
torial Computing, 2:193-207, 1987.

C. D. Godsil and G. F. Royle. Chromatic number and the 2-rank of a graph. Journal of Combinatorial
Theory, Series B, 81(1):142-149, 2001a.

C. D. Godsil and G. F. Royle. Algebraic graph theory. Graduate Texts in Mathematics, 207. Springer-
Verlag, New York, 2001b. xx+439 pp.

J. Grout. The minimum rank problem over finite fields. Electron. J. Linear Algebra, 20:691-716, 2010.
G. Higman. Ordering by divisibility in abstract algebras. Proc. London Math. Soc., 3(2):326-336, 1952.

T. Jech. Set theory. The third millennium edition, revised and expanded. Springer Monographs in Mathe-
matics. Springer-Verlag, Berlin, 2003. xiv+769 pp.

K. Kunen. Set theory. Studies in Logic, 34. College Publications. London, 2011. viii+401 pp.

B. Latka. Finitely constrained classes of homogeneous directed graphs. J. Symbolic Logic, 59(1):124-139,
1994.

M. Pouzet. Un bel ordre d’abritement et ses rapports avec les bornes d’une multirelation. C. R. Acad. Sci.
Paris Sér. A-B, 274:A1677-A1680, 1972.

W. Rheinboldt and R. Shepherd. On a characterization of tridiagonal matrices by M. Fiedler. Linear
Algebra Appl., 8:87-90, 1974.

A. Rinot. The A-system lemma: an elementary proof. URLhttps://blog.assafrinot.comn.

J. H. Schmerl and W. T. Trotter. Critically indecomposable partially ordered sets, graphs, tournaments
and other binary relational structures. Discrete Math., 113:191-205, 1993.


https://blog.assafrinot.com

20 Maurice Pouzet, Hamza Si Kaddour, Bhalchandra D. Thatte

P. Slater. Inconsistencies in a schedule of paired comparison. Biomathematica, 48:303-312, 1961.

J. H. van Lint and R. M. Wilson. A Course in Combinatorics. Cambridge University Press, second edition,
2001. xiv+602 pp.



Discrete Mathematics and Theoretical Computer Science DMTCS vol. 23:2, 2022, #6

Induced betweenness in order-theoretic trees

Bruno Courcelld
LaBRI, CNRS, Bordeaux University, France

received 22" Mar. 2021, revised 27" July 2021, 30" Nov. 2021, accepted 2" Mar. 2022.

Betweenness is an abstract topological notion that has been studied for a long time in different structures. Informally,
the ternary relation B(z, y, z) states that an element y is between z and z, in a sense that depends on the considered
structure. In a partially ordered set (N, <), B(z,y,2) <= = < y < zV z < y < z. The corresponding
betweenness structure is (N, B). The class of betweenness structures of linear orders is first-order definable; in other
words, it is axiomatized by a first-order sentence. That of partial orders is monadic second-order definable.

An order-theoretic tree is a partial order (N, <) such that, the set of elements larger that any element is linearly
ordered, and any two elements have an upper-bound. A rooted tree 1" ordered by the ancestor relation is an order-
theoretic tree. In an order-theoretic tree, we define B(x,y, z) tomeanthatz < y < zorz <y < zorz <y < zllz
or z < y < x U z provided the least upper-bound z LI z of  and z is defined when x and z are incomparable. In a
previous article, we established that the corresponding class BO of betweenness structures is monadic second-order
definable. We left as a conjecture that the class IBO of induced substructures of the structures in BO is monadic
second-order definable. We prove this conjecture. Our proof uses partitioned probe cographs (related to cographs),
and their six finite minimal excluded induced subgraphs called their bounds. This proof links two apparently unrelated
topics: cographs and order-theoretic trees.

However, the class IBO has finitely many bounds, i.e., minimal excluded finite induced substructures. Hence it is
first-order definable. The proof of finiteness uses well-quasi-orders and does not provide the finite list of bounds.
Hence, the associated first-order defining sentence is not yet known.

Keywords: betweenness, monadic second-order logic, infinite trees, probe cographs, excluded induced subgraphs

Introduction

Betweenness is an abstract topological notion that has been studied for a long time in different structures
(1L 2 [16l 19 211 22]). Informally, the ternary relation of betweenness B(x,y, z) states that an element y
is between x and z in a sense that depends on the considered structure. In a partially ordered set (IV, <),
B(z,y,z) <= x <y < zV z < y < x. The corresponding betweenness structure is (N, B). The
class of betweenness structures of linear orders is first-order definable, i.e., is axiomatized by a single
first-order sentence; that of partial orders is monadic second-order definable [8 (10} [18]].

The betweenness structures of certain finite graphs have been studied in [[1, [2]] and those of trees of
various kinds in [4}, |6} [7]].
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An order-theoretic forest (an O-forest in short) is a partial order T' = (N, <) suchthat {x € N | z > y}
is linearly ordered for any y. This structure is studied by Fraissé [13]] under the name of tree. It is an order-
theoretic tree (an O-tree in short) if any two elements have an upper-bound. A rooted tree ordered by the
ancestor relation is an O-tree. The ordered set of rational numbers is an O-tree in which no node has an
immediate ancestor. In previous articles, we used O-trees to define the modular decomposition and the
rank-width of countable graphs [4} 9.

The betweenness structure of an O-forest T' = (N, <) is (N, Br) such that

Br(z,y,2) <= cx#y#zZzN|za<y<zUz)V(z<y<aUz)

where x LI z denotes the least upper-bound of = and z. If 2 LI z does not exist, there is no triple (z, y, z)
in By. We denote by BO this class of structures. An induced betweenness is a induced substructure of
such (N, Br) where T can be, equivalently, an O-tree.

In [4, 7], we have axiomatized by monadic second-order sentences several classes of betweenness
structures related to O-trees, in particular BO. We conjectured that the class IBO of induced betweenness
structures in O-trees is monadic second-order definable too. In the present article, we prove a slight
weakening of this conjecture by allowing the defining monadic second-order sentence to use the finiteness
set predicate Fin(X), expressing that a set X is finite. Furthermore, as we explain below, this class is
first-order definable, however, the proof does not construct the defining sentence.

The proof of monadic second-order definability uses partitioned probe cographs. They are related as
follows to cographs, the graphs without induced paths Py. A probe cograph is obtained from a cograph by
choosing a subset L of its vertex set and by removing the edges whose two ends are in L. In a partitioned
probe cograph, we keep track of L by labelling its vertices. A probe cograph is obtained from a partitioned
probe cograph by forgetting such labels. The path P; is a probe cograph. The path P is not.

The class of partitioned probe cographs is hereditary, i.e., is closed under taking induced subgraphs. A
bound of such a class C is a minimal induced subgraph that is not in C, a terminology used by Pouzet [20].
Partitioned probe cographs have six bounds, determined in [17]].

The class of probe cographs is also hereditary. As itis 2-well-quasi-ordered [11,20]], it has finitely many
bounds, among which the path Ps. We exhibit a few others, without proving that the list is complete.
This list is not completely known. We define an algorithm, based on monadic second-order logic and
decompositions of the graphs as tree-like unions of complete bipartite graphs, that could compute them.
Unfortunately, this algorithm is intractable.

Our proof links two apparently unrelated notions: betweenness in O-trees and a variant of cographs. To
give an intuition about this link, we observe that the cocomparability graph of an O-tree is a graph without
induced P4, hence, is a possibly infinite cograph (Proposition 3.5).

Finally, we use a result by Pouzet [20] to prove that the class IBO of ternary structures has finitely many
bounds, i.e., minimal excluded induced finite substructures, hence is first-order definable. This proof uses
well-quasi-orders of labelled ternary structures, and does not provide the finite list of bounds. Hence, the
associated first-order defining sentence is not known. We have no algorithm, even intractable (as for probe
cographs), to determine the bounds of IBO. We explain this fact by exhibiting a property of clique-width
that does not extend from graphs to ternary structures, as we would need.

To summarize, we consider the following hereditary classes of graphs or ternary structures having
finitely many bounds:

cographs, the unique bound is Py;
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partitioned probe cographs, they have six known bounds;
probe cographs, the finite set is unknown but computable;
IBO, the finite set is unknown and we have no algorithm, even intractable, to compute it.

Summary: Section 1 reviews partial orders, graphs, clique-width, trees and logic. Section 2 defines
and studies probe cographs. Section 3 defines order-theoretic trees. Section 4 proves the two logical
characterizations of IBO. Section 5 exhibits some bounds of the class of probe cographs. Section 6 states
and discusses three open problems.

Acknowledgement: I thank Maurice Pouzet for fruitful email exchanges, from which I obtained the
FO-definability of the class IBO, by a proof based on one of his works. I thank the referees for many
useful comments, especially regarding references.

1 Definitions and notation

In this article, all graphs, trees, partial orders and, more generally, all relational structures are countable,
which means finite or countably inﬁnit We denote by [k] the set {1, ..., k}. In some cases, we denote
by AW B the union of two sets A and B to stress that they are disjoint.

Partial orders

For a partial order <, C, we denote respectively by <, C, the corresponding strict partial order. We
write Ly if z and y are incomparable for the considered order.

Let P = (V, <) be a partial order. For X, Y C V, the notation X < Y means that < y for every
x € Xandy € Y. We write X < y instead of X < {y} and similarly for x < Y. We use a similar
notation for < and L. The least upper-bound of = and y is denoted by x L y if it exists and is then called
their join.

If X C V, then we define N<(X) := {y € V | y < X} and similarly for N. We have N<(X) < X
and N<(0) = V. We define L>(X) := {y € V | y > X}, and similarly L~ (X). We write L>(z) (resp.
Ls(z,y)) if X = {z} (resp. X = {=,y}) and similarly for L.

An embedding of a partial order P = (N, <) into another one P’ = (N’, <’) is an injective mapping
h : N — N’ such that h(z) <’ h(y) if and only if z < y. Hence it is monotone (or isotone). It is a
Jjoin-embedding if h(z) L' h(y) = h(z U y) whenever = and y have a join in P. We write P C; P’ if
N C N’ and the inclusion mapping is a join-embedding. If P and P’ are labelled, then the labels are
preserved in embeddings.

Graphs

Graphs are undirected and simple, which means without loops and parallel (multiple) edges. We denote
respectively by P,,, Cy,, K,, a path, a cycle and a clique with n vertices.

The notation v — v designates an edge with ends v and v. As a property, it means also “there is an edge
between u and v”. We say then that u and v are adjacent or are neighbours. The notationu —v —w — x
shows the vertices and edges of a path of 4 vertices. The notation v — v — w — & — u shows the vertices
and edges of a 4-cycle.

@ The restriction to countable structures makes it possible to define effective descriptions and to obtain computability results. For
example, it is decidable whether two regular join-trees are isomorphic [5], Corollary 3.31.
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Induced subgraph inclusion is denoted by C; and G[X] is the induced subgraph of G = (V, E) with
vertex set X C V. Then, G — z := G[V — {z}].

We denote by G& H the union of disjoint graphs GG and H. We define G® H as G & H augmented with
edges between any vertex of GG and any vertex of H. We can use the notation G1 & G2 & ... & G, because
the operation @ is associative, and similarly for ®. We will also use the notation ®&(G1, G, ...,G,,) or
®(G1, Go, ..., Gn)

The diameter of a connected graph is the maximal distance between two vertices, i.e., the minimum
number of edges of a path between them.

By a class of graphs, we mean a set closed under isomorphism.

Rooted trees

In Graph Theory, a tree is a connected graph without cycles. It is convenient to call nodes the vertices
of a tree because in some proofs, we will discuss simultaneously a graph and an associated tree. A rooted
tree is a triple T = (Np, Ep,r) such that (N, Er) is atree and r € N is a distinguished node called its
root. This tree can be defined from the partial order (N7, <r) such that x <7 y if and only if y is on the
path from the root r to x. In most cases, we will handle a rooted tree 7" as a partial order (N7, <r). In
Section 3, we will generalize rooted trees into order-theoretic trees, defined as partial orders, as done by
Fraissé [13]].

A leaf is a minimal node and L1 denotes the set of leaves. The other nodes are internal.

If z <7 y, then y is an ancestor of x. A node z is a son of y if x <7 y and there is no node z such that
x <p z <7 y. The degree of a node is the number of its sons. A node of degree O is thus a leaf.

The subtree of a rooted tree T' = (N, <) issued from a node v is T'//u := (N<(u), <’) where <’ is the
restriction of < to N< (u).

A rooted forest F is the union of pairwise disjoint rooted trees and Rty denotes the set of roots of its
trees. ~

A finite rooted tree 7' can be denoted linearly by 7' defined as follows (which is useful in inductive
proofs):

if T is reduced to r, then T .= T,

if T"has root r and subtrees 71, ..., T}, issued from the sons of the root, then T := r(ﬁ, o Tp).

Any permutation of the sequence 11, ..., T}, defines the same tree because there is no defined order
between the sons of a node.

Relational structures and logic

A relational structure is a tuple S = (D, Ry, ..., R,) where D is a set, its domain, and Ry, ..., R, are
relations of fixed arities. The signature of S is the sequence of arities of the relations Ry, ..., R,. We will
consider classes of structures having a fixed signature.

If S is a relational structure with domain N and X C N, then S[X] denotes the induced substructure
with domain X, and C; denotes an induced inclusion of relational structures of same signature.

We will use structures (N, <) to describe a partial order, a rooted tree or an order-theoretic forest
(defined in Section 3), (V, edg) to describe an undirected graph with set V' of vertices where edg(z, y)
means that there is an edge between x and y, and (N, B) for a betweenness structure (cf. Introduction
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and Section 4), where B is a ternary relation. Additional unary relations will formalize labellings of the
elements of N or V.

The isomorphism of relational structures is denoted by ~. The isomorphism class of a structure S is
denoted by [S]~. A set of structures is called a class if it is closed under isomorphism. We say that it
is finite if the set of its isomorphism classes is finite. A class C is hereditary if it is closed under taking
induced substructures.

Properties of structures (and of graphs) will be expressed by first-order (FO) or monadic-second order
(MSO) formulas and sentences. A sentence is a formula without free variables. For an example, that a
graph has no induced subgraph isomorphic to a finite graph H is FO expressible. That a graph is not
connected is expressed in its representing structure (V, edg) by the following MSO-sentence:

AX[(Fr.x e X)AN Tyy ¢ X) A (Va,y.(x € X Ay ¢ X = —edg(z,y))].

The book [[10] contains a detailed study of monadic second-order logic for expressing graph properties.

We will consider classes of countable (which means "finite or countably infinite”) structures. Such a
class is MSO (or FO) definable if it is the class of countable models of an MSO (or FO)-sentence. It is
uFO definable, if it is defined by a universal FO-sentence, i.e., of the form Vz, y, z...o(x, y, z, ...) where
o(x,y, 2, ...) is quantifier-free.

The finiteness of an arbitrary set X is not MSO expressible. However it is if some linear order on X
can be defined by MSO-formulas in the case where X is part of the domain D of a structure having a
nonempty signature (see Example 1.6 in [7]). This is the case for an example if D is the set of nodes of
a tree of bounded degree. An MSOy;,,-sentence is an MSO-sentence where the finiteness set predicate
Fin(X) expressing that a set X is finite can be used.

These definitions and the next proposition apply to graphs represented by structures (V, edg).

A class of structures C is finitary if a structure .S belongs to it if and only if all finite induced substruc-
tures of S belong to C. This implies that C is hereditary and characterized by its subclass Cy;,, of finite
structures. If C is finitary and contains an infinite structure, then Cy;,, is hereditary but not finitary.

If C is finitary, then its bounds, forming the class Bnd(C), are the finite structures not in C whose
proper induced substructures are all in C. Then C is the class of structures having no induced substructure
isomorphic to one in Bnd(C).

A class may be hereditary while having infinitely many bounds. Consider for an example the class of
graphs without cycles whose vertices have all degree 2; then each cycle C,,, where n > 3 is a bound of
this class.

A routine proof can establish the following.

Proposition 1.1: A class of structures is uFO definable if and only if it is finitary and has a finite set
of bounds (where finiteness is up to isomorphism). If it is so, its finite structures can be recognized in
polynomial time.

2 Cographs and related notions

In this section all graphs (and trees) are finite.

Definition 2.1: Cographs
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(a) A graphis a cograph if and only if it can be generated from isolated vertices by the operations ¢ and
®, if and only if it has no induced path P,. There are many other characterizations [23]]. The family
of cographs is hereditary. Its only bound is Pj.

(b) Cographs can thus be defined by algebraic terms over & and ® and nullary symbols denoting vertices.
For example, the cycle @ — b — ¢ — d — a is defined by the term (a @ ¢) ® (b @ d). To define it up to
isomorphism, that is, without naming the vertices, we will use the term (e @ o) ® (e @ o).

(c) We can use the notation t; @ t5 & ... B t, because the operation & is associative, and similarly for ®.
We can also use the notation ®(t1, ta, ..., t,) or ®(t1,t2, ..., ts).

(d) The syntactic tree of a term defining a cograph G = (V, E) is called a {@, ® }-tree. It is a rooted tree
whose set of leaves is V' and whose internal nodes are of degree at least 2 and labelled by ¢ or ®.

Definition 2.2: 2-graphs

A 2-graph is a graph (V, E) equipped with a bipartition V; W V5 of its vertex set V. We will say that
x € V; is an i-vertex. The type of a finite path x; — x5 — ... — z,, in a 2-graph is the word b1b5...b,, over
{1,2} such that x; is a b;-vertex foreach j =1, ..., n.

Definitions 2.3: Probe cographs

(a) A partitioned probe cograph (a pp-cograph in short) is a 2-graph obtained from a cograph (V| F) by
choosing a bipartition V; & V5 of V' and removing the edges between its 1-vertices.

(b) A probe cograph (a p-cograph in short) is obtained from a pp-cograph by forgetting the bipartition
(and the corresponding labelling of its vertices by 1 or 2).

(c) A bipartition of a graph (or its corresponding vertex-labelling by 1 or 2) is good if it makes it into a
pp-cograph.

(d) Partitioned probe cographs can be defined by terms, similar to those that define cographs, using the
operation @ and the operation ® that we redefine as follows for 2-graphs: G ® H is G @ H augmented
with all edges between an i-vertex of G and a j-vertex of H, provided ¢ and j are not both 1. These
two operations do not modify the vertex labellings of G and H. They are associative. A nullary
symbol e; () defines x as an isolated i-vertex.

The path P, = a — b — ¢ — d with labelling of type 1212 is a pp-cograph defined by the term o;(¢) ®
([e1(a) ® e3(b)] & e2(d)). To define it up to isomorphism, we can use the term o7 ® ([0 ® e3] & e5).
Note that e1(z) ® e1(y) and e1(x) @ e1(y) define the same 2-graph. See also Example 2.5(1).

‘We review some results from [[11,[17]].
Proposition 2.4:
(1) The class of partitioned probe cographs is hereditary. Its bounds are the paths of types 11, 2222, 1222,

2122 or 21212 and the 2-graph () defined as the path a — b — ¢ — d — e of type 12221 augmented with
the edge b — d. Partitioned probe graphs can be recognized in linear time.
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(2) The class of probe cographs is hereditary and has finitely many bounds. Its graphs can be recognized
in linear time.

An immediate consequence of interest for the present article is that pp-cographs are uFO definable
among 2-graphs. The defining sentence is effectively constructed from the six known bounds. Probe
cographs are so, but the corresponding uFO sentence is not known, because the complete list of bounds is
not either. However, their bounds are definable by a known MSO-sentence obtained from the FO-sentence
that defines the pp-cographs. We will discuss these points in Section 5.

Examples 2.5:

(1) The path Py is not a cograph. It has good labellings of types 1212 and 1221. Its labellings of type
1222, 2122 and 2222 are not good.

(2) The labelled path Ps = a — b — ¢ — d — e of type 12121 is a pp-cograph defined by the term
o1(c) @ [(o1(a) @ o2(b)) @ (e1(c) @ o2(d)]. No other labelling of it is good, which follows from
Proposition 2.4(1).

(3) The path Ps = a—b—c—d—e— f is not a p-cograph. Assume it has a good labelling. The induced
path a — b — ¢ — d — e must have type 12121 and f must have label 2. Butthenb —c—d —e — f
has type 21212, which is not possible by (2). It follows that a p-cograph has no induced Fs. Hence, a
connected p-cograph cannot have diameter 5 or more because otherwise, it would contain an induced
path Fs. Furthermore, P is a bound of p-cographs.

(4) A similar proof using (1) shows that the cycle C is a bound of p-cographs. All other graphs having
at most 5 vertices are p-cographs. Proposition 5.5 will present some bounds for p-cographs.

3 Order-theoretic trees

Definition 3.1: Order-theoretic forests and trees.

(a) An order-theoretic forest (an O-forest in short) is a partial order J = (N, <) such that, for each x in
N, called the set of nodes, the set L>(x) := {y | y > z} is linearly ordered. An O-forest is an O-tree
if every two nodes have an upper-bound. An O-tree is a join-tre if every two nodes = and y have a
least upper-bound, denoted by x L y and also called their join. An O-tree may have no largest node.
Its largest node if it exists is called the root. If x Uy and y LI z are defined, then so is x Ll z and it
belongs to {x Uy, y L z}.

(b) If u < w, then we say that w is an ancestor of u.

(c) A line in an O-forest (N, <) is a subset L of N that is linearly ordered and convex, i.e., is such that
zeLifx,ye Landz < z < y.

(d) A leaf is a minimal node. It has degree 0O; the set of leaves is denoted by L ;.

() We used join-trees to define the modular decomposition and the rank-width of countable graphs [4, [0]. We studied them in
algebraic and logical perspectives in [5].
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(e) A node x has degree 1 if there is y < x such that every node z < z is comparable with y. For
finite forests, this is equivalent to the definition of degree given in Section 1. If we delete some nodes
of degree 1 of an O-forest J, we obtain a (possibly empty) O-forest J’ that join-embeds into J (cf.
Section 1) because a node of degree 1 is not the join of any two incomparable nodes.

The partial order (N7, <r) associated with a rooted tree 1" is a join-tree such that Lx (z) is finite for
each node z. Conversely, every O-tree having this property is associated in this way with a rooted tree.

Definition 3.2: Substitutions of lines in O-forests.

Let J = (N, <) be an O-forest and, for each x € N, let (A,, <. ) be a (possibly empty) linearly ordered
set. These sets are assumed to be pairwise disjoint. We let J' = J[z +— A ;x € N]:= (N', <’) be the
partial order such that:

N’ is the union of the sets A,

u <’ v if and only if either u <, voru € A, Av € A, Az < y, for some z, y.

It is an O-forest in which each nonempty set A, is a line.

Definitions 3.3: The join-completion of an O-forest.

Let J = (N, <) be an O-forest and K be the set of upwards closed lines of the form L>(z,y) :=
Ls(x)N Lx(y) for all (possibly equal) nodes z, y. If z and y have a join, then L> (z,y) = L>(zUy). If
they have no upper-bound, then L> (z,y) is empty.

The family K is countable. We let h : N — K map z to L>(x) and J = (K,2). We call J the
Jjoin-completion of J because of the following proposition, stated with these hypotheses and notation.

Proposition 3.4 [7]: The partially ordered set J = (K, D) is a join-tree and h is a join-embedding
J =

If we identify x € N with h(x) := L>(z), then h defines a join-embedding of .J into J. The join of
h(z) and h(y) is L>(x,y).

The following side proposition shows that cographs arise naturally from O-forests. We recall that L
denotes incomparability in a partial order.

Proposition 3.5: The cocomparability graph CC(J) := (N, L) of a finite forest J = (N, <) is a
cograph.

Proof sketch: First we prove that the cocomparability graph CC(T) = (N, L) of a finite rooted tree
T = (N, <)isacograph. f T = a(T},....,T,) and n > 2, then CC(T) = a® (CC(T1)®...0CC(T,)).
If n =1, we have CC(T) = a ® CC(T1).

If J = (N,<) is a finite forest, it is the disjoint union of rooted trees 71, ..., Ty, then CC(J) =
CC(M) ® ... 0 CC(Ty). O

If we define as a cograph any finite or infinite graph without induced path Pj, then this proposition
extends to countable O-forests.
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4 Betweenness in order-theoretic trees

We will consider ternary structures S = (N, B). If n > 2, the notation # (x1,x2, ..., %, ) means that
x1, T2, ..., Ty are pairwise distinct, hence it abreviates an FO-formula. If n > 3, then B*(xl, Xy eeey Tny)
abreviates the FO-formula

B(z1,22,23) A B(x2,x3,24) A ... AN B(Tp—2, Tn—1,%n)
and A(z1, xo, x3) abreviates

B(z1,x9,23) V B(x2, 1, 23) V B(21, 23, 22).

Definitions and background 4.1: Betweenness in O-forests.
(a) The betweenness relation of an O-forest J = (N, <) is the ternary relation By C N3 such that:
Bj(z,y,2) = # (x,y,2) AN([r <y <azUz]V[z <y <zUz]).
We have B (z,y, 2) if x < y < z. If x U z is undefined, then B (x, y, z) holds for no triple (z, y, 2).
We denote by BO the class of betweenness structures (N, B;) of O-forests J = (N, <).

(b) The following related classes have been considered in [6, [7].

IBO is the class of induced substructures of the structures in BO.
QT (for quasi—tree@ is the class of betweenness structures of join-trees.
IBQT is the class of induced substructures of structures in QT.

We proved in [7]] the following proper inclusions:
BO C IBO, IBQTC IBO and QT C IBQT N BO.

The classes IBQT and BO are incomparable, and for finite structures, we have QT = BO.

(c) The betweenness relation B of a rooted tree 7' = (N, <), (hence (N, B) € QT) satisfies the following
properties for all z,y, z,u € N:

Al: B(x,y,z) = # (z,y, 2).

A2: B(x,y,z) = B(z,y,z).

A3: B(x,y,2) = -B(z, 2,y).

A4: B(z,y,z) N B(y, z,u) = B(z,y,u) A B(z, z,u).

A5: B(z,y,z) A B(z,u,y) = Bt (z,u,y, 2).

A6: B(z,y,2) A B(z,u,2) = y=uV B (z,u,y,2) vV BY (2,9, u, 2).
AT # (z,y,2) = Ax,y,2) V Jw [B(z,w,y) A B(y,w, z) A B(z,w, z)].

(i) ptroduced in [4].
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Conversely, every ternary structure satisfying these properties is in QT [4]]. Hence, the class QT is
FO-definable. It is not hereditary. Its closure under taking induced substructures, denoted by IBQT,
is uFO definable by Proposition 2.12 of [7]. It is defined by A1-A6 together with:

A8: Vu,z,y, 2 [# (u,z,y,2) A B(x,y,2) AN —A(u,y, 2) = B(z,y,u)).

The class BO is MSO definable [6, [7]. The case of IBO was left as a conjecture. We will prove the
following two results.

Theorem 4.2:

(1) The class IBO is effectively MSO¢;,, definable.

(2) This class is uFO definable.

Assertion (2) is not effective: we do not know the defining sentence. To the opposite, Assertion (1) is.
It entails that the class of bounds of IBO is MSO definable (among finite structures). One can prove that
Bnd(IBO) is finite, but this fact and the knowledge of the defining MSO-sentence are not sufficient to
yield an algorithm (see Section 6).

We will consider ternary structures (N, B) that always satisfy the uFO expressible properties A1-A6.
These properties hold in every structure in IBO but do not characterize this class (Proposition 3.22 of [[7]).

4.1 Preliminary results on IBO

Defintion 4.3: The Gaifiman graph of a ternary structure S = (N, B) is the graph Gf(S) whose vertex
set is NV and that has an edge u — v if and only if v and v belong to some triple in B. We say that S
is connected if Gf(S) is. If it is not, then S is the disjoint union of the induced structures S[X] for all
connected components Gf (S)[X] of Gf(S).

Lemma 4.4
(1) A structure S is in IBO if and only if its connected components are.

(2) If a structure S in IBO is connected, then it is an induced betweenness structure of an O-tree.

Proof:

(1) The "only if” direction is clear by the definitions. Conversely, assume that each connected component
of a ternary structure S = (N, B) is in IBO. For each of them S[X], let Ux := (Mx,<x) be a
defining O-forest (we have Mx O X). We let N be N ordered by reversing the natural order. We
assume these forests Ux pairwise disjoint and disjoint from N*. We let W be the union of N and
the Ux’s that we order as follows:

z <y y if and only if
x < y in N¥ or, for some component X, we have, either z <x yorz € Mx andy € N.
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Then W is an O-tree and B = By, N N3.

(2) Let S = (N, B) be such that B = By N N3 for some O-forest U = (M, <). Let M’ be the union of
the lines L> (z) of U forall z € N. Then U’ := U[M'] is an O-forest and B = By N N3. We prove
that it is an O-tree if furthermore S is connected. If z and y belong to a triple in B, then they have
an upper-bound in M’ by the definition of By and, furthermore, any ' > x and y’ > y also have an
upper-bound in M’. Let u,v € M’. There is a path 1 — x5 — ... — &, in Gf(S) such that u > x;
and v > x,,. Hence we have 21, 23, ..., 2, _1 such that:

z1 is an upper-bound of u and zo,
Zo 18 an upper-bound of z; and x3, ..., and finally
Zp—1 1s an upper-bound of z,_o and v > z,,.

We have z,,_1 > u. Hence, U’ is an O-tree. O

The converse of Assertion (2) may be false: consider a star T = (N, <) with roo rand S :=
(N — {r}, B) where B := Br[(N — {r})]. Then, S is in IBO, defined from a tree, but not connected as
B is empty.

Definition 4.5: Marked join-trees and related notions

(a) A marked join-tree is a 4-tuple T = (M, <, Mg, Mg) such that (M, <) is a join-tree and Mg, Mg
are disjoint subsets of M that contain no leaf. We let Vi := M — (Mg W Mg). Its size is defined as
| M|, the cardinality of M.

(b) We define the betweenness relation By C Vfi’ of T as follows:
Br(z,y,2) <= # (x,y,2) Nalrz ¢ Mg A ([x <y <zUrz]V[z <y < zUrz]).
The join x Lt z is always defined as T is a join-tree. We have Br(x,y, 2) ifx < y < z.
We define the betweenness structure of T as St := (Vp, Br). Its Gaifman graph has vertex set V.

(c) If we delete from 7" all nodes of degree 1 belonging to Mg W Mg, we obtain a marked join-tree having
the same betweenness structure and that join-embeds into 71" (cf. Definition 3.1(e)). We call reduced
such a marked join-tree.

(d) If Mg is empty, then (V, Br) € IBQT.

(e) We say that a marked join-tree U = (N, <, Ng,, N ) join-embeds into a marked join-tree T' = (M, <
, Mg, Mg) if there is a join-embedding of (N, <) into (M, <) that maps Ng to Mg and Ng to M.

Lemma 4.6: Let T = (M, <, Mg, Mg) be a marked join-tree.
(1) fU = (N, <, Ng, Ng) join-embeds into T', then By = B[N N V.
(2) If X C Vr and B = Bp[X], then there exists U as in (1) such that By = B.

() All other nodes are adjacent to the root.
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(3) If Ty, ..., Ty, ... is a sequence of marked join-trees such that 7, C; 1,11 and T is the union of the
T,,’s, then Br is the union of the increasing sequence By, C; Bp, C; ...Bp, C; ...

Proof:

(1) Since U join-embeds into 7', if x,y € N N Vp, then x Uy y = x Ur y and this join belongs to Mg,
(resp. Mg ) if and only if it belongs to Ng (resp. to Ng). The result follows from the definitions.

(2) LetT = (M, <, Mg, Mg) be amarked join-tree and N C M. Let us remove from 7" all subtrees T'/u
that contain no node of N. We obtain U = (N, <, Ng, Ng ), a marked join-tree that join-embeds
into T and Viy = N N Vp. Hence we have B = By[N] = By by (1).

(3) We have T),, C; T for each n. The result follows. O
Proposition 4.7:

(1) A structure S = (N, B) is in IBO if and only if B = By for a marked join-tree T = (M, <
, Mg, Mg) such that Vp = N.

(2) If N is finite, then T can be chosen finite of size at most 2 |N| — 1.

Proof:

(1) ”If” direction. Let St := (Vr, Br) be defined from a marked join-tree T = (M, <, Mg, Mg). We
will construct an O-tree U = (W, <) such that M — Mg C W and By [Vr| = Br.

For each node z in Mg, we let NZ be an isomorphic copy of N ordered by reversing the natural
ordering. Hence NZ has no least element. We choose these copies pairwise disjoint and disjoint with
M.

We define U := T[x +— NE;2 € Mg]. Itis an O-tree by Definition 3.2 (where substitutions are
defined).

If x Ur z € Mg, then = and 2 have no join in U.

Let x,y,z € Vp be such that By (z,y,2) holds. If z < y < zor z < y < z in T, then the same
holds in U and By (z, y, z) holds. Otherwise, x and z are incomparable and z < y < z Uy z > z or
x < xUpz >y >z Then, z Up z is either in V7 or is labelled by ®. In both cases, « Ly z is the
join of z and z in U. Hence, By (z,y, z) holds.

Conversely, assume that z, y, z € Vp and By (z,y, z) holds. If < y < zorz < y < x in U, then the
same holds in T and Br(x, y, z) holds. Otherwise, - and z are incomparable and z < y < xlUyz > 2z
orx < zlUy z >y > z. Then x and z have a join m in 7. It must be in V U Mg, otherwise, x Uy 2
does not exist because it would be the minimal element of N£. Hence Br(x,y,z) holds. Hence
S € IBO.

”Only if” direction. Conversely, assume that S = (N, B) in IBO is defined from an O-tree U =
(M, <) suchthat N C M and B = By N N3. We can assume that for everyy € M,wehavex <y
for some x € N: if this is not the case, we replace M by the union M’ of the upwards closed lines
Lys(z) forallz € N and, letting U’ := (M’, <), we have N C M’ and B = By N N3.
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Let W = (P, <) be the join-completion of U, cf Definition 3.3. We label by ® a node in M — N, and
by @ anode in P — M. These latter nodes have been added to U in place of missing joins, according
to Proposition 3.4.

Claim: B = Byy.

Proof: B C By . Let B(z,y,2). f < y < zor z < y < z in U then the same holds in W and
Bw (z,y, z) holds.

Otherwise, x and z are incomparable and z < y <zl z > zorx <zUz >y > zinU. Thenz U 2z
is in IV or is labelled by ® in W. Hence, By («, y, z) holds. Then z L z is not labelled by .

Conversely, assume that By (x,y, z) holds. A similar proof establishes that B(x, y, z) holds. O

If S = (N, B) in IBO is defined from an O-forest U = (M, <) as opposed to an O-tree, then
its connected components are defined by O-trees. For each of them, we have a marked join-tree.
We put them together in a marked join-tree with a root labelled by @. (Similarly to the proof of
Lemma 4.4(2)).

(2) Let S = (N, B) in IBO be finite and defined from a marked join-tree 7' = (M, <, Mg, Mg) such
that N = Vr and B = Br. By removing the nodes in Mg U Mg of degree 1, we obtain a reduced
marked join-tree that defines S and has at most 2 |N| — 1 nodes. O

Remark 4.8: We observed in Proposition 2.15 of [7] that a finite structure in IBO may not be de-
fined from any finite O-forest U (cf. Definition 4.1). Marked join-trees remedy this ’defect” and yield
Proposition 4.7, a key fact for our proof.

Example 4.9: We consider S = (N, B) in IBO defined from the infinite O-tree on the left of Figure 1
where N = {0,a,a’,b,b, c,c’,d,d ,e, e’} and the dotted line represents N7, without a least node. We
have:

(a) B(a/, a7 O)’ B(b/7 b’ 0), B(C/’ C7 0)7 B(d/7 d, 0)7 B(e,7 67 0)7
(b) B¥(d',a,b,v'), BT (c,c,d,d"), BT (d,a,e,e'), BT (V/,b,e,e),
BT(c,c,e,e')and BT(d',d,e,e).

We do not have BT (a’, a, ¢, ¢') because a and ¢ have no join.

The right part shows a finite marked join-tree T' = (M, <, Mg, Mg ) where z has been added as join
of z and y and the nodes 2, 3, ..., n, ... of degree 1 above z have been deleted (cf. Definition 3.1 for the
degree).

We have M = NU{1l,z,y,2}, Mg = {2z}, Mg = {1,2,y} and By = B.

Proposition 4.10: The class IBO is finitary, that is, S is in IBO if and only if each of its finite induced
substructures is.

Proof: The only if” direction is clear as, by its definition, the class IBO is hereditary, i.e., closed under
taking induced substructures.
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Fig. 1: See Example 4.9. In the O-tree to the left, we have 0 > 1 > 2 >3 > ... > n > ... above z and y.

“If” direction. First, some observations. If S = (Vr, B) is defined from a marked join-tree 7' = (N, <
,Ng, Ng) and S’ C; S, then the restriction 77 of T to {z € N | z > y for some y € Vr} is a marked
join-tree that defines .S”. By reducing it (Definition 4.5(c)), we get T"" C; T that defines S’.

By Proposition 4.7, each finite structure S = (N, B) in IBO of size m = |N]| is defined by marked
join-trees of size at most 2m — 1. We let J(.S) be the finite set of all such join-trees, up to isomorphism.

For proving the statement, we let S = (NN, B) be infinite. It is the union of an increasing sequence
S1 C; So G ... T4 Sy, C; ... of finite induced substructures that we assume to be in IBO.

We will use the following version of Koenig’s Lemma. Let Ay, Ao, ..., A,,... be an infinite sequence of
pairwise disjoint finite sets, and A be their union. Let R C A x A be such that for every bin A,,n > 1,
there is @ € A, ;1 such that (a,b) € R. Then, there exists an infinite sequence a, ..., ay, ... such that
(an—1,a,) € Rforeachn > 1.

The finite sets J(.S;,) are pairwise disjoint. We define

R:={(T,T)| T € J(Sp-1),T" € J(Sp),n>1and T C; T"}.

It follows from Lemma 4.6(2) that if 77 € J(S,,) and n > 1, we have (T,7") € R for some T €
J(Sn-1)-

Hence, there is an infinite sequence of marked join-trees trees

Ty C; T> Cj ... C; Ty, C; ... such that T, € J(S,,) for each n.

By Lemma 4.6(3), their union is a marked join-tree 1" such that T,, C; T for each n. We obtain an

increasing sequence of finite marked join-trees whose union is a marked join-tree that defines S. Hence
S € IBO. O

The proof of Theorem 4.2(1) reduces to that of the following proposition.

Proposition 4.11: There is an MSO-sentence that characterizes the finite connected structures in IBO
among the finite ternary structures.
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Proof of Theorem 4.2(1): assuming proved Proposition 4.11:
Let ¢ be an MSO-sentence such that, for every finite ternary structure S = (N, B):

S | ¢ if and only if S is connected and belongs to IBO.
Consider the MSOy;,, sentence ) :
VX.(v(X) A Fin(X) = ¢[X]),

where y(X') expresses that X is connected in the Gaifman graph Gf(.S) and ¢[X] is the relativization
of pto X.

Relativizing a sentence to a set, here X, is a classical construction in logic, see e.g. [10], Section 5.2.1
for monadic second-order logic. If S = (N, B) is a ternary structure and X C N, then S |= ¢[X] if and
only if S[X] |= .

We prove that S' |= ¢ if and only if S is in IBO.

If S is in IBO, then every induced substructure S[X], in particular every finite and connected one
satisfies ¢, hence S |= 9.

Conversely, assume that S |= 1. Let X be a finite subset of N. If it is connected in Gf(S), then ¢[X]
holds hence S[X] is in IBO. Otherwise, it is a disjoint union of connected sets in Gf(.5). For each of
them, say Y, the validity of ) implies that ¢[Y] holds, S[Y] is in IBO and so are S[X] by Lemma 4.4(1)
and S by Proposition 4.10. O

4.2 Proof of Proposition 4.11

Proposition 4.11 is the main technical result. We will only handle finite objects: graphs, rooted trees,
rooted forests and structures (N, B). All trees and forests will be rooted, defined as partial orders (N, <)
and simply called trees and forests. We need some more definitions.

Definition 4.12: Forests compatible with a ternary relation.
A rooted forest T' = (N, <r) is compatible with a relation B C N 3 satisfying Axioms A1-A6 (Defi-
nition 4.1) if, for all x,y,z € N:
(i) if B(x,y, z) holds, then x <7 y or z <7 v,
(ii) if B(x,y,2) and x <7 y >7 z hold, then y = x Ut 2.
(iii) if z <7 z, then B(z,y, z) holds if and only if z <p y <7 2. O

Lemma 4.13: Let S = (N, B) € IBO be finite, connected and defined from a finite reduced marked
tre U= (N (&) N@ (] N@, SU,N@,N@).

(1) Then T := U[N] = (N, <r) is a finite forest compatible with B, where <r is the restriction of <
to N.

(2) The order <r is FO definable in the structure (N, B, R) where R is the set of roots of T', i.e. of
maximal elements with respect to <p.

™ Every finite tree is a join-tree.
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The forest 7" is not necessarily a tree because the root of U need not be in N. This root cannot be
labelled by B, otherwise S is not connected (we exclude the trivial case where [V is singleton).

Proof:

(1) Let S, T, U as in the statement.

(i) If B(x,y, z) holds, then:

eitherx <y y <y zorz <y y <y =,
orrlyzAl(z<vy<vzUyz) V(z<vy<vzUyz),
where in the latter case, z Uy 2 € N U Ng.

In all cases, we have x <y y or z <y y, hence x <r yor z <r y.

(ii) If B(z,y,2) and © < y >r z hold, then the above description of B(z,y,z) shows that
y <y Uy z. Aswehave x <y y >y 2z, we must have y = x Uy 2. If y is not x Ur z, we have
m € N suchthatz < mand z < m < yinT and in U. But then y is not the join of x and z in
U, and so, y = x Uy 2.

(>iii) Clear from the definitions because <7 is the restriction of <g; to V.

(2) If R = {r}, then x <r yifand only if x = y or y = r or B(x, y,r) holds.
Otherwise, the root of U is in N and has degree at least 2. Let  and y be not in R.

Claim

(a) If r € R, we have z <r r if and only if B(x, r,r’) holds for some ' € R.
(b) We have x <7 y if and only if B(x,y, r) holds for some r € R.

Proof of the claim:

(a) Assume that x < r. There is ' € R such that r Uy ’ has label ®. Hence B(x,r,7’) holds.

Conversely, if B(xz,r,7’) holds for some ' € R, we have x <7 r or v/ <p r because T is
compatible with B. As r and r’ are different and are distinct roots of T, they are incomparable
and we have x <p 7.

(b) If x <7 y, we have x < y <p r for some r € R. Hence B(x, y, r) holds since T" is compatible

with B.
Conversely, if B(x,y,r) holds for some r € R, then, we have x <p y or r < y. The latter is
not possible as r is a root. O

Let (R, x,y) be the following FO formula (an FO formula may have free set variables, as here R,
and use atomic formulas of the form u € R):

r=yVz#yAIr(R={r}ANly=rV B(z,y,1)])]
Viz #yA3r,r’ € R(y =1 A B(z,y,1"))]
Viz£yAy ¢ RAIr € RB(x,y,r)].



Induced betweenness in order-theoretic trees 17

By the claim, it defines x < y since R is the set of roots of 1.
We let o(R) be the FO formula relative to ternary structures S = (N, B) expressing the following:

”R C N, the binary relation = < y on N defined by S = (R, z,y) is a partial order and
T := (N, <) is a forest that is compatible with B and whose set of roots is R”. O

Proposition 4.14: Let S = (N, B) be finite and satisfy properties A1-A6.

(1) Forevery R C N such that S |= ¢(R), if we let < be defined by (R, z,y), then T := (N, <) is a
forest compatible with B.

(2) Every forest T := U[N] defined from a finite marked tree U = (N W Ng, W Ng,, <g7, Ngy, Ng) such
that By = B is described by the formulas ¢(R) and ¢(R, z,y).

Proof: The first assertion follows from the definition of (. The second one follows from Lemma 4.13(2).
O

All forests T’ compatible with B of potential interest for checking that S is in IBO can be described in
terms of their sets of roots R by the existential MSO-formulas 3R.p(R) and ¥(R, x, y).

We will construct MSO-formulas to ”check” that a ”guessed” forest T satisfies additional requirements
implying that 7' := U[N] for some finite marked tree U witnessing that S €IBO.

In some T that has been guessed”, we will insert (if possible) finitely many nodes labelled by & or ®,
so as to make it into the desired marked tree U. We will insert nodes in 7" in the following cases:

() Ifa’ < a,bla, B(d,a,b) holds and there is no x in T such that {a,b} < x and B(a, x,b) holds,
then we insert a Ly b labelled by ® such that a LIy b < m where m is any upper-bound in T of {a, b}.

2)Ifa’ < a,blabut B(a',a,b) does not hold, then we insert a Ly b as above labelled by &.

In Case (1) @ and b may have a join m in T" but we need to insert a “new join” a Uy b < m.

Example 4.15: The left part of Figure 2 shows a tree T constructed from the following facts relative to
N :={d,a,b,c,c,d e, e 1,0}:

(a) B*(d',a,1,0), B(b,1,0), BT (,¢,1,0),B(d,1,0), BT (¢/,e,1,0),
(b) BT (a’,a,c,c), B(d',a,d), B(b,c,c),
() Bt(d',a,1,e,e'),BT(b,1,e,€'), BT(c,c,1,e,e')and B¥(d, 1,e,¢').

Facts (b) indicate the need of joins a U ¢, a U d, and b LI ¢ labelled by ® in the marked tree U to be
constructed. These joins are all equal to z in the tree in the middle of Figure 2. The absence of facts
B(d',a,b) and B(c, ¢,d) indicates the need of $-labelled joins y and z, respectively between a,b and
x, and between c,d and x. However, no triple in B necessitates that b and d have a ®-labelled join. A
corresponding marked tree is shown in the middle of Figure 2.

Consider now N’ := {da’,a,b,d,€’,e,1,0} C N and B’ := B[N’]. We get a marked tree for B’
by deleting ¢, ¢’ and z from the previous one. However, another one is shown to the right, that defines
(N', B') where z is labelled by ® and z by .

We need more definitions. We let B, T, U and R, be as in Lemma 4.13.

Definitions 4.16: Cographs and pp-cographs defined from T and, U or B.
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Fig. 2: See Example 4.15.

(a) For each node = of T with sons y1,...,ys,5 > 2, we define y; ~, y; if and only if ¢ = j or
ys Uy y; # « so that this join has label ® or @®. It is clear that ~,, is an equivalence relation.

We have y; ~, y; if and only if B(y;, z,y,) does not hold, by (ii) of compatibility, Definition 4.12.

(b) For each class C of the equivalence relation ~,, we define G, ¢ as the 2-graph (C, E, C4, C3) such
that:

y € Cy if and only if y' < y for some ' € N,
y — z1is an edgif and only if y or z is in C5 and y Uy z has label ®.

There are no edges between vertices in C;. Hence G ¢ is a pp-cograph. We obtain a cograph if we
add edges y — z such that y and z are in C; and y Lly; z has label ®.

(¢) Let R = {r1,...,7p}, p > 2. We let G, be the 2-graph (R, E, R1, Ry) defined as G, ¢ above,
where R replaces C' and y € R, if and only if y/ < y for some y’ € N. It is also a pp-cograph.

Lemma 4.17: The edges y — z of G ¢ and G, are characterized by the FO formula
By <y.B(y',y,2)) V(3 < 2.B(<,zy)).
Proof: Consider z € N having sons y and z in a class C of ~ .

Let y — z be an edge of G ¢ such that y € C3 and y Ly z has label ®. Then By (', y, ) holds for all
Yy’ < y and so does B(y',y, z) as B = By.

) E denotes the set of edges.
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Conversely, if y' < yA B(y',y, z) holds, then the join y iy z must have label ® or be in N. But in
the latter case, it must be z as y and z are sons of . Hence, we have B(y, x, z) but then, we do not have
y ~z z. Hence, y — z is an edge of G, ¢.

The proof is similar for G,.,,:. The join y LIy z cannot be in IV as y, z are distinct roots. |

It follows that the 2-graphs G .+ and G ¢ can be defined from B and T only, without using U that we
are actually looking for. Furthermore, they can be described by FO formulas in the structure (N, B, R).

The formulas ¢(R) and (R, x,y) are defined before Proposition 4.14.

Proposition 4.18: Let S = (N, B) and T' = (N, <) be defined by the formula (R, x, y) from some R
satisfying o (R).

(1) There exists a marked tree U O T such that B = By if and only if the 2-graphs G, and G ¢ are
pp-cographs.

(2) This condition is FO expressible in the structure (N, B, <).

Proof:

(1) The "only if” direction follows from the previous constructions.

Conversely, assume that each 2-graph G, ¢ (determined solely from 7" and B by Lemma 4.17) as in
the statement is a pp-cograph. By adding some edges between its 1-vertices, we can get a cograph
H,c 2 Gy . Itis defined by a {®, ®}-tree t,,  (Definition 2.1(c)), a tree whose internal nodes are
labelled by @ or @ and whose set of leaves is C.

Similarly, if T" has several roots and G, is a pp-cograph, there is a cograph H,.,ot 2 G0t defined
by a {®, ®}-tree t,,, Whose set of leaves is R.

By inserting in 7' the internal nodes of ¢, ¢ between x and the nodes in C, for all relevant pairs
(C, x), and those of t,.,,+ above the roots of T', we get a marked tree U such that U O T' = U[N] and
B = By.

This can be formalized as follows. By bottom-up induction, we define marked trees T}, and T}, ¢ for
each = in N and equivalence class C' of the relation ~,. We assume that the trees ¢, ¢ and t,,,; are
pairwise disjoint.

(a) If x is a leaf, then T}, := x. There is no set C' to consider.

Otherwise, T, := (..., T, ¢, ...) where the list covers all equivalence classes C' of ~,. (We use the
linear notation of finite rooted trees defined in Section 1).

(b) If C = {y}, then T, ¢ := T,

Otherwise, we use the {®, ®@}-tree t, ¢ to define T, ¢ := t; ...,y «— T, /y,...], that denotes the
simultaneous substitution in ¢, ¢ of T}, for each y € C (it is a leaf of ¢, ¢).

(c) To complete the construction, we define U := T,. if T is a tree with root » € N. Otherwise,
U = troot]..., 7 <— T, ...] denoting the substitution in ¢,,,; of T, for each leaf r € R (it is a leaf of
troot)~
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It is clear that U is a marked tree (N & Ng W N, <y, Ng, Ng) and that T = U[N].
Claim: By = B.

Proof: Note that <7 is the restriction of <g; to V.

If z and z are comparable, then (x,y, z) € By ifandonlyifx <y y <y zifandonlyifax <7y <r z
if and only if (x,y,z) € B since T is compatible with B.

We now assume x 1z and (z,y, z) € B.

Let u := z Uy 2. By the compatibility of 7" with B (point (ii)), we have * < y or z <r y.

(a) If u € N, then v = x U 2. Again by compatibility (point (i)), we do not have u <t y. Hence,
wehave z <7 y <7 u > zor z <r y <7 u > x. The same inequalities hold with <¢; hence
(l’, Y, Z) € BU~

(b) Otherwise, u has label @ or ®. Let 2’ be maximal in N such that x < 2’ and 2’ be similar for 2.

(b.1) If 2’ and 2’ have no upper-bound in T, they are distinct roots and u is an internal node of
Groot~

As noted above, we have  <r y or z <r y. Assume the first, w.l.o.g.. Then x <7 y <r

xl

If u has label ® then By (x, y, z) holds by the definition of By;.
(If u has label & then By (z,y, z) does not hold, but the definition of the edges of G,.oot
gives that By (z,y, z) does not hold.)

(b.2) If 2’ and 2’ have a least upper-bound m in T, then, u <y m. We have two cases:

Case 1: B(x,m, z) holds. We cannot have y >7 m, hence, we have ¢ <p y <p m > z
or z <p y <r m >p x. The same inequalities hold with <y , hence (z,y, z) €
By.

Case 2: if B(x, m, z) does not hold. Then ' ~,,, 2’ (we cannot have B(z’, m, z)) and so
2’ and 2’ belong to a same class C' of ~,, . Then we use the same argument as
above with Gy, ¢ instead of Goot-

The proof that By C B is similar. O

This completes the proof of Assertion (1).
The following facts can be expressed in the structure (N, <, B) such that S = (N, B) satisfies A1-A6
and T' = (N, <) is a forest compatible with B by MSO-formulas that are easy to write explicitely:

a(R, R1, Rs): R is the set of root of T, it is not singleton and (R;, Rs) is its partition defined in
Definition 4.16(c).

Blx,y,2):y<x Az <Ay~ 2z, (yand z are sons of x in T') cf. Definition 4.16(a).

v(z,C,C1,C4) : C is a set of sons of x and an equivalence class of ~,, (Cy,Cs) is its partition
defined in Definition 4.16(b).

N(R,y, z) : y — z is an edge of G,oot-
n'(x,C,y, z) : y — zis an edge of G, ¢.
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m(R) : R is not singleton and G, is a pp-cograph (we use « and 7).
7'(z,C,y, z) : Gy ¢ is well-defined and is a pp-cograph (we use v and 7).
It is MSO expressible in (I, B, <) by Proposition 2.4(1) whether the 2-graphs G, and G, ¢ are

all pp-cographs. The condition of Assertion (1) is thus MSO expressible in the structure (N, B, <)
by an MSO-sentence p. O

Proof of Proposition 4.11: We prove that an MSO-sentence can characterize the finite connected struc-
tures in IBO among the finite ternary structures. There is an MSO-sentence x expressing that a ternary
structure S = (NN, B) is connected and satisfies A1-A6. The sentence over S = (N, B) defined as
AR.(p(R) A 1/ (R)) where ' translates p (of Proposition 4.18(2)) by using ¢(R, z, y) to define < ex-
presses well that S is in IBO by Proposition 4.18(1). Hence, x A 3R.(¢(R) A p/(R)) is the desired
sentence. O

4.3 Well-quasi-orderings and finite sets of bounds

We recall definitions and a result from [20].
Definitions 4.19:

(a) If C is a hereditary class of finite structures S = (N, Ry, ..., R)), if m is the maximal arity of a relation
R;, we denote by U(C) the class of structures (N, Ry, ..., Rp, U1, ..., Uzpm—1) for all S in C, where
Uy, ..., Uz, are unary relations, hence that denote subsets of N.

(b) The class U(C) is well-quasi-ordered (implicitely by induced inclusion) if, for every infinite sequence
S1, 53, ... of structures in this class, there are n < ¢ such that .S, is isomorphic to an induced sub-
structure of Sy, which we denote by S,, C;. S,.

With these hypotheses and notation, Corollary 2.4 of [20] (also Theore 13.2.3 of [[13]) states the
following. (The class of bounds Bnd(C) is defined in Section 1. Its finiteness is up to isomorphism.)

Theorem 4.20: If C is hereditary and U/(C) is well-quasi-ordered, then Bnd(C) is finite.

The structures in /(IBO) are of the form (N, B, Uy, ...,Us) for (N, B) in IBO. Let T be the set of
finite structures T' = (N & Ng W Ng, <, Ng, Ng, U1, ..., Us) such that (N & Ng & Ng, <, Ng, Ng) is
a marked tree (Definition 4.5(a)), Uy, ..., Us are subsets of N and |Ng W Ng| < |N|.

Proposition 4.7(2) shows that every S in U(IBO) is defined from a marked tree 7" belonging to T.
We denote then S = S(T'). Precisely, S(T') = (N, By, Uy, ...,Us) where T” is the marked tree T' =
(N (] N@ ] N@, S, N@, N@), cf. Definition 45(b)

Fact: f T.T" arein Tand T C;.. T" , then S(T) C;. S(T7).

It is a corollary of Lemma 4.6(1).

Proposition 4.21: The class of finite structures in A/ (IBO) is well-quasi-ordered.

(Vil) Fraissé states the result with 2m instead of 2m — 1 but translates from French the proof by Pouzet.
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Proof: Let S1, 5, ... be an infinite sequence of finite structures in U (IBO). For each S;,, we let T, in T
be such that S(7},) = S,. By Kruskal’s Theorem, T;, C;~ T, for some n < ¢. The above fact yields
Sn Ci~ Sq- O

Theorem 4.2(2): The class IBO has finitely many bounds.

Proof: The hereditary class of finite structures belonging to IBO has finitely many bounds by Proposi-
tion 4.21 and Theorem 4.20. The result holds by Proposition 4.10. a

Remark 4.22: We recall from Definition 4.1 that IBQT is the class of induced betweenness of join-
trees. It is a proper subclass of IBO. The structures in IBQT are defined from marked join-trees 7' =
(N W Ng W Ng, <, Ng, Ng) such that Ng, is empty (Definition 4.5(d)). The proof of Theorem 4.2(2)
shows that Bnd(IBQT) is finite, hence that IBQT is FO definable, without constructing the defining
sentence. The FO definability of IBQT is Theorem 3.1 of [7], where the defining FO-sentence is the
conjunction of Conditions A1-A6 and A8 of Definition 4.1.

In Section 6, we will explain why computing the bounds of IBO is even harder than computing those
of probe cographs.

5 Clique-width and the bounds of probe cographs

We first review clique-width, then, we discuss some properties of probe cographs, in view of determining
their bounds.

Definition 5.1: Clique-width.

(a) Graphs are built with the help of vertex labels (in addition to the labels of 2-graphs). Each vertex has
a label in a set L. The nullary symbol a(x) where a € L, denotes the isolated vertex x labelled by
a. The operations are the union & of disjoint graphs (it does not modify labels), the unary operation
add,p, for a,b € L, b # a, that adds to a graph an edge between each a-labelled vertex and each
b-labelled vertex (unless they are already adjacent), the unary operation relab,—,; that changes every
vertex label a into b.

(b) A term over the above defined operations is well-formed if no two occurrences of nullary symbols
denote the same vertex (so that the graphs defined by two arguments of any operation & are disjoint).
We call them the clique-width terms. Each term ¢ denotes a vertex labelled graph val(t) whose
vertices are those specified by the nullary symbols of ¢. Its width is the number of labels that occur in
t. The clique-width of a graph G without labels from L (but possibly with labels from another set like
{1,2}), denoted by cwd(G), is the least width of a term ¢ that denotes some vertex labelling of G.

(c) Clique-width terms may contain redundancies: for example, we have add, ,(add. ¢(add, »(G))) =
add, 4(addq »(G)) and relaby_p(relaby—.(G)) = relab,—.(G) for every graph G. It follows that
each graph of clique-width at most k is defined by infinitely many terms written with a fixed set L
of k labels. However, one can “normalize” these terms so as to avoid redundancies. This is done in
Proposition 2.121 of [10]. Let us call normal such a term. Then, each graph of clique-width at most
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k is defined by finitely many normal terms using the labels in L := [k]. Furthermore, the set N of
normal terms with labels in [k] is recognizable by a finite automaton, see [[10].

Proposition 5.2: The maximal clique-width of a probe cograph is 4.

Proof: The upper-bound, observed in [[L1], is easy to establish. The bound 4 is reached by the probe
cograph defined by the term (cf. Definition 2.3(c)):

[01(1) @ (01(2) © 3(7)) @ (01(3) ® @2(8))] @ [01(4) B (#1(5) © #3(9)) & (01(6) ® @3(10))]

where the vertices 1,...,6 are 1-vertices and the vertices 7 to 10 are 2-vertices. It has clique-widt 4.0

Proposition 5.3: Apart from Fg, the finitely many bounds of probe cographs have diameter at most 4
and clique-width at most 8. They are connected and MSO definable.

Proof: Since the class of probe cographs is closed under disjoint union, its bounds are connected.

We have observed that P of diameter 5 is a bound. Any other graph of diameter at least 5 has an
induced path Fg, hence is not a bound.

If a graph has G — x has clique-width k, then G has clique-width at most 2k [[14]. Hence, as probe
cographs have clique-width at most 4, their bounds have clique-width at most 8.

If C is a hereditary class of finite graphs, then its bounds form the class:

Bnd(C) :={G | G ¢ C and G — z € C for each vertex z of G}.
If C is defined by an MSO-sentence 6, then Bnd(C) is defined by the MSO-sentence:
-0 AVX.("X is the set of all vertices minus one” = 0[X])

By Proposition 2.4(1) the class of pp-cographs is FO-definable. Hence, the class of probe cographs is
MSO-definable: an existential set quantification is useful to guess a good labelling of the given graph.
The corresponding MSO-sentence is known from the knowledge of the bounds of pp-cographs. However,
the class of probe cographs is FO-definable by Proposition 2.4(2), but we do not know the corresponding
sentence as the bounds of probe cographs are not completely known. O

Theorem 5.4: There is an algorithm that can compute the finitely many bounds of the class of probe
cographs. An upper-bound to their sizes is computable.

Proof sketch: By Proposition 5.3, we can construct effectively an MSO-sentence ¢ that defines the class
B of bounds of probe cographs among finite graphs. By Theorem 6.35 of [10] or an algebraic version of
it in terms of recognizable sets (Corollary 5.59), one can build a finite automaton A that recognizes the
set of normal terms of width at most 8 that define the graphs in B. Then L(.A) is finite as we know that
B is. However, several terms in L(.A) may define isomorphic graphs. As L(.A) is finite, one can list its
elements and thus the graphs it defines after removing isomorphic duplicates.

The MSO-sentence ¢ can be replaced by & Ad where ¢ is the MSO-sentence expressing that a graph
is connected and has a diameter at most 4. We obtain in this way a more restrictive set L(A) without
missing any graph in B except P, but we know it.

(viiD) The verification has been done by using the software TRAG [12] that is accessible on-line. It is based on [15].
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Pumping lemmas are classical tools of language theory by which one can bound the sizes of the terms
of a finite recognizable set defined by a given finite automaton without listing them. However the obtained
bound would be ridiculous huge. a

This decision procedure is actually intractable, because of the complexity of the sentence £ and the size
of the corresponding automaton, that needs to handle clique-width terms with 8§ labels.

Some bounds of probe cographs

By a bound, we mean a bound of probe cographs, hence, a graph in B.

We denote by G the edge-complement of a graph G. By substituting an edge (i.e., the graph K») to a
vertex a of a graph GG, we obtain the graph denoted by Gla +— K3]. Its vertex a is replaced by the edge
a1 —ag and any edge a—x of G is replaced by the two edges a; —x and ag —z. Note that G[a +— Ks|—ay
is isomorphic to G. We have Gla «— Ks|[b +— K3] = G[b «— Ks][a «— K] if b # a. Itis the result
of the simultaneous substitution of K5 for a and b, denoted by Gla +— Ks,b +— Ks).

Proposition 5.5: The following graphs, all of clique-width 3, are in 5:

(1) The standard graphs C5, Ps and Cg.

(2) The graphs Cs, D and D derived from Cg, see Figure 3.

(3) Four graphs obtained by substituting an edge to one or two vertices of a path P, or Ps. See Figure 4.
(4) Two graphs obtained from the house H by substituting edges as in (3). See Figure 5.

(5) Two graphs obtained as in (4) from two p-cographs with 5 vertices. See Figure 6.

Proof: The proofs are based on the following observations (cf. Example 2.5) :

* the only good labellings of P, are 1212, 2121 and 1221,
* the only good labelling of Ps is 12121,

* the two good labellings of the “house” H with vertices {a, b, ¢, d, e} and top vertex c, cf. Figure 5,
label by 1 either c and d, or ¢ and b; the other vertices are labelled by 2,

* every good labelling of a graph is good for its induced subgraphs.

(1) See Examples 2.5 for C5 and Py. Let Cs = a — b —c—d — e — f — a. Assume for a contradiction
that it has a good labelling. By removing a, we get Ps, hence b and f must be labelled by 1, hence a
must be labelled by 2. Similarly, b must be labelled by 2. As P; is a p-cograph, Cg is a bound. Hence,
Cs, Ps and Cg are bounds.

(2) The graph Cj is shown in Figure 3. By removing f, we get the house” H with top vertex c that
should be labelled by 1, so that either b or d should be labelled by 1. Hence, f must be labelled by 2,
but it is the top vertex of the house C's — c. Hence, Cg is not a p-cograph. However, it is a bound.
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Fig. 3: The bounds Cs, Cs, D and D of Proposi-
tion 5.5(1,2). Fig. 4: The bounds of Proposition 5.5(3).
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The graph D is obtained from Cs = a —b—c—d— e — f — a by adding the edge ¢ — f . By removing
f, we see that a, ¢ and e should be labelled by 1, and f by 2. If we remove ¢, we get a path P; of type
21212 which is not good.

From the graph D shown in Figure 3, we get two “houses” by removing either ¢ or f. Both vertices
should be labelled by 1, so that none of the others can be labelled by 1.

The path Ps = a —b—c—d— e has a unique good labelling of type 12121. If we substitute K5 for any
of a, c or e, we obtain a bound as the two vertices of the substituted edge cannot be both labelled by 1.
We obtain only two non-isomorphic bounds, shown in the top part of Figure 4, because substituting
an edge to a and e give isomorphic graphs.

The path P, = a — b — ¢ — d has three good labellings of types 1212, 2121 and 1221. For each good
labelling, at least one vertex in {a, b}, in {a, d} and in {c, d} must be labelled by 1. It follows that
Pila +— Ki,b +— K| and Pyla +— Ks,d +— K>] shown in the bottom part of Figure 4 are
bounds as one checks easily. So is Py[c +— Ka,d «— K] isomorphic to the first one. We obtain
two non-isomorphic bounds.

Every good labelling of the "house” H shown to the left of Figure 5, must label ¢ by 1 and, either b
or d, by 1. We obtain the two bounds H[c +— K>s] and H[b «— Ko, d +— K>| shown in Figure 4.
C
c—c N

Fig. 5: The “house” to the left (it is a p-cograph), and the two bounds of Proposition 5.5(4).
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NN
N AN
H 1 H 2

Fig. 6: Two p-cographs used in Proposition 5.5(5)

(5) Among the connected graphs with 5 vertices that are not cographs we have are Cs and H. Figure 6
shows two others, H; and Hs.

The good labellings of H; label, either b, c and d by 1, or a and b by 1, or e or d by 1, and, in each
case, all other vertices are labelled by 2. Hence Hy[b +— Ks,d +— K>] is not a p-cograph. Itis a
bound because Hq[b «— K] and Hq[d «— K»] are p-cographs.

Similarly, we get from Hs, the bound H[c +— Ko, d +— K>].

The graphs Cs, Ps and Cg are known to have clique-width 3. That H, Cs, D and D have clique-
width 3 can be checked with [12] or proved directly. All other bounds of (3),(4) and (5) are obtained by
substituting K5 to vertices of graphs of clique-width 3. Hence, they have clique-width 3. O

We do not know any graph of clique-width 4 or more that is a bound of probe cographs. Hence, for
now, we are far from the upper-bound 8 of Proposition 5.3.

6 Open problems

Problem 6.1: Determine the set of bounds of probe cographs. What can be said about them in addition to
what is stated in Proposition 5.3?

Monadic second-order logic does not help for effective computations because of the huge sizes of the
automata constructed from MSO-sentences.

Problem 6.2: Does there exist a monadic second-order transduction, cf. Chapter 7 of [10], that trans-
forms a finite ternary structure assumed to be in IBO into a finite marked tree defining it?

In [7]], we studied four classes of betweenness structures (cf. Definition 4.1): QT, IBQT, BO and IBO.
Each betweenness structure S = (N, B) is defined from a labelled O-tree, say T = (M, <, Ng, Ng).
This description covers all cases, although labels are useless in some cases.

The question is whether some witnessing O-tree 7' can be defined by MSO-formulas in the given
structure S, in technical words, by an MSO-transduction. An FO-transduction exists for QT and MSO-
transductions exist for IBQT and BO [7]].

Theorem 4.2(1) establishes that the class IBO is MSO;,-definable, without building an associated
MSO-transduction. We recall that an MSO-transduction transforms a structure with n elements into one
with at most kn elements for some fixed k. As a finite structure in IBO having n elements can be defined
from a marked tree with at most 2n — 1 nodes, it is not hopeless to look for such a transduction. An
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intermediate result seems necessary: to find an MSO-transduction that constructs, from a pp-cograph, a
term that defines it. Such a transduction exists for countable cographs given with an auxiliary linear order
[3,19]]. Such an auxiliary order would be useful, even perhaps necessary.

Problem 6.3: Determine the set of bounds of IBO.

We have presently no result similar to Theorem 5.4 because ternary structures do not share certain good
properties of graphs, as we now explain.

First we observe that, since we have an effective MSO characterization of the finite structures in IBO
by Theorem 4.2(1), we have one of the set of their bounds because the proof for graphs (Proposition 5.3)
extends to relational structures.

The proof of Theorem 5.4 uses the fact that the bounds of probe cographs have clique-width < 8 (even
if this upper-bound is overestimated). We miss a corresponding fact for Bnd(IBO). First because there is
no really convenient notion of clique-width for ternary structures. However, we can replace the property
’the graphs of C have clique-width at most &£ by “’the structures of C are all in 7(Trees) for some MSO-
transduction 77 where Trees is the class of finite rooted trees, and say that C is tree-definable. Bounded
clique-width is equivalent for a class of graphs to tree-definability ([L0], Chapter 7). Furthermore, the
computability results for classes of graphs of bounded clique-width hold for tree-definable classes of
structures.

For a set C of structures of a fixed signature, we let C* be the set of structures S with domain N such
that S[N — z] is in C for some x in N. If C is a set of graphs of clique-width at most &, then the graphs in
C™ have clique-width at most 2k (see [14]), which is used to obtain the upper-bound 8 to the clique-width
of the bounds of probe cographs in Proposition 5.3. However, this fact does not extend to tree-definable
classes of structures as we prove below. Hence, we cannot extend Theorem 5.4 to the computation of
Bnd(IBO).

Proposition 6.4: There is a tree-definable set of ternary structures C C IBO such that CT is not tree-
definable.

Proof: We will use results from [10]. Let S¢ = ([n], Bg) where B¢ consists of the triples (1,4, 5) and
(4,4,1) for the edges 7 — j of some graph G = ({2,3,...,n}, E) and i < j. Then S¢ is a ternary structure
that satisfies Properties A1-A6. It is in C™ where C is the set of trivial ternary structures ({2, 3, ...,n}, 0),
obviously in IBO. There is an MSO-transduction 6 that transforms each structure S¢ into G it deletes 1
and replaces the triples (1,4, j) and (4,4, 1) in Bg by (4, j) and (4, 4), thus defining E.

It is clear that C is tree-definable. If C* would be, that is, if CT C 7(Trees) for some MSO transduction
T, then the MSO transduction § o7 would produce all finite graphs from Trees (up to isomorphism), hence,
all graphs would have clique-width bounded by a fixed value ([[10], Chapter 7), which is false. a
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An equitable coloring of a graph G is its (proper) vertex-coloring such that the sizes of any two color classes differ by at
most one. In this paper, we consider the equitable coloring problem in block graphs. Recall that the latter are graphs in
which each 2-connected component is a complete graph. The problem of equitable coloring remains hard in the class of
block graphs. In this paper, we present some graph theoretic results relating various parameters. We use them in order
to trace some algorithmic implications, mainly dealing with the fixed-parameter tractability of the problem.

Keywords: block-graph, equitable coloring, fixed-parameter tractability, W[1]-hardness

1 Introduction
1.1 Some graph theory concepts

In this paper, we consider finite undirected graphs. They do not contain loops or parallel edges. We refer to
Harary (1969) for non-defined concepts on graphs.

Two vertices of a graph G are independent if and only if there is no edge joining them. A set of vertices
is independent, if its vertices are pairwise independent. Let o(G) be the cardinality of a largest independent
set in a graph G. Similarly, two edges of a graph are independent, if they do not share a vertex. A matching
is a subset of edges of a graph such that any two edges in it are independent. Let v(G) denote the size of
a largest matching of G. A matching is perfect if it covers all the vertices of the graph. A vertex cover is
a subset of vertices whose removal results in a graph with no edge. The size of a smallest vertex cover is
denoted by 7(G). In any graph G, we have

v(G) < 7(G) < 20(G).

A clique of a graph G is a complete subgraph of GG. For a graph G, let w(G) denote the size of a largest
clique of G. A clique @ is maximal in G if and only if there is no other clique in the graph containing . A
vertex v is a cut-vertex, if G — v contains more connected components than G. The number of cut-vertices in
a graph G is denoted by ¢(G). The line graph of an undirected simple graph G is a graph L(G) obtained by
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associating a vertex of L(G) with each edge of G and connecting two vertices in L(G) with an edge if and
only if the corresponding edges of G have a vertex in common. If G is a connected graph then let d(u, v)
denote the length of a shortest path connecting the vertices v and v. For a vertex w, its eccentricity, denoted
by eg(u), is defined as max,ecy {d(u, v)}. The radius of G, denoted by rad(G), is min,cv {ec(v)} and its
diameter, diam(G), is defined as max,cv {eg(v)}. The center of a graph is the subset of vertices whose
eccentricity is equal to the radius of the graph. For any graph G, we have

rad(G) < diam(G) < 2 - rad(G).

Following de C.M. Gomes et al. (2021), we define a cluster graph as a graph formed from the disjoint union
of complete graphs. For a given graph G, its distance to the cluster, denoted by dc(G), is the smallest
number of vertices of G, whose removal results in a cluster graph. A set D is called a dc-set, if | D| = dc(G)
and G — D is a cluster.

A block of a graph G is a maximal 2-connected subgraph of G. A graph G is a block graph, if each of its
blocks is a clique. If G is a block graph, then a vertex is simplicial if and only if it is not a cut-vertex. Clearly,
the neighbors of a simplicial vertex are in the same clique. A maximal clique in a block graph is pendant if
and only if it contains exactly one cut-vertex of G. Let p(G) be the number of pendant cliques of G while
s(G) be the number of simplicial vertices of G. Clearly, for any block graph G, we have p(G) < s(G). A
block graph G, with at least two blocks, is called a star of cliques or a clique-star, if G contains a vertex that
lies in all cliques of G. Observe that this vertex should be the unique cut-vertex of G. For a vertex v of a
block graph G, the clique-degree of v is the number of cliques of GG containing v. If T is a clique of G, then
the clique-degree of T is the number of cliques of G that differ from 7" and intersect 7. A connected block
graph is called a path of cliques, if each vertex in it has clique-degree at most two. Alternatively, one can
say that a connected block graph is a path of cliques, if each clique in it has clique-degree at most two.

We will assign natural numbers to the maximal cliques of a block graph G. This number will be called the
level of a clique. We do it by the following algorithm: all pendant cliques of G are assigned level 1. Then we
remove all simplicial vertices of all pendant cliques of G in order to obtain the block graph G;. All pendant
cliques of G get level 2 in GG. Then, we remove all simplicial vertices of all pendant cliques of (G; in order
to obtain the block graph G2. Then we repeat this process until all blocks of G get their levels. Finally, if
we are left with a singleton, we do not assign a level to it. Observe that the star of cliques are exactly those
connected block graphs which do not contain blocks of level at least 2.

1.2 Introduction to some graph problems

This paper deals with a variant of classical VERTEX COLORING problem, namely EQUITABLE COLORING.
If the set of vertices of a graph G can be partitioned into k classes Vi, Va, ..., Vi such that each V; is an
independent set and the condition ||V;| — |V;|| < 1 holds for every pair (i, j) then G is said to be equitably
k-colorable. The smallest integer k for which G is equitably k-colorable is known as the equitable chromatic
number of G and it is denoted by x—(G).

This model was introduced by Meyer (1973) and it has attracted attention of many graph theory special-
ists for almost 50 years. The conducted studies are mainly focused on the proving of known conjectures for
particular graph classes (cf. Chen and Yen (2012); Kierstead and Kostochka (2012); Kostochka and Nakpr-
asit (2003); Kostochka et al. (2005)), analysis of the problem’s complexity (cf. Furmanczyk and Kubale
(2018Db)), designing exact algorithms for polynomial cases (cf. Kierstead et al. (2010)), and approximation
algorithms or heuristics for hard cases (cf. Furmanczyk et al. (2016); Méndez-Diaz et al. (2015)). We know
that the EQUITABLE COLORING problem is NP-complete in general case, as a particular case of VERTEX
COLORING.
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Note that BIN PACKING PROBLEM WITH CONFLICTS (BPC) is closely related to EQUITABLE COLOR-
ING. BPC is defined as follows. We are given a set V' of n items of weights wy, wa, ..., wy,, and k identical
bins of capacity c. Two items ¢ and j are said to be conflicting if and only if they cannot be assigned to the
same bin. The problem is to assign all items in the least possible number of bins while ensuring that the total
weight of all items assigned to a bin does not exceed c and that no bin contains conflicting items. Note that
the problem with ¢ = n/k and weights equal to 1 is equivalent to an equitable coloring of the corresponding
conflict graph. Some exemplary heuristics for solving BPC can be found in Gendreau et al. (2004); Muritiba
et al. (2010).

An interesting overview of the results of studies over equitable coloring can be found in Furmariczyk
(2004) and Lih (1998). This issue is very important due to its many applications (creating timetables,
task scheduling, transport problems, networks, etc.) (see for example Furmanczyk and Kubale (2017);
Furmanczyk and Kubale (2018a)).

1.3 Introduction to parameterized complexity

Very recently a few papers investigating the parameterized complexity of EQUITABLE COLORING have
been published (cf. Cordasco et al. (2020); Fellows et al. (2011); Fiala et al. (2011); de C.M. Gomes et al.
(2021, 2019)). Recall that if II is an algorithmic problem and ¢ is a parameter, then the pair (I1,¢) is called
a parameterized problem. The parameterized problem (I1,t) is fixed-parameter tractable (or 11 is fixed-
parameter tractable with respect to the parameter t) if there is an algorithm A that solves II exactly, whose
running-time is g(t) - poly(size). Here g is some (computable) function of ¢, size is the length of the input
and poly is a polynomial function. Usually, such an algorithm A is called an FPT algorithm for (11, ).
A (parameterized) problem is called paraNP-hard, if it remains NP-hard even when the parameter under
consideration is constant. In the classical complexity theory, there is the notion of NP-hardness that indicates
that a certain problem is unlikely to be polynomial time solvable. It relies on the assumption P£NP. The
classical SATISFIABILITY problem is an NP-hard problem and any problem such that SATISFIABILITY can
be reduced to it is NP-hard, too. Similarly, in parameterized complexity theory there is the notion of W[1]-
hardness, which indicates that a certain parameterized problem is unlikely to be fixed-parameter tractable.
It relies on the assumption FPT#WT([1] which says that not all problems from W[1] are fixed-parameter
tractable. The CLIQUE problem where the parameter under consideration is % - the size of the clique - is an
example of a W[1]-hard problem, and any problem such that CLIQUE with respect to k can be FPT-reduced
to it, is W[1]-hard, too. Recall that an FPT reduction between two parameterized problems (II1,¢1) and
(ITg, t2) is an algorithm R that maps instances of II; to those of I3, such that (a) for any instance I; € 11,
we have I is a yes-instance of II; if and only if R([;) is a yes-instance of IIo, (b) there is a computable
function h such that for any instance I; € II; t2(R(I1)) < h(t1(I1)), (c) there is a computable function g
such that R runs in time g(¢1) - poly(size). The reader can learn more about this topic from Cygan et al.
(2015), that can be a good guide for algorithmic concepts that are not defined in this paper.

Fellows et al. (2011) showed that the EQUITABLE COLORING problem is W[1]-hard, parameterized by
the treewidth plus the number of colors. Fiala et al. (2011) considered another structural parameter - vertex
cover. They showed that the problem is FPT with respect to it. de C.M. Gomes et al. (2021) established new
results for some other parameters: W[1]-hardness for pathwidth and feedback vertex set, and fixed parame-
ter tractability for distance to cluster and co-cluster, as well as distance to disjoint paths of bounded length.
In the same paper the authors consider also kernelization for the problem of EQUITABLE COLORING. They
presented a linear kernel for the distance to clique parameter and a cubic kernel when parameterized by the
maximum leaf number. In the second paper, de C.M. Gomes et al. (2019) considered parameterized com-
plexity of EQUITABLE COLORING problem for subclasses of perfect graphs. They showed W[1]-hardness
for block graphs when parameterized by the number of colors, and for K 4-free interval graphs when pa-
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rameterized by treewidth, number of colors and maximum degree.

1.4 Outline of the paper

In this paper, we further the study of EQUITABLE COLORING on block graphs. As shown in de C.M. Gomes
et al. (2019), this class is a non-trivial subclass of chordal and perfect graphs. For block graphs, it is shown
in de C.M. Gomes et al. (2019) that the problem is W[1]-hard with respect to the treewidth, diameter and the
number of colors. In particular, it means that under the standard assumption FPT#WT/[1] in parameterized
complexity theory, the problem is unlikely to be polynomial time solvable in block graphs. In this paper,
we investigate parameterized complexity of EQUITABLE COLORING of block graphs with respect to many
other parameters thus completing the state of art in this area. The paper is organized as follows. We start
with simple observations followed from the literature that affect our research. In Section 3, we investigate
the problem with respect to some parameters that are related to minimum and maximum number of leaves
in a spanning tree of a graph. In the following section we prove that the EQUITABLE COLORING is FPT
with respect to the domination number for block graphs showing at the same time that the problem with this
parameter is much easier for block graphs than for general graphs. In Section 5, we investigate the problem
with respect to some parameters that are related to the independence of vertices and edges of graphs. In
Section 6, we consider other parameters and relate them in block graphs. Finally, we conclude the paper by
presenting some open problems that we feel deserve to be investigated.

2 Some observations

Before we start presenting our results, we list some observations and corollaries.

Lemma 1 (Sasak (2010)). Let I1 be an algorithmic problem, and let k1 and ks be some parameters. Assume
that there is a (computable) function g : N — N such that for any instance I of TI, we have k1 (I) < g(ka2(1)).
Then, if I1 is FPT with respect to ki, it is also FPT with respect to ko.

Theorem 2 (de C.M. Gomes et al. (2019)). EQUITABLE COLORING of block graphs of diameter at least
four parameterized by the number of colors and treewidth is W [1]-hard.

Theorem 3 (de C.M. Gomes et al. (2021)). EQUITABLE COLORING is FPT when parameterized by the
distance to cluster.

Theorem 4 (Fiala et al. (2011)). EQUITABLE COLORING is FPT when parameterized by vertex cover.
Theorem 5 (Fellows et al. (2011)). EQUITABLE COLORING is W [1]-hard, parameterized by treewidth.

Theorem 6 (de C.M. Gomes et al. (2019)). EQUITABLE COLORING is FPT when parameterized by the
treewidth of the complement graph.

Directly, we have

Corollary 7. EQUITABLE COLORING of complements of block graphs with fixed clique number is polyno-
mialy solvable.

3 Equitable coloring and number of leaves in a spanning tree

In this section, we consider block graphs and the EQUITABLE COLORING problem from the perspective of
the number of leaves in a spanning tree, their minimum and maximum number.

Let MinLeaf(G) (MaxLeaf(G)) be the smallest (largest) number of leaves in any spanning tree of
G. MazxLeaf was considered independently in Enciso et al. (2009) and de C.M. Gomes et al. (2021). In
particular, Enciso et al. (2009) shows that EQUITABLE COLORING is FPT with respect to MaxLeaf in
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general (not necessarily block) graphs. Note that these two parameters, MinLea f and M axLea f, are NP-
hard to compute in arbitrary graphs. Below we present two observations that imply that these two parameters
can be easily computed in the class of block graphs.

Proposition 8. Let G be a connected block graph. Then MinLeaf(G) coincides with the number of pendant
cliques in G.

Proof: Observe that any spanning tree of GG has at least one degree-one vertex in a pendant clique of G.
Thus, MinLeaf(G) > p(G). Moreover, any simplicial vertex of a pendant clique can be made as a leaf in
the spanning tree with the smallest number of leaves.

In order to show the converse inequality, let us note that we can pick a Hamiltonian path in each non-
pendant clique that begins and ends in a cut-vertex and a Hamiltonian path on each pendant clique that
begins with its cut-vertex. When we join all these Hamiltonian paths, we obtain a spanning tree of G that
has one leaf per pendant clique. The proof is complete. o

Proposition 9. Let G be a connected block graph. Then MaxLeaf(G) coincides with the number of sim-
plicial vertices in G.

Proof: First of all, observe that no cut-vertex of GG can be a leaf in a spanning tree of G. Hence we get
MaxLeaf(G) < s(G). Thus, in order to complete the proof of our proposition, it suffices to show that any
connected block graph has a spanning tree whose all leaves are the simplicial vertices of G. To do this, take
a simple path in each non-pendant clique that begins and ends in a cut vertex and omits all its simplicial
vertices. Now, join the paths in order to obtain a spanning tree for all non-simplicial vertices. Next, add
each simplicial vertex to one of its neighbors visited in the first step of the algorithm. Note that we obtain a
spanning tree of GG. The proof is complete. O

Since MaxLeaf(G) coincides with the number of simplicial vertices for block graph G then |V| —
MazxLeaf(G) is equal to the number of cut-vertices. Note that removing all cut-vertices from a block
graph G leads to a union of cliques. Thus,

de(G) < |V| — MaxLeaf(G) < |V| — MinLeaf(G).

Due to Theorem 3 and Lemma 1 we have the following results.
Proposition 10. EQUITABLE COLORING in block graphs is FPT with respect to |V | — MaxLea f(G).
Proposition 11. EQUITABLE COLORING in block graphs is FPT with respect to |V | — MinLeaf(G).

4 Equitable coloring and domination number of block graphs

Let us recall a result by Nieminen (1974), providing the relation between the number of leaves in a maximum
spanning forest of graph GG and its domination number. Recall that a spanning forest is a subgraph of G which
is a forest and has the same vertex-set as that of G. A spanning forest I of G is called maximum if it has
the largest possible number of pendant edges among all spanning forests of G. This number is denoted by
Leafr(G). A dominating set for a graph G = (V, E) is a subset D of V such that every vertex not in D is
adjacent to at least one member of D. The domination number v(QG) is the number of vertices in a smallest
dominating set for G.

Theorem 12 (Nieminen (1974)). Let G be a simple graph. Then v(G) + Leafr(G) = |V(G)|.
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Note that MazLeaf(G) < Leafr(G). Thus, we have v(G) = |V(G)| — Leafr(G) < |V(G)| —
MaxLeaf(G). When G is a block graph, we have that the number of cut-vertices, denoted by ¢(G), is
equal to |V(G)| — MaxzLeaf(G). So, we have v(G) < ¢(G) for block graphs. Moreover, we prove the
following

Proposition 13. Let G = (V, E) be a (not necessarily block) graph. Then ¢(G) < 2v(G).

Proof: First of all, observe that proving this inequality in arbitrary graphs is equivalent to its restriction in
block graphs. In order to see this, let G be any graph. Consider a graph H obtained from G by making each
block B of GG a clique by adding edges to B. No edge of H joins two vertices that lie in different blocks of
G unless one of them is a cut vertex that lies in both blocks.

Observe that H is a block graph. Moreover, ¢(H) = ¢(G) and v(H) < v(G). Hence,

o(G) = c(H) < 2y(H) < 29(G).

Thus, w.l.o.g. we can assume that the graph G is a block graph. Moreover, we can assume that G is
connected. We will prove the statement by induction on ¢(G). Note that, if 0 < ¢(G) < 1, the domination
number is also equal to 1, so the statement holds in both cases. Now, let us assume that our statement holds
for every block graph G with ¢(G) < k, k > 2. Now, let G be a block graph with k cut-vertices. We choose
a clique () being a clique of level 2 in G. Such a clique exists because GG has at least 2 cut-vertices. Note
that vertices of () are simplicial or they are included in cliques of level 1, excluding at most one vertex, let
us say z. It can be contained in cliques of higher level. Let x be a cut-vertex of () contained in at least one
clique of level 1. If () contains at least three cut-vertices: x, z, and let us say y, then note that y is contained
in at least one clique of level 1, and certainly vertex y can be needed to dominate vertices of G, similarly
to vertex x. Let H be a block graph obtained from G by deleting all pendant cliques containing x, together
with z. Note that if more than one clique containing z were removed to obtain graph H, vertex z is included
in any dominating set of G' of minimum size. Also in the case where there was only one clique of level 1 in
G containing z, let us name it J, exactly one vertex of J must belong to a dominating set of G of size v(G)
and we can assume that it is vertex x. So, we have v(H) = v(G) — 1, while the number of cut-vertices in
H was decreased by 1. Thus, using the induction assumption for H, we have

o(G) —1=c(H) <2y(H) =2(v(G) — 1).

Hence,
(@) < 279(G) — 1 < 2v(G).

So, we can assume that all cliques of level 2 contain exactly two cut-vertices: x and z. Note that =
dominates all vertices of pendant cliques containing x as well as the vertices of @, i.e. z and all simplicial
vertices of (). Let us assume that the vertex z is included in exactly one clique, excluding ). Then, let Q*
be the clique containing z different from (). Note that any vertex of (Q* dominates the other vertices of Q™.
Thus, we can assume that we can choose any vertex of Q*, excluding z, to a dominating set of GG of size
~v(@G). So, let H be the graph obtained from G by deleting (), including z, and all pendant cliques containing
x. We have v(H) = v(G) — 1, while the number of cut-vertices in H was decreased by 2. Thus,

o(G) =2 = e(H) < 2y(H) = 2(+(G) — 1),

Hence,
¢(G) < 29(G).



Graph theoretic and algorithmic aspect of the equitable coloring problem in block graphs®? 7

So, we can assume that z is included in at least two cliques, excluding ). In this case we need to ensure
whether the vertex z belongs to all dominating sets of G of size v(G). First, let z belong to all dominating
sets of G of size v(G). Then, let H be the graph obtained from G by deleting (), excluding z, with all pendant
cliques containing x. Similarly to the previous case, we can assume that x belongs to any dominating set of
G of size y(G). So we have v(H) = v(G) — 1, while the number of cut-vertices in H was decreased by 1.
Thus,

o(G) —1=c(H) <2y(H) =2(7(G) — 1).

Hence,
o(G) < 29(G) — 1 < 29(G).

Thus, we are left with the case when z does not belong to all dominating sets of G of size v(G). First note,
that z belongs to at most one clique of level 1, otherwise z would belong to all dominating sets of G of
size v(G). Moreover, if there is a clique of level 1 that includes z, let us name it Qi, one of its vertices
must belong to a dominating set of G of size v(G), so w.l.o.g. we can assume that z is a vertex of Q! that
belongs to a dominating set of G of size y(G) and repeat the argument for the case where z belongs to all
dominating sets of G of size v(G). Thus, we can assume that z is not included in cliques of level 1. Let z
be included in a clique of level 2, let us name it Q*, different from Q. Due to our assumption, Q™ contains
exactly two cut-vertices: the vertex z, and let us say the vertex 2. Note that we can assume that z and z’
both belong to all dominating sets of G of size v(G) and they both dominate z. Let H be the graph obtained
from G by deleting (), excluding z, and all pendant cliques that contain 2. Since 2’ dominates z in H, we
have v(H) = 7(G) — 1, while the number of cut-vertices was decreased by 1. Thus,

o(G) =1 = e(H) < 2y(H) = 2(+(G) — 1),

Hence,
o(G) < 29(G) — 1 < 29(G).

So, we can assume that our vertex z of the clique () is contained in at least two cliques of level at least 3.
Let us show that such a situation is impossible for all cliques of level 2 in G.

Assume the opposite. Take a clique (g of level 2 and let 2 be its unique vertex that may lie in cliques of
higher level. By our assumption, zg lies in two cliques of level at least 3. Let I?; be one of them, and let
be the level of ;. We have r; > 3. By the definition of the level of a clique (see Subsection 1.1), there is
a sequence of cliques of GG, thanks to which R; got its label r; > 3. Let @)1 and J; be the cliques from this
sequence with levels 2 and 3, respectively. Note that it may be the case that R; = J;. Let z; be the unique
cut-vertex of (1 that may lie in cliques of higher level. Observe that zy # z;. By our assumption, z; lies
in two cliques of level at least 3. Choose Ry from them so that it is different from J;. Let 5 be the level of
Rs. We have o > 3. By the definition of the level of a clique (see Subsection 1.1), there is a sequence of
cliques of GG, thanks to which Ry got its label ro > 3. Let Q2 and J> be the cliques from this sequence with
levels 2 and 3, respectively. Note that it may be the case that Ry = J». Let 2z be the unique cut-vertex of
(2 that may lie in cliques of higher level. Observe that zo # 2y and 2o # z1. By our assumption, 29 lies in
two cliques of level at least 3. Choose R3 from them so that it is different from J. Let r3 be the level of
R3. We have r3 > 3. By the definition of the level of a clique (see Subsection 1.1), there is a sequence of
cliques of G, thanks to which R3 got its label 3 > 3. Let ()3 and J3 be the cliques from this sequence with
levels 2 and 3, respectively. Note that it may be the case that R3 = J3. Let z3 be the unique cut-vertex of
(23 that may lie in cliques of higher level. Observe that z3 # zg, 23 # 21 and z3 # 2zo. We can continue this
reasoning infinitely. Thus, our block graph must contain infinite number of vertices, which is not the case.

Thus, the situation described above is impossible for all cliques of level 2 in a finite graph GG. This means
that there exists a clique of level 2 in G fulfilling one of conditions depicted earlier. The proof is complete.
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O

Note that we have proved the following inequalities.

(IV(G)] = MazLeaf(G))/2 < +(G) < [V(G)| — MaxLeaf(G)

Thus, we have that |V (G)| — MaxLeaf(G) and v(G) are equivalent from the perspective of FPT. Due
to Proposition 10 we have the following.

Proposition 14. EQUITABLE COLORING in block graphs is FPT with respect to the domination number.

Note that for general graphs, EQUITABLE COLORING is paraNP-hard, when parameterized by minimum
dominating set (cf. de C.M. Gomes et al. (2021)). Our result shows that EQUITABLE COLORING is much
easier for block graphs, with respect to this parameter.

5 EQUITABLE COLORING and independent sets of block graphs

In this section, we consider block graphs and the EQUITABLE COLORING problem from the perspective of
independent sets of vertices and edges. In Subsection 5.1, we work mainly with the parameter a,y,;, which
has tight connections with the size of the largest independent set of vertices of a block graph. In Subsection
5.2, our focus is on matchings of block graphs. In particular, we view the problem from the angle of the
number of vertices that a maximum matching of a block graph does not cover.

5.1 Independent sets and the parameter o,

Recall that for a graph G, a(G) denotes the size of a largest independent vertex set in G. Let a(G, v) be the
size of a largest independent set of GG that contains the vertex v. Define:

Oémin(G) = veInVl(Ib) O‘(Ga 1)).

Note that the parameter auy,in (G) is closely related to the topic of dominating sets in G. An independent
dominating set is such a dominating set D that is independent. The independent domination number of a
graph G, denoted by i(G), is the size of a smallest dominating set that is an independent set. Equivalently, it
is the size of the smallest maximal independent set. Since every maximal independent set of size auin(G)
is an independent dominating set, we have v(G) < i(G) < amin(G) for all graphs G. Thus, Proposition 14,
combined with Lemma 1, implies the following results.

Proposition 15. EQUITABLE COLORING of block graphs is FPT when parameterized by the independent
domination number.

Proposition 16. EQUITABLE COLORING of block graphs is FPT when parameterized by oupiy.

5.2 Matchings in block graphs
In this section, we prove that EQUITABLE COLORING is hard in block graphs with a perfect matching.
Recall that in any graph G, we have

v(@) < 7(G) < 2-v(G).

Thus, the parameterization with respect to the vertex cover of G, 7(G), is equivalent to that of with respect
to its matching number, v(G). Theorem 4 and Lemma 1 imply

Corollary 17. EQUITABLE COLORING is FPT when parameterized by the matching number.
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One can try to strengthen this result. Since in any graph
(@) —v(G) <v(G),

we can ask about the parameterization with respect to 7(G) — v(G). EQUITABLE COLORING is NP-hard for
bipartite graphs (cf. Bodlaender and Jansen (1995)). In these graphs, the difference 7(G) — v(G) is zero,
thus the problem is paraNP-hard with respect to 7(G) — v(G), and hence unlikely to be FPT with respect to
it. Observe that in any graph G,

v(G) < |V|—v(G).

From Corollary 17 and Lemma 1, we have that EQUITABLE COLORING is FPT with respect to |V'| — v(G).
Thus one can try to do the next step trying to show that it is FPT with respect to |V| — 2v(G). We consider
the restriction of the problem to block graphs with a perfect matching, i.e. with |V| — 2v(G) = 0.

Below we observe that EQUITABLE COLORING is NP-hard for graphs containing a perfect matching. In
order to demonstrate this, we will need a result by Sumner (1974).

Theorem 18 (Sumner (1974)). Let G be a connected, claw-free graph on even number of vertices. Then G
has a perfect matching.

Observation 19. Every line graph is claw-free.

A classical result by Holyer (1981) states that the problem of testing a given bridgeless cubic graph for
3-edge-colorability is NP-complete. One can always assume that the bridgeless cubic graph in this problem
contains even number of edges. For otherwise, just replace one vertex with a triangle. The resulting graph is
a bridgeless cubic graph on even number of edges and it is 3-edge-colorable if and only if the original graph
is 3-edge-colorable.

Observation 20. EQUITABLE COLORING is NP-hard for 4-regular graphs containing a perfect matching.

Proof: We start with the 3-EDGE-COLORING problem for connected bridgeless cubic graphs with even
number of edges. For such a graph G, consider its line graph L(G). Observe that G is 3-edge-colorable
if and only if L(G) is 3-vertex-colorable. Moreover, since in any 3-edge-coloring of G, the color classes
must form a perfect matching, we have that the color classes in G have equal size. Thus, the color classes
in any 3-vertex-coloring of L(G) must have equal size, too. Hence, G is 3-edge-colorable if and only if
- (L(@) = 3.

Now, observe that L(G) is connected, since G is connected. Moreover, it is 4-regular, since G is cubic.
Finally, |V (L(G))| is even since G has even number of edges. Thus, L(G) has a perfect matching via
Theorem 18. The proof is complete. O

Corollary 21. EQUITABLE COLORING is paraNP-hard with respect to |V | — 2v(QG) in the class of 4-regular
graphs.

Now, we are going to show that the problem remains hard even in block graphs with a perfect matching.
In de C.M. Gomes et al. (2019), some results are obtained about the parameterized complexity of the EQ-
UITABLE COLORING problem in block graphs. We will use them in order to obtain some further results.
The BIN PACKING problem is defined as follows: given a set of natural numbers A = {ay, ..., a,}, two
natural numbers k£ and B, the goal is to check whether A can be partitioned into k parts such that the sum of
numbers in each part is exactly B. In Jansen et al. (2013), it is shown that BIN PACKING remains W [1]-hard
with respect to k even when the numbers are represented in unary. Below we prove the following

Observation 22. BIN PACKING remains W [1]-hard with respect to k even when the parity of k is fixed.
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Proof: We reduce BIN PACKING to BIN PACKING with fixed parity of k. Let I be an instance of BIN
PACKING. If we are happy with the parity of k in I, then we output the same instance. Assume that we are
unhappy with the parity of k. Then consider the instance I’ = (A’, k', B') defined as follows:

A =AU{1,B-1}K =k+1,B = B.

Observe that I’ can be constructed from [ in polynomial time. Moreover, k" has a different parity than k in
I’. Let us show that I is a yes-instance if and only if I’ is a yes-instance. If I is a yes-instance, then we can
add {1, B — 1} as a new bin and we will have a (k + 1) partition of A’ such that the sum in each partition is
B. Now, assume that I’ is a yes-instance. Observe that 1 and B — 1 must be in the same bin and no other
number can be with them. Thus the remaining & sets in the partition form a k-partition in A. Thus, [ is a
yes-instance. The proof is complete. o

Corollary 23. EQUITABLE COLORING remains W [1]-hard with respect to k (the number of colors) in block
graphs with odd values of k.

Proof: In de C.M. Gomes et al. (2019), the authors reduce the instance I = (A, k, B) of (unary) BIN
PACKING to the equitable (k + 1)-colorability of a block graph G;. By Observation 22, we can apply the
same reduction only to instances of (unary) BIN PACKING when £ is even. Thus, we will have that (k + 1)
is odd for the resulting instances of EQUITABLE COLORING in block graphs. The proof is complete. O

Observation 24. EQUITABLE COLORING remains W [1]-hard with respect to k in block graphs with a
perfect matching.

Proof: Let us start with any instance of EQUITABLE COLORING in block graphs where % is odd. We will
construct a graph G’ being an instance for the same problem, but G’ will have a perfect matching such that
G has equitable k-coloring if and only if G’ does.

If G has a perfect matching, then G’ := G and we are done. So, suppose GG does not have a perfect
matching. Let M (G) be a matching of the largest size in G and Vi, (G) = {v € V(G) : v & e, for any
e € M(G)},ie. Var(G) is a subset of vertices of G such that they are not end vertices of any edge belonging
to M(G), they are not covered by M. Recall that k is odd. We construct G’ from G by adding to every
vertex of G not covered by M (G) an edge with a pendant clique K}, (cf. Figure 1).

Since in every k-coloring of the added gadgets every color is used exactly the same number of times, then
we immediately get the equivalence of equitable k-coloring of G and G’. The proof is complete. O

Fig. 1: The construction of G’ from G (cf. the proof of Observation 24): we add an edge with a clique of size k to every
vertex of GG not covered by the maxmimum matching. In this example, & = 3.

Corollary 25. EQUITABLE COLORING is W [1]-hard with respect to k + (|V| — 2v(Q)) in block graphs.
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Corollary 26. If FPT# W/1] then EQUITABLE COLORING in block graphs is not FPT with respect to
V] —2v(G).

Proof: If EQUITABLE COLORING in block graphs were FPT with respect to |V| — 2v(G) then it would be
polynomial time solvable for block graphs with a perfect matching. Hence it would be FPT with respect to
k for block graphs containing a perfect matching. By the previous observation, we know that it is W[1]-hard
with respect to k for block graphs with a perfect matching. Contradiction. O

6 Equitable coloring and other structural parameters

In this section we try to strengthen the parameterized complexity results of EQUITABLE COLORING problem
by giving some new relations between structural parameters of block graphs. First, we need some auxiliaries.

Proposition 27. Let G be a block graph and let w be a simplicial vertex. Then (G, w) = a(G).
Proof: Let I be an independent set of G of size a(G). If w € I then we are done. Thus, we can assume
that w ¢ I. Hence, there is a vertex u € I that lies in the unique clique @) containing w. Consider the set I’

obtained from I by replacing u with w. Observe that I’ is an independent set of size «(G) and it contains
w. The proof is complete. O

Lemma 28. Let G be a block graph, v be a cut-vertex, and let w be any simplicial vertex of G. Then
a(G,v) < a(G,w).
Proof: The statement follows directly from Proposition 27. O

The lemma implies

Corollary 29. For any block graph G containing a cut-vertex, there is a cut-vertex v such that o(G,v) =
Oémin(G).

Proof: If a,in(G) = a(G), there is nothing to prove. On the other hand, if amin (G) < a(G), then Lemma
28 implies that the minimum of a(G, z), z € V(QG), is attained on cut-vertices. The proof is complete. [

Lemma 30. Let G be a block graph obtained from a block graph H by adding a clique K to a vertex u of
H. Then, for any vertex v # w of H, we have a(G,v) < 1+ a(H,v).

Proof: If I is an independent set of G of size a(G, v) containing v then clearly I can contain at most one
vertex of K. Thus, we consider the set I minus this vertex. It is an independent set of size «(G,v) — 1 in
H. Thus, o(G,v) — 1 < «a(H,v), or equivalently, «(G,v) < 1+ «a(H,v). The proof is complete. O

Lemma 31. Let G and H be block graphs, such that H is an induced subgraph of G. Assume thatv € V (H)
and a(G,v) = amin(G). Then amin(H) < amin(G).

Proof: Let I be a largest independent set of H containing v. Clearly, [ is an independent set in G. Hence,
a(H,v) = I] < a(G,v),

therefore
amin(H) < a(H,v) < a(G,v) = amin(G).

The proof is complete. O
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Lemma 32. Let G be a block graph and let J be a pendant clique in G with at least 3 vertices. Consider the
block graph H obtained from G by removing one of the simplicial vertices of J. Let this vertex be y. Then
rad(G) < rad(H).

Proof: Let u be a vertex of H such that rad(H) = eg(u). We can assume that u ¢ (J — ), where x is the
cut-vertex contained in J. Thus e (u) = eg(u), as if P is a shortest u — y path in H, then there is a path of
the same length that does not end in y. Therefore

rad(G) < eg(u) = eg(u) =rad(H).
The proof is complete. O

Lemma 33. Let G be a connected block graph. If G has two pendant cliques, J and K, with a common
cut-vertex v, and J has a simplicial vertex y, then rad(G) < rad(G — y).

Proof: Let H = G — y and let u be a vertex of H such that rad(H) = ey (u). Then eg(u) < ey (u), as if
Pisawu— ypath in G of length e (u), then there is a path of the same length e () that does not end in y.
Hence,

rad(G) < eg(u) < eg(u) =rad(H).

The proof is complete. o

Lemma 34. Let G be a block graph. Assume Q) is a level 2 clique in G, such that all its vertices are either
simplicial or they belong to exactly one pendant clique, excluding one unique vertex of Q that may lie in
other non-pendant cliques. Then for any simplicial vertex y in @,

rad(G) < rad(G —y).

Proof: Let H = G — y and let u be a vertex of H such that rad(H) = ey (u). Then eg(u) < ey (u), as for
any shortest u — y path in G there is a path of the same length d(u, y) in G that misses y. Hence,

rad(G) < eg(u) < eg(u) =rad(H).
The proof is complete. O

Lemma 35. Let G be a block graph. Assume that there is a level 2 clique Q in G of size at least 3, such
that all vertices of QQ belong to exactly one pendant clique, excluding one unique vertex of Q, let us name it
z, that may lie in other non-pendant cliques. Then define the graph H as follows. Let x be any cut-vertex
in Q different from z. Let J be the pendant clique containing x. Define H = G — (V(J) — x). Then
rad(G) < rad(H).

Proof: Let u be a vertex of H such that rad(H) = eg(u). Then eg(u) < ey (u), as for any vertex w in G
and a shortest u — w path passing through « there is a vertex w’ in G and a path of the same length d(u, w)
that misses x and the vertices of .J. Hence,

rad(G) < eg(u) < eg(u) =rad(H).

The proof is complete. o

Now, we can pass to the main results.
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Theorem 36. Let G = (V, E) be a connected block graph. Then rad(G) < amin(G).

Proof: Our proof is by induction on |V|. Clearly, the theorem is true when |V| < 2. Now, let G be a
connected block graph with at least 3 vertices. If G is a star of cliques then clearly

rad(G) = anmin(G) = 1.

Thus, the statement is trivial for this case. Hence, we can assume that GG is not a star of cliques. Let v be a
cut-vertex with a(G, v) = amin(G) (cf. Corollary 29). Since v is a cut-vertex, it is contained in at least two
cliques. Let us assume that there are two pendant cliques containing v, and let J be one of them, while K is
the other one. Let y be a simplicial vertex of .J. Consider the block graph H = G — y. By Lemma 33, we
have rad(G) < rad(H), and by Lemma 31, cpin (H) < @min(G). Therefore,

rad(G) < rad(H) < amin(H) < amin(G).

Thus, we can further assume that there is at most one pendant clique around v. Similarly, we can assume
that any other (# v) cut-vertex of G is contained in at most one pendant clique.

Let @ be a clique in G of level 2. Observe that it contains at most one vertex z that may be contained in
another non-pendant clique. All other vertices of () are either simplicial or they are contained in exactly one
pendant clique. If y is a simplicial vertex in ), then consider the graph H = G—y. Observe that H is a block
graph of order smaller than G. Hence, we have rad(H) < amin(H). By Lemma 34, rad(G) < rad(H),
and by Lemma 31, we have amin(H) < amin(G). Therefore,

rad(G) < rad(H) < amin(H) < amin(G).

Thus, we can further assume that ) contains no simplicial vertices. Hence all vertices of (), except at most
z, are contained in exactly one pendant clique. Now, let us assume that || > 3. Since @ is a clique of
level 2, there is at least one non-simplicial vertex x in @, except z. Let .J be the pendant clique containing
x. Define H = G — (V(J) — z). Note that H still contains vertex v and it is a block graph of order smaller
than G. Hence, we have rad(H) < amin(H). By Lemma 35, rad(G) < rad(H), and by Lemma 31
min(H) < amin(G). Therefore,

rad(G) < rad(H) < amin(H) < omin(G).

Thus, we can focus on the remaining case where () = K». Let J be the unique clique containing the other
(£ z) vertex  of Q. If | J| > 3, then let y be a simplicial vertex in J. Consider the graph H = G — y. Itstill
contains the vertex v and it is a block graph of order smaller than G. Hence we have rad(H) < amin(H).
By Lemma 32, rad(G) < rad(H ), and by Lemma 31 apin(H) < amin(G). Therefore,

rad(G) < rad(H) < amin(H) < omin(G).

If J = K then observe that this conclusion holds for every clique () chosen as above.

Now, consider the graph H containing v obtained from G by removing the vertices of all pendant cliques
K except the one around v (if it exists). We remove the two vertices of K for each choice of such K5’s.
Observe that rad(G) < rad(H) + 2. In order to see this, let us observe that, by the definition of rad(H),
we have that for some vertex w € V(H), e (w) = rad(H ). Now, by construction,

rad(G) < eg(w) < eg(w) + 2 = rad(H) + 2.
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If o(G,v) > a(H,v) + 2 then
rad(G) <rad(H) 4+ 2 < amm(H) + 2 < a(H,v) + 2 < a(G,v) = Qmin(G).

Thus, we can assume that «(G, v) < «(H,v) + 1. In particular, this means that we have at most one choice
for J above. Moreover, there is at most one pendant clique in G that does not contain v. Let T" be any clique
of G. Let us show that the clique-degree of 7" is at most 2. Assume that 7" has clique degree at least 3. If
v does not lie in 7', then G contains at least three pendant cliques. Note that at least two of them will not
contain v contradicting our conclusion above that there should be at most one such a pendant clique. So
assume v lies in 7. Since the clique degree of T is at least three, there will be two pendant cliques that will
not contain v. Again, this contradicts our conclusion above that this number should be at most one. Thus,
any clique of G has clique degree at most 2. Since G is connected, we have that G is a path of cliques.

Now, we show that GG is a path. It suffices to show that G has no simplicial vertices in its internal cliques.
If we assume that there is such a simplicial vertex y, then consider the graph H = G — y containing v.
Observe that H is a block graph of order smaller than G. Hence we have rad(H) < amin(H). Let u be a
vertex of H such that rad(H) = ey (u). Then eg(u) < ex(u), as for any shortest u — y path of G there is
a path of the same length d(u, y) that misses y. Hence,

rad(G) < eg(u) < eg(u) =rad(H).
Lemma 31 implies amin (H) < @min(G). Therefore,
rad(G) < rad(H) < amin(H) < amin(G).

Thus, let we are left with the case when G is a path on |V (G)| = n vertices. A direct check shows that no
path with n < 5 is a counter-example to our statement. Thus, n > 6. Since rad(G) = | %], it suffices to
show that o(G,v) > | §]. Since n > 6, we can find a degree-one vertex y, such that the path H = G —y —z
contains v. Here z is the unique neighbor of y. Since H is a path of order n — 2, we have

a(H.0) 2 a1 2 rad(t) = | "2

Moreover, a(G,v) > a(H,v) + 1, as if I is a largest independent set of vertices in H that contains v, then
we can always get a similar set in G just by adding y to I. Hence,

rad(G) = {gJ = {n;?J +1<a(H,v)+1<a(G,v) = anin(G).

The proof is complete. O
In the next theorem we bound the radius of a block graph by a function of its dc(G). We precede the
theorem with some simple observations concerning block graphs.

Observation 37. For any vertices u and v of G, the internal vertices of any shortest (u — v)-path are
cut-vertices.

Observation 38. Let u be a vertex in G and let P be a (u — v)-path such that P is of length e (u). Then all
internal vertices of P are cut-vertices and v is a simplicial vertex.

Observation 39. Assume that a vertex y is adjacent to vertices x and z such that xz ¢ E. Then for any
de-set D, we have D N {z,y,z} # 0.
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Observation 40. Let H and G be two graphs with H C G. Then dc(H) < de(G).

Note that the difference dc(G) — rad(G) can be arbitrarily large. In order to see this, let G be a graph
obtained from a star of at least two cliques K3, sharing vertex v, by adding one clique () = K2 to one of
simplicial vertices of K3 in the star. The common vertex of () and the star of cliques is named by z (Fig.
2). Finally, we add exactly one pendant clique, of size at least 3, to each simplicial vertex of (). Note that
rad(G) = 2 - the center is formed by vertex x, while de(G) = k + 2. Any de-set D of G of size dc(G) is
formed by vertices v, x and k cut-vertices of (), excluding x (cf. Fig. 2).

Fig. 2: An exemplary block graph G with dc(G) — rad(G) = k with k = 7.

Theorem 41. Let G = (V, E) be a connected block graph. Then rad(G) < 3 - de(G) + 1.

Proof: Our proof is by induction on |V|. Clearly, if |V]| < 2, then de(G) = 0 and rad(G) < 1, and the
statement holds. Now, let us assume that our statement holds for every block graph G with |V| < k, k > 3.
Now, let G be a block graph with at least & vertices, k > 3. If G is a star of cliques, then rad(G) = 1 and
the statement is true, independly on the value of de¢(G). Hence, we can assume that G is not a star of cliques,
i.e. G has at least two cut-vertices.

If there is a non-pendant clique that contains a simplicial vertex y then consider the block graph H =
G —y. As in Lemma 34, rad(G) < rad(H). Hence,

rad(G) <rad(H) <1+ g ~de(H) <14 g - de(G).

Thus, we can assume now that all non-pendant cliques (that is, all cliques of level at least two) contain
only cut-vertices. If there is a pendant clique with at least two simplicial vertices, then consider the block
graph H obtained from G by removing one of the simplicial vertices, let name it by y. By Lemma 32,
rad(G) < rad(H). Hence,

rad(G) <rad(H) <1+ g ~de(H) <1+ g - de(Q).

Next, we can assume that each pendant clique contains exactly one simplicial vertex. In particular, this
means that all pendant cliques in G are isomorphic to K. If there is a cut-vertex w in G that is contained
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in at least two pendant cliques, let us say J; = {w, z1} and Jo = {w, 22}, where z; and z5 are simplicial
vertices, then consider the graph H = G — z9. By Lemma 33, rad(G) < rad(H). Hence,

rad(G) <rad(H) <1+

N W

~de(H) <14 = -de(G).

Thus, we can also assume that each cut-vertex of G is contained in at most one pendant clique. Let () be a
clique of level exactly two. Observe that it has at most one vertex z that is contained in another non-pendant
clique. Note that there is at least one cut-vertex x in (), except z. Since () contains no simplicial vertices,
we have that all vertices of (), maybe except z, are contained in exactly one pendant clique. If |Q] > 3, then
let « be any cut-vertex in () different from z. Let J = {x, x;} be the pendant clique containing x. Define
H = G — z;. By Lemma 35, rad(G) < rad(H). Hence,

rad(G) <rad(H) <1+ - -de(H) <1+ g - dc(G).

N W

Thus, we can assume that QQ = Ko.

If G contains no level 3 clique, then it is easy to see that rad(G) = 2 and de(G) = 1. Thus, our inequality
is true for this case. This means, that we can assume that G contains at least one level 3 clique R. If R
is a clique of size at least 3, we use the following reasoning. Note, since R is a clique of level 3, by the
definition, there is at most one cut-vertex zr of R that may be contained in cliques of level at least 4. The
rest of vertices (that is, all except zr), which are cut-vertices (internal cliques do not contain simplicial
vertices), are contained in a level 1 or a level 2 clique. Moreover, since R is of level 3, at least one of its
cut-vertices is contained in a level 2 clique @ which in turn is adjacent to a pendant clique, by the definition
of Q. If one of these cut-vertices w # zr of R is contained in a pendant clique K2 = wz, then consider the
graph H = G — z. Let u be a vertex of H such that rad(H) = ey (u). Then eg(u) = eg(u), as for any
shortest . — y path of G there is a path of the same length that misses y. Hence,

rad(G) < eg(u) = eg(u) = rad(H),
and, therefore,
rad(G) <rad(H) <1+ g ~de(H) <14 g - de(G).

Next, if one of these cut-vertices w (that is, anyone except zg) is contained in a level 2 clique Q' = wz and
2z is contained in a pendant clique J’ = zy, then consider the graph H = G — z — y. Let u be a vertex of H
such that rad(H) = ey (u). We can assume that v ¢ J. Thus ey (u) = eg(u). Hence,

rad(G) < eg(u) = eg(u) =rad(H),
and, therefore,
rad(G) <rad(H) <1+ g ~de(H) <1+ g - de(@).

Thus, we can assume that the clique R is K, in particular we can assume that any level 3 clique is isomorphic
to K. Moreover, the cut-vertex x, that belongs to both @) and R, is of degree two.

Now, let G contain at least two level 3 cliques R; and Rs. Let cliques (1, J; and cliques )2, J be the
corresponding level 2 and level 1 cliques corresponding to cliques R; and R, respectively. We have

(V(J1) uV(Q1)) N (V(J2) UV(Q2)) = 0.
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By Observation 39, any de(G) set D intersects V(J1) U V(Q1) and V(J2) U V(Q2). Thus, if we define
graph Has G =V (J1) =V (Q1) — V(J2) — V(Q2), then

de(H) < [DNV(H)| < |D| -2 = de(G) — 2.

Let u be a vertex of H such that rad(H) = ep(u). Since any vertex of H is in distance at least 3 to a
simplicial vertex of G — V(H ) then g (u) < em(u) + 3. Hence,

rad(G) < eg(u) < eg(u) +3 =rad(H) + 3,

and, therefore,

Thus, we are left with the case when there is exactly one level 3 clique R in G. It is not hard to see that
the graph G is isomorphic to P and the two vertices of R form the center of G. Moreover, their eccentricity
is 3 and rad(G) = 3. On the other hand, dc(G) = 2. Hence,

and the proof is complete. o

Remark 42. The bound presented in the previous theorem is tight for infinitely many block graphs. Let P,
be the path on n vertices. Observe that

rad(P,)

I
—
|3
[

Using Observation 39, it can be shown that

Thus, forn = 2 mod 6, we will have rad(P,) = 3 - dc(P,) + 1.

In Theorem 36, we have shown that in any connected block graph G, rad(G) < @umin(G). Thus, one can
try to strengthen the result about the parameterization of EQUITABLE COLORING with respect to ttmin(G),
by showing that it is FPT with respect to rad(G). Unfortunately, it turns out that such a result is unlikely to
be true. In de C.M. Gomes et al. (2019), it is shown that EQUITABLE COLORING is W[1]-hard with respect
to diam(QG) - the diameter of G (cf. Theorem 2), for block graphs. Since in any graph G, not necessarily
block graph,

rad(G) < diam(G) < 2 - rad(G),

from Lemma 1, we have that diam(G) and rad(G) are equivalent from the perspective of FPT. Thus,
de C.M. Gomes et al. (2019) implies that equitable coloring is unlikely to be FPT with respect to rad(G)
even when the input is restricted to block graphs.
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Conclusion

In this paper, we discussed the problem of EQUITABLE COLORING of block graphs with respect to many
different parameters. Our research completes the approach given in Cordasco et al. (2020); Fiala et al.
(2011); de C.M. Gomes et al. (2021, 2019). We presented some graph theoretic results that relate various
parameters in block graphs. We also discussed algorithmic implications of these results.

Many parameters still remain open for the problem of EQUITABLE COLORING. de C.M. Gomes et al.
(2021) depicted as an open case the problem of EQUITABLE COLORING with such parameters as feedback
edge set and feedback vertex set with maximum degree of an arbitrary graph. Hence, the further consider-
ations over EQUITABLE COLORING with respect to different parameters is still desirable, both for general
and particular graph classes.
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Let D be an oriented graph. The inversion of a set X of vertices in D consists in reversing the direction of all arcs
with both ends in X . The inversion number of D, denoted by inv (D), is the minimum number of inversions needed
to make D acyclic. Denoting by 7(D), 7/(D), and v(D) the cycle transversal number, the cycle arc-transversal
number and the cycle packing number of D respectively, one shows that inv(D) < 7/(D), inv(D) < 27(D) and
there exists a function g such that inv(D) < g(v(D)). We conjecture that for any two oriented graphs L and R,
inv(L — R) = inv(L) + inv(R) where L — R is the dijoin of L and R. This would imply that the first two
inequalities are tight. We prove this conjecture when inv(L) < 1 and inv(R) < 2 and when inv(L) = inv(R) = 2
and L and R are strongly connected. We also show that the function g of the third inequality satisfies g(1) < 4.

We then consider the complexity of deciding whether inv(D) < k for a given oriented graph D. We show that it
is NP-complete for k£ = 1, which together with the above conjecture would imply that it is NP-complete for every
k. This contrasts with a result of Belkhechine et al. which states that deciding whether inv(7T) < k for a given
tournament 7" is polynomial-time solvable.

Keywords: some, well classifying, words

1 Introduction

Notation not given below is consistent with [BJG09]. We denote by [k] the set {1,2,...,k}.

Making a digraph acyclic by either removing a minimum cardinality set of arcs or vertices are impor-
tant and heavily studied problems, known under the names CYCLE ARC TRANSVERSAL or FEEDBACK
ARC SET and CYCLE TRANSVERSAL or FEEDBACK VERTEX SET. A cycle transversal or feedback
vertex set (resp. cycle arc-transversal or feedback arc set) in a digraph is a set of vertices (resp. arcs)
whose deletion results in an acyclic digraph. The cycle transversal number (resp. cycle arc-transversal
number) is the minimum size of a cycle transversal (resp. cycle arc-transversal) of D and is denoted by
7(D) (resp. 7/(D)). It is well-known that a digraph is acyclic if and only if it admits an acyclic ordering,
that is an ordering (v1, ..., v,) of its vertices such that there is no backward arc (i.e. an arc v;v; with
1 < 7). It follows that a minimum cycle arc-transversal F' in a digraph D consists only of backward arcs
with respect to any acyclic ordering of D\ F'. Thus the digraph D’ obtained from D by reversing the arcs

* A preliminary version of this paper was published in the proceedings of the 1st International Conference on Algebras, Graphs
and Ordered Sets (ALGOS 2020).
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of F is also acyclic. Conversely, if the digraph D’ obtained from D by reversing the arcs of F is acyclic,
then D \ F is also trivially acyclic. Therefore the cycle arc-transversal number of a digraph is also the
minimum size of a set of arcs whose reversal makes the digraph acyclic.

It is well-known and easy to show that 7(D) < 7/(D) (just take one end-vertex of each arc in a
minimum cycle arc-transversal).

Computing 7(D) and 7'(D) are two of the first problems shown to be NP-hard listed by Karp in [Kar72].
They also remain NP-complete in tournaments as shown by Bang-Jensen and Thomassen [BJT92] and
Speckenmeyer [Spe89] for 7, and by Alon [Alo06]] and Charbit, Thomassé, and Yeo [CTYQ7] for 7'.

In this paper, we consider another operation, called inversion, where we reverse all arcs of an induced
subdigraph. Let D be a digraph. The inversion of a set X of vertices consists in reversing the direction
of all arcs of D(X). We say that we invert X in D. The resulting digraph is denoted by Inv(D; X).
If (X;)ieq is a family of subsets of V (D), then Inv(D; (X;);cs) is the digraph obtained after inverting
the X; one after another. Observe that this is independent of the order in which we invert the X; :
Inv(D; (X;)ier) is obtained from D by reversing the arcs such that an odd number of the X; contain its
two end-vertices.

Since an inversion preserves the directed cycles of length 2, a digraph can be made acyclic only if it has
no directed cycle of length 2, that is if it is an oriented graph. Reciprocally, observe that in an oriented
graph, reversing an arc @ = uw is the same as inverting X, = {u,v}. Hence if F' is a minimum cycle
arc-transversal of D, then Inv(D; (X,)qcr) is acyclic.

A decycling family of an oriented graph D is a family of subsets (X;);cs of subsets of V(D) such
that Inv(D; (X;);er) is acyclic. The inversion number of an oriented graph D, denoted by inv(D), is
the minimum number of inversions needed to transform D into an acyclic digraph, that is, the minimum
cardinality of a decycling family. By convention, the empty digraph (no vertices) is acyclic and so has
inversion number 0.

1.1 Inversion versus cycle (arc-) transversal and cycle packing

One can easily obtain the following upper bounds on the inversion number in terms of the cycle transversal
number and the cycle arc-transversal number. See Section

Theorem 1.1. inv(D) < 7/(D) and inv(D) < 27(D) for all oriented graph D.

A natural question is to ask whether these bounds are tight or not.

We denote by Cj the directed cycle of length 3 and by T'T,, the transitive tournament of order n. The
vertices of T'T;, are vy, . .., v, and its arcs {v;v; | © < j}. The lexicographic product of a digraph D by
a digraph H is the digraph D[H] with vertex set V(D) x V(H) and arc set A(D[H]) = {(a,z)(b,y) |
ab € A(D), ora = band zy € A(H)}. It can be seen as blowing up each vertex of D by a copy of H.
Using boolean dimension, Pouzet et al. [PKT21]] proved the following.

Theorem 1.2 (Pouzet et al. [PKT21]). inv(T'T,[C5]) = n.
Since 7/(T'T},[Cs]) = n, this shows that the inequality inv(D) < 7/(D) of Theoremis tight.

Pouzet asked for an elementary proof of Theorem[I.2] Let L and R be two oriented graphs. The dijoin
from L to R is the oriented graph, denoted by . — R, obtained from the disjoint union of L and R by
adding all arcs from L to R. Observe that 7T}, [63] =Cy =TT, [63] So an elementary way to prove
Theorem 1.2/ would be to prove that inv(Cs — T) = inv(T") + 1 for all tournament 7",
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First inverting inv(L) subsets of V(L) to make L acyclic and then inverting inv(R) subsets of V(R)
to make R acyclic, makes L — R acyclic. Therefore we have the following inequality.

Proposition 1.3. inv(L — R) < inv(L) + inv(R).
In fact, we believe that equality always holds.

Conjecture 1.4. For any two oriented graphs, L and R, inv(L — R) = inv(L) + inv(R).

As observed in Proposition this conjecture is equivalent to its restriction to tournaments. If
inv(L) = 0 (resp. inv(R) = 0), then Conjecture holds has any decycling family of R (resp. L)
is also a decycling family of L — R. In Section |3} we prove Conjecture when inv(L) = 1 and
inv(R) € {1, 2}. We also prove it when inv(L) = inv(R) = 2 and both L and R are strongly connected.

Let us now consider the inequality inv(D) < 27(D) of Theorem One can see that is tight for
7(D) = 1. Indeed, let V,, be the tournament obtained from a T'T;,_; by adding a vertex x such that
NT(z) = {v; | iisodd} (and so N~ (z) = {v; | i iseven}. Clearly, 7(V,,) = 1 because V,, — x is
acyclic, and one can easily check that inv(V;,) > 2 for n > 5. Observe that V5 is strong, so by the above
results, we have inv(Vs — V5) = 4 while 7(V5 — V3) = 2, so the inequality inv(D) < 27(D) is
also tight for 7(D) = 2. More generally, Conjecture |1.4| would imply that inv(7TT,[V5]) = 2n, while
7(TT,[V5]) = n and thus that the second inequality of Theorem |1.1|is tight. Hence we conjecture the
following.

Conjecture 1.5. For every positive integer n, there exists an oriented graph D such that 7(D) = n and
inv(D) = 2n.

A cycle packing in a digraph is a set of vertex disjoint cycles. The cycle packing number of a digraph
D, denoted by v(D), is the maximum size of a cycle packing in D. We have v(D) < 7(D) for every
digraph D. On the other hand, Reed et al. [RRST96] proved that there is a (minimum) function f such
that 7(D) < f(v(D)) for every digraph D. With Theorem 1.1} this implies inv(D) < 2 - f(v(D)).

Theorem 1.6. There is a (minimum) function g such that inv(D) < g(v(D)) for all oriented graph D
and g < 2f.

A natural question is then to determine this function g or at least obtain good upper bounds on it.
Note that the upper bound on f given by the proof of Reed et al. [RRST96] is huge (a multiply iterated
exponential, where the number of iterations is also a multiply iterated exponential). The only known value
has been established by McCuaig [McC91]] who proved f(1) = 3. As noted in [RRST96]], the best lower
bound on f due to Alon (unpublished) is f(k) > klog k. It might be that f(k) = O(klog k). This would
imply the following conjecture.

Conjecture 1.7. For all k, g(k) = O(klogk): there is an absolute constant C' such that inv(D) <
C - v(D)log(v(D)) for all oriented graph D.

Note that for planar digraphs, combining results of Reed and Sheperd [RS96] and Goemans and
Williamson [GW96], we get 7(D) < 63 - v(D) for every planar digraph D. This implies that 7(D) <
126 - v(D) for every planar digraph D and so Conjectureholds for planar oriented graphs.

Another natural question is whether or not the inequality g < 2f is tight. In Section [5] we show that
it is not the case. We show that g(1) < 4, while f(1) = 3 as shown by McCuaig [McC91]]. However we
do not know if this bound 4 on g(1) is attained. Furthermore can we characterize the intercyclic digraphs
with small inversion number ?
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Problem 1.8. For any k € [4], can we characterize the intercyclic oriented graphs with inversion number
k?

In contrast to Theorems and the difference between inv and v, 7, and 7 can be arbitrarily large
as for every k, there are tournaments T}, for which inv(7}) = 1 and v(T}) = k. Consider for example
the tournament 7}, obtained from three transitive tournaments A, B, C of order k by adding all arcs form
Ato B, Bto C and C to A. One easily sees that v(Ty) = k and so 7/(T}) > 7(T%) > k; moreover
Inv(Ty; AU B) is a transitive tournament, so inv(7}) = 1.

1.2 Maximum inversion number of an oriented graph of order n

For any positive integer n, let inv(n) = max{inv(D) | D oriented graph of order n}. Since the inversion
number is monotone (see Proposition [2.1), we have inv(n) = max{inv(T) | T tournament of order n}.

Remark 1.9. inv(n) < inv(n — 1) 4 1 for all positive integer n.

Proof: Let T be a tournament of order n. Pick a vertex z of T'. It is a sink in D’ = Inv(T; N*[z]). So
inv(D') = inv(D’ — ) < inv(n — 1) by Lemma[2.2] Hence inv(7) < inv(n — 1) + 1. O

Every oriented graph on at most two vertices is acyclic, so inv(1) = inv(2) = 0. Every tournament of
order at most 4 has a cycle arc-transversal of size at most 1, so inv(3) = inv(4) = 1. As observed by
Belkhechine et al. [BBBP], every tournament of order at most 6 has inversion number at most 2.

inv(n) <n—4 foralln > 6. (1)

Moreover, Belkhechine et al. [BBBP10] observed that since there are n! labelled transitive tournaments

of order n, the number of labelled tournaments of order n with inversion number less than p is at most
n(n—1) n(n—1)
2 2

n!Z”(pfl), while there are 2 labelled tournaments of order n. So for all n such that 2 >
n!27(P=1) there is a tournament 7" of order n such that inv(T) > p. Hence

. n—1

inv(n) > —5 - log,n  for all n. (2)

However, it is believed that Equation (2)) is not tight.

Conjecture 1.10 (Belkhechine et al. [BBBP]). inv(n) > L%’lj

Furthermore, some explicit tournaments have been conjectured to have inversion number at least L"T_lj .
Let @, be the tournament obtained from the transitive tournament by reversing the arcs of its unique
directed hamiltonian path (vq, vo, ..., vy,).

Conjecture 1.11 (Belkhechine et al. [BBBPI). inv(Q,) = %5 ].

A possible way to prove Conjecture would be via augmentations. Let D be an oriented graph
and z a vertex of D. The z-augmentation of D is the digraph, denoted by o(z, D), obtained from D by
adding two new vertices y and x, the arc zy, yz and zz and all the arcs from {z,y} to V(D) \ {z}. We
let 0;(z, D) be the z-augmentation of D on which the vertices added are denoted by x; and y;.

Observe that @Q,, is isomorphic to o(v1, @, —2). Moreover for every oriented graph D and vertex z of
D, inv(o(z,D)) <inv(D) + 1, because Inv(o(z, D), {y,z}) = (y — =) — D.

In Section|d] we prove that if D is an oriented graph with inv(D) = 1, then inv(o(z, D)) = 2 for every
z € V(D) (Lemmaf.1). In particular, inv(Q5) = 2.
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Fig. 1: The z-augmentation o (z, D) of a digraph D.

Unfortunately, for larger values of inv(D), it is not true that inv(o(z, D)) = inv(D) + 1 for every
z € V(D). For example, take the directed 3-cycle Cs with vertex set {a,b,c} and consider H, =
al(a,ﬁg), and Hy = o2(a, Hy). See Figure By Lemma we have inv(H;) = 2 but inv(Hs) = 2
as ({y1,y2,b}, {y1, 92, a,b}) is a decycling family of Hs.

( 2

Fig. 2: The digraph H>.

However, we prove in Theorem that if inv(D) = 1, then inv(oy(x2,02(2, D))) = 3 for every
z € V(D). This directly implies inv(Q7) = 3.

1.3 Complexity of computing the inversion number

We also consider the complexity of computing the inversion number of an oriented graph and the following
associated problem.

k-INVERSION.

Input: An oriented graph D.

Question: inv(D) < k ?

We also study the complexity of the restriction of this problem to tournaments.
k-TOURNAMENT-INVERSION.
Input: A tournament.
Question: inv(T) < k?

Note that 0-INVERSION is equivalent to deciding whether an oriented graph D is acyclic. This can be
done in O(|V(D)|?) time.
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Let k be a positive integer. A tournament 7" is k-inversion-critical if inv(7") = & and inv(T — z) <
k for all z € V(T). We denote by ZCy, the set of k-inversion-critical tournaments. Observe that a
tournament 7" has inversion number at least & if and only if 7" has a subtournament in ZCy, U ZCy41 (by

Lemmal[2.3).
Theorem 1.12 (Belkhechine et al. [BBBP10]). For any positive integer k, the set ZCy, is finite.

Checking whether the given tournament 7" contains I for every element I in ZCy41 U ZCy, one can
decide whether inv(7T) > k in O(|V(T)|™ax{mr+1:me}) time, where my, is the maximum order of an
element of ZCy.

Corollary 1.13. For any non-negative integer k, k-TOURNAMENT-INVERSION is polynomial-time solv-
able.

The proof of Theorem [I.12] neither explicitly describes ZCj, nor gives upper bound on my. So the
degree of the polynomial in Corollary [I.13]is unknown. This leaves open the following questions.

Problem 1.14. Explicitly describe ZCy, or at least find an upper bound on my,.
What is the minimum real number 7, such that .-TOURNAMENT-INVERSION can be solved in O(|V (T)|"*)
time ?

As observed in [BBBPI10], ZCq = {C’}}, so my = 3. This implies that 0-TOURNAMENT-INVERSION
can be done in O(n?). However, deciding whether a tournament is acyclic can be solved in O(n?)-time.
Belkhechine et al. [BBBP10] also proved that ZCo = {Ag, B, D5, 15, Vs} where Ag = TTh [C_"g] =
Inv(TTs; ({v1,v3}, {va,v6})), Be = Inv(TTs; ({v1,v4,v5}, {va,v5,06})), Ds = Inv(TTs; ({ve, v4}, {v1,v5})),
Rs = Inv(T'Ts; ({v1, v3,vs}, {v2,v4})), and Vs = Inv(T'Ts; ({v1, vs}, {vs, v5})). See Figure 3]

Fig. 3: The 2-inversion-critical tournaments

Hence my = 6, so 1-TOURNAMENT-INVERSION can be solved in O(n%)-time. This is not optimal: we
show in Subsection [6.2] that it can be solved in O(n?)-time, and that 2-TOURNAMENT-INVERSION can
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be solved in O(nS)-time.

There is no upper bound on my, so far. Hence since the inversion number of a tournament can be linear
in its order (See e.g. tournament T} described at the end of the introduction), Theorem does not
imply that one can compute the inversion number of a tournament in polynomial time. In fact, we believe
that it cannot be calculated in polynomial time.

Conjecture 1.15. Given a tournament and an integer &, deciding whether inv(7T) = k is NP-complete.

In contrast to Corollary [1.13] we show in Subsection that 1-INVERSION is NP-complete. Note
that together with Conjecture[T.4] this would imply that k-INVERSION is NP-complete for every positive
integer k.

Conjecture 1.16. k-INVERSION is NP-complete for all positive integer k.
As we proved Conjecture[1.4] when inv(L) = inv(R) = 1, we get that 2-INVERSION is NP-complete.

Because of its relations with 7/, 7, and v, (see Subsection , it is natural to ask about the complexity
of computing the inversion number when restricted to oriented graphs (tournaments) for which one of
these parameters is bounded. Recall that inv(D) = 0 if and only if D is acyclic, so if and only if
7'(D) = 7(D) =v(D) = 0.

Problem 1.17. Let k be a positive integer and v be a parameter in {7/, 7, v}. What is the complexity of
computing the inversion number of an oriented graph (tournament) D with v(D) < k ?

Conversely, it is also natural to ask about the complexity of computing any of 7/, 7, and v, when
restricted to oriented graphs with bounded inversion number. In Subsection [6.3] we show that computing
any of these parameters is NP-hard even for oriented graphs with inversion number 1. However, the
question remains open when we restrict to tournaments.

Problem 1.18. Let & be a positive integer and  be a parameter in {7/, 7, v}. What is the complexity of
computing y(7T') for a tournament 7" with inv(7T") < k ?

2 Properties of the inversion number

In this section, we establish easy properties of the inversion number and deduce from them Theorem [I.1]
and the fact that Conjecture [I.4]is equivalent to its restriction to tournaments.
The inversion number is monotone :

Proposition 2.1. If D’ is a subdigraph of an oriented graph D, then inv(D') < inv(D).

Proof: Let D’ be a subdigraph of D. If (X;);c; is a decycling family of D, then (X; N V(D'));er is a
decycling family of D’. O

Lemma 2.2. Let D be an oriented graph. If D has a source (a sink) x, then inv(D) = inv(D — x).

Proof: Every decycling family of D — z is also a decycling family of D since adding a source (sink) to
an acyclic digraph results in an acyclic digraph. O

Lemma 2.3. Let D be an oriented graph and let x be a vertex of D. Then inv(D) < inv(D — z) + 2.
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Proof: Let N*[z] be the closed out-neighbourhood of z, that is {x} U N*(z). Observe that D’ =
Inv(D; (N*[z], NT(x))) is the oriented graph obtained from D by reversing the arc between x and its
out-neighbours. Hence z is a sink in D’ and D’ — x = D — x. Thus, by Lemma inv(D) <
inv(D')+2 <inv(D — x) + 2. O

Proof Proof of Theorem [E]: As observed in the introduction, if F' is a minimum cycle arc-transversal,
then the family of sets of end-vertices of arcs of F is a decycling family. So inv(D) < 7/(D).

Let S = {x1,..., 25} be a cycle transversal with k = 7(D). Lemma2.3|and a direct induction imply
inv(D) < inv(D — {z1,...,2;}) + 2i for all ¢ € [k]. Hence inv(D) < inv(D — S) + 2k. But, since S
is a cycle transversal, D — S is acyclic, so inv(D — S) = 0. Hence inv(D) < 2k = 27(D). O

Let D be an oriented graph. An extension of D is any tournament 7" such that V(D) = V(T and
A(D) C A(T).

Lemma 2.4. Let D be an oriented graph. There is an extension T of D such that inv(T) = inv(D).

Proof: Set p = inv(D) and let (X;);¢[p be a decycling family of D. Then D* = Inv(D; (X;)e[p) is
acyclic and so admits an acyclic ordering (v1, ..., vp).

Let T be the extension of D constructed as follows: For every 1 < k < ¢ < n such that vyv, ¢ A(D*),
let n(k, £) be the number of X, i € [p], such that {vi,v,} C X;. If n(k,¢) is even then the arc vjv,
is added to A(T), and if n(k, ¢) is odd then the arc v,vy, is added to A(T'). Note that in the first case,
vivy is reversed an even number of times by (X;);e[,], and in the second v,vy, is reversed an odd number
of times by (X;);c[p- Thus, in both cases, vyvy € A(Inv(T’; (X;)ie[p)). Consequently, (vy,...,v,)
is also an acyclic ordering of Inv (T’ (X;);c[p)). Hence inv(T) < inv(D), and so, by Proposition
inv(T) = inv(D). O

Proposition 2.5. Conjecture[l.4]is equivalent to its restriction to tournaments.

Proof: Suppose there are oriented graphs L, R that form a counterexample to Conjecture[I.4] that is such
that inv(L — R) < inv(L) + inv(R). By Lemma [2.4] there is an extension T of L — R such that
inv(T) = inv(L — R) andlet T, = T(V(L)) and T = T(V(R)). We have T' = T, — Tg and by
Proposition 2.1} inv(L) < inv(7T%) and inv(R) < inv(Tg). Hence inv(T) < inv(T%) + inv(TR), so T},
and T are two tournaments that form a counterexample to Conjecture [T.4] O

3 Inversion number of dijoins of oriented graphs

In this section, we give some evidence for Conjectureto be true. We prove that it holds when inv(L)
and inv(R) are small.

Proposition 3.1. Let L and R be two oriented graphs. If inv(L),inv(R) > 1, then inv(L — R) > 2.

Proof: Assume inv(L),inv(R) > 1. Then L and R are not acyclic, so let C, and C'r be directed cycles
in L and R respectively. Assume for a contradiction that there is a set X such that inverting X in L — R
results in an acyclic digraph D’. There must be an arc zy in A(Cp) such that x € X and y ¢ X, and
there must be z € X N V(Cg). But then (z,y, z, z) is a directed cycle in D’, a contradiction. O

Propositions[1.3|and [3.1] directly imply that Conjecture [1.4 holds when inv(L) = inv(R) = 1.
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Corollary 3.2. Let L and R be two oriented graphs. If inv(L) = inv(R) = 1, then inv(L — R) = 2.

Further than Proposition [3.1} the following result gives some property of a minimum decycling family
of L — Rwheninv(L) =inv(R) = 1.

Theorem 3.3. Let D = (L — R), where L and R are two oriented graphs with inv(L) = inv(R) = 1.
Then, for any decycling family (X1, X2) of D, either X; C V(L), X2 C V(R) or X; C V(R), X2 C
V(L).

Proof: Let (X7, X3) be a decycling family of D and let D* be the acyclic digraph obtained after inverting
X1 and X3 (in symbols D* = Inv(D; (X1, X3))).
Let us define some sets. See Figure 4]

e Forie[2, XF=X,NnV(L)and X2 = X; N V(R).
o ZE=V(L)\ (XfuXE)and ZE = V(R) \ (XF U XE).
o Xk =XEnXFand XE = XEn XE

- for {i,j} = {1,2}, X£ ; = (X2 \ XF)and X | = (XF\ XP),

A ZR

Fig. 4: The oriented graph D*

Observe that at least one of the sets X{ ,, X2 |, X% | and X{ , must be empty, otherwise D* is not
acyclic. By symmetry, we may assume that itis X7° , or X4 ;. Observe moreover that X{* ,U X2 | £ 0
for otherwise X¥* = X£ = X[ and D*(V(R)) = R is not acyclic.

Assume first that X{* , = () and so X5 | # ().
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Suppose for a contradiction that X{ £ () and let a € X1 |, b € X%. Let C be a directed cycle in L.
Note that V(C') cannot be contained in one of the sets X ., X%, XF | or ZL. It V(C) N ZL # (), there
isanarc ed € A(L) suchthate € X¥ , U X% UXZE | andd € ZE. Then, either (c,d, a, c) or (¢, d, b, c)
is a directed cycle in D*, a contradiction. Thus, V(C) C XL ,u XL U XE | IfV(O) N XE # 0, then
there is an arc cd € A(L) such that c € X% and d € X¥ , U XJ | which means that dc € A(D*) and
(d,c,b,d) is a directed cycle in D*, a contradiction. Hence V(C) C X{ , U X1 | and there exists an arc
cd € A(L) suchthatc € X¥ |, d € X}t , and (¢, d, a, c) is a directed cycle in D*, a contradiction.

Therefore X{% = () and every directed cycle of R has its vertices in X£* ; U Z. Then, there is an arc
ea € A(R) witha € X£ | and e € Z®. Note that, in this case, ea € A(D*) and (e, a, c, e) is a directed
cycle in D* forany ¢ € X% U X2 | Thus, X5 = XE | =0and X; C V(L), X2 C V(R).

If X', = (), we can symmetrically apply the same arguments to conclude that X; C V(R) and
X, C V(L). O

Theorem 3.4. Let L and R be two oriented graphs. If inv(L) = 1 and inv(R) = 2, then inv(L — R) =
3.

Proof: Let D = (L — R). By Propositions|I.3|and[3.1] we know that 2 < inv(D) < 3.

Assume for a contradiction that inv(D) = 2. Let (X1, X5) be a decycling family of D and let D* =
Inv(D; (X1, X2)). Let L* = D*(V(L)) and R* = D*(V(F)). We define the sets X¥, X+, XF XE
zb Z8 XL XE XxE, X2 |, XE, and XF | asin Theorem See Figure@ Note that each of
these sets induces an acyclic digraph in D* and thus also in D. For i € [2], let D; = Inv(D; X;), let
L, = Inv(L, X}) = II’IV(L*;le;i) where {7} = [2] \ {i}, and R; = Inv(R, X[?) = Inv(R*;Xﬁi)
where {j} = [2] \ {¢}. Since inv(D) = 2, inv(D;) = inv(D3) = 1. Since inv(R) = 2, Ry and Ry are
both non-acyclic, so inv(R;) = inv(Rg) = 1.

Claim 1: X}, XE # () foralli € [2].
Proof. Since inv(R) = 2, necessarily, X, X1t # (.

Suppose now that X = () for some i € [2]. Then D; = L — R;. Asinv(L) > 1 and inv(R;) > 1, by
Proposition inv(D;) > 2, a contradiction. O

Claim 2: XlL #* X2L and Xf‘2 #* Xf‘.
Proof. If XlL = XQL, then L* = L, so L* is not acyclic, a contradiction. Similarly, If XlR = X2R, then
R* = R, so R* is not acyclic, a contradiction. O

In particular, Claim 2 implies that X , U X£ | # 0.
In the following, we denote by A ~» B the fact that there is no arc from B to A.

Assume first that X , = (). By Claim 1, X{ # (), so X # () and by Claim 2 , X{* # XF, so
X3ty #0.

If X2 | # 0, then, in D*, X8, U X ~ Z% because X2, U XE — XE£ | — Z&. But then
Ry = Inv(R*; X£) would be acyclic, a contradiction. Thus, X1 | = 0.

Then by Claims 1 and 2, we get X%, X£ , # 0. Hence, as X{t — X{ , - X£ |, —» X& — X& in
D*, there is a directed cycle in D*, a contradiction. Therefore X 1R_2 #.
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In the same way, one shows that X2* | # 0. As XF', — Xt , - XF, - XL |, — XE,in D*,
and D* is acyclic, one of X{ , and X | must be empty. Without loss of generality, we may assume
XE ., = 0.

Then by Claims 1 and 2, we have X%, X{ | # (). Furthermore X% = () because X{{ — X£ | —
X, — X — XEin D*. Now in D*, XF* | ~ X, U Zf because XI* | — XI | — XF ,uZE,
and X{ , ~ Z® because X{* , — X}, — Z%. Thus, in D, we also have X% | ~ X, U Zf and
XE ,~ ZE. So Ris acyclic, a contradiction to inv(R) > 2.

Therefore inv(D) > 3. So inv(D) = 3. O
Corollary 3.5. Let D be an oriented graph. Then inv(D) = 1 if and only if inv(D — D) = 2.

Proof: Assume first that inv(D) = 1. Then by Corollary[3.2] inv(D — D) = 2.

Assume now that inv(D) # 1.
If inv(D) = 0, then D is acyclic, and so is D — D. Hence inv(D — D) = 0.
If inv(D) > 3, then inv(D — D) > inv(D) (by Proposition 2.1 because D is a subdigraph of D — D)
and so inv(D — D) > 3.
If inv(D) = 2, then D contains a directed cycle C. Now C' — D is a subdigraph of D — D, so by
Proposition 2.1 inv(D — D) > inv(C — D). Clearly, inv(C') = 1, thus, by Theorem [3.4] inv(C —
D) =3andsoinv(D — D) > 3. O

3.1 Dijoin of oriented graphs with inversion number 2

Theorem 3.6. Let L and R be strong oriented graphs such that inv (L),inv (R) > 2. Then inv (L —
R) >4

Proof: Assume for a contradiction that there are two strong oriented graphs L and R such thatinv (L), inv (R) >
2 and inv (L — R) < 3. By Lemma and Proposition we can assume that L and R are strong
tournaments.
Hence L contains 673. By Theorem inv (673 — R) > 3. But dg — R is a subtournament of
L — R. Thus, by Proposition 2.1 inv (L — R) > 3 and so inv (L — R) = 3. Let (X1, X2, X3) be
a decycling sequence of D = L — R and denote the resulting acyclic (transitive) tournament by 7. We
will use the following notation. Below and in the whole proof, whenever we use subscripts i, j, k together
we have {i,7,k} = {1,2,3}.

« XL =X,nV(L),XF =X, NV(R) foralli € [3].

zZE=v()\ (XfuxiuXxiyand ZE =V(R)\ (XFUXFUXE).
o Xho =XInXinxt XE, = XEnXEnXxE,
« XL = (XN X))\ Xfand X[ = (X0 X))\ X

o XE = XE\(XEUXE)and XB , = XE\ (XEUXP).

11— 11—
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For any two (possibly empty) sets Q), W, we write () — W to indicate that every ¢ € () has an arc to
every w € W. Unless otherwise specified, we are always referring to the arcs of 7' below. When we refer
to arcs of the original digraph we will use the notation v = v, whereas we use u — v for arcs in 7.

Claim A: X/, X[ =£ 0 for all i € [3].

Proof. Suppose w.l.o.g. that X{* = () and let D’ = Inv(D; X;). Then D’ contains C; — Rasa
subtournament since reversing X does not make L acyclic so there is still a directed 3-cycle (by Moon’s
theorem). O

Claim B: In T the following holds, implying that at least one of the involved sets is empty (as T is acyclic).
@ X4 = Xy = X[ — X[ — X{h,

L R L R L
() X35 = X, = Xij—y = Xy = Xij e

Proof. This follows from the fact that and arc of D is inverted if and only if it belongs to an odd number
of the sets X1, Xo, X3. O

Claim C: For all i # j, we have X} # X]-L and XF # XJR.
Proof. Suppose this is not true, then without loss of generality X2 = XZ but this contradicts that

XE XL XI)is adecycling sequence of L as inverting XZ and XZ leaves every arc unchanged and we
1,442,543 yclng seq g Ag 3 y g
have inv(L) > 2. O

Now we are ready to obtain a contradiction to the assumption that (X, X5, X3) is a decycling sequence
for D = L — R. We divide the proof into five cases. In order to increase readability, we will emphasize
partial conclusions in blue, assumptions in , and indicate consequences of assumptions in red.

Casel: X[ , =0 = X[, foralli,j,k.

By Claim C, at least two of the sets X% 5, X% o, X% | are non-empty and at least two of the sets
XE o XE , XJ | are non-empty. Without loss of generality, X%, 5, X% , # (. Now Claim B (b)
implies that one of X{%_5, X{%_, must be empty. By interchanging the names of X5, X3 if necessary, we
may assume that X5, = () and hence, by Claim C, X%_5, X2 | # (. By Claim B (a), this implies
XL =0 Now X% | - X o - XB o soX8 | - XE . AsXE o — XB . — X5,
we must have X{5_5 — X% _,. By Claim B (a), X3 — X5 4 — X5 5 — X, — Xfs, so one of
XL, and X £, is empty. W.l.o.g. we may assume X{5; = (). As R is strong and XZ,_; dominates Xf_,
in R (these arcs are reversed by X5), we must have Z* # (). Moreover the arcs incident to Z% are not
reversed, so the set Z% has an out-neighbour in X%_, U X% | Bue Xt ;uxfi - XLk , - ZF
so T has a directed 3-cycle, contradiction. This completes the proof of Case 1.

Case 2: Exactly one of X} o5, XF o XE o XF o XI . XE |, is non-empty.

By reversing all arcs and switching the names of L and R if necessary, we may assume w.l.o.g that
XL oo # 0. As XE # X wehave XBi_,UXE , # (. By symmetry, we can assume that X%, # (.
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Suppose for a contradiction that . Then Claims A and C imply X% , # (. Now, by
Claim B (b), one of X{,_5, X}, is empty. By symmetry, we can assume X7, , = (). Now, by Claim
C, X} # XE so XL , # (. Note that X5, ; — XE . — XL o5, thus X5, — XF ., be-
cause 7 is acyclic. We also have X1, — XL oas Xh, — XE , — XE& 5 and X5 5, — XE | as
XL . — XE . — XX%_,. Thisimplies that in L all arcs between X%, 5 and Xy UXL . UXE . are
entering X1, _, (the arcs between X155 and X1, _ 5 were reversed twice and those between X{ ,,UXE
and X%,_, were reversed once). Hence, as L is strong, we must have an arc uz from X{5_5 to ZX. But
7zt — XE&_, — Xk _, so together with uz we have a directed 3-cycle in T, contradiction. Hence
X3 #0.

Observe that X5 ,UXE , — XE jas XE ;uXxf , - XEF . — XE .

If ,then X% | — XL o - XE o — XE& | acontradiction. So X%, 5 = (. But
X1 # XE by Claim C. Thus X , # 0. As X% | — XL , — XE., wehave X, | — X%, This
implies that in R all the arcs between XJ% | and X , U XE. U X[, are leaving X% . So as R is
strong there must be an arc in R from Z to X£%_,. This arc is not reversed, so it is also an arc in 7". But
since XX | — X%, — ZE this arc is in a directed 3-cycle, a contradiction. This completes Case 2.

Case 3: Exactly one of X{ 55, X2 5. XL |, is non-empty and exactly one of X{* o5, X2 . X2 . is
non-empty.

By symmetry we can assume X{ 55 # (.
Subcase 3.1: X7 ., # 0.

By Claim C, X{ # XZ, so one of X%, 5 and XJ%_, is non-empty. By symmetry we may assume
Xip 5 # 0.

Suppose . Then Xt | = 0as XF .. — XE | — X5 . — XE . — XE ,;, and
Xipoy=0as X{t oy = X{p_3 = X{3_5 = X5 — X{Los

By Claim B (b), one of X% _,, X£_, is empty. By symmetry, we may assume X5 , = (.

Observe that V(R)\ ZF = XE UXE JUXE 0,50 V(R)\ZF — XE 0 — Z8 so V(R)\ ZF —
ZE. But all the arcs incident to ZF are not inversed, so in R, there is no arc from Z% to V(R) \ Z%.
Since R is strong, Zt = ().

Now X[ .o — XTi .U X[, because X 53 — X 5 — XI5 U XE,. Butall the arcs between
XP opgand XE U XE, = V(R)\ X ,; are inversed from R to T'. Hence in R, no arcs leaves X ,,
in R, a contradiction to R being strong.

Hence X{5_5 = 0. As XJ* # X1 this implies X[%_, # 0.

Suppose that , then X7, = () because X£* # () by Claim A. Furthermore X% , — X[i,
as X 5, — Xh o — XEs and X5, — XF o as X5 5 — XE, — XE ;. This implies that
Xipg = 0as Xp3 — X{§_5 — Xy — Xiss.

Since L is strong, there must be an arc uv leaving X{_5 in L. But v cannot be in X{ ., since all
vertices of this set dominate X% 5 in L. Moreover v cannot be in Z for otherwise (u, v, w, u) would be
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a directed 3-cycle in T for any w € X{t o since ZF — X%, — X% .. Hencev € X{_, U XL |
SO X1p o UXE | #0.

AsXE o - XE - XxE - XE . — XL _,, precisely one of X% _,, X%, is non-empty.

If X5 5 # 0and Xy | = 0, then X5 _, — XE_, — XE ., U XL 5 implies that XL , —
XE s UXE 5. Asdf(XE_,) > 0 there exists z € ZL such that there is an arc uz from X% _, to
ZL, but then = — X o3 — u — =z is a contradiction. Hence X4 , = () and X%, | # (). Then
XL o XFas XE | — XE . — XE

Note that Z1 = () as every vertex in V(L) \ Z% has an in-neighbour in V' (R) in T', implying that there
can be no arc from V(L) \ ZL to Z¥ in L. Thus V(L) = X¥ 53 U X{_5 U XL | where each of these
sets induces an acyclic subtournament of L and we have X¥ 5, = X5 . = XL | = XL .. in L. But
now inverting the set X+ ,, U X% | makes L acyclic, a contradiction to inv(L) > 2. Thus X% | # (.

Suppose . Asabove ZL' = (), so V(L) = XL As XE . — XE | — X5 JuXE
we have XI o, — X5 U XL . Thus, using df (X{ 53) > 0, we get X5, # 0. As X, —
xb, — xE& | - X5 . — X[E,, we have X[, = (. Moreover X* — XIi | because X{* —
XE oy — XE | Wealso have X[ ,, — X, as XF ,, — Xbs — X ,. Now V(R)\ Z% =
XP o uXE JUuXE - XE 3= ZB Thus ZF =0 and V(R) = X ,; UXE U XL | where
each of these sets induces an acyclic subtournament in Rand X{* ,; = Xt | = X& , = X£ ,.inD.
But then inverting X 1R_23 U X%_l we make R acyclic, a contradiction to inv(R) > 2. Thus X2L3_1 # (.

Therefore X1y o =0as X% o — XE o - X& | - XB | - XL , AsXxP o0 — XE | —
X%_g we havg X{ o3 —>LX1L2,3; asRX2L3_1 — Xf%_%??) — Xf_zg U X1L2_3];)ve have X(LZL‘&] — X}L{23 U
Xl]_%—B; As X1—23R_> X1—2?}?—> X237?1 we have X% o5 — X3 jias X3 5 = Xo3 1 = Xjlg3 U
X351 wehave X{5 5 — X{V s UXos .

Because X7, UXE JUXE . — XL o and XB; — XE 5, every vertex in V(R) \ Z has an
out-neighbour in V(L). As above, we derive Z = (). Similarly, because X% _, — X5 U X% |,
XP oo — Xk, and XB, — X ,,, every vertex in V(L) \ Z¥ has in-neighbour in V(R), and so
ZE = (). Next observe that at least one of the sets X{%;, XL, must be empty as X%, — Xk, —
X8 = XE o — XE,LIf XE, =0then V(R) = XE o, UXE , UXE | where each of these
sets induces an acyclic subtournament of R and X{* o5 = XX | = X ,and X' )5 = XE .
Thus R is acyclic, contradicting inv(R) > 2. So X{4, # () and X1, = (). As above we obtain a contra-
diction by observing that L is acyclic, contradicting inv(L) > 2. This completes the proof of Subcase 3.1.

Subcase 3.2 X1 . = 0.

By symmetry, we can assume X1 ., = () and X£ |, # (. Hence X{ ,; — XZ because X} o5 —
X, — XL and XF — XI' |, because X — XL .5 — X ,,. Note that one of X¥_,, X% _,
is empty since X5 , — X& , — X£ ,. — X£, - XL ,. By symmetry we can assume that
XL, =0.ByClaim C, X% # X%, so XL 5 #0.

Suppose first that . Then X%, | = () since Xy | — X&, — XF .. — XL . Now, by
Claim A, X¥ # () so XL, # 0. Now XL, — XE , — X 0 — X&s, s0 X, = (). Furthermore,
XE - XE - XB,— XE . — XE | so X2 | = (). Therefore X = XZ£, a contradiction to
Claim C. Thus X%, = 0.
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Next suppose . Then X[, = () because X5 5 — X |, - XLy — X&_,. By Claim A,
XEXE £ (0,50 XE , # 0and X | # 0. As XE_, — X o0 — XE , UXE | we have
XE ., — XE ,uXxE | Since dj;(XE_,) > 0 we have Z = (). However, there can be no arcs from
ZBto XI = V(R) \ ZE, because XF — X1k, — ZF. This contradicts the fact that R is strong. Thus
XL, =0.

By Claim A, X # (), so X% | # (. Thus X% | = () because X% |, — XL , — XIt,, —
XL . — XE | By Claim A, X£ # 0 so X% , # (. By Claim C, X # X[\, so X% , # 0.
As XL o — XB o — XE o, uXE |, wehave X5, — X o5 U XL . Thus the fact that
dz(XlLZ_g) > 0 implies that there is an arc vz from XILQ_3 to Z~. But then for any u € X1R3_2,
(u, v, z,u) is directed 3-cycle, a contradiction.

This completes Subcase 3.2.

Case 4: All three of X{ 5, X4 15, XF |, orall three of XT¥ 5, XJt 5, X2 |, are non-empty.

By symmetry, we can assume that X o, XX . XL | =£ (). There do not exist i # j € [3] such that
XN\ XF XTI\ X[ A0, for otherwise X[ — (XJ\ X[ — XF ) — (XF\ X)) — X[ ) a
contradiction. Hence we may assume by symmetry that X2° \ X[ X2\ X XE\ X£ = (. This
implies that X* = X&. XEF = XE, uXE ,and XF = XE, U XE_, u XE ;. Moreover,
XP o XE. XE , # 0 by Claim C. As X£ — XI |, — XF ,. we have X' — XTI .., 5o since
dl_%(XlR_%) > 0 we must have an arc from Z% to X% ,; and now X{ .5 — XE ,. — Z% gives a
contradiction. This completes Case 4.

Case 5: Exactly two of X¥ 55, X4 15, XF |, ortwo of X{ o5, X2 .. X1 |, are non-empty.
By symmetry we can assume that X7 5, X& . # () and X1 |, = ().

Subcase 5.1: X2 .. X2 .. XE , =0.

As XE 5o - XE | - XL o XE 5 — XE 5 oneof XE_, XJL | is empty. By symmetry we
may assume that XJ{ | = (). By Claim C, X{* # X% and X # X so X _, # 0 and X5_5 # 0.
Now V(R)\ Z%® = X — XF ,, — Z%, thus there is no arc leaving Z*. As R is strong, we get
Z" =10,

As XE o — xE . — XE , wehave XTi , — X[ _,. Hence as R is strong, necessarily X7, #
0. 1f XLy # 0, then XE, — XE ;U XE ,as X, — X5, — XE_ 5 U XE_,. This contradicts the
fact that R is strong since d 5 (X{%;) = 0. Hence X3 = 0. By Claim A, X¥ # 0, s0 X1y ,uXL, | #0.

Since X%, — XI . — XE _, we have X{%, — XE ,. We also have X%, — X[i; because
xXBE o - xXE ,uXxl | — XE. Hence V(R) = X% _, U XE_, U X[, where each of these
sets induces an acyclic subtournament of R and X{5_, = X{ . = X, = XX ,. Thus inverting
XE o uXE , makes R acyclic, contradicting inv(R) > 2.

This completes Subcase 5.1

Subcase 5.2: X% 55 # @ and X, UXE |, =0.
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We first observe that since X2 5 U X%, | — X .. — X we can conclude that X£ ;5 — X} and
XL o XxE AsXE - XE o XE L, — XE | wehave XE | =0. Now V(R)\ Z% = X[
and X — XF o3 — ZF. So V(R) \ ZE — ZE. Since R is strong, Z = (). Now Claims A and C
imply that at least two of the sets X¥_,, X5, X% . are non-empty. This implies that every vertex of
V(L) has an in-neighbour in V(R) (as X{* o5 — XE, XE ,uXE o — XL and XI — XL [5)s0
we must have Z% = ().

Suppose first that . By Claim A, X2 £ ), so X[i, # (). Moreover, by Claim C, XJ* # X £,
so X[t 0. Since Xt _uxt , — XE, - XL . — X5 UXE , wehave X[ uXE = 0.
If X& | # 0, then X5 = 0as X | — X, — XE , — XL | and we have XJ' |, — X% | as
XE 5 — XE_, — XL . Now we see that d; (X4;_,) = 0, a contradiction. Hence X%,_, = () and
XL, # () because X£ # () by Claim A. Moreover X1, — X[ . because X, — XE& , — XE ..
Now V(L) = X¥ 53 U XE .U XL, where each of these sets induces an acyclic subtournament in L
and X¥ 53 = XL, = XI5 = XFE .. Then inverting the set X¥ 53 U X% 5 makes L acyclic, a
contradiction to inv(L) > 2. Thus X{§ . # 0.

Note that X . — X . UXE Sas XB . — XL . — XF . UXE . Thus X[, = ) because
Xby — XE_5 — XE 5 — X[, Furthermore the fact that d (X {_,) > 0 implies that X {35 # () and
that there is at least one arc from X% _ to X{%; in T (and in R). We saw before that X% _, — XI .,
and by the same reasoning X{5, — X% .. hence, as Z = () and dg (XE ,3) > 0, there is at least one
arc from X7 55 to X% _,. Hence X% , # 0and X2y | = 0as X{_, — XL | — X .. We have
XL o =0since X 5 — X, — XE . — XB ., — X[ _5. Finally, as X 1, — XP . — XF
we have X1 . — X[ But now d} (X{) = 0 (recall that ZL' = ), a contradiction. This completes
Subcase 5.2

Subcase 5.3: X£ |, # 0 and X o, U XE 15 =0,

AsXE = XF o XE - XE ;= XI | oneof the sets X5, X£ | must be empty. By
symmetry we may assume that X2 | = ().

Suppose first that . Then, by Claim A, X' # 0, so X/, # (), and by Claim C,
X £ XEB so X[, # 0. Now X1 = () because Xy — XP 5 — XE o0 — XI 1, — X5 As
XlR23 — X2L713 — X1F‘372 U X:ﬁu, we have XlR23 — Xﬁ% U Xﬁm. Next we observe that XﬁFQ =0
since Xy o, — X, — X£I, — XL 5. Now, as X£ # () by Claim C, we have X1, | # () but that
contradicts that X2y | — X&. — X', — XL | So we must have X5 5 # ().

First observe that X{5, = 0 as X&, — X o — XF o0 — XE ., — X5, As XF # XE vy
Claim C, we have X[ , # 0. Now X% , =0as X& , - XE , = XE 5 = XB , —» XE .
As XL+ () by Claim A, we have X5 | # (). Since X% 5 — X . — X . - XE . - X5
we have X% o = 0. As XE 53 — X', — X% |, we have X} 5 — XL |, Moreover XI |, —
XE o — XL ,uX]E ,,implies XJ 5 — X%, UXE .. We also have Z1 = () since every vertex
in Xt 5, U X& | U XL |5 has an in-neighbour in R, implying that there can be no arc entering Z°.
Now V(L) = XE ,, U XE | UXE |, where each of these sets induces a transitive subtournament in
and Xt . = XL | = XE |, = X[ ,;. However this implies that inverting X{ 55 U XZ |, makes
L acyclic, a contradiction to inv(L) > 2. This completes the proof of Subcase 5.3.
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Subcase 5.4: X .., X£ . # (Qand XF |, = 0.
This case is trivial as X¥ 55 — X2 . — XL o — XF .. — XE 5 contradicts that T is acyclic.
By symmetry the only remaining case to consider is the following.

Subcase 5.5: X .5, X£ |, #(Qand XEF |, =0.

As XL - XB .- XE o — XE, - XE | wehave Xk | =(andas X | — XF |5 —
XP oo — Xt 3 — XE | wehave XJ, | = (). Note that every vertex in V(L) has an in-neighbour in
V(R) (as X{ o3 — X{ and XF — XL |.) and every vertex in V(R) has an out-neighbour in V(L) (as
XP — XE i and XE |, — XE). This implies that Z- = () and Z% = (). Atleast one of X{5_,, X5 ,
isempty as X5, — X, — X . — X, — X[ _, and at least one of X£,_5, X{% . is empty
as Xfp g = X{§ 5 = XJ 15 = X{' o3 = Xip_s.

Suppose first that X5, = 0 = X% _,. Then X£ # () by Claim A, so X135 # 0.
+I\(/Ior§o;/er XB, — XE . uXE |, because XB, — X&' o — XF .U XE ,. This implies that
dr(Xi53) = 0, a contradiction.

Suppose next that X%, = () = X% _,. Then X # () by Claim A, so X{5; # 0. Moreover
XEosuxt o — Xhoas XE s uXE L, — XB L, — X[, This implies that d; (X{5;) = 0, a
contradiction.

Now assume that X%, =0 = X5 ,and X, # 0 # XL 5. Then X5, # 0 as XF # 0 by
Claim A and now we get the contradiction X{5; — X% , — XF .. — X2, - X5,

The final case is X{%_5 # 0 # XL 5 and XL, = 0 = XL, ;. We first observe that X[%, = 0
as XBo — Xt oy = XEB L, = XE 5 = XB, A XE - X 0 — XP o wehave XB_, —
X, andas X 55 — XE 53 — X |, we have XT? 55 — X1t |, This implies that d (X{? o5) = 0,
a contradiction. This completes the proof of Subcase 5.5 and the proof of the theorem.

O

Corollary 3.7. Ler L and R be strong oriented graphs such that inv (L),inv (R) = 2. Then inv (L —
R) =4

4 |Inversion number of augmentations of oriented graphs
Lemma 4.1. Let D be an oriented graph with inv(D) = 1. Then inv(o(z, D)) = 2 for every z € V(D).

Proof: Recall that inv(o(z, D)) < inv(D) + 1 = 2 for every vertex z € V(D).

Suppose for a contradiction that there is a vertex z of D such that inv(c(z, D)) = 1. Let X be a set
whose inversion in o (z, D) results in an acyclic digraph D*.

As D has inversion number 1 it has a directed cycle C. The set X contains an arc uu™t of C, for
otherwise C' would be a directed cycle in D*. Moreover, X does not contain all vertices of C, for
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otherwise the inversion of X transforms C' in the directed cycle in the opposite direction. Hence, without
loss of generality, we may assume that u—, the in-neighbour of « in C is not in X.

Note also that C' = (z,y,x, z) is a directed cycle in o(z, D) so X must contain exactly two vertices
of C’. In particular, there is a vertex, say w, in {z,y} N X.

o If 2 ¢ {u™,u}, then (w,u™,u,w) is a directed 3-cycle, a contradiction.

o If z = w, then either X NV (C') = {z, 2z} and (z,z,u™, z) is a directed 3-cycle in D*, or X N
V(C") ={y,z} and (z,u™,y,x) is a directed 3-cycle in D*, a contradiction.

o Ifz=u",then X NV (C') = {x,y} and (2, u, x, 2) is a directed 3-cycle in D*, a contradiction.
O

Recall that o;(z, D) denotes the z-augmentation of D on which the vertices added are denoted by x;
and y;.

Theorem 4.2. Let D be an oriented graph with inv(D) = 1 and let H = o01(x2,02(2,D)). Then,
inv(H) = 3.

Proof: By Lemmaf4.1] inv(o2(z, D)) = 2. In addition, o2(z, D) is a subdigraph of H, so by Proposi-
tion[2.1] inv(H) > 2. Moreover, inv(H) < inv(o2(z, D)) + 1 = 3.

Assume for a contradiction that inv(H) = 2. Let (X1, X2) be a decycling family of H. For i € [2], let
H; =Inv(H; X;). Note that inv(H;) < 1 for i € [2], because (X7, X5) is a decycling family.

Then (X1 \ {y2}, X2 \ {y2}) is a decycling family of H — y,. But H — 3, is isomorphic to Cs — D
with (y1, x1, z2,y1) dominating D. Thus, by Proposition inv(H — y2) > 2 and furthermore, by
Theorem we may assume that X7 C {x1,y1,x2,y2}. Observe that X; N |{z1,y1, 22} = 2, for
otherwise Hy — yo = H — yo and inv(H;) > inv(H; — y2) > 2 by Proposition Hence, there
is a vertex v € {y1,x1, 2} such that yov € A(Hy). This implies that H; ({v,y2} U V(D)) is a z-
augmentation of D. Therefore, by Lemma[4.1] we must have inv(H; ({v,y2} U V(D))) = 2, and so by
Proposition[2.1] inv(H;) > 2, a contradiction.

Thus, we have shown that inv(H) = 3. O

Recall that @,, is the tournament we obtain from the transitive tournament on n vertices by reversing
the arcs of the unique hamiltonian path (v1, ..., v,). Hence Q7 is the oriented graph o1 (vs, o2 (vs, 673),
where Cj is the directed 3-cycle (vs,v7,v6,05), T2 = U3, Y2 = Vg, ¥1 = vy and y; = vy. Thus
Theorem 4.2] yields the following.

Corollary 4.3. inv(Q7) = 3.

5 Inversion number of intercyclic oriented graphs

A digraph D is intercyclic if #(D) = 1. The aim of this subsection is to prove the following theorem.
Theorem 5.1. If D is an intercyclic oriented graph, then inv(D) < 4.

In order to prove this theorem, we need some preliminaries.
Let D be an oriented graph. An arc uv is weak in D if min{d ™ (u),d~ (v)} = 1. An arc is contractable
in D if it is weak and in no directed 3-cycle. If a is a contractable arc, then let D /a is the digraph obtained



On the inversion number of oriented graphs. 19

by contracting the arc a and D /a be the oriented graph obtained from D by removing one arc from every
pair of parallel arcs created in D/a.

Lemma 5.2. Let D be a strong oriented graph and let a be a contractable arc in D. Then D /a is a strong
intercyclic oriented graph and inv(D /a) > inv(D).

Proof: McCuaig proved that D/a is strong and intercyclic. Let us prove that inv(D) < inv(D/a).
Observe that inv(D/a) = inv(D/a).

Set a = uw, and let w be the vertex corresponding to both u and v in D/a. Let (X{,..., X)) be a
decycling family of D’ = D/a that result in an acyclic oriented graph R’. For i € [p], let X; = X/ if
w ¢ X/ and X; = (X[ \ {w}) U{u,v}ifw € X]. Let a* = wv if w is in an even number of X/ and
a* = vu otherwise, and let R = Inv(D; (X71,...,X,)). One easily shows that R = R'/a*. Therefore R
is acyclic since the contraction of an arc transforms a directed cycle into a directed cycle. O

Lemma 5.3. Let D be an intercyclic oriented graph. If there is a non-contractable weak arc, then
inv(D) < 4.

Proof: Let uv be a non-contractable weak arc. By directional duality, we may assume that d—(v) = 1.
Since uv is non-contractable, wv is in a directed 3-cycle (u,v,w,u). Since D is intercyclic, we have
D\ {u,v,w} is acyclic. Consequently, {w,u} is a cycle transversal of D, because every directed cycle
containing v also contains u. Hence, by Theorem|[L.1] inv(D) < 27(D) < 4. O

The description below follows [BJK11]]. A digraph D is in reduced form if it is strong, and it has no
weak arc, that is min{é~(D),d (D)} > 2.

Intercyclic digraphs in reduced form were characterized by Mc Cuaig [McCO91]]. In order to restate his
result, we need some definitions. Let P(x1,...,%s;y1,...,y:) be the class of acyclic digraphs D such
that x4, ..., x5, s > 2, are the sources of D, y1,...,y;, t > 2, are the sinks of D, every vertex which is
neither a source nor a sink has in- and out-degree at least 2, and, for 1 < ¢ < j<sand1 <k < /¢ <t
every (x;, y¢)-path intersects every (x;, yi)-path. By a theorem of Metzlar [Met89]], such a digraph can be
embedded in a disk such that x1, 29, ..., 25, y¢, Yt—1, - - - , Y1 Occur, in this cyclic order, on its boundary.
Let 7 be the class of digraphs with minimum in- and out-degree at least 2 which can be obtained from a
digraph in P(z ", y*; 2™,y ) by identifying x* = 2~ and y™ = y~. Let D7 be the digraph from Figure
Bla).

Let K be the class of digraphs D with 7(D) > 3and §°(D) > 2 (Recall that 6°(D) = min{d* (D), 5~ (D)}.)
which can be obtained from a digraph Ky from P(wo, 20; 21, w1) by adding at most one arc connecting
wp, 20, adding at most one arc connecting w1, z1, adding a directed 4-cycle (xq, x1, 22, 3, Zo) disjoint
from Ky and adding eight single arcs wixg, wix2, 2121, 21T3, ToWp, T2Wp, T120 ,T320 (see Figure
[6). Let H be the class of digraphs D with 7(D) > 3 and 6°(D) > 2 such that D is the union of three
arc-disjoint digraphs H, € P(ya, Y3, Y1;Ys, Y2), Hg € P(ya,Ys; Y3, Y1, Yy2), and Hy € P(y1,Y2; Y3, Ya),
where 41, Y2, Y3, Y4, Y5 are the only vertices in D occurring in more than one of H, Hg, H., (see Figure

7).
Theorem 5.4 (McCuaig [McCOI]). The class of intercyclic digraphs in reduced form is T U{ D7 }UKUH.
Using this characterization we can now prove the following.

Corollary 5.5. If D is an intercyclic oriented graph in reduced form, then inv(D) < 4.
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Fig. 5: (a): the digraph D7; (b): the digraph D7 obtained from D7 by inverting the set {y, y2, ¥4, ¥s }; (c): the acyclic
digraph D7 obtained from D% by inverting the set {y2, 3, ys, Y6 }-

Fig. 6: The digraphs from /C. The arrow in the grey area symbolizing the acyclic (plane) digraph K g indicates that
20, Wwo are its sources and z1, w; are its sinks. (This figure is a courtesy of [BJK11]).

Y, Y, Y, ¥y, Vs y, Y,
AP S S P N Y,
H, Hy H,

Fig. 7: The digraphs from #. (This figure is a courtesy of [BJK11]).



On the inversion number of oriented graphs. 21

Proof: Let D be an intercyclic oriented graph in reduced form. By Theorem[5.4] itis in TU{D7} UKUH.

If D € T, then it is obtained from a digraph D’ in P(x*,y"; 2™,y ™) by identifying z* = 2~ and
yT = y~. Thus D — {zT,y*} = D' — {aF,y*,z~,y~ } is acyclic. Hence 7(D) < 2, and so by
Theorem|L.1} inv(D) < 4.

If D = Dy, theninverting X1 = {y, Y2, Y4, Y6 | S0 that y becomes a sink and then inverting {y2, y3, ¥s, Y6 }»
we obtain an acyclic digraph with acyclic ordering (ys, ys, Y4, Us, Y1, Y2, y). (See Figure ) Hence
inv(D7) < 2.

If D € K, then inverting {x, x3} and {xq, z1, 22, T3, w1, 21 }, We convert D to an acyclic digraph with
acyclic ordering (z3, z2, 1, 2o, V1, . . . , Up) Where (v1, ..., vp) is an acyclic ordering of K.

If D € H, then consider D’ = Inv(D,V(H,)). The oriented graph D’ is the union of H, €

«—
P(yas Y3, y15 Y5, y2), Hp € P(ya; ys:ys, y1,Yy2), and H., the converse of H,. As Hy € P(y1,12; Y3, Ya),
—
we have H~€ P(ys,y3; Y2, y1)- Set Y = {y1,92, Y3, Y4, Y5 }-

We claim that every directed cycle C’ of D’ contains y5. Since D’ —Y is acyclic, C’ is the concatenation
of directed paths P, P», ..., P, with both end-vertices in Y and no internal vertex in Y. Now let C' be
the directed cycle obtained from C’ by replacing each P; by an arc from its initial vertex to its terminal
vertex. Clearly, C contains ys if and only if C” does. But C is a directed cycle in J the digraph with
vertex set Y in which {4, y3, 51} — {ys,¥2}, {ya,¥5} — {y3,y1,92}, and {ys, 93} — {y1,v2}. One
easily checks that J — vj is acyclic with acyclic ordering (ya4, y3, y1,¥2), so C contains y5 and so does
.

Consequently, {ys} is a cycle transversal of D’. Hence, by Theorem|l.1} we have inv(D’) < 27(D’) <
2. As D’ is obtained from D by inverting one set, we get inv(D) < 3. O

We can now prove Theorem [5.1]

Proof: By induction on the number of vertices of D, the result holding trivially if |V (D)| = 3, that is
D = Cs.

Assume now that |V (D)| > 3.

If D is not strong, then it has a unique non-trivial strong component C' and any decycling family of C'is
a decycling family of D, so inv(C) = inv(D). By the induction hypothesis, inv(C') < 4, so inv(D) < 4.
Henceforth, we may assume that D is strong.

Assume now that D has a weak arc a. If a is non-contractable, then inv(D) < 4 by Lemma Ifa
is contractable, then consider D /a. As observed by McCuaig [McC91], D/a is also intercyclic. So by
Lemma 5.2 and the induction hypothesis, inv(D) < inv(D/a) < 4. Henceforth, we may assume that D
has no weak arc.

Thus D is in a reduced form and by Corollary[5.5] inv(D) < 4. O

6 Complexity results
6.1 NP-hardness of 1-INVERSION and 2-INVERSION

Theorem 6.1. 1-INVERSION is NP-complete even when restricted to strong oriented graphs.

In order to prove this theorem, we need some preliminaries.
Let J be the oriented graph depicted in Figure[§]
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Fig. 8: The oriented graph J

Lemma 6.2. The only sets whose inversion can make J acyclic are {a,b, e} and {b, c,d}.

Proof: Assume that an inversion on X makes J acyclic. Then X must contain exactly two vertices of
each of the directed 3-cycles (a, b, ¢, a), (a,b,d, a), and (e, b, ¢, ¢), and cannot be {a, ¢, d, e} for otherwise
(e, b,d, e) is a directed cycle in the resulting oriented graph. Hence X must be either {a, b, e} or {b, ¢, d}.
One can easily check that an inversion on any of these two sets makes J acyclic. O

Proof Proof of Theorem Reduction from MONOTONE 1-IN-3 SAT which is well-known to be
NP-complete.

Let & be a monotone 3-SAT formula with variables 1, ..., z, and clauses C1,...,C,,. Let D be
the oriented graph constructed as follows. For every ¢ € [n], let us construct a variable digraph K; as
follows: for every j € [m], create a copy J; of .J, and then identify all the vertices ¢/ into one vertex ¢; as
depicted in Figure [0} Then, for every clause C;j = x;, V x4, V x;,, we add the arcs of the directed 3-cycle

D, = (@,.al,.al,)

Fig. 9: The variable gadget K;

Observe that D is strong. We shall prove that inv(D) = 1 if and only if ® admits a 1-in-3-SAT
assignment.

Assume first that inv(D) = 1. Let X be a set whose inversion makes D acyclic. By Lemma
and the vertices ¢ are identified in ¢;, for every ¢ € [n], either X N V(K;) = U;nzl{ag, bl,el} or
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XNV(K;) = UL {b],ci,d}. Let ¢ be the truth assignment defined by ¢(x;) = true if X NV/(K;) =
UTe {b], ci,dl}, and o(x;) = falseif X NV(EK;) = U2 {a,b],el}.

Consider a clause C; = x;, V x5, V x;,. Because D; is a directed 3-cycle, X contains exactly two
vertices in V(D). Let 1 and ¢, be the two indices of {i1, 42, 93} such that ail and agz are in X and /3 be
the third one. By our definition of ¢, we have p(z¢,) = ¢(x¢,) = false and p(xy,) = true. Therefore,

@ is a 1-in-3 SAT assignment.

Assume now that ® admits a 1-in-3 SAT assignment . For every ¢ € [n], let X; = U;":l{b{, ci, dl ) if
o(z;) = true and X; = U;”:l{az, bl e} if p(z;) = false, and set X = U, X;.

Let D’ be the graph obtained from D by the inversion on X. We shall prove that D is acyclic, which
implies inv(D) = 1.

Assume for a contradiction that D’ contains a directed cycle C. By Lemma there is no directed
cycle in any variable gadget K;, so C' must contain an arc with both ends in V(D;) for some j. Let
Cj =z, V x,;, V x;,. Now since ¢ is a 1-in-3-SAT assignment, w.L.o.g., we may assume that ¢(z;,) =
J J ' and afg — agl. Moreover,

¢(w;,) = false and p(z;,) = true. Hence in D', aj, — afl, aj, — aj,

in D’(V(Jfl)>, afl is a sink, so afl is a sink in D’. Therefore C' does not goes through agl, and thus C'

contains the arc aZ_a’ , and then enters J/ . Butin D’(V(J7.)), al. has a unique out-neighbour, namely
; 2713 3 i3 3

b}, which is a sink. This is a contradiction. O

Corollary 6.3. 2-INVERSION is NP-complete.

Proof: By Corollary [3.5] we have inv(D — D) = 2 if and only inv(D) = 1, so the statement follows
from Theorem O

6.2 Solving k-TOURNAMENT-INVERSION for k € {1,2}

Proposition 6.4. 1-TOURNAMENT-INVERSION can be solved in O(n?) time.

Proof:

Let T be a tournament. For every vertex v one can check whether there is an inversion that transforms
T into a transitive tournament with source v. Indeed the unique possibility inversion is the one on the
closed in-neighbourhood of v, N~ [v] = N~ (v) U {v}. So one can make inversion on N~ [v] and check
whether the resulting tournament is transitive. This can obviously be done in O(n?) time

Doing this for every vertex v yields an algorithm which solves 1-TOURNAMENT-INVERSION in O(n?)
time. O

Theorem 6.5. 2-TOURNAMENT-INVERSION can be solved in in O(nS) time.

The main idea to prove this theorem is to consider every pair (s,t) of distinct vertices and to check
whether there are two sets X7, X5 such that the inversion of X; and X5 results in a transitive tournament
with source s and sink £. We need some definitions and lemmas.

The symmetric difference of two sets A and B is AAB = (A\ B)U (B\ A).
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Let 7" be a tournament and let s and ¢ be two distinct vertices of 7. We define the following four sets

A(s,t) = NT(s)NN~(t)
B(s,t) = N~ (s)NnN*(t)
C(s,t) = NT(s)NNT(¢)
D(s,t) N~ (s)N N~ ()

Lemma 6.6. Let T be a tournament and let s and t be two distinct vertices of T. Assume there are two
sets X1, Xo such that the inversion of X1 and X results in a transitive tournament with source s and
sink t.

(1) If {s,t} C X1\ Xo, thents € A(T), C(s,t) = D(s,t) =0 and X1 = {s,t} U B(s,1).

(2) Ifs € X1\ Xa, t € Xo\ X3, then st € A(T), A(s,t)N(X1UX2) =0, X7 = {s}UB(s,t)UD(s,t),
and Xo = {t} U B(s,t) UC(s,1).

B)Ifs e XiNXsandt € Xy \ Xy, thents € A(T), X; = {s,t} U B(s,t) U C(s,t), and
Xo = {s}UC(s,t) U D(s,t).

(4) If {s,t} C X1 N Xy, then st € A(T), C(s,t) =0, D(s,t) =0, X1 N Xy C A(s,t) U{s,t}, and
B(S,t) = X1AX2.

Proof: (1) The arc between s and ¢ is reversed once, so ts € A(T).

Assume for a contradiction, that there is a vertex ¢ € C(S,t). The arc tc must be reversed, so ¢ € X7,
but then the arc sc is reversed contradicting the fact that s becomes a source. Hence C(s,t) = (). Similarly
D(s,t) = 0.

The arcs from ¢ to B(s,t) and from B(s,t) to s are reversed so B(s,t) C X;. The arcs from s to
A(s,t) and from A(s, ) to ¢ are not reversed so A(s,t) N X1 = (). Therefore Xy = {s,t} U B(s, t).

(2) The arc between s and ¢ is not reversed, so st € A(T'). The arcs from s to A(s, t) and from A(s,t)
to ¢ are not reversed so A(s,t) N X; = 0 and A(s,¢) N Xo = (. The arcs from ¢ to B(s,t) and from
B(s,t) to s are reversed so B(s,t) C X; and B(s,t) C X,. The arcs from s to C(s, t) are not reversed
so C(s,t) N X7 = 0 and the arcs from ¢ to C(s, t) are reversed so C(s,t) C Xs. The arcs from D(s, t)
to s are reversed so D(s,t) C X and the arcs from D(s,t) to d are not reversed so D(s,t) N Xy = 0.
Consequently, X1 = {s} U B(s,t) U D(s,t), and Xo = {t} U B(s,t) U C(s,t).

(3) The arc between s and ¢ is reversed, so ts € A(T'). The arcs from A(s,t) to ¢ are not reversed
so A(s,t) N X; = (. The arcs from s to A(s,t) are not reversed so A(s,t) N Xo = (. The arcs
from ¢ to B(s,t) are reversed so B(s,t) C X;. The arcs from B(s,t) to s are reversed (only once) so
B(s,t)NXs = (). The arcs from ¢ to C(s, t) are reversed so C(s,t) C X;. The arcs from s to C'(s, ¢) must
the be reversed twice so C(s,t) C Xo. The arcs from D(s,t) to ¢ are not reversed so D(s,t) N X7 = ().
The arcs from D(s, t) to s are reversed so D(s,t) C X,. Consequently, X1 = {s,t} U B(s,t) UC(s,1),
and Xy = {s} UC(s,t) U D(s,t).

(4) The arc between s and ¢ is reversed twice, so st € A(T).
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Assume for a contradiction, that there is a vertex ¢ € C(s,t). The arc tc must be reversed, so c is in
exactly one of X7 ad X5. But then the arc sc is reversed contradicting the fact that s becomes a source.
Hence C(s,t) = (. Similarly D(s,t) = (. The arcs from s to A(s,t) and from A(s,t) to ¢ are not
reversed so every vertex of A(s,t) is either in X3 N X3 orin V/(T) \ (X1 U X3). The arcs from ¢ to
B(s,t) and from B(s,t) to s are reversed so every vertex of B(s,t) is either in X7 \ X2 orin X5 \ Xj.
Consequently, X1 N X C A(s,t) U {s,t}, and B(s,t) = X; AXo. O

Lemma 6.7. Let T be a tournament of order n and let s and t be two distinct vertices of T.

(1) One can decide in O(n?) time whether there are two sets X1, Xo such that the inversion of X1 and
X results in a transitive tournament with source s and sink t and {s,t} C X1 \ Xo.

(2) One can decide in O(n?) time whether there are two sets X1, Xa such that the inversion of X1 and
Xy, results in a transitive tournament with source s and sink t and s € X1 \ Xa andt € X5\ X;.

(3) One can decide in O(n?) time whether there are two sets X1, Xo such that the inversion of X1 and
X results in a transitive tournament with source s and sink t and s € X1 N Xo and t € X; \ Xo.

(4) One can decide in O(n*) time whether there are two sets X1, X2 such that the inversion of X1 and
X, results in a transitive tournament with source s and sink t and {s,t} C X; N Xo.

Proof: For all cases, we first compute A(s,t), B(s,t), C(s,t), and D(s,t), which can obviously be done
in O(n?).

(1) By Lemmal6.6] we must have ¢ts € A(T) and C(s,t) = D(s,t) = 0. So we first check if this holds.
Furthermore, by Lemma [6.6] we must have X = {s,t} U B(s,t). Therefore we invert {s,t} U B(s, t)

which results in a tournament 7”. Observe that s is a source of 7” and ¢t is a sink of 7”. Hence, we return
“Yes’ if and only if inv(7" — {s,t}) = 1 which can be tested in O(n?®) by Proposition[6.4]

(2) By Lemma we must have st € A(T). So we first check if this holds. Furthermore, by
Lemma 6.6] the only possibility is that X; = {s} U B(s,t) U D(s,t), and X5 = {t} U B(s,t) U C(s,1).
So we invert those two sets and check whether the resulting tournament is a transitive tournament with
source s and sink ¢. This can done in O(n?).

(3) By Lemma we must have ts € A(T). So we first check if this holds. Furthermore, by
Lemmal6.6] the only possibility is that X1 = {s,t} UB(s,t) UC(s,t), and Xo = {s} UC(s,t)UD(s,t).
So we invert those two sets and check whether the resulting tournament is a transitive tournament with
source s and sink ¢. This can done in O(n?).

(4) By Lemmal6.6] we must have st € A(T), C(s,t) =0, D(s,t) = 0. So we first check if this holds.
Furthermore, by Lemma the desired sets X; and X5 must satisfy X; N Xo C A(s,t) U {s,t}, and
B(S, t) = X1AX2.

In particular, every arc of Ty = T(A(s,t)) is either not reversed or reversed twice (which is the same).
Hence T4 must be a transitive tournament. So we check whether 7'y is a transitive tournament and if yes,
we find a directed hamiltonian path P4 = (a1, ..., a,) of it. This can be done in O(n?).

Now we check that B(s, ¢) admits a partition (X7, X3) with X = X; N B and the inversion of both
X1 and X}, transforms T'(B(s,t)) into a transitive tournament 7z with source s’ and sink ¢. The idea is
to investigate all possibilities for s, ¢’ and the sets X{ and X}. Since (X7, X}) is a partition of B(s,t)
and (X1, X}) is a decycling family if and only if (X}, X7) is a decycling family, we may assume that
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(a) {s',t'} C X7\ X, or
(b) s € X1\ Xjandt' € X\ Xj.

For the possibilities corresponding to Case (a), we proceed as in (1) above. For every arc t's’ €
A(T(B(s,t))), we check that C(s’,t") = D(s,t") = 0 (where those sets are computed in T'(B(s,t))).
Furthermore, by Lemmal6.6] we must have X{ = {s,t} U B(s’,t') and X} = B(s,t) \ X{. So we invert
those two sets and check whether the resulting tournament T’z is transitive. This can be done in O(n?)
(for each arc t's’).

For the possibilities corresponding to Case (b), we proceed as in (2) above. For every arc t's’ €
A(T(B(s,t))), by Lemmal6.6] the only possibility is that X{ = {s'} U B(s/,t') U D(s',t'), and X5 =
{'}TUB(s,t')UC(s,t). As those two sets form a partition of B(s, t), we also must have B(s',¢') = )
and A(s’,t") = 0. So we invert those two sets and check whether the resulting tournament T'g is transitive.
This can be done in O(n?) for each arc t's’.

In both cases, we are left with a transitive tournament 75. We compute its directed hamiltonian path
Pg = (by,...,b,) which can be done in O(n?). We need to check whether this partial solution on B(s, t)
is compatible with the rest of the tournament, that is {s,t} U A(s,t). It is obvious that it will always be
compatible with s and ¢ as they become source and sink. So we have to check that we can merge T4
and T into a transitive tournament on A(s,t) and B(s,t) after the reversals of X; and Xo. In other
words, we must interlace the vertices of P4 and Pp. Recall that Z = X; N X5 \ {s,t} C A(s,t) and
X, = X[ UZU{s,t}, i € [2] so the arcs between Z and B(s, t) will be reversed exactly once when we
invert X; and Xs. Using this fact, one easily checks that this is possible if and only there are integers
j1 < -+ < jp such that

* either b; — a; for j < j; and b; < a; for j > j; (in which case a; ¢ Z and the arcs between a;
and B(s, t) are not reversed),

e orb; < a; for j < j; and b; — a; for j > j; (in which case a; € Z and the arcs between a; and
B(s,t) are reversed).

See Figure [10] for an illustration of a case when we can merge the two orderings after reversing X; and
Xo.
Deciding whether there are such indices can be done in O(n?) for each possibility.
As we have O(n?) possibilities, and for each possibility the procedure runs in O(n?) time, the overall
procedure runs in O(n*) time. O

Proof Proof of Theorem [6.5; By Lemma [2.2] by removing iteratively the sources and sinks of the
tournament, it suffices to solve the problem for a tournament with no sink and no source.

Now for each pair (s, t) of distinct vertices, one shall check whether there are two sets X7, X5 such that
the inversion of X; and X5 results in a transitive tournament with source s and sink ¢. Observe that since
s and t are neither sources nor sinks in 7", each of them must belong to at least one of X7, X5. Therefore,
without loss of generality, we are in one of the following possibilities:

* {s,t} C X1 \ X5. Such a possibility can be checked in O(n?) by Lemmal6.7](1).
e s€ X;\ Xpandt € X5\ X;. Such a possibility can be checked in O(n?) by Lemma(Z).
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Fig. 10: Indicating how to merge the two orderings of A and B. The fat blue edges indicate that the final ordering
will be b1 — bg, a1 — a4, by — be, a5 — as, by — bg7 a9 — ai1,b10 — bi2. The set Z = {az, ag, alo} consists of those
vertices from A(s, t) which are in X; N X2. These vertices are shown in red. The red arcs between a vertex of Z and
one of the boxes indicate that all arcs between the vertex and those of the box have the direction shown. Hence the
boxes indicate that values of ji,...,j11 satisfythat: j1 = ... =ju=3,js=... =js=6,j9=... =j11 =09.

e s€ X;NXyandt € X7\ Xo. Such a possibility can be checked in O(n?) by Lemma(3).

*t€ X1NXyand s € X7 \ Xs. Such a possibility is the directional dual of the preceding one. It
can be tested in O(n?) by reversing all arcs and applying Lemma(3).

* {s,t} € X1 N Xo. Such a possibility can be checked in O(n*) by Lemma 4).

Since there are O(n?) pairs (s,t) and for each pair the procedure runs in O(n*), the algorithm runs in
O(nf) time. O

6.3 Computing related parameters when the inversion number is bounded
The aim of this subsection is to prove the following theorem.

Theorem 6.8. Let v be a parameter in 7,7’ ,v. Given an oriented graph D with inversion number 1 and
an integer k, it is NP-complete to decide whether v(D) < k.

Let D be a digraph. The second subdivision of D is the oriented graph S2(D) obtained from D by
replacing every arc a = uv by a directed path P, = (u, 4, Y4, u) Where z,, y, are two new vertices.

Lemma 6.9. Ler D be a digraph.
(i) inv(S2(D)) < 1.

(ii) 7'(S2(D)) = 7'(D), 7(S2(D)) = 7(D), and v(S2(D)) = v(D).
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Proof: (i) Inverting the set U, ¢ 4(p){Za, Ya} makes S(D) acyclic. Indeed the z, become sinks, the y,
become sources and the other vertices form a stable set. Thus inv(S2(D)) = 1.

(ii) There is a one-to-one correspondence between directed cycles in D and directed cycles in Sa(D)
(their second subdivision). Hence v(S2(D)) = v(D).

Moreover every cycle transversal S of D is also a cycle transversal of S2(D). So 7(S2(D)) < 7(D).
Now consider a cycle transversal T'. If z, or y, is in S for some a € A(D), then we can replace it by any
end-vertex of a. Therefore, we may assume that 7' C V (D), and so T is a cycle transversal of D. Hence
7(S2(D)) = 7(D).

Similarly, consider a cycle arc-transversal F' of D. Then F' = {a | z,y, € F} is a cycle arc-
transversal of S3(D). Conversely, consider a cycle arc-transversal F of So(D). Replacing each arc
incident to x4, Yy, by z.y, for each a € A(D), we obtain another cycle arc-transversal. So we may
assume that F' C {z,y, | a € A(D)}. Then F = {a | z,y, € F'} is a cycle arc-transversal of D. Thus
7/ (S2(D)) = 7' (D). O

Proof Proof of Theorem Since computing each of 7, 7/, v is NP-hard, Lemma (i1) implies that
computing each of 7, 7/, v is also NP-hard for second subdivisions of digraphs. As those oriented graphs
have inversion number 1 (Lemma[6.9|(i)), computing each of 7, 7/, v is NP-hard for oriented graphs with
inversion number 1. O
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Let <Z> <Bk">, and <Dk"> be the Eulerian numbers of the types A, B, and D, respectively—that is, the number of
permutations of n elements with k descents, the number of signed permutations (of n elements) with &k type B de-

scents, the number of even-signed permutations (of n elements) with k type D descents. Let Sy, (t) = Z;; <Z> t*,

Bn(t) =1 o <Bk"> t*, and Dy, (t) = o7, <Dk"> t*. We give bijective proofs of the identity

Bo(t®) = (1 + )" 18, (t) — 2"tS, (t7)
and of Stembridge’s identity
Dy (t) = Bn(t) —n2" 'S, _1(t) .

These bijective proofs rely on a representation of signed permutations as paths. Using this representation we also
establish a bijective correspondence between even-signed permutations and pairs (w, E) with ([n], E') a threshold
graph and w a degree ordering of ([n], E), which we use to obtain bijective proofs of enumerative results for threshold
graphs.

Keywords: signed permutation, weak order, threshold graph

1 Introduction
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This is only one of the many interpretations that we can give to these numbers, see e.g. (Petersen,
2015), yet it is intimately order-theoretic. The set S,, can be endowed with a lattice structure, known
as the weak (Bruhat) ordering on permutations or Permutohedron, see e.g. (Guilbaud and Rosenstiehl,
1963; Caspard et al., 2016). Descent positions of w € S,, are then bijection with its lower covers, so

the Eulerian numbers <Z> can also be taken as counting the number of permutations in S,, with k lower

covers. In particular, <7f> = 2™ —n — 1 is the number of join-irreducible elements in S,,. A subtler order-

theoretic interpretation is given in (Barnard, 2016): since the S,, are (join-)semidistributive as lattices,

every element can be written canonically as the join of join-irreducible elements (Freese et al., 1995);

the numbers <Z> count then the permutations w € S,, that can be written canonically as the join of &k

join-irreducible elements.

The symmetric group S,, is a particular instance of a Coxeter group, see (Bjorner and Brenti, 2005),
since it yields a concrete realization of the Coxeter group A,,_; in the family A. Notions of length,
descent, inversion, and also a weak order, can be defined for elements of an arbitrary finite Coxeter group
(Bjorner, 1984). We shift the focus to the families B and D of Coxeter groups. More precisely, this

paper concerns the Eulerian numbers in the types B and D. The Eulerian number <Bk'"> (resp., <Dk">)

counts the number of elements in the group B,, (resp., D,,) with k£ descent positions. Order-theoretic
interpretations of these numbers, analogous to the ones mentioned for the standard Eulerian numbers, are
still valid. As the abstract group A,,_; has a concrete realization as the symmetric group S,,, the group
B,, (resp., D,) has a realization as the hyperoctahedral group of signed permutations (resp., the group of
even-signed permutations). Starting from these concrete representations of Coxeter groups of type B and
D, we pinpoint some new representations of signed permutations. Relying on these representations we
provide bijective proofs of known formulas for Eulerian numbers of the types B and D. These formulas
allow us to compute the Eulerian numbers of the types B and D from the better-known Eulerian numbers
of type A.
Let S, (t) and B,,(t) be the Eulerian polynomials of the types A and B:

S (t) := nz_:l <Z> th Ba(t) = zn: <E§€"> k. (1)

k=0 k=0

In (Petersen, 2015, §13, p. 215) the following polynomial identity is stated:
2B, (1*) = (1 + )" TS, (¢) + (1 — )" TS, (). 2)

Considering that, for f(¢) = >, <, axt”,

F@)+ (=) =2 ant®™,

k>0

the polynomial identity (2) amounts to the following identity among coefficients:

G- ()
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We present a bijective proof of (3) and also establish the identity

2k+1
n/n\ n n+1
2 <k>_§<i>(2k+1—i>' @

?

Considering that, for f(t) = Y, axt”,

F) = f(=t) =2 agat™ 7,

k>0
the identity (4) yields the polynomial identity:
2GS, (7)) = (L + )" TS, (t) — (1 — )" TS, ().
More importantly, (3) and (4) jointly yield the polynomial identity
(14 )" 1S, (t) = Bn(t?) + 2"tS, (t%) . 5)

Let now D,,(t) be the Eulerian polynomial of type D:

Dy, (t) :== Zn: <[?€”> th

k=0

Investigating further the terms 2"S,,(¢), we could find a simple bijective proof, that we present here, of
Stembridge’s identity (Stembridge, 1994, Lemma 9.1)

D, (t) = Bu(t) —n2" 'S, _1(t), (6)

which, in terms of the Eulerian numbers of type D, amounts to

() (3) (1)

The proofs presented here differ from known proofs of the identities (2) and (6). As suggested in (Pe-
tersen, 2015), the first identity may be derived by computing the f-vector of the type B Coxeter complex
and then by applying the transform yielding the h-vector from the f-vector. A similar method is used in
(Stembridge, 1994) to prove the identity (6). Our proofs directly rely on the combinatorial properties of
signed/even-signed permutations and on two representations of signed permutations that we call one the
path representation and, the other, the simply barred permutation representation. The idea is that a signed
permutation of [n] can be organised into a discrete path from (0, n) to (n, 0) that only uses East and South
steps and that, by projecting onto the z-axis, we obtain a permutation divided into blocks, as suggested
in Figure 1. As a byproduct of these representations, we also obtain a bijection between even-signed
permutations of [n] and pairs (w, E') where ([n], E) is a threshold graph and w is a permutation or, better,
a linear ordering of [n] that is a degree ordering for ([n], E'). Under the bijection, the ordering of D,, is
coordinatewise, that is, we have (wy, E1) < (ws, F2) if and only if w; < wy inS,, and E; C Es. Itis
in the scope of future research to shed some light on the lattice structure of the weak order on the Coxeter
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Fig. 1: Signed permutations as paths and as barred permutations

groups of type D using this representation of the ordering. Our confidence that this is indeed possible
relies on our progress studying these lattices, which yielded the discovery of the path representation of
signed permutations. In the meantime, the two representations of signed permutations, together with the
bijection between even-signed permutations and pairs (w, F') as mentioned above, also yield a representa-
tion of threshold graphs as specific simply barred permutations. We exemplify once more the convenience
of these representations by deducing enumerative results for threshold graphs (Simpson Beissinger and
Peled, 1987; Spiro, 2020).

2 Background

The notation used is chosen to be consistent with (Petersen, 2015). We use [n] for the set { 1,...,n } and
S,, for the set of permutations of [n]. We use [n]o for the set { 0,1,...,n }, [-n] for{ —n,...,—1}, and
[£n] for {—n,...,—1,1,...,n}. We write a permutation w € S,, as a word w = wyws - - - Wy, With

w; € [n]. Forw € S,,, its set of descents and its set of inversions) are defined as follows:
Des(w):={ie{1l,....n =1} |w; > wiy1},
v (w) :={(6,5) [ 1 <i <j<nw (@) >w (j)} (7
Then, we let
des(w) := |Des(w)] . 8)

Notice that a descent ¢ of a permutation w;ws - - - w,, is uniquely identified by the two contiguous letters
w;w;+1 such that w; > w;41. Therefore, we shall often identify such a descent by these two contiguous

® Tt is also possible to define Inv (w) as the set { (4,7) | 1 < i < j < n,w; > w; }. The definition given above is better suited
for the order-theoretic approach.
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letters. The Eulerian number <Z> counting the number of permutations of n elements with &k descents,
can be formally defined as follows:

<Z> = |{w €S, | des(w) =k}

Let us define a signed permutation of [n] as a permutation u of [+n] such that, for each i € [£n],
u_; = —u;. We use B,, for the set of signed permutations of [n]. When writing a signed permutation
wasaword u_, -+ u_1uy - - Uy, we prefer writing u; = T in place of —z if u; < 0 and |u;| = =.
Also, we often write u € B,, in window notation, that is, we only write the suffix ujus - - - u,; indeed, the
prefix w_,u,_1---u_1 is determined as the mirror of the suffix ujus - - - u,, up to exchanging the signs.
The set B,, is a subgroup of the group of permutations of the set [+n] and, as mentioned before, it is the
standard model for the Coxeter group in the family B with n generators. General notions from the theory
of Coxeter groups (descent, inversion) apply to signed permutations.

The Cayley graph of a Coxeter group (which, by definition, comes with a set of generators) can always
be oriented by increasing length, where the length of an element is defined as the number of its inversions.
The oriented graph is then the Hasse diagram of a poset where descents of an element mark its lower cov-
ers. While for permutations the notions of descent, inversion, and length are customary from elementary
combinatorics, for signed permutations these notions are subtler yet well studied, we refer to standard
monographs such as (Bjorner and Brenti, 2005; Petersen, 2015). We present below, as definitions, the
well-known explicit formulas for the descent and inversion sets of u € B,,. We let

Desg(u) :={i€{0,...,n—1} | u; > uit1},

Inve(u) := {(i,5) | 1 < [i] <j < nu () >u™'(5) }, ©)
where we set ug := 0, so 0 is a descent of w if and only if u; < 0,

desg(u) = |Desg(u)|,

<Bk”> — {ueB, | dess(u) = k}|. (10)

The definition of the Eulerian polynomials in the types A and B appears in (1). Let us mention that the
type A Eulerian polynomial is often (for example in (B6na, 2012)) defined as follows:

An(t) = kzn:_l <k " 1> t* = 1S,(t).

We exclusively manipulate the polynomials S, (¢) and never the A,,(¢). Notice that S, (¢) has degree n—1
and B,,(t) has degree n.

We shall introduce later even-signed permutations and their groups, as well as related notions arising
from the fact that these groups are standard models for Coxeter groups in the family D.

For u € B,, we let Desg; (u) := Desg(u) \ {0}, that is, Desg (u) is the set of strictly positive descents
of u. Let us observe the following:
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Lemma 2.1. | {u € B,, | [Des{ (u)| = k}| = 27 <’,;>

Proof: Recall that the window notation of a signed permutation u is the word u; - - - u,,. We identify the
window notation of u with the mapping @ : [n] — [4n] such that @(i) = u;, for each i € [n].

We claim that maps arising as window notation of a signed permutation are in bijection with pairs
(w,t) where w € S,, and ¢ : [n] — [%£n] is an order preserving injection such that x € ¢([n]) iff
—x & 1([n]). The bijection goes as follows. Given a signed permutation u, the image @([n]) C [£n] of its
window notation is a subset of integers of cardinality n with the linear ordering inherited from integers.
Thus, there exists a unique order preserving bijection ¢ : @([n]) — [n]. We associate to @ the pair (w, ¢)
where w = 1) o4 and where ¢ is the composition of ¢)~! : [n] — @([n]) and the inclusion @([n]) C [+n].
Notice that & = ¢ o w, from which it follows that %([n]) = ¢([n]) and that = € «([n]) iff —z & «([n]).
Let us argue that this decomposition is unique. Notice that @([n]) = ¢([n]) uniquely determining ¢. Since
moreover ¢ is injective, if t o w = @ = ¢t o w’, then w = w’ as well. Also, given such a pair (w,¢), t o w is
a preimage of (w, ¢) via the correspondence, which is therefore surjective and a bijection.

Next, the order preserving injections ¢ : [n] — [£n] such that z € «([n]) iff —z & ¢([n]) are uniquely
determined by their positive image ¢([n]) N [n], so there are 2™ such mappings. Finally, let us argue

that, for i = 1,...,n — 1, u; > w;yq if and only if w; > wip1: w; > waq iff @(é) > a(@i + 1)
iff ((w(?)) > (w(i + 1)) iff w; > w41, since ¢ preserves and reflects the ordering. It follows that
Desg (u) = Des(w), thus yielding the statement of the lemma. O

Example 2.2. Consider the signed permutation « := 34125. Then 4 = ¢ o w with w = 52431 and ¢ the

order preserving map 54213 with ¢([n]) N [n] = { 1,3 }. <&

Let us end this section with a notational remark. We can index cells or points of a grid such as the
one in Figure 1 in two different ways. Either we consider them as being part of a matrix and index them
by row (we count here rows from the bottom to the top) and column, thus using the letters ¢, j. Or we
can index them using the abscissa and ordinate of the two-dimensional plane. We shall prefer the latter
method when the axes are ordered in the standard way, and the first method when the axes are ordered
according to a permutation. For example, in Figure 1, the dashed path makes an East-South turm at point
(x,y) with z = 3 and y = 6. However, if we relabel the axes by means of the permutation w = 4237615,
then it makes sense to say that the path makes an East-South turn at row ¢ = w(6) = 1 and column
j = w(3) = 3. The use of both kind of indexing shall be unavoidable. The reader should be aware that
rows correspond to the ordinate and columns to the abscissa, so a point (z,y) yields the cell Moy(y),w(a)
of a matrix M and that a cell M; ; is located at point (w1 (j),w™1(4)).

3 Path representation of signed permutations

We present here our main combinatorial tool to deal with signed permutations, the path representation.

Definition 3.1. The path representation of u € B, is a triple (7, \Y, \}) where 7* is a discrete path,
drawn on a grid [n]o X [n]o and joining the point (0,n) to the point (n,0), A¥ : [n] — [n], and
Ay ¢ [n] — [—n]. The triple (7%, A{, A}) is constructed from u according to the following algorithm:
(i) w is written in full notation as a word and scanned from left to right: each positive letter yields an
East step (a length 1 step along the z-axis towards the right), and each negative letter yields a South step

(a length 1 step along the y-axis towards the bottom) ; (ii) the labelling A¥ : [n] — [n] is obtained by
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projecting each positive letter on the z-axis, (iii) the labelling A} : [n] — [—n] is obtained by projecting
each negative letter on the y-axis.

Example 3.2. Consider the signed permutation u := 2316475, in window notation, that is, 57461322316475,

in full notation. Applying the algorithm above, we draw the path 7 and the labellings Ay, A} as follows:

N w1 o U

[ S S

N
RERCE R

~

Therefore, m* is the dashed path, A} is the permutation 7423165, and )\gf is7423165. &

It is easily seen that, for an arbitrary u € B,,, (7%, A%, A%) has the following properties:

) X7 y
(i) 7 is symmetric along the diagonal,

(ii) A¥ € S,, and, moreover, it is the subword of u of positive letters,

(iii) for each z € [n], A\j(z) = A¢(x) and, moreover, Ay is the mirror of the subword of u of negative
letters.

In particular, we see that the data (7, Ay, A) is redundant since Ay is completely determined from A{.

Proposition 3.3. The mapping u — (7%, \Y) is a bijection from the set of signed permutations B, to the

set of pairs (7, w), where w € S,, and 7 is a discrete path from (0,n) to (n,0) with East and South steps

which, moreover, is symmetric along the diagonal.

We leave it to the reader to verify the above statement. Next, we argue for the interest of this repre-
sentation by looking at the inversion set of a signed permutation. According to the definition in (9), the
type B inversions of a signed permutation can be split into its positive inversions, the pairs (i, ;) with
1 <i < j < n, and the negative ones, those of the form (7, j) withi < 0and 1 < |i| < j < n. We claim
that the positive inversions of u are the type A inversions of A\Y and that its negative inversions are of the
form (A} (y), Ay (z)) such that 1 <y < < n and the cell (z, y) lies below 7. This idea is exemplified
in Figure 2 with the signed permutation 2316475 from Example 3.2. Notice that, when 1 < z <y < n
and (x, y) lies below 7%, then (y, z) lies below 7% as well (since 7* is symmetric along the diagonal) and
therefore, according to our claim, (A (), A{(y)) is a negative inversion of u. If we identify, when z < y,
the pair (A} (y), A () with (A} (x), A{(y)), then we can simply say that the negative inversions of u are
of the form (A} (y), A{ (x)) for (z,y) below 7.

We collect these observations in a formal statement.
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Fig. 2: Negative inversions of 2316475, indexed on the left by the abscissa and ordinate and on the right by Ay, A

Proposition 3.4. Let u € B,,. Foreachi,j with1 < |i| < j < n, (i,§) € Invg(u) if and only if either
1<i<j<nand(i,j) € Inv(\%) ori < 0and (A\*)~*(—1i), (A\)~L(4)) lies below the path 7.

Proof: Consider a pair (7, j) such that 1 < |¢| < j < n and such that, if 0 < 4, then i < j.

If 0 < 7 < j, then both ¢ and j appear in Ay, which is the subword of w (written in full notation) of
positive integers. Then u=1(i) > u~1(j) if and only if (A%)~1(i) > (A%)~1(j), thatis, (i,5) € Invg(u)
if and only if (¢, 7) € Inv(\Y).

We suppose next that ¢ < 0. Observe that, as suggested in Figure 3, for 7 > 0 and ¢ < 0, the cell
identified by Ay, Ay as (4, 7) is below 7 if and only if the letter j appears before the letter ¢ in u. Also, for
such a pair, j appears before ¢ in w if and only if (¢, j) € Inv(u), where u is considered as a permutation
of the set [+£n] and the set of inversions is computed w.r.t the standard linear order on this set.

Therefore, if (i,7) withi < O and 1 < |i|] < j < n, then (i,5) € Invg(u) if and only if (i,5) €
Inv(u) if and only if the cell identified by Ay, A} as (7, ) is below 7*. If, instead of using Ay and
A¥ to identify cells, we use the abscissa and ordinate, this happens when ((A¥)~*(i), (\¥)~"'(j)) =

(M) 7H=4), (A7) 1)) is below . O

Remark 3.5. The fact that (z,y) lies below 7% if and only if (y,x) lies below 7* suggests to look at
negative inversions of u as unordered pairs of the form {\¥(x), A¥(y)} (doubletons or singletons) such
that (z, y) lies below 7*. We shall explore this graph-theoretic approach in Section 7. We illustrate this
with the signed permutation of Example 3.2: we can identify the set of type B inversions of 2316475 with
the disjoint union of the set of type A inversions of 7423165 and the set of unordered pairs

({7 73,47, 43.{7,23,{7, 3}, {7, 1}, {7, 6}, {4, 4}, {4,2}, {4, 3}, {4,1},{4,6},{2,2} } .

4 Simply barred permutations

We consider now a second way of representing signed permutations. We mostly consider simply barred
permutations as shorthands for path representations of signed permutations. While less informative than
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Fig. 3: Characterizing inversions of the form (4, j) with ¢ negative

path representations, we shall observe that the enumerative results of the following chapters mostly rely
on this representation.

Definition 4.1. A simply barred permutation of [n] is a pair (w, B) where w € S, and B C {1,...,n}.
We let SBP,, be the set of simply barred permutations of [n].

We think of B as a set of positions of w, the barred positions or walls. We have added the adjective
“simply” to “barred permutation” since we do not require that B is a superset of Des(w), as for example
in (Gessel and Stanley, 1978).

Example 4.2. We write a simply barred permutation (w, B) as a permutation divided into blocks by the
bars, placing a vertical bar after w; for each ¢ € B. For example, (w, B) = (7423165,{2,4,6}) is
written 74|23|16|5. Notice that we allow a bar to appear in the last position, for example 34|1|265|7|
stands for the simply barred permutation (3412657, { 2,3,6,7 }). Thus, a bar appears in the last position
if and only if the last block is empty. The last block is indeed the only block that can be empty, which
amounts to saying that consecutive bars are not allowed in simply barred permutations. This contrasts
with other notions of barred permutation, for example the one appearing in the proof of the alternating
sum formula for the Eulerian numbers (Bona, 2012, Theorem 1.11). &

Next, we describe a bijection—that we call )—from the set SBP,, to B,,. Let us notice that, in order
to establish equipotence of these two sets, other more straightforward bijections are available. In the
definition below, for w = wyws - - - wy,, we let w := wiws - - - w,. Moreover, we need to explain what
we mean for the upper antidiagonal of a subgrid. Notice that, in a grid [n]g X [n]o, we have two discrete
paths that are closest to the the line y = n — . We call them the lower and upper (discrete) antidiagonal,
respectively. This is suggested below with the lower and the upper antidiagonal on the left and on the
center, respectively.
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1 2 3 4 5 6 7 8

Next, a subset B C [n] determines a subgrid (B U {0}) x (B U{0}) which comes with its own upper
antidiagonal. We can extend this path with South steps before and East steps after, so to obtain a path
from (0, n) to (n,0). We call this path the upper antidiagonal of the subgrid. An example appears above
on the right, where the subgrid is determined by B = {1,3,5,6 }.

Definition 4.3. For (w, B) € SBP,,, we define the signed permutation ¢)(w, B) € B,, according to the
following algorithm: (i) draw the grid [n]o % [n]o; (ii) since B C [n], (BU{0}) x (BU{0}) defines
a subgrid of [n]o x [n]o, construct the upper antidiagonal 7 of this subgrid; (iii) ¢(w, B) is the signed

permutation u whose path representation (7, A\, A}) equals to (7, w, ).

Example 4.4. The construction just described can be understood as raising the bars and transforming them
into a grid. For example, for the simply barred permutation 74|2|316|5 (that is, (w, B) with w = 7423165
and B = {2,3,6}) the construction is as follows:

5

=2

Wl

[\

|

=~

The upper antidiagonal of the subgrid yields the dashed path above. The resulting signed permutation
Y (w, B) is 2316475 as from Example 3.2. O

The inverse image of ¢ can be constructed according to the following algorithm: for u € B,, (i) con-

struct the path representation (7, Ay, A}) of w, (ii) insert a bar in w at each vertical step of 7 (and
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remove consecutive bars), (iii) remove a bar at position 0 if it exists. Said otherwise, (w, B) = ¥~ (u) is
obtained from wu by transforming each negative letter into a bar, by removing consecutive bars, and then
by removing a bar at position 0 if needed.

Even if we consider simply barred permutations as shorthands for path representations of signed per-
mutations, some remarks are due now:

Lemma 4.5. Ifu = ¢ (w, B), then there is a bijection between the set B of bars and the set of East-South
turns of ™.

Lemma 4.6. We have 0 € Desg(¢(w, B)) if and only if | B| is odd.

The lemma can immediately be verified by considering that 0 € Desg(w) if and only if the first letter
in the window notation of w is negative, if and only if, in the path representation of i (w, B), the first step
of m* after meeting the diagonal is along the y-axis, in which case (and only in this case) 7" makes an
East-South turn on the diagonal. This happens exactly when 7* has an odd number of East-South turns.

5 Descents from simply barred permutations

We start investigating how the type B descent set can be recovered from a simply barred permutation.

Proposition 5.1. For a simply barred permutation (w, B), we have

desg(¢(w, B)) = |Des(w) \ B| + Pgr‘ . (11)

Proof: Write v = v (w, B) in window notation and divide it in maximal blocks of consecutive letters
having the same sign. If the first block has negative sign, add an empty positive block in position 0.
Each change of sign +— among consecutive blocks yields a descent. These changes of sign bijectively
correspond to East-South turns of 7% that lie on or below the diagonal. By Lemma 4.5, each bar determines
an East-South turn and, by symmetry of 7" along the diagonal, the number of East-South turns that are

on or below the diagonal is [@—‘ . Therefore this quantity counts the number of descents determined by

a change of sign.

The other descents of 1 (w, B) are either of the form w;w;41 with w; > w;+1 and w;, w; 41 belonging
to the same positive block, or of the form w;jw; with w; > w; 1 and w;, w;; belonging to the same
negative block. These descents are in bijection with the descent positions of w that do not belong to the
set B. O]

For each k € {0,1,...,n}, we let in the following SBP,, ;, be the set of simply barred permutations
. [Bl| —
(w, B) € SBP,, such that |Des(w) \ B| + [ﬂ — k.
Corollary 5.2. The set SBP,, i, is in bijection with the set of signed permutations of [n] with k descents.

We introduce next loosely barred permutations only as a tool to index simply barred permutations
independently of the even/odd cardinalities of their set of bars.

Definition 5.3. A loosely barred permutation of [n] is a pair (w, B) where w is a permutation of [n] and
B C{0,...,n}is aset of positions (the bars). We let LBP,, be the set of loosely barred permutations of

[n]-
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For D C [n], let&p : P([n]o) — P([n]) be the map defined by
{p(B) = (DAB)\ {0} = DA(B\{0}),
where A stands for the symmetric difference in P([n]o). Then, we define ©,, : LBP,, — SBP,, by
On(w, B) := (w, Epes (w) (B)) -

We shall investigate properties of the map O,,, for which we first need to collect properties of the map {p.
These are listed in the following lemmas.

Lemma 5.4. The map {p is a surjective two-to-one map. That is, each C C [n] has exactly two preimages,
B; := DAC and By = (DAC)U{0}.

In view of D \ {p(B) = D N B, the following relation holds if 0 ¢ B:
[D| +|B| = 2[D\ ¢{p(B)| + [€p(B)] -

Given this relation, the reader shall have no difficulties verifying the properties stated in the next lemma.

Lemma 5.5. The parity of |£p(B)| can be computed from | D| and |B| according to the following rules:

1. if|D|+|B| =2k and 0 & B, then |D\ {p(B)|+ [LEB)'—‘ = k and, in this case,

¢p(B)| is even;

2. if|D|+|B| = 2k and 0 € B, then |D \ £p(B)| + [lﬁDgBﬂ = k and, in this case, |¢p(B)| is odd;

3. if|D|+|B| = 2k+1and 0 & B, then |D\ £p(B)| + [KDEB” = k+1and, in this case,
is odd;

{p(B)|

4. if|D|+|B| =2k+1and 0 € B, then |D \ {p(B)| + P&D%—‘ = k and, in this case, |{p(B)] is
even.

The next lemma restates these properties on the side of preimages.

Lemma 5.6. For C C [n], let By, Ba be the two preimages of C via {p. Then, the following statements
hold:
1. ifID\C|+ {%—‘ = k and |C| is even, then the two preimages By, By of C satisfy |D|+ |B1| = 2k
and |D| + |Ba| = 2k + 1;

2. ifID\C|+ [%—‘ = kand |C| is odd, then the two preimages By, Bo of C satisfy | D|+|B1| = 2k—1
and |D| + |Bz| = 2k.
Definition 5.7. For each n > 0 and k € [2n]y, we let LBP,, ;, be the set of loosely barred permutations
(w, B) such that |Des(w)| + |B| = k.

Proposition 5.8. For each n > 0 and k € [n]o, the restriction of ©,, to LBP,, o, yields a bijection ©,, j
from LBP,, oy, to SBP,, j.
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Proof: By the first two items of Lemma 5.5, the restriction of ©,, to LBP,, o, takes values in SBP,, . The
restriction map is injective. Indeed, if ©,,(w, B) = O, (w’, B’), then w = w’ and, for D = Des(w),
C = ¢p(B) = {p(B’). Lemma 5.6 states that each C' C [n] has at most one & p-preimage B satisfying
|D| + |B| = 2k, whence B = B’. This map is also surjective: using Lemma 5.6, if (w, C) € SBP,, ,
D = Des(w), and By # B are such that 0 ¢ B; and {p(B;1) = &p(Bs) = C, then (w, By) is a
preimage of (w, C') if |C| is even, and (w, Bs) is a preimage of (w, C) if |C| is odd. O

Let us recall that, foru € B,,, Desg (u) denotes the set of strictly positive descents of u, see Lemma 2.1.

Definition 5.9. Foreach k € [n—1]o, we let SBP¥ be the set of simply barred permutations (w, B) € SBP,,
such that |Desg (¢ (w, B))| = k.

Let us pinpoint the following characterization of the set SBP%:

Lemma 5.10. For each simply barred permutation (w, C') € SBP,,

|C| is even and |Des(w) \ C| + {%—‘ =k, or

(w,C) € SBPF  iff
2

|C| is odd and |Des(w) \ C| + PC‘—‘ =k+1.

Proof: We have

D t(W(w,C))| =k iff 0 ¢ Desg (¢ (w, €)) and desg (4 (w, C)) = k, or
€s w, — i
B 0 € Desg(¢(w,C)) and desg(¢(w,C)) =k + 1.

The statement of the lemma follows using Lemma 4.6 and Proposition 5.1. O

Proposition 5.11. For each k € [n — 1o, the restriction of ©,, to LBP,, a11 yields a bijection @ffb from
LBP,, 21+1 fo SBPE.

Proof: By items 3. and 4. in Lemma 5.5, and also using Lemma 5.10, the restriction of ©,, to LBP,, 2541
takes values in SBP%. The restriction map is injective. Indeed, if ©,,(w, B) = ©,,(w’, B'), then w = w’
and, for D = Des(w), C = £{p(B) = &p(B’). Lemma 5.6 states that each C' C [n] has at most
one preimage B satisfying |D| + |B| = 2k + 1, whence B = B’. This map is also surjective. Let
(w,C) € SBP, D = Des(w), and B; # By be such that 0 ¢ By and {p(B;) = ¢p(B2) = C. By
Lemma 5.6, if |C] is even, then (w, C) has the preimage (w, Bs), and if |C| is odd, then (w, C') has the
preimage (w, By). O

To end this section, we collect the consequences of the bijections established so far.

Theorem 5.12. The following relations hold:
2k
Bn\ n\ (n+1
(-5 65 ®
2k+1
n/n\ n n+1
2 <k>_;<z>(2k+1z) @
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Proof: We have seen that signed permutations u € B,, such that desg(u) = k are in bijection (via the
mapping 1 of Definition 4.3) with simply barred permutations in SBP,, ;. Next, this set is in bijection
(see Proposition (5.8)) with the set LBP,, o5, of loosely barred permutations (w, B) € LBP,, such that
des(w) + | B| = 2k. The cardinality of LBP,, o, is the right-hand side of equality (3).

The left-hand side of equality (4) is the cardinality of the set of signed permutations w such that
|Desg (u)| = k, see Lemma 2.1. This set is in bijection with the set SBP¥ (via ¢ defined in 4.3 and
by the definition of SBPﬁ) which, in turn, is in bijection (see Proposition (5.11)) with the set LBP,, 251 of
loosely barred permutations (w, B) € LBP,, such that des(w) + | B| = 2k + 1. The cardinality of this set
is the right-hand side of equality (4). O

Theorem 5.13. The following relation holds:

B,(t?) = (1 + )" 1S, (t) — 2™tS,,(t?) . (12)

Proof: By (3), <Bk">, which is the coefficient of t?* in the polynomial B, (¢?), is also the coefficient
of ?¥ in (1 + t)"T1S,(t). By (4), 2" <Z> is the coefficient of t2**! in the polynomials 2"tS,, (t?) and
(14 t)"*1S,,(t). Therefore

B, (t?) 4+ 2tS, (t%) = (1 + )" 18, (1), (5)

whence equation (12). O

6 Stembridge’s identity for Eulerian numbers of type D

We recall that a signed permutation u € B, is even signed if the number of negative letters in its window
notation is even. The even-signed permutations of B,, form a subgroup D,, of B,, and in fact the groups
D,, are standard models for the abstract Coxeter groups of type D.

Definitions analogous to those given in Section 2 for the types A and B can be given for type D. Namely,
foru € D,,, we set

Desp(u) :={i€{0,1,....,n—1} | u; > uit1}, (13)
where we have set ug = —us,
D, “~ /D, \ i
desp(u) := |Desp(u)], b )= {u €D, |desp(u) =k}, Dypt):= Z gt
k=0

The formula in (13) is the standard one, see e.g. (Bjorner and Brenti, 2005, §8.2) or (Bagno et al., 2018).
The reader will have no difficulties verifying that, up to renaming 0 by —1, the type D descent set of u
can also be defined as follows, see (Petersen, 2015, §13):

Desp(u) :={iec{-1,1,...,n =1} | u; > w41}, (14)

where now ©w_; = —uq, as normal if u is written in full notation.
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It is convenient to consider a more flexible representation of elements of D,,. If u € B,,, then its mate
is the signed permutation v € B,, that differs from u only for the sign of the first letter. Notice that u = wu.
We define a forked signed permutation (see (Petersen, 2015, §13)) as an unordered pair of the formi{u, u}
for some u € B,,. Clearly, just one of the mates is even signed and therefore forked signed permutations
are combinatorial models of D,,.

The path representation of a forked signed permutation is insensitive of how the diagonal is crossed,
either from the West, or from the North. The following are possible ways to draw a forked signed permu-
tation on a grid:

o=
1
wl

=Nl ol x| O
=Nl ol W] O
’,

L

12345 12345

Even if the formulas in (13) and (14) have been defined for even-signed permutations, they still can be
computed for all signed permutations. The formula in (14) is not invariant under taking mates, however
the following lemma shows that this formula suffices to compute the number of type D descents of a

forked signed permutation and therefore the Eulerian numbers <Dk">.

Lemma 6.1. Foreachu € B,,, 1 € Desp(u) ifand only if —1 € Desp(u). Therefore desp(u) = desp (w).

Proof: Suppose 1 € Desp(u), that is u; > ug. Thenu_; = —(—u1) = ug > ug, and so —1 € Desp(u).
The opposite entailment is proved similarly.

For the last statement, observe that Desp(u) = A, U{i € {2,...,n — 1} | u; > wu;q1 } with
Ay = {i € {1,-1} | u; > 41} and, by what we have just remarked, we have |A,| = [A,]. It
follows that |Desp(u)| = |Desp(w)]. O

Our next aim is to derive Stembridge’s identity
Dy, (t) = B, (t) —n2" 'S, _1(t), (15)

see (Stembridge, 1994, Lemma 9.1), which, in term of the coefficients of these polynomials, amounts to

D.\ _/B. no1/n—1
(3-8 i)

Definition 6.2. A signed permutation u is smooth if u;,us have equal sign and, otherwise, it is non-
smooth.

The reason for naming a signed permutation smooth arises again from the path representation of a
signed permutation: the smooth signed permutation is, between the two mates, the one minimizing the
turns nearby the diagonal, as suggested in Figure 4 with two pairs of mates as examples.

Lemma 6.3. If u € B, is smooth, then —1 € Desp(u) if and only if 0 € Desg(u) and therefore
desp(u) = desg(u).
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Fig. 4: Two pairs of mates, the smooth mates are on the left
Proof: Suppose 0 € Desg(u), so u; < 0 and uy < 0 as well, since u is smooth. Then u_; = —u; >

0 > ug, so —1 € Desp(u). Conversely, suppose —1 € Desp(u), that is, u_1 > ug. If u3 > 0,
then 0 > —u; = w_1 > wug, SO uj,us have different sign, a contradiction. Therefore u; < 0 and
0 € Desg(u). O

Corollary 6.4. There is a bijection between the set of smooth signed permutations in B,, with k type B
descents and the set of even-signed permutations in D, with k type D descents.

Indeed, if u € B,, is smooth and even signed, then we let v = w, so Desg(u) = Desp(v), by
Lemma 6.3. If w is smooth but not even signed, then its mate u is even signed. We let then v = u
and then Desg(u) = Desp(u) = Desp(u), using Lemmas 6.1 and 6.3.

Next, we consider the correspondence—Ilet us call it xy—sending a non-smooth signed permutation
u € B, to the pair (|uy|,u’), where u is obtained from us - - - u,, by normalising this sequence, so that
it takes absolute values in the set [n — 1]. For example x(6123475) = (6,123465) and x(2316475) =
(2,215364), as suggested below:

6123475 ~ (6, 123475) ~» (6, 123465) , 2316475 ~ (2, 316475) ~ (2,215364) .

Notice that this transformation is reversible. Consider for example the pair (3,15423). We can first
rename 15423 so 3 is not the absolute value of any letter, thus obtaining 16524. We can then add £3
in front of this word, having two choices, 316524 and 316524. There is exactly one choice yielding a
non-smooth signed permutation, namely 316524.

The process of normalizing the sequence us . . . u,, can be understood as applying to each letter of this
sequence the unique order preserving bijection N, , : [£n] \ {z,T} — [£n — 1] where, in general,
x € [n] and, in this case, © = |uq].

Lemma 6.5. Letn > 2. For each pair (x,v) withx € [n] andv € B,,_1, there exists a unique non-smooth
u € By, such that x(u) = (x,v).

Proof: We construct u firstly by renaming v to v’ so that none of x, T appears in v’ (that is, we apply to
each letter of v the inverse of N, ;) and then by adding in front of v’ either z or T, according to the sign
of the first letter of v’. O

Lemma 6.6. The correspondence x restricts to a bijection from the set of non-smooth signed permutations
u € By, such that desg(u) = k to the set of pairs (x,v) where © € [n| and v € B,,_1 is such that
|Desg (v)| = k — L.
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Proof: We have already argued that y is a bijection from the set of non-smooth signed permutations u
of [n] to the set of pairs (z,v) with € [n] and v € B,_;. Therefore, we are left to argue that, for
a non-smooth v and v such that x(u) = (z,v), desg(u) = k if and only if |Desg (v)| = k — 1. Said
otherwise, we need to argue that, for such u and v, |Desg (v)| = desg(u) — 1. To this end, observe that
(i) |Desg(u) N {0,1}| = 1, since uy, us have different sign, (i) Desg (v) = {i — 1 | i € Desg(u) N
{2,...,n—1}}, from which the relation |Desg (v)| = desg(u) — 1 follows. O

Theorem 6.7. The following relations hold:

<Bkn> - <[?€n> + 2" <Z: i> ) By(t) = Dy(t) +n2" 1S, 1 (t).

Proof: Every signed permutation is either smooth or non-smooth. By Corollary 6.4, the smooth signed
permutations with k type B descents are in bijection with the even-signed permutations with k type D
descents. By Lemma 6.6, the non-smooth signed permutations v € B,, with k type B descents are in
bijection with the pairs (x,v) € [n] x B,,_1 such [Desg (v)| = k — 1. Using Lemma 2.1, the number of

these pairs is n2" ! <Z - }> O

Example 6.8. We end this section exemplifying the use of formulas (3) and (16) by which computation
of the Eulerian numbers of type B and D is reduced to computing Eulerian numbers of type A. Let us
mention that our interest in Eulerian numbers originates from our lattice-theoretic work on the lattice
variety of Permutohedra (Santocanale and Wehrung, 2018) and its possible extensions to generalized
forms of Permutohedra (Pouzet et al., 1995; Santocanale and Wehrung, 2016; Gouveia and Santocanale,
2021). Among these generalizations, we count lattices of finite Coxeter groups in the types B and D
(Bjorner, 1984). While it is known that the lattices B,, span the same lattice variety of the permutohedra,
see (Caspard et al., 2016, Exercise 1.23), characterizing the lattice variety spanned by the lattices D,, is
an open problem. A first step towards solving this kind of problem is to characterize (and count) the
join-irreducible elements of a class of lattices. In our case, this amounts to characterizing the elements

u in B,, (resp., in Dy,) such that desg(u) = 1 (resp., such that desp(u) = 1). The numbers <Bl"> and

<D1"> are knowntobeequal to 3" —n —land 3" —n — 1 — n2n—1 respectively, see (Petersen, 2015,

Propositions 13.3 and 13.4). Let us see how to derive these identities using the formulas (3) and (16). To
this end, we also need the alternating sum formula for Eulerian numbers, see e.g. (Béna, 2012, Theorem
1.11) or (Petersen, 2015, page 12):

J

<Z> = é(—l)j <” M 1) (k+1—j)". 17
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For type B, we have
SAOISYRIIGUROINY
- (”‘2”) +(2nn1)(n+1)+<g‘>

:(n;#>+@"—n—1ﬂn+l%HW—2%n+l}+(n;1>, by (17)

n+1

:W—m+nﬂn<2

The computation of type D is then immediate from Stembridge’s identity (16):

Dn _ Bn n—1 n—1 __an n—1
<1>—<1 —n2 0 =3"-n—1-—n2 . &

7 Threshold graphs and their degree orderings

Besides presenting the bijective proofs, a goal of this paper is to illustrate the path representation of signed
permutations and exemplify its potential. The attentive reader might object that the path representation
is not in use within Section 6. Indeed, after discovering the bijective proof of Stembridge’s identity via
the path representation, we realized that the proof could be simplified and reach a larger audience by
avoiding mentioning the representation. It might be asked then whether the path representation yields
more information, in particular with respect to the lattices of the Coxeter groups D,,. We answer this
question in this section. The type D set of inversions of an even-signed permutation can be defined as
follows:

Invp(u) := Invg(u) \ { (—%,%) | i € [n] },

which, graphically, amounts to ignoring cells on the diagonal:

X

o=
1
-t

X

F
1
7
d

3
X 1
-

ol il =l ot 1ol
x

r-l

X -
3415 2
As mentioned in Remark 3.5, we can identify the set of inversions of a signed permutation u with the
disjoint union of Inv(A¥) and a set of unordered pairs. For even-signed permutations, this identification
yields:
Invp(u) = Inv(Ay) U EY
with B = {{i,j} | 4,5 € [n),i # 4, (A1 (6), (\)71(7)) lies below 7"} (18)
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.

Fig. 5: The (unlabelled) graphs 2K5, Ps, and Cy

Therefore, we consider ([n], E*) as a simple graph on the set of vertices [n]. Let us observe that the
definition of the set of edges E" in (18) makes sense for all signed permutations, not just for an even-
signed permutations. Moreover, for mates v and u, we have E* = E*. Before exploring further the graph
([n], E*), we recall some standard graph-theoretic concepts. For an arbitrary simple graph (V, E) and a
vertex v € V, we let:

Ngp(w):={uveV|{v,u} € E}, degp(v) :=|Ng(v)|, Ng[v] := Ng(v)U{v}.

Ng(v) is the neighbourhood of the vertex v, degy(v) is its degree, and Ng[v] is often called the star of
the vertex v. A linear ordering vy, ..., v, of V is a degree ordering of (V, E) if degp(v1) > degg(v2) >

. > degg(vn). A preorder on a set V is a reflexive and transitive binary relation on V. The vicinal
preorder of a graph (V, E), denoted <, is defined by v <g uiff Ng(v) C Ng[u]. Notice that the
relation Ng(v) C Nglu] is equivalent to Ng(v) \ {u} C Ng(u) \ {v }. The vicinal preorder is indeed
a preorder, see e.g. (Mahadev and Peled, 1995). For completeness, we add a statement and a proof of this
fact.

Lemma 7.1. The relation < on a simple graph (V, E) is reflexive and transitive.

Proof: Reflexivity is obvious. For transitivity, let us consider u,v,w € V such that u <lp v < w. If
u, v, w are not pairwise distinct, then u <1 w immediately follows. Therefore, let us assume that u, v, w
are pairwise distinct with Ng(u) C Ng[v] and Ng(v) C Ng[w]. Let x € Ng(u). If x # v, then z €
Ng(v) C Ng[w]. If £ = v, then v € Ng(u), thus v € Ng(v) C Ng[w] and since u # w, u € Ng(w);
thus w € Ng(u) C Ng[v],sow € Ng(v) and z = v € Ng(w). Therefore Ng(u) C Ng[w]. O

Next, we take Theorem 1 in (Chvatal and Hammer, 1977) as the definition of the class of threshold
graphs and consider, among the possible characterizations of this class, the one that uses the vicinal
preorder.

Definition 7.2. A graph (V| E) is threshold if it does not contain an induced subgraph isomorphic to one
among 2K, Ps and C} (these graphs are illustrated in Figure 5).

A binary relation R on V is fotal if and only if, for each v,u € V, vRu or uRwv.

Proposition 7.3 (see e.g. (Mahadev and Peled, 1995, Theorem 1.2.4)). A graph (V, E) is threshold if and
only if the vicinal preorder is total.

We develop next a few considerations on threshold graphs.

Lemma 7.4. For a simple graph (V, E) and a total ordering < on 'V, the following conditions are equiv-
alent:

(i) (V, E) is a threshold graph and < is a degree ordering,

(ii) u < vimplies v <g u, for eachv,u € V.
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Fig. 6: Paths as height functions

If any of the above conditions hold, then, for each u € V, Ng(u) is a downset in the following sense: if
v € Ng(u) and w # w is such that w < v, then w € Ng(u).

Proof: We observe firstly that v < u implies deg(v) < degp(u). Indeed, this follows from the fact
that v <g w amounts to Ng(v) \ {u} C Ng(u) \ {v } and that uw € Ng(v) if and only if v € Ng(u).
Notice also that the same argument can be used to argue that if v <g w and u Ag v, then degp(v) <
degp(u).

Let therefore (V) E) and < be as stated. By the remark above, if < satisfies (i) then it is a degree
ordering and the relation <Ig is total, since if u 4 v, then u £ v, so v < wand v < u; thus (V, E)
is a threshold graph. Suppose next (V, E) is a threshold graph and that < is a degree ordering, so u < v
implies deg(v) < degy(u). Let w < v and suppose that v A u. Since the vicinal preorder is total, we
have then u </ v and so degp(u) < degg(v), contradicting deg(v) < degp(w).

For the last statement, for such u, v, w, the relation w < v implies Ng(v) \ {w} C Ng(w) \ {v}.
Since v € Ng(u), thenu € Ng(v) \ {w} and u € Ng(w)\ {v},sow € Ng(u). O

We establish now the connection between threshold graphs on the set of vertices [n], paths, and even-
signed permutation. We achieve this through the order-theoretic notion of Galois connection, see e.g.
(Davey and Priestley, 2002, §7) or (Nelson, 1976). A Galois connection on [n]y is a pair of functions
f,9: [nJo — [n]o such that, for each ,y € [n]o, y < f(z) if and only if z < g(y). We say that a map
f i [nJo — [n]o is a height function (we shall discover few lines below the reason for the naming) if it is
is antitone—that is, © < y implies f(y) < f(x), for each z,y € [n]p—and moreover f(0) = n. Observe
that, for a Galois connection (f, g), f is a height function. It is part of elementary order theory that a
map f : [n]o — [n]o is part of a Galois connection exactly when it is a height function. Moreover, for
f : [n]Jo — [n]o, there is at most one function g : [n]g — [n]o such that (f, g) is a Galois connection.

Paths from (0,n) to (n,0) that are composed only by East and South steps bijectively correspond to
height functions. The bijection is realized by the correspondence sending a path 7 to height . : [n]g —
[n]o such that height, () is the height of 7 after x East steps; Figure 6 illustrates this correspondence. We
refer the reader to (Santocanale, 2019) for the correspondence between paths and this kind of functions in
the discrete setting. For a height function f : [n]o — [n]o, we say that x is negative if © < f(x) and that
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x is positive if f(x) < z. Notice that x is both positive and negative if and only if it is fixed point of f.
Let Ny (resp., Py) be the set of negative (resp., positive) elements of f. Observe that Ny # (), so we can
define vy, the center of f, as the maximum of this set, vy := max N.

Lemma 7.5. For a height function f : [n]o — [nlo, Ny is a downset, Py is an upset, and [Ny N Py| < 1.
In particular, f has at most one fixed point, necessarily .

Proof: If z < y < f(y), then f(y) < f(x), so Ny is a downset. Similarly, Py s an upset. Also, if z is
positive, then f(z) is negative, and if « is negative, then f(z) is positive. Next, the intersection Ny N Py
can have at most one element. Indeed, if z, y are distinct fixed points and z < y, theny = f(y) < f(z) =
x, a contradiction. O

Lemma 7.6. For f = height_, (v¢,7y) is the (necessarily unique) intersection point of ™ with the
diagonal.

Proof: A straightforward geometric argument shows that the intersection point of 7 with the diagonal
exists and is unique. Let = 7y, so x < height_(z) and height__(x + 1) < z. Thus, at time x, 7 moves
from (z, height_(x)) to (x, height . (x + 1)) through a sequence of South steps. Since height_(x + 1) <
x < height_(x), the path 7 meets the point (z, x). O

Let us say now that a height function f is self-adjoint if (f, f) is a Galois connection. That is, f is
self-adjoint if y < f(x) is equivalent to 2 < f(y), for each x,y € [n]o. We say f is fixed-point-free if
f(z) # z, for each x € [n]o.

Lemma 7.7. For a height function f : [n]o — [nlo, let m be the unique path such that height, = f.
Then f is self-adjoint if and only if 7 is symmetric along the diagonal, in which case f is fixed-point-free
if and only if its first step after meeting the diagonal is an East step.

Proof: For a path 7, let 7’ be the path obtained from 7 by reflecting it along the diagonal. It is straight-
forward that y < height, () if and only if the point (x,y) lies below and on the left of r, if and only if
the point (y, ) lies below and on the left of 7/, if and only if 2 < height_, (y). Therefore, by identifying
paths with height functions, the adjoint of 7 is the path obtained by reflecting along the diagonal. In
particular, 7 is self-adjoint if and only if 7 is symmetric along the diagonal.

Let us argue that, for f = height . self-adjoint, f is fixed-point-free if and only if 7’s first step after
meeting the diagonal is towards East. Let (¢, vs) be the intersection point of 7 with the diagonal of [r]o.
We shall verify whether 7 is a fixed point, since, by Lemma 7.5, it is the only candidate with this property.
If the following step is a South step, then the last step before meeting the diagonal is an East step, which
implies that v, = height_(7y), thus f has a fixed point. If the following step is an East step, then the last
step before meeting the diagonal is a South step, which implies that y; < height_(vs) = f(vs), so f is
fixed-point-free. O

Proposition 7.8. For f : [n]o — [n]o a self-adjoint height function, define

Ef :{{x’y}|z7y€[n]7$7éy7y§f(x)}

Then ([n], Ey) is a threshold graph and < is a degree ordering of ([n],Ey). The mapping f — Ej
restricts to a bijection from the set of self-adjoint height functions on [n)g to the set of threshold graphs of
the form ([n], E') such that the standard linear ordering of [n] is a degree ordering.
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Proof: If y < z and z < f(x), then z < f(z) < f(y), since f is antitone. As a consequence, if y < z,
then N, (z) C Ng,(y) U{y} = Ng, [y, so ([n], E) is a threshold graph and < is a degree ordering,
by Lemma 7.4.

Conversely, let ([n], E') be a threshold graph for which the standard ordering is a degree ordering. As
we have seen, Np(z) is a downset: if y € Ng(z) and z # z is such that z < y, then z € Ng(z).
Define then fg(z) := max Ng(z), with the conventions that max @) = 0 and Ng(0) = [n]o, so fg :
[nJo — [n]o. Observe that the following equivalences holds, by the definition of fr and the fact that
Ng(z) is a downset: {z,y} € Fifandonly if y € Ng(z) ifand only if x # y and y < fgp(z). It
immediately follows that y < fg(x) if and only if 2 < fg(y), so fg is self-adjoint; f is fixed-point-free
since ¢ € Ng(x).

It is easily seen that Ey, = FE and, whenever f is fixed-point-free, fz, = f so under the latter
hypothesis the two transformations are inverse to each other. O

Let in the following TGS be the set of pairs (w, E) such that ([n], E) is a threshold graph and w € S,,
is a degree ordering of ([n], E'). We can state now the main result of this section:

Theorem 7.9. The mapping sending u to (\*, E“) restricts to a bijection from D,, to TG,

Proof: Firstly, we claim that the pair (\¥, E*) is constructed through intermediate steps, as suggested in
the following diagram (the notation being used is explained immediately after):

u €D, —— (AL, 7)) ——— (A4, 7%) € S, x Pigg([n]o, [n]o)

!

(A¥, heightx) € S, x HFpesa ([n)o)

!

(A4, B%) (AL, AY 0 Eneigne_.) € TG

X X

We also claim that each step in the upper leg of the diagram yields a bijection. In a second time, we shall
verify that the pairs that may appear in the bottom right corner are exactly the elements of TG&°.,

We explain the notation used in the diagram. For u € D,,, we let u € { u, u } be such that u; > 0. The
first step of ¢ after crossing the diagonal is an East step and therefore the height function corresponding
to 7¥ is fixed-point-free. We let Pi; s([n]o, [n]o) denote the set of East and South step paths from (0, n) to
(n,0) that make an East step after meeting the diagonal, and that are symmetric along the diagonal. We
let HF ¢pe5a([12]0) denote the set of fixed-point-free self-adjoint height functions of [n]o. Then the height
function is a bijection from Pifs([n]o, [n]o) to HFgpesa([n]o). For f € HFspesa([nlo), Ef is the set of
edges defined in the statement of Lemma 7.8. Finally, if F is a set of edges on the vertices [n] and o € S,,,
then we let

oo B = {{o@),o)} [ {z.y} € B} ={{i,j} [{c7' (D)0 ()} € E}.
We justify now the equality on the bottom line of the diagram. Notice that

E" =)} o Equ with Eru :={{z,y} | 2,y € [n],x # vy, (z,y) lies below 7 }
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and that v = E,v = Ey where f = height_.. Indeed, the condition that (z, y) lies below 7% amounts
to saying that y is less than the height of ¥ after x East steps. This shows that E* = ! o Ey with
f = height_..

Finally, the following equivalences are clear: f is a fixed-point-free self-adjoint height function on [n]o
if and only if < (the ordering given by the identity permutation) is a degree ordering of the threshold graph
([n], Ey) (by Proposition 7.8), if and only if the ordering given by the permutation o is a degree ordering
for the threshold graph o o E. Thus, in the right bottom corner of the above diagram we have all the pairs
(w, E) such that ([n], E) is a threshold graph and the linear ordering given by the permutation w € S,, is
among its degree orderings. O

Remark 7.10. Let f be a choice of mates, that is, a function f : B, — B,, such that f(u) = f(u) €
{u,u}. Let D = { f(u) | u € B, }. In view of E* = E% and \¥ = )y, the same argument appearing
in the proof of Theorem 7.9 shows that the mapping u — (A%, E%) restricts to a bijection from D/ to
Tfo°. In particular, we shall consider the function sm : B, — B,, picking the unique smooth mate
sm(u) € {u,u}. Then D™ is in bijection with TG

Theorem 7.9 yields a natural representation of the weak ordering on D,, as follows. Order TG%° by
saying that (w1, E1) < (wa, E9) if and only if w; < ws in the weak ordering of S,, and, moreover,
Ey C Es, so TG is clearly a poset.

Theorem 7.11. The poset TGfLgo is a lattice isomorphic to the weak ordering of the Coxeter group D,,.

Notice that TGflg° is only loosely related to the lattice of threshold graphs of (Merris and Roby, 2005)
where unlabeled (that is, up to isomorphism) threshold graphs are considered. While many are the remarks
that we already could develop using this characterisation of the weak order on D,,, it is in the scope of
future research to complete them and to give a satisfying description of this ordering.

8 Counting threshold graphs

Proposition 7.8 and Theorem 7.9, originally conceived for achieving a better understating of the structure
of the lattices of Coxeter groups of type D, can also be used to enumerate threshold graphs. As the
number of paths from (0, n) to (n, 0) that are symmetric along the diagonal and begin with an East step
is easily seen to be 2”1, Proposition 7.8 yields a simple proof that the number of unlabeled threshold
graphs is 2"~!. Enumeration results for labeled threshold graphs appear in (Simpson Beissinger and
Peled, 1987) and, more recently, in (Spiro, 2020; Galvin et al., 2022) (see also (Stanley, 2007, Exercise
5.25) and (Stanley, 2012, Exercise 3.115)). Theorem 7.9 can be used to give bijective proofs of these
results. The ideas that we expose next have been suggested by the bijection described in (Spiro, 2020,
§1), that we adapt here to fit the correspondences between threshold graphs coming with a degree ordering,
signed and even-signed permutations, and simply barred permutations. Our starting point is the following
observation:

Lemma 8.1. Let ([n], E) be a threshold graph. Then, there exists a unique degree ordering w of ([n], E)
such that, if deg (i) = degp(j) and i < j, then w=(i) < w=t(j).

Recall that w1 (i) < w~!(j) means that i occurs before j in the permutation w, written as a word. The
proof of the Lemma, straightforward, amounts to the remark that, given a degree ordering, we can permute
vertices of equal degree and, in doing so, obtain a degree ordering. We call the ordering of Lemma 8.1
the canonical degree ordering of ([n], E).
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In order to count threshold graphs we can count simply barred permutations (w, B) that, along the ideas
developed in the previous section, bijectively correspond to some (w, E) such that w is the canonical
degree ordering of ([n], E). To this goal, recall that, for (w, B) a simply barred permutation, the bars
B split [n] into blocks, the last of which might be empty. Observe that i, 7 € [n] appear in the same
block of (w, B) if and only if they have equal height, by which we mean that, with ©v = ¥ (w, B) (cf.
Definition 4.3), height_.. (w ™! (7)) = height_. (w=1(45)).

Definition 8.2. We say that a simply barred permutation (w, B) is normal if, whenever , j belong to the
same block and i < j, then w1 (i) < w=(j).

Observe from now that an ordered partition of [n] yields two normal simply barred permutations. The
partition is written as a word, where the blocks, already ordered, are written in increasing order and
separated by a bar. This is the standard construction allowing to compute the number of partitions of [n]
into k blocks from the Eulerian numbers, see e.g. (Gessel and Stanley, 1978) or (Béna, 2012, Theorem
1.17). If we add to the same word a bar in the last position n, then we obtain a second simply barred
permutation. The following definition, more involved, shall receive a more intuitive meaning with the
lemma that immediately follows.

Definition 8.3. The central block of a simply barred permutation (w, B) is the k-th block, with k& =

o]

Lemma 8.4. Let (w, B) be a simply barred permutation, let v = (w, B), and consider the path 7.
If ™ makes an East-South turn when meeting the diagonal, then the central block is the block of equal
height immediately before the diagonal. If ™ makes a South-East turn when meeting the diagonal, then
the central block is the block of equal height immediately after the diagonal.

Proof: Let, as before, f = height .. and 7 be such that 7, meets the diagonal in (s, v¢).
Suppose that 7% makes an East-South turn when meeting the diagonal. Since bars bijectively corre-
spond to East-South turns (cf. Lemma 4.6) and 7* is symmetric along the diagonal, then |B]| is odd, say

|B| = 2k — 1. The path 7" therefore makes k& — 1 East-South turns strictly on the left of the diagonal.

Thus, there are k — 1 vertical bars strictly on the left of v, and therefore, for £ = PBlTH-‘ , the k-th

block is the group of equal height immediately before meeting the diagonal—that is, the block containing

w(7y)-

If 7% makes a South-East turn when meeting the diagonal, then |B| is even. Say |B| = 2k — 2, so
k= ‘Bl%ﬂ . The path 7* makes k — 1 East-South turns before meeting the diagonal, and therefore there
are k — 1 bars on the left of ;. Since 7" makes a South-East turn when meeting the diagonal, the last
of these bars is in position y¢. The k-th block immediately occurs after ~yy: it is the block of equal height

containing w(yys + 1). O

Definition 8.5. We say that a simply barred permutation (w, B) is compatible if, for u = 1)(w, B) and
i,7 € [n], deggu (i) = degg. (j) if and only if 4, j appear in the same block of B.

Lemma 8.6. For a simply barred permutation (w, B), the following are equivalent:
1. (w, B) is compatible,
2. ¢(w, B) is smooth,
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3. the central block has at least two elements.

Proof: Let us argue that 1. is equivalent to 2. For v = % (w, B), consider the path representation
(7", A%, Ay) and the threshold graph ([n], E*), so w = \y. For readability, we also let f = height ..
Recall that i, j appear in the same block of B if and only if f(w~'(i)) = f(w~=1(4)). On the other hand,
degpa (i) = f(w™1(7)) — 1, if w= (i) < f(w™(i)) and, otherwise, deg. (i) = f(i). Thatis, up to a
renaming of vertices, the degree is computed as the height modulo a normalisation by one before meeting
the diagonal. Therefore (w, B) is not compatible, if and only if, for some z, y such that < f(z) and
f(y) <y, wehave f(z) —1 = f(y). Considering that x < y and that f is antitone, this happens exactly
when f(y7) —1 = f(v; + 1). The latter condition holds exactly when 7", immediately after meeting
the diagonal, either takes a South step followed by an East step, or takes an East step followed by a South
step. In turn, this condition amounts to saying that  is not smooth.

Let us argue that 2. is equivalent to 3. If 7* makes an East-South turn when meeting the diagonal,
then w is smooth if and only if also its second step after meeting the diagonal is a South step, if and only
if, before meeting the diagonal, 7 takes two East steps, if and only if the central block has at least two
elements. If 7% makes an South-East turn when meeting the diagonal, then w is smooth if and only if also
its second step after meeting the diagonal is an East step, if and only if the central block has at least two
elements. O

Theorem 8.7. There is a bijection between the set of threshold graphs on the vertex set [n] and the normal
simply barred permutations whose central block has at least two elements. The bijection sends vertices of
equal degree to vertices in the same block.

Proof: Given the threshold graph ([n], E), let w be its canonical degree ordering.

For (w, E) € TG°, we let u € B,, be the unique smooth signed permutation corresponding to (w, F)
under the bijection described in Theorem 7.9 and Remark 7.10, and let (w’, B) = ¢~ (u). Notice that
w = w’. Then, by Lemma 8.6, the central block of (w, B) has cardinality at least two, since it corresponds
to a smooth signed permutation. Since two vertices have equal degree if and only if they belong to the
same block, (w, B) is normal if and only if w is the canonical degree ordering of ([n], E). O

The following corollary allows us to simplify the counting arguments that follow.

Corollary 8.8. There is a bijection between the set of threshold graphs on the set [n] and the set of normal
simply barred permutations such that the first block has at least two elements.

Proof: Given a normal simply barred permutation whose central block has at least two elements, we move
this central block in first position by permuting the blocks. This transformation is reversible, since we can
determine the position where to move back the first block from the cardinality of B. O

We can count then the labeled threshold graphs on [n] according to the number ¢ of blocks of equal
degree. By the previous considerations, this amounts to counting normal simply barred permutations
whose first block has at least two elements. Considering that normal simply barred permutations are

sort of ordered partitions, recall that {7}, the Stirling number of the second kind, counts the number
of unordered partitions of an n-element set into ¢ blocks. We immediately recover the formula from
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(Simpson Beissinger and Peled, 1987, §3) for the number T, ; of threshold graphs on n vertices with ¢
different degrees:

TW:Q.(Z-!.{Z‘}_n-(i_l)!{?__ll}):2-(1'_1)!-(1'.{’;}_n.{?:ll}).

The formula can be understood as follows: out of all the ordered partitions of [r] into i blocks, eliminate
those whose first block is a singleton; transform then such an ordered partition into a simply barred
permutation by adding or not a bar in the last position. Notice that, under the bijection, there is a bar in
the last position if and only if no vertex is isolated (i.e. has degree 0).

It is well known that an ordered partition, when transformed into a simply barred permutation as before,
is determined by its set of descent positions (that are always barred), and by the set of the other barred
positions (ascent positions, those that are not descent positions). Whence, we can count simply barred
permutations according to the number of descents. This yields the formula from (Spiro, 2020) for counting
the number T;, of threshold graphs as the sum of the numbers 7, 1:

To= > Tok: with Tk = 2- P(n,k)-2""27% = P(n, k) - 2" 17k,
k=0,...n—2

Above P(n, k) = (k+1)- <" o 1> is the number of permutations of the set [n] having exactly k descents,

and whose first block has at least two elements, see (Spiro, 2020, Lemma 6). The number 7,, ;, can be
interpreted as the number of threshold graphs whose ordered partition determined by equal degree has
exactly k descents. The explicit formula for 7, ;, stems from the fact that, in order to construct such a
partition, we can choose a permutation whose first block has at least two elements, and then add other
bars at ascent positions except for the first ascent position.

That threshold graphs are related to the families B and D in the theory of Coxeter groups has already
been observed, see e.g. (Edelman and Reiner, 1994), (Stanley, 2007, Exercise 5.25), and (Stanley, 2012,
Exercise 3.115). It needs to be emphasized, however, that the way we came up with threshold graphs is
orthogonal to the way threshold graphs are being used in these works. As part of future research, we wish
to investigate the bijections presented in Theorems 7.9 and 8.7 (which can be adapted to fit the type B) with
the goal of understanding whether they play any role with respect to the problem, dealt with in (Edelman
and Reiner, 1994), of characterizing free sub-arrangements of the Coxeter arrangements of type B. We
also aim to understand whether the connection with threshold graphs established here can shed some light
on the problem of giving combinatorial characterisations of the notion of free arrangement (Stanley, 2007,

§4).
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We focus on the maximum number of minimal transversals in 3-partite 3-uniform hypergraphs on n vertices. Those
hypergraphs (and their minimal transversals) are commonly found in database applications. In this paper we prove
that this number grows at least like 1.4977" and at most like 1.5012".
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1 Introduction

Hypergraphs are a generalization of graphs where edges may have arities different than 2. They were
formalized in the seventies by |Berge and Minieka| (1973). Formally, a hypergraph H is a pair (V, ),
where V' is a set of vertices and £ a family of subsets of V called hyperedges. In the following, we
suppose that V' = | J ¢ e, i.e., the hypergraphs that we handle have no isolated vertices. The number of
vertices of a hypergraph is called its order. When all the hyperedges of a hypergraph have the same arity p,
we call it a p-uniform hypergraph. When the set of vertices of a hypergraph can be partitioned into k sets
such that every edge intersects each part at most once, the hypergraph is called k-partite. In the following,
we are interested in tripartite, 3-uniform hypergraphs, sometimes known as (3, 3)-hypergraphs. A subset
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of the vertices of a hypergraph H is a transversal of H if it intersects every edge of H and is said to be a
minimal transversal if none of its proper subsets is a transversal.

The problem of enumerating the minimal transversals of a given hypergraph has been extensively stud-
ied [Eiter and Gottlob|(1995); [Fredman and Khachiyan| (1996); Gunopulos et al.|(1997). It is an important
problem in theoretical computer science as it is equivalent to the dualization of monotone Boolean func-
tions and the enumeration of maximal independent sets [Eiter et al.| (2008)); [Kanté et al. (2014). As such,
it has many real-world applications in artificial intelligence |[Eiter and Gottlob|(2002), biology [Damaschke
(2006), mobile communication |Sarkar and Sivarajan| (1998) and data mining |Gunopulos et al.| (1997);
Stavropoulos et al.| (2016));/Adaricheva and Nation| (2017); |Van Lierde and Chow|(2019), among others.

Since the number of minimal transversals of a hypergraph may be exponential in the order of the
hypergraph, the complexity of enumeration algorithms is often expressed as a function of the size of both
their input and their output [Strozecki et al.|(2019). The maximum number of minimal transversals in a
class of hypergraph can then be an important parameter for the real world applications of those theoretical
algorithmic evaluations.

Here, we are interested in the number of minimal transversals that arise in tripartite 3-uniform hyper-
graphs. Such hypergraphs correspond to 3-dimensional Boolean datasets, e.g. data describing objects by
sets of attributes under different conditions (not to be mistaken for the notion of condition used in Sec-
tion 3), and the enumeration of their minimal transversals is involved in the mining of different patterns
such as triadic concepts Ignatov et al.| (2015); [Ignatov| (2018)), implications Ryssel et al.|(2014); Sertkaya
(2009) and association rules|Missaoui and Kwuida|(2011). This work comes from an interest in bounding
the number of triadic concepts as studied in triadic concept analysis Lehmann and Wille| (1995).

We denote by f3(n) the maximum number of minimal transversals in tripartite 3-uniform hypergraphs
of order n.

In 1965, Moon and Moser (1965) provided a construction of a graph of order n that contains 3"/3
independent sets. This number is reached by using a disjoint union of K3s. The same construction can
be adapted to (3, 3)-hypergraphs as illustrated in Figure [} a set of disjoint 3-edges will form a (3, 3)-
hypergraph with 3"/3 = 1.4422™ minimal transversals, hence f3(n) > 1.4422".

DD - POO - O

Fig. 1: Moon and Moser’s construction (left) and its analogue for (3, 3)-hypergraphs (right).

Moreover, let 7 be a (3, 3)-hypergraph which vertices are partitioned into three sets S1, So, and S that
each intersect each hyperedge at most once. For a given vertex set X C S;U S5, there is only one possible
Y C S3 such that X UY is a minimal transversal. By supposing that all subsets of S; U S5 can appear in
minimal transversals, we obtain 2~ 53| minimal transversals. If we choose the smallest of the three sets to
be S3, then S3 has at most 1 /3 vertices and so we obtain an upper bound of 2"/3 x27/3 = 47/3 ~ 1.5874"
minimal transversals.

Thus, for any integer n, 1.4422™ < f5(n) < 1.5874™. In this paper, we improve those bounds through
two theorems.
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Theorem 1. There exists a constant c such that for any integer n > 15,
fa(n) > ¢1.4977™.

Theorem 2. For any integer n,
fa(n) < 1.5012".

We prove Theorem [I] through a construction based on a hypergraph on fifteen vertices found via com-
puter search. The proof of Theorem [2| relies on a technique introduced by |Kullmann| (1999) and used
by [Lonc and Truszczynski| (2008) on rank 3 hypergraphs. This class contains (3, 3)-hypergraphs but is
much larger, and the bound they obtain is greater than the trivial one implied by the tripartition in our
case. This proof technique resembles measure and conquer, an approach used in the analysis of exact
exponential-time algorithms, see for example [Fomin et al.|(2009).

2 Lower Bound

We consider tripartite 3-uniform hypergraphs. In this section, we improve the lower bound of 1.4422™ for
f3(n) by exhibiting a construction that reaches ¢1.4977™ minimal transversals, where c is a constant. To
this end, we first make an observation that allows us to multiply the number of minimal transversals while
only summing the orders of hypergraphs.

Observation 3. let H1 and Ho be two hypergraphs of order ny and ny with, respectively, t1 and t5
minimal transversals. Then, the disjoint union of Hi and Hs has ny + ns vertices and exactly tito
minimal transversals. To put it into words, we sum the orders while multiplying the number of minimal
transversals.

A computer search of the space of small hypergraphs allows us to make the following observation.

Observation 4. There is a tripartite 3-uniform hypergraph on fifteen vertices with four hundred and
twenty-eight minimal transversals.

As such,
f3(15) > 428.

The hypergraph mentioned in Observation [] is described in Figure [2] and Figure [3] We denote this
hypergraph by Hi5. Its minimal transversals can be computed using any available software, such as the
one maintained by Takeaki Und}

Theorem ([T} There exists a constant ¢ such that for any integer n. > 15,

fa(n) > ¢1.4977™.

Proof:

Let n be an integer greater than 15. There are two unique integers k and r such that r is in [0, 14] and
n = 15k + r. We aim to build a hypergraph on n vertices with many minimal transversals. The idea is
to make the disjoint union of copies of H15. To reach exactly n vertices, the last copy is modified in the
following way. Let H]5 be the hypergraph #,5 with » more vertices vy, ..., v,. In order for the edges

® http://research.nii.ac.jp/~uno/dualization.html with the data file at http://giacomo.kahn.
science/resources/H15.txt


http://research.nii.ac.jp/~uno/dualization.html
http://giacomo.kahn.science/resources/H15.txt
http://giacomo.kahn.science/resources/H15.txt

{a.La} {810} {v.L,c} {61,d} {ele}
{a, 2,0} {B,2,¢} {v,2,d} {6,2,e} {e2,a}
{a,3,¢} {5,3,d} {v,3,e} {6,3,a} {e3,b}
{a,4,d}  {B,4,e} {v,4,a} {6,4,b} {e4,c}
{a,4,e} {B,5,a} {v,5,b} {6,5,¢} {e5,d}

Alexandre Bazin et. al

Fig. 2: H;5 has fifteen vertices that can be partitioned into three sets {«, 3,7,d, €}, {1,2,3,4,5}, and
{a,b, ¢, d,e}. It has four hundred and twenty-eight minimal transversals.

to span all vertices, we add edges {v;, 1, a} for all 4 from 1 to r. Observe that 7{]; has at least as many
minimal transversals as H5. As a consequence of making the disjoint union of £ — 1 copies of H;5 and
one copy of !, we obtain a tripartite 3-uniform hypergraph on n vertices with at least 428* minimal
transversals. Since k = "1’5’“ and 42875 > 1.4977, fixing ¢ = 428~15 we conclude that for all n greater
than 15

fa(n) > c¢-1.4977".
O

Another way to see the hypergraph #;5 is with a 3-dimensional cross table, where a cross in cell
(a, 1, a) represents the edge {a, 1,a}. Note that the crosses representing the 3-edges of this particular
hypergraph are a solution to the 3-dimensional chess rook problem. This correspondence is probably
devoid of any profound meaning.

a b ¢ d e a b ¢ d e a b ¢ d e a b ¢ d e a b ¢ d e
1 X X X X
2 X X X X X
3 X X X X X
4 X X X X X
5 X X X X X
@ B8 o 0 €

Fig. 3: Another representation of H,5. Each cross represents a 3-edge.

3 Upper Bound

In this section, we prove that f5(n) < 1.5012" (Theorem by first proving the technical Lemma The
general structure of the proof is similar to Lonc and Truszczynski’s proof of their bound to the maximal
number of minimal transversals in 3-uniform hypergraphs in [Lonc and Truszczynski| (2008) and is as
follows.

Given a rooted tree. If we have a probability distribution attributed to each internal node for picking
one of its children, we may apply the following random process: start from the root, and follow the node
distribution to pick one of its children until you reach a leaf. In this process, the probability to end up in
some fixed leaf is the product of probabilities on the unique path from this leaf to the root. The sum over
all leaves of these probabilities equals 1. Consider the smallest such probability p. Then the number of
leaves is bounded above by p~!. Actually, for any tree, there is such a probability distribution that assigns
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the same probability to each leaf in the end. When facing an unknown structure, we may not be able to
find that optimum distribution, but this tool gives us some power to adjust the counting of the leaves.

In this paper, we build a tree where the root is some specific hypergraph Ho. All nodes will be hyper-
graphs and the leaves can be identified with minimal transversals of . We build an adequate probability
distribution by designing some measure function pz on our hypergraphs. For internal node 7, we shall
fix some value 7 and give probability 7(*)=#(*) (o the transition towards its child H’. This value 7 is
uniquely defined since we want the sum to be equal to 1 at each step. In the end, if we manage to bound
all values 7 above by some 7y and if the leaves have non-negative measures, the product of all those

probabilities shall be bounded below by 7, ) and thus the number of leaves is no more than Té"(m.

<3[>

Fig. 4: This small hypergraph shall serve as an example to illustrate the following concepts of condition,
procedure and measure.

Let us dive into the more technical part, illustrated with Figure s example hypergraph. We use the
notion of condition, introduced thereafter.

Definition 5. Given a set V of vertices, a condition on V' is a pair (A1, A7) of disjoint sets of vertices.
A condition is trivial if AT U A~ = (), and non-trivial otherwise.

All the conditions that we handle are non-trivial. A set T of vertices satisfies a condition (A1, A7)
if A € T and T N A~ = (). As such, having vertex sets satisfy a condition amounts to forcing a
set of vertices to be present (the vertices in A™) and forbidding other vertices (the vertices in A™). For
instance, {1, b} is a minimal transversal of the hypergraph depicted in Figurethat satisfies the condition
({1}, {~}) because it contains 1 but not .

Let #H be a hypergraph and (A", A™) a condition. The hypergraph H 4+ 4-) is constructed from #
and (A*, A™) through the following procedure:

1. remove every edge that contains a vertex that is in A™;
2. remove from every remaining edge the vertices that are in A~ ;

3. remove redundant edges.

Vertices of H that appear in a condition (AT, A7) are not in Ha+, a-) as they are either removed from
all the edges or all the edges that contain them have disappeared. For instance, if H is the hypergraph
depicted in Figure and A = ({1}, {~}), the hypergraph H {1} {+}) is the one depicted in Figure
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b

v

Fig. 5: Let H be the hypergraph in Figure@ Then, this figure depicts H {1}, {~})- The edges that contained
1 were removed from the hypergraph and the vertex o was removed from the remaining edge.

Lemma 6. Let H be a hypergraph, (A™, A™) be a condition and T be a set of vertices of H. If T is a
minimal transversal of H and T satisfies (A", A™), then T \ A% is a minimal transversal of H(a+ a-).

Proof: The proof is straightforward from the construction of H 4+ 4-). O]

A family of conditions is complete for the hypergraph H if the family is non-empty, each condition
in the family is non-trivial, and every minimal transversal of H satisfies at least one condition of the
family. For instance, {({1}, {+})} is not a complete family of conditions for the hypergraph depicted in
Figurebecause there is a minimal transversal, {~, 6 }, that does not contain the vertex 1 and thus does not
satisfy any of the conditions. However, {({1}, ), (0, {1})} is a complete family of conditions because all
minimal transversals either contain or do not contain the vertex 1.

Let C be the class of k-partite hypergraphs with £ < 3 such that their vertex set can be partitioned into
k independent sets in such a way that one of the parts is a minimal transversal. We suppose that they are
implicitly partitioned in such a way and call .S the part that is a minimal transversal. Tripartite 3-uniform
hypergraphs belong to this class. It is clear that k-partite hypergraphs do not become (k + 1)-partite when
vertices are removed from edges or edges are deleted. As such, if a hypergraph H = (V, &) belongs to
the class C and A = (A%, A™) is a condition on V' such that the edges that contain vertices of A~ N S
also contain vertices of AT, then H 4 is in C. From now on, we suppose that all the conditions we handle
respect this property.

A hypergraph is non-trivial if it is not empty. A descendant function for C is a function that assigns to
each non-trivial hypergraph in C a complete family of conditions. Let p be such a function.

Using p, we can construct a rooted labeled tree 75, for all hypergraphs H in C. When # is trivial,
then 7y is a single node labeled with 7{. When H is non-trivial, we create a node labeled with H and
make it the parent of the root of all the trees Ty ,, for A € p(#). Note that this construction is possible
because C is closed under the operation of removing edges and removing vertices from edges, and the
number of vertices can only decrease when the transformation from # to H 4 occurs. Such a rooted tree
corresponding to our toy example is presented in Figure[6] One can check that all the conditions above
are respected.

Proposition 7. Let p be a descendant function for a hypergraph class closed under removing edges
and removing vertices from edges. Then for all hypergraphs H in such a class, the number of minimal
transversals is bounded above by the number of leaves of Ty.

Proof: If H is trivial, then it has only one transversal, the empty set. If the empty set is an edge of H,
then H has no transversals. In both cases, the proposition follows directly from the definition of the tree.
Let us assume now that H is non-trivial, and that the proposition is true for all hypergraphs with fewer
vertices than 7.
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({1},0) (0,{1})

({0},0)({2},0) ({7},0) @, {7,0})
({6}, 0) ({7}, {o}) @

G
(ar0)/ [0 @o |3
({0,2,31,0)

Fig. 6: Example of a decomposition tree for our running example. The measure p is given for each
hypergraph, while the conditions are given on the edges.
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As H is non-trivial, p is well defined for H and p(H) is a complete family of conditions. Let X be
a minimal transversal of H. Then X satisfies at least one condition A in p(). From Lemma [6] we
know that there is a minimal transversal Y of H 4 such that Y = X \ A7T. Then the number of minimal
transversals of # is at most the sum of the number of minimal transversals in its children. O

Bounding the number of leaves in T3 for all hypergraphs H € C is thus bounding f3(n). In order to do
that, we use Lemmaproven by [Kullmann| (1999). We denote by L(7) the set of leaves of a rooted tree
T and, for aleaf £ € L(T), we denote by P({) the set of edges on the path from the root to .

Lemma 8 ((Kullmann, (1999 Lemma 8.1)). Consider a rooted tree T with an edge labeling w with value
in the interval [0, 1] such that for every internal node, the sum of the labels on the edges from that node to
its children is 1 (that is a transition probability).

Then, )

|L(T)| £ max H w(e)

LeL(T) ceP(0)

In order to pick an adequate probability distribution, we use a measure. A measure p is a function
that assigns to any hypergraph H in C a real number p(7) such that 0 < p(#H) < [V(#H)|. Let Abe a
condition on the vertices of hypergraph H and . be a measure. We define

AR, Ha) = p(H) — p(Ha).

If, for every condition A in p(H), u(Ha) < p(H), then we say that p is p-compatible. In this case,
there is a unique positive real number 7 > 1 such that

Z TfA(H,HA) —1.

A€p(H)

When 7 > 1, ZAEp(’H) rAMHA) g a strictly decreasing continuous function of 7. For 7 = 1, it is at
least 1, since p(H) is not empty, and it tends to O when 7 tends to infinity.

A descendant function defined on a class C is u-bounded by 7y if, for every non-trivial hypergraph A
inC, ™ <.

Now, we adapt the 7-lemma proven by Kullmann! (1999) to our formalism.

Theorem 9 (|Kullmann|(1999))). Let i1 be a measure and p a descendant function, both defined on a class
C of hypergraphs closed under the operations of removing edges and removing vertices from edges. If p
is u-compatible and u-bounded by Ty, then for every hypergraph H in C,

IL(Tz)| < 7y

where h(T3,) is the height of Ty.

We now use Theorem E] to provide an upper bound to f5(n). We start by proving Lemma using an
approach similar to that of [Lonc and Truszczynski| (2008).

Lemma 10. There is a measure (i defined for every hypergraph H in C and a descendant function p for C
that is p-compatible and j1-bounded by 1.8393.
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Proof:

Let H be a hypergraph belonging to the class C, i.e., a k-partite, & < 3 hypergraph that contains a
set S of vertices that is a minimal transversal such that no two vertices of .S belong to a same edge. A
2-matching in a hypergraph is a set of pairwise disjoint 2-edges.

We choose, as the measure (),

p(H) = [V(H)| — am(H)

where m(#H) is the maximum number of pairwise disjoint 2-edges in H (i.e. the size of its maximum
2-matchings) and o = 0.145785. The same measure is used in |Lonc and Truszczynski| (2008) (with a
different ).

We use Theorem [9] to bound the number of leaves in the tree 77 and thus the number of minimal
transversals in . To do so, we define a descendant function p that assigns a family of conditions to H
depending on its structure. This takes the form of a case analysis.

In each case, we consider a vertex a € S and its neighbours. The conditions are chosen in such a way
that they are pairs (A", A™) of subsets of these neighbours and are sometimes strengthened to contain a
if and only if its presence in A* or A~ is implied by our hypotheses. This causes every condition A to
respect the property that AT intersects all the edges containing a vertex of A~ NS, which lets H 4 remain
in the class C.

In each case ¢ and for every condition A € p(#), we find a bound k4 such that

kpa < A(H,Ha)

and a unique positive real number 7; that satisfies the equation

St =g (1)

Aep(H)

We show that 7; < 1.8393 for all . Let 79 = 1.8393.

As all our conditions involve at least one element from V(#) \ S, the height of T3 is bounded by
|V (#H)| — |S|. Hence, we have

LTl < 7" 0

In the remainder of the proof, we will write conditions as sets of expressions of the form @ and b where
a means that a is in AT and b means that b is in A~. For example, the condition ({a, c}, {b,d, e}) will be
written as acbde and the condition ({b, ¢}, () will be written as be. For a vertex v, we denote by da(v) the
number of 2-edges that contain v, and by d3(v) the number of 3-edges that contain v.

For each case, we suppose that the previous ones do not apply.

Case 1: dz(a) > 2. The hypergraph # contains a vertex a from S that belongs to at least two 2-edges
{a,b} and {a, ¢} (Figure[7).
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Fig. 7: Case 1: The vertex a € S is in at least two 2-edges and may be part of some other 2-edges or
3-edges.

A minimal transversal of A either contains or does not contain b, and as such {b,b} is a complete
family of conditions for H. Similarly, a minimal transversal of H either contains or does not contain ¢
so {bec,bc, b} is also a complete family of conditions. Minimal transversals of # that do not contain b
or ¢ necessarily contain a (as {a, b} or {a, c} would not be covered otherwise). Hence {bc, abc, ab} is a
complete family of conditions for H.

Let M be a maximum set of pairwise distinct 2-edges of H. By removing k vertices we decrease the
size of a maximum 2-matching by at most k. Hence, |V (H4)| < |V(H)| — 2 and m(Ha) > m(H) — 2
when A € {bc, ab}. Similarly, |V (Hape)| < |V (H)| — 3 and m(Hapz) > m(H) — 3. Thus, we have

2 —2a for A € {bc,ab}
A(H,Ha) 2 ' . 2
( A>_{3—3a for A = abe @
Equation (T)) becomes 27'120‘_2 + 7'13@_3 = 1. For our chosen «, we have that 7y < 7.

Case 2: do(a) = 1. The hypergraph H contains a vertex a from S that belongs to a unique 2-edge
{a, b} (Figure . We break down this case into two sub-cases depending on whether or not a belongs to
some 3-edges: ds(a) = 0 and d3(a) > 1.

Fig. 8: Case 2: The vertex a is part of only one 2-edge {a, b} and may be part of other 3-edges.

Since a is in only one 2-edge, removing both a and b decreases the size of a maximum 2-matching by
at most 1.

* dz(a) = 0: aisin asingle 2-edge {a, b} and no 3-edges. A minimal transversal of H either contains
or does not contain b. As such, {b, b} is a complete family of conditions for . As {a,b} is the
only edge containing a, a minimal transversal of # that contains b cannot contain a. Similarly,
every minimal transversal of  that does not contain b necessarily contains a. This makes {ba, ab}
a complete family of conditions for .
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Let M be a maximum set of pairwise disjoint 2-edges of H. As {a, b} is the only edge containing
a, b belongs to one of the edges in M. The hypergraphs Hyz and H ; contain all the edges in
M except for the one containing b. Thus, m(Hea) = m(H,;) > m(H) — 1. Since |V (Hya)| =
[V(H,;)| < |[V(H)| — 2, we have

A(H,Ha)>2— afor Ac {ba,ab}. 3)
Equation (T]) becomes 275{2 = 1. For our chosen «, we have that 75 1 < 7.

Fig. 9: Case 2.2: The vertex a is part of only one 2-edge {a, b} and at least one 3-edge {a, ¢, d}.

* d3(a) > 1: ais in a single 2-edge and in some 3-edges, one of which being {a, ¢, d} (Figure @)
We start with the complete family of conditions {bc, bd¢, bed, b}. Any minimal transversal of H
that does not contain either b or both ¢ and d necessarily contains a. This makes {bc, bdc, abcd, ab}
a complete family of conditions for 7. Removing either b, ¢ or d from the hypergraph decreases
the size of the maximum 2-matching by at most one. As mentioned previously, removing both a
and b cannot decrease the size of the maximum 2-matching by more than 1. As such, m(H ) >
m(H) — |A| when A € {bc, bdc, ab} and m(H, ,,—) > m(H) — 3. We obtain

2—2a ifA=0bc
3—3a if A=bdc

A(H,Ha) > —. 4

U2y 30 if A = abed @
2—a ifA=ab

Equation (T)) becomes 72% 2 4+ 75572 + 739~* + 7852 = 1. For our chosen a, we have that

T2.2 < To.

Case 3: dy(a) = 0 and d3(a) > 1. The hypergraph # contains a vertex a from S that is in no 2-edge
and in some 3-edges, one of which being {a, b, ¢} (Figure[10).

Fig. 10: Case 3: The vertex a is in at least one 3-edge, but in no 2-edge.
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We start with the conditions {b, cb, bc}. Any minimal transversal that does not contain b and ¢ necessar-
ily contains a so we strengthen the family of conditions to {b, ¢b, abc}. Since we do not have any 2-edge
anymore (because previous cases do not apply), we cannot decrease the size of a maximum 2-matching.
We obtain

1 ifA=b
AH,Ha)><2 ifA=cb . 5)
3 if A=abc
Equation (T)) becomes 7; * + 75 2 4+ 75 = 1. For our chosen «, we have that 73 < 7. 0

This proof ensures that there is a measure p and a descendant function p for our class of hypergraphs
such that p is p-bounded by 1.8393. This allows us to formulate the following theorem.

Theorem 11. Let C be the class of k-partite hypergraphs with k < 3 such that their vertex set can be
partitioned into k independent sets in such a way that one of the parts, S, is a minimal transversal.
The number of minimal transversals in a hypergraph belonging to the class C is less than 1.8393"~ 15!,

Proof: Let 12 and p be the measure and descendant function used in Lemmal[10fs proof. The height h(77)
of the tree is less than n — |S| so applying Theorem@]yields the result. O

Theorem [2]is a straightforward corollary of Theorem [T1]

Theorem 2| For any integer n,

f3(n) < 1.8393%"/3 < 1.5012".

Proof: The vertices of a tripartite 3-uniform hypergraph can be partitioned into three minimal transversals
so any of them can be S. The minimization of the bound is achieved by using the biggest set which, in
the worst case, has size n/3. O

4 Discussion and Conclusion

In this paper, we showed that the maximum number of minimal transversals in (3, 3)-hypergraphs of order
n is between c1.4977™, where c is a constant, and 1.5012". Both bounds can be used to better analyse
the worst-case complexity of algorithms for mining 3-dimensional Boolean data, such as TRIAS Jaschke
et al.| (2000), Data-Peeler Cerf et al.|(2008) or the one proposed by Makhalova and Nourine|(2017)).

As a future work, the upper bound could be improved through the same approach by choosing a better
measure or branching. The lower bound could maybe be improved by finding other worst cases through
computer search. The worst cases we managed to find all corresponded to solutions of the chess rook
problem in 3 x % X 7 matrices up to n = 5 (see Figure . However, this did not seem to be the case for
n = 6 so we postulate that it does not work for n > 5.

There is also a growing interest for pattern mining in k-dimensional datasets with k > 3 as reality
cannot always be represented by mere ternary relations. For this reason, it would be interesting to devise
a more general proof, following the same schema, to bound the maximal number of minimal transversals
in (k, k)-hypergraphs.
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