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Recently, a conjecture due to Hendry which stated that every Hamiltonian chordal graph is cycle extendable was

disproved. Here we further explore the conjecture, showing that it fails to hold even when a number of extra conditions

are imposed. In particular, we show that Hendry’s Conjecture fails for strongly chordal graphs, graphs with high

connectivity, and if one relaxes the definition of “cycle extendable” considerably. We also consider the original

conjecture from a sub-tree intersection model point of view, showing that a result of Abuieda et al. is nearly best

possible.
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1 Introduction

All graphs considered here are simple, finite, connected, and undirected. A Hamiltonian cycle is a cycle

of a graph that contains every vertex; a graph that contains a Hamiltonian cycle is called Hamiltonian.

A graph G on n vertices is pancyclic if G contains a cycle of length m for every integer 3 ≤ m ≤ n.

A graph G is cycle extendable if, for every non-Hamiltonian cycle C, there exists a cycle C′ such that

V (C) ⊂ V (C′) and |V (C′)| = |V (C)|+ 1 (we say that C extends to C′). If, in addition, every vertex of

G is contained in a triangle, then G is fully cycle extendable.

A graph H is an induced subgraph of G if H can be obtained from G by deleting vertices and all edges

incident to these vertices. The remaining vertices are said to induce H . If no induced subgraph of G is

isomorphic to H , G is said to be H-free. A graph is chordal if it is Ck-free for every integer k ≥ 4; that

is, every cycle of length 4 or greater has a chord. A graph is strongly chordal if it is chordal and every

even cycle of length at least 6 has a chord that connects vertices at an odd distance from one another along

the cycle.

The results in this paper are motivated by the following conjecture:

Hendry’s Conjecture. [9] If G is a Hamiltonian chordal graph, then G is fully cycle extendable.

In [10], the first two authors answered Hendry’s Conjecture in the negative:
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Theorem 1.1. For any n ≥ 15, there exists a Hamiltonian chordal graph G on n vertices which is not

fully cycle extendable.

In this paper, we improve on the counterexample construction given in [10] to show that counterexam-

ples to Hendry’s Conjecture exist even in highly restrictive settings. For instance, in [10], it was asked

whether or not Hendry’s Conjecture holds for either strongly chordal graphs. This question is answered in

the negative in Section 2. In Section 3, we examine ways in which we can modify the construction given

in Section 2 to obtain examples which satisfy even stronger conditions in terms of forbidden induced

paths (improving on a result from [10]), connectivity (answering a question from [10], S-extendability

(answering a conjecture from [3]), and underlying tree structure (showing that results in [1] are almost

best possible). Note that similar results to some of those presented in Sections 2 and 3 were indepen-

dently obtained by Rong et al. [12]. Finally, we propose an extremal problem in Section 4 related to our

counterexample constructions.

2 A new family of counterexamples to Hendry’s Conjecture

In this section, we describe a family of strongly chordal graphs for which Hendry’s Conjecture fails to

hold; that is, the graphs are Hamiltonian and chordal, but not cycle extendable.

The join of two disjoint graphs G and H , denoted G ∨H , is the graph with vertex set V (G) ∪ V (H)
and edge set E(G) ∪ E(H) ∪ {uv : u ∈ V (G), v ∈ V (H)}. For the remainder of this

note, we let Gk := Kk ∨ P2k+1, where the vertices of the complete graph Kk are denoted

{x1, x2, . . . , xk} and the path P2k+1 has vertices (in order) {u1, u2, . . . uk, z, vk, . . . , v2, v1}. Let

Ak = {xiui : 1 ≤ i ≤ k} ∪ {xivi : 1 ≤ i ≤ k − 1} ⊂ E(Gk); we call an edge e ∈ Ak a

heavy edge of Gk. Figure 1 depicts Gk with the heavy edges Ak in bold.

u1 uk−1 uk z vk vk−1 v1

xk

xk−1

x1

Fig. 1: The base graph Gk
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Rather than work directly with the definition of strongly chordal graphs, we use an equivalent char-

acterization, given by Farber in [7]. Let G be a graph. A vertex v ∈ V (G) is called simple if for all

x, y ∈ N [v] either N [x] ⊆ N [y] or N [y] ⊆ N [x]. In other words, x is simple if the closed neigh-

bourhoods of its neighbours can be ordered by inclusion. A simple elimination ordering of G is a vertex

ordering v1 ≺ v2 ≺ . . . ≺ vn such that vi is simple in G[{vi, . . . , vn}] for every 1 ≤ i ≤ n.

Theorem 2.1 (Farber [7]). A graph G is strongly chordal if and only if G admits a simple elimination

ordering.

It is easy to check that the following ordering of E(Gk) is a simple elimination ordering:

u1 ≺ u2 ≺ · · · ≺ uk ≺ v1 ≺ v2 ≺ · · · ≺ vk ≺ x1 ≺ x2 ≺ · · · ≺ xk ≺ z,

and so we have the following:

Lemma 2.2. For any k ≥ 1, Gk is strongly chordal.

A cycle C is a heavy cycle of Gk if Ak ⊂ E(C).

Lemma 2.3. For any k ≥ 1, Gk has a heavy Hamiltonian cycle C.

Proof: If k is even, then there is a heavy Hamiltonian cycle with edge set

Ak ∪ {u1xk, u2u3, . . . uk−2uk−1, ukz, zvk, vkvk−1, . . . , v2v1}. If k is odd, then there is a heavy

Hamiltonian cycle with edge set Ak ∪ {u1u2, . . . , uk−2uk−1, ukz, zvk, vkvk−1, . . . , v3v2, v1xk}.

Lemma 2.4. For any k ≥ 2, Gk has a heavy cycle C1 such that V (C1) = V (Gk) \ {vk, z}.

Proof: If k is even, then there is a heavy cycle with edge set

Ak ∪ {u1u2, . . . , uk−1uk, vk−1vk−2, . . . , v3v2, v1xk}. If k is odd, then there is a heavy cycle

with edge set Ak ∪ {u1xk, u2u3, . . . , uk−1uk, vk−1vk−2, . . . , v2v1}.

Lemma 2.5. For any k ≥ 3, Gk does not contain a heavy cycle whose vertex set is either V (G) \ {z} or

V (G) \ {vk}.

Proof: Suppose, to the contrary, such a cycle does exist. It clearly cannot contain any edge incident to

a non-heavy edge in {x1, . . . , xk−1}, nor can it contain the edge zvk. This immediately implies that no

heavy cycle exists with vertex set V (G) \ {vk}, since the only available edges incident to z are zuk and

zxk. This, in turn, implies that both uk−1uk and vk−1vk must be in such a cycle. Hence our cycle must

be exactly uk−1xk−1vk−1vkxkukuk−1, contradicting the fact that k ≥ 3.

We now define the family of graphs Hk as those which can be obtained from Gk by pasting a distinct

clique onto each edge in Ak.

Lemma 2.6. For each k ≥ 3, every graph in Hk is strongly chordal.

Proof: By Theorem 2.1, we need only show that H admits a simple elimination ordering. Let Gk

be the graph from which Hk is obtained. For each i = 1, 2, . . . , k, NGk
(ui) ⊆ NGk

(xi) and

NGk
(vi) ⊆ NGk

(xi). It follows that we can obtain a simple elimination ordering of H as follows:

first, for each complete graph pasted onto a heavy edge of Gk, take in any order all of its vertices except

those in the edge onto which it is pasted in H , then finish by taking a simple elimination ordering of Gk

guaranteed by Lemma 2.2.
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Theorem 2.7. If H ∈ Hk for some k ≥ 3, then H is Hamiltonian but not cycle extendable.

Proof: Let Gk be the graph from which H is obtained. Lemma 2.3 states that Gk contains a heavy

Hamiltonian cycle. By replacing each heavy edge in Gk with a Hamiltonian path in its corresponding

clique connecting its ends, we see that H has a Hamiltonian cycle. Similarly, Lemma 2.4 guarantees that

H has a cycle of length |V (H)| − 2 that does not contain z or vk. Call this cycle C. If C were to extend

in H , then this cycle would correspond to a heavy cycle in Gk that avoids only z or vk. Since this cannot

happen by Lemma 2.5, H is not cycle extendable.

Since Lemma 2.6 states that the graphs in the proof above are strongly chordal, we have the following:

Corollary 2.8. For any n ≥ 15, there exists a Hamiltonian strongly chordal graph G on n vertices which

is not fully cycle extendable.

We noted in [10] that bull-free chordal graphs form a subclass of strongly chordal graphs. Let H ∈ Hk,

w be a vertex in the clique pasted onto u1x1, and y be a vertex in the clique pasted onto v2x2. Since

{u1, x2, x3, w, y} induce a bull, we see that our counterexamples are not bull-free.

Question 2.9. Are Hamiltonian bull-free chordal graphs fully cycle extendable?

3 Counterexamples satisfying stronger conditions

In this section, we show how the family of graphs Hk defined in Section 2 can be modified in order to

answer even more open problems on extending cycles in chordal graphs. In particular, we show that there

exist counterexamples to Hendry’s Conjecture which are P9-free (an improvement on a result from [10])

and counterexamples which have connectivity k for every integer k ≥ 2 (answering a question from [10]).

We also show that Hendry’s Conjecture fails even if the extendability condition is relaxed to only require

that each cycle be extendable by some length in any predefined finite subset of Z+. Finally, we examine

our counterexamples from the point of view of intersection graphs.

3.1 Pk-free graphs

For a graph H ∈ H‖, let H+ be the graph obtained by adding the edge u1u3 to the base graph Gk. It is

easy to check that H+ is still strongly chordal and Hamiltonian. Furthermore, the proof of Lemma 2.5

applies to Gk + u1u3, and so H+ is not cycle extendable.

Theorem 3.1. For any n ≥ 15, there exists a P9-free counterexample to Hendry’s Conjecture on n

vertices.

Proof: Let H ∈ H3 with |V (H)| = n ≥ 15, and let H+ be as defined above. Note that the longest

induced path in G3 + u1u3 has 6 vertices (u1u3zv3v2v1). Since any longest induced path in H+ contains

at most two vertices not in V (G3), H
+ must be P9-free.

In [10], it was asked to determine the smallest positive integer k such that every Pk-free Hamiltonian

chordal graph is cycle extendable. Combined with the results of [10], Theorem 3.1 shows that the smallest

such k satisfies 5 ≤ k ≤ 8.
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3.2 Connectivity

Informally, the following construction involves taking Gk and replacing each ui and vi with a clique of

order k − 1 in a particular way. Heavy edges transform into “heavy cliques” of order k, to which we join

independent sets of order k − 1.

More precisely, let F1, F2, . . . , Fk−1, F
′
1, F

′
2, . . . , F

′
k−2

be isomorphic to Kk−1. We denote their re-

spective vertex sets by V (Fi) = {vi,1, vi,2, . . . , vi,k−1} and V (F ′
i ) = {v′i,1, v

′
i,2, . . . , v

′
i,k−1}. Let Qk−1

be the graph with vertices and edges as follows:

V (Qk−1) =V (F1) ∪ V (F2) ∪ . . . ∪ V (Fk−1) ∪ V (F ′
1) ∪ V (F ′

2) ∪ . . . ∪ V (F ′
k−2) ∪ {z, vk}

E(Qk−1) =

k−1
⋃

i=1

E(Fi) ∪

k−2
⋃

i=1

E(F ′
i ) ∪ {v1,k−1v2,1, v2,k−1v3,1, . . . , vk−2,k−1vk−1,1}∪

{vk−1,k−1z, zvk, vkv
′
k−2,1} ∪ {v′k−2,k−1v

′
k−3,1, v

′
k−3,k−1v

′
k−4,1, . . . , v

′
2,k−1v

′
1,1}

Let Zk−1 be a complete graph on vertices {x1, . . . , xk−1} and let Rk−1 = Zk−1 ∨ Qk−1. Note, at this

point, that contracting each Fi and F ′
i to single vertices yields Gk−1.

For 1 ≤ i ≤ k − 1, let Ti denote an independent set of vertices {ti,1, ti,2, . . . , ti,k−1}. Similarly, for

1 ≤ i ≤ k − 2, let T ′
i denote an independent set of vertices {t′i,1, t

′
i,2, . . . , ti,k−1}. Let Sk−1 be the graph

obtained from Rk−1 by making each Ti (respectively, T ′
i ) complete to Fi ∪ xi (resp., F ′

i ∪ xi). To extend

the point made in the previous paragraph, note that contracting each Fi, F
′
i , Ti, and T ′

i to single vertices

yields a graph in Hk−1 (where the clique pasted to each heavy edge is a triangle).

Proposition 3.2. The graph Sk−1 is chordal, Hamiltonian, and k-connected.

Proof: It is straightforward to confirm that Qk−1 is chordal (as is Zk−1), and thus Rk−1 is the join of

two chordal graphs and is thus chordal itself. Since Sk−1 is obtained from Rk−1 by clique pasting, it is

also chordal. We first note that there is a Hamiltonian cycle C′ in Rk−1 which is obtained from a heavy

Hamiltonian cycle C in Gk−1 in a natural way – each ui and vj in C is replaced with the vertices of Fi

and F ′
j , respectively, in an appropriate order and each heavy edge is replaced with an appropriate edge

from Zk−1 to the corresponding copy of Fi or F ′
j (we still call such edges “heavy”). Now, we obtain a

Hamiltonian cycle C′′ in Sk−1 – for each edge in E(Fi) ∩ E(C′) replace it with a two-edge path whose

centre is a vertex from Ti, for each edge in E(F ′
j)∩E(C′) replace it with a two-edge path whose centre is

a vertex from T ′
j , and replace each heavy edge with a two-edge path containing the only remaining vertex

from the set Ti or T ′
j which is complete to that edge. It is straightforward case analysis to confirm that

there are k internally disjoint paths between any two vertices, which we leave to the reader.

Lemma 3.3. Let k ≥ 3. For y ∈ {z, vk}, the graph Sk−1 has no cycle C such that V (C) = V (S) \ {y}
but has a cycle C′ such that V (C) = V (S) \ {z, vk}.

Proof: It is straightforward to obtain C′ be extending the cycle in H which avoids {vk, z} given by

Lemma 2.4. To see that this is possible, note that if x is a degree two vertex in H which is part of a clique

pasted to a heavy edge, then the two edges in C′ incident to x can be replaced in C by a path tracing all

vertices in the appropriate Gi ∪ Ti ∪ {xi} or G′
i ∪ T ′

i ∪ {x′
i}. An edge of the form uiui+1 is replaced by

the edge vi,k−1vi+1,1 (similar for vivi+1 in H), and any edge from some ui or vi to some xj can replaced

with an edge from xj to whichever vertex in Gi or G′
i is the end of the path tracing the vertices of Ti noted
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above. Now, assume that S has a cycle C such that V (C) = V (S) \ {y} for either choice of y ∈ {z, vk}.

Consider the portion of C induced by Gi∪Ti∪{xi} for some i. There are 2k−2 edges of C incident with

the independent set Ti, and all must have their other ends in Gi ∪ {xi}. This means that C has precisely

two edges each having one end in Gi∪{xi} and other ends outside of Gi∪Ti∪{xi}, and that the portion

of C induced by Gi ∪ Ti ∪ {xi} is a path Pi. A similar argument holds for G′
i ∪ T ′

i ∪ {xi}, yielding a

path through those vertices which we denote P ′
i . Note further that Pi cannot begin and end at vertices in

Gi, as this would leave xi unavailable for use in P ′
i (and conversely). We construct a corresponding cycle

C∗ in Gk−1 by replacing each Pi with the heavy edge uixi and each P ′
i with the heavy edge vixi. By the

arguments in Section 2 it is not possible to have a cycle in Gk−1 which uses every heavy edge and misses

only a vertex in {vk, z}, contradicting our initial claim that C exists.

As consequence of Lemma 3.3, we obtain the following:

Theorem 3.4. For any k ≥ 2, there exists a counterexample to Hendry’s Conjecture with connectivity k.

3.3 S-extendability

Let S ⊂ Z
+ be finite. A cycle C in a graph G is S-extendable if there exists a cycle C′ in G such

that V (C) ⊂ V (C′) and |C′| − |C| ∈ S; G is S-cycle extendable if every cycle of G that could be

S-extendable is S-extendable. This idea was introduced and studied first in [4]. Clearly, being 1-cycle

extendable is equivalent to the original definition of being cycle extendable. Arangno [3] conjectured that

every Hamiltonian chordal graph is {1, 2}-cycle extendable. We refute this with the following theorem.

Theorem 3.5. For any finite S ⊂ Z
+, there exist infinitely many graphs which are chordal and Hamilto-

nian but not S-cycle extendable.

Proof: Let m = max{s : s ∈ S} + 1. Let Gk,m denote the graph obtained from Gk by replacing in

Gk the edge vkz with the path vk, vk+1 · · · vk+mz and making all new vertices complete to {x1, . . . , xk}.

Let Hk,m denote the family of graphs which can be obtained from Gk,m by pasting a clique onto each

heavy edge of Gk,m, and let H be any graph of Hk,m. As before, H is Hamiltonian and has a cycle C

that spans V (H) \ {vk+1, . . . , vk+m}. By an argument similar to Lemma 2.5, C cannot be extended to a

cycle containing any of {vk+1, . . . , vk+m}, and hence C cannot be extended by any length in S.

3.4 Tree structure

One well known characterization of chordal graphs, given by Gavril [8], is that G is chordal if and only if

there exists a tree T and a collection of subtrees of T , say T , such that G is the intersection graph of T .

Note that T gives rise to an optimal tree decomposition of G, where the bags are precisely the maximal

sets of vertices from G which together form a subtree in the collection T . We thus call T a host tree of

G. It has been shown that a Hamiltonian chordal graph G is cycle extendable if it admits a host tree that

is a path [2, 6] or the subdivision of a star [1] (that is, G is a linear interval graph or a spider intersection

graph, respectively).

Given a tree T , we call a vertex v ∈ V (T ) a branch vertex if dT (v) ≥ 3. The aforementioned results on

host trees show that if G is a Hamiltonian chordal graph with host tree T , and if T has at most one branch

vertex, then G is cycle extendable. It easily follows that if G admits a tree decomposition with host tree

T having at most 3 leaves, then G is cycle extendable. Now, given a chordal graph G, G may have many

representations as the intersection graph of some host tree T and collection of subtrees T . However, we
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may consider a host tree for G that is minimal in terms of either the number of branch vertices or the

number of leaves it contains. The following theorems shows that the aforementioned results are almost

best possible in this regard.

Fig. 2: A host tree and subtrees whose intersection graph is in H3

Theorem 3.6. For every t ≥ 5, there exists a counterexample to Hendry’s Conjecture, say G, having a

host tree T with exactly t− 2 branch vertices and t leaves.

Proof: We first show that if H ∈ Hk (k ≥ 3), then there is a host tree for H with 2k−1 leaves and 2k−3
branch vertices. Recall that H is constructed from Gk = Kk ∨ P2k+1, where the vertices of the Kk are

denoted {x1, x2, . . . , xk} and the path P2k+1 has vertices (in order) {u1, u2, . . . uk, z, vk, . . . , v2, v1}.

Let P = p1p2 · · · p2k be a path. To each pi we attach a single leaf qi, except for pk+1 which remains a

degree 2 vertex. Let the resulting tree be T ; we claim that T is a host tree for H . It is easy to verify that

Gk is the intersection graph of the subtrees induced by the following sets of vertices in T :

u1 = {p1} ∪ {q1}
u2 = {p1, p2} ∪ {q2}
...

uk = {pk−1, pk} ∪ {qk}
z = {pk, pk+1}

vk = {pk+1, pk+2}
vk−1 = {pk+2, pk+3} ∪ {qk+2}
...

v2 = {p2k−1, p2k} ∪ {q2k−1}
v1 = {p2k} ∪ {q2k}

x1 = V (P ) ∪ {q1, q2k}
x2 = V (P ) ∪ {q2, q2k−1}
...

xk−1 = V (P ) ∪ {qk−1, qk+2}
xk = V (P ) ∪ {qk}

Figure 2 depicts this construction for k = 3. Now, we note that for every leaf qi of T , exactly two of the

subtrees we have defined intersect at qi and that these are the ends of a heavy edge of Gk. It is then easy

to obtain H as an intersection model; if a copy of Kr is being pasted on to a heavy edge, we add r − 2
distinct copies of the appropriate qi to the intersection model. Clearly T has 2k−1 leaves and, since every

pi is a branch vertex in T except for p1, pk+1, and p2k, T has 2k − 3 branch vertices.

We now modify the construction for Hk (k ≥ 3) to account for the case when t is even. From the graph

Gk, paste a clique onto each heavy edge. In addition, we paste a clique X of order at least k + 3 onto the

clique {x1, x2, . . . , xk, z, vk}. We call the class of graphs which can obtained in this way Jk (note that

such graphs are still strongly chordal). Let J ∈ Jk . Recalling that the heavy Hamiltonian cycle shown to

exist in Gk contains the edge zvk, it follows that J is Hamiltonian. It is easy to verify that J also contains

a non-extendable cycle C whose vertices are V (Gk) \ {z, vk}. We have only now to construct the host

tree. To do this, we modify the construction above by adding the leaf qk+1 to the tree, adjacent only to

pk+1, and modify the definitions of the vertices of Gk as follows:
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u1 = {p1} ∪ {q1}
u2 = {p1, p2} ∪ {q2}
...

uk = {pk−1, pk} ∪ {qk}
z = {pk, pk+1, qk+1}

vk = {pk+1, pk+2, qk+1}
vk−1 = {pk+2, pk+3} ∪ {qk+2}
...

v2 = {p2k−1, p2k} ∪ {q2k−1}
v1 = {p2k} ∪ {q2k}

x1 = V (P ) ∪ {q1, qk+1, q2k}
x2 = V (P ) ∪ {q2, qk+1, q2k−1}
...

xk−1 = V (P )∪{qk−1, qk+1, qk+2}
xk = V (P ) ∪ {qk, qk+1}

For cliques pasted onto heavy edges, we add copies of the appropriate qi’s (i 6= k+1) as before. For each

vertex in X \ {x1, x2, . . . , xk, z, vk}, we use qk+1 to represent it in the intersection model. The resulting

tree has 2k leaves and 2k − 2 branch vertices.

We pose the following natural problem

Question 3.7. Does there exist a counterexample to Hendry’s Conjecture G admitting a tree decompo-

sition with a host tree having four leaves, but not admitting a tree decomposition with host tree having

three leaves? If not, is there a counterexample admitting a tree decomposition with a host tree having two

branch vertices, but not admitting a tree decomposition with host tree having one branch vertex?

In addition, we note that every counterexample that we have constructed has a host tree whose maxi-

mum degree is 3. As mentioned, tree decompositions are certainly not unique; H3 has another decomposi-

tion tree with a vertex of degree 4, which can be obtained by deleting p3q3 and adding p2q3. However, one

may consider among all tree decompositions of a graph those host trees having smallest possible maxi-

mum degree ∆(T ). If min{∆(T ) : (T, T ) is a tree decomposition for G} = 2, then G is a linear interval

graph and thus satisfies Hendry’s Conjecture. If min{∆(T ) : (T, T ) is a tree decomposition for G} = 3,

then G may satisfy Hendry’s Conjecture (if it is a spider intersection graph) or not (if G ∈ Hk). This

leads us to the following question:

Question 3.8. Suppose G is a Hamiltonian chordal graph. Is G cycle extendable if

min{∆(T ) : (T, T ) is a tree decomposition for G} = 4?

4 Concluding remarks

We considered an extremal problem related to Hendry’s Conjecture, motivated by the following theorem

due to Hendry (which is a generalization of classic results of Ore [11] and Bondy [5]):

Theorem 4.1 (Hendry [9]). Let G be a graph with |V (G)| = n. If |E(G)| ≥
(

n−1

2

)

+ 1, then either G is

fully cycle extendable or G is isomorphic to one of the following graphs:

• K1 ∨ (K1 ∪Kn−2)
• K2 ∨K3

• K2 ∨ (K1 ∪Kn−3)

One can further consider this extremal problem by imposing extra conditions on the graph. Let fE(n)
denote the minimum number of edges required to guarantee that an n-vertex Hamiltonian graph is cycle

extendable, and let gE(n) denote the minimum number of edges required to guarantee that an n-vertex

Hamiltonian chordal graph is cycle extendable.

Problem 4.2. Determine upper and lower bounds on fE(n) and gE(n).

It is easy to see that there exist counterexamples to Hendry’s Conjecture with high density. Let

Dn ∈ H3 be the n-vertex graph obtained from G3 where the five cliques pasted consist of four copies of
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K3 and one copy of Kn−12. Since |E(Dn)| =
(

n−12

2

)

+37, we have that n2−25n+230

2
< fE(n) ≤ gE(n),

but this is almost certainly not the best possible lower bound.
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Motivated by the work on the domination number of directed de Bruijn graphs and some of its generalizations, in this
paper we introduce a natural generalization of de Bruijn graphs (directed and undirected), namely t-constrained de
Bruijn graphs, where t is a positive integer, and then study the domination number of these graphs.

Within the definition of t-constrained de Bruijn graphs, de Bruijn and Kautz graphs correspond to 1-constrained and
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1 Introduction
In graph theory, the study of domination and dominating sets plays a prominent role. This topic has been
extensively studied for more than 30 years Haynes et al. (1998); Hedetniemi and Laskar (1990) due to
its applications in several areas, e.g. wireless networks Dai and Wu (2004), protein-protein interaction
networks Milenković et al. (2011), social networks Bonato et al. (2015). For a comprehensive treatment
of domination and its variations, we refer to Haynes et al. (1998, 2020, 2021).

In an undirected graph, a vertex dominates itself and all its neighbors. The concept of domination
can be naturally transferred to directed graphs, where a vertex dominates itself and all of its outgoing
neighbors. A dominating set of a (directed or undirected) graph is a subset S of vertices such that every
vertex in the graph is dominated by at least one vertex in S. The domination number of a graph G is the
cardinality of a smallest dominating set of G, and is denoted by γ(G). Finding a minimum dominating
set for general graphs is widely know to be NP-hard Garey and Johnson (1979) and hence it is a challenge
to determine classes of graphs for which γ(G) can be exactly computed.
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Indeed, finding a closed formula for the domination number is a well-studied problem and has been
solved for several classes of graphs such as directed de Bruijn graphs Blazsik and Kása (2002), directed
Kautz graphs Kikuchi and Shibata (2003), generalized Petersen graphs Yan et al. (2009), Cartesian product
of two directed paths Mollard (2014) and graphs defined by two levels of the n-cube Badakhshian et al.
(2019). Furthermore, close bounds are provided for some generalizations of the previous classes Balogh
et al. (2021); Dong et al. (2015).

In this paper we focus on the well-known de Bruijn graphs which have various applications in different
areas as for example bioinformatics Orenstein et al. (2017); Pevzner et al. (2001), interconnection net-
works Esfahanian and Hakimi (1985) and peer-to-peer systems Kaashoek and Karger (2003). De Bruijn
graphs are defined as follows:

Definition 1. Given an alphabet Σ and a positive integer n, the directed de Bruijn graph of dimension n
on Σ is defined by taking as vertices all the sequences in Σn and as edges the ordered pairs of the form(
(a1, . . . , an), (a2, . . . , an, an+1)

)
, where a1, . . . , an+1 are in Σ.

11

22

33

1221

13

23

31

32

21 32

12 23

13

31

21 32

12 23

13

31

a.                                                            b.                                      c.

Fig. 1: For Σ = {1, 2, 3} we show: (a) the directed de Bruijn graph cDB+(d, 1, 2); (b) the directed Kautz graph
cDB+(3, 2, 2); (c) the undirected Kautz graph cDB(3, 2, 2).

In Fig. 1.a we show a directed de Bruijn graph of dimension 2 on Σ = {1, 2, 3}. Particular induced
subgraphs of de Bruijn graphs have also been studied due to their applications related to both DNA assem-
bly and high-performance or fault-tolerant computing Li et al. (2004). These subgraphs can be defined by
choosing particular subsets of vertices. For instance, the subgraph induced by the sequences of Σn that
do not contain equal neighboring characters corresponds to the well-known directed Kautz graph Kautz
(1968) which has many properties that are desirable in computer networks Li et al. (2004); Bermond et al.
(1993). In Fig. 1.b we show a directed Kautz graph of dimension 2 on Σ = {1, 2, 3}. The undirected
version of de Bruijn and Kautz graphs can be easily obtained by simply ignoring the direction of the
edges and removing loops and multiple edges (see Fig. 1.c as the undirected version of the Kautz graph
in Fig. 1.b).

In this paper we propose a new natural generalization of the Kautz graphs, obtained by extending the
constraint on the sequences labeling the vertices, from neighboring positions to an arbitrary distance t.



On the domination number of t-constrained de Bruijn graphs 3

Definition 2. Given a sequence x = x1, . . . , xn ∈ Σn we say that x is t-constrained, for some integer t,
if for all 1 ≤ i < j ≤ n, whenever xi = xj it holds |i− j| ≥ t.

Notice that every sequence in Σn is trivially 1-constrained while the sequences labeling Kautz graphs
are 2-constrained. Moreover, the non trivial cases of Definition 2 are when 1 ≤ t ≤ min{d, n}. Indeed,
if t > min{d, n} = n then any sequence in Σn is trivially t-constrained, whereas if t > min{d, n} = d
none of the sequences of Σn is t-constrained.

We denote by V (d, t, n) the set of all t-constrained sequences from the set Σn. We now introduce
t-constrained de Bruijn graphs.

Definition 3. Given an alphabet Σ, with |Σ| = d, and two positive integers n and t, with 1 ≤ t ≤
min{d, n}, we define the directed t-constrained de Bruijn graph of dimension n on Σ as the subgraph of
the directed de Bruijn graph of dimension n on Σ induced by the set V (d, t, n).

We denote a t-constrained directed de Bruijn graph with cDB+(d, t, n) and its undirected version with
cDB(d, t, n). In Fig. 2, cDB(4, 3, 4) is depicted. Clearly, directed de Bruijn graphs and directed Kautz
graphs coincide with cDB+(d, 1, n) and cDB+(d, 2, n), respectively.

In addition to their theoretical interest, t-constrained de Bruijn graphs may also find applications in
interconnection networks where it is important to design network topologies offering a high-level of sym-
metries. Indeed, it is easier to balance the traffic load, and hence to minimize the congestion, on network
topologies with a high-level of symmetry.

In bioinformatics area, t-constrained de Bruijn graphs could be more suitable than de Bruijn graphs in
modelling problems. For example, in genome rearrangement, permutations of integers (i.e. n-constrained
sequences) are used to represent genomes Alekseyev and Pevzner (2007); Lin et al. (2014). However, it
is known that genes often undergo duplication, thus the genome may contain different copies of the same
gene. In this context t-constrained sequences for t < n may be used to model genomes where duplication
of genes is allowed only at a certain distance in the genome.

In this paper we provide a systematic study of the domination number of t-constrained de Bruijn graphs
in both directed and undirected case.

Although the domination numbers for the directed case of de Bruijn and Kautz graphs have been exactly
determined (see Kikuchi and Shibata (2003); Blazsik and Kása (2002); Araki (2007)), the exact values
in the undirected cases are still missing. Here we provide close upper and lower bounds on the value of
γ(cDB(d, 1, n)) and γ(cDB(d, 2, n)). Furthermore, in the particular case when the sequences labeling
the vertices are permutations (i.e. t = n), we determine the exact value of the domination number in both
the directed and undirected case.

We also consider the case where the sequences are partial n-permutations on the set of symbols when
|Σ| = d = n + c, for some integer c. In this case we provide close upper and lower bounds for
γ(cDB(n+ c, n, n)) and γ(cDB+(n+ c, n, n)).

Finally, we provide upper and lower bounds for the domination number of cDB+(d, t, n). Concerning
the value of γ(cDB(d, t, n)) it remains an open problem to find an upper bound that is asymptotically
better than the one trivially derived by the directed case. The results of this paper are summarized in
Table 1 and Table 2 for the directed and undirected cases, respectively.
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Fig. 2: For Σ = {1, 2, 3, 4} the constrained de Bruijn graph cDB(4, 3, 4).

Graph G γ(G) Ref.

cDB+(d, 1, n) γ(G) =
⌈

dn

d+1

⌉
Blazsik and Kása (2002)

cDB+(d, 2, n) γ(G) = (d− 1)n−1 Kikuchi and Shibata (2003)

cDB+(d, 3, n)
γ(G) = d(d− 2)n−2 if d even

d(d− 2)n−2 ≤ γ(G) ≤
(

1 + Θ
(

1
d2

))
d(d− 2)n−2 if d odd

Thm.9

cDB+(d, t, n) d!
(d−t)!

(d−t+1)n−t

(d−t+2)
≤ γ(G) ≤

(
1 + Θ

(
t

d(d−t+1)

))
d!

(d−t)!
(d−t+1)n−t

(d−t+2)
Thm.11

cDB+(n, n, n) γ(G) =
⌈
n
2

⌉
(n− 1)! Thm.12

cDB+(n+ c, n, n) 1
c+2

(n+c)!
c!
≤ γ(G) ≤

(
1 + Θ

(
1
c

))
1

c+2
(n+c)!

c!
Thm.13

Tab. 1: Summary of the results for directed t-constrained de Bruijn graphs.

2 Preliminaries
Let G be an undirected graph with V (G) and E(G) its vertex and edge set, respectively. Let v ∈ V (G);
N(v) denotes the neighborhood of v, i.e. the set of vertices that are adjacent to v. Similarly, for a directed
graph we denote by N+(v) and N−(v), the out- and in-neighborhood, respectively. We define ∆(G) as
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Graph G γ(G) Ref.

cDB(d, 1, 2) γ(G) = d− 1 Thm.2

cDB(d, 1, 3) γ(G) = d
⌈
d
2

⌉
Thm.3

cDB(d, 1, n), n ≥ 4 dn

2d+1
≤ γ(G) ≤

(
2−Θ

(
1
d

))
dn

2d+1
Thm.4

cDB(d, 2, 2) γ(G) = d− 1 Thm.6

cDB(d, 2, 3) d(d−1)
2
≤ γ(G) ≤

⌊
d2

2

⌋
Thm.7

cDB(d, 2, n), n ≥ 4 d(d−1)n−1

2d−1
≤ γ(G) ≤

(
2−Θ

(
1
d

)) d(d−1)n−1

2d−1
Thm.8

cDB(d, 3, n) d(d−1)(d−2)n−2

2d−3
≤ γ(G) ≤

(
2−Θ

(
1
d

)) d(d−1)(d−2)n−2

2d−3
Thm.10

cDB(n, n, n) γ(G) =
⌈
n
3

⌉
(n− 1)! Thm.14

cDB(n+ c, n, n) 1
2c+3

(n+c)!
c!
≤ γ(G) ≤

(
1 + Θ

(
1
c

+ 1
n

))
1

2c+3
(n+c)!

c!
Thm.15

Tab. 2: Summary of the results for undirected t-constrained de Bruijn graphs.

the maxv{|N(v)|} if G is undirected and the maxv{|N+(v)|} if G is directed.
Given an undirected graph G, a set of vertices S ⊆ V (G) is a dominating set if, for every vertex v,

either v ∈ S or N(v) ∩ S 6= ∅. Hence, we will say that v dominates N(v) ∪ {v}. The dominating set is
defined similarly for directed graphs by considering N+(v) instead of N(v).

The minimum over the cardinality of all dominating sets of (un)-directed G is denoted by γ(G).
For any graph G, a straightforward lower bound on γ(G), following by the definition of a dominating

set, is

γ(G) ≥
⌈
|V (G)|

∆(G) + 1

⌉
. (1)

The sequences representing the vertices of our graphs are on an alphabet Σ with d symbols; without loss
of generality we assume that Σ = {1, 2, . . . , d} = [d]. The concatenation of two strings x, y is denoted
x · y.

As already mentioned, de Bruijn and Kautz graphs coincide with cDB+(d, 1, n) and cDB+(d, 2, n),
respectively. More in general, we have the following hierarchy:

cDB+(d, n, n), cDB+(d, n− 1, n), . . . , cDB+(d, 1, n)

where each graph in the sequence is a proper subgraph of its successor. The same hierarchy holds also for
the undirected case.

From here on we assume that n ≥ 2 and d ≥ 2. Indeed, when d = 1 the corresponding graph contains
a single node, while if n = 1 both cDB+(d, 1, 1) and cDB(d, 1, 1) are complete graphs on d vertices and
hence their domination number is 1.

Fact 1. Given a directed t-constrained de Bruijn graph cDB+(d, t, n) and its undirected version cDB(d, t, n)
we have:
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• the cardinality of the vertex set for both graphs is:

|V (d, t, n)| = d!

(d− t)!
(d− t+ 1)n−t (2)

• ∆(cDB+(d, t, n)) = d− t+ 1 and ∆(cDB(d, t, n)) ≤ 2(d− t+ 1)

• from the previous two items and from Equation 1 we have:

γ(cDB+(d, t, n)) ≥
⌈

d!

(d− t+ 2)!
(d− t+ 1)n−t+1

⌉
(3)

and

γ(cDB(d, t, n)) ≥
⌈

d!(d− t+ 1)n−t

(d− t)!(2d− 2t+ 3)

⌉
. (4)

Note that, for t ≥ 2, the value in (3) is always an integer and thus, the ceiling can be removed.

3 Domination numbers of cDB+(d, 1, n) and cDB(d, 1, n)

In this section we consider 1-constrained de Bruijn graphs, which correspond to the well-known de Bruijn
graphs. The domination number in the directed case has been studied in Blazsik and Kása (2002) proving
that the exact value matches the lower bound in (3). For the sake of completeness we recall the result in
the next theorem.

Theorem 1. Blazsik and Kása (2002) For any two integers d ≥ 2 and n ≥ 2 it holds

γ(cDB+(d, 1, n)) =

⌈
dn

d+ 1

⌉
.

On the other hand the undirected case is still open. Indeed, to the best of our knowledge only the
perfect domination (i.e. the case when each vertex is dominated by exactly one vertex) has been studied
for undirected de Bruijn graphs Blazsik and Kása (2002); Livingston and Stout (1990).

Here we provide lower and upper bounds on γ(cDB(d, 1, n)) for any n ≥ 2. We start by considering
the special cases n = 2 and n = 3 for which we provide formulas.

Theorem 2. For any integer d ≥ 2, γ(cDB(d, 1, 2)) = d− 1.

Proof: Upper bound. Observe that the vertices of cDB(d, 1, 2) are all the sequences (x1, x2) ∈ [d]2.
Define the subset S = {(1, x) : x ∈ [d], x 6= 1} of cardinality d− 1. We show that S is a dominating set.
Let (x1, x2) ∈ [d]2 be any of the vertices of cDB(d, 1, 2). There are three possible cases to consider: (i)
x2 = 1, then any sequence of S dominates it, (ii) x2 6= 1 but x1 = 1, then the sequence (x1, x2) belongs
to S and thus is trivially dominated, (iii) x2 6= 1 and x1 6= 1, then (1, x1) is in S and dominates (x1, x2).
Thus, γ(cDB(d, 1, 2)) ≤ d− 1.

Lower bound. The lower bound deduced from (4) gives only
⌈

d2

2d+1

⌉
and thus we need to use a

different argument to prove our claim.



On the domination number of t-constrained de Bruijn graphs 7

Let S be a dominating set. Let P1, P2 the set of symbols that, in the sequences in S, appear in the first
and second coordinates, respectively. Let M1 = [d] − P1 and M2 = [d] − P2 be the sets of symbols
that, in the sequences in S, do not appear in the first and second coordinates, respectively. Observe that
M1 ∩ M2 = ∅, i.e. every symbol a ∈ [d] appears in some sequence in S, otherwise it would not be
possible to dominate sequence (a, a) where a ∈M1 ∩M2. For i = 1, 2, let |Pi| = pi and |Mi| = mi and
obviously p1 + m1 = p2 + m2 = d. Notice that for any i = 1, 2, it holds |S| ≥ |Pi| and thus if mi = 0
we are done.

Assume then mi ≥ 1 and observe that, for any two symbols a ∈M1 and b ∈M2, sequence (b, a) must
belong in S. Indeed the only sequences that can dominate (b, a) are:
(i) sequences of the form (x, b) which cannot be in S as b ∈M2,
(ii) sequences of the form (a, y) which cannot be in S as a ∈M1,
(iii) sequence (b, a) itself.

Thus, there are m1m2 pairs (b, a) in S, with a ∈ M1 and b ∈ M2. Clearly these sequences have
in the first position a symbol in M2 and thus contribute with exactly m2 symbols in P1. Hence, the
rest of the p1 − m2 symbols in P1 must appear as a first coordinate in |S| − m1m2 sequences. So
p1 −m2 ≤ |S| −m1m2. Since p1 = d−m1, we have:

|S| ≥ d+m1m2 −m1 −m2 = d+ (m1 − 1)(m2 − 1)− 1 ≥ d− 1

where the last inequality follows by observing that m1 and m2 are both positive integers.

Theorem 3. For any integer d ≥ 2, γ(cDB(d, 1, 3)) = d
⌈
d
2

⌉
.

Proof: Also in this case we handle separately upper and lower bounds.
Upper bound. Assume first d even and let S =

{
(2i, x, 2i − 1) : 1 ≤ i ≤ d

2 , x ∈ [d]
}

. Clearly,
|S| = d2

2 . To show that S is a dominating set observe that, given any sequence (a, b, c) ∈ [d]3, either b
is even (and then it is dominated by sequence (b, c, b − 1) ∈ S), or b is odd (and then it is dominated by
sequence (b+ 1, a, b) ∈ S).

When d is odd the argument is the same but in this case we consider set S =
{

(2i, x, 2i− 1) : 1 ≤ i ≤
d−1
2 , x ∈ [d]

}
∪
{

(d, x, d) : x ∈ [d]
}

. Clearly, |S| = d
⌈
d
2

⌉
. We now prove that S is a dominating set.

First, from the previous paragraph it is clear that S dominates all sequences (a, b, c) that do not contain d.
If (a, b, c) contains at least two symbols equal to d, then sequences (d, d, x) and (x, d, d) are dominated
by (d, d, d) ∈ S since all the sequences (d, x, d) are in S. If, finally, (a, b, c) contains only one d, we
distinguish three cases according to the position where d appears:
(i) (a, b, d) is dominated by (b, d, b− 1) when b is even or by (b+ 1, a, b) when b is odd;
(ii) (a, d, c) is dominated by (d, c, d);
(iii) (d, b, c) is dominated by (b+ 1, d, b) when b is odd or by (b, c, b− 1) when b is even.

Lower bound. The lower bound deduced from (4) gives only
⌈

d3

2d+1

⌉
≤ d

⌈
d
2

⌉
−
⌊
d
4

⌋
+ 1 and thus

we need to use a different argument to prove our claim. Let S be a dominating set and for any symbol a
we denote by Sa the sequences of S of the form (x, a, y) (i.e. those that have the symbol a in the second
position). Clearly, if for every symbol a it holds that |Sa| ≥

⌈
d
2

⌉
we are done as |S| =

∑
a∈[d] |Sa| ≥

d
⌈
d
2

⌉
. Then assume there exists a symbol a for which |Sa| ≤

⌈
d
2

⌉
− 1. We denote by P 1

a the set of
pairs (x, a) for which there exists a sequence (x, a, y) in Sa. Similarly we denote by P 2

a the set of
pairs (a, y) for which there exists a sequence (x, a, y) in Sa. By definition of P 1

a and P 2
a we have that
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|P 1
a | ≤ |Sa| ≤

⌈
d
2

⌉
− 1 and |P 2

a | ≤ |Sa| ≤
⌈
d
2

⌉
− 1. Now, we show that it must necessarily hold that

(a, a) ∈ P 1
a ∪ P 2

a . Indeed, the triple (a, a, a) can be dominated only by the following triples: (a, a, a),
(z, a, a), (a, a, z) with z ∈ [d]. Thus, without loss of generality, we can assume (a, a) ∈ P 1

a (the proof is
identical if (a, a) ∈ P 2

a ).
Let M be the set of the pairs (x, a) that do not appear in the first two positions of the sequences in S.

We have |M | = d−|P 1
a | ≥ d−

⌈
d
2

⌉
+1 ≥

⌈
d
2

⌉
. We denote the pairs inM as (x1, a), (x2, a), . . . , (xm, a)

with m ≥
⌈
d
2

⌉
. Notice that (a, a) 6∈M , thus for any 1 ≤ i ≤ m, xi 6= a.

Fix an 1 ≤ i ≤ m and consider sequences (z, xi, a) for every z ∈ [d]. As these sequences are
dominated by S, for each z, at least one between (z, xi, a) and (b, z, xi) belongs to S (note that (xi, a, c)
does not belong to S as pair (xi, a) ∈ M ). Moreover as xi 6= a, these sequences are all distinct. We
deduce that, for any pair (xi, a), there are d different triples (one for each z) that belong to S. This holds
for any xi with 1 ≤ i ≤ m. Moreover for any i 6= j and symbols z, z′, b, b′ not necessary distinct among
them, it holds {(z, xi, a), (b, z, xi)} ∩ {(z′, xj , a), (b′, z′, xj)} = ∅. Thus, |S| ≥ dm ≥ d

⌈
d
2

⌉
.

We now prove a general result for any n ≥ 4.

Theorem 4. For any two integers d ≥ 2 and n ≥ 4 it holds:

dn

2d+ 1
≤ γ(cDB(d, 1, n)) ≤ (d− 1)dn−2 =

(
2−Θ

(1

d

)) dn

2d+ 1
.

Proof: Lower bound. The lower bound follows from (4).
Upper bound. To prove the upper bound, consider the following set:

S =
{

(x1, x2, . . . , xn) ∈ [d]n : xn−1 6= x1, xn = x2
}
.

Notice that S is well defined since n ≥ 4. Clearly, the cardinality of S is (d − 1)dn−2. Indeed,
once x1, x2, . . . , xn−2 are fixed, there are d − 1 possibilities for xn−1 and one possibility for xn. We
show that S is a dominating set for cDB(d, 1, n). Suppose, by contradiction, that there is a sequence
s = (x1, x2, . . . , xn−1, xn) that is not dominated by any vertex in S. Then s 6∈ S and both the following
conditions must occur:

1. For any y ∈ [d], sequence s′ = (y, x1, x2, . . . , xn−2, xn−1) 6∈ S, otherwise s′ dominates s. In
particular, the sequence (y, x1, x2, . . . , xn−2, xn−1) 6∈ S for y 6= xn−2. By the definition of S, we
must necessarily have x1 6= xn−1.

2. For any symbol y ∈ [d], sequence s′′ = (x2, x3, . . . , xn−1, xn, y) 6∈ S, otherwise s′′ would domi-
nate s. In particular if we set y = x3, the sequence (x2, x3, . . . , xn, x3) 6∈ S. By definition of S,
we must necessarily have x2 = xn.

From items 1. and 2. we have that x1 6= xn−1 and x2 = xn and thus s must have the form (x1, x2, . . . , z, x2)
with z 6= x1. Thus, s ∈ S by the definition of S, contradicting our initial hypothesis.
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Comparison with the directed case. We conclude this section by observing that a dominating set for a
directed graph is a fortiori also a dominating set for its underlying undirected graph. Thus, γ(cDB(d, 1, n)) ≤
γ(cDB+(d, 1, n)). However, in this section we improved this bound. Namely, for n = 2 and n = 3,
the upper bound deduced from Theorem 1 is not tight as shown by our formulas for γ(cDB(d, 1, 2)) and
γ(cDB(d, 1, 3)). For n ≥ 4 the upper bound provided by studying the directed case is

⌈
dn

d+1

⌉
and we

improved it in Theorem 4 to
⌈(

1− 1
d2

)
dn

d+1

⌉
.

4 Domination numbers of cDB+(d, 2, n) and cDB(d, 2, n)

Here we consider 2-constrained de Bruijn graphs which correspond to Kautz graphs. As for the de Bruijn
graphs the domination number of directed Kautz graphs has been exactly determined in Kikuchi and
Shibata (2003) as stated by the following theorem

Theorem 5. Kikuchi and Shibata (2003) For any two integers d ≥ 2 and n ≥ 1 it holds:

γ(cDB+(d, 2, n)) = (d− 1)n−1.

Notice that the lower bound in (3) for γ(cDB+(d, 2, n)) is tight.
We consider now the undirected case and similarly to the previous section, we start by proving exact

results for n = 2.

Theorem 6. For any integer d ≥ 2, γ(cDB(d, 2, 2)) = d− 1.

Proof: Upper bound. The upper bound follows from Theorem 2 observing that a dominating set for
cDB(d, 1, 2) is also a dominating set for cDB(d, 2, 2).
Lower bound. Concerning the lower bound, let S be a dominating set for cDB(d, 2, 2). Let C be the
set of symbols of Σ that do not appear in any sequence in S. Then necessarily |C| < 2; indeed, if by
contradiction there were a, b ∈ C, with a 6= b, S could not dominate the vertex corresponding to the
sequence (a, b), contradicting the hypothesis of S being a dominating set.

If |C| = 1, then let C = {a}. Then, for any x 6= a, S must dominate both (a, x) and (x, a), and so
there must exists y1, y2 ∈ Σ such that (x, y1) and (y2, x) are both in S. So every symbol x 6= a must
appear both in the first and in the second position in S, and thus |S| ≥ d− 1.

Finally, if |C| = 0, for any a ∈ Σ there is a sequence between (a, x) and (x, a) in S for some x 6= a.
This sequence dominates also (a, a) and thus S is also a dominating set for cDB(d, 1, 2). Thus, from
Theorem 2 we have |S| ≥ γ(cDB(d, 1, 2)) = d− 1 and this concludes the proof.

Theorem 7. For any integer d ≥ 2,

d(d− 1)

2
≤ γ(cDB(d, 2, 3)) ≤

⌊
d2

2

⌋
.

Proof: Upper bound: We prove first the upper bound by modifying the construction in the proof of
Theorem 3. Suppose first d even. We define the set S = S1 ∪ S2 ∪ S3 of 2-constrained sequences where:

S1 =
{

(b, x, b− 1) : b ∈ [d], b is even, x ∈ [d]
}

S2 = {(b, b− 1, 2) : b ∈ [d], b is even},
S3 = {(1, b+ 1, b) : b ∈ [d], b is odd}
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It holds that |S1| = (d − 2)d
2 , |S2| = |S3| = d

2 and the three sets are mutually disjoint, hence |S| =

dd
2 =

⌊
d2

2

⌋
. It remains to show that S is a dominating set. To this purpose we consider the following two

properties:

(P1) For any pair (x, y) with x even, there exists in S a sequence of the form (x, y, a) for some
a ∈ [d], a 6= y;

(P2) For any pair (x, y) with y odd, there exists in S a sequence of the form (a, x, y) for some a ∈ [d],
a 6= x.

Clearly, S satisfiesP1 andP2 due to the sequences in S1∪S2 and in S1∪S3, respectively. Now consider
an arbitrary 2-constrained sequence x = (x1, x2, x3) in cDB(d, 2, 3) and hence x1 6= x2, x2 6= x3. If
x2 is even then from P1 there is a sequence (x2, x3, a) in S which dominates x. Otherwise x2 is odd and
then from P2 there is a sequence (a, x1, x2) in S which dominates x. It follows that S is a dominating set.

When d is odd, the reasoning is slightly different although it follows the same idea. We define the set
S = S1 ∪ S2 ∪ S3 ∪ S4 of 2-constrained sequences where:

S1 =
{

(b, x, b− 1) : b ∈ [d], b is even, x ∈ [d]
}

S2 = {(b, b− 1, d) : b ∈ [d], b is even}
S3 = {(d, b+ 1, b) : b ∈ [d− 1], b is odd}
S4 = {(d, b+ 1, b) : b ∈ [d− 1], b is even}

It holds that |S1| = (d − 2)d−1
2 , |S2| = |S3| = |S4| = d−1

2 and the four sets are mutually disjoint,
hence |S| = (d−1)(d+1)

2 =
⌊
d2

2

⌋
. To show that S is a dominating set, note again that S satisfies both

properties P1 and P2 due to the sequences in S1 ∪ S2, in S1 ∪ S3 if the pair (x, y) does not contain the
symbol d. To handle the pairs containing d we define the following further property:

(P3) For any x ∈ [d− 1] there exists in S a sequence of the form (d, x, a) for some a ∈ [d], a 6= x;

Notice that S satisfies alsoP3 due to pairs in S3∪S4. Now consider an arbitrary 2-constrained sequence
x = (x1, x2, x3) in cDB(d, 2, 3) and hence x1 6= x2, x2 6= x3. If x2 is even then, from P1, there
is a sequence (x2, x3, a) in S which dominate x. If x2 is odd and x2 6= d then from P2 there is a
sequence (a, x1, x2) in S which dominates x. Otherwise x2 = d and then from P3 there is a sequence
(d, x3, a) = (x2, x3, a) in S which dominates x.

Lower bound: Consider the set R ⊂ V (d, 2, 3), defined as R = {(a, b, a) : a ∈ [d], b ∈ [d], a 6= b}.
Clearly, |R| = d(d− 1). Let S be a dominating set and notice that any sequence (x, y, z) ∈ S dominates
exactly two elements of R. Indeed, if z 6= x, (x, y, z) dominates (y, x, y) and (y, z, y), otherwise if
z = x, it dominates (x, y, x) and (y, x, y). Thus, as all the elements of R must be dominated we have that
|S| ≥ |R|2 = d(d−1)

2 .

This concludes the proof.

We now prove a general result for cDB(d, 2, n) with n ≥ 4.
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Theorem 8. For any two integers d ≥ 2 and n ≥ 4 it holds:

d(d− 1)n−1

2d− 1
≤ γ(cDB(d, 2, n)) ≤ (d− 1)n−1 − (d− 2)(d− 1)n−4

=

(
2−Θ

(1

d

))d(d− 1)n−1

2d− 1
.

Proof: Lower bound: It follows from (4).
Upper bound: We consider the set S = S1 ∪ S2 ∪ S3 of 2-constrained sequences where

S1 =
{

(1, i, x3, . . . , xn) ∈ [d]n : i 6= d
}

S2 =
{

(1, d, i, x4 . . . , xn) ∈ [d]n : i 6= 1
}

S3 =
{

(d, 1, d, 1, x5 . . . , xn) ∈ [d]n
}

Since S1, S2, S3 are pairwise disjoint, then,

|S| = (d− 2)(d− 1)n−2 + (d− 2)(d− 1)n−3 + (d− 1)n−4 = (d− 1)n−1 − (d− 2)(d− 1)n−4.

It remains to prove that S is a dominating set. When d = 2 we have S1 = S2 = ∅ and S3 contains
only the sequence (d, 1, d, 1, . . .); trivially S is a dominating set for cDB(2, 2, n) (which contains only
two vertices) and thus we assume d ≥ 3.

Given any 2-constrained sequence y = (y1, y2, . . . , yn) representing a vertex of cDB(d, 2, n), we
distinguish three cases according to the symbol y1:

• y1 = 1: if y2 6= d then y is a sequence in S1; if y2 = d, we consider the value of the third symbol
y3. If y3 6= 1 then y is in S2. Otherwise, y3 = 1 and y is dominated by a sequence in S3.

• 1 < y1 < d: y is dominated by sequence (1, y1, . . . , yn−1) in S1.

• y1 = d: if y2 6= 1 then y is dominated by a sequence in S2; if y2 = 1, again we distinguish two
cases according to the third symbol. If 1 < y3 < d then y is dominated by (1, y3, y4, . . . , yn, z) in
S1; if y3 = d we look at y4: if y4 = 1 then y = (d, 1, d, 1, . . . , yn) is a sequence in S3, otherwise
y = (d, 1, d, y4, . . . , yn) is dominated by a sequence (1, d, y4, . . . , yn, z) in S2.

Comparison with the directed case. We conclude this section by observing that Theorem 5 gives us
γ(cDB(d, 2, n)) ≤ γ(cDB+(d, 2, n)) = (d − 1)n−1. The results of this section show that, for n = 2,
γ(cDB(d, 2, n)) = γ(cDB+(d, 2, n)) = d− 1. For n ≥ 3 the upper bound of (d− 1)n−1 derived from
the directed case is improved to (d− 1)n−1 − (d− 2)(d− 1)n−4.

5 Domination numbers for cDB+(d, 3, n) and cDB(d, 3, n)

Here we consider the 3-constrained de Bruijn graphs. This class of graphs has not been studied in the
literature. Similar to the de Bruijn and Kautz graphs, finding the domination number in the undirected
case seems more difficult as shown by the next results.
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Theorem 9. For any two integers d ≥ 3 and n ≥ 4 it holds:

• For d even: γ(cDB+(d, 3, n)) = d(d− 2)n−2;

• For d odd:

d(d− 2)n−2 ≤ γ(cDB+(d, 3, n)) ≤ (d− 1)2(d− 2)n−3

=

(
1 + Θ

( 1

d2

))
d(d− 2)n−2.

Proof: Lower Bound. From (3) we have:

γ(cDB+(d, 3, n)) ≥
⌈
d(d− 1)(d− 2)n−2

d− 1

⌉
≥ d(d− 2)n−2.

Upper bound. We distinguish two cases, according to the parity of d.

If d is even, we define the following set of 3-constrained sequences:

S = {(i, i+ 1, x3, . . . , xn) : i is odd} ∪ {(i, i− 1, x3, . . . , xn) : i is even}.

Given any sequence s = (x1, . . . , xn), it is clearly dominated, indeed:

• if either x1 is even and x2 = x1 − 1 or x1 is odd and x2 = x1 + 1, then s ∈ S;

• if x1 is even but x2 6= x1 − 1, s is dominated by ((x1 − 1), x1, . . .) ∈ S and if x1 is odd but
x2 6= x1 + 11, s is dominated by ((x1 + 1), x1, . . .) ∈ S, regardless of the value of x3.

It is easy to see that |S| coincides with the lower bound.
If, on the contrary, d is odd, the previously defined S is not well defined when i = d. We hence define

S ⊆ V (d, 3, n) as S = {(i, i+ 1, x3, . . . , xn) : i is odd and i 6= d} ∪ {(i, i− 1, x3, . . . , xn) : i is even }
∪ {(x, d, x2, x3, . . . , xn) : x = min([d] \ {x2}}.

Let x = (x1, x2, . . . , xn) be a vertex in cDB+(d, 3, n). We show that x is dominated by considering
the following three cases:

• if x1 is even and x2 = x1 − 1 then s ∈ S; if instead x2 6= x1 − 1 then s is dominated by
((x1 − 1), x1, . . .) ∈ S;

• if x1 6= d is odd and x2 = x1 + 1, then s ∈ S; if, instead, x2 6= x1 + 1, s is dominated by
((x1 + 1), x1, . . .) ∈ S;

• if x1 = d then x is dominated by sequence (x, d, x2, x3, . . . , xn), that is in S.

For what concerns |S|, it is (d− 1)(d− 2)n−2 + (d− 1)(d− 2)n−3, that is equal to (d− 1)2(d− 2)n−3

as the stated upper bound.

We consider now the undirected case for which we provide lower and upper bounds.
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Theorem 10. For any two integers d ≥ 3 and n ≥ 4 it holds:

d(d− 1)(d− 2)n−2

2d− 3
≤ γ(cDB(d, 3, n)) ≤ (d− 1)(d− 2)n−2

=

(
2−Θ

(1

d

))d(d− 1)(d− 2)n−2

2d− 3
.

Proof: Lower bound. The lower bound follows from (4).
Upper bound. Let S be a set of 3-constrained sequences, and S = {(1, x2, . . . , xn)}.

To prove that S is a dominating set, consider any vertex x= (x1, x2, . . . , xn) in cDB(d, 3, n); we
distinguish some cases according to the position i of the first occurrence of 1, the first symbol of Σ:

• if i = 1 then x ∈ S;

• if i = 2 then sequence (1, x3, . . . , xn, y) for any y 6= xn, xn−1 is in S and dominates x;

• if 3 ≤ i ≤ n, then sequence (1, x1, . . . , xi−1, 1, xi+1, . . . , xn−1) is in S and dominates x;

• if x does not contain any 1, then (1, x1, . . . , xn−1) is in S and dominates x.

Moreover |S| = (d− 1)(d− 2)n−2.

Comparison with the directed case. Since γ(cDB(d, 3, n)) ≤ γ(cDB+(d, 3, n)), for d even Theo-
rem 9 gives an upper bound of d(d− 2)n−2 and Theorem 10 improves this result to (d− 1)(d− 2)n−2 =
d(d − 2)n−2 − (d − 2)n−2. For d odd, Theorem 9 gives (d − 1)2(d − 2)n−3 and Theorem 10 improves
this to (d− 1)(d− 2)n−2 = (d− 1)2(d− 2)n−3 − (d− 1)(d− 2)n−3.

6 Domination numbers of cDB+(d, t, n) and cDB(d, t, n)

In this section we consider the general case t ≥ 3 and we assume n > t. The case t = n, corresponding
to vertices labeled by (partial) permutations, will be studied in the next section. We start by the study of
the domination number in the directed case.
Theorem 11. For any three integers d, t, n such that 2 ≤ t ≤ d and t < n, it holds:

d!

(d− t)!
(d− t+ 1)n−t

(d− t+ 2)
≤ γ(cDB+(d, t, n)) ≤ (d− 1)(d− 1)!

(d− t)! (d− t+ 1)n−t−1

=

(
1 + Θ

( t

d(d− t+ 1)

)) d!

(d− t)!
(d− t+ 1)n−t

(d− t+ 2)

Proof: Lower bound. It follows from (3) and it is equal to |V (d,t,n)|
d−t+2 .

Upper bound. Consider the following t− 1 sets of t-constrained sequences:

• S1 = {x = (x1, x2, . . . , xn) : x1 = 1, x is t-constrained};

• Si =
{

x = (x1, x2, . . . , xn) : xi = 1, x1 = min([d] \ {x2, . . . , xt}), x is t-constrained
}

, for
3 ≤ i ≤ t.
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It turns out that |S1| = (d−1)!
(d−t)! (d − t + 1)n−t and |Si| = 1

(d−t+1)
(d−1)!
(d−t)! (d − t + 1)n−t for each i ≥ 3.

Calling S = S1 ∪
(
∪ti=3Si

)
, we have:

|S| =
(d− 1)!

(d− t)!
(d− t+ 1)n−t +

t− 2

(d− t+ 1)

(d− 1)!

(d− t)!
(d− t+ 1)n−t

=
(d− 1)(d− 1)!

(d− t)!
(d− t+ 1)n−t−1

=

(
1 +

t− 2

d(d− t+ 1)

)
d!

(d− t)!
(d− t+ 1)n−t

(d− t+ 2)

=

(
1 + Θ

( t

d(d− t+ 1)

)) d!

(d− t)!
(d− t+ 1)n−t

(d− t+ 2)
.

To conclude the proof, it remains to show that S is a dominating set for cDB+(d, t, n). To this aim,
consider a general vertex x = (x1, x2, . . . , xn). If symbol 1 does not occur in the first t coordinates, then
x is dominated by (1, x1, x2, . . . , xn−1) of S1. If, on the contrary, there exists 1 ≤ i ≤ t for which xi = 1
then i must be unique and we distinguish the following three cases:

• if i = 1 then x ∈ S1 and hence it is dominated;

• if 2 ≤ i < t then (x, x1, x2, . . . , xi−1, 1, xi+1, . . . , xn−1) ∈ Si+1 with x = min([d]−x1, x2 . . . , xt)
dominates x;

• if i = t then (1, x1, x2, . . . , xt−1, 1, xt+1, . . . , xn−1) ∈ S1 dominates x.

Notice then when t = 2 the upper bound converges to the lower bound and we obtain the result of
Theorem 5.

The domination number of the undirected t-constrained de Bruijn graphs seems more difficult and the
only bounds we have follow from (4) and Theorem 11. For the sake of completeness we state them in the
next corollary.
Corollary 1. For any three integers d ≥ 3, t ≥ 3 and n ≥ 4 it holds

d!

(d− t)!
(d− t+ 1)n−t

2d− 2t+ 3
≤ γ(cDB(d, t, n)) ≤ (d− 1)(d− 1)!

(d− t)! (d− t+ 1)n−t−1

=

(
2 + Θ

( 2t− d
d(d− t+ 1)

)) d!

(d− t)!
(d− t+ 1)n−t

2d− 2t+ 3

Notice that when d goes to infinity the upper bound converges to 2 times the lower bound unless d− t
is bounded above by a constant. Indeed, in the latter case the gap between the lower and upper bound can
be larger with the upper bound converging to 2 + Θ(1) times the lower bound.

7 Domination numbers of cDB+(d, n, n) and cDB(d, n, n)

Here we consider the case t = n. Notice that the set of sequences corresponding to the vertices of these
graphs is the set of partial n-permutations on the set of symbols [d]. Clearly, we must have d ≥ n and thus
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in this section we write d = n+c, for some integer c ≥ 0. Recall that, from (2) |V (n+c, n, n)| = (n+c)!
c! ;

moreover, the maximum degrees of cDB+(n+ c, n, n) and of cDB(n+ c, n, n) are c + 1 and 2c + 2,
respectively.

Given cDB+(n+ c, n, n) (or cDB(n+ c, n, n)) we define its A-partition as the tuple of n + 1 sets
(A0, A1, . . . , An) where A0 is the set of all vertices that do not contain symbol d whereas for any
1 ≤ i ≤ n, Ai is the set of all vertices that contain symbol d in position i. The cardinality of A0 and
Ai are given by the following equations:

|A0| =
(n+ c− 1)!

(c− 1)!
and |Ai| =

(n+ c− 1)!

c!
. (5)

7.1 Domination number of cDB+(n+ c, n, n)

We start by considering the special case d = n, (i.e. c = 0). The vertices of the graph cDB+(n, n, n)
correspond to the permutations of [n]. For this graph we exactly determine its domination number.

Theorem 12. For any integer n ≥ 2 it holds: γ(cDB+(n, n, n)) =
⌈
n
2

⌉
(n− 1)!

Proof: To prove the claim it is sufficient to notice that cDB+(n, n, n) is the disjoint union of (n − 1)!
directed cycles of length n. Clearly, from (3), to dominate each of these cycles we need at least

⌈
n
2

⌉
vertices. This number of vertices is also sufficient by taking alternately the vertices in each of the cycles
of the graph.

Consider the graph cDB+(n+ c, n, n) and notice that for any vertex v ∈ Ai, with 2 ≤ i ≤ n, it holds
N+(v) ⊆ Ai−1. For any 2 ≤ i ≤ n, we define a block of Ai, as the set of vertices in Ai that have the
same out-neighborhood, i.e. they differ only in the first position. As there are only d− (n− 1) = c+ 1
possibilities to choose the first symbol of each fixed sequence, each block has cardinality c+ 1. Further-
more, for any two blocksB andB′ ofAi, it must holdB∩B′ = ∅. Indeed, by definition, a block contains
all the sequences coinciding in the last n−1 positions, so a block can be uniquely identified by a sequence
of length n− 1. Hence, given a sequence x1, x2 . . . , xn, it will only belong to the block that contains the
sequences a, x2 . . . , xn with a ∈ [d]. Thus the blocks form a partition of the vertices in Ai. Finally, from
these arguments and Equation 5 we deduce that each Ai can be partitioned in exactly (n+c−1)!

(c+1)! blocks
(notice that for any n ≥ 2 this fraction is an integer).

We prove the following lemma.

Lemma 1. Let (A0, A1, . . . , An) be the A-partition of cDB+(n+ c, n, n), for any set Ai, 2 ≤ i ≤ n,
there exists a subset Si ⊂ Ai of |Ai|

c+1 = (n+c−1)!
(c+1)! vertices that dominate all the vertices in Ai−1.

Proof: Fix an integer i such that 2 ≤ i ≤ n and let B1, . . . , Br be the blocks of Ai. We define Si by
choosing any vertex from each block Bj , with 1 ≤ j ≤ r. Clearly, |Si| = r = (n+c−1)!

(c+1)! and it remains to
show that Si dominates Ai−1. Let x = (x1, . . . , xi−2, d, xi, . . . , xn) be a vertex in Ai−1; x is dominated
by any vertex of the type (a, x1, . . . , xi−2, d, xi, . . . , xn−1) where a is a symbol not occurring in the first
n−1 positions of x and d is in the position i. Hence, every vertex in Ai−1 is dominated by some vertex in
Ai. Any two vertices in the same block of Ai dominate the same vertices in Ai−1 and hence Si dominates
Ai−1.

The following theorem is the main result of this subsection.
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Theorem 13. For any integer c ≥ 1 and n ≥ 2 it holds:

1

c+ 2

(n+ c)!

c!
≤ γ(cDB+(n+ c, n, n))

≤ (n+ c− 1)(n+ c− 1)!

(c+ 1)!
=

(
1 + Θ

(1

c

)) 1

c+ 2

(n+ c)!

c!
.

Proof: Lower bound. It follows from (3).
Upper bound. To prove the upper bound, let (A0, A1, . . . , An) be the A-partition of the graph

cDB+(n+ c, n, n). For any 3 ≤ i ≤ n, we consider set Si ⊂ Ai as in Lemma 1. We define the
following set

S =
( ⋃

3≤i≤n

Si

)
∪A1.

We show that S is a dominating set. First, all the vertices in A2, . . . , An−1 are dominated by the vertices
in S3, . . . , Sn using Lemma 1. The vertices in A1 are dominated by themselves in S and the vertices
in A0 ∪ An are dominated by the vertices in A1. Indeed, every vertex (x1, x2, . . . , xn) ∈ A0 is domi-
nated by (d, x1, . . . , xn−1) that belongs in A1 and each vertex (x1, . . . , xn−1, d) in An is dominated by
(d, x1, . . . , xn−1) ∈ A1. From Lemma 1 and Equation 5 the number of vertices in S is given by the
following:

(n− 2)
(n+ c− 1)!

(c+ 1)!
+

(n+ c− 1)!

c!
=

(
n− 2

(n+ c)(c+ 1)
+

1

n+ c

)
(n+ c)!

c!

=

(
1 +

1

c+ 1
− c+ 2

(n+ c)(c+ 1)

)
(n+ c)!

(c+ 2)c!

=

(
1 + Θ

(1

c

)) 1

c+ 2

(n+ c)!

c!

7.2 Domination number of cDB(n+ c, n, n)

Similarly as in the previous section we start by considering the special case c = 0. For this graph we
exactly determine its domination number.

Theorem 14. For any integer n ≥ 2 it holds: γ(cDB(n, n, n)) =
⌈
n
3

⌉
(n− 1)!

Proof: To prove the claim it is sufficient to notice that cDB(n, n, n) is the disjoint union of (n − 1)!
undirected cycles of length n. From (1) to dominate a single cycle we need at least

⌈
n
3

⌉
vertices. A

dominating set of this cardinality can be obtained by choosing one vertex out of three in any traversal of
the cycle.

We consider now graph cDB(n+ c, n, n), c ≥ 1. Note that, for any vertex v ∈ Ai, with 2 ≤ i ≤ n−1, it
holdsN(v) ⊆ Ai−1∪Ai+1. We define now the blocks ofAi in the undirected case. For any 2 ≤ i ≤ n−1
a set B ⊂ Ai is called a u-block of Ai if any two vertices of it differ only in the first or last position. More
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formally, fixing a subsequence z ∈ [d]n−2, a u-block ofAi is a set of vertices of the type x1 ·z ·x2. Notice
that each block B of Ai can be identified by the (n − 2)-length substring that is shared among all the
sequences in B, and hence the u-blocks form a partition of Ai. Furthermore, once we fix the sequence z
that is shared among the sequences in B, x1, x2 must be chosen among the d− (n− 2) = c+ 2 elements
that do not appear in z and hence there are exactly (c + 2)(c + 1) possibilities to choose x1, x2. Thus,
each u-block has cardinality (c+ 2)(c+ 1) and for any 2 ≤ i ≤ n− 1, from Equation 5 there are exactly
|Ai|

(c+2)(c+1) = (n+c−1)!
(c+2)! blocks in Ai.

We now prove a result similar to Lemma 1 in the undirected case.

Lemma 2. Let (A0, A1, . . . , An) be the A-partition of cDB(n+ c, n, n), for any set Ai, 2 ≤ i ≤ n− 1

there exists a subset Si ⊂ Ai of (n+c−1)!
(c+1)! vertices that dominates all the vertices in Ai−1 ∪Ai+1.

Proof: Fix an 2 ≤ i ≤ n − 1 and let B1, . . . , Br be the u-block partition of Ai. Consider Bj with
1 ≤ j ≤ r, let z be the shared sequence in Bj and let y1 < y2 < . . . < ys be the s = c + 2 possible
symbols for the first and last position of the sequences in Bj . We define a set Cj ⊂ Bj as follows:

Cj = {y2 · z · y1, y3 · z · y2, . . . , ys · z · ys−1, y1 · z · ys}

We define
Si =

⋃
1≤j≤r

Cj .

Clearly, as |Cj | = s = c+ 2 and the u-blocks form a partition of Ai, we have |Si| = (c+ 2) (n+c−1)!
(c+2)! =

(n+c−1)!
(c+1)! . It remains to show that Si dominates all the vertices in Ai−1 ∪Ai+1.

• Si dominates Ai−1: Consider an arbitrary vertex x = (x1, . . . , xn) ∈ Ai−1 with xi−1 = d; it can
be dominated by any vertex (a, x1, . . . , xn−1) ∈ Ai for some symbol a that does not appear in
the (n − 1)-prefix of x. Sequence (a, x1, . . . , xn−1) can be written in the form a · z · xn−1 which
belongs to the u-block Bj whose sequences share subsequence z. Clearly, by construction of Cj ,
for any fixed z · xn−1 there always exists an a for which a · z · xn−1 ∈ Cj .

• Si dominates Ai+1: The argument is similar to the previous item. Let x = (x1, . . . , xn) ∈ Ai+1

with xi+1 = d; x can be dominated by any vertex (x2, . . . , xn, a) ∈ Ai for some symbol a that does
not appear in the (n− 1)-suffix of x. Sequence (x2, . . . , xn, a) can be written in the form x2 · z · a
which belongs to the block Bj whose sequences share the subsequence z. Again, by construction
of Cj , for any fixed x2 · z there always exists an a for which x2 · z · a ∈ Cj .

Since the case n = 2 is solved exactly by Theorem 6, in the following theorem we assume n ≥ 3.
Theorem 15. For any integer c ≥ 1 and n ≥ 3 it holds:

1

2c+ 3

(n+ c)!

c!
≤ γ(cDB(n+ c, n, n))

≤
(

1 +
1

2c+ 2
+

4

n
+

2

n(c+ 1)
− (2c+ 3)(n+ 6)(n− 1)!c!

2(n+ c)!

)
1

2c+ 3

(n+ c)!

c!

=

(
1 + Θ

(1

c
+

1

n

)) 1

2c+ 3

(n+ c)!

c!
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Proof:
Lower bound. It follows from (4).
Upper bound. To prove the upper bound let (A0, A1, . . . , An) be the A-partition of cDB(n+ c, n, n).

Using Lemma 2 for any 2 ≤ i ≤ n − 2, there exist Si ⊂ Ai and Si+1 ⊂ Ai+1 such that Si dominates
Ai−1 ∪ Ai+1 and Si+1 dominates Ai ∪ Ai+2. Hence, the vertices in Si ∪ Si+1 dominate all the vertices
in Ai−1 ∪ Ai ∪ Ai+1 ∪ Ai+2. We thus consider the sequence of sets (A1, . . . , An) and we subdivide it
in subsequences of exactly 4 sets except possibly the last one which may have less than 4 sets. For each
such subsequence (Ai, Ai+1, Ai+2, Ai+3), using the previous argument we can dominate its vertices by
taking set Si+1 ∪ Si+2 of 2 (n+c−1)!

(c+1)! of vertices. If n is not a multiple of 4, we can distinguish two cases
depending on the number of sets this subsequence contains:

(i) the last subsequence contains only setAn: it is sufficient to take Sn−1 ⊂ An−1 of (n+c−1)!
(c+1)! vertices

as indicated by Lemma 2.

(ii) the last subsequence contains two or three sets: we have (An−1, An) or (An−2, An−1, An), respec-
tively. In both cases, by Lemma 2, we can find Sn−1 ⊂ An−1 that dominates An−2 ∪ An and, by
Lemma 1, we can find Sn ⊂ An that dominates An−1. Thus, with 2 (n+c−1)!

(c+1)! vertices in Sn−1 ∪Sn

it is possible to dominate all the vertices in An−2 ∪An−1 ∪An.

So, all the vertices in A1 ∪A2 ∪ . . . , An can be dominated by a set of vertices S′ of cardinality:

|S′| =
⌈n

4

⌉
2

(n+ c− 1)!

(c+ 1)!
≤ n+ 4

2

(n+ c− 1)!

(c+ 1)!
.

It remains to show how to dominate the vertices of A0. Notice that the subgraph of cDB(n+ c, n, n)
with c ≥ 1 induced by the vertices in A0, is isomorphic to the graph cDB(n+ c− 1, n, n). Thus, to
dominate A0, we can iterate the previous argument. Let T (n + c, n, n) be the number of vertices in a
dominating set cDB(n+ c, n, n). We have:

T (n+ c, n, n) ≤

{ ⌈
n
3

⌉
(n− 1)! if c = 0

T (n+ c− 1, n, n) + n+4
2

(n+c−1)!
(c+1)! otherwise

where the case c = 0 follows from Theorem 14. Using substitution we have:

T (n+ c, n, n) ≤
⌈n

3

⌉
(n− 1)! +

n+ 4

2

c∑
i=1

(n+ i− 1)!

(i+ 1)!
(6)

We use now the following equality that can be proved by induction.

h∑
i=0

(n+ i− 1)!

(i+ 1)!
=

(h+ n)!

n(h+ 1)!

Using the above equation we can solve the recurrence for T (n+ c, n, n) as follows.
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T (n+ c, n, n) ≤ n+ 4

2

(n+ c)!

n(c+ 1)!
− n+ 4

2
(n− 1)! +

n+ 3

3
(n− 1)!

=

(
1 +

1

2c+ 2
+

4

n
+

2

n(c+ 1)
− (2c+ 3)(n+ 6)(n− 1)!c!

2(n+ c)!

)
1

2c+ 3

(n+ c)!

c!

=

(
1 + Θ

(1

c
+

1

n

)) 1

2c+ 3

(n+ c)!

c!

This concludes the proof.

We remark that, in the previous proof, we could have simply taken the whole set A0 to dominate the
vertices in A0. This leads to a dominating set of the following cardinality:

|S′|+ |A0| ≤
n+ 4

2

(n+ c− 1)!

(c+ 1)!
+

(n+ c− 1)!

(c− 1)!

=

(
1 +

2c2 + c+ 2

n+ c

)
1

2c+ 2

(n+ c)!

c!

For c not constant, this upper bound is worse than the one claimed by Theorem 15.

Comparison with the directed case. We conclude this section by observing that from Theorem 13
we have γ(cDB(n+ c, n, n)) ≤ (n+c−1)(n+c−1)!

(c+1)! = n+c−1
(n+c)(c+1)

(n+c)!
c! which is worse that the result of

Theorem 15 when n goes to infinity. Furthermore, for small values of n the results of this section show
that, while for n = 2, γ(cDB(d, 2, n)) = γ(cDB+(d, 2, n)) = d − 1, for n ≥ 3 the upper bound of
(d− 1)n−1 derived from the directed case can be already improved to (d− 1)n−1 − (d− 2)(d− 1)n−4.

8 Conclusions and open problems
In this paper we introduce a new class of graphs, namely the t-constrained graphs, which are a natural
generalization of de Bruijn and Kautz graphs and retain some of their structural properties. Under this
new framework, de Bruijn graphs and Kautz graphs correspond to the cases t = 1 and t = 2, respectively.
For these graphs we studied their domination number both in the directed and undirected case. Our work
was motivated by the fact that while the domination number can be easily determined in the directed
case for de Bruijn and Kautz graphs, the undirected case seems more difficult. Indeed, to the best of our
knowledge, for these graphs, only the trivial bounds, deriving from (4) and the directed case, were known.
While we were able to improve the bounds for these two classes of graphs, the domination number of the
t-constrained undirected de Bruijn graphs remains the main open problem of this paper. However, in the
special case when the sequences labeling vertices are required to be permutations (i.e. t = n), we were
able to exactly determine the domination number in both the directed and undirected case.

Finally, we believe the class of t-constrained de Bruijn graphs is worth being explored both in applied
and theoretical context.
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A set of vertices S of a graph G is monophonically convex if every induced path joining two vertices of S is contained

in S. The monophonic convex hull of S, 〈S〉, is the smallest monophonically convex set containing S. A set S is

monophonic convexly independent if v 6∈ 〈S − {v}〉 for every v ∈ S. The monophonic rank of G is the size of

the largest monophonic convexly independent set of G. We present a characterization of the monophonic convexly

independent sets. Using this result, we show how to determine the monophonic rank of graph classes like bipartite,

cactus, triangle-free and line graphs in polynomial time. Furthermore, we show that this parameter can be computed

in polynomial time for 1-starlike graphs, i.e., for split graphs, and that its determination is NP-complete for k-starlike

graphs for any fixed k ≥ 2, a subclass of chordal graphs. We also consider this problem on the graphs whose

intersection graph of the maximal prime subgraphs is a tree.

Keywords: bipartite graph, cactus graph, k-starlike graph, monophonically convex set, rank of a graph, triangle-free

graph

1 Introduction

A family C of subsets of a finite set X is a convexity on X if ∅, X ∈ C and C is closed under intersec-

tion (van de Vel (1993)). Given a graph G and a family P of paths of G, the P-interval of a set S ⊆ V (G)
is formed by S and all vertices of every path of P between vertices of S. The set S is P-convex if S is

equal to its P-interval. The P-convex hull of S is the minimum P-convex set containing S. It is easy

to see that the P-convex sets form a convexity on V (G). Indeed, the most studied graph convexities

are defined in this way. For instance, the well-known geodetic convexity has P as the family of short-

est paths (Pelayo (2013); Dourado et al. (2016)), the P3 convexity has P as the family of paths of order

3 (Campos et al. (2015); Centeno et al. (2011)), and in the monophonic convexity, P is the family of all

induced paths (Dourado et al. (2010); Duchet (1988)).

The set S is said to be P-convexly independent if for every u ∈ S, it holds that u does not belong to

the P-convex hull of S − {u}. The size of a maximum P-convexly independent set of G is called the

P-rank of G. We are interested in the computational complexity of determining the rank of a graph in the

monophonic convexity.

∗Partially supported by Conselho Nacional de Desenvolvimento Cientı́fico e Tecnológico, Brazil, Grant number 305404/2020-2.
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MONOPHONIC RANK

Instance: A graph G and a positive integer k.

Question: Does G contain a monophonic convexly independent set with at least k vertices?

In Ramos et al. (2014), it was shown that MONOPHONIC RANK is NP-complete for prime graphs,

which are the graphs not containing clique separators. For trees, the maximum convexly independent set

corresponds to the set of leaves. In the same work, it was shown that the problem of deciding whether

a graph has rank at least k in the P3 convexity is NP-complete even for split graphs and for bipartite

graphs. On the other hand, it was shown that this parameter can be easily determined for threshold graphs

in the P3 convexity, and for trees in the P3 and geodetic convexities. In the P3 convexity, this problem

is solvable in polynomial time for biconnected graphs and it was conjectured that it can also be solved in

polynomial time for interval graphs.

In Kanté et al. (2017), the authors studied the computational complexity of finding a maximum convexly

independent set in the geodetic convexity. They showed that this problem cannot be approximated within

a factor of n1−ǫ, unless P = NP. They also presented polynomial-time algorithms for computing this

parameter for P4-sparse, split graphs, and distance-hereditary graphs.

The text is organized as follows. Useful notation is presented in the end of this section. In Section 2,

we present a characterization of the monophonic rank of a graph, which is useful in some results in the

sequel. In Section 3, we show that the problem of computing the monophonic rank can be solvable in

polynomial time if the graph is K4-free and has clique separators with at most 2 vertices, which includes

bipartite, cactus, and triangle-fre graphs. In Section 4, we deal with the graphs whose intersection graph

of the maximal prime subgraphs is a tree, which includes line graphs. In Section 5, we show that this

problem is solvable in polynomial time for 1-starlike graphs, i.e., for split graphs, and is NP-complete for

k-starlike graphs for any fixed k ≥ 2, a subclass of chordal graphs.

We conclude this section by presenting some useful notation. We consider only simple, finite and

undirected graphs. The open and the closed neighborhoods of a vertex v are denoted by N(v) and N [v],
respectively. Vertices u and v are twins if N [u] = N [v]. The interval and the convex hull of a set S in

the monophonic convexity are denoted by [S] and 〈S〉, respectively. We can use m-convexly independent

standing for monophonically convexly independent. The monophonic rank of a graph G is denoted by

r(G). The size of a maximum clique of G is denoted by ω(G). Given a family of graphs C, we denote the

intersection graph of the members C by Ω(C).

2 Characterization

In this section, we present a characterization of the m-convexly independent sets of a general graph.

This result is used in the algorithm of Section 3 to determine the monophonic rank of graph classes like

bipartite, cactus and triangle-free graphs in polynomial time.

A connected graph is prime if it does not contain any clique separator. A maximal prime subgraph of G,

or simply an mp-subgraph of G, is a maximal induced subgraph of G that is prime. Given an mp-subgraph

M , denote the vertices of M belonging to other mp-subgraphs by
→

M , and denote
←

M = V (M)−
→

M . We

say that M is a petal if
←

M 6= ∅ and
→

M is a clique. We say that M is extreme if there is an mp-subgraph

M ′ 6= M such that
→

M ⊆
→

M ′. Note that every extreme mp-subgraph is also a petal mp-subgraph. We say

that H is an flower subgraph of G if H = G or H = G′ −
←

M where G′ is a flower subgraph of G and M
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is a petal mp-subgraph of G′. Denote by F(G),M(G), and P(G) the families of the flower subgraphs of

G, of the mp-subgraphs of G, and of the petal mp-subgraphs of G, respectively.

For M ∈ P(G), we say that X ⊆
←

M is a stamen set for M in G if

• |X | = 1 (Type 1); or

• X = {u1, u2} and
→

M ⊂ N(ui) for i ∈ {1, 2} (Type 2); or

• X ∪
→

M is a clique and |X | ≥ 2 (Type 3).

Theorem 2.1 (Dourado et al. (2010)) Every two non-adjacent vertices of a prime graph form a mono-

phonic hull set.

Theorem 2.2 A set S ⊆ V (G) of a connected graph G is m-convexly independent if and only if for every

mp-subgraph M of the minimum flower subgraph H of G containing 〈S〉, if M is a leaf, then S ∩ V (M)
is contained in a stamen set of M in H , otherwise S ∩ V (M) = ∅.

Proof: First, consider that S is an m-convexly independent set of G.

We begin showing that no vertex of S belongs to
→

M for any M ∈ M(H). Suppose the contrary and

let w ∈
→

M1 for some mp-subgraph M1 of H . Let Cw be a clique separator of H containing w contained

in M1. Let M2 6= M1 be an mp-subgraph containing Cw. Define H1 as the maximum subgraph of H

containing M1 and not containing M2 − Cw. Analogously, define H2 as the maximum subgraph of H

containing M2 and not containing M1−Cw. By the minimality of H , there are u1 ∈ (S ∩ V (H1))−Cw

and u2 ∈ (S ∩ V (H2)) − Cw. Now, let P1 be an induced (u1, w)-path of H1 − (Cw − {w}) and let

P2 be an induced (u2, w)-path of H2 − (Cw − {w}). These two paths imply that w ∈ 〈u1, u2〉, which

contradicts the assumption that S is an m-convexly independent of G.

Suppose that there is an mp-subgraph M ∈ M(H) − P(H) such that w ∈ V (M) ∩ S. Let u, v ∈
→

M

such that uv 6∈ E(G). Let Cu and Cv be clique separators of H such that u ∈ Cu ⊂ V (M) and

v ∈ Cv ⊂ V (M). Now, define Hu as a maximum connected subgraph of H containing M as a leaf with
→

M = Cu, and define Hv as a maximum connected subgraph of H containing M as a leaf with
→

M = Cv .

Note that H − V (M) is a disconnected graph. Therefore, by the minimality of H , there are u′ ∈
(S ∩ V (Hu)) − V (M) and v′ ∈ (S ∩ V (Hv)) − V (M). Now, let Pu be an induced (u′, u)-path of

Hu − (Cu −{u}), let Pv be an induced (v′, v)-path of Hv − (Cv −{v}), and let P be an induced (u, v)-
path of M . These three paths imply that u, v ∈ 〈u′, v′〉. Now, Theorem 2.1 implies that w ∈ 〈u′, v′〉,
contradicting the assumption that S is an m-convexly independent of G.

Now, suppose that there is M ∈ P(H) such that W = V (M) ∩ S is not a stamen set for M in H .

Suppose that x, y ∈ W −
→

M . We can assume that yu 6∈ E(G) for some u ∈
→

M , which means that

x ∈ 〈u, y〉 and since u ∈ 〈u′, y〉 for some vertex u′ ∈ S − V (M), we have a contradiction.

Conversely, let w ∈ S. By the definition of stamen set, we conclude that w ∈
←

M of some petal mp-

subgraph of H , i.e.,
→

M is a clique. If V (M) ∩ S = {w}, it is clear that w 6∈ 〈S − {w}〉, then we can

assume that |V (M) ∩ S| ≥ 2 and w ∈ 〈S − {w}〉. But this contradicts the definition of stamen set,

because in any case that |V (M)∩S| ≥ 2, it holds that
→

M ⊆ N(w), which contradicts w ∈ 〈S−{w}〉. ✷



4 M.C. Dourado, V.S. Ponciano, R.L.O. da Silva

As a consequence, we can express the monophonic rank of a graph in terms of its flower subgraphs and

the stamen sets of its petal mp-subgraphs.

Corollary 2.1 For any graph G, r(G) = max
G′∈F(G)

{

∑

M∈P(G′)

s(M)

}

where s(M) stands for the maxi-

mum size of a stamen set of M in G′.

Corollary 2.1 is used in Sections 3 and 4 to solve MONOPHONIC RANK in polynomial time for some

graph classes.

3 Bipartite, cactus and triangle-free graphs

In this section, we show how to compute the monophonic rank of a class containing the bipartite, cactus

and triangle-free graphs in polynomial time. We say that a graph G is bipartite if V (G) can be partitioned

into two independent sets, and that G is a cactus if every maximal 2-connected subgraph of G is a cycle

or an edge. We define Γ1 as the class containing the graphs G such that G is K4-free and if an mp-

subgraph B of G contains a K3, then B is isomorphic to K3. Note that Γ1 contains the bipartite, cactus

and triangle-free graphs. The following property of general graphs is important for this purpose.

Lemma 3.1 Let G be any graph. For every flower subgraph G′ of G, it holds |P(G)| ≥ |P(G′)|.

Proof: We use induction on the number of mp-subgraphs of G. First, consider that G has 2 mp-subgraphs.

Note that |P(G)| = 2 and that |P(G′)| = 1 for any of its flower subgraphs. Now, consider that G has k

mp-subgraphs for k ≥ 3. Suppose that there is a flower subgraph G′ of G with |P(G)| < |P(G′)|. Since

G′ can be obtained from G by iteratively removing a petal mp-subgraph, there is a petal mp-subgraph M

of G not present in G′. Define G′′ = G−
←

M .

We claim that |P(G)| ≥ |P(G′′)|. If M is not an extreme mp-subgraph, then there is exactly one

mp-subgraph M ′ in G′′ that is not in G, namely, the one formed by the vertices of
→

M . Observe that

M(G′′) = (M(G) − {M}) ∪ {M ′}. Since the intersections among the mp-subgraphs of G and G′′ are

the same, it holds that G′′ has no new petal mp-subgraph and |P(G)| > |P(G′′)| for this case because

M ′ is not a petal mp-subgraph of G′′.

Now, if M is an extreme mp-subgraph, then every mp-subgraph of G′′ is also present in G′ because
→

M

is contained in an mp-subgraph M ′′. Then,M(G′′) =M(G) − {M}. It is possible that M ′′ be a petal

mp-subgraph of G′′ not present in G, but this cannot happen to any other mp-subgraph because for each

one its intersection is contained in mp-subgraphs also present in G. Since M is a leaf of G not present in

G′′, it holds |P(G)| ≥ |P(G′′)|, and the claim is true.

Finally, by the induction hypothesis, we have |P(G′′)| ≥ |P(G′)|, which is a contradiction. ✷

Theorem 3.1 For a graph G ∈ Γ1, r(G) = n1 + 2n2 where n1 is the number of petal mp-subgraphs

of Type 1, n2 is the number of petal mp-subgraphs of Type 2 of the flower subgraph G′ of G such that

|P(G′)| = |P(G)| with maximum number of leaves of Type 2.

Proof: First, observe that every petal mp-subgraph of a graph G ∈ Γ1 has Type 1 or 2. Now, let S be an

m-convexly independent set of G with |S| = r(G) and let H be the minimum flower subgraph containing
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the vertices of 〈S〉. By Corollary 2.1, for every petal mp-subgraph M of H , |S ∩
←

M | is equal to the size

of a maximum stamen set of M in H . Since Γ1 is a hereditary class, it holds 1 ≤ |S ∩ V (M)| ≤ 2.

Hence, Lemma 3.1 implies that H is the flower subgraph of G with |P(H)| = |P(G)| which maximizes

the number of leaves of Type 2. ✷

We have the following complexity result as a consequence of the above theorem.

Corollary 3.1 One can determine the monophonic rank of a graph G ∈ Γ1 in polynomial time.

Proof: Set G′ equals G. Now, while there is petal mp-subgraph B of G′ having Type 1 such that G′′ =

G′−
←

B satisfies |P(G′′)| = |P(G′)|, set G′ = G′−
←

B and repeat. The instance of G′ after the loop is the

flower subgraph of G with the same number of petal mp-subgraphs as G with maximum number of leaves

of Type 2. By Theorem 3.1, r(G) = n1 + 2n2 where n1 is the number of petal mp-subgraphs of Type 1,

n2 is the number of petal mp-subgraphs of Type 2. It is clear that G′ can be obtained in polynomial time

on the size of G. ✷

4 When the intersection graph of the mp-subgraphs is a tree

In this section, we consider the class Γ2 of the graphs G such that Ω(M(G)) is a tree. We will see that Γ2

contains the line graphs. We begin characterizing the graphs ofΓ2. Then, we present in Section 4.1 a meta-

algorithm for trees. Such algorithm is part of the algorithm presented in the sequel for the computation of

the monophonic rank of graphs of Γ2. We decided to present the exploitation of the tree-like structure of

our solution separatly because it is essentially the same that appears implicitly in other solutions for other

problems (Anand et al. (2020); Benevides et al. (2015)), which facilitates its use in future works.

Lemma 4.1 A graph G ∈ Γ2 if and only if every vertex of G belongs to at most 2 mp-subgraphs of G.

Proof: Denote H = Ω(M(G)). First, consider that v is a vertex belonging to 3 mp-subgraphs M1,M2,

and M3 of G. It is clear that the vertices u1, u2, and u3 of H corresponding to M1,M2, and M3, respec-

tively, induce a C3, which means that H is not a tree.

Conversely, consider that H has a cycle C = u1 . . . uk. We can assume that C is induced. If k ≥ 4,

then G−Mi∩Mi+1 is a connected graph for i+1 taken mod k. Therefore, M1 ∪ . . .∪Mk has no clique

separator and properly contains an mp-subgraph. Therefore, k = 3 and suppose that every vertex of G

belongs to at most 2 mp-subgraphs of G. Hence. (Mi ∩Mj)∩ (Mi ∩Mk) = ∅ for i, j, k being different

values of {1, 2, 3}. Therefore, G −Mi ∩Mi+1 is a connected graph for i + 1 taken mod 3. Therefore,

M1 ∪ . . . ∪M3 has no clique separator and properly contains an mp-subgraph, which is a contradiction.

✷

4.1 Meta-algorithm for trees

Let T be a tree of order n and let F and F ′ be sets of functions. We say that (T, F, F ′) is a good triple if

• |F | = n;

• |F ′| = 2n− 2;
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• for every v ∈ V (T ) and w ∈ N(v), there is f ′v,u ∈ F ′ which depends of the values of f ′w,v for

w ∈ N(v)− {u} and does not depend of any other function of F ∪ F ′; and

• for every v ∈ V (T ), there is fv ∈ F which depends of the values of f ′w,v for w ∈ N(v) and does

not depend of any other function of F ∪ F ′.

If v is a leaf of T , we denote the only neighbor of v in T by πT (v).

Algorithm 1: META ALGORITHM TREE

Input: A good triple (T, F, F ′)
Output: Computation of f and f ′ for every v ∈ V (T )

1 if V (T ) = {w} then

2 compute fw
3 return

4 T ′ ← T

5 while |V (T ′)| ≥ 3 do

6 w ← leaf of T ′

7 compute f ′
w,πT′ (w)

8 remove w of T ′

9 w ← one of the two vertices of T ′

10 compute f ′
w,π(w)

11 compute f ′
π(w),w

12 while there is leaf w of T ′ with fw not computed yet do

13 for u ∈ NT (w) such that u 6= πT ′ (w) do

14 compute f ′w,u

15 add u to T ′ as neighbor of w

16 compute fw

Theorem 4.1 If (T, F, F ′) is a good triple, Algorithm 1 computes all functions of F and F ′ in time

O(n(α + α′)) steps, where α and α′ are the time complexities of computing f ∈ F and f ′ ∈ F ′,

respectively, and n is the number of vertices of the input tree.

Proof: The number of iterations of the while beginning in line 5 is n − 2. The cost of each iteration is

α′. Therefore, the total cost of lines 5 to 8 is O(nα′). It remains to show that f ′
w,πT′ (w) can be computed

in line 7. But this is consequence of the fact that f ′
w,πT ′(w) is computed only if w is a leaf of T ′ at this

moment, i.e., f ′u,w has already been computed for every u ∈ NT (w) − {πT ′(w)}.
The number of iterations of the while loop beginning in line 12 is n. The cost of each line 16 is α. Even

inside of the while loop beginning in line 12, the total number of iterations of the for loop beginning in

line 13 is n−2. The cost of each iteration is α′. Therefore, the total cost of lines 12 to 16 is O(n(α+α′)).
It remains to show that f ′

w,πT′ (w) can be computed in line 14 and that fw can be computed in line 16. Both
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cases are consequences of the fact that f ′u,w has already been computed for every u ∈ NT (w) when w is

chosen in line 12. ✷

4.2 Applying the meta-algorithm

Now, we define the functions of a good triple of a graph G ∈ Γ2 for expressing the monophonic rank

of G. Write T = Ω(M(G)). For every w ∈ V (T ) and u ∈ N(w), denote by Mw the mp-subgraph

of G corresponding to w and by Mw,u the petal mp-subgraph of the graph associated to the tree of

T − (N(w)− u) containing w. Define

f ′w,u = max







s(Mw,u),
∑

v∈N(w)−{u}

f ′v,w







(1)

fw = max







ω(Mw),
∑

v∈N(w)

f ′v,w







(2)

Theorem 4.2 If G ∈ Γ2, then r(G) = max
w∈V (Ω(M(G)))

{fw}.

Proof: Write T = Ω(M(G)). By Corollary 2.1, r(G) = max
G′∈F(G)

{

∑

M∈P(G′)

s(M)

}

where s(M) stands

for the maximum size of a stamen set of M in G′. Let Gr ∈ F(G) such that r(G) =
∑

M∈P(Gr)

s(M).

Note that f ′
M,πTr (M) = s(M) for every M ∈ P(Gr). For every w, since fw is defined as the maximum

between two values where one of them is the sum of f ′u,w for all u ∈ N(w), for every w that is not a leaf

of Tr, it holds that fw =
∑

M∈P(Gr)

s(M). If Gr is not a prime graph, then Tr has at least one non-leaf

vertex. Otherwise, fw is the maximum clique of the graph prime Gr, which corresponds to the maximum

degree of a vertex of G. ✷

The following result is a consequence of Theorems 4.1 and 4.2.

Corollary 4.1 If G ∈ Γ2, then r(G) can be computed in O(n(m + α + α′)) steps where α and α′

are the time complexities of determining the clique number of G and a maximum stamen set of a petal

mp-subgraph of a flower subgraph of G, respectively.

Proof: Denote T = Ω(M(G)). It is easy to see that (T, F, F ′) is a good triple. Using Theorem 4.2, it

remains to prove the time complexity. By Theorem 4.1, f ′w,u and fw can be computed in O(n(α + α′))
steps. SinceM(G) can be computed in O(nm) steps (Leimer (1993)), the result does follow. ✷

We say that a graph class Γ is hereditary if G ∈ Γ implies that every induced subgraph of G also

belongs to Γ. As a consequence of Corollary 4.1, the monophonic rank can be computed in polynomial

time for every graph G ∈ Γ2 ∩ Γ such that Γ is hereditary and the clique number can be computed in

polynomial time for the graphs of Γ, for instance, when Γ is the class of chordal graphs. We will see in

Section 5 that MONOPHONIC RANK is NP-complete for chordal graphs.
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We conclude this section by showing that there are non-hereditary graph classes Γ so that MONO-

PHONIC RANK is NP-complete even if the clique number can be computed in polynomial time.

We define Γ3 as the class containing the graphs G such that |V (G)| = 2n+ 1 for some integer n ≥ 1,

V (G) can be partitioned into sets (V1, V2, V3) where |V1| = n, V1 induces a clique, V2 induces a connected

graph with no universal vertices, V3 = {u} such that N(u) = V2, and for every v ∈ V1, there is w such

that N(v) ∩ V2 = {w} and N(w) ∩ V1 = {v}.
It is easy to see that every graph of Γ3 is prime, can be recognized in polynomial time, and its maximum

clique can also be found in polynomial time.

Theorem 4.3 MONOPHONIC RANK is NP-complete for the graphs whose mp-subgraphs belong to Γ3.

Proof: We present a reduction from a version of MAXCLIQUE that receives as input a connected graph

G or order n, with no universal vertices, and asks whether there exists a clique in G with at least ⌈n2 ⌉
vertices. Let H be the graph with vertex set (V1, V2, V3, V4, {w}), such that H [V2] ≃ H [V4] ≃ G, V1

and V3 are cliques, N(w) = V2 ∪ V4, for every v ∈ V1, there is w such that N(v) ∩ V2 = {w} and

N(w) ∩ V1 = {v}, and the same for V3 and V4. Notice that H contains two mp-subgraphs, each one

belonging to Γ3. It is easy to see that rk(H) = max{n, ω(H [V2]) + ω(H [V4])}. ✷

4.3 Line graphs

Let G be a graph and v ∈ V (G). The line graph of G, denoted by L(G), is Ω(E(G)). We say that G

is a line graph if there is a graph H such that G = L(H). In this case, L−1(G) represents the family of

graphs that are a root of G under the line graph operator. Denote by E(v) the set of edges of G incident

to v. If v is a cut vertex of G and H is a connected component of G− v, then the subgraph of G induced

by V (H) ∪ {v} is a v-component.

Lemma 4.2 If G is a 2-connected graph, then L(G) is prime.

Proof: Suppose by contradiction that K is a clique separating vertices u, v ∈ L(G). We can write u =
u1u2 and v = v1v2 for u1, u2, v1, v2 ∈ V (G). Since K separates u and v, we have that u1, u2, v1 and v2
are distinct. Since G is 2-connected, there is a cycle C containing both edges u1u2 and v1v2. Without loss

of generality, we can assume that u1 and v1 separate u2 and v2 in the subgraph of G induced by the edges

of C. Then, let Pu1u2v1v2 be the (u1, v2)-path formed by the edges of C containing the edges u1u2, v1v2,

and let Pu2u1v2v1 be the (u2, v1)-path formed by the edges of C containing the edges u1u2, v1v2. Now,

denote by E′ the edges of G associated with the vertices of K . There are two possibilities for the elements

of E′, either they are the edges of a triangle of G − {u1u2, v1v2} or they are some edges of E(G) −
{u1u2, v1v2} incident to a vertex w. In both cases, at least one of the paths Pu1u2v1v2 and Pu2u1v2v1 does

not contain edges of E′, which is a contradiction. ✷

Define L(G) = {L(B) : B is a block of G} ∪ {L(E(v)) : v is a cut vertex of G}.

Lemma 4.3 Let G be a graph. Then, the family of mp-subgraphs of L(G) is L(G). Furthermore, if

|L(G)| ≥ 2 and B is a block of G with at least 3 vertices, then |L(
→

B)| ≥ 2.

Proof: By Lemma 4.2, L(B) is a prime graph for every block B of G. Since L(E(v)) is a clique, then

L(E(v)) also induces a prime subgraph for every cut vertex v. The maximality of each M ∈ L comes
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from the fact that M ∪ S for S ⊂ H where H is a v-component for v ∈ M has E(v) ∩ H as a clique

separator. Suppose by contradiction that L(G) has an mp-subgraph M ′ 6∈ L. Therefore, M ′ contains

vertices that are edges of different blocks of G sharing a cut vertex v and at least one of these edges, say

uw, is not incident to v. Now observe that E(v) ∩ H , where H is the v component containing uw is a

clique separator of M ′, which is a contradiction.

Finally, let |L(G)| ≥ 2 and B be a block of G with at least 3 vertices. Since there is a cut vertex v of G

belonging to B, it holds |L(
→

B)| ≥ 2 because v has at least 2 neighbors in B. ✷

Lemma 4.4 If G is a line graph, then G ∈ Γ2.

Proof: By Lemma 4.3, M(G) = L(G). Now, the result follows from the fact that every vertex of G

belongs to at most two sets of L(G) and Lemma 4.1. ✷

Corollary 4.2 The monophonic rank of a line graph can be found in linear time.

Proof: We begin showing that for line graphs, every stamen set of a petal mp-subgraph M of a line

graph G that is not prime is 1. Then, suppose the contrary and let u, v ∈
←

M and w ∈
→

M such that

uw, vw ∈ E(G). We can write u = u1u2, v = v1v2 and w = w1w2 where u1, u2, v1, v2, w1 and w2 are

vertices of GL ∈ L−1(G). Without loss of generality, we can assume that u1 = v1 = w1 while u2, v2 and

w2 are distinct. Therefore, w2 is a cut vertex of GL and u has no more neighbors in
→

M , which implies

that |
→

M | = 1. But this a contradiction because Lemma 4.3 implies that |
→

M | ≥ 2.

If G is a prime graph, then GL is a 2-connected graph and the maximum stamen set of G is the

maximum degree of GL.

Finally, Corollary 2.1 and Lemma 3.1 imply that we only need to consider one flower subgraph of G,

namely, itself. Therefore, r(G) = max
{

∆(GL), ℓ)
}

, where ℓ stands for the number of leaf blocks of

GL. Since a member of GL can be found in linear time (Lehot (1974)), the result does hold. ✷

5 Starlike graphs

A graph G is starlike if V (G) can be partitioned into cliques (V0, . . . , Vt) such that V0 is a maximal

clique and for every ℓ ∈ {1, . . . , t} and vi, vj ∈ Vℓ, it holds N [vi] − Vℓ = N [vj ]− Vℓ ⊂ V0. If |Vℓ| ≤ k

for ℓ ∈ {1, . . . , t}, then G is k-starlike (Gustedt (1993); Cerioli and Szwarcfiter (2006)). The 1-starlike

graphs are precisely the split graphs and every starlike graph is a chordal graph.

In this section, we describe a polynomial-time algorithm for determining the monophonic rank of a

1-starlike graph and show that this problem is NP-complete for k-starlike graphs for any fixed k ≥ 2.

INDEPENDENT SET

Instance: A graph G and a positive integer k.

Question: Does G contain an independent set with at least k vertices?

Theorem 5.1 The MONOPHONIC RANK problem restricted to split graphs belongs to P.
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Proof: Since INDEPENDENT SET restricted for bipartite graphs belongs to P (Garey and Johnson (1982)),

it suffices to present a polynomial reduction from MONOPHONIC RANK restricted to split graphs to IN-

DEPENDENT SET restricted to bipartite graphs.

Let G be a split graph with bipartition (C, I). We can assume that C is a maximum clique. Construct

a bipartite graph G′ from a copy of G by deleting the edges joining vertices of C. Denote (C′, I ′) the

bipartition of G′, where C′ = {v′i : vi ∈ C}. See Figure 1. We will show that G has an m-convexly

independent set of size at least k if and only if G′ has an independent set of size at least k.

G′

v1

v2

v3

v4

v5

v5

v5

G

v1

v2

v3

v4

v5

v5

v5

Fig. 1: Reduction from MONOPHONIC RANK PROBLEM restricted to split graphs to INDEPENDENT SET PROBLEM

restricted to bipartite graphs. The vertices inside of the oval with a straight form a clique.

First, let S be an m-convexly independent set of size at least k of G. If |S| ≤ |C|, then G′ has

an independent set of size at least k contained in C′ because C′ is an independent set. Then, consider

|S| > |C| and define S′ = {v′i : vi ∈ S}. Suppose that v′iv
′
j ∈ E(G) for v′i, v

′
j ∈ S′. By the construction

of G′, we can assume that vi ∈ C and vj ∈ I . Since S is not a clique, there is vℓ such that vℓvj 6∈ E(G).
Now, observe that vi belongs to a monophonic path between vj and vℓ, which contradicts the assumption

that S is an m-convexly independent set of G.

Conversely, let S′ be an independent set of G′ with at least k vertices. Write S = {vi : v′i ∈ S′}.
Observe that

〈S − {vi}〉 = (S − {vi})
⋃





⋃

vj∈(S−{vi})∩I

N(vj)



 .

Since S′ is an independent set, we have that vi 6∈ 〈S − {vi}〉, which means that S is an m-convexly

independent set of G.

✷
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Now, we show that the problem of deciding whether a 2-starlike graph has a convexly independent set

with at least k vertices is NP-complete in the monophonic convexity. It is clear that the following variation

of INDEPENDENT SET is also NP-complete Garey and Johnson (1982).

HALF INDEPENDENT SET

Instance: A graph G.

Question: Does G contain an independent set with at least
⌈

|V (G)|+1
2

⌉

vertices?

Theorem 5.2 MONOPHONIC RANK is NP-complete for 2-starlike graphs.

Proof: Since the monophonic convex hull of a set can computed in polynomial time and one needs |S|
computations of the convex hull of a set to decide whether a set is convexly independent, the problem

belongs to NP. We present a reduction from HALF INDEPENDENT SET.

Let G be a general graph with n = |V (G)|. We construct a 2-starlike graph G′ as follows. For every

vertex vi ∈ V (G), create 4n+1 vertices u1
i , . . . u

2n+1
i , w1

i , . . . , w
2n
i in G′. Write U = {u1

i , . . . , u
2n+1
i } :

1 ≤ i ≤ n} and W = {w1
i , . . . , w

2n
i : 1 ≤ i ≤ n}. The edge set of G′ is obtained as follows

• add the edges to make a clique of the set U ;

• add the edges u2n+1
i w2n−1

i and u2n+1
i w2n

i for every vi ∈ V (G); and

• for every vivj ∈ E(G), add the edges u
p
iw

q
j for p, q ∈ {1, . . . , 2n}.

Since U is a clique and for i, ℓ ∈ {1, . . . , n}, the vertices w2ℓ
i and w2ℓ+1

i are twins and each one has

only one neighbor in W , it holds that G′ is a 2-starlike graph. Note that the number of vertices of G′

is 4n2 + n, which means that G′ can be constructed in polynomial time. To complete the instance of

MONOPHONIC RANK define

p = 4n

⌈

n+ 1

2

⌉

+ n−

⌈

n+ 1

2

⌉

= n+ (4n− 1)

⌈

n+ 1

2

⌉

.

We will show that G has an independent set with ⌈n+1
2 ⌉ vertices if and only if G′ has a monophonic

convexly independent set with p vertices. Since every vertex has a neighbor in the set U , it is easy to see

that the diameter of G′ is 3 (and a maximum induced path has length 3).

First, consider that G has an independent set S with
⌈

n+1
2

⌉

vertices. Define S′ = {u1
i , . . . , u

2n
i ,

w1
i , . . . , w

2n
i : vi ∈ S} ∪ {u2n+1

i : vi 6∈ S}. Since S′ has 4n vertices for every vertex in S and 1 for each

vertex not in S, it holds

|S′| = 4n

⌈

n+ 1

2

⌉

+ (n−

⌈

n+ 1

2

⌉

) = p.

Suppose that there is u ∈ S′ such that u ∈ 〈S′ − {u}〉. Hence, u belongs to some monophonic (x, x′)-
path for x, x′ ∈ 〈S′ − {u}〉. Since W contains only simplicial vertices and no simplicial vertex is an

internal vertex of an induced path, we conclude that u ∈ U ∩ S′. Since U is a clique, at least one of x

and x′ belongs to W . However, observe that for every S′′ ⊆ S′, it holds 〈S′′〉 ⊆ (S′′ ∩W ) ∪ U , in other
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G

v1

v2

v3

G′

u1
1 u2

1 u3
1

u4
1 u5

1 u6
1

u7
1

u1
2 u2

2 u3
2

u4
2 u5

2 u6
2

u7
2

u1
3 u2

3 u3
3

u4
3 u5

3 u6
3

u7
3

w5
1 w3

1 w1
1

w6
1 w4

1 w2
1

w5
2 w3

2 w1
2

w6
2 w4

2 w2
2

w5
3 w3

3 w1
3

w6
3 w4

3 w2
3

Fig. 2: Sketch of the reduction from HALF INDEPENDENT SET PROBLEM of general graph to MONOPHONIC RANK

of 2-starlike graphs. A line joining two cycles with dashed lines means that there is an edge joining each vertex of

one cycle to each vertex of the other.

words, no vertex of W −S′′ belongs to 〈S′′〉. Then, we can assume that x ∈W ∩S′. By the construction

of S′, no vertex of W ∩S′ has neighbors in U , which implies that ux 6∈ E(G′). Therefore, x′ also belongs

to W ∩ S′. Since the maximum induced path of G′ has 4 vertices, ux′ ∈ E(G), which is a contradiction.

Conversely, assume that G′ has an m-convexly independent set S′ with at least p vertices. Since p >

|U | > |W | for n ≥ 1, S′ contains vertices of U and of W . For j ∈ {0, . . . , 4n+1}, denote by Qj ⊆ V (G)
the set of vertices vi such that S′ contains j vertices of the 4n+ 1 vertices of G′ created for vi. Observe

that S =
⋃

i∈{3,...,4n}

Qi is an independent set and that Q4n+1 = ∅ because otherwise S′ would not be

m-convexly independent. Suppose that S < ⌈n+1
2 ⌉. Hence,

|S′| ≤ 4n

(⌈

n+ 1

2

⌉

− 1

)

+ 2n = 4n

⌈

n+ 1

2

⌉

− 2n < n+ (4n− 1)

⌈

n+ 1

2

⌉

= p,

which is a contradiction. ✷
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The above result can be extended for k-starlike with k ≥ 2.

Corollary 5.1 For any fixed integer k ≥ 2, the MONOPHONIC RANK problem is NP-complete for k-

starlike graphs.

Proof: It suffices to change the reduction presented in Theorem 5.2 by adding kn vertices in G′ for every

vertex of G and defining p = n+ kn
⌈

n+1
2

⌉

. ✷
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In a generalized Turán problem, two graphs H and F are given and the question is the maximum number of copies

of H in an F -free graph of order n. In this paper, we study the number of double stars Sk,l in triangle-free graphs.

We also study an opposite version of this question: what is the maximum number of edges and triangles in graphs

with double star type restrictions, which leads us to study two questions related to the extremal number of triangles

or edges in graphs with degree-sum constraints over adjacent or non-adjacent vertices.

Keywords: Mathematics - Combinatorics, 05C35

1 Introduction

In the last decade, generalizations of the extremal function ex(n,H) received more and more attention.

For graphs G and H , let n(H,G) denote the number of subgraphs of G isomorphic to H (referred to

as copies of H). In particular, let t3(G) = n(K3, G) denote the number of copies of triangles in

G. The first result of this type is due to Zykov (1949) (and also independently by Erdős (1962)),

who determined ex(n,Ks,Kt) exactly for all s and t. Then Erdős raised the longstanding conjecture

ex(n,C5, C3) = (n5 )
5 (where the lower bound is obtained from the uniformly blown up C5). This conjec-

ture was finally verified quarter of a century later by Hatami et al. (2013) and independently by Grzesik

(2012). On the other hand, the extremal function ex(n,C3, C5) was considered by Bollobás and Győri

(2008). Their results were subsequently improved by Alon and Shikhelman (2016), Ergemlidze et al.

(2019), and Ergemlidze and Methuku (2018), but the problem of determining the correct asymptotics

is still open. The problem of maximizing Pℓ copies in a Pk-free graph was investigated in Győri et al.

(2018).

We begin by considering the following question of this type: among all triangle-free graphs with n
vertices, what is the maximum number of “double stars” Sk,l where Sk,l denotes a star with degree k and

a star with degree l connected by an edge. For example S1,1 would be P4, the path with 4 vertices.

Then we study a kind of “converse” of this double star problem: suppose our forbidden graph is Sk,l

and what we want to maximize is the number of triangles in the graph, how will the graph look like? We

know when our forbidden graph is all double stars Sk,l where k + l = d, we essentially ask our graph G
to satisfy dG(x) + dG(y) < d+ 2 for all xy ∈ E(G).

This leads us to two other related problems. The first problem is to find the minimum number of triangles

in a graph such that dG(x)+dG(y) ≥ n+k for all xy ∈ E(G) and a constant k, provided the graph has no

ISSN 1365–8050 © 2022 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License

http://arxiv.org/abs/2109.01536v3
http://dmtcs.episciences.org/
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2 Ervin Győri , Runze Wang , Spencer Woolfson

isolated vertex. We know that a complete bipartite graph with n vertices will satisfy dG(x) + dG(y) = n
for all xy ∈ E(G), and this is why we need the +k here. Another related problem is to find the minimum

number of triangles in a graph such that dG(x)+dG(y) ≥ n+1 for all xy /∈ E(G), x 6= y. This condition

means that the complement of the graph does not contain any “big” double stars. This condition relates

to Ore’s theorem, which claims any graph such that dG(x) + dG(y) ≥ n for all xy /∈ E(G), x 6= y is

Hamiltonian.

2 Double Stars

The star S1,a is defined to be K1,a, the complete bipartite graph with parts of size 1 and a. The vertex

belonging to the part of size 1 is called the central vertex, and the degree of the star is defined to be a.

The double star Sa,b is the graph formed by connecting the central vertices of stars Sa and Sb with an

edge. For example, S1,1 is a path with 4 vertices. We will call the edge connecting the two centers the

central edge of the double star Sa,b. We are going to show that if G is triangle-free, then a (not necessarily

balanced) complete bipartite graph will maximize the number of double stars Sa,b in G.

For a triangle-free graphG, we can compute the number of double stars Sa,b (a 6= b) whose central edge

is a given edge uv ∈ E(G). There are two ways to have a double star with central edge uv, assuming that

a 6= b: either u is the central vertex of Sa or v is the central vertex of Sa. If u is the central vertex of Sa,

we may simply choose the a vertices forming a star Sa at u from neighbors of u other than v and choose

the b vertices forming a Sb at v from neighbors of v other than u. Since G is triangle free, u and v will not

share a common neighbor. As a result, we can see that there are
(

dG(u)−1
a

)(

dG(v)−1
b

)

+
(

dG(u)−1
b

)(

dG(v)−1
a

)

double stars on edge uv. Therefore,

n(Sa,b, G) =
∑

uv∈E(G)

(

dG(u)− 1

a

)(

dG(v) − 1

b

)

+

(

dG(u)− 1

b

)(

dG(v)− 1

a

)

. (1)

First, we are going to show that a triangle-free graph with maximum degree ∆ < n
2 contains strictly

fewer copies of Sa,b than the balanced complete bipartite graph assuming that ⌊n
2 ⌋ ≥ max{a, b}+1. The

following fact will be frequently used in subsequent discussion:

Lemma 1. A triangle-free graph G with n vertices and maximum degree ∆ contains at most ∆(n −∆)
edges, and equality holds if and only if ∆ ≥ n

2 and G is the complete bipartite graph K∆,n−∆.

In particular, the balanced complete bipartite graph K⌈n/2⌉,⌊n/2⌋ is the triangle-free graph with most

edges.

Proof: We know that if xy ∈ E(G), then dG(x) + dG(y) ≤ n since otherwise x and y must share a

common neighbor z and x, y, z will form a triangle. Now if v is a vertex of maximum degree in G, then

its ∆ neighbors must have degree at most n−∆. For the n−∆ vertices that are not neighbors of v, they

can have degree at most ∆ since v is the vertex of maximum degree. Therefore, the number of edges is

bounded above by
1

2
[∆(n−∆) + (n−∆)∆] = ∆(n−∆). (2)

To achieve equality, if ∆ < n
2 , then n

2 < n−∆, and the maximum number of edges is ∆n
2 < ∆(n−∆).

When ∆ ≥ n
2 , we see the ∆ neighbors of the vertex of maximum degree, v, must have degree n − ∆

to achieve equality. Since there cannot be any edges between the neighbors of v as this will introduce
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triangles, we see the ∆ neighbors of v must be connected to the n−∆ vertices that are not neighbors of

v. Thus, we will arrive at the complete bipartite graph K∆,(n−∆). It is now easy to verify that K∆,(n−∆)

is triangle free, has maximum degree ∆ when d ≥ n
2 , and contains ∆(n−∆) edges.

When n is fixed, since ∆ is an integer, ∆(n − ∆) is maximized at ∆ = ⌊n/2⌋ and ∆ = ⌈n/2⌉.

Therefore, we see that the balanced complete bipartite graph is the triangle-free graph with most edges.

Theorem 1. If G is a triangle-free graph with n vertices with maximum degree ∆ < n
2 , and ⌊n

2 ⌋ ≥
max{a, b}+ 1, then n(Sa,b,K⌊n/2⌋,⌈n/2⌉) > n(Sa,b, G).

Proof: Suppose G is a triangle-free graph with n vertices and with maximum degree ∆ < n
2 . We know

for each edge uv ∈ G, the number of double stars Sa,b with central edge uv is

(

d(u)− 1

a

)(

d(v) − 1

b

)

+

(

d(u)− 1

b

)(

d(v)− 1

a

)

<

(⌊n/2⌋ − 1

a

)(⌈n/2⌉ − 1

b

)

+

(⌊n/2⌋ − 1

b

)(⌈n/2⌉ − 1

a

) (3)

since the binomial coefficients
(

x
a

)

are strictly increasing when x ≥ a and we have ⌊n/2⌋ − 1 ≥
max{a, b}, which just says for any edge uv ∈ E(G), the number of double stars with central edge

uv is less than the number of double stars with a given edge in K⌊n/2⌋,⌈n/2⌉ as central edge. Furthermore,

we know that the balanced complete bipartite graph K⌊n/2⌋,⌈n/2⌉ maximizes the number of edges for

triangle-free graphs with n vertices, so we conclude that n(Sa,b, G) < n(Sa,b,K⌊n/2⌋,⌈n/2⌉).

Next, we are going to show even if the graph G has large maximum degree, we can always find a

complete bipartite graph K∆′,n−∆′ such that n(Sa,b,K∆′,n−∆′) ≥ n(Sa,b, G). This time, the complete

bipartite graph does not have to be balanced:

Theorem 2. Suppose G is a triangle-free graph with n vertices and with maximum degree ∆ ≥ n
2 .

There exists a ∆′ such that n
2 ≤ ∆′ ≤ ∆ and n(Sa,b,K∆′,n−∆′) ≥ n(Sa,b, G). Furthermore, if ⌊n

2 ⌋ ≥
max{a, b}+ 1 and G is not a complete bipartite graph, the inequality is strict.

Proof: Let

f(x, y) =

(

x− 1

a

)(

y − 1

b

)

+

(

x− 1

b

)(

y − 1

a

)

(4)

denote the number of double stars on a given central edge uv such that dG(u) = x and dG(v) = y. If

u + v < n and ∆ ≥ n
2 , then either u or v must be strictly less than ∆. Without loss of generality, we

may assume that u < ∆. It follows that u + 1 ≤ ∆ and f(u, v) ≤ f(u + 1, v). As a result, to find the

maximum of f(u, v) under the constraints u, v ≤ ∆, u + v ≤ n, we only need to consider u, v such that

u+ v = n and u, v ≤ ∆. In other words, we have the following identity:

max
u,v≤∆,u+v≤n

f(u, v) = max
u,v≤∆,u+v=n

f(u, v). (5)

If u+ v = n, without loss of generality, we may assume that u ≥ n
2 . It follows that

max
u,v≤∆,u+v=n

f(u, v) = max
n/2≤u≤∆

f(u, n− u). (6)
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Now let u = ∆′ be the number that maximizes f(u, n− u) under the constraint n/2 ≤ u ≤ ∆. We are

going to show that n(Sa,b,K∆′,n−∆′) ≥ n(Sa,b, G):

n(Sa,b, G) =
∑

uv∈E

(

dG(u)− 1

a

)(

dG(v)− 1

b

)

+

(

dG(u)− 1

b

)(

dG(v)− 1

a

)

=
∑

uv∈E

f(dG(u), dG(v))

≤
∑

uv∈E

f(∆′, n−∆′)

= |E(G)|f(∆′, n−∆′)

≤ ∆′(n−∆′)f(∆′, n−∆′)

= n(Sa,b, G∆′,n−∆′).

(7)

As G is a triangle-free graph with maximum degree ∆, dG(u), dG(v) ≤ ∆ and dG(u) + dG(v) ≤ n.

Thus,

f(dG(u), dG(v)) ≤ max
x,y≤∆,x+y≤n

f(x, y) = max
n/2≤x≤∆

f(x, n− x) = f(∆′, n−∆′), (8)

and the inequality in the third line of Equation 7 holds. By Lemma 1, since G has maximum degree ∆,

|E(G)| ≤ ∆(n −∆). Since n
2 ≤ ∆′ ≤ ∆, we have |E(G)| ≤ ∆(n −∆) ≤ ∆′(n −∆′), and thus the

inequality in the fifth line of Equation 7 holds.

Therefore, we conclude that there exists ∆′ such that n
2 ≤ ∆′ ≤ ∆ and n(Sa,b, G) ≤ n(Sa,b, G∆′,n−∆′).

If G is not a complete bipartite graph, by Lemma 1, we have |E(G)| < ∆(n − ∆) ≤ ∆′(n − ∆′).
When ⌊n/2⌋ ≥ max{a, b}+ 1,

f(∆′, n−∆′) = max
u,v≤∆,u+v=n

f(u, v) ≥ f(⌈n/2⌉, ⌊n/2⌋) > 0. (9)

Therefore, the fifth line of Equation 7 is a strict inequality and we have n(Sa,b, G) < n(Sa,b,K∆′,n−∆′).

The above result tells us we may limit the search of the triangle-free graph with most copies of Sa,b with

fixed number of vertices to complete bipartite graphs. A natural follow-up question to ask is to determine

when the Turán graph K⌊n

2
⌋,⌈n

2
⌉ maximizes the number of copies of Sa,b. First, we are going to show

when a = b, then the Turán graph K⌊n

2
⌋,⌈n

2
⌉ maximizes n(Sa,b, G).

Theorem 3. The Turán graph K⌊n

2
⌋,⌈n

2
⌉ maximizes n(Sa,a, G) assuming that G is triangle-free with n

vertices.

Proof: Since we have a symmetric double star Sa,a, the number of double stars with central edge uv is
(

dG(u)−1
a

)(

dG(v)−1
a

)

. Since we may limit the search of graphs maximizingn(Sa,a, G) to complete bipartite

graphs, for a complete bipartite graph Kx,n−x, we have:

n(Sa,a,Kx,n−x) = x(n− x)

(

x− 1

a

)(

n− x− 1

a

)

. (10)
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We know that
(

x− 1

a

)(

n− x− 1

a

)

=
1

a!

a
∏

i=1

(x− i)(n− x− i). (11)

Each term (x− i)(n− x− i) = −x2 + nx+ (i2 − in) is maximized at x = ⌊n
2 ⌋ and x = ⌈n

2 ⌉ assuming

that x is an integer. Furthermore, x(n−x) is also maximized at x = ⌊n
2 ⌋ and x = ⌈n

2 ⌉ assuming that x is

an integer. Therefore, we conclude that the Turán graph K⌊n

2
⌋,⌈n

2
⌉ maximizes n(Sa,a, G) assuming that

G is triangle-free with n vertices.

Furthermore, we will show that the Turán graph K⌊n

2
⌋,⌈n

2
⌉ maximizes n(S1,3, G) but not n(S1,4, G):

Theorem 4. The Turán graph K⌊n

2
⌋,⌈n

2
⌉ maximizes n(S1,3,K3) when n ≥ 13.

Proof: This follows from a direct computation. Let

f(n, x) := n(S1,3,Kx,n−x) = x(n− x)

(

(x− 1)

(

n− x− 1

3

)

+ (n− x− 1)

(

x− 1

3

))

. (12)

Now it follows that

f(n, x+ 1)− f(n, x) =
x

3
(n− 1− 2x)(n− 1− x)

[

3x2 + (3− 3n)x+ (n2 − 6n+ 14)
]

. (13)

If ⌈n
2 ⌉ ≤ x < n− 1, we have n− 1− 2x < 0 and n− 1 − x > 0. We know that the discriminant for

3x2 + (3− 3n)x+ (n2 − 6n+ 14) is

∆ = (3− 3n)2 − 4 · 3 · (n2 − 6n+ 14) = −3(n2 − 18n+ 53). (14)

As a result, if ∆ < 0, we must have 3x2 + (3 − 3n)x + (n2 − 6n + 14) > 0 for all x, and therefore if

∆ < 0 then we must have f(n, x + 1) − f(n, x) < 0 for all ⌈n
2 ⌉ ≤ x < n − 1. Solving ∆ < 0 yields

n > 9 + 2
√
7 ≈ 14.29, and if n = 13 or n = 14 we can manually verify that the Turán graphs maximize

n(S1,3, G). When n = 13, we have n(S1,3,K6,7) = n(S1,3,K5,8) = 6720. When n = 14, we have

n(S1,3,K7,7) = n(S1,3,K6,8) = 11760.

Theorem 5. Suppose x0 maximizes n(S1,4,Kx,n−x) over [n2 , n − 1]. Then lim
n→∞

x0

n
=

2

3
. In other

words, if the number of vertices n approaches infinity, the complete bipartite graph Kx,n−x maximizing

n(S1,4, G) contains two parts with approximately 2
3n and 1

3n vertices each.

Proof: This also comes directly from computation. Let

f(n, x) := n(S1,4,Kx,n−x) = x(n− x)

(

(x− 1)

(

n− x− 1

4

)

+ (n− x− 1)

(

x− 1

4

))

. (15)

Now it follows that

f(n, x+1)−f(n, x) =
x

24
(n−6)(n−1−2x)(n−1−x)

[

9x2 + (9 − 9n)x+ (2n2 − 9n+ 22)
]

. (16)
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Assuming that n > 6, if ⌈n
2 ⌉ ≤ x < n− 1, we must have n− 6 > 0, n− 1− 2x < 0, n− 1− x > 0.

We need to look at 9x2 + (9− 9n)x+ (2n2 − 9n+ 22). The discriminant is

∆ = (9− 9n)2 − 36(2n2 − 9n+ 22) = 9(n2 + 18n− 79), (17)

and therefore we conclude that if n > 4
√
10 − 9 ≈ 3.65, ∆ > 0 and there are two real roots for

9x2 + (9− 9n)x+ (2n2 − 9n+ 22) = 0. The roots are

x0 =
3n− 3±

√
n2 + 18n− 79

6
. (18)

We will discard the root x = 3n−3−
√
n2+18n−79
6 < n

2 for our purpose and let x0 = 3n−3+
√
n2+18n−79
6 .

Now it follows assuming that n > 6, we have f(n, x + 1) − f(n, x) < 0 if ⌈n
2 ⌉ ≤ x < x0 and

f(n, x+ 1)− f(n, x) > 0 if x0 < x < n− 1.

As we have lim
n→∞

x0

n
=

2

3
, we may conclude if the number of vertices n approaches infinity, the

complete bipartite graph Kx,n−x maximizing S1,4(G) contains two parts with approximately 2
3n and 1

3n
vertices each.

We might want to consider what is going to happen should the number of vertices in the double star

increases, and when the Turán graph achieves ex(n, Sa,b,K3). Unfortunately, when a and b get larger, it

is more difficult to study the behavior of

n(Sa,b,Kx,n−x) = x(n− x)

((

x− 1

a

)(

n− x− 1

b

)

+

(

x− 1

b

)(

n− x− 1

a

))

. (19)

Nevertheless, we may approximate n(Sa,b,Kx,n−x) with

x(n− x)(xa(n− x)b + xb(n− x)a) = [x(n− x)]a+1
(

xb−a + (n− x)b−a
)

. (20)

Since x(n − x) is decreasing over n
2 ≤ x ≤ n while xb−a + (n − x)b−a is increasing over n

2 ≤ x ≤ n,

when the difference b − a is large compared to a + 1, we expect xb−a + (n − x)b−a dominates and the

extremal graph will be a more unbalanced complete bipartite graph. Here is a table of the x ∈ [ 12 , 1] that

maximizes xa(1− x)b + xb(1− x)a.

b = 1 2 3 4 5 6 7 8 9

a = 1 1
2

1
2

1
2

3+
√
3

6 .832 .857 .875 .889 .900

a = 2 1
2

1
2

1
2

2
3 .743 .777 .800 .818

a = 3 1
2

1
2

1
2

1
2 .682 5+

√
5

10 .749

a = 4 1
2

1
2

1
2 .633 .684 .712

a = 5 1
2

1
2

1
2

1
2 .585

a = 6 1
2

1
2

1
2

1
2

From this table, we see when a is fixed and b ≥ a, then the xmax that maximizes xa(1−x)b+xb(1−x)a

over [ 12 , 1] will not decrease. We also see if b is sufficiently large compared to a, then xmax ≈ b
a+b . We

know that xb(1 − x)a is maximized at b
a+b , so this result should not be too surprising.
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3 Adjacent Vertex Condition

In the double star problem we have just studied, the forbidden subgraph is the triangle and we are max-

imized the number of double stars. One possible way to invert the problem is to put conditions on the

double stars in the graph and count the number of triangles.

This leads us to the “adjacent vertex condition.” In this problem the forbidden subgraphs G are double

stars Sa,b for all a, b such that a+ b = k for some fixed k. This is equivalent to saying dG(x) + dG(y) <
k + 2 for all xy ∈ E(G). Therefore, a related problem is if for every xy ∈ E(G) the degree sum is large

(i.e. dG(x) + dG(y) ≥ k for some k) what the minimum number of triangles in the graph will be.

If for all xy ∈ E(G), dG(x) + dG(y) ≥ k for some k ≤ n, then the graph can be triangle-free. Any

complete bipartite graph Ka,b with n vertices will be triangle-free and satisfies dG(x) + dG(y) = n for

all xy ∈ Ka,b. Thus, a more interesting question is what will happen if dG(x) + dG(y) ≥ n+ k for some

constant k > 0. We are going to prove if n is sufficiently large compared to k, then such a graph will

contain at least
(

k+1
2

)

(n− k − 1) +
(

k+1
3

)

triangles.

Theorem 6. Let G be a connected graph with n ≥ 6(k + 1)(k + 2) vertices and for any xy ∈ E(G),
dG(x) + dG(y) ≥ n+ k. Then G contains at least

(

k+1
2

)

(n− k − 1) +
(

k+1
3

)

triangles.

To prove this theorem, we will need the following lemma:

Lemma 2. Suppose the number of vertices with degree less than n+k
2 is m and the minimal degree in the

graph is δ. Then the graph contains at least kδ
2 m triangles.

Proof: Let m denote the number of vertices with degree less than n+k
2 . First, notice that vertices with

degree less than n+k
2 cannot be connected to each other and thus they form an independent set. This also

means any edge incident to vertex with degree less than n+k
2 must be connected to a vertex with degree at

least n+k
2 . Now let us try to count the number of triangles sitting “in between” vertices with small degree

and vertices with large degree, and temporarily neglect the triangles whose three vertices are the vertices

with large degree. Here, “large degree” means vertices v such that dG(v) ≥ n+k
2 while “small degree”

means dG(v) <
n+k
2 .

Let us consider the sum
∑

e

(# triangles containing e) for all e such that one of the endpoint has “small”

degree and one of the endpoint has “large” degree. Since we know the vertices with small degree form

an independent set, a triangle can only contain three vertices of large degree or two vertices of large

degree and a vertex of small degree. Triangles containing three vertices of large degree will not have

any contribution to the sum, while triangles such that two of the vertices have large degree and one of

the vertices has small degree will contribute 2 to the sum since two of the triangle’s edges are between

vertices with small degree and vertices with large degree. Thus, we conclude the sum is essentially twice

the number of triangles sitting in between vertices of large degree and vertices of small degree, and thus

we know that t3(G) ≥ 1

2

∑

e

(# triangles containing e) where t3(G) is the number of triangles in the

graph and the sum is over all edges in between vertices of small degree and vertices of large degree. By

the adjacent vertex condition, the number of triangles containing e for an arbitrary edge e ∈ G is k. Since

the minimum degree is δ and edges from the vertices with small degree shall go to vertices with large
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degree, we know that the number of edges such that one endpoint is a vertex with small degree and one

vertex is a vertex with large degree is at least mδ.

Therefore, t3(G) ≥ mδ
2 k, as desired.

With the above lemma, we are able to show if the number of vertices is sufficiently large, G is con-

nected, and for any xy ∈ E(G), dG(x)+dG(y) ≥ n+k, then G contains at least
(

k+1
2

)

(n−k−1)+
(

k+1
3

)

triangles.

Proof of Theorem 6: The optimal graph is constructed as follows: we construct a clique of k+1 vertices

and the rest n− k − 1 vertices are connected to the vertices in the clique. In this way, the k + 1 vertices

in the clique have degree n− 1 and the other n− k − 1 vertices have degree k + 1.

The first step is to show we cannot achieve a lower number of triangles with a graph with minimum

degree δ ≥ k + 2 by a case analysis on m, the number of vertices with degree less than n+k
2 .

The first case is when many of vertices of G have degree less than n+k
2 . By the above lemma, if

m ≥ k+1
k+2n and δ ≥ k + 2, then t3(G) ≥

(

k+1
2

)

n because

t3(G) ≥ mδ

2
k ≥ 1

2

(

k + 1

k + 2
n

)

(k + 2)k =
(k + 1)k

2
n =

(

k + 1

2

)

n. (21)

The optimal graph we constructed has

(

k + 1

2

)

(n− k − 1) +

(

k + 1

3

)

=

(

k + 1

2

)

n−
[(

k + 1

2

)

(k + 1)−
(

k + 1

3

)]

(22)

triangles. However,
(

k + 1

2

)

(k + 1)−
(

k + 1

3

)

≥ 0 (23)

and thus
(

k + 1

2

)

n ≥
(

k + 1

2

)

(n− k − 1) +

(

k + 1

3

)

, (24)

because we know that
(

k+1
2

)

(k + 1) = (k+1)2k
2 while

(

k+1
3

)

= (k+1)k(k−1)
6 . Since we have k ≥ 1, we

know that (k + 1)2k and (k +1)k(k − 1) are all nonnegative and by factor-by-factor comparison we see

(k + 1)2k ≥ (k + 1)k(k − 1). (25)

Since 2 ≤ 6, we see
(k+1)k2

2 ≥ (k+1)k(k−1)
6 and thus

(

k + 1

2

)

(k + 1)−
(

k + 1

3

)

≥ 0. (26)

As a result, we know that if m ≥ k+1
k+2n and δ ≥ k + 2 then t3(G) cannot be less than the optimal graph

we have constructed.

To solve the case when m < k+1
k+2n, notice that in this case n − m is large and thus there are a lot of

large-degree vertices. We may use a rough estimate based on the number of edges in the graph, assuming

that n is large compared to k. When m < k+1
k+2n, we have n−m > 1

k+2n. Now the degree sum of G will
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be at least (n −m)n+k
2 > n(n+k)

2(k+2) . Therefore, the number of edges is greater than
n(n+k)
4(k+2) , and thus we

know the number of triangles is at least

k

3

n(n+ k)

4(k + 2)
=

k

12(k + 2)
[n(n+ k)] . (27)

In particular, suppose n ≥ 6(k + 1)(k + 2), we have

k

12(k + 2)
n2 ≥ k

12(k + 2)
[6(k + 1)(k + 2)n]

=
k(k + 1)

2
n

=

(

k + 1

2

)

n

≥
(

k + 1

2

)

(n− k − 1) +

(

k + 1

3

)

(28)

and thus
k

12(k + 2)
[n(n+ k)] ≥

(

k + 1

2

)

(n− k − 1) +

(

k + 1

3

)

. (29)

Therefore, based on the arguments above, we can show when n ≥ 6(k+1)(k+2) and when δ ≥ k+2,

t3(G) ≥
(

k + 1

2

)

n ≥
(

k + 1

2

)

(n− k − 1) +

(

k + 1

3

)

. (30)

Suppose the number of vertices with degree less than n+k
2 is m, then if m ≥ k+1

k+2n then we conclude that

the number of triangles is at least
(

k+1
2

)

n, based on the argument in the first half. If on the other hand,

m < k+1
k+2n, we still know that the number of triangles is at least

(

k+1
2

)

n, based on the argument in the

second half. Thus, the extremal graph cannot have a minimum degree δ ≥ k+2. Assuming that our graph

is connected (so we do not have vertices with degree 0), and since if a vertex is not an isolated vertex its

degree must be at least k + 1 (otherwise its neighbor will have degree at least n, which cannot happen),

we conclude the optimal graph has minimum degree k + 1.

Finally, suppose our graph G has minimum degree k + 1, and we are going to show G must contain at

least
(

k+1
2

)

(n−k− 1)+
(

k+1
3

)

triangles. Let x be a vertex with degree k+1 in G. By the adjacent vertex

condition, the k + 1 neighbors of x must have degree n− 1, and thus k + 1 neighbors of x are connected

to all other vertices in the graph. Therefore, if G has minimum degree k + 1, the optimal graph we have

constructed must be a subgraph of G. Since adding more edges will not decrease the number of triangles,

we conclude G must contain at least
(

k+1
2

)

(n− k − 1) +
(

k+1
3

)

triangles in this case.

In fact, the extremal construction above also minimizes the number of edges, assuming that there are

no isolated vertex in the graph and the number of vertices are sufficiently large:

Theorem 7. Suppose G is a connected graph with n ≥ 2k + 2 vertices, and suppose for all xy ∈ E(G),
dG(x) + dG(y) ≥ n+ k. Then G contains at least (k + 1)n−

(

k+2
2

)

edges.
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Proof: Let the vertex with minimum degree in G be u, and assume that its degree is dG(u) = δ. Since G
is connected, δ > 0. As a result, by our argument above, the adjacent vertex condition requires δ ≥ k+1.

Now it follows the δ vertices that are connected with u must have degree at least max{n + k − δ, δ},

and the rest n − δ vertices clearly have degrees at least δ. Therefore, the sum of degrees is at least

f(δ) = δmax{n+ k − δ, δ}+ (n− δ)δ.

If δ ≤ n+k
2 , we have max{n+ k − δ, δ} = n+ k − δ, and thus

f(δ) = δ(n+ k − δ) + (n− δ)δ = δ(k + 2n− 2δ). (31)

Since the coefficient for the quadratic term in f(δ) is negative, the minimum of f(δ) over interval [k +
1, n+k

2 ] can only be taken at either k + 1 or n+k
2 . Since

f(
n+ k

2
)− f(k + 1) =

1

2
(n− k − 2)(n− 2k − 2), (32)

we know assuming that n ≥ 2k + 2, f(n+k
2 ) − f(k + 1) ≥ 0 and therefore δ = k + 1 minimizes f(δ).

In this case,

fmin(δ) = (2n− k − 2)(k + 1). (33)

If δ > n+k
2 , then we have f(δ) = nδ > nn+k

2 . Since

n+ k

2
− (2n− k − 2)(k + 1) =

1

2
(n− k − 2)(n− 2k − 2) ≥ 0, (34)

when n ≥ 2k + 2, we conclude that f is minimized at δ = k + 1, and the degree sum is at least

(2n− k − 2)(k + 1). Therefore, the number of edges in G is at least

(2n− k − 2)(k + 1)

2
= (k + 1)n−

(

k + 2

2

)

. (35)

However, the extremal graph constructed above has

(

k + 1

2

)

+ (n− k − 1)(k + 1) = (k + 1)n−
(

k + 2

2

)

(36)

edges, so (k + 1)n−
(

k+2
2

)

edges can be achieved.

This result should not be too surprising: the adjacent vertex condition essentially guarantees that there

are at least k triangles containing a given edge, and so to minimize the number of triangles, we might

want to minimize the number of edges first.

4 Non-adjacent vertices condition

A even more interesting question is the minimum number of edges or triangles in a graph such that two

non-adjacent vertices have large degree sum. One classical result with this type of degree sum condition

is the Ore’s theorem, which states that if a graph G satisfies dG(x) + dG(y) ≥ n for all xy /∈ E(G),
x 6= y, then the graph G is Hamiltonian. Also, conditions of the form dG(x) + dG(y) ≥ k for all

xy /∈ E(G), x 6= y mean the complement of the graph does not contain big double stars.
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The particular non-adjacent vertex condition we will study is the condition that dG(x)+dG(y) ≥ n+1
for all xy /∈ E(g), x 6= y. As we are going to show next, the minimum number of triangles in the graph

will depend on the parity of the number of vertices. To prove the lower bound on the number of triangles

for a graph satisfying the non-adjacent vertex condition, we will first establish tight lower bounds on the

number of edges.

4.1 Number of Edges

We have the following result on the minimum number of edges a graph satisfying the non-adjacent vertex

condition must contain:

Theorem 8. For a graph G of order n ≥ 3 that satisfies the condition dG(x) + dG(y) ≥ n + 1 for all

xy /∈ E(G), x 6= y, the minimum number of edges in G are:

|E(G)| ≥















4k2 − k n = 4k − 1,
4k2 + k + 1 n = 4k,
4k2 + 3k + 1 n = 4k + 1,
4k2 + 5k + 2 n = 4k + 2.

(37)

In other words,

|E(G)| ≥ n2

4
+

n

4
+







0 (n ≡ 3 mod 4),
1
2 (n ≡ 1, 2 mod 4),
1 (n ≡ 0 mod 4).

(38)

Thus, we know that the minimum number of edges in a graph satisfying our condition must contain
n2

4 + n
4 + c edges where the constant 0 ≤ c ≤ 1.

Proof: Let G be a graph of order at least 3 that satisfies the condition dG(x) + dG(y) ≥ n + 1 for all

xy /∈ E(G) such that x 6= y. Consider a vertex v of minimal degree j in G. The n− j − 1 vertices in G
that are not v or neighbors of v must have degree at least n+ 1− j. Thus,

|E(G)| ≥ j(j + 1) + (n− 1− j)(n+ 1− j)

2

=
2j2 − (2n− 1)j + n2 − 1

2
.

(39)

When j = 2n−1
4 ,

2j2−(2n−1)j+n2−1
2 attains its minimum. Thus,

|E(G)| ≥ 1

16
(4n2 + 4n− 9). (40)

This is a universal lower bound for the minimum number of edges in G. The general strategy for con-

structing graphs satisfying the non-adjacent vertex condition and having minimum number of edges is to

construct graphs that are close to regular graphs (i.e. the degrees of the vertices are similar).

When the number of vertices is odd, say n = 2k + 1 for some k, then we see a (k + 1)-regular

graph will satisfy the non-adjacent vertex condition as for two arbitrary vertices in the graph we have

dG(x) + dG(y) = 2k + 2 = n+ 1. We distinguish four cases on the remainder of n modulo 4.
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Case 1: n = 4k − 1 for some k ∈ N.

Any 2k-regular graph will satisfy the non-adjacent vertex condition. The graph contains

1

2
(2k)(4k − 1) = 4k2 − k =

n2 + n

4
(41)

edges, and it is optimal since we have shown that |E(G)| ≥ 4k2−k− 9
16 and as |E(G)| is an integer

we must also have |E(G)| ≥ 4k2− k. The 2k-regular graph we are going to construct contains few

triangles. We begin with the complete bipartite graph K2k,(2k−1). Inside the part with 2k vertices,

we add a perfect matching. In the resulting graph, each vertex will have degree 2k = n+1
2 .

Figure 1: This is an example of the minimal graph when n = 4× 2− 1 = 7

Case 2: n = 4k + 1 for some k ∈ N.

In this case, we cannot construct a (2k + 1)-regular graph since both n and 2k + 1 are odd, but

it is possible to construct a graph where all except one vertex have degree 2k + 1 and one vertex

has 2k + 2. The resulting graph contains 4k2 + 3k + 1 edges. For two distinct vertices x, y of

the graph, we have dG(x) + dG(y) = n + 1 or n + 2. Our construction begins with the complete

bipartite graph K2k,(2k+1) and inside the part with 2k + 1 vertices, we add a semi-matching: we

add a perfect matching among first 2k vertices and the last vertex will be connected to one of the

first 2k vertices. Vertices in the part with 2k vertices will have degree 2k + 1, while the vertices in

the part with 2k + 1 vertices will have degree 2k + 1 or 2k + 2.

Figure 2: This is an example of the minimal graph when n = 4× 2 + 1 = 9

To see 4k2 + 3k + 1 edges is optimal, notice that by Equation 40,

|E(G)| ≥ 1

16
(4n2 + 4n− 9) = 4k2 + 3k − 1

16
(42)

automatically gives us |E(G)| ≥ 4k2 +3k since |E(G)| is an integer. To see that we cannot obtain

|E(G)| = 4k2 + 3k, if the minimum degree is not equal to 2k, then

|E(G)| ≥ 4k2 + 3k +
1

2
. (43)

Even if the minimum degree is equal to 2k, to achieve |E(G)| = 4k2 + 3k, we must make sure the

2k+1 vertices that are either the vertex with minimum degree itself or a neighbor to the vertex with
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minimum degree have degree 2k and the rest 2k vertices have degree 2k+2 based on the analysis at

the beginning. This is impossible: the non-adjacent vertex condition requires all vertices of degree

2k to be connected to each other, and thus the 2k + 1 vertices of degree 2k must form a clique and

no other edges may be connected to those 2k+1 vertices. However, since the rest 2k vertices must

have degree 2k+2, we need an edge that goes from a vertex of degree 2k+ 2 to a vertex of degree

2k, which is impossible.

The construction is different for graphs with even number of vertices. If the number of vertices in the

graph is n = 2k, then a k-regular graph will violate the non-adjacent vertex condition, while a (k + 1)-
regular graph will contain too many edges. Vertices with degree at most k must be connected to each

other, so in the construction below we are going to start with a disjoint union of two cliques.

Case 3: n = 4k + 2 for some k ∈ N.

In this case, we can use the following construction: We begin with a disjoint union of cliques

K2k and K2k+2. Then, we are going to add and remove some edges so that eventually vertices

originally in the clique K2k will have degree 2k+1 and vertices originally in the clique K2k+2 will

have degree 2k + 2. The total number of edges is 4k2 + 5k + 2, and vertices with degree 2k + 1
are connected to each other.

Let us label the vertices in K2k u1, . . . , u2k and the vertices inside K2k+2 v1, . . . , v2k+2. We first

add some edges going between the two cliques so that vertices u1, . . . , u2k will have degree 2k+1
in the end. For each ui (1 ≤ i ≤ 2k − 2), we connect ui to vj and vj+1. For the last two

vertices u2k−1 and u2k we connect ui(i = 2k − 1, 2k) with vi and vi+2. We see now vertices

v1, v2k, v2k+1, v2k+2 have degree 2k + 2 while vertices v2, . . . , v2k−1 will have degree 2k + 3, so

we are going to remove a perfect matching and reduce the degrees of v2, . . . , v2k−1 by 1: we can

simply remove the matching v2v3, v4v5, . . . , v2k−2v2k−1.

To see that we cannot do better than 4k2 + 5k + 2 edges, notice that Equation 40 implies

|E(G)| ≥ 4k2 + 5k +
15

16
. (44)

Since |E(G)| is always an integer,

|E(G)| ≥ 4k2 + 5k + 1. (45)

However, if the minimum degree is not equal to 2k + 1, |E(G)| > 4k2 + 5k + 1 by the analysis

at the beginning. If the minimum degree is 2k + 1, let the vertex with minimal degree be v, then

we see we may only achieve equality when the 2k vertices that are neither v itself or adjacent to v
have degree 2k + 2 and the rest 2k + 2 vertices have degree 2k + 1. This is not possible because

the 2k + 2 vertices with degree 2k + 1 must form a clique and there cannot be additional edges

connected to those 2k+2 vertices, while to make sure the rest 2k vertices have degree 2k+2 there

must exist some edges between vertices with degree 2k + 1 and 2k + 2.

Case 4: n = 4k for some k ∈ N.

In this case, we may construct a graph with 4k2 + k + 1 edges. We are going to construct a graph

with 2k − 2 vertices having degree 2k and 2k + 2 vertices having degree 2k + 1, with the extra
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v1 v2 v3 v4 v5 v6

u1 u2 u3 u4

Figure 3: A minimal graph when n = 4× 2 + 2 = 10 (the cliques are omitted)

restriction that vertices with degree 2k are connected to each other. Thus, we can begin with a

disjoint union of cliques G1 = K2k−2 and G2 = K2k+2. We will label the vertices in G1 = K2k−2

u0, u1, . . . , u2k−3 and vertices in G2 = K2k+2 v0, v1, . . . , v2k+1. We need to make sure for each

each ui, there are three additional edges adjacent to ui while degrees of vi stay the same. Thus, we

will add some edges between vertices of G1 and G2 while remove certain edges belonging to G2.

Since the edges belong to G1 are not deleted in this process, we know the 2k− 2 vertices originally

belong to G1 will be connected to each other, and thus the final graph will satisfy the non-adjacent

vertex condition.

If k ≥ 3, we can proceed as follows, similar to our approach when n = 4j + 2 for some j. First, to

add edges adjacent to ui where i = 0, . . . , 2k − 3, we will connect ui with v(i+j) mod (2k−2) for

j = 0, 1, 2. Notice that when k ≥ 3 (so 2k − 2 ≥ 4), i, i+ 1, i+ 2 are distinct modulo 2k − 2,and

thus we will not introduce parallel edges. Now we know the degrees of v0, . . . , v2k−3 have been

increased by 3, and thus we are going to remove a 3-regular subgraph with vertices v0, . . . , v2k−3.

Such a 3-regular graph must exist since 2k − 2 ≥ 4 and 2k − 2 is even.

v0 v1 v2 v3 v4 v5 v6 v7

u0 u1 u2 u3

Figure 4: A minimal graph when n = 4× 3 = 12 (the cliques are omitted)

For edge cases, when k = 1 we may simply take the complete graph K4, which contains 6 =
4 · 12 + 1+ 1 edges. When k = 2, we may begin with the disjoint union of K2 and K6, then add 6

edges uivi+j(i = 0, 1; j = 0, 1, 2). Finally, we remove a path v0v1v2v3. Now ui have degree 4 and

all vj have degree 5. Since vertices with degree 4 are connected to each other, our graph satisfies

the non-adjacent vertex condition, and the total number of edges will be
(

2
2

)

+
(

6
2

)

+ 6− 3 = 19.

We need to argue that 4k2 + k + 1 is the best we can do. The universal lower bound (Equation 40)

gives us

|E(G)| ≥ 4k2 + k − 9

16
, (46)

and since |E(G)| is an integer we have

|E(G)| ≥ 4k2 + k. (47)
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We are going to show |E(G)| = 4k2+ k cannot happen. First, if the minimum degree is not 2k− 1
or 2k, we must have |E(G)| > 4k2 + k. If the minimum degree is 2k − 1, the only way to achieve

|E(G)| = 4k2 + k is we have 2k vertices of degree 2k+ 2 and 2k vertices of degree 2k− 1. Since

vertices of degree 2k − 1 need to be connected to each other, we see this scenario is impossible.

If the minimum degree is 2k, then there can be at most 2k+1 vertices with degree 2k since vertices

of degree 2k must be connected to each other. If there are at most 2k − 1 vertices with degree 2k,

then we know |E(G)| > 4k2+k. If there are 2k vertices of degree 2k, then we know the 2k vertices

of degree 2k are connected to each other while there are 2k vertices of degree at least 2k + 1. For

the 2k vertices of degree at least 2k + 1, each of them must be connected to at least 2 vertices of

degree 2k. For the 2k vertices of degree 2k, as they are connected to each other, each vertex can

only be connected to one vertex of degree at least 2k + 1. Thus, having 2k vertices of degree 2k
is impossible. Similarly, we cannot have 2k + 1 vertices of degree 2k since those vertices must be

connected to each other and cannot be connected to any other vertex.

4.2 Number of Triangles

In fact, for the non-adjacent vertex condition, we can still show when the number of vertices is odd, the

graph minimizing the number of edges can also minimize the number of triangles.

Theorem 9. Suppose G is a graph with n vertices, and G satisfies for any pair of distinct vertices x 6= y,

xy /∈ E(G), dG(x) + dG(y) ≥ n+ 1.

1. If n = 4k − 1 where k ∈ N, G contains at least k(2k − 1) = n2−1
8 triangles.

2. If n = 4k + 1 where k ∈ N, G contains at least 2k(k + 1) = n2+2n−3
8 triangles.

To prove this, we need the following fact:

Fact 1 (Lovász and Simonovits (1983)). Any graph with n vertices and ⌊n2/4⌋ + k edges contains at

least k⌊n/2⌋ triangles assuming that k < n/2.

Proof of Theorem 9: As we have shown before, when G contains n = 4k − 1 vertices, G must contain

at least 4k2 − k = ⌊ (4k−1)2

4 ⌋+ k edges. Thus we know G must contain at least

k⌊4k − 1

2
⌋ = k(2k − 1) =

n2 − 1

8
(48)

triangles, and the construction that achieves 4k2 − k edges above has k(2k − 1) triangles.

Similarly, if G contains n = 4k+1 vertices, G must contain at least 4k2+3k+1 = ⌊ (4k+1)2

4 ⌋+k+1
edges. Thus, G must contain at least

(k + 1)⌊4k + 1

2
⌋ = 2k(k + 1) (49)

triangles, and the construction we have above that achieves 4k2+3k+1 edges has 2k(k+1) triangles.

On the other hand, we want to show that if G contains even number of vertices, the least number of

triangles G contains is closer to n2

4 :
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Theorem 10. Suppose G is a graph with n = 2k vertices satisfying the non-adjacent vertex condition.

Let tmin
3 (n) denote the minimum possible number of triangles in G. Then

lim
n→∞

tmin
3 (n)

n2
=

1

4
. (50)

Proof: First, we are going to show that lim
n→∞

tmin
3 (n)

n2
≤ 1

4
by giving explicit constructions that have at

most n2

4 triangles. The constructed graphs are (k + 1)-regular graphs.

If n is divisible by 4, or in other words, n = 4l for some l, then we may begin with the complete

bipartite graph K2l,2l and add a matching inside each of the two parts with size 2l. In the resulting graph,

each vertex has degree 2l+ 1 = k + 1, and the number of triangles is simply

(2l) · (2l) = 4l2 =
n2

4
. (51)

If n is divisible by 2 but not 4, or in other words, n = 4l + 2 for some l, we may begin with the

complete bipartite graph K2l,2l+2 and add a cycle inside the part with 2l + 2 vertices. Again, all vertices

have degree 2l + 2 = k + 1, and the number of triangles is simply

2l(2l+ 2) =
n2

4
− 1. (52)

Next, we are going to show that lim
n→∞

tmin
3 (n)

n2
≥ 1

4
by estimating the lower bound of triangles satis-

fying the non-adjacent vertex condition. First, we show to minimize the number of triangles, G cannot

contain a significant number of vertices with degree at most k. By the adjacent vertex condition, vertices

with degree at most k must form a clique. Thus, if G contains m vertices with degree at most k,

t3(G) ≥
(

m

3

)

≥ (m− 2)3

6
. (53)

As a result, if
(m−2)3

6 > n2

4 , or in other words, m > (32 )
1/3n2/3 + 2, we must have t3(G) > n2

4 .

On the other hand, if m ≤ (32 )
1/3n2/3+2, we may show there will be a lot of triangles. First, if m = 0,

then we know the number of edges will be at least 1
2 (k + 1)n = n2

4 + n
2 . Therefore, we know the graph

contains at least n
2 · (n2 − 1) = n2

4 − n
2 triangles.

If m 6= 0, we may assume that the minimum degree in the graph is d ≤ k. If v is a vertex of minimum

degree, then the n− d− 1 vertices that are neither v itself nor its neighbors have degree at least n+1− d.

Furthermore, we know that the n− (n− d− 1)−m = d+ 1−m vertices left have degree at least k+1
by assumption, so we know the sum of degree is at least

md+ (n− d− 1)(n+ 1− d) + (d+ 1−m)
(n

2
+ 1

)

= d2 +

(

1 +m− 3

2
n

)

d+

(

n2 +
1

2
n−m− 1

2
mn

)

.
(54)
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If we disregard the condition that d ≤ k, then when we view it as a function in d, we know it is minimized

at d = 3n−2m−2
4 . However, since m ≤ (32 )

1/3n2/3 + 2, we know that 3n−2m−2
4 > n

2 if n is sufficient

large (n ≥ 27), and therefore we know that Equation 54 is minimized at d = k = n
2 . Therefore, we know

that the number of edges the graph contains is at least n2+2n
2 − m. As m ≤ (32 )

1/3n2/3 + 2, we know

that
n2 + 2n

2
−m ≥ 1

2
n2 + n− (

3

2
)1/3n2/3 − 2. (55)

Therefore, the graph must contain at least

n2

4
+

n

2
− (

3

16
)1/3n2/3 − 1 (56)

edges. Again, by Lovász-Simonovits, we conclude

tmin
3 (n) ≥ n

2
(
n

2
− (

3

16
)1/3n2/3 − 1). (57)

Clearly,

lim
n→∞

n/2(n/2− ( 3
16 )

1/3n2/3 − 1)

n2
=

1

4
, (58)

and we may now conclude that

lim
n→∞

tmin
3 (n)

n2
=

1

4
. (59)
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A mixed graph is a set of vertices together with an edge set and an arc set. An (m,n)-mixed graph G is a mixed
graph whose edges are each assigned one of m colours, and whose arcs are each assigned one of n colours. A switch
at a vertex v of G permutes the edge colours, the arc colours, and the arc directions of edges and arcs incident with v.
The group of all allowed switches is Γ.

Let k ≥ 1 be a fixed integer and Γ a fixed permutation group. We consider the problem that takes as input an (m,n)-
mixed graph G and asks if there is a sequence of switches at vertices of G with respect to Γ so that the resulting
(m,n)-mixed graph admits a homomorphism to an (m,n)-mixed graph on k vertices. Our main result establishes
that this problem can be solved in polynomial time for k ≤ 2, and is NP-hard for k ≥ 3. This provides a step towards
a general dichotomy theorem for the Γ-switchable homomorphism decision problem.

Keywords: Graph colouring, edge-coloured homomorphism, reconfiguration, switching

1 Introduction
Homomorphisms of graphs (and in general relational systems) are well studied generalizations of vertex
colourings (Hell and Nešetřil, 2008). Given a graph (or some generalization) G, the question of whether
G admits a k-colouring, can be equivalently rephrased as “does G admit a homomorphism to a target on
k vertices?”.

In this paper we study homomorphisms of (m,n)-mixed graphs endowed with a switching operation
under some fixed permutation group. (Formal definitions and precise statements of our results are given
below.) Our main result is that the 2-colouring problem under these homomorphisms can be solved in
polynomial time. As k-colouring for classical graphs can be encoded within our framework, k-colouring
in our setting is NP-hard for fixed k ≥ 3. That is, k-colouring for (m,n)-mixed graphs with a switching
operation exhibits a dichotomy analogous to k-colouring of classical graphs (Garey and Johnson, 1979).
Thus, our work may be viewed as a first step towards a dichotomy theorem for homomorphisms of (m,n)-
mixed graphs with a switching operation. We remark that the k-colouring problem in our setting is not
∗Supported by NSERC (Canada).
†Supported by NSERC (Canada).
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obviously a Constraint Satisfaction Problem (Feder and Vardi, 1993; Bulatov, 2017; Zhuk, 2020) nor is
membership in NP clear. These ideas are explored further in a companion paper (Brewster et al., 2022).

We begin with the key definitions to state our main result. In this paper, all graphs and all groups are
finite.

A mixed graph is a tripleG = (V (G), E(G), A(G)) consisting of a set of vertices V (G), a set of edges
E(G) of unordered pairs of vertices, and a set of arcs A(G) of ordered pairs of vertices. Given a pair of
vertices u and v, there is at most one edge, or one arc, but not both, joining them. Further we assume G is
loop-free. We will use uv to denote an edge or an arc with end points u and v where in the latter case the
arc is oriented from u to v.

Mixed graphs were introduced in (Nešetřil and Raspaud, 2000) as an attempt to unify the theories of
homomorphisms of 2-edge coloured graphs and of oriented graphs. Numerous similarities between the
two settings have been observed (see for example, (Alon and Marshall, 1998; Raspaud and Sopena, 1994;
Kostochka et al., 1997)), whereas, (Sen, 2014) provides examples highlighting key differences.

In this work we study edge and arc coloured generalizations of mixed graphs. Thus, our work may be
viewed as a unification of homomorphisms of edge-coloured graphs and of arc-coloured graphs. Let m
and n be non-negative integers. Denote by [m] the set {1, 2, . . . ,m}. An (m,n)-mixed graph is a mixed
graph G = (V (G), E(G), A(G)) together with functions c : E(G) → [m] and d : A(G) → [n] that
assign to each edge one of m colours, and to each arc one of n colours respectively. (The colour sets for
edges and arcs are disjoint.) The underlying mixed graph of G is (V (G), E(G), A(G)), i.e., the mixed
graph obtained by ignoring edge and arc colours. The underlying graph of G is the graph obtained by
ignoring edge and arc colours and arc directions. An (m,n)-mixed graph is a cycle if its underlying graph
is a cycle and similarly for other standard graph theoretic terms such as path, tree, bipartite, etc.

Fundamental to our work is the following definition. An (m,n)-mixed graph is monochromatic of
colour i if either every edge is colour i and there are no arcs, or every arc is colour i and there are no
edges. While a monochromatic mixed graph with only edges is naturally isomorphic to its underlying
graph, we note that we still view the edges as having colour i.

Let G and H be (m,n)-mixed graphs. A homomorphism of G to H is a function h : V (G) → V (H)
such that if uv is an edge of colour i in G, then h(u)h(v) is an edge of colour i of H , and if uv is an arc
of colour j in G, then h(u)h(v) is an arc of colour j in H . We denote the existence of a homomorphism
of G to H by G→ H or h : G→ H when the name of the function is required.

We now turn our attention to the concept of switching an (m,n)-mixed graph at a vertex v. This
generalizes the concept of switching edge colours or signs (Brewster and Graves, 2009; Zaslavsky, 1982)
(permuting the colour of edges incident at v) and pushing digraphs (Klostermeyer and MacGillivray,
2004) (reversing the direction of arcs incident at v). Let Γ ≤ Sm × Sn × Sn2 be a permutation group.
An element of Γ will act on edge colours, arc colours, and arc directions. Specifically, the element is
an ordered (n + 2)-tuple π = (α, β, γ1, γ2, . . . , γn) where α acts on the edge colours, β acts on the arc
colours, and γi acts on the arc direction of arcs of colour i. For the remainder of the paper, Γ will be a
permutation group as described here.

Let G be a (m,n)-mixed graph, and π = (α, β, γ1, γ2, . . . , γn) ∈ Γ. Define G(v,π) as the (m,n)-
mixed graph arising from G by switching at vertex v with respect to π as follows. Replace each edge vw
of colour i by an edge vw of colour α(i). Replace each arc a of colour i incident at v (i.e., a = vx or
a = xv) with an arc of colour β(i) and orientation γi(a). Note, γi(a) ∈ {vx, xv}.

Given a sequence of ordered pairs from V (G) × Γ, say Σ = (v1, π1)(v2, π2) . . . (vk, πk), we define
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switching G with respect to the sequence Σ as follows:

GΣ = (G)(v1,π1)(v2,π2)...(vk,πk) = (G(v1,π1))(v2,π2)(v3,π3)...(vk,πk).

Note if we let Σ−1 = (vk, π
−1
k ) . . . (v1, π

−1
1 ), then GΣΣ−1

= GΣ−1Σ = G.
Given a subset of vertices, X ⊆ V (G), we can switch at each vertex ofX with respect to a permutation

π ∈ Γ, the result of which we denote by G(X,π). This operation is well defined independently of the order
in which we switch. If uv is an edge or arc with one end in X , say u, then we simply switch at u with
respect to π. Suppose both ends of uv are in X . If uv is an edge of colour i, then after switching at each
vertex of X , the edge will have colour α2(i). If uv is an arc, then after switching the colour will be β2(i)
and the direction will be γβ(i)γi(uv).

Two (m,n)-mixed graphs G and G′ with the same underlying graph are Γ-switch equivalent if there
exists a sequence of switches Σ such that GΣ = G′. We may simply say switch equivalent when Γ is
clear from context. Note since V (G) = V (G′), we are viewing both (m,n)-mixed graphs as labelled and
thus are not considering equivalence under switching followed by an automorphism. Such an extension
of equivalence is possible but unnecessary in this work. Since Γ is a group, the following proposition is
immediate.

Proposition 1.1. Γ-switch equivalence is an equivalence relation on the set of (labelled) (m,n)-mixed
graphs.

We are now ready to define switching homomorphisms. Our definition naturally builds on push homo-
morphisms of digraphs (Klostermeyer and MacGillivray, 2004) and homomorphisms of signed graphs,
introduced by (Guenin, 2005) and developed further by (Naserasr et al., 2015). See (Naserasr et al.,
2021) for a recent survey on signed graph homomorphisms. Let G and H be (m,n)-mixed graphs. A
Γ-switchable homomorphism of G to H is a sequence of switches Σ together with a homomorphism
GΣ → H . We denote the existence of such a homomorphism by G →Γ H , or f : G →Γ H when we
wish to name the mapping. Observe the notation G → H refers to a homomorphism of (m,n)-mixed
graphs without switching, and G →Γ H refers to switching G followed by a homomorphism of (the
resulting) (m,n)-mixed graphs.

A useful fact is the following. If G →Γ H , then G →Γ H(v,π) for any v ∈ V (H) and any π ∈ Γ.
To see this let Σ be a sequence of switches such that f : GΣ → H . Let X = f−1(v) ⊆ V (GΣ). It is
easy to see the same vertex mapping f : V (G)→ V (H) defines a homomorphism (GΣ)(X,π) → H(v,π).
As a result of this observation, we have two immediate corollaries. First, Γ-switchable homomorphisms
compose. Second, when studying the question “does G admit a Γ-switchable homomorphism to H?” we
are free to replace H with any H ′ switch equivalent to H .

For (classical) graphs, G is k-colourable if and only if it admits a homomorphism to a graph H of order
k. Analogously, we say an (m,n)-mixed graph G is Γ-switchable k-colourable, if there is an (m,n)-
mixed graph H of order k such that G→Γ H . The corresponding decision problem is defined as follows.
Let k ≥ 1 be a fixed integer and Γ ≤ Sm × Sn × Sn2 be a fixed group. We define the following decision
problem.

Γ-SWITCHABLE k-COL

INPUT: An (m,n)-mixed graph G.
QUESTION: Is G Γ-switchable k-colourable?

Our main result is the following dichotomy result for Γ-SWITCHABLE k-COL.
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Theorem 1.2. Let k ≥ 1 be an integer and Γ ≤ Sm×Sn×Sn2 be a group. If k ≤ 2, then Γ-SWITCHABLE
k-COL is solvable in polynomial time. If k ≥ 3, then Γ-SWITCHABLE k-COL is NP-hard.

The NP-hardness half of the dichotomy is immediate.

Proposition 1.3. For k ≥ 3, Γ-SWITCHABLE k-COL is NP-hard.

Proof: Let G be an instance of k-colouring (for classical graphs). Let G′ be the (m,n)-mixed graph
obtained from G by assigning each edge colour 1. If G is k-colourable, then clearly G′ is k-colourable.
(Assign all edges inG′ andKk the colour 1 and use the same mapping.) Conversely, ifG′ is k-colourable,
then the Γ-switchable homomorphism induces a homomorphism of the underlying graphs showing G is
k-colourable.

For an Abelian group we remark that if G and G′ are switch equivalent, then there is a sequence of
switches Σ of length at most |V (G)| so that GΣ = G′. (This is discussed in more detail below.) Thus
when Γ is Abelian, Γ-SWITCHABLE k-COL is in NP, and we can conclude for k ≥ 3, the problem is NP-
complete. The situation for non-Abelian groups is more complicated and is studied further in (Brewster
et al., 2022).

It is trivial to decide if an (m,n)-mixed graph is 1-colourable. Thus to complete the proof we settle
the case k = 2. Results are known when Γ belongs to certain families of groups (Duffy et al., 2021;
Leclerc et al., 2021). The remainder of the paper establishes the problem is polynomial time solvable for
all groups Γ.

We conclude the introduction with a remark on the general homomorphism problem. Let H be a fixed
(m,n)-mixed graph and Γ a fixed permutation group.

Γ-HOM-H
INPUT: An (m,n)-mixed graph G.
QUESTION: Does G admit a Γ-switchable homomorphism to H?

The complexity of Γ-HOM-H has been investigated for the same families of groups as Γ-switchable
k-colouring in (Duffy et al., 2021; Leclerc et al., 2021). The following theorem is an immediate corollary
to our main result. We remark that similar polynomial complexity results have been proved for push
homomorphisms (Klostermeyer and MacGillivray, 2004) and for signed graphs (Brewster et al., 2017).

Theorem 1.4. LetH be a 2-colourable (m,n)-mixed graph, then Γ-HOM-H is polynomial time solvable.

2 Restriction to m-edge coloured graphs
If a non-trivial (m,n)-mixed graph G is 2-colourable, then the target of order 2 to which G maps must
be a monochromatic K2 or a monochromatic tournament T2. In the former case G must have only edges
and in the latter only arcs. Moreover, the underlying graph of G must be bipartite as a 2-colouring of G
induces a 2-colouring of the underlying graph.

In this section we focus on the case where G has only edges and is bipartite. For ease of notation, and
to align with the existing literature, we will refer to G as an m-edge coloured graph. Recall we use [m]
as the set of edge colours, and in this case we may restrict Γ to be a subgroup of Sm. We let H be the
m-edge coloured K2 with its single edge of colour i, and denote H by Ki

2.



The 2-colouring problem for (m,n)-mixed graphs with switching is polynomial 5

We begin with some key observations. Let G be an m-edge coloured graph. If G →Γ Ki
2, then every

colour appearing on an edge of G must belong to the orbit of i under Γ; otherwise, G is a no instance.
Therefore, we make the assumption that Γ acts transitively on [m]. Under this assumption Ki

2 is switch
equivalent to Kj

2 for any j ∈ [m]. Thus we have the following proposition.

Proposition 2.1. Fix i ∈ [m]. Let G be a bipartite m-edge coloured graph. The following are equivalent.

(1) G→Γ K
i
2,

(2) G→Γ K
j
2 for any j ∈ [m],

(3) G can be switched to be monochromatic of some colour j.

Proof: The implication (1)⇒ (2) follows from the fact that Ki
2 →Γ K

j
2 for any j ∈ [m] by the transitive

action of Γ. The implication (2) ⇒ (3) is trivial. Suppose G can be switched to be monochromatic of
some colour j. Let G have the bipartition X ∪ Y . Since Γ is transitive, there is π ∈ Γ such that π(j) = i.
Then G(X,π) is monochromatic of colour i implying G→Γ K

i
2.

We have reduced the problem of determining whether an m-edge coloured graph G is 2-colourable to
testing if G is bipartite and can be switched to be monochromatic of some colour j.

In the case of signed graphs (two edge colours), G can be switched to be monochromatic of colour j if
and only if each cycle of G can be switched to be a monochromatic cycle of colour j (Zaslavsky, 1982).
We shall show the same result holds for bipartite m-edge coloured graphs. However, for our setting the
question of when a cycle can be switched to be monochromatic is more complicated. Hence, we begin by
characterizing when an m-edge coloured even cycle can be made monochromatic. To this end, let G be a
m-edge coloured cycle of length 2k on vertices v0, v1, . . . , v2k−1, v0. By switching at v1, the edge v0v1

can be made colour i. Next by switching at v2, the edge v1v2 can be made colour i. Continuing, we see
that G can be switched so that all edges except v2k−1v0 are colour i. For i, j ∈ [m], we say the cycle G is
nearly monochromatic of colours (i, j) if G has 2k− 1 edges of colour i and 1 edge of colour j. Thus the
problem of determining if an even cycle can be switched to be monochromatic is reduced to the problem
of determining if a nearly monochromatic cycle of length 2k can be switched to be monochromatic.

Let G be a cycle of length 2k that is nearly monochromatic of colours (i, j). We define a relation on
[m] by j ∼2k i ifG is Γ-switch equivalent to a monochromatic C2k of colour i or equivalentlyG→Γ K

i
2.

As the definition suggests, the relation is an equivalence relation.

Lemma 2.2. The relation ∼2k is an equivalence relation.

Proof: The relation is trivially reflexive.
To see ∼2k is symmetric, assume j ∼2k i. Let G be a cycle of length 2k that is nearly monochromatic

of colour (j, i). Label the vertices of the cycle in the natural order as v0, v1, . . . , v2k−1, v0 where v0v2k−1

is the unique edge of colour i. Suppose π(j) = i. Let Σ = (v1, π), (v3, π), . . . , (v2k−3, π). Then GΣ

is nearly monochromatic of colour (i, j), with edge v2k−2v2k−1 being the unique edge of colour j. By
assumption there is a sequence of switches, say Σ′, so that GΣΣ′ is monochromatic of colour i, giving
G →Γ Ki

2. Thus, G →Γ Kj
2 by Proposition 2.1. That is, G can be made monochromatic of colour j or

i ∼2k j.
To prove ∼2k is transitive, suppose i ∼2k j and j ∼2k l. Let G,G′, and G′′ be m-edge coloured cycles

of length 2k each with the vertices v0, v1, . . . , v2k−1. (Technically, we are considering three distinct edge
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v1
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v3

vk wkuk

w1u1

w2
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···

···
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w1u1
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w3

u2

u3

vk−1 wk−1uk−1

?

?

···

···

···
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w1u1
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vk−1 wk−1uk−1

···

···

···

G GΣ GΣΣ′

Fig. 1: Switching of the theta graph in Theorem 2.3. Solid blue edges are colour i and dashed red edges are colour j.

colourings of the same underlying graph.) Suppose G,G′, and G′′ are nearly monochromatic of colours
(j, i), (l, j), and (l, i) respectively. There are 2k − 1 edges of colour j in G with edge v0v2k−1 of colour
i in G. Similarly there are 2k − 1 edges of colour l in G′ with edge v0v2k−1 of colour j in G′ and
2k − 1 edges of colour l with edge v0v2k−1 of colour i in G′′. We shall show G′′ can be switched to be
monochromatic of colour l.

By hypothesis, there is a sequence Σ′ such that G′Σ
′

is monochromatic of colour l. In particular, under
Σ′ all edges of colour l remain colour l, and the edge v0v2k−1 changes from j to l. Thus, if we apply Σ′

to G′′ the edges of colour l remain colour l and the product of those switches at v0 and v2k−1 changes
v0v2k−1 from colour i to colour σ(i) for some σ ∈ Γ. We observe by the fact thatG′Σ

′
is monochromatic,

σ(j) = l.
We now construct a modified inverse of Σ′. Let Σ′′ be the subsequence of Σ′ consisting of the switches

only at v0 or v2k−1. That is, Σ′′ is a subsequence (vs0 , π0), (vs1 , π1), . . . , (vst , πt) where each vsr ∈
{v0, v2k−1}. Let X (respectively Y ) be the set of vertices of G′′ with even (respectively odd) subscripts.
Starting with G′′Σ

′
apply the following sequence of switches. For r = t, t − 1, . . . , 0, if vsr = v0, then

apply the switch (X,π−1
r ); otherwise, vsr = v2k−1 and apply the switch (Y, π−1

r ). The net effect is to
apply σ−1 to each edge of G′′Σ

′
. Thus each edge of colour l switches to j and the edge v0v2k−1 of colour

σ(i) becomes colour i. That is, we can switch G′′ to be G. By hypothesis, G can be switched to be
monochromatic of colour j. By Proposition 2.1, the resulting m-edge coloured graph can be switched to
be monochromatic of colour l, i.e., i ∼2k l, as required.

We denote the equivalence classes with respect to∼2k by [i]
2k
Γ = {j|j ∼2k i}. We now show that these

classes are independent of cycle length (for even length cycles).

Theorem 2.3. Let Γ ≤ Sm and i ∈ [m]. Then [i]
2l
Γ = [i]

2k
Γ for all l, k ∈ {2, 3, . . . }.

Proof: Let i ∈ [m] and let k be an integer k ≥ 2. We show [i]
4
Γ = [i]

2k
Γ from which the result follows.

Suppose j ∈ [i]
4
Γ. Let G be a cycle of length 2k and H a cycle of length 4 where both are nearly

monochromatic of colours (i, j). Since G → H and by hypothesis, H →Γ Ki
2, we have G →Γ Ki

2 and
thus j ∈ [i]

2k
Γ .
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Conversely, suppose j ∈ [i]
2k+2
Γ . We will show j ∈ [i]

2k
Γ from which we can conclude by induction that

j ∈ [i]
4
Γ. Let G be the m-edge coloured graph constructed as follows. Let v1, v2, . . . , vk; u1, u2, . . . , uk;

andw1, w2, . . . , wk be three disjoint paths of length k−1. Join v1 to both u1 andw1, and vk to both uk and
wk. Each edge is colour i with the exception of v1u1 which is colour j. (Thus, G is the θ-graph with path
lengths k + 1, k− 1, k+ 1.) Denote the cycles u1, . . . , uk, vk, . . . , v1, u1 and w1, . . . , wk, vk, . . . , v1, w1

by C1 and C2 respectively. Observe both have length 2k, C1 is nearly monochromatic of colours (i, j)
and C2 is monochromatic of colour i. Finally, let C3 be the cycle u1, . . . , uk, vk, wk, . . . , w1, v1, u1. The
cycle C3 has length 2k + 2 and is nearly monochromatic of colours (i, j). See Figure 1.

By assumption there exists a sequence of switches Σ (acting on the vertices of C3) such that in GΣ the
cycle C3 is monochromatic of colour i. We note that v1v2 and vk−1vk might not be of colour i in GΣ.

There is an automorphism ϕ of the underlying graph G that fixes each vl, l = 1, 2, . . . , k, and inter-
changes each ul with wl. We apply Σ−1 to ϕ(GΣ) as follows. Let Σ′ be the sequence obtained from
Σ by reversing the order of the sequence, replacing each permutation with its inverse permutation and
replacing all switches on vertices ul with switches on wl and vice versa. (Switches on v1 and vk are
applied to v1 and vk respectively.) Then in GΣΣ′ we see that C1 is monochromatic of colour i. Therefore
[i]

2k
Γ ⊇ [i]

2k+2
Γ for all k ≥ 2. We conclude [i]

4
Γ = [i]

2k
Γ for all k ≥ 2.

As the equivalence classes depend only on the group and not the length of the cycle, we henceforth
denote these classes as [i]Γ. If j ∈ [i]Γ, we say i can be Γ-substituted for j; that is, the single edge of
colour j in the cycle can be switched to colour i. We call [i]Γ the Γ-substitution class for i.

For a fixed m and Γ, [i]Γ can be computed in constant time as there is a constant number of m-edge
coloured 4-cycles, and a constant number of (single) switches that can be applied to these cycles, from
which the equivalence classes can be computed using the transitive closure.

Theorem 2.4. Let G be an m-edge coloured C2k. It can be determined in polynomial time whether there
is a Γ-switchable homomorphism of G to Ki

2.

Proof: As described above, we can switch G to be nearly monochromatic of colours (i, j), for some j.
Then G→Γ K

i
2 if and only if j ∈ [i]Γ. Testing this condition can be done in constant time.

We now show the Γ-HOM-Ki
2 problem is polynomial time solvable. This is accomplished by showing

the problem of determining whether a givenm-edge coloured bipartite graph can be made monochromatic
of colour i is polynomial time solvable.

We begin with the following observation that trees can always be made monochromatic.

Lemma 2.5. Let T be a m-edge coloured tree, then for any Γ, T →Γ K
i
2.

Proof: Let T be a m-edge coloured tree. Let v1, v2, . . . , v|T | be an ordering of V (T ) rooted at v1

where each parent appears before all of its children (for example DFS or BFS will work). For each
k = 2, . . . , |T |, switch at vk so that the edge from vk to its parent in the depth first search ordering has
colour i. We observe that if the subtree T [v1, . . . , vk−1] is monochromatic of colour i, then after switching
at vk, so is the subtree T [v1, . . . , vk].

Let G and H be m-edge coloured graphs such that H is a subgraph of G. A retraction from G to H , is
a homomorphism r : G→ H such that r(x) = x for all x ∈ V (H). We use the following result of Hell.

Theorem 2.6 (Hell (1972)). Let G be a bipartite graph. Suppose P is a shortest path from u to v in G.
Then G admits a retraction to P .
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We now show, for general m-edge coloured graphs G, testing if G →Γ Ki
2 comes down to testing if

each cycle admits a Γ-switchable homomorphism to Ki
2. To this end define C(G) to be the set of cycles

in an m-edge coloured graph G, and FΓ to be the collection of cycles C such that C 6→ ΓK
i
2.

Theorem 2.7. Let G be a connected m-edge coloured graph and Γ a transitive group acting on [m].
Suppose i ∈ [m]. The following are equivalent.

(1) G→Γ K
i
2.

(2) For all cycles C ∈ C(G), C →Γ K
i
2.

(3) G is bipartite and for any spanning tree T of G, there is a switching sequence Σ such that in
GΣ, T is monochromatic of colour i and for each cotree edge the colour i can be Γ-substituted for
the colour of the cotree edge.

(4) For all cycles C ∈ FΓ, C 6→ ΓG

Proof: We first prove the equivalence of statements (1), (2), and (3).
(1)⇒ (2) is trivially true.
(2)⇒ (3). We first observe thatGmust be bipartite as all cycles in the underlying graph map toK2. Let

T be a spanning tree in G and let Σ be the switching sequence constructed as in the proof of Lemma 2.5.
Then T is monochromatic of colour i in GΣ. Let e be a cotree edge of colour j. The fundamental cycle
Ce in T + e is nearly monochromatic of colours (i, j). By hypothesis C →Γ K

i
2. Hence, i Γ-substitutes

for j.
(3)⇒ (1). As above, let T be a spanning tree that is monochromatic of colour i inGΣ. Let e1, e2, . . . , ek

be an enumeration of the cotree edges of T . By hypothesis for each cotree edge et, its colour, say j (in
GΣ), belongs to [i]Γ.

Let T + {e1, . . . , et} be the subgraph of GΣ induced by the edges of E(T ) ∪ {e1, . . . , et}. By
Lemma 2.5, T →Γ K

i
2. Suppose T+{e1, . . . , et−1} →Γ K

i
2. Let et = uv have colour j. LetP be a short-

est path from u to v in T +{e1, . . . , et−1}. By (Hell, 1972), there is a retraction r : T +{e1, . . . , et−1} →
P with r(u) = u and r(v) = v. Adding the edge et shows T + {e1, . . . , et} →Γ P + et where P + et
is a nearly monochromatic cycle of colours (i, j). By assumption i Γ-substitutes for j, so P + et →Γ K

i
2

and by composition T + {e1, . . . , et} →Γ K
i
2. By induction, G→Γ K

i
2.

Finally, we show (1) and (4) are equivalent. If there is C ∈ FΓ such that C →Γ G, then G 6→ ΓK
i
2.

Conversely, if G 6→ ΓK
i
2, then by (2), there is a cycle C in G such that C 6→ ΓK

i
2. In particular, C ∈ FΓ

and the inclusion map gives C →Γ G.

Given an m-edge coloured graph G, it is easy to test condition (3) for each component. Checking G
is bipartite and the switching of a spanning forest can be done in linear time in |E(G)|. The look up for
each cotree edge requires constant time.

However, the theorem actually gives us a certifying algorithm which we now outline (under the as-
sumption G is connected). First test if G is bipartite. If it is not, then we discover an odd cycle certifying
a no instance. Otherwise construct a spanning tree, and switch so that the tree is monochromatic of colour
i. Either the colour of each cotree edge belongs to [i]Γ or we discover a cotree edge that does not. In the
latter case we have a cycle of C ∈ FΓ that certifies G is a no instance.

Thus assume all cotree edges have colours in [i]Γ. The proof of Theorem 2.7 provides an algorithm for
switching G to be monochromatic of colour i through lifting the switching of the retract P + et to all of
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G. We show how using a similar idea with C4 also works and gives a clearer bound on the running time.
Let j be the colour of a cotree edge, say uv. Recall j ∈ [i]

4
Γ. Let H be a C4 with vertices labelled as

v0, v1, v2, v3 and edges coloured as v0v3 is colour j and all other edges are colour i. Let Σ be a switching
sequence so that HΣ is monochromatic of colour i. Let X (respectively Y ) be the set of vertices of G in
the same part of the bipartition as u (respectively v). For each (vi, πi) in Σ we apply the same switch πi
in G at u if vi = v0; at X\{u} if vi = v2; at v if vi = v3; and at Y \{v} if vi = v1. At the end of applying
all switches in Σ, edges in G that were of colour i remain colour i, and the cotree edge uv switches from
j to i. As |Σ| is constant (in |Γ|), this switching sequence for uv requires O(|V (G)|) switches. In this
manner the concatenation of |E(G)| − |V (G)|+ 1 such switching sequences (together with the switches
required to make T monochromatic) switch G to be monochromatic of colour i. This sequence together
with the bipartition of G certifies that G→Γ K

i
2. We have the following.

Corollary 2.8. The problem Γ-HOM-Ki
2 is polynomial time solvable by a certifying algorithm.

3 General (m,n)-coloured graphs
In this section we show the Γ-SWITCHABLE k-COL problem is polynomial time solvable. As noted
above, a general (m,n)-mixed graph G is 2-colourable if it only has edges and for some edge colour i,
G →Γ Ki

2 or it only has arcs and for some arc colour i, G →Γ T i2. Having established the Γ-HOM-Ki
2

problem is polynomial time solvable, we now show Γ-HOM-T i2 polynomially reduces to Γ-HOM-Ki
2.

This establishes the polynomial time result of Theorem 1.2 which we restate.

Theorem 3.1. The Γ-SWITCHABLE 2-COL problem is polynomial time solvable.

Proof: LetG be an instance of Γ-SWITCHABLE 2-COL, i.e., an (m,n)-mixed graph. IfG is not bipartite,
we can answer No. If G has both edges and arcs, then we can answer No. If G only has edges, then by
Corollary 2.8 we can choose any edge colour i (we still assume Γ is transitive) and test G →Γ Ki

2 in
polynomial time.

Thus assume G is bipartite with bipartition (A,B) and has only arcs. Analogous to Section 2, we can
view Γ as acting transitively on the n arc colours. If Γ does not allow any arc colours to switch direction,
i.e., for all π ∈ Γ, γi(uv) = uv for all i, then G must have all its arcs from say A to B; otherwise, we
can say No. At this point G may be viewed as an n-edge coloured graph. (We can ignore the fixed arc
directions.) We apply the results of Section 2.

Finally, we may assume G is bipartite, with only arcs, and Γ acts transitively on arc colours and direc-
tions. That is, for any arc colours i and j, Γ contains a permutation π1 (respectively π2) that takes an arc
uv of colour i to an arc uv (respectively vu) of colour j.

We now construct a (2n)-edge coloured graph G′ as follows. Let V (G′) = V (G). If there is an arc of
colour i from u ∈ A to v ∈ B, we put an edge uv of colour i+ in G′, and if there is an arc of colour i
from v ∈ B to u ∈ A, we put an edge uv of colour i− in G′.

From Γ we construct a new group Γ′ ≤ S2n. Note that Γ as described above acts on (m,n)-mixed
graphs and Γ′ will be naturally restricted to act on (2n)-edge coloured graphs. Let π = (α, β, γ1, . . . , γn) ∈
Γ. Define π′ ∈ Γ′ as follows. For each arc colour i,

π′(i+) =

{
β(i)+ if γi(uv) = uv
β(i)− if γi(uv) = vu

and π′(i−) =

{
β(i)− if γi(uv) = uv
β(i)+ if γi(uv) = vu

It can be verified that the mapping π → π′ is a group isomorphism.
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The translation of G to G′ can be expressed as a function F (G) = G′. It is straightforward to verify
F is a bijection from n-arc coloured graphs to 2n-edge coloured graphs provided we fix the bipartition
V (G) = A ∪ B. Moreover, if π ∈ Γ and π′ is the resulting permutation in Γ′, then again it is easy to
verify that F (G(v,π)) = (G′)(v,π′) for any v in V (G) = V (G′).

SupposeG→Γ T
i
2. By the transitivity of Γ, we may assume that T i2 has its tail inA, and thus all arcs in

G can be switched to be colour i with their tail in A. The corresponding switches on G′ switch all edges
to colour i+. That is, G′ →Γ′ K

i+

2 . On the other hand, if G′ →Γ′ K
i+

2 , then the corresponding switches
on G show that G→Γ T

i
2 (with the vertices of A mapping to the tail of T i2).

We conclude this section with a remark on the number of switches required to change the input G
to be monochromatic. There are |V (G)| − 1 switches required to change a spanning tree of G to be
monochromatic of colour i. To change the cotree edges to colour i (assuming each is of a colour in [i]Γ),
we claim at most cΓ|V (G)| switches are required where cΓ is a constant depending on Γ and the number
of colours (m and n). We argue only for m-edge coloured graphs, given the reduction above. For (a
labelled) C4, there are m4 edge colourings. For each vertex there are |Γ| switches. The reconfiguration
graph C has a vertex for each edge-colouring of C4 and an edge joining two vertices if there is a single
switch that changes one into the other. (The existence of inverses ensures this is an undirected graph.)
Thus, C has order m4 and is regular of degree |Γ|. Given j ∈ [i]Γ, there is a path in C from a nearly
monochromatic C4 of colours (i, j) to a monochromatic C4 of colour i. The switches on this path can be
lifted to G so that the spanning tree remains of colour i and the cotree edge switches to colour i. The total
number of switches is at most max{diam(C′)} · |V (G)| where C′ runs over all components of C. Thus
we have the following.

Proposition 3.2. LetG be am-edge coloured bipartite graph. Let Γ be a group acting transitively on [m].
If G is Γ-switch equivalent to a monochromatic graph, then the sequence Σ of switches which transforms
G to be monochromatic satisfies,

|Σ| ≤ |V (G)| − 1 + cΓ|V (G)|(|E(G)| − |V (G)|+ 1)

where cΓ depends only on Γ and m.

In the case that Γ is Abelian, the switches in Σ can be reordered, then combined, so that each vertex is
switched only once.

4 Conclusion
We have established a dichotomy for the Γ-SWITCHABLE k-COL problem. This is a step in obtaining a
dichotomy theorem for Γ-HOM-H for all (m,n)-mixed graphs H and all transitive permutation groups
Γ. Work towards a general dichotomy is the focus of our companion paper (Brewster et al., 2022).

If Γ and m are part of the input to Γ-SWITCHABLE k-COL, then the analysis above with constant
time look-ups for the equivalence classes no longer holds. A naı̈ve computation of the closure of the
reconfiguration graph is not possible in polynomial time, but the required computation of the equivalence
classes [i]Γ is possible without considering all switches. This is studied further in (Brewster et al., 2022).

Finally, we have restricted our attention to simple m-edge coloured graphs in this work. A natural
next step is to allow parallel edges (of different colours) and loops. We believe with parallel edges and
loops the analysis of Γ-HOM-H will be interesting, but non-trivial, similar to the situation for signed
graphs (Brewster et al., 2017; Brewster and Siggers, 2018).
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Dujmović, Joret, Micek, Morin, Ueckerdt and Wood [J. ACM 2020] proved that for every graph G with Euler genus
g there is a graph H with treewidth at most 4 and a path P such that G⊆H � P �Kmax{2g,3}. We improve this
result by replacing “4” by “3” and with H planar. We in fact prove a more general result in terms of so-called framed
graphs. This implies that every (g, d)-map graph is contained in H �P �K`, for some planar graph H with treewidth
3, where ` = max{2gb d

2
c, d+ 3b d

2
c − 3}. It also implies that every (g, 1)-planar graph (that is, graphs that can be

drawn in a surface of Euler genus g with at most one crossing per edge) is contained in H � P �Kmax{4g,7}, for
some planar graph H with treewidth 3.

Keywords: product structure, graphs on surfaces

The motivation for this work is the following question: what is the global structure for graphs embeddable
in a fixed surface? Dujmović et al. (2020b) answered this question for planar graphs(i) in terms of products(ii)

of graphs of bounded treewidth(iii) (iv).

Theorem 1 ((Dujmović et al., 2020b)). Every planar graph is contained in H � P �K3 for some planar
graph H with treewidth 3 and for some path P .

∗Research of M.D. and R.H. is supported by an Australian Government Research Training Program Scholarship. Research of T.H.
and D.W. is supported by the Australian Research Council.
(i) A plane graph is a graph embedded in the plane with no crossings. A plane triangulation is a plane graph in which every face is

bounded by a triangle (that is, has length 3). A plane near-triangulation is a plane graph, where the outer-face is a cycle, and every
internal face is a triangle.

(ii) For two graphs G and H , the strong product G�H is the graph with vertex-set V (G)×V (H) and an edge between two vertices
(v, w) and (v′, w′) if and only if v = v′ and ww′ ∈ E(H), or w = w′ and vv′ ∈ E(G), or vv′ ∈ E(G) and ww′ ∈ E(H).

(iii) A tree-decomposition of a graph G is a collection (Bx ⊆ V (G) : x ∈ V (T )) of subsets of V (G) (called bags) indexed by
the nodes of a tree T , such that (a) for every edge uv ∈ E(G), some bag Bx contains both u and v, and (b) for every vertex
v ∈ V (G), the set {x ∈ V (T ) : v ∈ Bx} induces a non-empty subtree of T . The width of a tree-decomposition is the size
of a largest bag minus 1. The treewidth of a graph G, denoted by tw(G), is the minimum width of a tree-decomposition of G.
Treewidth is recognised as the most important measure of how similar a given graph is to a tree.

(iv) A graph G is contained in a graph X if G is isomorphic to a subgraph of X . A multigraph G is contained in a graph X if the
simple graph underlying G is contained in X .

ISSN 1365–8050 © 2022 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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This result, now known as the Planar Graph Product Structure Theorem, has been the key tool in solving
several open problems regarding queue layouts (Dujmović et al., 2020b), non-repetitive colourings (Du-
jmović et al., 2020a), centred colourings (Dębski et al., 2021), clustered colourings (Dujmović et al.,
2022), adjacency labellings (Bonamy et al., 2020; Dujmović et al., 2021; Esperet et al., 2020), vertex
rankings (Bose et al., 2020), twin-width (Bonnet et al., 2022; Bekos et al., 2022) and infinite graphs (Huynh
et al., 2021).

Dujmović et al. (2020b) generalised Theorem 1 for graphs embeddable in any fixed surface(v) as follows.
A graph H is apex if H − v is planar for some vertex v of H .

Theorem 2 ((Dujmović et al., 2020b)). Every graph with Euler genus g is contained in H�P�Kmax{2g,3}
for some apex graph H with treewidth 4 and for some path P .

This paper improves this bound on the treewidth of H from 4 to 3.

Theorem 3. Every graph with Euler genus g is contained in H � P �Kmax{2g,3} for some planar graph
H with treewidth 3 and for some path P .

The bound on the treewidth of H in Theorem 3 is optimal since Dujmović et al. (2020b) showed that
for every integer ` > 0 there is a planar graph G such that if G is contained in H � P �K`, then H has
treewidth at least 3.

We in fact prove a more general result in terms of so-called framed graphs. Let G be a multigraph
embedded in a surface Σ without crossings, where each face is bounded by a cycle. For any integer d > 3,
let G(d) be the multigraph embedded in Σ obtained from G as follows: for each face F of G bounded by a
cycle C of length at most d, for all distinct non-adjacent vertices v, w in C, add an edge vw across F to
G(d). We say that G(d) is a (Σ, d)-framed multigraph with frame G. If Σ has Euler genus at most g, then
G(d) is a (g, d)-framed multigraph.

We prove the following theorem.

Theorem 4. For all integers g > 0 and d > 3, every (g, d)-framed multigraph is contained in H�P �K`

for some planar graph H with treewidth 3 and for some path P , where ` = max{2gbd2c, d + 3bd2c − 3}.
Framed graphs (for g = 0) were introduced by Bekos et al. (2020) and are useful because they include

several interesting graph classes, as shown by the following three examples.
First, every graph with Euler genus g is a subgraph of a (g, 3)-framed multigraph. Thus Theorem 4 with

d = 3 implies Theorem 3.
Now consider map graphs. Start with a graph G embedded in a surface Σ without crossings, with each

face labelled a ‘nation’ or a ‘lake’, where each vertex of G is incident with at most d nations. Let M be
the graph whose vertices are the nations of G, where two vertices are adjacent in G if the corresponding
faces in G share a vertex. Then M is called a (Σ, d)-map graph. If Σ has Euler genus at most g, then M is
called a (g, d)-map graph. Graphs embeddable in Σ are precisely the (Σ, 3)-map graphs (Dujmović et al.,
2017). So map graphs are a natural generalisation of graphs embeddable in surfaces.

We show that every (Σ, d)-map graph is a spanning subgraph of G(d) for some multigraph G embedded
in Σ without crossings; see Lemma 11. Thus Theorem 4 implies that (g, d)-map graphs have the following
product structure.

(v) The Euler genus of a surface with h handles and c cross-caps is 2h + c. The Euler genus of a graph G is the minimum integer
g > 0 such that there is an embedding of G in a surface of Euler genus g; see Mohar and Thomassen (2001) for more about graph
embeddings in surfaces. A triangulation of a surface Σ is a graph embedded in Σ with no crossings, such that every face is a
triangle.
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Theorem 5. Every (g, d)-map graph is contained in H �P �K` for some planar graph H with treewidth
3 and for some path P , where ` = max{2gbd2c, d + 3bd2c − 3}.

A graph is k-planar if it has an embedding in the plane where each edge is involved in at most k
crossings. This definition has a natural extension for other surfaces Σ. A graph is (Σ, k)-planar if it has
an embedding in Σ where each edge is involved in at most k crossings. A graph is (g, k)-planar if it is
(Σ, k)-planar for some surface Σ with Euler genus at most g. In the planar setting (g = 0), these graphs
have been extensively studied; see Kobourov et al. (2017); Didimo et al. (2019) for surveys.

We show that every (Σ, 1)-planar graph is contained in G(4) for some multigraph G embedded in Σ
without crossings; see Lemma 12. Thus Theorem 4 implies the following product structure theorem.

Theorem 6. Every (g, 1)-planar graph is contained in H � P �Kmax{4g,7} for some planar graph H
with treewidth 3 and for some path P .

Dujmović et al. (2019) proved that every (g, k)-planar graph is contained in H � P �K`, for some
graph H with treewidth

(
k+4
3

)
− 1 where ` = max{2g, 3}(6k2 + 16k + 10). Hickingbotham and Wood

(2021) improved ` to 2 max{2g, 3}(k + 1)2. In the k = 1 case, Theorem 6 is significantly stronger than
both these results since H has treewidth 3 instead of treewidth 9. As mentioned above, treewidth 3 is best
possible, even for planar graphs (Dujmović et al., 2020b). Note that Dujmović et al. (2019) previously
proved Theorem 6 in the planar case (g = 0), and a similar result was independently obtained by Bekos
et al. (2022).

1 Proofs
Undefined terms and notation can be found in Diestel’s text (Diestel, 2018). A partition of a graph G is a
set P of non-empty sets of vertices in G such that each vertex of G is in exactly one element of P . Each
element of P is called a part. The quotient of P is the graph, denoted by G/P , with vertex set P where
distinct parts A,B ∈ P are adjacent in G/P if and only if some vertex in A is adjacent in G to some
vertex in B. An H-partition of G is a partition P = (Ax : x ∈ V (H)) where H ∼= G/P . For simplicity,
we sometimes abuse notation and say J ∈ P where J is a subgraph of G with V (J) ∈ P .

If T is a tree rooted at a vertex r, then a non-empty path P in T is vertical if the vertex of P closest to r
in T is an end-vertex of P . If T is a rooted spanning tree in a graph G, then a tripod in G (with respect
to T ) consists of up to three pairwise vertex-disjoint vertical paths in T whose lower end-vertices form a
clique in G.

A layering of a graph G is an ordered partition L := (L0, L1, . . . ) of V (G) such that for every edge
vw ∈ E(G), if v ∈ Li and w ∈ Lj , then |i − j| 6 1. A layered partition (P,L) of a graph G consists
of a partition P and a layering L of G. If P = (Ax : x ∈ V (H)) is an H-partition, then (P,L) is a
layered H-partition with width max{|Ax ∩ L| : x ∈ V (H), L ∈ L}. Layered partitions were introduced
by Dujmović et al. (2020b) who observed the following connection to strong products (which follows
directly from the definitions).

Observation 7 (Dujmović et al. (2020b)). For all graphs G and H , G is contained in H � P �K` for
some path P if and only if G has a layered H-partition (P,L) with width at most `.

We need the following lemma of Dujmović et al. (2019), which is a special case of their Lemma 24
(which is an extension of Lemma 17 from (Dujmović et al., 2020b)).

Lemma 8 ((Dujmović et al., 2019)). Let G+ be a plane multigraph in which each face of G+ is bounded
by a cycle with length in {3, . . . , d}. Let T be a spanning tree of G+ rooted at some vertex r on the
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boundary of the outer-face of G+. Assume there is a vertical path P in T with end-vertices p1 and p2
such that the cycle C obtained from P by adding the edge p1p2 is a subgraph of G+ − r. Let G be the
plane graph consisting of all the vertices and edges of G+ contained in C and the interior of C. Then
G(d) has an H-partition P such that P ∈ P and each part Si ∈ P \{P} has a partition {Xi, Yi} where
|Xi| 6 d− 3 and Yi is the union of at most three vertical paths in T , and H is planar with treewidth at
most 3.

The next lemma is the heart of our proof.

Lemma 9. Let G be a connected multigraph embedded in a surface of Euler genus g without crossings,
where each face of G is bounded by a cycle. Then for every spanning tree T of G and every integer d > 3,
G(d) has an H-partition P such that one part Z ∈ P is the union of at most 2g vertical paths in T and
each part Si ∈ P \{Z} has a partition {Xi, Yi} where |Xi| 6 d− 3 and Yi is the union of at most three
vertical paths in T , and H is planar with treewidth at most 3.

Proof: We start by following the proof of (Dujmović et al., 2020b, Lemma 21), which is the heart of the
proof of Theorem 2. Near the end of our proof we follow a different strategy to obtain the stronger result.

If g = 0, then the claim follows from Lemma 8 by considering an appropriate supergraph G+ of G. Now
assume that g > 1. Say G has n vertices, m edges, and f faces. By Euler’s formula, n−m + f = 2− g.
Let D be the multigraph with vertex-set the set of faces in G, where for each edge e of E(G) \E(T ), if f1
and f2 are the faces of G with e on their boundary, then there is an edge joining f1 and f2 in D. (Think
of D as the spanning subgraph of the dual graph consisting of those edges that do not cross edges in T .)
Note that |V (D)| = f = 2 − g − n + m and |E(D)| = m − (n − 1) = |V (D)| − 1 + g. Since T is a
tree, D is connected; see (Dujmović et al., 2017, Lemma 11) for a proof. Let T ∗ be a spanning tree of D.
Thus |E(D) \ E(T ∗)| = g. Let Q = {a1b1, a2b2, . . . , agbg} be the set of edges in G dual to the edges in
E(D) \ E(T ∗). Let r be the root of T , and for i ∈ {1, 2, . . . , g}, let Zi be the union of the air-path and
the bir-path in T , plus the edge aibi. Let Z := Z1 ∪ Z2 ∪ · · · ∪ Zg. By construction, Z is a connected
subgraph of G; see Figure 1 for an example. In fact, since r is contained in each of the 2g vertical paths,
T [V (Z)] is connected. Say Z has p vertices and q edges. Since Z consists of a subtree of T plus the g
edges in Q, we have q = p− 1 + g.

We now describe how to ‘cut’ along the edges of Z to obtain a new embedded graph G̃; see Figure 2.
First, each edge e of Z is replaced by two edges e′ and e′′ in G̃. Each vertex of G that is not contained
in V (Z) is untouched. Consider a vertex v ∈ V (Z) incident with edges e1, e2, . . . , ed in Z in clockwise
order. In G̃ replace v by new vertices v1, v2, . . . , vd, where vi is incident with e′i, e

′′
i+1 and all the edges

incident with v clockwise from ei to ei+1 (exclusive). Here ed+1 means e1 and e′′d+1 means e′′1 . This
operation defines a cyclic ordering of the edges in G̃ incident with each vertex (where e′′i+1 is followed by
e′i in the cyclic order at vi). This in turn defines an embedding of G̃ in some orientable surface(vi). Let Z ′

be the set of vertices introduced in G̃ by cutting through vertices in Z.
We now show that G̃ is connected. Consider vertices x1 and x2 of G̃. Select faces f1 and f2 of G̃

respectively incident to x1 and x2 that are also faces of G. Let P be a path joining f1 and f2 in the dual
tree T ∗. Then the edges of G dual to the edges in P were not split in the construction of G̃. Therefore an
x1x2-walk in G̃ can be obtained by following the boundaries of the faces corresponding to vertices in P .
Hence G̃ is connected.

(vi) If G is embedded in a non-orientable surface, then the edge signatures for G are ignored in the embedding of G̃.
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Fig. 1: Example of the construction in the proof of Lemma 9, where brown edges are in T , red edges are in Q, and
blue edges are in T and in Z − E(Q).

Say G̃ has n′ vertices and m′ edges, and the embedding of G̃ has f ′ faces and Euler genus g′. Each
vertex with degree d in Z is replaced by d vertices in G̃. Each edge in Z is replaced by two edges in G̃,
while each edge of E(G)− E(Z) is maintained in G̃. Thus

n′ = n− p +
∑

v∈V (Z)

degZ(v) = n + 2q − p = n + 2(p− 1 + g)− p = n + p− 2 + 2g

and m′ = m + q = m + p − 1 + g. Each face of G is preserved in G̃. Say s new faces are created by
the cutting. Thus f ′ = f + s. Since G̃ is connected, n′ −m′ + f ′ = 2 − g′ by Euler’s formula. Thus
(n + p− 2 + 2g)− (m + p− 1 + g) + (f + s) = 2− g′, implying (n−m + f)− 1 + g + s = 2− g′.
Hence (2 − g) − 1 + g + s = 2 − g′, implying g′ = 1 − s. Since g′ > 0, we have s 6 1. Since g > 1,
by construction, s > 1. Thus s = 1 and g′ = 0. Hence G̃ is plane and all the vertices in Z ′ are on the
boundary of a single face, F , of G̃. Moreover, the boundary of F is a cycle CF and V (CF ) = Z ′. Consider
F to be the outer-face of G̃.

Now construct a supergraph G+ of G̃ by adding a vertex r+ in F and edges from r+ to each vertex in
Z ′. Then G+ is a plane multigraph where each face of G+ is bounded by a cycle.

We now depart from the proof of Dujmović et al. (2020b, Lemma 21). Let P+ be an arbitrary path
such that V (P+) = V (CF ) and let v+ ∈ V (P+) be an end-vertex of P+. Let T+ be the following
spanning tree of G+ rooted at r+. Initialise T+ to be the path P+ plus the edge r+v+. Let E′ := {vw ∈
E(T ) : v ∈ Z,w ∈ V (G) \ V (Z)} and h := |E′|. Observe that T − V (Z) is a forest with h components.
For each edge vw ∈ E′, w is adjacent to exactly one vertex vi ∈ V (Z ′) introduced when cutting v.
Add the edge viw to T+. Finally, add the induced forest T − V (Z) to T+; see Figure 3. Then T+ is
connected since each component of T − V (Z) is adjacent in T+ to some vertex in V (P+). Furthermore,
since |V (T+)| = |V (P+)| + |V (G) \ V (Z)| and |E(T+)| = |E(P+)| + h + (|V (G) \ V (Z)| − h) =
|V (P+)| + |V (G) \ V (Z)| − 1, it follows that T+ is indeed a spanning tree of G+. Consider each
component of T − V (Z) to be a subtree of T+.
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degZ(v) = 1

e1

v v1

e′′1 e′1

degZ(v) = 2

e1

e2

v v1v2

e′′1 e′1

e′′2e′2

degZ(v) = 3

e1

e3 e2

v
v1v3

v2

e′′1 e′1

e′′2
e′2e′′3

e′3

Fig. 2: Cutting the blue edges in Z at each vertex.

Now every vertical path in T+ contained in V (G) \V (Z) corresponds to a vertical path in T . Every
maximal vertical path in T+ consists of the edge r+v+, a subpath of P+, some edge viw (where w ∈
V (G) \V (Z)), followed by a path in T − V (Z) from w to a leaf in T . Since every vertical path P in T+

is contained in some maximal vertical path in T+, it follows that P ∩ (V (G) \V (Z)) is a vertical path in
T . Thus every vertical path in T+ that is contained in V (G) \V (Z) is a vertical path in T .

Triangulate every face in G+ whose facial cycle has length greater than d. Since r+ is on the boundary
of the outer-face of G+, V (P+) = V (CF ), every facial cycle has length in {3, . . . , d} and P+ is a vertical
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r+

v+
G+

Fig. 3: Example of the spanning tree T+ in the graph G+, where the edges in E(P+)∪{r+v+} are red and the edges
that are either in E(T − V (Z)) or of the form viw are orange.

path of T+, Lemma 8 is applicable. Let P ′ be the H-partition of G̃(d) given by Lemma 8. Therefore, H is
planar with treewidth at most 3, where P+ ∈ P ′ and each part in Si ∈ P ′ \ {P+} has a partition {Xi, Yi}
where |Xi| 6 d− 3 and Yi is the union of at most three vertical paths in T ′. Let P be the partition of G(d)

obtained by replacing P+ by Z. Since V (P+) = V (Z ′) and all the split vertices of G are in Z, we have
G(d)/P ∼= G̃(d)/P ′ ∼= H . Hence P is also an H-partition where H is planar with treewidth at most 3. In
addition, since each vertical path in T+ that is disjoint from V (Z ′) ∪ {r+} is a vertical path in T , each
part Si ∈ P \{Z} has a partition {Xi, Yi} where |Xi| 6 d− 3 and Yi is the union of at most three vertical
paths in T , as required.

Theorem 4 is an immediate consequence of Observation 7 and the next lemma.

Lemma 10. Let G be a multigraph embedded in a surface of Euler genus g without crossings, where each
face is bounded by a cycle. Then G(d) has a layered H-partition (P,L) with width at most max{2gbd2c, d+

3bd2c − 3}, such that H is planar with treewidth at most 3.

Proof: Since each face of G is bounded by a cycle, G is connected. Let T be a BFS-spanning tree
of G with corresponding BFS-layering(vii) (V0, V1, . . . ). By Lemma 9, G(d) has an H-partition P such
that one part Z ∈ P is the union of at most 2g vertical paths in T and each part Si ∈ P \{Z} has a
partition {Xi, Yi} where |Xi| 6 d− 3 and Yi is the union of at most three vertical paths in T , and H is
planar with treewidth at most 3. It remains to adjust the layering of G to obtain a layering of G(d). If
uv ∈ E(G(d)) then distG(u, v) 6 bd2c. Thus if u ∈ Vi and v ∈ Vj then |i− j| 6 bd2c. For each j ∈ N,
let Lj = Vjb d2 c ∪ · · · ∪ V(j+1)b d2 c−1. Then (P,L = (L0, L1, . . . )) is a layered H-partition of G(d) with
width at most max{2gbd2c, d + 3bd2c − 3}, as required.

We conclude by showing that (Σ, d)-map graphs and (Σ, 1)-planar graphs are contained in framed graphs.

(vii) If G is a connected graph and T is a spanning tree of G rooted at vertex r, then T is BFS if distT (v, r) = distG(v, r)
for every v ∈ V (G). A layering (L0, L1, . . . ) of a graph G is BFS if L0 = {r} for some root vertex r ∈ V (G) and
Li = {v ∈ V (G) : distG(v, r) = i} for all i > 1.
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Dujmović et al. (2019) proved the following result in the case of plane map graphs (and similar results
were previously known in the literature (Chen et al., 2006; Brandenburg, 2019, 2020)). An analogous proof
works for arbitrary surfaces, which we include for completeness. Together with Theorem 4, this implies
Theorem 5.
Lemma 11. For every surface Σ and integer d > 3, every (Σ, d)-map graph is a subgraph of G(d) for
some multigraph G embedded in Σ without crossings, where each face of G is bounded by a cycle.

Proof: Let G0 be a graph embedded in Σ, with each face labelled a nation or a lake, and where each vertex
of G0 is incident with at most d nations. Let M be the corresponding map graph.

If G0 has a face F of length 2, then add a new vertex inside F adjacent to both vertices on the boundary
of F , which creates two new triangular faces F1 and F2. If F is a lake, then make F1 and F2 lakes. If F
is a nation, then make F1 a nation and make F2 a lake. The resulting map graph is still M . So we may
assume that G0 is an edge-maximal multigraph embedded in Σ with no face of length 2 (and with each
face labelled a nation or a lake), such that M is the corresponding map graph. This is well-defined since
the assumption of having no face of length 2 implies that |E(G0)| 6 3(|V (G)|+ g − 2), where g is the
Euler genus of Σ.

Suppose that some face f of G0 has a disconnected boundary. Let v and w be vertices in distinct
components of the boundary of f . Add the edge vw to G0 across f . The corresponding map graph
is unchanged, which contradicts the edge-maximality of G0. Thus each face of G0 has a connected
boundary. Suppose that some face f of G0 has a repeated vertex v in the boundary walk of f . Let u, v, w
be consecutive vertices on the boundary of f . So u, v, w are distinct. Add the edge uw inside f so that
uvw bounds a disk. Label the resulting face uvw as a lake. Since v appears elsewhere in the boundary
of f , the corresponding map graph is unchanged, which contradicts the edge-maximality of G0. Thus no
facial walk of G0 has a repeated vertex. Since each facial walk is connected, every face of G0 is bounded
by a cycle.

Let G∗0 be the dual multigraph of G0. So the vertices of G∗0 correspond to faces of G0, and each vertex
of G∗0 is a nation vertex or a lake vertex. Since every face of G0 is bounded by a cycle, every face of G∗0 is
bounded by a cycle.

Let x be a vertex of G0, let Fx be the corresponding face of G∗0, and let (v1, . . . , vs) be the facial cycle
of Fx. Let Cx := (w1, . . . , wr) be the circular subsequence of (v1, . . . , vs) consisting of only the nation
vertices. Since x is incident to at most d nations, r 6 d.

Let G be the supergraph of G∗0 obtained by adding an edge between each pair of consecutive vertices
in Cx = (w1, . . . , wr) for each vertex x of G0. The graph consisting of Cx plus these added edges is
called the nation cycle (of x). Note that if r = 1 then the nation cycle has no edges, and if r = 2 then the
nation cycle has one edge. Since every face of G∗0 is bounded by a cycle, every face of G is bounded by a
cycle. Moreover, each nation cycle of length at least 3 is now a facial cycle of G with length at most d. By
construction, G embeds in Σ with no crossings. Let G(d) be the d-framed graph whose frame is G.

By definition, V (M) ⊆ V (G(d)). To prove the claim, it suffices to show that E(M) ⊆ E(G(d)). Indeed,
if vw ∈ E(M) then the nation faces corresponding to v and w have a common vertex x on their boundary.
The vertex x corresponds to a face Fx in G∗0 and the facial cycle of Fx contains v and w. Therefore, the
nation cycle Cx of Fx contains v and w. If Cx has length 2 then vw ∈ E(G) ⊆ E(G(d)). If Cx has length
at least 3 then it has length at most d and it bounds a face in G. So vw ∈ E(G(d)).

Dujmović et al. (2019) proved the following result in the case of 1-planar graphs (and similar results
were previously known in the literature (Chen et al., 2006; Bekos et al., 2020; Brandenburg, 2019, 2020)).
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An analogous proof works for arbitrary surfaces, which we include for completeness. Together with
Theorem 4, this implies Theorem 6.

Lemma 12. Every (Σ, 1)-planar graph G with at least three vertices is contained in G
(4)
0 for some

multigraph G0 embedded in Σ with no crossings where each face of G0 is bounded by a cycle.

Proof: We may assume that G is embedded in Σ with at most one crossing on each edge, such that no two
edges of G incident to a common vertex cross, since such a crossing can be removed by a local modification
to obtain an embedding of G in which the two edges do not cross.

Initialise G′ := G. Add edges to G′ to obtain an edge-maximal multigraph embedded in Σ such that
each edge is in at most one crossing, no two edges incident to a common vertex cross, and no face is
bounded by two parallel edges. The final condition ensures that G′ is well-defined, since it follows from
Euler’s formula that if G has k crossings, then |E(G′)| 6 3(|V (G)|+ k + g − 2)− 2k.

Consider crossing edges e1 = vw and e2 = xy in G′. So v, w, x, y are distinct. Since e1 is the only
edge that crosses e2 and e2 is the only edge that crosses e1, by the edge-maximality of G′, there is a cycle
C = (v, x, w, y) in G′ that bounds a disc whose interior intersects no edge of G′ except e1 and e2.

Let G0 be the embedded multigraph obtained from G′ by deleting each pair of crossing edges. Thus the
above-defined cycle C bounds a face of G0. By the edge-maximality of G′, every other face of G0 (that
is, not arising from a pair of deleted crossing edges) is a triangular face of G′. Thus, G0 is a multigraph
embedded in Σ with no crossings, such that each face of G0 is bounded by a 3-cycle or a 4-cycle, and G is
contained in G

(4)
0 .
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Given a partially ordered set (poset) P , and a pair of families of ideals I and filters F in P such that each pair
(I, F ) ∈ I × F has a non-empty intersection, the dualization problem over P is to check whether there is an ideal
X in P which intersects every member of F and does not contain any member of I. Equivalently, the problem is
to check for a distributive lattice L = L(P ), given by the poset P of its set of joint-irreducibles, and two given
antichains A,B ⊆ L such that no a ∈ A is dominated by any b ∈ B, whether A and B cover (by domination) the
entire lattice. We show that the problem can be solved in quasi-polynomial time in the sizes of P , A and B, thus
answering an open question in Babin and Kuznetsov (2017). As an application, we show that minimal infrequent
closed sets of attributes in a relational database, with respect to a given implication base of maximum premise size of
one, can be enumerated in incremental quasi-polynomial time.

Keywords: distributive lattice, dualization, enumeration, implication base, poset

1 Introduction
Let P be a partially order set (poset). Denote by “�” the partial order defined on the elements of P . A
subset X ⊆ P is called an ideal if it is “down-closed”, that is, x � y and y ∈ X imply that x ∈ X .
Likewise, X ⊆ P is called a filter if it is “up-closed”, that is, y � x and y ∈ X imply that x ∈ X . We
denote respectively by I(P ) and F(P) the families of ideals and filters of the poset P . Note that a set
X ⊆ P is an ideal if and only if its complement X := P \X is a filter.

Let I ⊆ I(P ) and F ⊆ F(P ) be a pair of families satisfying

I ∩ F 6= ∅ for all I ∈ I and F ∈ F . (1)

We say that (I,F) form a dual pair in P if for every X ∈ I(P ), either X ⊇ I for some I ∈ I or X ⊇ F
for some F ∈ F . Also, by definition, the pair (I, ∅) (resp., (∅,F)) is dual if and only if I ⊇ {∅} (resp.,
F ⊇ {∅}); such pairs will be called “trivial”.

In this paper, we are interested in the following problem:

DUAL(P, I,F): Given a poset P and a pair of sets I ⊆ I(P ) and F ⊆ F(P) satisfying (1), either
find an ideal X ∈ I(P ) such that

X 6⊇ I for all I ∈ I and X ∩ F 6= ∅ for all F ∈ F , (2)

or declare that no such X exists, that is, (I,F) is a dual pair.
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2 Khaled Elbassioni

See Figure 1 for an example. It is useful to note that condition (2) is symmetric in I and F : X ∈ I(P )
satisfies (2) for the pair (I,F) if and only if X ∈ F(P ) satisfies (2) for (F , I). Note also that, without
the intersection condition 1, the problem is already NP-hard Gurvich and Khachiyan (1999) even if P is
an antichain (a set of incomparable elements).

In the special case when P is an antichain, problem DUAL(P, I,F) reduces to the well-known hy-
pergraph transversal problem: given two hypergraphs I,F ⊆ 2P satisfying (1) check whether F is the
transversal hypergraph(i) of I. Fredman and Khachiyan Fredman and Khachiyan (1996) gave a quasi-
polynomial algorithm for solving this problem that runs in time O(|P |)(|I| + F|)o(log(|I|+F|)), thus
providing evidence that the problem is unlikely to be NP-hard. Babin and Kuznetsov (2017) considered
the more general problem DUAL(P, I,F) for any given poset P , and showed that a simpler algorithm
in Fredman and Khachiyan (1996) can be generalized to give a subexponential algorithm for solving
DUAL(P, I,F), whose running time is 2O(|P |0.67 log3(|I|+F|)). They asked whether the problem can be
solved in quasi-polynomial time. As explained below, we answer this question in the affirmative.

Theorem 1 Problem DUAL(P, I,F) can be solved in time (m + k)o(m+k) poly(n), where n := |P |,
m := |I| and k := |F|.

Thus, introducing the partial order on P does not (essentially) present any additional difficulty. We
prove Theorem 1 in the sections 3 and 4. Our algorithm is a generalization of the one given in Elbassioni
(2008) for the hypergraph transversal problem. In Section 2, we state an equivalent formulation of The-
orem 1 over distributed lattices and derive from it that dualization over products of distributive lattices
can be done in quasi-polynomial time, thus improving on some of the results in Elbassioni (2009). As
an application, we consider in Section 5 the distributive lattice defined by the closed sets in an implica-
tion base of dimension one, and show that the minimal closed sets satisfying a given monotone system
of transversal inequalities can be enumerated in incremental quasi-polynomial time. These include, for
instance, minimal infrequent closed sets, i.e., those supported by small number of rows in the database.

2 Dualization over distributive lattices
A lattice L is a poset in which every pair of elements x, y ∈ L has a greatest lower bound(ii) (meet),
denoted by x ∧ y, and a least upper bound(iii) (join), denoted by x ∨ y. Let A,B ⊆ L be a pair of
antichains in L satisfying

a 6� b for all a ∈ A and b ∈ B. (3)

We say that (A,B) is a dual pair in L if for every x ∈ L, either a � x for some a ∈ A or x � b for some
b ∈ B.

The following problem has been considered in a number of papers (see, e.g., Elbassioni (2009); Babin
and Kuznetsov (2017); Defrain et al. (2021); Defrain and Nourine (2020)):

(i) Given a hypergraph H ⊆ 2P , its transversal hypergraph is the hypergraph containing all minimal transversals (i.e., hitting sets)
forH.

(ii) that is, an element z ∈ L satisfying w � z, for any w ∈ L such that w � x and w � y.
(iii) that is, an element z ∈ L satisfying z � w, for any w ∈ L such that x � w and y � w.
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LATTICE-DUAL(L,A,B): Given a lattice L and a pair of antichainsA,B ⊆ L satisfying (3), either
find an element x ∈ L such that

a 6� x for all a ∈ A and x 6� b for all b ∈ B, (4)

or declare that no such x exists, that is, (A,B) is a dual pair.

When L is given as a Cartesian product of n lattices L := L1 × · · · × Ln, it was shown in Elbassioni
(2009) that the problem can be solved in time poly(

∑n
i=1 |Li|)(|A| + B|)o(log(|A|+B|)W

2 logW ), where
W is the maximum size of an antichain in any of the Li’s.

Denote by 0L :=
∧
x∈Li

x the meet of all elements in L. An element x ∈ L such that x 6= 0L, is said
to be join-irreducible if x cannot be written as the join of any two distinct elements of L. Denote by J(L)
the poset of join-irreducible elements of L. A lattice in which the operations of join and meet distribute
over each other is said to be distributive. The well-known Birkhoff’s representation theorem (see, e.g.,
(Stanley and Fomin, 1999, Chapter 3)) states that any (finite) distributive lattice L can be represented as
the lattice L(P ) of ideals of the poset P defined (by the lattice order) on J(L), ordered by set-inclusion.
See the example in Figure 1. In particular, any element x ∈ L has a unique representation as:

x =
∨

y∈J(L): y�x

y. (5)

In view of this theorem, we obtain immediately the following result as a corollary of Theorem 1.

Corollary 1 For any distributive lattice L, given by its poset of join-irreducibles J(L), and antichains
A,B ⊆ L given by their representation (5), problem LATTICE-DUAL(L,A,B) can be solved in time
(m+ k)O(χ(m+k)) poly(n), where n := |J(L)|, m := |A| and k := |B|.

Let L := L1 × · · · × Ln be the product of n distributive lattices L1, . . . , Ln, each given by an explicit
list of its elements. Then

J(L) =

n⋃
i=1

Ji, where Ji := {(0L1 , . . . , 0Li−1 , p, 0Li+1 , . . . , 0Ln) : p ∈ J(Li)}. (6)

It follows from (6) that |J(L)| ≤
∑n
i=1 |J(Li)|. Thus, we obtain the following result as a consequence

of Corollary 1.

Corollary 2 Problem LATTICE-DUAL(L,A,B) can be solved in time (m + k)O(χ(m+k)) poly(n), if
L := L1 × · · · × Ln is the product of n distributive lattices, where n :=

∑n
i=1 |Li|, m := |A| and

k := |B|.

Corollary 2 improves on the result in Elbassioni (2009) when each Li is a distributive lattice(iv). When
each Li is chain, a stronger bound on the running time, that does on the size of each chain, was given in
Boros et al. (2002).

(iv) Indeed, even though the algorithm in Elbassioni (2009) has a quasi-polynomial time complexity in terms of m and k for the
product of general lattices, it has exponential complexity in terms of the maximum width of the lattices L1, . . . , Ln.
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Fig. 1: A poset P = {1, 2, 3, 4} and the corresponding lattice L = L(P ); edges from an element x to a higher (in
the drawing) element y indicate the order x � y. The set of joint-irreducibles of L is J(L) := {1, 2, 24, 123}. The
families of ideals I =

{
{1, 2}, {2, 4}

}
and filters F =

{
{2, 3, 4}

}
form a dual pair (I,F) in P ; the corresponding

dual pair in the lattice L(P ) is (A,B), where A = {12, 24} and B = {1}.

3 Decomposition rules
Let n := |P |, m := |I| and k := |F|. For a set S ⊆ P and a family H ⊆ 2P , let HS := {H ∈
H : H ⊆ S} be the subfamily of H induced by set S, HS = {H ∩ S : H ∈ H} be the projection
(or trace) of H into S (this can be a multi-subfamily), and H(S) := {H ∈ H : H ∩ S 6= ∅} be the
subfamily with sets having non-empty intersection with S. We define further S := P \ S, and for p ∈ P ,
let degH(p) := |{H ∈ H : p ∈ H}| be the degree of p inH.

For an element p ∈ P , we denote respectively by p+ := {x ∈ P : p � x} and p− := {x ∈ P : x � p}
the smallest ideal and filter containing p. Similarly, for X ⊆ P , we denote by X− := ∪p∈Xp− and
X+ := ∪p∈Xp+ the smallest ideal and filter containing X , respectively.

The following proposition says that we can decompose a given duality testing problem DUAL(P, I,F)
into two duality testing subproblems, by choosing an arbitrary element p ∈ P and considering the two
posets obtained by deleting all the elements dominating p, resp., dominated by p. The possible reductions
in size of the resulting subproblems comes from the fact that in each subproblem we only need to consider
either the induced subfamily of ideals and the projected subfamily of filters or vice versa (see Figure 2 for
an illustration).

Proposition 1 (Babin and Kuznetsov (2017)) Let I ⊆ I(P ) and F ⊆ F(P ) be a non-trivial pair of
families (satisfying (1)), p ∈ P be a given element. Then the pair (I,F) is dual in P if and only if

(Ip− ,F
p−

) is dual in P \ p−, and (7)

(I
p+
,Fp+) is dual in P \ p+. (8)
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Fig. 2: A poset P = {1, 2, 3, 4} and families of ideals I =
{
{1, 2}, {2, 4}

}
and filters F =

{
{2, 3, 4}

}
, shown

by solid and dotted ellipses, respectively. The a decomposition into two subproblems based on Proposition 1 is
shown on the right, where p = 1. The corresponding families of ideals and filters in the two subproblems are
I′ =

{
{2}, {2, 4}

}
, F ′ =

{
{2, 3, 4}

}
for the subproblem on P \ p−, and I′′ =

{
{2, 4}

}
, F ′′ =

{
{2, 4}

}
for the

subproblem on P \ p+.

Proof: For convenience of notation, let us write

I ′ := Ip− = {I \ p− : I ∈ I}, F ′ := F
p−

= {F ∈ F : F ∩ p− = ∅},

I ′′ := I
p+

= {I ∈ I : I ∩ p+ = ∅}, F ′′ := Fp+ = { F \ p+ : F ∈ F}.

Assume that (I ′,F ′) and (I ′′,F ′′) are dual in P \ p− and P \ p+, respectively. We show that (I,F) is
dual in P . Consider any X ∈ I(P ). Suppose that p ∈ X (and hence, p− ⊆ X). Then, by the duality of
(I ′,F ′), either X \ p− ⊇ I \ p− for some I ∈ I, or

(
P \ p−

)
\
(
X \ p−

)
⊇ F for some F ∈ F such that

F ∩ p− = ∅. In the former case, X ⊇ I follows by X ⊇ p−, and in the latter case, P \X ⊇ F . The case
when p 6∈ X can be treated symmetrically (by replacing “ideal” by “filter”, I by F , and X by P \ X).
Thus, we conclude that the pair (I,F) is dual in P .

Conversely, assume that (I,F) is dual in P . We first show that (I ′,F ′) is dual in P \p−. Consider any
X ∈ I(P \p−). Then, by the duality of (I,F), eitherX ∪p− ⊇ I for some I ∈ I, or P \

(
X ∪p−

)
⊇ F

for some F ∈ F . In the former case, we haveX ⊇ I\p− ∈ I ′, and in the latter case, we have F ∩p− = ∅,
and hence,

(
P \p−

)
\X ⊇ F ∈ F ′. Thus, we get that (I ′,F ′) are dual in P \p−. A symmetric statement

also shows that (I ′′,F ′′) is dual in P \ p+. 2

Note that both pairs in (7) and (8) satisfy the intersection condition (1), whenever the original pair (I,F)

does. Based on Proposition 1, a recursive algorithm with sub-exponential running time 2O(n0.67 log3(m+k))

was given in Babin and Kuznetsov (2017). The idea, following Fredman and Khachiyan (1996), was to
show that, under the duality of (I,F), there exists a frequent element in P , that is, a p ∈ P such that either
degI(p) ≥ ε|I| or degF (p) ≥ ε|F|, for some ε ∈ (0, 1). The currently best estimate of ε ≥ 1

r2 log4/3(m+k)
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that was shown in Babin and Kuznetsov (2017), where r = maxp∈P (|p+| + |p−|), implies the above
mentioned subexponential time. In order to improve on this, we need further decomposition ideas, which
are provided by the next set of propositions.

For a family of subsets H ⊆ 2P and a positive number ε ∈ (0, 1), denote by L(H, ε) the subset
{p ∈ P : degH(p) ≥ ε|H|} of ”large” degree vertices in H. Given ε′, ε′′ ∈ (0, 1), ε′ < ε′′, let us call an
(ε′, ε′′)-balanced set with respect toH, any set S ⊆ P such that ε′|H| ≤ |HS | < ε′′|H|.

The following proposition guarantees that if the set of “large”-degree elements w.r.t. I does not contain
many ideals from I (in fact, we will apply this where “many” is replaced by “any”), then we can find an
ideal S (not necessarily from I) that both contains and does not contain “good” fractions of the ideals
in I (more precisely, such that the number of ideals in I that are not contained in S is in the interval[
ε|I|, 2ε|I|

]
, for a chosen ε).

Proposition 2 (see Elbassioni (2008)) Let I ⊆ I(P ) be a given set of ideals of P , and ε1, ε2 ∈ (0, 1) be
two given numbers such that, ε1 < ε2 and L = L(I, ε1) satisfies |IL| ≤ (1 − ε2)|I|. Then there exists
a (1 − ε2, 1 − (ε2 − ε1))-balanced ideal S ⊇ L with respect to I. Such a set S can be found in O(nm)
time, where n = |P | and m = |I|.

Proof: Let {p1, . . . , pl} be an arbitrary order of the elements of L := P \ L and j ∈ [l − 1] be the index
such that

|IPr{p1,...,pj}| > (1− ε2)|I| and |IPr{p1,...,pj+1}| ≤ (1− ε2)|I|. (9)

The existence of such j is guaranteed by the facts that degI(p1) < ε1|I| < ε2|I| ≤ |I(L)|. Finally, we
let S′ := (P r {p1, . . . , pj}) and S :=

⋃
I∈IS′

I . Since degI(pj+1) ≤ ε1|I|, it follows from (9) that
|IS | < (ε1 + 1− ε2)|I|, implying that S is indeed a balanced superset of L. Note by definition that S is
an ideal. 2

By symmetry, an analogous version of Proposition 2 can be stated as follows.

Proposition 3 Let F ⊆ F(P ) be a given set of filters of P , and ε1, ε2 ∈ (0, 1) be two given numbers such
that, ε1 < ε2 and L = L(F , ε1) satisfies |FL| ≤ (1− ε2)|F|. Then there exists a (1− ε2, 1− (ε2 − ε1))-
balanced filter S ⊇ L with respect to F . Such a set S can be found in O(nk) time, where n = |P | and
k = |F|.

Given the families I and F , if there is a large-degree element p ∈ P w.r.t. both families, then it can be
used to decompose the problem according to Proposition 1 with a sufficient reduction in size in both of the
resulting subproblems. On the other hand, if no such element exists, then by the intersection condition (1)
and Propositions 2 and 3, there must exist a balanced set S w.r.t. either I or F . We can use this set S for
decomposing the duality testing problem in the following way. We first test duality “inside” S; if there is
a “local” witness for non-duality inside S (that is, there is an X satisfying (2) w.r.t. the pair

(
IS ,FS

)
),

it can be extended to a “global” witness for non-duality in P (that is, an X satisfying (2) w.r.t. the pair(
I,F

)
), and we are done. Otherwise, the existence of a global witness X but no local witness inside

S implies that there must exit a filter F ∈ F whose projection Y on S is disjoint from X . Thus it is
enough in this case to look for the witness X inside the poset obtained from P by deleting the subposet
dominating Y . The following proposition describes such decomposition more formally.
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Proposition 4 Let I ⊆ I(P ) and F ⊆ F(P ) be two a non-trivial pair of families (satisfying (1)), and
S ∈ I(P ) be a given ideal. Then (I,F) is dual in P if and only if(

IS ,FS
)

is dual in S, and (10)(
I
Y + ,FY

+)
is dual in Y +, for all Y ∈ FS . (11)

Proof: Suppose that the pair (I,F) is dual in P . If (10) is not satisfied, then there exists an X ∈ I(S)
such that (S \ X) ∩ I 6= ∅ for all I ∈ IS and X ∩ F 6= ∅ for all F ∈ FS . Note that this implies, in
particular, that S 6⊇ F for all F ∈ F , since we assume that F 6= ∅. Thus, X ∩F 6= ∅ for all F ∈ F . Note
also that X ∩ I = ((S \X) ∪ S) ∩ I 6= ∅ for all I ∈ I. Thus X ∈ I(P ) satisfies (2) for the pair (I,F),
in contradiction to its assumed duality. Replacing S in the above argument by Y + ∈ I(P ), for Y ∈ FS ,
shows that (11) also holds.

Conversely, suppose that (I,F) is not a dual pair, i.e., there exists an X ∈ I(P ) satisfying (2). If
X ∩ S ∈ I(S) satisfies (2) for the pair (IS ,FS), then (10) is not satisfied. Otherwise, S \ X ⊇ Y
for some Y ∈ FS , and consequently, P \ X ⊇ Y +. In particular, F 6⊆ Y + for any F ∈ F . Thus, if
I
Y + = ∅, then

(
I
Y + ,FY

+) is (trivially) not dual. Otherwise, as X ∩ F 6= ∅ for all F ∈ F , we must
have X ∩

(
F \ Y +

)
6= ∅, for all F ∈ F . Also X ∩ I 6= ∅ for all I ∈ I ⊇ I

Y + . Thus, X ∈ I(Y +) is an
evidence that (11) is not satisfied. 2

By symmetry, an analogous version of Proposition 4 can be stated as follows.

Proposition 5 Let I ⊆ I(P ) and F ⊆ F(P ) be a non-trivial pair of families (satisfying (1)), and
S ∈ F(P ) be a given filter. Then (I,F) is dual in P if and only if(

IS ,FS
)

is dual in S, and (12)(
IY − ,F

Y −
) is dual in Y −, for all Y ∈ IS . (13)

Observe that all pairs of (I,F) arising in (10), (11), (12) and (13) satisfy condition (1), whenever the
original pair (I,F) does. Based on the above propositions, we can prove Theorem 1 using the algorithm
given in the following section.

4 A quasi-polynomial algorithm
Based on the decomposition rules described in Propositions 1, 4 and 5, we give a recursive procedure
that solves DUAL(P, I,F) as described in Algorithm 1. The procedure returns True or False depending
on the duality/non-duality of the pair (I,F). It can be easily modified to return a witness X ⊆ I(P ) in
the case of non-duality. If min{|I|, |F|} ≤ 1, then duality of (I,F) can be easily tested using a simple
procedure which we call SIMPLE-DUAL. (For instance, if I = {I} for some I ∈ I(P ), we solve |I|
trivial subproblems, DUAL(P \ p+, ∅,FP\p+), for all p ∈ I; the answer to each subproblem is True if
and only if there is an F ∈ F such that F ⊆ p+).

For v ∈ R+, let χ(v) be the unique positive root of the equation(
χ(v)

2

)χ(v)
= v.
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Algorithm 1 DUAL(P, I,F)

Input: A poset P and two families I ⊆ I and F ⊆ F(P ) satisfying (1)
Output: True if (I,F) is a dual pair and False otherwise

1: if min{|I|, |F|} ≤ 1 then return SIMPLE-DUAL(P, I,F)

2: v := |I||F|, ε1 := 1
χ(v) , ε2 := 2

χ(v) , L1 := L(I, ε1) and L2 := L(F , ε1)

3: if |IL1 | ≥ 1 and |FL2 | ≥ 1 then /* by (1), L1 ∩ L2 6= ∅ */
4: p :=an arbitrary element in L1 ∩ L2

5: d1 :=DUAL(p−, Ip− ,F
p−

)

6: d2 :=DUAL(p+, I
p+
,Fp+)

return d1 ∧ d2 /* cf. Proposition 1 */
7: if |IL1

| = 0 then
8: S1 :=a (1− ε2, 1− (ε2 − ε1))-balanced superset of L1 /* cf. Proposition 2 */
9: d1 :=DUAL(S1, IS1 ,FS1)

10: dY :=DUAL(Y +, I
Y + ,FY

+
), for all Y ∈ FS1

11: return d1 ∧ (
∧
Y ∈FS1 dY ) /* cf. Proposition 4 */

12: else/* |FL2
| = 0 */

13: S2 :=a (1− ε2, 1− (ε2 − ε1))-balanced superset of L2 /* cf. Proposition 3 */
14: d1 :=DUAL-P1(S2, IS2 ,FS2)

15: dY :=DUAL-P1(Y −, IY − ,F
Y −

), for all Y ∈ IS2

16: return d1 ∧ (
∧
Y ∈IS2 dY ) /* cf. Proposition 5 */

Note that χ(v) ∼ log v/ log log v.

Analysis of running time. Let T (v) be the number of recursive calls made by the algorithm on an
instance of the problem of “volume” v =: |I||F|.

Step 3: Since p ∈ L1∩L2, we have degI(p) ≥ ε1|I| and degF (p) ≥ ε1|F|. Thus |IP\p+ | ≤ (1− ε1)|I|,
and |FP\p− | ≤ (1− ε1)|F|, and we get the recurrence

T (v) ≤ 1 + 2T ((1− ε1)v). (14)

Step 7: Let ε := |I(S1)|
|I| . Then |IS1

| = (1 − ε)|I| and |I
Y + | ≤ ε|I| (since I

Y + ⊆ I(S1) by (1)) for all
Y ∈ FS1 . Since |FS1 | ≤ |F| ≤ v/2 for |I| > 1, we get the recurrence

T (v) ≤ 1 + T ((1− ε)v) +
v

2
T (εv), (15)

Furthermore, we know that ε ∈ (ε2− ε1, ε2], since S1 is a (1− ε2, 1− (ε2− ε1))-balanced superset of L1.

Step 12: By symmetry we get the same recurrence as in (15).

It can be shown (see Fredman and Khachiyan (1996); Elbassioni (2008)) by induction on v ≥ 0 that the
above recurrences imply that T (v) ≤ vχ(v). We give the proof for completeness. For v < 4, T (v) = 1
follows from step 1 of the procedure. Now assume that v ≥ 4. Consider (14) . If (1− ε1)v < 4, then the
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recurrence gives T (v) ≤ 3 < vχ(v), since χ(v) > 3 for v ≥ 4. Otherwise, by induction and monotonicity
of χ(·), we get from (14)

T (v) ≤ 1 + 2((1− ε1)v)χ(v) ≤ 1 + 2

(
1− 1

χ(v)

)χ(v)
vχ(v)

≤ 1 +
2

e
vχ(v) ≤ vχ(v),

(where we used the inequality 1 − x ≤ e−x, valid for all real x) for v large enough (v ≥ 4 is sufficient,
explaining our stopping criterion in step 1 of the algorithm).

Finally, consider recurrence (15). Assume that (1− ε)v ≥ 4 and εv ≥ 4. Then we get by induction

T (v) ≤ 1 + T

((
1− 1

χ(v)

)
v

)
+
v

2
T

(
2v

χ(v)

)
≤ 1 +

[(
1− 1

χ(v)

)χ(v)
+
v

2

(
2

χ(v)

)χ(v)]
vχ(v)

≤ 1 +

[
1

e
+

1

2

]
vχ(v) < vχ(v).

One can also verify that the inequality holds if (1− ε)v < 4 and/or εv < 4. 2

5 Enumerating minimal closed sets in an implication base satis-
fying a monotone property

Let D be a relational database defined on a finite set P of binary attributes (or items). We think of any
row in D as a subset of P . An (unary) implication base Σ over P is a set of implications of the form
A → b where A ⊆ P and b ∈ P (see, e.g., Wild (2017); Bertet et al. (2018)). In such implication, A is
called the premise(v) and b is called the conclusion. The dimension of Σ is the size of a largest premise:
dim(Σ) := max{|A| : (A → b) ∈ Σ}. A set X ⊆ P is said to be closed w.r.t. Σ if (A → b) ∈ Σ and
A ⊆ X imply that b ∈ X . The support of X in D, denoted by suppD(X) := {D ∈ D : D ⊆ X}, is
the set of rows in the database D that contain X . Let us denote by C(Σ) the family of all closed sets w.r.t.
Σ. It is well-known (see, e.g., Bertet et al. (2018)) that C(Σ), ordered by set-inclusion, forms a lattice,
and that every lattice arises this way from some Σ. When dim(Σ) = 1 then the lattice is distributive,
and C(Σ) = I(P ), where the order on P is defined by setting b � a whenever ({a} → b) ∈ Σ. We are
interested in monotone enumeration problems over C(Σ):

ENUM(P,Σ, π): Given an implication base Σ over a set P and a monotone(vi) property π : 2P →
{0, 1}, enumerate all (inclusion-wise) minimal sets in C(Σ) satisfying π.

Let us denote by Cπ(Σ) the family of all minimal sets in C(Σ) satisfying π. Since the size of the
output in such problems can be exponential in the size of the input, it is customary to measure the running
(v) Naturally, one assumes that the base is irredundant in the sense that no premise contains another, as such containment would lead

to a redundant implication.
(vi) that is, π(X) ≤ π(Y ) whenever X ⊆ Y ⊆ P .
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time of an algorithm for solving them as a function of both the input and output sizes. In particular, an
algorithm for enumerating the elements of the family Cπ(Σ) is said to run in output polynomial time if
it enumerates all the elements of Cπ(Σ) in time poly(|P |, |Σ|, |π|, |Cπ(Σ)|), where |π| is the size of the
encoding description of π. To have a more refined definition of enumeration efficiency, we consider the
following incremental version of ENUM(P,Σ, π):

ENUM-INC(P,Σ, π,X ): Given an implication base Σ over a set P , a monotone property π : 2P →
{0, 1}, and a set X ⊆ Cπ(Σ), either find a set X ∈ Cπ(Σ) \ X , or declare that no such set exists.

We say that an algorithm A for solving ENUM(P,Σ, π) is incremental polynomial time if it solves prob-
lem ENUM-INC(P,Σ, π,X ), for any X ⊆ Cπ(Σ), in time poly(|P |, |Σ|, |π|, |X |). A is said to be a
polynomial-delay algorithm(vii) for ENUM(P,Σ, π) if it solves ENUM-INC(P,Σ, π,X ) in time poly(|P |, |Σ|, |π|),
independent of |X |.

When π(X) = 1 for all X ∈ C(Σ) and we drop the minimality requirement, ENUM(P,Σ, π) reduces
to enumerating all elements of C(Σ), a problem known to be solvable with polynomial delay (see, e.g.,
Bertet et al. (2018); Nourine and Raynaud (1999) and the references therein). In this section, we consider
the case when the property π is given by a monotone system of inequalities:

π(X) = 1 ⇐⇒ fi(X) ≥ ti, for i = 1, . . . ,m, (16)

where f1, . . . , fm : 2P → R+ are given non-negative monotone functions, that is, fi(X) ≤ fi(Y )
whenever X ⊆ Y ⊆ C(Σ). We are particularly interested in the class of monotone transversal functions
f : 2P → R+, defined as follows. Given a hypergraph H ⊆ 2P and non-negative weights w : H → R+,
fH(X) :=

∑
H∈H: H∩X 6=∅ w(H).

This class of functions can be motivated by the following examples:
Example 1: Given non-negative numbers t1, . . . , tm, and (linear) weight functionsw1, . . . , wm : P → R+

on the attribute set, enumerate all closed sets w.r.t. Σ whose ith weight is at least ti, for all i = 1, . . . ,m.
This can be written in the form (16) with m linear inequality fi(X) = wi(X) :=

∑
x∈X wi(x) ≥ ti.(viii)

Example 2: Given an integer t, enumerate all minimal closed sets w.r.t. Σ that contain items from at
least t rows in Σ. This can be written in the form (16) with one transversal inequality f(X) := |{D ∈
D : D ∩X 6= ∅}| ≥ t.
Example 3: Given an integer t, enumerate all minimal closed sets X w.r.t. Σ that are contained in at most
t rows in D: | suppD(X)| ≤ t. These are called minimal t-infrequent closed sets, and can be expressed as
the minimal solutions of (16) with one transversal inequality f(X) := |{D ∈ D : D∩X 6= ∅}| ≥ |D|−t.
See Figure 3 for an example.
(vii) Note that checking, for a given X ∈ Cπ(Σ), whether X ∈ X can be done in O(log |X |) = O(|P |), by maintaining a priority

queue on the elements of X , using some lexicographic ordering on the subsets of P , see Johnson et al. (1988).
(viii) In the case of a single inequality of unit weights, w ≡ 1, a simple polynomial-delay algorithm can used to enumerate the

required closed sets, based on exchanging two elements, using the fact that for every set X ∈ C(Σ) there is a set X′ ∈ C(Σ)
such that |X′| = |X| − 1 (and thus the lattice C(Σ) is ranked). When P is an antichain and the weights are arbitrary, a
polynomial-delay algorithm also exists based on ordering the elements of P according to the weights, and noting that, for any
minimal set satisfying w(X) ≥ t, if we delete an element x ∈ X , then we can “restore feasibility” by adding only one other
element y ∈ P \X such that w(y) ≥ w(x) (see, e.g., Lawler et al. (1980)). When P is a general poset, the same approach does
not seem to work (at least immediately), as deleting one element x ∈ X may enforce deleting more elements (all elements in
x+ have to be deleted); thus restoring feasibility may require adding more than one element. It is plausible that a variant of this
approach (e.g., based on deleting only from maximal elements inX w.r.t. the order on P ) can work for the case of one inequality,
but investigating this further is out of the scope of the current paper.
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Fig. 3: A relational database D (supermarket data) and the poset P := {Bread, Butter, Cheese, Milk} defined by
the implication base Σ :=

{
({Butter} → Bread), ({Cheese} → Bread), ({Cheese} → Milk)

}
(for instance,

the first implication can be interpreted as “customers purchasing Butter tend also purchase Bread”. The lattice of
closed sets w.r.t. Σ is shown on the right and the size of the support of each element is shown below the element;
for instance, suppD({Bread, Cheese, Milk}) = 2. For t = 3, the family of minimal t-infrequent closest sets is{
{Bread, Butter}, {Bread, Milk}

}
.

To a family X ⊆ C(Σ), we associate the (dual) family X d consisting of all (inclusion-wise) maximal
sets in C(Σ) that do not contain any set in X . In particular, Cdπ(Σ) is the family of maximal sets in C(Σ)
that do not satisfy property π. Note that, given any set X ∈ C(Σ) such that π(X) = 1 (resp., π(X) = 0),
we can find a set X ′ ∈ Cπ(Σ) (resp., X ′ ∈ Cdπ(Σ)) such that X ′ ⊆ X (resp., X ′ ⊇ X), in O(|X|) (resp.,
O(|P \X|)) evaluations of π by the greedy approach: Initialize X ′ = X , and for an arbitrary order of the
elements of X := {x1, . . . , xk} (resp., P \ X := {p1, . . . , pk}), if π(X ′ \ x+i ) = 1 set X ′ = X ′ \ x+i
(resp., if π(X ′ ∪ p−i ) = 0 set X ′ = X ′ ∪ x−i ). Let us use minπ(X) (resp., maxπ(X)) to denote the set
computed by this procedure for a given set X ∈ C(Σ).

Following Boros et al. (2001), we consider the following joint-generation problem:

ENUM-JOINT-INC(P,Σ, π,X ,Y): Given an implication base Σ over a set P , a monotone property
π : 2P → {0, 1}, and sets X ⊆ Cπ(Σ) and Y ⊆ Cdπ(Σ), either find a set Z ∈ (Cπ(Σ) ∪ Cdπ(Σ)) \
(X ∪ Y), or declare that no such set exists.

The following is a straightforward extension of the results in Gurvich and Khachiyan (1999); Bioch
and Ibaraki (1995), which were proved for the case when L is a Boolean lattice:

Proposition 6 Problems LATTICE-DUAL(L,A,B) and ENUM-JOINT-INC(P,Σ, π,X ,Y), where L =
C(Σ) is given by an implication base Σ over a set P , are polynomially equivalent.

Proof: Given an instance of problem LATTICE-DUAL(L,A,B), with L = C(Σ) for a given Σ, which we
would like to solve, we construct an instance of problem ENUM-JOINT-INC(P,Σ, π,X ,Y) as follows.
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Define π : 2P → {0, 1} as either π = π1 or π = π2, where

π1(X) = 1 if and only if X ∩B 6= ∅ for all B ∈ B, and

π2(X) = 1 if and only if |{B ∈ B : X ∩B 6= ∅}| ≥ |B|.

In the former case, π is defined by a monotone system of linear inequalities, and in the latter case,
π is defined by one transversal inequality. Define further X := {minπ(A) : A ∈ A} and Y :=
{maxπ(B) : B ∈ B}. Note that X is well-defined by (3). If there is an X ∈ X such that X 6⊇ A
for all A ∈ A, then X satisfies (4) and thus (A,B) is declared to be not dual. Thus we may assume
that X ⊆ A. We claim, under this assumption, that X = Cπ(Σ) and Y = Cdπ(Σ) if and only if (A,B)
is a dual pair in L. To see this claim, assume first that (A,B) is dual in L. Suppose that there is an
X ∈ Cπ(Σ) ∪ Cdπ(Σ)) \ (X ∪ Y). If X ∈ Cπ(Σ) \ X , then X ∩ B 6= ∅ for all B ∈ B (as π(X) = 1)
and X 6⊇ A for all A ∈ A (as otherwise X ⊇ A ⊇ minπ(A) ∈ X ⊆ Cπ(Σ) would imply that
X = minπ(A) ∈ X ). Thus, X satisfies (4) w.r.t. the pair (A,B), in contradiction to its assumed duality.
If X ∈ Cdπ(Σ) \ Y , then X ⊆ B ⊆ maxπ(B) ∈ Y ⊆ Cdπ(Σ) for some B ∈ B (as π(X) = 0) would
already give the contradiction that X = maxπ(B) ∈ Y . Assume next that X = Cπ(Σ) and Y = Cdπ(Σ).
If there is an X satisfying (4) w.r.t. the pair (A,B), then π(X) = 1 and X 6⊇ A for all A ∈ A. By our
assumption that X ⊆ A, we get minπ(X) ∈ Cπ(Σ) \ X , a contradiction.

Conversely, given an instance of problem ENUM-JOINT-INC(P,Σ, π,X ,Y), for some monotone prop-
erty π, which we would like to solve, we construct an instance of problem LATTICE-DUAL(L,A,B) as
follows. We set L := C(Σ), A := X and B := Y . Clearly, (3) holds by monotonicity of π as π(A) = 1
for all A ∈ A and π(B) = 0 for all B ∈ B. We claim that X = Cπ(Σ) and Y = Cdπ(Σ) if and only if
(A,B) is a dual pair in L. To see this claim, assume first that (A,B) is dual in L. Suppose that there is
an X ∈ Cπ(Σ) ∪ Cdπ(Σ)) \ (X ∪ Y). If X ∈ Cπ(Σ) \ X , then X ∩ B 6= ∅ for all B ∈ B (as π(X) = 1),
and X 6⊇ A for all A ∈ A (as X 6∈ X ⊆ Cπ(Σ)). If X ∈ Cdπ(Σ) \ Y , then X ∩ B 6= ∅ for all B ∈ B (as
X 6∈ Y), and X 6⊇ A for all A ∈ A (as π(X) = 0). In both cases, X satisfies (4) w.r.t. the pair (A,B),
in contradiction to its assumed duality. Assume next that X = Cπ(Σ) and Y = Cdπ(Σ). If there is an X
satisfying (4) w.r.t. the pair (A,B), then X 6⊆ B for all B ∈ Y and X 6⊇ A for all A ∈ X . If π(X) = 1,
we get that minπ(X) ∈ Cπ(Σ) \ X , and if π(X) = 0, we get that maxπ(X) ∈ Cdπ(Σ) \ Y; in both cases,
we get a contradiction. 2

It was shown in Boros et al. (2004) that, when P is an antichain, the family Cπ(Σ) is uniformly dual-
bounded in the sense defined by the following theorem, for which we state the immediate generalization
for any poset P (we only need to observe, by the lattice property, that the family C(Σ) is closed under
unions (and intersections)):

Theorem 2 (Boros et al. (2001)) Let f1, . . . , fm : 2P → R+ be m transversal functions defined by m
hypergraphs H1, . . . ,Hm. Let X ⊆ Cπ(Σ) be an arbitrary non-empty subset of the family of minimal
closed sets w.r.t. Σ satisfying (16). Then

|X d ∩ Cdπ(Σ)| ≤
m∑
i=1

|Hi| · |X |. (17)

We obtain the following corollary from theorems 1, 2 and Proposition 6, which is a generalization of
the result proved for Σ = ∅ (dim(Σ) = −∞) in Boros et al. (2003).
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Corollary 3 (see Boros et al. (2001)) When π is defined by a monotone system of transversal inequalities
and dim(Σ) = 1, problem ENUM-INC(P,Σ, π,X ) can be solved in quasi-polynomial time .

Proof: Given X , we initialize Y = ∅ and solve at most
∑m
i=1 |Hi| · |X | + 1 instances of ENUM-JOINT-

INC(P,Σ, π,X ,Y), each time extending either X or Y by a set Z ∈ (Cπ(Σ) ∪ Cdπ(Σ)) \ (X ∪ Y). If
Z ∈ Cπ(Σ) \ X , we obtain a new minimal closed set satisfying π. If Z ∈ Cdπ(Σ) \ Y and Z 6∈ X d,
then Z 6⊇ X for all X ∈ X (as π(Z) = 0 while π(X) = 1 for all X ∈ X ), and there must exist a set
Y ∈ X d such that Y ⊃ Z and π(Y ) = 1 (as otherwise, π(Y ∪ p−) = 1, for all p ∈ Y , would imply that
Y ∈ Cdπ(Σ)), and hence minπ(Y ) ∈ Cπ(Σ) \ X . In all other cases, Z ∈ X d ∩ Cdπ , and it is discarded.
By Theorem 2, the number of discarded sets is not more than

∑m
i=1 |Hi| · |X |, and hence, if no new

Z ∈ Cπ \ X is found in
∑m
i=1 |Hi| · |X |+ 1 iterations, we must have Cπ(Σ) = X . 2

In contrast to the positive result in Corollary 3, it was shown in Defrain and Nourine (2020) that, if
L = C(Σ) is given as the lattice of closed sets for an implication base with dim(Σ) ≥ 2, then problem
LATTICE-DUAL(L,A,B) is generally NP-hard. By an argument similar to the one given in the proof of
Proposition 6, we obtain the following result(ix).

Theorem 3 Minimal t-infrequent closed sets. w.r.t. an implication base Σ and a database D, cannot be
enumerated in output polynomial time, unless P=NP, even when dim(Σ) = 2.

Proof: We start with the construction in Defrain and Nourine (2020) of an NP-hard instance of problem
LATTICE-DUAL(C(Σ),A,B)) over a set P of attributes, where dim(Σ) = 2. Define D := B, X :=
{minπ(A) : A ∈ A}, where π : 2P → {0, 1} is defined by: π(X) = 1 if and only if | suppD(X)| = 0.
It is important to note in this construction that X = A (in fact, |A| = 1). Then Cπ(Σ) is the family of
0-infrequent closed sets, and it is enough to observe (by a similar argument as the one used in the proof
of Proposition 6) that the pair (A,B) is dual in L := C(Σ) if and only if Cπ(Σ) = X . 2

We conclude with the following related result. Given a database D, an implication base Σ, and
and an integer t, a maximal t-frequent closed set, is a set X ∈ C(Σ) maximal with the property that
| suppD(X)| ≥ t. While it seems more natural to consider the family of maximal t-frequent sets, it was
shown in Boros et al. (2003) that it cannot be enumerated in output polynomial time, unless P=NP, even
when L = C(Σ) is the Boolean lattice.
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Given an undirected graph G = (V,E) with a nonnegative edge length function and an integer p, 0 < p < |V |, the

p-centdian problem is to find p vertices (called the centdian set) of V such that the eccentricity plus median-distance

is minimized, in which the eccentricity is the maximum (length) distance of all vertices to their nearest centdian set

and the median-distance is the total (length) distance of all vertices to their nearest centdian set. The eccentricity plus

median-distance is called the centdian-distance. The purpose of the p-centdian problem is to find p open facilities

(servers) which satisfy the quality-of-service of the minimum total distance (median-distance) and the maximum

distance (eccentricity) to their service customers, simultaneously. If we converse the two criteria, that is given the

bound of the centdian-distance and the objective function is to minimize the cardinality of the centdian set, this

problem is called the converse centdian problem. In this paper, we prove the p-centdian problem is NP-Complete.

Then we design the first non-trivial brute force exact algorithms for the p-centdian problem and the converse centdian

problem, respectively. Finally, we design two approximation algorithms for both problems.

Keywords: combinatorial optimization, computational complexity, approximation algorithm, NP-Complete; network

location, p-centdian problem, converse centdian problem

1 Introduction

The p-center problem [20, 30, 51] and p-median problem [20, 31, 51] are fundamental problems in graph

theory and operations research. Let G = (V,E, ℓ) be an undirected graph with ℓ : E → R+ on the

edges. Given a vertex set V ′ ⊂ V , for each vertex v ∈ V , we let d(v, V ′) denote the shortest distance

from v to V ′ (i.e., d(v, V ′) = minu∈V ′ d(u, v), in which d(u, v) is the length of the shortest path of

G from u to v). The eccentricity of a vertex set V ′ is defined as the maximum distance of d(v, V ′)
for all v ∈ V , denoted by £C(V

′) (i.e., £C(V
′) = maxv∈V d(v, V

′)). The median-distance £M (V ′)
of V ′ denotes the total distance of d(v, V ′) for all v in V (i.e., £M (V ′) =

∑

v∈V d(v, V ′)). Given

an undirected complete graph G = (V,E, ℓ) with a nonnegative edge length function ℓ and an integer
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p, 0 < p < |V |, the p-center problem (pCP) (respectively, the p-median problem (pMP)) is to find

a vertex set V ′ in V , |V ′| = p, such that the eccentricity (respectively, the median-distance) of V ′ is

minimized [20, 30, 31, 51]. Both problems had been shown to be NP-Complete [16, 30, 31]. Hence,

many approximation algorithms [3, 18, 19, 23, 43, 47] and inapproximability results [24, 26, 27] had

been proposed for both problems. These two problems have many applications in the network location,

clustering, and social networks [1, 8, 13, 14, 15, 20, 23, 30, 31, 38, 40, 45, 46, 48, 49, 51].

Given a set of customers on the network, the network location theory is concerned with the optimal lo-

cations of new facilities (servers) to minimize transportation distances (costs) of serving these customers

and consider the population density area. The most fundamental problems of the network location theory

are the pCP and the pMP, respectively. The pCP is suitable for emergency services where the objective

is to have the farthest customers as close as possible to their facility centers. But this solution of the pCP

may cause a substantial increase in total distance (cost), thus this result takes a huge loss of the spatial

efficiency. The pMP is suitable for locating facilities providing a routine service, by minimizing the aver-

age distances from customers to these selected facilities. The solution of the pMP is beneficial in serving

centrally located and high-population density areas but sacrifices the remote and low-population density

areas [41, 42, 50]. Motivated by the application of finding p open facilities (servers) which satisfy the

quality-of-service of the minimum total distance (median-distance) and the maximum distance (eccen-

tricity) to their service customers, simultaneously [21, 22, 25, 41, 42, 50], Halpern [21, 22] introduced a

convex combination of the 1CP and the 1MP, which he called the 1-centdian problem. Hooker et al. [25]

studied the generalization of the 1-centdian problem, called the p-centdian problem. Given an undirected

complete graph G = (V,E, ℓ) with a nonnegative edge length function ℓ, a real number λ, 0 ≤ λ ≤ 1,

and an integer p, 0 < p < |V |, the p-centdian problem (pDP) is to find a vertex set V ′ in V , |V ′| = p, such

that the λ£C(V
′) + (1 − λ)£M (V ′) is minimized [25]. The vertex set V ′ is called the centdian set and

λ£C(V
′)+(1−λ)£M (V ′) is called the centdian-distance. If the centdian set can be the continuum set of

points on the edges of G, Hooker et al. [25] proposed the possible centdian set for the pDP. Perez-Brito et

al. [41] fixed the flaw of Hooker et al. [25] theorem for the pDP. Tamir et al. [50] presented a polynomial

time exact algorithm for the pDP on trees. Ben-Moshe et al. [6] gave O(|V |log|V |) time exact algorithms

for the 1DP on cycle graphs and cactus graphs, respectively. If the induced subgraph by the centdian

set is connected, Nguyen et al. [39] proposed a linear time algorithm for the pDP on unweighted block

graphs and proved the problem is NP-Complete on weighted block graphs. If λ = 0, the pDP is equal

to the pMP, and however λ = 1 the pDP is equal to the pCP. Hence, it is not hard to see that the pDP is

NP-hard. However, it is still unclear whether there exists a polynomial time deterministic approximation

algorithm for the pDP. Given an undirected graph G = (V,E) and two independent minimization criteria

with a bound on the first criterion, a generic bicriteria network design problem involves the minimization

of the second criterion but satisfies the bound on the first criterion among all possible subgraphs from

G [37]. Many multiple criteria problems had been studied [9, 17, 29, 34, 37]. Clearly, the pCP, pMP, and

pDP are one kind of bicriteria network design problems. The first criterion is the cardinality of the vertex

set V ′ and the second is the eccentricity, median-distance, and centdian-distance, respectively. Hence, if

we converse the two criteria, that is given the bound of the eccentricity from each vertex to V ′ and the

objective function is to minimize the cardinality of the V ′, this problem is called the converse p-center

problem (also called the balanced p-center problem) [4, 5, 16]. Given a graph G = (V,E, ℓ) with a

nonnegative edge length function ℓ and an integer U , U > 0, the converse p-center problem is to find a

vertex set V ′ in V with minimum cardinality such that the eccentricity of V ′ is at most U [4, 5, 16]. This

problem had been shown to be NP-Complete [16] and a (logU + 1)-approximation algorithm had been
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proposed [4, 5]. However, the converse version of the p-centdian problem is undefined. Hence, we present

the converse version of the p-centdian problem, called the converse centdian problem. Given a graph

G = (V,E, ℓ) with a nonnegative edge length function ℓ and two integers λ and U , 0 ≤ λ ≤ 1, U > 0,

the converse centdian problem (CDP) is to find a vertex set V ′ in V with minimum cardinality such that

λ£C(V
′) + (1− λ)£M (V ′) of V ′ is at most U . In this paper, we focus on a special case of the centdian-

distance for the pDP (respectively, CDP) : £C(V
′)+£M(V ′) and discuss the complexity, the non-trivial

brute force exact algorithms, and the approximation algorithms for the pDP and CDP, respectively. First,

we prove that the pDP is NP-Complete even when the centdian-distance is £C(V
′) +£M (V ′). Then we

present the first non-trivial brute force exact algorithms for the pDP and CDP, respectively. Finally, we

design a (1 + ǫ)-approximation algorithm for the pDP satisfying the cardinality of the centdian set is less

than or equal to (1 + 1/ǫ)(ln|V |+1)p and a (1 + 1/ǫ)(ln|V |+1)-approximation algorithm for the CDP

satisfying the centdian-distance is less than or equal to (1 + ǫ)U , in which ǫ > 0, respectively.

The rest of this paper is organized as follows. In Section 2, some definitions and notations are given. In

Section 3, we prove that the pDP is NP-Complete even when the centdian-distance is £C(V
′)+£M (V ′).

In Section 4, we present non-trivial brute force exact algorithms for the pDP and CDP, respectively. In

Section 5, we design a (1 + ǫ)-approximation algorithm for the pDP satisfying the cardinality of the

centdian set is less than or equal to (1+1/ǫ)(ln|V |+1)p. In Section 6, we design a (1+1/ǫ)(ln|V |+1)-
approximation algorithm for the CDP satisfying the centdian-distance is less than or equal to (1 + ǫ)U ,

in which ǫ > 0. Finally, we make a conclusion in Section 7.

2 Preliminaries

In this paper, a graph is simple, connected and undirected. By G = (V,E, ℓ), we denote a graph G
with vertex set V , edge set E, and edge length function ℓ. The edge length function is assumed to be

nonnegative. We use |V | to denote the cardinality of vertex set V . Let (v, v′) denote an edge connecting

two vertices v and v′. For any vertex v ∈ V is said to be adjacent to a vertex v′ ∈ V if vertices v and v′

share a common edge (v, v′).

Definition 1: For u, v ∈ V , SP (u, v) denotes a shortest path between u and v on G. The shortest path

length is denoted by d(u, v) =
∑

e∈SP (u,v) ℓ(e).

Definition 2: Let H be a vertex set of V . For a vertex v ∈ V , we let d(v,H) denote the shortest distance

from v to H , i.e., d(v,H) = minh∈H{d(v, h)}.

Definition 3: Let H be a vertex set of V . The eccentricity of H , denoted by £C(H), is the maximum

distance of d(v,H) for all v ∈ V , i.e., £C(H) = maxv∈V d(v,H).

Definition 4: Let H be a vertex set of V . The median-distance of H , denoted by £M (H), is the the total

distance of d(v,H) for all v ∈ V , i.e., £M (H) =
∑

v∈V d(v,H).

pCP (p-center problem) [20, 30, 51]

Instance: A connected, undirected, complete graph G = (V,E, ℓ) and an integer p > 0.

Question: Find a vertex set V ′, |V ′| = p, such that the eccentricity of V ′ is minimized.

pMP (p-median problem) [20, 31, 51]
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Fig. 1: An instance: complete graph G = (V,E, ℓ), p = 2 and U = 117.

Instance: A connected, undirected, complete graph G = (V,E, ℓ) and an integer p > 0.

Question: Find a vertex set V ′, |V ′| = p, such that the median-distance of V ′ is minimized.

pDP (p-centdian problem) [25]

Instance: A connected, undirected, complete graph G = (V,E, ℓ) and an integer p > 0.

Question: Find a vertex set V ′, |V ′| = p, such that £C(V
′) +£M (V ′) of V ′ is minimized.

For the pDP, we have two criteria. The first criterion is the cardinality of the vertex set V ′ and the

second is the £C(V
′) + £M (V ′). The vertex set V ′ is called the centdian set and £C(V

′) + £M (V ′)
is called the centdian-distance. Hence, we can converse the two criteria, that is given the bound of the

centdian-distance of the centdian set and the objective function is to minimize the cardinality of the

centdian set.

CDP (converse centdian problem)

Instance: A connected, undirected graph G = (V,E, ℓ) and an integer U > 0.

Question: Find a vertex set V ′ with £C(V
′) + £M (V ′) ≤ U such that the cardinality of the V ′ is

minimized.

The following examples illustrate the pDP and the CDP. Consider the instance shown in Fig. 1, in which

the graph G = (V,E, ℓ) and integers p = 2 and U = 117. An optimal solution of G for the pDP is shown

in Fig. 2, in which the centdian-distance is 252 An optimal solution of G for the CDP is shown in Fig. 3,

in which the centdian set is {A,B,D}.
In this paper, we will prove that the pDP is NP-Complete by a reduction from the dominating set

problem [7, 11, 44, 52] to the pDP. Hence, we review the definition of the dominating set problem. A

dominating set of G, denoted by Z , is a subset of V such that each vertex in V \ Z is adjacent to a vertex

in Z [7, 11, 44, 52].
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Fig. 2: The optimal solution {B,C} for the 2DP. (Note that £C({B,C}) +£M ({B,C}) = 252)

Fig. 3: The optimal solution {A,B,D} for the CDP. (Note that £C({A,B,D}) +£M ({A,B,D}) = 117)

DSP (dominating set problem) [7, 11, 44, 52]

Instance: A connected, undirected graph G = (V,E).

Question: Find a dominating set Z ′ with minimum cardinality.

Note that the DSP had been shown to be NP-Complete [16].

Since our approximation algorithm for the pDP is based on the set cover problem [10, 28, 36]. We

also review the definition of the set cover problem. Given a finite set U of elements and a collection S of

(non-empty) subsets of U . A set cover [10, 28, 36] is to find a subset S ′ ⊆ S such that every element in

U belongs to at least one element of S ′.

SCP (Set cover problem) [10, 28, 36]

Instance: A finite set U of elements, a collection S of (non-empty) subsets of U .

Question: Find a set cover S ′′ such that the number of sets in S ′′ is minimized.

3 Hardness Result for the pDP

In this section, we prove that the pDP is NP-Complete. We transform the DSP to the pDP by the reduction.

Hence we need to define pDP and DSP decision problems.

pDP Decision Problem
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Instance: A connected, undirected complete graph G = (V,E, ℓ) and two integers p > 0 and U > 0.

Question: Does there exist a vertex set V ′, |V ′| = p, such that £C(V
′) +£M (V ′) ≤ U?

DSP Decision Problem

Instance: A connected, undirected graph G = (V,E), and a positive integer κ.

Question: Does there exist a dominated set Z such that |Z| is less than or equal to κ?

Theorem 1: The pDP decision problem is NP-Complete.

Proof: First, it is easy to see that the pDP decision problem is in NP. Then we show the reduction: the

transformation from the DSP decision problem to the pDP decision problem.

Let a graph G = (V,E) and a positive integer κ be an instance of the DSP decision problem. We

transform it into an instance of the pDP decision problem, say G = (V ,E, ℓ) and two positive integers p
and U , as follows.

V = V .

E = E.

For each edge (u, v) ∈ E,

ℓ(u, v) =

{

1, if (u, v) ∈ E
d(u, v), otherwise.

(1)

U = |V | − κ+ 1 and p = κ.

Now, we show that there is a dominating set Z such that |Z| is κ if and only if there is a vertex set V ′

in G such that the |V ′| is p and £C(V ′) +£M (V ′) is U .

(Only if) If there exists a dominating set Z in G and the cardinality of Z is at most κ. Then we choice

the corresponding vertex set V ′ in G of the dominating set Z in G. Hence, we have £C(V ′) = 1 and

£M (V ′) = |V | − κ. (If) If there exists a vertex set V ′ in G such that |V ′| is p and £C(V ′) +£M (V ′) is

U . Clearly, each vertex v in V \ V ′, d(v, V ′) = 1, otherwise £C(V ′) + £M (V ′) > U = |V | − p + 1.

Hence, we choice the corresponding vertex set Z in G of the vertex set V ′ in G and Z is a dominating set

in G with |Z| = p. ✷

4 Exact Algorithms for the pDP and CDP

In this section, we show integer programmings to solve the pDP and CDP, respectively. We combine the

integer programmings for the pMP and pCP by [13]. Given an undirected complete graph G = (V,E, ℓ)
with a nonnegative edge length function ℓ, the pDP can be formulated as an integer programming (I) as

follows.
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minimize
∑

i∈V

∑

j∈V

d(i, j)xi,j + C (2)

subject to
∑

j∈V

xi,j = 1, ∀i ∈ V (3)

∑

j∈V

yj = p (4)

xi,j ≤ yj , ∀i, j ∈ V (5)
∑

j∈V

d(i, j)xi,j ≤ C, ∀i ∈ V (6)

xi,j , yj ∈ {0, 1} (7)

C ≥ 0, (8)

where the variable yj = 1 if and only if vertex j is chosen as a centdian, and the variable xi,j = 1 if and

only if yj = 1 and vertex i is assigned to vertex j, and C is a feasible eccentricity. For completeness, we

list the exact algorithm for the pDP as follows.

Algorithm OPT-pDP

Input: A connected, undirected complete graph G = (V,E, ℓ) with a nonnegative length function ℓ on

edges and an integer p > 0.

Output: A vertex set Popt with |Popt| = p.

1. Use the integer programming (I) to find all yj = 1 and put the corresponding vertex j of yj to Popt.

2. Return Popt.

It is easy to show that Algorithm OPT-pDP is an exact algorithm for the pDP. However, to solve an

integer programming is NP-hard [12, 16]. Hence, next section we show (1 + ǫ)-approximation algorithm

for the pDP satisfying the cardinality of centdian set is less than or equal to (1+ 1/ǫ)(ln|V |+1)p, ǫ > 0.

Next, we modify integer programming (I) to design another integer programming (II) for the CDP

with an integer U as follows.

minimize
∑

j∈V

yj (9)

subject to
∑

j∈V

xi,j = 1, ∀i ∈ V (10)



8 Yen Hung Chen

∑

i∈V

∑

j∈V

d(i, j)xi,j + C ≤ U (11)

xi,j ≤ yj , ∀i, j ∈ V (12)
∑

j∈V

d(i, j)xi,j ≤ C, ∀i ∈ V (13)

xi,j , yj ∈ {0, 1} (14)

C ≥ 0. (15)

For completeness, we list the exact algorithm for the CDP as follows.

Algorithm OPT-CDP

Input: A connected, undirected complete graph G = (V,E, ℓ) with a nonnegative length function ℓ on

edges and an integer U > 0.

Output: A vertex set Popt with £C(Popt) +£M (Popt) ≤ U .

1. Use the integer programming (II) to find all yj = 1 and put the corresponding vertex j of yj to Popt.

2. Return Popt.

5 An Approximation Algorithm for the pDP

In this section, we show (1+ǫ)-approximation algorithm for the pDP satisfying the cardinality of centdian

set is less than or equal to (1 + 1/ǫ)(ln|V |+ 1)p, ǫ > 0. First, we relax the integer programming (I) for

the pDP to the linear programming (IL) to solve the pDP called the fractional pDP as follows.

minimize
∑

i∈V

∑

j∈V

d(i, j)xi,j + C (16)

subject to
∑

j∈V

xi,j = 1, ∀i ∈ V (17)

∑

j∈V

yj = p (18)

xi,j ≤ yj , ∀i, j ∈ V (19)
∑

j∈V

d(i, j)xi,j ≤ C, ∀i ∈ V (20)

0 ≤ xi,j , yj ≤ 1 (21)

C ≥ 0. (22)
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The main difference between IL and I is that yj and xi,j can take rational values between 0 and 1 for IL.

Let ỹ and x̃ be the output values of the linear programming IL. Then it is clear that the centdian-distance

of the optimal solution for the fractional pDP is a lower bound on the centdian-distance of the optimal

solution for the pDP. Moreover, the linear programming can be solved in polynomial time [32, 33].

Lemma 2: Given a solution ỹ = {ỹ1, ỹ2, . . . , ỹ|V |} for the fractional pDP, we can determine the optimal

fractional values for x̃i,j .

Proof: Similar with [2], for each i ∈ V , we sort d(i, j), j ∈ V , so that d(i, j1(i)) ≤ d(i, j2(i)) ≤ . . . ≤

d(i, j|V |(i)) and let s be a value such that
∑s−1

k=1 ỹjk(i) ≤ 1 ≤
∑s

k=1 ỹjk(i). Then let x̃i,j = ỹj for each

j = j1(i), j2(i), . . . , js−1(i), x̃i,js(i) = 1−
∑s−1

k=1 ỹjk(i), and otherwise x̃i,j = 0. ✷

Given a fractional solution x̃i,j , for each i ∈ V , let D̃(i) =
∑

j∈V d(i, j)x̃i,j be the distance of

assigning vertex i to its fractional centdian. Given ǫ > 0, we also let the neighborhood set N(i) of vertex

i be N(i) = {j ∈ V |d(i, j) ≤ (1 + ǫ)D̃(i)}.

Lemma 3: [35] For each i ∈ V and ǫ > 0, we have
∑

j∈N(i) ỹj ≥
∑

j∈N(i) x̃i,j > ǫ/(1 + ǫ).

Then we transform the pDP to the SCP. An instance of SCP contains a finite set U of elements, a

collection S of (non-empty) subsets of U . We let each vertex i ∈ V correspond to each element in U , and

each vertex j ∈ V with ỹj > 0 correspond to each set in S, respectively. Then for each vertex i ∈ V , if

j ∈ N(i), then the corresponding element of i in U belongs to the corresponding set of j in S.

Then we use the greedy approximation algorithm for the SCP whose approximation ratio is (ln |U| +
1) [10, 28, 36] to find a set cover of U and S. Let ASCP be the greedy approximation algorithm for

the SCP. Finally, output the corresponding vertex set for the output set by ASCP . Given a graph G =
(V,E, ℓ), let PAPX be a vertex set in G. Initially, PAPX is empty. Now, for clarification, we describe the

(1 + ǫ)-approximation algorithm for the pDP as follows.

Algorithm APX-pDP

Input: A connected, undirected complete graph G = (V,E, ℓ) with a nonnegative length function ℓ on

edges, an integer p > 0, and a real number ǫ, 0 < ǫ < 1.

Output: A vertex set PAPX with |PAPX | ≤ (1 + 1/ǫ)(ln|V |+ 1)p.

1. Let PAPX ← ∅.

2. Use linear programming (IL) to solve the fractional pDP and find the fractional solutions ỹ and x̃.

3. For each i ∈ V , compute D̃(i) and find its neighborhood set N(i) = {j ∈ V |d(i, j) ≤ (1 + ǫ)D̃(i)}.

4. For each i ∈ V do

create an element ui in U .

end for

5. For each j ∈ V with ỹj > 0 do

create a subset Sj = {ui| if j ∈ N(i)} of U in S.
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end for

6. Use the greedy approximation algorithm ASCP for the SCP to find a set cover S ′ of the instance U and

S. Let yj = 1 if Sj ∈ S ′, and then xi,j = 1 if set Sj ∈ S ′ and ui is covered by Sj , and otherwise

is 0.

7. Let PAPX be the corresponding vertex set of S ′.

The result of this section is summarized in the following theorem.

Theorem 4: Algorithm APX-pDP is a (1+ǫ)-approximation algorithm for the pDP satisfying |PAPX | ≤
(1 + 1/ǫ)(ln|V |+ 1)p, in which ǫ > 0.

Proof: Let POPT be the optimal solution for the pDP. Clearly, by Step 5 and Step 6, a subset Sj contains

the element ui in U if d(i, j) ≤ (1 + ǫ)D̃(i), where i is the corresponding vertex of ui and j is the

corresponding vertex of Sj , and each i ∈ V ,
∑

j∈V d(i, j)xi,j ≤ (1 + ǫ)D̃(i) Hence, we have

£M (PAPX) +£C(PAPX) ≤
∑

i∈V

∑

j∈V

d(i, j)xi,j +max
i∈V

∑

j∈V

d(i, j)xi,j

≤
∑

i∈V

(1 + ǫ)D̃(i) + max
i∈V

(1 + ǫ)D̃(i)

≤ (1 + ǫ)£M (POPT ) + (1 + ǫ)£C(POPT ),

since the centdian-distance of the fractional pDP is a lower bound on the centdian-distance of the optimal

solution for the pDP.

Then we show |PAPX | ≤ (1 + 1/ǫ)(ln|V | + 1)p. By [35] and Lemma 3, we have the cardinality of

set for the optimal fractional cover is less than (1 + 1/ǫ)p and the cardinality of set by the output of the

greedy algorithm is at most (ln |U|+ 1) [10, 36] of the cardinality of set for the optimal fractional cover.

Immediately, we have |PAPX | ≤ (1 + 1/ǫ)(ln|V |+ 1)p. ✷

6 An Approximation Algorithm for the CDP

In this section, we show a (1 + 1/ǫ)(ln|V | + 1)-approximation algorithm for the CDP satisfying the

centdian-distance is less than or equal to (1+ ǫ)U , ǫ > 0. We only run Algorithm APX-pDP for the pDP,

for p = 1 to |V | and find the first centdian set such its centdian-distance is less than or equal to (1 + ǫ)U .

For the completeness, we describe the approximation algorithm for the CDP and obtain the centdian

set Pγ as follows.

Algorithm APX-CDP

Input A connected, undirected complete graph G = (V,E, ℓ) with a nonnegative length function ℓ on

edges, an integer U > 0 and a real number ǫ, 0 < ǫ < 1.

Output: A vertex set Pγ with £C(Pγ) +£M (Pγ) ≤ (1 + ǫ)U .
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1. Let p = 1 and Pγ ← ∅.

2. Use Algorithm APX-pDP to find a vertex set Pp that satisfies Theorem 4.

3. If £C(Pp) +£M (Pp) > (1 + ǫ)U then

Let p = p+ 1 and go to step 2.

4. Let Pγ ← Pp.

Theorem 5: Algorithm APX-CDP is a (1 + 1/ǫ)(ln|V | + 1)-approximation algorithm for the CDP

satisfying the centdian-distance is less than or equal to (1 + ǫ)U , in which ǫ > 0.

Proof:

Let P ′ be the centdian set of optimal solutions for the CDP with an integer U . We have £C(P
′) +

£M (P ′) ≤ U . Let P ′′ (respectively, P γ) be the centdian set of optimal solutions for the pDP with

p = |P ′| (respectively, p = γ). Clearly, £C(P
′′) + £M (P ′′) ≤ £C(P

′) + £M (P ′) ≤ U . If p = |P ′′|,
Algorithm APX-CDP returns a centdian set P|P ′′| such that £C(P|P ′′|)+£M (P|P ′′|) ≤ (1+ǫ)£C(P

′′)+
£M (P ′′) ≤ (1+ ǫ)U . Since Algorithm APX-CDP returns the first centdian set such its centdian-distance

is less than or equal to (1 + ǫ)U , we have that γ is less than or equal to |P ′′|. By Theorem 4, we have

|Pγ | ≤ (1 + 1/ǫ)(ln|V |+ 1)γ ≤ (1 + 1/ǫ)(ln|V |+ 1)|P ′′| = (1 + 1/ǫ)(ln|V |+ 1)|P ′|,

and

£C(Pγ) +£M (Pγ) ≤ (1 + ǫ)(£C(P
γ) +£M (P γ))

≤ (1 + ǫ)(£C(P
′′) +£M (P ′′))

≤ (1 + ǫ)(£C(P
′) +£M (P ′))

≤ (1 + ǫ)U.

✷

7 Conclusion

In this paper, we have investigated the pDP and the CDP and prove that these problems are NP-Complete

even when the centdian-distance is £C(V
′) + £M (V ′). Then we have presented non-trivial brute

force exact algorithms for the pDP and the CDP, respectively. Moreover, we have designed a (1 + ǫ)-
approximation algorithm for the pDP satisfying the cardinality of the centdian set is less than or equal

to (1 + 1/ǫ)(ln|V | + 1)p and a (1 + 1/ǫ)(ln|V | + 1)-approximation algorithm for the CDP satisfying

the centdian-distance is less than or equal to (1 + ǫ)U , in which ǫ > 0. It would be interesting to find

approximation complexities for the pDP and the CDP. Another direction for future research is whether the

pDP has a polynomial time exact algorithm for some special graphs.
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1 Introduction
Suppose we wish to sort a list of numbers and the only allowable operation is to swap two adjacent
elements of the list. It is well known that the number of swaps required is equal to the number of inversions
in the list, i.e., the number of pairs that are out of order. Many other problems of sorting with a restricted
set of operations have been studied, for example, pancake sorting, where the elementary operation is to
flip a prefix of the list; finding the minimum number of pancake flips for a given list was recently proved
NP-complete [9].

A much more general problem arises when we are given a set of generators of a permutation group, and
asked to express a given permutation π in terms of those generators. Although there is a polynomial time
algorithm to test if a permutation can be generated, finding a minimum length generating sequence was
proved PSPACE-complete in 1985 [23].

This paper is about a problem, known recently in the computer science community as token swapping,
that is intermediate between sorting a list by swaps and general permutation generation. The input is a
graph with n vertices v1, . . . , vn. There are n tokens, labelled 1, 2, . . . , n, and one token is placed on each
vertex. The goal is to “sort” the tokens, which means getting token i on vertex vi, for all i = 1, . . . , n.
The only allowable operation is to swap the tokens at the endpoints of an edge, i.e., if e = (vi, vj) is an
edge of the graph and token k is at vi and token l is at vj , then we can move token k to vj and token l to vi.
See Figure 1. The token swapping problem is to find the minimum number of swaps to sort the tokens. In
terms of permutation groups, the generators are the transpositions determined by the graph edges, and the
permutation is π(i) = j if token j is initially at vertex vi; we want a minimum length generating sequence
for the permutation.

1

4
3

2
6

5

1

4
3

2
6

5

v4

v1

v2

v3

v5

v6

v1

v2

v3

v4

v5

v6

Fig. 1: An example of the token swapping problem. Left: a tree of 6 vertices and an initial placement of tokens (in
circles) on the vertices. Blue dashed arrows indicate where each token should go. Token 4 is home. The corresponding
permutation is (1 5 3)(2 6)(4). Right: the effect of swapping tokens 4 and 6. Now token 6 is closer to its destination
but token 4 is further from its destination. One swap sequence that sorts the tokens to their destinations is (4 6), (6 2),
(2 4), (3 4), (3 2), (3 1), (1 5), (5 2), (5 4). This sequence has 9 swaps, but there is a swap sequence of length 7.

Our emphasis is on computing the number of swaps, and the actual swap sequence, needed for a given
placement of tokens on a graph. Another interesting problem is to bound the worst-case number of swaps
for a given graph, where the worst case is taken over all possible token placements. This can be formulated
in terms of the Cayley graph, which has a vertex for each possible assignment of tokens to vertices, and
an edge when the two token assignments differ by one swap. The worst case number of swaps is equal
to the diameter of the Cayley graph. The Cayley graph applies more generally for any permutation group
given by a set of generators, where the generators define the edges of the Cayley graph. This is discussed
in more detail in Section 2.2.

In the special case when the graph is a path, the token swapping problem is precisely the classic problem
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of sorting a list using adjacent swaps, see Knuth [27]. Our paper is about token swapping on a tree. This
problem is also known as “sorting with a transposition tree,” and is of great interest in the area of sorting
networks because the Cayley graph of a star (a tree with one non-leaf) is a good alternative to a hypercube.
Akers and Krishnamurthy [2] first introduced this idea in 1989, and their paper has been cited more than
1600 times according to Google scholar.

There are three different polynomial-time 2-approximation algorithms for token swapping on trees [2,
44, 48, 30] (details below). Very recently (after the present work) token swapping on a tree was proved
NP-complete [1].

Token swapping on general graphs has been studied by different research communities in math, com-
puter science, and engineering, often unaware of each others’ work. We survey all the results we know of
in Section 2 below.

The problem of token swapping on graphs was proved NP-complete and in fact APX- hard [30], and
further hardness results have appeared since then [8]. There are polynomial time algorithms for paths,
cliques [11], cycles [23], and stars [2, 35, 33], and some other special cases, as discussed in more detail
below.

The token swapping problem has been generalized in several ways. In weighted token swapping each
token i has a positive weightw(i) and the cost of swapping token k and token l isw(k)+w(l). The goal is
to sort the tokens while minimizing the sum of the costs of the swaps. In coloured token swapping [20, 49]
the tokens have colours, and we are given an initial and final assignment of coloured tokens to the vertices.
Tokens of the same colour are indistinguishable. The goal is to move from the initial to the final token
arrangement using the fewest swaps. The original problem is the case where each token has a distinct
colour. Coloured token swapping on graphs is NP-hard for 3 colours [49] but solvable in polynomial time
for 2 colours. In weighted coloured token swapping the tokens have colours and each colour has a weight.
Such a weighted colored version has been studied for string rearrangements under various cost models,
which allows swapping non-adjacent elements [3].

1.1 Our results
A leaf in a tree that already has the correct token is called a happy leaf. One feature of all the algorithms
for token swapping on trees—both the poly-time algorithms for special cases and the approximation algo-
rithms for the general case—is that they never swap a happy leaf. In 1991 Vaughan [42] conjectured that
an optimal swap sequence never needs to swap a token at a happy leaf. We give a 10-vertex counterexam-
ple to this “Happy Leaf Conjecture” in Section 3.

Furthermore, we show in Section 4 that any algorithm for token swapping on a tree that fixes the happy
leaves has approximation factor at least 4/3, and we show that the two best-known 2-approximation
algorithms have approximation factor exactly 2. One insight provided by these results is that the difficult
aspect of token swapping on trees is knowing when and how to swap happy leaves. Our result about the
factor 2 lower bound has subsequently been generalized to any algorithm where no token strays far from
its source-destination path [1].

Next, we explore weighted coloured token swapping. In Section 6 we show that weighted coloured
token swapping can be solved in polynomial time on paths and stars. In Section 5 we show that weighted
coloured token swapping is NP-complete for trees. Although this is subsumed by the more recent result
that token swapping is NP-complete on trees [1], our proof is much shorter, holds even when the trees
are restricted to be spiders (i.e., subdivision of stars), and may help to distinguish hard and easy cases of
coloured weighted token swapping on trees.



4 Biniaz, Jain, Lubiw, Masárová, Miltzow, Mondal, Naredla, Tkadlec, Turcotte

Finally, in an attempt to expand the set of “easy” cases, we devised a polynomial time algorithm for
token swapping on a broom—a star with an attached path—only to discover that this had been done by
Vaughan [43] in 1999, and by Kawahara et al. [24] in 2016. Our simpler proof is in Section 7.

1.2 Preliminaries
We say that a token is home if it is at its destination. In a tree, homing a token means swapping it along
the (unique) path from its current position to its destination.

We defined the token swapping problem as: move token i from its initial vertex to vertex vi, with
associated permutation π(i) = j if token j is initially at vi. An alternative formulation is in terms of
an initial and final token assignment. Suppose s is an initial assignment of tokens to vertices, and f is a
final assignment of tokens to vertices. The goal then is to move each token i from its initial vertex s(i)
to its final vertex f(i). The associated permutation is π(i) = s−1(f(i)). (Our first formulation just eases
notation by assuming that f(i) = vi.)

A solution to a token swapping problem is a sequence of swaps, σ1, σ2, . . . , σk. Our convention is that,
starting with the initial token assignment, we perform the swaps starting with σ1 and ending with σk to
get the tokens to their final positions. Equivalently, performing the transpositions starting with σk and
ending with σ1 generates the associated permutation.

2 Background
This section contains a thorough summary of results on token swapping and related problems.

2.1 Reconfiguration
Problems of turning one configuration into another using a limited repertoire of steps have a long history,
for example in the study of puzzles and permutation groups [11]. Recently, the name “reconfiguration”
has been applied to these problems—see the recent surveys by van den Heuvel [41] and Nishimura [31].
Reconfiguration problems can be formulated in terms of a “reconfiguration graph” that has a vertex for
each configuration and an edge for each possible reconfiguration step. As discussed below, when the set
of moves forms a permutation group the reconfiguration graph is the Cayley graph.

The general questions that are considered in reconfiguration problems are: can any configuration be
reconfigured to any other (connectivity); what is the worst case number of steps required (diameter); and
what is the complexity of computing the minimum number of steps required to get from one given con-
figuration to another given configuration (distance). In this paper, we concentrate on distance questions,
although we will mention some previous work on deciding reconfigurability and on diameter. We return
to more general reconfiguration problems in the final subsection.

2.2 Permutation groups and Cayley graphs
Given a group (F, ∗), a subset S is a generator of F , if every element of F can be expressed as the product
of finitely many elements of S and their inverses. Given a group F and a generator S of F , the Cayley
graph Γ(F, S) has the elements of F as vertices and any two vertices v, w are adjacent, if there exists an
element s ∈ S such that v ∗ s = w. In our context, we are interested in the Cayley graph of the symmetric
group Sn that consists of all permutations of the n element set {1, . . . , n}. Given an graphG = (V,E) on
n vertices, we define the generating set SG as the set of all transpositions corresponding to edges ofE. The



Token Swapping on Trees 5

Token Swapping problem corresponds to finding the shortest path in the Cayley graph Γ(Sn, SG) from a
given permutation π to the identity permutation. Note that this shortest path corresponds to the minimum
length generating sequence of π by elements of SG. The worst case number of swaps corresponds to
the diameter of the Cayley graph. For the special case of token swapping on a path, the Cayley graph is
realized geometrically as the graph of a polytope called the permutohedron (see [56]).

2.3 Token swapping on graphs
Token swapping on a connected graph of n vertices takes at most O(n2) swaps—take a rooted spanning
tree and, for vertices in leaf-first order, successively home the token that goes to that vertex, where hom-
ing a token means swapping it along the unique path to its final location. This bound is tight for a path
with tokens in reverse order. The token swapping problem on graphs (to compute the minimum number of
swaps between two given labellings of the graph) is NP-complete and in fact, APX-complete, as proved by
Miltzow et al. [30], who complemented these hardness results with a polynomial-time 4-approximation
algorithm, and an exact exponential time algorithm that is best possible assuming ETH. These results
extend to coloured token swapping. Bonnet et al. [8] showed that token swapping is W[1]-hard parame-
terized by number of swaps, but fixed parameter tractable for nowhere dense graphs. This result extends
to coloured token swapping and even to a further generalization called “subset token swapping”. Bon-
net et al. also proved that token swapping is NP-complete on graphs that have tree-width 2 and bounded
diameter.

There are many special classes of graphs on which token swapping can be solved via exact polynomial
time algorithms. These include (in historical order): cliques [11], paths [27], cycles [23], stars [2, 35, 33],
brooms [43, 25], squares of paths [22], complete bipartite graphs [48], and complete split graphs [52].
See the survey by Kim [26].

2.4 Token swapping on trees
Various efficient but non-optimal algorithms for token swapping on a tree have been presented in the
literature. Most of them are 2-approximations—i.e., they use at most twice the optimum number of
swaps—although this was not always noted. Several of the algorithms are expressed in terms of the paths
that tokens should take. For any token i, there is a unique path p(i) from its initial vertex to its final vertex
vi. Let d(i) be the length (the number of edges) of the path p(i), and let D =

∑
i d(i).

Happy swap algorithm. The earliest algorithm we are aware of is due to Akers and Krishnamurthy in
1989 [2]. Their algorithm involves two operations that we will call a “happy swap” and a “shove.” Let
(u, v) be an edge with token i on u and token j on v. A happy swap exchanges i and j if p(i) includes v and
p(j) includes u, i.e., the two tokens want to travel in opposite directions across the edge e as the first steps
in their paths. A shove exchanges i and j if p(i) includes v and j is home. Akers and Krishnamurthy show
that: (1) one of these operations can always be applied; and (2) both operations decreaseM = D−(n−c)
where n is the number of vertices and c is the number of cycles in the permutation π defined by π(i) = j
if token i is initially at vj . Note that if π(i) = i (i.e., i is home) this forms a trivial cycle which counts
in c. Both aspects (1) and (2) of the proof are fairly straightforward. For (2) they prove that a shove does
not change D but decreases c, whereas a happy swap decreases D by 2 and changes c by at most 1. Their
proof implies that M is an upper bound on the minimum number of swaps. They do not claim that M is
at most twice the minimum, but this follows from the easy observation that M ≤ D and D/2 is a lower
bound on the minimum number of swaps, since a single swap decreases D by at most 2.
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Miltzow et al. [30] gave a 4-approximation algorithm for [coloured] token swapping on general graphs.
In case the graph is a tree, their algorithm is the same as the one of Akers and Krishnamurthy and they
prove that it is a 2-approximation.

The Vaughan-Portier algorithm. Independently of the work by Akers and Krishnamurthy, Vaughan
and Portier [44] in 1995 gave an algorithm for token swapping on a tree that uses a number of swaps
between D/2 and D (in their notation D is called “PL”). The algorithm involves three operations: A, a
happy swap; B, a version of a happy swap that alters the final token assignment; and C, a variant of a
shove. The operations construct the swap sequence by adding swaps at the beginning and the end of the
sequence, whereas the other algorithms construct the sequence from the start only.

Operation B applies when there is an edge (u, v) and tokens i and j such that the destination of i is u
and the destination of j is v and p(i) includes v and p(j) includes u, i.e., the two tokens want to travel
in opposite directions across the edge e as the last steps in their paths. The operation exchanges the final
destinations of i and j, computes a swap sequence for this subproblem, and then adds the swap of i and j
at the end of the sequence.

Operation C applies in the following situation. Suppose there is an edge (u, v) with token i on u and
token j on v, where p(i) includes v and token j is home. Suppose furthermore that there is a token k
whose destination is u and whose path p(k) includes v. (Note that this is a more restrictive condition than
for a shove.) The operation exchanges tokens i and j and exchanges the final destinations of j and k.
Recursively solve this subproblem. The swap sequence consists of the swap of i and j, followed by the
sequence computed for the subproblem, followed by the swap of j and k.

Vaughan and Portier prove that if operations A and B do not apply, then operation C does, and they
prove (this is easy) that each operation decreases the sum of the distances by 2.

Cycle algorithm. The first explicit description of a 2-approximation algorithm for token swapping on
trees was given by Yamanaka et al. [48], who gave an algorithm that sorts the cycles of the permutation
one-by-one. Consider a cycle of tokens (t1t2 · · · tq) in the permutation π. For i = 1, . . . , q − 1 their
algorithm swaps token ti along the path from its current vertex to the vertex currently containing token
ti+1—but stops one short of the destination. Finally, token tq is swapped from its current vertex to its
(original) destination.

We now outline their proof of correctness and the bound on the number of swaps. Suppose that token
t1 is currently at vertex x and that the first edge it wishes to travel along is e = (x, y). Let j be the
minimum index, 2 ≤ j ≤ q such that tj wishes to travel in the opposite direction along e (and observe
that j exists). Then the cycle is equivalent to (t1 · · · tj) followed by (tj · · · tq), where the second cycle is
empty if j = q. Also, the algorithm performs the same swaps on these two cycles as on the original. Thus
it suffices to prove that their algorithm correctly solves the cycle (t1 · · · tj). This cycle has the special
feature that no tokens besides t1 and tj wish to traverse edge e. Yamanaka et al. prove that their algorithm
“almost” achieves the property that just before step i (the step in which ti moves) tokens t1, . . . , ti−1 are
at their final destinations and all other tokens, including the non-cycle tokens, are at their initial positions.
“Almost” means that there is the following exception. Let z be the vertex containing ti, and let z′ be the
next vertex on the path from z to a. All the tokens on the path from z′ to a are one vertex away from
their desired positions—they should all be one vertex closer to z. With this exception, the property is
obvious for i = 1 and i = 2 and can be proved by induction, which implies that the algorithm is correct.
Because tokens are only “off-by-one”, it can be argued that the number of swaps performed in step i of the
algorithm is bounded by the original distance from ti to its destination. This implies that the total number
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of swaps is at most the sum of the distances of labels in the cycle, which gives the factor 2 approximation.

Comparisons. None of the algorithms will swap a token at a happy leaf, so there is an instance (see
Section 3) where the algorithms are not optimal. The three algorithms differ in how far they allow a token
i to stray from its path p(i). In the Happy Swap algorithm no token leaves the set of vertices consisting
of its path together with the vertices at distance 1 from its destination. In the Cycle algorithm, no token
moves more than distance 1 from its path. In the Vaughan-Portier algorithm, a vertex may go further away
from its path.

2.5 Token swapping on paths
Token swapping on a path is the classic problem of sorting a list by transposing adjacent pairs. See
Knuth [27, Section 5.2.2]. The minimum number of swaps is the number of inversions in the list. Curi-
ously, a swap that decreases the number of inversions need not be a happy swap or a shove (as described
above) and, on the other hand, there does not seem to be any measure analogous to the number of inver-
sions that applies to trees more generally, or even to stars.

The diameter of the Cayley graph for token swapping on a path is Θ(n2). Researchers have also
studied the number of permutations with a given number of inversions [27], and the relationship between
the number of inversions and the number of cycles [14, 7].

2.6 Token swapping on stars
A star is a tree with one non-leaf vertex, called the center vertex. We will need the following known
result about token swapping on a star, which expresses the number of swaps as a function of the number
of cycles in the permutation π. The formula is often written with a delta term whose value depends on
whether the center vertex is happy or not, but we will express it more compactly.

Lemma 1 ([2, 35, 33]) The optimum number of swaps to sort an initial placement of tokens on a star is
nU + `, where nU is the number of unhappy leaves and ` is the number of cycles in the permutation that
have length at least 2 and do not involve the center vertex.

Proof sketch: Consider a cycle C of length at least 2 in the permutation of tokens and consider the
corresponding vertices of the star. If the center vertex is not in C then the number of swaps to sort C is its
number of leaves plus one. If the center vertex is in C then the number of swaps is the number of leaves
in C. Because the cycles are independent, we can sum over all non-trivial cycles, which yields the stated
formula. 2

It follows that the diameter of the Cayley graph for a star is 3
2n + O(1), which arises when all cycles

have length 2. Further properties of Cayley graphs of stars were explored by Qiu et al. [36]. Portier and
Vaughan [35] analyzed the number of vertices of the Cayley graph at each distance from the distinguished
“sorted” source vertex (see also [45]). Pak [33] gave a formula for the number of shortest paths between
two vertices of the Cayley graph.

2.7 Transposition trees and interconnection networks
The network community’s interest in token swapping on trees (“transposition trees”) stems from the use
of the corresponding Cayley graphs as interconnection networks, an idea first explored by Akers and
Krishnamurthy [2]. Cayley graphs of transposition trees have the following desirable properties: they are
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large graphs (n! vertices) that are vertex symmetric, with small degree (n − 1), large connectivity (the
same as the degree), and small diameter. In particular, the diameter is 3

2n + O(1) when the tree is a star.
The commonly used hypercube has 2n vertices and diameter n, so the diameter is logarithmic in the size.
By contrast, the Cayley graph of a star has sublogarithmic diameter.

Akers and Krishnamurthy proved a bound on the diameter of the Cayley graph of a transposition tree,
specifically, the maximum over all permutations of the boundD−(n−c) which was discussed above. This
bound cannot be computed efficiently since it involves the maximum over n! permutations. Vaughan [42]
also gave upper and lower bounds on the diameter of the Cayley graph, though neither easy to state nor to
prove.

Follow-up papers by Ganesan [17], Chitturi [12] and Kraft [29] have lowered the diameter bound and/or
the time required to compute the bound. To give a flavour of the results, we mention a polynomial-time
computable upper bound, γ, due to Chitturi [12] that is defined recursively as follows: if the tree is a star,
use the known diameter bound; otherwise choose a vertex v that maximizes the sum of the distances to the
other vertices, increase γ by the maximum distance from v to another vertex and recurse on the smaller
tree formed by removing the leaf v.

2.8 Happy leaves
As mentioned in the introduction above, Vaughan [42] conjectured that a happy leaf in a tree need not be
swapped in an optimal swap sequence. In fact she made a stronger conjecture [42, Conjecture 1] that if a
tree has an edge (a, b) such that no token wishes to cross (a, b) (i.e., no path from a token to its destination
includes edge (a, b)) then there is an optimal swap sequence in which no token swaps across (a, b). The
Happy Leaf Conjecture is the special case where b is a leaf.

Smith [39, Theorem 9] claimed something stronger than the happy leaf conjecture: that no optimal
swap sequence would ever swap a happy leaf. But later he found an error in the proof [40], and gave an
example of a small tree where there is an optimal swap sequence that performs a swap on a happy leaf.
In his example, there is also an optimal swap sequence that does not swap the happy leaf so he did not
disprove the happy leaf conjecture.

2.9 Coloured token swapping
Many natural reconfiguration problems involve “coloured” elements, where two elements of the same
colour are indistinguishable. Token swapping for coloured tokens was considered by Yamanaka et al. [50]
(journal version [49]). They proved that the coloured token swapping problem is NP-complete for c ≥
3 colours even for planar bipartite graphs of max degree 3, but for c = 2 the problem is solvable in
polynomial time, and in linear time for trees. On complete graphs, coloured token swapping is NP-
complete [4, 8] but fixed parameter tractable in the number of colours [49]. Coloured token swapping can
be solved in polynomial time on a path [4, 8] and on a star [8].

2.10 More general token and pebble games
There are many problems similar to token swapping, some of which were studied long ago. We mention
some results but do not attempt a complete survey.

The classic 15-puzzle (see [13, 41] for surveys) is a version of token swapping on a 4 × 4 grid graph
where only one special token (the “hole”) can be swapped. As a consequence, only half the token con-
figurations (the alternating group) can be reached. Generalizing beyond the 4× 4 grid to general graphs,
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Wilson [46] in 1974 gave a complete characterization of which token configurations on which graphs can
be reached via this more limited set of moves. Minimizing the number of moves is NP-complete [19]
even for grid graphs [37]. Recently, a version with coloured tokens has also been considered [47].

Several papers explore generalizations where there is more than one “hole”. As in the 15-puzzle, a swap
must involve a hole. The tokens may be labelled or unlabelled. For labelled tokens, Kornhauser et al. [28]
in 1984 gave a polynomial time algorithm to decide if reconfiguration between two label placements is
possible, and proved a tight bound of O(n3) on the diameter of the associated Cayley graph.

For unlabelled tokens and holes Auletta et al. [5] gave a linear time algorithm to decide reconfigurability
on any tree, and this was generalized to linear time for any graph (even for coloured tokens) by Goraly
and Hassin [20]. Călinescu et al. [10] gave a polynomial time algorithm to minimize the number of swaps
for any graph, but showed that the problem becomes APX-hard if the objective is to minimize the number
of times a token moves along a path of holes. Fabila-Monroy et al. [15] showed that the diameter of the
Cayley graph (which they call the “token graph”) is at most k times the diameter of the original graph.

Papadimitriou et al. [34] considered a “motion planning” version where all the tokens are unlabelled
“obstacles” except for one labelled “robot” token which must move from a start vertex to a destination
vertex; as before, a swap must involve a hole. They showed that minimizing the number of swaps is NP-
complete for planar graphs but solvable in polynomial time for trees. The run time for trees was improved
in [6].

A unifying framework is to replace holes by labelled or coloured tokens that are “privileged,” and to
require that every swap must involve a privileged token.

In another variant, token movement must be carried out by a single robot walking along the graph edges
and carrying at most one token at a time. Graf [21] includes a good summary.

Rather than token swapping across an edge, an alternative motion is rotation of tokens around a simple
cycle in the graph. This is of interest in the robotics community since it models movement of robots with
the restriction that no two robots can travel along the same edge at the same time. When all cycles in
a graph may be used, there are polynomial time algorithms to decide if reconfiguration is possible [55,
16]. See also [53] for hardness of optimization and [54] for practical approaches. If rotation is only
allowed around the cycles of a cycle basis (e.g., the faces of a planar graph) Scherphuis [38] provided a
characterization (similar to Wilson’s for the 15-puzzle generalization) of which graph/cycle-basis/token-
placement combinations permit reconfiguration (see also Yang [51], who showed that Wilson’s result
reduces to this result).

Although the term “pebbling” is sometimes used for token swapping, the more standard distinction is
that pebbling games are played on directed acyclic graphs and involve rules to add and remove pebbles,
modelling memory usages or dependencies in computation. Nordström [32] wrote a thorough survey of
pebbling games and their relevance to complexity theory.

3 Counterexample to the Happy Leaf Conjecture
In this section we disprove the Happy Leaf Conjecture by giving a tree with initial and final token place-
ments such that any optimal swap sequence must swap a token on a happy leaf (recall that a happy leaf is
one that has the correct token). Our counterexample has n = 10 vertices and is shown in Figure 2(a). This
is the smallest possible counterexample—we have verified by computer search that all trees on less than
10 vertices satisfy the Happy Leaf Conjecture. Our counterexample can easily be generalized to larger
n, and we give more counterexamples in the next section. Our tree consists of a path v1, . . . , v9 and one
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v10

v4v1 v2 v3 v5 v6 v7 v8 v9
v10

v4v1 v2 v3 v5 v6 v7 v8 v9
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Fig. 2: A counter-example to the happy leaf conjecture where an optimum swap sequence involves moving the happy
token 10. (a) The initial tokens (in circles). (b) Three swaps move token 10 to v1. (Dashed blue arrows show the
upcoming moves.) (c) The result of homing tokens 9 and 8. (d) The result of homing tokens 9 through 4. Four
additional swaps will sort the tokens.

extra leaf v10 joined by an edge to vertex v3. The initial token placement has token 10 at v10 (so v10 is a
happy leaf) and tokens 9, 8, . . . , 1 in that order along the path v1, v2, . . . , v9.

If token 10 does not leave vertex v10 (i.e., we fix the happy leaf), then we must reverse the order of the
tokens on a path of length 9, which takes

(
9
2

)
= 36 swaps. However, as we now show, there is a swap

sequence of length 34.

Initially, we perform 3 swaps to move token 10 to v1 giving the configuration shown in Figure 2(b).
Next, we ignore leaf v1 and perform the sequence of swaps that homes tokens 9, 8, . . . , 4. The result
of homing tokens 9 and 8 is shown in Figure 2(c), and the result of homing all of them is shown in
Figure 2(d). It is easy to verify that this takes 7 swaps for token 9, 6 for token 8, . . . , 2 for token 4, which
adds up to 7 + 6 + · · ·+ 2 = 27 swaps.

Finally, we perform the following swaps to complete the sort: home token 10 in 3 swaps, then home
token 1 in 1 swap. In total, this uses 3 + 27 + 4 = 34 swaps.

The idea of why this saves swaps is as follows. To reverse the order of edges on a path, every token
must swap with every other token. By contrast, the above approach saves swaps whenever two tokens
occupy vertices v2 and v10. For example, tokens 8 and 7 never swap with each other, nor do 7 and 6, etc.
We need n ≥ 10 so that this saving exceeds the cost of the initial set-up and final clean-up.
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4 Lower Bounds on Approximation
In this section we prove that if an algorithm for token swapping on a tree never swaps a token on a
happy leaf, then it has worst case approximation factor at least 4

3 . In Section 2.4 we described three 2-
approximation algorithms for token swapping on a tree: the Happy Swap algorithm, the Vaughan-Portier
algorithm, and the Cycle algorithm. All three algorithms fix the happy leaves, so the lower bound applies.
For the Happy Swap algorithm and the Cycle algorithm we improve the approximation lower bound to 2.
To do this we use further properties of those algorithms, in particular, constraints on how far a token may
stray from the path between its initial and final positions. The question of whether the Vaughan-Portier
algorithm is also limited by factor 2 was recently answered [1].

Theorem 2 Any algorithm that does not move tokens at happy leaves has an approximation factor of at
least 4

3 .

Proof: Define a tree Tk to have a path of 2k + 1 vertices, pk, pk−1, . . . , p1, p0, p′1, . . . , p
′
k together with

a set L of k leaves adjacent to the center vertex, c = p0, of the path. The tokens at c and the vertices of
L are already home, i.e., they have the same initial and final positions. The tokens on the path should be
reversed, i.e., the token initially at vertex pi of the path has final position p′i and vice versa. See Figure 3
for an illustration.

(a)

'A
←

a1
…

ak tc

xk

'ak'a1

x1

…

…

'A
→←A

X
←

pk
p1

p0 'p1 'pk

lk l1

X
←

(c)

…
tc

…
a1 akxk x1

→A

'ak 'a1
…

'A
←

X
←

(b)

…
tc

…
xk x1

a1 ak
…
→A

'a1 'A
→ 'ak

(d)

…
tc

…
a1 ak

→A

X
→

xkx1
…

'ak 'a1

Fig. 3: Illustration for Theorem 2. (a) The tree Tk with initial token placement. Notation
←−
A indicates the order of

the labels (in this case right to left). The blue dashed arrow indicates the first move on tokens X in step (1) of swap
sequence S. (b) After step (1) A and X are exchanged. Note that A is reversed. (c) After step (2). (d) After step (3).
It remains to reverse the tokens X .

Any algorithm that fixes happy leaves must reverse the path which takes
(
2k+1

2

)
= 2k2 + k swaps.

We now describe a better swap sequence S. Let tc denote the token at vertex c, letA = {a1, a2, . . . , ak}
denote the tokens initially at p1, . . . , pk, let X = {x1, . . . , xk} denote the tokens initially at vertices
`1, . . . , `k of L, and let A′ = {a′1, . . . , a′k} denote the tokens initially at p′1, . . . , p

′
k. The plan is to

perform the following 4 steps: (1) exchange the tokens A with the tokens X; (2) exchange A with A′; (3)
exchange A′ with X; and (4) adjust the order of tokens X .
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For clarity of explanation, we will implement each step in a way that is suboptimal but efficient enough
for our purposes. For step (1), we implement the exchange of the two token sets as follows: first move
token tc to pk using k swaps, then for i = k, . . . , 1 move token xi to vertex pi−1 using i swaps, and
finally, move token tc from pk back to c using k swaps. This places tokens X on the first half of the path
in the correct order (xi on pi), and tokens A on vertices L in reversed order (ai on `k+1−i). The total
number of swaps is 2k +

(
k+1
2

)
= 1

2k
2 + 5

2k.
Step (2) acts similarly on A and A′, after which tokens A are home, and tokens A′ are on vertices L

in the correct order (a′i on `i). Finally, after step (3), tokens of A and A′ are home, and tokens X are on
L but in reverse order. For step (4) we must sort the tokens on X which means solving a tree swapping
problem on a star of k leaves, where the permutation consists of k/2 cycles each of length 2 (xi must be
exchanged with xk+1−i). Each cycle takes 3 swaps for a total of 3

2k swaps.
The total number of swaps used is 3

2k
2 + 9k. This is an upper bound on the optimum number of

swaps. The ratio of number of swaps used by the algorithm to optimum number of swaps is at least
(2k2 + k)/( 3

2k
2 + 9k) = 4

3 − o(1). 2

Theorem 3 The Happy Swap and the Cycle algorithms do not have an approximation factor less than 2.

Proof: Our example generalizes the one in the preceding proof to have b paths of k vertices rather than two
paths. For every k and every odd b we define a tree Tk,b together with initial and final token placements.
The tree Tk,b consists of b paths of k vertices all joined to a center vertex c. Additionally, there is a set L
of k leaves adjacent to c. See Figure 4 for an illustration.

A1 A2

A3

X

tc

←

←

←

←
A3 A1

A2

X

tc

←

←

←

←

Fig. 4: Left: The tree T4,3 with initial token placement. Notation
←−
A indicates the order of the labels. Middle: The

tree with its target token placement. Right: The tree with arrows that indicate for each token the initial and target
placement.

We denote the paths of k vertices by P1, . . . , Pb respectively. Let Ai be the tokens initially on path Pi,
let X be the tokens initially on L, and let tc be the token on c.

In the final token placement the tokens Ai are on path Pi+1, indices modulo b. Each token in Ai should
have the same distance to c in the initial and final token placements. The tokens X and tc should stay
where they are.
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Fig. 5: A clever way of swapping all the tokens.

Idea of the proof. Any solution for token swapping on this input has to accomplish two tasks. Each set
of tokensAi has to be moved from its initial path Pi to its final path Pi+1. This takes roughly k2 swaps, as
k tokens have to move k steps. But each those swaps could accomplish something else for another token,
so only half of those swaps should be charged to this task. The other task is to reverse the order of each
set Ai. Now, we know that this takes

(
k
2

)
≈ k2/2 swaps on a path. But if we can use the happy leaves,

this can be done with O(k) swaps and thus is asymptotically free.
More precisely, we will first give a clever solution using happy leaves to show that the optimum number

of swaps, SOPT , satisfies SOPT ≤ (b + 1)(
(
k+1
2

)
+ 2k). Then we will argue that the number of swaps,

SA, used by either algorithm is at least k2b.
To complete the proof, observe that for k = b, SOPT ≤ 1

2k
3 + o(k3) and SA ≥ k3. Then for

every ε > 0 there is a k such that SA/SOPT > 2 − ε. This shows that the algorithms do not have an
approximation factor better than 2.

We now fill in the details of the clever solution, and the analyses of the algorithms.

A Clever Solution. We describe a procedure to swap every token to its target position using only (b +
1)(
(
k+1
2

)
+ 2k) swaps. See Figure 5 for an illustration. As a first step, exchange the tokens A1 with the

tokens X . The exchange is implemented as described in the proof of Theorem 2 and takes
(
k+1
2

)
+ 2k

swaps. In the second step, exchange the tokens A1 with the tokens A2. This places the tokens of A1 on
path P2 in the correct order, and again takes

(
k+1
2

)
+ 2k swaps. In general, the ith step exchanges tokens

Ai−1 (currently on the vertex set L) with the tokensAi, movingAi−1 onto the path Pi in the correct order.
In the (b + 1)st step, tokens Ab are exchanged with tokens X , moving Ab onto the path P1. If b is odd,
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the tokens X will end up in the correct order on L, and the total number of swaps is (b+ 1)(
(
k+1
2

)
+ 2k).

Behavior of the Happy Swap algorithm. We will prove that the Happy Swap algorithm uses at least
k2b swaps. The tokens of Ai must move from path Pi to path Pi+1. Suppose Pi has vertices p1, . . . , pk
where p1 is adjacent to c. Suppose Pi+1 has vertices p′1, . . . , p

′
k where p′1 is adjacent to c. Let aj be

the token whose initial vertex is pj and whose final vertex is p′j . The path from initial to final vertex is
pj , pj−1, . . . , p1, c, p

′
1, . . . , p

′
j , and its length is 2j. We note the following properties:

(*) Until aj reaches p′j , happy swaps and shoves can only move aj along its path. Once aj reaches p′j , a
shove can move aj to p′j−1 or to p′j+1, after which it must move back to p′j .

This implies, in particular, that aj cannot leave Pi ∪ Pi+1.
On the long path Pi ∪ Pi+1 the tokens aj must reverse their order. Because none of these tokens leave

the long path, the algorithm must perform a swap for each of the
(
k
2

)
inversions. The algorithm must also

perform some swaps to move tokens from Pi to Pi+1. We need a way to count these separately because a
single swap can make progress towards both goals. We will use a charging argument.

Each swap involves two tokens, and pays 1
2 to each of those two tokens. The number of swaps is the

sum, over all tokens, of the payments to that token. Now we will charge the work performed to the tokens.
Each of the 2j edges of aj’s path charges 1

2 to token aj . Each inversion aj , ah, h > j charges 1 to aj .
The amount charged to aj is j + (k − j) = k.

We will prove below that for every token aj , the payment is at least the charge. This implies that the
total number of swaps is at least bk2 since there are bk tokens.

Claim 4 The payments to aj are at least the charges to aj .

Proof: The first time aj reaches its destination, it has been paid 1
2 for each edge on its path. This balances

the charges for the path.
It remains to account for the inversions charged to aj . Consider an inversion aj , ah, j < h. Some swap

must change the order of these tokens in the path Pi ∪ Pi+1, and, in this swap, aj moves in a direction
opposite to the direction of its path from initial to final vertex. Thus, by property (*), this swap can only
happen after aj has reached its destination. In particular, there are two possibilities for this swap: (1)
token aj is home at p′j and token ah is at p′j−1 and a shove exchanges them; or (2) token aj is at p′j+1

and token ah is at p′j and a happy swap exchanges them. In case (1), there must be a subsequent swap
where aj returns to its home. In case (2) there must have been a previous swap where aj was shoved from
its home to p′j+1. In both cases the extra swap moves aj in the direction of its path, and cannot fix an
inversion. Thus in both cases, there are two swaps to pay for the inversion. 2

Behavior of the Cycle algorithm. We will prove that the Cycle algorithm uses at least k2b swaps. The
Cycle algorithm solves the cycles independently. Each non-trivial cycle has b tokens, one on each path.
Consider the action of the algorithm on the cycle of tokens at distance i from c. Let tj be the token on
path Pj at distance i from c. Suppose without loss of generality that the algorithm moves t1 first. It swaps
t1 along P1 to the center vertex c, which takes i swaps, and then along P2 from the center vertex to the
vertex just before the one containing t2, which takes i− 1 swaps. The positions of the other tokens on the
cycle have not changed. Thus, each tj takes 2i − 1 swaps, and finally, tb takes 2i swaps. The total over
all cycles is

∑k
i=1(b(2i− 1) + 1) = 2b

(
k+1
2

)
− bk + k = bk2 + k. 2
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5 Weighted Coloured Token Swapping is NP-complete
In the coloured token swapping problem, we have coloured tokens, one on each vertex of the graph, and
each vertex has a colour. The goal is to perform a minimum number of swaps to get each token to a vertex
that matches its colour. We assume that the number of tokens of each colour is equal to the number of
vertices of that colour. The standard token swapping problem is the special case when all colours are
distinct.

For general graphs the coloured token swapping problem can be solved in polynomial time for 2
colours, but becomes NP-complete for k ≥ 3 colours [49]. See Section 2.9 for further background.

In the weighted coloured token swapping problem, each colour c has a weight w(c), and the cost of
swapping tokens of colours c and c′ is w(c) + w(c′). The goal is to reach the target configuration with
minimum total cost.

In this section we prove that weighted coloured token swapping is NP-complete. This result is sub-
sumed by the very recent and difficult result that token swapping (with no colours or weights) is NP-
complete [1]. Our proof is much shorter, holds even when the trees are restricted to be spiders (i.e.,
subdivision of stars), reduces from a different problem, and may be of value in trying to distinguish be-
tween hard and easy cases of coloured weighted token swapping. There is currently no known class of
trees where token swapping is in P but weighted coloured token swapping is NP-complete.

Our reduction is from vertex cover in graphs with maximum degree three [18]. We construct a long
path with some ‘green’ tokens initially at the right end of the path. The final configuration has green
tokens at the left end of the path. We can save the cost of moving all those green tokens the whole length
of the path by dislodging some happy green tokens from a subtree that dangles off the path; we construct
this dangling subtree from the vertex cover instance in such a way that there is a cost savings if and only
if there is a small vertex cover.

Theorem 5 Weighted coloured token swapping on spiders is NP-complete.

Proof: We will reduce the NP-complete problem vertex cover in a graph with maximum degree three [18]
to weighted coloured token swapping on spiders. Let the input to vertex cover be a graph G with n
vertices, m edges, and maximum degree three, together with a number q. The problem is whether G has
a vertex cover of size at most q.

We first construct a spider T with root r and 2n children of the root. Here n of these children correspond
to the vertices of G which we refer to as V -vertices and the remaining n children, o1, . . . , on, are called
helper vertices, e.g., see Figures 6(a)-(b). For each vertex v of G we now add a path of 4 deg(v) vertices
connected to the V -vertex for v. Specifically, for each edge (x, y) of G, we create eight vertices in T and
we add four of them to the path of the V -vertex corresponding to x and the other four to the path of the
V -vertex corresponding to y. We will refer to these new vertices as the E-vertices of T .

We place tokens on T in the initial and final configurations (which are identical) as follows. For each
vertexw ofG, we place a token of colorw and weight n5 on the corresponding V -vertex. In the schematic
representation (see Figure 6(c)) the tokens of V -vertices are shown in gray, but note that they are in fact
a collection of n different colours. We place an orange token of weight 1 on each helper vertex. On the
root of T we place a blue token with weight 1. On each of the eight E-vertices (x, y) we place a token
of colour xy and weight 1. In the schematic representation (see Figure 6(c)) the tokens of E-vertices are
shown in green, but note that they are in fact a collection of m different colours, with eight tokens of each
color. We will refer to these colours as edge-colours.
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We then construct a path P of length (Lr + 4m + (Lr − 1) + 4m), where Lr = n7. We identify the
root of T with the (Lr + 4m)th vertex of the path P . Let T ′ be the resulting spider.

The initial configuration of tokens on P is as follows (see Figure 6(d)):

- the first Lr vertices starting from the left have red tokens of weight 1,

- the next 4m+ (Lr − 1) vertices have blue tokens of weight 1,

- the next 4m vertices have four tokens of each of the m edge-colours, each of weight 1.

The final configuration of tokens on path P is shown in Figure 6(g) (ignore parts (e) and (f) for now).
The red tokens are now at the right end of the path and the edge-coloured tokens are at the left end.

Let α = 2q(1 + n5) + 24q, β = 16m2 + 92m, γ = 2Lr(8m + (Lr − 1)). In the following we show
that G has a vertex cover of size q if and only if the weighted coloured token swapping problem on T ′ has
a solution of cost at most 2α+ 2β + γ.

From Vertex cover to Weighted coloured Token Swapping: Assume that G has a vertex cover C of
size q. We reach the target configuration as follows:

Move green tokens from T to P , Fig. 6(d)–(e): There are two substeps:

1. For each V -vertex v of C move its gray token to a helper vertex. This requires two swaps, each
with a cost of (1 + n5). After the gray token at v moves, an orange token ends up at the root
of T . We then move this orange token to the leaf descending from v. (Note that this returns
the original blue token to the root of T .) Since a root-to-leaf path in T contains at most 12
vertices, this takes at most 12 swaps, each with a cost of 2. Since there are q gray tokens, the
total cost of the first step is 2q(1 + n5) + 24q = α.

2. Let D be the edge-coloured (green) tokens on the paths descended from the V -vertices of C.
In the second step, we move 4m tokens of D, four of each colour, into the path P , swapping
them with 4m blue tokens from the path. We move the tokens one after the other in the
order they appear at the end of the path P in the final configuration. Hence the first edge-
coloured token needs to travel at most 12 steps to the root of T plus 4m−1 steps along P , i.e.,
(4m + 11) steps, the next one needs to travel at most 12 steps to the root plus 4m − 2 steps
along P , i.e., (4m + 10) steps and so on. Hence the total cost of the second step is at most
2((4m+ 11) + (4m+ 10) + . . .+ 12) = (4m+ 11)(4m+ 12)− 132 = 16m2 + 92m = β.

The total cost is α+ β.

Move red tokens along P , Fig. 6(e)–(f): Move the red tokens all the way to the right end of P . Moving
each token takes 8m+ (Lr − 1) swaps. Hence for Lr tokens, this costs γ = 2Lr(8m+ (Lr − 1)).
Note that this has the effect of moving the green tokens that were initially at the far right to the root
of T .

Move green tokens from P to T , Fig. 6(f)–(g): This step is the reverse of the first one. We swap the
edge-coloured (green) tokens on P with the blue tokens that are inside T , and then move the orange
and gray tokens back to their initial (= final) positions. The cost is α+ β.

The total cost to reach the final configuration is 2α+ 2β + γ.
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Fig. 6: Illustration for the NP-hardness proof: (a) input graph for vertex cover; (b) schematic of spider T ; (c) details
and initial configuration of coloured tokens on T ; (d) spider T ′ with initial configuration of coloured tokens; (e)–(f)
swapping from initial to final configuration of T ′; (g) T ′ with final configuration of coloured tokens. Note that,
rather than drawing tokens alongside the vertices as in the other figures, we are simply colouring the vertices by their
initial/final/current token colours.
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From Weighted coloured Token Swapping to Vertex cover: Assume that the weighted coloured token
swapping problem on T ′ has a solution S of cost at most 2α+ 2β+ γ. We now show how to find a vertex
cover of size at most q.

Observe first that we need to pay at least a cost of γ for moving the red tokens from the left to the right
end of P . This leaves a remaining cost of at most 2α + 2β, which is what we analyze in the rest of the
proof.

If S does not move the tokens of V - and E-vertices (the non-root vertices of T ), then we need to move
the edge-coloured (green) tokens from the right end of P to the left end of P . Moving even one green
token from the right end of P to one of the leftmost 4m positions of P costs at least Lr = n7. One can
verify that n7 > 2(16(3n)2 + 92(3n)) + 4n(1 + n5) + 48n (for every n ≥ 5), so for m ≤ 3n (a loose
upper bound) and β = 16m2 + 92m, we obtain Lr > 2α + 2β. Consequently, all the green tokens that
are at the left end of P in the final configuration must come from the E-vertices. Since the gray tokens
are ‘blocking’ the E-vertices, S must have moved some of these gray tokens.

Observe that a gray token must move an even number of steps in order to return to its original vertex.
Let C be the set of V -vertices whose gray tokens take at least 4 steps. We prove that C forms a vertex
cover and has size at most q.

To prove that C is a vertex cover, consider an edge (x, y) of G. We must move four tokens of colour
xy from T to P . These tokens must come from the path descending from the V -vertex for x or for y.
Suppose without loss of generality that at least two tokens of colour xy come from the path descending
from x. We claim that the gray token initially at x makes at least 4 steps and thus is in C. If the gray
token exits the path from the root of T to the leaf descended from x, then this takes at least 2 steps out
and 2 steps back for a total of at least 4 steps. If it does not exit this path, then it must make at least 1 step
downward to let each of the two xy coloured tokens pass, and 1 step back up for a total of at least 4 steps.

We now show that the size of C is at most q. Suppose for a contradiction that C contains (q + 1) or
more vertices. Since each vertex in C corresponds to a gray token that takes at least 4 steps, the cost
for (q + 1) such gray tokens must be at least (q + 1)4(1 + n5). One can verify that 4(1 + n5) >
2(16(3n)2 + 92(3n)) + 48n (for every n ≥ 5), so for m ≤ 3n and β = 16m2 + 92m, we obtain
(q + 1)4(1 + n5) = 4q(1 + n5) + 4(1 + n5) > 4q(1 + n5) + 2β + 48q = 2α+ 2β.

The membership in NP comes from the observation that any solution with the minimum number of
swaps requires only a quadratic number of swaps. Hence a certificate (i.e., a set of token swap operations)
can be verified in quadratic time by executing the given swaps and checking whether the total cost is
within the cost bound. 2

6 Weighted Coloured Token Swapping
In this section we give polynomial-time algorithms for weighted coloured token swapping on paths and
stars. Recall from the previous section our convention that we have coloured tokens and coloured vertices,
with one token at each vertex, and with the number of tokens of each colour equal to the number of vertices
of that colour. The goal is to perform swaps to get each token to a vertex that matches its colour. Each
colour c has a weight w(c) and the cost (or weight) of performing a swap on two tokens of colour c and
c′ is w(c) + w(c′). The objective is to minimize the total cost (weight) of the swaps. Note that standard
token swapping is the special case where all the colours are distinct and all the weights are 1

2 , since each
swap moves two tokens.
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A main result we will prove is that for paths and stars, colours and weights can be dealt with separately.
More precisely, we prove that the following approach is correct. First we ignore the weights and find the
optimum assignment of tokens to destination vertices (of the correct colour). For this, we use the known
algorithms for coloured token swapping on paths [4, 8] and on stars [8]. After that, we solve a standard
weighted token swapping problem.

We note that such a separation of colours and weights does not hold for trees in general, as the NP-
hardness proof in the previous section shows. However, when the number of colours is 2, the weights and
colours do separate—we should never swap two tokens of the same colour, and therefore every swap costs
w(c1) + w(c2) where c1 and c2 are the two colours. This means that, for 2 colours, weighted coloured
token swapping is no harder than coloured token swapping. Yamanaka et al. [49] gave a polynomial-time
algorithm for 2-coloured token swapping on general graphs. Thus, weighted 2-coloured token swapping
can also be solved in polynomial time.

Our main result in this section is an algorithm for weighted coloured token swapping on stars. Before
that, we give a brief solution for paths.

6.1 Weighted coloured token swapping on paths
Coloured token swapping on a path can be solved in polynomial time [4, 8]. This can be seen as follows.
As mentioned above, we should never swap two tokens of the same colour. As noted independently in
several sources [49, 4, 8], for the case of paths, this constraint imposes a unique assignment of tokens to
vertices: the ith token of colour c along the path must be assigned to the ith vertex of colour c.

It remains to solve the weighted token swapping problem on paths. As in the unweighted case, the
required swaps correspond precisely to the inversions, i.e., the pairs of tokens t, t′ whose order in the
initial token placement differs from their order in the final token placement. The minimum weight of a
swap sequence is the sum, over all inversions t, t′ of w(t) + w(t′).

6.2 Weighted coloured token swapping on stars
In this section we give a polynomial time algorithm for the weighted coloured token swapping problem
on a star. As announced above, we will show that weights and colours can be dealt with separately. We
use the algorithm for coloured token swapping on a star given by Bonnet et al. [8].

6.2.1 Weighted token swapping on a star
In this subsection we assume that every token has a distinct colour so we know exactly which vertex
every token must move to. Each token t has a weight w(t) and the cost of swapping tokens t and t′ is
w(t) + w(t′). Let H and U be the sets of tokens initially on the happy and unhappy leaves, respectively.
Let A, the set of active tokens, be all tokens except those in H , i.e., A is U plus the token at the center
vertex.

In the token permutation, the cycle that contains the token at the center vertex of the star will be called
the unlocked cycle, and all other cycles will be called locked cycles. Using this terminology, Lemma 1
states that the optimum number of swaps to solve the unweighted token swapping problem is nU + `,
where nU = |U | and ` is the number of non-trivial locked cycles. The intuition for the lemma, and the
reason for our terminology, is that every locked cycle must be ‘unlocked’ by an external token, introducing
one extra swap per locked cycle.

The number of swaps performed in the weighted case must be at least nU + ` and we will show that an
optimum solution uses either this lower bound or two extra swaps. The idea is the following: each of the
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locked cycles must be unlocked by some other token, and we want to use the cheapest possible token for
this. Either we will use an active token and perform nU + ` swaps, or we will introduce two extra swaps
that bring and return a globally cheapest token from an initially happy leaf to the star center and use this
token to unlock all the locked cycles.
Notation. The following notation will be used throughout Section 6.

Let X be the unlocked cycle. Let x be a minimum weight token in X , a be a minimum weight token
in A, and h be a minimum weight token in H (h might not exist if there are no happy leaves). Observe
that w(a) ≤ w(x). As above, let ` denote the number of non-trivial locked cycles in the input token
permutation. Finally, let d(t) be the distance of token t from its home and let Dw =

∑
token t w(t)d(t).

Observe that Dw is a lower bound on the cost of weighted token swapping.
Before presenting the algorithm, we give an alternative formula for Dw. We will use this in the forth-

coming section on weighted coloured stars. Also, it implies that in the case of unit weights, Dw = 2nU ,
which will clarify how the present algorithm generalizes the unweighted case. For vertex v, recall our
notation that s−1(v) is the initial token at v, and f−1(v) is the final token at v. Thus, a leaf vertex v is
happy if and only if s−1(v) = f−1(v).

Claim 6 Dw =
∑

v∈U (w(s−1(v)) + w(f−1(v))).

Proof: If t is an unhomed token whose initial and final vertices are both leaves, then it contributes 2w(t)
to both sides of the equation. If t is a token whose initial vertex is the center vertex and whose final vertex
is a leaf, then it contributes w(t) to both sides. Similarly, a token whose initial vertex is a leaf and whose
final vertex is the center, contributes w(t) to both sides. Finally, a token that is home contributes 0 to both
sides. 2

Corollary 7 When the weights are all 1, Dw = 2nU .

We now describe the algorithm for weighted token swapping on a star. The algorithm uses the best of
three possible strategies, all of which begin the same way:

Strategy 1. Begin solving the unlocked cycle X by repeatedly swapping the token from the star center
to its home until the token x is on the star center. Next, use x to unlock and solve all the locked
cycles. Finally, complete solving X . The total weight is Dw + 2w(x)`.

Strategy 2. This strategy only applies when w(a) < w(x), in which case a ∈ U \X . Begin solving the
unlocked cycle X by repeatedly swapping the token from the star center to its home until the token
x is on the star center. Then swap x with a. Suppose a was in the locked cycle L. Use a to unlock
and solve all the other locked cycles, leaving tokens of X and L \ {a} fixed. Then use a to solve
cycle L, which will return x to the center token. Finally, complete solving X . The effect is that one
locked cycle is unlocked by x at a cost of 2w(x) and ` − 1 cycles are unlocked by a at a cost of
2w(a)(`− 1), for a total cost of Dw + 2w(x) + 2w(a)(`− 1).

Strategy 3. This strategy only applies when h exists. Begin solving the unlocked cycle X by repeatedly
swapping the token from the star center to its home until the token x is on the star center. Then
swap x with h. Use h to unlock and solve all the locked cycles, leaving tokens of X fixed. Then
swap h and x. Finally, complete solving X . The total weight is Dw + 2w(x) + 2w(h) + 2w(h)` =
Dw + 2w(x) + 2w(h)(`+ 1).
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To decide between the strategies we find the minimum of w(x)(` − 1), w(a)(` − 1), w(h)(` + 1)
and use the corresponding strategy 1, 2, or 3, respectively, achieving a total weight of Dw + 2w(x) +
2 min{w(a)(`− 1), w(h)(`+ 1)}.
Theorem 8 The above algorithm finds a minimum weight swap sequence and the weight of the swap
sequence is:

Dw + 2w(x) + 2 min{w(a)(`− 1), w(h)(`+ 1)}.
Observe that in the case of unit weights, Dw = 2nU by Corollary 7, so the theorem says that the

minimum number of token moves is 2nU + 2 + 2(`− 1) = 2nU + 2`, i.e., the number of swaps is nU + `,
which matches what we know for the unweighted case.

To prove the theorem, we will need the following result about the unweighted star.

Lemma 9 Any swap sequence on an unweighted star that moves a happy leaf does at least two more
swaps than an optimal swap sequence.

Proof: By Lemma 1, solving the unweighted problem on a star optimally takes nU + ` swaps, where
nU is the number of unhappy leaves and ` is the number of non-trivial locked cycles. It suffices to check
that after swapping a happy token with the center token the value given by the formula is increased by
one. Indeed, the number of non-trivial locked cycles stays the same and the number of unhomed leaves
increases by one, hence, the net change is +1. 2

We now prove Theorem 8.

Proof: The swap sequence found by the algorithm realizes the formula given in the theorem. It remains
to show that the formula provides a lower bound on the weight of any swap sequence.

To reach its home, each token t must contribute weight at least w(t)d(t), for a total over all tokens of
Dw. If ` = 0 then U −X is empty so w(a) = w(x) and the formula evaluates to Dw, which is a lower
bound. Assume from now on that ` ≥ 1. In addition to the moves accounted for in Dw, there must be at
least 2` other token moves, two for each locked cycle. Furthermore, there must be a first move that swaps
some token t of X with a token outside X . This swap can only happen when t is at the center vertex.
Since t will then be unhomed, there must be a move that returns token t back to the center vertex. The
minimum weight for each of these moves is w(x), and this provides the term 2w(x) in the lower bound.
Subtracting these two moves from the required 2` moves leaves 2(`− 1) moves still to be accounted for.

We now consider two cases depending whether a token ofH is moved or not. If no token ofH is moved
in the swap sequence, then the best we can do for the remaining 2(`−1) moves is to use a minimum weight
token from A, so the weight is at least Dw + 2w(x) + 2(`− 1)w(a).

Next, consider swap sequences that move a token ofH . By Lemma 9, the sequence must do at least two
extra swaps, i.e., at least 4 extra token moves. Thus the number of moves (beyond those forDw) is at least
2`+ 4. As argued above, we need two moves for a token of X , costing at least w(x) each. We also need
two moves for a token of H (to leave its home and then return) costing at least w(h) each. This leaves 2`
further moves. This gives weight at least Dw + 2w(x) + 2w(h) + 2`min{w(a), w(h)}. If w(h) ≥ w(a)
then this lower bound is higher than the previous ones and becomes irrelevant. If w(h) < w(a), then the
bound becomes Dw + 2w(x) + 2w(h) + 2`w(h) = Dw + 2w(x) + 2w(h)(`+ 1).

Thus, combining these possibilities, we have a lower bound of Dw + 2w(x) + 2 min{w(a)(` −
1), w(h)(`+ 1)}, which completes the proof. 2
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Fig. 7: Left: an input for coloured token swapping on a star. The token at a vertex is drawn as a disc near the vertex. A
token must move to a vertex of the same colour. Middle: the multi-graph G with edges labelled by the corresponding
vertex of the star. There are 3 loops but one of them corresponds to the center vertex of the star, so λ = 2. There are
3 connected components, but one is trivial, and one contains the edge corresponding to the center vertex so κ = 1.
Right: a token-vertex assignment (shown by the dashed arrows) that minimizes nU + `. One may also observe that
assigning token t10 to the center vertex v10 or token t7 to vertex v8 are both sub-optimal.

6.2.2 Coloured token swapping on a star
Recall that in the coloured token swapping problem, tokens and vertices are assigned colours, possibly
with multiple tokens and vertices sharing the same colour, and the aim is to move the tokens to vertices of
corresponding colours using a minimum number of swaps.

Bonnet et al. [8] gave a polynomial time algorithm for coloured token swapping on a star. We use
their algorithm, but in order to prove (in Section 6.2.3) that colours and weights separate we need some
stronger properties of the algorithm, so we present the details.

The algorithm finds a token-vertex assignment that maps each token t of colour c to a vertex v of colour
c, with the interpretation that token t should move to vertex v in the token swapping problem. Such an
assignment yields a standard token-swapping problem which, by Lemma 1, requires nU + ` swaps, where
nU is the number of unhappy leaves and ` is the number of non-trivial locked cycles. Thus, we want a
token-vertex assignment that minimizes nU + `. Note that minimizing nU is the same as maximizing nH ,
the number of happy leaves since nU = n− 1− nH , where n is the number of vertices in the star.

An optimum token-vertex assignment is found using an auxiliary multigraph G that has a vertex for
each colour and one edge for each vertex of the star: for a vertex of colour c with an initial token of colour
d, add a directed edge from c to d in G. In case c = d this edge is a loop. See Figure 7 for an example.

Let λ be the number of leaf loops of G—loops corresponding to leaves of the star. Any leaf loop
corresponding to leaf vertex v and token t can be turned into a happy leaf by assigning token t to vertex
v. This maximizes the number of happy leaves, nH .

In the input, the number of vertices of colour c is equal to the number of tokens of colour c. Thus,
each vertex of G has in-degree equal to out-degree, which implies that any connected component in G is
strongly connected and has a directed Eulerian tour. We call a connected component trivial if it has one
vertex. Let κ be the number of non-trivial connected components of G not counting the component that
contains the edge corresponding to the center vertex of the star.
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The algorithm for coloured token swapping on a star is as follows:

1. Find a token-vertex assignment:

(a) Construct the multigraph G.

(b) For each of the λ leaf-loops, assign its token to its vertex.

(c) Remove the leaf-loops from G to obtain G′. Observe that κ is unchanged, and G′ is still
Eulerian. For each connected component of G′ find an Eulerian tour that traverses all the
edges of the component. Convert each Eulerian tour to a token-vertex assignment as follows:
Suppose the edges of the tour are labelled by vertices v1, v2, . . . , vb (we are freely re-labelling
vertices to ease the notation), and suppose that the edge ofG labelled vi goes from colour ci−1
to colour ci (subscript addition modulo b). Then vertex vi has colour ci−1 and the colour of
its initial token, say ti, is ci. The next edge in the tour corresponds to vertex vi+1 of colour ci.
Assign token ti to vertex vi+1. Note that both have colour ci. This assignment is well-defined
since the edges of the walk correspond to distinct vertices with distinct initial tokens. Note
that this token-vertex assignment introduces a cycle t1, t2, . . . tb in the corresponding token
permutation.

2. Solve the (un-coloured) token swapping problem determined by the computed token- vertex assign-
ment.

This algorithm produces a token-vertex assignment with λ happy leaves, and κ non-trivial locked cy-
cles, one for each non-trivial connected component of G′ except the component that contains the edge
corresponding to the center vertex of the star. In other words, nH = λ, nU = n− 1− λ and ` = κ. Thus
the number of swaps is (n− 1− λ) + κ by Lemma 1.

The following lemma states two properties that are used to prove that the algorithm is correct, and a
third property that will be needed in the following subsection when we consider weights.

Lemma 10 Any token-vertex assignment T has the following properties:

1. T has at most λ happy leaves.

2. T has at least κ non-trivial locked cycles.

3. If T has λ happy leaves then the tokens in the unlocked cycle of T are a subset of XA, where XA is
the set of tokens that are in the unlocked cycle resulting from the above algorithm.

Proof: 1. Happy leaves only arise from leaf loops so T has at most λ happy leaves.
2. The token permutation corresponding to T can be expressed as a set C of cycles. We claim that

each cycle C ∈ C corresponds to a closed walk C̄ of the same size in G and that every edge of G is in C̄
for some C ∈ C. This will prove property 2, because it implies that we need at least one cycle for each
connected component in G, and more precisely, that we need at least one non-trivial locked cycle for each
of the components counted in κ.

Consider an edge of G, say the edge corresponding to the vertex whose initial token is t1. Token t1
appears in some cycle C ∈ C, say (t1, t2, . . . , tb). (We are freely re-naming tokens, vertices, and colours
in this proof.) Suppose token ti has colour ci and is initially at vertex vi. Then the cycle moves token ti to
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vertex vi+1 (subscript addition modulo b). Since the token-vertex assignment respects the colours, vertex
vi+1 has colour ci. Also, vertex vi+1 has initial token ti+1 of colour ci+1. Thus there is a corresponding
edge ci, ci+1 in G. Therefore, the cycle corresponds to a closed walk in G. Also, this closed walk uses
the edge we began with, the one whose initial token is t1.

3. The unlocked cycle of T is the one that contains the token tc initially on the center vertex u. By
the argument above, the tokens in the unlocked cycle must come from the connected component of G
that contains the edge labelled with u. This set of tokens consists of XA together with some tokens of
leaf-loops. But if T has λ happy leaves, then all the leaf-loops have been turned into happy leaves, so the
set of tokens is reduced to XA. Thus, the tokens of the unlocked cycle are a subset of XA. 2

From this lemma the correctness of the algorithm follows:

Theorem 11 ([8]) The above algorithm uses (n− 1− λ) + κ swaps and this is the minimum possible.

Proof: As already stated, the algorithm uses (n− 1− λ) + κ swaps.
By Lemma 10 any other token-vertex assignment results in at most λ happy leaves, i.e. at least n−1−λ

unhappy leaves, and at least κ non-trivial locked cycles, and therefore, by Lemma 1, at least (n−1−λ)+κ
swaps. 2

6.2.3 Weighted coloured token swapping on a star
Our algorithm for weighted coloured token swapping on a star is as follows:

1. Ignore the weights and find a token-vertex assignment as in Step 1 of the algorithm in the previous
section.

2. Using this token-vertex assignment T and the original token weights, run the algorithm for the
(uncoloured) weighted star.

In order to show that this algorithm is correct, we will first show that any optimum token-vertex assign-
ment must turn all leaf-loops into happy leaves. After that we only need to compare the solution found by
the algorithm to solutions with this property.

Claim 12 Suppose T is a token-vertex assignment and there is a leaf-loop consisting of a leaf vertex v
with token t such that both v and t have colour c, but the token-vertex assignment does not assign t to v.
Then T is not optimum for the weighted problem.

Proof: By Theorem 8, the cost of T is

F (T ) = Dw + 2w(x) + 2 min{w(a)(`− 1), w(h)(`+ 1)},

where Dw, w(x), w(a), w(h), and ` depend on T . We will construct a new token-vertex assignment T ′

that assigns t to v and has F (T ′) < F (T ).
Since t is not assigned to v, t must be part of some non-trivial cycle C in the token permutation

determined by T . Suppose that the cycle C contains tokens p, t, q in that order (possibly p = q), with
initial vertices s(p), s(t)=v, s(q), respectively. Define a new token-vertex assignment T ′ that assigns t to
v, i.e., v becomes a happy leaf, and shortcuts the rest of C by assigning token p to vertex s(q). This is
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valid because token p and vertex s(q) both have colour c, the same as t. The new cycle C ′ is formed by
deleting t from C. We will compare F (T ) and F (T ′) by looking at the quantities Dw, w(x), w(a), w(h)
and `.

First of all, no leaf becomes unhappy, so no token leaves H and w(h) does not increase. Furthermore,
v becomes happy, so by Claim 6, Dw decreases by at least 2w(t).

Next we show that w(x) does not increase. That would only happen if t leaves the set X . Then C must
be the unlocked cycle. Since t is at a leaf vertex, the token from the center vertex remains in C ′, so C ′

is the new unlocked cycle. Furthermore, token p, which is a ‘twin’ of t in the sense that it has the same
colour and weight, remains in C ′, so w(x) remains the same.

Finally we must consider ` and w(a). Here we will separate out one special case—when |C| = 2 and
C exchanges two leaf tokens, in which case C ′ becomes a trivial locked cycle. If we are not in the special
case then either C ′ is a non-trivial locked cycle, or C ′ is the unlocked cycle. In either case C has the
same status, so ` is unchanged and t’s twin p remains in the active set A so w(a) does not increase. Thus
F (T ′) < F (T ) when we are not in the special case.

It remains to consider the special case when C exchanges two leaf tokens. Then C was a non-trivial
locked cycle, but C ′ is a trivial locked cycle. Thus ` decreases by 1. Furthermore, by Claim 6, Dw

decreases by at least 4w(t) since two leaves become happy. If w(a) does not increase then we are fine. If
it does increase then w(a) = w(t) and t was the minimum weight element in A. Because we are in the
special case, both t and its twin token p have left A and joined H . If F (T ) is determined by w(h)(`+ 1)
we are again fine. Hence we only need to provide an additional argument if F (T ) = Dw + 2w(x) +
2w(a)(`− 1). Since we now have a token of weight w(a) = w(t) in H , Strategy 3 gives a swap sequence
for T ′ of weight at most (Dw − 4w(t)) + 2w(x) + 2w(t)` = Dw − 2w(t) + 2w(x) + 2w(t)(`− 1). Thus
F (T ′) < F (T ) even in the special case. 2

With this claim in hand, we are ready to prove that the algorithm is correct.

Theorem 13 The above algorithm solves the weighted coloured token swapping problem on a star opti-
mally.

Proof: By Theorem 8, the cost of a token-vertex assignment T is

F (T ) = Dw + 2w(x) + 2 min{w(a)(`− 1), w(h)(`+ 1)},

where Dw, w(x), w(a), w(h), and ` depend on T .
We will compare the cost of a token-vertex assignment TA found by the algorithm to an optimum token-

vertex assignment TOPT. By Claim 12, TOPT turns all leaf-loops into happy leaves, so it has λ happy
leaves. The algorithm does the same, so TA and TOPT have the same set H of tokens on happy leaves,
and the same set U of tokens on unhappy leaves. This implies that w(a) and w(h) are the same for TA
and TOPT.

Next, we claim that Dw is the same for TA and TOPT. This follows directly from Claim 6 since the set
of unhappy leaves is the same.

It remains to compare ` (the number of non-trivial locked cycles) andw(x) between TA and TOPT. Both
values should be as small as possible in TOPT. The algorithm achieves ` = κ and w(x) = min{w(t) : t ∈
XA}, where XA is the set of tokens in the unlocked cycle of TA. By Lemma 10(2) TOPT has at least κ
non-trivial locked cycles. By Lemma 10(3), TOPT’s set of tokens in the unlocked cycle is a subset of XA
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(here we again use the fact that TOPT has λ happy leaves). Thus TA and TOPT achieve the same values
for ` and w(x). This completes the proof that the algorithm achieves the minimum value of F (T ). 2

7 Token Swapping on Brooms
In this section we give a polynomial-time algorithm for token swapping on a broom.

A broom is a tree that consists of a star joined to the endpoint of a path. Suppose that the broom’s star
has k leaves, v1, . . . , vk and one center vertex, vk+1, and its path has n− k vertices, vk+1, vk+2, . . . , vn.
See Figure 8. We will call vertices v1, . . . , vk the star leaves and call vertices vk+1, vk+2, . . . , vn the path
vertices. We will call vk+1 the center vertex, though we also consider it to be a path vertex. For purposes
of identification, we will orient the edges of a broom from lower index vertices to higher index vertices,
and we will draw brooms with edges directed to the right as in the figure.
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Fig. 8: A broom with leaves v1, v2, v3, v4, v5, path v6, v7, v8, v9 and center vertex v6. Left: The initial placement of
tokens (drawn in circles). Destinations within the star are indicated by dashed lines. Tokens 4 and 5 form a cycle on
the star leaves and will be exchanged by Step 2 of the algorithm. The algorithm begins with token 9. Step 1(b) does
not apply, so token 9 is moved to its home. Middle: The token placement after token 9 is homed. Token 8 will be
homed next. For token 7, Step 1(b) applies, since the chain starting from token 3 on the center vertex leads to token
7. Right: The token placement after tokens 8 and 7 are homed.

The input to the problem is a broom and an initial assignment of tokens 1, 2, . . . , n to the vertices. The
problem is to find a minimum length sequence of swaps to “sort” the labels, i.e., to get label i at vertex vi
for all i.

In 1999 Vaughan [43] gave a polynomial-time algorithm for token swapping on a broom. Her algorithm
is a bit more complicated than ours and her proof of correctness is long (14 pages). Another polyomial-
time algorithm for token swapping on a broom was given by Kawahara et al. [25] (with proof in [24]).
They use the term “star-path” instead of “broom” and were unaware of Vaughan’s work. Their algorithm
is simple, but their proof is again long (11 pages). Our correctness proof is shorter. Further comparisons
can be found below. It is interesting that three independently developed algorithms for the problem are
similar in nature, and that all three correctness proofs are non-trivial. None of the three manage to give a
formula for the number of swaps that is independent of the operation of algorithm (such as the formulas
for paths and stars).

We will call the tokens 1, . . . , k—the tokens that want to end up at the star leaves—the star tokens and
we will call the other tokens the path tokens. A centered star chain of token tm+1 is a sequence of tokens
t1, . . . , tm+1 such that

• t1 is currently at the center vertex,



Token Swapping on Trees 27

• t2, . . . , tm+1 are currently at star vertices,

• for 1 ≤ i ≤ m, ti’s home currently contains ti+1, i.e., the sequence forms a chain in the token
permutation.

For example, in Figure 8(Middle) token 7 has a centered star chain 3, 1, 2, 7.

7.1 Algorithm for token swapping on a broom
Our algorithm A is as follows.

1. While there is a path token that is not home:

(a) Let pmax be the maximum path token that is not home.

(b) If pmax is on a star leaf and has a centered star chain t1, . . . , tm, pmax then perform the m
swaps that move ti home for i = 1, . . . ,m. The final swap moves pmax to the center vertex.

(c) Home pmax.

2. (At this point all path tokens are home.) Solve the star.

Step 2 of the algorithm just involves solving the star at the end, and is well-understood from previous
work. Note that the algorithm does not move happy leaves—thus, correctness of the algorithm implies
that the Happy Leaf Conjecture is true for brooms.

We begin our analysis of the algorithm by noting that Step 1 has the following nice properties:

(P1) Every path token moves left for a time (as larger tokens move past it) and then moves right to its
home.

(P2) Every swap performed by the algorithm either moves the largest unhomed path token to the right,
or homes a star token. When we are lucky, a single swap does both (the last swap performed in Step
1(b)).

We prove correctness of the algorithm in Section 7.3 below. Before that, we analyze the number of
swaps used by the algorithm (this is not needed for the correctness proof) and we compare our algorithm
to the others.

7.2 Algorithm analysis
We first consider Step 2. Let `S be the number of non-trivial cycles in the initial permutation that only
involve star tokens on star leaves, and let nS be the number of tokens that are in these cycles. These
tokens are not touched by Step 1, and we claim that, conversely, after Step 1, these are the only unhomed
tokens. The reason is that no swap performed by the algorithm can create a cycle involving star tokens on
star leaves—this is precisely what Step 1(b) prevents. Thus, by Lemma 1 the number of swaps performed
by Step 2 of the algorithm is nS + `S .

It remains to analyze the number of swaps performed in Step 1. To ease notation, we now assume that
nS is 0. Let W be the number of swaps performed by Step 1 of the algorithm. Write W = WP + WS

where WP is the number of swaps that involve a path token and WS is the number of swaps that involve
two star tokens. ThenWS = SU−L, where SU is the number of unhomed star tokens and L is the number
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of ‘lucky’ swaps that move pmax to the right AND home a star token. Equivalently, L is the number of
times Step 1(b) of the algorithm is performed.

To analyze WP , we will allocate each of its swaps to the maximum path token involved in the swap.
Then WP =

∑
pW (p) where W (p) is the number of swaps allocated to path token p. For any path token

p, define d(p) to be the distance (the number of edges) from a star leaf to p’s home. Observe that it does
not matter which star leaf we use in this definition. Relative to the initial token placement, let r(p) be the
number of tokens smaller than p that occur to the right of p.

Claim 14 W (p) is the minimum of d(p) and r(p).

Proof: By Property (P1), the movement of every path token p during the algorithm consists of some
number of steps to the left followed by some number of steps to the right until p reaches its home. The
leftward steps are caused by larger tokens moving over p and are allocated to the larger tokens. W (p)
counts the rightward steps of token p.

Let C be the configuration of tokens after the algorithm has homed all tokens larger than p. In C, the
tokens larger than p take up all the vertices to the right of p’s home, so p will be to the left of its home.
Let rC(p) be the number of tokens smaller than p that occur to the right of p in configuration C. Then
W (p) = rC(p). No swap has occurred between p and a smaller token, so rC(p) ≤ r(p). Furthermore,
rC(p) = r(p) unless p is at a star leaf (in which case some of the original r(p) vertices may have moved
to other star leaves). We now consider two possibilities:

• If p is at a star leaf in configuration C then its distance from its home is d(p) so W (p) = d(p) =
rC(p), which implies that d(p) ≤ r(p). Thus W (p) = min{d(p), r(p)}.

• If p is not at a star leaf in configuration C then r(p) = rC(p) < d(p). Then W (p) = r(p), and
again W (p) = min{d(p), r(p)}.

In either case, W (p) = min{d(p), r(p)}. 2

In summary, the number of swaps, W , performed by Step 1 of the algorithm can be expressed in terms
of the initial token placement except for the ‘lucky’ term L, which is found by running the algorithm:

Lemma 15 W =
∑{min{d(p), r(p)} : p a path token}+ SU − L.

Vaughan’s algorithm. The algorithm by Vaughan [43] is similar to our algorithm. We introduce one
new concept, generalizing a centered star chain. A star chain of token tm+1 is a sequence of tokens
t1, . . . , tm+1 such that

• t1 is not at a star vertex,

• t2, . . . , tm+1 are currently at star vertices,

• for 1 ≤ i ≤ m, ti’s home currently contains ti+1, i.e., the sequence forms a chain in the token
permutation.

Using this terminology, Vaughan’s algorithm is as follows.

1. While there is a path token on a star leaf:
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(a) Let pmax be the maximum path token on a star leaf.

(b) Let t be the leftmost token on a path vertex that is smaller than pmax.

(c) Swap t leftward along the path to the center vertex. Let t1, . . . , tm, pmax be the star chain of
pmax. Swap t to the star vertex that is the home of t1 and continue resolving the star chain
(next moving t2) until pmax is swapped to the center vertex. Note that token t will be home if
and only if the star chain was centered.

2. Solve the star. Solve the path.

It can be shown that the two algorithms are equivalent. Vaughan proved that her algorithm is correct by
transforming any optimal swap sequence to one that matches her algorithm in its first phase. Her proof is
difficult because properties (P1) and (P2) do not hold.

Alternate algorithm. The algorithm by Kawahara et al. [24] is very simple:

1. While there is a token that is not home:

(a) Let tmax be the maximum token that is not home.

(b) While the center vertex contains a star token, home it.

(c) Home tmax.

Their algorithm satisfies (P2) but not (P1) (in particular, a path token may bounce around inside the
star) which makes their proof difficult.

7.3 Correctness
In order to prove that algorithmA finds an optimal swap sequence, i.e., a swap sequence with a minimum
number of swaps, we will prove that for any input to the token swapping problem on a broom there is an
optimal swap sequence with some nice properties, and then apply induction on n. We begin with an easy
observation about optimal swap sequences.

Claim 16 An optimal swap sequence does not contain two swaps that swap the same two tokens.

Proof: We prove the contrapositive. Suppose the swap sequence σ = σ1σ2 · · ·σm sorts the tokens but
contains two swaps σi and σj , i < j, that swap the same two tokens a and b. Modify σ by deleting σi and
σj and, for each k, i < k < j, exchanging the roles of a and b. The result is a shorter swap sequence that
sorts the tokens. 2

Next we show that an optimal swap sequence that minimizes the number of swaps on path edges has
some nice properties. For convenience, we will say that a swap sequence is P-optimal if it is an optimal
swap sequence and minimizes the number of swaps on path edges.

Lemma 17 A P-optimal swap sequence σ has the following properties:

1. No swap of two star tokens occurs on a path edge.

2. For every swap on a path edge that involves a path token, the larger of the two tokens moves to the
right.
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3. No token crosses the first path edge, (vk+1, vk+2), from left to right and later from right to left. (No
token “re-enters the star”.) In particular, this implies that no star token crosses the first path edge
from left to right.

4. The path tokens that cross the first path edge from left to right do so in order (the first one that
crosses is larger than the others, etc.).

Proof:

(1) Suppose two star tokens s and t swap on a path edge in σ. We will show how to modify σ to obtain
an optimal swap sequence with fewer swaps on the path edges. Sometime after the swap of s and t in σ,
both s and t must enter the star (perhaps multiple times). Suppose the last time one of them enters the
star, it is t that enters. Then in this configuration T , token t is on the center vertex and s is at a star leaf.
We will modify σ as follows. Omit the swap of s and t. Then carry out the swap sequence, but with s and
t exchanged. Continue until the point in σ where configuration T was reached. Then swap s and t. Now
we are back in configuration T . The same number of swaps have been performed, but a swap on a path
edge has been replaced by a swap on a star edge, so the number of swaps on path edges has been reduced.

(2) Call a swap “bad” if it swaps two tokens by moving a path token to the left and a smaller token to
the right. Suppose σ has a bad swap on a path edge. As above, we will show how to modify σ to obtain
an optimal swap sequence with fewer swaps on the path edges. Suppose that, in σ, path token p swaps to
the left with a smaller token t on a path edge. In the final configuration, p must be to the right of t. They
cannot swap directly by Claim 16. So it must happen that p reaches a star leaf, then t reaches a star leaf,
then p goes to the center vertex. Call this intermediate configuration T ′. We will modify σ as follows.
Omit the swap of p and t. Then carry out the swap sequence, but with p and t exchanged. Continue until
the point in σ where configuration T ′ was reached. Then swap p and t. Now we are back in configuration
T ′. The same number of swaps have been performed, but a swap on a path edge has been replaced by a
swap on a star edge, so the number of swaps on path edges has been reduced.

(3) Suppose that in σ there is a swap σi where a token t crosses the first path edge from left to right, and
a later swap σj , j > i where t crosses the first path edge from right to left. Take the minimum possible
j > i. Suppose σi involves tokens t and a and σj involves tokens t and b. We first claim that token b must
be on a star leaf when σi takes place. Suppose b were on a path edge when σi takes place. Then b would
be to the right of t. Between σi and σj , token t may move around on path edges, but not the first path
edge (by our assumption on j). Token b cannot swap twice with t in an optimal swap sequence, so b must
still be to the right of t when σj takes place, a contradiction.

We will modify σ as follows. Just before σi, swap t (on the center vertex) and b (on a star leaf). Then
carry out the swap sequence σi, . . . , σj−1, but with t and b exchanged. Then omit swap σj . This gives
the same result. The same number of swaps have been performed, but a swap on a path edge has been
replaced by a swap on a star edge, so the number of swaps on path edges has been reduced.

(4) Suppose a smaller path token s crosses the first path edge from left to right in swap σi and later on,
say in swap σj , j > i, a larger path token t crosses the first path edge from left to right. By property (3),
token s does not re-cross the first path edge. Then, after t crosses, tokens s and t are in the wrong order on
the path. Since neither token re-enters the star by (3), they must swap on the path during some later swap
σh, h > j. Now consider where token t is when swap σi occurs. If t is on the path, then in order for t to
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exit the star in swap σj , it must first swap with s. But then the two tokens swap twice, which contradicts
Claim 16. Therefore, we may assume that t is at a star leaf when σi occurs. We will modify σ as follows.
Swap s and t just before σi, then carry out the swap sequence with s and t exchanged until swap σh, and
omit σh. This gives the same result. The same number of swaps have been performed, but a swap on a
path edge has been replaced by a swap on a star edge, so the number of swaps on path edges has been
reduced. 2

Theorem 18 Algorithm A above finds a swap sequence with a minimum number of swaps.

Proof: By induction on the number of tokens in the path, with the base case when the path has no edges
and the broom is just a star. For the general induction step it suffices to show that the swaps performed in
the first phase of the algorithm when pmax = n are part of an optimal swap sequence. We consider three
cases depending on the initial position of token n.

Case 1. Token n is initially on a path vertex, not the center vertex. Let σ be a P-optimal swap sequence.
By Lemma 17, Property (2) token n only moves to the right in σ. We claim that we can modify σ to
do the swaps involving n first. Let σi be the swap in σ that homes token n, and let T be the resulting
configuration of tokens. Let k be the distance from token n’s initial position to its home vertex vn. Then
there are k swaps in σ1, . . . , σi that involve token n. Let σ′ be the subsequence of σ1, . . . , σi consisting
of the i − k swaps that do not involve token n. Construct a swap sequence, τ , that first homes token n
in k swaps, then performs the swaps σ′, and then proceeds with swaps σi+1, . . . , σm. Homing token n
leaves the remaining tokens in the same relative order along the path and does not alter the tokens in the
star. Thus, the swaps σ′ can be performed next, and the result is the same configuration T as achieved by
σ. This implies that τ is an optimal swap sequence that matches our algorithm in the first phase.

Case 2. Token n is initially on the center vertex. Let σ be a P-optimal swap sequence. Sequence σ must
contain a swap, say σj that swaps token n along the first path edge e = (vk+1, vk+2). By Lemma 17,
Property (4) this is the first swap that occurs along edge e. If there are no swaps before σj on star edges,
then we can just apply the argument from Case 1—home token n first, and then proceed with the swaps
that do not involve token n.

Thus it suffices to show that there is a P-optimal swap sequence that does not do any swaps on star
edges before swapping token n along the first path edge. We will adjust σ to make this true. Separate the
subsequence σ1, . . . , σj−1 into two subsequences: σ′, the swaps that operate on path edges, and σ′′, the
swaps that operate on star edges. Observe that we can rearrange σ1, . . . , σj−1 to perform σ′ and then σ′′,
since there is no interaction between the star and the path in this time interval. Observe that σ′ does not
move token n, and that σ′′ returns token n to the center vertex. We will do one more modification. After
σ′, perform the swap σj , which swaps token n with token a, say. Then perform the sequence σ′′ of swaps
on star edges but with a in place of n. Clearly this gives the same result, with the same number of swaps,
and the same number of swaps on path edges. Thus there is an optimal swap sequence that matches our
algorithm in the first phase.

Case 3. Token n is initially on a star leaf. Let the token on the center vertex be t. Consider a P-optimal
swap sequence σ with the further property that it does a minimum number of swaps on star edges before
the first swap, σh, that moves token n to the center vertex. We will show that σ performs the same swaps
as our algorithm does up to the point where the algorithm moves token n to the center vertex.
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If the situation in Step 1(b) applies, we will say there is a complete homing cycle from t to n. Using
this terminology, our algorithm does a complete homing cycle if it exists, and otherwise swaps n and t.
We must prove that σ does the same. Our proof will have two steps:

(1) σ either swaps n and t or does a complete homing cycle.
(2) If there exists a complete homing cycle then σ does it.
To prove (1), suppose that σ does not swap n and t and does not do a complete homing cycle. By

Lemma 17, Property (4) applied to σ, the first swap on the first path edge involves token n. Thus, the
tokens on the star and the tokens on the path do not interact until after swap σh. Consider the subsequence
σ′ of σ1, . . . , σh that consists of swaps on star edges. They achieve a certain permutation P of the tokens
on the star. By hypothesis, σ′ is a minimum length swap sequence effecting the permutation P . This
permutation can be written as a disjoint union of cycles, and—because the token n moves to the star
center, which contains token t—one of those cycles, say C has the form (t0t1t2 · · · t`) where t0 = t and
t` = n. By the known results for token swapping on stars (Lemma 1), σ′ then effects the cycle C by
swapping t0 and t1, then t1 and t2, and so on, until finally t`−1 is swapped with t`. Since this places
t` = n on the center vertex, it must complete σ′. Also, since σ does not swap n and t, we have ` ≥ 2.

By assumption, σ′ is not a complete homing cycle. Therefore, there must be some i = 0, . . . `− 1 such
that the swap of ti and ti+1 does not move ti to its home. We claim that there is a P-optimal sequence
with fewer swaps on star edges before n reaches the center vertex, which will be a contradiction. We will
modify σ as follows. Modify the cycle C by omitting ti (or omit t1 in case i = 0). In the resulting token
placement, ti−1 and ti (or t0 and t1) are switched compared to the configuration in σ. Both tokens are on
star leaves. Continue the swap sequence σ beyond σh until the first time when one of these two tokens
is swapped (necessarily to the center vertex). Observe that such a time must exist since token ti is not
home. At this point, one of the two tokens is at the center vertex and the other is at a star leaf. Swap the
two tokens at this point. The result is the same, the total number of swaps is the same, and the number
of swaps on path edges is the same. Thus we have a P-optimal swap sequence with fewer swaps on star
edges before n reaches the center vertex. This completes the proof of (1).

To prove (2), suppose that σ does not do a complete homing cycle. Then, by (1), σ swaps n and t and
this is not a complete homing cycle. Suppose, for a contradiction, that there is a complete homing cycle
of length ` ≥ 3. Then the swap on n and t creates—in the permutation we need to effect—a cycle C of
length ` − 1 among the star tokens that lie at star leaves. We now prove that it takes at least ` swaps to
solve this cycle. (This is the same argument as used for stars.) Each token in C is distance 2 from its
home, so the sum of the distances is 2(`− 1) and we need at least `− 1 swaps, since one swap can move
two of the tokens closer to their homes. Furthermore, the first swap and the last swap that operate on the
tokens in the cycle move only one of the cycle tokens. This gives a total of ` swaps. Together with the
swap on n and t this is ` + 1 swaps. However, doing the complete homing cycle first would take ` − 1
swaps, which is better, a contradiction to σ being optimal. This completes the proof of (2). 2

8 Conclusions and Open Questions
We have identified a previously unexplored difficulty of token swapping on trees—namely that we must
decide how and when to move tokens that are at happy leaves. This difficulty does not arise for the cases
where polynomial-time algorithms are known, specifically, paths, stars and brooms.

We showed that any algorithm for token swapping on a tree that fixes tokens at happy leaves cannot
achieve better than a 4

3 approximation factor, and that this lower bound rises to 2 for two of the three
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known approximation algorithms, thus providing tight approximation factors for them.
Furthermore, we proved that weighted coloured token swapping is NP-complete for spiders, but polynomial-

time for paths and stars.
We conclude with some open questions.

1. Find other classes of trees for which token swapping can be solved in polynomial time.

2. Find other classes of trees for which coloured weighted token swapping can be solved in polynomial
time. Currently, there is no known class of trees where coloured weighted token swapping is NP-
complete but token swapping is in P. Two candidate classes are spiders, where coloured weighted
token swapping is NP-complete but token swapping is of unknown complexity, and brooms, where
token swapping is in P but the coloured weighted version is of unknown complexity.

3. Characterize the class of trees for which the happy leaf property holds for every token assignment.
Certainly the tree should not have the 10-vertex tree of Figure 2 as a subtree.

4. Is there a polynomial time algorithm for token swapping on any tree for which the happy leaf
property holds? This may not be easy, given the difficulty of correctly solving token swapping on a
broom.

5. Is there an approximation algorithm for token swapping on a tree with approximation factor better
than 2?

6. The example in Figure 3, which defeats all algorithms that fix happy leaves, consists of a star joined
to two paths. Such a two-tailed star is like a broom with an extra handle. We conjecture that there is
a polynomial time algorithm for token-swapping on two-tailed stars. This would be a starting point
towards solving token swapping when happy leaves must be swapped.

7. For general graphs there is a 4-approximation algorithm [30] for token swapping. Is the approxi-
mation factor 4 tight?
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The average distance of a vertex v of a connected graph G is the arithmetic mean of the distances from v to all other

vertices of G. The proximity π(G) and the remoteness ρ(G) of G are the minimum and the maximum of the average

distances of the vertices of G, respectively.

In this paper, we give upper bounds on the remoteness and proximity for graphs of given order, minimum degree and

maximum degree. Our bounds are sharp apart from an additive constant.
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1 Introduction

Let G be a connected graph of order n with vertex set V (G). The average distance σ(v) of a vertex v of

G is defined as the arithmetic mean of the distances from v to all other vertices of G, i.e.,

σ(v,G) =
1

n− 1

∑

u∈V (G)

d(v, u),

where d(v, u) is the usual shortest path distance between vertices v and u. The proximity and the remote-

ness of G, denoted by π(G) and ρ(G), are the smallest and the largest, respectively, average distance

among the vertices of G. The average distance of a vertex v is closely related to its total distance σ(v,G),
defined as the sum of the distances from v to all other vertices. Clearly, σ(v,G) = (n− 1)σ(v,G). Also

the names status or transmission have been used in the literature. The proximity of a graph is closely

related to its minimum status, defined as the smallest total distance among the vertices of the graph.

If a graph G represents a network in which we want to place a facility which should be close, on

average, to vertices of G, then the proximity of G is an indicator for how good the best location in the

network is, and the remoteness is an indicator for how good the worst location is.
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The proximity and also the remoteness of a connected graph on at least two vertices is at least 1.

Sharp upper bounds in terms of order alone were given by Zelinka [21] and later, independently, by

Aouchiche and Hansen [3], who introduced the names proximity and remoteness. They proved that for

every connected graph of order n,

ρ(G) ≤ n

2
, (1)

with equality if and only if G is a path, and also that

π(G) ≤
{ n+1

4 if n is odd,
n+1
4 + 1

4(n−1) if n is even,
(2)

with equality if and only if G is a path or a cycle.

There are several results in the literature on relations between proximity or remoteness and other dis-

tance measures. For the diameter (defined as the largest of the distances between the vertices), these were

first investigated by Aouchiche and Hansen [3], who determined sharp upper bounds on the difference be-

tween diameter and proximity and on the difference between diameter and remoteness in terms of order.

Improved bounds, that take into account also the minimum degree were given in [9] and [11].

Also bounds involving the radius (defined as the smallest of the eccentricities of the vertices of G,

where the eccentricity of a vertex v is the distance from v to a vertex farthest from v) have been explored.

A sharp upper bound on the difference between radius and proximity of a graph of given order was given

in [3], and improved bounds that take into account also the minimum degree can be found in [9] and [11].

A conjecture in [3] on the maximum value of the difference between remoteness and radius for graphs of

given order was proved independently by Wu and Zhang [20] and Hua, Chen and Das [13].

Ma, Wu and Zhang [16] showed that the difference between average eccentricity (defined as the arith-

metic mean of the eccentricities of the vertices) and proximity is maximised by the path, thus proving a

conjecture from [3]. Another conjecture in [3] which states that the difference between average eccentric-

ity and remoteness cannot exceed that of the cycle was shown by Sedlar [19] to hold for trees.

The maximum value of the difference between remoteness and average distance (defined as the arith-

metic mean of the distances between all vertices of the graph) and the difference between average distance

and proximity were determined by Wu and Zhang [20] and by Sedlar [19], respectively, thus confirming

two conjectures from [3]. The minimum value of the ratio of proximity to average distance for graphs of

given order was determined by Hua and Das [12].

Proximity and remoteness have been studied for graphs from various classes. Among other results,

Barefoot, Entringer and Székely [4] determined the maximum value of the ratio ρ(T )/π(T ) for a tree T
of given order. They also determined lower bounds on the ratios of average distance to proximity and

average distance to remoteness for trees of given order. The trees that maximise proximity among trees

of given order and diameter were determined by Peng and Zhou [17]. The same authors also gave bounds

on proximity in terms of order and either number of end-vertices, number of vertices of odd degree and

number of vertices of degree 2. Proximity of series-reduced trees, i.e., trees with no vertex of degree

2, were studied by Cheng, Lin and Zhou [5]. For maximal planar graphs, bounds on remoteness and

proximity were given by Czabarka, Dankelmann, Olsen and Székely in [6] and [7], respectively. The

study of proximity and remoteness in digraphs was initiated by Ai, Gerke, Gutin and Mafunda [1].

This paper is concerned with bounds on proximity and remoteness that take into account vertex degrees.

The degree of a vertex v is defined by degG(v) = |NG(v)|, where NG(v) is the neighbourhood of v i.e.,
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the set of vertices adjacent to v. By δ(G) and ∆(G) we denote the minimum degree and the maximum

degree of G, i.e., the smallest and the largest degree of a vertex in G.

The upper bounds in (1) and (2) are attained by paths, which have minimum degree 1. For graphs of

larger minimum degree δ, the following improved bounds were given in [8].

ρ(G) ≤ 3n

2(δ + 1)
+

7

2
, (3)

π(G) ≤ 3n

4(δ + 1)
+ 3, (4)

and further improvements for graphs not containing a 3-cycle or a 4-cycle as a subgraph were given in

[10].

The graphs constructed in [8] to show that (3) and (4) are sharp apart from an additive constant are

close to regular. Hence it is natural to ask if one can find improved bounds for graphs containing a vertex

of large degree. That this is indeed the case for trees was shown by Tsai, Shang and Zhang [15] and

Rissner and Burkhard [18], who determined the trees of given order and maximum degree that maximise

proximity and remoteness. In this paper we answer the above question in the affirmative and improve the

bounds (3) and (4) for graphs of given maximum degree. We prove the following bounds, which are sharp

apart from an additive constant:

π(G) ≤
{

3(n−∆)2

2(n−1)(δ+1) +
13
2 if ∆ > n

2 − 1,

3n2−6∆2

4(n−1)(δ+1) +
35
4 if ∆ ≤ n

2 − 1,

and

ρ(G) ≤ 3(n2 −∆2)

2(n− 1)(δ + 1)
+ 7,

where ∆ denotes the maximum degree of G. Our bounds show a certain analogy to results in [2], where

it was shown that bounds on the average distance of graphs in terms of order and minimum degree can be

improved significantly for graphs with large maximum degree.

This paper is organised as follows. In Section 2 we consider graphs with a weight function on the

vertex set. We define the weighted distance of a vertex and prove bounds on the weighted distance. These

bounds are used in Section 3 to prove our main results, bounds on proximity and remoteness in terms of

order, minimum degree and maximum degree. Graphs that show that these bounds are sharp apart from

an additive constant are constructed in Section 4.

2 Proximity and remoteness of weighted graphs

In this section we consider graphs with a weight function on the vertex set. Taking an approach similar to

that in [8], we first define the weighted distance of a vertex v.

Definition 2.1 Let G be a connected graph and c : V (G) −→ R
≥0 be a nonnegative weight function on

the vertices of G. Let v be a vertex of G. Then the weighted distance of v with respect to c is defined as

σc(v) =
∑

w∈V (G)−{v}

c(w)d(v, w).
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A vertex whose weighted distance is minimum among all vertices of G is a c-median vertex, and the

c-median of G is the set of all c-median vertices of G.

If c(v) = 1 for every vertex v of G, then the c-median is exactly the median of G. It is well-known (see

for example [21]) that in a tree T of order n, the median vertices are exactly the vertices whose branch

weight is not more than n
2 , where the branch weight of a vertex v in T is defined as the maximum order

among all components of T − v. A more general result for weighted trees was given by Kariv and Hakimi

[14].

Definition 2.2 Let T be a tree and c : V (T ) −→ R
≥0 be a nonnegative weight function on the vertices of

T . Let v be a vertex of T . Then the c-branch weight bwc(v, T ) of v is the largest weight of a component

of T − v, where the weight of a component is the sum of the weights of its vertices.

If G is a graph with a weight function c on the vertex set, then for a set A of vertices of G we write

c(A) for
∑

v∈A c(v). If H is a subgraph of G, then we write c(H) for c(V (H)).

Proposition 2.1 ([14]) Let T be a tree and c : V (T ) −→ R
≥0 be a nonnegative weight function on the

vertices of T . Let v be a vertex of T . Then v is a c-median vertex of T if and only if bwc(v, T ) ≤ c(T )
2 .

A key result on weighted graphs in [8] gives a bound on the weighted distance of a c-median vertex of a

weighted graph with given total weight but no restriction on the order, in which the weight of every vertex

is at least a prescribed value k. In the following lemma, which can be viewed as an extension of the result

in [8], the graph satisfies the additional condition that the weight of at least one vertex is not less than a

prescribed large value L. Its proof is significantly more involved than that of the corresponding result in

[8].

Lemma 2.2 Let G be a connected graph and k, L ∈ R with 0 < k < L. Let c : V (G) −→ R
≥0 be

a weight function with total weight N . Assume that c(u) ≥ k for every vertex u ∈ V (G), and that G
contains a vertex of weight at least L. Assume further that N − L is an integer multiple of k. If v is a

c-median vertex of G, then

σc(v,G) ≤
{

(N−L)(N−L+k)
2k if L > N

2 ,

N2−2L2

4k + N+L
2 if L ≤ N

2 .
(5)

Proof: Assume that N , k and L are given. Let T be a spanning tree of G that preserves the distances

from a c-median vertex v. Clearly, v is a c-median vertex of T and σc(v, T ) = σc(v,G), so it suffices to

prove the lemma for T . We may assume that T and c are such that the weighted distance of a c-median

vertex of T is maximum among all trees and weight functions satisfying the hypothesis of the lemma.

Our proof strategy is as follows. We prove a sequence of claims from which it follows that T is a path

in which one end-vertex has weight L, and all other vertices have weight k. Evaluating the weighted

distance of a c-median vertex of this path then yields the inequality (5).

We assume that v is a c-median vertex of T that is also an internal vertex, if possible. Let u1, u2, . . . , ud

be the neighbours of v. For i ∈ {1, 2, ..., d} denote the component of T − v containing ui by Ti, and

its total weight by Ci. We may assume that C1 ≥ C2 ≥ . . . ≥ Cd. It follows from Proposition 2.1 that

C1 = bwc(v, T ) ≤ N
2 .

CLAIM 1: Ci + Cj >
N
2 for all distinct i, j ∈ {1, 2, . . . , d}.
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Suppose to the contrary that Ci + Cj ≤ N
2 for some distinct i, j ∈ {1, 2, . . . , d}. We consider the tree

H = T −vui+uiuj with the same weight function c. Clearly, the weights of the vertices of H satisfy the

hypothesis of the lemma. Furthermore, v is also a c-median vertex of H since the new branch has weight

Ci + Cj ≤ N
2 , which implies that the c-branch weight of v in H is still at most N

2 . Since the distance

between the vertices of Ti and v has increased by 1, we have

σc(v,H) = σc(v, T ) +
∑

x∈V (Ti)

c(x) = σc(v, T ) + Ci > σc(v, T ),

contradicting our choice of T and v. This proves Claim 1.

CLAIM 2: T − v has at most 3 components, i.e., d ≤ 3.

Suppose to the contrary that T −v has at least 4 components. Since by Claim 1 the total weight of any two

of these is greater than N
2 , the total weight of these four components would exceed N . This contradiction

proves Claim 2.

CLAIM 3: Ti is a path and v is adjacent to one of the end-vertices of Ti for each i ∈ {1, 2, . . . , d}.

It suffices to prove that no vertex w of Ti has two neighbours that are farther by 1 from v than w. Suppose

to the contrary that some vertex w of Ti has two neighbours, say, x1 and x2 with d(v, x1) = d(v, x2) =
d(v, w) + 1. Consider the tree H = T − wx1 + x1x2 with the same weight function c. The distance

between x1 and v has increased by 1, and no distance between v and another vertex has decreased. Fur-

thermore, v is a c-median vertex of H since its c-branch weight has not changed and is thus still at most
N
2 . Hence σc(v,H) > σc(v, T ). This contradiction to our choice of T proves Claim 3.

For the remainder of the proof we use the following notation. For i ∈ {1, 2, . . . , d} denote the end-

vertex of Ti that is farthest from v by zi. Let y be a vertex of maximum weight in T , so c(y) ≥ L > k. If

v is among the vertices of maximum weight, then choose y = v.

CLAIM 4: Let w be an internal vertex of T . Then c(w) = k, unless w = v = y and c(w) = L.

Assume that T contains an internal vertex w with c(w) > k. It suffices to show that w = v, w = y
and c(y) = L. First suppose that w 6= v. Then w ∈ V (Ti) for some i ∈ {1, 2, . . . , d}. We obtain a

weight function c′ from c by reducing the weight of vertex w to k and adding the difference c(w) − k
to the weight of zi. Then v is also a c′-median vertex since its c′-branch weight equals its c-branch

weight, which is at most N
2 . The conditions on the weight function are satisfied by c′. Indeed, every

vertex has weight at least k, and either w 6= y, in which case c′(y) ≥ L, or w = y, in which case

c′(zi) = c(zi)+ c(y)− k ≥ k+L− k = L, so there exists a vertex of weight at least L. Clearly, we have

σc′(v, T ) = σc(v, T ) + dT (w, zi)
(

c(w)− k
)

> σc(v, T ),

contradicting our choice of T and c. This proves that w = v.

Now suppose that w 6= y or that w = y and c(w) > L. Since v = w and w is an internal vertex, T − v
has at least two components. Note that C1 + C2 ≤ N − c(v) < N − k, thus we get that C2 ≤ N

2 − k
2 .

We now obtain the weight function c′ by reducing the weight of w by min{k
2 , c(w) − k} if w 6= y, and

by min{k
2 , c(w) − L} if w = y and increasing the weight of z2 by the same amount. Then v is also a

c′-median vertex, c′ satisfies the hypothesis of the lemma, but σc′(v, T ) > σc(v, T ), a contradiction to the

choice of T and c. We conclude that w = y and c(y) = L, so Claim 4 follows.

CLAIM 5: The lemma holds if L > N
2 .
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Assume that L > N
2 . Then y is a c-median vertex since bwc(y, T ) ≤ N − c(y) ≤ N

2 . It is easy to see

that y is the only c-median vertex of T , so y = v. Now v is an end-vertex of T . Indeed, if v is an internal

vertex, then T − v has at least two components, and by Claim 1 their combined weight is more than N
2 .

Since L > N
2 , this would imply that the total weight of T is greater than N , a contradiction. Thus v is an

end-vertex. By Claim 3 and Claim 4 it follows that T is a path with all internal vertices having weight k.

We now show that c(v) = L. Indeed, if c(v) > L, then we obtain a weight function c′ from c by

reducing the weight of v to L and adding the excess weight c(v)−L to z1. Then c′ satisfies the hypothesis

of the lemma and v is a c′-median vertex of T . As above, c′ satisfies the hypothesis of the lemma, and we

have

σc′(v, T ) = σc(v, T ) + d(v, z1)(c(v) − L) > σc(v, T ),

a contradiction to the maximality of σc(v, T ).

We now show that c(z1) = k. Suppose to the contrary that c(z1) > k. Since N − L is an integer

multiple of k and c(v) = L, it follows that c(z1) is an integer multiple of k, which implies that c(z1) ≥ 2k.

Extending the path T by adding a new vertex z′1 adjacent to z1, and moving c(z1) − k weight units from

z1 to z′1 yields a tree H with a weight function c′ that satisfies the hypothesis of the lemma. Then v is a

c′-median vertex of H and σc′(v,H) > σc(v, T ), a contradiction.

We have shown that T is a path, the c-median vertex v has weight L and is an end-vertex of T , and all

other vertices have weight k. So there are N−L
k vertices of weight k at distance 1, 2, . . . , N−L

k from v.

Hence,

σc(v, T ) = k
(

1 + 2 + · · ·+ n− L

k

)

=
(N − L)(N − L+ k)

2k
,

which proves (5) for the case L > N
2 .

CLAIM 6: If L ≤ N
2 , then v is an internal vertex of T , T is a path, and y is an end-vertex of T .

We first prove that v is an internal vertex of T . Suppose to the contrary that v is an end-vertex. Then T −v
has only one component, and bwc(v, T ) = N − c(v). Since bwc(v, T ) ≤ N

2 it follows that c(v) ≥ N
2 . If

this inequality is strict, i.e., if c(v) > N
2 , then transferring c(v)− N

2 weight units from v to its neighbour

u1 yields a weight function c′ which satisfies the hypothesis of the lemma and for which v is a c′-median

vertex. But σc′(v, T ) > σc(v, T ), a contradiction to the maximality of σc(v, T ). Hence c(v) = N
2 . Now

consider vertex u1. Clearly, the component of T − u1 containing only v has the maximum weight among

all components of T − u1, so bwc(u1, T ) = N
2 , hence u1 is also a c-median vertex. Hence T has an

internal vertex that is a c-median vertex. This contradicts the choice of v as a c-median vertex that is also

internal, if possible. It follows that our initial assumption that v is an end-vertex is false, and so v is an

internal vertex of T .

We now show that T is a path. Suppose not. Since by Claim 3 each component of T −v is a path where

v is adjacent to one of its ends, it follows that T − v has at least three components. Since T − v has at

most three components by Claim 2, it follows that T − v has exactly three components.

There are at least two components of T − v, Ti′ and Ti′′ say, that do not contain y. Denote the third

component by Ti. Recall that zi′ and zi′′ are the end-vertices of T in Ti′ and Ti′′ , respectively. We may

assume that dT (v, zi′) ≥ dT (v, zi′′).

Note that c(zi′) < 2k (and similarly, c(zi′′) < 2k) since otherwise, if c(zi′) ≥ 2k, then we obtain a

new graph by adding a new vertex of weight k, joining it to zi′ and reducing the weight of zi′ by k, which

increases the weighted distance of v, which contradicts our choice of T and c.
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We now bound Ci′ . Clearly, Ci′ = N − Ci − Ci′′ − c(v). Since Ci + Ci′′ > N
2 by Claim 1, and

c(v) ≥ k, it follows that Ci′ <
N
2 − k.

We may assume that c(zi′′) = k. Indeed, if c(zi′′ ) > k, then let r = c(zi′′) − k. As shown above,

we have r ≤ k. Consider the weight function obtained from c by shifting the extra weight r from zi′′ to

zi′ . This does not increase the total weight of Ti′ beyond N
2 , so v is also a c′-median vertex of T , and

the weighted distance of v has not decreased since dT (v, zi′) ≥ dT (v, zi′′). Hence, from now on we may

assume that c(zi′′ ) = k.

Let x be the neighbour of zi′′ in T . Consider the tree H = T−zi′′x+zi′′zi′ , so vertex zi′′ is transferred

from Ti′′ to Ti′ . Since Ci′ <
N
2 − k, vertex v has c-branch weight at most N

2 in H and is thus a c-median

vertex of H . Moreover,

σc(v,H) = σc(v, T ) + k(dT (v, zi′) + 1− dT (v, zi′′)) > σc(v, T ),

a contradiction to the choice of T . Hence T is a path.

Now we complete the proof of Claim 6 by showing that y is an end-vertex of T . It suffices to show that

y 6= v since then by Claim 4 all internal vertices of T have weight k, so y is an end-vertex.

Suppose to the contrary that y = v. Since v is an internal vertex, it follows from Claim 4 that c(v) = L.

Let c′ be the weight function obtained from c by movingL−k weight units from v to u2, i.e., let c′(v) = k,

c′(u2) = c(u2) + L− k and c′(x) = c(x) for all x ∈ V (T )− {v, u2}. Clearly, c′ satisfies the hypothesis

of the lemma. We have either C1 > N
2 − k or C1 ≤ N

2 − k.

If C1 > N
2 − k, then v is also a c′-median vertex of T . Indeed, the weights with respect to c′ of the two

branches of T − v are C1 and N − C1 − k < N
2 . Clearly, σc′(v, T ) = σc(v, T ) + L − k > σc(v, T ), a

contradiction to the maximality of σc(v, T ).
If C1 ≤ N

2 − k, then u2 is a c′-median vertex of T . Indeed, the total weights with respect to c′ of the

two branches of T − u2 are C1 + k and C2 − c(u2), and both terms are clearly not more than N
2 . Clearly,

σc′(u2, T ) = σc(v, T ) + C1 + k − C2 > σc(v, T ), again a contradiction to the maximality of σc(v, T ).
Hence Claim 6 holds.

CLAIM 7: If L ≤ N
2 , then the lemma holds.

Assume that L ≤ N
2 . Then by Claim 6, we have that T is a path, v is an internal vertex, and y is one of the

two end-vertices of T . Denote the other end-vertex of T by x. Moreover, denote the components of T − v
that contain vertex x and y by Tx and Ty , respectively. Note that c(w) = k for all w ∈ V (T ) − {x, y}
by Claim 4. Let Cx and Cy be the total weight of the components of T − v that contain vertex x and y,

respectively. Let rx = c(x) − k and ry = c(y)− L. We prove that

0 ≤ rx, ry < k and rx + ry ∈ {0, k}. (6)

We first show that 0 ≤ rx < k. Clearly, 0 ≤ rx. If rx ≥ k, then we obtain a contradiction by adding

a new vertex x′ and joining it to x to obtain a new tree H , and defining a new weight function c′ with

c′(x) = k, c′(x′) = rx and the remaining vertices have the same weight as for c. Then v is a c′-median

vertex of H but σc′(v,H) > σc(v, T ), a contradiction. Similarly we show that 0 ≤ ry < k. Since N −L
is an integer multiple of k, and since all vertices except possibly x and y have weight k, it follows that

rx + ry is also an integer multiple of k. From 0 ≤ rx, ry < k we conclude that rx + ry either equals 0 or

k. This proves (6).

We now consider three cases, depending on the values of L and bwc(v, T ).
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CASE 1: c(y) = L.

Since c(y) = L we have ry = 0 and thus c(x) = k by (6). Hence T is a path v0, v1, . . . , v(N−L)/k, where

v0 has weight L and the other vertices have weight k.

In order to determine a c-median vertex of T , let a ∈ {1, 2, . . . , N−L
k } be the largest value for which

the component of T − va containing v0 has a total weight of not more than N
2 , so a = ⌊N/2−L+k

k ⌋. Then

bwc(va, T ) ≤ N
2 , and so va is a c-median vertex of T . Apart from va and y, T has a−1 vertices of weight

k at distance 1, 2, . . . , a− 1 from va in the component of T − va containing v0, and N−L−ak
k vertices of

weight k at distance 1, 2, . . . , N−L−ak
k from va in the other component of T − va. Thus,

σc(va, T ) = aL+ k
(

1 + 2 + . . .+ (a− 1)
)

+ k
(

1 + 2 + . . .+
N − L− ak

k

)

= aL+
ka(a− 1)

2
+

(N − L− ak)(N − L− ak + k)

2k
.

Now N−2L
2k < a ≤ N−2L+2k

2k and so N − L− ak < N
2 . Hence

σc(va, T ) <
N − 2L+ 2k

2k
L+

k

2

N − 2L+ 2k

2k

N − 2L

2k
+

1

2k

N

2

(N

2
+ k

)

=
N2 − 2L2

4k
+

N + L

2
,

and (5) holds in this case.

CASE 2: c(y) > L and bwc(v, T ) =
N
2 .

Since bwc(v, T ) =
N
2 , there exists a component of T − v with total weight N

2 . Let v′ be the neighbour

of v in this component. Then T − vv′ has two components, each of total weight N
2 . It follows that

bwc(v
′, T ) = N

2 , and so v′ is also a c-median vertex. We assume that x is in the same component of

T − vv′ as v, and y is in the same component as v′ (otherwise the proof is analogous). The weights of the

two components of T − vv′ are kdT (v, x) + c(x) and kdT (v
′, y) + c(y). Since these weights are equal,

and since c(y) ≥ c(x), we have kdT (v, x) ≥ kdT (v
′, y) and thus dT (v, x) ≥ dT (v

′, y). Since v and v′

are adjacent, this implies that

dT (v, y) ≤ dT (v, x) + 1. (7)

Now we obtain a new tree H by adding a new vertex x′ and joining it to x. We define a new weight

function c′ by letting c′(y) = L, c′(x) = k, c′(x′) = rx + ry , and as in c, all other vertices have weight

k. By (6) and ry > 0 we have that c′(x′) = k. Note that v is a c′-median vertex. Indeed, the components

of T − v containing y and x have (with respect to c) total weight N
2 and N

2 − k, respectively, so the

components of H − x containing y and x have (with respect to c′) total weight N
2 − ry and N

2 − k + ry ,

respectively, and both are less than N
2 . From (7) we obtain that

σc′(v,H) = σc(v, T ) + rx +
(

dT (v, x) + 1− dT (v, y)
)

ry > σc(v, T ),

contradicting our choice of v, T and c. Hence Case 2 cannot occur.

CASE 3: c(y) > L and bwc(v, T ) <
N
2 .

We first show that dT (v, x) = dT (v, y). Suppose not. Then we have either dT (v, x) < dT (v, y) or
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dT (v, x) > dT (v, y). First assume that dT (v, x) < dT (v, y). Define ε := min{N
2 − bwc(v, T ), c(y) −

L, c(x)− k}. Since bwc(v, T ) <
N
2 , we have that ε > 0. We define a new weight function c′ by moving

ε weight units from x to y. Clearly, c′ satisfies the hypothesis of the lemma and v is a c′-median vertex of

T . Then σc′(v, T ) > σc(v, T ), a contradiction. We obtain a similar contradiction if dT (v, x) > dT (v, y).
This proves that dT (v, x) = dT (v, y).

If Cx ≤ N
2 − k, then we obtain a new tree H by adding a new vertex x′ and joining it to x, and a new

weight function c′ with c′(x′) = rx+ry = k, c(y) = L and all remaining vertices have weight k. Clearly,

v is a c′-median vertex since its c′-branch weight does not exceed N
2 . Also, σc′(v,H) > σc(v, T ), a con-

tradiction. If N
2 − k < Cx < N

2 , then either Cx ≤ N
2 − ry or Cx > N

2 − ry . If Cx ≤ N
2 − ry , then

we consider the weight function c′ obtained from c by decreasing the weight of y by ry and increasing

the weight of x by ry . Now dT (v, x) = dT (v, y) implies that σc′(v, T ) = σc(v, T ). Since c′(y) = L,

we can now apply Case 1 to c′. If Cx > N
2 − ry , then let ε := N

2 − Cx. Consider the weight function

c′ obtained from c by decreasing the weight of y by ε and increasing the weight of x by ε. As above we

have σc′(v, T ) = σc(v, T ). Since bwc′(v, T ) =
N
2 , we can now apply Case 2 to c′. In both cases, Claim

7 follows. This completes the proof of Lemma 2.2. ✷

Lemma 2.3 Let G be a connected graph and k, L ∈ R with 0 < k < L. Let c : V (G) −→ R
≥0 be

a weight function with total weight N . Assume that c(u) ≥ k for every vertex u ∈ V (G), and that G
contains a vertex of weight at least L. Assume further that N − L is an integer multiple of k. If v is a

vertex of G, then

σc(v,G) ≤ (N − L)(N + L− k)

2k
. (8)

Proof: We give only an outline the proof of Lemma 2.3 since it uses arguments very similar to those in

the proof of Lemma 2.2, but is much less elaborate.

Let N, k, L be as in the hypothesis of the lemma. Let G, v and c be such that σc(v,G) is maximised

among all graphs, vertices and weight functions satisfying the hypothesis of the lemma. We may assume

that G is a tree.

Then v is an end-vertex of G since otherwise, if u1 and u2 are two neighbours of v, the graph H =
G − vu2 + u1u2 satisfies σc(v,H) > σc(v,G), a contradiction. A similar argument shows that G is a

path. As in the proof of Lemma 2.2 we show that v and all internal vertices of the path G have weight

equal to k, and that the other end-vertex of G has weight L. Thus G has N−L
k − 1 vertices at distance

1, 2, . . . , N−L−k
k from v, all of weight k, and one vertex at distance N−L

k from v which has weight L.

Hence

σc(v,G) = k
(

1 + 2 + · · ·+ N − L− k

k

)

+
N − L

k
L =

(N − L)(N + L− k)

2k
,

which proves Lemma 2.3. ✷

3 Proximity and remoteness of graphs of given minimum degree

and maximum degree

In this section we present our main results. We give a bound on the proximity of a graph in terms of order,

minimum degree and maximum degree, and we construct graphs to show that our bound is sharp apart

from an additive constant.
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If v is a vertex of G, then by S(v) we mean the subgraph with vertex set NG(v) ∪ {v} in which v is

adjacent to each vertex of NG(v), and no other edges are present. We define the distance between a vertex

v and a set B ⊆ V (G) as minu∈B d(v, u).

Theorem 3.1 Let G be a connected graph of order n, minimum degree δ and maximum degree ∆.

If ∆ > n
2 − 1, then

π(G) ≤ 3(n−∆)2

2(n− 1)(δ + 1)
+

13

2
.

If ∆ ≤ n
2 − 1, then

π(G) ≤ 3(n2 − 2∆2)

4(n− 1)(δ + 1)
+

35

4
.

Proof: We first construct a spanning tree T of G as follows. Let b0 be a vertex of G of maximum

degree. Let B0 = {b0} and T0 = S(b0). Let b1 be a vertex at distance exactly 3 from B0, if one exists.

Then there exists an edge e1 joining some vertex of T0 to some vertex of S(b1). Let T1 be the tree obtained

from T0 ∪ S(b1) by adding the edge e1 and let B1 = B0 ∪ {b1}. Let b2 be a vertex at distance exactly 3
from B1, if one exists. Then there exists an edge e2 joining some vertex of T1 to some vertex of S(b2).
Let T2 be the tree obtained from T1 ∪ S(b2) by adding the edge e2 and let B2 = B1 ∪ {b2}. Generally,

for given Bj and Tj , choose a vertex bj+1 at distance exactly 3 from Bj , if one exists, let ej be an edge

joining some vertex of Tj to some vertex of S(bj+1), let Tj+1 be the tree obtained from Tj ∪ S(bj+1) by

adding the edge ej+1 and let Bj+1 = Bj ∪ {bj+1}. Repeat this procedure, say, for r steps, until each

vertex of G is at distance at most 2 from some vertex in Br.

Let T ′ = Tr and B = Br = {b0, b1, . . . , br}. Then all vertices of G are within distance at most 2 from

B in G, and thus adjacent to some vertex in T ′. Now we obtain a spanning tree T of G by joining every

vertex that is not in T ′ to a neighbour in T ′, which results in a spanning tree T of G. Note that T has the

same maximum degree as G since degG(b0) = degT (b0).
Consider T as a weighted tree in which every vertex of T has weight 1. Define a new weight function

on the vertices of T by moving each weight to the nearest vertex in B. More precisely, for every vertex v
of T let vB be a vertex in B closest to v in T . We now move the weight of v to vB , that is, we define the

weight function c : V (T ) −→ R
≥0 by

c(w) = |{v ∈ V (T ) | vB = w}|

for w ∈ V (T ). Every vertex of T is within distance 2 of some vertex in B, hence we have d(v, vB) ≤ 2
for all v ∈ V (T )−B and d(v, vB) = 0 for all v ∈ B. Hence,

σ(w, T ) =
∑

v∈V (T )

dT (w, v)

≤
∑

v∈V (T )

(dT (w, vB) + dT (v, vB))

≤
∑

v∈V (T )

c(v)dT (w, v) + 2(n− |B|)

≤
∑

v∈V (T )

c(v)dT (w, v) + 2(n− 1).
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Thus, for all w ∈ V (T ),
σ(w, T ) ≤ σc(w, T ) + 2(n− 1). (9)

Since the weight of the vertices of T is concentrated entirely in B, we have

σc(w, T ) =
∑

v∈B

c(v)d(w, v).

Denote by T 3 the graph with vertex set V (T ) in which two vertices u, v are adjacent if and only if

dT (u, v) ≤ 3. Let F be the subgraph of T 3 induced by B. It follows from the construction of T and B
that for each vertex bi ∈ B with i ≥ 1 there exists some vertex bj ∈ B with j < i such that dT (bi, bj) = 3.

This implies that for every i ≥ 1 there exists a (bi, b0)-path in F , and so F is connected.

We now consider F with the weight function c. (Note that we use the notation c also for the restriction

of c to B.) Fix a c-median vertex w0 of F . Since dT (w0, v) ≤ 3dF (w0, v) for all v ∈ B, we have

σc(w0, T ) ≤
∑

v∈B

3dF (w0, v) = 3σc(w0, F ). (10)

Our aim is to bound the weighted distance σc(w0, F ) using Lemma 2.2. If w ∈ B, then every vertex

v ∈ NG(w) ∪ {w} satisfies vB = w, hence we have c(w) ≥ degG(w) + 1. This implies that every vertex

of B has weight at least δ + 1, and that F contains a vertex, viz. w0, of weight at least ∆ + 1. Also,

c(B) = c(T ) = n. However, n− (∆ + 1) is not necessarily a multiple of δ + 1, so we apply Lemma 2.2

not to c but to a slightly modified weight function c′.
There exists q ∈ R with 0 ≤ q ≤ δ such that n− (∆+1)+ q is a multiple of δ+1. Let c′ be the weight

function obtained from c by increasing the weight of w0 by q and leaving the other weights unchanged.

Then c′(F ) = n + q, each vertex of F has weight at least δ + 1, and F contains a vertex of weight at

least ∆+ 1. Furthermore, c′(F )− (∆ + 1) is a multiple of δ + 1. Clearly, σc(w0, T ) ≤ σc′(w0, T ) and

w0 is a c′-median vertex of F . For N,L, k ∈ R
≥0 let f1(N,L, k) = (N−L)(N−L+k)

2k and f2(N,L, k) =
N2−2L2

4k + N+L
2 . By Lemma 2.2 we have

σc(w0, F ) ≤ σc′(w0, F ) ≤
{

f1(n+ q,∆+ 1, δ + 1) if ∆+ 1 > n+q
2 ,

f2(n+ q,∆+ 1, δ + 1) if ∆+ 1 ≤ n+q
2 .

In order to eliminate q, we observe that if ∆+ 1 ≤ n
2 , then ∆+ 1 ≤ n+q

2 , and if ∆+ 1 ≥ n+δ+1
2 , then

∆+1 > n+q
2 . If n

2 < ∆+1 < n+δ+1
2 , then clearly σc′(w0, F ) ≤ max{f1(n+ q,∆+ 1, δ+1), f2(n+

q,∆+ 1, δ + 1)}. It is easy to verify that f1(N,L, k) ≥ f2(N,L, k) if and only if 2L − 2
√
kL ≤ N ≤

2L+2
√
kL. For N = n+q, L = ∆+1 and k = δ+1, this condition is satisfied if n

2 < ∆+1 < n+δ+1
2 .

Hence we have σc′(w0) ≤ f2(n+ q,∆+ 1, δ + 1) if n
2 < ∆+ 1 < n+δ+1

2 . It follows that

σc(w0, F ) ≤
{

f1(n+ q,∆+ 1, δ + 1) if ∆+ 1 > n
2 ,

f2(n+ q,∆+ 1, δ + 1) if ∆+ 1 ≤ n
2 .

Since f1(N,L, k) and f2(N,L, k) are increasing in N , and since n+q ≤ n+δ, we obtain, after evaluating

f1(n+ δ,∆+ 1, δ + 1) and f2(n+ δ,∆+ 1, δ + 1),

σc(w0, F ) ≤
{

(n+δ−∆−1)(n+2δ−∆)
2(δ+1) if ∆+ 1 > n

2 ,

(n+δ)2−2(∆+1)2

4(δ+1) + n+δ+∆+1
2 if ∆+ 1 ≤ n

2 .
(11)
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CASE 1: ∆ > n
2 − 1.

Consider the right hand side of (11). We have (n + δ − ∆ − 1)(n + 2δ − ∆) = (n − ∆)2 + (n −
∆)(3δ − 1) + 2δ(δ − 1). Bounding 3δ − 1 by 3(δ + 1) and 2δ(δ − 1) by 3δ(δ + 1) we obtain that

(n−∆)(3δ − 1) + 2δ(δ − 1) ≤ 3(δ + 1)(n−∆+ δ) ≤ 3(δ + 1)(n− 1), and so

σc(w0, F ) ≤ (n−∆)2

2(δ + 1)
+

3

2
(n− 1). (12)

Combining (9) for w = w0, (10) and (12) we obtain

σ(w0, T ) ≤ σc(w0, T ) + 2(n− 1)

≤ 3σc(w0, F ) + 2(n− 1)

≤ 3(n−∆)2

2(δ + 1)
+

13

2
(n− 1).

Division by n− 1 now yields the bound in the theorem.

CASE 2: ∆ ≤ n
2 − 1.

Consider the right hand side of (11). We have (n+ δ)2 − 2(∆+ 1)2 = n2 − 2∆2 + 2δn+ δ2 − 4∆− 2.

Bounding 2δn by 2(δ+1)(n−1) and δ2−4∆−2 by (δ+1)(δ−1), we obtain that 2δn+ δ2−4∆−2 ≤
(δ + 1)(2(n− 1) + δ − 1). We thus obtain

σc(w0, F ) ≤ n2 − 2∆2

4(δ + 1)
+

2n+∆+ 3
2δ − 1

2

2

≤ n2 − 2∆2

4(δ + 1)
+

9

4
(n− 1), (13)

where in the last step we bounded ∆ ≤ n− 1 and δ ≤ n− 2. Combining (9) for w = w0, (10) and (13)

we obtain

σ(w0, T ) ≤ σc(w0, T ) + 2(n− 1)

≤ 3σc(w0, F ) + 2(n− 1)

≤ n2 − 2∆2

4(δ + 1)
+

35

4
(n− 1).

Since π(G) ≤ π(T ) ≤ 1
n−1σ(w0, T ), division by n− 1 now yields the desired bound. ✷

Theorem 3.2 Let G be a connected graph of order n, minimum degree δ and maximum degree ∆. Then

there exists a spanning tree T of G with

ρ(T ) ≤ 3(n2 −∆2)

2(n− 1)(δ + 1)
+ 7.

Proof: Let B, T , F , c, q and c′ be as in the proof of Theorem 3.1. Let u be a vertex of maximum

average distance in T , i.e., σ(u) = ρ(T ). By the construction of T there exists a vertex uB ∈ B with

dT (u, uB) ≤ 2. Hence

σ(u, T ) ≤ σ(uB, T ) + 2(n− 1). (14)
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By (9), and as in (10) we have

σ(uB, T ) ≤ σc(uB, T ) + 2(n− 1) ≤ 3σc(uB, F ) + 2(n− 1). (15)

Using the same arguments as in the proof of Theorem 3.1, we bound σc(u, F ) with help of the weight

function c′, to which we apply Lemma 2.3 (with N = n+ q, L = ∆+ 1 and k = δ + 1) and use the fact

that q ≤ δ to obtain that

σc(uB, F ) ≤ σc′(uB, F )

≤ (n+ q −∆− 1)(n+ q +∆− δ)

2(δ + 1)

≤ (n+ δ −∆− 1)(n+∆)

2(δ + 1)
.

Now (n+ δ−∆− 1)(n+∆) = (n−∆)(n+∆)+ (δ− 1)(n+∆) < n2 −∆2 + (δ+1)(2n− 2), and

so

σc(uB, F ) <
(n−∆)(n+∆)

2(δ + 1)
+ n− 1. (16)

Combining (14), (15) and (16) and dividing by n− 1 yields

σ(u, T ) ≤ σ(uB , T ) + 2(n− 1)

≤ 3σc(uB, F ) + 4(n− 1)

≤ 3(n2 −∆2)

2(δ + 1)
+ 7(n− 1).

Since ρ(T ) = 1
n−1σ(u, T ), division by n− 1 now yields the theorem. ✷

Since ρ(G) ≤ ρ(T ) for every spanning tree of a connected graph G, we have the following corollary.

Corollary 3.3 If G is a connected graph of order n, minimum degree δ and maximum degree ∆. then

ρ(G) ≤ 3(n2 −∆2)

2(n− 1)(δ + 1)
+ 7.

4 A sharpness example

We now construct a graph that shows that for fixed δ ≥ 3, and any given values of n and ∆ with δ <
∆ < n, there are graphs of order n, minimum degree δ and maximum degree ∆, whose proximity and

remoteness are within a constant of the bounds in Theorems 3.1 and 3.2, respectively.

If G1, G2, . . . , Gk are graphs, then we define the sequential sum G1 +G2 + · · ·+Gn to be the graph

obtained from the disjoint union of the graphs G1, G2, . . . , Gk by joining every vertex of Gi to every

vertex of Gi+1 for i = 1, 2, . . . , k − 1. By Kn we mean the complete graph on n vertices.

Let n,∆, δ ∈ N be given with 3 ≤ δ < ∆ < n. For the following construction we assume that n−∆ is

a multiple of δ+1, but it is not hard to modify the construction to work without this additional assumption.

Let k := n−∆
δ+1 . Define the graph Gn,∆,δ by

Gn,∆,δ = Kδ +K1 + [K1 +Kδ−1 +K1]
k−1 +K1 +K∆−1,
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where [K1+Kδ−1+K1]
k−1 stands for k−1 repetitions of the pattern K1+Kδ−1+K1. Clearly, Gn,∆,δ

has order n, minimum degree δ and maximum degree ∆.

We first bound the proximity of Gn,∆,δ from below. Define V1 to be the set of δ + 1 vertices that

belong to the first (counted from the left) or second complete graph in the sequential sum, i.e, to Kδ ∪K1.

For i = 1, 2, . . . , k − 1 let Vi+1 be the set of δ + 1 vertices that belong to ith repetition of the pattern

K1 +Kδ−1 +K1 in the definition of Gn,∆,δ. Define Vk+1 to be the set of ∆ vertices belonging to one of

the rightmost two complete graphs, i.e., to K1 +K∆−1 in the definition of Gn,∆,δ. We make use of the

fact that, whenever x and y are two vertices with x ∈ Vi and y ∈ Vj , then d(x, y) ≥ 3|i− j| − 2.

CASE 1: ∆ ≤ n
2 .

Let a := ⌈ n/2
δ+1⌉. Then it is easy to see (for example using the fact that both components of Gn,∆,δ − Va

contain not more than n
2 vertices), that Va contains a median vertex, w say. We bound σ(w,Gn,∆,δ) from

below by taking into account only the distances to vertices not in Va.

σ(w,Gn,∆,δ) >

a−1
∑

i=1

∑

v∈Vi

d(w, v) +

k
∑

i=a+1

∑

v∈Vi

d(w, v) +
∑

v∈Vk+1

d(w, v)

≥
a−1
∑

i=1

(δ + 1)[3(a− i)− 2] +
k
∑

i=a+1

(δ + 1)[3(i− a)− 2]

+∆[3(k − a+ 1)− 2]

=
3

2
(δ + 1)a(a− 1)− 2(δ + 1)(a− 1) +

3

2
(δ + 1)(k − a+ 1)(k − a)

−2(δ + 1)(k − a) + 3∆(k − a+ 1)− 2∆

=
3

2
(δ + 1)[a2 + (k − a+ 1)2] + 3∆(k − a+ 1)

−
[

(δ + 1)(
7

2
k − 1

2
) + 2∆

]

.

Using the inequalities a = ⌈ n/2
δ+1⌉ ≥ n/2

δ+1 , k − a + 1 = k − ⌈ n/2
δ+1⌉ + 1 > k − n/2

δ+1 = n−2∆
2(δ+1) , and

(δ + 1)(72k − 1
2 ) + 2∆ < 7

2 (n− 1) we obtain that

σ(w,Gn,∆,δ) >
3

2
(δ + 1)

[ n2

4(δ + 1)2
+

(n− 2∆)2

4(δ + 1)2
]

+ 3∆
n− 2∆

2(δ + 1)
− 7

2
(n− 1)

=
3(n2 − 2∆2)

4(δ + 1)
− 7

2
(n− 1).

Division by n− 1 yields that

π(Gn,∆,δ) = σ(w,Gn,∆,δ) >
3(n2 − 2∆2)

4(n− 1)(δ + 1)
− 7

2
,

and so π(Gn,∆,δ) differs from the bound in Theorem 3.1 by less than 49
4 .

CASE 2: ∆ ≥ n
2 . Clearly, Vk+1 contains a median vertex, w say. We bound σ(w, (Gn,∆,δ) from below
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by taking into account only the distances to vertices not in Vk+1.

σ(w, (Gn,∆,δ)) >

k
∑

i=1

∑

v∈Vi

d(w, v)

≥
k

∑

i=1

(δ + 1)[3(k + 1− i)− 2]

=
3

2
(δ + 1)k(k + 1)− 2(δ + 1)k

=
3

2
(δ + 1)k2 − 1

2
(δ + 1)k.

Substituting k = n−∆
δ+1 , bounding 1

2 (δ + 1)k = 1
2 (n−∆) ≤ n−1

2 and dividing by n− 1 we obtain

π(Gn,∆,δ) = σ(w, (Gn,∆,δ) >
3(n−∆)2

(n− 1)(δ + 1)
− 1

2
,

and so π(Gn,∆,δ) differs from the bound in Theorem 3.1 by less than 6δ+ 5
2 , which for fixed δ is a constant.

We now bound the remoteness of Gn,∆,δ. Let u be a vertex of the graph Kδ in the representation of

Gn,∆,δ as a sequential sum. We have

σ(u, (Gn,∆,δ)) =
∑

v∈V1

d(u, v) +

k
∑

i=2

∑

v∈Vi

d(u, v) +
∑

v∈Vk+1

d(u, v)

= δ +

k
∑

i=2

(δ + 1)[3i− 3] + ∆3k − 1

= 3(δ + 1)
k(k − 1)

2
+ 3∆k + δ − 1.

Substituting k = n−∆
δ+1 yields after simplification that

σ(u, (Gn,∆,δ)) =
3(n2 −∆2)

2(δ + 1)
− 3

2
(n−∆− 2

3
(δ + 1)) >

3(n2 −∆2)

2(δ + 1)
− 3

2
(n− 1).

Division by n− 1 yields that

ρ(Gn,∆,δ) ≥ σ(u, (Gn,∆,δ) >
3

2

n2 −∆2

(n− 1)(δ + 1)
− 3

2
,

and so ρ(Gn,∆,δ) differs from the bound in Corollary 3.3 by not more than 17
2 .
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We study the following problem. Given a multiset M of non-negative integers, decide whether there exist and, in the

positive case, compute two non-trivial multisets whose Minkowski sum is equal to M . The Minkowski sum of two

multisets A and B is a multiset containing all possible sums of any element of A and any element of B. This problem

was proved to be NP-complete when multisets are replaced by sets. This version of the problem is strictly related to

the factorization of boolean polynomials that turns out to be NP-complete as well. When multisets are considered, the

problem is equivalent to the factorization of polynomials with non-negative integer coefficients. The computational

complexity of both these problems is still unknown.

The main contribution of this paper is a heuristic technique for decomposing multisets of non-negative integers.

Experimental results show that our heuristic decomposes multisets of hundreds of elements within seconds, inde-

pendently of the magnitude of numbers belonging to the multisets. Our heuristic can also be used for factoring

polynomials in N[x]. We show that, when the degree of the polynomials gets larger, our technique is much faster than

the state-of-the-art algorithms implemented in commercial software like Mathematica and MatLab.

Keywords: multisets, polynomials, decomposition, heuristics

1 Introduction

The idea of decomposing a mathematical object into the sum (product, or other operations) of smaller

ones is definitely not new. A huge literature has been devoted to the factorization of numbers, polynomi-

als, matrices, graphs and many other mathematical objects, including sets and multisets. The basic idea

behind factorization is decomposing a complex object into smaller and easier to analyze pieces. Proper-

ties satisfied by each piece might shed some light on the properties satisfied by the entire object. As an

example, from irreducible factors of a polynomial, we can recover valuable information about its roots. In

this paper, we study the decomposition of multisets of non-negative integers according to the Minkowski

sum. Multisets are an extension of the notion of sets where, basically, multiple copies of the same element

are allowed. The Minkowski sum is a binary operation that can be applied both to sets and multisets. The

Minkowski sum of two multisets A and B is a multiset containing all possible sums of any element of A
and any element of B.
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Given a multiset M of non-negative integers, the decomposition problem asks for computing two

non-trivial multisets whose Minkowski sum is equal to M . Multisets theory have applications in many

fields Singh et al. (2007), e.g., in combinatorics Anderson (2002); Stanley (2011); Stanley and Fomin

(1999), in the theory of relational databases Grumbach and Milo (1996); Henglein et al. (2022); Lamperti

et al. (2000), in multigraphs theory DeVos et al. (2013); Dudek et al. (2013) and in computational geome-

try Emiris et al. (2017). The problem of decomposing multisets of non-negative integers is strictly related

to the problem of factoring univariate polynomials with non-negative coefficients (see Section 2.1 for de-

tails). Even if this problem arises in a very natural way in a number of different theoretical and practical

contexts, it has not been thoroughly studied (see for example Brunotte (2013); Campanini and Facchini

(2019); Van de Woestijne (2012)) and its computational complexity is still unknown. To our knowledge,

no polynomial time algorithm nor an NP-completeness proof exists. When multisets are replaced by sets,

the decomposition problem was proved to be NP-complete Kim and Roush (2005). Other variants of the

Minkowski sum decomposition problem have been studied. As an example, in Gao and Lauder (2001)

the authors study the Minkowski decomposition of integral convex polytopes proving that the decisional

version of this problem is again NP-complete.

The main contribution of this paper is a heuristic technique for decomposing multisets of non-negative

integers which, in turn, can be applied to factoring polynomials with non-negative coefficients.

The idea behind our algorithm is to transform the decomposition problem in an optimization problem

by introducing a score function for candidate solutions. A candidate solution is an approximation of a

solution. The score function measures the quality of candidate solutions, i.e., the similarity to the actual

solution (not necessarily unique). The score function reaches its maximum (whose value is known in

advance) only at a solution for the problem. Our algorithm starts from a randomly generated candidate

solution s0 and iteratively improves it until it finds a local optimum candidate solution sk according to

the score function. If sk reaches the maximum score the algorithms terminates, otherwise it starts over

from another initial candidate solution computed starting from sk. The maximum number of iterations is

bounded by a predetermined threshold.

We extensively tested our algorithm over randomly generated instances of different size and structure.

Experimental results (see Section 4 and Tables in Appendix A and B) show that after a small number of

iterations our algorithm almost always finds a solution.

As far as polynomial with non-negative coefficients factorization is concerned, no efficient and specif-

ically designed algorithms are known. A possible natural strategy to solve this problem might consist of

factoring the polynomial in Z[x] (this can be done in polynomial time) and then suitably grouping factors

in Z[x] in order to get factors in N[x]. Unfortunately, there exists no efficient algorithm to perform the

grouping of factors whose number can be, in general, exponentially large. In our opinion, this is an inter-

esting problem in itself. Since decomposing multisets of non-negative integers is equivalent (under some

conditions we will discuss in Section 2.1) to the problem of factoring polynomials in N[x], the alternative

strategy might also be used for decomposing multisets. In Section 5 we make a comparison between our

algorithm and the alternative strategy depicted above unrealistically assuming that the grouping of factors

can be computed for free. We used built-in functions provided in Wolfram Mathematica language for

integer polynomials factorization (similar results have been found using MatLab).

Experimental results clearly show (see Tables 13,14 and 15 in Appendix B) that, when the degree of

polynomials increases, our technique is much faster than going through factoring. Reversing the line of

reasoning, i.e., using multisets decomposition techniques for factoring polynomials in N[x], our heuristics

becomes a serious candidate to be the first effective method for factoring polynomials with non-negative
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coefficients.

The rest of this paper is organized as follows. In Section 2 we give basic definitions and known results.

In Section 3 we describe our heuristics and we provide its pseudocode. In Section 4 we show experi-

mental results. In Section 5 we make a comparison between our algorithm and an alternative strategy

for decomposing multisets based on integer polynomial factorization. Section 6 contains conclusions and

some ideas for further works. Appendices A and B contain tables with experimental data.

2 Definitions and Known Results

Let Z be the set of integers and Z[x] be the sets of univariate polynomials with coefficients in Z. Let N be

the set of non-negative integers and N[x] be the sets of univariate polynomials with coefficients in N.

Multisets are an extension of the concept of sets. While a set can contain only one occurrence of any

given element, a multiset may contain multiple occurrences of the same element. To distinguish multisets

from sets, we will represent multisets by using double braces.

As an example M = {{2, 2, 3, 3, 5, 5, 5, 5, 5, 6, 8, 8}} is a multiset. Given a multiset M we denote by

µ(x,M) the number of occurrences (possibly 0) of the element x in M . Sometimes we will represent

a multiset M as a set of pairs (element, µ(element,M). With this notation, the above multiset can be

written as M = {(2, 2), (3, 2), (5, 5), (6, 1), (8, 2)}. In what follows, we will consider sets and multisets

of numbers. This enable us to define a binary operation on them (denoted by the symbol ⊕) sometimes

called Minkowski sum. We will use the symbol ⊕ both for sets and multisets sum inferring the type of

operation from the type of operands.

Definition 1 (Minkowski Set Sum). The Minkowski sum of two sets A and B is a set defined as follows.

A⊕ B = {a+ b : a ∈ A and b ∈ B}

Example 1. Example of set sum. Let A = {0, 1, 3} and B = {2, 5}. Then A⊕B = {2, 3, 5, 6, 8}. Since

we are working with sets, the multiplicity of 5 in A ⊕ B is 1 even if 5 can be obtained both as 0 + 5 and

3 + 2.

Definition 2 (Minkowski Multiset Sum). The Minkowski sum of two multisets A and B is a multiset given

by

A⊕B = {{a+ b : a ∈ A and b ∈ B}}
Example 2. Examples of multiset sum.

Let A = {{0, 1, 3}} and B = {{2, 5}}. Then A⊕B = {{2, 3, 5, 5, 6, 8}}.

Let A = {{0, 1, 3, 3}} and B = {{2, 2, 5}}. ThenA⊕B = {{2, 2, 3, 3, 5, 5, 5, 5, 5, 6, 8, 8}}.

The identity element with respect to the set sum is {0} and the identity element with respect to the

multiset sum is {{0}}. A multiset A is contained in a multiset B (A ⊆ B) if and only if

∀x ∈ A : x ∈ B and µ(x,A) ≤ µ(x,B) (1)

We also define the multiset difference operation (denoted by the \ symbol) as follows.

A \B = {(x,mx) : x ∈ A and mx = max(µ(x,A) − µ(x,B), 0)} (2)

As an example, {{2, 2, 3, 3, 5, 6, 8, 8}}\{{2, 3, 3, 3, 5, 9}}= {{2, 6, 8, 8}}. We now introduce the notion

of reducible multisets (sets) of non-negative integers.
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Definition 3 (Reducible multiset (set)). A multiset (set) M of non-negative integers is reducible if and

only if there exist two multisets (sets) A and B, both of them different from the identity element, such that

M = A⊕B.

A multiset (set) M of non-negative integers is irreducible (sometimes called prime) if and only if it is

not reducible. We are now ready to state the following two problems.

Definition 4 (SET-RED). Given a set S of non-negative integers, decide whether S is reducible or not.

Definition 5 (MULTISET-RED). Given a multiset M of non-negative integers, decide whether M is re-

ducible or not.

The following result was proved in Gao and Lauder (2001).

Theorem 1. SET-RED is NP-complete.

Unlike SET-RED, the computational complexity of MULTISET-RED is, to our knowledge, still unknown.

This leads us to state the following open question.

Question 1. Is MULTISET-RED NP-complete ?

Even if we have defined SET-RED and MULTISET-RED in their decisional version, in the rest of this

paper we will refer to them (with a little abuse of notation) as constructive problems, i.e, the problem of

effectively computing two multisets (sets) whose Minkowski sum is equal to the multiset (set) received as

input.

In the next example we show that the irreducible factorization of non-negative integer multisets is not

unique. This makes the problem of factoring multisets even harder, if possible.

Example 3. Let M = {{0, 1, 2, 3, 4, 5}}. Then

M = {{0, 1}} ⊕ {{0, 2, 4}}
= {{0, 3}} ⊕ {{0, 1, 2}}.

Multisets {{0, 1}}, {{0, 2, 4}}, {{0, 3}} and {{0, 1, 2}} are irreducible.

2.1 Multisets decomposition and polynomials factorization

One of the most studied problem in computer algebra is the problem of factoring polynomials. A huge

literature has been devoted to the factorization of polynomials (without claim of exhaustiveness see Hoeij

(2002); Lenstra et al. (1982); Kaltofen (1992)). The first polynomial factorization algorithm was pub-

lished by Theodor Von Schubert in 1793 Schubert (1793). Since then, dozens of papers on the computa-

tional complexity of polynomial factorization have been published. In 1982, Arjen K. Lenstra, Hendric

W. Lenstra, and László Lovász Lenstra et al. (1982) published the first polynomial time algorithm for

factoring polynomials over Q and then over Z.

The problem of factoring polynomials over a ring can be, in a sense, labeled as “well studied” and

“efficiently solved”. The same cannot be said when rings are replaced by semirings (e.g. the natural

numbers). Unlike the case of factoring polynomials over rings, the problem of factoring polynomials

over semirings has received far less attention, there are far fewer known results and many interesting

unanswered questions. One of them is the following.

Question 2 (N-POLY-RED). Given a polynomial p(x) ∈ N[x], decide whether p(x) is reducible in N[x].
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As far as we know, for the N-POLY-RED problem, there are neither polynomial algorithms to solve it

nor proofs of NP-completeness. N-POLY-RED problem is strictly related to the MULTISET-RED problem.

To any given polynomial p(x) ∈ N[x] it is possible to associate a multiset as follows. Let p = a0 +
a1x+ a2x

2 + · · ·+ anx
n be any element of N[x]. We define the multiset

Multiset(p) = {{
a0

︷ ︸︸ ︷

0, . . . , 0, . . . ,

ai

︷ ︸︸ ︷

i, . . . , i, . . . ,

an

︷ ︸︸ ︷
n, . . . , n}} (3)

On the other hand, we can associate to any multiset

M = {{
m1

︷ ︸︸ ︷
n1, . . . , n1,

m2

︷ ︸︸ ︷
n2, . . . , n2, . . . ,

md

︷ ︸︸ ︷
nd, . . . , nd}}

the polynomial

Polynomial(M) = m1x
n1 +m2x

n2 + · · ·+mdx
nd (4)

It is not difficult to verify that

- Polynomial(Multiset(p)) = p and Multiset(Polynomial(M)) = M
- Multiset(p q) = Multiset(p)⊕Multiset(q) and

- Polynomial(A⊕B) = Polynomial(A)Polynomial(B)
As a consequence of these properties we have that

- M is an irreducible multiset of non-negative integers if and only if

Polynomial(M) is an irreducible polynomial over N[x] and

- p is an irreducible polynomial over N[x] if and only if Multiset(p) is an irreducible multiset of non-

negative integers.

Unfortunately, in the general case, the size of Multiset(p) may be exponentially larger than the size

of p. This prevents us from readily translating computational complexity results for MULTISET-RED into

equivalent results for N-POLY-RED and viceversa.

Taking advantage of Example 3 we show that the irreducible factorization of polynomials in N[x] is not

unique.

Example 4. Let p(x) = 1 + x + x2 + x3 + x4 + x5. The complete factorization of p(x) in Z[x] is

p(x) = (1+x)(1−x+x2)(1+x+x2). Since (1+x)(1−x+x2) ∈ N[x] and (1−x+x2)(1+x+x2) ∈ N[x],
then we have two distinct factorizations of p(x) in N[x].

p(x) = (1 + x)(1 + x2 + x4)

= (1 + x3)(1 + x+ x2)

3 The Heuristics

In this section we provide a complete description of our heuristics by using pseudocode (for details see

pages from 20 to 22 in Cormen et al. (2009)).

Given a multiset M of n non-negative integer numbers, a candidate solution for M is any multiset A
(A 6= {{0}}) of cardinality m such that A ⊆ M and m divides n. A candidate solution A for M is also

a solution for M if and only if there exists another candidate solution B (B 6= {{0}}) for M such that

M = A ⊕ B. Given a candidate solution A for M , deciding whether A is also a solution for M can be
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done in polynomial time. Given a solution A for M , computing B such that M = A⊕B can be done in

polynomial time.

Our heuristics starts from an initial candidate solution of a given cardinality and iteratively improves it

(according to a given score function) until it finds a solution. The cardinality m of the initial candidate

solution is unknown in advance but must divide the cardinality of M . For computing an actual decompo-

sition of a multiset M of cardinality n we have to run our algorithm on all possible factors f of n with

f ≤ √
n. We are aware that this leads to an overhead of computation, but luckily, the number of factors

of any positive integer n (not exceeding
√
n) is very small if compared to n. For every positive integer n,

with 100 ≤ n ≤ 100.000, we computed its number of factors divided by n. It turns out that the average

of these ratios is 0.00025 and the maximum is 0.058 (higher values are obtained for small numbers). For

these reasons, in what follows, we will assume that the target cardinality of solutions is known.

We now give the pseudocode of each function used in our heuristics and a short explanation on how it

works.

INITIALSOLUTION(M,n)

1 m = ROUND(M. length/2)
2 M = SORT(M)
3 M = M [1 . .m]
4 M = RANDOMSAMPLE(M,n)
5 return M

INITIALSOLUTION takes as input a multiset M and a non-negative integer n that divides the cardinality

of M and returns a candidate solution of cardinality n.

SCORE(M,S)

1 // invariant: S[1] = 0, S ⊆ M and S. length divides M. length
2 col = S. length
3 row = M. length/col // Let mat be an row × col matrix whose entries are set to 0
4 r = M \ S
5 // first row of mat gets S
6 score = col
7 for i = 2 to row
8 w = MIN(r)

9 r = r \ {w}
10 score = score + 1
11 //mat[row, 1] = w
12 for j = 2 to col
13 c = w + S[j]
14 if c ∈ r
15 r = r \ {c}
16 score = score + 1
17 //mat[row, col] = c
18 else return score
19 return score
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SCORE takes as input a multiset M and a candidate solution S for M and returns a positive integer

measuring the quality of S. SCORE(M,S) ranges from length of S (lowest quality) to length of M
(highest quality). If SCORE(M,S) = length of M then S is a solution for M .

To better understand how SCORE works, we describe its behavior on the following example. Let A =
{{0, 1, 3, 3}}, B = {{0, 2, 2, 6}}, and

M = A⊕B = {{0, 1, 2, 2, 3, 3, 3, 3, 5, 5, 5, 5, 6, 7, 9, 9}}

Assume now to run SCORE(M,B). Since B is a solution for M , SCORE(M,B) returns 16, i.e., the

length of M . The matrix mat described (but not computed) at lines 6,8,14 and 20 would be

mat =







0 2 2 6
1 3 3 7
3 5 5 9
3 5 5 9







and the elements of mat would give exactly the multiset M .

Assume now to run SCORE(M,C). Where C = {{0, 1, 2, 6}} is a candidate solution but not a solution.

SCORE(M,C) returns 6. The matrix mat would now have the form

mat =







0 1 2 6
2 3 0 0
0 0 0 0
0 0 0 0







The element at row 2 and column 3 (2 + 2 = 4) in mat cannot be found in M (note that we have already

removed 0, 1, 2, 6, 2 and 3 from M ) and then SCORE(M,C) stops at line 21 returning 6, i.e., the number

of elements correctly placed in mat until that moment.

Last case. Assume to run SCORE(M,C). Where C = {{0, 2, 2, 5}} is again a candidate solution but

not a solution. SCORE(M,C) returns 11. The matrix mat would have now the form

mat =







0 2 2 5
1 3 3 6
3 5 5 0
0 0 0 0







The element at row 3 and column 4 (3 + 5 = 8) in mat cannot be found in M and then SCORE(M,C)

stops at line 21 returning 11, i.e., the number of elements correctly placed in mat until that moment.
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NEIGHBORSEARCH(M,S)

1 // invariant: S[1] = 0 and S. length divides M. length
2 initial score = SCORE(M,S)
3 alternatives = DELETEDUPLICATES(M \ S)
4 for i = 2 to S. length
5 for j = 1 to alternatives. length
6 temp = S[i]
7 S[i] = alternatives[j]
8 new score = SCORE(M,S)
9 if new score > initial score

10 return (new score, S)
11 else S[i] = temp
12 return (initial score, S)

NEIGHBORSEARCH takes as input a multiset M and a candidate solution S for M and returns a candidate

solution N in the neighborhood of S such that SCORE(M,N ) > SCORE(M,S), if any. Returns S,

otherwise.

Given a multiset M and a candidate solution S for M , a neighbor of S is any candidate solution for M
differing from S for exactly 1 element. To speed up the process, NEIGHBORSEARCH returns (line 11) the

first improved candidate solution found.

FINDLOCALOPT(M,S)

1 // invariant: S[1] = 0
2 n = M. length
3 current score = SCORE(M,S)
4 while TRUE

5 (score, S) = NEIGHBORSEARCH(M,S)
6 if score = = n
7 return (TRUE, S)
8 if score = = current score
9 return (FALSE, S)

10 current score = score

FINDLOCALOPT takes as input a multiset M and a candidate solution S for M and returns a candidate

solution N with the property of being the best candidate solution in its neighbor, i.e., a local optimum. To

accomplish this task, FINDLOCALOPT keeps on calling NEIGHBORSEARCH on improved solutions until

no more improvement is found. Note that the candidate solution N produced by FINDLOCALOPT is not

guaranteed to be a solution.
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ITERATEDSEARCH(M,m, iterations)

1 // invariant: m divides M. length
2 current solution = INITIALSOLUTION(M,m)
3 for i = 1 to iterations
4 (found, S) = FINDLOCALOPT(M, current solution)
5 if found
6 return S
7 current solution = NEWINITIALSOLUTION(M, current solution)
8 // note that current solution contains 0
9 return solution not found

ITERATEDSEARCH takes as input a multiset M , an integer m > 1 dividing the cardinality of M and

an upper bound on the number of iterations and returns a solution of cardinality m, if found. ITERAT-

EDSEARCH keeps on calling FINDLOCALOPT with different initial candidate solutions (computed by

NEWINITIALSOLUTION) until a solution is found or the maximum number of iterations is exceeded.

NEWINITIALSOLUTION(M,S)

1 // invariant: S[1] = 0, all the elements of S are in M and S. length divides M. length
2 col = S. length
3 row = M. length/col
4 // Let mat be an row × col matrix whose entries are set to 0
5 R = M \ S
6 // first row of mat gets S
7 new set = S
8 for i = 2 to row
9 w = MIN(R)

10 R = R \ {w}
11 new set = new set

⋃
{w}

12 //mat[row, 1] = w
13 for j = 2 to col
14 c = w + S[j]
15 if c ∈ R
16 r = R \ {c}
17 //mat[row, col] = c
18 else return RANDOMSAMPLE(new set, col)
19 // RANDOMSAMPLE(new set, col) must contain 0
20 return RANDOMSAMPLE(new set, col)

NEWINITIALSOLUTION takes as input a multiset M and a candidate solution S for M and returns a new

initial candidate solution. To better understand how NEWINITIALSOLUTION works, we show its behavior

on an example. Let A = {{0, 1, 3, 3}}, B = {{0, 2, 2, 6}}, and

M = A⊕B = {{0, 1, 2, 2, 3, 3, 3, 3, 5, 5, 5, 5, 6, 7, 9, 9}}

Assume to run NEWINITIALSOLUTION(M,C). Where C = {{0, 2, 2, 5}} is a candidate solution but not
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a solution. The matrix mat, if computed, would have the form

mat =







0 2 2 5
1 3 3 6
3 5 5 0
0 0 0 0







NEWINITIALSOLUTION(M,C) stops at line 20 returning {{0, 2, 2, 5, 1, 3}}, i.e., the union of the first row

of mat and the initial part (first 3 elements) of the first column of mat. Experimental results clearly show

that solutions to the problem contains with high probability elements placed in the first row or in the first

column of the matrix mat associated to the local optimum candidate solution.

4 Experimental results

We tested our algorithm on an iMac equipped with a 4.2 GHz Intel Core i7 quad-core processor and 32
GB RAM (2400 MHz DDR4 ). Operating System: macOS Monterey Version 12.2.1. Our algorithm has

been implemented in Wolfram Mathematica language (Version 12). To make the code more readable even

to those unfamiliar with the Mathematica language, we decided to describe it providing a pseudocode

version (see Section 3).

Our algorithm has been extensively tested over instances (multisets of non-negative integers) of differ-

ent size and structure. Instances depend on two parameters, namely structure and range, and have been

generated according to the following procedure.

INSTANCEGENERATION(structure, range)

1 inst = {{0}}
2 for i = 1 to structure. length
3 Let M be a multiset with the following properties:

4 - cardinality of M is equal to structure[i]
5 - M contains at least one element equal to 0
6 - each element of M is randomly chosen in the interval [0 . . range]
7 inst = inst⊕M
8 return inst

The parameter structure is a list of positive integers representing the cardinalities of the multisets

that, once summed together, produce the instance. The parameter range represents an upper bound

on the numbers in the multisets (see line 6 of INSTANCEGENERATION). As an example, the instance

produced by INSTANCEGENERATION({2,2,3}, 10) is a multiset of cardinality 12 = 2 × 2 × 3 obtained

by summing up 3 randomly generated multisets of cardinality 2, 2 and 3, respectively. Each element of

the 3 multisets is randomly chosen from the set {0, 1, . . . , 10}. We only consider multisets containing at

least one element equal to zero. In fact, any multiset M that does not contain 0, i.e., µ(0,M) = 0, can be

always decomposed as {{min(M)}} ⊕M ′ where M ′ is a multiset obtained from M subtracting to each

element min(M). As an example, {{2, 4, 3, 4, 3, 5}}= {{2}} ⊕ {{0, 2, 1, 2, 1, 3}}.

For each structure and range, we tested our algorithms on a large number of instances collecting

results in Tables 1 to 12 in Appendix A.

Columns of Tables contain the following data.

1. Size: size of the input, i.e., cardinality of the considered multiset
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2. Structure: structure of the considered multiset

3. Success: percentage of runs for which a solution is found

4. Iterations: Average number of iterations for any given structure
5. T ime: Average running time for any given structure
6. T ime/Iter: T ime divided by Iterations
7. T ime/Size: T ime divided by Size We investigated the performance of our algorithm in different

scenarios. Number of duplicates. We tested our algorithm with two different values of the parameter

range. Namely, range = 5 and range = 10000. In the case of range = 5, multisets contain a large

number of duplicates, while in the case of range = 10000 duplicates are very rare.

with 3 different type of structures {n, n}, {2n, n} and {n, . . . , n}.

- {n, n}: sum of two multisets with the same cardinality;

- {2n, n}: sum of two multisets with different cardinalities (one half of the other);

- {n, . . . , n}: sum of k multisets with the same cardinality (denoted by {n}k).

We now give some reading keys and interpretations of experimental data collected in Tables 1 to 12 in

Appendix A.

ITERATEDSEARCH finds a solution most of the time. Leaving unbounded the maximum number of

allowed iterations, ITERATEDSEARCH always finds a solution. From a practical point of view, leaving

unbounded the number of iterations prevents the algorithm to recognize irreducible multisets. In our tests

we set the maximum number of iterations equal to 100. Even in this case, ITERATEDSEARCH is able to

find a solution approximately 999 times out of 1000.

Multisets with many duplicates approximately takes the same amount of time to decompose with re-

spect to multisets with a small number of duplicates. The presence of many duplicates forces the heuristics

to go through a larger number of iterations to find a solution but single iterations are much faster. With

many duplicates, the behavior of ITERATEDSEARCH is less regular in terms of running times and distri-

bution of failures.

Multisets obtained summing up many small multisets are much easier to decompose with respect to

multisets obtained summing up 2 large multisets. As an example, a multiset with structure {2}15 and

size 32768 takes approximately the same time (last row of Table 3) of a multiset with structure {20, 20}
and size 400 (last row of Table 2). For multisets obtained summing up many small multisets, the average

number of iterations is very close to 1.

5 Polynomial Factorization vs Iterated Search

An alternative strategy for decomposing a multiset of non-negative integers (or, equivalently, an intuitive

way of factoring a polynomial in N[x]) might be the following.

ALTERNATIVESTRATEGY(M )

1 //M is a multiset of non-negative integers

2 p = POLYNOMIAL(M)
3 fl = FACTORLIST(p)
4 (P1 ,P2 ) = GROUP(fl)
5 return (Multiset(P1),Multiset(P2))

Line 2 computes the polynomial p associated to the multiset M as shown in Equation (4). Line 3

computes the factor list fl of p. Line 4, using some unknown algorithm (it would be of some interest
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to find an algorithm for efficiently computing GROUP(fl)), computes a partition P = {P1, P2} (if there

exists one) of the factor list fl such that the product of all the polynomials in P1 and the product of all the

polynomials in P2 have non-negative coefficients.

In what follows we will assume that the computational cost of Line 4 is zero. Table 13 to 15 com-

pare running times of ITERATEDSEARCH and ALTERNATIVESTRATEGY for multisets with homogeneous

structure and increasing ranges.

For computing the factor list at Line 3 of ALTERNATIVESTRATEGY we make use of the function

FACTORLIST provided by Mathematica Language (similar results are obtained by using the function

FACTOR of MatLab).

Experimental results (see Tables 13,14 and 15) clearly show that the running time of ITERATEDSEARCH

is independent of the magnitude of numbers in the multisets (exponents in the polynomials). ITERATED-

SEARCH is much faster than ALTERNATIVESTRATEGY in the case of multisets containing large numbers

and small multiplicity.

Doing the reverse path enable us to give a new technique for decomposing polynomials in N[x] based

on ITERATEDSEARCH.

N-POLYFACT(p)

1 // p ∈ N[x]
2 M = MULTISET(p)
3 S = ITERATEDSEARCH(M) //

4 P = Polynomial(S)
5 return (Polynomial(S), p/P )

We end this section by giving a small multiset M of non-negative integers that ITERATEDSEARCH

decomposes in 0.008 seconds. ALTERNATIVESTRATEGY (both using Mathematica and MatLab factor-

ization primitives) called on the same multiset, after 24 hours of computation, was unable to find any

solution.

A = {{0, 1249, 4270, 4324, 4852}}
B = {{0, 1705, 2250, 2267, 4390}}

M = A⊕B = {{0, 1249, 1705, 2250, 2267, 2954, 3499, 3516, 4270, 4324, 4390, 4852, 5639,
5975, 6029, 6520, 6537, 6557, 6574, 6591, 7102, 7119, 8660, 8714, 9242}}

Polynomial(M) = 1 + x1249 + x1705 + x2250 + x2267 + x2954 + x3499 + x3516 + x4270 +

x4324 + x4390 + x4852 + x5639 + x5975 + x6029 + x6520 + x6537 +

x6557 + x6574 + x6591 + x7102 + x7119 + x8660 + x8714 + x9242

6 Conclusions and further work

We have introduced and analyzed a heuristic technique for decomposing multisets of non-negative integers

according to the Minkowski sum. Experimental results show that our technique allows to decompose quite
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large multisets (hundreds to thousands of elements depending on the instance structure) in seconds. Our

technique can also be used to tackle the problem of factoring polynomials in N[x]. Experimental results

show that, when the size of exponents (elements of multisets) increases, our technique is much faster

than state-of-the-art implementation of polynomial factoring algorithms over Z[x] that can be viewed as

a preparatory step for factoring over N[x].
A natural extension of this work is replacing non-negative integers with more complex mathematical

objects. It would be of some interest to investigate the case of d dimensional vectors of non-negative

integers with d > 1. The problem of decomposing multisets of d dimensional vectors is strictly related to

the problem of factoring multivariate polynomials with non-negative coefficients, but also to a number of

problems arising, for example, in the field of computational geometry and seems to be more challenging

than the 1 dimensional case.

It would be interesting to investigate whether the combination of the results obtained by using our

algorithm on single components of the d dimensional object can be of any help for solving the global

problem.
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A Experimental Data Tables I

Tab. 1: Range = 5. Number of tested instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

9 {3, 3} 100 1 0.001 0.001 0.00011

16 {4, 4} 100 1.14 0.002 0.00175 0.00012

25 {5, 5} 100 1.4 0.008 0.00571 0.00032

36 {6, 6} 100 1.9 0.025 0.01316 0.00069

49 {7, 7} 100 2.6 0.061 0.02346 0.00124

64 {8, 8} 100 3 0.122 0.04067 0.00191

81 {9, 9} 100 4.22 0.242 0.05735 0.00299

100 {10, 10} 100 4.22 0.366 0.08673 0.00366

121 {11, 11} 100 7.06 0.934 0.13229 0.00772

144 {12, 12} 100 4.72 0.95 0.20127 0.0066

169 {13, 13} 100 11.7 2.728 0.23316 0.01614

196 {14, 14} 100 7.02 2.454 0.34957 0.01252

225 {15, 15} 100 7.14 3.298 0.4619 0.01466

256 {16, 16} 100 8.16 4.563 0.55919 0.01782

289 {17, 17} 100 10.72 8.151 0.76035 0.0282

324 {18, 18} 100 9.56 9.18 0.96025 0.02833

361 {19, 19} 99.9 11 12.168 1.10618 0.03371

400 {20, 20} 100 18.5 29.491 1.59411 0.07373

Tab. 2: Range = 5. Number of tested instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

18 {6, 3} 100 1.24 0.002 0.00161 0.00011

32 {8, 4} 100 1.92 0.011 0.00573 0.00034

50 {10, 5} 100 2.52 0.038 0.01508 0.00076

72 {12, 6} 100 3.1 0.104 0.03355 0.00144

98 {14, 7} 100 3.58 0.222 0.06201 0.00227

128 {16, 8} 100 4.68 0.452 0.09658 0.00353

162 {18, 9} 100 6.44 0.961 0.14922 0.00593

200 {20, 10} 100 9.22 1.865 0.20228 0.00932

242 {22, 11} 100 7.56 2.655 0.35119 0.01097

288 {24, 12} 100 9.4 4.161 0.44266 0.01445

338 {26, 13} 100 15.8 8.474 0.53633 0.02507

392 {28, 14} 99.9 12.1 10.56 0.87273 0.02694

450 {30, 15} 100 11.62 13.641 1.17392 0.03031
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Tab. 3: Range = 5. Number of tested instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

8 {2}3 100 1 0.001 0.001 0.00012

16 {2}4 100 1 0.001 0.001 0.00006

32 {2}5 100 1 0.001 0.001 0.00003

64 {2}6 100 1 0.002 0.002 0.00003

128 {2}7 100 1 0.004 0.004 0.00003

256 {2}8 100 1 0.007 0.007 0.00003

512 {2}9 100 1 0.014 0.014 0.00003

1024 {2}10 100 1 0.037 0.037 0.00004

2048 {2}11 100 1 0.11 0.11 0.00005

4096 {2}12 100 1 0.375 0.375 0.00009

8192 {2}13 100 1 1.15 1.15 0.00014

16384 {2}14 100 1 4.708 4.708 0.00029

32768 {2}15 100 1 18.625 18.625 0.00057

Tab. 4: Range = 5. Number of tested instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

27 {3}3 100 1 0.003 0.003 0.00011

81 {3}4 100 1.04 0.012 0.01154 0.00015

243 {3}5 100 1 0.039 0.039 0.00016

729 {3}6 100 1 0.175 0.175 0.00024

2187 {3}7 100 1 1.088 1.088 0.0005

6561 {3}8 100 1 6.646 6.646 0.00101

19683 {3}9 100 1 60.155 60.155 0.00306

Tab. 5: Range = 5. Number of tested instances for each structure: 1000. For Size = 16384, due to time limits, we

reduced the number of instances to 300.

Size Structure Success Iterations Time Time/Iter Time/Size

64 {4}3 100 1.1 0.022 0.02 0.00034

256 {4}4 100 1.02 0.14 0.13725 0.00055

1024 {4}5 100 1.06 1.266 1.19434 0.00124

4096 {4}6 100 1 11.377 11.377 0.00278

16384 {4}7 100 1.24 366.325 295.423 0.02236
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Tab. 6: Range = 5. Number of tested instances for each structure: 1000. For Size = 15625, due to time limits, we

reduced the number of instances to 300.

Size Structure Success Iterations Time Time/Iter Time/Size

125 {5}3 100 1.38 0.114 0.08261 0.00091

625 {5}4 100 1.26 1.307 1.0373 0.00209

3125 {5}5 100 1.12 23.818 21.2661 0.00762

15625 {5}6 100 1.08 521.383 482.762 0.03337

Tab. 7: Range = 10000. Number of instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

9 {3, 3} 100 1 0.001 0.001 0.00011

16 {4, 4} 100 1 0.002 0.002 0.00012

25 {5, 5} 100 1 0.008 0.008 0.00032

36 {6, 6} 100 1 0.02 0.02 0.00056

49 {7, 7} 100 1 0.05 0.05 0.00102

64 {8, 8} 100 1 0.105 0.105 0.00164

81 {9, 9} 100 1 0.199 0.199 0.00246

100 {10, 10} 100 1 0.375 0.375 0.00375

121 {11, 11} 100 1 0.606 0.606 0.00501

144 {12, 12} 100 1 1.138 1.138 0.0079

169 {13, 13} 100 1 1.815 1.815 0.01074

196 {14, 14} 100 1 2.831 2.831 0.01444

225 {15, 15} 100 1 4.064 4.064 0.01806

256 {16, 16} 100 1 6.09 6.09 0.02379

289 {17, 17} 100 1.4 10.515 7.51071 0.03638

324 {18, 18} 100 1 13.469 13.469 0.04157

361 {19, 19} 100 1 19.217 19.217 0.05323

400 {20, 20} 100 1.02 27.122 26.5902 0.0678
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Tab. 8: Range = 10000. Number of instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

18 {6, 3} 100 2.22 0.004 0.0018 0.00022

32 {8, 4} 100 1.78 0.012 0.00674 0.00038

50 {10, 5} 100 2.2 0.047 0.02136 0.00094

72 {12, 6} 100 1.76 0.096 0.05455 0.00133

98 {14, 7} 100 1.72 0.214 0.12442 0.00218

128 {16, 8} 100 1.96 0.488 0.24898 0.00381

162 {18, 9} 100 3.02 1.469 0.48642 0.00907

200 {20, 10} 99.9 6.14 6.141 100016 0.0307

242 {22, 11} 100 2.68 3.944 1.47164 0.0163

288 {24, 12} 100 1.64 4.777 2.9128 0.01659

338 {26, 13} 100 2.26 9.864 4.3646 0.02918

392 {28, 14} 100 2.06 15.012 7.28738 0.0383

450 {30, 15} 100 3.18 33.11 10.412 0.07358

Tab. 9: Range = 10000. Number of instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

8 {2}3 100 1 0.001 0.001 0.00012

16 {2}4 100 1 0.001 0.001 0.00006

32 {2}5 100 1 0.001 0.001 0.00003

64 {2}6 100 1 0.001 0.001 0.00002

128 {2}7 100 1 0.002 0.002 0.00002

256 {2}8 100 1 0.004 0.004 0.00002

512 {2}9 100 1 0.009 0.009 0.00002

1024 {2}10 100 1 0.024 0.024 0.00002

2048 {2}11 100 1 0.07 0.07 0.00003

4096 {2}12 100 1 0.228 0.228 0.00006

8192 {2}13 100 1 0.811 0.811 0.0001

16384 {2}14 100 1 2.984 2.984 0.00018

32768 {2}15 100 1 11.708 11.708 0.00036
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Tab. 10: Range = 10000. Number of instances for each structure: 1000.

Size Structure Success Iterations Time Time/Iter Time/Size

27 {3}3 100 1 0.002 0.002 0.00007

81 {3}4 100 1 0.008 0.008 0.0001

243 {3}5 100 1 0.028 0.028 0.00012

729 {3}6 100 1 0.139 0.139 0.00019

2187 {3}7 100 1 0.916 0.916 0.00042

6561 {3}8 100 1 7.047 7.047 0.00107

19683 {3}9 100 1 72.214 72.214 0.00367

Tab. 11: Range = 10000. Number of instances for each structure: 1000. For Size = 16384, due to time limits, we

reduced the number of instances to 300.

Size Structure Success Iterations Time Time/Iter Time/Size

64 {4}3 100 1.16 0.021 0.0181 0.00033

256 {4}4 100 1.12 0.148 0.13214 0.00058

1024 {4}5 100 1.28 1.54 1.20312 0.0015

4096 {4}6 100 1.26 21.532 17.0889 0.00526

16384 {4}7 100 1.18 355.661 301.408 0.02171

Tab. 12: Range = 10000. Number of instances for each structure: 1000. For Size = 3125 and Size = 15625, due

to time limits, we reduced the number of instances to 100.

Size Structure Success Iterations Time Time/Iter Time/Size

125 {5}3 100 1.62 0.146 0.09012 0.00117

625 {5}4 100 5.2 4.767 0.91673 0.00763

3125 {5}5 100 7.7 122.143 15.8627 0.03909

15625 {5}6 100 3.4 1689.16 496.812 0.10811
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B Experimental Data Tables II

Tab. 13: Running times for ITERATEDSEARCH and ALTERNATIVESTRATEGY called on multisets with different

range values and structure = {5, 5}. Number of instances for each range: 100.

Size Structure Range ITERATEDSEARCH ALTERNATIVESTRATEGY

25 {5, 5} 100 0.09 0.144747

25 {5, 5} 300 0.008 3.764507

25 {5, 5} 500 0.009 22.003455

25 {5, 5} 700 0.008 64.317906

25 {5, 5} 900 0.007 161.541679

25 {5, 5} 1100 0.01 253.745332

Tab. 14: Running times for ITERATEDSEARCH and ALTERNATIVESTRATEGY called on multisets with different

range values and structure = {10, 10}. Number of instances for each range: 100.

Size Structure Range ITERATEDSEARCH ALTERNATIVESTRATEGY

100 {10, 10} 100 0.551 0.220502

100 {10, 10} 300 0.532 4.213079

100 {10, 10} 500 0.397 26.706801

100 {10, 10} 700 0.426 75.783461

100 {10, 10} 900 0.612 187.938575

100 {10, 10} 1100 0.4 379.374113

Tab. 15: Running times for ITERATEDSEARCH and ALTERNATIVESTRATEGY called on multisets with different

range values and structure = {2}12. Number of instances for each range: 100.

Size Structure Range ITERATEDSEARCH ALTERNATIVESTRATEGY

4096 {2}12 40 0.294 0.142596

4096 {2}12 60 0.319 2.682864

4096 {2}12 80 0.316 3.145838

4096 {2}12 100 0.311 6.137466

4096 {2}12 120 0.283 31.849028

4096 {2}12 140 0.253 356.950613
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In 2010, Kh. Hessami Pilehrood and T. Hessami Pilehrood introduced generating function identities used to obtain se-
ries accelerations for values of Dirichlet’s β function, via the Markov–Wilf–Zeilberger method. Inspired by these past
results, together with related results introduced by Chu et al., we introduce a variety of hypergeometric recurrences.
We prove these recurrences using the WZ method, and we apply these recurrences to obtain series acceleration identi-
ties. We introduce a family of summations generalizing a Ramanujan-type series for 1

π2 due to Guillera, and a family
of summations generalizing an accelerated series for Catalan’s constant due to Lupaş, and many related results.
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1 Introduction
In a recent article by Campbell (2022b), the hypergeometric transform

3F2

[
a, b, 1

c, 2

∣∣∣∣∣ 1
]
= − c− 1

(a− 1)(b− 1)
+

c− 1

(a− 1)(b− 1)
2F1

[
a− 1, b− 1

c− 1

∣∣∣∣∣ 1
]

(1)

was proved using the Wilf–Zeilberger (WZ) method Petkovšek et al. (1996) and was applied to formulate
a new proof of Euler’s formula ζ(2) = π2/6. The identity in (1) was also used in relation to some
problems on binomial-harmonic sums given by Wang and Chu (2022). In this article, we provide a
number of hypergeometric identities resembling (1) that we obtained experimentally. We prove them with
the WZ method Petkovšek et al. (1996), and use them to formulate and apply series acceleration methods.
Many previously published closed forms for fast converging series by many different authors, including
Ramanujan (1914), Guillera (2003, 2008), Hessami Pilehrood and Hessami Pilehrood (2008, 2010), and
Lupaş (2000), are special cases of our telescoping-based series acceleration techniques.

Our methods are related to the work of Catalan (1867) and Fabry (2020) on series evaluations, and to
the first author’s previous work concerning series by Wallis, Forsyth, and Ramanujan Levrie and Nimbran
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(2018); also, see Ojanguren (2018). Catalan and Fabry used a method due to Kummer (1837) to accelerate
the convergence of some series. The repeated application of Kummer’s transformation leads to new series.
One of the examples given by Fabry is based on the series

π2

12
=

∞∑
n=1

(−1)n−1

n2
. (2)

This example was later taken over by Knopp (1990) in his classic text, where we find the following
exercise (Knopp, 1990, 129.c), p. 272): Prove that

∞∑
n=1

(−1)n−1

n2(n+ 1)2 . . . (n+ p− 1)2
=

5p+ 2

4(p+ 1)p!2
− p(p+ 1)3

4

∞∑
n=1

(−1)n−1

n2(n+ 1)2 . . . (n+ p+ 1)2
.

Using this recurrence with p = 1 transforms the series in (2) into a new series that converges faster.
Repeated applications of the recurrence lead to the series

π2

12
=

7

8
− 8

4
·
(

17

576
− 192

4
·
(

27

345600
− 1080

4
· (. . .)

))
=

1

4
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n=1

(−1)n−1 10n− 3

n2(2n− 1)
(
2n
n

)
with convergence rate 1

4 (Fabry, 2020, p.138). The above recurrence can be rewritten and generalized in
terms of hypergeometric functions. This result is given in the second part of Theorem 5 below.

While our hypergeometric recurrences given in Sections 2–5 are of interest in their own right, the main
results of this article are our new telescoping proofs of known identities equating fundamental constants
with fast convergent series, together with related evaluations for new, fast converging series. We provide,
for example, new proofs and generalizations of remarkable formulas for 1

π2 that were discovered and
proved by Guillera Guillera (2003, 2008) and that are indicated in Table 1. It is remarkable how the WZ
proof certificates for many of our recurrences are hugely complicated compared to the elegance and sim-
plicity of our closed forms obtained from these recurrences. However, the WZ proofs are straightforward
compared to Fabry/Kummer-like proofs of these results. These require some ingenuity and are all based
on special identities enabling a telescoping effect, as we explain in more detail in Section 6.

1.1 Related literature
Much of this article is inspired by the methods and results introduced by Hessami Pilehrood and Hes-
sami Pilehrood (2010), who introduced a number of fast convergent series for Catalan’s constant G =∑∞

n=0
(−1)n

(2n+1)2 . These series are indicated in Table 1, which also includes a number of other previously
published series involved in or otherwise related to our work.

The second formula for G shown in Table 1 is used in the Wolfram Language to calculate G Marichev
et al.. This motivates the techniques and applications given in this article, in which a new acceleration
method is applied to generalize this formula for G and many other fast convergent series formulas.

Our series recursions and accelerations are also related to the work by Chu (2006) and Chu and Zhang
(2014). In Chu and Zhang (2014), the series rearrangement referred to as the modified Abel lemma on
summation by parts was employed to obtain hypergeometric series recursions related to our work. For a
hypergeometric series h(x, y) involving the variables x and y in its parameters, we prove recursions such
as

h(x, y) = r1(x, y) + r2(x, y)h(x, y + 1) (3)
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Tab. 1: Previously known series involved in or otherwise related to our work. For each of the series indicated in
this table, we let it be understood that the lower limit is n = 1 if the denominator of the corresponding summand
vanishes for n = 0 and that the lower limit is n = 0 otherwise. References for the above series are given, re-
spectively, as follows: Hessami Pilehrood and Hessami Pilehrood (2010), Campbell (2022a); Hessami Pilehrood
and Hessami Pilehrood (2010); Lima (2012); Lupaş (2000), Guillera (2008); Lima (2012), Hessami Pilehrood and
Hessami Pilehrood (2010), Guillera (2008); Hessami Pilehrood and Hessami Pilehrood (2010), Campbell (2022a),
Hessami Pilehrood and Hessami Pilehrood (2008), Bauer (1859), Ramanujan (1914), Guillera (2003), and Guillera
(2008).

for rational functions r1(x, y) and r2(x, y), and we then apply such recursions iteratively, yielding ac-
celerated series formulas. In contrast to Chu and Zhang (2014), we do not make use of any Abel-type
summation results. Instead, we employ the WZ method. Furthermore, our experimental approaches allow
us to obtain recursions for pFq(−1)-families. It seems that pFq(−1)-series are not considered in past
references such as Chu and Zhang (2014). Also, an advantage of our WZ-based methodologies is due to
how the WZ difference equation

F (n+ 1, k)− F (n, k) = G(n, k + 1)−G(n, k)

may be manipulated in order to obtain new and nontrivial hypergeometric identities, using the WZ pairs
corresponding to our WZ proofs, together with WZ-based series manipulations as in Campbell (2021).
It appears that the Maple implementation of the WZ method cannot be applied to the recursions due to
Chu and Zhang in Chu and Zhang (2014). This shows how the methods in Chu and Zhang (2014) are
nontrivially different from ours, which rely on the WZ method.
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1.2 Organization of the article
The rest of our article is mainly structured and organized in the manner indicated as follows. In each of the
following main sections, apart from Section 6 and the Conclusion, we introduce recursions for families of
pFq(x)-series for fixed p, q, and x. The recurrences are given in terms of the parameters of the generalized
hypergeometric functions. We present WZ proofs of these recursions, and then apply these recursions to
obtain series acceleration identities, to obtain fast convergent series formulas for fundamental constants.
Given one such fast convergent series, our method naturally gives rise to an infinite family, by altering the
input parameters. In this regard, we choose to emphasize, as in Sections 3.1 and 5.1 below, our infinite
families of generalizations of especially remarkable results due to Lupaş (2000) and Guillera (2003).

In Section 2, we introduce experimentally discovered 3F2(1)-recurrences, yielding formulas for very
fast convergent series, such as

ζ(2) =
7

4
− 2

∞∑
n=2

(3n− 1)(7n− 5)

n2(n− 1)2
(
2n
n

)3 , (4)

a series with convergence rate 1
64 .

In Section 3, we introduce experimentally discovered 3F2(−1)-recurrences, yielding an infinite family
of series generalizing the algorithm used to compute G in the Wolfram Language Marichev et al..

In Section 4, we introduce an experimentally discovered 5F4(−1)-recurrence, yielding new WZ proofs
of two of Ramanujan’s series for 1

π , along with the new formula

G =
1

16

∞∑
n=1

26n(336n4 − 464n3 + 216n2 − 42n+ 3)

n3(2n− 1)3
(
4n
2n

)3 , (5)

which has a convergence rate of 1
64 .

In Section 5, we introduce experimentally discovered 6F5(1)-recurrences, which we apply to obtain a
variety of results, including new proofs/generalizations of Guillera’s series for 1

π2 .
In Section 6, we briefly describe the experimental mathematics-based nature about how we had discov-

ered the hypergeometric recurrences proved via the WZ method in this article.
In Section 7, we conclude by briefly describing some further areas of research based on the techniques

given in this article.

2 Experimentally discovered 3F2(1)-recurrences
For the sake of brevity, we assume familiarity with WZ theory Petkovšek et al. (1996), generalized hy-
pergeometric series, the Pochhammer symbol, etc. Our first main result is highlighted as Theorem 1
below.

A number of the hypergeometric recurrences introduced in this article are of the form indicated in
(3). As below, we are letting the summand of a hypergeometric series h(x, y) as in (3) be denoted as
summand(x, y, k). This notation will be useful in our generalizing a fast converging series formula for 1

π2

due to Guillera, as in Section 5.1.

Lemma 1. If the recurrence in (3) holds, then the infinite series
∞∑
k=0

summand(x, y, k) (6)
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may be expressed as

m−1∑
j=0

(
j−1∏
i=0

r2(x, y + i)

)
r1(x, y + j) +

(
m−1∏
i=0

r2(x, y + i)

) ∞∑
k=0

summand(x, y +m, k)

for natural numbers m, under the assumption that the above series converge, for given values of x and y.

Proof: This follows in a direct way from repeated applications of (3).

Ideally, we would want that(
m−1∏
i=0

r2(x, y + i)

) ∞∑
k=0

summand(x, y +m, k) → 0

as m → ∞. Although the above vanishing condition does not necessarily imply acceleration, we would,
ideally, want, from Lemma 1, to obtain a series

∞∑
j=0

(
j−1∏
i=0

r2(x, y + i)

)
r1(x, y + j)

that is new, convergent, and faster convergent relative to (6).
By symmetry, given a recursion such as h′(x, y) = r′1(x, y)+r′2(x, y)h

′(x+1, y) for a hypergeometric
series h′, we may again apply Lemma 1, by setting h(x, y) as h′(y, x). We may similarly generalize
Lemma 1 using recurrences of the form h′′(x, y) = r′′1 (x, y)+ r′′2 (x, y)h

′′(x, y+µ) for fixed µ ∈ N. For
the time being, we proceed by providing and proving a new 3F2(1)-recursion of the form indicated in (3).

Theorem 1. The 3F2(1)-transform

3F2

[
x, x+ 1, 1

x+ y, x+ y + 1

∣∣∣∣∣ 1
]
=

2x+ 3y − 1

2(2y − 1)

+
(y − 1)y(y + 1)

2(2y − 1)(x+ y)(x+ y + 1)
· 3F2

[
x, x+ 1, 1

x+ y + 1, x+ y + 2

∣∣∣∣∣ 1
]

holds true for x and y such that both sides of the above equality converge.

Proof: We set x = −n. So, it remains to prove that

∞∑
k=0

(1− n)k(−n)k
(y − n)k(−n+ y + 1)k

·

k2(2− 4y) + k
(
n(8y − 4)− 8y2 + 2

)
+ n2(2− 4y) + n

(
8y2 − 2

)
− 3y3 − 2y2 + y

(2n− 3y + 1)(k − n+ y)(k − n+ y + 1)

constantly equals 1. Now, we restrict n to being a member of the set N0. In this case, Pochhammer
symbols of the form (−n)k vanish for k > n, with k ∈ N0. So, for n ∈ N0, we may replace the upper
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limit of the above series with n. Now, we may apply the WZ method, giving us a WZ proof certificate
that is given explicitly in the first draft available via the https://hal.archives-ouvertes.fr/
hal-03659300/ site. So, using the WZ method, we have shown that the above infinite series identity
holds for n ∈ N0. We may thus apply Carlson’s theorem (Bailey, 1935, p. 39) as in Ekhad and Zeilberger
(1994) to show that the same series identity holds for real n.

Theorem 2. The 3F2(1)-transform

3F2

[
x, x+ 1, 1

x+ y, x+ y + 1

∣∣∣∣∣ 1
]
= 1 +

x(x+ 1)

(x+ y)(x+ y + 1)
· 3F2

[
x+ 1, x+ 2, 1

x+ y + 1, x+ y + 2

∣∣∣∣∣ 1
]

holds true for x and y such that both sides of the above equality converge.

Proof: Again, we set x = −n. So, it remains to prove that

∞∑
k=0

(1− n)k(−n)k
(y − n)k(−n+ y + 1)k

y(2k − 2n+ y + 1)

(k − n+ y)(k − n+ y + 1)
= 1.

Again, we consider the case for n ∈ N0, so that we may again replace the upper parameter with n. Again,
we may apply the WZ method. The corresponding WZ proof certificate is given below:

k(k − n+ y)(k − n+ y + 1)
(
−2kn+ ky − k + 2n2 − 2ny + 2n− y + 1

)
(k − n− 1)(k − n)(n− y)(n− y + 1)(2k − 2n+ y + 1)

.

We may thus apply Carlson’s theorem, as in our proof of Theorem 1.

2.1 A series acceleration method
Let us define

s(x, y) =
x

x+ y
· 3F2

[
x, x+ 1, 1

x+ y, x+ y + 1

∣∣∣∣∣ 1
]
=

∞∑
n=0

(x)n(x)n+1

(x+ y)n(x+ y)n+1
.

We rewrite the recurrences given as Theorems 1 and 2, respectively, so that

s(x, y) =
x(2x+ 3y − 1)

2(2y − 1)(x+ y)
+

(y − 1)y(y + 1)

2(2y − 1)(x+ y)2
s(x, y + 1) (7)

and that

s(x, y) =
x

x+ y
+

x2

(x+ y)2
s(x+ 1, y). (8)

Note that we know the value of s(x, y) in some cases:

s(1, 2) = 7− 2

3
π2, s( 12 , 2) = 3− 9

32
π2, s(1, 3

2 ) = 10− 3π, s( 12 ,
3
2 ) = 2− 16

3π
. (9)

https://hal.archives-ouvertes.fr/hal-03659300/
https://hal.archives-ouvertes.fr/hal-03659300/
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Indeed, we have, for instance, that:

s(1, 2) =

∞∑
n=0

4

(n+ 3)(n+ 2)2(n+ 1)
=

∞∑
n=0

(
2

n+ 1
− 2

n+ 3
− 4

(n+ 2)2

)
,

leading to the given closed form for s(1, 2). We can deal with the second one in a similar manner. For the
third and fourth ones, we can use a closed form for the partial sum of the series, as in:

s( 12 ,
3
2 ) =

∞∑
n=1

2

(n+ 1)(2n− 1)

(
2n
n

)2
24n

with
k−1∑
n=1

2

(n+ 1)(2n− 1)

(
2n
n

)2
24n

= 2− 8

3

k(4k − 1)

2k − 1

(
2k
k

)2
24k

.

We then take the limit and use Wallis’s product formula for π.
We can use the s-recurrences above to accelerate the convergence of the corresponding series. Iterating

the first recurrence leads to the following accelerated series, via Lemma 1:

s(x, y) =
∞∑

n=0

x(2x+ 3(y + n)− 1)

2(2(y + n)− 1)(x+ y + n)

(y − 1)n(y)n(y + 1)n

22n(y − 1
2 )n(x+ y)2n

.

For the four special values given above, we find the following four series:

ζ(2) =
7

4
−

∞∑
n=2

3n+ 1

(n+ 1)n2(n− 1)
(
2n
n

) ,
ζ(2) =

16

9
−

∞∑
n=2

24n

(2n+ 1)n(n− 1)
(
2n
n

)3 , (10)

π = −2

∞∑
n=0

(
2−4
)n(2n

n

)
6n+ 5

(2n+ 3)(2n+ 1)(2n− 1)
,

1

π
= −12

∞∑
n=0

(
2−8
)n(2n

n

)3
n2

(2n− 1)(2n− 3)
.

The fast convergent series evaluation in (10) is closely related to the series for π2 from Campbell (2022a)
shown in Table 1, noting the convergence rate of 1

4 in both cases.
If we use (8) in (7), we get a recurrence relating s(x, y) to s(x+ 1, y+ 1), and other accelerated sums,

including (4). This series is especially remarkable for many reasons, perhaps most notably due to its very
fast convergence rate of 1

64 . In the same manner that we have obtained (4), the following formulas may
be proved:

ζ(2) =
16

9
− 2

∞∑
n=1

24n(14n2 + 11n+ 1)(n+ 1)

n(4n+ 3)(4n+ 1)2(2n− 1)
(
2n
n

)(
4n
2n

)2 ,
π =

10

3
− 2

∞∑
n=1

(14n+ 11)(2n+ 1)(3n+ 1)
(
2n
n

)
(4n+ 3)(4n+ 1)2(2n− 1)

(
4n
2n

)2 ,
1

π
= −1

8

∞∑
n=0

(
2−12

)n(2n
n

)3
(6n+ 1)(14n− 3)(2n+ 1)

(2n− 1)2
.
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This leads to an infinite number of possibilities.

3 Experimentally discovered 3F2(−1)-recurrences
In view of the closed forms shown in (9), it is not clear as to how to obtain accelerated series for Catalan’s
constant G =

∑∞
n=0

(−1)n

(2n+1)2 . This motivates the exploration of alternating variants and generalizations
Theorems 1 and 2. Defining t(x, y) so that

t(x, y) =

∞∑
n=0

(x)n(x)n+1

(x+ y)n(x+ y)n+1
(−1)n, (11)

we find that t
(
1
2 , 2
)
= 3

8 (6G− 5). Note that

t(x, y) =
x

x+ y
· 3F2

[
x, x+ 1, 1

x+ y, x+ y + 1

∣∣∣∣∣ −1

]
.

This motivates the use of analogues of our above acceleration methods, in order to obtain accelerated
series for G.

The recurrence highlighted below is remarkable in the sense that it is far from clear as to how our proofs
for the preceding Theorems could be mimicked or reformulated so as to prove the identity highlighted as
Theorem 3.

Theorem 3. The 3F2(−1)-recurrence

t(x, y) =
x(2x2 + 6xy + 5y2 + 2x+ 4y)

4(x+ y)2(x+ y + 1)
− y2(y + 1)(y + 2)

4(x+ y)2(x+ y + 1)2
t(x, y + 2) (12)

holds true for suitably bounded x and y.

Proof: Rewrite x as −n. So, it remains to show that

∞∑
k=0

(−1)k(−n)k(−n)k+1

(−n+ y)k(−n+ y)1+k

−
(n− y)2(−n+ y + 1)

(
(y+1)(y+2)y2

(k−n+y)(k−n+y+1)2(k−n+y+2) + 4
)

n (−6ny + 2(n− 1)n+ 5y2 + 4y)


constantly equals 1. In line with our previous WZ proofs, we temporarily restrict our attention to the
case whereby n ∈ N0. Again, the vanishing of (−n)k for k > n ∈ N0 produces a finite sum. A WZ
proof certificate for this finite sum is given in the first article draft available via the HAL site previously
indicated. Once again, we may apply Carlson’s theorem.

It is common to denote quotients of Pochhammer symbols so that[
α1, . . . , αp

β1, . . . , βq

]
n

=
(α1)n · · · (αp)n
(β1)n · · · (βq)n

,

as in the series acceleration identity shown below.
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Theorem 4. The expression t(x, y) equals the accelerated infinite series

∞∑
j=0

(
−2−2

)j xy2(y + 1)(y + 2)
(
6x(2j + y) + 5(2j + y)2 + 4(2j + y) + 2x2 + 2x

)
4(x+ y)2(x+ y + 1)2(2j + x+ y)2(2j + x+ y + 1)

·[
y
2 + 1, y

2 + 1, y
2 + 2, y+3

2
x+y
2 + 1, x+y

2 + 1, x+y+3
2 , x+y+3

2

]
j−1

if both sides converge for x and y.

Proof: Through repeated applications of the recurrence given as Theorem 3, we may rewrite t(x, y) as

m−1∑
j=0

(−1)j
(∏j−1

i=0
(2i+y)2(1+2i+y)(2+2i+y)
4(2i+x+y)2(1+2i+x+y)2

)
x
(
2x+ 2x2 + 4(2j + y) + 6x(2j + y) + 5(2j + y)2

)
4(2j + x+ y)2(1 + 2j + x+ y)

+ (−1)m

(
m−1∏
i=0

(2i+ y)2(1 + 2i+ y)(2 + 2i+ y)

4(2i+ x+ y)2(2i+ x+ y + 1)2

)
t(x, y + 2m).

Taking m → ∞, it is easily seen that the latter term vanishes.

Example 1. Setting x = 1
2 and y = 1 in Theorem 4, we obtain the accelerated series identity

8− 4π =

∞∑
j=1

(
−24

)j (
40j2 − 12j − 1

) (
2j
j

)
j(2j − 1)2(4j + 1)

(
4j
2j

)2 .

The above series is of convergence rate 1
4 .

3.1 A family of accelerated series for G
By setting x = − 1

2 and y = 2 in Theorem 4, or by setting x = 1
2 and y = 2 in Theorem 4, in either case,

this gives us an equivalent version of the series used to calculate G in the Wolfram Language Marichev
et al.. For example, in the latter case, we obtain that

40

3
− 16G =

∞∑
j=1

(
−28

)j (
40j2 + 28j + 3

)
j2(4j + 1)2(4j + 3)

(
2j
j

)(
4j
2j

)2 , (13)

and adding 16 times the series given by the second formula for G in Table 1 gives us a series with partial
sums that are evaluable in closed form.

Example 2. Set x = 3
2 and y = 2 in Theorem 4. This gives us

16G

3
− 664

135
=

∞∑
j=1

(
−28

)j (
40j2 + 52j + 15

)
j2(4j + 1)2(4j + 3)2(4j + 5)

(
2j
j

)(
4j
2j

)2 .
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Example 3. Set x = 5
2 and y = 2 in Theorem 4. This gives us that

23048

70875
− 16G

45
=

∞∑
j=1

(
−28

)j (
40j2 + 76j + 35

)
j2(4j + 1)2(4j + 3)2(4j + 5)2(4j + 7)

(
2j
j

)(
4j
2j

)2 .
Continuing in this manner gives us an infinite family of extensions of (13). It appears that our techniques

for generating such families of accelerated series have not been considered previously, as in past literature
related to Hessami Pilehrood and Hessami Pilehrood (2010), including the work by Adell and Lekuona
(2016, 2015); Hessami Pilehrood and Hessami Pilehrood (2011); Hessami Pilehrood et al. (2012, 2014);
Wang and Xu (2021).

3.2 Further 3F2(−1)-recurrences
Theorem 5. The 3F2(−1)-recurrences

3F2

[
x, x, 1

x+ y, x+ y

∣∣∣∣∣ −1

]
= 1− x2

(x+ y)2
· 3F2

[
x+ 1, x+ 1, 1

x+ 1 + y, x+ 1 + y

∣∣∣∣∣ −1

]

3F2

[
x, x, 1

x+ y, x+ y

∣∣∣∣∣ −1

]
=

2x2 + 6xy + 5y2 + y

4(x+ y)2

− y(y + 1)3

4(x+ y)2(x+ y + 1)2
· 3F2

[
x, x, 1

x+ y + 2, x+ y + 2

∣∣∣∣∣ −1

]
hold true, if all of the above series converge.

Proof: Write x = −n. We may mimic our previous WZ proofs, via Carlson’s theorem, to prove the first
out of the two 3F2(−1)-recurrences shown above. A corresponding WZ certificate is shown below:

ky(k − n+ y)2
(
−2kn+ ky − 2k + 2n2 − 2ny + 4n− 2y + 2

)
(k − n− 1)2(n− y + 1)2 (2k2 − 4kn+ 2ky + 2n2 − 2ny + y2)

.

We may apply the same approach to prove the latter 3F2(−1)-formula under consideration. A WZ proof
certificate is given explicitly in the previously provided HAL URL.

With the notation

s(x, y) = 3F2

[
x, x, 1

x+ y, x+ y

∣∣∣∣∣ −1

]
,

we may express the recurrences in Theorem 5 as follows:

s(x, y) = 1− x2

(x+ y)2
s(x+ 1, y),

s(x, y) =
2x2 + 6xy + 5y2 + y

4(x+ y)2
− y(y + 1)3

4(x+ y)2(x+ y + 1)2
s(x, y + 2).

If we use the second recurrence to calculate s( 12 , 2) =
9
2 (1−

π
4 ), s(1, 2) = 4 (3− 4 ln(2)), and s( 12 , 1) =

G, we find the corresponding series in Lupaş (Lupaş, 2000, p. 6). If we combine the recurrences to write
s(x, y) as a function of s(x+ 1, y + 2) and of s(x+ 2, y + 2), we obtain, for x = 1

2 and y = 1, a series
for Catalan’s constant proved in Hessami Pilehrood and Hessami Pilehrood (2010).
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4 Experimentally discovered 5F4(−1)-recurrences
Theorem 6. The recurrences(

x+
y − 1

2

)
· 5F4

[
x, x, x, x+ y+1

2 , 1

x+ y, x+ y, x+ y, x+ y−1
2

∣∣∣∣∣ −1

]
= x+

y − 1

2

− x3

(x+ y)3

(
x+ 1 +

y − 1

2

)
· 5F4

[
x+ 1, x+ 1, x+ 1, x+ 1 + y+1

2 , 1

x+ 1 + y, x+ 1 + y, x+ 1 + y, x+ 1 + y−1
2

∣∣∣∣∣ −1

]
(
x+

y − 1

2

)
· 5F4

[
x, x, x, x+ y+1

2 , 1

x+ y, x+ y, x+ y, x+ y−1
2

∣∣∣∣∣ −1

]
=

x− 1

2
+ y

− y3

(x+ y)3

(
x+

y

2

)
· 5F4

[
x, x, x, x+ y+2

2 , 1

x+ y + 1, x+ y + 1, x+ y + 1, x+ y
2

∣∣∣∣∣ −1

]

hold true, if all of the above series converge.

Proof: Again, we set x = −n, and we may apply the WZ method and Carlson’s theorem in much the
same way as before. WZ proof certificates for each out of the two recursions shown above are given
explicitly in via the previously provided HAL site.

With the notation:

s(x, y) =

(
x+

y − 1

2

)
· 5F4

[
x, x, x, x+ y+1

2 , 1

x+ y, x+ y, x+ y, x+ y−1
2

∣∣∣∣∣ −1

]
,

we find that:

s(x, y) = x+
y − 1

2
− x3

(x+ y)3
s(x+ 1, y),

s(x, y) =
x− 1

2
+ y − y3

(x+ y)3
s(x, y + 1).

Note that for x = 1
2 , y = 1

2 , s(x, y) is the Bauer–Ramanujan series for 1
π of convergence rate 1 shown

in Table 1. If we try to accelerate this series with one of the recurrences, we get the Bauer–Ramanujan
series again in both cases. Hence no acceleration. However, if we use them one after the other, then we
obtain Ramanujan’s series for 1

π of convergence rate 1
64 , which is indicated in Table 1. For x = 1

2 , y = 1,
we have that

s(x, y) =
1

2

∞∑
n=0

(−1)n
1

(2n+ 1)2
=

G

2
.

Using both recurrences one after the other leads to (5). For x = 1, y = 1, we obtain, in this case, the
series for π2 of convergence rate 1

64 indicated in Table 1.
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5 Experimentally discovered 6F5(1)-recurrences
Theorem 7. The recurrences(

x+
y − 1

2

)
· 6F5

[
x, x, x, x, x+ y+1

2 , 1

x+ y, x+ y, x+ y, x+ y, x+ y−1
2

∣∣∣∣∣ 1
]
= x+

y − 1

2

+
x4

(x+ y)4

(
x+ 1 +

y − 1

2

)
· 6F5

[
x+ 1, x+ 1, x+ 1, x+ 1, x+ 1 + y+1

2 , 1

x+ 1 + y, x+ 1 + y, x+ 1 + y, x+ 1 + y, x+ 1 + y−1
2

∣∣∣∣∣ 1
]

(
x+

y − 1

2

)
· 6F5

[
x, x, x, x, x+ y+1

2 , 1

x+ y, x+ y, x+ y, x+ y, x+ y−1
2

∣∣∣∣∣ 1
]
=

5y2 + 6(x− 1)y + 2(x− 1)2

4(2y − 1)

− y5

2(2y − 1)(x+ y)4

(
x+

y

2

)
· 6F5

[
x, x, x, x, x+ y+2

2 , 1

x+ y + 1, x+ y + 1, x+ y + 1, x+ y + 1, x+ y
2

∣∣∣∣∣ 1
]

hold true, if all of the above series converge.

Proof: Again, we write x = −n, and we may again mimic our WZ-based proofs given as above. WZ
proof certificates for each case are given explicitly in the HAL site previously given.

5.1 Generalizations of Guillera’s series
With the notation

s(x, y) =

(
x+

y − 1

2

)
· 5F4

[
x, x, x, x, x+ y+1

2 , 1

x+ y, x+ y, x+ y, x+ y, x+ y−1
2

∣∣∣∣∣ 1
]
,

Theorem 7 gives us that

s(x, y) = x+
y − 1

2
+

x4

(x+ y)4
s(x+ 1, y),

s(x, y) =
5y2 + 6(x− 1)y + 2(x− 1)2

4(2y − 1)
− y5

2(2y − 1)(x+ y)4
s(x, y + 1).

Note that for x = 1
2 , y = 3

2 , s(x, y) can be calculated from its partial sums:

s( 12 ,
3
2 ) =

1

4

∞∑
n=0

(
2−8
)n(2n

n

)4
4n+ 3

(n+ 1)4
= 4− 32

π2

If we try to accelerate this series with the first of the recurrences, we get the same series. With the second
one, we get Guillera’s formula for 1

π2 introduced in Guillera (2003) and reproduced in Table 1.
If we use both the recurrences for x = 1, y = 1, we obtain a series for ζ(3) given in Lupaş’s paper

Lupaş (2000). Now, let us further simplify our expression for the latter recursion given in Theorem 7,
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letting h, r1, and r2 be as below:

summand(x, y, k) =

(
x+ y−1

2

)
(x)4k

(
x+ y+1

2

)
k(

x+ y−1
2

)
k
(x+ y)4k

,

r1(x, y) =
6(x− 1)y + 2(x− 1)2 + 5y2

4(2y − 1)
,

r2(x, y) = − y5

2(2y − 1)(x+ y)4
.

So, we obtain that

∞∑
k=0

summand(x, y, k) = r1(x, y) + r2(x, y)

∞∑
k=0

summand(x, y + 1, k), (14)

leading us to the following. A direct application of Lemma 1, for summand(x, y, k), r1(x, y), and r2(x, y)
as above, may be regarded as a generalization of Guillera’s series for 1

π2 introduced in Guillera (2003)
and reproduced in Table 1, in view of our derivation of this formula along with the following results.

Example 4. Setting x = 3
2 and y = 3

2 , our series acceleration formula given in Lemma 1 yields the
following:

128

π2
=

∞∑
j=0

(
−2−12

)j (2j
j

)5
20j2 + 32j + 13

(j + 1)4
.

Example 5. Setting x = 5
2 and y = 3

2 , Lemma 1 gives us that:

2048

81π2
=

∞∑
j=0

(
−2−12

)j (2j
j

)5
20j2 + 56j + 41

(j + 1)4(j + 2)4
.

Example 6. Setting x = 1
2 and y = 1, Lemma 1 yields

28ζ(3) =

∞∑
j=1

(
−28

)j (−10j2 + 6j − 1
)

j5
(
2j
j

)5 .

Example 7. If we use both recurrences from Theorem 7 one after the other, with x = 3
2 and y = 3

2 , we
obtain Guillera’s series for 1

π2 from Guillera (2008) reproduced in Table 1. It has convergence rate 1
210 .

6 On the experimental discovery of hypergeometric transforms
In their classic text, Borwein et al. (2004) describe how a human-computer dialogue is central to ex-
perimental mathematics (Borwein et al., 2004, p. vii). This is exemplified by the use of computers to
explore new areas in mathematics, and via the development of a better understanding of mathematical
phenomena using computer-based results and computer-based tools (Borwein et al., 2004, p. vii–viii). In
this regard, we have used a computer-based approach to study the problem of accelerating series, and our
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computer explorations have led us to identify patterns that show us that many previously published re-
sults by many different authors, including Ramanujan (1914), Guillera (2003, 2008), Hessami Pilehrood
and Hessami Pilehrood (2008, 2010), and Lupaş (2000), are special cases of our methods. We find it
appropriate to explain how we had obtained and discovered our main results in an experimental way.

In 2018 Levrie and Nimbran (2018), the recurrence

3F2

[
x, x, 1

x+ y, x+ y

∣∣∣∣∣ 1
]
=

2x+ 3y − 2

2(2y − 1)
+

y3

2(2y − 1)(x+ y)2
· 3F2

[
x+ 1, x+ 1, 1

x+ 1 + y, x+ 1 + y

∣∣∣∣∣ 1
]

was introduced and proved. If we write

s(x, y) = 3F2

[
x, x, 1

x+ y, x+ y

∣∣∣∣∣ 1
]
=

∞∑
n=0

(x)2n
(x+ y)2n

(15)

and then write f(x, y, n) = 2n+2x−y
2(2y−1) , we find that this summand may be manipulated in the below indi-

cated manner, starting with the reindexing argument shown below, and noting that a telescoping argument
is implicitly used to simplify the below expression involving f(x, y, n) and f(x, y, n+ 1):

s(x, y) = 1 +

∞∑
n=0

(x)2n+1

(x+ y)2n+1

= 1 +

∞∑
n=0

(x)2n
(x+ y)2n

· (x+ n)
2

(x+ y + n)
2

= 1 +

∞∑
n=0

(x)2n
(x+ y)2n

(
f(x, y, n)− f(x, y, n+ 1)

(x+ n)
2

(x+ y + n)
2 +

y3

2 (2y − 1) (x+ y + n)
2

)

= 1 + f(x, y, 0) +
y3

2 (2y − 1)

∞∑
n=0

(x)2n
(x+ y)2n+1

=
2x+ 3y − 2

2(2y − 1)
+

y3

2 (2y − 1) (x+ y)2

∞∑
n=0

(x)2n
(x+ y + 1)2n

.

Our approach toward obtaining and proving hypergeometric recurrences is similar relative to the above
derivation and involves computer-based experiments with summands as in (15). Our research is based on
explorations involving the use of Computer Algebra Systems to experiment with hypergeometric series
in order to emulate the telescoping argument involving f(x, y, n), as above. This has led us toward
patterns based on our computational experiments that generalize closed forms due to Ramanujan, Lupaş,
and Guillera, and others. This is motivated by open problems concerning Ramanujan’s and Guillera’s
series, such as the problem as to how it may be possible to generalize Guillera’s series so as to obtain
hypergeometric expansions for 1

πk for higher powers, with of k > 2 Guillera (2020). As below, we offer
some brief descriptions as to how we had discovered the hypergeometric transforms given in this article.

For Theorem 1, a similar approach was used, relative to the above manipulations of the summand for
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(15), and the rational function identity given below was involved:

(x+ n)(x+ n+ 1)

(x+ y + n)(x+ y + n+ 1)
=

2n+ 2x− y + 1

2(2y − 1)
− 2n+ 2 + 2x− y + 1

2(2y − 1)

(x+ n)(x+ n+ 1)

(x+ y + n)(x+ y + n+ 1)

+
(y − 1)y(y + 1)

2(2y − 1)

1

(x+ y + n)(x+ y + n+ 1)
.

Similarly, for Theorem 5, summand manipulations were applied to

s(x, y) =

∞∑
n=0

(−1)n
(x)2n
(y)2n

so as to obtain the identity

(x+ n)2 =

summand(x, y, n) + summand(x, y, n+ 1)
(x+ n)2

(x+ y + n+ 1)2
+

y(1 + y)3

4(x+ y + n+ 1)2

with summand(x, y, n) = 2n2+2(2x+y)n+2x2+2xy−y2−y
4 . Similar approaches led to our discoveries for

the remaining Theorems in this article.

7 Conclusion
In an article due to Guillera (2020), conjectured Ramanujan-like series for 1

πk for k ≥ 3 were recorded,
such as the formula

∞∑
n=0

(
1
2

)5
n

(
1
3

)
n

(
2
3

)
n

(
1
4

)
n

(
3
4

)
n

(1)
9
n

(4528n4 + 3180n3 + 972n2 + 147n+ 9)

(
− 27

256

)n

=
768

π4

conjectured by Zhao. Guillera also proved a bilateral series expansion for negative powers of π Guillera
(2020). This was achieved via the periodicity of the function

f(x) = e−iπx(cosπx)2j+1
∏

sk ̸= 1
2

cosπx− cosπsk
1− cosπsk

∞∑
n=−∞

A(n, x)

for a function A(n, x) of the form

A(n, x) =

(
2m∏
i=0

(si)n+x

(1)n+x

)
m∑

k=0

ak(n+ x)kzn+x
0 .



16 Paul Levrie, John Campbell

We encourage the pursuit of research based on how our recursive and WZ-based methods may be applied
to obtain series for 1

πk for higher values of k > 2. In this regard, the main obstacle is due to how difficult
it is to obtain series for 1

πk>2 that may be accelerated according to our methods. For example, there are
classically known series for 1

π2 that may be easily proved inductively and that may be accelerated using
our hypergeometric transforms, but it is not obvious as to how it may be possible to start with a relatively
“simple” series for 1

π3 or 1
π4 and then apply our evaluation technique. One possibility to consider might

be based on manipulations of the Cauchy product of known series for 1
π2 , and we leave it to a separate

project to investigate this option.
Consider the two recurrences for the hypergeometric expression s(x, y) involved in Section 5.1. As

above, we have applied these recurrences one after the other. If we instead apply these recurrences so
as to express s(x, y) in terms of s(x + 3, y + 3), then, by mimicking our proof of Guillera’s series from
Guillera (2008) shown in Table 1, we can show that

8

π2
=

∞∑
j=0

(
−2−60

)j (6j
3j

)5
p(j)

(2j − 1)5(6j − 5)3(6j − 1)5
, (16)

where p(j) denotes the following polynomial.

-125 + 950*j + 31660*jˆ2 - 50024*jˆ3 - 14995984*jˆ4 +
235669685116640*jˆ5 - 5284712547631680*jˆ6 + 52653694429319040*jˆ7 -
306803615328753408*jˆ8 + 1157357544632934912*jˆ9 -
2952738590842027008*jˆ10 + 5159445973725726720*jˆ11 -
6097655344343592960*jˆ12 + 4666164796084690944*jˆ13 -
2088682533545361408*jˆ14 + 415520397881671680*jˆ15

The above series for 1
π2 has a convergence rate of 1

1073741824 . Formulas as in (16) may also be determined
by applying series n-sections to the accelerated series given in this article, as explained below, and we
encourage the investigation of this subject.

Let us begin, for example, with the series for π2 from Campbell (2022a) recorded in Table 1. By
applying a series bisection to this series, we find that

π2

4
=

∞∑
n=1

28n(2n+ 1)(6n+ 1)

2n(4n+ 1)2
(
4n
2n

)3 +

∞∑
n=1

28nn(3n− 1)

4(4n− 1)2(2n− 1)
(
4n−2
2n−1

)3 ,
and a reindexing-type argument then gives us that

π2 =

∞∑
n=1

28n
240n4 − 8n3 − 40n2 − n+ 1

n2(2n− 1)(4n+ 1)2
(
4n
2n

)3 , (17)

and this was recently proved in a different way, via the WZ method, by Campbell (2022c). We see that (17)
has an acceleration rate of 1

16 , relative to the acceleration rate of 1
4 in the original formula from Campbell

(2022a). Chu and Zhang used the same kind of acceleration approach via series bisections in Example 89
in Chu and Zhang (2014), and we may obtain similarly accelerated series via series n-sections, as opposed
to series bisections.



Series acceleration formulas 17

We have numerically found that

π4

8
=

∞∑
n=1

28n(3n− 1)
(
7n2 − 5n+ 1

)
n7
(
2n
n

)7 .

How can this conjectured formula be proved using our methods, or otherwise?
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