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Let ¢ be a positive real number. A graph is called ¢-tough if the removal of any vertex set S that disconnects the graph
leaves at most |.S|/t components, and all graphs are considered 0-tough. The toughness of a graph is the largest ¢ for
which the graph is ¢-tough, whereby the toughness of complete graphs is defined as infinity. A graph is minimally
t-tough if the toughness of the graph is ¢, and the deletion of any edge from the graph decreases the toughness. In
this paper, we investigate the minimum degree and the recognizability of minimally ¢-tough graphs in the classes of
chordal graphs, split graphs, claw-free graphs, and 2 K>-free graphs.
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1 Introduction

All graphs considered in this paper are finite, simple and undirected. Let w(G) denote the number of
components, A(G) the maximum degree and x(G) the connectivity number of the graph G. (Using w(G)
to denote the number of components might be confusing; most of the literature on toughness, however,
uses this notation.) For a connected graph G, a vertex set S C V(G) is called a cutser if its removal
disconnects the graph.

The notion of toughness was introduced by Chvatal (1973) to investigate Hamiltonicity.

Definition 1.1. Let ¢ be a real number. A graph G is called t-tough if |[S| > t - w(G — S) holds for

any vertex set S C V/(G) that disconnects the graph (i.e., for any S C V(G) with w(G — S) > 1). The

toughness of G, denoted by 7(G), is the largest ¢ for which G is ¢-tough, taking 7(K,,) = oo foralln > 1.
We say that a cutset S C V(G) is a rough set if w(G — S) = |S|/7(G).

Note that a graph is disconnected if and only if its toughness is 0.
Obviously, the more edges a graph has, the larger its toughness can be. The main focus of this work is
on graphs whose toughness decreases whenever any of their edges is deleted.
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Definition 1.2. A graph G is said to be minimally t-toughif 7(G) = tand 7(G —e) < tforalle € E(G).

For instance, every complete graph on at least two vertices is minimally co-tough. Note that since the
toughness of any noncomplete graph is a rational number, there exist no minimally tough graphs with
irrational toughness.

It follows directly from the definition that every ¢-tough, noncomplete graph is 2¢-connected, where ¢
is a nonnegative real number, implying x(G) > 27(G) for noncomplete graphs. Therefore, the minimum
degree of any ¢-tough, noncomplete graph is at least [2¢] for any nonnegative real number.

The following conjecture is motivated by a theorem of Mader (1971), which states that every minimally
k-connected graph has a vertex of degree k, where k is a positive integer.

Conjecture 1.3 (Kriesell, Kaiser (2003)). Every minimally 1-tough graph has a vertex of degree 2.
This conjecture can be naturally generalized to any positive real number ¢.

Conjecture 1.4 (Generalized Kriesell conjecture). Every minimally ¢-tough graph has a vertex of degree
[2t], where ¢ is a positive real number.

In the article by Katona et al. (2018), we proved that every minimally 1-tough graph has a vertex of
degree at most n/3 4+ 1. Moreover, we also showed that Conjecture 1.3 holds for claw-free graphs by
proving that every minimally 1-tough, claw-free graph is a cycle of length at least four. However, in
general, determining whether a graph is minimally ¢-tough is hard: in the paper by Katona et al. (2021),
we proved that this problem is DP-complete for any positive rational number ¢. We remark that DP-
complete problems are believed to be even harder than NP-complete ones; for more details about the
complexity class DP, see the article by Papadimitriou and Yannakakis (1984).

Proving Conjecture 1.4 in general seems to be difficult, so the main motivation of this paper is to study
the conjecture in some special graph classes. In the classes of chordal graphs, split graphs, and claw-free
graphs, we can prove the conjecture for some values of ¢ by giving a characterization of the minimally
t-tough graphs in the special graph class, which easily implies the affirmative answer to the conjecture.
In the case of 2 Ks-free graphs, the conjecture remains open, but we can at least show that these graphs
can be recognized in polynomial time, which may give a chance to find a characterization later. The
interesting property of these graph classes is that they are not closed under edge-deletion.

We prove that Conjecture 1.4 holds

— for minimally ¢-tough, chordal graphs when ¢ < 1 is an arbitrary positive rational number,

— for minimally ¢-tough, split graphs when ¢ is an arbitrary positive rational number,

— for minimally ¢-tough, claw-free graphs when ¢ < 1 is an arbitrary positive rational number.
In addition, we show that

— minimally ¢-tough, split graphs for any positive rational number ¢, and

— minimally ¢-tough, claw-free graphs for any positive rational number ¢ < 1, and

— minimally ¢-tough, 2 Ks-free graphs for any positive rational number ¢

can be recognized in polynomial time.
Moreover, we give a characterization
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— of minimally ¢-tough, chordal graphs when ¢t € (1/2,1] is an arbitrary rational number (more
precisely, we show that there exist no such graphs),

— of minimally ¢-tough, split graphs when ¢ is an arbitrary positive rational number (more precisely,
we show that there exist such graphs only when ¢ is the reciprocal of an integer b > 2),

— of minimally ¢-tough, claw-free graphs when ¢ < 1 is an arbitrary positive rational number (by a
theorem of Matthews and Sumner, we know that the toughness of a noncomplete, claw-free graph
is either an integer or a half-integer, so we only need to study the cases when¢ = 1/2or ¢ = 1, and
the latter case was already handled in our article Katona et al. (2018)).

2 Preliminaries

In this section, we study some basic properties of minimally tough graphs.
The following proposition is a simple observation.

Proposition 2.1. Lett < 1 be a positive rational number and G a graph with 7(G) = t. Then
w(G—8) < |[S/t
for any nonempty proper subset S of V(G).

Proof: If S is a cutset in G, then by the definition of toughness, w(G — S) < |S|/t holds.
If S is not a cutset in G, then w(G — S) = 1 since S # V(G). On the other hand, |S|/t > 1 since
S # B and t < 1. Therefore, w(G — S) < |S|/t holds in this case as well. O

As is clear from its proof, the above proposition holds even if S is not a cutset. However, it does not
necessarily hold if ¢ > 1 and S is not a cutset: if ¢ > 1, then the graph cannot contain a cut-vertex,
therefore w(G — S) = 1 for any subset S with |S| = 1, while [S|/t = 1/t < 1.

The following proposition describes the basic structure of minimally tough graphs.

Proposition 2.2. Let ¢ be a positive rational number and G a minimally ¢-tough graph. For every edge e
of G,

— the edge e is a bridge in G, or

— there exists a vertex set S = S(e) C V(G) with

w(G—S)ﬁ'—fl and w((G—e)—S)>|—f|,

and the edge e is a bridge in G — S.
In the first case, we define S = S(e) = 0.

Proof: Let e be an arbitrary edge of G which is not a bridge. Since G is minimally ¢-tough, 7(G — e) < t.
Since e is not a bridge, G — e is still connected, so there exists a cutset S = S(e) C V(G —e) = V(G)
in G — e satisfying w((G — e) — 5) > |5]/t.

By Proposition 2.1, if ¢t < 1, then w(G — S) < |S|/t. So assume that ¢ > 1 holds. Then there are two
cases.
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Case 1: (t > 1 and) S is a cutset in G.

Since 7(G) = tand Sis a cutset, w(G—S) < |S|/t. This is only possible if e connects two components
of (G—e)—S,ie. ifeisabridgein G — S.

Case 2: (t > 1 and) S is not a cutset in G.

Then w(G — S) = 1. Since S is a cutset in G — e, the edge e must connect two components of
(G—e)—S. Thuseisabridgein G — Sandw((G —e) — S) =2.

Now we show that w(G — S) < |S|/t holds. Suppose to the contrary that w(G — S) > |S|/t. Since
w(G — 8) = 1, this implies |S| < t. Moreover, since 7(G) = ¢, the graph G is [2t]-connected, thus it
has at least 2t + 1 vertices. From this, it follows that .S and one of the endpoints of e form a cutset in G:
otherwise, G would only have |S| 4+ 2 < t + 2 < 2t + 1 vertices (where the latter inequality is valid since
t > 1). Let S’ denote this cutset. Since G is t-tough and S’ is a cutset in G, we obtain

S |S|+1

2<w(G-5")< ,
t t

so |S| > 2t — 1. Therefore,
2 —1<|8| <t

which implies ¢ < 1, and that is a contradiction.

So in both cases,

151
t

hold, and e is a bridge in G — S. O

5]

w(G-8)< and w((G—e)—8)>—

The starting point of each of our proofs is showing that for each edge e of the investigated graphs, there
exists a vertex set S(e) guaranteed by Proposition 2.2 with some nice properties.

3 Chordal graphs

First, we study chordal graphs. Unlike for the other graph classes considered in this paper, the complexity
of determining the toughness of chordal graphs is open.

Definition 3.1. A graph is chordal if it does not contain an induced cycle of length at least 4.
Definition 3.2. A vertex v of a graph G is simplicial if its neighborhood N (v) forms a clique in G.

A classical theorem of Dirac (1961) states that every chordal graph has a simplicial vertex; moreover,
every noncomplete, chordal graph contains at least two nonadjacent simplicial vertices.

The main idea of the following proof is that in a minimally ¢-tough, chordal graph with ¢t < 1, if e is an
edge in the neighborhood of a simplicial vertex v, then the vertex set S(e) guaranteed by Proposition 2.2
should, but cannot, contain v.

Theorem 3.3. Let ¢ < 1 be a positive rational number. If ¢ < 1/2, then every simplicial vertex of any
minimally ¢-tough, chordal graph has degree 1. If 1/2 < ¢ < 1, then there exist no minimally ¢-tough,
chordal graphs.
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Proof: If t < 1/2, then let G be a minimally ¢-tough, chordal graph, and if 1/2 < ¢ < 1, then suppose to
the contrary that G is a minimally ¢-tough, chordal graph.

In both cases, let v be a simplicial vertex of G. If t < 1/2, then suppose to the contrary that v has
degree at least 2. If 1/2 < ¢t < 1, then every vertex of G has degree at least 2¢t > 1, so v has degree at
least 2.

In both cases, let © and w be two neighbors of v. Since v is simplicial, » and w are adjacent. Let
e = uw. Obviously, e is not a bridge, so by Proposition 2.2, there exists a vertex set S = S(e) C V(G)

such that

w(G—S)ﬁ@ and w((G—e)—S)>@,

and e is a bridge in G — S. Clearly, .S must contain v.

Case 1: S| < 1,ie. S ={v}.

Since v is simplicial, (G — e) — {v} has exactly two components, and v has exactly one neighbor in
both of them, so the degree of v is exactly 2.

Ift < 1/2, then

which is a contradiction.

If1/2 <t <1, then G — {u} or G — {w} is not connected (since G % K3), which contradicts the fact
that k(G) > 2t > 1.

Case 2: |S| > 2.
Since v is simplicial, w(G — S) = w(G — (S \ {v})) holds. Since 7(G) =t < 1 and S\ {v} # 0,
Proposition 2.1 implies

|S\{v}\_|S|—1
w(G = (5\ {v}) < ELE = P2

t
Hence,
S S| —1 S 1
|_t| <w((G-—e)=5) =w(G=8)+1=w(G—(5\{v}))+1 < | |t +1= %4_( - ?) < |_t|’
where the inequality 1 — 1/¢ < 0 is valid since ¢ < 1, thus we obtained a contradiction. O

Thus, Conjecture 1.4 is true for minimally ¢-tough, chordal graphs with ¢ < 1.

Now it is natural to ask if there exist minimally ¢-tough, chordal graphs with ¢ < 1/2. Katona and Khan
(2023) proved that the answer is affirmative if and only if ¢ is a reciprocal of an integer b > 2. Moreover,
they gave a complete characterization of minimally ¢-tough, chordal graphs with ¢ < 1/2.

Theorem 3.4 (Katona and Khan (2023)). A chordal graph is minimally ¢-tough for some positive rational
number ¢ < 1/2 if and only if it can be obtained from a tree with maximum degree A > 3 by removing
an independent set W of vertices of degree 3 and connecting the three neighbors of each vertex of W by
a triangle, where W satisfies the following.

— Either A = 3 and W is the set of all vertices of degree 3 such that every neighbor of any vertex in
W has degree 2,
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— or A > 3 and W is some subset of vertices of degree 3 such that every neighbor of any vertex in
W has degree A > 3.

The above theorem implies that for any positive rational number ¢ < 1/2, the class of minimally
t-tough, chordal graphs can be recognized in polynomial time.

4 Split graphs

In this section, we study split graphs. It is not difficult to see that every split graph is chordal, thus the
results of the previous section can be applied here.

Definition 4.1. A graph is a split graph if its vertex set can be partitioned into a clique and an independent
set.

The toughness of split graphs can be computed in polynomial time; first, this was shown for ¢ = 1
by Kratsch et al. (1996), then by Woeginger (1998) for all positive rational numbers ¢.

Theorem 4.2 (Woeginger (1998)). For any positive rational number ¢, the class of ¢-tough, split graphs
can be recognized in polynomial time.

Note that if an edge goes between the clique and the independent set of the split graph, then after the
removal of this edge, the graph is still a split graph, so we can compute in polynomial time whether the
toughness decreased. The following lemma says that the vertex sets showing that the removal of any edge
in the clique decreases the toughness can be uniquely determined.

Lemma 4.3. Let ¢ be a positive rational number and G a minimally ¢-tough, split graph partitioned into a
clique ) and an independent set I. Let e = uv be an edge between two vertices of ) and S = S(e) C
V(QG) a vertex set guaranteed by Proposition 2.2. Then

S=(Q\{u,v}) U{w eI |uw, vwe E(G)}.

Proof: Let S = S(e) C V(G) be an arbitrary vertex set guaranteed by Proposition 2.2 (such a vertex set
exists since G is minimally ¢-tough), and let Sp = (Q \ {u,v}) U{w € I | uw, vw € E(G)}. Now we
show that S = Sj holds.

By Proposition 2.2, the edge e must be a bridge in G — S, so u,v ¢ S and Sy C S.

Suppose to the contrary that Sy & S. Note that in (G'— ¢) — Sp, every vertex except u and v has degree
at most 1, so since u,v ¢ S, we obtain

w(G = 8) =w(G = S) — 5\ So| <w(G -5y -1,

where the last inequality holds by the assumption Sy g S. Then by Proposition 2.2,

@ < @ <w((G-e)=8)=w(G-5)+1<w(G -5 < @,
which is a contradiction. O

The next theorem states that except for the complete graphs, there exist no minimally ¢-tough, split
graphs with ¢ > 1/2. The main idea of the proof is to show that if such a graph existed with a partitioning
Q@ U I of its vertex set, where () spans a clique and I an independent set, then every vertex of () would
have at most one neighbor in I, but these split graphs cannot be minimally ¢-tough.
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Theorem 4.4. For any rational number ¢ > 1/2, there exist no minimally ¢-tough, split graphs.

Proof: Since every split graph is chordal, we can assume by Theorem 3.3 that ¢ > 1 holds. Suppose to
the contrary that there exists a minimally ¢-tough, split graph G. Obviously, G is noncomplete, otherwise
its toughness would be infinity and not ¢. Let G be partitioned into a clique () and an independent set 1.
Since G is noncomplete, I # ) and since G is connected and noncomplete, Q # () also holds.

Now we show that we can assume || > 2. We already know that I # (, so let us consider the case
when |I| = 1 holds. Since G is noncomplete, we can pick a vertex w € ) which is not adjacent to the
vertex of I. Then we can consider I’ = I U {w} and Q' = @ \ {w}, instead of I and Q.

Note that |Q] > 2, otherwise G ~ K7 for some b > 2, and so 7(G) = 1/b < 1/2, which would
be a contradiction. So let e = uwv be an edge in @ and S = S(e) C V(@) a vertex set guaranteed by
Proposition 2.2. By Lemma 4.3,

S =(Q\{u,v}) U{w e I | uw,vw € E(G)}.
Then every component of G — S has size 1 except for the component of the edge e. Let

x:‘{we]|uw,vwEE(G)}‘,
by = [{w e I|uw e B(G), vw & E(G)}|,
b= |{w € T ww ¢ B(G), v e BG),

see Figure 1.

I
Q }gu
Z‘e }96
° \o
° \. }6”
s .

Fig. 1: The set S = S(e) consisting of the vertices of @ \ {u, v} and the common neighbors of u and v.

Since |I| > 2 holds, @ is clearly a cutset in G, so

x—i—(w(G—S)—l)§|I|:w(G—Q)§@.

By Proposition 2.2,

w(G—S)§@:M<w((G—e)—S):w(G—S)—i—l.
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Thus

Q

—2+M<x—2+(w(G—S)+1)=x+(w(G—S)—1)g—

T " | ,
ie., 5
T —

T —2+ < 0.

Since t is positive and z is an integer, this implies < 1.
Now we show [,, < 1. Since S is a cutset in GG and w is not an isolated vertex in G — S, it follows that
S U{u} is also a cutset in G. Thus,

SU{u}| IS +1

w(G=9)+l,=w(G—(SU{u}) <

t t
holds since G is t-tough. On the other hand, by Proposition 2.2,
wG@=9)+lu=w((G—e)—8)—1+1, > |—f|+lu—1.
Therefore,
@ +l,—1< |S|T+1,

ie., l, <141/t <2, whichimplies, < 1.

Similarly, I,, < 1.

Now we show that « has at most one neighbor in I, i.e., I, + £ < 1. Suppose to the contrary that u
has more neighbors in I. By the above observations, this is only possible if x = 1 and [,, = 1. Then the
vertex set S’ = (S'\ I) U {u}isacutsetin G and w(G — 5’) = w(G — S) + 1. In addition, since G is
t-tough, w(G — S’) < |.S’|/t holds. Then by Proposition 2.2,

@<w((G—e)—S):w(G—S)—Fl:w(G—SI)S—:—,

which is a contradiction.

Since e is an arbitrary edge in @, it follows that every vertex of () has at most one neighbor in I.
By a previous assumption, |/| > 2, and note that G is connected (otherwise its toughness would be 0).
Therefore, there exists an edge f € F(Q) both of whose endpoints have a neighbor in I but not a common
one. Then by Lemma 4.3,

SN =1Q| -2
holds, so clearly
w(G@=8(H)=1-1,  w((G=1)=5() =1,
and by Proposition 2.2,
Q-2

I -1<
t

< |IJ.

On the other hand, let a € I be fixed, and let

R=R(a) ={veV(Q)|a ¢ EG)},
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U

R

Fig. 2: The set R = R(a) consisting of those vertices of ) that are not adjacent to a.

see Figure 2.
Since x(G) > 2t, the vertex a has degree at least 2¢, so |R| < |Q| — 2t. Since |I| > 2, the vertex set R
is a cutset in G, so

R — 2t
1 =w(@-R)y< B Q72
t t
Hence,
-2 — 2t
Q-2 _lel-2
t t
which is a contradiction since ¢t > 1. O

We have just shown that for any rational number ¢ > 1/2, there exist no minimally ¢-tough, split graphs.
However, note that complete graphs are minimally co-tough, split graphs. Now we characterize minimally
t-tough, split graphs for ¢ < 1/2: in the following theorem, we show that ¢ must be a reciprocal of an
integer b > 2, and the class of minimally 1/b-tough, split graphs can be seen in Figure 3.

<b-1

Fig. 3: The class of minimally 1/b-tough, split graphs.

Theorem 4.5. Let ¢ < 1/2 be an arbitrary positive rational number and G a minimally ¢-tough, split
graph partitioned into a clique () and an independent set I. Then there exists an integer b > 2 for which
t =1/b,and |Q| < 3. Moreover,
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1. either G is a tree with at most two non-leaf vertices and with A(G) = b,

2. or |Q| = 3, every vertex in I has degree 1 and every vertex in @ has degree b + 1.

Proof: Let G be a minimally ¢-tough, split graph with ¢ < 1/2. If G is triangle-free, then it must be a
tree, so 7(G) = 1/A(G). Since G is a split graph, it can have at most two non-leaf vertices. So G is
either a star or a double-star (i.e. two stars connected by their center vertices).

Let us assume that there is a triangle in G. Since every split graph is chordal and every vertex in [ is
simplicial, Theorem 3.3 implies that every vertex in I has degree 1. It is not difficult to see that if such a
graph is minimally ¢-tough with ¢ < 1/2, then |Q| < 3. But since there is a triangle in the graph, |Q| = 3.
Obviously, all vertices of ( must have degree b + 1. O

This theorem directly implies the following.

Corollary 4.6. For any positive rational number ¢, the class of minimally ¢-tough, split graphs can be
recognized in polynomial time.

Corollary 4.7. Let ¢ be a positive rational number. If G is a minimally ¢-tough, split graph, then G has a
vertex of degree [2t].

So Conjecture 1.4 holds for split graphs.

5 Claw-free graphs

In this section, we study claw-free graphs.

Definition S.1. The graph K 3 is called a claw. A graph is said to be claw-free if it does not contain a
claw as an induced subgraph.

By the following theorem, the toughness of claw-free graphs can be computed in polynomial time.

Theorem 5.2 (Matthews and Sumner (1984)). If G is a noncomplete, claw-free graph, then 27(G) =
k(Q).
Corollary 5.3. For any rational number ¢ > 0, the class of ¢-tough, claw-free graphs can be recognized
in polynomial time.

The following lemma follows directly from the proof of Theorem 5.2, which can be found as Theorem
10 in the article by Matthews and Sumner (1984).

Lemma 5.4. Let G be a noncomplete, claw-free graph and S' a tough set. Then the vertices of S have
neighbors in exactly two components of G — S, and the components of G — S have exactly 27(G)
neighbors (in S).

Here, we study minimally ¢-tough, claw-free graphs, where ¢ < 1 is a positive rational number. By
Theorem 5.2, we only need to consider the cases ¢ = 1/2 and ¢ = 1. The latter case was already settled
in our article Katona et al. (2018).

Theorem 5.5 (Katona et al. (2018)). The class of minimally 1-tough, claw-free graphs consists of the
cycles of length at least 4.

The main idea of this proof is that for each edge, there exists a vertex set guaranteed by Proposition 2.2
of size at most 2. Now in the case of ¢ = 1/2, we show that there exist such vertex sets of size at most 1.
Unfortunately, this statement is not extendable to the case of ¢ = 3/2; for an example see Figure 4.
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Fig. 4: A minimally 3/2-tough, claw-free graph and its edge e for which there exist no vertex sets S = S(e)
guaranteed by Proposition 2.2 with | S| < 3.

Lemma 5.6. If G is a minimally 1/2-tough, claw-free graph, then for every edge e of G, there exists a
vertex set S = S(e) C V(G) guaranteed by Proposition 2.2 with |S| < 1.

Proof: Let e be an arbitrary edge of G and S = S(e) a vertex set guaranteed by Proposition 2.2. If
e is a bridge, then we can assume S = {), i.e. |S| = 0. So let us assume that e is not a bridge. Then
S # Qandw(G—S) < 2[S]and w((G —€) — S) > 2|S], which is only possible if w(G — S) = 2[9|
and w((G — €) — S) = 2|S| + 1. Therefore, S is a tough set, so by Lemma 5.4, the vertices of S have
neighbors in exactly two components of G — .S, and every component of G — S has exactly one neighbor
in S. Let {v} C V(G) be the neighborhood of the component of G — S containing the edge e. Then
{v} is a cutset, and its removal leaves exactly 2 components, so it is a tough set having all the properties
described in Proposition 2.2. O

This lemma has the following straightforward consequence.

Corollary 5.7. The class of minimally 1/2-tough, claw-free graphs can be recognized in polynomial
time.

The following lemma describes another interesting property of minimally 1/2-tough, claw-free graphs.

Lemma 5.8. If G is a minimally 1/2-tough, claw-free graph, then all of its cycles have length 3.

Proof: If every edge of G is a bridge, then G is a tree, so it does not contain any cycles.

Let us assume that there exists an edge e = wwv, which is not a bridge. Then by Lemma 5.6, there
exists a vertex w which is a cut-vertex in G such that e is a bridge in G — {w}. Let L; and Lo be the
components of G — {w} (note that since G is 1/2-tough, G — {w} has exactly 2 components). Without
loss of generality, we can assume u,v € Ly. Let L 1 and L;  denote the components of (G — ¢) — {w}
containing v and v, respectively. Since G is connected and e is not a bridge in G, the vertex w has
neighbors in Ly 1, L1 2, and Lo. Since G is claw-free and w has neighbors in Lo, the neighbors of w in
Ly must span a clique. Since e is a bridge in Ly, and w has neighbors both in L ; and L1 o, it follows
that w has exactly one neighborin L; i, namely «, and has exactly one neighbor in L; », namely v. Since
e is not a bridge in G, there exists a cycle containing the edge e, but then this cycle must also contain the
vertex w. By the previous observations, this cycle must be {u, v, w}.

This means that in G every cycle has length 3. O

Now we are ready to characterize minimally 1/2-tough, claw-free graphs.
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Theorem 5.9. The class of minimally 1/2-tough, claw-free graphs consists of exactly those graphs that
can be built up in the following way.

1. Take a tree 7" with maximum degree at most 3 where the set of vertices of degree 1 and 3 together
form an independent set.

2. Now delete every vertex of degree 3, but connect its 3 neighbors with a triangle.

Proof: Let GG be a graph that can be obtained as described in the theorem. It is easy to see that G is
claw-free. If G' does not contain a triangle, then it must be a path on at least 3 vertices, which is clearly
minimally 1/2-tough. If G contains some triangles, then by the construction of G, when removing any
set S of vertices, the removal of each vertex of S creates at most one more new component, so G is
1/2-tough. On the other hand, if an edge of a triangle is deleted, then by removing the third vertex of this
triangle, we obtain 3 components since the vertices of the triangle were not leaves in the original tree 7.
All the other edges of the graph are bridges, so the graph is minimally 1/2-tough.

Now we show that if a graph G is claw-free and minimally 1/2-tough, then it can be obtained as
described in the theorem.

Case I: G is a tree.

Since G is a claw-free tree, it cannot have a vertex of degree at least 3, so G must be a path. A path
on 2 vertices is K5, whose toughness is infinity, so it is not minimally 1/2-tough. A path on at least 3
vertices is obtained by setting 7" to be exactly this path. (In this case, Step 2 of the construction does not
change T'.)

Case 2: GG is not a tree.

By Lemma 5.6, every vertex of every triangle is a cut-vertex. By Lemma 5.8, two triangles cannot share
an edge. Since G is claw-free, any vertex not contained in any triangle has degree 1 or 2. By Lemma 5.8,
if a vertex is not contained in any triangle, then it is not contained in any cycle; thus it is either of degree 1
or is a cut-vertex. Now apply the reverse of the operation given in Step 2 (i.e., for each triangle, remove
its edges, add a new vertex and connect it with the vertices of the triangle). Let us call the newly added
vertices red, the vertices of the triangles green, and the other vertices blue. Since G does not contain any
cycles except for the triangles, the resulting graph must be a tree. Clearly, the red vertices have degree 3
and the blue ones have degree 1 or 2 in the tree. Now we show that the green vertices also have degrees 1
or 2 in the tree. Since the green vertices are contained in a triangle of G, they are cut-vertices. Since the
toughness of G is 1/2, it is not difficult to see that the green vertices have degree 1 or 2 in the tree. So the
red vertices have degree 3, and all the other vertices have degree 1 or 2 in the tree.

To complete the proof, we need to show that the set of vertices of degrees 1 and 3 in the tree together
form an independent set. Two leaves of the tree cannot be adjacent since the graph is connected and has
at least 3 vertices. Two vertices of degree 3 of the tree (i.e. red vertices) cannot be adjacent because of the
way they were created. Two vertices of degrees 1 and 3 of the tree cannot be adjacent since that would
mean that this leaf of the tree is contained in a triangle in G and has no neighbors outside the triangle,
which contradicts the fact that it is a cut-vertex in G. O

For an example to obtain a minimally 1/2-tough, claw-free graph described in Theorem 5.9, see Fig-
ure 5.

With the help of this characterization, we can easily determine the minimum degree of minimally 1/2-
tough, claw-free graphs.
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Fig. 5: Creating a minimally 1/2-tough, claw-free graph from a tree according to Theorem 5.9.

Corollary 5.10. Every minimally 1/2-tough, claw-free graph has a vertex of degree 1.

Proof: Theorem 5.9 shows that every minimally 1/2-tough, claw-free graph is obtained from a tree, which
clearly contains a leaf. Also in the starting tree, the leaves cannot be adjacent to any vertex of degree 3,
so the applied operation (i.e. Step 2) does not affect them. O

Since by Theorem 5.2, the toughness of any claw-free graph is either an integer or half of an integer,
Conjecture 1.4 is true in the class of claw-free graphs for all positive rational number ¢ < 1 by Corol-
lary 5.10 and Theorem 5.5.

6 2K,-free graphs
Finally, we study minimally tough, 2 K>-free graphs.

Definition 6.1. A graph is said to be 2K5-free if it does not contain an independent pair of edges as an
induced subgraph.

Theorem 6.2 (Broersma et al. (2014)). For any positive rational number ¢, the class of ¢-tough, 2 K5-free
graphs can be recognized in polynomial time.

The following claim is obvious from the definitions.

Claim 6.3. Let G be a 2K-free graph and S C V(G) a cutset. Then in G — S, there is at most one
component of size at least two.

Now we prove that for every edge of a minimally ¢-tough, 2K»-free graph, there exists a vertex set
guaranteed by Proposition 2.2 with some nice properties.

Lemma 6.4. Let ¢ be a positive rational number, G a minimally ¢-tough, 2 K»-free graph and let e = uv
be an arbitrary edge of G. Then there exists a vertex set S = S(e) C V(G) guaranteed by Proposition 2.2
such that |S| = 1 or S is contained in the open neighborhood of {u, v}, i.e. in the set of vertices adjacent
to u or v, excluding u and v themselves.

Proof: Let S be a vertex set guaranteed by Proposition 2.2 and let us assume that there exists a vertex
w € S such that vw,vw ¢ E(G). Now we prove that S = {w} or that there exists a vertex set S’
guaranteed by Proposition 2.2 and a vertex w’ ¢ S contained in the open neighborhood of {u, v} for

which §’ = (S\ {w}) U {w'}.



14 Gyula Y. Katona, Kitti Varga

Let L,, and L, denote the two components of (G —e) — S for which v € L,, and v € L,. By Claim 6.3,
all the components of G — S are isolated vertices except for the component of the edge e. Since G is 2K5-
free, these isolated vertices cannot be adjacent to w. We can assume that w has neighbors both in L,, and
L,, otherwise we can consider S = S\ {w} instead of .S, see Figure 6. Since w is not adjacent to either u
or v, both L, and L, must have size at least two. Since G is 2K5-free, both L,, and L, are stars. (If there
were any other edge in L,,, then this edge and any edge induced by L,, would be independent.)

Fig. 6: The set S = S(e) guaranteed by Proposition 2.2 in a minimally 2K>-free graph with a vertex w € S which
is not adjacent to any of the endpoints of e.

Clearly, S U {u} is a cutset in G, and thus

WG = 8)+Lul ~1=w(G ~ (s U fup) < ZHT B

t t
Obviously, the same holds for S U {v}. By Proposition 2.2, we obtain
S —w(G—e)—§) —1 18
wG@=-9)=w(G-¢)=8)—1> ; 1.
Therefore,
S Sl+1
(% — 1) + (|Lu] = 1) < w(G=8)+ (|Lu] — 1) < | |t+

holds, i.e. |L,| < 2 + 1/t. Similarly, we have |L,| < 2 + 1/t.

Case 1: Sis a cutsetin G.
Then S \ {w} is also a cutset in G (since w has neighbors only in that component of G — S which
contains the edge e), so

S\{w S|—1
(G = §) = w(G - (S {u})) < | \t{ H_ | |t .

By Proposition 2.2, we obtain
ﬂ<cu((G—e)—S):cu(G—S)—i—lS|S|—_1—l-1.

t t
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Therefore, t > 1 holds. So |L,| < 2+ 1/t < 3,ie. |L,| < 2. Hence, L, = {u,u1} and similarly,
L, = {v,v1}. So L, U L, U {w} spans a cycle of length 5, namely wujuvvw. Therefore, S’ =
(S\ {w}) U {u1} has the required properties.

Case 2: S is not a cutset in G.

Case 2.1: (S isnot a cutsetin G and) ¢t > 1.

Then |L,| < 2+ 1/t < 3, so similarly as in Case 1, we obtain that L,, = {u, w1}, L, = {v,v1} and
S = (S \ {w}) U {u1} has the required properties.

Case 2.2: (S isnota cutsetin G and) t < 1.

Then |S| = 1 must hold, otherwise S \ {w} # , so by Proposition 2.1,

- B 1S\ {w}| || -1
1—w(G—S)—w(G—(S\{w}))§ — =

and so by Proposition 2.2,

S S| —1
% <w(G-e)—8)=w(G@-95)+1< %—i—l,
which would imply ¢ > 1, a contradiction. (]

Theorem 6.5. For any positive rational number ¢, the class of minimally ¢-tough, 2K >-free graphs can be
recognized in polynomial time.

Proof: By Theorem 6.2, we can compute the toughness of a 2 K>-free graph in polynomial time. We only
need to examine whether the removal of any edge from the graph decreases the toughness.

Let e = uw be an arbitrary edge of the graph. If e is a bridge, then its removal from G obviously
decreases the toughness. Let us assume that e is not a bridge. If GG is minimally ¢-tough, then by Propo-
sition 2.2, there exists S = S(e) C V(G) for which w((G — €) — S) > |S|/t, and by Theorem 6.4, we
can assume that |S| = 1 or that S is contained in the open neighborhood of {u, v}. First, check whether
there exists a cut-vertex in G — e whose removal from G — e leaves more than 1/¢ components (this can
be clearly done in polynomial time). If it does, then the removal of e from G obviously decreases the
toughness. If it does not, then start a BFS algorithm in G at v and v simultaneously (this can be also done
in polynomial time). Since G is 2Ks-free, the BFS tree has at most two levels (not counting the zeroth
level containing v and v) and inside the second level there are no edges. If G is minimally ¢-tough, then
the above mentioned set .S exists and (since |S| # 1) it is contained in the open neighborhood of {u, v},
i.e. in the first level of this BFS tree. In addition, by Claim 6.3, all the components of G — S are isolated
vertices except for the component of the edge e, thus every vertex in the first level belongs either to S or
to the component of e. Therefore, if we remove the edge e from GG and expand the first level into a clique
by adding all necessary edges, then the toughness of the obtained split graph is equal to the toughness of
G — e. By Theorem 4.2, we can compute the toughness of this split graph in polynomial time and check
if it is less than ¢.

So we can decide in polynomial time whether a given 2 K»-free graph is minimally tough. O

Finally, we give a few examples of minimally tough, 2 K5-free graphs:

— the graphs C4 and C'5 are minimally 1-tough, 2 K5-free graphs,



16 Gyula Y. Katona, Kitti Varga
— for any integer b > 2, the graph K ; is a minimally 1/b-tough, 2K,-free graph,
— the path on 4 vertices is a minimally 1/2-tough, 2 K»-free graph,

— the two graphs in Figure 7 are minimally 2/3-tough, 2 K>-free graphs.

Fig. 7: Two minimally 2/3-tough, 2K>-free graphs.

Conjecture 1.4 remains open for minimally tough, 2 K5-free graphs.
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We define a g-linear path in a hypergraph H as a sequence (e1, ..., er) of edges of H such that |e;Ne;11| €
[1,q] and e; Ne; = @ if |[i — j| > 1. In this paper, we study the connected components associated to these
paths when g = k — 2 where k is the rank of H. If k = 3 then ¢ = 1 which coincides with the well-known
notion of linear path or loose path. We describe the structure of the connected components, using an
algorithmic proof which shows that the connected components can be computed in polynomial time. We
then mention two consequences of our algorithmic result. The first one is that deciding the winner of
the Maker-Breaker game on a hypergraph of rank 3 can be done in polynomial time. The second one is
that tractable cases for the NP-complete problem of "Paths Avoiding Forbidden Pairs" in a graph can be
deduced from the recognition of a special type of line graph of a hypergraph.

Keywords: hypergraph, 3-uniform, path, linear path, chain, connectivity, polynomial-time algorithm

1 Introduction

There are many possible definitions for a path between two vertices in a hypergraph. Each
one has its own associated connectivity problem, consisting in the algorithmic computation of
the connected components and the potential study of their structure. Possible fields where such
problems apply include system security |Guzzo et al| (2014))] on undirected hypergraphs as well as
propositional logic [Gallo et al.| (1993)], system transfer protocols [Thakur and Tripathi (2009)] or
computational tropical geometry [Allamigeon| (2014)] on directed hypergraphs.

In an undirected hypergraph, a linear path (or loose path) is a sequence of edges such that
any two consecutive edges intersect on exactly one vertex and any two non-consecutive edges do
not intersect. Our main motivation is the connectivity problem associated with linear paths in
3-uniform hypergraphs. The existence of such paths is the subject of numerous extremal results
[Omidi and Shahsiah| (2014))] [Jackowska, (2015)] [Jackowska et al.| (2016)] [Wu and Peng (2021))].
For instance, |Jackowska et al.| (2016])] determines the Turdn number of the 3-uniform linear path
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of length 3, so that a 3-uniform hypergraph on n > 8 vertices with at least ("51) edges necessarily
contains a 3-uniform linear path of length 3. Such results are proven using counting methods.
The study of linear structures in potentially sparser hypergraphs, however, requires tools of a
qualitative nature. It then seems reasonable to start by studying the linear connected components.
In order to describe their structure, we develop methods that actually generalize to hypergraphs
of rank k > 4 when replacing linearity with a notion of (k — 2)-linearity.

We thus introduce the general concept of g-linear path, where any two consecutive edges intersect
on between 1 and ¢ vertices (and non-consecutive edges do not intersect). Extremal results also
exist on paths with similar restrictions on the size of the intersections, for example paths where
any two consecutive edges must intersect on exactly ¢ vertices [Tomescu| (2012)] [Dudek et al.
(2017)] with emphasis on the linear case ¢ = 1 [Furedi et al.| (2014)] |Gu et al.| (2020)]. Throughout
this article, let ‘H be a hypergraph of rank k: as for any hypergraph, we denote its vertex set
by V(H) and its edge set by E(H). Define the ¢-linear connected component of z* € V(H) as
the set LCCY (x*) of all vertices x such that there exists a g-linear path between 2* and « in .
We will see that g-linear paths do not define a transitive relation, so that the g-linear connected
components of H do not form a partition of V' (#), unlike most other connectivity problems. This
paper is a study of the g-linear connected components of H in the case ¢ = k — 2, meaning that we
only prohibit #ight intersections of size k — 1. Linear paths in 3-uniform hypergraphs correspond
to the case k = 3 i.e. ¢ = 1. Our first main result describes the structure of the subhypergraph
H[LCCﬁ_Q(x*)] induced by a (k — 2)-linear connected component.

The proof of the structural result is algorithmic and provides us with a way to compute the
(k — 2)-linear connected components in polynomial time. More precisely, our second main result
is an algorithm that computes LOCS;2(2*) in O(m?k) time where m = |E(H)|, which remains
polynomial even if k is part of the input. This result has consequences on two algorithmic problems
that have long existed in the literature.

The first one is the problem of deciding the winner of the Maker-Breaker positional game. Two
players, Maker and Breaker, take turns picking vertices of a hypergraph H: Maker wins if she
owns all the vertices of some edge of H, and Breaker wins if he prevents this from happening. The
problem of deciding the winner of the game with optimal play is trivially tractable for hypergraphs
of rank 2, and is known to be PSPACE-complete for 6-uniform hypergraphs [Rahman and Watson
(2021)]. In a separate paper |Galliot et al.| (2022)], we show tractability for hypergraphs of rank
3, by reducing to the linear path existence problem in 3-uniform hypergraphs and using the
polynomial-time algorithm provided by the present paper. This validates part of a conjecture by
|[Rahman and Watson| (2020)].

The second one is the "Paths Avoiding Forbidden Pairs" problem (known as PAFP) which,
given two vertices x,y in a graph G with blue and red edges, asks whether there exists a blue
induced path between x and y in G. Indeed, consider a bicolored version of the line graph of a
hypergraph, where a blue (resp. red) edge indicates an intersection of size between 1 and k — 2
(resp. of size k — 1): if G is the bicolored line graph of some k-uniform hypergraph #, then there
exists a blue induced path between two vertices of G if and only if there exists a (k — 2)-linear
path in H between the corresponding (hyper)edges. Since our connectivity problem is solvable in
polynomial time, the study of the bicolored line graph recognition problem has the potential to
unearth new tractable cases for PAFP, which is known to be NP-complete in general |[Gabow
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(1976)].

After some basic definitions given in Section [2] including the introduction of g-linear paths,
Section [3] presents structures that are specific to the case ¢ = k — 2 as well as some of their
properties. It is then shown algorithmically in Section [ that these structures describe the
(k — 2)-linear connected components, which can be computed in polynomial time: these are our
two main results. Finally, Section [5 addresses the links that our algorithmic problem has with the
Maker-Breaker game and the PAFP problem. We end by formulating some open problems that
arise from our study.

2 g-linear paths
2.1 Sequences of edges

Definition 2.1. A sequence of edges of H is some ? = (e1,...,er) where e¢; € E(H) for all
1 <4< L. The case L = 0 is authorized: we may then denote P = ().

Notation 2.2. Let ? = (e1,...,er) be a sequence of edges of H.
« We define V(P) = e;U...Uey CV(H) and E(P) = {er,...,eL} C E(H).
e Let 6 = (é},...,€eh;) be another sequence of edges of H. We denote by ? @ @ the
concatenation of ? and 6, that is ? @ 5 = (e1,...,€en,€],...,eh).

2.2 Description of the problem

Definition 2.3. A path in H is a sequence ? = (e1,...,er) of edges of H such that one can
write V(ﬁ) = {z1,...,zn} and €; = {xs,, Ts,41, ..., 25} With s; < s;ip1 < fi < fiyq for all
1 <i<L-—1. Note that e; Ne;41 # @ for all 1 <i < L —1. The path is deemed simple if
e;Ne; =@ for all 1 <i,j < L such that [i — j| > 1. See Figure[l]

Fig. 1: The top path is not simple because es Nes # . Removing es yields a simple path (bottom).

We study paths with the additional g-linearity property that |e; Ne;11] < ¢ for some fixed
integer g. Since we are only interested in existence questions, we can focus on simple such paths:
indeed, from any path it is possible to extract a simple path by removing some edges if necessary,
and this obviously preserves the g¢-linearity property. An equivalent definition is the following:
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Definition 2.4. Let ¢ > 1. A g-linear path in H is a sequence ? = (e1,...,eyr) of edges of H
€l,q] ifj=i+1.

such that for all 1 <i < j < L: |e; Ney )
=0 otherwise.

Definition 2.5. Let ¢ > 1 be an integer and let X, Y C V(H) be nonempty such that | X NY| < q.
A g-linear path from X toY in H is a g-linear path ? = (e1,...,er) in H such that:
e« If XNY # @, then L =0.
e f XNY =@, then L > 1 and:
(i) XNey #@,and if L > 2 then X Ne; =@ forall 2 <i < L.
(ii) YNer #g,and if L >2then Y Ne; =@ forall 1 <i < L —1.
Whenever X = {z}, we may use the abuse of notation X = z (same for Y'). See Figure

Fig. 2: Schematic representation of a g-linear path from X to Y.

Lemma 2.6. Let ? = (e1,...,er) be a g-linear path in H such that L > 1. Let X, Y C V(H) be
disjoint such that X Ney # @ and Y Ney # &. Then ? contains a q-linear path 6 from X to
Y in H. More precisely: Q = (ey,...,es) where s :=inf{l < i < L such that e, NY # &} and
r:=sup{l <i<s such that e; N X # &}.

Proof: This is clear by minimality (resp. maximality) of s (resp. r). O

Definition 2.7. Let € V(H). The g-linear connected component of x in H is defined as:

LCCY(z) := {y € V(M) such that there exists a g-linear path from x to y in H}.

It is important to note that g-linear paths do not define a transitive relation, so that the g-linear
connected components of a hypergraph do not necessarily form a partition of its vertex set. Indeed,
the union of a ¢-linear path from z to y and a g-linear path from y to z does not necessarily
contain a g-linear path from z to z. An illustration in the case ¢ = 1 is provided in Figure [3|
(this graphical representation of 3-uniform hypergraphs will be used throughout, with each edge
pictured as a "claw" joining its three vertices). Therefore, the problem consisting in computing
the g-linear connected component of a given vertex is nontrivial.

This problem reduces polynomially to the case where H is uniform. Indeed, if H is of rank k
then let Ho be the k-uniform hypergraph obtained from H by adding k — |e| new vertices to each
edge e: it is easy to see that there exists a g-linear path from x to y in H if and only if there
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z

T Y
Fig. 3: There is no 1-linear path from z to z.

exists one in Hg. We thus introduce the following decision problem:

HYPCONNECTIVITY, 4
Input : a k-uniform hypergraph H and two distinct vertices x,y of H.
Output : YES if and only if there exists a g-linear path from x to y in H.

The case ¢ = k — 1 corresponds to standard (i.e. non-constrained) connectivity in hypergraphs,
which is tractable via a simple DFS/BFS-type search. We now address the case g = k — 2.

3 (k — 2)-linear paths in k-uniform hypergraphs

In this section, we suppose H is k-uniform with £ > 3.

3.1 Extendable paths and islands
3.1.1 Principle

Let 2* € V(#H) be the vertex whose (k — 2)-linear connected component we wish to compute.
The idea is to design an algorithm that searches through F(#) and accepts edges under some
guarantee that all their vertices are in LCC’?];_2(33*).

Consider the situation in the middle of the execution of the algorithm. Some edges have already
been accepted, forming a subhypergraph Z; of H containing z* such that: for all x € V(Z;),
there exists a (k — 2)-linear path from z* to « in Z;. Now, the algorithm encounters some edge
e intersecting both V(Z;) and V(H) \ V(Z;), and needs to decide whether or not e should be
accepted right away: let € e\ V(Z1), can we find a (k — 2)-linear path from z* to x made of
edges in E(Z;) U {e}?

The only way would be to use a (k — 2)-linear path P = (e1,...,er) from z* to X :==enV(Zy)
in Z; (Lemma ensures there exists one), and prolong it with the edge e to reach e \ V(Z;).
However, though P @ (e) = (e1,...,er,e) is obviously (k — 2)-linear if | X| < k — 2, it might not
be if |X| = k — 1: indeed, in that case, if X C ey then |er Ne| = kK — 1. On this account, if
|X| = k—1 then we need P to not just be any (k — 2)-linear path from z* to X but to be one that
satisfies X ¢ ey: such a path will be deemed (z*, X)-extendable, because it can be prolonged by
an edge that contains X while preserving the (k — 2)-linearity. An illustration is given in Figure

So, what property must Z; have if we want to be able to accept any edge intersecting both
V(Zy) and V(H) \ V(Z1)? As we have just seen, the existence of a (k — 2)-linear path from z* to
x in Z; for all © € V(Z;) is not sufficient. Additionally to this, we would need the existence of an
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(x*, X)-extendable path in Z; for all X C V(Z;) of size k — 1. If Z; satisfies these two properties,
we will say 77 is an island with entry {z*}.

Fig. 4: Here kK = 4 and |X| = 3 (the red hatched area is X). The grey path from z* to X on the left is
(z*, X)-extendable, but the one on the right is not because its final edge contains X entirely.

However, the accepted edges might not always form an island. Suppose Z; is an island and
we next discover an edge e such that |eg N V(Z1)| = 1 (so we accept eg) i.e. eg is of the form
eo = {z1} Ue where ¢g NV (Z1) = {z1} and || = & — 1. Then the accepted edges do not form
an island anymore: the only known (k — 2)-linear paths from a* to € use ey so they contain &
entirely, meaning they are not (z*,e)-extendable. Suppose the next few accepted edges form a
subhypergraph Z, that contains ¢ but is disjoint from Z;, such that for all x € V(Z5) there exists
a (k — 2)-linear path from € to x in Z,. The algorithm now encounters some edge e whose known
vertices are in Zy (see Figure [5)): should we accept e? Let X :=enNV(Zy) and y € e\ X. The
only way to reach y from z* is via F—P ® (eg) ® 5 @ (e) where P is a (k — 2)-linear path
from z* to 1 in 77 and @ is a (k — 2)-linear path from € to X in Zo. We know such a P exists,
however there are conditions on 5 = (e1,...,er) for R to be (k — 2)-linear:

o As before, if | X| = k — 1 then we need X ¢ ey.
e Since € C ey, we also need € ¢ ey.

Such a path 5 will be deemed (g, X )-extendable (this time, there are conditions at both ends
of the path). In conclusion, to be able to accept any such e, we would need the existence of an
(e, X )-extendable path in Z, for all X C V(Zy) of size at most k — 1. If Z, satisfies these two
properties, we will say Z, is an island with entry e.

We see the premises of the archipelago structure of H[LCC’flﬂ(m*)], which we are going to
establish.

3.1.2 Definitions

We now give the formal definitions that we are going to use.
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Fig. 5: Here k =4 so |¢| = 3.

Definition 3.1. Let X,Y C V() such that 1 < |X|,|[Y| <k—1and [XNY| <k—2. An

(X,Y)-extendable path in H is a (k — 2)-linear path P = (e1,...,er) from X to Y in H with the
additional property if L > 1 that ey N X| <k —2and e, NY| <k —2.

st gy

Fig. 6: An (X,Y)-extendable path in the case k = 3: the path contains exactly one vertex of X and one
vertex of Y.

Note that the condition on X is empty if | X| < k — 2: it is only when |X| = k — 1 that we need
to make sure that prolonging P with an edge containing X maintains the (k — 2)-linearity (same
for Y). Therefore, if | X|,|Y| < k — 2, then an (X,Y)-extendable path is simply a (k — 2)-linear
path from X to Y. It is also important to keep in mind that the definition is dependent on X
and Y: we do not define an "extendable path", we define an "(X,Y)-extendable path".

Definition 3.2. Let Z be a subhypergraph of H and ¢ C V(Z) such that 1 < |¢] < k—1. We
say Z is an island with entry ¢ if, for all X C V(Z) satisfying 1 < |X| <k —1 (and X # ¢ if
le] = k — 1), there exists an (g, X)-extendable path in Z.

Example. The empty island with entry e C V(H), where 1 < |¢| < k — 1, is the island Z with
entry € defined by V(Z) = ¢ and F(Z) = @. It is an island because, for all X C V(Z) satisfying
1<|X|<k—-1(and X #¢eif || =k—1), P = () is an (g, X)-extendable path in Z. This
example is illustrated at the far left of Figure [7]
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Fig. 7: Some islands for k = 3, except the far right one where k = 4 (with the same "claw" representation

for edges). The grey hatched area will always represent the entry. For three of them, we show an
(e, X)-extendable path (in blue) for some X of size k — 1 (circled in blue).

3.1.3 Extension lemmas

an (A, B)-extendable path.

(A, B')-extendable path.

The notion of (X, Y')-extendable path has been introduced to prolong and compose (k —2)-linear
Lemma 3.3. Let A,B C V(H) such that 1 <|A|,|B| <k—1and |ANB| <k —2, and let P be

paths. In that direction, we now prove two useful lemmas which are illustrated in Figures [§ and [9]
extendable path.

« If B' > B is such that |B'| < k —1 and B'n (AUV(P)UB) = B, then P is an

so that |A N B’| < k — 2 as required in Definition
e If ANB’ # & then AN B # &, hence

o If A" D A s such that |[A'| <k —1and AN (AU V(ﬁ) UB) = A, then P is an (A, B)-
Proof: By symmetry, we only need to prove the first assertion. First notice that AN B = AN B/,
know

. IfAﬁS’:@thenAﬂBz@, SO we can write

77

7

= () which is an (A4, B’)-extendable path.
ler N B| = ler, N B| < k — 2, therefore Pis (A, B')-extendable.
_

...,er) where L > 1. We already
is (k — 2)-linear, moreover the assumption on B’ ensures that ? is from A to B’.

= (617
Finally, since Pis (A, B)-extendable and e, N B’ = er, N B, we have |e; N A] < k — 2 and

=

Fig. 8: Illustration of Lemma[3.3]
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Lemma 3.4. Let A, B C V(H) such that 1 <|A|,|B| <k—1and |ANB| <k —2, and let P be

an (A, B)-extendable path. Let C, D C V(H) such that 1 < |C|,|D| <k—1 and |[CND| <k -2,

and let a be a (C, D)-extendable path. We assume that AU V(?) UB and CU V(a) UD are

disjoint. If e € E(H) satisfies e (AU V(?) UB) =B anden(CUV(Q)UD) = C, then
@ (e)® 6 is an (A, D)-extendable path.

Proof: Write ? = (e1,...,er) and 6 = (ef,...,€)), and define ﬁ = ? @ (e)® 6 Let us first
check that ﬁ is a (k — 2)-linear path. Any intersection between two edges of ﬁ is of one of four
forms:
(1) eiNejore;Nel.
Those are covered by the (k — 2)-linearity of ? and a respectively.
(2) e;Nel.
Those are empty because V(?) and V(a) are disjoint by assumption.
(3) e;Newhere 1 <i<L—1orene} where 2 <i< M.
By symmetry, we only address e; Ne. Since ? is from A to B, we know ¢; N B = &.
Moreover eN'V(P) C B by assumption, so e, Ne = &.
(4) epNeorene.
By symmetry, we only address ey, Ne. Since Pis (A, B)-extendable, we know |e, N B| < k—2,
moreover the assumption on e implies e, Ne = e, N B hence |er, Ne| < k — 2.
We now verify that ﬁ is from A to D and is (A, D)-extendable. By symmetry, we only show the
conditions on A, for which we distinguish two cases:

e If I = 0, then the first edge of ﬁ is e. We have ANe = AN B by the assumption on
e, where AN B # @ (because L = 0) and |[AN B| < k — 2 (by assumption), therefore
1<|AnNne| <k—2. It remains to show that ANe, = @ for all 1 <i < M, which is obvious
since A is disjoint from V(a)

o If L > 1, then the first edge of ﬁ is e;. Since ? is from A to B, we have ANe; # @ and
Ane; =@ for all 2 <i < L. Moreover |ANe;| <k — 2 because ? is (A, B)-extendable. It
remains to show that AN e = @, which is clear since ANeC Band ANB=@ (L >1),
and that ANe, = @ for all 1 <4 < M, which is obvious since A is disjoint from V(a) O

Fig. 9: Illustration of Lemma
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3.2 Archipelagos

In this subsection, we fix some z* € V(H).

3.2.1 Definition

Definition 3.5. Let Z and Z’ be disjoint islands in H, where Z’ has an entry ¢ of size k — 1.
An edge e € E(H) of the form e = {z} Ue for some z € V(Z) is called a crossing edge from T
to Z'. We denote by C(Z,Z") C E(H) the set of all crossing edges from Z to Z’ in H. If A is a
subhypergraph of H containing Z and Z’, we use the notation C4(Z,Z') := C(Z,Z') N E(A).

Remark. The above definition depends on the choice of € (an island might have several possible
entries suiting the definition). However, we will always specify the entries when defining islands
and therefore consider crossing edges for those specific entries.

Definition 3.6. An x*-archipelago is a subhypergraph A of H such that there exist subhypergraphs
11, ...,In of A that are pairwise-disjoint islands with respective entries €1, ...,y satisfying the
following properties:

e &1 = {l‘*}

o |lgil=k—1forall2<i<N.

e V(A)=V(Z1)U...UV(Zn).

o All edges in E(A)\ (E(Z1)U...U E(Zy)) are crossing edges between some of the Z;, such
that the digraph G defined by V(G) = {Zi,...,Zny} and E(G) = {(Z;,Z;),Ca(Z;, Z;) # @}
contains a spanning arborescence rooted at Z;. If G is exactly a spanning arborescence
rooted at Z;, we say A is an arborescent x*-archipelago.

Since z* is fixed, we usually call A an archipelago for short.

Remark. By definition of a crossing edge, there cannot exist a crossing edge from some Z; to Z; in
an archipelago since |e1] =1 # k — 1. In other words, Z; has in-degree zero in G.

Therefore, an archipelago is a union of pairwise-disjoint islands and crossing edges between some
of them, satisfying specific properties. See Figure 10| for an example (for clarity, we will use k = 3
for all figures from now on). We will later see that an archipelago has a unique decomposition in
islands, but for now we have to give ourselves islands and entries suiting the definition whenever
we consider an archipelago.

3.2.2 Properties

The next two results show how (k — 2)-linear paths in A are related to paths in the digraph G.
Obviously, by definition of an archipelago, a (k — 2)-linear path in A starting from z* necessarily
visits successive islands, using crossing edges to jump from one island to another. The following
proposition states that, additionally, a crossing edge can only be used in one direction which is
given by the digraph G, therefore each island is entered through its entry (hence the terminology)
and it is impossible to reenter an island after leaving it.
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Fig. 10: An archipelago which is not arborescent (with the digraph G on the right). Crossing edges will
always be represented in red.

Definition 3.7. Let G be a digraph and let v,v’ € V(G). A path from v to v’ in G is a sequence
denoted by v =v; = va = ... =5 v, =0 (I > 1) where vy,...,v, € V(G) are pairwise distinct
and (v;,vi41) € E(G) forall 1 <i<[]—-1.

Proposition 3.8. Let A be an archipelago, with Zy,...,In,€1,...,en,G suiting the definition.
Let B = (e1,...,er) be a (k— 2)-linear path from x* to some x € V(Z;) (1 <i< N)in A. Then
the islands visited b form apathly =1;, — ... = 1;, =1; in G, and P is of the form
B —

=P ® (61)2) ® Py @ (62’3> D...0Py_1P (6]\/[,1’]\/[) @® Py where:

H

o Foralll<p< M: E(P,) C E(Z;,).

e Forall2<p<M: ey, 1, CalZi, ,, L)
In particular, if L > 1, then for all 1 <p < M there is an edge of? that contains e;,.

Proof: That last assertion is clear: for p = 1 we have ¢;, = e1 = {2} C e, and for p > 2 we
have ¢;, C e,_1,, by definition of C4(Z;,_,,Z;,). Let us now prove the main assertion.

We proceed by induction on L. The case L = 0 is trivial: we have x = x* so we can set M =1
and ]31> - P= (). Let L > 1 and assume the result to be true for all (k — 2)-linear paths that are

shorter than ? The idea is to separate two simple cases: either we are currently visiting the
island Z; (case e, € E(Z;)) or we have just jumped onto Z; from another island (case er, & E(Z;)).

Let y € ep—1Neyp if L > 2, or define y = 2* if L =1, so that in both cases @ := (e1,...,er_1)
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is a (k — 2)-linear path from z* to y in A. We have y € V(Z;) for some 1 < j < N. By the

induction hypothesis, there exists a path Z; =Z;, — ... = Z;,, = Z; in G such that we can write
— — - s —

6 =Q1D(e12) Q2D (e23) D ... D Qnm—1 D (em—1,m) © Qn where E(Q,) C E(Z;,) for all

1<p<Mandey,1,€CulZ; ,,Z;) forall 2<p< M.

p—11%lp

7

M

Fig. 11: Top: er € E(Z;). Bottom: er & E(Z;).

o First suppose that ey, € E(L-_)(see Figure top). Since y € ey, this implies i = j, so
Py := Q@ (er) satisfies E(Py) C E(Z;). Therefore, the following writing of P completes
P 5 s — > —
the pI“OOf. = (&) (BL) = Ql (&) (61,2) o) Qg (o) (6273) b...PH QM—l (&) (eM—l,M) & Py

o Now suppose e;, € E(Z;) (see Figure bottom), then by definition of an archipelago we
have either e, € C4(Z;,Z;) or er, € Ca(Z;,T;).
Suppose for a contradiction that er, € C4(Z;,Z;) i.e. e, = {x} Ue;: in particular j # 1
(and |e;| = k — 1), so the fact that €; C epr—1,as contradicts the (k — 2)-linearity of P since

g; Cer.
Therefore e, € CA(Z;,Z;). In particular ¢ # 1 (and |e;| = k — 1), so it is impossible that
Z; has been visited before: if we had i € {i1,...,ip} then some edge of ) would contain

¢; which would contradict the (k — 2)-linearity of P once again. Setting ipr41 := ¢, this
ensures that the islands visited by Pforma pathZy =2Z; — ... = 1;,, =T; = Tip,,, = I
o
in G, and we can write ? = 5 ® (enr,mr+1) ® Paryr where enr a1 = er € Ca(Ziyy, Ziyy )
% .
and Pys11 := (), which concludes. O
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Conversely, paths in G yield (k — 2)-linear paths in A. The following proposition is a general-
ization to archipelagos of the property that defines an island.

Fig. 12: An (e;,, X)-extendable path in an archipelago.

Proposition 3.9. Let A be an archipelago, with Iy, ..., In,€1,-..,en,G suiting the definition.
Let X C V(A) such that 1 < |X| < k—1 and X & {e2,...,en}. Foralll < j < N and
for every path I; = I;, — ... — I, in G satisfying X NV (Z;,,) # @ and X NV (Z;,) = @
for all1 < p < M — 1, there exists an (¢;, X)-extendable path ? in A of the form ? =
— = — —
P @ (61,2) O Py @ (62’3) P...OPy_1® (eM—l,M) @ Py where:

e Foralll<p<M: E(P,)C E(L,).

o Forall2<p<M:e,_1,€CAlZ;, ,,1;,).

p—177p

Proof: We proceed by induction on M.

o First suppose M = 1: we need to show that if X NV(Z;) # @ then there exists an (¢;, X)-
extendable path in Z;. This is basically the definition of an island, except that X is not
necessarily entirely included in V(Z;). This is not a problem: since X ¢ {ea,...,en} by

assumption, there exists an (¢;, X N V(Z;))-extendable path P in Z; by definition of an
island, and ? is also (g, X)-extendable by Lemma

e Now suppose M > 2 and assume the result to be true for all shorter paths in G. We build
the desired (g;,, X)-extendable path by assembling three parts:

%
(1) By the induction hypothesis, there exists an (g;,, X)-extendable path P’ in A of the

= = — — — =
form P’ = PQ@(6273)@P3@(6374)®. . ~@PM—1€B(6M—1,M)@PM where E(Pp) Q E(Ilp)
forall2<p< M ande, 1, € Ca(Z;_,,Z;,) forall 3 <p < M.

(2) Let ey 2 € Ca(Ziy,Z;,), which exists since (Z;,,Z;,) € E(G): we have e12 = {z}Ue¢,
for some x € V(Z;,).

ﬁ
(3) Finally, by definition of an island, there exists an (g;,, z)-extendable path P; in Z;, .
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— -
The path = P & (e1.2) ® P’ is represented in Figure Lemma applied to A = ¢;,,
B ={z}, C =¢;, and D = X ensures that P is an (g;,, X )-extendable path. O

We get the following characterization for the entries of an archipelago:

Proposition 3.10. Let A be an archipelago, with Iy,...,In,€1,...,EN Suiting the definition.
Let X CV(A) such that 1 < |X| < k— 1. There ezists an (z*, X)-extendable path in A if and

only if X & {ea,...,en}.

Proof: We distinguish both cases:

e Suppose X = ¢; for some 2 < ¢ < N. Let ? be a (k — 2)-linear path from z* to ¢; in A,
then 3 is a (k — 2)-linear path from z* to x in A for some x € ;. By Proposition some
edge of P (necessarily the last one, since ? is from a* to ¢;) contains &;, which proves that

is not (z*, ¢;)-extendable.

e Suppose X & {ea,...,en}. Out of all the paths in G from Z; to one of the islands intersecting
X (recall that G contains a spanning arborescence rooted at 7y, so there exists at least one),
consider a shortest one, so that X only intersects the last island of that path. We can now
apply Proposition there exists an (e1, X)-extendable path in A, which concludes since
g1 = {z*}. O

Corollary 3.11. Let A be an archipelago in H. For all x € V(A), there exists a (k — 2)-linear
path from a* to x in A. In particular, V(A) C LOCY % (z*).

Proof: Let x € V(A): applying Proposition to X = {«} shows that there exists a (k—2)-linear
path from z* to x in A. O

Finally, we show that an archipelago has a unique decomposition.

Proposition 3.12. Any archipelago A has unique islands and entries suiting the definition.

Proof: Let £1,...,en be entries suiting the definition: we have e; = {£*}, moreover {ea,...,en}
is exactly the set of all subsets X C V(A) such that 1 < |X| <k — 1 and there exists no (z*, X)-
extendable path in A by Proposition [3.10] so these entries are unique. Suppose for a contradiction
that {Z,...,Zn} and {Z7,...,Z)} are two distinct sets of islands suiting the definition, where
Z; and Z! have the same entry ¢; for all 1 < ¢ < N. Since islands are induced subhypergraphs
of A, {V(Zy),...,V(Zn)} and {V(Z7),...,V(Z})} are two distinct partitions of V(A), so there
exists 1 <i # j < N such that V(Z;) N V(Z}) # @. Let z € V(Z;) N V(Z}).
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o Using the first decomposition, there exists an (g;, x)-extendable path ? =(e1,...,er) in7Z;
by definition of an island. For all 2 <1 < N, no edge of P contains ¢;: if [ =4 then this is
the definition of an (g;, z)-extendable path, and if  # 4 then this is obvious since V(Z;) is
disjoint from ;.

« Using the second decomposition, since z € V(Z}) and ¢; is disjoint from V/(Z}), we can
define r := inf{l < p < L such that e, ¢ V(Z})}. We have e, ¢ V(Z}), however e,
intersects V(IJ’.) by minimality of r, therefore e, is necessarily a crossing edge for the second
decomposition. This means that ¢; C e, for some 2 <[ < N, which contradicts what we
have just established. O

Notation 3.13. Let A be an archipelago. Proposition allows us to define without ambiguity:
e Z(A): the set of islands of A.
e ¢(A): the set of entries of the islands of A.
e G(A): the digraph from the definition of an archipelago.

4 (k — 2)-linear connected components: structure and computation

In this section, we suppose again that H is k-uniform and we fix some z* € V(H).

4.1 Main results

Our two main results about (k — 2)-linear connected components, one structural and the other
algorithmic, can be assembled into the following main theorem which will be proven in this section.

Definition 4.1. An x*-archipelago A in H is said to be maximal if there is no x*-archipelago in
‘H that has A as a strict subhypergraph.

Theorem 4.2. H[LCCfL”(m*)] is the unique mazimal x*-archipelago in ‘H, and it can be computed
in O(m?2k) time where m = |E(H)|.

Corollary 4.3. For all k > 3, HYPCONNECTIVITY}, j—2 is solvable in polynomial time.

4.2 The key intermediate result

Theorem [£.2] will come as a straightforward consequence of the following theorem, which is
illustrated in Figure

Theorem 4.4. There exists an x*-archipelago A in H and a partition E(H) = E(A)U E¢ut U Eeyt
(where Ecyt and/or Eez: may be empty) such that:
(1) Every e € Eyy is of the form e = e U {x} for some entry € of A of size k — 1 and some
x & V(A);
(2) Every e € Eeyy is disjoint from V(A).
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Moreover, this partition can be computed in O(m?k) time where m = |E(H)|.

Fig. 13: The hypergraph # is represented in full. In black and red: F(A) (archipelago). In blue: Fecy:.
In grey, below the dashed line: Eecgy.

4.2.1 Augmenting archipelagos

Our algorithm proving Theorem will build the archipelago A = H[LCCffL_Q(x*)] edge by
edge until reaching maximality, and then throw the remaining edges into E.,; and E.,;. Therefore,
we need to address the following question: given an archipelago A and an edge e € E(H) \ E(A),
is AUe an archipelago (and if so, for what decomposition)? Here AUe denotes the subhypergraph
of H defined by V(AUe) =V(A)Ue and E(AUe) = E(A) U {e}. The answer will depend on
the way e intersects A:

Definition 4.5. Let A be an archipelago. An edge e € E(H) \ E(A) is of one of five A-types:
1. "exterior": [eNV(A)| = 0.
2. "new crossing": [eNV(A)| = 1.
3. "crossing": e is a crossing edge between two islands of A.
4. "cut": e is of the form e = eU{x}, where ¢ is an entry of A of size k —1 and x € V(H)\ V(A).
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5. "other": e is none of the above.

Those are well defined because the islands and entries of an archipelago are unique by Proposi-
tion [3:12] The five A-types are illustrated in Figure [[4}

Fig. 14: An arborescent archipelago A (the inside of the islands is not detailed), and some edges in
E(H) \ E(A) (in purple). The names of the edges follow the numbering from Definition e1 is of
A-type "exterior", ey is of A-type "new crossing", etc.

Fundamentally:

e The A-types "crossing", "new crossing" and "other" correspond to edges that get added to
the archipelago.

e The A-type "cut" corresponds to Ecys.

e The A-type "exterior" corresponds to Fey:.

Let A be an archipelago, with islands Zy,...,Zy and entries €1, ...,en, and let e € E(H) \ E(A).
We now explain why A4 U e is an archipelago if e is of A-type "crossing”, "new crossing"' or "other".
In the case of the A-types "new crossing" and "other", the arborescent nature of the archipelago
will be preserved, so those edges will be added first in our algorithm so that the archipelago
remains arborescent for as long as possible. Even though the decomposition of A U e is given by
Z(AUe) and (A U e) alone, we also describe G(A U e) in the arborescent case.
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I) e is of A-type "new crossing"

This case is easy: a new island is created, with e being the crossing edge that connects it to the
rest (see Figure [1F)).

Fig. 15: The archipelago A U e where A is as in Figure [14]and e = e3. On the right: the arborescences
G(A) (top) and G(AUe) (bottom).

Proposition 4.6. Suppose A is arborescent and e is of A-type "new crossing”. Let 1 < ig < N
be the index of the only island that intersects e, and let In11 be the empty island with entry
ent1:=e\V(Z;,). Then AUe is an arborescent archipelago with:
. I(A U 6) = I(A) U {IN+1}.
e e(AUe) =ce(A)U{enst1}-
o G(AUe) defined as the digraph obtained from G(A) by adding a new vertex 41 and an
arc (Zig, IN41)-

Proof: This is clear: e is a crossing edge from Z;, to Zy 41, hence the new arc in G(.A U e) which
is obviously an arborescence since G(A) is. O

II) e is of A-type "other"

By definition, this means that: [eNV(A)| > 2, e is not a crossing edge, and e is not of the form
e U{z} where ¢ is an entry of A of size k —1 and z € V(H) \ V(A).
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This case is more complicated. Consider Figure If e only intersects one island (e = ef or
e = e}’ for instance), then it should be easy to show that this island plus e is still an island. If e
links several islands however, then the way to redefine islands is not as straightforward, since e is
not a crossing edge. Suppose e = e for instance, as in Figure [I6] The fact that e acts as a bridge
between several islands creates new paths: for example, we have an (z*, g¢)-extendable path in
AU e (represented schematically in Figure , therefore 6 would not be an entry of AU e (recall
Proposition . Actually, it can be shown that the subhypergraph Z, formed by the union of
15,74,7T5,14,7s,Zg and the crossing edges between them as well as e, is an island with entry es.
Therefore, A U e is an archipelago with five islands: Z1,7Z3,7Z7,Z19,Z. On this example, we see
how adding en edge can merge islands together. We are now going to generalize this argument.

| Z: ] [Zs] [T ][ Zw]

Fig. 16: The archipelago A U e where A is as in Figure [14]and e = e5. On the right: the arborescences
G(A) (top) and G(AUe) (bottom).

Definition 4.7. Let G be an arborescence rooted at some v* € V(G), and let U = {vy,...,v,} C
V(GQ). Forall1 <i<r,let v* =v;17 — ... = v;;, = v; be the unique path from v* to v; in G.
Define 4o := sup{l < p < minj<;<,l; | v1p = ... = vy, }. The lowest common ancestor of U in G
is defined as LCAg(U) = v;,.

Definition 4.8. Let G be an arborescence and let v € V(G). Forall 1 <i<r,let v =01 —
... = Vi, = v; be a path from v to some v; € V(G) in G. Let U := |J; «;<,{vi,1,---,vi1, } be the
set of all vertices on these paths. Merging U into v means:

o deleting all vertices in U \ {v};
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o deleting all arcs between vertices in U;
« replacing every arc (u,w) € (U \ {v}) x (V(G)\ U) by an arc (v, w).

FExample. Figure features a merging process on the right. The three considered paths are:
Ty Z4, Ty 1I5 < Ig, Ty Tg + 1y. The set U = {1271-4515”1671-8519} has been merged into
v = IQ.

Proposition 4.9. Suppose A is arborescent and e is of A-type "other'. Define:
o Jo:={1<i< N such that V(Z;) Ne # @}, the set of indices of the islands that e intersects.
o g the index such that Z;, := LCAga)({Zs, i € Jo}).
o Ji=Ucs {1 <J <N |Zjis on the path from T;, to I; in G(A)} 2 Jo.
o IT:=AlU,c;V(Z;)], the island that will replace L;, (with the same entry €;, ).
Then AU e is an arborescent archipelago with:
» T(AUe) = (T(A)\ (T, ) € J}) U{T}.
« e(AUe) =e(A) \{g;,5 € J\{io}}
o G(AUe) defined as the digraph obtained from G(A) by merging {Z;,j € J} into I;,.

Proof: For visual help, refer to Figure in this example we have Jy = {4,8,9}, ip = 2,

J =1{2,4,5,6,8,9}. The merging process that defines G(A U e) clearly preserves the fact that the

digraph is an arborescence. To complete the proof, we only need to show that Z is an island with

entry €;,: let X C V(Z) such that 1 < |X| <k —1 (and X # g;, if ip # 1), we need to find an

(€44, X )-extendable path in Z. As visible in Figure e might or might not be included in V(.A),

so in general we have V(Z) = {J;c; V(Z;) Ue. We distinguish four possibilities:

1) Case 1: X CU;c;V(Z;) and X & {e;,j € J\ {io}}.

Of all paths in G(A) from Z;, to an island intersecting X, let Z;,, = Z;, — ... = Z;,, be a
shortest one, so that XNV'(Z;,,) # @ and XNV(Z;,) = @ forall 1 < p < M—1. Note that, by
definition of J, we have {j1,...,jm} C J, so the islands Z;,, ... ,Z;,, are all subhypergraphs
of 7 and all crossing edges between them in A are edges of Z. By Proposition [3.9] there exists
an (g;,, X )-extendable path Pin A such that E(?) C U;\il E(Z;,) UU;W=2 CaZ;,_,,Z;,) C
E(Z), which concludes.

2) Case 2: X intersects both ;. ; V(Z;) and e\ U, ; V(Z;).
Define X" := X NU;c;V(Z;), we have 1 < |X'| <k — 1. Case 1 applied to X' gives us an
(€49, X')-extendable path ﬁ in Z, which is also (g;,, X )-extendable by Lemma applied
to A=¢;, B=X"and B’ = X.

3) Case 3: X C e\ U;e; V(Z).
Define X' := enl;c ; V(Z;), we have 2 < |X'| < k—1 hence 1 < |X| < k—2: indeed |X'| > 2
by definition of the A-type "other", and |X’| < k — 1 because e\ J;; V(Z;) 2 X # 2.
Moreover X' & {e;,j € J\ {io}}, otherwise e would be of A-type "cut'. We can thus apply
Case 1 to X', which gives us an (g;,, X’)-extendable path ? in Z. Lemma applied to
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A=¢,,B=X'C=D=X and a = () ensures that P ® (e) is an (g4, X )-extendable
path in Z.

4) Case 4: X = ¢, for some j € J\ {io}.
In particular |J| > 2, so e intersects several islands. Note that, since Z;, is a strict ancestor
of Z; in G(A), we have j # 1. Remember our example from Figure we considered
X = e¢, and the (g2, X)-extendable path was obtained by going from e2 to e NV (Zy) = {y},
then using e to jump from Z, to Zy, then going from e NV (Zy) = {x} to X. Let us now
build this path in general.

Fig. 17: Illustration of Case 4 from Proposition The bold paths (in red and black) are ? on the
right and 6 on the left.

o Let jo € Jo such that the path Z; =Z;,, — ... = I;,, = Z;, in G(A) is shortest, so
that 4, & Jo for all 1 <p < M — 1. This means eNV(Z;,,) # @ and eNV(Z; ) = & for
all 1 <p < M —1. Since e intersects several islands, we know 1 < |eNV(Z;,)| < k — 1.
Moreover the fact that j # 1 implies that jo # 1, so eNV(Z;,) # €;,, otherwise e would
be of A-type "crossing'. We can thus apply Proposition [3.9|and get an (¢;,e N V(Z;,))-
extendable path P in A such that E(?) - U;J,W:1 E(Z;) U Uﬁ/; Ca(Z;,_,,T;,), hence
E(?) C E(Z) since {i1,...,inm} € J by definition of J. See Figure |17| (path on the
right).

« Since the lowest common ancestor of {Z;,i € Jy} is Z;, and not Z;, there exists j €
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Jo\{jo} such that Z; is not an ancestor of Z;, so the path Z;, = Z;; — ... — Iy , =1j
from Z;, to Zj, in G(A) satisfies {i1,...,in} N{i},..., 7} = @ (see Figure|17|for the
relative positions of the four islands in play: Z;,, Z;, Z;,, Ij(f)). As usual, we choose j,
so that this path is shortest, this way we have e V(Ii;v 1/) # @ and eNV(Z; ) = @ for
all 1 <p < M’ —1. Since e intersects several islands, we know 1 < |eNV/(Zj)| <k — 1.
Moreover, if jj # 1 then e NV (Z;1) # gj, otherwise e would be of A-type "crossing".

We can thus apply Proposition and get an (g;,,e N V(Ijé))—extendable path 5 in
A such that E(a) C Uﬁil E(Zy) U Uﬁié Ca(Zy_,Ti ), hence E(a) C E(Z) since

{#},... i} C J by definition of J. See Figure [17] (path on the left).

%

o Let P’ be the sequence obtained by reversing P. Since P is an (gj,e N V(Z;,))-
extendable path, P’ is an (e N V(Z;,),¢;)-extendable path. Lemma applied to
A=X=¢, B=enV(Zy), C =enV(Z;,) and D = ¢;, whose conditions

H
are fulfilled since {i1,...,ipm} N {#,..., ¢} = @, ensures that 6 ® (e) @ P’ is an
(€4,€j)-extendable path in 7 which concludes. O

IIT) e is of A-type "crossing"

This is the easiest case: e is added as a crossing edge and the decomposition remains the same.
Note that AU e might not be arborescent anymore (see e = e from Figure [14] for example).

Proposition 4.10. If e is of A-type "crossing’, then AU e is an archipelago with:

o I(AUe) =Z(A).
o e(AUe) =¢(A).

Proof: This is straightforward. O

4.2.2 Formal algorithm

The algorithm PARTITION__ARCHIPELAGO (Algorithm [1]) returns a partition of the edges that
satisfies Theorem [.4] The procedures ADD_ NEWCROSSING, ADD_OTHER and ADD_CROSSING
(Algorithms [2] to [4) are nothing but algorithmic translations of Propositions and
respectively. Note that islands are simply implemented as vertex sets, because their edge sets are
never used.
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Algorithm 1 PARTITION__ARCHIPELAGO(H, z*)

1: initialize V(Z;) + {z*}

2: define ¢; «+ {z*}

3: initialize the archipelago A with:

4: EA) «+ o

5: Z(A) < {V(Th)}

6: e(A) + {e1}

7: G(A) < a digraph with only one vertex, labelled Z;

8: initialize N + 1 (index of the last created island)

9: while there exists e € E(H) \ E(A) of A-type "new crossing" or "other" do
10: if e is of A-type "new crossing" then
11: update A as AU e by performing AbDD_ NEWCROSSING
12: else

13: update A as AU e by performing ADD__ OTHER

14: end if

15: end while

16: while there exists e € E(H) \ E(A) of A-type "crossing" do
17: update A as AU e by performing ADD__ CROSSING

18: end while

19: define E.,; < {e € E(H)\ E(A),e is of A-type "cut"}
20: define F.,; < {e € E(H)\ E(A), e is of A-type "exterior"}
21: return E(A), Ecut, Eeut

Algorithm 2 ADD_ NEWCROSSING

define 1 < iy < N as the only index such that e NV (Z;,) # @
initialize V (Zn41) < e\ V(Z;,)
define ey 1 < e\ V(Z;,)
update the archipelago A as follows:
E(A) «+ E(A) U {e}
T(A) — T(A) U {V(Tn11)}
e(AUe) + e(A) U{ent1}
G(AUe) < the digraph obtained from G(A) by adding a new vertex labelled Zn; and
an arc (IianN-i-l)
9: N« N+1
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Algorithm 3 ApD_ OTHER
define Jy := {1 <i < N such that V(Z;) Ne # @}
define 1 < iy < N such that Z;; = LCAg4)({Zi,i € Jo})
define J := J;c ; {1 < j < N such that Z; is on the path from Z;, to Z; in G(A)}
V(Zi,) < Uies V(I)
update the archipelago A as follows:
E(A) «+ E(A)U{e}
Z(A) = Z(A)\{V(Zy), 5 € T\ {io}}-
(A) < e(A)\{gj,j € J\ {io}}-
G(A) < the digraph obtained from G(A) by merging the vertices {Z;,j € J} into the
vertex Z;,.

Algorithm 4 ApD__ CROSSING

1: update the archipelago A as follows:
2: E(A) «+ E(A) U {e}

Let us explain the algorithm. At the start, the archipelago A consists of the empty island with
entry {z*}. We then augment A one edge at a time, by adding firstly the edges of A-type "new
crossing" or "other" and then the edges of A-type "crossing":

e Throughout the first While loop, A is an arborescent archipelago, as guaranteed by Proposi-
tions [£.6] and [£.9] It is very important to understand that, every time A is augmented in
that loop, the vertices and entries of A may change, so the A-types of the remaining edges
may change as well: the A-types of the edges in E(H) \ E(A) must be redetermined at each
iteration of that loop.

e Throughout the second While loop, A is an archipelago, as guaranteed by Proposition
This time, the decomposition in islands does not change during that loop (we are adding
crossing edges between already existing islands) so the A-types of the remaining edges do
not change.

That last remark proves that, after the two While loops, all remaining edges are of A-type either
"cut" or "exterior" (the A-types "new crossing" and "other" have not reappeared during the second
While loop). In conclusion, PARTITION__ARCHIPELAGO does output a partition of E(H) and is
therefore correct.

4.2.3 Time complexity

Let n = |V(H)| and m = |E(H)|. We now show that PARTITION _ARCHIPELAGO runs in
O(m?k) time.

Let us first consider the three procedures ADD_ NEWCROSSING, ADD__ OTHER and ADD__ CROSSING,
to figure out how much time each update of A takes. Since basic operations on data structures
can be language-dependent, let us clarify: when we use a list, what matters is the ability to
remove the current element in O(1) time; when we use an array, what matters is the ability to
access and modify any element in O(1) time.
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e E(H)\ E(A) can be implemented as a list. Indeed, it is sensible to store E(H)\ E(A) rather
than E(A) since this is the set in which edges are searched for throughout. Each update
consists in removing the current edge which is done in O(1) time.

e Z(A) can be implemented as an array of size n which contains, for each vertex z € V(H),
the index of the island containing = (or 0 if & V(A)). Each update requires going through
the array once and is therefore done in O(n) time.

e £(A) can be implemented as an array of size n which contains, for each vertex x € V(H), a
1 if z is in an entry of A or a 0 otherwise. Each update requires going through the array
once and is therefore done in O(n) time.

» G(A) is an arborescence for the entire time that it is kept updated. Since O(%) islands
are created in total (a new island can only be created during AbD_NEWCROSSING, and
this requires k — 1 previously undiscovered vertices), G(A) can be implemented as an array
of size O(%) containing the parent of each island, i.e. for all index i # 1 it contains the
only index j such that (Z;,Z;) € E(G(A)). In ADD_NEwWCROSSING, updating G(A) is
clearly done in O(1) time. In ADD__ OTHER, updating G(A) is done in O(n) time: indeed,
computing |Jo| < k paths to the root takes O(k x %) = O(n) time, going through them a
second time to compute ig and .J takes O(k x %) = O(n) time again, and finally the merging
process is performed in O(%) time since it only requires going through the array once.

All in all, performing ADD_ NEWCROSSING, ADD__OTHER or ADD__CROSSING once is done in
O(n) time.

Determining the A-type of a given edge e is easily done in O(k) time since it boils down to
determining, for all x € e, which island/entry (if any) contains z.

We can now conclude on the time complexity of PARTITION _ARCHIPELAGO:
o The initializations before the first While loop are done in O(m + n) time.
¢ During the first While loop, finding an edge of A-type "new crossing" or "other" and then
adding it takes O(mk +n) time: indeed, at most m edges are gone through (with the A-type
being determined for each one in O(k) time as we have just seen) before finally finding one
of A-type "new crossing" or "other" which is added in O(n) time as shown above. Since at
most m edges of A-type "new crossing" or "other" are added in total, the first While loop
ends in O(m(mk +n)) = O(m?k + mn) time.
¢ During the second While loop, no A-types need to be redetermined, and each update of A
is done in O(1) time so that this loop ends in O(m) time.
o Finally, computing E.,; and F.,; at the very end of the algorithm takes O(m) time.
In conclusion, PARTITION ARCHIPELAGO runs in O(m?k + mn) time. Since the (k — 2)-linear
connected component is a subset of the connected component, it is reasonable to assume that H
is connected, which implies that m > Z—j Therefore, we can simplify O(m?k + mn) as O(m?k).
This ends the proof of Theorem [.4]

Notice that the algorithm can easily be tweaked so as to also return a (k — 2)-linear path
from x* to x for each = € LCCffz(x*). Indeed, it suffices, throughout the algorithm, to keep
in memory an (z*, X )-extendable path in A for each X C V(A) such that 1 < |X| <k —1 and
X & e(A), which is possible by following the construction given in the proof of Proposition If
k = O(1) then the algorithm remains in polynomial time.
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4.3  Proof of the main results

Proof of Theorem Let A, E.ut, E.z¢ be as in Theorem

o Let us first show that A = 'H[LCCfo(x*)]. Since no edge in F.; U Eeyy is included in
V(A), we know A is an induced subhypergraph of H. Moreover V(A) C LCCY; 2(2*) by
Corollary so it remains to verify that LCC;;_2($*) C V(A). The idea is simple: the
only way to leave the archipelago is through an edge in E.,¢, however a (k — 2)-linear path
in A from z* to an entry of size k — 1 necessarily contains that entry entirely, making it
impossible to then use an edge in E.,; without violating the (k — 2)-linearity. We now give
the rigorous proof.

Suppose for a contradiction that there exists 2 € LOCS2(2*) \ V(A). Let P = (e1,...,er)
be a (k — 2)-linear path from z* to z in H. Since z ¢ V(A), we can define M := inf{l <
p < L such that e, ¢ V(A)}. Since all edges adjacent to z* are necessarily in E(A), we
have e; C V(A) hence M > 2. Moreover ej intersects epr—1 C V(A), so epr € Eeyy from
which epr NV(A) = e for some entry ¢ of A of size k — 1. Let y € epr Nepr—1 C e since

= (e1,...,ep—1) is a (k — 2)-linear path from z* to y in A, Proposition ensures that
€ C ep—1. Since € C eyy, this contradicts the (k — 2)-linearity of P.

« Any archipelago A’ in H is a subhypergraph of H[LCCy;™?(z*)] = A, because V(A') C
LCCfflﬁ(x*) by Corollary This shows both that A is a maximal archipelago and that
it is the only one.

o Finally, the complexity result is obvious since computing H[LC’C’fL_Q(:E*)] = A is equivalent
to computing F(A). O

5 Consequences of the algorithmic result

5.1 Link with the Maker-Breaker positional game

A positional game is played on a hypergraph #H, with two players taking turns picking previously
unpicked vertices of H, and the winner is decided by one of several conventions. In the Maker-
Breaker convention, the first player ("Maker") wins if she owns all vertices of some edge of H,
while the second player ("Breaker") wins if he can prevent this from happening. Note that, since
both players have complementary goals, no draw is possible. The algorithmic problem consisting
in deciding which player wins the Maker-Breaker game with optimal play is studied in the literature:

MAKERBREAKER
Input : a hypergraph #.
Output : YES if and only if Maker wins the Maker-Breaker game on H.

The MAKERBREAKER problem is trivially tractable on hypergraphs of rank 2 (Breaker wins
on a graph G if and only if all connected components of G are of size 1 or 2), and is known to be
PSPACE-complete on 6-uniform hypergraphs [Rahman and Watson| (2021))]. In a separate paper
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|Galliot et al.| (2022)], we study the Maker-Breaker problem on hypergraphs of rank 3, in which
linear paths play a crucial role. If H contains a linear path from x to y, where Maker owns x
and y while the other vertices of the path are free (xy-nunchaku), then Maker easily wins when
playing first, by forcing all of Breaker’s moves along the path until Breaker is trapped. It is shown
in [Galliot et al|(2022))] that Maker wins on a hypergraph of rank 3, when playing first, if and
only if she has a strategy ensuring that the updated hypergraph contains a nunchaku at the end
of one of the first four rounds of play. Therefore:

Theorem. |Galliot et al.| (2022)] MAKERBREAKER on hypergraphs of rank 8 reduces polynomially
to HyPCONNECTIVITY3 1.

Corollary thus concludes that MAKERBREAKER is solvable in polynomial time on hyper-
graphs of rank 3. This validates part of a conjecture by [Rahman and Watson| (2020))].

5.2 Link with PAFP
5.2.1 Reducing HYPCONNECTIVITY, to PAFP

A first attempt at tackling the algorithmic complexity of HYPCONNECTIVITY}, 4, for general
1 < g <k —2, could be the following reduction to the "Paths Avoiding Forbidden Pairs" problem
known as PAFP (sometimes PPFP or PFP):

PAFP
Input : a bicolored graph G (all edges are blue or red), and z,y € V(G).
Output : YES if and only if there exists a blue induced path from z to y in G.

Notation 5.1. Let ¢y, 4 be the function that associates to a k-uniform hypergraph H the bicolored
graph G defined by:
« V(G) = E(H);
o For all distinct e, ea € V(G), there is a blue (resp. red) edge between e; and e in G if and
only if 1 < |e; Ney| < ¢ (resp. if and only if |e; Nea| > q).
Therefore G is simply the line graph of H with added colors that carry information on the size of
the intersections. See Figure [L8| for an example.

Proposition 5.2. For allk >3 and 1 < ¢ < k — 2, HYPCONNECTIVITY}, 4 polynomially reduces
to PAFP.

Proof: This is clear: by definition, a sequence of edges (es,...,er) in H is a g-linear path if
and only if it is a blue induced path in ¢y ,(H) ("blue" means two consecutive edges intersect on
between 1 and ¢ vertices, "induced" means two non-consecutive edges do not intersect). Therefore,
there exists a g-linear path from z to y in H (x # y) if and only if there exist edges e, 3 x and
ey Oy in M such that there exists a blue induced path between e, and e, in ¢y o(H). O
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However, PAFP is known to be NP-complete in general [Gabow et al.| (1976)]. In fact, unless
P=NP, there is no linear approximation ratio for the minimum number of red edges induced by
a blue path between two given vertices [Hajiaghayi et al.| (2012))]. For the problem on directed
graphs (the blue edges are directed arcs), which is by far the most studied version in the literature,
a few tractable cases are known but they are of little help to us:

o It is shown in [Yinnone| (1997))] that the problem is tractable if the red edges form a matching
and a skew symmetry condition is satisfied. Even though the undirected version is also
true with basically the same proof, it does not solve HYPCONNECTIVITY}, 4 since a general
bicolored graph in Im(py,q) does not satisfy these conditions (nor does it easily reduce to
one that does).

o Other tractable cases are addressed in [Chen et al. (2001)] and [Kolman and Pangrac| (2009))],
however they are very specific to directed acyclic graphs.

€9 €10

Fig. 18: On the left: a 3-uniform hypergraph H. On the right: the bicolored graph G = 3 1(H).

5.2.2 Reducing some instances of PAFP to HYPCONNECTIVITYy,

Instead, now that we know HYPCONNECTIVITY ;—2 is solvable in polynomial time for all
k > 3, it is interesting to turn the tables and examine the implications on PAFP:

Theorem 5.3. PAFP is tractable on bicolored graphs in |J; ~s Im(pr x—2) for which a preimage
can be computed in polynomial time. -

Proof: Let G = ¢y ;—2(H) for some k-uniform hypergraph H, and let e,e¢’ € V(G) = E(H)
be distinct. As we have seen before, the blue induced paths between e and €’ in G are exactly
the (k — 2)-linear paths (e = e1,...,er, = €’) in H. Since HYPCONNECTIVITY}, 2 requires a
start vertex and an end vertex in its input, define, for all € e and y € €/, the hypergraph H, ,
obtained from H by removing all edges adjacent to  and y other than e and €', so that any
(k — 2)-linear path from z to y in H, , necessarily starts with e and ends with e’. There exists a
blue induced path between ¢ and ¢’ in G if and only if there exist € ¢ and y € €’ such that there
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is a (k — 2)-linear path from x to y in H, ,, which concludes since HYPCONNECTIVITY}, ,—2 is
solvable in polynomial time. O

Therefore, any sufficient condition for a bicolored graph G to be in Im(py x—2) for some k > 3, if
it can be checked in polynomial time and comes with a way to reconstruct a preimage hypergraph
in polynomial time, would add to the very short list of known tractable cases for PAFP.

For standard (7.e. non-colored) line graphs, the recognition problem has been studied extensively.
Line graphs of graphs are characterized by a finite list of forbidden induced subgraphs ("FIS")
|[Beineke| (1970))]. Line graphs of hypergraphs, on the other hand, are notoriously difficult to
recognize. There is no finite FIS characterization for line graphs of k-uniform hypergraphs if
k > 3 [Lovasz (1977)], and this recognition problem is even known to be NP-complete for k = 3
[Poljak et al.| (1981)]. However, adding information about the size of the pairwise intersections
of (hyper)edges, instead of simply telling which ones are non-empty, changes the problem. For
example, if all these sizes are given and in {0,1} (which is equivalent to asking the hypergraph
to be linear) then, while remaining NP-complete for k = 3 [Poljak et al| (1981)] [Hlineny and
Kratochvil (1997))], the problem becomes easier in some cases:

e For k = 3, there is a finite FIS characterization for line graphs of 3-uniform linear hypergraphs
if the minimum vertex-degree of the graph is at least 69, as well as a polynomial time
algorithm to reconstruct the hypergraph in the positive case [Naik et al.| (1982)]. This
bound has since been improved from 69 to 16 for the finite FIS characterization and 10 for
the tractability of the recognition problem [Skums et al.|(2009)]. There is no analogous
result for k£ > 4, no matter what constant lower bound is put on the minimum vertex-degree
[Metelsky and Tyshkevich| (1997))].

e For any k > 3, there is a finite FIS characterization for line graphs of k-uniform linear
hypergraphs if the minimum edge-degree of the graph is at least f(k), where f is a polynomial
function, as well as a polynomial (whose power increases with k) time algorithm to reconstruct
the hypergraph in the positive case |Naik et al|(1982)]. This result has been generalized by
replacing the linearity of the hypergraph by any constant upper bound on its multiplicity
[Bhattacharya et al.| (2021))].

These results bring some hope of a finite FIS characterization for bicolored line graphs under
some similar restriction over the minimum vertex-degree or edge-degree of the graph, and of a way
to reconstruct a preimage in polynomial time which we crucially need. The case k = 3 is the most
promising because the exact size of each intersection is also given (in {0,1,2}: 0 = no edge, 1 =
blue edge, 2 = red edge), although it is NP-complete in general since instances with all blue edges
correspond to the 3-uniform linear case for standard line graphs which we know is NP-complete.
Figure [I9] features some induced bicolored subgraphs that cannot appear in a bicolored graph
from (J;~5 Im(gpg,k—2). For instance, an induced red path on three vertices is impossible because,
in a k-uniform hypergraph with k& > 3, if |e; Nea| = |e2Neg| =k — 1 then |e; Neg| > k—2> 0.

6 Conclusion and perspectives

In this paper, we have introduced g-linear paths in hypergraphs of rank k, and in the case
q = k — 2 we have described the structure of the (k — 2)-linear connected components as well as a
polynomial time algorithm to compute them. The time complexity in O(m?k) might be optimal,
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Fig. 19: Some induced subgraphs that cannot appear in G € Im(¢g,k—2).

since it seems difficult to avoid an "accept or put aside" process on the edges where each edge is
potentially examined O(m) times, and the mere computation of the intersection of two edges is in
O(k) time.

What about other values of ¢7 The linear case ¢ = 1 is of particular interest, since linear paths
appear in numerous other problems. However, if we want to try and generalize our techniques
while maintaining a time complexity that is polynomial in &, it might be more reasonable to
look at the case ¢ = k — ¢ where ¢ > 3 is a constant, with adapted definitions of islands and
archipelagos (whose entries would be of size between k — ¢+ 1 and k — 1). As an illustration of
the difficulties that can be encountered during the algorithm, consider the case k = 4 and ¢ = 1,
where at some point an edge e = {x,y, 2,t} is discovered with z,y already known vertices from
different islands and z,t unknown: on one hand e could be part of a new merged island (since
x,y € e), but on the other hand e could be a crossing edge towards a new island with entry {z,¢}
(since z and t are not separated), and it seems hard to conciliate the two.

The bicolored line graph recognition problem is open. As mentioned in Section |5} the added
information on the size of the pairwise intersections of edges might make this problem somewhat
easier compared to standard line graphs, especially in the case k = 3. The characterization of line
graphs of hypergraphs by a Krausz partition into cliques |[Naik et al.| (1982))] is easily adaptable
to the bicolored version. Some characterizations by finite families of induced subgraphs from
[Naik et al|(1982)] and their proofs might be adaptable as well, which would yield new classes of
tractable instances for PAFP. Looking beyond applications to PAFP, a general weighted line
graph recognition problem, where each edge of the graph would wear a number between 1 and
k — 1 indicating the exact size of the corresponding intersection, seems interesting in itself.

Acknowledgements

We would like to thank the anonymous reviewers for their suggestions and comments.

References

X. Allamigeon. On the complexity of strongly connected components in directed hypergraphs.
Algorithmica, 69(2):335-369, 2014. doi: 10.1007/s00453-012-9729-0.

L. W. Beineke. Characterizations of derived graphs. J. Combin. Theory, 9(2):129-135, 1970. doi:
10.1016/50021-9800(70)80019-9.



(k — 2)-linear connected components in hypergraphs of rank k 31

A. Bhattacharya, A. Godinho, P. Majumder, and N. M. Singhi. Reconstruction of hypergraphs
from line graphs and degree sequences. Preprint: https://arxiv.org/abs/2104.14863| 2021.

T. Chen, M.-Y. Kao, M. Tepel, J. Rush, and G. M. Church. A dynamic programming approach
to de novo peptide sequencing via tandem mass spectrometry. J. Comput. Biol., 8(3):325—337,
2001. doi: 10.1089/10665270152530872.

A. Dudek, S. La Fleur, D. Mubayi, and V. R6dl. On the size-Ramsey number of hypergraphs. J.
Graph Theory, 86(1):104-121, 2017. doi: 10.1002/jgt.22115.

Z. Firedi, T. Jiang, and R. Seiver. Exact solution of the hypergraph Turan problem for k-uniform
linear paths. Combinatorica, 34(3):299-322, 2014. doi: 10.1007/s00493-014-2838-4.

H. N. Gabow, S. N. Maheswari, and L. J. Osterweil. On two problems in the generation of program
test paths. IEEE Trans. Softw. Eng., 2(3):227-231, 1976. doi: 10.1109/tse.1976.233819.

F. Galliot, S. Gravier, and I. Sivignon. Maker-Breaker is solved in polynomial time on hypergraphs
of rank 3. Preprint: https://arxiv.org/abs/2209.12819, 2022.

G. Gallo, G. Longo, and S. Pallottino. Directed hypergraphs and applications. Discrete Appl.
Math., 42(2-3):177-201, 1993. doi: 10.1016/0166-218X(93)90045-P.

R. Gu, J. Li, and Y. Shi. Anti-Ramsey numbers of paths and cycles in hypergraphs. SIAM J.
Discrete Math., 34(1):271-307, 2020. doi: 10.1137/19M1244950.

A. Guzzo, A. Pugliese, A. Rullo, and D. Sacca. Intrusion detection with hypergraph-based
attack models. In Graph Structures for Knowledge Representation and Reasoning, proc. Third
International Workshop, GKR 2013, Beijing, China, volume 8323 of LNCS, pages 58-73, Cham,
2014. Springer International Publishing. doi: 10.1007/978-3-319-04534-4_ 5.

M. T. Hajiaghayi, R. Khandekar, G. Kortsarz, and J. Mestre. The checkpoint problem. Theoret.
Comput. Sci., 452:88-99, 2012. doi: 10.1016/j.tcs.2012.05.021.

P. Hlineny and J. Kratochvil. Computational complexity of the Krausz dimension of graphs. In
Graph-Theoretic Concepts in Computer Science, proc. 23rd International Workshop, WG’97,
Berlin, Germany, volume 1335 of LNCS, pages 214-228, Berlin, 1997. Springer. doi: https:
//doi.org/10.1007 /BFb0024500.

E. Jackowska. The 3-color Ramsey number for a 3-uniform loose path of length 3. Australas. J.
Combin., 63(2):314-320, 2015.

E. Jackowska, J. Polcyn, and A. Rucifiski. Turdn numbers for 3-uniform linear paths of length 3.
Electron. J. Combin., 23(2):P2.30, 2016. doi: 10.37236/5320.

P. Kolman and O. Pangrac. On the complexity of paths avoiding forbidden pairs. Discrete Appl.
Math., 157(13):2871-2876, 2009. doi: 10.1016/j.dam.2009.03.018.

L. Lovdsz. Problem 9. In Beitrige zur Graphentheorie und deren Anwendungen, proc. Interna-
tionalen Kolloquium, Oberhof, DDR, page 313, 1977.


https://arxiv.org/abs/2104.14863
https://arxiv.org/abs/2209.12819

32 Florian Galliot, Sylvain Gravier, Isabelle Sivignon

Y. Metelsky and R. I. Tyshkevich. On line graphs of linear 3-uniform hypergraphs. J. Graph Theory,
25(4):243-251, 1997. doi: 10.1002/(SICI)1097-0118(199708)25:4<243::AID-JGT1>3.0.CO;2-K.

R. N. Naik, S. B. Rao, S. S. Shrikhande, and N. M. Singhi. Intersection graphs of k-uniform linear
hypergraphs. European J. Combin., 3:159-172, 1982. doi: 10.1016/S0195-6698(82)80029-2.

G. R. Omidi and M. Shahsiah. Ramsey numbers of 3-uniform loose paths and loose cycles. J.
Combin. Theory Ser. A, 121:64-73, 2014. doi: 10.1016/j.jcta.2013.09.003.

S. Poljak, V. R6dl, and D. Turzik. Complexity of representation of graphs by set systems. Discrete
Appl. Math., 3(4):301-312, 1981. doi: 10.1016/0166-218X(81)90007-X.

M. L. Rahman and T. Watson. Tractable unordered 3-CNF games. In LATIN 2020: Theoretical
Informatics, proc. Latin American Symposium on Theoretical Informatics, volume 12118 of
Lecture Notes in Comput. Sci., pages 360-372, Cham, 2020. Springer International Publishing.
doi: 10.1007/978-3-030-61792-9_ 29.

M. L. Rahman and T. Watson. 6-uniform Maker-Breaker game is PSPACE-complete. In 38th
International Symposium on Theoretical Aspects of Computer Science (STACS 2021), volume
187 of LIPIcs, pages 57:1-57:15, Dagstuhl, Germany, 2021. Schloss Dagstuhl, Leibniz-Zentrum
fiir Informatik. doi: 10.4230/LIPIcs.STACS.2021.57.

P. V. Skums, S. V. Suzdal, and R. I. Tyshkevich. Edge intersection graphs of linear 3-uniform
hypergraphs. Discrete Math., 309(11):3500-3517, 2009. doi: 10.1016/j.disc.2007.12.082.

M. Thakur and R. Tripathi. Linear connectivity problems in directed hypergraphs. Theoret.
Comput. Sci., 410(27-29):2592-2618, 2009. doi: 10.1016/j.tcs.2009.02.038.

I. Tomescu. Some results on chromaticity of quasi-linear paths and cycles. FElectron. J. Combin.,
19(2):P23, 2012. doi: 10.37236/2370.

B. Wu and Y. Peng. Lagrangian densities of short 3-uniform linear paths and Turdn numbers of
their extensions. Graphs Combin., 37(3):711-729, 2021. doi: 10.1007/s00373-020-02270-w.

H. Yinnone. On paths avoiding forbidden pairs of vertices in a graph. Discrete Appl. Math., 74
(1):85-92, 1997. doi: 10.1016/S0166-218X(96)00017-0.



arXiv:2211.16966v3 [math.CO] 5 Jun 2024

Properties of uniformly 3-connected graphs

Frank Goring! Tobias Hofmann?*

L Chemnitz University of Technology, Chemnitz, Germany
2 TU Berlin, Berlin, Germany

revisions 5" May 2023; accepted 19" Oct. 2023.

A graph on at least k + 1 vertices is uniformly k-connected if each pair of its vertices is connected by k£ and not
more than k independent paths. We reinvestigate a recent constructive characterization of uniformly 3-connected
graphs and obtain a more detailed result that relates the number of vertices to the operations involved in constructing
a respective uniformly 3-connected graph. Furthermore, we investigate how crossing numbers and treewidths behave
under the mentioned constructions. We demonstrate how these results can be utilized to study the structure and
properties of uniformly 3-connected graphs with minimum number of vertices of minimum degree.
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1 Introduction

Among the many connectivity concepts in graph theory, requiring the same connectivity between each
pair of a graph’s vertices may seem to be quite restrictive. Yet it might be a valuable feature of cer-
tain communication or supply networks and, from a theoretical point of view, uniform connectivity nicely
complements the notions of ordinary, minimal, or average connectivity. When studying the latter, Beineke,
Oellermann, and Pippert (3) introduced uniformly connected graphs as they became interested in deter-
mining for which graphs the connectivity equals the average connectivity. Let us begin by recalling the
following definition, whereas we refer to Diestel (9) for basic graph theoretical terminology.

Definition 1 For a number k € N a graph on at least k + 1 vertices is called uniformly k-connected if
each pair of its vertices is connected by k and not more than k independent paths.

It is not hard to see that uniformly 1-connected graphs are exactly all trees and uniformly 2-connected
graphs are exactly all cycles. Further examples are wheel graphs for k£ = 3 or k-regular, k-connected
graphs for £ € N. In more detail, such relations as well as uniformly edge-connected graphs, in which
each pair of vertices is connected by & and not more than k edge-disjoint paths, are discussed by Goring,
Hofmann, and Streicher (10). This article also contains the following characterization.

*My research was partly funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
416228727 — SFB 1410.

ISSN 1365-8050 © 2023 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License


http://dmtcs.episciences.org/
https://doi.org/10.46298/dmtcs.10472

2 Frank Goring, Tobias Hofmann

Figure 1: Constructing uniformly 3-connected graphs

Theorem 2 A graph is uniformly 3-connected if and only if it is contained in the following recursively
defined class C.

(i) If a graph G is 3-regular and 3-connected, then G shall be contained in C.

(ii) For two graphs G1, G4 € C with vertices v1 € V(G1) and va € V(G2) whose neighborhoods are
N(vi) ={z1,y1, 21} and N(v2) = {x2,y2, 22}, we include in C the graph

(Gl — ’Ul) U (GQ — ’UQ) + 120 + Y1Y2 + 2129.

(iii) For a graph G € C with distinct vertices v,w,x € V(G), containing vw € E(Q), and satisfying
deg(z) = 3forall z € V(G) \ {z}, we include in C the graph

G+ y—vw+ vy +wy + xy,
where y ¢ V(G) is a new vertex to be added to G.

The operations (ii) and (iii) are illustrated in Figure 1. We refer to (ii) as a bridge operation and to (iii)
as a spoke operation. More precisely, if deg(x) = 3 in (iii), we call it a primary spoke operation and
if deg(x) > 3, we call it a secondary spoke operation. Note that the class of 3-regular 3-connected graphs
is contained in the class of uniformly 3-connected graphs. In turn, the class of uniformly 3-connected
graphs is contained in the class of 3-connected graphs. So Theorem 2 is in a sense complementary to
the classical constructions by Tutte (15; 16) for 3-regular 3-connected and 3-connected graphs. A natural
question to ask when learning about a class of graphs is what degrees one might see. In extremal graph
theory, this led to extensive research on the minimum number of vertices of minimum degree. Formally,
for a graph G one asks for the parameter

V(G) = |{v e V(G) : deg(v) = mln deg )}H-

A cornerstone on which many related investigations build on is the result by Halin (11), who proved that
a minimally k-connected graph contains a vertex of degree k. A series of results on that topic is con-
cluded by Mader (13), who gave the tight bound v(G) > [((k — 1)n + 2k)/(2k — 1)] for a minimally
k-connected graph G on n vertices. This result does also hold for uniformly 3-connected graphs, as those
are minimally k-connected. See Beineke, Oellermann, and Pippert (3) for a proof of that result. But as
minimally k-connected graphs do not have to be uniformly k-connected, there can be stronger bounds
on v(G) and indeed there is the following result.
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Figure 2: Joining two edges of a 3-regular graph

Theorem 3 A uniformly 3-connected graph G on n vertices satisfies
v(G) > [(2n+2)/3].

This result is proven in (10). We call a uniformly 3-connected graph extremal if it attains the bound from
Theorem 3. The results of Section 2 shall help us to learn more about that class. There we show in
detail how the number of vertices of a uniformly 3-connected graph depends on the operations involved
in constructing it. Furthermore, we show that the bridge operation preserves in a sense crossing numbers
and under certain conditions treewidths larger than two. We denote the crossing number of a graph G
by cro(G) and its treewidth by tw(G). Section 3 is intended to demonstrate how our results can be used,
for example, to find out when extremal uniformly 3-connected graphs are planar.

2 Main results

In what follows, we build on one of the characterizations by Tutte (16, Chapter 12), which says that all 3-
regular 3-connected graphs can be obtained from a complete graph on four vertices by a sequence of edge
Jjoins. Formally, for a graph G and two edges st, vw € E(G) joining them means to build the graph

G+x+y—st—ow+ s+ at + vy + yw + xy

where x,y ¢ V(G) are new vertices to be added to G. This construction is illustrated in Figure 2. Note
also that st and vw are two distinct edges, but they may share one endvertex.

Theorem 4 A uniformly 3-connected graph G on n vertices satisfies
n=44+274+2t+p+s

if G is constructed from complete graphs on four vertices by a sequence of j bridge operations, t edge
Jjoins, p primary spoke operations and s secondary spoke operations.

Proof: The smallest uniformly 3-connected graph is the complete graph on four vertices, for which
j=t=p=s=0 and our claim holds. Now suppose we are given a graph G on n vertices and our
statement is true for all graphs on less than n vertices.
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First, take the case where an edge join is the final operation in the sequence of operations to build G.
Then G arises from a graph G’ with n = |V (G)| = |[V(G’)| + 2, as an edge join adds two vertices. De-
noting the number of edge joins to build G’ by t/, we have t = t’ + 1. By induction, we obtain

n=[V(G)=|V(G)+2
=442j4+2 +2+p+s
=4+2j+2t+p+s.
Primary or secondary spoke operations add one vertex, as is illustrated in Figure 1. If such an operation
is the final operation to build G, we can argue as in the previous case. It remains the case where a bridge
operation is the final operation to build G. Then G arises from two graphs G'; and G». In view of Figure 1,
we have n = |V(G)| = |[V(G1)| + |[V(G2)| — 2, as well as j = j1 + jo+ 1, t = t1 + to, p = p1 + pa,
and s = s1 + s9, Where j;, t;, p;, ; are the respective numbers of bridge operations, edge joins, primary
and secondary spoke operations used when constructing G;, where i € {1,2}. By induction, we obtain
n=[V(G) = V(G| +[V(G2)| -2
=4+42j1 +2t1+p1+s1+4+2j2+ 20+ p2t+ 52— 2
=4+ 2(t1 +t2) +2(j1 +j2 + 1) + (p1 + p2) + (51 + 52)
=4+2t4+2j+p+s. d

This allows us to reprove Theorem 3 as well as to obtain some additional conditions on the numbers of
operations involved.

Proof of Theorem 3: For a uniformly 3-connected graph G on n vertices, Theorem 4 tells us that
n=4+2j+2t+p+s. (1)

Let us recall that a primary spoke operation, by definition, can only be applied to 3-regular graphs, and it
raises one of the respective degrees to four. A graph whose construction involves j bridge operations is
formed by recursively combining j + 1 input graphs. For each input graph, one is allowed to use at most
one primary spoke operation. In other words,

Jjtlzp = 2j=22p—-2 2)
Combining Equations (1) and (2), we obtain
n>2+2t+3p+s>2+3p = p<|[(n—2)/3]. 3)

The primary spoke operation is the only operation that reduces the number of vertices of minimum degree.
It does so by exactly one. Consequently,

v(G) >n—p>T[(2n+2)/3], “4)
which was to be shown. O

Another property we shall verify in this section is that the bridge operation preserves the crossing
numbers of the input graphs. In our proof, we build on the following basic fact about graph embeddings,
presented by West (17, Chapter 6).
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Figure 3: The bridge operation acting on graphs embedded in the plane

Lemma 5 If E is the edge set of a face of some planar embedding of a graph G, then there is an embed-
ding of G such that E is the edge set of the outer face.

Theorem 6 If G is the result of applying the bridge operation on graphs G1 and G5, then
cro(G) < cro(Gy) + cro(Ga).

Proof: We are given two graphs G, G5 with vertices v; € V(G1) and vy € V(G2) whose neighborhoods
are N(v1) = {x1,91, 21} and N(v2) = {22, y2, 22} and a graph

G = (G1 —v1) U (G2 —v2) + z122 + Y1Y2 + 2122.

At first, let us consider some drawing of (G; in the plane, possibly with crossings. We obtain a planariza-
tion P of this drawing by replacing each occurring crossing by a new vertex. In this process, we may
have to subdivide some of the edges in {x1v1,y1v1, 2101, T2V2, Y2U2, 2202 }. The vertex on the former
edge x1v; excluding vy but including z; that is closest to vy shall be denoted by z}. Analogously, we
define yi, 21, b, yh, z5. Since deg(v1) = 3, we know that two of the three edges z}v1, yjv1, 21v1, say
xjvy and yjvy, are both contained in the edge set of some face of P. Lemma 5 tells us that there is an
embedding of P such that {z} vy, yjv;} is contained in the edge set of the outer face. Replacing the ver-
tices we introduced when planarizing G back to crossings, we obtain a drawing of G; where parts of both
edges x1v1 and y;vp are incident to the outer face. Even more, since we can reflect the embedding of Gy
across a line through vy, it is possible to choose the orientation of {x1v1, y1v1 }. Likewise, we can take a
drawing of GG, where parts of xov5 and yovs are incident to the outer face. In other words, our situation
is essentially as in Figure 3.

Since we embedded finite graphs in the plane, we can find radii €, > 0 such that the discs U (v1)
and Us(v2) do not contain x4, y}, 21, 25, Y4, or z5. We denote the intersection of the edge z1v; with the
disc U, (v1) by 2 and the intersection of the edge xzov; with the disc Us(v2) by z4. This provides us with
a polygonal arc, leading from z; to z{ to z} to x2. There are analogous polygonal arcs linking y; with yo
and z; with z5. Those polygonal arcs can be drawn without intersections when choosing the orientation
of the embeddings of G; or G5 as in Figure 3. This tells us that we can build G out of G; and G by the
bridge operation without adding any additional crossings. So cro(G) < cro(G1) + cro(Ga). O
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Figure 4: Adding a clique at an unsafe vertex

Finally, we will ask how the bridge operation affects the treewidths of the input graphs. So let us recall
the following terms.
Definition 7 A tree decomposition of a graph G is a pair ({X; :i € I},T = (I, F)) where T is a tree
and each node i € I has abag X; C V(G) such that the following properties hold.

1. Each vertex of V belongs to some bag, or Ujc1 X; = V.
2. Forallvw € E(G) there exists an i € I such that v,w € X;.

3. Forallv € V the set of nodes {i € I : v € X,} induces a subtree of T.

The width of a tree decomposition ({X; :i € I},T = (I, F)) is max;es | X;| — 1 and the treewidth of a
graph G is the minimum width of all tree decompositions of G. We shall denote the latter by tw(QG).

Before we focus on how the treewidth behaves under the bridge operation, let us recall the following facts,
whose proofs can be found in Bodlaender (5).

Lemma 8 If H is a minor of G, then tw(H) < tw(G).

Lemma9 If ({X;:i €I}, T = (I,F)) is a tree decomposition of a graph G and W C V(G) a clique
in G, then there is a node i € I such that W C X;.

Furthermore, given a graph G, we call a vertex v € V(G) with deg(v) = 3 safe if G admits a minimum
width tree decomposition having a bag that contains v and two of its neighbors. In view of Lemma 9, a
vertex of degree three is safe if and only if it has two neighbors that are adjacent or that can be joined by
an edge without increasing the treewidth of GG. Furthermore, we call a vertex of degree three unsafe if it is
not safe. By definition, an unsafe vertex has an independent neighborhood, as is the case for the vertex v
in Figure 4. Suppose v is an unsafe vertex of the indicated graph G, with neighborhood N (v) = {x,y, z}.
Then adding a clique on four vertices by the bridge operation results in a graph that has G + zy as minor,
which can be seen by contracting the vertices shaded in gray. So, in general, the bridge operation can
increase the treewidth, but only if we combine graphs at unsafe vertices, as we will show next.

Theorem 10 Consider two graphs G and Go with vertices v, € V(G1) and va € V(G2) whose neigh-
borhoods are N (v1) = {x1,y1, 21} and N (v2) = {2, y2, 22} and a graph

G = (G1 —v1) U (G2 — v2) + 7172 + Y192 + 2122
If v and vy are safe and max{tw(G1),tw(Gz2)} > 3, then
tw(G) = max{tw(G1),tw(G2)}.
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Figure 5: Combining two tree decompositions at bags of safe vertices when |F/| = 1

Proof: Let ({Xl NS 11}7T1 = (IlyFl)) = (X7T1> and ({Y} 1 € IQ},TQ = (IQ,FQ)) = (y7T2) be
minimum width tree decompositions of G; and G2, respectively, having a bag X € X" containing v; and
two of its neighbors, say x1 and y;, and a bag Y; € Y containing v and two of its neighbors. We can as-
sume the existence of such bags because v1 and v are safe. To verify tw(G) < max{tw(G1),tw(G2)},
our goal is to define a tree decomposition of width at most max{tw(G1), tw(G2)} for G. Whereas
we have denoted the neighbors of v; in bag X, by z; and y; without loss of generality, there are
two cases to consider with respect to how the vertices of X and Y; are joined by edges in G. Set-
ting F' == {x122, y1Y2, 2122} N E(G[X,; UYy]), either |F| =1 or |F| > 2.

Let us begin with the case |F| =1, denoting the neighbors of v, in G that are contained in Y;
by x4 and zo. Since in G the vertices v; and v2 do not exist, we may safely replace them. For-
mally, for each ¢ € I; where v; € X; set X/ := X, \ {v1} U {22} and for each i € I; where v; ¢ X;
set X/ := X;. Furthermore, for each j € I, where vs € Yj set Yj’ =Y;\ {v2} U{y1} andforeachj € I,
where v2 ¢ Y set Y} := Y. Note that we have not increased the cardinalities of the bags. Now take a new
node v ¢ I; U I5 to define the tree T := T7 U T + v + sv + vt as well as the bag X, := {x1, z2,y1, 22 }-
Because | X,| = 4 and our assumption that max{tw(G1),tw(Gz2)} > 3, we observe

max { max | X;|, max [Y]} = max { max |X{|, max Y]], | X, }.

It remains to be checked that D := ({X] :4 € 1} U{Y] :j € b} U{X,},T) is a tree decomposition
of G. When building the bags of D, the only vertices we removed were v; and v, which are not present
in G. So D satisfies Condition 1 of Definition 7. By the same reason, for each edge in F(G1) U E(G2)
we find a bag in D containing its endvertices. Furthermore, by Condition 2 of Definition 7, there must
be some k € I; such that vq, 21 € X, which implies that 21, zo € X.. Likewise, there is an £ € I5 such
that y1,y2 € Yel . Since the edge x> is covered by the bag X, this verifies Condition 2 of Definition 7.
We have to check Condition 3 of Definition 7 essentially for the vertices in X,,. This is because T’
by construction is a tree having 77 and 75 as subtrees, the only vertices we removed when building D
were v; and v, and the only vertices we included in some bag were those of X,,. Figure 5 illustrates the
construction of the tree decomposition. Herein, we placed 25 in every bag that contained v;, indicated
by 29 in a gray box with subscript v;. Therefore, we observe that {i € I : z3 € X/} induces a subtree
of Ty. Since {j € Iy : 29 € YJ’} ={j € I, : z € Y;} induces a subtree of 7 and 2, € X,, we find that
the nodes whose bags contain z» induce a subtree of T'. By investigating Figure 5, we can argue similarly
for the remaining vertices of X,,.

For the case |F'| = 2, denote the neighbors of vs in G that are contained in Y; by zo and ys. For
each i € I} where v; € X; set X/ := X,; \ {v1} U {21} and for each ¢ € I; where v; ¢ X, set X/ == X,.
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Figure 6: Combining two tree decompositions at bags of safe vertices when |F'| = 2

Likewise, for each j € I where vz € Y; set Y] := Y; \ {v2} U {21} and for each j € I where v2 ¢ Y;
set Yj' =Y. For two new nodes v, w ¢ I U [ define the tree T' := 11 UTs + v + w + sv + vw + wt
as well as the bags X, := {z1,y1,¥2, 21} and X, = {21, x2, ya, 21 }. This defines a tree decomposition
of width at most max{tw(G1),tw(G2)}, which can be checked by investigating Figure 6, analogous to
the previous case.

For the other inequality, note that both G; and G5 are minors of GG. For example, contracting all vertices
in G that stem from G2 to a single vertex yields G. This implies tw(G) > max{tw(G1), tw(G2)} by
Lemma 8, which concludes our proof. d

Quite a few difficult combinatorial problems on graphs can be solved in polynomial, or even linear, time
by dynamic programming approaches if the input graph has bounded treewidth, about which Bodlaender
and Koster (6) give an overview. This makes statements such as that of Theorem 10 useful. In what
follows, however, we will encounter situations where we cannot assume the vertices involved in our
bridge construction to be safe. Nevertheless, there are some tools that will help us to show that extremal
uniformly 3-connected graphs have bounded treewidth. To this end, let us recall the notion of a line
graph L(G) of a graph G. This is the graph on vertex set F'(G) whose vertices are adjacent exactly when
they are incident in G.

Lemma 11 For every graph G, we have
tw(G) < 2tw(L(G)) + 1.

This bound and related results are presented by Harvey and Wood (12). Furthermore, Bodlaender, Van
Leeuwen, Tan, and Thilikos (7) give the following relation.

Lemma 12 Let Gy and G4 be two graphs containing cliques S C V(G1) and T C V(G2) with |S| = |T|
and let G be a clique-sum of G and G2, meaning a graph obtained by taking the disjoint union of G
and G4 and identifying S and T. Then

tw(G) = max{tw(G1),tw(G2)}.
Lemma 13 Consider two graphs Gy and Go with vertices v1 € V(G1) and vy € V(G2) whose neigh-
borhoods are N (v1) = {x1,y1, 21} and N (v2) = {2, y2, 22} and a graph
G = (G1 —v1) U(Ga2 —v2) + x1@2 + 11Y2 + 2122.

Furthermore, let H be a clique-sum of L(G1) and L(G2) formed by identifying E({v1},V(G1) \ {v1})
and E({v2}, V(G2) \ {v2}). Then L(G) is a (proper) subgraph of H.
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Figure 7: The bridge operation and its effect on the corresponding line graphs

Proof: When forming G by the bridge operation, adding the edges =12, y1y2, and 2122 corresponds
to identifying vix; with vexs, v1y1 With voy9, and v12; with v2zo in the respective line graphs, as is
indicated by dashed green lines in Figure 7. Deleting v; and va when forming G by the bridge operation
removes the cliques, indicated by dotted gray lines in Figure 7, at which the clique-sum of L(G1) and
L(G>) is formed. This is why L(G) is a proper subgraph of H. O

Theorem 14 Let C be a class of graphs which arises by successively taking the bridge operation to join
graphs from a base class whose line graphs have treewidth bounded by w. Then for every graph G € C,
we have

tw(G) < 2w+ 1.

Proof: This follows directly from Lemmas 11, 12, and 13. d

3 Applications

Let us proceed with an example that illustrates how to use Equations (1) to (4), which we obtained in the
course of our proof of Theorem 3, to get a precise picture of extremal uniformly 3-connected graphs.

Example 15 Let us ask for the graphs on n = 10 vertices with minimum number of vertices of mini-
mum degree. Condition (4) tells us that the extremal graphs are those where p is maximal. In view of
Condition (3), we choose p = 2. Condition (1) then reads 4 = 2¢ + 2j + s and by Condition (2), we
obtain 7 > 1. This leaves us exactly with the settings where p = 2 and

t=1,7=15=0 or t=0,7=2,5=0 or t=0,7=1,5=2.

A graph for the setting ¢t = 1,7 = 1,p = 2, s = 0 is illustrated in Figure 8.

In what follows, we shall generalize the findings from this example, and so identify the conditions under
which extremal uniformly 3-connected graphs are planar.

Theorem 16 Given an extremal uniformly 3-connected graph on n = 3k + £ > 5 vertices, for some
ke N\ {1} and £ € {—1,0,1}, let j,t,p, and s be the respective numbers of bridge operations, edge
Jjoins, primary and secondary spoke operations involved in constructing G.
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1. Thenp=Fk— 1.
2. Ift=—-1Lthenj=k—-2t=s5=0.
3. Ift= 0O,thenj=k—2t=0,s=1.

4. Ift= 1Lthenj=k—-1t=s=0o0rj=k—2,
orj=k—2

Proof: In view of Conditions (3) and (4), building an extremal graph involves
p=1n—-2)/3]=1Bk+¢-2)/3]=k+|({-2)/3]=k—1

primary spoke operations. Thus Statement 1 holds. Condition (2) requires that j > p — 1 = k — 2 and so
Condition (1) tells us that

n=442t+25+p+s
=3k+{0>4+2t+2(k-2)+k—-1+s
= 14+4£2>2t+s.

For/ = —1,weobtain j = k — 2,t = s = 0, which is Statement 2. For / = 0, weobtainj = k — 2,¢ =0,
s =1, which is Statement 3. For /{=1and j =k — 2, weobtaint =0and s =2or¢t =1 and s = 0,
which are the last two alternatives in Statement 4. If / =1 and j = k — 1, then Condition (1) im-
plies t = s = 0, which is the remaining alternative in Statement 4. Finally, note that j cannot be larger
than k& — 1, since otherwise the right hand side of Equation (1) exceeds the left hand side. a

Let us see what we now know about small extremal uniformly 3-connected graphs.

Observation 17 The wheel graph on n > 4 vertices is the graph resulting from a cycle on n — 1 vertices
by adding a new vertex which is adjacent to all other vertices. We denote such a graph by W,,. The
graph W, is complete and all its vertices have degree three. Performing a primary spoke operation on Wy
results in W;. Similarly, performing a secondary spoke operation on W, results in W, for all n € N.
Let us consider an extremal uniformly 3-connected graph G in whose construction an edge join is
involved. Recall that edge joins in Tutte’s characterization (16), and so in Theorem 2, are only allowed
to be applied on 3-regular 3-connected graphs. It is not hard to see that extremal uniformly 3-connected
graphs are nonregular for all n > 5. So when an edge join is involved in building G, it can only take

Figure 8: An extremal uniformly 3-connected graph on ten vertices
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Figure 9: Small extremal uniformly 3-connected graphs built out of a wheel graph by edge joins (~+;) and primary
spoke operations (~~p)

the graph W as input. This can only produce the complete bipartite graph K3 3 or the envelope graph,
depicted in the middle of Figure 9. Out of those graphs, we can obtain the graphs on the right in Figure 9 by
a primary spoke operation. The dashed green edges drawn in the bottom right graph are to be understood
as alternatives. They indicate the three nonisomorphic graphs that can be built out of the envelope graph
by a primary spoke operation. In fact, one can check that the alternative where edge f is added to the
envelope graph is isomorphic to the top right graph in Figure 9. The alternative where edge e is added to
the envelope graph is isomorphic to the graph which results from combining the wheel graphs W, and W
by the bridge operation. Similarly, the envelope graph can be combined out of two wheel graphs W, by
the bridge operation. So nonplanar graphs might arise even if we forbid edge joins.

With Theorem 6, we have the key to combine our present findings as follows.

Theorem 18 Let G be an extremal uniformly 3-connected graph on n = 3k + { > 4 vertices, for suit-
ablek € Nand { € {—1,0,1}. Then cro(G) < 1, and if n = 4 or £ € {—1,0}, then G is planar.

Proof: The only uniformly 3-connected graph for n = 4 is the complete graph on four vertices. It is an ex-
tremal one and it is planar. Consider now an extremal uniformly 3-connected graph Gonn =3k + ¢ > 5
vertices, where k € N\ {1}. If £ € {—1,0}, then Items | to 3 of Theorem 16 tell us that G is built
by k£ — 1 primary spoke operations, one secondary spoke operation if £ = 0, and k£ — 2 bridge operations.
In other words, G results from using the bridge operation recursively to combine wheels W5, and one
wheel Ws if £ = 0. So G is planar by Theorem 6.

If £ =1, then Items 1 and 4 of Theorem 16 tell us that G is built by £ — 1 primary spoke operations.
If j=k—1,thent=s=0. So G results from recursively using the bridge operation to combine one
wheel W, and k£ — 1 wheels W5 or, in view of Observation 17, to combine one of the graphs in the bottom
right corner of Figure 9 with &k — 2 wheels W5. So cro(G) < 1 by Theorem 6.

It remains the case where / =1 and j =k — 2. If t =1, then s = 0 and G results from using the
bridge operation recursively to combine wheels W5 with one of the graphs on the right of Figure 9.
So cro(G) < 1 by Theorem 6. If t = 0, then s = 2 and G results from using the bridge operation recur-
sively to combine wheels W5 with two W or one W7. So cro(G) < 1 by Theorem 6. O
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Figure 10: Extremal uniformly 3-connected graphs

Questions concerning the colorability of uniformly 3-connected graphs are addressed by Aboulker,
Brettell, Havet, Marx, and Trotignon (1). There, it is shown that uniformly 3-connected graphs, except
the wheels on an even number of vertices, are 3-colorable. Moreover, the authors demonstrate that such a
coloring can be determined in polynomial time.

Another aspect one may notice is a certain similarity between extremal uniformly 3-connected graphs
and Halin graphs, surveyed by Brandstadt, Le, and Spinrad (8). Those are graphs that can be obtained
by embedding a tree without vertices of degree two in the plane and connecting its leaves by a cycle
without crossing any of the tree edges. By the previous proof, we can obtain those Halin graphs where
the inner vertices are of degree four, with few exceptions. If ¢ = 0, we may have one vertex of degree
five. If / = 1, we may have two vertices of degree five or one of degree six. An example is illustrated on
the left in Figure 10. In general, Halin graphs can be seen to be uniformly 3-connected, but not the other
way around. Counterexamples are certainly nonplanar (extremal) uniformly 3-connected graphs and even
for £ = —1, we find for example the graph depicted on the right in Figure 10. The overlap with the class of
Halin graphs motivates the question of whether extremal uniformly 3-connected graphs have a similar tree-
like structure. Whereas, as Bodlaender (4) shows, Halin graphs have treewidth three, general uniformly
3-connected graphs have unbounded treewidth. Meeks (14) demonstrates this by an example illustrating
that for any £ € N there are 3-regular, 3-connected graphs having a k£ x k grid as minor. In contrast, the
small extremal uniformly 3-connected graphs in Figure 9 as well as wheel graphs have treewidth three.
In view of Observation 17 and the proof of Theorem 6, those are the elemental building blocks for the

(% v (%

/N A />

Figure 11: An extremal uniformly 3-connected graph containing an unsafe vertex v
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Figure 12: Small extremal uniformly 3-connected graphs and their corresponding line graphs

bridge operation when constructing extremal uniformly 3-connected graphs. Theorem 10 guarantees that
the bridge operation preserves the treewidth of the input graphs if no unsafe vertices arise in the course
of the construction. But Figure 11 shows an extremal uniformly 3-connected graph that has an unsafe
vertex. The depicted graph is that from the bottom right corner of Figure 9 where edge f is added. In
Figure 11, the neighborhood of v is independent and connecting any of its neighbors, indicated by the
dashed green lines, produces a K5 minor, which can be seen by contracting the respective vertices shaded
gray. As illustrated in Figure 4, adding a wheel by the bridge operation at v, produces a graph of treewidth
four. Although this is the only unsafe situation we identified so far, we are not sure whether others exist,
precluding us to show that the treewidth is bounded by four, using Theorem 10 only. However, with
Theorem 14, we can at least verify bounded treewidth.

Corollary 19 (of Theorem 14) The treewidth of any extremal uniformly 3-connected graph G is bounded
by tw(G) < 13.

Proof: In Observation 17 and the proof of Theorem 18, we argue that any extremal uniformly 3-connected
graph can be built by successively taking the bridge operation to join graphs from Figure 9 and wheel
graphs on up to six vertices. The treewidth of the line graphs of those graphs is bounded by w = 6. This
can be seen by investigating Figure 12. The graphs shown there satisfy tw(L(G1)) < 5, tw(L(G2)) < 5,
and tw(L(G3)) < 6. To certify this, let us determine respective tree decompositions. In all three graphs,
removing the vertices highlighted by gray circles, and incident edges, leaves us with a tree, for which we
easily find a tree decomposition of width one. Putting the vertices highlighted by gray circles in every
bag, provides us with suitable tree decompositions. Also recall that the graph from the bottom right corner
of Figure 9 where edge e is added can be obtained by joining a wheel on five vertices with one on four
vertices by the bridge operation. Clearly, all remaining line graphs of graphs from Figure 9 as well as
line graphs of wheels on four and five vertices are minors of one of the graphs depicted in Figure 12. So
Theorem 14 provides us with the asserted bound. a
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Open Question. In view of Corollary 19 and Figures 11 and 4, we know that there is a general upper
bound 4 < C < 13 such that tw(G) < C holds for any extremal uniformly 3-connected graph G. It is
open what the smallest such bound C'is. We tend to believe that C' = 4.
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Inspired by the split decomposition of graphs and rank-width, we introduce the notion of r-splits. We focus on the
family of r-splits of a graph of order n, and we prove that it forms a hypergraph with several properties. We prove that

such hypergraphs can be represented using only O (nrﬂ)

of its hyperedges, despite its potentially exponential number
of hyperedges. We also prove that there exist hypergraphs that need at least Q(n") hyperedges to be represented, using

a generalization of set orthogonality.

Keywords: graph, hypergraph, split decomposition, polynomial representation

1 Introduction

Graph decomposition is a major aspect of graph theory, it is mainly used to run efficient algorithms
and solve combinatorial problems on graphs that can be well decomposed. A decomposition of a graph
is an alternative way to represent a graph, usually to highlight some structure in the graph. One large
family of decompositions is that of width decomposition, which aims at decomposing a graph while
minimizing a parameter, and such that this decomposition can be used to run efficient algorithms under this
parameterization [12]. For example, tree-width decomposes a graph into a tree structure that minimizes
the size of some bags [16]; rank-width decomposes a graph into an unrooted binary tree structure such
that each edge represents a cut of bounded rank over [F5 [13, 15]; clique-width decomposes a graph using
some allowed operations between a bounded number of classes of vertices [5]; and more recently, twin-
width decomposes a graph by mimicking cograph decomposition and minimizing the number of errors
through the decomposition [1]. Some other decompositions include modular decomposition [11] and split
decomposition [7, 6]. Here, we focus on split decomposition. Informally, a split is a cut (or 2-partition)
of a graph that looks like a complete bipartite graph plus one stable set on each side of the cut.

It was improved in [10] to give birth to a decomposition that both represents all the edges of a graph
together with all its splits. The split decomposition of a graph is a powerful tool. For example, it is
used to recognize distance-hereditary graphs [9]. However, there is a family of graphs, called prime
graphs, that have no splits besides trivial ones. A trivial split is a split with one part of size 0 or 1. It

*This work was supported by the Agence Nationale de la Recherche under grant ANR-20-CE23-0002
ISSN 1365-8050 © 2023 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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(:f'

Fig. 1: An example of a split

is called trivial because a 2-partition with one part of size 0 or 1 is always a split by definition. This
means that these techniques cannot be used on prime graphs. The goal of this paper is to extend this kind
of decompositions to prime graphs by generalizing the definition of a split as well as related concepts
such as symmetric crossing families [7] and orthogonality [4]. We take inspiration from the rank-width
decomposition to generalize splits into 7-splits. The family of all splits of a graph has the property of
being a symmetric crossing family. Hence, our approach consists in proving some properties about the
family of r-splits of a graph. We also generalize orthogonality. Usually, orthogonality is defined on
partitive families and modular decomposition [11, 4]. Since these notions are very close to symmetric
crossing families and split decomposition [2], we allow ourselves to extend this notion and the associated
vocabulary. In [4], two sets of vertices are orthogonal (or non-overlapping) if one is included in the other
or if their intersection is empty. Orthogonality can be used to compute the split decomposition in linear
time [4]. In [8], two sets of vertices are non-crossing if they are non-overlapping or if their union is the set
of all vertices of the graph. This notion was used to define and prove properties of split decompositions
in the first place [7]. In this paper, we generalize the notion of being non-crossing, and give it the name
r-orthogonality. We use it to prove lower bounds, and we hope it could be used to define a general r-split
decomposition.

1.1  General definitions

A split can be defined as a cut of rank at most 1. In a natural way, we introduce an r-split as a cut of rank
at most .

Definition 1. Let G = (V, E) be a graph. Let (X, X) be a cut (i.e., a 2-partition of V). The rank of this
cut, noted p(X), is equal to the rank of the adjacency matrix of G where the rows are restricted to X,
and the columns are restricted to X . This matrix is called the [X, X]-adjacency matrix of G, and is noted
A(G)[X, X]. The rank is computed over the finite field of two elements Fo. The cut (X, X) is an r-split
if p(X) < r. For convenience, we identify the cut (X, X') with the set of vertices X

Since the rank of a matrix is always less than or equal to the number of its rows and less than or equal
to the number of its columns, we know that p(X) < min(|X|, |X]). This motivates us to focus on the
case where this inequality becomes an equality.

Definition 2. A cut (X, X) is said to be trivial if p(X) = min(] X|, | X]|).
In other words, the cut (X, X) is trivial if the [ X, X]-adjacency matrix of G has full-rank in F5.

Example 1. In the graph of Figure 2, the set of vertices {a,b, ¢, d, e} is a 2-split, as the rank of the
matrix given in Figure 3 is 2. Note that the rank is computed over Fo. This means that additions and
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e e a b c d e f g h i
a [001 000 1 1 0 0]
a b |11 0 01 110 1 0
c |10 00O 1T 01 10
Q e G) d 010000000
e (01 1 0 0 0 0 0 O
e f 11 1.0 0 0 0 O0 0 O
g |1 01 0 0 0 0 0 1
A h |01 1000000
e a ¢ [00 0 0 0 0 1 0 0f
Fig. 2: A graph and its adjacency matrix

f g h i

a (1 1 0 O

. b (1 0 1 0

A(G)[{a,b,c,d,e},{f,g,h,z})]— c 0 1 1 0

d [0 0 0 0

e |0 0 0 O

Fig. 3: The cut ({a,b,c,d, e}, {f, g, h,i}) is a 2-split

multiplications are done modulo 2. For example, the first three lines of the matrix ([1 1 0 0],[1 0 1 0]
and[0 1 1 O]) sumto [0 O 0 O],sincel +1=0 mod 2.

We focus on the set of r-splits of a graph for a fixed r. Function p has several properties [15] which
carry over to r-splits. The first one is a very well-known property that comes directly from properties of
the rank.

Lemma 1. Forall X CV, we have p(X) < | X | and p(X) = p(V \ X).
Another useful property of p is submodularity, which is stated as follows:
Lemma 2 ([15]). Forall X,Y CV,wehave p(X UY) 4+ p(X NY) < p(X) + p(Y).
Furthermore, we need the notion of r-rank connectivity, which is defined as follows:
Definition 3 ([14]). A graph G is r-rank connected if each k-split for k < r is trivial.

This definition allows to fully characterize the trivial r-splits of a graph. As a consequence of the
definition of trivial r-split and r-rank connectivity, we get the following lemma:

Lemma 3. Let G be a graph. If a set of vertices X is a trivial r-split, then | X| < ror | X| < r. If G is
r-rank connected, this implication is an equivalence.

An another direct consequence of r-rank connectivity is this lemma:

Lemma 4. Let G be an r-rank connected graph. Let X be a set of vertices such thatr < | X| < |V| —r.
Then p(X) > r.
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Proof: Suppose for a contradiction that p(X) < r. This means that X is a (r — 1)-split. By r-rank
connectivity, X is trivial. By definition of being trivial, p(X) = min(|X|,|X|). Hence, min(|X|, | X|) <
r, which contradicts the fact that r < |X| < |V| — 7. O

Combined with submodularity, we get the following lemma:

Lemma 5. If X and Y are two r-splits of an r-rank connected graph G and if [ X N Y| > r, then X UY
is also an r-split.

Proof: First, if [ X UY| <ror | XUY| <r,then p(X UY) <min(|X UY],|X UY]) < r, meaning
that X U'Y is an r-split.

Then, if | X NY| < r, it means that | X UY| < | X NY| < r, so we are in the same case as previously,
and X UY is an r-split.

Otherwise, the number of vertices of X UY and X N'Y is both between r and |V| — . Hence, by
r-rank connectivity of G, p(X UY) > rand p(X NY) > r. Since X and Y are r-splits, we know that
p(X) < rand p(Y) < r. By submodularity, we deduce that p(X UY) + p(X NY) < 2r. All in all,
p(X UY) = p(X NY) =r, which concludes the proof. O

This property is powerful as it organizes the set of all r-splits of a graph. In fact, we show in Section 2
that given an r-rank connected graph G with n vertices, there exists a subset of r-splits of size O(n" 1)
that fully characterizes the whole set of r-splits.

1.2 Hypergraph of r-splits

Let G = (V,E) be an r-rank connected graph with vertex set V' = [n]. Let us denote by H.,.(G)
the hypergraph whose set of vertices is the same as G, namely V(H,.(G)) = [n], and whose set of
hyperedges £ is the set of all r-splits of G. From Lemmas 1 and 2, we know that H,.(G) satisfies the
following properties: (1) if A € £, then V' \ A € &; (2) for every set of vertices X C V, if | X| < r, then
X e& (3)if A,B e Eand|ANB| > r, then AU B € £. Therefore, we consider hypergraphs that
satisfy these properties.

Please note that in this paper, since every hypergraph has V' = [n] as set of vertices, we identify a
hypergraph H = (V, £) with its set of hyperedges £. This means, for example, that we write A € £ or
A € H to denote a hyperedge A of H, and we can denote by { A, B} the hypergraph with set of vertices
V = [n] and set of hyperedges { A, B}.

Definition 4. Let IK,.(n) be the class of hypergraphs with set of vertices V' = [n] and set of hyperedges £
that satisfies:

R < : For every set of vertices X C V,if | X| < r,then X € £.
R_:IfAe& thenV\ A€
Ry: IfA Befand|ANB|>r,then AUB € €£.

By combining the three above rules, we can deduce other similar properties.

Lemma 6. Ler H € K, (n) be a hypergraph with set of vertices V. = [n| and set of hyperedges E. Then
H satisfies:

P : Forevery set of vertices X CV, if|X| >n —r, then X € €.
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Pn: IfA,Be&and|AUB|>r, then ANB € £.

P\ : IfA,Bc&and|A\ B| >, then B\ A€ £.

Proof: Property P> is obtained by combining rules R< and R -, while properties P and P\ are
obtained by combining rule R, and rule R _, multiple times.

First, let us prove property Pn: Let A, B € € suchthat [AUB| > 7. Byrule R, A€ £and B € £.
We know that |[AN B| = |[AUB| > r,sobyrule R,, AUB = AN B € &. Finally, by applying rule
R _ againto ANB e & wegetthat ANB € €.

In a similar way, we prove property P\: Let A, B € £ such that [A\ B| > r. By rule R, Be& We
know that |[AN B| = |[A\ B| > r,sobyrule R, AUB = B\ A € &. Finally, by applying rule R _,
againto B\ A€ &, wegetthat B\ A€ €. O

We note that for each r-rank connected graph G of order n, the hypergraph H,.(G) made of all r-splits
of G belongs to the class IK,.(n).

The class K,.(n) has the property of being a closure system. This means that: (1) the hypergraph with
every possible hyperedge belongs to IK,.(n); (2) if we take two hypergraphs Hy, Hy € K,.(n), then the
intersection of H; and Hs is also in IK,.(n). We recall that the intersection of two hypergraphs H; and
H, is the hypergraph whose vertex set is the same as Hy and Ho (namely, [n]), and whose hyperedge set
is the intersection of the set of hyperedges of H; and Hs.

Lemma 7. The class K, (n) is a closure system.

Proof: First, it is trivial that the hypergraph with all possible hyperedges satisfies Definition 4, meaning
that this hypergraph belongs to IK,.(n). Secondly, let Hy, Hy € KK, (n) and let us prove that H; N Hy €
KK, (n). To this purpose, let A, B be hyperedges of H; N Hy and let X be a subset of vertices of V, and
let us prove that they satisfy rules R <, R, R, of Definition 4:

* For R<: If | X| < r, then X is a hyperedge of H; as H; € K, (n), and X is a hyperedge of H; as
H; € K, (n). Hence, X is a hyperedge of H1 N Ho.

» For R_: As Ais ahyperedge of H; N Ha, Ais ahyperedge of Hy, and V'\ A is also a hyperedge of
H;y as Hy € K,.(n). For the same reason, V' \ A is a hyperedge of H. Hence, V'\ A is a hyperedge
of Hi N Ho.

» For R: If |ANB| > r, then AUB is a hyperedge of H; as H; € KK,.(n). With the same argument,
AU B is a hyperedge of Ho. Hence, A U B is a hyperedge of H; N Hs.

In conclusion, Hy N H;, fully satisfies Definition 4, proving that Hy N Hy € K,.(n). O

Having a closure system is convenient, as it induces a closure operator [3]. In our case, the closure
operator is defined as follows:

Definition 5. Let H be a hypergraph with vertex set V' = [n]. The closure of H in K, (n), denoted
<H>,, is the hypergraph defined as the intersection of all hypergraphs that contain /7 and that belong
to K,.(n). A hypergraph H satisfying <H>, = H is called a closed hypergraph for <->,., an r-closed
hypergraph, or simply a closed hypergraph when there is no ambiguity.
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In other words, a set of vertices A is a hyperedge of <H>, if and only if A is a hyperedge of every
hypergraph of I,.(n) that has H as a sub-hypergraph. To better understand the closure operator <->,, let
us see an example.

Example 2. Letn = 8 and r = 2. Let H be the hypergraph with vertex set V' = [n] and hyperedge set
& =1{{1,2,3},{2,3,4,5}}. Then, the hypergraph <H>,. is made of the following hyperedges:

« all sets made of 0, 1 or 2 vertices, according to R <,

« all sets made of 6, 7 or 8 vertices, according to P,

{1,2,3} and {2, 3, 4,5}, because H must be a sub-hypergraph of <H>,.,

{4,5,6,7,8}and {1,6, 7,8}, according to R _,,

{1,2,3,4,5} according to R,
» {6,7,8} according to R _, applied to {1,2,3,4,5}.
This list proves that <H>, must contain all these hyperedges. To prove that <H>, is indeed equal to

this set of hyperedges, one must prove that this whole set of hyperedges satisfies rules R <, R -, and R .

Just like any closure operator, <->, is extensive (for any hypergraph H, H C <H>,), monotone (for
any hypergraphs H, H', if H C H’, then <H>, C <H'>,), and idempotent (for any H € K,.(n), we
have <H>, = H) [3]. We can now use <->, to formalize one of the main theorems of this paper.
Theorem 1. Given an r-rank connected graph G with n vertices, there exists a hypergraph H with
O(n"*Y) hyperedges such that <H>, = H,.(G).

Section 2 is dedicated to the proof of this theorem.

1.3 Complementary results

The closure operator <->, is the main tool used to represent hypergraphs through this paper. In this
subsection, we study it in more detail. To do so, we first introduce a related closure operator, which in
turn defines a relation between the hyperedges of a hypergraph.

Definition 6. Let IK°(n) be the class of hypergraphs with set of vertices V' = [n] and set of hyperedges £
that satisfies:

R < : For every set of vertices X C V,if | X| < r,then X € £.

R . :IfAc& thenV\Ae€&.

The definition of IX?(n) is similar to the definition of I,.(n). The only difference is that the rule R
is removed. In a very similar way, we can prove that IKS(n) is a closure system, and thus we can define
the corresponding closure operator <->°. Now, we define r-orthogonal hyperedges as follows:

Definition 7. Let A and B be two hyperedges of a hypergraph H. Hyperedges A and B are r-orthogonal
if <{A, B}>, = <{A, B}>?. Here, recall that { A, B} denotes the hypergraph with vertex set [n] and
hyperedge set { A, B}.

Section 3 is dedicated to the study of r-orthogonality. This relation introduces a class of hypergraphs
called r-cross-free hypergraphs, defined as follows:
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Definition 8. A hypergraph is r-cross-free if each pair of hyperedges of H are r-orthogonal.

Such hypergraphs are interesting as they have a few number of hyperedges, but each of them is impor-
tant regarding the closure operator <->,.

Theorem 2. Let H be a r-cross-free hypergraph with n vertices. Then the number of hyperedges of H is
atmost O(n"+1),

Theorem 3. There exists a hypergraph H with n vertices that is both r-cross-free and r-closed such
that for all sub-hypergraph H' of H satisfying <H'>, = H, the number of hyperedges of H' is at least
Q(n").

Section 4 is dedicated to proving these two theorems.
Theorems 1 and 3 together prove that some r-closed hypergraphs need at least 2(n") hyperedges to be
represented, while each 7-closed hypergraph needs at most O(n" 1) hyperedges to be represented.

2 Essential hyperedges and polynomial representation

The sketch of the proof of Theorem 2 is as follows: Given a hypergraph H € I,., we define a notion of
essential hyperedge of H, such that the sub-hypergraph H' made of all essential hyperedges has a closure
equal to H. By being careful with the definition of essential hyperedges, we ensure that there is no more
than O(n"*1) essential hyperedges. This allows us to conclude.

This is done in three steps: First, we define what an essential hyperedge is. To do so, we need some
lemmas that ensure that this notion is well-defined. Then, we prove that each hyperedge of the original
hypergraph H can be obtained using essential hyperedges. Formally, this means that for each hyperedge
A of H, there exists a hypergraph H' made of some essential hyperedges such that A is a hyperedge of
<H'>,. Finally, this allows us to prove that the hypergraph H’ made of all essential hyperedges satisfies
H C <H’>,. Besides, since H' is a subgraph of H, we have an equality. Hence, we have a result for
every hypergraph in IK,.. Since H,.(G) € K,, we can conclude.

2.1 Definition of essential hyperedges

We want to define essential hyperedges of a hypergraph H € IK,. such that, using them together with rules
R<, R, and R, we can deduce every other hyperedge of H. Rule R - states that if a hyperedge A is
in H, then its complement A is also in /. This means that only half of the hyperedges are useful and that
the other half can be obtained using rule R . For instance, it motivates the fact that only hyperedges A
with a number of edges satisfying |A| < n/2 should be essential.

Our idea is to define a function g as follows. We pick a set X of r 4 1 vertices. If there exists a
hyperedge A of H that contains X such that |A| < n/2, then we map X to the smallest such hyperedge
(for instance, either A or a subset of A). Otherwise, it means that every hyperedge of H that contains
X has more than n/2 vertices. We decide to map X to nothing in this case and to remove X from the
domain of ¢y .

First, we need to prove that, under some conditions, the intersection of two hyperedges A and B of a
hypergraph H € KK,.(n) is also in H. In KK,.(n), we have property Pn that states that if A and B are two
hyperedges of H such that |[AU B| > r, then A N B is also a hyperedge of H. We show that we can
remove the condition |A U B| > r if we consider only hyperedges with less than n /2 vertices.
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Lemma 8. Let H € K, (n). Let A and B be two hyperedges of H such that |A| < n/2 and |B| < n/2.
Then AN B is a hyperedge of H.

Proof: If |A N B| < r, then AN B is a hyperedge of H by rule R <. Otherwise, we have |[A N B| > r.
Hence, |[AUB| = |A|+|B| —|AN B| <n/2+n/2 —r < n —r. This means that |[AU B| > r. By
property P, AN B is a hyperedge of H. O

We extend this lemma to more than two hyperedges by induction:

Corollary 1. Let H € IK,.(n). Let X C V be a set of vertices. Let A be the set of all hyperedges A of H
satisfying X C A and |A| < n/2. Then, if A is nonempty, the intersection of all hyperedges of A is also
a hyperedge of A.

We are now ready to define the notion of essential hyperedge.

Definition 9. Let H € IK,.(n). An essential hyperedge is a hyperedge of the form g (X) for some set
of vertices X C V, where the function ¢ is defined as follows. It is a function that takes as input a set
of vertices X C V of size | X| = r + 1 and that returns either:

* A hyperedge A of H such that X C A, |A| < n/2, and such that A is the smallest such hyperedge.

* A guaranty that each hyperedge A of H that contains X has size |A| > n/2. In this case, o (X)
is undefined, and X is not in the input space of .

This function is well-defined, as the notion of “smallest such hyperedge” exists thanks to Corollary 1.

2.2 Each hyperedge is the union of some essential hyperedges

In this section, we prove that if A is a hyperedge of H, then there exists a hypergraph H' made of some
essential hyperedges such that A is a hyperedge of <H’>,. To prove this, we discuss the number of
vertices of the hyperedge A. The main case is the case where r + 1 < |A| < n/2. Informally, the fact the
|A] > r + 1 guarantees that we can pick a set of vertices X C A of size | X| = r + 1 to apply g to;
and the fact that |A| < n/2 guarantees that ¢z (X) is defined, meaning that we have at least one essential
hyperedge ¢ (X) contained in A. The other cases (namely when |A| < r and when |A| > n/2) are
treated easily afterward.

First, we need a lemma that states that the union of some essential hyperedges of H is a hyperedge (not
necessarily essential) of H, providing some conditions. To keep it as general as possible, we do not ask
for the hyperedges to be essential, but rather we just ask them to belong to a common set of size at most
n/2 vertices.

Lemma 9. Let H € K, (n) and let Ay, ..., Ay, be k hyperedges of H. If for every 1 < i < k, we have
|A; N Air1| > 7, then Ule A, is a hyperedge of H.

Proof: We prove it by induction. For & = 1, the lemma is trivial, and for k = 2, it corresponds to R .
Suppose the lemma is true for k hyperedges, and let us prove it for k + 1. Let A’ = A; U... U Ag. A’ is
a hyperedge of H by induction. It remains to prove that A’ U Ay is a hyperedge of H. Since Ay C A’,
we have A N Ap41 € A’ N Agy1, meaning that [A’ N Ag41| > |Ag N Ags1| > 7. Finally, by rule R,
A’ U Agq is a hyperedge of H. O

With this lemma, we can prove the first case of this section, namely that each hyperedge A with a size
satisfying r + 1 < | A| < n/2 can be written as a union of essential hyperedges.
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Corollary 2. Let H € K, (n). Let A be a hyperedge of H such that r + 1 < |A| < n/2. Then there
exists a list of sets of vertices X1, . .., Xy and a hypergraph H' such that the hyperedges of H' are exactly
v (X1),...,0n(Xk) and such that A € <H'>,.

Proof: Let us write A as A = {uy,...,u4)}. For1 <i < |A] — 7, let X; = {u;,...,u;t,}. Foreach
X;, we have | X;| = r 4+ 1. Furthermore, ¢ (X;) is not undefined, as there exists a hyperedge in H that
contains X; and that has at most n/2 vertices, namely A.

Let us prove that A € <H'>,. by applying Lemma 9 with hypergraph <H’>,. and the k hyperedges
o (X1),...,0u(Xg). To be allowed to apply this lemma, we have to check that for all 4, |¢op (X;) N
o (X;41)| > r. Thisis true as X; C oy (X;) and as X; N X;41 = {wit1,...uisr}, which is a set of r
vertices. Hence, | (X;) N (Xit1)| > | Xi N Xip1| = 7.

Therefore, A € <H'>,. O

As a consequence, using the rule R —, we can deal with the case n/2 < |A| <n —7r — 1:

Corollary 3. Let H € K, (n). Let A be a hyperedge of H such that n/2 < |A| < n —r — 1. Then
there exists a list of sets of vertices X1, . .., Xy and a hypergraph H' such that the hyperedges of H' are
exactly pg (X1), ..., ou(Xy) and such that A € <H'>,.

Proof: Let B = A. Thenr + 1 < |B| < n/2. By Corollary 2, there exists a list of sets of vertices
Xi, ..., X} and a hypergraph H' such that the hyperedges of H' are exactly pi (X1),. .., pm (X)) and
such that B € <H'>,.Byrule R, B € <H'>,. O

Finally, it remains the cases where |A| < ror |A| > n —r:

Lemma 10. Ler H € K, (n). Let A be a hyperedge of H such that |A| < r or |A| > n — r. Then
A € <(>,, where () represents the hypergraph with no hyperedge.

Proof: If |A] < r, by applying rule R < to the empty hypergraph (), we have that A € <(>,. If
|A| > n — r, we apply property P> to the empty hypergraph @) to obtain that A € <@>,.. O

All in all, given a hypergraph H € K, (n) and a hyperedge A of H, there exists a list (that may
be empty) of sets of vertices X1, ..., Xy and a hypergraph H' such that hyperedges of H' are exactly
e (X1),..., o (Xy) and such that A € <H'>,..

2.3 Polynomial representation

To finally prove Theorem 1, it remains to apply the results of Section 2.2 to each hyperedge of the hyper-
graph H.

Lemma 11. Given a hypergraph H € K, (n), there exists a list of sets of vertices X1,..., Xy and a
hypergraph H' such that the hyperedges of H' are exactly op(X1),...,pu(Xy) and such that H =
<H'>,.

Proof: For each hyperedge A; of H, we know that there exists a hypergraph H; such that hyperedges of
H; are of the form ¢ (X;,),...,om(X;,) and such that A; € <H;>,. Let H’' be the union of all H;,
and let us prove that H = <H'>,.
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First, we have:

H=| {4} | J<H:>, (g) <H'>,.
- , 1

Inclusion (1) is due to the monotone property of the closure operator <->,. applied to H; and H' for all 4.
This proves that for every i, <H;>, C <H'>,. Hence, the union of <H;>, is included in <H’>,..
Furthermore,

H:UM%UH:H

Inclusion (2) is due to the extensive property of the closure operator <->,.

Hence, by the monotone property of the closure operator <->,., <H'>, C <H>,,and <H'>, C H
since H € K, (n).

All in all, by double inclusion, H = <H’>,. O

Corollary 4. Given a hypergraph H € XK, (n), there exists a hypergraph H' such that the number of
hyperedges of H' is O(n"*1) and such that H = <H'>,..

Proof: By applying Lemma 11, there exists H’ made of hyperedges of the form g (X;). The number of
such hyperedges is O(n"*1) as every X; is made of r + 1 vertices. o

Now, we can prove Theorem 1. Let us recall it.

Theorem 1. Given an r-rank connected graph G with n vertices, there exists a hypergraph H with
O(n"Y) hyperedges such that <H>, = H,(G).

Proof: Let GG be an r-rank connected graph G with n vertices. Then, H,.(G) € K, (n). By Corollary
4, there exists a hypergraph H’ such that the number of hyperedges of H' is O(n"™1) and such that
H,(G) = <H'>,. O

3 Orthogonal hyperedges

In this section, we generalize the notion of r-orthogonal hyperedges. This notion was introduced in the
case r = 1 under the name “non-crossing hyperedges” [7]. We prefer to use the term “orthogonal hyper-
edges”, as it is more common, notably in modular decomposition [11, 4]. Informally, two hyperedges are
orthogonal when they do not contribute to the existence of a lot of new hyperedges in a hypergraph. The
idea is that, given two hyperedges of a hypergraph in IK,.(n), because of rules R <, R -, and R, they can
imply the existence of a lot of other hyperedges. Namely, rules R -, and R can imply up to eight new
hyperedges (AU B, A\ B, B\ A, AN B, and all their complement). In turn, these new hyperedges can
imply the existence of a lot of new hyperedges, which implies at the end an explosion of the number of
hyperedges in the whole hypergraph. Without R, the number of new hyperedges is reduced by far, as
one hyperedge implies only the existence of another hyperedge (its complement).

Thus, the idea is to control how rule R, applies to hyperedges A and B, so that the produced hyperedge
A U B could also be obtained by using other rules, i.e., R < and/or R —,. This notion depends only on the
hyperedges A and B: either A U B can be obtained using only R < and/or R _; or R, is needed as well
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to obtain A U B. In the first case, hyperedges A and B are said to be orthogonal. In the latter case, they
are said to cross. To formalize this, we introduce a new class of hypergraphs and a new closure operator
that uses only rules R < and R, as announced in Section 1.3:

Definition 10. Let IK2(n) be the class of hypergraphs with set of vertices V' = [n] and set of hyperedges
£ that satisfies:

R < : For every set of vertices X C V,if | X| < r,then X € £.
R_:IfAe& thenV\Acf.

Lemma 12. The class K (n) is a closure system.

Proof: The proof is the same as the proof of Lemma 7, except we do not need to prove the last point. [

This induces the following closure operator.

Definition 11. Let H be a hypergraph with vertex set V' = [n]. The IK?-closure of H, denoted <H>2, is
the hypergraph defined as the intersection of all hypergraphs that contain H and that belong to IK2(n). A
hypergraph H satisfying <H>? = H is called a closed hypergraph for <->?.

We can now define the notion of r-orthogonality:

Definition 12. Let V' = [n] be a set of vertices and let A, B C V be two sets of vertices. Hyperedges
A and B are said to be r-orthogonal if <{A, B}>, = <{A, B}>?. This is noted A L, B. Recall that
{A, B} denotes the hypergraph with vertex set [n] and hyperedge set { A, B}.

In other words, two sets of vertices A and B are r-orthogonal if the smallest hypergraph containing

them as hyperedge and satisfying rules R < and R - is the same as the smallest hypergraph containing
them as hyperedge and satisfying rules R<, R, and R . This is a way of guaranteeing that R is
useless with regard to A and B.
Example 3. Let V = [n] withn = 12, and let r = 3. Let A = {1,2,3}, B = {2,3,4,5,6}, C =
{1,2,3,4,5,6} and D = {4,5,6,7,8,9}. One can prove that A L, B and C' L, D using Definition
11. However, this can be a bit tedious. Hence, we develop the following lemmas to prove some simple
equivalences of the relation L.

First, let us state some lemmas about the closure operator <->?. A direct application of the definitions
of <->? gives the following lemma:

Lemma 13. Let V = [n] and let () be the empty hypergraph with vertex set V. Then <0>° = <>, =
{ACV||A| <rorlAl <r}

Lemma 14. Let V = [n] and let A C V and B C V be two sets. Then we have <{A, B}>} =
<0>,.U{A, B, A, B}.

Proof: Let H = {A, B} and H' = <(/>, U {A, B, A, B}. First, let us prove that <H>° C H’. Since
<H>? is the smallest hypergraph that has H as a sub-hypergraph and that satisfies rules R < and R, it
suffices to prove that H' has H as a sub-hypergraph and that H’ satisfies rules R < and R _:

e H' has hyperedges A and B, meaning that ' has H as a sub-hypergraph.

* H' satisfies rule R < since <{/>, C H' and <{/>, satisfies R < by definition.
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+ H' satisfies rule R, since <()>, satisfies R by definition, and {A, B, A, B} satisfies R, by
construction.

Now, let us prove that H' C <H>?. First, A and B are hyperedges of <H>? since <H>} has H
as a sub-hypergraph. Then, A and B are hyperedges of <H>? since <H>? satisfies rule R . Finally,
<>, = <h>p C <H>?. 0

Observation 1. Let H be a hypergraph. Then <H>? C <H>,.

Now, let us understand what it means for two hyperedges to be r-orthogonal.

Lemma 15. Letr > 0and V = [n]. Let A C V and B C V be two sets. We have the following
equivalence.

Al,B <<= (|JAnB|>r = AUB=AVAUB=BV|[ANB|<7r)A
(|[ANB|>r = AUB=AVAUB=BVI|ANB|<7r)A
(JAnB|>r = AUB=AVAUB=BV|ANB|<r)A
(|[ANB|>r = AUB=AVAUB=BVI|ANB|<r).

Proof: (=) We have A 1, B. This means that <{A, B}>? = <{A, B}>,. Let H = {A, B}. Thus,
<H>, = <>, U{A, B, A, B} by Lemma 14. This equality is useful, as only the closure operator <->,.
appears in it. Now, we have to do the four cases by hand. We will do the first one in detail and give a
sketch for the other three as it is exactly the same proof:

s If|[ANB| >r,byrule R, AU B € <H>,. Let us discuss the possible values of A U B among
hyperedges of <H>, = <(>,U{A, B, A, B}. If AUB € <{)>,, then |AUB| <ror|[AUB|<r
by Lemma 13. If AU B = A, then A = () and B = V, meaning that AUB = B.If AUB = B,
then A = V and B = (), meaning that A U B = A. Otherwise, AU B = Aor AU B = B. Hence
we have that:

|[ANB|>r = |[AUB|<rV|AUB|<rVAUB=AVAUB=B
= |ANB|<rVAUB=AVAUB=B

In the last implication, we have replaced [AU B| < r by [A N B| < r, and we have removed
|AU B| < rbecause if |[AN B| > r and |[AU B| < r, then A = B, which implies AU B = A.

 If|AN B| > r, then we have |A U B| > r. By property P, we have AN B € <H>,, and by rule
R_,wehave AN B = AU B € <H>,. With the exact same reasoning as the previous item, by
replacing A by A, B by B, and vice versa, we conclude that (AN B| >r = AUB=AV
AUB=BVI|ANB|<r).

e If|ANB| > r, then we have | B\ A| > r. By property P\,wehave A\B € <H>,,andbyrule R,

we have A\B=AUB € <H>,. With the exact same reasoning as the first item, by replacing A
by A and vice versa, we conclude that (|JANB| > r = AUB =AV AUB =BV |ANB| <r).
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* If|[ANB| > r, then we have | A\ B| > r. By property P\, wehave B\A € <H>,,andbyrule R,

we have B \A=AUB € <H>,. With the exact same reasoning as the first item, by replacing B
by B and vice versa, we conclude that (|ANB| > r = AUB =AV AUB =BV |ANB| <r).

(<=) We have to prove that A |, B. Recall that H = {A, B}, and define H' := <H>? = <{>, U
{A, B, A, B}. By Observation 1, we know that <H>2 C <H>,.. It remains to prove that <H>, C H'.
In order to do so, it suffices to prove that H' has H as a sub-hypergraph, and that H' satisfies rules R <,
R_ and R . We know that H' has H as a sub-hypergraph by definition of H and H’. We already know
that H’ satisfies rules R < and R -, because H' = <H>. It remains to prove that H' satisfies R .

Let C and D be two distinct hyperedges of H' such that |C' N D| > r, and let us prove that C' U D is
also a hyperedge of H'.

First, note that if C is a hyperedge such that |C| < r, then |CND| < |C| < r, meaning that |CND| = r
and |C| = r, and thus C C D. Hence, CUD = D, which is a hyperedge of H'. Secondly, if |C| > n—r,
then |C U D| > n — r, and C' U D is a hyperedge of <()>>,, and thus a hyperedge of H’'. Hence, if
C € <(>,,then CUD € H'. By symmetry, if D € <>, then C U D € H'. Now, it remains the cases
where {C, D} C {A, B, A, B}. Taking into account the symmetry between C and D, we have six cases.
If C = D, it means that {C, D} = {A, A} or {C,D} = {B, B}. Inboth cases, CUD =V € H'. We
are now left with four cases. Note that they are proved exactly the same way:

* IfC = Aand D = B, since |C N D| > r, then |A N B| > r. By hypothesis, (|[ANB| > r =
AUB=AVAUB=BV|ANB|<r) IfAUB=AthenCUD=AUB=A¢c H'.If
AUB=B,thenCUD=AUB=Bec H.If|[ANB| <r,then AUB|<r,and AUB € H'
byrule R<,and AUB € H' byrule R,i.eCUD € H'.

« If C = Aand D = B, since |C N D| > r, then [AN B| > r. By hypothesis, |ANB| > r —>
AUB=AV AUB =BV |AnN B| <r). We do the same analysis by replacing A by A, B by
B, and vice versa, and we obtain that C U D € H'.

cIfC = Zind D = B, since [C'N D| > r, then |AN B| > r. By hypothesis, |[ANB| > r =
AUB=AV AUB=BV|AN B| <r). We do the same analysis as the first case by replacing
A by A and vice versa, and we obtain that C U D € H'.

«IfC=Aand D :_F, since |C N D[ > r, then [A N B| > r. By hypothesis, (|[ANB| > r =
AUB=AVAUB=BV|ANB| <r). We do the same analysis as the first case by replacing
B by B and vice versa, and we obtain that C U D € H'.

This concludes the proof. O

From Lemma 15, we derive some other equivalences of the relation A L, B.
Corollary 5. Let V = [n] and let A CV and B C V. We have the following equivalence.

Al,.B

—
(|[AnB|<rVACBVBCAV|AUB|<rV|[ANB|=[AUB|=r)A
(JA\B|<rVANB=0VAUB=0V|B\ Al <rV|A\B|=|B\ A =7).
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Proof:

We start from the equivalence of Lemma 15 and we use De Morgan’s law as well as basic set equiva-
lences suchas AUB = A <= B C Aand AUB = A <= ANB = (). Then,let Ry = (|JANB| < r V
ACBVBCAV|AUB|<r)andletRy = (|JA\B| <rVANB=0VAUB=0V |B\A| <r).
Recall that for all propositions X, Y, we have (X = Y) <= (=X VY). Furthermore, for all propo-
sitions X,Y, Z,wehave (ZV X)AN(ZVY) < ZV (X AY). Hence:

Al,B

e

(|JANB|<rVACBVBCAVI|AUB|<7)A
(JAUB|<rVACBVBCAVI|ANB|<7)A
(JA\B|<rVANB=0VAUB=0V|B\Al<r)A
(|IB\Al<rVANB=0VAUB=0V|A\B|<r)

A
(RiV|AUB|=7)AN(RiV|ANB|=7)AN(RyV|B\ Al =7)A (Ry vV |A\ B| =7)
—

(RiV|ANB|=[AUB|=7) A (Ry V|A\B| = |B\ 4 =r),

which concludes the proof. o

When r = 1, Corollary 5 simplifiesto A 11 B <= (ACBVBCAVANB=0Vv AUB=10),
providing that n > 4. Indeed, in that case, relations R; and Ry from the proof become equal and we can
factorize by it. We need n > 4 toremove |ANB| = |AU B| = |A\ B| = |B\ 4| = r from the factorized
equivalence. Hence, this generalizes the notion of non-crossing hyperedges, as introduced in [7].

The definition of r-cross-free hypergraph translates the idea that applying R does not provide any

new hyperedge. Let us go back to Example 3 that shows some non-trivial orthogonal hyperedges. Using
Corollary 5, we can now prove easily what we said in that example :
Example 4. Let V = [n] withn = 12, and let r = 3. Let A = {1,2,3} and B = {2,3,4,5,6}. By
using Corollary 5, since |A N B| = |{2,3}| < rand |A\ B| = |{1}| < r, we have that A 1, B. Let
C=1{1,2,3,4,5,6}and D = {4,5,6,7,8,9}. By using Corollary 5, since |C N D| = |C' U D| = r and
|C\ D|=|D\C|=r,wehave C L, D.

Before moving on to the next section, we complete this section by listing some properties regarding
r-orthogonal hyperedges.

Lemma 16. We have the following properties for all hyperedges A and B and r > 0:
1. If|A| <r then A L, B.
2. A1, A
AL A

4. IfALl, B thenB L, A.
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5. IfA L, B then A 1, B.
6. IfA L, B, then A’ 1, B for A’ € {A, A} and B' € {B, B}.

7. IfA L, B, then A L, 1 B.

Proof: Let us prove each point using Corollary 5, which states A |, B <= (|JANB|<rVACBYV
BCAV|AUB|<rVI|AnB|=|AUB|=7r)A(JA\B|<rVANB=0VvVAUB=0V
|[B\ Al <rV|A\B|=|B\A|l=r).

1. There are three cases. If |[A N B| = r, then A\ B = (), which means that A L, B. If |[A\ B| =,
then AN B = (), which means that A L, B. Otherwise, |A N B| < rand |A\ B| < r, which
means that A 1, B.

2. Ifr > 0,then A C Aand |A\ A| < r. Forthe case r = 0, wehave A C Aand |A\A| = |[A\A4| =r.
3. JANAl<rand ANA=0.

4. Definition 12 is symmetrical in A and B.

5. Corollary 5 is stable by replacing B by B.

6. This is a consequence of points 4 and 5.

7. If a set has size at most r, it has also size at most » + 1.

Hence, every point is proven. O

4 Cross-free hypergraphs and lower bound

In this section, we introduce r-cross-free hypergraphs as a tool to prove a lower bound on the number
of hyperedges needed to represent a r-closed hypergraph. We also prove that r-cross-free hypergraphs
are, in a sense, not compressible, as they have roughly the same number of hyperedges as any of their
representation.

Definition 13. A hypergraph H is said to be r-cross-free if for every pair of hyperedges (4, B), A L, B,
i.e. A and B are r-orthogonal.

If an r-cross-free hypergraph H is closed, we know it can be generated by a hypergraph with O(n"+1)
hyperedges. In this section, we show that the number of hyperedges of H is also O(n"*1).

The goal of the proof is to go deep inside the structure of a r-cross-free closed hypergraph. By def-
inition, when we take the closure of a r-cross-free hypergraph, we do not need to apply R to do so.
Hence, since we apply only rules R < and R -, we will add O(n") hyperedges and then double the num-
ber of hyperedges. Thus, intuitively, a r-cross-free hypergraph and its closure have roughly the same
number of hyperedges. However, we already know that a closed hypergraph H can be generated by a
sub-hypergraph H' with O(n"*1) hyperedges. In the case of r-cross-free closed hypergraph H, since H
and H' have roughly the same number of hyperedges, H should also have O(n"*!) hyperedges, showing
that r-cross-free closed hypergraphs have a small number of hyperedges.
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4.1 Tools

Lemma 17. Let H be a r-cross-free hypergraph with vertex set V = [n), let A be a hyperedge of H. Let
{ A} be the hypergraph with vertex set V' that has only A as hyperedge. Then: <{A}>, = <0>,U{A, A}.

Proof: <()>,U{A, A} is a hypergraph that contains { A} as a sub-hypergraph and that satisfies rules R <,
R_ and R . Since <{A}>, is the smallest such hypergraph, we have <{A}>, C <>, U {A, A}.
Since ) C {A}, then <>, C <{A}>, by monotony. Furthermore, A is a hyperedge of <{A}>,
since <{A}>, must contains { A} as a sub-hypergraph. Then, since <{A}>, must satisfy rule R _, then
A must be a hyperedge of <{A}>,, meaning that <(>, U {A, A} C <{A}>,, which concludes the
proof. O

Lemma 18. Let H be a hypergraph with vertex set V. = [n], let A and B be two hyperedges of H. Then:
A1, B < <{A,B}>, = <{A}>,U<{B}>,

Proof: By Definition 7, A 1, B < <{A, B}>, = <{A, B}>?. By Lemmas 14 and 17, we have the
following equalities:

<{A, BY>° = <0>, U {A, B, A, B}
= (<0>, U{A, A} U (<0>, U {B,B})
= <{A}>, U<{B}>,.

Hence the result. O

Lemma 19. Let H be a r-cross-free hypergraph with vertex set V. = [n] and at least one hyperedge. For
every hyperedge A of H, let { A} be the hypergraph with vertex set V' that has only A as hyperedge. Then:

<H>, = U <{A}>r
A€eH

Proof: One inclusion is easy: for any hyperedge A, we have {A} C H. Hence <{A}>, C <H>,,
meaning that | J 4 ; <{A}>, C <H>,.

Now, let us prove that <H>, is included in the union U := |J . <{A}>,. To do so, let us prove
that U satisfies rules R<, R -, and R,. The first two rules trivially hold. For rule R, let A, B be two
hyperedges of U such that [AN B| > r. Hence, there exists A’ € H and B’ € H such that A € <{A’}>,
and B € <{B'}>,. By Lemma 17, <{A'}>, = <>, U{A’, A’}. If A € <()>,,, by Lemma 13, either
|Al <ror|Al >n—r If|A| <r since | ANB| > r, wehave |A| = |[ANB| = r, and A C B, meaning
thaa AUB=BeU.If|[A|>n—r,|JAUB|>n—rand AU B € <>, C U. It remains to consider
the case where A C {A’, A’}. With the same analysis, we can consider that B C {B’, B'}.

Since H is r-cross-free, A L, B. By point 6 of Lemma 16, A’ 1,. B". Then, by Lemma 18, <{A'}>,U
<{B'}>, = <{A',B'}>,. Hence, A, B € <{A’, B'}>,, and since |A N B| > r, by rule R, we have
AUB € <{A',B’}>,. Then, since <{A',B'}>, = <{A'}>, U<{B'}>,, AUB € <{4'}>, U
<{B'}>, C U. Since U contains H, and since <H >, is the smallest such hypergraph, we have <H>, C
U. O

With the three previous lemmas, we can understand the structure of an r-cross-free hypergraph.
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Lemma 20. Let H be an r-cross-free hypergraph with n vertices. Then we have that:

<H>, = <>, U U {A, A}
AeH

As a consequence, |[<H>,| < 2(r +1)n" + 2|H|.

Proof: By applying Lemmas 19 and 17 to H which is r-cross-free, we have:

<H>, = | <Ha>r = [ (<0>,U{4,4}) = <0>, U | ] {4,4}.
AeH AeH AeH

Then, since <>, = {A C V | |A| < r or |A] < 7}, we have that:

<H>,| <Y <7z> + <n7i Z> +2[H| < 2(r + 1)n" + 2| H]|
1=0 1=0

which concludes the proof. O

As a consequence, when H is r-cross-free, H and </ >, have roughly the same number of hyperedges.
We know that H C <H>,, meaning that | H| < |<H>,|. With Lemma 20, we have the following bounds:
|H| < |<H>,| <2(r+1)n" + 2|H|. These bounds can be improved by removing <(/>, from H.

Lemma 21. Let H be a r-cross-free hypergraph with n vertices. Then:

|H\ <0>,| < |<H>, \ <0>,| <2|H\ <0>,|.

Proof: Let H' = H\ <0>,,let J = HN <0>,,let U = J ey {A Ay andlet U’ = |, {4, A}
We have:

U= J{Aa4a = J{Aadu | {44 = J{4aAauU' c <>, uU"

AeH AeJ AeH'’ AeJ

By Lemma 20, <H>, = <{>, UU. Hence, <H>, C <{>, U U’. Since U’ C U, we also have
<P>,UU' C <>, UU = <H>,. Allin all, <H>, = <0>, U U".

According to Lemma 13, we know that <(>, = {A C V | |4] < ror|A|] > n —r}. Since
H' = H \ <@>,, every hyperedge A of H' satisfies r < |A| < n — r. Since U’ is made only of
hyperedges A such that A € H' or A € H’, every hyperedges A of U’ satisfies r < |A| < n — 7.
Hence, U’ and <>, are disjoint. Therefore, the equality <H>, = <{>, U U’ can be rewritten as
<H>, \ <0>, = U’. From the definition of U’, we have |[H'| < |U’| < 2|H’|, which we rewrite as
|H\ <0>,| <|<H>,\ <0>,| <2|H\ <0>,|, hence the result. O

Now, let us see that the property of being r-cross-free is inherited when going back and forth through
the closure operator <->,..

Lemma 22. Let H be a hypergraph with n vertices. H is r-cross-free if and only if <H>, is r-cross-free.
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Proof: If H is a r-cross-free hypergraph, by Lemma 20, it satisfies:

<H>, = <>, U U {A, A (%)
AeH

We have to show that every pair of hyperedges A, B of <H>, is orthogonal. Let A, B be two hyperedges
of <H>,.If A € <{)>,, then by Lemma 13, we have |A| < r or |A| < r. Hence, with point 1 of Lemma
16, A 1, B. The same is true if B € <@>,.. Thus, we can consider that A ¢ <@>, and B ¢ <{>,.
Hence, using relation (x), it means that there exists A’ € H such that A = A’ or A’ and there exists
B’ € H such that B = B’ or B’. Since H is r-cross-free, A’ L, B’. Using the point 6 of Lemma 16,
Al, B.

If <H>, is r-cross-free, then every pair of hyperedge of <H>, is r-orthogonal. Since H C <H>,,
every pair of hyperedge of H is also r-orthogonal, and H is r-cross-free. O

4.2 Bounds

Using the lemmas stated in the previous section, we can easily prove the following theorem:

Theorem 2. Let H be a hypergraph in IK,.(n) that is also r-cross-free, and let f be a bound on the number
of hyperedges needed to represent a hypergraph of order n. If f(n) = Q(n"), then |H| = O(f(n)).

Proof: By Theorem 1, there exists H' with O(n"*1) hyperedges such that H = <H’>,.. By Lemma 22,
H' is r-cross-free. Hence, by Lemma 20, |H| = |<H'>,| < 2(r+1)n" +2|H'| = O(n") + O(f(n)) =
O(f(n)). O

By Theorem 1, there exists such a function f with f(n) = ©(n"*1). This means that the number of
hyperedges of a r-cross-free hypergraphis O(n"*1).

The remainder of this section is dedicated to proving a lower bound on the number of hyperedges
needed to represent a closed hypergraph.

Lemma 23. For all v > 0, there exists an infinite family of r-cross-free hypergraphs { H,,}, each with n
vertices and a number of hyperedges equal to Q(n") as n goes to infinity.

Proof: Let r > 0. Let n be a multiple of  + 1, i.e. n = k(r + 1) for some k € Z. We will construct a
hypergraph with n vertices such that every pair of hyperedge is r-orthogonal. To do so, let us consider the
vertex set V := Z/kZ x [r + 1], where Z/kZ denotes the set of integers modulo k. One can interpret
this set as follows: every vertex is assigned a value between 0 and & — 1 and a color from the set [r + 1].
The value is used modulo k through computation, which is why it is taken from Z /kZ rather than from
{0,...,k — 1}. The edge set is defined as follows:

&= {A = {(vi, )}t € (T‘il)

In other words, £ is the family of all sets made of  + 1 vertices from V' such that:

r+1
{cz}Z;Lll =[r+1] and Zvi =0 mod k}

=1

* vertices have pairwise distinct colors, and

* the sum of the value of each vertex equals 0 modulo £.
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As there are 7 + 1 colors and r + 1 vertices in a hyperedge, each hyperedge contains exactly one vertex
of each color. We consider the hypergraph H,, = (V, £).

First, remark that if one picks r vertices with pairwise distinct colors, then there is only one hyperedge
that contains these r vertices. Indeed, let (v;, ¢;) with 1 < ¢ < r be these r vertices. Let (v,.41,¢,+1) be a
vertex. For {(v;, ¢;) :;rll to be a hyperedge, ¢,+1 must be the missing color from {(v;, ¢;) }7_;, and v, 11
mustbe equalto — Y., v; mod k. Hence, if A, B € £ are two hyperedges of H such that [ ANB| =r,
then A = B. As a consequence, for every pair (A4, B) of distinct hyperedges, A L, B. Indeed, we know
that |[A N B| < r since A # B. Then, either |A \ B| < r, which mean that A L, B, or |[A\ B| = r,
which implies that |[A N B| = 1 and that | B \ A| = r, meaning that A L, B. As a consequence, H,, is
r-cross-free.

Now, let us compute the cardinality of £. Without loss of generality, we can set ¢; = i. Hence,
there is no choice to take regarding colors. For 1 < ¢ < r, v can be picked freely among k different
vertices. For v,.1, there is only one choice available. Hence, |£| = k". Asn = k(r + 1), we have:
El=k" = (r+1)""n" =Q(n"), as r is fixed and n goes to infinity. O

Theorem 3. For a fixed r > 0, there exists an infinite family of r-cross-free hypergraphs { Hy, }, each with
n vertices, such that for any hypergraph H,, and for any hypergraph H', if <H'>, = <H,,>,, then H'
has at least Q(n") hyperedges, with respect to n going to infinity.

Proof: Let {H,,} be the family defined in Lemma 23. Let H’' be such that <H'>, = <H,,>,. Hyper-
graph H,, is r-cross-free, so <H,,>, and H' are also r-cross-free by Lemma 22. Therefore, we can apply
Lemma 21: 2|H" \ <0>,| > |<H">, \ <0>,|, meaning in particular that 2|H'| > |<H'>, \ <0>,|.
Thus, 2|H'| > |<H,>, \ <0>,|. Furthermore, H,, C <H,>, \ <0>, because H, C <H,>, and
because every hyperedge A of H,, have a size satisfying r < |A| < n — r, meaning that H,, N <0>, = (.
Hence, |<H,,>, \ <0>,| > |H,|. Recall that the number of hyperedges of | H,,| satisfies 2(n"). Hence,
since 2|H'| > | H,|, the number of hyperedges of H' is Q(n"). O

In summary, some r-closed hypergraphs need at least 2(n") hyperedges to be represented, and our
method guarantees at most O(n"+1) hyperedges.

5 Concluding remarks

In this paper, we prove that r-closed hypergraphs need at least 2(n") hyperedges to be represented, and we
give a method that guarantees at most O(n" 1) hyperedges to represent such a hypergraph. The natural
question is to reduce the gap between the lower and upper bound: Does there exists a better method
that gives at most O(n") hyperedges, or are there some r-closed hypergraphs that need at least Q(n"*1)
hyperedges to be represented? Or maybe the correct space complexity stands between n” and n"+1?
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This paper is devoted to the study of particular geometrically defined intersection classes of graphs. Those were
previously studied by Magnant and Martin, who proved that these graphs have arbitrary large chromatic number,
while being triangle-free. We give several structural properties of these graphs, and we raise several questions.

Keywords: intersection graphs

1 Introduction

A lot of graph classes studied in the literature are defined by a geometric model, where vertices are
represented by geometric objects (e.g. intervals on a line, disks in the plane, chords inscribed in a circle...)
and the adjacency of two vertices is determined according to the relation between the corresponding
objects. A large amount of graph classes consider the intersection relation (e.g. interval graphs, disk
graphs or circle graphs). However some other relations might be considered such as the containment, the
overlap or also the contact between objects. Recently several groups of authors started to study graph
classes defined by contact models, as for example Contact of Paths in a grid (CPG) [10], Contact of L
shapes in R? or even contact of triangles in the plane [9]. In this note we consider a new class defined by
a contact model. More precisely we consider the class of graphs defined by contact of axis parallel boxes
in R? where the contact occurs on (d — 1)-dimensional object in only one direction (CBU) .

When considering graph defined by axis-parallel boxes in R? and the adjacency relation is given by
the intersection it corresponds to the important notion of boxicity introduced by Roberts [31]], when the
adjacency relation is given by the containment relation it correspond to comparability graphs and it is
connected to the poset dimension introduced by Dushnik & Miller [12]

The motivation for this class of graphs originate from an article of Magnant and Martin [26] where a
wireless channel assignment is considered. The problem considers rectangular rooms in a building and
asks to find a channel assignment for each room. In order to avoid interferences rooms sharing the same

*This research is partially supported by ANR project GATO (ANR-16-CE40-0009), and ANR project GRALMECO (ANR-21-
CE48-0004-01).
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wall, floor or ceiling need to use different channels. The question was to determine whether a constant
number of channels would suffice to answer this problem. The first negative answer was provided by Reed
and Allwright [30] that a constant number of channels is not sufficient. Magnant and Martin strengthened
their result that for any integer & there exists a building that requires exactly & channels. In addition, their
construction only requires floor-ceiling contacts.

We provide the first structural properties of this class. We first establish some links with the well-
known notion of boxicity in Section @ Then in Section [7] we consider the recognition problem and
we prove that it is NP-complete to determine if a graph is d-CBU for any integer d > 3. Then we
provide a characterization in terms of an acyclic orientation of the class of general CBU. Thanks to this
characterization, it is immediate to realize that the class of CBU constitutes a proper sub-class of Hasse
diagram graph (A Hasse diagram graph is the undirected graph obtained from a Hasse diagram associated
to a poset). Finally we prove in Section[J]that several well studied optimization problems remains NP-hard
on either 2- or 3-CBU graphs.

2 Preliminaries

We consider R? and d orthogonal vectors eq, . .., eq and we introduce a new class of geometric intersec-
tion graphs. Here, the vertices correspond to interior disjoint d-dimensional axis-parallel boxes in R<, and
two such boxes are only allowed to intersect on a (d — 1)-dimensional box orthogonal to e;. This class
of graphs is denoted by d-CBU, for Contact graphs of d-dimensional Boxes with Unidirectional contacts.
We denote CBU the union of d-CBU for all d.

Note that 1-CBU correspond to the forests of paths.

Claim 1 For every d > 1, d-CBU graphs are triangle-free.

Indeed, note that orienting the edges according to vector e; and labeling each arc with the coordinate of
the corresponding (d — 1)-hyperplane, one obtains an acyclic orientation such that for every vertex, all
the outgoing arcs have the same label, all the ingoing arcs have the same label, and the label of ingoing
arcs is smaller than the label of outgoing arcs. We call such a labeling of the arcs an homogeneous arc
labeling. Note that an oriented cycle cannot admit such a labeling. A triangle abc oriented acyclically is,
up to automorphism, such that d*(a) = 2, d*(b) = 1, and d*(c) = 0. Now ab and ac should have the
same label, such as ac and be, but ab and bc should be distinct, a contradiction. Thus a triangle cannot
admit a homogeneous arc labeling. This completes the proof of the claim.
With similar arguments one obtains the following for short cycles. See Figure[]

Claim 2 For any homogeneous arc labeling of a graph G, its restriction to a short cycle is as follows.

» For a 4-cycle, the orientation is either such that there are two sources and two sinks, or it is such
that there is one source and one sink linked by two oriented paths of length 2.

* For a 5-cycle, the orientation is such that there is one source and one sink linked by two oriented
paths, one of length 2 and one of length 3.

3 Relation with Cover Graphs

An undirected graph is a cover graph if it is the underlying graph of the Hasse diagram of some partial
order. It was shown by Brightwell [5] and also by NeSettil and Rodl [27, 28, 29] that deciding whether a
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(i) (iid)

Figure 1: (¢) Example of a good orientation of a C5 with some valid labels, (¢) example of bad orientation.
Once a label x is fixed for one arc, this label is propagated to all the arcs leading to the conclusion that
x < x. (1) the two valid orientations of a Cj

graph is a cover graph is NP-complete. However, they came up with a simple characterization in terms of
acyclic orientations.

Their characterization states that a graph is a cover graph if and only if there exists an acyclic orienta-
tion without a quasi-cycle. A quasi-cycle, being an orientation of a cycle (v1,va, ..., v,) with the arcs
(vi,vi41) forall 1 < n — 1 plus the arc (vy,v,). From a homogeneous arc labelling, the orientation
provided by the labelling clearly fulfills the above defined condition.

Claim 3 For any homogeneous arc labeling of a graph G, the orientation of G does not contain any
quasi-cycle.

Corollary 4 The class of CBU graphs is contained in the class of cover graphs.

From the previous result, it is natural to ask whether both classes are equivalent. The following remark
provides the answer.

Remark 5 The class of CBU graphs is strictly contained in the class of cover graphs. In Lemma [I6] we
will exhibit a graph that is not CBU but is a cover graph.

We will see in the following that an orientation of a triangle-free graph G, fulfilling the conditions of
Claim[2]and of Claim [3| may not admit a homogeneous arc labeling.

4 Boxicity

The boxicity box(G) of a graph G, is the minimum dimension d such that G admits an intersection repre-
sentation with axis-aligned boxes. Of course, the graphs in d-CBU have boxicity at most d. The converse
cannot hold for the graphs containing a triangle, as those are not in CBU. However, some relations hold
for triangle-free graphs. Let us begin with bipartite graphs.

Theorem 6 Every bipartite graphs of boxicity b belongs to (b + 1)-CBU.
Proof: Consider a bipartite graph G with vertex sets A and B. Consider a boxicity b representation of G

and slightly expand each box in such a way that the intersection graph remains unchanged (we stop the
expansion of the boxes before creating new intersections). Now, any two intersecting boxes intersect on a
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b-dimensional box. Assume that this representation is drawn in the space spanned by e, . . ., ey41, and let
us set for the first dimension (spanned by e;) that the vertices of A and B, correspond to the intervals [0, 1]
and [1, 2], respectively. As A and B are independent sets, it is clear that the boxes in the representation
are interior disjoint and that any two intersecting boxes intersect on a b-dimensional box orthogonal to e;.
The obtained representation is thus a (b + 1)-CBU representation of G. o

Theorem|[6]does not extend to triangle-free graphs. We will see in the following section that there exists
triangle-free graphs with bounded boxicity that are not d-CBU, for any value d. Actually, Lemmal[T6|tells
that there exists such graphs with girth 5. In other words, for a 3 < g < 5, there is no function f; such
that every graph G, of girth at least g and of boxicity b belongs to ( f,(b))-CBU.

Problem 7 For g > 6, is there a function f, such that every graph G, of girth at least g and of boxicity b
belongs to (f4(b))-CBU?

By Theorem we know that if fg exists, then fs(2) is at least 3. Nevertheless, the following theorem
shows that subdividing the edges enables to consider every triangle-free graph. An intersection represen-
tation is said proper if two objects intersect if and only if some point of the representation belongs to these
2 objects, only.

Theorem 8 For every graph G having a proper intersection representation with axis-parallel boxes in
R®, the 1-subdivision of G belongs to (b+ 1)-CBU.

Proof: Consider such a representation of G and slightly expand each box in such a way that the intersec-
tion graph remains unchanged, and any two intersecting boxes intersect on a b-dimensional box. Assume
that this representation is drawn in the space spanned by e, . . ., €341, and for the first dimension (spanned
by e1) let us consider any vertex ordering, v1, . . ., v,. For the first dimension, a vertex v;, corresponds to
the interval [2¢, 2¢ 4 1]. Clearly, none of these boxes intersect. Let us now add the boxes for the vertices
added by subdividing the edges of G. For any edge v;v;, in the space spanned by eg, ..., €541, the ex-
pansion ensured that the intersection of v; and v; contains a box B;;, that does not intersect any other box
of the representation. If 7 < j, the subdivision vertex of v;v;, is represented by [2i + 1,2j] x B; ;. The
obtained representation is clearly a (b + 1)-CBU representation of the subdivision of G. O

Corollary 9 For every triangle-free graph G of boxicity b, the 1-subdivision of G belongs to (b+1)-CBU.

5 Planar graphs

While planar graphs have boxicity at most 3 [35} [18l 4], many subclasses of planar graphs are known
to have boxicity at most 2. This is the case for 4-connected planar graphs [34], and their subgraphs.
The subgraphs of 4-connected graphs include every triangle-free planar graph (see Lemma 4.1 in [20]).
As observed earlier, for those the representation is necessarily proper. For general planar graphs, the
representation in R?® provided in [I8] is clearly proper. So Theorem [8|implies the following.

Corollary 10 For every planar graph G, the 1-subdivision of G belongs to 4-CBU. Furthermore, if G is
triangle-free then it even belongs to 3-CBU.
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Figure 2: The top boxes with respect to /1, {5, and /5 are b, d, and a, respectively. The top sequence of
this 2-CBU representation is a, b, d, e, a, g, h, g, a.

5.1 2-CBU graphs

Given a 2-CBU representation of a graph G, and a vertical line ¢, the top box of this representation with
respect to £ is the highest box intersecting ¢. Now, the fop sequence of a 2-CBU representation is the
sequence of top boxes obtained when parsing the representation with ¢ from left to right (see Figure 2).

One can easily see that 2-CBU graphs are planar graphs, and that every forest is a 2-CBU graph.
Actually, this class contains every triangle-free outerplanar graph.

Theorem 11 Every triangle-free outerplanar graph is 2-CBU.

Proof: Let us prove that for any connected outerplanar graph G, and any facial walk vy, va, ..., Vg, V41 =
v1 on the outerboundary of G (with separating vertices appearing several times in this walk), there exists
a 2-CBU representation of GG with top sequence vy, Vs, . . . , Uk, Uk41-

We proceed by induction on the number of vertices in GG. The statement clearly holds if G has only
one vertex. A connected triangle-free outerplanar graph with more vertices contains either a vertex v; of
degree one, or a cycle v;, ..., v; of length at least four (i.e. j —% > 3), whose vertices v;41,...,v;-1
have degree two in G.

In the first case we can add the box of v; in the representation of G \ v; obtained by induction (see
Figure [3| left). In the second case we consider the representation of G \ {vi41,...,v;j_1} obtained by
induction. Note that v; and v; now appear consecutively in its outerboundary, such as in the top sequence.
It is thus easy to add the boxes of v;41,...,v;_1 in the representation (see Figure@ right). a

Theorem 12 There are series-parallel graphs of girth 6 that are not 2-CBU.

Proof: Consider a graph G with two vertices, a and b, linked by 9 disjoint ab-paths of length three ax;y;0,
fori € {1,...,9}. Then for each edge z;y; add a length 5 path from z; to y;. The obtained graph has
girth 6 and is series-parallel (see Figure [3).

Note that in a 2-CBU representation of G, the box of a (resp. b) has at most four neighbors such that
their intersection contains a corner of a (resp. b). Thus, there exists an ¢ € {1,...,9} such that one side
of x; is contained in one side of a, and one side of y; is contained in one side of b. Now, whatever the
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Figure 3: Left part : Adding a degree one vertex v; in the representation. This is done in the vertical stripe
where the neighbor of v;, v;_1 = v;41, is the top box. Right part : Adding v;41,...,v;_1. This is done
in the vertical stripe where v; and v; are the top box, successively.
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Figure 5: The series-parallel graph G of Theorem
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Figure 6: The graph WY.

way z; and y; intersect (a side of x; may be contained in a side of y;, or the other way around, or also
their intersection may contain a corner of each box), it is not possible to have the length 5 x;y;-path (see
Figure 3] right). If a side of x; is contained in a side of y; there is no place left around z; to draw a third
neighbor. If the intersection of z; and y; contains a corner of z; and a corner of y;, there is space to draw
a third neighbor for these vertices, say v and v respectively, but in that case the uv-path should go around
a or b, but it would intersect the paths ax;1;b with j # 4. Thus G does not admit a 2-CBU representation.
O

Problem 13 Is there a girth g such that every series parallel graph of girth at least g belongs to 2-CBU ?

For planar graphs, the following theorem shows that such a bound on the girth does not exist. Let us
denote by Wg2 the double wheel graph, obtained from a cycle Cy by adding two non-adjacent vertices,
each of them being adjacent to every vertex of C;. An edge incident to one of these two vertices (i.e., an
edge not contained in Cy) is called a ray. Now, let W_(; be the graph obtained from V[/g2 by subdividing
|9/2] times every ray (see Figure[6). This graph is planar and has girth g.

Theorem 14 The graph Wg’ does not belong to 2-CBU.
Proof: For any 2-CBU representation of the cycle C' of length g there is a rectangle R, for example the
one with the leftmost right side, such that none of the top or bottom side of R is incident to the inner

region. It is thus impossible to connect I? with a ray in the inner region. On the other hand, there is no
planar embedding of W where C' bounds an inner face. a

5.2 3-CBU graphs

Bipartite planar graphs are known to be contact graphs of axis-aligned segments in R? [3} 8]}, and their
boxicity is thus at most two. By Theorem [6] we thus have the following.

Corollary 15 Every bipartite planar graph belongs to 3-CBU.

The following lemma tells us that this property does not generalize, in a strong sense, to triangle-free
planar graphs.
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Hasse Dlagram of G3

Figure 7: The graph G5 is planar and non CBU. It is however a cover graph.

Lemma 16 There exists a girth 4 planar graph that is not CBU.

Proof: Let us consider the graph G represented in Figure[7} One can show that this graph does not admit
any valid CBU orientation where in the C4 induced by a, b, ¢ and d, a is a source and d is a sink (nor the
converse). Let us assume that there exists a CBU orientation such that « is a source and d is a sink. By
fixing the orientation of edges ab and ac from a to b and from a to c respectively, and by Claim [2| the
edges be and cf have to be oriented from b to e and from c to f. The edge ef is oriented in any direction,
w.l.o.g. let us say from e to f. But in that case, in the C5 induced by b, e, f, ¢ and d contains two sources
and two sinks, which is not a valid CBU orientation (By Claim .

By adding a path of length 3 between a and d, we obtain the graph G». From the previous observation,
we can conclude the same property for vertices b and c. Hence, in the valid orientation of G2, a and d are
sources and b and c are sinks (or the converse). Let us now consider the graph G5 obtained by gluing two
copies of G5 in a special manner (see Figure[7). Let us remark that the graph obtained is planar. Let us
consider, w.l.0.g., that a and d are sources and b and c are sinks in the Cy induced by a, b, ¢, and d. Recall
that a valid orientation of a C5 contains exactly one source and one sink. Thus, in the C5 induced by the
vertices a, ¢, d, k, and j, the vertex c has to be a sink from the already fixed orientation. Hence, it forces
the edge aj to be oriented from j to a and the edge dk from k to d (the edge k, j can be oriented in any
direction), since the length of a path from a source to a sink in an orientation is exactly 2 for one path and
3 for the other.

Then in the partial orientation obtained, we can conclude that in the Cy induced by a, ¢, i, and j, the
vertex ¢ will be a sink and vertex j will be a source. However, as mentioned in the beginning of this proof,
this orientation will not lead to valid orientation, since j and ¢ play the same role as ¢ and d in GG;. Hence,
(3 does not admit a valid CBU orientation. O
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Remark 17 The graph G5 used in the proof of Lemma[I6]is actually a cover graph. In Figure[7} the
bottom picture depicts its Hasse diagram.

Since every planar graph with girth at least 10 has circular chromatic number at most 5/2 [14]], the
forthcoming Theorem [35]implies that such a graph necessarily belongs to CBU.

Problem 18 What is the lowest g € [5,...,10] such that every planar graph G with girth at least g
belongs to CBU.

6 Structural properties of d-CBU and CBU

Theorem 19 For every d > 1, the class of d-CBU graphs is strictly contained in the class of (d+1)-CBU
graphs.

The case d = 1 follows from the earlier observation that 1-CBU graphs correspond to forests of paths, and
from the many examples of 2-CBU graphs provided above. For d > 2, the following structural lemma
allows us to translate the strict containment of boxicity b bipartite graphs, to the strict containment of
d-CBU. Indeed, it is known that the graph obtained from the complete bipartite graph Ky, o5 by removing
a perfect matching has boxicity exactly b [33].

Lemma 20 Given a connected bipartite graph B, with parts X and Y, let B’ be the graph obtained from
B, by adding a path xzy and by connecting x and y to every vertex in X and Y, respectively. Then, B
has boxicity at most d if and only if B’ belongs to (d + 1)-CBU.

Proof: Let us begin with the simpler "only if" part. We proceed as in the proof of Theorem [6]in order
to obtain a (d + 1)-CBU representation of B such that every vertex of X (resp. Y') corresponds to
[0,1] (resp. [1,2]) in the space spanned by e;. Then it suffices to add the boxes for z,y and z. For
a sufficiently large Q, z is represented by [—1,0] x [-Q,+Q] x ... X [-Q, 4], y is represented by
2,3] x [-9,4+9Q] x ... x [-Q,+Q], and z is represented by [0,2] x [2—1,9Q] x ... x [2—1,9Q].

For the "if" part, consider a (d + 1)-CBU representation of B’, and the homogeneous arc labeling of B’
induced by this representation. We first prove that all the arcs between X and Y are oriented in the same
direction. Towards a contradiction, consider a path z1ysx3 with 1,23 € X and y5 € Y, and such that
the edges are oriented from x; to ys, and from ys to x3. This forces the remaining edges of the 4-cycle
yx1y2x3 to be oriented from ;1 to y, and from y to x3 (see Claim @ Now we cannot orient the edge
Yo, 'z, 2y in such a way to fulfill Claim [2] for the 5-cycles zzyx1y2 and zzyxsy». Indeed for the first
one, yz should be oriented from y to z, while for the second one it should be oriented from 2 to y, a
contradiction.

This orientation ensures that the labels of all the arcs is the same. This implies that there is an hyper-
plane H orthogonal to e; such that for any pair of intersecting boxes 2’ € X and y’ € Y/, their intersection
belongs to #. This implies that projecting the (d + 1)-CBU representation (restricted to B) along e leads
to a boxicity d representation of B. O

It is clear that CBU is hereditary (i.e. closed under induced subgraphs) but actually it is also closed
under subgraphs.

Theorem 21 For any subgraph H of G, G € CBU implies that H € CBU. More precisely, if there is a
complete bipartite graph K, j, such that V (K, ) C V(G), and such that E(H) = E(G)\ E(K,), then
if G belongs to d-CBU then H belongs to (d + 1)-CBU.
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Proof: Let A, B be the parts of K, ;. Given a CBU representation of G in R? we are going to build a
CBU representation of H in R, For this, the first d intervals defining each d-box remain unchanged
while the last interval is [0, 1] for the vertices in A, [2, 3] for the vertices in B, and [0, 3] for the remaining
vertices. It is now easy to check that two boxes intersect if and only if they intersect in G and if they are
not adjacent in K, ;. It is also clear that the intersections occur on planes orthogonal to e;. a

The graph class CBU is also closed by the addition of false twins.

Theorem 22 For any graph G and any vertex v of G, consider the graph GV obtained from G by adding
a new vertex v' such that N(v') = N(v). Then G € CBU if and only if G* € CBU. Furthermore, if
G € d-CBU then G® € (d + 1)-CBU.

Proof: The "if" part is obvious as G is an induced subgraph of G*. For the "only if" part, given a CBU
representation of G in R? we are going to build a CBU representation of GV in R, For this, the first
d intervals defining each d-box remain unchanged, and those of v’ are the same as those of v. The last
interval is [0, 1] for v, [2, 3] for v', and [0, 3] for all the remaining vertices. It is now easy to check that two
boxes intersect if and only if they intersected and if one of them is distinct from v or v’. It is also clear
that the intersections occur on planes orthogonal to e;. a

Shift graphs were introduced by P. Erd6s and A. Hajnal in [17] (see Theorem 6 therein). Those are the
graphs H,,, whose vertices are the ordered pairs (i, j) satisfying 1 < ¢ < j < m, and where two pairs
(i,7) and (k, 1) form an edge if and only if j = k or I = i. Note that such graphs admit a homogeneous
arc labeling ¢ defined by ¢({(, ), (j,k)}) = j, and by orienting any edge {(4,5), (4, k)} from (i, j) to
(ji k).

Theorem 23 The graph H,, belongs to (m —1)-CBU. Furthermore, H,,, has a CBU representation such
that in the first dimension the vertex (i, j) corresponds to interval [i, j].

Proof: This clearly holds for the one vertex graph H,. By induction on m consider a representation of
H,,_1, add a false twin for every vertex (¢, m — 1) and modify the first interval of these new twins, so that
the interval [i,m — 1] becomes [i, m]. These boxes correspond to the vertices (¢, m) with i < m — 1. For
the vertex (m — 1,m), one should add a box [m — 1, m] x [-Q,+Q] x ... x [=Q, +Q], for a sufficiently
large 2. To deal with the intersections between this box and the boxes of the other vertices (i, m), we add
anew dimension such that vertex (m — 1, m) has interval [1, 2], the vertices (i, m — 1) have interval [1, 2],
the vertices (i, m) with ¢ < m — 1 have interval [3,4], and all the other vertices have interval [1,4]. O

Theorem 24 For every n-vertex graph G the following properties are equivalent.
a) G belongs to CBU.
b) G admits a homogeneous arc labeling.

¢) G is the subgraph of a graph H!,, obtained from the shift graph H,, by iteratively adding t false
twins, for some values m,t such thatm +t < n + 1.

d) G belongs to (2n — 1)-CBU.



CBU graphs 11

Proof: We have already seen that a) = b). Let us show b) = ¢). Consider a homogeneous arc labeling
of G, with labels in [2, m — 1], for the minimum m. By minimality of m, note that all the labels are used,
and thus m — 2 < n—1. Let H},, be the graph obtained from the shift graph H,, by adding ¢; ; false twins
of vertex (1, j) if there are t; ; + 1 vertices of G whose incoming arcs are labeled ¢, and whose outgoing
arcs are labeled j. For the vertices without incoming (resp. outgoing) arcs assume that those are labeled
1 (resp. m). Consider now an injective mapping v : V(G) — V(H})), such that any vertex with
incoming and outgoing arcs labeled ¢, j is mapped to (i, j) or one of its twins. This mapping ensures us
that G is a subgraph of H! . Indeed, for any two adjacent vertices u, v of G linked by an edge labelled
j oriented from u to v, their incoming and outgoing arcs are labeled 7, j and j, k respectively, for some
i < j < k, and thus the vertices y(u) and v(v) of H, are adjacent, as they correspond to or are twins of
(i, j) and (j, k).

We now show ¢) = d). Consider a graph H! containing G as a subgraph, for some m, t such that
m+t <n+1. By Theoremand Theoremwe have that H!, belongs to (m — 1 +¢)-CBU, and so to
n-CBU. Starting from HY, one can obtain G by successively deleting n — 1 stars K7 5, so by Theorem
we have that G belongs to (2n — 1)-CBU. Finally, d) = a) is obvious. O

It is easy to see that every complete bipartite graph belongs to 3-CBU. By Theorem 21} removing stars
K1, centered on the smallest part, one obtains that every n-vertex bipartite graph belongs to (|n/2] +
3)-CBU. One can reach a slightly better bound from Theorem @ and the fact that for every graph G,
box(G) < |n/2] [31].

Corollary 25 Every bipartite graph G belongs to CBU. Furthemore, if |V (G)| = n then G belongs to
([n/2] +1)-CBU.

As already mentioned, some bipartite graphs have arbitrary large boxicity, and thus there is no fixed d
such that every bipartite graph belongs to d-CBU. For large girth graphs it is a different.

Theorem 26 For any g > 3, there exist graphs of girth g not contained in CBU.

Proof: Indeed, for any g > 3 there exist graphs of girth g with fractional chromatic number at least
4 [16]. (Actually, their fractional chromatic number is arbitrarily large). By Theorem [39] such graphs
cannot belong to CBU. O Nevertheless, the following remains open.

Problem 27 Are there integers d, g such that every girth g graph G of CBU belongs to d-CBU?

The remarks above imply that testing if a bipartite graph belongs to CBU is obvious (computable in
constant time), while for girth g graphs the question is more involved, as CBU has such graphs included
and some other excluded. The following section treats the computational problem of recognizing CBU
graphs.

7 Recognition

Computing the boxicity of a bipartite graph is a difficult problem. It is known that deciding whether a
bipartite graph has boxicity two is NP-complete [24]]. Furthermore, it is proven in [[1] that it is not possible
to approximate the boxicity of a bipartite graph within a O(n%5~¢)-factor in polynomial time, unless
NP = ZPP. By Lemma for every bipartite graph B there is a graph B’ (obtained in polynomial
time) such that the minimum value d for which B’ belongs to d-CBU is exactly d = box(B) + 1.
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Corollary 28 It is NP-complete to decide whether a graph belongs to 3-CBU. Furthermore, unless NP =
Z PP, one cannot approximate in polynomial time and within a O(n°>~¢)-factor, the minimum value d
for which an input graph G belongs to d-CBU.

This implies that for most values d the problem of deciding whether an input graph belongs to d-CBU,
cannot be computed in polynomial time, unless NP = ZPP. The hypothesis NP = P being stronger
than NP = Z PP, it would be stronger to know that it is NP-complete to decide if an input graph belongs
to d-CBU.

Problem 29 For which values d, is it NP-complete to decide whether a graph belongs to d-CBU? Are
there values d, in particular for d = 2, for which the problem is polynomial?

By Lemma this problem would be solved, for d > 3, if the following problem admits a positive
answer.

Problem 30 For any d > 3, is it NP-complete to decide whether a bipartite graph B has boxicity at most
d?

Another computational problem is testing the membership in CBU.
Problem 31 Is it polynomial to decide whether a graph belongs to CBU?

We have seen that some triangle-free planar graphs, or some graphs with arbitrary large girth, are not
in CBU. We can thus restrict the problem.

Problem 32 Is it polynomial to decide whether a planar graph G belongs to CBU? For some g > 3, is it
polynomial to decide whether a graph G of girth at least g belongs to CBU?

7.1 Recognition through forbidden induced subgraphs

As CBU and d-CBU are closed under induced subgraphs, they are characterized by a set of minimal
excluded induced subgraphs, Fopy and Fy_cpy. If one of these sets is finite, then recognizing the
corresponding class becomes polynomial-time tractable. Thus by Corollary 28] the set F3_cpy (resp.
Fi—cpy for d > 4) is not finite, unless P = NP (resp. unless NP = ZPP). For the set Fo_cpy
(resp. Fcpu), we are sure that it is infinite. Indeed, Theorem [I4](resp. Theorem 26) provides an infinite
sequence of graphs (G;), notin 2-CBU (resp. not in CBU) such that the girth of G; is at least 4. If there
was an n such that every graph in Fo_cpy (resp. Fopy) has at most n vertices, then to exclude G, 41
one would need to have a tree in F5_cpy (resp. Fopy). This is not the case as for every tree ', we have
that T € 2-CBU C CBU.

7.2 Recognition through homogeneous arc labelings

By Theorem[24] a graph G belongs to CBU if and only if it admits a homogeneous arc labeling. If we are
given an orientation of a graph G it is simple to check whether this orientation admits such labeling. For
example, one can use linear programming. For each arc uv, set a variable ¢, corresponding to a label,
and for any two incident arcs, add a constraint. For two arcs uv and uw (resp. uv and wwv), the constraint
is Lyy = Ly (1esp. Ly = Lyy). For two arcs uv and vw, the constraint is £y, + 1 < £y, Problem [31]
thus reduces to deciding whether a graph G admits an orientation that is homogeneously labelable. In the
following we characterize such orientations.
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A cycle (vg, v1,...,vn—1) is said badly oriented if there is a vertex v; whose incident arcs are v;_1v;
and v;v;41, and if there is no vertex v; whose incident arcs are v;41v; and v;v;_; (indices being consid-
ered mod n).

Theorem 33 An orientation of a graph G admits a homogeneous labeling if and only if there is no badly
oriented cycle.

Proof: For the "only if" part, consider a badly oriented cycle (vg,v1,...,v,—1) with arcs v,,_1vo and
vov1, but with no vertex v; # vy whose incident arcs are v;yiv; and v;v;_1. This latter condition
implies that in any homogeneous labeling the sequence of labels for the edges (without considering their
orientation) vgv1, V1V2, . . . , Un—2Un—1, Un—1Vo 1S non-decreasing, while the former condition implies that
the label of vyv; is greater than the one of v,,_1vg, a contradiction. Thus this orientation of G does not
allow any homogeneous labeling.

For the "if" part, consider a graph G oriented without badly oriented cycle, and consider a source w,
and let us denote vy, . .., v, its out-neighbors. If for every vertex v;, u is its unique in-neighbor, then by
recurrence on the number of vertices we assume that G \ {u} has a homogeneous labeling, and we label
the arcs incident to u with a sufficiently small value, say —(2. In that case it is easy to check that this
labeling is homogeneous.

Otherwise, let v; and v’ be vertices such that G has arcs from both u and v’ toward vertex v;. In that
case, consider the oriented graph G’ obtained from G \ {u} by adding the arcs u'v1, . .., u'vy, if missing.

Claim 34 G’ has no badly oriented cycle.

Proof: If G’ had a badly oriented cycle C, this one should go through a newly added arc vw'v;. If v; ¢ C,
by replacing the arc w'v; by the path (u’,v;,u,v;) one would obtain a badly oriented cycle in G, a
contradiction. We thus assume that v; ¢ C, and now by replacing the arc u'v; by the path (v, v;, u,v;)
we obtain a badly oriented closed walk W (that is a walk where there are consecutive "forward" arcs, but
no consecutive "backward” arcs). Let us denote P and P’ the sub-paths of C'\ {v/v;} C G linking v; and
v;, and linking v’ and v;, respectively.

Let us show that if the edge incident to v; in P’ is oriented from v; to the other end, denoted v, then
this arc is backward with respect to C. Indeed, the cycle Cp: of G formed by P’ and the arc u'v;, has
consecutive arcs oriented in the same direction, u’v; and v;v, and (as G contains no badly oriented cycles)
has consecutive arcs oriented in the other direction. The latter pair of arcs belonging both to P’ C C, they
are forward with respect to C, thus v;v is backward.

Similarly, let us show that if the edge incident to v; in P is oriented from v; to the other end, denoted
w, then this arc is backward with respect to C. Indeed, they cycle Cp of G formed by P and the arcs
uv;and uv;, has consecutive arcs oriented in the same direction, wv; and v;w, and (as G contains no badly
oriented cycles) has consecutive arcs oriented in the other direction. The latter pair of arcs belong both to
P C C, or they are the arcs incident to v;. In the former case, these arcs are forward with respect to C,
thus v;v is backward. In the latter case, replacing uv; with u v;, one has that the incident arcs of v; in C
are oriented in the same direction. this direction is thus the forward direction, and in that case also v;v is
backward.

We thus have that the arcs incident to v; cannot be oriented in the same direction (they would form
consecutive backward arcs in ('), and they are not both oriented from v; to the other end (they would
be both backwards although they have distinct directions). Now we distinguish cases according to the
position of the consecutive forward arcs in C. We have that:
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a) there are two consecutive forward arcs in P U {u/v; }, or
b) there are two consecutive forward arcs in P’ U {u/v, }.

In case a), the cycle Cp of G has consecutive forward arcs (by replacing if necessary the arc u'v; with
uv;). Since this cycle is not badly oriented it also contains consecutive backward arcs. According to the
orientation of the arcs, those backwards arcs cannot be the arcs incident to u, or those incident to v;. Thus
they belong both to P U {uv,}, but this would imply that C' also contains consecutive backward arcs, a
contradiction.

In case b), the cycle Cps of G has consecutive forward arcs (by replacing if necessary the arc u'v; with
u'v;). Since this cycle is not badly oriented it also contains consecutive backward arcs. According to the
orientation of the arcs, those backwards arcs cannot be the arcs incident to v;. This would imply that C'
also contains consecutive backward arcs, a contradiction.

This concludes the proof of the claim O

So now, by recurrence on the number of vertices we can assume that G’ has a homogeneous labeling,
and let ¢ be the label of the arcs outgoing from «’. In that case one can derive a labeling of G by keeping
the same labels, and by setting the label £ for the arcs outgoing from . It is easy to check that this labeling
is homogeneous. O

Note that Theorem [33]provides another proof that CBU contains every bipartite graph. Indeed, orienting
all the edges from one part toward the other, the direction of the arcs alternate along any cycle, and so
there is no badly oriented cycle. Actually, we can go a little further.

Theorem 35 Every graph G with circular chromatic number x.(G) < 5/2 belongs to CBU.

Proof: A graph G with circular chromatic number x.(G) < 5/2 has a homomorphism into the circu-
lar complete graph K, that is the 5-cycle. As this graph belongs to CBU the theorem follows from
Theorem 371 O

Note that we cannot replace 5/2 by 8/3 in Theorem as one can easily check that every orientation
of Kjg,3 contains a badly oriented cycle.

Problem 36 What is the largest ¢ such that every graph G with x.(G) < ¢ (or with x.(G) < ¢) belongs
to CBU.

Theorem 37 Given two graphs G, H such that there is an homomorphism~y : V(G) — V(H), then if
H € CBU we have that G € CBU.

Proof: By Theorem the graph H admits a homogeneous arc labeling, ¢f;. Orient the edges of G in
such a way that uv € E(G) is oriented as the edge v(u)y(v) € E(H), that is from u to v if and only
if y(u)vy(v) is oriented from ~y(u) to y(v) in H. Similarly we copy the labeling of H’s arcs by setting
le(uv) = Ly (y(u)y(v)). One can easily check that this is a homogeneous arc labeling of G, and thus
that G belongs to CBU. O
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8 Chromatic Number and Independent Sets

While 2-CBU graphs have chromatic number at most 3 (by Grotzsch’s theorem), 3-CBU graphs have
unbounded chromatic number.

Theorem 38 (Magnant and Martin [26]) For any x > 1, there exists a graph in 3-CBU with chromatic
number .

However, these graphs have bounded fractional chromatic number, and thus have linear size independent
sets. Indeed, G. Simonyi and G. Tardos [32] showed that shift graphs have fractional chromatic number
less than 4. As such a bound extends by adding a false twin and by taking a subgraph, we have the
following.

Theorem 39 For any graph G € CBU, x;(G) < 4, and o(G) > |V (G)|/4.

For planar graphs in CBU, this bound on ¢ can be improved by one, but not more.

Theorem 40 For every planar graph G in CBU we have x¢(G) < x(G) < 3. On the other hand, for
every n = 2 (mod 3) there is a n-vertex planar graph G in CBU such that o(G) = (n + 1)/3, and thus

X7 (G) >n/a(G) =3 — ni“

Proof: The first statement follows from Grotzsch’s theorem. The second statement follows from graphs
constructed by Jones [22], which were proved to have independence number «(G) = (n + 1)/3. Those
graphs form a sequence Ji, Jo, ... such that Jy is the 5-cycle (a1, b1,c¢1,d, ), and such that J;y; is
obtained from J; by adding three vertices a; 1, b;t1, ¢i+1 such that N(a;+1) = {bi,bit1}, N(biy1) =
{ait1,¢it1}, and N(c;41) = {as, ¢, bip1} (see Figure . It is already known that those graphs are
planar, and it does only remain to show that they belong to CBU. Let us do so by exhibiting a homogeneous
arc labeling /. This labeling is such that for any ¢ > 1 we orient the edges a;b; and b;c; toward b;, we
orient the edges z;y;,1, for 2,y € {a,b, c}, from x; towards y; 1, and we set £(a;b;) = £(a;c; 1) = 2i,
U(cibi) = £(ciciyry = 2i, and £(b;a, 1) = 2i + 1. By examining Figure [§] it is clear that this is a
homogeneous arc labeling. m|

Although 2-CBU lies in the intersection of CBU and planar graphs, it might be the case that the frac-
tional chromatic number of graphs in 2-CBU is bounded by some ¢ < 3. Indeed, Jones graphs J;, for a
sufficiently large ¢, seem to not be in 2-CBU.

Problem 41 Is there a ¢ < 3 such that every graph G in 2-CBU has fractional chromatic number
xr(G)<e?

A positive answer to this question, would give support to two conjectures. Let P45 be the set of planar
graph with girth at least five, and let 7352 4 be the set of planar graph with girth at least four, where every
4-cycle bounds a face. Clearly Py>5 C 77;2 4» since these classes avoid Jones graphs it is conjectured that

graphs in Pg>5, or more generally graphs in 73;; 4» have fractional chromatic number at most ¢, for some
¢ < 3 [13.[15]. However, our problem is not a sub-case of these conjectures (as K. 2,¢ belongs to 2-CBU

\ sz 4)» hor a super-case (as Py>5 \ 2-CBU is not empty, by Theorem .
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Figure 8: The Jones graphs J; and .J;4 1, with a homogeneous arc labeling. For every 7 > 1, this embed-
ding is such that the path a;b;c; is on the outer-boundary. Thus, adding vertices a1, b;+1, ¢;+1 does not
break planarity.

9 Computational hardness for many problems

We have seen (c.f. Theorem [8] Corollary [9] and Corollary [T0) that many 1-subdivided graphs belong to
CBU, or even to 3- or 4-CBU. For (> 2)-subdivided graphs, the picture is even simpler.

Theorem 42 For every graph G, if we subdivide every edge at least twice, the obtained graph belongs to
3-CBU.

Proof: Let us denote vy, . . . , v, the vertices of G, and let m = |E(G)|. To construct a CBU representation
for any (> 2)-subdivision, we start by assigning each vertex v; to the box [3i,3i+ 1] X [n —i,n —i+ 1] X
[0, 2m]. Then consider each edge e of G in any given order. For the k™ edge e assume it links v; and v;, for
some i < 7, and assume e is replaced by the path (v;, u1, ..., u,,v;) for some r > 2. Here, u, is assigned
to [3i+1,3i 4+ 2] x [n—j,n — i+ 1] x [2k — 1, 2k], while the vertices u, with 2 < ¢ < r are assigned to
[Bi+24+(£—2)(3j—3i—2)/(r—1),3i+24+(¢—1)(3j=3i—2)/(r— 1) x [n—j,n—j+1] x [2k—1, 2k]
(see Figure [0). One can easily check that the obtained representation is a 3-CBU representation of the
subdivided graph. O

Corollary 43 The problems of MINIMUM FEEDBACK VERTEX SET and CUTWIDTH are NP-hard, even
when restricted to 3-CBU graphs. The problems MAXIMUM CUT, MINIMUM VERTEX COVER, MINI-
MUM DOMINATING SET, and MINIMUM INDEPENDENT DOMINATING SET are APX-hard, even when
restricted to 3-CBU graphs.

Proof: For MINIMUM FEEDBACK VERTEX SET and CUTWIDTH, this follows from the fact that these
problems are NP-hard, and that for any instance, subdividing an edge does not change the solution. For
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Figure 9: Construction of a 3-CBU representation of a 2-subdivision of a graph.
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(1,1)

Figure 10: 2-CBU representation of the 4 x 4 grid.

MAXIMUM CUT, it follows from its APX-hardness and the fact that the maximum cut of a graph G and
its 2-subdivision Ga.gp verify mc(G) = mce(Gasw) — 2|E(G)| and 3|E(G)|/2 = |E(Ga=sw)|/2 <
me(Goguw) < |E(Gasw)| = 3|E(G)]. The other problems are shown APX-hard even when restricted to
6-subdivided graphs [6]. |

When restricted to 2-CBU some of these problems become simpler to handle, as every graph in 2-CBU
is planar. Indeed, the MAXIMUM CUT problem turns out to be polynomial time solvable [11]], while MIN-
IMUM VERTEX COVER, MINIMUM DOMINATING SET, and MINIMUM INDEPENDENT DOMINATING
SET admit PTAS [2} [25] (with standard techniques), such as MINIMUM FEEDBACK VERTEX SET [23].
However, many problems remain NP-hard when restricted to 2-CBU.

Theorem 44 The problems MAXIMUM INDEPENDENT SET, MINIMUM VERTEX COVER, MINIMUM
DOMINATING SET, HAMILTONIAN PATH, and HAMILTONIAN CYCLE are NP-complete, even when re-
stricted to 2-CBU graphs.

Proof: As these problems belong to NP, it remains to show that they are NP-hard for 2-CBU graphs. Let
us first show that the induced subgraphs of grids (so called grid graphs) belong to 2-CBU. Consider the
n x n grid G such that V(G) = {1,...,n} x {1,...,n}, and such that the neighbors of any vertex (¢, j)
are {(4,7 —1)(i —1,7), (6,5 + 1), G+ 1,5)n{l,...,n} x {1,...,n}. Since it suffices to delete some
boxes to obtain an induced subgraph, the claim follows by constructing a 2-CBU representation for any
such grid G. This construction is obtained by mapping any vertex (¢, j) to the box [¢ + j — 1,7 + j] X
[2i — 24,2 — 25 + 3] (see Figure . As DOMINATION [[7]], HAMILTONIAN PATH, and HAMILTONIAN
CYCLE [21]] are NP-hard for grid graphs, those problems are NP-hard for 2-CBU graphs.

For the problems MAXIMUM INDEPENDENT SET and MINIMUM VERTEX COVER, we have to con-
sider a variant of grid graphs, the graph R’'(n1,ns) depicted in Figure @ and it is easy to see how to
modify the construction above in order to obtain a 2-CBU representation of this type of graphs. Again,
this implies that every induced subgraph of such a graph belongs to 2-CBU. As the problems MAXIMUM
INDEPENDENT SET and MINIMUM VERTEX COVER are NP-hard for this class (see the proof of Theorem
10 in [19]), those problems are NP-hard for 2-CBU graphs a
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Figure 11: The graph R’(n1, n2) and the local modification to obtain its 2-CBU representation. From the
2-CBU representation of the grid given above, one has to delete the box of every vertex (4, j), where ¢ and
j are even, and if 7 + j = 2 mod 4 one has to replace the box by 4 smaller boxes.
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Given a set system (also well-known as a hypergraph) H = {U, X'}, where U is a set of elements and X is a set of subsets
of U, an exact hitting set S is a subset of I/ such that each subset in X’ contains exactly one element in S. We refer to a
set system as exactly hittable if it has an exact hitting set. In this paper, we study interval graphs which have intersection
models that are exactly hittable. We refer to these interval graphs as Exactly Hittable Interval Graphs (EHIG). We present
a forbidden structure characterization for EHIG. We also show that the class of proper interval graphs is a strict subclass of
EHIG. Finally, we give an algorithm that runs in polynomial time to recognize graphs belonging to the class of EHIG.

Keywords: Exact Hitting Sets, Interval Graphs, Forbidden structure characterization

1 Introduction

We study classes of simple graphs which are intersection graphs of set systems that have exact hitting sets. In
particular, we introduce a class of interval graphs which are intersection graphs of intervals that have exact hit-
ting sets. We refer to this class as Exactly Hittable Interval Graphs (EHIG). We also present an infinite family
of forbidden structures for EHIG. In the following, we introduce a setting of exact hitting sets and intersection
graphs, before presenting our results.

Exact Hitting Sets: Set systems are synonymous with hypergraphs. A hitting set of a hypergraph H is a subset
T of the vertex set of H such that 7" has at least one vertex from every hyperedge. If every hyperedge has
exactly one element from 7', then 71" is called an exact hitting set. The EXACT HITTING SET problem is a well-
studied decision problem that aims to find if a given hypergraph has an exact hitting set. It finds applications
in combinatorial cryptosystems (Downey and Fellows (2013)) and computational biology among many others.
The EXACT HITTING SET problem is the dual of the EXACT COVER problem which, in turn, seeks to find a set
cover that covers all vertices of a hypergraph such that the number of occurrences each vertex has in the cover
is exactly one. Some famous examples of the EXACT COVER problem are sudoku, tiling dominoes, and the
n-queens problem. The EXACT COVER problem is a special case of the MINIMUM MEMBERSHIP SET COVER
problem (MMSC) (Karp (1972)). While the classic SET COVER problem seeks to find a set cover of minimum
cardinality, MMSC aims to find a set cover that minimizes the maximum number of occurrences each vertex
has in the cover. MMSC is known to be NP-complete on arbitrary set systems (Kuhn et al. (2005)). However,
for interval hypergraphs, MMSC was shown to be solvable in polynomial time by Dom et al. (2006). If a hyper-
graph H has an exact hitting set, we refer to H as an exactly hittable hypergraph. Dhannya and Narayanaswamy
(2020) have shown that a conflict-free coloring of a set of intervals is exactly a partition into sets of intervals,
such that each set has an exact hitting set. This motivates the question of characterizing those sets of intervals
which have an exact hitting set. A natural characterization is obtained by writing the hitting set linear program
with one constraint per interval. This system is totally unimodular and thus defines an integer polytope (Dom
et al. (2006)). Thus, the intervals have an exact hitting set if and only if the polytope defined by the exact hitting
set linear program is non-empty. Further, it is possible to find if the interval hypergraph is exactly hittable in
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polynomial time (Dom et al. (2006)). In this work, we consider a related graph theoretic version of this question
- can we characterize the class of interval graphs that are the intersection graphs (defined in Section 1.1) of a set
of intervals that have an exact hitting set? We refer to this class as the class of Exactly Hittable Interval Graphs

(EHIG).

Intersection Graphs: The theory of graphs and hypergraphs are connected by a very well-studied notion
of intersection graphs (Erdés et al. (1966)). It is well-known that every graph G is an intersection graph of
some hypergraph H (Harary (1969)). H is referred to as an intersection model or a set representation of G
(Golumbic (2004); Harary (1969)). Interestingly, certain special classes of graphs are characterized by the
structure of their intersection models. For instance, Gavril (1974) has shown that the class of chordal graphs
are the intersection graphs of subtrees of a tree . When the hyperedges are restricted to be paths on a tree,
the resulting intersection graph class is that of path chordal graphs, which is a proper subclass of the class
of chordal graphs (Chalopin and Gongalves (2009); Gavril (1978); Lévéque et al. (2009); Monma and Wei
(1986)). These characterizations result in recognition algorithms which are very well studied. The book by
Golumbic (2004) can be considered a pilgrimage for anyone interested in the characterization and recognition
of different natural sub-classes of perfect graphs. The recognition problem in the class of perfect graphs itself
remained a fascinating open problem with a long history of results (survey in the classic book by Grotschel
et al. (2012)) till the Strong Perfect Graph Conjecture was proven by Chudnovsky et al. (2003). While many
classes have efficient recognition algorithms, there are those for which the recognition problem is NP-complete.
Tolerance graphs are a sub-class of interval graphs, and the recognition problem for this class has been shown
to be NP-Complete by Mertzios et al. (2010). The thinness of a graph, on the other hand, is a width parameter
that generalizes certain properties of interval graphs. Interval graphs are exactly the graphs of thinness one. In
their work, Bonomo-Braberman and Brito (2023) have presented characterizations of 2-thin and proper 2-thin
graphs as intersection graphs of rectangles in the plane, as vertex intersection graphs of paths on a grid, and by
forbidden ordered patterns. Forbidden induced subgraph characterization for restricted cases of known graph
classes are well-studied. For instance, even though a structural characterization by minimal forbidden induced
subgraphs for the entire class of circle graphs is not known, Bonomo-Braberman et al. (2022) have given a
characterization by minimal forbidden induced subgraphs of circle graphs, restricted to split graphs. Rectangle
intersection graphs are the intersection graphs of axis-parallel rectangles in the plane. A graph is said to be
a k-stabbable rectangle intersection graph (k-SRIG), if it has a rectangle intersection representation in which
k horizontal lines can be placed such that each rectangle intersects at least one of them. Chakraborty et al.
(2021) have introduced some natural subclasses of 2-SRIG, and have shown that one of these subclasses can be
recognized in linear-time if the input graphs are restricted to be triangle-free. Earlier, Chakraborty and Francis
(2020) had developed a forbidden structure characterization for block graphs that are 2-ESRIG (in the case
when each rectangle intersects exactly one of the k horizontal lines) and trees that are 3-ESRIG, which lead to
polynomial-time recognition algorithms for these two classes of graphs. These forbidden structures are natural
generalizations of asteroidal triples.

A result which has the flavour of Exact Hitting Set is in a recent paper by Bhyravarapu et al. (2021). They
consider the problem of coloring the vertex set of a graph with k non-zero colors and one zero colour such that
for each vertex v, there is a vertex v in N (v) which has a non-zero colour different from all the other vertices in
N (v). This is called the C FON* colouring problem, and the goal is to find the minimum value of %k for which
the graph has a CFON™* colouring. For k& = 1, this problem is the Exact Hitting Set problem of a set system in
which the sets are the set of neighbours of each vertex. For unit disk graphs, they show that testing if there is a
CFON* coloring with one non-zero colour is NP-complete.

Forbidden Structure Characterizations: While a graph G may be identified as an intersection graph of a
structured hypergraph, characterization of GG based on forbidden structures has also been equally well-studied.
For instance, the class of chordal graphs are characterized by the absence of induced cycles of size 4 or more
(Golumbic (2004)). Similarly, by the celebrated theorem of Kuratowski (West (2000)), the class of planar graphs
must not have subgraphs that are subdivisions of K5 and K3 3. Interval graphs are known to be the class of
chordal graphs without an asteroidal triple as induced subgraph Lekkerkerker and Boland (1962). Recall that
an asteroidal triple of a graph G is a set of three independent vertices such that there is path between each pair
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of these vertices that does not contain any vertex of the neighborhood of the third. The class of proper interval
graphs is a subclass of interval graphs that do not have a K 3 as an induced subgraph (Roberts (1978)). Refer to
Table 1 for a summary of these examples. Clearly, characterization of simple graphs based on their intersection
models and forbidden structures are extremely well-studied notions in defining graph classes.

Graph Class Intersection Model Forbidden Structures

Simple An exactly hittable hypergraph NIL

Planar Segments on a plane Subdivisions of K5 and K3 3 West (2000)

Chordal Subtrees of a tree Cl, for k > 4 Golumbic (2004)

Path chordal Paths on a tree List given in Lévéque et al. (2009)

Interval Subpaths on a path Cy, for k > 4 and asteroidal triple Lekkerkerker and
Boland (1962)

Proper interval Sets of intervals not properly Cy, for k > 4, asteroidal triple and K1,3 Roberts (1978)

contained in each other

Exactly Hittable Interval | Exactly hittable sets of intervals Cy, for k > 4, asteroidal triple and induced path P

Graphs (New graph class) which has, in its open neighbourhood, an independent set
of k + 3 vertices

Tab. 1: Intersection models and forbidden structures for well-known graph classes

Our results

1. We begin our set of results with a simple extension to a well-known theorem by Harary (1969) that every
graph G is the intersection graph of some hypergraph H.

Observation 1 Every simple undirected graph is the intersection graph of an exactly hittable hypergraph.
Further, if G is a chordal graph, then it is the intersection graph of an exactly hittable set of subtrees of a
tree.

We present proof of this observation in Section 2. Further to this observation, we look at a subclass of
chordal graphs, namely interval graphs, which are intersection graphs of subpaths on a path. We ask
if there is an exactly hittable intersection model for every interval graph, where the intersection model
consists of subpaths on a path. Interestingly, the answer is no.

2. We introduce the class of Exactly Hittable Interval Graphs (EHIG), which is the set of interval graphs
that have an exactly hittable interval representation. A given set of intervals defines a unique interval
graph, but an interval graph can have many interval representations. We say that an interval graph is an
exactly hittable interval graph if and only if it has at least one exactly hittable interval representation.

Definition 1 (Exactly Hittable Interval Graphs) The class of exactly hittable interval graphs is the
class of interval graphs which are intersection graphs of intervals that have exact hitting sets.

We present a forbidden structure characterization for EHIG. First, we define a family F of simple graphs
as follows:

Definition 2 For each k > 1, F} denotes the set of connected interval graphs whose vertex set can be
partitioned into an induced path P consisting of k vertices and the open neighbourhood of P (consisting
of only those vertices which are not in P) which is an independent set of size k + 3. Further, F is defined

to be U Fr.
k>1
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Our main contribution in this paper is to prove that every graph in F is a forbidden structure for EHIG.
See Fig.1 for examples of forbidden structures. In Fig.1(i), u is the induced path P consisting of one
vertex with an independent set of four vertices a, b, ¢, d in its neighbourhood. Similarly, in Fig.1(ii), a-b
is the induced path P consisting of two vertices and {¢, d, u, e, f } is an independent set of five vertices in
the neighbourhood of P.

b c e
U 7 A

c d f

d

O] (ii)
Fig. 1: Two simple instances of forbidden structures

By Definition 2, for any k, the set 5, may contain more than one graph which are forbidden structures.
For example, both the graphs in Fig. 2 belong to F».

c e c e
@ b X a b
d f d f
u u

(i) (ii)
Fig. 2: Two instances of forbidden structures in F>

It may, however, be noted that, Fig. 2(ii) contains K 4 as an induced subgraph, which itself is a forbidden
structure in JF;.

Theorem 1 An interval graph G is exactly hittable if and only if it does not contain any graph from the
set F as an induced subgraph.

This theorem is proved in Section 3. We believe that this result is an interesting addition to the existing
graph characterizations, primarily because we could not find such an equivalence elsewhere in the litera-
ture, including graph classes repositories like graphclasses.org.

. In Section 2, we introduce, what we refer to as, a canonical interval representation for an interval graph.
Given an interval graph G, a canonical interval representation H¢ is an interval hypergraph given by
Hg = ([n],Z), where [n] = {1,...,n}and Z C {{i,i+1,...,5} | ¢ < j,i,j € [n]}, and all intervals
have distinct left endpoints and distinct right endpoints. Further, for each v € G, I, € Z denotes the
corresponding interval. For construction of Hg, we start with the well known linear ordering of maximal
cliques associated with an interval graph (Gilmore and Hoffman (2011); Golumbic (2004)). An interval
representation is constructed from the ordering such that the intersection graph of this representation is
isomorphic to G. By construction, there exists exactly one canonical interval representation for every
interval graph. While the canonical representation may be of independent interest, this representation is
crucial in proving Theorem 1 in this paper.

In Section 2, we prove the following theorem.

Theorem 2 Let G be an interval graph. Let Hq be its canonical interval representation constructed as
described in Section 2. Then, G is exactly hittable if and only if Hg is exactly hittable.
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4. Given an interval graph G and its canonical interval representation H¢, we show that the algorithm by
Dom et al. (2006) to solve the MMSC problem in interval hypergraphs can be used to recognize EHIG.
We present the details in Section 3.2.

5. We show that the class EHIG is positioned between the class of proper interval graphs and the class of
interval graphs in the containment hierarchy of graph classes.

Theorem 3 Proper interval graphs C EHIG C Interval Graphs.

The proof of the second part of the above theorem follows from the definition of EHIG. We prove the
first part of the containment relationship in Section 3.3. Interestingly, the smallest forbidden structure of
EHIG is K 4 whereas that of the class of proper interval graphs is K 3.

1.1 Preliminaries

Definition 3 (Intersection Graphs) Given a set system X = (U, S), the intersection graph G(X) of sets in X
is the simple graph obtained as follows. For every set S € S, there exists a vertex vs € G. An edge (vs,, vs;)
occurs in G if and only if there exists two sets S;, S; € F such that S; N S; # 0. The family S is called a
set representation of the graph G. A set representation is also referred to as an intersection model (Golumbic
(2004), Harary (1969)).

A hypergraph H = (V, £) is a graph theoretic representation of a set system X = (U, S), where the set V
corresponds to I/ and the set £ corresponds to S. The set )V contains vertices of hypergraph H and the set £
contains hyperedges. In the intersection graph G, for every hyperedge £ € &£, there exists a vertex vy € G. An
edge (vg,, vEg,) occurs in G if and only if the hyperedges E; and E; have a non-empty intersection.

Definition 4 (Interval Graphs) A graph G = (V, E) is an interval graph if there exists an assignment of
intervals on the real line to each vertex v € V(Q) such that for each edge (u,v) in G, the associated intervals
I(u) and 1(v) have a non-empty intersection. The set of intervals {1(v)},ev () is an interval representation
or intersection model of G.

Open and Closed neighborhoods: For a vertex v in a graph G = (V, E), the open neighborhood of v in G,
denoted by N (v), is the set {u € V' | {u,v} € E} and the closed neighborhood of v in G, denoted by N[v], is
the set N (v) U {v}.

Definition 5 Cheilaris and Smorodinsky (2012) An interval hypergraph is any hypergraph H = ([n], T), where
[n]=A{1,...,n}and T C{{i,i+1,...,5}|i<j,i,7 €[n]}
Each hyperedge in Z is a set of consecutive integers, which we call an inferval. In an interval I = {i,i +
1,...,7}, i and j are the left and right endpoints of I respectively, which we denote by I(I) and r(I), respec-
tively. We use V(H) (or simply V) and Z(H) (or simply 7) to denote the vertex set and the hyperedge set,
respectively, of an interval hypergraph H. An interval hypergraph is said to be proper if no interval is contained
in another interval. If, for an interval graph G, there exists an interval representation in which no interval is
properly contained inside another interval, then G is a proper interval graph.

An interval graph is characterized by the existence of a linear ordering of its maximal cliques. In Section 3,
we use the following characterization to obtain an exactly hittable interval representation for an interval graph,
if such a representation exists.

Theorem 4 (Gilmore and Hoffman (2011)) The maximal cliques of an interval graph G can be linearly or-
dered such that, for every vertex x of G, the maximal cliques containing x occur consecutively.

The class of interval graphs is a subfamily of the class of chordal graphs, which, in turn, is a subfamily of the
class of perfect graphs. A chordal graph is a simple graph that does not contain any induced cycle of size > 4
(Golumbic (2004)). Chordal graphs are known to be intersection graphs of subtrees of a tree (Gavril (1974)).
A clique tree 1" of a graph G is a tree with the maximal cliques of GG as nodes, such that for every vertex v of
G, the maximal cliques containing v induce a subtree T'(v) in T'. In fact, chordal graphs are exactly the graphs
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that admit a clique tree (McKee and McMorris (1999)). A clique tree is also known as a tree decomposition of
a graph.

Note: We draw the reader’s attention to the distinction between interval hypergraphs and interval graphs, and
proper interval hypergraphs and proper interval graphs, as these are used extensively throughout the paper.
Furthermore, recall that an interval graph is an Exactly Hittable Interval Graph if it has an intersection model,
made of intervals, that has an exact hitting set. On the other hand, an Exactly Hittable Interval Hypergraph is
one that has an exact hitting set.

Observation 2 Since our goal is to characterize interval graphs that have an exactly hittable interval repre-
sentation, we assume without loss of generality that, in the graph G, for every sequence of consecutive maximal
cliques in a linear ordering, there is at most one vertex which starts and ends in this sequence.

Indeed, if a given graph violates this property and there are two or more vertices that start at the same clique
and end at the same clique in a sequence, then we retain only one of those vertices. The justification for this
assertion is that if the resulting graph has an exactly hittable interval representation, so does the original graph.

Notations: All other definitions and notations on simple graphs, used throughout this paper, have been taken
from West (2000).

2 A Canonical Interval Representation

In this section, we obtain a canonical interval representation H¢ of a given interval graph G. The canonical
interval representation is nothing but a special intersection model of G. Consequently, the intersection graph of
intervals in H¢ is isomorphic to GG. The construction follows a well-defined set of steps with the result that ev-
ery interval graph has a unique canonical interval representation. The canonical representation H¢ is obtained
by stretching intervals so that all intervals have distinct left endpoints and distinct right endpoints. In other
words, no pair of intervals start at the same point or end at the same point. The canonical interval representation
is crucial to the proof of our main result in Section 3.

Outline: The starting point of this construction is to use the well known linear ordering of maximal cliques
associated with an interval graph (Golumbic (2004)) (refer Theorem 4). Fig. 3 gives an illustration of how to
obtain the canonical interval representation of an interval graph. Let G = (V, E) be the given interval graph.
Let O = {Q1,Q2...Q:} be a linear ordering of maximal cliques in G. For each v € V(G), let the interval
representation of G obtained from O be I(v) = [I(v),r(v)], where [(v) is the index of the leftmost clique in O
that contains v, and r(v) is the index of the rightmost clique containing v. Let 7/ = {I(v) | v € V(G)}. To
construct the canonical interval representation, we associate a gadget D; with maximal clique Q;, for 1 <14 <.
For every maximal clique @;, we look at D; and stretch those intervals in Z’ that either start at 7 or end at 4.
Intuitively, we can think of I(v) as being stretched to the left if [(v) = i and as being stretched to the right if
r(v) = 4. Inside gadget D;, there is a point, which we denote by z;, with the following property: any interval
for which [(v) = 4, starts at z; or to the left of z; and any interval for which r(v) = i, ends at z; or to the right
of z;. We refer to z; as the zero-point of gadget D;. The exact construction of stretched intervals is detailed in
the subsequent paragraphs.

The gadgets D1, Ds ..., Dy are arranged in the same order as that of the maximal cliques in O. Further, for
each v € V(G), the stretched interval associated with I(v) has Dy, as its left-most gadget and D,.,,) as its
rightmost gadget. To complete the construction, between each pair of consecutive gadgets, we add an additional
point, and we refer to these points as intermediate points. These points play a crucial role in our characterization
of EHIGs in Section 3.1. The stretched interval of I (v) contains all these additional points between consecutive
gadgets in the ordered set {Dz(y), Divys15- -5 DT(U)}. Let H; = (V,Z) denote the canonical interval hyper-
graph thus obtained. V is the set of all points internal to the gadgets (defined below) and the ¢ — 1 additional
points between consecutive gadgets (as described above). The intervals in Z are the stretched intervals corre-
sponding to each interval in Z’. We now describe the gadget D; associated with maximal clique Q;, 1 < i < ¢.
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Fig. 3: Construction of Canonical Interval Representation (i) Interval Graph G' with its maximal cliques Q1, Q2, Q3, Q4 (ii) Linear ordering of maximal
cliques O = {Q1, Q2, Q3, Q4 } (iii) Interval representation of G obtained from O (iv) Gadgets D1 to D4 (v) Canonical interval representation for G

Construction of the gadget D; for maximal clique Q;: Let {I(v1),I(vz2), ...,I(vn)} be the ordered set
of intervals such that for each 1 < k < m, l(vx) = ¢ and r(vx) > r(v;) whenever 1 < k < j < m. In
other words, the ordered set considers the intervals whose left endpoint is 7 in descending order of their right
endpoints. Then, for each 1 < k < m, the left endpoint of the interval of I(vy,) is stretched k& — 1 points to the
left. By this, [(v1) is kept at z; itself, as no stretching is done on it (see Fig. 4).

On the integer line, the left end point of I(vy) € D1, which is the most left stretched interval in Dy, is taken
as point 1. We next consider those intervals I(v) such that r(v) = i. Let {I(v1),I(v2),...,I(v;m)} be the
ordered set of intervals such that for each 1 < k < ¢, r(v;) = i and l(vx) < l(v;) whenever 1 < k < j < m.
In other words, the ordered set considers the intervals whose right endpoint is ¢ in ascending order of their left
endpoints. Then, for each 1 < k < m, the right endpoint of the interval of I(vy) is stretched k — 1 points to
the right. On the integer line, the right endpoint of the stretched interval of I(vy) would be z; + k — 1. This
completes the description of the gadget D;. Note that for I(v) in Z, the stretched interval is stretched to the left
only in the leftmost gadget in which it is present, and it is stretched to the right in the rightmost gadget in which
it is present. By construction, no two intervals share the same left endpoint and the same right endpoint.

Lemma 1 Let Hq be the canonical interval representation of graph G as constructed using the above proce-
dure. Then, G is isomorphic to the intersection graph of intervals in Hg.

Proof: The gadgets Dq,..., D, are arranged in the same order as the maximal cliques in the ordered set
O ={Q1,Q2...Q:}. Foreach v € G, the starting gadget (and the ending gadget) of interval I(v) and the
starting maximal clique (and the ending maximal clique) of vertex v in O are the same by construction. Further,
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Dy

Fig. 4: Stretching intervals to the left

I(v) contains all the points in the intervening gadgets between the starting and ending gadgets of I(v) just as
v occurs in all the intervening maximal cliques between the starting and ending maximal cliques to which v
belongs to. It follows that I(u) and I(v) intersect if and only if the corresponding stretched intervals have a
non-empty intersection. Thus the intersection graph of intervals in H is isomorphic to G. O

3 Exactly Hittable Interval Graphs

Characterizing simple graphs as intersection graphs is a well-pursued line of study in graph theory. Harary
(1969) had presented results on this problem in his book. We address the question of when a simple graph
is the intersection graph of an exactly hittable hypergraph. We modify the proof given by Harary to answer
this question. In addition, we present similar results for the class of chordal graphs (refer to Section 1.1 for
definition). We recall and prove Observation 1 about arbitrary graphs and arbitrary chordal graphs.

Observation 1 Every simple undirected graph is the intersection graph of an exactly hittable hypergraph. Fur-
ther, if G is a chordal graph, then it is the intersection graph of an exactly hittable set of subtrees of a tree.

Proof: The proof of the first statement is based on a slight modification to the intersection model constructed
from G in Theorem 2.5 in the book by Harary (1969). Let H = (V, £) be the intersection model constructed as
follows. The universe V of the hypergraphis V(G) U E(G). The set £ contains a hyperedge E,, for each vertex
v € V(G), and E, contains all the edges incident on v and the element v. Clearly, the intersection graph of H
is isomorphic to G and V' (G) is an exact hitting set of H.

The proof of the second statement, which is for a chordal graph G, is similar and is as follows. Since G is a
chordal graph let it be isomorphic to the intersection graph of some subtrees of a tree 7. In particular, let 7" be
the clique tree of the chordal graph G (Golumbic (2004)). Let {T}, | v € V(G)} be the set of subtrees in T,
where T, is the subtree associated with v and the tree nodes in T, correspond to those maximal cliques in G
which contain the vertex v. We modify T to get 7”7 by adding n = |V (G)| new nodes, each corresponding to a
vertex in V(G). For each v € V(G), the new node corresponding to v is made adjacent in 7" to some node in
T,. The resulting tree is 7”7 and T}, is the subtree of T consisting of T, and the new node corresponding to v.
Clearly, the newly added nodes form an exact hitting set of the set {7}, | v € V(G)} in T”, and the intersection
graph of the subtrees {7, | v € G} is the same as G. O

Interestingly, not every interval graph has an exactly hittable interval representation. In this paper, we present
a forbidden structure characterization for the class of interval graphs that have an exactly hittable interval rep-
resentation. In this section, we prove that every graph in F (see Definition 1) is a forbidden structure for EHIG.
First, we state and prove one direction of Theorem 1.

We use the following notations throughout the section. H' denotes an interval representation of G. We denote
the open neighbourhood of vertex v by N(v). N(P) denotes open neighbourhood of all vertices in path P,
excluding the vertices in P. Z(P) denotes the set of intervals in H' corresponding to vertices in path P, X y(p)
denotes the set of independent vertices in NV(P) and Z(X y(p)) denotes set of intervals in H’ corresponding to

XN(p).
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Lemma 2 Let G be an interval graph. Let F' € F be any forbidden structure. If G contains F as an induced
subgraph, then G is not an Exactly Hittable Interval Graph.

Proof: Our proof is by contradiction. Let H' be any exactly hittable interval representation of G and let G
contain F' € F as an induced subgraph. Let F' contain P, an induced path of length £ in G that has an
independent set of at least k 4 3 vertices in its neighbourhood. Let S be an exact hitting set of H’. Recall that
Z(P) denotes the set of intervals in H' corresponding to vertices in path P. By our assumption that G contains
F, the number of intervals in Z(X y(p)) is at least k + 3. Hence |Z(Xyp)) N S| > k + 3. Since Xy (py is an
independent set, there can be at most two intervals in Z(.X y(p)) that have at least one endpoint each outside the
union of intervals in Z(P) - one on either side of P. Therefore, even if these two intervals in Z(X y(p)) are hit
outside the intervals in Z(P) at either ends, the remaining k + 1 independent intervals have to be hit inside the
union of intervals in Z(P). Hence |Z(P) N S| > k + 1. But there are only k intervals inside Z(P). Therefore,
by the pigeonhole principle, at least one interval among the intervals in Z( P) has to be hit more than once. Thus
S cannot be an exact hitting set of H’. We have arrived at a contradiction to the assumption that H' is exactly
hittable. Since we started with an arbitrary exactly hittable representation and arrived at a contradiction, we
conclude that GG is not exactly hittable. O

Now, we prove the other direction of Theorem 1, i.e, an interval graph G which contains no graph from the set
F as an induced subgraph is exactly hittable. Let O = {Q1, Q2 . .. Q+} be a linear ordering of maximal cliques
in G (refer Theorem 4 and Section 2). Let H¢ be the canonical interval representation of G obtained from O.
We use the following notations in this section. We denote a minimum clique cover of the neighbourhood of a
vertex v, which is formed by the minimum number of maximal cliques in O, by C(N[v]). Recall that a clique
cover for a vertex set S is a set of cliques such that each vertex in .S appears in at least one clique. Note that
such a clique cover exists.

We prove a simple observation here.

Observation3 If Q;...Q;, i,j € [1,t],i < j denote the maximal cliques containing vertex v € V, then
Q; € C(Nv]).

Proof: We prove this by contradiction. Let us assume that Q; ¢ C(N[v]). As Q; # Q;—1, there exists a
vertex u in (); which is notin @);_. It follows that u is not contained in any maximal cliques that occur before
Q;—1 in O since the maximal cliques containing a vertex occur consecutively in the linear ordering of maximal
cliques of an interval graph. Therefore, if Q; ¢ C(N[v]), then w is not covered. It contradicts the fact that
C(Nv]) is a clique cover of N [v]. It follows that Q; € C'(N[v]). O

From now on, when we refer to a minimum clique cover of the input graph, we mean a minimum clique cover
formed by the minimum number of maximal cliques in O unless specified otherwise. Let |C'(N[v])| denote the
number of cliques in C(N[v]). Similarly, we denote a minimum clique cover of vertices in the maximal cliques
Qi to Q; in the ordering O, i < 7, by C(Q;, ..., Q;).

Our proof is based on the structural properties of a path P in G, the construction of which is presented in
Algorithm 1. The structural properties of path P are proved as lemmas later in the section.

Outline of Algorithm 1:

We construct an induced path P which contains a minimal set of vertices from graph GG. The vertices in path
P are selected such that every maximal clique in O has a non-empty intersection with path P. Further, we
incrementally construct a clique cover of G by taking the clique cover of the closed neighbourhood of each of
the individual vertices in P.

Let {v1,v2,...,v,} be the ordered set of vertices in the constructed path P with respect to the linear ordering
O. Letw,,...,v;,1 <i < j < pbe any subset of vertices in path P. We use CC'(N[v;, Vit1,...,0;5]), i < j
to denote a clique cover of (N[v;] U N[v;41] U ... U N[v;]) and |CC(Nv;, vit1, - . ., v;])| to denote the num-
ber of cliques in CC(N[v;, vit1,...,v;]). Note that CC(NJv,, ..., v;]) is a clique cover of graph G when
i = 1,5 = p. Thus obtained clique cover of G, CC(NJv1,...,vp]), is stored in K. We denote the maxi-
mal cliques which constitute K in the order in which they appear in CC(N vy, ..., vp]), by K1, Ka, ..., Kq.
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Algorithm 1: Construction of path P and computation of clique cover

Input: An interval graph G with a linear ordering of maximal cliques O = {Q1, Q2 ... Q:}

Output: Path P

=1

v1 < Interval in @ with largest right endpoint

P+ V1

Q! =Maximal clique in which v; ends

C(Nv1]) =Minimum clique cover of Nluv]

I, =Maximal clique immediately preceding Q! in C(N[vi])

7: CO(Nvi)) = C(N[va))

: while Q. # Q; do

: =141

10: v; = Interval [ € Qi_l \ ffl which has largest right endpoint; If there
are more than one such vertex, then the one with the smallest left
endpoint is chosen

11: P+ PUuwvy;

122 Q.=Maximal clique in which v; ends

133 CC(Nvy,...,v;]) = CC(Nvy,...,v,-1]) UC(Q!Z], ..., QL), where Q'1] is the maximal
clique immediately succeeding Q"' in O

14 Q! =Maximal clique immediately preceding Q. in CC(NJvi,...,v;])

15: end while

16: KK = CO(N[Ul, Ce ,’Ui])

17: return P

AN

o

Here the notation o is used to indicate that K is a minimal clique cover of G rather than a minimum clique cover.

In any perfect graph, the size of a minimum clique cover equals the size of a maximum independent set. Based
on this and the fact that interval graphs are perfect graphs, we state an observation which we use in proving
some important properties of the constructed clique cover of the neighbourhood of vertices in path P.

Observation 4 In any perfect graph G', for each maximal cliqgue K in a minimum clique cover K of G', there
exists a vertex u € K such that u does not belong to any other maximal clique in K.

C(Nv])| <3.

Lemma3 Forl <i <p,

Proof: The proof is by contradiction. Let | C(N[v;]) |[> 3. By definition, C'(N[v;]) contains only the maximal
cliques from the linear ordering O. From Observation 4, it follows that for each maximal clique @ € C(N{v;]),
there exists a vertex w which is unique to Q. Since |C'(N[v;])| > 3, there exists at least 4 such vertices each
belonging to different maximal cliques in C'(N[v;]). Let those vertices be denoted as w1, wa, ws, wy. We can
easily see that the vertices wy, we, w3, ws form an independent set, since each of them belong only to their
respective maximal cliques. It follows that v; together with wq, w2, w3, w4 form a forbidden structure K 4
(refer Fig. 1 (i)). This is a contradiction to our premise that G’ does not contain any forbidden structure. O

e o i Q: Q

Fig. 5: Construction of path P
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Lemma 4 In the path P, if for any vertex v;, 1 <1i <p,

C(N[v:])| = 3, then |C(N[viz1])] < 2.

Proof: The proof is by contradiction. Assume that there exists a vertex v; € P, 1 < i < p for which
|C(N[v;])| = 3and |C(N[vit1])| > 3. Also note that by Lemma 3, |C'(N[v;41])| cannot exceed 3. Vertices v;

apavARAT
)\

Fig. 6: Forbidden structure formation

and v;11, being adjacent, form an edge in the path P. We consider the following cases based on the cardinality
of C(N[’Ul]) U C(N[Ui+1]).

Case when | C(N[v;]) U C(N[vi41]) |= 4: Recall from Algorithm 1 that Qi~! and @ are the maximal
cliques in the ordering O which contains the right endpoints of the intervals corresponding to v;_1 and v; re-
spectively. For any vertex v; € P, Qi~! € C(N[v]) and Q. € C(NJv;]). By our choice of v;11 in the
construction of path P, v;11 € {Q%\ Q% }. Thus v;41 is covered by Q% in C(N[v;]). As per our assumption,
| C(N[v;]) UC(N[vig1]) | = 4, and by our premise, | C(N[v;]) | = 3. Therefore those vertices of N[v;11]
which are not covered by Q% have to be covered by exactly one more clique. It follows that | C(N[v;11]) | = 2,
which is a contradiction to our assumption that | C(N[v;41]) | = 3. This, in turn, is a contradiction to our ini-
tial premise that | C(N[v;]) U C(N[vi+1]) |= 4. Thus the only possibility is, | C(N[v;]) U C(Nvi11]) |= 5
which we discuss in the next case. Observe that | C'(N[v;]) U C(N[vi4+1]) | cannot be greater than 5 since
vit1 € Q% and | C(N[vi41]) | = 3. Therefore, if | C(N[v;]) U C(N[vi41]) | is greater than 5, then those
vertices in N[v;41] which are not covered in Q. will be covered by 3 maximal cliques, which would make
| C(Nvit1]) |= 4. This is again a contradiction to the assumption that | C'(N[v;11]) | = 3.

Case when | C(Nv;]) U C(Nvi41]) |= 5: The proof is by contradiction to our premise that G does not
contain any forbidden structure. We first show that C(N[v;]) U C(N[v;41]) is indeed a minimum clique cover
of N{v;] U N[v;41]. Then, using Observation 4, we show that there exists a forbidden structure. By definition,
C(N]v;]) is a minimum clique cover of N[v;]. Therefore, each of the three maximal cliques in C'(N[v;]) has
atleast one unique vertex which does not belong to any other maximal clique. Since v;11 € Q% and Q'. €
C(Nv]), Q% € C(Nvit1])- Let the other two maximal cliques in C'(N[v;11] be Q; and Q. By Observation
4, ; and Qy, contain a unique vertex each. It follows that any minimum clique cover of N[v;] U N[v;41]
contains all three maximal cliques of C'(N[v;]) along with Q); and Q. Hence C(N[v;]) U C(N[vi11]) is a
minimum clique cover of N[v;] U N[v;41]. By Observation 4, on C(N[v;]) U C(N[vit1]), there is a set V'
of 5 vertices in C'(N[v;]) U C(N[v;41]) that are mutually disjoint and form an independent set of size five.
The edge (v;, vi41), together with V'’ form a forbidden structure (see Definition 2). Thus we have arrived at a
contradiction. Therefore, if | C(N[v;]) | = 3, then| C(N[viy1]) | < 2. O

Observation 5 For each vertexv € P\ vy, | C(N[v]) |> 2.

Proof: By construction of path P,
CC(N[’Ul, .. .,’Ui]) = CC(N[’Ul, C. ,’Ui_l]) U C( r+17 .. ,Q;)

Qi1 is the rightmost maximal clique in CC'(N vy, . .., v;_1]) and it covers v;, since v; € Qi1 Qi is the right-
most maximal clique which v; belongs to, in the ordering O. Note that C(N[v;]) = Qi1 UC(QL1Y, ..., QL).
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X2
Fig. 7: Vertices v; and v; belong to three consecutive cliques in the clique cover

Let A = N[v;] N (QZ) U -+ UQL). Since v; # vy, we know that there is v;1 € P which is chosen
such that v; 11 ¢ Q! and v; 41 € Nvg]. It follows that A # (). By choice of v, it has the rightmost right
endpoint among all vertices in Qi~' \ Q"' and v; # v,. Hence Ju € A which is not covered by Qi~'.

Therefore, there exists at least one () € C (Qijrll, ..., Q) that covers all the vertices in A,. In other words,
C(Qi), ..., QL) # 0. It follows that C(N[v;]) is of size at least 2. |

From Lemma 4 and Observation 5, we present the following claim.

Lemma 5 In path P, there is at most one vertex v where | C(N[v]) | = 3.

Proof: The proof of this claim is again by contradiction. Assume that there is more than one vertex with size
of minimum clique cover equal to 3 in path P. Let v; be the first such vertex in P in the increasing order of
left endpoints. By Lemma 4, we know that the minimum clique cover of v, is of size less than 3. By our
assumption, 35 > ¢ 4 1 such that minimum clique cover of v; is of size 3. Let the number of vertices in the
subpath of P from v; to v; (including both v; and v;) be [. It follows from Observation 5 that for each vertex
vg € P, k € [i+1, j—1], the minimum clique cover is of size 2. We compute CC'(Nv;, . .., vy]) with respect to
CC(NJv;,...,vk—1]). Note that vy, is already covered in CC(N{v;, ..., vg—1]) and CC(NJv;, ..., v]) addi-
tionally covers N[vy]|\ N[vk—_1]. Since |C(N[vg])| = 2, it adds just 1 to the number of cliques in CC(N vy, . . .
vg—1]). That is,

3

| CO(Nvs, ..., on)) | = | CO(N[vs, ..., v5-1]) | +1

It follows that each of the [ — 2 vertices in {v;11,...,v;—1} increments the size of the clique cover by 1. That
iS, | CO(N[UiJrl, NN ,’Ujfl]) |: { — 2. Thus

| CO(N[vis o)) | = [C(N[il) | + | CO(N[vigr, - 0j-1]) [+ (| C(Nvg]) | =1)
=3+(1-2)+3-1
= 1+3

Note that we deduct 1 from | C(Nv;]) | since v; is already covered by CC(N[viy1], ..., N[vj—1]). We can
see that the vertices from v; to v; form a path of length [ which has an independent set of size [ + 3 in its
neighbourhood. The vertices from v; to v;, together with the independent set of size [ + 3 in its neighbourhood
forms a forbidden structure. We have arrived at a contradiction to our premise that G does not contain any
forbidden structures. Therefore it is proved that in path P, there is at most one vertex which has a minimum
clique cover of size 3. O

3.1 Computing the exact hitting set from K

We now complete the characterization of EHIGs. We first prove the characterization when p is at most 3
and then complete the proof by an inductive argument. From Algorithm 1, we use the minimal clique cover,
K ={Ki, K5 ... K}, which consists of maximal cliques in O and the path P consisting of vertices v1, . . ., Up
from left to right, in the arguments below. Further, for each 1 < i < o/, we use D; to denote the gadget
corresponding to K;. Foreach 1 < ¢ < p, let L; and R; denote the leftmost and rightmost, respectively,
maximal cliques in O which contains v;. DL; and D R; denote the gadgets in H¢ corresponding to L; and R;,
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respectively. Recall that H denotes the canonical interval representation of G. It is useful to note that DL
and D; both denote the gadget associated with K, and DR, and D, both denote the gadget associated with
K. The inductive argument below refers to two interval graphs G and G’, and the gadgets we refer to are in
Hg or Hgr, and will be clear from the context. In all our arguments that follow, we use the maximal clique
ordering O to reason about the position of a maximal clique with respect to another maximal clique. We thus
use the words and phrases before, after; at or before, at or after with respect to O. These relationships are also
represented by <, >, <, >, whenever it is more convenient to use these symbols.

We now prove the characterization based on the different cases for p. For p = 1, we explicitly present the
hitting set, and when 2 < p < 3, we present the exact hitting sets which satisfy some additional properties.
These additional properties are useful in the inductive argument for p > 3. In all the following lemmas in
this section, we assume that G is an interval graph which does not have an F' € F as an induced subgraph.
Further, all the statements are based on the value of p which is the number of vertices in the path P computed
by Algorithm 1, and /.

Lemma 6 Let vy be the only vertex in P. Then the canonical interval representation Hg satisfies one of the
following two statements.

* Let N|v1] have a minimum clique cover of size 2, which is { K1, Ko}. Then {z1,z2+ 1} and {z1 — 1, 22}
are two exact hitting sets of Hq.

* Let N[v1] have a minimum clique cover of size 3, which is { K1, K3, K3}. Let w1 = |K1 N K| and let
ws = | Ko N K3|. Then {z1 — w1, 22, 23 + ws } is an exact hitting set of Hg.

Proof: In the first case, K7 and K> are the first and last cliques of O, respectively. Let D and D be the
gadgets corresponding to K3 and Ko, respectively, in G. By the definition of H¢, the interval associated with
v1 has 27 as the left endpoint and 25 as the right endpoint. Consider the set {21, z2 + 1}. 21 hits all the intervals
whose left endpoint is in D1, and z2 + 1 hits all the intervals whose left endpoint is to the right of D1, and right
endpoint is to the right of z5 in Dy. Further, each interval is hit, and no interval is hit twice. By a symmetric
argument, {z; — 1, 22} is also an exact hitting set.

In the second case, consider the cliques By = K; \ Ko, B3 = K3 \ Ko, and By = K. Letwy = |K1 N Ko|
and ws = |K35 N Ks|. We show that the set {21 — w1, 22, 23 + w3} is an exact hitting set of H¢. First, we
observe that the point zo hits all the intervals in Ds. Further, from the construction of Hg it follows that, if I3
is an interval in Dy \ D2 and I is an interval in Dy N Do, then in D; the left endpoint of I; is smaller than
the left endpoint of 5. Thus, among the w; intervals in D1 N Ds, the longest interval has the left endpoint in
z1 and the remaining wy — 1 intervals start at different points in {(z1 — 1),..., (21 — (w; — 1))}. Therefore,
the point z; — w; does not hit any of the w; intervals that belong to D N Ds. Further, it hits all the intervals
in Dq \ Ds. A symmetric argument shows that z3 + w3 hits all the intervals in D3 \ D2 and does not hit any
interval in D3 N Ds. The remaining intervals are all in D5, and they are not hit by either z; — w; or z3 + ws,
and they all contain z5 which is the zero-point of gadget Ds. Thus, this base case is proved. O

Lemma 7 Let P consist of only vy and va. Then, the following statements hold for Hg.

* Let N[v1] and N|vs] have minimum clique cover of size 2. In K = {K1, Ko, K3}, let w; = |K1 N Lo
and let wy = | K3 N K3|. Then {z1 — w1, 22, 23 + w3 } is an exact hitting set of Hg.

* Let N[v1] have minimum cligue cover of size 2 and N|va] have minimum clique cover of size 3. In
K = {K1, Ko, K3, Ky}, let wy = |K1 N Lo| and wy = |K4 N K3|. Then Hg has an exact hitting set
which contains {z1 — w1, z4 + w4 }.

» Let N[v1] have minimum clique cover of size 3 and N|va] have minimum clique cover of size 2. In
K = {K1, Ko, K3, K4}, let wy = |K1 N Ka| and wy = |K4 N K3|. Then Hg has an exact hitting set
which contains {z1 — w1, 24 + w4 }.

Proof: If p = 2, then K either has 3 maximal cliques or 4 maximal cliques. Thus o/ which is the index of the
last clique in K is in {3,4}. Further, in all the cases, z; — wy is in Dy and for o/ € {3,4}, 24/ + wy is in



14 K.K. Nisha, N.S. Narayanaswamy, S.M. Dhannya

D, . Consider the point z; — w; which is in D;. In the first two cases, z; — w; hits the intervals associated
with vertices in K \ Lo and does not hit any interval associated with vertices in K1 N Ly. Consider the interval
graph obtained by removing K3 \ L. Since N[v;] has a clique cover of size 2, it follows that Ly \ K7 C Ko.
Consider the maximal cliques from K5 to K3. vy is common to all of these cliques. We now consider the first
case and the second case separately.

In the first case, the minimum clique cover of N[vs] is of size 2. Let ws be the number of vertices in Ko N K.
Consider the exact hitting set {22, z3 + ws}. Clearly, 23 hits all the intervals in D2, and z3 + ws hits all the
intervals in D3 \ Dy and does not hit anything in Ds; this is because the right endpoints of the intervals in
D5 N D3 are smaller than z3 + ws. Thus, for the first case {z; — w1, 22, 23 + w3 } is an exact hitting set of H.

In the second case, the minimum clique cover of N[vs] is of size 3. Since the first clique containing v is
Lo, the minimum clique cover of N[vs] is Lo, K3, K4. Consider G’ to be the interval graph induced by Nvs)
and consider Hgr. Lo is the first maximal clique in G’ and in this case let z denote the zero-point of the gadget
of DLy in H¢. By using the second case of Lemma 6, consider the exact hitting set {z — | Ly N K3|, 23, 24 +
| K3 N K4|} of He. From this set, we construct an exact hitting set of H based on the following two subcases.
The first subcase is that there are vertices in Lo \ K7 whose leftmost clique is L, and whose rightmost clique is
before K5. Then, the interval in Heg- of such a vertex is hit by z — | Lo N K3 and this also hits all the intervals
associated with vertices in Lo \ K3. Thus, in this subcase, we get an exact hitting set for Hg consisting of
{z1 — w1,z —|LaN K3, 23,24 + | K3 N K4|}. In the second subcase, for all the vertices whose leftmost clique
is Lo, the rightmost clique is at or after K3. Let h be the intermediate point just preceding D Lo, which is the
gadget associated with Lo in Hg. Consider the set {z1 — w1, h, 23, 24 + | K3 N K4|}. 21 — wy hits all intervals
associated with vertices in K \ Lo, h hits all intervals associated with vertices in Lo \ (L2 N K3), and this set
includes K1 N L. 23 hits all intervals associated with vertices in (Lo N K3) U (K3 N Ky), and z4 + | K3 N K4
hits all intervals associated with vertices in K4 \ K3 (that is, the intervals in Dy \ Ds). Further, it is clear that
it is an exact hitting set. Thus, the first two cases are proved. The third case is symmetric to the second case®,
and thus it is also true. Hence the lemma. O

Remark: The approach of obtaining an exact hitting set for Hg from an exact hitting set for Hg, by using
a preceding or following intermediate point, is a template that repeats in the following proofs. However, this
template is used in different contexts, and it seems that the repeated case-by-case usage of this template is
unavoidable.

Lemma 8 Let P consist of only vy, v2,vs, and let N|vs] have a minimum clique cover of size 3. Further, let
wy = |K1NLa|and let wyor = | KoMKy —1]. Then Hg has an exact hitting set containing {21 —w1, Zo/ +Wa }-

Proof: Consider the interval graph G’ obtained by removing K; \ L. Let Hg be the canonical interval
representation. The path obtained from Algorithm 1 on G’, using the cliques from Ly to K, is the path
consisting of vy and vs only. The first maximal clique in Hg is Lo which is the leftmost clique containing
vy. Further, the rightmost clique containing vs is K,/ 1, and the minimum clique cover of N[uvs] is 3 and the
minimum clique cover of N[vs] is 2 (from Lemma 5). Let S be an exact hitting set of H¢ obtained from using
Lemma 7. Let z denote the zero-point of the gadget D Ly. For some w > 0, let z — w be in S. Also, in the
construction of S it is ensured that the interval associated with vs is not hit by z — w. From the structure of S
defined in Lemma 7, {z — w, 2o/ —1, 2a» + was } € S. We get an exact hitting set for H¢ from S based on two
cases.

The first case is that there are vertices in Lo\ K for which the leftmost clique is Lo and the interval associated
with them are hit by z — w in Hg/. Such vertices will also occur in the rightmost clique containing vy, since
N{v1] has a clique cover of size 2 in G. Thus in this case, S U {z; — w; } is an exact hitting set for Hg. The
main reason is that the intervals associated with the vertices in Ly \ K7 whose leftmost clique is at or before Lo
will all be hit by z — w. Further, z; — w; hits all the intervals associated with vertices in K7 \ Lo.

In the second case, all the intervals in Lo \ K7 whose leftmost clique is Lo are not hit by z — w; they are hit
by another element of S. Thus, z — w is in the hitting set of Hg only to hit intervals whose left endpoint is
to the left of DL in Hg. Let h be the intermediate point just to preceding the gadget associated with DLy in
Hg. Consider the set S\ {z — w} U {z1 — wy, h}. This is an exact hitting set of H¢ since S is an exact hitting

@ A detailed description of the symmetry is presented in the inductive argument in Lemma 9
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set of Hy, the intervals associated with the vertices in Lo \ K7 whose leftmost clique is before Lo will all be
hit by h, and z; — w; hits all the intervals associated with vertices in K3 \ Lo. Hence the lemma. O

Lemma 9 Let G be an interval graph which does not have an F € F as an induced subgraph. Then the
canonical interval representation Hg has an exact hitting set. Further, if p > 2, there is an exact hitting
satisfying the following two additional properties:

* The intervals corresponding to the vertices in K1 \ N[vs| are hit by a point in D1 to the left of z1 and
D1 N Nvg] is hit by a point in D Ly which is to the left of the zero-point of D Ls or the intermediate point
just before D Lo.

* The intervals corresponding to vertices in Ko \ N[v,_1] are hit by a point in D to the right of zo+ and
Do N Nvp—1] is hit by a point in Do _1 to the right of the zero-point of D1 or the intermediate point
just after D,/ _1.

Proof: The proof when p = 1 follows from Lemma 6. The proof is by induction on p > 2. The base case is
for p = 2, and from Lemma 7 we know H¢ has a hitting set which satisfies the additional properties. We now
prove the claim for all p > 3.

First, we consider the case in which minimum clique cover of either N[v;] or N[vs] is of size 3 and the
minimum clique cover of either N{v,_1] or N[vp] is of size 3. From Lemma 5, we know that there is at most
one vertex in P which has a minimum clique cover of size 3. Therefore, in this case, it follows that p = 3, and
N[vz] has a minimum clique cover of size 3. From Lemma 8, we know that H¢ has an exact hitting set which
satisfies the additional properties.

Next we consider the case in which either the minimum clique cover of N[v;] and N[vs] are both of size 2
and if not, the minimum clique cover of N[v,_1] and N[v,] are both of size 2. The induction hypothesis is that
the claim is true for all natural numbers in the set {2, ...,p — 1}. Given this, we prove that the claim is true for
D.

Let us first consider the case when N[v;] and N[vs] both have a minimum clique cover of size 2. By
construction, in Algorithm 1, we know that K is the rightmost clique in O which contains v;. From Observation
3, we know that K> is in a minimum clique cover of N[v1]. Any vertex in N[v1] which is not present in Ko will
be present in K, since minimum clique cover of N[v1] is 2. Let Lo be the leftmost clique in O which contains
vo. We know that K7 < Lo < K. Thatis, Lo is a clique to the right of K3 and is not later than K5 in O.

Consider the partition of K7 into K3 \ L and K7 N Ly. Let wy be the number of vertices in K1 N Lo.
Let By = K; \ Lz = K; \ N[vg]. Consider the point z; — w; in the gadget Dy in Hg. By the nature of
the construction of H, this point is to the left of the starting point of the intervals associated with vertices in
K7 N Ly. Consider the interval graph G’ obtained by removing B; from G. Since the elements in N[v] are
in the cliques K7 and Ko, the first clique in the maximal clique ordering of G’ is Lo. Further, among all the
vertices in Lo, vo is the vertex in Ly for which the rightmost clique containing it has the largest index in O.
Thus, Algorithm 1 on G’ will compute the path P\ v; which has the p — 1 vertices vq, vs, . .. v,. Let Ls denote
the leftmost maximal clique in G’ which contains v3. The additional properties satisfied by G’ are as follows:

* For each vertex v in G’ for which the leftmost clique containing it (in O) is after K and before Lo, the
rightmost clique containing v is before K5. Otherwise, the choice for v by the algorithm is violated.

* For each vertex v in K7 N Lo, the rightmost clique (in O) containing v is at or before Ko.

* For each vertex u in N [vq] for which the leftmost clique containing it is to the right of Lo, u is also present
in K3. Otherwise, let there exist such a vertex u for which the rightmost clique containing it is before
K. Then u along with one vertex each in Lo and K3 form an independent set of size 3. Thus, minimum
clique cover of N[vs] is 3. This contradicts our premise that for both N[v1] and N[vs] have a minimum
clique cover of size 2.

e L3 is after K5 and not later to K3 in O.
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By the induction hypothesis applied to G’, Hg has an exact hitting set such that the intervals corresponding
to the vertices in Lo \ Nuvz] are hit at a point to the left of the zero-point of the gadget DLs in H¢r and the
intervals corresponding to vertices in Lo N N [v3] are hit by a point to the left of the zero-point of the gadget D L3
or by the intermediate point just before D Ls. In particular, vo which is in Lo N N [v3] is hit by a point to the left
of the zero-point in the gadget D L3 or by the intermediate point just before D Ls. Note that the intermediate
point just before D L3 exists since D L3 is to the right of Ds. Let this hitting set be denoted by S. Let h* € S
be the point in the gadget D Lo in Hg/. Note that D Ly is the leftmost gadgetin Hg-.

We first show that 2* hits the intervals in H¢ corresponding to the vertices in K3 N Lg. This is because, by
the construction of P, for each vertex in K7, the rightmost clique containing it is at or before Ko, and L3 is
after K». Thus, the point in Hg that hits any interval corresponding to a vertex in K; N Ly has to be in a gadget
to the left of Dy. If this point is different from h*, then it would also hit vo. This contradicts the fact that in
the exact hitting set S, v9 is hit by a point to the left of the zero-point in the gadget D L3 or to the intermediate
point just before D L3. Clearly, both these points are different from h* which is a point in the gadget D L9 and
we know that D L, is different from D Lg.

To construct the exact hitting set in Hg from S, we define a point h in H as follows based on two cases:

* The first case is when there is a vertex such that the leftmost clique containing it is Lo and the rightmost
clique containing it is before K3 (in O). Among all such vertices, let u be the vertex such that the
rightmost clique containing it has the largest index in O. By construction of H¢ the left endpoint of the
interval associated with u would have been the largest among all such vertices. We take h to be the left
endpoint of the interval assigned to v in Hg.

* In the second case there is no vertex such that the leftmost clique containing it is Lo and the rightmost
clique containing it is before K5 (in ©). In this case, h is the intermediate point between D Lo and
the preceding gadget in Hg. Such a point exists, since Lo is different from the first clique K, and by
construction of H, the gadget for every clique in O except K has a point to its left.

Then S\ {h*} U {21 — wy, h} is a hitting set of H¢, where z; — w hits all the intervals in By. h hits all the
intervals associated with vertices in Ly whose rightmost endpoint is before K3, and these are not hit by any
other point in .S, due to the induction hypothesis, and they are not hit by z; — w; . Further, the vertices in B; are
not elements of Lo, and thus are hit only by z; — w;. Finally, the intervals associated with all the other vertices
are hit exactly once by S in gadgets different from the gadgets associated with Lo and K, and these gadgets
have the same structure in Hg as in Hg. Therefore, S\ {h*} U {z; — w1, h} is an exact hitting set of H¢, and
it also satisfies the two additional properties.

Next, we consider the case when N[v1] or N[vz] has a minimum clique cover of size 3. Then, since p > 4,
we know that both N[v,—_1] and N[v,] has a minimum clique cover of two cliques. Further, v,_; and v, are
distinct from v; and v2. From Observation 3, we know that K,/ is in the minimum clique cover of N [vp].
Consider v,_1 in P and we know that D,-_; denotes the rightmost clique in O which contains v,_;. To
prove the claim in this case, we consider the reversed maximal clique ordering O, and the path obtained by
executing Algorithm 1 on this ordering. Due to the symmetry of the vertices chosen during the algorithm
to be added to the path, it is clear that the path computed will be the reversal of P. Also, we know that
Ly 1 < Ky_92 <L, < Ky_1 < K. We consider the argument for the previous case by using the reversal
of O, the canonical representation constructed using the reversal of O, and the reversal of P. We compare the
execution of Algorithm 1 using the reversal of O and its execution using O: K, will be in the place of K,
K1 in the place of Lo, L,, in the place of K>, K, _» in the place of L3, and L,_; in place of K3. By an
argument symmetric with the argument using the induction hypothesis for the previous case, using the canonical
representation constructed using the reversal of O, it follows that S\ {h*} U {zo + wqs, h} is an exact hitting
set of Hg, and it satisfies the two additional properties. Hence the lemma. O

We complete the proof of the forbidden structure characterization for EHIGs.

Theorem 1 An interval graph G is exactly hittable if and only if it does not contain any graph from the set F
as an induced subgraph.
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Proof: From Section 2, we know that every interval graph GG has a unique canonical interval representation,
which we denote by H. Furthermore, if G does not have an F' € F as an induced subgraph, then by Lemma 9,
H¢ has an exact hitting set. We have shown in Lemma 2 that if G has an exactly hittable interval representation,
then G does not have any F' € F as an induced subgraph. This proves the theorem. a

Using the above theorem, we prove Theorem 2.

Theorem 2 Let G be an interval graph. Let Hg be its canonical interval representation constructed as de-
scribed in Section 2. Then, G is exactly hittable if and only if H¢ is exactly hittable.

Proof: Let the hypergraph Hg constructed from interval graph G has an exact hitting set. By Lemma 1,
the intersection graph G’ of H¢ is isomorphic to G. It follows that if G’ has an exactly hittable interval
representation, then GG also has one. Thus, G is exactly hittable.

To show the other direction, let G be an EHIG. By Theorem 1, if G is exactly hittable, then G does not have
any forbidden structure. Then, it follows from Lemma 9 that the canonical representation H of G has an exact
hitting set. O

3.2 Algorithm to recognize exactly hittable interval graphs

In this section, we present an algorithm to recognize an exactly hittable interval graph. This algorithm makes
use of the canonical interval representation in Section 2 and the result by Dom et al. (2006) for MMSC problem
(described in Section 1) on interval hypergraphs. In their paper, Dom et al. showed that an integer linear pro-
gramming (ILP) formulation, say £, for MMSC problem on interval hypergraphs can be solved in polynomial
time. The coefficients of inequalities in £ results in a totally unimodular matrix and the polyhedron correspond-
ing to L is an integer polyhedron. If the input instance to ILP is an exactly hittable instance, then the solution
returned is 1. We use this algorithm below to test if a given interval hypergraph instance is exactly hittable.

Algorithm 1 sEHIG: Given an interval graph G, construct the canonical interval representation as described in
Section 2. Let H¢ be the resulting interval representation. Run MMSC algorithm by Dom et al. (2006) on Hg
as input. If the algorithm returns value 1, then return yes. Else return no.

Lemma 10 Algorithm i sEHIG(G) outputs yes if and only if G is exactly hittable in polynomial time.

Proof: The proof follows from Lemma 1, Theorem 2 and the correctness of algorithm for MMSC problem on
interval hypergraphs. O

It is also clear that the inductive argument in Lemma 9 can be converted into a polynomial time combinatorial
algorithm to check if Hg has an exact hitting set. This leverages the fact that a minimum clique cover of a
perfect graph can be computed in polynomial time.

3.3 Proper Interval Graphs is a subclass of EHIG
We now recall and complete the proof of Theorem 3.

Theorem 3 Proper interval graphs C EHIG C Interval Graphs.

Proof: Let G be a proper interval graph and let it be the intersection graph of the interval hypergraph H = (V,7)
in which no interval properly contains another. Since H is a proper interval hypergraph, no two intervals in Z
can have the same left endpoint. Hence order intervals in Z according to increasing order of their left endpoints.
Let this ordering be I} < I> < ... < I,. Add r(I;) (which is the smallest right endpoint among all intervals)
to set S. Remove all intervals hit by r(I;). Recurse on the remaining set of intervals until all the intervals are
hit by S. Clearly, S is an exact hitting set.

To show the strict containment, we show that the graph K 3 which is a forbidden structure (Roberts (1978))
for Proper Interval Graphs has an exactly hittable interval representation. Let the vertices of the K 3 be
{u,a,b,c} and edges be {(u, a), (u,b), (u, c)}. The intervals assigned to the vertices a, b, ¢ and u are shown in
Fig. 8. Hence the lemma. O
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Fig. 8: Exactly hittable interval representation of K1 3 (here, {1,3,5} is an exact hitting set)

4 Discussion

Our results indicate that there is an interesting hierarchy among the class of interval graphs based on the number
of times an interval is hit by a hitting set. We have shown that proper interval graphs have an exactly hittable
interval representation. Further it is a strict subclass of the set of EHIGs. The natural question is to characterize
interval graphs which have a representation such that each interval is hit at most k times by a hitting set. We
also believe that the recognition problem for such graphs is fundamental and interesting.
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