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We prove that the class of 231-avoiding permutations satisfies a logical limit law, i.e. that for any first-order sentence
W, in the language of two total orders, the probability p, v that a uniform random 231-avoiding permutation of size
n satisfies U admits a limit as n is large. Moreover, we establish two further results about the behavior and value of
Pn,w: (i) it is either bounded away from 0, or decays exponentially fast; (ii) the set of possible limits is dense in [0, 1].
Our tools come mainly from analytic combinatorics and singularity analysis.
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1 Introduction
1.1 Background

For any model of random combinatorial structures (e.g., permutations, graphs, ...), a natural problem is
to compute the asymptotic probability that they satisfy a property of interest. A step further consists in
considering this problem for general sets of properties. To this end, it is useful to use finite model theory.
In this context, the combinatorial objects are seen as models of some logical theory (e.g., graphs are finite
sets with a binary symmetric anti-reflexive relation). Then finite model theory allows one to define a whole
hierarchy of properties on our object: (existential) first-order properties, (existential/monadic) second
order properties, and so on. In this paper, we will be interested in first-order properties, which are the
ones that can be written using only quantifiers on elements (and not on sets), equalities between elements,
the relation(s) of the language (e.g. two elements being neighbours in graphs) and boolean operations; see
below for an informal discussion on the expressive power of first-order logic, and Section[2.]for a formal
definition.

Let us consider a sequence of random combinatorial structures s,,, for example graphs or permutations,
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seen as models of a logical theory. We say that s,, satisfies a (first-order) logical limit la if, for any
first-order sentence W, the probability that s,, satisfies ¥, denoted P(s,, = ¥), has a limit as n tends to
+o00. If, additionally, the limit is always O or 1, then s,, satisfies a (first-order) 0-1 law.

This formal logic approach in discrete probability started around 1970 with the seminal works of |Glebskij
et al.| (1969) and [Fagin| (1976), who independently proved that a uniform random simple graph G,, with n
vertices satisfies a 0-1 law. More generally, for the Erd6s-Rényi model G (n, p) with p ~ n® (a € (0, 1)),
a remarkable result of |[Shelah and Spencer| (1988) states that G(n,p) satisfies a 0-1 law if and only if
« is irrational. Recently, a collection of results has appeared regarding existence or non-existence of 0-
1/logical limit laws for uniform random graphs taken in a given graph class; see, e.g., Heinig et al.| (2018)
and Miiller and Noy|(2018)).

For permutations, fewer results of this type are available. Two different ways of seeing permutations as
models of some logical theory have been described by |Albert et al.| (2020). We will focus on the one called
TOTO (Theory Of Two Orders), where permutations are seen as finite sets, endowed with a pair of linear
orders (A, <p, <y ) (comparing respectively the positions and the values of elements of the permutation;
see Section for details). With respect to TOTO, it is known that uniform random permutations o,
do not satisfy a logical limit law, i.e. there exist first-order properties ¥ such that P(0,, = ¥) does not
have a limit (and actually, can be taken to oscillate between 0 and 1); see [Foy and Woods| (1990) (note
that this reference does not use the permutation language, but considers the equivalent setting of pairs of
linear orders) or Miiller et al.| (2023) (where the more general setting of Mallows random permutations
is considered). On the opposite, uniform layered permutation do satisfy a logical limit law |[Braunfeld
and Kuklal (2022).

Expressive power of the first-order logic on permutations. To make things more concrete, let us explain
informally which kind of properties W can be expressed as a first-order property in the TOTO logic.
More details can be found in |Albert et al.[|(2020). The containment of a given pattern, either in the clas-
sical or consecutive sense, is a first-order property. One can also consider the generalizations considered
in the literature (vincular, bivincular, meshed, barred, decorated patterns); see |Albert et al.| (2020) for
details. This contains many classical statistics on permutations: left-to-right maxima (or other types of
records), adjacencies (two elements which are consecutive both in positions and values), indecomposable
blocks, ... For each of these statistics, one can express the fact that a permutation contains exactly/at
most/at least k of those (for any fixed k), and any boolean combination of these properties. For example,
that a permutation contains at most nine inversions and exactly two adjacencies is a first order property.
One can also express properties of the first/last/maximum/minimum of the permutation, e.g., that the min-
imum of a permutation occurs before its maximum. On the other hand, that a permutation contains an
even/odd number of inversions is not a first order property. It is also impossible to consider statistics that
compares elements of the domain to elements of the co-domain of the permutations, such as existence of
fixed points, exceedances, . ..

1.2 Main result

We recall that a permutation ¢ contains a permutation 7 as a pattern if there is a subsequence of o which
is order-isomorphic to 7. For instance, the permutation 6473512 contains 231 as a pattern: indeed, its

@ In some texts, the name “convergence law” is used instead of “logical limit law”.
() A permutation is layered if it is an increasing sequence of decreasing runs (of arbitrary length).
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subsequence 472 is order-isomorphic to 231. When ¢ and 7 are interpreted as models of TOTO, this just
means that 7 is (isomorphic to) a submodel of ¢. For a given pattern 7, the set of permutations avoiding
7 is denoted Av(r), and for any integer n, Av, (7) denotes the set of permutations of size n in Av(x).
Sets of permutations of the form Av(7), called (principal) permutation classes, have been widely studied
in the enumerative combinatorics literature (see |Vatter| (2015) for a survey) and more recently also from
the probabilistic point of view (see, e.g., Bassino et al.| (2022)) and references therein). In this article we
consider one of the simplest nontrivial cases, namely the class Av(231). We prove a logical limit law for
a uniform random 231-avoiding permutation o,, of size n. We also provide two additional results on the
possible asymptotic behavior of P(o,, = ¥), where U a first order sentence on permutations.

Theorem 1 For each n > 1, let 0, be a uniform random 23 1-avoiding permutation of size n. Then o,
satisfies a logical limit law. Moreover,

1. if U is a first order sentence on permutations, then either imP(o,, = U) > 0, or there exists
e = &(¥) < 1 such that
Pon = W) = O(");

2. the set of limiting probabilities {limP(c,, = W), ¥ FO formula} is dense in [0, 1].

The proof of the logical limit law is inspired by a paper of Woods| (1997), proving a logical limit law for
uniform random nonplane trees in monadic second order logic. It relies on techniques of analytic com-
binatorics, in particular on a general result on the type of singularity of polynomial systems of equations
(commonly known as the Drmota-Lalley—Woods theorem). Item 1 above is a consequence of Woods’
proof technique. For the description of the set of limiting probabilities, we exhibit and combine suffi-
ciently many simple events, whose asymptotic limiting probability is straightforward to compute. We
then use a lemma of |[Kakeyal (1915)), indicating when the set of subsums of a given convergent series is
dense in the relevant interval. The second part of our result can be compared to the results of Heinig et al.
(2018) and |Larrauri et al.| (2022), where the set of limiting probabilities is described for some random
graph models. At least for Av(231), the picture is simpler in the setting of permutations.

We note that a logical limit law for another permutation class, namely the class of layered permutations
has been recently established by Braunfeld and Kukla| (2022)). The techniques are different from the ones
in the present paper. Interestingly, none of these techniques is easily adapted to Av(321) (even though
they have the same number of elements of each size, the classes Av(231) and Av(321) are known to have
different structures in many ways). We do not know whether Av(321) admits a logical limit law or nol@
More generally, it is not known whether there exists a proper permutation class for which the logical limit
law fails; see (Braunfeld and Kuklal, 2022, Section 5).

What about the TOOB logic? As mentioned above, in|Albert et al.|(2020), two different ways of seeing
permutations as models in some logical theory were considered. In this paper, we only consider one of
them, TOTO. The other framework, TOOB (Theory Of One Bijection), regards permutation as maps
from a finite set A to itself, and consists of a single relation expressing that an element z is sent to y. In
TOOB, one can express condition on cycles of fixed lengths, for example that a permutation has more

) Note added in proof. A logical limit law for the class Av(321) has been established by (Ozdemir| (2023), using an “infinite-
dimensional version of the Perron—-Frobenius theorem”.
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Fig. 1: A permutation in matrix form with associated linear orders A <p B <p C <p D <p E,and B <v E <y
A<y C <y D.

than three fixed points and at least one cycle of length at least 10. It is however impossible to compare
values of the elements; in particular conjugate permutations are indistinguishable for TOOB.

The expressibility of TOOB is in some sense poorer than that of TOTO, and the question of logical limit
law is essentially equivalent to the convergence of short cycle counts; see (Miiller et al., 2023, Section
4). In particular, it is easy to prove that uniform random permutations satisfy a logical limit law for
TOOB; see again (Miiller et al., [2023] Section 4). We are not aware of logical limit law results for
uniform pattern-avoiding permutations for TOOB. As said above, this amounts to studying their short
cycle counts. Fixed points in 213-avoiding (resp. 123-avoiding and 321-av0idin permutations have
been studied in [Hoffman et al.| (2017, |2019), where convergence in distribution results are proved. We
might expect similar results for the number of cycles of length k (for any fixed k) which would imply a
logical limit law in these cases, but proving it would require a significant amount of work.

2 Preliminaries

2.1 Permutations as models of a logical theory and first order sentences

We present here briefly the logical theory TOTO (theory of two orders). Details and general references
for finite model theory can be found in|Albert et al.| (2020). The signature of the theory consists of two
binary relations < p and <y . The axioms of the theory specify that <p and <y are linear (or total) order
relations. A model in the theory is then a set A endowed with two linear orders, also denoted <p and <y .
We will only be interested here in finite models. As explained in Albert et al.| (2020), isomorphism classes
of finite models are naturally indexed by permutations. Indeed, think of a permutation as its permutation
matrix, where 1s are replaced by points and Os by empty cells. Then o can be identified with the sets A” of
points, together with the relations <% and <¢,, comparing respectively the 2 and y-coordinates of points
(or in other terms, their positions and their values in the permutation). See Fig. [T]for an example.

We now define first-order formulas and sentences. Take an infinite set {z,y, z, ... } of variables. Atomic
formulas are constructed by taking variables and connecting them with a relation of the signature or
with the equality symbol. In our case, examples of atomic formulas are x = 2z, x <p yor x <y x.

(V) Unlike TOTO, the TOOB framework is not invariant by the action of all symmetries of the square acting on permutation
matrices, and considering 123-avoiding permutations is not equivalent to 321-avoiding permutations. It is however still invariant
by symmetries along diagonals, so that considering 213-avoiding or 132-avoiding permutations are equivalent problems. As far
as we are aware, fixed points in 231-avoiding, or equivalently in 312-avoiding permutations, have not been studied.
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First-order formulas are then obtained inductively from the atomic formulas, as combinations of smaller
formulas using the usual connectives of the first-order logic: negation (—), conjunction (A), disjunction
(V), implication (=), equivalence (<), universal and existential quantification (Vx ¢ or 3z ¢, where x is
a variable and ¢ a formula). A sentence is a formula that has no free variable, that is to say in which all
variables are quantified. For example, 3z Jy (r <p y A y <y z) is a first order sentence.

First order sentences describe properties of the models, in our case of permutations. We say that a per-
mutation o saftisfies a sentence ¥, and write o |= U, if ¥ holds true when the variables are interpreted
as elements of A and when the symbols <p and <y are interpreted as <% and <¢,. For example,
ocE3JrIy(z <py Ay <y x) precisely if o contains two elements that form a 21 pattern.

2.2 Logical types

We start by recalling the notion of quantifier depth of a first-order formula. Informally, this is the maximal
number of nested quantifiers in the formula. Formally, we can define it recursively as follows. If ¥ is an
atomic formula (such as u = v, x <y y or z <p t), then qd(¥) = 0. Otherwise:

qd(=¥) = qd(¥),
qd(¥ v 0) = qd(¥ A 0) = max(qd(¥), qd()),
qd(3z V) = qd(Vz ) = qd(¥) + 1.

Fix £ > 2 and consider first-order sentences of quantifier depth at most k. We consider two first-order
sentences to be equivalent if they are satisfied by the same set of permutations. By putting formulas in, say,
prenex conjunctive normal forms, we see that, in any theory with finite signature, for each fixed k£ > 2,
there are finitely many first-order sentences of quantifier depth at most k, up to equivalence.

We say that two permutations o and 7 are k-equivalent, and write 0 =j, T, if they are models for the same
first-order sentences of quantifier depth k. For each fixed £, this relation splits the set of permutations into
finitely many equivalence classes. These classes are called logical types of order k; their set is denoted

T

2.3 Ehrenfeucht-Fraissé games

We will make use here of a fundamental result of finite model theory, relating satisfaction of first-order
sentences to a combinatorial game. We present here this result in the context of permutations (in the
TOTO logic). We refer to|Albert et al.| (2020) for a more detailed specific discussion on permutations and
to|Gridel et al.|(2007) for a general reference on finite model theory.

Let v and 3 be two permutations, and let k be a positive integer. The Ehrenfeucht-Fraissé (EF) game of
length k played on o and (3 is a game between two players (named Duplicator and Spoiler) according to
the following rules:

* The players alternate turns, and Spoiler moves first.
* The game ends when each player has had & turns.

o Athis ™ turn, (1 < i < k) Spoiler chooses either an element a; € « or an element b; € 3. In
response, at her i turn, Duplicator chooses an element of the other permutation. Namely, if Spoiler
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has chosen a; € a, then Duplicator chooses an element b; € 3, and if Spoiler has chosen b; € f3,
then Duplicator chooses a; € a.

» At the end of the game if the map a; — b; for all ¢ < k preserves both position and value orders,
then Duplicator wins. Otherwise, Spoiler wins.

The connection between EF games and quantifier depth is captured in the fundamental theorem of Ehren-
feucht and Fraissé, which we state here for permutations.

Proposition 2 Two permutations o and 3 are k-equivalent if and only if Duplicator has a winning strat-
egy in the EF game of length k played on o and .

We will use this result below to prove that certain operations on permutations affect the logical types in a
prescribed manner; see LemmaE}

2.4 Algebraic systems of equations and the Drmota-Lalley-Woods theorem

As mentioned in the introduction, the proof of the logical limit law relies on techniques from analytic
combinatorics, which we now introduce.

Consider a system of equations: for 1 < ¢ < d, one has

yi(2) = ®i(2,91(2),- -+, ya(2)), (D

where the y; are unknown formal power series in z and each ®; is a given formal power series in
Z,Y1, -+, Yq With non-negative coefficients.

To such a system, we associate its dependency graph, which is a directed graph on the vertex set {1, -- , d}
with the following edges: there is an edge from i to j if y; appears in the equation defining y;, i.e. if
%,

81/: 7 0.

We recall that a directed graph is said to be strongly connected if, for any pair of vertices (u, v), there is
an oriented path from u to v. In general, one can consider the strongly connected components of a di-
rected graph G. These are maximal induced subgraphs that are strongly connected. A strongly connected

component C of G is said to be terminal, if there does not exist v in C' and w outside C' with an oriented
edge from v to w.

To illustrate these definitions, let us consider the system

y1 =1+ zyiyays + 2935 Y2 = 2iyss Yz =1
ya =1+ 2ya + 2ysys; s = 2°Y3ua5 Yo = 2Yi-
Its dependency graph is drawn in Fig. 2] The strongly connected components are represented with a

dashed contour, and the terminal one (which is unique in this case) has a light gray background.

Finally, we recall that a series A = Zn>0 anpz™ is said to be periodic if there exists d > 2 and r such that
an = 0unless n € dZ + r. It is aperiodic otherwise.

In analytic combinatorics, we are interested in the behavior of generating series of combinatorial objects
around their dominant singularities. It turns out that solutions of a system of equations such as (I)) have
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Fig. 2: Example of dependency graph of an algebraic system of equations
some specific behavior under rather general hypotheses. This is known as the Drmota—Lalley—Woods
theorem. We use the standard Kronecker symbol §; ; defined by §; ; = 1 if < = j and 0 otherwise.
Proposition 3 Consider a system as in (1), where the ®,; have nonnegative coefficients, and assume that:

1. the system is nonlinear in the y;’s, i.e. there exist indices 1, j, k (possibly with repetitions) such that
o . .
Wa;j('zaylf o ;yd) 7é 0;

2. foreach i, one has ®;(0;y1,- -+ ,yq4) = 0 (as power series iny1, ..., Yd);
3. there exist j and k such that ®;(z;0,---,0) # 0 and c’)aq); (z3y1,+ ,ya) # 0 (as power series in
zandin z,y1,...,Yq respectively);

4. the dependency graph of the system is strongly connected;

5. each ®; is convergent for (r,s1,- -, Sq) in a neighbourhood of (0, - - - ,0) and the intersection of
their regions of convergence contains a solution (r, s1, -+ , sq) of the system
s; = ®;(r, 81, , 54) foralli < d;
_ T S &)
0= det (6” oy, (751 ’Sd))1gi,j§d
6. at least one of the series y; is aperiodic.
Then the system (1)) has a unique solution with y1(0) = --- = y4(0) = 0. This solution satisfies that

all the y; have the same radius of convergence p, which is the first coordinate v of the solution of (2)).
Moreover, for each i, there is a nonzero constant A; such that

[2"yi ~ A; p~ " 32 3)

Some bibliographic comments are in order. The name Drmota—Lalley—Woods theorem is given in Flajolet
and Sedgewick| (2009) (see Theorem VII.6 there), but this reference only treats the case of polynomial
systems of equations. For the more general case of analytic equations, which we will need in this paper,
we refer to (Drmotal 2009, Theorem 2.33). Note that we only consider a special case of (Drmota, 2009,
Theorem 2.33), where we do not consider any auxiliary formal variables ;. Also, this reference gives a
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singular expansion of the generating series y; around the singularity and ensures (in the aperiodic case, as
assumed above) the analyticity of y; on a A-domain, so we need to apply the so-called transfer theorem
(Flajolet and Sedgewick, [2009, Theorem VI1.4) to get (3) as above. The fact that A; ## 0 is a consequence
of the property h;(x,u) # 0 given in (Drmota, 2009, Theorem 2.33).

3 Proof of Theorem

The goal of this section is to prove Theorem [I] in particular to prove that a logical limit law holds for
the class C = Av(231) of 231-avoiding permutations. We use the convention that C contains the empty
permutation of size 0.

We first present a standard recursive construction of the elements of C. To this end, recall that the direct
sum 7 & 7 of two permutations 7 and 7 is obtained by juxtaposing 7 and 7 (in one-line notation) and
increasing all values in 7 by the size of 7. The skew sum 7 & 7 is defined similarly except that, this time,
values in 7 are shifted by the size of 7. For example, 12 & 231 = 12453, while 12 © 231 = 45231. It
is well-known — see e.g. (Bdnal 2012} Chapter 4) — that a non-empty permutation ¢ in C can be uniquely
decomposed as 7 @ (1 & 7), for some (possibly empty) 7 and 7 in C. This yields the following equation
for the generating series C'(2) = 1 + z C(z)?, whose unique non-negative power series solution is given
by C(z) = (1 —+/1 — 42)/(2%). Therefore, as it is well known, [z"]C(z) is the n-th Catalan number and
one has the asymptotics [2"]C/(z) ~ m~1/2 47 n=3/2,

3.1 Refining the combinatorial equation.

From now on, we fix k£ > 2. The decomposition o = 7 @ (1 © 7) is compatible with logical types in the
following sense.

Lemma 4 Let 7 and w be permutations and let t1 and to be their logical types of order k. Then the logical
type of order k of T ® (1 © 7) depends only on t1 and ta; we denote it by Hy(t1, t2).

Proof: Consider permutations 7y, 7o, 71 and 7o such that 74 =, 70 and m; =, 7. We set 07 =
1@ (167m), 00 =70 ® (1S me) and want to show that o1 =, 09.

We consider the k-round Ehrenfeucht-Faissé game on the board (o1, 03). We recall that, since 71 = T2
and 71 =y, 72, Duplicator has winning strategies on the boards (71, 72) and (71, 72). Using those, she has
the following strategy on (o1, 02):

* if Spoiler selects the maximum of o; for ¢ = 1 or 2 (the maximum corresponds to 1 in the decom-
position o; = 7; @ (1 © m;)), then Duplicator selects the maximum on the other side;

* if Spoiler selects an element of 77 (resp. 72), then Duplicator selects an element of 75 (resp. 71),
according to the winning strategy for the game on (71, 72);

e similarly with m; and 7s.
It is easy to see that this is a winning strategy for Duplicator, proving that o1 =, 5. O

For ¢ a logical type in T, we write C; for the generating series of 231-avoiding permutations of type ¢.
We remove from 7}, the logical types ¢ such that C; = 0. Since ), Cy(2) = C(z) and since C(z) is
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convergent at its radius of convergence R = 1/4, all Cy(z) are convergent for |z| < 1/4 (but the radius
of convergence of some of them might be larger than 1/4).

There is a special element of 7, the type of the empty permutation (which is alone in its class), denoted
by @. Using Lemmal4] the equation C'(2) = 1 + z C(2)? can be refined as a system

forallt € Ty, Ci(z) =010 +2 Z Cy, (2) C,(2) =: Fi(z;Cyyu € Tg). 4)

ty,to €T}
Hy (ty,t2)=t

The key point in the proof of the logical limit law in Theorem [I] consists in extracting from this system
the asymptotic behavior of the function C;(z). Though far from being explicit, this system has noticeable
properties. Let us consider the dependency graph Gy, of this system of equations. We claim that Gy,
has a unique terminal strongly connected component. Indeed suppose for the sake of contradiction that
uy and ug are elements of two different strongly connected components S and S’ of G. Then, letting
t = H(u1,us2), by construction there is an edge from u, to t in Gy, as well as an edge from s to ¢. Since
S (resp. S’) is strongly connected, this implies that ¢ is in .S (resp. in S”). But ¢ cannot be simultaneously
in S and S’, whence a contradiction.

Thus Gy, has a unique terminal strongly connected component, which we denote G. We let 7,* be the
set of vertices of G7, i.e. the subset of types which are in the terminal strongly connected component.
Furthermore, we write 7,* = T \ 7,

Another easy-to-establish property is the following lemma, regarding aperiodicity. It will be useful when
applying the Drmota-Lalley-Woods theorem in Section

Lemma S All series Cy for t in T} are aperiodic.

Proof: A standard EF game argument — see (Albert et al.| 2020, Propositions 24 and 26) — asserts that
there exists K > 0 such that all permutations 12 - - - n for n > K have the same logical type of order £,
which we will denote by ¢ ~. Clearly, C; . is aperiodic.

Furthermore, it is easy to see that aperiodicity propagates along edges of the dependency graph. More
formally, we claim that if C,, is aperiodic for some type u, and if gg‘ = 0, then C} is aperiodic. Indeed, in
this case, F; contains a monomial zC',C,, for some v. Since C,, # 0, there exists r such that C; > 2"C,

coefficient-wise, implying that C} is aperiodic.

Starting from C' ., we can follow outgoing edges of the dependency graph until we reach a state to
in the terminal strongly connected component. Then C}, is aperiodic. Using again the propagation of
aperiodicity along edges, we conclude all series C;, for t € 7, are aperiodic. a

3.2 The Jacobian matrix and its spectral radius.

We consider the Jacobian matrix of the system:

oF;

M) = (GO0 e )

tu€Ty
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Its rows and columns are indexed by elements of 7. To write down the matrix, we order T, such that the
elements of 7" come first.

Let ¢ and w be in 7, and 7, respectively. Since u is in the terminal component of G, while ¢ is not, there

cannot be an edge from u to ¢. Hence, by construction, one has ggt = 0. This implies that the matrix M,

then decomposes into blocks as
A MEox

where M and M are the Jacobian matrices restricted to 7, and 7,> respectively, 0 is the zero matrix,
and * denotes an unknown matrix.

For a square matrix A we denote SR(A) its spectral radius, i.e. the maximum modulus of an eigenvalue
of A. The following lemma will be useful in Section [3.3]for finding the radii of convergence of the series
that are solutions of our system ().

Lemma 6 We have SR (Mp(1/4)) < SR (M} (1/4)) = SR (My(1/4)) = 1.

Proof: Consider the column sums of My (z), where |z| < 1/4: for u in T, we have

d F,
> My (2)1u = (Zatgﬁt)(z; Co(2),v € Tr).
teTh v

But by construction

2
ZFt(Z,CU,'UEE):l"‘Z (Z C’U> )

teTk vETk

so that we get

> My(2)tu =22 (Z Cv(z)> =220(z).

teTk vET

The right-hand side does not depend on u, i.e. M (z) has constant column sums. For z = 1/4, this sum
is2-(1/4)-C(1/4) = 1. Thus 1 is an eigenvalue of M},(1/4), proving SR(M},(1/4)) > 1. On the other
hand, the spectral radius of a nonnegative matrix is at most its maximal column sum — see, e.g., (Woods),
1997, Lemma 4.4) —, proving SR(M},(1/4)) = 1.

The same argument, together with the fact that the lower left block of M}, is filled with zeroes, proves that
SR(M}(1/4)) = 1.

We now consider M} (1/4), which appears as a block in Mj,(1/4) (see decomposition (3)). Fix an arbi-
trary element «* in 7;*. For each w in 7,°, we set ¢, = Hy,(u, u*). Note that ¢, € T,*. By construction,
we have My (1/4);, » > 0. This implies that the column indexed by u in M}(1/4) has a nonzero ele-
ment outside the block M2 (1/4). Consequently, the column sums of My (1/4) are smaller than those of
My (1/4), i.e., for uin T,*, we have

Z Ml:(l/4)t,u < Z Mk<1/4)t,u =1L

teTe teTk
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Using that the spectral radius is at most the maximal column sum, we get SR(M?(1/4)) < 1. O

3.3 Radius of convergence and asymptotic analysis.

Lemma 7 FortinT,?, C, has radius of convergence strictly larger than 1/4. Consequently, there exists
Kt < 4 such that [2"]Cy(z) = O(K}).

Proof: Let ¢t be in 7,° and consider the equation Cy(z) =: Fi(z;Cy,u € Ty) in the system @). As
explained above (see the text above Eq. (3)), this equation only involves series C.,, for u in 7,* (and not
those for u in 7.%).

We can therefore consider the restriction of the system () to the variables (Cy,t € 7,°):
forallt € 7,7, Ci(z) = Fi(z;Cy,u € T). (6)

The Jacobian matrix of this system at z = 1/4 is M} (1/4). From Lemma 6] the matrix (Id —Mp(1/4))
is invertible. Therefore, using the multivariate implicit function theorem — see (Woods},| 1997, Lemma 5.1)
or (Flajolet and Sedgewick}[2009, Theorem B.6) —, Eq. () has a unique solution for z in a neighbourhood
V of 1/4, and this solution defines analytic functions C; for ¢ in Ty

We recall that C;(z) is analytic for |z| < 1/4 for all ¢ in Ty, since C is dominated coefficient-wise by
the Catalan series C'(z). The above result means that for ¢ in 7,*, there is an analytic extension of C}
in a neighbourhood of 1/4, i.e. 1/4 is not a singularity of C;. Since C; has nonnegative coefficients,
Pringsheim’s theorem applies (Flajolet and Sedgewickl 2009, Theorem IV.5), and we conclude that C;
has a radius of convergence larger than 1/4 (for ¢ in 7;7).

The consequence on the growth of the coefficients [2"]Cy(z) is standard,; see, e.g., (Flajolet and Sedgewick,
2009, Theorem IV.7). O

Lemma 8 Fort in T, there exists a constant A; > 0 such that, as n tends to +o00, one has

[2"]Ci(z) ~ Ap 4™ n=3/2, @)

Proof: We consider the system as a system of equations for the series (C,;u € T,*), seeing the se-
ries (Cy;v € T;7) as parameters. More formally for ¢t € 7%, we let ®,(z; Cy,,u € T;) be the function
Fy(#;Cy,u € Ti) where the indeterminates (C,,, u € 7;) are untouched while the (C,,,v € 7;*) are sub-
stituted by their actual value C,,(z). Then (C,(z);u € 7T,) are the unique formal power series solutions
of the system

forallt € T;F, Cy = ®(z;Cy,u € TY). (8)

The dependency graph of this system is strongly connected, and we will apply the Drmota-Lalley-Woods
theore recalled in Section Conditions 1, 2, 3 and 4 of Proposition are easy to check. Condition
6 follows from Lemma[3l It remains to check condition 5.

™ We note that, even though the original system @) is polynomial, the restricted system () after substitution of the ( C“)uETk' , 18
not polynomial any more since some of the C,, might be infinite series. This is the reason why we need the general version of
Drmota—Lalley—Woods theorem with analytic equations, and not only the one for polynomial systems presented in |Flajolet and
Sedgewick|(2009).
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The functions ®; are power series with nonnegative integer coefficients and are analytic on the re-
gion
T*
{lz] < p2, (Cu) € Ry},

where p, is the minimal radius of convergence of a series C,,(z) with v € 7;* (recall that &, now depends
on z through the substituted series C,,(z) with v € 7;*). From Lemma we have py > 1/4. We recall
that all series (C.,)ueT; are convergent at z = 1/4 (since they are coefficient-wise dominated by C'). The
point (1/4, (Cy(1/4))ueT;) therefore lies in the analyticity region of the functions ®;. We claim that
(1/4,(Cu(1/4))ueT;) is a solution of the system (2). That it satisfies s; = ®;(r, s1,--- , sq) is clear,
since the (Cy)ueT; satisfy (8). Besides, the equality

0 = det <5i,j — %(7’, S1,° ,Sd))
J

1<ié,j<d

is implied by Lemma 6] (the Jacobian matrix of the restricted system is M}}). We conclude that condition
5 of Proposition [3]is satisfied as well.

Therefore Proposition 3| applies. All series (C,(2))ueT; have the same radius of convergence p = 1/4
and (7) holds. O

3.4 Concluding the proof of the logical limit law

Let U be a first-order sentence on permutations, and denote by £ its quantifier depth. Then there exists a
subset Ty of 7 such that

{o€eC:oET}= H’JC:&

teTw
This implies, for n > 1 and o, a uniform random 231-avoiding permutation of size n,

[2"]C:(2)

Plon 9= 2 )

teTw

Since the set T of k-logical types of permutations is finite, the above sum is finite. The existence of a
limit then follows from Lemmas (7| and |8} recalling that [2"]C(z) ~ 7~'/24"n=3/2_ This proves the
logical limit law.

Item 1 in Theorem (1] also follows immediately. If 7y contains at least one type in 7,*, then the limit of
P(0,, = W) is positive. On the other hand, if 7g N 7* = 0, then P(0,, = ¥) decreases exponentially fast
to 0 by Lemmal[7}

3.5 Set of limiting probabilities

We consider here the set of limiting probabilities

L:= {ngmoo P(o,, = ¥), ¥ FO sentence },

and we want to prove that it is dense in [0, 1], which is the remaining part of Theorem



A logical limit law for 231-avoiding permutations 13

We start by recalling a result of Kakeya on the set of subsums of a convergent series, see Kakeyal (1915)
for the original statement and Nymann and Saenz| (2000) for a complete proof. We only copy here a part
of the theorem, which is the one relevant for us.

Lemma 9 Let (p;)i>o be a non-increasing sequence of positive real numbers such that ).~ p; < +00.
Assume that for all © > 0, one has p; < Zj>ipj' Then -

Zfipi§(5i)€{0>1}N = OaZPi .

i>0 i>0
i.e. the set of (finite and infinite) subsums of » -, i is the whole interval [0, Y i>o pi].

In the following, we use the notation Cat,, = n%rl (*™) for the n-th Catalan number. Let o, be a uniform
random 231-avoiding permutation of size n. We can decompose o, as ,, = 7, ® (1 © 7). Note that
T, and m, are random 231-avoiding permutations, and that their sizes themselves are random. Their
asymptotic distribution is given as follows.

Lemma 10 Fix a 231-avoiding permutation p. Then we have

lim P(r, =p)= lim P(m, =p) = 4 lel=1

n—-+4oo n—-+oo

Proof: Let k be the size of p. There are exactly Cat,_j;_1 permutations o in Av,(231) of the form
p @ (1 ©): indeed, one can choose 7 freely in Av,,_j_1(231). Therefore

o Catnfkfl

]P)(Tn = p) Cat ’

and the limit is 47%~1 as claimed. The equality lim,, , o P(7, = p) = 4~ 1P1=1 is proved similarly.
O

Let F and F’ be two finite subsets of Av(231). We consider the event

E]:,]:/ : (Tn S .7:) V (7'('” S F’)
Clearly, Ex 7 is a first order property. For n large enough, the events 7, € F and m, € F’ are
incompatible since |7,,| + |m,| = n — 1. We therefore have, using Lemma10|

im P(Brz) = S0 (Fl + 1FD 4
k<K

where Fj, (resp. F},) is the set of permutations of size k in F (resp. F'), and where K is the maximal size
of a permutation in either F or F'. For each k < K, the quantity | F| + |F},| can take any value between
0 and 2 Caty, so that L contains the set

K
L= {Zakzrk—l, K>0and0<a; < 2Catk} }
k=0
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Let (p;)i>o be the non-increasing sequence containing 4~%~1 exactly 2 Caty, times for each k& > 0, and
no other elements. We have

—+o00
> pi=) 2Cat 47 =10(5) =1,
i>0 k=0

where we recall that C(z) = (1—+/1 — 4z)/(2z) is the Catalan generating series. On the other hand,

LI:{Z}%: JCN,J|<+OO}.

i€J

In words, L' is the set of finite subsums of )., p;. Its topological closure contains the set L of all
(finite or infinite) subsums of Y, p;. Observe finally that p; < > j>i Dj for all i. Applying Lemmal?l,
we have L” = [0, 1], concluding the proof of Theorem|[1]
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In this paper, we study pattern avoidance in weak ascent sequences, giving some results for patterns of length 3.
This is an analogous study to one given by Duncan and Steingrimsson (2011) for ascent sequences. More precisely,
we provide systematically the generating functions for the number of weak ascent sequences avoiding the patterns
001,011, 012,021, and 102. Additionally, we establish bijective connections between pattern-avoiding weak ascent
sequences and other combinatorial objects, such as compositions, upper triangular O1-matrices, and plane trees.

Keywords: weak ascent sequence, pattern avoidance, generating function

1 Introduction

Weak ascent sequences were introduced recently by Bényi et als (2@5372 as a family of integer sequences
that contains the well-known class of ascent sequences introduced by-i_Bgl_Js_q_uet-Mélou et al, (2010). The

weak ascent sequences encode a collection of permutations avoiding a length-4 bivincular pattern, upper-
triangular binary matrices that satisfy a column-adjacency rule, and factorial posets that are weakly (3+1)-
free.

A weak ascent sequence is a word x = z1T2 - - - x, over the set of non-negative integers satisfying
x1 = 0and x; < wasc(zixo---xi—1)+ 1fori =2,..., n, where wasc(zixs - - - z¢) is the number of
weak ascents in the word x1 9 - - - 2y, that is, the number of positions j such that 2; < x;41. We denote
the set of all weak ascent sequences of length n by W,,. By definition we set Wy = {e}, where € is the
empty word, the unique word of length zero. For example, the weak ascent sequences of length 4 are

W, = {0000, 0001, 0002, 0003,0010, 0011, 0012, 0013, 0020, 0021, 0022, 0023,
0100, 0101,0102, 0110, 0111, 0112, 0113,0120, 0121, 0122, 0123}.

A pattern p is a word containing each of the letters in {0,1,...,7 — 1} at least once for some integer
1 > 1. This is analogous to the classical definition of patterns for permutations, but here patterns may
contain repeated letters. A weak ascent sequence x = x1x2 - - - &, € W, contains a pattern p = pj - - - pg

ISSN 1365-8050 © 2024 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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if there is a subsequence z;, ;, - - - x;, of z, 11 < ig < --- < 4y, which is order-isomorphic to p (appear
in the same order of size). We say that x avoids the pattern p if = does not contain any occurrence of p.
For example, the weak ascent sequence 0120244 € WW; contains five occurrences of the pattern 001 and
avoids the pattern 312. Let W, (p) denote the set of weak ascent sequences of length n that avoid the
pattern p and let w),(n) be the cardinality of W, (p). Further, we set W(p) = (U,,~o Wa(p)-

The goal of this work is to study weak ascent sequences avoiding certain patter;ls of length three. This

goal in this paper is to derive the generating function of some cases and show some connections with other
combinatorial objects. Our study is far from comprehensive on the topic.

The remainder of this paper is structured as follows. In Section 2, we provide enumerative results for the
number of weak ascent sequences avoiding the patterns 001,011,012, 021, and 102. These enumerations

correspond to known sequences in The On-Line Encyclopedia of Integer Sequences DEIS Foundation Inq
(2024). Additionally, we establish bijections with other combinatorial structures. In Section 3, we present
our computer calculations concerning other patterns (see Table :Z) and propose a conjecture regarding the

case 210, which proves to be more challenging than it appears at first glance.

2 Enumerations

The goal of the current section is to enumerate weak ascent sequences avoiding each given pattern in
Table il.

[ Pattern p | Number of non-empty sequences avoiding p | OEIS | __Formula/Generating function |
001 1,2,4,8, 16, 32, 64, 128,256, 512, . .. A000079y - - - - - | on-1
011 1,2,5, 14,43, 143,510, 1936, 7775, 32869 A098569) S ("jjjg))
012 1,2,5,13, 34, 89, 233,610, 1597, 4181,. .. A001519,; 'Fon—1 (Fibonacci)
021 1,2, 6,21, 80,322, 1347, 5798, 25512, 114236, . .. A106228: =" F(')g'l:(z) =1+ %
102 1,2,6,22, 89,381, 1694, 7744, 36168, 171831 | A200753.f 35t} = 1 + x(1 — ) Fioz(x)°.
T

Tab. 1: Weak ascent sequences avoiding a pattern of length three.

2.1 Pattern 001

The simplest case is probably the pattern 001. We apply here the generating tree method introduced by
West (1996). We recall the definition for the general case. Given a fixed set of patterns, B, let W(B)
denote the set of all non-empty weak ascent sequences that avoid every pattern contained in B. We define
is no weak ascent sequence of arbitrary length avoiding the set B, that is, 0 € B. Otherwise, the root
can always be taken as 0. Starting with this root which stays at level 1, we construct the remainder of the
nodes of the tree 7 (B) recursively as follows. The children of z1 - - - z,, € W,,(B) are those sequences
from the set

{21+ @ny1 | Tns1 = 0,1,...,wasc(zy - x,) + 1}

that avoid the patterns in B. For example, Figure I} shows the first levels of the tree 7°({001}).


http://oeis.org/A000079
http://oeis.org/A098569
http://oeis.org/A001519
http://oeis.org/A106228
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0
00 01
000 010 011 012

| | SN T

0000 0100 0110 OI111 0120 0121 0122 0123
Fig. 1: Generating tree 7 ({001}).

We define an equivalence relation on the nodes of 7 (B). Let 7 (B; ) be the subtree consisting of the
weak ascent sequence z as the root and its descendants in 7 (B). We say that x is equivalent to ' if and
only if 7(B;x) = T (B; ') (in the sense of plane trees). Let 7'(B) be the same tree as 7 (B), where we
replace each node z by the first node z’ € T (B) from top to bottom and from left to right in 7 (B) such
that 7(B;x) = T (B;’). From now, we consider 7'(B) and 7 (B) identical.

Theorem 2.1. The generating function for the number of non-empty weak ascent sequences of length n
that avoid the pattern 001 is given by x /(1 — 2x).

Proof: We consider the generating tree for the case B = {001}. The root of 7(B) is ap = 0. The
children of the root are by = 00 and a; = 01, and their children are 000 and 010,011, 012, respectively
(see Figure il)). Since 7/(B;000) = T(B;00) and T (B;010) = T(B;00), we see that the children of
the root ag in T (B) are by, a; and their children are ag and by, by, az, respectively. More generally, let
am = 012---m and b, = 012- - - mm, then we see that 7 (B) satisfies the succession rules

ameo,bl,...,bm,aerl and bmwbo,bl,...,bm.

Define A,,(x) (respectively, B,,(z)) to be the generating function for the number of nodes at level n > 1
for the subtree of T (B; a., ) (respectively, T (B; by, )), where its root stays at level 1. Thus, the succession
rules of 7(B) give

m m

Ap(z) =2+ xZBj(x) +2Apm41(z) and B (z)=z+ xZBj(:v).
=0 =0

Define A(v) =3, 5 Am(z)v™ and B(v) =3, < Bm(2)v™. Then

oz n T
T 1-—w 1—w

€T €T

A(v)

B(v)+%(A(v)—A(O)) and B(v) = B(v).

l—v 1-w
Therefore, B(v) = x/(1 — x — v), and the first equation with v = x gives
x x

A(0) = T—=(1+B@)) = 7.
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From the generating function it is clear that wgo1(n) = 27~ for all n > 1. For example, the weak
ascent sequences corresponding to n = 4 are the 8 nodes at level 4 of the generating tree 7 ({001}) in
Figure i,.

2.1.1 Amap

After obtaining this simple sequence for the numbers, we also describe a map from the set of 01 bitse-
quences of length n — 1 to the set of weak ascent sequences of length n avoiding the pattern 001.

Given a 01 bitsequence of length n — 1, associate first to it a path: for a 1 an up step, for a 0 a flat
step. Then, label the nodes of the path with their height. Record the labels (the heights) now in the
following order, first each label in the order as it occurs the first time, and then record the labels (that
already occurred once) in non-increasing order.

A sequence obtained in this way is a weak ascent sequence, as we can see that as follows. Let P
be the path, j the height of the path, and x the image of the map. First we show that z € W,.
The first j 4+ 1 elements of x are 01---7, i.e., integers up to j listed in increasing order. Clearly,
x; < wasc(xy---xi—1) + 1, for i < j + 1. Note, that wasc(xy ---x;4+1) = j. Further, from the
definition of the map it follows that for ¢ > j + 2 the values are necessarily z; < j. Hence, for¢ > j + 2
it is true that x; < wasc(zy - --x;—1) + 1, and we conclude € W,,.

The pattern 001 can not occurin 1 - - - ;4 1, since it is a strictly increasing sequence of integers. Hence,
if a pattern 001 occurs in x, the second element (corresponding to the second zero in the pattern) has an
index greater than j + 1. However, the values after the (j + 1)th element are ordered non-increasingly, so
we can not find an element that would correspond to 1 in an occurrence of the pattern 001. We see that
x € W, (001).

The steps of the map can be inverted. Let = be a weak ascent sequence avoiding 001 with a maximal
strictly increasing prefix of length 5 + 1. Draw a path of height 5 with so many flat steps at each level as
many times the value of the level occurs in the sequence z after the (j + 1)th element. The path containing
flat steps and up steps can easily be decoded back to a 01 bitsequence.

Figure :g: shows some examples of the map for better understanding. Writing F for a flat step and U
for an up step, in Figure g the paths FUFU, FUUF, UFFU, UFUF and the corresponding weak ascent
sequences are given.

f/ f BB ﬁ/_z
0 01210 9 01220 01211 01221

Fig. 2: Examples for the bijection.

After understanding the structure of the sequences in this class we provide also a direct counting. (This
was pointed out by one of the referees.) Namely, let j + 1 be the length of the maximal strictly increasing
prefix of a weak ascent sequence x of length n avoiding 001. Then the remainder of = can consist precisely
of any weakly decreasing sequence of the letters {0, 1, ..., j}, of which there are (";1) After summing

upon 0 < j < n — 1, we obtain 271,



Pattern Avoidance in Weak Ascent Sequences 5

2.2 Pattern 102

Let Z,, denote the set of inversion sequences of length n, that is, integer sequences e = ejes - - - €, such

classical patterns in inversion sequences. Denote by Z,,(p) the set of inversion sequences of length n that
avoid p. By the definitions we obtain the equality W,,(102) = Z,,(102) for all positive integer n. Indeed,
let z be a sequence in Z,, (102). Assume that z has a position j such thatwasc(z; - - - zj—1)+1 < z; < j.
Then, the word z ---x;_; contains a descent, so 1 - --xj_1x; contains the pattern 102. This gives a
contradiction, therefore x € W, (102). The other containment is clear and so the two sets are in fact
equal.

Theorem 2.2. The generating function for the number of weak ascent sequences of length n that avoid
102 satisfies f =1+ x(1 — x) f3.

The series expansion of the generating function f is
1+ + 227 + 62° + 222 + 8925 + 3812° + 169427 + 77442® + O(2?).

The weak ascent sequences corresponding to the bold coefficient in the above series are

W4 (102) = {0000, 0001, 0002, 0003, 0010, 0011, 0012, 0013, 0020, 0021,
0022, 0023,0100,0101,0110,0111,0112,0113,0120, 0121, 0122, 0123}.

) =3 =W (7Y (30

k=0

2.3 Pattern 012

The pattern 012 also leads to a well-known combinatorial number sequence. The weak ascent sequences
avoiding pattern 012 are enumerated by the odd indexed Fibonacci numbers. Weak ascent sequences of
length 4 avoiding the pattern 012 are listed below

W4(012) = {0000, 0001, 0002, 0003, 0010, 0011, 0020, 0021, 0022,0100,0101,0110,0111}.

We find the generating function of the sequence wgi2(n) by analyzing the maximal prefix of zeros of the
elements in W, (012).

Let Fr.q,0,---a. () be the generating function for the number of weak ascent sequences m = my7ms -+ - T,
that avoid 7 and have prefix ajas - - - as. Note that F(x) = F...(z) is the generating function for the
number of weak ascent sequences that avoid 7, where € is the empty word. By the definitions we have
that Fr-(z) = 1 + Fro(z).

Theorem 2.3. The generating function for the number of weak ascent sequences of length n that avoid
012 is given by
1-2z

Fo@) = 7=5 =75
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Proof: Let = be a weak ascent sequence in W(012) and have prefix 0" for some integer m > 0. Then, we
have the decomposition z = 0™x’, where 2’ € W(012). If 2/ = ¢, then the generating function for this
caseis ™. If 2’ # ¢, then the letter x,,, 11 of x satisfies 0 < x,,,41 < wasc(0™)+1=(m—1)+1=m.
This implies the functional equation:

Forgiom () = 2™ + Foig,om+1 (2) + Z Foi,0m ().
j=1
From a similar argument we have the equality

J
Fora.0mj(z) = 2™ + Fora.0mjo(z) + Z Foi2,0mji ()
i—1

J
= ajerl + IFOIZ:,O’"J' (I) +z Z F012;0mi(17)-
1=1

By inductionon 7 = 1,2, ..., m, we obtain the expression

Ierl 1—2 Jj—1
F()lg;omj(x) e #

(1—2x)
Thus,
D g1 — )it gm(1 — )™
Foi2;0m (x) = ™ 4 Fypa,0m+1 () + Z (1(_ 21:)3 = (1(_ 217)7)71 + Forzom+1 (),
j=1

which leads to

™l —a)™ 1—2z
E = = .
012(7) 7nz>0 (1—2z)m 1 -3z + 2

The series expansion of the generating function Fyi2(x) is
142+ 227 + 52° + 132* + 342° + 892° 4 23327 + 6102° + O(=?).

The weak ascent sequences corresponding to the bold coefficient were given above.
We note that the generating function Fy12(2) coincides with the generating function of the sequence
F5,—1, where F,, denotes the n-th Fibonacci number and we also give a combinatorial proof for this fact.

2.3.1 Combinatorial proof

First, we mention that 012-avoiding weak ascent sequences are 012-avoiding inversion sequences since
a 012-avoiding inversion sequence always has the weak ascent property. So W,,(012) = Z,,(012) for all

positive integer n. Corteel et al; (2016) considered already these sequences and proved that the numbers

wo12(n) satisfy the recurrence wp12(n) = 3wei2(n — 1) — wei2(n — 2), for n > 3, with initial con-
ditions wog12(1) = 1 and wp12(2) = 2. They point out that the so-called Boolean permutations are also
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equinumerous and because of the connections to Coxeter groups it would be nice to find a simple bijec-
tion. Here, we present a bijection between 012-avoiding weak ascent sequences (or inversion sequences)
and a set that is well known to be enumerated by the odd-indexed Fibonacci numbers. The motivation of

positive elements form a weakly decreasing sequence.

On the other hand, several known classical combinatorial objects are counted by the Fibonacci numbers
F5,,—1. For instance, the number of matchings of a path on 2n vertices, the number of coverings of a 1 x2n
rectangle by 1 x 1 squares and 1 x 2 rectangles, the number of compositions of 2n by the numbers of 1
and 2. We formulate our result in terms of 1 — 2 compositions.

First, we define three operations and show that each 012-avoiding weak ascent sequence is uniquely
determined by a sequence of these operations. Hence, there is a one-to-one correspondence between
sequences of such operations and 012 avoiding weak ascent sequences. Then, we show that an operation-
sequence can be simply decoded by a 1 — 2 composition.

The operations O, I, and E,, where ¢ is an integer > 2, are defined as follows:

O: write a 0 at the end of the sequence.
I: write a 1 at the end of the sequence.

Ey: write at the beginning of the sequence £ — 1 0’s, increase each positive element by ¢ — 1, and write
¢ at the end of the sequence (¢ > 2).

It is clear that if e is a 012-avoiding weak ascent sequence, then O(e), I(e), and E;(e) are also 012-
avoiding weak ascent sequences. Moreover, if e has length n, then O(e) and I(e) have length n + 1, and
Ey(e) has length n 4 ¢. On the other hand, the operation-sequence which decodes a given 012 avoiding
inversion sequence is uniquely defined.

Example 2.5. We demonstrate how the operation-sequence EsOOIFE,OOIIE, generates the corre-
sponding weak ascent sequence. Let € denote the empty weak ascent sequence. Then

Eu(e) — 0004
IE (e) — 00041
ITE4 () — 000411
OITE4(e) — 0004110
OOIIE4(e) — 00041100
E;OOIIE,(e) — 0000522002
OE,OOIIE (¢) — 00005220020
IOE,00ITE () — 000052200201
EsIOE,OOIIE (¢) —  000000744004033.

Finally, we have to add a 0 at the beginning of the so-created sequence.
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Now we encode the operation-sequence by a composition of 1’s and 2’s. Write for a O two 1’s: 11,
for a I, write a 2, and for an operation E, write £ — 1 2’s between two 1’s, i.e., 12¢-11, Note that
this encoding is unique, hence the map is invertible. Our example, E3sIOFE2OOI1E}y, translates to the
composition

1221-2-11-121-11-11-2-2-12221.

The above bijection is based on the recursive structure of the elements in W,,(012), which we could
formulate as follows. (This bijection was pointed out by one of the referees.) Let x € W,,(012). If the
last letter of x is 0 or 1, remove this last letter, obtaining a sequence of the set W, _1(012). If the last
letter of x is k > 1, remove that last letter, remove the first £ — 1 zeros from z, and subtract (k — 1) from
each remaining positive letter, to obtain such a sequence of the set W,,_(012).

2.4 Pattern 021

The generating function for the case 021 can be derived using the previous technique, however, the deriva-
tion and the result are more complicated.

Theorem 2.6. The generating function Fyo1 () for the number of weak ascent sequences of length n that
avoid 021 satisfies Fop1 (2) = 1 + xFpa1 (1) /(1 — 2Fo1(x)?), which implies

o —vo+ax+1

3

F —1=-
021(17) T

where

2v1 — 4z — 222 1 Txd — 622+ 122 —2 1
v x xcos( (:v x? + 12z >+7T)+$+'

3z T3\ o1 —ar — 22232 ) T3 3z

Vo = 3

Proof: By the definitions, we have

Foopom () = 2™ + Fooyom+r (x) + Z Fozr,0mj(z)
=1

m
=z + Fogr,0m+1(2) + Z ™ Fogryom+1-91 (@), 1)
=1

where we used here that Fyo1,0mj(2) = 2?1 Fygy,gm+1-i1(2). To see this fact consider a weak ascent
sequence m = 0™ 7’ of length n. Since 7 avoids 021, 7’ does not contain any of the entries 1,2, ..., j—1.
In other words, each positive entry is at least j. Thus, 7 avoids 021 if and only if 0™+~ 17" avoids 021,
where 7'’ is obtained from 7’ by decreasing each positive entry of 7’ by j — 1. Clearly, 0" +!1=717" is a
weak ascent sequence.

The generating function Fyg1,0m1 () satisfies

m+1
Foor.0m1(w) = 2™ + Foaromio(w) + Z Foar,0m1j(x).
J=1
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Clearly, Foo1,0m11(%) = Fay.om+11(x). As before, we have that Fyo1,om1j(2) = 277 Foay.gm+2-41(2),
forall j =2,3,...,m. So,

m—+1
Foauomi(@) = 2™ + Fogromo (@) + Y a7~ Fogromez-i1 (). @

Jj=1
Similarly, we have

m—+1
Foaromio(x) = 2™ + Foor,omi00(z) + Z Foaromi0(2)
Jj=1
m—+1
B (Em+2 —+ F021;0m+110($) + Z $‘7F021;0m+2—j1($). (3)

Jj=1

In order to solve these recurrences, we define the generating functions A(v) = ng Foa1.0m (z)v™™ 1,
B(’U) = Zle F021;0m1(x),0m71’ and O(’U) = Zle Fogl;omlo(z)vmil. Clearly, A(O) = F()Ql;o(x) =
Foo1(x) — 1. So, our next step is to find an explicit formula for the generating function A(0). Thus, by
multiplying (-'_L')-(B) by ¥™~! and summing over m > 1, we obtain

A@w) = = 4 (A(v) ~ A0) + 7= B(o), @)
JJ2

B(n) = —— + C(0) + ﬁB(U) - B(0), )
$3 x x

C) = T2 + 5(C(0) = C0) + s Bl) — ZB(0). ©)

By (4)-(3), we have

(VPr —v?z —v* +vr + 20— 1)B(v)
= (v®2? +v%z — 2vz — v + 1)B(0) + (v*z — v)C(0) + v?2® + v?2® —va®. (7)

Let v, v1, v2 be the roots of the polynomial equation v3z — v%x — v + vz + 2v — 1 = 0, namely'djl

Lp

Uj

2v/1 — 4o — 222 cos [ arecos 7% — 622 + 122 — 2 N m(2j +1) N T+1
= ——ar .
3z 2(1 — 4z — 222)3/2 3 3z

By substituting v = v and v = v9 into (-’_7:), we obtain the following system of equations:

(V?2% +viz — 2uiz — vy + 1)B(0) + (viz — v1)C(0) + v3a® + viz? —vi2® =0,
(v3x? + vix — 2uax — vo + 1)B(0) + (vix — v2)C(0) + via® + via? — voa? = 0.

P e e e et e

Trigonometry/The_solution_of_cubic_equations
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By solving this system for B(0) and C(0), we obtain that

1)1’02262

B(0) = oz — Dz =1) and C(0) =—

(vox 4+ vo — 1) (v1w + vy — 1)2?
(vox — 1)(viz — 1) ’

where we simplified the expressions by using the fact that v = vy and v = vy satisfy v3z —v2z —v24vz+
2v—1 = 0. Since vy, v1, vo are solutions of v3x —v2x —v2 +vr+2v—1 = 0,s0 vo+v1 +ve = (142)/x
and vgpvivg = 1/z. Thus,

1 (e +1) —vo(x®> +z+ 1)+ 2% +2r+1

B(0) = ——— d C(0)=
©) vE—vo+1 an ©) vE—vg+1

Now, by substituting these expressions into (8)-(6) and solving for B(v) and C(v), we obtain

vavd +v(zv —x — v + 1

PO = e D0 Pt Do D) 1)

Now, by ('g‘.') with v = 1, we have

A0) = —— + L B,

1—=x 1—=x

which, after simplification, implies that

a:vg—vo—l—:c—i-l
T

A(O) = — = F021(£C) —1.

Note that vy is a root of the polynomial v3x —v¥x — v? 4+ v + 20 — 1, 50 Fyor (x) satisfies

{EFOQl (.CC)

F = 1+——
021 (2) + = 2o (2)?

The series expansion of the generating function Fya1 () is
1+ + 227 + 62° + 212 + 802° + 3222° + 134727 4 57982° + O(2?).

The weak ascent sequences corresponding to the bold coefficient in the above series are

W4 (021) = {0000, 0001, 0002, 0003, 0010, 0011, 0012, 0013, 0020, 0022, 0023,
0100,0101,0102,0110,0111,0112,0113,0120, 0122, 0123}

n—1
1/2n—-2k-2\(n+k-1
= — > .
woz1(n) Zn< 1 )( "1 ), forn>1
k=0
It is known that node-labeled plane trees are enumerated by these numbers. We present a bijection between

weak ascent sequences avoiding 021 and node-labeled plane trees. However, in order to have a more
insightful picture, we consider a special matrix class that is in bijection with weak ascent sequences.


http://oeis.org/A106228
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2.4.1 Matrices

The structure of a weak ascent sequence is nicely recognizable in a certain class of upper triangular 01

Definition 2.7. Let WMat,, be the set of upper triangular square O1-matrices A that satisfy the followmg
properties:

(a) There aren 1’sin A.
(b) There is at least one 1 in every column of A.

(c) For every pair of adjacent columns, the top-most 1 in the left column is weakly above the bottom-
most 1 in the right column.

There is a one-to-one correspondence between the set WMat,, and the set of weak ascent sequences of

of the corresponding matrix M € WMat are constructed according to the decreasrng subsequences
(decreasing runs) of w. The decomposition into decreasing subsequences is unique, in our example
w = 0|0|21]10]1|5. For each decreasing run there is a column with 1 entries in the rows given in the
particular subsequences, i.e., the 1 entries of the matrix are in positions (i, j) if the jth decreasing run
contains the value ¢ — 1.

Forbidding a certain pattern in weak ascent sequences affects the structure of the corresponding matrix.
In certain cases, this structure is nice and gives an illuminating insight. This is the case for the pattern 021
which we describe now.

Let WMat(021) denote the set of matrices corresponding to weak ascent sequences avoiding the pattern
021. Recall that weak ascent sequences that avoid 021 are those whose positive elements form a non-
decreasing sequence. As a consequence, in a matrix M/ € WMat(021) the 1 entries are of two types. The
1’s corresponding to the 0’s of the weak ascent sequence are all in the top row. The other 1’s corresponding
to the positive elements of the weak ascent sequence form a weakly increasing staircase path.

This characterization is sufficient. All M € WMat whose 1 entries are either in the top row or form a
weakly increasing chain are exactly the matrices of WMat(021).

Note that our matrices are upper triangular, so each matrix can be associated with a path having all
steps above the diagonal, in other words with a Dyck path, with eventually some extra 1’s in the first
row. In particular, matrices with dimension n that do not contain any 1’s in the first row (besides the 1
entry in the first column that is contained in all matrices) can be associated to Dyck paths. Hence, the
subclass of n x n matrices in WMat,, (021) is enumerated by the n-th Catalan number. (Note that in the
set WMat,, (021) there are matrices of different dimensions.)

2.4.2 Bijection with node-labeled plane trees

We describe now a bijection between 021 avoiding weak ascent sequences and node-labeled plane trees
on n vertices. A plane tree is an oriented tree in which the children of a vertex are ordered.
Plane trees are enumerated by Catalan numbers and their combinatorics is very rich and popular see

A plane tree can be decoded by a sequence (al, .. an) of non- negative integers satisfying a; + - - - +

an > tand Z _oa; = n. See Exercise 86, page 33 in Stanley, (2015_) We obtain the corresponding
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sequence to a plane tree by traversing the tree in preorder (visiting the root, then traversing its subtrees
from left to right) and recording the outdegree of the node we just visited (the first time). For n = 3 the
five sequences are

(3,0,0) (2,1,0) (2,0,1) (1,2,0) (1,1,1).
We can associate a Dyck path to the sequence (a1, . . ., a,) by the following rule:
H*"DH*D.--H* D,

where H denotes a horizontal step and D a down step. We call a vertex in the plane tree that is not the
root a node if its outdegree is greater than zero. We label the node v of the tree with an integer ¢,, such that
0 < ¥, < odeg(v) — 1, where odeg(v) denotes the outdegree of v. A plane tree with such a labeling of all
nodes is called node-labeled plane tree. Note that we slightly modified the definition and terminology of

To each node-labeled plane tree we can associate a sequence (aj,az[l2]...,a,[¢y]) such that
Z;:O a; > i, Z?:o aj = n,and 0 < ¢; < a; forall 1 < ¢ < n. We call such a sequence an
augmented sequence. (Note that ¢; is not defined since there is no label associated to the root.) The 6

augmented sequences of length 3 are listed below.
(3,0,0) (2,1[0,0) (2,0,1[0]) (1,2[0],0) (1,2[1],0) (1,1[0],1[0]).

In the plane tree we can think of the label as a mark on one of the descendants of the node, whereas in
the Dyck path as a mark on one of the horizontal steps. More precisely, we define a marked Dyck path
associated to an augmented sequence (a1, as[la], ..., an[¢,]) as follows:

HY®DH® 2pl2p ... gon—topbn D

For instance, if the augmented sequence is (1, 3[1],2[1],0,0,4[3],0, 0, 1[0], 0, 1[0], 0), the corresponding
marked Dyck pathis HDHHhDHhWDDDHhWhDDDHDDHDD.

We associate now to a marked Dyck path a 01 matrix. If all £; = 0, then write for each horizontal step a
1 in the row of its height. More precisely, in row 7, where r is given by the number of down steps standing
to the left of the particular horizontal step. This way we obtain the n x n matrices of the set W,,(021).
We illustrate this in the Example 2.§.

Example 2.8. Let’s consider the case n = 4. Of the 21 matrices in WMat,, (021), fourteen have a single
1 in the first row. These 14 cases correspond to those labeled plane trees where all ¢; = 0. The corre-
sponding marked Dyck paths do not contain any h. For instance, the sequence (2, 1[0], 1[0]) corresponds
to the Dyck path HHDHDHDD:


http://oeis.org/A106228

Pattern Avoidance in Weak Ascent Sequences 13

The matrix is given by putting a 1 entry for each horizontal step at its height [

oRoO

} . The weak ascent

ooo
[elelelt
oo—O

sequence is given by the heights of the horizontal steps w = 0012.

We now define the map also for cases when there is at least one positive ;. To a horizontal step, h, a 1
entry will correspond in the first row of the matrix. If ¢; = 1, we apply the following rule when visiting
the horizontal step h. If it would be a H we would write a 1 entry in the next column of the same row,
but as it is a h we write a 1 entry in the first row of the same column. At the same time we “delete”
the D followed by the h from the path implying actually that the heights of the next horizontal steps are
reduced by one. For instance, (1, 2[1], 1[0], 0) transforms to the marked Dyck path HDHhDH DD, the

. .. 110 .
corresponding matrix is [8 ! (1)} and the weak ascent sequence is 0101.
In the case of arbitrary ¢; we write £; 1’s in the first row in consecutive columns. We delete the D

(coming after the /’s) as well, reducing with that the height of all the following 1’s by one.

Example 2.9. For n = 4 there are 7 node-labeled plane trees with at least one positive label. Here we
give the list of them, the corresponding augmented sequences, and the corresponding matrices (in the
same order).

B R

(1,3[2],0,0) (1,3[1],0,0) (1,2[1],1[0],0) (1,2[1],0,1[0])
(1,1[0],2[1],0) (2,2[1],0,0) (2,0,2[1],0).

1 11 1 01 1 10 1 10 1 01 1 11 1 11
01 0 0 11 011 010 010 0 01 0 00
0 0 0 0 0 0 0 00 0 01 0 01 0 00 0 01

2.5 Pattern 011

The main observation for the structure of 011-avoiding weak ascent sequences is that each positive number
can occur only once. We introduce some notation and terminology. Let w = w; - - - w,, be a weak ascent
sequence that avoids the pattern 011. If w;_; < w, for a j, we denote by g(w,) the value that is newly
available for wji1, ¢(w;) = wasc(wiws ---wj) + 1. We say that w; is a candidate and q(wj) is its
follower. Further, let s(w; - - - w;) denote the set of all available values for w;1.

From the set s;_; we get the set s; depending on the value of w;. Three cases are possible:

A. Ifwj_y = w; =0, then s; = s;_1 U {q(w;)}.
B. Ifw;_; < w;, thens; = s;_1 U{q(w;)} \ {w;}.

C. fwj_1 > wj, thenif w; = 0, we have s; = s;_1, and if w; > 0, we have s; = s;_1 \ {w;}.
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If the follower ¢(w, ) is also a candidate, meaning that it occurs in the weak ascent sequence and it is
greater than its left neighbour (note that it can not be equal to its left neighbour) then we can consider
also its follower, g(g(w;)). We can continue this procedure, obtaining a sequence of values w;, g(w;),
.. (-~ g(w;)) until the last is not a candidate. This means that it is smaller than its left neighbour
in the weak ascent sequence or it does not occur in the weak ascent sequence as an element. Hence,
such a sequence is maximal if the first, starting candidate is zero and the last element is not a candidate.
Moreover, each 0 element in the weak ascent sequence determines such a maximal sequence and each
positive number from the set {1,2, ..., ¢(w,)} arises in exactly one such maximal sequence. Hence, a
set partition of {1,2,...,¢(wy)} uniquely defines a 011-avoiding weak ascent sequence w € W,,(011).
More precisely, let i1, @9, .. ., i, denote the positions of the zeros in the weak ascent sequence. For each
1 <k <m,w;, = 0,define the set Sj, containing the elements of the maximal sequence of the followers:

Sk ={a(wi), - ala(- - (g(wi,))))}-

We illustrate the above definition by an example.

Example 2.10. Let us consider the weak ascent sequence w = 0001300524. We added in the following
table the value g(w;) above the element w.

qw;) 1 2 3 4 5 6 7 8
w 0 0 0 1 3 00 5 2 4

There are 5 zeros in the weak ascent sequence. Starting with the first zero, we have g(w;, ) = q(w1) =
q(0) =1, q(1) = 4, ¢(4) = 8. Hence, the maximal sequenceis 0 — 1 — 4 — 8, and S; = {1,4,8}. The
other sets are S = {2}, S3 = {3,5,7}, 5S4 =0, S5 = {6}.

After understanding the structure of this class, we derive its size. First, we provide a finer counting
according to the number of zeros.

Let B(n,m) denote the set of weak ascent sequences avoiding the pattern 011 of length n with m zeros
and let B(n, m) = |B(n, m)|. The initial condition is B(n, 1) = 1. We have the following proposition.

Proposition 2.11. Forall1 < m < n,

n

B(n,m) = ZB(k—l,m—1)< _n_k

k=m

Proof: Let w € B(n,m) and k denote the position of the last zero. Then w; - - wg—1 is in the set
B(k — 1,m — 1). The values w;, i > k are all positive numbers. Each positive number that occurs is
contained in one of the sets S1,...,.5,,—1 or in the set that starts with the last zero at the mth position,
Spm. The number of ways to place n — k elements into m sets (possibly with repetition) is counted by the
binomial coefficient ("~ ¥t 1), O

“ “Kabe and Ruskéy (2003) showed that the above recurrence is satisfied by the triangular binomial coef-
ficient, (":ll:g;) ), which equals 1 when m = 1.

Theorem 2.12. The number of weak ascent sequences of length n that avoid the pattern 011 is given by

wan(m =3 ("7 E)),

m=1
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of the interpretations are integer sequences, none of these coincide with weak ascent sequences that avoid
the pattern 011. The corresponding matrices WMat,, (011) are those in WMat,, that have at most one 1
entry in each row except the first row.

3 Open questions

We leave as an open question the enumeration of the remaining cases of length 3. In Table :_Z we give the
first few values of the sequence w,(n) for p € {000,010, 100, 101, 110, 120, 201, 210}.

| Pattern p | Number of sequences avoiding p |

000 1,2,5,15,51, 194, 809, 3667, 17892, 93408
010 1,2,5,15,52,202, 861, 3969, 19582, 102600
100 1,2,6,22,94,452,2398, 13832, 85838, 568412
101 1,2,6,22,93,438,2251, 12447, 73308, 456401
110 1,2,6,22,92,424,2112, 11229, 63174, 373692
120 1,2,6,22,91, 409, 1958, 9860, 51775, 281654
201 1,2,6,23,104, 528, 2919, 17225, 107022, 693327
210 1,2, 6,23, 104, 530, 2958, 17734, 112657, 750726

Tab. 2: Sequence wy(n) for p € {000, 010, 100, 101, 110, 120, 201, 210}

Note that A117106 enumerates permutations avoiding the vincular pattern 2-41-3.
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1 Introduction

We say that a permutation p contains the pattern (or subsequence) ¢ = q1¢qo - - - g, if there is a k-element
set of indices 7; < 72 < - < 7y such that p; < p;, if and only if ¢, < gs. If p does not contain ¢, then
we say that p avoids q. For example, p = 3752416 contains ¢ = 2413, as the first, second, fourth, and
seventh entries of p form the subsequence 3726, which is order-isomorphic to ¢ = 2413. A recent survey
on permutation patterns by Vatter can be found in Vatter (2015). Let Av,,(g) be the set of permutations of
length n that avoid the pattern g, where the length of a permutation is the number of entries in it. If S'is a
set of patterns, and the permutation p avoids all patterns in .S, then we will say that p avoids S, and we will
write | Av,,(S)| for the number of such permutations of length n, Av(S) for the set of such permutations
of all lengths (such a set is called a permutation class) and Av,,(S) for those such permutations of length
n.

In general, it is very difficult to compute the numbers | Av,,(S)|, or to describe their sequence as n
goes to infinity. Recently, there has been some progress in proving negative results about the ordinary
generating function Ag(z) of the sequence | Av,,(S)|. In Béna (2020), the present author proved that for
most patterns ¢, the generating function A,(z) = >, -, | Av,(¢)|2™ is not rational. Non-algebraicity of
these generating functions is also very hard to prove, because there are very few general tools to prove
that a combinatorial power series is not algebraic. As we explain in the next section, most results on
non-algebraicity of generating functions Ag(z) = >, | Av,(S)|2™ were based on exact asymptotics
of the coefficients, and those exact asymptotics are very hard to establish. (There has been one example
Garrabrant and Pak (2015) when non-algebraicity of the generating function of a permutation class was
shown as a consequence of the stronger result that the generating function was not differentiably finite.)
In this paper, we will use a recent result of Alin Bostan to prove the non-algebraicity of Ag(z) for two
infinite sequences of sets S from a weaker condition on the growth rate of the numbers | Av,,(S)].

*Supported by Simons Collaboration Award 940024.
ISSN 1365-8050 © 2024 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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2 Tools to Prove Non-algebraicity

A power series A(z) is called algebraic if there are polynomials Py(z), P1(z), - - - , Ps(2) that are not all
identically zero so that the equality

Po(2) + Py(2)A(2) + Py(2)A%(2) + - - - + Py(2)A%2) = 0

holds. See Section 6 of Stanley (2023) for a high-level introduction to the theory of algebraic power series.
Until recently, the only general, direct method to prove non-algebraicity of a generating function A,(S)
was the following theorem of Jungen (1931).

Theorem 2.1. Let m be a positive integer, let c and +y be positive constants, and let A(z) =Y < an2"
be a power series with complex coefficients. If

n

ap =~ Cn—m,

then A(z) is not an algebraic power series.
The following theorem of Amitaj Regev makes Theorem 2.1 immediately applicable for our purposes.

Theorem 2.2 (Regev (1981)). For all k > 2, there exists a constant 1, so that the asymptotic equality

(k—1)*

holds.
Corollary 2.3. Let k > 2 be an even integer, and let ¢ = 12 - - - k. Then A4(2) is not algebraic.

Proof: If k > 2 is even, then (k? — 2k)/2 is a positive integer, and so Theorem 2.1 implies that A, (z) is
not algebraic. o

It is usually difficult to find exact asymptotics for the numbers | Av,,(.S)|, and therefore direct applica-
tions of Theorem 2.1 to prove non-algebraicity of A,(.S) for other pattern classes are rare.

The following result is due to Alin Bostan Bostan (2021). See Lemma 6.3 in Béna and Burstein (2022)
for its proof. Compared to Theorem 2.1, it relaxes the asymptotics criterion on the coefficients of A(z)
somewhat, while yielding the same conclusion.

Lemma 2.4. Let A(z) = Y, -, anz" be a power series with nonnegative real coefficients that is analytic
at the origin. Let us assume that constants ¢, C, K and m exist so that m > 1 is an integer, and for all
positive integers n, the chain of inequalities

n n

A ca, <0 M)
n n

holds. Then A(z) is not an algebraic power series.

In other words, in order to prove non-algebraicity of A(z), we do not have to prove that the numbers a,,
are asymptotically equal to v - K™ /n™; it suffices to show that they are between two constant multiples
of K™/n™. This is what we will do in the next section.
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3 Patterns with long increasing subsegences
3.1 The case of length five

In Béna and Pantone (2023), Jay Pantone and the present author studied classes of permutations avoiding
patterns with long increasing subsequences. In particular, they considered the set of patterns Ay, ;, con-
sisting of the & — 1 patterns of length k that start with an increasing subsequence of length & — 1 and end
in an entry less than k. For instance, As 5 = {12354, 12453,13452, 23451}. They proved that for k& > 3,
the exponential order of the sequence | Av,,(Ay k)| is (k — 2)% + 1, that is, lim, 00 /| Avin(Ag k)| =
(k — 2)? + 1. Based on numerical evidence, they made the following conjecture.

Conjecture 3.1. There exists a constant R so that

10"
| AVn(A575) |2 R- F

Theorem 2.1 shows that Conjecture 3.1 directly implies the following conjecture.
Conjecture 3.2. The generating function A, ,(z) is not algebraic.

In this paper, we are going to prove Conjecture 3.2 without first proving Conjecture 3.1. We will then
prove an analogous result for a second infinite sequence of patterns.

Let p = pip2 - pn be a permutation. For any entry pp of p, let the rank of p, be the length of
the longest increasing subsequence of p that ends in p,. Now let us assume that p avoids As 5. Let
p; be the leftmost entry of p that is of rank 4. Then p;11 > p;, or a forbidden pattern is formed.
Similarly, p;j 42 > p;+1 or a forbidden pattern is formed, and so on. So the subsequence p;p;i1 - - pn 18
an increasing subsequence. In other words, each permutation p € Av,,(As 5) naturally decomposes into
two parts; the 1234-avoiding permutation pps - - - p;j—1, which one might call the front and the increasing
subsequence p;p;+1 - - - P, that one might call the tail. Note that j > 4, and if p avoids 1234, then the tail
is empty. (In this case, we can set j = n + 1.)

This leads to the following lemma. Let f,, = | Av,,(1234)] for shortness.

Lemma 3.3. The chain of inequalities

n

1on(," ) i a(,")
=3 =3
holds.

Proof: Let i be a integer so that 3 < ¢ < n. Choosing an n — i-element subset T of the set [n] =
{1,2,---,n}, constructing a 1234-avoiding permutation on [n]\ 7" (the “front part”) and postpending it by
the elements of 7" written in increasing order (the“back part”), we get a permutationin Av,, (A5 5). We get
every permutation in Av,, (As 5) at most four times in this way, because for a permutation p € Av,,(A4s5),
the front part of p cannot contain an increasing subsequence of length four or more. In other words, if the
last @ entries of p form an increasing subsequence, but the last a + 1 entries do not, then there are at most
four choices for the number n—i above, namely a, a—1, a—2, and a— 3. of legth m On the other hand, we
get every permutation p € Av,,(A4s5) at least once in this way. Indeed, if p = p1pa - - - Dy, € Av,,(As55),
and p; is the leftmost entry of rank 4, then p is obtained by setting I" to be the underlying set of the entries
PjDj+1 - - Pn. and selecting the 1234-avoiding permutation pips - - - pj—1 on the set [n] \ 7. If p avoids
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1234, then j is undefined; in this case we choose 7' to be the empty set, and we choose p itself on the set
[n)\T. O

Lemma 3.3 squeezes the number | Av, (A5 5)| between two constant multiples of the sum s, =
s () fi = >is (7)) fi. All we need in order to be able to use Lemma 2.4 is to prove that s,

is between two constant multiples of 11?—2. We will prove this in an elementary way, in two simple propo-
sitions, but after those propositions, we point the interested reader to the direction of a more high-brow
approach. Note that Theorem 2.2 directly implies that there are absolute constants « and 3 so that

91’
74

a~9—;§figﬁ~— @)
2 2

for all z.
Recall that f,, = | Av,,(1234)| and that s, = f; >0 5 (") = Sois fi (7).

=3 \n—1

n

Proposition 3.4. There exists an absolute constant Cy > 0 so that s,, < C1 - %.

Proof: Recall that 8 was defined in the previous paragraph, and in (2). Let us split up s, to two parts,
based on whether i < n/2. If i < n/2, then we have

n/2 n 71/29Z n
> (Nn o< X 5()
- 7 . (3 1
1=3 =3
< aon/2 n
< 550 (,1)
n
< B.C.gn.9n
< B3
10"
s G

For the part of the sum s,, where i > n/2, we have

()

n/2 n/2

<03 (1)

INA

=
NE
| <.
VRS
- 3
N——

- nt n—1
i=n/2
1"
< G g
Setting C; = Cs + C'5 completes the proof. O

Proposition 3.5. There exists an absolute constant ¢y > 0 so that s,, > ¢ - %.
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Proof: Recall that o was defined in (2). Note that

n
9 n
Sn 2 Q@ = .
e~ 4, n—a1
=3
n

2

! on
> ()
i=3
& - n
1 7
= ()
i=0
C1
where we used the binomial theorem in the last step. O

Remark. If sequences {a,}, and {b,}, of positive real numbers are related by the equality b,, =
> ieo (%) ak. then the sequence {b,, }, is sometimes called the binomial transform of the sequence {ay, }r.
This is a well-studied transform that is the subject of the book Boyadzhiev (2018). In particular, if A(z)
and B(z) are the respective generating functions of the two sequences, then

B(z) = 1izA<1iz>'

This equality could be used to analyze the singularities of B(z) and therefore, to obtain the asymptotics
of its coefficients.
Returning to the task at hand, the proof of the main theorem of this section is now immediate.

Theorem 3.6. The generating function A, ,(z) is not algebraic.

Proof: Lemma 3.3 shows that | Av,, (A5 5)| is between two constant multiples of s,,, while Propositions
3.4 and 3.5 prove that s,, is between two constant multiples of 10" /n*. Therefore, there exist absolute
constants ¢ > 0 and C' > 0 so that
1" "
C'F §|AVn(A5,5)| SO'F 3)

for all n.
Therefore, by Lemma 2.4, A4, ;(2) is not algebraic. (]

3.2 The case of length k
For general k > 3, the methods that we used in the last section yield the following.

Theorem 3.7. Let k > 3. Then there are absolute constants ci, and CY, so that the chain of inequalities

(k—2)2+1)"
(2 —4k+3)/2

(k—2)2+1)"

Ck * ~ 22 0 7
k (kK2 —1k+3)/2

<] Avp(Ak k) |1< Ck -

holds.
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Proof: Analogous to the proof of (3) in the proof of Theorem 3.6. In that theorem, we had k = 5, which
yielded (k — 2)? + 1 = 10. Note that Lemma 3.3 and Propositions 3.4 and 3.5 all generalize for larger
k. O

When k = 3, then Az 3 = {132,231}, and it is well-known (see, for instance, Exercise 14.2 in
Boéna (2023)) that | Av,, (A3 3)| = 2”71, in accordance with Theorem 3.7. When k = 4, then A4 4 =
{1243,1342,2341}. 1t follows from Theorem 3.1. in Miner (2016) that

1+2—+1-—62+522
AA4,4 (Z) = 2(22 _ ZQ) .

It follows from this formula that -
" n3/2°
for some absolute constant C, again in accordance with Theorem 3.7. See Sequence A033321 in Sloane
(2024) for the many occurrences of the sequence | Av,, (A4 4)|.
For larger k, we have the following generalization of Theorem 3.6.

| Av,(Agq)| ~ C

Theorem 3.8. Let k be an odd integer so that k > 3 holds. Then the generating function Ay, , (z) is not
algebraic.

Proof: If % is an odd integer, then (k2 —4k+3)/21is an integer. If, in addition, the inequality & > 3 holds,
then (k? — 4k + 3) /2 is a positive integer. This implies that we can apply Lemma 2.4 using the upper and
lower bounds that we obtain from Theorem 3.7, completingthe proof ofthe present theorem. O

4 Classes Wilf-equivalent to Av(Ag ).

Let S and T be two sets of patterns. We say that the permutation classes Av(S) and Av(T') are Wilf-
equivalentif for all n, the equality | Av,,(S)| = | Av,,(T)|holds. Let Bs 5 = {21354, 21453, 31452, 32451},
and define By, ;, in an analogous way. That is, By, j is the set of k — 1 patterns of length & whose first

k — 1 entries form a 213 - - - (k — 1) pattern, and whose last entry is less than k.

Theorem 4.1. For all k > 4, the classes Av(Ay i) and Av(By, 1) are Wilf-equivalent. In particular, for
all odd k > 5, the generating function

Apy(2) = D | Ava(Br)l="

n>0

is not algebraic.

For k = 4, the claim of Theorem 4.1 is proved in Brignall and Sliacan (2017). Our argument can
be viewed as a generalization of that proof, but it is self-contained so that the reader does not have to
understand the more general terminology and structural analysis presented in that paper. The key element
in our proof is the following lemma. It was stated and proved in a different form by Julian West in West
(1990). The precise form in which we state and prove it is implicit in West (1990), but for our purposes,
the explicit form below is necessary.

Note thatif p = p1ps - - - py, is @ permutation, then we say that p; is a right-to-left maximum of p if there
isno j > i so that p; > p;. In general, if the longest increasing subsequence of p that starts at p; is of
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length m, then we say that p; is of co-rank m. So right-to-left maxima are precisely the entries of co-rank
1.

Lemma 4.2. Let £ > 3. Then there exists a bijection gy ¢ := Avyp(123---£) — Av,(213---{) so that
forallp € Av,(123---4), and for all m < { — 2, the permutations p and g, ¢(p) have the same set of
entries of co-rank m, and those entries are in the same positions. In other words, g ¢ leaves the entries
of p that are of co-rank m fixed.

Note that Lemma 4.2 proves in particular that the two permutation classes above are Wilf-equivalent,
but we will need the much stronger claim of the Lemma. Also note that for £ = 3, Lemma 4.2 and its
proof reduce to those of the classic Simion-Schmidt bijection Simion and Schmidt (1985).

Proof: (of Lemma 4.2). Let p € Av,,(123---£). Leave the entries of p that are of co-rank £ — 2 or less
unchanged. Fill the remaining slots with the remaining entries, going from right to left, so that in every
step, we place the largest entry that can be placed at the given position without getting co-rank £—2 or less.
This results in a permutation gy, ¢(p) € Av,(213---¢). The map g, ¢(p) is a bijection, because it has an
inverse. Indeed, if w € Av,,(213---{), we get the unique preimage of w by leaving its entries of co-rank
¢ — 2 or less fixed and writing the remaining entries into theremaining slots indecreasing order. O

Proof: (of Theorem 4.1). We construct a bijection Ay, : Av,, (Ak i) = Avy(Bgk). Let p = pip2 - Dn,
and let ¢ be the location of the rightmost descent of p, that is, the largest index so that p; > p;yi.
Note that this means that the string p1ps - - - p; avoids the increasing pattern 12---(k — 1). We define
hn(p) as the concatenation of g; ,—1(p1p2 - - - p;) and the increasing sequence p;41 - - - Pr. It is clear that
hn(p) € Avy,(By k), since if h,,(p) contains a copy of a 21 - - - (k — 1)-pattern, that copy must end strictly
on the right of position 4, and h,, (p) increases in all those positions.

In order to prove that h,, : Av,,(Ak k) — Av,(By,) is indeed a bijection, first note that the rightmost
descent of h,,(p) is also in position i. As we know that h,, fixes the increasing subsequence p;41 - - - Pn,
it suffices to prove that if « is the entry in position ¢ of h,,(p), then > p;;1. Note that z: is the rightmost
entry of g; ,—1(p1p2 - - - pi). Recall that g; fixes all entries of pyps - - - p;, except those that have co-rank
k — 2 in the string p1ps - - - p;. On the other hand, p; is the rightmost entry in p;11 - - - pp, SO its co-rank
there is 1 < & — 2. So we are done, since x = p; > p;11.

We can now prove that the function h,, : Av, (Ag k) — Av,(Bg,k) is indeed a bijection by showing
that it has an inverse. Let w = wjws - --wy, € Avy,(Bg). Let us find the largest index i so that the
inequality w; > w;4; holds. We can then obtain the unique permutation p that satisfies the equality
h,,(p) = w by taking the permutation g; * (wyws - - - w;) and postpending it by string p; 1 1pito - - pp. O

5 Further directions

There are other several other patterns that are Wilf-equivalent with the monotone pattern 12 - - - k. For our
purposes, the following result is particularly relevant.

Theorem 5.1. Let 2 < m < k — 1. Then for all n, the equality
| Avn(123 k)| = | Avn(m(m — 1)---21(m + 1)(m + 2) -- - k)|

holds.
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Proof: For two patterns ¢ and ¢’ of length £ and ¢’ respectively, let ¢ ¢’ denote the pattern of length £+ ¢/
whose first £ entries form a copy of the pattern ¢, whose last £’ entries form a copy of the pattern ¢/, and in
which the set of the first £ entries is the set {1,2,--- , £}, and so the set of the last ¢’ entries is necessarily
{{+1,£+42,--- £+ {'}. It then follows from results in Babson and West (2000), Backelin et al. (2007),
and Krattenthaler (2006) that for any pattern g, the equality | Av,, (ip, ®q)| = | Avy(dm ®¢)| holds, where
im 1s the increasing pattern of length m and d,,, is the decreasing pattern of length m. Then Theorem 5.1
is the special case when ¢ = ix_,,,. The interested reader can check the details and the necessary notion
of shape-Wilf-equivalence on pages 762 -763 of Vatter (2015). O

In other words, we can reverse the subsequence of the first m entries of the monotone pattern and get
a pattern that is Wilf-equivalent to the original monotone pattern. Unfortunately, Theorem 5.1 by itself is
not enough for our purposes. We would need an affirmative answer to the following question.

Question 5.2. Does there exist a bijection
Gnm  Avy (123 k) = Avp,(m(m —1)---21(m + 1)(m +2)--- k)

that fixes all right-to-left maxima?

If such a bijection exists, then the proof of Theorem 4.1 can be extended as follows. Let k > 3 be an
odd integer, and let 1 < m < k — 1. Let Ay 1, be the set of k — 1 patterns of length & that start with
anm(m —1)---21(m+ 1)(m + 2) - - - (k — 1)-pattern, and end in an entry less than k. So for instance,
As 5.3 = {32154, 42153,43152,43251}. Then the generating function Ay, , . (z) is not algebraic.

It is possible that the answer to Question 5.2 is positive, but difficult. Indeed, such an answer would
yield a result that is stronger than Theorem 5.1, and that theorem is quite difficult to prove on its own.
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Finding distributions of permutation statistics over pattern-avoiding classes of permutations attracted much attention
in the literature. In particular, Bukata et al. found distributions of ascents and descents on permutations avoiding any
two patterns of length 3. In this paper, we generalize these results in two different ways: we find explicit formulas for
the joint distribution of six statistics (asc, des, Irmax, lrmin, rlmax, rlmin), and also explicit formulas for the joint
distribution of four statistics (asc, des, MNA, MND) on these permutations in all cases. The latter result also extends
the recent studies by Kitaev and Zhang of the statistics MNA and MND (related to non-overlapping occurrences of
ascents and descents) on stack-sortable permutations. All multivariate generating functions in our paper are rational,
and we provide combinatorial proofs of five equidistribution results that can be derived from the generating functions.

Keywords: Pattern-avoiding permutation, permutation statistic, generating function, bijection

1 Introduction

A permutation of length n is a rearrangement of the set [n] := {1,2,...,n}. Denote by S, the set of
permutations of [n]. Form € Sy, letn” = 7,71 -+ -7 and 7€ = (n+1—71)(n+1—m2) - - - (n+1—7y,)
denote the reverse and complement of 7, respectively. Then 7"¢ = (n+1—mp,)(n+1—mp_1) - (n+1—
71). A permutation m 7o - - -, € S, avoids a pattern p = p1ps2 - - - pi, € Sy, if there is no subsequence
iy Wiy * * Wi, such that m;; < m;,, if and only if p; < py,. For example, the permutation 32154 avoids
the pattern 231. Let S, (7, p) denote the set of permutations in S,, that avoid patterns 7 and p. The area of
permutation patterns attracted much attention in the literature (see Kitaev (2011) and reference therein).
Of interest to us are the following classical permutation statistics. For 1 < ¢ < n — 1, 7 is an ascent
(resp., descent) in w € Sy, if m; < w41 (resp., m; > m;41) and asc(mw) (resp., des(m)) is the number of
ascents (resp., descents) in 7. Also, 7; is a right-to-left maximum (resp., right-to-left minimum) in « if m;
is greater (resp., smaller) than any element to its right. Note that 7, is always a right-to-left maximum and
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a right-to-left minimum. Denote by rlmax(7) and rlmin () the number of right-to-left maxima and right-
to-left minima in 7, respectively. We define left-to-right maximum, left-to-right minimum, Irmax () and
Irmin(7) in a similar way. For example, if 7 = 34152 then Irmax(7) = 3 and Irmin(7) = rlmin(7) =
rlmax(m) = asc(m) = des(w) = 2.

We are also interested in the statistics maximum number of non-overlapping ascents (denoted MNA)
and maximum number of non-overlapping descents (denoted MND). For example, des(13254) = 2 =
MND(13254) while 3 = des(32154) # MND(32154) = 2. These statistics are a particular case of the
study of the maximum number of non-overlapping consecutive patterns in Kitaev (2005) and recently,
Kitaev and Zhang (2024) studied MNA and MND on permutations avoiding a single pattern of length 3.

Also, k-tuples of (permutation) statistics (s1, S, ..., Sk) and (s7, s, ..., s},) are equidistributed over
aset S if ,
Z tSI(a)t52 . Sk (a) Z tsl t52(a) tZk (a)'
acsS acs

There is a line of research in the literature on finding distributions of permutation statistics over pattern-
avoiding classes of permutations (see, for example, Barnabei et al. (2009, 2010); Bukata et al. (2018);
Elizalde (2004a,b) and references therein). In particular, Bukata et al. (2018) found distributions of as-
cents and descents on permutations avoiding any two patterns of length 3. In this paper, we generalize
these results in two different ways. Namely, we find explicit formulas for the joint distribution of six
statistics (asc, des, Irmax, lrmin, rlmax, rlmin), and also explicit formulas for the joint distribution
of four statistics (asc, des, MNA, MND) on these permutations. The latter result also extends recent
studies by Kitaev and Zhang (2024) of the statistics MNA and MND on stack-sortable permutations
(which are precisely 231-avoiding permutations). Moreover, we provide combinatorial proofs of five
equidistribution results observed from the multi-variable generating functions derived in this paper.

In what follows, we let g.f. stand for “generating function”. We will derive closed form expressions for
the following g.f.’s:

F(‘r p)('r D,q, U0, 8, t Z Z n asc(m) dcs(w) lrmax(ﬂ) rlmax(rr) lrmm(fr)trlmm(ﬂ')7
n>0 weS,(7,p)

Z Z n asc(m) dcs(ﬂ') MNA(TI')ZMND(TF)

Grp)(7,0,4,9,2) Yy

n>0 weS,(1,p)
for all 7 and p in S5. All of our g.f.’s are rational functions. Note that
des(m) = asc(n") = asc(n®) = des(n"),
Irmax(7) = rlmax(7") = lrmin(7¢) = rlmin(7"),
MND(7) = MNA(7") = MNA (7€) = MND(7"¢)
and hence
F(TT,pT) (:C,p, q,u,v, s, t Z Z xnpasc(rr)qdcs(ﬂ)ulrmax(ﬂ),urlmax(ﬂ)Slrmin(ﬂ)trlmin(ﬂ)
n>0 wEs, pr)
— Z Z xnpdes(frr)qasc(ﬂ'r)urlmax(frr),Ulrrnax(ﬂ'r)Srlmin(ﬂ'r)tlrmin(frr)
n>0 77eSy(7,p)

= Fir p)(@,4,9,v,u,, 5);
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F(Tc,pc)(ff,p, q,u,v, s, t Z Z " deb(ﬂ') dsc(ﬂ') lrmln(Tr),Urlmin(ﬂ') Slrmax(ﬂ)trlmax(ﬂ)
n>0 €S, (1,p)

= F(T;P) (I’ q,D, S, t,U, 1}),

F(Tm_,pm)(x,p,q,u,v,s t Z Z 2" asc(ﬂ' dcs(w) rlmm(ﬂ') lrmm(w) rlmax(ﬂ)tlrmax(ﬂ)
n>0 wesS, (1,p)

= F(Typ)(x7p7 Q7t7 S, U, ’LL),

G(T",p") (Iapv 4,9, Z) = G(Tc,pc)('rvpa q;, Y,z Z Z z" dCS(ﬂ’ aSC(ﬂ)yMND(ﬂ)ZMNA(W)
n>0 weS,(1,p)

= G(r,p)(7,4,p,2,Y);

Girre, TC)(:E D, G, Y, 2 Z Z xnpasc(w)qdes(w)yMNA(w)ZMND(w) =G(rp) (z,p,4,9, 2).
n>0 weS, (1,p)

The following results appear in Simion and Schmidt (1985).
Theorem 1.1. Let A, (7, p) be the number of elements in Sy, (7, p). Then,

() A,(123,132) = A,,(123,213) = A,,(321,231) = A,,(321,312) = 2"~ L;
(b) A,(231,312) = A,,(132,213) =

(c) An(213,312) = A, (132,231) =

(d) A,(213,231) = A,(132,312) =

(e) A,(132,321) = 4,,(123,231) = A,,(123,312) = A,(213,321) = 1 + (7);

0 ifn>5
() A,(123,321)=<n ifn=1lorn=2
4 ifn=3orn=4.

In order to determine the distribution of the statistics over S, (7, p), for every T, p € Ss, based on the
properties of the g.f.’s discussed above, out of all possible 15 pairs it is sufficient to examine the distri-
butions of the statistics over the first pair in each of (a)-(e) in Theorem 1.1 since the case of (123, 321)-
avoiding permutations is trivial.

This paper is organized as follows. In Section 2, we derive all our distribution results that are summa-
rized in Tables 1 and 2, where one can find references to the general results and to the formulas giving
individual distributions of the statistics, respectively. From our enumerative results we note five equidis-
tributions that are proved combinatorially in Section 3 via introduction of two bijective maps f and g.
Finally, in Section 4 we provide concluding remarks.
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(asc, des, Irmax, lrmin, rlmax, rlmin) | (asc,des, MNA, MND)
Sn(123,132) Theorem 2.4 Theorem 2.1
Sn(132,321) Theorem 2.10 Theorem 2.7
Sn(231,312) Theorem 2.16 Theorem 2.13
Sn(213,231) Theorem 2.22 Theorem 2.19
Sn(213,312) Theorem 2.28 Theorem 2.25

Tab. 1: G.f.’s for joint distributions of the statistics over Sy, (7, p)

asc | des | Irmax | rlmax | Irmin | rlmin | MNA | MND

S,(123,132) | @ | G) | ah | (12) | 13) | (a4 | () 7
S,.(132,321) | (18) | (19) | 25) | 26) | 27) | 28) | 20) | (2D
S.(231,312) | 32) | 33) | (39) | 40) | 4D) | @42) | 34 | (35)
S,.(213,231) | (46) | (A7) | (34) | (35) | (36) | (57) | (48) | (49)
5.(213,312) | (39) | (60) | (64) | (65) | (66) | (67) | (61) | (62)

Tab. 2: G.f.’s for individual distributions of the statistics over Sy (T, p)

2 Distributions over S, (7, p)

In this section, we find joint distribution of the seven classical statistics across the five types of arrange-
ments in Section 1. Furthermore, we find joint distribution of two more statistics: the maximum number
of non-overlapping descents (MND) and the maximum number of non-overlapping ascents (MNA) over
the same set of permutations.

Given permutations a € S, and 3 € Sp, let a« & B € S, denote the direct sum of a and 3 and let
a S B € S,4p denote the skew-sum of a and f3, defined as follows in Bukata et al. (2018):

o8 a(1), 1<i<a;
(0] =
a+B(i—a), a+1<i<a-+b.

0o f= ali)+b, 1<i<ugq
| BGi—a), a+1<i<a-+b

For example, for a = 123 € Sz and 5 =4132 € Sy, a @ f = 1237465 and o © = 5674132.

2.1 Permutations in S, (123, 132)

We first describe the structure of a (123, 132)-avoiding permutation. Let 7 = 7y - - -, € 5,,(123,132).
Ifm, =n,1 <k <n,thenm; > my > --- > m_1 in order to avoid 123. On the other hand, in order
toavoid 132, m; > n — kif ¢ < k. Hence, m; = n —iforl < ¢ < k — 1, while w1742 - - - 7, must
be a (123, 132)-avoiding permutation in S,,_ . So 7™ = (o ® 1) © 8, where o € Si_1 is a decreasing
permutation and 3 € S,,_, is a (123,132)-avoiding permutation, and we use the structure of 7 to prove
the following theorems.

Theorem 2.1. For S, (123,132), we have

A
1 —2¢2222 — pgayz — 2pqPadyz + ¢ratz? — pgdriyz?’

G (123,132) (%, D, ¢, Y, 2) (D
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where

A=1+z+pr’y + qz’z — 2¢°2° 2 — ¢®232 — paaPyz + 2pqriyz — 2pgPadyz—
q3x422 + q4x422 +pq x? yz —pq xt yz
Proof:
Letm =7y - m, € S,(123,132). If n. = 0, it contributes 1 to G'(123,132) (2, P, ¢, y, 2). Forn > 1, we
consider three cases based on where the element n appears in 7.

(a) If m; = n, we let the g.f. for these permutations be

9(123,132) (LC,p, R Z Z xnpabc(ﬂ') des() MNA(ﬂ') MND(ﬂ')
n>1 wes,(123,132)
71'1 n

(b) Suppose 7 = n, where k = 24,4 > 1. Inthis case, 7 = (a ® 1) © 3, where @« € So9;_1 is a
decreasing permutation with ¢ — 1 non-overlapping descents and 27 — 2 descents, the corresponding

g.f.is
me 1,212 i-1 _ L
T 1 — 22292
1>1 q

and 1 © § is a (123,132)-avoiding permutation in S,,_2;+1. Because the first element of the per-
mutation 1 © 3 is the maximum, the corresponding g.f. is g(123,132) (7, p, ¢, ¥, z). Additionally,
Tk—1 < T, = n, and m,_17y contributes to MNA giving an extra factor of yp. In conclusion, the
g.f. for permutations in case (b) is

TYyp

9(123,132)(%17, q,Y, Z)m-

(c) Suppose 7, = n, where k = 2i + 1,7 > 1. In this case, 7 = (« @ 1) © 3, where a € Sy; is a
decreasing permutation with 7 non-overlapping descents and 2: — 1 descents, the corresponding g.f.

is )
21 1 21 1 T=zq
z 2,.2°
1 —a2zq
i>1

and 1 © S is a (123,132)-avoiding permutation in S,,_2;. Using similar considerations as those in
case (b), the g.f. for permutations in case (c) is

x®zypq
9(123,132) (%, 2, ¢, ¥, Z)m-

Combining cases (a)—(c), we have

ryp
1—222¢2

2
L=2Ypq
Saz3132) (@ PO AT @

G(123,132)($7P7 q,y,2) =1+ 9(123,132) (z,p,q,y,2) + 9(123,132)(957]9, 4,9, %)

Next, we compute g(123,132)(, P, ¢, ¥y, z) similarly to the derivation of G 123,132y (7, p,¢q,,2). If 1 <
n < 2, the corresponding g.f. is x + 22 zq. Next, we distinguish three cases(n > 3):



(d)

(e)
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If 7o = n — 1 then myma = n(n — 1) contributes to MND that is independent from the count of
MND in 75 - - - 7., which can be any non-empty permutation in S,,_2(123, 132). Note that mo > 73
contributes to a descent, so the corresponding g.f. in this case is xzqu(G(1237132) (z,p,q,9,2)—1).

Suppose 7, = n—1, where m = 24,4 > 2. Inthiscase,a = 0, 3 = y016(,som = 167619¢,
where 1 © v € Sy;_; is a decreasing permutation with ¢ — 1 non-overlapping descents and 2i — 2
descents, and the corresponding g.f. is

3.2
- - . xr°zq
E x2z lzz quz 2 — .
. 1 —2%2q
1>2

Also, the permutation 1 & ( is in S,,_2;41(123,132) where ¢ € S,,_2;. Because the first element
of 1 & ( is the maximum, the corresponding g.f. is g(123)132)(x,p, q,y,z). Moreover, T;,—1 <
Ty = n — 1, so 17, forms an extra non-overlapping ascent and ascent. To summarize, the
corresponding g.f. for permutations in case (e) is

z?yzpq?

9(123,132)(%17, q,Y, Z)m-

Suppose m,, = n — 1, where m = 2¢ + 1,7 > 1. In this situation, 7 = 1 & v S 1 & (, where
167 € Sy; is a decreasing permutation contributing ¢ non-overlapping descents and 2 — 1 descents.
The g.f. for 1 © v € Sy; is

2
C x°2q
E :CQzquQz 1 _ .
. 1 —2x%2q
i>1

In conclusion, the g.f. for the permutations in case (f) is

x?z2qyp
9(123,132) (%, D, ¢, Y, Z)m-

Summarizing (d)—(f) we obtain

9a23,132) (7,0, ¢, y,2) = x + ?2q + 5522(12((;(123,132) (z,p,q,9,2) — 1) +

2*yzpg® 2 2qyp
et s S adiet Loy 3
9(123,132)(%, D, ¢, ¥, Z)l Gy + 9(123,132) (%, D, 4, Y, 2) 1= 22242 3)
By simultaneously solving (2) and (3), we obtain (1). O

Corollary 2.2. Setting three out of the four variables y, z, p and q equal to one individually in (1), we
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obtain single distributions of asc, des, MNA and MND over S, (123,132):

1—=x
n,asc(m) '
S I .
n>0 neS,(123,132) 1 -2z 422 —px
n>0 m€s, (123,132) 1 —2qx — qx2 + ¢z
1—=x
n, MNA(r) _ '
2 2 o . S ©)
n>0 7€S,(123,132) 1 -2z 422 — 22y
Y Y ganne o Lok’ 2o ™
1—32%z — 2232 ’

n>0 7eS,(123,132)

Remark 2.3. The distributions in (4) and (6) are the same because in 123-avoiding permutations asc =
MNA.

Theorem 2.4. For S, (123,132), we have
F(123,132) (‘Tupa q,u,v,s, t) =

1+ ¢%s?va? + stuvz(1 + ptuz) — gsz(1 + puva?st(—1+t)(—1 +u) + v(1 + pz + stuz)) (8)
1+ ¢?s?va? — gsz(1 + v + pvx) '

Proof: For 7 = 7y ---m, € S5,(123,132), if n = 0, it will give 1 to F{123,132)(,p,q,u,v,s,t). Let
n > 1, we consider the following cases.

» If m; = n, the element n is the only left-to-right maximum, a left-to-right minimum and a right-to-
left maximum, and 772 is a descent. So lrmax(7) = 1 and the g.f. of permutations with 7, = n
is given by zquus(F(123,132) (7, p, ¢, 1, v, 8,t) — 1) + vuwvst, where the element n gives a factor of
xquus (multiplied by the g.f. of all non-empty permutations with the value of Irmax not taken into
account) and the term xuwvst corresponds to the permutation of length 1.

o Ifm, =n,thent = (n—1)(n—2)---1n = (a® 1) & B, where 3 is the empty permutation. The
g.f. for the decreasing permutation « is

Z vigi~lusit = usxt

= 1 —xsq
So, the g.f. for permutations in this case is
2 02,00042
. : u“sxeput
zpuvt > zlqi T lust = ————,
P Z ¢ 1 —xsq

i>1

where the element n gives a factor of zpuvt.
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o Ifmy, =n,1 <k <n,wehavem; > mg > -+ > m;_1 and lrmax(w) = 2. Then7 = (a B 1) 6 3,
where any non-empty permutation in S, (123, 132) is possible for 8. The g.f. for a & 1 is

2.2
o . ufsxepqu
TPUU E 9clq’_1usZ = T wea arps(fj ,
i>1

where the maximum element n gives a factor of zpquv. So the g.f. in this case is

u?sx’pqu

F 1 t)—1 .
( (123,132)(50717,(17 y Uy S, ) ) 1— 2sq

Synthesizing the above three conditions yields

F23132)(7,p,q,u,v,5,1) =

2 ¢ 20ut2
1+ LL’qU’US(F(ng_’ng) (‘rupa q, 17 v, S, t) - 1) + xtuvs + %—i_ (9)
u?szpqu
F, 1 t)—1)——.
( (123,132)(557177(]7 y U, S, ) ) 1—xzsq
Letu = 1 in (9), we obtain
F(123,132)(x7p7 q, 17 v, s, t) =
S£C2p’l)t2
1+ ztvs + quS(F(123,132) (xapu q, 17 v, S, t) - 1) + 1— zsq (10)
x2pqus
F, 1 t)—1 .
( (123,132)(117,1)#], , U, 8, 1) )1—x$q
By simultaneously solving (9) and (10), we obtain the desired result. O

Corollary 2.5. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (8), we obtain single distributions of Irmax, rlmax, lrmin and rlmin over S,,(123,132):

2 2,2
Z Z pryglrmax(m) 1—-2x+ur —ux +u:v; an
1-—2x

n>0 weS, (123,132)

Z Z xnvrlmax(ﬂ) — l-—2z (12)

1—z—vz’
n>0 7€S,(123,132)

Z Z xnslrmin(ﬁ) _ 1—sz (13)

1 —2sx — sx2 + s2z2’
n>0 neS,(123,132)

. 1— 2z + tx — ta? + t2a2
)OS DI e Chi i (14)
1—- 22
n>0 w€S,(123,132)

Remark 2.6. The distributions in (11) and (14) are the same because the patterns 123 and 132 are

invariant with respect to the (usual group-theoretic) inverse operation which exchanges the sets of left-to-
right maxima and right-to-left minima.
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2.2 Permutations in S, (132,321)

We first describe the structure of a (132, 321)-avoiding permutation. Let 7 = 7y - - -, € 5,,(132,321).
Ifr =n,thenmt =nl2---(n—1). If rp, = n,1 < k < n, then m41 < g2 < -+ < 7, in order
to avoid 321; on the other hand, in order to avoid 132, 7;, = n —k+iif1 < i< k—-1. If 7, = n
then mymo -+ p—1 € Sp—1(132,321). Som = (a® 1) & 8, where a & 1 € S and § € S,,_j, are two
increasing (132, 321)-avoiding permutations. We use the structure of 7 to prove the following theorems.

Theorem 2.7. For S, (132,321), we have

A
G(132,321) (7, P, ¢, Y, 2) = ( (15)

Ty
where

A=1+4a+paly — 3p2a2y — 2p%y — 22 + 3p'ate? + pady? +
p° 20y — pPaSy® + g’z + 3pgaPyz + paatyz + 2p*qaty?z + PPty

Proof: Let 7 = 71 - - - 7, € S,(132,321). The empty permutation, corresponding to the case of n = 0
gives the term of 1 in G (132 321)(,p, ¢, ¥, 2). If m € S, the corresponding g.f. is x. Forn > 2, the
permutations are divided into three classes depending on the position of n.

(a) If 1, = nthen® = nl2---(n — 1). When n is even, the number of non-overlapping ascents is
(n — 2)/2, and the corresponding g.f. is

2
. ozie : reqz
E x21y¥qu2“2 = 12202 Z 5
= — z2yp

When n is odd, the number of non-overlapping ascents is (n — 1)/2, and the corresponding g.f. is

3
Z i i i— T7Yypqz
x21+1ylzp2z lq _ = x2 .
i>1 yp

(b) Let mp, = n, where 1 < k < n. Inthiscase, 7 = (a ® 1) & 3, wherea ® 1 € Sy and 8 € S,k
are two increasing (132, 321)-avoiding permutations. Aditionately, 7, = n > mTp41, and TETg41
contributes to MND giving an extra factor of z. Using similar considerations as those in case (a),
the g.f. for permutations in case (b) is

z(z?ypq + 23 yp®q) (z + 2*yp)
(1 — 22yp?)?

(c) If m,, = n, we let the g.f. for these permutations be

9(132,321)(957]9, q,Y,2) = Z Z wnpasc(w)qdes(w)yMNA(W)ZMND(F)-
n>2 mes,(132,321)

Tn="n
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Combining cases (a)—(c), we have

2 3
Te2q + 2°Yz
q Yzpq

Gaszs20)(T,p,¢,9,2) =1+ + 1— a2yp? (16)
z(a*ypq + 2°yp°q)(z + 2°yp)
(1= a2yp?)2 + 9(132,321) (T, D, ¢, Y, 7).

Next, we evaluate g(132 321) (x,p,q,9, 2):

(d) If 7 € Sa, then 7y = 12 and the corresponding g.f. is z2yp.
(e) If ; =n —1then 7 = (n — 1)12-- - n. Using similar considerations as those in case (a), the g.f.
for permutations in case (e) is

Pyzpq + xtyzp’q
1 — z2yp? ’

) fmy =n—1,wherel <m <n—1,then7m = ((v®1)S) P 1,wherea = (y®1)S( € S,
and S is the empty permutation. v ¢ 1 € S,,, and ( & 1 € S,,_,, are two increasing (132, 321)-
avoiding permutations. Using similar considerations as those in case (a), the g.f. for permutations
in case (f) is

(z?ypq + Pyp?)2q
(1—a2yp?)?

(@) If 7,—1 = n — 1 then 7,17, = (n — 1)n contributes to MNA giving an extra factor of z%yp.
Note that 7,_2 < m,—1 = (n — 1) and any non-empty permutation in S,,_2(132,321) is possible
for 7ty - - - 7, _. The g.f. in case (g) is 2°yp? (G (132,321) (€, , ¢, ¥, 2) — 1).

Taking into account cases (d)—(g), we have

2Pyzpq + xtyzp’q N

2
= 17
9(132,321) (2, P, ¢, Y, 2) = T yp + 1= 22y A7)
(z*ypg + 2%yp")*2q 5
(1 —$2yp2)2 +z7yp (G(132,321)('r7p5q7y52) - 1)
Solving equations (16) and (17) simultaneously, we obtain the desired result (15). O

Corollary 2.8. Setting three out of the four variables y, z, p and q equal to one respectively in (15), we
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obtain single distributions of asc, des, MNA and MND over S,,(132,321):

n,asc(m) 1+z— 3p£C + z? — 2px2 + 3p2172 +p2$3 - p35173
Z Z P - (1—pa)® ;o (18)
n>0 weS, (132,321) b
n des(r 1— 22 + 22 + q2?
Z Z gt = 1—2)3 ; (19)
n>0 7es,(132,321)
Z Z InyMNA(W) _ 1+a+a22— 222y + 23y + oty + 3242 + 2$5y2; 0)
(1—a?y)

n>0 7e€sS,(132,321)

2 2
3 Y MNP 1-2c+2" +272 @1
(1—a)?
n>0 wesS,(132,321)

Remark 2.9. The distributions in (19) and (21) are the same because in 321-avoiding permutations
des = MND.

Theorem 2.10. For S,,(132,321), we have
A
(1 = ptx)(1 — puz)(1 — ptuzx)

F(132,321) (Iapv(Iauvvavt) = (22)
where

2

A =1+ stuvz + gs*tuv’s? — p3t?ua® 4 p*tux® (1 + t + u + stuvz)—

pr(u + st?uvz(l + gsu(—1+v)x) + t(1 + u + su’vz).

Proof: Let 7 = 7y - - -, € S,(132,321). If n = 0, we get the term of 1in A (39 301) (2,9, 2). If 7 € S,
the corresponding g.f. is zuwvst. For n > 2, we consider the following cases.

o If 1y =nthenm =nl2---(n—1). The element n is the only left-to-right maximum, a left-to-right
minimum and a right-to-left maximum, and ;75 is a descent. So Irmax(w) = 1 and the g.f. of
permutations with m; = n is given by

2 00022
i1 i i Tquvest
TQUUS g pt sttt = - 7
¢ Z b 1 —zpt
>2
where the element n gives a factor of zquwvs.

* If m,, = n then rlmax(w) = 1. Any non-empty permutation in S,,_1(132,321) is possible for
mme - - - Tr—1 and we do not need to consider right-to-left maxima. So the g.f. in this case is

xpuvt(F(132,321) (‘Tupa q,u, 17 S, t) - 1)

s Ifmp,=n,1<k<n,thenw = (a® 1) S S, where « € Sk_1 and § € S,,_, are two increasing
(132, 321)-avoiding permutations. The g.f. for the permutation o € Sy_1 is

inpiuis _ rpus
= 1—xpu
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(note that 717 is an ascent). The g.f. for 1 © 5 € S;, k41 is

2 2
i1 i - T quv*st
xuvg i 2pstiTt = L T
q = p 1—apt

where the element n gives the factor of xquv. So the g.f. in this case is

23pquv?sit
(1 —apt)(1 — apu)

Taking into account all the cases, we conclude that

22 quv?s?t
F(132 321)($7p7Q7u7U787t) =1+ xtuvs + Q7 (23)
’ 1—apt
3pquv? st
(1 — Ipt)(l — CCpU) + xpuvt(F(132,321) (1'7]91 q,u, 17 S, t) - 1)
Letv = 11n (23), we get
x2qus’t
F(132.321) (‘Tupa q, U, 17 S, t) =1+ ztus+ q (24’)
’ 1—apt
2
TpusT*qust
t(F, 1,s,t) — 1).
(1 — .Ipt)(l — iZ?p’LL) + rpu ( (132,321)(557]97 q,u,1,s, ) )
By simultaneously solving (23) and (24), we obtain the desired result. O

Corollary 2.11. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (22), we obtain single distributions of Irmax, rlmax, Irmin and rlmin over S, (132, 321):

2
Z Z xnulrmax(ﬂ) — I — o —ur + 2ux . (25)
(1—2)(1 —uz)?’
n>0 7e€s,(132,321)

I 1 — 3z 4 vz + 322 — 2ux? + v22? — 23 + 2uz® — v223
ST e : a0
(1-2)
n>0 7eS,(132,321)
Z Z e 1 — 3z + sz + 322 — 2522 + 222 — 2® + s2® ; o7
(1—x)3

n>0 7esS,(132,321)

) 1—x —tx + 2tz?
ntrlmln(ﬁ) _ . 28
>, > @ 1 —2)(1—ta)? (28)
n>0 €S, (132,321)

Remark 2.12. The distributions in (25) and (28) are the same because the patterns 132 and 321 are

invariant with respect to the inverse operation which exchanges the sets of left-to-right maxima and right-
to-left minima.



Joint distributions of statistics over permutations 13

2.3 Permutations in S,,(231,312)

We first describe the structure of a (231, 312)-avoiding permutation. Let 7 = 7y - - -, € 5,,(231,312).
Ifmy =nthenm =n(n—1)---21. if 7, = n,1 < k < n, then w41 > T2 > -+ > m, in order to
avoid 312. On the other hand, in order to avoid 231, m; = n+k—iifk+1 <7 < n, mymg -+ Tp_1 must
be a permutation in S_1(231, 312). If ,, = n, Ty 72 - - - T,—1 must be a permutation in S, _1 (231, 312).
Namely, for 7 € S5,(231,312), its structure is 7 = a @ (1 © (), where @ € S;_1(231,312) and
16 B € Sp—k41 is a decreasing (231, 312)-avoiding permutation. We use the structure of 7 to prove the
following theorems.

Theorem 2.13. For S,,(231,312), we have

G 231,312) (7, D, 0, Y, 2) = (29)
1+ 2+ pa?y — p*a?y + g2z — ¢®22 — paxPyz + pax’yz — p*qr’yz — pgPa® yz.
1 —p2a?y — ¢?2°2 — par?yz — p?qrdyz — pg?adyz

Proof: Letm =y - - - m,, € S,,(231,312). If n. < 1, we have the term of 1+ in G(231,312) (2, D, ¢, Y, 2).
For n > 2, the permutations are divided into three classes depending on the position of n.

(a) If 1y = nthenm =n(n—1)---21. When n is even, 7 has n/2 non-overlapping descents and n — 1
descents. The corresponding g.f. is

2
211211 A
X 722.
1 —2%¢°z
i>1

When n is odd, 7 has (n — 1)/2 non-overlapping descents and n — 1 descents. The corresponding
g.f.is
3,2
Zx%-i—lziq% T
_ 1— 222q2
i>1

(b) If m, = n, we let the g.f. for these permutations be

9(231,312) (LC,p, Q. Y,z Z Z xnpabc(ﬂ') des() MNA(ﬂ') MND(ﬂ')
n>2 €S, (132,321)
wn_n

© Ifry=n,1<k<n,thenm =a® (16 08), where a € 5;,-1(231,312)and 1 6 8 € Sp_11
is a decreasing (231, 312)-avoiding permutation. For e @ 1, the g.f. is g(231 312) (x,p,q,y,2). For
B € Sy —k+1, similarly to case (a), we see that the corresponding g.f. is (zzq+222¢%) /(1 — 2%2¢?)
(note that ;g1 contributes to MND).

Combining cases (a)—(c), we have

x2zq + x32q2

1— 22242 (30)

G231,312) (%, D, 4,9, 2) = 1 + 2 +

xrzq + x22q2

9(231,312) (T, 1, ¢, Y, 2) + 9(231,312) (T, D, ¢, Y, 2)-

1 — 222¢2

Next we evaluate g(231,312) (%, P, ¢, Y, 2):
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(d) Ifn = 2, the g.f. is 2%yp.
(e) If ; =n —1thenm = (n— 1)(n — 2) - - 1n, and the corresponding g.f. is

x2zq + x3zq2
TYp————5_ 5

)

1 — 222¢2
where the element n gives a factor of zyp.

O Ifrp =n—1,1<m < n,thennm =~ (16 &1, where v € S,,_1(231,312) and
C S Sn7m71(231;312) For Y D 1, the gf is g(2317312) (I,p,q,y,Z). For C @1 € S’n,fm+l,
because the structure is the same as in case (b), we obtain the g.f. is (vzq + 2%2¢?)/(1 — 2%2¢?)
(recall that if ¢ is of odd length, 7, 7,41 Will contribute to MND). To summarize, the g.f. in case
@) is

rzq + x2zq2

:cypg(2317312)(:1:,p,q,y,z) 1— 2222

where the element n gives the factor of xyp.

(g) If 1 =n—1thenm,_ 17, = (n—1)n contributes to MNA, and it is independent from the count
of MNA in 7y - - - m,_2, which can be any permutation in S,,_2(231,312). So the corresponding
g.f. in this case is z2yp?(G(231,312) (2, P, ¢, Y, 2) — 1).

Combining cases (d)—(g), we have

x2zq + x3zq2

2
9(231,312) (T, P, ¢, Y, 2) = x°yp + TYP 1= a%2g? (31)
rzq + x22q2
TYPY(231,312) (z,p,9,9, Z)m + $2yp2(G(231,312) (z,p,q,y,2) — 1).
Solving the equations (30) and (31) simultaneously, we obtain (29). O

Corollary 2.14. Setting three out of the four variables y, z, p and q equal to one respectively in (29), we
obtain single distributions of asc, des, MNA and MND over S,,(231, 312):

as 1-
ooy ey = P (32)
1—x—px
n>0 7e€sS,(231,312)
1—
DD WL I i (33)
1l—2—qx
n>0 w€S,(231,312)
1— 2%y
n, MNA(m) _ . 34
Z Z Yy 1—x— 222y’ (34
n>0 7es,(231,312)
1— 222
n MND(w) _ -
>, D = o5 (33)

n>0 7e€S,(231,312)

Remark 2.15. The same distributions in (32) and (33), as well as in (34) and (35), follow from a more
general Theorem 3.1.
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Theorem 2.16. For S, (231,312), we have

A
1 —gsz)(1 — gz — ptuzx)(1 — qua)(1 — gsvx)

F(231,312)(:E7p7q7uavasat) = ( (36)

where

A =1 - ptuz + stuvz + ¢*s*v%2? + @sva® (=1 — v + s(=1 + v(=1 + (=1 + p)tuz)))—
qr(1 + v — ptuve + s*tuvz(1 + ptu(—1 +v)z) + s(1 4+ v — ptuz — (=1 + p)tuve+
pt2uvz? + tuv?z(1 — ptux))) + o (v + s2v(1 4 tu(l — p + v)z)+

s(1+0*(1 — (=1 + p)tux) + v(2 — ptux))).

Proof: Letm = 71 - - - 7, € 5,,(231,312). The case of n = 0 contributes the term 1 to A (231 312) (2, ¥, 2).
If m € Sy, the g.f. is zuvst. For n > 2, we consider the following cases.

e Ifmy =nthenm =n(n—1)---1. The element n is the only left-to-right maximum, a left-to-right
minimum and a right-to-left maximum, and 717, is a descent. So Irmax(7) = 1 and the g.f. of
permutations with m; = n is given by

2 0022
; ; ; ; Tequvest
xquvsleflquzuzflszflt _ q

1—zqus’
i>2 q

where the element n gives the factor of xquvs.

» If m, = n, then rlmax(7) = 1. Any non-empty permutation in S, _1(231,312) is possible for
mme - - - Tr—1 and we do not need to consider right-to-left maxima. Therefore, the g.f. is
wpuvt(Fa31,312)(7,p, ¢, u, 1,5,t) — 1), where the element n gives the factor of zpuvt.

s Ifmp=n,1<k<n,thenmt=a® (16 0), where « € Sx_1(231,312)and 16 5 € S;,_kt1isa
decreasing (231, 312)-avoiding permutation. For a1 € Si_1, because we do not need to consider
right-to-left maxima, the g.f. is xpquv(F(231,312) (2, , ¢, u, 1, 5,t) — 1), where the element n gives
the factor of xpquv. For (3, we have

Z wigi~ it = zot
i>1 1 —zqu

2 2
S . t
So the g.f. in this case is (F(231,312) (%, p, ¢, u, 1,5,1) — 1)%.
Taking into account all cases, we obtain

22quuv?s?t
F(231.312)(x7p7Q7u7Uusﬂt) =1+ ztuvs + qi—i_ (37)
’ 1 — zqus

x2pquut
(F(231,312) (‘Tupa q,u, 17 S, t) - 1)W + xpuvt(F(QSLBIQ) (‘Tupa q,u, 17 S, t) - 1)
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Let v = 1in (37), we obtain

x2qust
F(231,312)(x7p7Q7u71787t) = 1+$tus+ 1 d (38)
— xqs
x2pqut
(F(231,312) (xvpu q,u,1,s, t) - 1) 1—2q + prt(F(23l,312) (‘Tupa q,u,1,s, t) - 1)
By simultaneously solving (37) and (38), we obtain the desired result. O

Corollary 2.17. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (36), we obtain single distributions of Irmax, rlmax, Irmin and rlmin over S, (231, 312):

Z Z xnulrmax(ﬂ) _ -z (39)

1—x—ux’
n>0 wes, (231,312)

2
D DT ek (40)
(1-22)(1 —vx)’
n>0 weS,(231,312)
. 1— 2z + sz
n Jrmin(m)  _ . 41
>, D ats 1 —22)(1—sz)’ @0

n>0 wes,(231,312)

Z Z gryrimin(r)  _ 1—1;7161@ 42)

n>0 7e€sS,(231,312)

Remark 2.18. The distributions in (39) and (42) (resp., (40) and (41)) are the same because the set
Sn (231, 312) is invariant under the composition of the reverse and complement operations, and applying
the composition exchanges the sets of left-to-right maxima and right-to-left minima (resp., right-to-left
maxima and left-to-right minima).

2.4 Permutations in S, (213,231)

We first describe the structure of a (213, 231)-avoiding permutation. Let 7 = 7y - - -, € 5,,(213,231).
Ifm =nthenm =n(n—1)---21. if 1, = n,1 < k < n,thenm < m < -+ < 7k_1 in order
to avoid 213. On the other hand, in order to avoid 231, m; > mp_1 if k+1 < i < n. If 7, = n then
m=12---n. So, forw € S,,(213,231), its structureis 7 = a® (16 3), where o € Si_1 is an increasing
(213, 231)-avoiding permutation and 1 & 3 € S,,_;4+1(213,231), and we use the structure of 7 to prove
the following theorems.

Theorem 2.19. For S, (213,231), we have

G (213,231 (%, D, ¢, Y, 2) = 43)
1+ 2+ pa?y — p*a?y + g2z — ¢®a®z — paxPyz + px’yz — p*qryz — pPayz
1= p*a?y — ¢*x%z — pqz?yz — p*qrdyz — pg*adyz '

Proof: Let m = 7 -+ -, € 5,(213,231) . If n < 1 then G(213231)(%, P, q,y,2) = 1 + x. Forn > 2,
the permutations are divided into three classes depending on the position of n.
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(a) If m; = n, we let the g.f. for these permutations be

9(213.231)(x7p’q7y, Z Z xnpabc(ﬂ') des(m) MNA(ﬂ') MND(ﬂ')
n>2 neS,(213,231)
71'1 =n

(b) If r,, = nthen7 = 12---n. When n is even, 7 has n/2 non-overlapping ascents and n — 1 ascents,
and the corresponding g.f. is
2
Z x21 z 2i—1 %
1— 2

55
i>1 ryp

When n is odd, 7 has (n — 1)/2 non-overlapping ascents and n — 1 ascents, and the corresponding
g.f. is

3,,m2
Z x21+1y1p21 — s
i>1 yp

() Ifm, =n,1 <k <n,thenm =a®(150), where a € Sk_1 is an increasing (213, 231)-avoiding
permutation and 1 © 8 € S, _j41(213,231), whose corresponding g.f. is g(213,231) (%, P, ¢, ¥, 2).
For o € Sj_1, take into account that if the increasing sequence is of odd length, 7,1 7y, contributes
to MNA giving an extra factor of y. To summarize, in this case the g.f. is

apy + x?yp?

9(213,231)\L, P, 4, Y, 2 .
( )( ) 1— 22p2y

Combining cases (a)—(c), we obtain

G213,231) (T, D, 4, Y,2) = 1 + & + g213,231) (7,0, ¢, Y, 2) +
apy + ayp® | xPyp + ayp?
1 —a2p?y 1 —a2p?y

9(213,231) (2,0, ¢, Y, 2) (44)

Next, we evaluate g(213,231) (2, D, ¢, ¥, 2):
(d) Ifn = 2, the g.f. is 2%2q.

(e) If 7o = n — 1 then any non-empty permutation in S, (213,231) is possible for 73 - - - m,. The
corresponding g.f. is x22q2(G(2137231)(:§,p, q,y,2) — 1), where 7y contributes to MND giving
an extra factor of 222¢%(my > m3).

) fr, =n—1thenT =16 (y® 1), where y & 1 € S,,_1 is an increasing (213, 231)-avoiding
permutation. In this case, the corresponding g.f. is

a3yzpq + z'yzp® q
1 —a?p?y

@lfm, =n—-1,2<m<n,thent =16 (y® (1)), where v € S,,,_o is an increasing
(213, 231)-avoiding permutation and 1 © ¢ € S, _,+1(213,231), whose corresponding g.f. is
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913,231 (%, 0, ¢, y,2). For 1 © v € S,,_1, note that if v contains an odd number of elements,
Tm—17Tm contributes to MNA. To summarize, in this case the g.f. is

z?yzpq + 2*yzp*q
1 — 22p2y

)

9(213,231) (507 p,q,Y, Z)

where the element n gives a factor of zzq.
Combining cases (d)—(g), we obtain

9213,231) (T, 0, ¢, Y, 2) = xzq + $22q2(G(213,231)($=p7 ¢,y,2) — 1)+

23yzpq + 1tyzp*q z?yzpq + 2Pyzp*q
1 —a%p?y 1—22p2y

+ 9(213,231) (%, D, ¢, Y, 2) (45)

Solving equations (44) and (45) simultaneously, we obtain (43). O

From Theorem 2.19 we have the following results.

Corollary 2.20. Setting three out of the four variables y, z, p and q equal to one respectively in (43), we
obtain single distributions of asc, des, MNA and MND over S,,(213,231):

a5 1-
DD D A (46)
1—x—px
n>0 weS,(213,231)
1—
S Y e - o @)
1l—2—qx
n>0 7eS,(213,231)
1 —2?
n, MNA(r) _ y . 48
> > [pp—e @9
n>0 7S, (213,231)
1— 222
n MND(w) _ -
> doooah = T (49)

n>0 7e€S,(213,231)

Remark 2.21. The distributions in (46) and (47) (resp., (48) and (49)) are the same because the set
Sy (213, 231) is invariant under the complement operation, and applying complement exchanges ascents
and descents (resp., non-overlapping ascents and non-overlapping descents).

Theorem 2.22. For S, (213,231), we have

A
1 — ptux)(1 — pta — qux)(1 — gsvx)

F(213,231)('r7paq7uav7Sat) = ( (50)

where A is given by

1 — ptx — ptuxr — qux — gsvx + stuve + p2t2ux2 + pqstvx2 + pqtuva + pqstuv:v2 — pst2u0:62+

q25v2x2 — qstu02x2 — p2qst2uv:173 — pqzstuv2x3 + pq$2t2uv2x3 + pqst2u2v2:173 — pq$2t2u2v2x3.

Proof: Let 7 = 7y - - - m, € S,(213,231). If n = 0, 7 contributes the term of 1 to A (213 231)(2, ¥, 2). If
w € S1, the g.f. is zuvst. For n > 2, we consider the following cases.
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* If m; = n then the element n is the only left-to-right maximum, a left-to-right minimum and a
right-to-left maximum, and 7172 is a descent. So Irmax(7) = 1 and the g.f. of permutations with
71 = nis given by zquus(F(213,231) (7, p, ¢, 1,v, 5,t) — 1), where we used the g.f. of all non-empty
permutations with the value of lrmax not taken into account and the element n gives the factor of
TqUUS.

e If m, =nthenw =12---n. So we have

2,2, 42
S 4 .o Tpuvst
t i,9—1, 1 tt =
TPUV pr u's 71—xput’
i>1
where the element n gives the factor of xpuwvt.

eIfm, = n,1 < k < n,then7 = a® (16 ), where «v is an increasing permutation in
S_1(213,231) and 1 © B € S,,_r+1(213,231). The g.f. for a € Sp_1 is —2%L_ and the el-

. . 1—zput .
ement n gives a factor of zpquv. For the permutation 8 € S,,_j, we do not need to consider

left-to-right maxima and left-to-right minima, so the g.f. is (F(213,231)(2,p,¢,1,v,1,t) — 1). The
g.f. of permutations with 7, = n,1 < k < n, is

2, 2
Tpquvst
F Lo Lt)—1)—————.
(Fla13,231) (%, p, ¢, 1,0, 1,) = 1) 1 — zput

Taking into account all cases, we obtain

F(213,231) (‘rvpa q,u,v,s, t) =1+ atuvs + xquvs(F(213,231) (‘rupa q, 17 v, S, t) - 1)+

22pquvst  xZpulvust? )

(F(213,231)($=p7 q,1,v,1,t) = 1) 1— zput 1— zput ’ (51)
If u =11in (51), we have
F213,231) (7,0, ¢, 1, v, 5,t) = 1 + wtvs + wqus(Fa13,231) (7,0, ¢, 1, v, 5, 1) — 1)+
(Fla13,231) (%, p, ¢, 1,0, 1,¢) — 1)?26(1;;; ?va;;z; (52)
If s = 11in (52), we have
Foi3231)(7,p,q, 1,0, 1,t) = 1 + 2tv + 2qu(F(213,231) (T, P, ¢, 1, v, 1,1) — 1)+
(F213,231) (%, p, ¢, 1,0, 1,) — 1) rpvt | wpet” (53)

1—apt  1—apt

By simultaneously solving (51),(52) and (53), we obtain the desired result. O
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Corollary 2.23. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (50), we obtain single distributions of Irmax, rlmax, Irmin and rlmin over S, (213, 231):

. 1 — 2z + ux?
n, lrmax(m) _ . 54
>, > M 1 —22)(1 —uzx)’ (>4

n>0 €S, (213,231)

Z Z Invrlmax(ﬂ') _ 1_1:6_7_17%’ (55)

n>0 7e€S,(213,231)

: 1— 2z + sa?
n Jrmin(m) _ . 356
2, D> ats 1 —22)(1—sz)’ (56)

n>0 weS,(213,231)

Z Z Intrlmin(ﬂ') _ ]ji_xm ) (57)

n>0 7e€sS,(213,231)

Remark 2.24. The distributions in (54) and (56) (resp., (55) and (57)) are the same because the set
Sy (213, 231) is invariant under the complement operation, and applying complement exchanges the sets
of left-to-right maxima and left-to-right minima (resp., right-to-left maxima and right-to-left minima).

2.5 Permutations in S, (213, 312)

We first describe the structure of a (213, 312)-avoiding permutation. Let 7 = 7y - - - 1, € S,(213,312).
If , = nthenm < 7y < --- < m;_1 in order to avoid 213. On the other hand, in order to avoid 312,
Mi41 > Wiy > - -+ > T,. We use the structure of 7 to prove the following theorems.

Theorem 2.25. For S, (213,312), we have

A
- oplaty? 4+ (=1 + ¢2222)? — 2p2a?y(1 + ¢2az)’

G (213,312) (7, D, ¢, Y, 2) (53)

where A = (1 — p?z3y? + qrz — ¢®2%2 — 32322 + p?2%y(—1 + qz2) + pry(1 + 2qxz + ¢?2%2)).

Proof: Let 7 = 71 - - -, € S,(213,312). If 1; = n then m; < 72 < -+ < m;—1 in order to avoid 213.
On the other hand, in order to avoid 312, m; 41 > mjqyo > -+ > Ty

Next, we consider the following cases based on the parity of ¢. If ¢ = 2k, k > 1, we obtain (2’};_11)
permutations with k£ non-overlapping ascents and L%’”lj non-overlapping descents. If i = 2k+1,k >
0, we obtain ("2;1) permutations with k£ non-overlapping ascents and L"’T%J non-overlapping descents.

So we have

oo [n/2]
n—1 n n—2k+1 1 n—
G312 (2,0, ¢,9,2) =1+ Z Z (2k _ 1>$ yrale gk

n=1 k=1

Z Z ( o ),TnykZL 5 Jkaqn72k71'

n=1 k=0

By using MATHEMATICA, we simplify G (213 312) (2, P, ¢, %, 2) and obtain (58). O
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Corollary 2.26. Setting three out of the four variables y, z, p and q equal to one respectively in (58), we
obtain single distributions of asc, des, MNA and MND over S,,(213,312):

as 1-
DD DI (59)
1l—z—pzx
n>0 7€S5,(213,312)
1—
Yoy anglen = 8 (60)
1l—z—qx
n>0 €S, (213,312)
2 2
DD DI i e ek i 61)
n>0 w€S5,(213,312) 1=20+ 28—ty
2 2
n MND(r) _ r—zx°+x°z 62
>, > T T (©2)

n>0 7e€s,(213,312)

Remark 2.27. The distributions in (59) and (60) (resp., (61) and (62)) are the same because the set
Sn(213,312) is invariant under the reverse operation, and applying reverse exchanges ascents and de-
scents (resp., non-overlapping ascents and non-overlapping descents).

Theorem 2.28. For S, (213,312), we have

pqst2u2v2x3

(=1 + ptuz)(—1 + puz + qux) +
2,3

Fo13,312) (7,0, ¢, u,v,5,1) = 1 + 2uvst +

gs*tuv?z?  pst?uvx? pgs?tuv

1 — gsvzx 1 — ptux (=1 + puz + quz)(—1 + gsvz)’

(63)

Proof: Letm = m; - - - m,, € S,,(213,312). If n = 0, we have the term of 1 in Fi313 312) (2, p, ¢, u,v, 5,1).
If # € Sy, the g.f. is zuvst. For n > 2, suppose that m; = ¢, mp; = n and 7, = j. We consider the
following cases.

If i = n, namely k = 1, then we have

Flo13,312) (%, 0, ¢, u, v, 8, 1) an "lu”s".

If j = n, namely k = n, then we have
F(213,312)(I5p7(bu7v757t an A 1’LL vst™.

Next, let 2 < 4,5,k <n — 1. If m;; = 1, in order to avoid 312, there are (Z:ij) permutations whose

g.f.is 2"pF1g"Fukun—F+1st7 | so the g.f. in this case is

oo n—1n—1

Z Z Z <” —-Jj- ) npk—lqn—kukvn—k-i—lstj.

n=2 j=2 k=j
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If 7 # 1, in order to avoid 213, there are (”l:;l) permutations whose g.f. is 2" pF~1 g ~FuFyn~FH1sit,
so the g.f. in this case is

>

n=21=2 k=2

—

n—

n+1—1i n i 1
( )xnpk—lqn—kuk,un—k-i—lszt'

In conclusion,

Fio13,312) (2,0, ¢, u,v,5,1) = 1 + atuvs + Zx” nlyms™t + Zx" Ly st +

n=2

co n—1n—1 . 1
Z Z n—j— x"pk_lqn_kukvn_k+18tj+
, k—1
—1 .
<” -t 1) gkl gk k=t giy
2

By using MATHEMATICA, we simplify F(213 312) (x,p,q,u,v,s,t) and obtain (63). o

) ) )

Corollary 2.29. Let p = q = 1, then setting three out of the four variables u, v, s and t equal to one
individually in (63), we obtain single distributions of Irmax, rlmax, lrmin and rlmin over S, (213, 312):

Z Z Inulrmax(w) — l—x : (64)

l—ox—ux
n>0 nes,(213,312)

Z Z xnvrlmax(ﬂ) — -z : (65)

l—ox—vx
n>0 res, (213,312)

Z Z xnslrmin(ﬁ) — 1 -2+ sz’ : (66)

n>0 res, (213,312) (1—2z)(1 — sz)

Z Z ntrlmin(fr) _ ﬂ . 67)

n>0 €S, (213,312) (1 - 22)(1 - tz)

Remark 2.30. The distributions in (64) and (65) (resp., (66) and (67)) are the same because the set
Sn(213,312) is invariant under the reverse operation, and applying reverse exchanges the sets of left-to-
right maxima and right-to-left maxima (resp., right-to-left minima and left-to-right minima).

3 Equidistribution results

From Theorems 2.13, 2.19 and 2.25, swapping the variables p and ¢, and y and z in the respective formu-
las, we obtain algebraic proofs of the following equidistribution results.

Theorem 3.1. The quadruples of statistics (asc, des, MNA, MND) and (des, asc, MND, MNA) are equidis-
tributed on Sy,(231,312) for all n > 0.
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Theorem 3.2. The quadruples of statistics (asc, des, MNA, MND) and (des, asc, MND, MNA) are equidis-
tributed on S, (213, 231) for all n > 0.

Theorem 3.3. The quadruples of statistics (asc, des, MNA, MND) and (des, asc, MND, MNA) are equidis-
tributed on Sy,(213,312) for all n > 0.

Theorem 3.4. The quadruple of statistics (asc, des, MNA, MND) on S,,(231, 312) has the same distri-
bution as (des, asc, MND, MNA) on S,,(213,231).

Theorem 3.5. The quadruple of statistics (asc, des, MNA, MND) is equidistributed on S,, (231, 312) and
S, (213, 231).

In this section we provide combinatorial proofs of the five theorems. The combinatorial proofs of
Theorems 3.2 and 3.3 are trivial: in Theorem 3.2 we can apply the complement operation to permutations
in S,,(213,231), and in Theorem 3.3 we can apply the reverse operation to permutations in S,, (213, 312).

Combinatorial proofs of Theorems 3.1, 3.4 and 3.5 are much more involved and they require introduc-
tion of two bijective maps f and g in Sections 3.1 and 3.2, respectively. The map f, to be introduced next,
is shown by us in Lemma 3.6 to be an involution.

3.1 Map f and its applications

For 7 € 5,,(231, 312) line the elements in {1, 2, ...n} in a row and insert a vertical line between element
x and x + 1 if 7 can be written as 7 = 7’ @ 7" so that x € «’ and x + 1 corresponds to 1 in 7”. For
example, for 7 = 124358769(14)(13)(12)(11)(10), we have

1]2(34/5/678]9](10)(11)(12)(13)(14).

Clearly, this way to represent permutations in S,, (231, 312) by the increasing permutation 12 - - - n with
vertical lines inserted between some of the elements is a bijection. Now the function f : S,,(231,312) —
S5 (231, 312) is defined by representing the given permutation 7 as above, then replacing 2(z + 1) with
z|(x + 1) and z|(x + 1) by x(z + 1) forall x € {1,2,...,n — 1}, that is, by removing the existing
vertical lines and inserting new vertical lines in all other places, and then outputting the corresponding
permutation. For the representation of the permutation 7 above, the replacement of lines gives

123]4567|89(10)[(11)[(12)](13)(14)

and hence f(124358769(14)(13)(12)(11)(10)) = 3216547(10)98(11)(12)(13)(14).
Lemma 3.6. The map f is an involution, i.e. f>(7) = 7 for any © € S,,(231,312) and n > 1.

Proof: Obvious from the definition of f. O

Remark 3.7. Any involution is a bijection (a well-known and easily provable fact), hence f is a bijection.

Remark 3.8. Using the alternative description of f introduced in Lemma 3.6 we see that | has no fixed
points (the vertical lines cannot be in the same places after application of f).

For 7 = 124358769(14)(13)(12)(11)(10), asc(r) = des(f(w)) = 6, des(w) = asc(f(r)) = 7,
MNA(7) = MND(f(n)) = 3, and MND(7w) = MNA(f(7)) = 4. The notable relations between asc,
des, MNA and MND in 7 and f(7) are not a coincidence as is shown in the following theorem. Note
that the set of statistics in Theorem 3.1 cannot be extended by adding more statistics considered in this
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paper because lrmax(w) = 7, Irmax(f(r)) = 8, mln( ) = 1, Irmin(f (7)) = 3, rlmax(w) = 5,
rlmax(f (7)) = 1, rlmin(7) = 7 and rlmin(f (7)) =
Next, we prove Theorem 3.1.

Proof: It is easy to see that the bijection f changes ascents to descents and vice-versa, this means that it
interchanges asc and des, and it also interchanges MNA and MND (a run of descents becomes a run of
ascents when we apply f). O

3.2 Map g and its applications

Recall that the structure of a permutation o € S5,(213,231) is 0 = o' @ (1 © ¢”) where ¢’ and o”
are (213,231)-avoiding, possibly empty, permutations and ¢’ (if non-empty) is increasing. Hence, o
can be decomposed uniquely into a sequence of ascending runs ending at right-to-left maxima. Also,
the structure of a permutation 7 € 5,(231,312) is 7 = 7’ @ (1 © n”) where ©’ and 7"’ are, pos-
sibly empty, (231, 312)-avoiding permutations and 7" (if non-empty) is decreasing. Hence, 7 can be
decomposed uniquely into a sequence of decreasing runs beginning at left-to-right maxima. The map
g : Sn(231,312) — S,(213,231) is defined as follows: g(m) has a right-to-left maximum in position
n + 1 — ¢ if and only if 7 has a left-to-right maximum in position i. For example,

9(124358769(14)(13)(12)(11)(10)) = 1234(14)(13)56(12)(11)7(10)98. (68)

Because of the uniqueness of decomposition of 7 (resp., g()) into decreasing (resp., increasing) runs,
clearly, the map g is a bijection. Moreover, it is straightforward to see that asc(7) = des(g(n)), des(w) =
asc(g(m)), MNA(7) = MND(g(w)) and MND(7) = MNA (g(7)) giving us a proof of Theorem 3.4.

For our example (68), asc(m) = des(g(w)) = 6, des(m) = asc(g(w)) = 7, MNA(7) = MND(g(7)) =
3, and MND(7) = MNA(g(7)) = 4. Note that the set of statistics in Theorem 3.4 cannot be extended
by adding more statistics considered in this paper because in (68), lrmax(w) = Irmax(f(r)) = 7,
Irmin(7) = lIrmin(f (7)) = 1, rlmax(7) = rlmax(f(r)) = 5 and rlmin(7w) = 7 # rlmin(f (7)) = 8,
and the fact that g(12) = 21 shows that none of the statistics in {lrmax, lrmin, rlmax, rlmin} can be
preserved.

Remark 3.9. We note that g has a single fixed point for each odd n and no fixed points for any even n.
Indeed, a fixed point must avoid the patterns 213, 231 and 312, and hence m = 12---in(n—1)--- (i +1)
fori>0and g(m) =12---(n—i—1)n(n—1)--- (n —3). Since * = g(m) we have that i = “5* and
the observation follows.

Finally, we prove Theorem 3.5.

Proof: The map g(f (7)) proves the statement by Theorems 3.1 and 3.4. O

4 Concluding remarks

In this paper, we found the joint distributions of (asc, des, Irmax, lrmin, rlmax, rlmin) and the joint
distributions of (asc, des, MNA, MND) on permutations avoiding any two patterns of length 3. All g.f.’s
derived in our paper are rational and we provided combinatorial proofs for five equidistribution results
observed from the formulas. It is remarkable that we were able to control so many statistics at the same
time while deriving explicit distribution results.
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Studying (joint) distributions of statistics in other permutation classes, for example, those considered
in Kitaev (2011) is an interesting direction of further research.
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Let 7, be a uniformly chosen random permutation on [r]. Using an analysis of the probability that two overlapping
consecutive k-permutations are order isomorphic, the authors of [2] showed that the expected number of distinct
consecutive patterns of all lengths k € {1,2,...,n} in 7, is ”72(1 —0(1)) as n — oo. This exhibited the fact
that random permutations pack consecutive patterns near-perfectly. We use entirely different methods, namely the
Stein-Chen method of Poisson approximation, to reprove and slightly improve their result.

Keywords: permutation patterns, distinct patterns, random permutation

1 Introduction

Let 7 = 7, be a permutation on [n]. The one-line notation will be used for permutations in this paper;
e.g., (2134) is shorthand for 7(1) = 2;7(2) = 1;7(3) = 3;7(4) = 4. We say that 7 contains a pattern
p = py of length k if there are k indices ny < ng < ... < ny such that (w(n1), 7(n2),...,7(ng)) are in
the same relative order as (u(1), 4(2), ..., u(k)). We say that m consecutively contains the pattern py, if
there are k consecutive indices (m, m+1,...,m+k—1) such that (w(m), 7(m+1),...,7(m+k—1))
are in the same relative order as (u(1), 4(2), ..., u(k)). Let ¢(m,,) be the number of distinct consecutive
patterns of all lengths k;1 < k < n, contained in 7,,. We focus on the case where 7 is a uniformly chosen
random permutation on [n], denote the random value of ¢(7) by X = X,,, and study, in this paper, its
expected value E(X).

The authors of [2] proposed and used two auxiliary variables, Y =Y, and Z = Z,, as follows: Y =Y,
is the number of repeated patterns of any length in 7, and Y;¥ = Y* the number of repeated patterns of
length k € {1,2,...,n}, so that (for a strategically chosen k),

n

E(X)> > (n—k+1)—EY¥).
k=ko
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Alsowelet Z = Z, = >, Z * be the number of pairs of isomorphic patterns, with Z* being the
number of pairs of isomorphic patterns of length k. Generically let 17; and 12 be two sets of k consecutive
positions, and denote by p1, p2 the patterns that are present in these two sets of positions. Thus

E(Z%) =Y P(p} ~ ph), (1)
n n2

For example, with k = 7,n = 15, n; and 72 might equal {1,2,3,4,5,6,7} and {5,6,7,8,9,10,11} and
p] ~ pl if, e.g., the pattern 7263514 occurs in both sets of positions.

Lemma 1.1. Y* < Z* for all k.

Proof: Counting Y'* is equivalent to listing the patterns of length &, and starting a tally for any repeats
among the min{(n—k+1), k!} patterns that we actually observe. On the other hand, Z* increases by one
for every pair of the same pattern which means that it also increases more than Y'* if you find more than
two of a pattern. For example, if you have three occurrences of the same pattern then Y* would count the
2 repeats and Z* would count the (3) pairs of repeats. O

Since Y* < ZF for all k, we have
E(X)>Y (n—k+1)—E(Z"), @)
ko

and, after substantial analysis, to the result in [2] that

E(X,) > o [00mnDT - nt pplnn, 100007n
2 9 " 2
2
> (1 _ 200h1—"> ,
2 n

for large enough n. In Section 2, we will use the Stein-Chen method of Poisson approximation [3] to
(slightly) improve the above bound when we prove

Theorem 1.2. For sufficiently large n,

The key difference, besides the use of an entirely different technique, is that fact that we work with
the X variable directly, without involving Y and Z. The Stein-Chen method has been applied in several
Combinatorics situations in [3]; see also, e.g., [1] and [7], where examples are given of the use of the
technique in the context of permutations. Within the domain of Poisson approximation, moreover, we are
using it in this paper when the mean of the underlying Poisson distribution is exceptionally small. This
too is unusual.

Remark on the Non-Consecutive Case: In the non-consecutive case, the conjecture is that E(X) ~ 27

(rather than E(X) "72), so that once again the expected value of X would be close to its maximum.
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When addressing this conjecture in [6], sole use is made of X when using subadditivity arguments, while
the X,Y, Z trifecta is used to get close to proving the conjecture. Finally the sheer magnitude of the
dependencies makes use of Poisson approximation techniques inappropriate in the non-consecutive case.
The same is true of central limit theorems and martingale inequalities.

2 Poisson Approximation and Consecutive Patterns

Proof of Theorem 1.2: Since a pattern adds to the tally of distinct patterns if and only if it appears at least
once, our key variable X*, the number of distinct patterns of length k, can be written as

k!
Xk = Z I(the 4B pattern N; of length k appears at least once),
j=1

where I(A) = 1iff A occurs (I(A) = 0 otherwise). The notation supposes that we have listed the patterns
of length £ in some fashion, perhaps lexicographically, and label the jth pattern as N;. Thus, the expected
number of distinct patterns of length k is

k!
Z P(the 5" pattern N; of length k appears at least once),
j=1

E(X*)

k!
= Y P(Us; 2 1), &
j=1

where Uy, ; is the number of occurrences of the jth pattern. Our analysis will actually bypass the question
of which the jth pattern is, and the strategy will be to show that for any j,

LUy, ) = Po(E(Uy,;)); ©)

where for any variable T' we denote the distribution of T'by £(T'), and the Poisson variable with parameter
A by Po(A). Note that E(Uy, ;) = (n — k + 1)/k! = X for each j. If (4) were to be shown to be true by
proving that

e AN

drv(L(Uk;),Po(N)) = sup [P(Uy,; € A) =Y ——|<enp =0, (5)
ACZ+ jeA J:

where €,, 1, does not depend on the pattern, it would follow that for each j,

P(Uk; > 1) > (1—e ) —eng, (6)
and thus via (3) that

E(X®) > k(1 —e ™) —eni) 7N

We have that
n—k+1

Urj= Y 1 ®)
j=1
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where I; is the indicator variable that equals 1 if the pattern in question appears in the k places {j, j +
1,...,7 4+ k — 1} starting at j. Also, I; is independent of the ensemble of I,’s whose windows do not
intersect those of I;. Thus Corollary 2. C 5 in [3] indicates that

1—e?
dry (L(Us,;), Po(A)) < —
Jjt+k—1
SPHL=1)+)Y > [P 1) +P(I; = 1)P(I; = 1))
J J i=j—k+1
©)
Since P(I; =1) = % for each j, we have that A = "_,f!“ Using this fact and bounding 1= by 1,(9)
reduces to
dTv(ﬁ(Uk 7),PO()\))
(n— k + 1) e 1
< Z Z ( Lili=1) + k'2>
J i=j—k+1
j+k—1
(n—k+1) (n—k-i—l !
< T+ +Y > P
J i=j—k+1
(10)
Equations (7) and (10) thus give
E(XF) > EN((1—-e ) —enp)
_ (n—k+1)
~k+1) g
(n7+ Z Z I =1) ) (1)
J i=j—k+1
We deal separately with the four terms in (11):
First note that
A
El(l—e?) > kl—/—
A=e?) = M
_ - k+1
T AF DR
_ (n—=k+1)
- 1+ n7]5!+1
—-k+1
> (- k+ 11—
—k+1)?
- (n—k—l—l)—u. (12)

k!
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We retain the (n — k + 1) term in (12) for a later analysis and bound the second term as follows:

(n—k+1)2 5 ek
= (f) )
where we have used the bound 1/k! < (e/k)¥. Second, in a similar fashion, we have for the second term
in (11),
(n—k+1) e\k
= (f) (14
Thirdly, again in a similar fashion, we bound 2(n — k + 1)k/k! by 2n? /k! and obtain
2(n —k+1)k 5 reNk
T = (E) ' (13)

This leaves us with the need to conduct an analysis of

n—k+1 j+k—1

K>S > P(LL=1).

=1 i=j—k+1

In fact, such a correlation analysis is critical to the proof of Theorem 1.2 via the Stein-Chen method. We
thus pause the proof of Theorem 1.2 to compute P(I;I; = 1) for windows with an overlap of r, and the
next critical result provides a bound.

Lemma 2.1. For windows beginning at i and j such that
{J,i+1,...,0+k=1n{i,i+1,...;i+k—1}=r,

we have
22k—2r

(16)
Proof: Our proof is similar to an argument used in [6]. It is clear that the patterns in the overlap positions
must be isomorphic in order for the pattern in question to exist in both windows. For example we could
have the pattern being 53412 with » = 3 (in this case the overlap pattern is 312 for both windows. The
easiest example is for the pattern to be monotone (in this case any r works). However the pattern cannot
be 21534 with r = 2. (16) provides a uniform upper bound on P(I;I; = 1) that does not pay heed to the
fact that P(1;I; = 1) might equal zero for some patterns.

To prove (16), we will find a bound on how many ways the numbers between 1 and 2k — 7 can be
assigned so that the patterns exist in both windows. This would yield the numerator in (16). The denomi-
nator of (16), namely (2k — r)!, is obvious.

Consider the example below:

6 5 2 4 3 1
6 5 2 4 3 1

FIGURE 1: Consistent Overlap Pattern
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The overlap is a 321 pattern. The number in the “1” position has to be 1+2-1=2, since one number in the
second occurrence of 652431 has to be assigned and must be lower than it. Similarly, 3+5-2=6 must be the
number associated with the “2” position. This is because 5 numbers lower than it still need an assignment.
Finally, the number in the “3” position must be 4+6-3=7. In general if the overlap is of magnitude 7 then
the numbers allotted to the 1,2, ..., r ranks must be, respectively w1 +1; — 1, ue +1lo —2, ..., u, +1,. —r,
where the u;’s and [;’s are the upper and lower values of the ranks. These numbers are determined as
indicated. Now for the rest of the numbers:

Using the same notation as above, the u; + /3 — 2 ‘low’ numbers need to be assigned, u; — 1 to the
smaller numbers in 7; and [; — 1 to the smaller numbers in 7. Since it doesn’t matter how we do this,
there are (ulu‘:l_ll_z) choices.

The same process is repeated for the positions between the ‘1’ and the ‘2’ in the two patterns. This
can be done in ((“2+l;2):1(ﬁl_+1l1)_2) ways. In general, when we look at the choices of numbers for the
positions between the “s” and the “s + 1” in the two patterns, there are

<(Us+1 Flsi1—(s+1)) = (us +1s —s) - 1)>
Usp1 — Us — 1

o (us-l—l + ls+l - (us + ls) - 2)

Ugp1 — Us — 1

possibilities. One choice for the values in the non-overlap positions (for the example in Figure 1) is
shown in Figure 2. The only choice here is for the 3, 4, and 5 numbers; we chose to allot the 3 to the top
occurrence and 5 and 4 to the bottom occurrence (in that order).

o
ot
o
- O W
o ot w

1
2 4 3 1
9 8 3 2 5 41

FIGURE 2: Assignment of Numbers to Consistent Overlaps

We next use the crude (but adequate) bound (Z) < 2% on each term above to get

up 41 —2 < quith—2.
up — 1 - '

Ust1 + ls41 — (us + ZS) —2 < Qust1tlepr—(us+ls)—2 (2 <5< 7“)
Ugy1 — Us — 1 - - =

Collapsing the resulting telescoping product, we get the numerator of 22*=27; notice how the “-2” terms

in the exponent collect. This completes the proof of Lemma 2.1. o
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Continuing with the proof of Theorem 1.2, the expression below (15) simplifies as
n—k+1 jt+k—1 k—1
K> > P(LiLi=1) < 20y P(Lilg,=1)
=1 i=j—k+1 r=1
4 42
< 2k!- e
= n{(k+1)!+(k+2)!+ }
4 4 42
< 2k!- 1 e
= ”(k+1)!( R CESIRECESIE }
8n
= . 17
- a7
Together, Equations (11) through (17) give us the fact that for fixed k,
k
E(X*) > (n—k+1) — (3 + o(1))n? (f) _ s (18)
k k—3
Let us consider the last two terms on the right side of (18). First
e\k ek 1
340 (1) <4 (3) <
(3+on (7) <4 (3) <
if
log4 + 3logn +k — klogk <0, (19)

so that (19) holds if, e.g., k > 4 logn__ 3, The second term to evaluate is 8n/(k — 3) where we’ll

loglogn
now assume that k > b,,. We get

E(X) > ) EXY)

k>by,

Y4 \Y4
3
g
o
ST~

= =
|

[

| +

—

o NS

S |

M ==

~ |

~

I‘P—‘ |‘oo

o 3

W
N————

k=1 k>bp
_bn2

> %—1—87110@1
2 bn 2

= n—(l——) —1—8nlogn
2 n
2

s 1_%_3_1610@1

- 2 n n2 n
2

< n_<1_17logn>,

-2 n

for n large enough, where the last bound in (20) is obtained by writing b,, = 4102’1‘%) gn
establishes Theorem 1.2.

(20)

. Equation (20)
O
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3 Open Questions

(a) Can we gain a deeper insight into the concentration of X around E(X) by estimating the variance
of X?

(b) Might we be able to improve Theorem 1.2 by employing a tighter proof, in particular, by not
assuming that all patterns are compatible for any overlap? Some of the ideas in Borga and Penaguiao [4]
and [5] might help regarding this question.

4 Acknowledgments

This research was supported by NSF REU Grants 1852171 and 2150434, and a preliminary version was
presented at Permutation Patterns 2022 in Valparaiso, Indiana. The work has benefited greatly by the
suggestions made by the two referees. One remark, in particular, led to the uncovering of an error in the
previous version.

References

[1] T. Allison, A. Godbole, B. Kay, and T. Hawley (2013). Covering n-Permutations with (n + 1)-
Permutations. Electronic Journal of Combinatorics, Paper P6, 13 pages.

[2] A. Allen, D. Cruz, V. Dobbs, E. Downs, E. Fokuoh, A. Godbole, S. Papanikolaou, C. Soto, and
L. Yoshikawa (2022). The expected number of distinct consecutive patterns in a random permutation.
Pure Math. Appl. (PU. M. A.), 30(4): 1-10.

[3] A. Barbour, L. Holst, and S. Janson, 1992. Poisson Approximation, Oxford University Press.

[4] J. Borga and R. Penaguiao (2024+). The feasible region for consecutive patterns of permutations is
a cycle polytope. Preprint. Can be seen at https://arxiv.org/pdf/1910.02233.pdf

[5] J. Borga and R. Penaguiao (2023). The feasible regions for consecutive patterns of pattern-avoiding
permutations. Discrete Mathematics, 346: 113-219.

[6] V. Borras-Serrano, 1. Byrne, A. Godbole, C. Jackson, O. LeBlanc, and N. Veimau (2024+). The
Expected Number of Distinct Patterns in a Random Permutation. Preprint.

[7] A. Godbole, T. Grubb, K. Han, and B. Kay (2022). Threshold Progressions in a Variety of Covering
and Packing Contexts. Journal of Combinatorics, 13(3): 303-331.



arXiv:2311.17581v4 [cs.DM] 16 Jan 2025

Composable Constraint Models for
Permutation Enumeration

Ruth Hoffmann' Ozgiir Akgiin' Christopher Jefferson??

L School of Computer Science, University of St Andrews, St Andrews, Scotland
2 School of Computer Science and Engineering, Central South University, Changsha, PR China
3 Computing, School of Science & Engineering, University of Dundee, Dundee, Scotland

revisions 30 Nov. 2023, 215! Oct. 2024, 9 Jan. 2025; accepted 9™ Jan. 2025.

Constraint programming (CP) is a powerful tool for modeling mathematical concepts and objects and finding both
solutions or counterexamples. One of the major strengths of CP is that problems can easily be combined or expanded.
In this paper, we illustrate that this versatility makes CP an ideal tool for exploring problems in permutation patterns.

We declaratively define permutation properties, permutation pattern avoidance and containment constraints using CP
and show how this allows us to solve a wide range of problems. We show how this approach enables the arbitrary
composition of these conditions, and also allows the easy addition of extra conditions. We demonstrate the effectiveness
of our techniques by modelling the containment and avoidance of six permutation patterns, eight permutation properties
and measuring five statistics on the resulting permutations. In addition to calculating properties and statistics for the
generated permutations, we show that arbitrary additional constraints can also be easily and efficiently added.

This approach enables mathematicians to investigate permutation pattern problems in a quick and efficient manner. We
demonstrate the utility of constraint programming for permutation patterns by showing how we can easily and efficiently
extend the known permutation counts for a conjecture involving the class of 1324 avoiding permutations. For this
problem, we expand the enumeration of 1324-avoiding permutations with a fixed number of inversions to permutations
of length 16 and show for the first time that in the enumeration there is a pattern occurring which follows a unique
sequence on the Online Encyclopedia of Integer Sequences.

Keywords: Constraint Modelling, Permutation Pattern, Enumeration

1 Introduction

The concept of permutation pattern classes emerged from an exercise question in the Art of Computer Pro-

tions can be sorted in a limited stack-based system, called stack-sortable permutations. 51:11515)1:1 E:n:lci Séh:n}idi
@-gg_f-g) were among the pioneers in characterizing and enumerating sets of permutations based on the pat-
terns that they avoid. Further enumeration results garnered interest because the number of the original set of
permutations, identified in Knuth’s exercise, proved to be the Catalan numbers.

The enumeration results and subsequent research were primarily motivated by a conjecture proposed
by Herbert Wilf at the 1992 SIAM meeting. This conjecture stated that every permutation pattern class

that avoids one permutation pattern exhibits an exponential growth rate. Marcus_and Tardos ('Q(_)Q4:) later
confirmed and proved this conjecture.
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There are several systems which use computational techniques to assist with the enumeration of per-

permutations and classes into regular languages, enabling efficient investigation of permutation sets. Com-
binatorial Specification Searcher is another Python package that provides a more exploratory approach by
asking the user to define strategies on how to build combinatorial sets from other sets. It combines these into
a general enumeration algorithm. PermCode is a Java library with a graphical user interface which allows
for the exploration of the sets of permutations which avoid classical patterns.

Constraint programming (CP) is a generic and powerful paradigm that allows the expression of complex
combinatorial problems in a declarative manner. In CP problems are expressed declaratively by giving a
list of variables whose values must be found, and stating relationships between variables in the form of
constraints. This declarative expression is called a model. CP solvers take this declarative version of the
problem and use a range of different algorithms to solve the problem efficiently. The primary advantage of
CP is that it allows the user to focus on the problem formulation, while the computer takes responsibility for
the problem-solving methodology.

In the context of studying permutation patterns, constraint programming can offer significant benefits.
Permutation patterns provide a prominent and widely researched topic within the domain of combinatorial
mathematics. These patterns, which involve the arrangement of numbers in a certain order, exhibit intri-
cate and complex structures. Constraint programming allows us to model these structures and constraints
explicitly, enabling systematic and efficient exploration of the solution space.

Essence, as implemented by the system Conjure by Akgiin et al
tation of combinatorial problems. Conjure converts high-level specifications given in Essence into a range
of different formats, allowing many different constraint solvers (and related technologies, such as Mixed
Integer Programming and Boolean Satisfiability) to be used when solving the written (also called modelled)
constraint problem. This automation not only reduces the possibility of errors in translation but also frees
the user to concentrate on the higher-level aspects of problem modelling. In this paper, we mainly use the

In this paper we show how CP can aid the research in permutation patterns through the following contri-
butions:

1. A systematic and comprehensive treatment of 6 kinds of permutation pattern (as both avoidance and
containment) as well as 13 properties and 5 statistics. Each one is implemented as a standalone

examples.



Composable Constraint Models for Permutation Enumeration 3

4. 2 new conjectures resulting from the model enumerating 1324-avoiding permutations with a fixed

number of inversions which come from extending the computational results in Claesson et ali (201 2).

We believe our library of models, which can be easily composed in a ’pick and mix” fashion, will fur-
ther the research in permutation patterns by allowing for more efficient computational experimentation and
exhaustive search as the constraint programming approach avoids the need for the traditional ’generate-and-
test” approach, which generates intermediate assignments that only satisfy some of the properties for later
filtering.

This ”generate-and-test” approach, which requires specialised algorithms to be created to find all permu-
tations which satisfy some given property, can work very well for that property but this approach is difficult
to extend and requires considerable expertise in programming to add new properties. On the other hand,
combining CP models can immediately allow highly efficient searching for a combination of properties, and
our experience is adding new patterns in CP is significantly easier than create new bespoke state-of-the-art
programs for searching for new patterns.

do not support all features that we implement (for example number of inversions, parity, block-wise simplic-
ity), or have a specialised focus (for example on regular classes) than the library of models which we will
present.

2 Introduction to Constraint Programming

Constraint Programming (CP) is a powerful paradigm for solving complex combinatorial problems by fo-
cusing on the formulation of constraints rather than explicit solution algorithms. CP is particularly useful
in situations where you need to find solutions that satisfy a set of conditions or optimise a certain objective
under constraints.

The process of working in CP typically involves three main steps:

* Modelling the problem: This involves defining the problem in a high-level language such as Essence

Frisch et al. (:2-0()&), where variables and constraints are described abstractly, without specifying how

to solve the problem.

* Translation to a solver-friendly format: The high-level model is then automatically translated into a

* Solving the problem: The translated model is processed by a solver, which systematically searches
for a solution by trial and error, backtracking when constraints are violated, until a valid solution is
found.

Most users of CP interact primarily with the modelling step, where they define the problem abstractly in a
language like Essence. The remaining steps—translation and solving—are typically handled by automated
tools.

2.1 Constraint Modelling

Constraint modelling in CP consists of representing the problem using a set of variables, parameters, and
constraints, all described declaratively. This allows the solver to explore the search space and identify
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given <name> : <domain> $ declaring a parameter

letting <name> be <value> §$ setting the value of a parameter or a local alias
find <name> : <domain> $ declaring a decision variable

such that <constraint> $ posting a constraint

$ specific examples from models used in this paper

given length : int

given avoidances : set of sequence of int

find perm : sequence (size length, injective) of int(l..length)

$ constraint types

such that forAll i : int(l..length) . <constraint>

such that forAll m : matrix indexed by [int(l..pattern)] of int(l..length) . <constraint>
such that forAll g : <domain> , <condition> . <constraint>

such that forAll av in avoidances . <constraint>

such that perm(l) = 2, perm(2) = 3

Listing 1: A tour of the most relevant features of the problem specification language Essence

solutions that satisfy all of the specified constraints. In'Listing 1, is a sample Essence code that demonstrates
key constructs and patterns in constraint modelling:

We first start by an explanation of key constructs in Essence, using the example fragments in i,isililé :L'

Declaring parameters (line 1): The given keyword defines parameters that act as fixed inputs to the model.
Parameters have a name and a domain. For instance, on line 6, length is declared as an integer parameter that
will specify the length of the permutation. Parameters allow for flexibility, as they can be modified without
changing the model’s core structure.

Setting values (line 2): The letting keyword assigns a value to a parameter or local alias. This can be
used for simplification or to define constants. In practice, this makes it easier to reference certain values
throughout the model.

Declaring decision variables (line 3): The find keyword is used to define decision variables, which are the
unknowns that the solver will try to assign values to. On line 8, for example, the variable perm is declared
as a sequence, and it is required to be injective (meaning all elements in the sequence must be unique).

Adding constraints (Line 4): The such that keyword introduces constraints, which are conditions that
must be satisfied by the decision variables. These constraints guide the solver to ensure valid solutions. On
line 14, a constraint explicitly fixes certain values of the permutation, forcing the first element to be 2 and
the second to be 3.

In the specific example of a fragment of permutation problem (lines 6-8), two parameters are declared:
length defines the size of the permutation, avoidances is a set of sequences that must be avoided.

The decision variable perm represents a permutation, which is a sequence of integers from 1 to length.
The constraint (line 8) ensures that the sequence is injective, meaning each element is unique.

2.1.1 Constraint Types
There are several types of constraints that can be applied, depending on the structure of the problem:

Iterating over elements (Line 10): The forAll keyword applies a constraint across all elements of the se-
quence. For example, this syntax might ensure that certain conditions hold for every element between
1 and length.

Matrix constraints (Line 11): In more complex problems, one can quantify over a matrix domain. This is
useful for considering all permutations of a particular length, for example.

Conditional constraints (Line 12): Conditional constraints apply to a subset of the domain, based on cer-
tain conditions. For example, one can restrict constraints to cases where a specific condition is true.




—_ O 00 JN N B W~

—_—

0NN B W

Composable Constraint Models for Permutation Enumeration 5

Pattern avoidance (Line 13): One can iterate over a set of patterns (in this case, avoidances) and enforce
constraints that prevent the sequence from containing any of these patterns.

Fixed values (Line 14): Lastly, constraints can assign fixed values to certain positions in the sequence. In
this example, the first two positions of perm are assigned values of 2 and 3, respectively. This operation
corresponds to permutation application when the sequence is viewed as a permutation.

In all of these examples the forAll quantifier can be replaced with exists as well, to achieve existential
quantification as opposed to universal.

InListing 2 we give a complete example constraint model, where the parameters values are defined within
the model itself for simplicity. This problem is that of finding all permutations of length 4 that classically

letting length be 4
letting classic_containment be {sequence(2,1)}

find perm : sequence (size length, injective) of int (1l..length)

such that
forAll pattern in classic_containment .
(exists ix : matrix indexed by [int (l..|pattern|)] of int(l..length)
(forAll i,3j : int(l..|pattern|) . i < j -> ix[i] < ix[3]) /\
(forAll nl, n2 : int(l..|pattern|) , nl < n2 .
pattern(nl) < pattern(n2) <-> perm(ix[nl]) < perm(ix[n2])))

Listing 2: Essence code which represents classic containment

all possible solutions. In Listing 3; we present the result when asking for 10 solutions.

# A single, random permutation of length 4, containing 21
{"perm": [1, 2, 4, 3]}

# 10 random permutations of length 4, containing 21

[{"perm": [1, 2, 4, 3]}, {"perm": [1, 3, 2, 4]}, {"perm": [1, 3, 4, 2]}, {"perm": [1, 4, 2, 31},
{"perm": [1, 4, 3, 21}, {"perm": [2, 1, 3, 41}, {"perm": [2, 1, 4, 31}, {"perm": [2, 3, 1, 4]},
{"perm": [2, 3, 4, 11}, {"perm": [2, 4, 1, 3]}]

Listing 3: Output from running a constraint solver over the 21 classical containment model.

The strength of constraint modelling lies in its approach to solving problems with multiple constraints.
Unlike traditional methods, which typically generate a set of permutations and then filter them based on
additional constraints, constraint solvers work by applying all constraints at once during the search process.
This direct approach ensures efficiency and avoids unnecessary intermediate steps, making the search for
valid solutions more streamlined. With some care in how parameters and variables are named, different
constraints can be combined defined in a modular fashion and composed seamlessly, allowing the solver to
find solutions that satisfy all conditions simultaneously.

The problem specification language Essence is particularly well-suited for modelling permutation pattern
problems due to its expressive power and flexibility in defining complex combinatorial problems declar-
atively. It allows for a natural representation of sequences, set operations, and matrix indexing, which are
fundamental in defining and manipulating permutations. The ability to declare injective sequences and easily
handle universal or existential quantification over sets of constraints makes Essence an ideal choice for mod-
elling pattern containment and avoidance problems. Furthermore, Essence’s high-level abstraction allows
users to focus on formulating the problem without needing to worry about implementation details, which
are handled during the translation process into solver-compatible formats. This makes it an efficient tool for
exploring and solving permutation pattern problems.
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2.2 Constraint Translation

After modelling a problem in Essence, the next step is translating the high-level specification into a lower-
level representation that can be handled by a solver. This translation process is automatically performed by

Conjure and Savile Row Iffi_gh_t_i_r_lg_e_l_lg_ _éfe_fl_; (:_2@1_7-:), which collectively convert Essence models into a form

suitable for constraint solvers. The translation bridges the abstract, declarative model with the computational
techniques necessary for solving it.

Boolean satisfiability (SAT) problems. Each solver offers different strategies and algorithms for navigating
the solution space, and their suitability depends on the problem at hand.

What is key to note is that the user does not need to concern themselves with this translation process.
They only need to focus on modelling the problem in a high-level language like Essence. The translation
step transforms the model into formats that can be executed by various solvers, making it efficient and easy
to experiment with different solvers without needing to rewrite the core model.

By automating this process, Essence and Conjure significantly reduce errors that may occur during manual
translation, while also enabling the flexibility to leverage a range of solvers for a single problem. This
ensures that the model remains solver-agnostic, allowing the user to concentrate on the conceptual aspects
of the problem rather than the technicalities of the solving process.

2.3 Constraint Solving

Once the model has been translated into a solver-compatible format, the solver takes over to search for
solutions using a combinatorial search algorithm, most commonly a form of backtrack search. This process
systematically assigns values to variables while checking that all constraints are satisfied.
permutation patterns, which may generate all permutations or subsets first and then apply filters based on
constraints, constraint solvers apply the constraints immediately during the search. This approach avoids
unnecessary computation and ensures that only valid solutions are considered.

The search procedure typically works as follows:

Variable-Value Assignment: The solver selects a variable and assigns a value from its domain (the range
of possible values). The choice of which variable to assign next can be random, based on a heuristic,
or follow a predefined ordering. This is only done after constraint propagation, to avoid evaluating
values that are shown to be impossible.

Constraint Checking and Propagation: At the beginning of the search and after every time a value is
assigned to a variable, the solver checks whether the assignment violates any constraints. If not, the
solver propagates this assignment, which involves updating the domains of other variables to reflect
the consequences of the assignment. For example, assigning a value to one variable might reduce the
possible values for others.

Backtracking: If a constraint is violated at any point during the search, the solver backtracks. It undoes
the most recent variable assignment and tries a different value, continuing this process until a valid
solution is found or all possibilities are exhausted.

Solution Discovery and Continuation: When all variables have valid assignments that satisfy the con-
straints, the solver has found a solution. If multiple solutions are needed, the solver backtracks to
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Fig. 1: Plot representation of the permutation 521634. The x-axis represents the indexes of the permutation, and the
y-axis represents the values. Reading left to right, the location of the dot in the ith column represents the ith value in the
permutation.

explore different combinations of variable assignments, continuing the search to find additional solu-
tions.

The search process is highly efficient because the solver only explores variable assignments that are con-
sistent with the constraints, avoiding unnecessary work. Propagation, in particular, helps to narrow down the
search space by eliminating infeasible options early.

In summary, constraint solvers combine trial and error, propagation, and backtracking to efficiently navi-
gate the search space. While this paper focuses on providing models in the Essence language, these models
can be solved by a variety of solvers using similar search strategies to find valid solutions.

Having established the fundamental aspects of constraint programming, from modelling to solving, we
now turn our attention to a more specialised domain: permutation pattern problems. Permutation patterns
are a rich source of combinatorial problems, where one seeks to identify or avoid specific patterns within
permutations. The flexibility and power of the Essence language, combined with constraint programming,
allow for an elegant and expressive representation of these problems. In the following section, we present
a comprehensive library of models specifically designed for permutation pattern problems, showcasing how
various types of pattern containment, avoidance, and permutation properties can be encoded within the CP
framework. These models form a foundation for exploring and solving a wide array of permutation-related
challenges.

3 Library of Models

We will consider a permutation o to be an arrangement of the set {1,2,...,n} for some n € N. The size of
the set a permutation o is defined on is called the length of the permutation and is denoted |o|. S, is used to
denote the set of all permutations of length n. ¢ can be viewed as a bijective function, where o (i) denotes
the ith member of the permutation and 0~ 1(j) gives the index where j occurs in the permutation.

Two permutations 7 = m(1),...,7(n) and 0 = o(1),...,0(n) of the same length are said to be order

isomorphic Atkinson (i it V2 ifandonly if o(z) < o(7y). € same property applies for
phic Atkinsort (1999) if i, j, 7 (i) < m(j) if and only if o(i) < o(;). Th property applies f

sequences as well.
We will represent permutations by giving the arrangement of the set (often called sequence notation) and

mented. These terms are summarised in Table 1.
All CP models from the upcommg sectrons with definitions can be found in a supplementary reposi-
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Conditions Statistics
Pattern Avoidance/Containment Properties Number of
Classic Simple Inversions
Vincular Plus-Decomposable Ascents
Bivincular Minus-Decomposable Descents
Mesh Blockwise Simple Excedances
Boxed Mesh Derangement Major Index
Consecutive Non-Derangement
Involution
Parity

Tab. 1: Table of all permutation patterns, properties and statistics modelled

for our computational experiments and scripts that can be used to fully rerun the experiments. In addition,
the repository contains a Jupyter notebook that can be used to interactively run model fragments through

as close to the mathematical definitions as possible.

3.1 Pattern types

A permutation pattern identifies a subsequence of a permutation which satisfies a list of constraints. If a
subsequence of a permutation satisfies the requirements of a given permutation pattern, it is said to involve
or contain the pattern. If no part of a permutation matches a permutation pattern then it avoids the pattern.
There are many types of permutation patterns, in this section we introduce the ones considered in this paper.
We will denote the set of permutations that contains a set of patterns P as Co(P) and the set of permutations
which avoid a set of patterns P as Av(P).

We say that a permutation 7 = 7(1) ... w(k) is classically contained in a permutation o = o(1) ... o (m),
where k < m, if there is a subsequence o(i1)...0(ix) in o that is order isomorphic to 7. For ex-
ample, the permutation 7 = 123 can be found in ¢ = 521634 as the order isomorphic subsequence

Listing 4 represents the model for classic containment, where in Lines 1 and 2 we limit the model to
finding permutations of length 4 and limit the set of permutation patterns that we look for to the just the
permutation 21.

letting length be 4
letting classic_containment be {sequence(2,1)}

find perm : sequence (size length, injective) of int (l..length)

such that
$ For each pattern in the classic_containment set we will look for at least one occurence of it
forAll pattern in classic_containment .
$ We use a matrix to represent the permutation in two dimensions, this is not really needed for classic patterns,
$ but to allow for the code of the different patterns to be composable we have added this here as well.

(exists ix : matrix indexed by [int (l..|pattern]|)] of int(l..length)
$ We now look constraint perm to contain an order isomorphic copy of pattern.
(forAll i,3j : int(l..|pattern|) . i < j -> ix[i] < ix[3]) /\
(forAll nl, n2 : int(l..|pattern|) , nl < n2 .
pattern(nl) < pattern(n2) <-> perm(ix[nl]) < perm(ix[n2])))

Listing 4: Essence code which represents classic containment
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7 =mx(l)...m(k), 0 = o(1)...0(m) and let A C {0,...,k}. To simplify the pattern definition, we
define 7(0) = 0 and w(k + 1) = k + 1. An occurrence of the vincular pattern (7, A) in o is a subsequence
o(i1)...0(ix) of o suchthat o(i1) ... o(ix) is an occurrence of 7 in the classical sense, and Va € A. i,41 =
ia + 1. We call A the set of adjacencies. The code in i,l-s_t-lflg- _3: shows the code for any given length and
looking for the vincular pattern (132, {1}).

For example, the vincular pattern (132, {1}) can be found in 0 = 521634 as the subsequence 164 =

der isomorphic subsequence and highlights the adjacency requirement by shading the column between the
indices both in the pattern and the permutation which contains the pattern.

given length : int
letting vincular_containment be { [[1,3,2], [1]1] }

find perm : sequence (size length, injective) of int(l..length)
such that

$ We check each vincular pair which consists of the permutation (pattern) and adjacency set (bar).
forAll (pattern, bars) in vincular_containment .

exists ix : matrix indexed by [int (l..|pattern|)] of int(l..length)
$ First we look for a classic pattern occurence
(forAll i,3j : int(l..|pattern|) . i < j -> ix[i] < ix[3]) /\
(forAall nl, n2 : int(l..|pattern|) , nl < n2 .
(pattern(nl) < pattern(n2) <-> perm(ix[nl]) < perm(ix[n2])))
$ Then we look in the matrix representation if the adjacency for this pattern is not violated.
(forAll bar in bars . ix[bar] + 1 = ix[bar+l])

Listing 5: Essence code which represents vincular containment

additional set defining which values have to be adjacent.
More formally, an occurrence of the bivincular pattern (7, A, B) in o, with A, B C {0,...,k} and
|| = k, is a subsequence o (i1) . . . o(ix) of o such that the following all hold:

* 0(i1)...0(ix) is an occurrence of 7 in the classical sense,
. VGEA.ia+1:ia+1
*Vbe B.jpr1=17p+1

where {c(i1),...,0(ix)} = {j1,-.-,Jx} and j; < j2 < --- < jg. By convention iy = jo = 0 and
ik+1 = jk+1 = n + 1. As with vincular patterns, A is the set of adjacencies of indexes, but now the set B

containing the set of bivincular patterns.
For example, the bivincular pattern (312, {2}, {2}) can be found in ¢ = 521634 as the subsequence

the shading of the adjacency in values (rows) and indices (columns) highlighted.
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given length : int
given bivincular_containment : set of (sequence (injective) of int, set of int, set of int)

find perm : sequence (size length, injective) of int(l..length)
$ Creating a padded version of perm, where position O contains the value 0 and position length+1 contains the value length+1,

$ to be able to follow the convention.
find permPadded : matrix indexed by [int (0..length+l)] of int (0..length+l)

such that permPadded[0] = 0, permPadded[length+l] = length+l
such that forAll i : int(l..length) . permPadded[i] = perm(i)
such that

$ We look for each bivincular pattern consisting of the permutation, the index adjacencies and the value adjacencies.
forAll (pattern, ind_bars, val_bars) in bivincular_containment .
$ Build the inverse of "pattern’. This is completely evaluated before solving.
exists patterninv: matrix indexed by [int (0..|pattern|+1)] of int (0..|pattern|+1),
patterninv[0] = 0 /\ patterninv[|pattern|+1] = |pattern|+1 /\
(forAll i: int(l..|pattern|) . patterninv[pattern(i)] = 1i).

$ Look for all places where the pattern can occur classically
exists ix : matrix indexed by [int (0..|pattern|+1)] of int(0..length+l),
and([ ix[0]=0, ix[|pattern|+l]=length+1 ,

forAll i : int (0..|pattern|) . ix[i] < ix[i+1] ,
forAll nl, n2 : int(l..|pattern|) , nl < n2
pattern(nl) < pattern(n2) <-> permPadded[ix[nl]] < permPadded[ix[n2]]

1)
$ Check if the index adjacency is not violated
((forAll bar in ind_bars . ix[bar] + 1 = ix[bar+l])
/\
$ And check if the value adjacency is not violated
(forAll bar in val_bars . permPadded[ix[patterninv[bar]]]+1l =
permPadded[ix [patterninv[bar+1]]1]))

Listing 6: Essence code which represents bivincular containment

All of the above patterns can be generalised as mesh patterns, which were introduced in Brindén and
Claesson (2011). A mesh pattern of length & is a pair (7, R) with 7 € Sy and R C [0, k] x [0, k], a set
of pairs of integers. The elements of R identify the lower left corners of unit squares in the plot of 7 and
specify forbidden regions. An occurrence of a mesh pattern (7, R) in a permutation o is a subsequence

o(i1) . ..o(ix) such that the following holds
* o(i1)...o(ix) is order isomorphic to 7

. (;v,y) € R = there does not exist i € {1,...,n} : iy < i < igp1 A (ir1(y)) < o(i) <
U(zﬂ.—l(erl)).

For this definition we extend the subsequence ¢, o and 7 with i = 0, k41 =n+1,7(0) =0, n(k+ 1) =
k+1,0(0) = 0and o(n + 1) = n + 1. The extra terms for i;, o and 7 in the second part of the
definition above allow mesh patterns to constrain a permutation outside of the pattern. The model of mesh

containment (together with the extended mesh) is in Listing 7. An example of a mesh pattern in o = 521634
is (132,{(0,0),(2,1),(2,2)}), which can be found as the subsequence 263 = ¢(2)c(4)o(5). This example

A boxed mesh pattern (or boxed pattern, as introduced in Avgustinovich et al! (2013)), is a special case
of a mesh pattern P = (m, R) where 7 is a permutation of length k and R = [1,k — 1] x [1,k —1]. P
is then denoted by [ 7 |. For example the boxed pattern is contained in the permutation 236514 as the

subsequence 351 = o(2)o(4)o(5). Figure 2(e) shows this example, and illustrates that for a boxed mesh
pattern the box inside the permutation is the forbidden region.
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given length : int
given mesh_containment : set of (sequence(injective) of int, relation of (int x int))

find perm : sequence (size length, injective) of int(l..length)
$ Creating a padded version of perm, where position O contains the value 0 and position length+1 contains the value length+1,

$ to be able to follow the convention.
find permPadded : matrix indexed by [int (0..length+l)] of int (0..length+l)

such that permPadded[0] = 0, permPadded[length+l] = length+l
such that forAll i : int(l..length) . perm(i) = permPadded[i]
such that

$ pattern is the pattern, mesh is the mesh as a relation
forAll (pattern, mesh) in mesh_containment
$ Build the inverse of "pattern’. This is completely evaluated before solving.
exists patterninv: matrix indexed by [int (0..|pattern|+1)] of int (0..|pattern|+1),
patterninv[0] = 0 /\ patterninv[|pattern|+1] = |pattern|+1 /\
(forAll i: int(l..|pattern|) . patterninv[pattern(i)] = 1i).
$ Look for all places where the pattern can classically occur
exists ix : matrix indexed by [int (0..|pattern|+1)] of int(0..length+l),
and([ ix[0]=0, ix[|pattern|+1l]=length+1 ,
forAll i : int (0..|pattern|) . ix[i] < ix[i+1] ,
forAll nl, n2 : int(l..|pattern|) , nl < n2
pattern(nl) < pattern(n2) <-> permPadded[ix[nl]] < permPadded[ix[n2]]
1) .
$ If we find the pattern, make sure there is NOT at least one value in some cell of the mesh
!'( exists (i, Jj) in mesh.
exists z: int (ix[i]+1..ix[1i+1]-1). (permPadded[ix[patterninv[]j]]] <= permPadded[z] /\
permPadded[z] <= permPadded[ix[patterninv[j+1]1]1]) )

Listing 7: Essence code which represents mesh containment

Consecutive patterns are a special case of vincular patterns, where it is necessary that all entries are
adjacent. For example, the consecutive pattern (312, {1, 2}) can be found inside 152463 as the subsequence

We say a permutation o avoids any of the above pattern types, if the permutation 7 of the pattern is
classically avoided in o, or it is classically contained in ¢ but for every occurrence of the classical pattern
the additional constraints on indices or values are not upheld.

tainment (Listing 4) there is a negation sign (denoted by !) before the matrix which defines the pattern
constraint.
of the pattern there are points that violate the mesh regions.

So for example the permutation o = 12345 avoids the classic pattern m = 21, as there are no occurrences
of it. Figure 3(ay attempts to illustrate this avoidance. Similarly, the permutation ¢ = 12345 avoids the mesh
Ra_ttgn_(_l??, {(0,0),(2,0),(2,1), (2,2)}) as there is no classical occurrence of 132 in o, as can be seen from

Figure 3(b). Finally, (132, }(0,0),(2,0),(2,1),(2,2))} is not contained in the permutation o = 652413
even though there is an occurrence of 132 in the o, namely as 243 = o(3)c(4)0(6), but there is an element

in the (2, 0) shaded/forbidden region.

3.2 Permutation Properties

In addition to containing (or avoiding) patterns in permutations and enumerating these permutations, per-
mutations can have certain structural properties. We give some of the most common properties here, all of
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given length : int
given classic_avoidance : set of sequence of int

find perm : sequence (size length, injective) of int (l..length)

such that
$ For each pattern in the classic_avoidance set we will look for at least one occurence of it
forAll pattern in classic_avoidance
$ We use a matrix to represent the permutation in two dimensions, this is not really needed for classic patterns,
$ but to allow for the code of the different patterns to be composable we have added this here as well.
$ While the classic pattern constraint stays the same we are now negating the whole thing (see the ! before the exists statement)
$ So we are looking for a permutation in which it is not possible to find the pattern in.

! (exists ix : matrix indexed by [int (l..|pattern|)] of int(1l..length)
$ We now look constraint perm to contain an order isomorphic copy of pattern.
(forAll i,3j : int(l..|pattern|) . i < j -> ix[i] < ix[3]) /\
(forAll nl, n2 : int(l..|pattern|) , nl < n2
pattern(nl) < pattern(n2) <-> perm(ix[nl]) < perm(ix[n2])))

Listing 8: Essence code which represents classic avoidance

given length : int
given mesh_avoidance : set of (sequence(injective) of int, relation of (int x int))

find perm : sequence (size length, injective) of int(l..length)
$ Creating a padded version of perm, where position 0 contains the value 0 and position length+1 contains the value length+1,

$ to be able to follow the convention.
find permPadded : matrix indexed by [int (0..length+1)] of int (0..length+1)

such that permPadded[0] = 0, permPadded[length+l] = length+l
such that forAll i : int(l..length) . perm(i) = permPadded[i]
such that

$ pattern is the pattern, mesh is the mesh as a relation
forAll (pattern, mesh) in mesh_avoidance
$ Build the inverse of "pattern’. This is completely evaluated before solving.
exists patterninv: matrix indexed by [int (0..|pattern|+1)] of int (0..|pattern|+1),
patterninv[0] = 0 /\ patterninv[|pattern|+1] = |pattern|+1 /\
(forAall i: int(l..|pattern|) . patterninv[pattern(i)] = 1i).
$ Look for all places where the pattern can occur, in each we need to violate the mesh.
$ This changes from an “exists’ to a *for all’
forAll ix : matrix indexed by [int (0..|pattern|+1)] of int(0..length+l),

and ([ ix[0]=0, ix[|pattern|+l]=length+l, forAll i : int(0..|pattern]|) . ix[i] < ix[i+1]

, forAll nl, n2 : int(l..|pattern|) , nl < n2
pattern(nl) < pattern(n2) <-> permPadded[ix[nl]] < permPadded[ix[n2]]
1) .
$ If we find the pattern, make sure there is at least one value in some cell of the mesh
( exists (i, J) in mesh.
exists z: int(ix[i]+1..ix[i+1]-1). (permPadded[ix[patterninv[]j]]] <= permPadded[z]
permPadded[z] <= permPadded[ix[patterninv[j+1]1]1]) )

/\

Listing 9: Essence code which represents mesh avoidance
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Fig. 2: Examples of all patterns and for each an example containment in a larger permutation. In each subfigure the
pattern is on the left and an occurrence of the pattern is indicated in the right permutation. We highlight a classic
occurrence (the elements that are order isomorphic to the pattern permutation) with circles around the nodes. All
additional constraints (in terms of adjacency in index or values, or the forbidden cells/regions) are shaded. In the
target permutation the shaded regions scale with respect to the elements which are representative of the classic pattern.



14 Ruth Hoffmann et al.
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(a) 12345 avoids the classic pattern 21. (b) 652413 avoids the mesh pattern

(132,{(2,0),(2,1),(2,2)}).

L ®

*— ®

B !

(c) 652413 avoids the mesh pattern
(132,{(2,0),(2,1), (2,2)}).

Fig. 3: Examples of pattern avoidance. In subfigures (a) and (b) there is no subsequence in the target permutation which
is order isomorphic to the pattern permutation (i.e. there is no occurrence of the classic pattern in the target permutation).
Subfigure (c) avoids the mesh pattern even though the pattern permutation is contained classically, in each occurrence
(there is only one) there are (at least one) elements in the target permutation which lie in the shaded/forbidden region.
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each property, we can require solutions to either do, or do not, satisfy the property.

An interval of a permutation 7 corresponds to a set of contiguous indices I = [a, b] such that the set of
values 7(I) = {m(i) : i € I} is also contiguous. Every permutation of length n has intervals of lengths 0,
describes the constraints of a simple permutation (in terms of its intervals). For example, 7 = 1632547
is not simple as it contains the intervals 7(3)m(4), 7(5)7(6), 7(3)7(4)7(5)mw(6), 7(2)7(3)w(4)7(5)7(6),

of length 0, 1 or the whole permutation.

given length : int
find perm : sequence (size length, injective) of int (l..length)

$ Simple permutations do not contain intervals.
$ An interval is a set of contiguous indices such that the values are also contiguous.
$ perm is a simple permutation, subperm is a set of contiguous indices.

such that
and ( [ max(subperm) — min(subperm) + 1 != |subperm| $ the values are not contiguous

| 1 : int(l..length) $ start index of the sub perm

, J : int(1..length) $ end index of the sub perm

, 1< 3 $ start comes before end

, (i,3) !'= (1,length) $ the subpermutation is not the full permutation

, letting subperm be [perm(k) | k : int(i..j)] $ give the sub perm a name

1)

Listing 10: Essence code which represents simple permutations
Given a permutation o = (1) ...o(m) of length m and non-empty permutations oy, . . ., &, the infla-

tion of o by a1, ..., Qy, written as ola, . . ., ayy], is the unique permutation obtained by replacing each

entry o(¢) by an interval that is order isomorphic to «;, where the relative ordering of the intervals corre-
sponds to the ordering of the entries of 0. Conversely, a block-decomposition or deflation of a permutation
7 is any expression of 7 written as an inflation 7 = o|ay, ..., a.,]. For example 521634 can be decom-

posed as 3142[1,21,1, 12]. In Figure 4(e) we have highlighted the blocks of the permutation 521634, we

can observe that the blocks are placed order isomorphic to 3142.
A permutation 7 is plus-decomposable if it has a block-decomposition of the form 7 = 12[ay, ] for

non-empty permutations oy and (mgg@:g-_l-_li) For example 213654 is a plus-decomposable permutation,

but 546123 or 521634 (which is also not simple) are not. Figure 4(b) shows the blocks of 213654, plus-
decomposable permutations will always be in this layout (elements in the bottom left quadrant, and elements

in the top right quadrant).

given length : int
find perm : sequence (size length, injective) of int (l..length)

$ perm is plus—decomposable
such that
exists sep : int(l..length-1) .
$ There is a split where there is an interval on the “left” where the maximal point is below the lowest point in the interval on the “right”.
max ([ perm(i) | 1 : int(l..sep) ]) < min([ perm(i) | i1 : int(sep+l..length) 1)

Listing 11: Essence code which represents plus-decomposable permutations

A permutation 7 is minus-decomposable if it has a block-decomposition of the form = = 21[ay, as] for

minus-decomposable permutation 546123. All minus-decomposable permutations will have a similar layout,
with elements in the top left quadrant, followed by elements in the bottom right quadrant.
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given length : int
find perm : sequence (size length, injective) of int(l..length)

$ perm is minus—decomposable
such that
exists sep : int(l..length-1) .
$ There is a split where there is an interval on the “left” where the minimal point is above the highest point in the interval on the “right”.
min([ perm(i) | 1 : int(l..sep) 1) > max([ perm(i) | i : int(sep+l..length) 1)

Listing 12: Essence code which represents minus-decomposable permutations

A permutation m € S, is block-wise simple if and only if it has no interval which can be decomposed

given length : int
find perm : sequence (size length, injective) of int (l..length)

such that
$ It does not decompose into 12 (i.e. there is a point in the interval that is above the smallest point on the right)
[ and([ max ([ perm(i) | 1 : int(start..middle) 1) > min([ perm(i) | i : int (middle+l..end) 1)
$ It does not decompose into 21 (i.e. there is a point in the interval that is below the highest point on the right)
, min([ perm(i) | 1 : int(start..middle) 1) < max ([ perm(i) | i : int(middle+l..end) 1)

$ The below is the setup of the intervals, and the indices

| start, middle, end : int(l..length)
start <= middle
middle < end
letting minSE be min ([ perm(i) |
letting maxSE be max ([ perm(i) |
maxSE - minSE = end - start

int (start..end) ])

1
i int (start..end) 1)

Listing 13: Essence code which represents block-simple permutations

A fixed point of a permutation 7 is an integer ¢ such that 7(i) = i. A derangement is a permutation with

the elements of the permutation 4312 are on the red diagonal (which represents 7 (i) = 7).

given length : int
find perm : sequence (size length, injective) of int (l..length)

such that
forAll i : int(1l..length)
$ None of the indices are fixed points.
perm(i) != 1

Listing 14: Essence code which represents derangements

Similarly, a nonderangement is a permutation with at least one fixed point (Listing 13). 2431 is a non-

derangement whereas 4321 is not. The plot of 2431 in Figure 4(j) shows 7(3) = 3 lies on the diagonal.

given length : int
find perm : sequence (size length, injective) of int (l..length)

such that
$ At least one of the points is fixed.
exists i : int(l..length)
perm(i) = i

Listing 15: Essence code which represents nonderangements
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A permutation 7 € S,, is called an involutionif 1 = 71, or equivalently if Vi, j. 7(i) = j <= =(j) =i

involution 1243.

given length : int
find perm : sequence (size length, injective) of int(l..length)

$ perm is an involution
such that
forAll i : int(1l..length)
$ perm * perm = identity permutation (increasing permutation)
perm(perm(i)) = 1

Listing 16: Essence code which represents involutions

A permutation m € S, is said to have parity if the values at odd indexes are odd and the values in even

and Figure 4(1)} show the plots of the two example permutations.

given length : int
find perm : sequence (size length, injective) of int(l..length)

such that
forAall i : int(1l..length)
$ Check for odd/even by doing modulo 2 arithmetic.
(perm(i) % 2) =1 % 2

Listing 17: Essence code which represents permutations with parity

3.3 Permutation Statistics

Currently we support 5 different permutation statistics, where we count the occurrences of some property
of the elements of the permutation. The constraint solvers will output the statistics alongside the solution
permutations. The statistics we currently consider are ascents, descents, inversions, excedances and the

These statistics can be collected as part of finding the solutions, or constrained. These constraints on the
statistics can be arbitrary arithmetic statements, for example permutations with 5 descents, or the number of
descents and ascents added together is a multiple of three.

An ascent in a permutation o is an index ¢ such that o (7) < o(i+ 1). Similarly, a descent is an i such that
o(i) > o(i + 1). A pair of indices (i, j) in a permutation o such that i < j and o (i) > o(j) is called an
inversion. An excedance is an index where o (i) > 7. So for a permutation o the statistics are

¢ the number of inversions inv(c) = |{(¢,7) : i < jand (i) > o (j)}|
* the number of descents des(c) = |[{i : o(i) > o(i + 1)}]

¢ the number of ascents asc(c) = [{i : 0(i) < o(i + 1)}]

* the number of excedances exc(o) = [{i : o (i) > i}|.

* the Major index, which is the sum of the positions of the descents maj(c) = Za(i)>g(i+1) i.

As an example, in the permutation o = 7164523, inv(c) = 14, des(o) = 3, asc(o) = 3, exc(o) = 2 and
maj(c) = 9.
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Fig. 4: Examples permutation properties. Intervals (of length 1 and up to n-1, where n is the length of the per-
mutation) and blocks are indicated using squares around the nodes that contain them. The red diagonal line for the
derangement/non-derangement indicates the 7 (7) = 4 fixed point property.
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given length : int
find perm : sequence (size length, injective) of int(l..length)

$ the inversion count
find inversionCount : int (0..length*%2) $ We need to each statistic it a reasonable upper bound
such that
inversionCount =
$ For each occurence of a larger value is found before a smaller one, we add a 1 to a list and we then sum them all up.
sum([ 1 | i, : int(l..length), i < j, perm(i) > perm(j)])

$ the descent count
find descentCount : int (0..length)
such that
descentCount =
$ For each occurence of a descent, we add a 1 to a list and we then sum them all up.
sum([ 1 | 1 : int(l..length-1), perm(i) > perm(i+l)])

$ the ascent count
find ascentCount : int(0..length)

such that
ascentCount =
$ For each occurence of an ascent, we add a 1 to a list and we then sum them all up.
sum([ 1 | i : int(l..length-1), perm(i) < perm(i+1)])

$ the excedance count
find excedanceCount : int (0..length)

such that
excedanceCount =
$ For each occurence of an excedance, we add a 1 to a list and we then sum them all up.
sum([ 1 | 1 : int(l..length), perm(i) > i])

$ the majorIndex
find majorIndex : int(0..length*x2)
such that
majorIndex =
$ We follow the sum by the definition of Major Index.
sum([ i | 1 : int(l..length-1), perm(i) > perm(i+1l) 1])

Listing 18: Essence code which represents all statistics

As mentioned before, the statistics can be turned into properties of a permutation, e.g. rather than checking
how many descents a permutation has we ask for a permutation with a given number of descents. In

permutatlons with a given number of inversions.

given length : int
given nInversions : int
find perm : sequence (size length, injective) of int (1l..length)

such that
$ The given number of inversions is equal to the number of inversions found in the permutation
nInversions =
sum([ 1 | i, : int(l..length), i < j, perm(i) > perm(j)])

Listing 19: Essence code which represents permutations with a given number of inversions

4 Composability in Action

latter model gives rise to 2 new conjectures.
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4.1 Hypothetical Example

Suppose we are a permutation pattern researcher seeking insights into the set of permutations that classically

problem will adopt some assumptions, enumerate permutations under these assumptions and refine these
assumptions by studying the enumeration. Given the rapid growth of the numbers, we examine prevalent
patterns and properties within our permutations, either contained or avoided, and aim to filter them out.
To illustrate how the CP approach easily cuts down the number of solutions without having to go through
generating permutations and then filtering them we have split this example into 4 steps, in each step we add
more constraints (patterns and/or properties). We then show how many solution permutations are found at
As the permutation pattern researcher we would only work with step 4, rather than illustrative which contain
fewer constraints.

In the context of exploring permutations that traditionally avoid the permutation 1324, let us assume we

have finished exploring permutations that contain the following mesh pattern:
(213,{(0,0),(0,1),(1,0), (1,0)}), so from now on we want to focus on permutations which avoid this pat-
tern (step 1, Av({1324, (213,{(0,0),(0,1),(1,0), (1,0)})})). Consider that we decide to look at permu-
tations which contain both the classic pattern 132 and the mesh pattern (123, {(1,2), (2,1), (1,3),(3,1)})
(step 2, Co({132,(123,{(1,2),(2,1),(1,3),(3, 1)} })).

We instantiate a constraint programming model that combines the four patterns above. We can also
add properties, for example: minus-decomposable and involution (step 3, minus-decomposable; step 4,
involution).

Existing approaches allow a limited form of compositionality: they support the enumeration of permu-
tations that avoid a set of (mesh) patterns simultaneously, as every pattern type can be turned into a mesh
pattern. So the traditional approach would be to enumerate the set of permutations which avoid the two
patterns 1324 and (213, {(0,0), (0, 1), (1,0), (1,0)}). We would then need to iterate over this enumeration
and filter permutations to identify those containing the patterns 132 and (123, {(1,2),(2,1),(1,3), (3, 1)}).

As an example, for length 9 there are 9! = 362880 permutations of which, 4862 avoid the two pat-
terns (step 1). 2841 of these permutations then contain the other two patterns (step 2). 1865 of these are
minus-decomposable (step 3) and finally only 19 are also involutions (step 4). Using a composed constraint
programming model for this problem we are able to directly enumerate the 19 permutations of interest with-
out going through several levels of generate-and-test. We conduct the same experiment on permutation
lengths ranging from 5 to 16. Table 2 shows the number of permutations enumerated at each step. This ta-
ble demonstrates that this technique is more efficient than generate-and-test based methods, as the numbers
between the columns/steps decrease rapidly. For some permutation lengths (14-16), generate-and-test is not
feasible because earlier steps cannot be fully enumerated within the 1-hour time limit we gave to Minion (a

In addition to only enumerating permutations of interest, we can ask for permutation statistics to be listed
together with the enumeration as well. For example we can request the number of descents and the number
of inversions for each the permutations in the final set within the same constraint programming model.

4.2 1324-avoiding permutations with a fixed number of inversions

Let us now look at the impact the constraint programming approach has on a combination of property type

inversions.
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Number of permutations found

Length

Step 1 Step 2 Step3  Step4

5 42 8 2 0

6 132 41 19 1

7 429 180 102 2

8 1,430 730 455 9

9 4,862 2,841 1,865 19

10 | 16,796 10,815 7,321 53

11| 58,7786 40,700 28,096 106
12 | 208,012 152,325 106,555 255
13 | 742,900 568,883 401,729 493

14 - - - 1,118
15 - - - 2,120
16 - - - 4,664

Tab. 2: Running the 4 steps on various permutation lengths. Dash indicates timeout after 1-hour of Minion search

R T R R MR R TR TR R R

For all nonnegative integers n and k, we have S¥(1324) < Sk, (1324) (where Sk(1324) is the set of
permutations of length n with k inversions and which avoid 1324).

For example, the set S9(1324) = {45321,53421,54231, 54312} is the set of permutations of length 5
with each with 9 inversions and avoiding 1324 classically.

In the paper Claesson et al. ('QQ 12) present results of an exhaustive enumeration algorithm, which found
results of all inversions for permutations up to length 15. Unfortunately, the authors do not disclose how
the algorithm worked, but we hypothesise that it might have been a generate and test approach. Which first
generates all 1324 avoiding permutations and then filtered for the number of inversions.

As discussed before the constraint programming approach avoids this and thus we have been able to
expand the enumeration further, and give additional insights into the conjecture. Further, there was no
need for a specialised algorithm or coding to test this conjecture, we only had to combine our previously
created model pieces for classical avoidance and counting inversions. While we are unable to fully prove
the conjecture, our results demonstrate further support for the result.

Looking at Table 3 (this is a pattern that can be observed in Claesson et al. @(:) 1:2]) as well) there is a point
at which the number of permutations per inversion count does not change. In other words, there is a point at
which it does not matter what the length (n) of the permutation is the number of permutations which avoid
1324 and have a given number of inversion is the same as n + 1. To confirm this we have expanded the
calculations to the permutations of length 16 and all possible number of inversions. Further, we are able to
strongly suggest at which point this enumeration does not change, up to 20 inversions.

We enumerated the permutations for this problem for permutation lengths from 1 to 25 and for the number
of inversions ranging from 0 to 20. We used a large compute server with 256 cores and 1TB of memory for
this task. Each enumeration is allowed to use up to 250 cores on this machine. The longest running instance
(length 23 and number of inversions 20) took just over 5 days in this parallel computing setting, which is the
equivalent of running the same enumeration on a single core for 3.5 years. This parallel setting highlights a
significant advantage of employing CP: the feasibility of leveraging high-performance, parallel CP solvers,
such as Minion, which can take advantage of the widely accessible multi-core machine without requiring
any special development.
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Conjecture 2. For a fixed integer k. if n > k + 2, then |S}(1324)| =[Sy, ,(1324)].
Further we have evidence that there is an identifiable sequence which the stabilising points create.

Conjecture 3. Let n be a given length of permutations, then S*(1324) for k € {0,...,n — 2} will be the

5 Conclusion

In this paper, we have presented a new approach to enumerating permutations under multiple conditions by
leveraging constraint programming. This approach allows for a declarative definition of permutations prop-
erties and pattern avoidance/containment conditions. Conditions and properties can be arbitrarily composed.
We have demonstrated the versatility of this approach by modelling the pattern avoidance/containment by
applying it to 2 examples, one of which demonstrates how the constraint programming approach avoids
having to generate a large number of permutations before filtering for the ones based on the additional
properties/constraints.

In the second example this paper demonstrated the utility of the library of constraint models by extending
as identifying 2 new conjectures. This allowed us to leverage the parallel support of modern CP solvers to
solve in 5 days what would have taken 3.5 years on a single CPU core.

This work contributes to the growing body of research on permutation enumeration. The constraint pro-
gramming based approach complements existing computational tools, offering an alternative method that
allows for greater flexibility when solving non-standard permutation enumeration problems.

The application of constraint programming to this important field in mathematics empowers mathemati-
cians with a new flexible tool for investigating complex permutation enumeration problems. We expect our
approach to inspire further research in this area and potentially lead to new mathematical discoveries.



Number of permutations found with a fixed number of inversions

Lengh 1\ 0y 2 3 4 s 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
11
2 1
3012 1
4l1 205 6 5 3 1
5|1 2 s5p0716 20 20 15 9 4 1
6|1 2 5 10020032 51 67 79 8 68 49 29 14 5 1
711 2 5 10 20 [367 61 96 148 208 268 321 351 347 308 241 165 98 49 20 6
8| 1 2 5 10 20 36 65" 106 171 262 397 568 784 1019 1264 1478 1628 1681 1619 1441 1173
9l 1 2 5 10 20 36 65 "II07 181 286 443 664 985 1416 1988 2715 3589 4579 5631 6654 7559
1011 2 5 10 20 36 65 110 1857 296 467 714 1077 1582 2305 3284 4617 6374 8665 11521 15012
111 2 5 10 20 36 65 110 185 [B007 477 738 1127 1682 2477 3584 5134 7240 10100 13915 18976
1201 2 5 10 20 36 65 110 185 300 '4817 748 1151 1732 2577 3768 5450 7766 10976 15312 21171
131 2 5 10 20 36 65 110 185 300 481 7527 1161 1756 2627 3868 5634 8098 11526 16216 22632
1401 2 5 10 20 36 65 110 185 300 481 752 [11657 1766 2651 3918 5734 8282 11858 16786 23568
1501 2 5 10 20 36 65 110 185 300 481 752 1165 [I7707 2661 3942 5784 8382 12042 17118 24138
6|1 2 5 10 20 36 65 110 185 300 481 752 1165 1770 126657 3952 5808 8432 12142 17302 24470
1701 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 139567 5818 8456 12192 17402 24654
181 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 3956 [58227 8466 12216 17452 24754
1911 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 3956 5822 [84707 12226 17476 24804
2001 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 3956 5822 8470 (122307 17486 24828
2001 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 3956 5822 8470 12230 174907 24838
201 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 3956 5822 8470 12230 17490 124842
23| 1 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 3956 5822 8470 12230 17490 24842
A000712 | 1T 2 5 10 20 36 65 110 185 300 481 752 1165 1770 2665 3956 5822 8470 12230 17490 24342

Tab. 3: The enumeration of permutations avoiding 1324 classically and containing a fixed number of inversions. The rows are the length of the permutation, the columns the number of
inversions. The full results can be found in the supplementary repository Akgiin et al. (2023). The last row shows the first 21 elements of the sequence A000712 (OEIS Foundation Inc.,

2023, A000712).
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We consider the class S,(1324) of permutations of size n that avoid the pattern 1324 and examine the subset
827" (1324) of elements for which @ < n < [a — 1], @ > 1. This notation means that, when written in one-
line notation, such a permutation must have a to the left of n, and the elements of {1,...,a — 1} must all be to the
right of n. For n > 2, we establish a connection between the subset of permutations in Sp="(1324) having the 1
adjacent to the n (called primitives), and the set of 1324-avoiding dominoes with n — 2 points. For a € {1,2}, we
introduce constructive algorithms and give formulas for the enumeration of S5~ (1324) by the position of a relative
to the position of n. For a > 3, we formulate some conjectures for the corresponding generating functions.

Keywords: pattern-avoiding permutations, enumerative combinatorics

1 Introduction

Finding a closed formula for the enumeration of the class S,,(1324) remains an open problem that we
do NOT solve in this paper. However, in our attempt to understand what makes this class so difficult
to handle, we came across a simple but interesting type of statistics: distance between the smallest and
largest element of a permutation. We found that permutations of size n having the 1 adjacent to the n are
manageable and can be used to enumerate certain related subsets of S,,(1324).

The goal of this paper is to present our findings and formulate a conjecture for the enumeration of other
subsets of S,,(1324) according to similar positional statistics.

Fora,k > 1, let S; ;" (1324) be the set of permutations o € S,,(1324) such that:

e o7 tn)—o"a) =k,
e 071(b) =0 (n) > 0foreveryb e {1,...,a—1}.
Let S¢="(1324) = |J S8%737(1324) and observe that, in one-line notation, permutations in the set
k>1

S2="(1324) have the entry a to the left of n and all the elements of {1,...,a — 1} to the right of n.
We also let

o0 o0
Tor()= Y [Si5r(1324)]2" and ga(z,t) = > t*T, k().
n=k+1 k=1
ISSN 1365-8050 © 2024 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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In Section 2, we discuss S}ch"(1324) and give formulas for T3 1 () and g¢1(x,t). First, we give a
bijection between S}lj"(1324) and the set of 1324-avoiding dominoes with n — 2 points, which is known
to be counted by the OEIS sequence [3, A000139]. We then introduce a product o; ® o2 on S}ljn(1324)
that we use to construct and enumerate the elements of S}ljc"(1324). In Section 3, we examine the set

8275m(1324) and give explicit formulas for 75 ;(z) and go(z,t). Finally, in the last section of the paper,
we conjecture a formula for 75, p(z) for3 <a < k.

The significance of g, (z, ) lies in the fact that if G(z) = > |S,,(1324)]2™, then
n=1

G(z) = ﬁ (:c + gga(x, 1)).

Note that for n > 2, permutations in S, (1324) that start with n are counted by the function 2G(z). Thus
Gz)=z+2G(x)+ Y gu(z,1).

a=1
Again, we are still far from giving a formula for G(z), but the breakdown using the sets Sy 3" (1324)
provides a different viewpoint that we believe is worth pursuing further.

2 Enumeration of §!="(1324)

We start by establishing a bijection between Srll'i"(1324) and the set of 1324-avoiding dominoes. As
studied by D. Bevan, R. Brignall, A. Elvey Pricé, and J. Pantone ﬂ]:], a 1324-avoiding vertical domino
is a two-cell gridded permutation in Grid# (ggég;) whose underlying permutation avoids 1324. These
dominoes are counted by the sequence 1, 2, 6,22,91,408,1938,9614, .. ., cf. f-j, A000139].

For example, the six distinct 1324-avoiding dominoes with two points are

Proposition 2.1 For n > 2, there is a one-to-one correspondence between 811:1"( 1324) and the set of
1324-avoiding dominoes with n — 2 points.

Proof: The bijection relies on the inverse map. Every o € S,llj"(1324) is of the form
oc=orlnop,

where o, and o are words (possibly empty) such that || 4+ |or| = n — 2, and their reduced permu-
tations}_ﬁ: red(oy,) and red(og) avoid 132 and 213, respectively. Clearly, since 1324 is an involution, 0!
also avoids 1324. Moreover, if i = 0~1(1), then o~ ! is of the form

@ The permutation red (o) is obtained by replacing the ith smallest letter of o by i, fori = 1,...,|a|.
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ar

1+1

OB

where red(o7) = red(or) ™! avoids 213 and red(o) = red(or) ! avoids 132. Finally, merging the
lines through ¢ and ¢ + 1 as a separator, we get a 1324-avoiding domino. a

As a consequence ( [-1:, Theorem 2] with n replaced by n — 2), we have

— 3|
2(3n — 3)! forn > 2.

1<n —
53" (1824)] = (2n — 1)In!

n

The elements of S,lzjn(1324) serve as primitives to factor and enumerate the elements of S}chn(1324)
for every k > 2.

‘We start with a definition.

Definition 2.2 A permutationo € S 1<n (1324) will be called a primitive. For n > 2, such a permutation

n,l
must be of the form o = w 1n 1 with red(w) € Sk(132), red(7) € S¢(213), and k + ¢ = n — 2. Given
a primitive 01 = m lm 11 € 8,,(1324) and a permutation oo € S¢(1324) of the form oo = 7o 1654 19
with |02| > 0, we define the product

01 @ 09 = Tom 1m§2n?27'168n, 2.1

where n = { +m — 1, and 73, 52, and T, are obtained from T3, 02, and 19, by increasing all of their
entries by m — 1 (see Figure :_l:).

n
@
m
®

®
1

Fig. 1: Visualization of o1 © 0.

For instance, 2143 ® 41253 = 7214586 3. Also,
213 ®» 3142 =521364 and 3142 213 = 531462.

In particular, ® is not commutative. This is true even if o; and o2 are both primitives. For example,
21312 =2134but 12 ® 213 = 3124.
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Proposition 2.3 If o1 € S)~/"(1324) and o3 € S, (1324), then
01 © 0y € Sp (1324) withn = £ +m — 1.

Proof: The permutations ¢; and o5 must be of the form
g1 =T 1m7'1 and 09 = T 192@7‘2,

where red(7) and red(ms) both avoid 132, red(r;) and red(72) both avoid 213, red(62) avoids 21, and
|§2] = k — 1. By @.:1:), we have 01 ® 0o € 81117911’ so we only need to show that o1 ® o5 avoids 1324.
The graph of o1 ® o2 (see Figure -1:) makes it clear that, since both o1 and o5 avoid 1324, the parts of
the permutation below and above the horizontal line y = m cannot have a 1324 pattern. Thus, if there is
a 1324 pattern in o7 ® o2, the 1 will have to be in 7; 1, and since 7; avoids 132, the 3, 2, and 4 of the

pattern will have to be above the line y = m. But this is not possible since 03 £ 7o avoids 213. O

Proposition 2.4 Every non-primitive o € S}="(1324) admits a unique decomposition
o=o01 ©o0og,
where oy is a primitive in S, <" (1324) and o5 € S} **(1324) with ¢ = n —m + 1.
Proof: If o is not primitive, then it must be of the form o = 7 10n 7, where red(r) avoids 132, red(r)

avoids 213, and @ is increasing (i.e., avoids 21). Let m = min(#). If there were indices ¢ < j such that
7(i) < m < w(j), then the sequence (7 (%), w(j), m,n) would make a forbidden 1324 pattern:

7;14
m(j)
.
'
(i)
.
i

Thus, if 7 is not empty, it must be of the form m = mwem; where 7y consists of the values of 7 that are
larger than m, and 72 contains the values of 7 smaller than m, if any. Similarly, if 7(7) < m < 7(j) for
some i < j, then the sequence (1, m, 7 (i), 7(j)) would make a forbidden 1324 pattern. Thus, if 7 is not
empty, it must be of the form 7 = 797 where the values of 75 (if not empty) are larger than m and the
values of 7; are smaller than m.

Now, if 6’ denotes 6 without the entry m, then the graph of o takes the form

n
o

U o’ T2

LE

™ T1
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where any box could be empty. If we let oy = w1 Im 7y and o9 = red(ma mb'n 72), then oy is primitive,
oo € 8214(1324) with £ = n — m + 1, and it is easy to see that 0 = 01 © 03.

Now suppose o = p1 ® pa with a primitive p; of the form p; = a1 1m’ 1. The definition of p; ® po
implies ’ = m and all the values of ¢ less than or equal to m must coincide with the values of p;. Hence
p1 = o1 and the factorization is unique. O

Corollary 2.5 Every permutation in 8711'2" (1324) can be uniquely decomposed as a product of k primitive
permutations.

(k=3) 124=12012012

(k=2) 1243=120132
1342 = 132 ® 12
2134 =213 12
3124 =12 213

(k=1)  1423,1432,2143,3142, 2314, 3214 (primitives)

Tab. 1: Elements of S, 3*(1324) and their primitive decomposition.

In general, every permutation o € 8711'2"( 1324) with k primitive components is of the form depicted
in Figure g, where O is increasing (possibly empty), and each primitive component can be read from the
horizontal regions determined by the values of o to the right of 1 and to the left of n.

n
L 4

Tk Tk

1 T1

[ ]
1
Fig.2:0 =010 - ® 0k.

As mentioned at the beginning of this section, the elements of S,llj"(1324) are counted by the OEIS
sequence ﬁ_f’), A000139]. Let f(x) denote the generating function for AO00139 without the constant term,
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that is,
f(z) = 24 222 4+ 623 + 222" 4+ 912° + 40825 + 193827 + 961425 + - - - |, (2.2)
and recall the notation (given in the introduction)

oo

Typ(z)= > [S}3"(1324)|2" and gy(x,1) Zt’“TM ).

n=k+1
By Proposition 2.1, we have T} 1 (z) = z f(z). More generally:
Theorem 2.6 Let a,, j, = |S! 57" (1324)|. Forn > 3 and2 < k <n — 1, we have

n—k+1
n.k = Z Gm,1 * Qp—m41,k—1-
m=2
t
Consequently, Ty ,(x) = x.f ()" and thus g1 (z,t) = 156_‘?(’”(17)

Proof: By the above propositions, the permutations in 8711'2"(1324) can be built by taking all possible
products o1 ©®0o2, where 01 is a primitive of size m for some m > 2, and o3 is a 1324-avoiding permutation
of size n —m+ 1 with oy '(n —m+1) — o5 * (1) = k — 1. There are a,, ; permutations of the first kind,
and ay—m+1,5—1 of the latter. This leads to the claimed formula for a,, ;.. Observe that @, —,+1,5—1 only
makes sense whenevern —m+1 > k,soweneedm <n —k + 1.

The formula for T3 () can be shown by induction in k. As mentioned above, T3 1(x) = zf(z).
Suppose T} x—1(x) = xf(x)*~1. Then,

o %) n—k+1
— +1 +1
2Ty = E an " = E < E (m,1 -anm+1,k1)x”

n=k+1 n=k+1 m=2
=S (zaml A )
n=k+2
= ( Z am_rlzcm> (Zagyklxe).
m=2 =k
In other words, 2T} = T 1(z)T} x—1(x) and therefore T 1 (x) = zf(z)*, as claimed. O

3 Enumeration of $2=7(1324)
In this section, we focus on the set 8721'2"( 1324) and give formulas for the functions

o0

Top(z)= > [825"(1324)|2" and go(w,t) = ZtkTQk
n=k+1



A positional statistic for 1324-avoiding permutations 7

in terms of the functions f(z) and g1 (z,t) from the previous section. Recall that S5 (1324) is the set
of permutations o € S,,(1324) having (in one-line notation) the 2 to the left of n at distance k, and the
1 to the right of n. Note that if the 1 is removed from such a permutation, the reduced permutation is
an element of S}:’f;l (1324). This basic observation is used as guideline for most of our combinatorial
arguments.

As before, we let ay, j, = |S7llj€"(1324)|, sogi(z,t) =Y > anptham.
k=1 n=k+1
Theorem 3.1 Forn >3 and2 < k <n —1, we have
823 (1324)] = 252 a, 1 4. (3.1

Moreover, the corresponding generating function satisfies

w0 = 5 (22 0,0) - 15, 0?).

Proof: Let A(n, k) = 57" (1324). For every o € A(n — 1, k), we let
i=c '(1)—1land j=n—-1-—0'(n-1).

Thus, there are ¢ entries to the left of 1, j entries to the rightof n — 1,and i+ j+k+1=n— 1.

By inserting 1 at any of the the j + 1 positions to the right of n — 1, the permutation o gives rise to j + 1
permutations in SZ*,C” (1324), and with a similar process, the reverse complement 0" leads to 7 + 1 such
permutations. In other words, the pair (o, 0"¢) produces a total of i + 1 + j + 1 = n — k permutations in
8721'2" (1324), but so does the pair (¢"¢, o). Therefore, as we go over all permutations 0 € A(n—1, k), the

above process generates all of the elements of 8721'2" (1324) twice. Thus there are "—;kan,l_’k permutations
in $277(1324).

Now, given that g1 (z,£) = 5. > an. t*2", formula (3.1) implies
k=1 n=k+1

1/ 0 13}
g2(x,t) = 3 (:v% (xgl (z, t)) - twagl(a@, t))
(3.2)
= 1(1'22 (x,t) + xg1(z,t) — twg (x t))
- 9 8(1791 ) g1\T, 8tgl ) .
Finally, since g1 (x,t) = lx_tf]gg) by Theorem 2.6, we get 2 g1 (z,t) = %, and it follows that
xg1(x,t) — tx%gl(:c,t) = —gi(z,t)% O

There is a formula for 75 ;(z) that seems more suitable for generalizations. We start by letting
Ty o(x) = z? (to account for the permutation 21, where the 2 is at distance zero from the maximal

element). Moreover, since 71 1(7) = 22 an,12" and [S25"(1324)] = 252 a, 1,1 by B3.1), we have

o0

n—1 1 5d
Trq(x) = Z 5 On-1.1 z" = —CUQ—ITl,l(iC)-

n=3

Note that by Theorem 2.6, this identity can be written as T» 1 (z) = 222 4L (z f(z)).
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Theorem 3.2 For every k > 2, we have

Ty (x) = f(@)"Ta0(x) + kf ()" (Ton(z) — f(2)T20(x)).

Proof: Every permutation o € 5721,;"(1324) that ends with 1 is of the form ¢ = o7 & 1, where 0q €
S,717.1(1324). Thus, this subset (of permutations in S273"(1324) ending with 1) is counted by the
function 2Ty i, (z), which by Theorem 2.6 equals z(zf(x)k) = f(x)"T20(x).
Let Az 1(n) be the set of permutations in S>3 (1324) not ending with 1. This set is counted by the
generating function T3 1 (z) — f(x)T20(z) (all bermutations in Sfl'i"( 1324) minus those ending with 1).
We will show that every element o € 87217'2"(1324) with o(n) > 1 can be built from (and uniquely
corresponds to) a k-tuple of permutations (o1, . .., 0y) such that:

* op € Ay1(my) forsome £ € {1,...,k}, mg > 3,

s 0; € 8,1,;)7?]'(1324) for every j # ¢, m; > 2,

s o]+ +|ok|l=n+k—1.

The construction goes as follows. Given such a k-tuple, identify o, mark the entry adjacent to the right
of 1 (always possible since oy does not end with 1), and let o, be the reduced permutation obtained from
o by removing the 1. For example, given (12,2413, 132), we have 01 = 12, 02 = 2413, 03 = 132, and
so o = 132.

Leto! =010+ O 02 ® .-+ ® oy, and let 7 be the position of the transformed (via the dot product)
marked entry. Note that o’ belongs to S %77 1(1324), and the position of n — 1 in ¢’ is less than i. For
the above example, we get 7

o' =1201320 132 = 12 ® 13542 = 124653

Next, we let o be the permutation obtained by inserting 1 into ¢’ at position 7. By our construction,
o€ SZE”(1324) and o(n) > 1. For example, the tuple (12,2413,132) yields the marked permutation
o’ = 124653, and so 0 = 2357614. The permutations in S$)§7(1324) not ending with 1 are all listed in
Table:_z together with their corresponding 3-tuples.

Conversely, given o € SZ‘Z" (1324) not ending with 1, mark the entry adjacent to the right of 1, remove

the 1, and decompose the reduced permutation o’ € 8}:’1‘;1 (1324) as a product of k primitives. Use the
factors to make a k-tuple. Identify the component with the marked entry, call it o}, and insert 1 at the
position of the mark to obtain an element oy of A3 1. The resulting k-tuple is of the form described above.

Finally, since the generating function for | Az 1(n)| is T 1(z) — f(x)T2,0(x), the set of k-tuples de-
scribed above, and thus the set of permutations in Sflj"(1324) not ending with 1, are enumerated by the
generating function k f ()"~ (To,1(x) — f(x)T2,0(x)). O

x) can also be directly obtained from (5.2)
2

2?4 (zf(x)). )

Remark 1 17 is worth noting that the above formula for Ts j,(
together with the fact that Ty j,(z) = xf (2)* and T» 1 (z) = 1
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(25134, 12, 12) ~ 2567134 (12,25314, 12) ~ 2367415
(12,25134, 12) ~ 2367145 (12, 12,25314) ~ 2347516
(12, 12,25134) ~ 2347156 (32514, 12, 12) ~ 3256714
(25143, 12, 12) ~ 2567143 (12, 32514, 12) ~ 4236715
(12, 25143, 12) ~ 2367154 (12, 12, 32514) ~ 5234716
(12, 12,25143) ~ 2347165 (42513, 12, 12) ~ 4256713
(25413, 12, 12) ~ 2567413 (12, 42513, 12) ~ 5236714
(12, 25413, 12) ~ 2367514 (12, 12, 42513) ~ 6234715
(12, 12,25413) ~ 2347615 (2413, 132, 12) ~ 2467513
(25314, 12, 12) ~ 2567314 (2413, 12, 132) ~ 2457613

(132, 2413, 12) ~
(12,2413, 132) ~»
(132, 12, 2413) ~»
(12, 132, 2413) ~»
(2413, 213, 12) ~>
(2413, 12, 213) ~»
(213, 2413, 12) ~»
(12,2413, 213) ~»
(213, 12, 2413) ~»
(12,213, 2413) ~»

Tab. 2: The 30 elements of S75"(1324) not ending with 1.

4 Conjecture and final remarks

At the beginning of the paper, we introduced the notation

Tok(z) = Z Sp 71 (1324) [z and g4 (z,t) = ZtkTm(x).
k=1

n=k+1

Let T o(z) = x and Ty 0(z) = |Se—1(1324)|2®. These functions account for the permutations of size

a that start with a.

Recall that, in one-line notation, a permutation o € SZ?C"(1324) has all of its entries less than a to the
right of n, and if they are removed, we are left with a reduced 1324-avoiding permutation of size n —a+1
having the 1 to the left of the maximal element. Thus, it is not unreasonable to expect a connection
between T, i (z) and T} j(x). With that in mind, and based on how we proved Theorem ”,_5._2, we spent
some time looking for an expansion of T}, ;(x) in terms of powers of f(x) and the functions T, ;(z) for

7 =1,...,a — 1. Our search lead to the following conjecture.

Conjecture 1 For k > a, we have the following equivalent formulas:

) 3 (1P () Ty = 0

(i) Tok(z) = :2_:: (5) f(a)r Zj:(—l)i(g)f(w)iTa,j—i(w)

i=0

(iif) Ton(z) = > (~1)* =1 (5) (2=

For a = 1 the statements are trivial, and for a = 2, (ii) becomes

1
1

)f(@)F T, 5(x).

Ty p(x) = f(2)*To0(x) + kf ()" (Toa(z) — f(2)T20(2)),

as claimed and proved in Theorem ,’_5-_2

2467153
2357614
2457163
2357164
5246713
6245713
3246715
6235714
3245716
4235716
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For a = 3 the conjectured formula (ii:) becomes

Ts(z) = f(2)"Ts0(2)
+ kf(x)" N (Ts1(z) — f(2)T30())
+ (5) f(@) 2 (Ts2(x) — 2 (2)T3.1(2) + £(2)°Ta0(x)),

where T5o(z) = 223 (counting the permutations 312 and 321). Similar to what we did for a = 2, we
can interpret the term f(z)¥T3(x) as counting the permutations in S33"(1324) that end with 12 or

21. Moreover, the function kf(z)*~! (T3 1(2) — f(z)T3,0(z)) can be interpreted as counting k-tuples
(o1,...,0k), where o; € 871,:“1” (1324), m; > 2, and one of these permutations, say oy, is marked in
such a way that it corresponds to an element of Sg{:ﬁ” (1324) that does not end with 12 or 21.

Finally, rewriting the third component of T3 j () as

(5)F(@)F 2 (T3 2(2) — 2f (@) (Ts1(2) — f(2)Ts0(x)) — f(2)*Ts0()),

it can be argued that this function counts k-tuples (o1, . .., o) of primitives, where two of them, say o,
and oy,, are marked in such a way that the pair (o, , 04,) corresponds to a permutation in S>%"(1324),
m = my, + my, + 1, that does not end with 12 or 21.

Final remarks

In this paper, we have introduced a notion of positional statistics that seems particularly suited to and
provides a new way to think about 1324-avoiding permutations. As we did for a = 1 in Theorem 2-_6:
and for a = 2 in Theorem 3.1, the ultimate goal is to find an expression for g, (z,t) in terms of known
functions.

Proving the above conjecture would be a significant step in that direction, but it is not the whole story.
For instance, while the conjecture is true for a = 3, we still need to find T3 1 (z) and T3 2(x) in order to
have a full expression for gs(x,t). For an arbitrary ¢ > 3, our conjecture would reduce the problem to
finding T, j forj =1,...,a — 1.

We have observed interesting properties for several patterns and hope that our work motivates the
community to explore positional statistics for patterns other than 1324.
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In this note, we prove some and conjecture other results regarding the distribution of descent top and descent bottom
sets on some pattern-avoiding permutations. In particular, for 3-letter patterns, we show bijectively that the set
of descent tops and the set of descent bottoms are jointly equidistributed on the avoiders of 231 and 312. We also
conjecture similar equidistributions for 4-letter patterns, in particular, that the set of descent tops and the set of descent
bottoms are jointly equidistributed on the avoiders of 3142, 3241, 4132. This conjecture and several others made in
this paper have now been proved by Zhou, Zang, and Yan (2024).
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1 Preliminaries

We begin with a few basic definitions related to permutations and permutation patterns, where we largely
follow Bevan ['fl:].

For integers 7 and j, let [i,5] = {m € Z | i < m < j}, and let [j] = [1,j]. For a sequence o, let
|o| be the length (or size) of . We say that sequences o and T are order-isomorphic if |o| = |7| and,
foralli,j € [1,|o]], o(¢) < o(j) if and only if 7(¢) < 7(j). Given permutations o and 7, we say that
o contains (an occurrence, or an instance) of pattern  if 7 is order-isomorphic to a (not necessarily
consecutive) subsequence of o, denoted m < o. Otherwise, we say that o avoids w. Let S,, be the set of
all permutations of length n, then we say that Av,,(7) = {o € S,, | m % o} is the set of n-avoiders of =,
and Av(m) = US2 5 Av,,(7) is the set of avoiders of 7.

We say that [i, j] is an interval of a permutation o € S, if 4,5 € [n], i < j, and {o(m) | m €
[i,7]} = [k,1] for some k,l € [n] (so that ! — k = j — 4). Given a permutation o € S,, and nonempty
permutations 71, ..., 7,, we say that the inflation o[r1,...,7,] of 0 by 71,...,7, is the permutation
obtained by replacing each entry o (i), ¢ € [n], with an interval order-isomorphic to 7;. For example,
231 = 21[12,1] and 312 = 21[1,12]. We also call o & 7 = 12[o, 7] the direct sum of o and 7, and
o © 1 = 21[o, 7] the skew-sum of o and T (see Figure ). For example, 231 =120 1= (1@ 1) S 1.

Given a permutation o, and a position ¢ such that o(i) > o(i + 1), we call i a descent of o, o(i) a
descent top of o, and o(i + 1) a descent bottom of o. Likewise, if o(i) < o(i + 1), then we call 7 an
ascent of o, o(i) an ascent bottom of o, and o (i + 1) an ascent top of 0. Sometimes, when the context is
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oPDT = ocoOT =

Fig. 1: Direct sum ¢ & 7 and skew-sum o © 7 of permutations o and 7.

clear, we may also refer to the ordered pair o (7)o (i + 1) as a descent (or ascent) and refer to 7 as a descent
(or ascent) position. We also call a maximal sequence of consecutive descents (respectively, ascents) a
descent run (respectively, ascent run).

We say that patterns m; and me are Wilf-equivalent, denoted m; ~ o, if for all n > 0, we have
| Av,,(m1)| = | Av,,(m2)|. More recently, Sagan and Savage [i2] defined a more refined version of Wilf-
equivalence. For a permutation statistic st, we say that m; and my are st-Wilf equivalent if there is a
bijection © : Av,(m) — Av,(m2) for all n > 0 that preserves the statistic st, i.e. st = sto©. We

denote this by m; & .
For a permutation o, we define the following sets (which can also be thought of as permutation statis-
tics):

* Des(o) ={i | o(i) > o(i + 1)}, the descent set of o,

* Destop(c) = {0 (i) | i € Des(0)}, the descent top set of o,

* Desbot(o) = {o(i + 1) | i € Des(0)}, the descent bottom set of o.
Similar sets can be defined for the ascent statistic:

* Asc(o) ={i| o(i) < o(i + 1)}, the ascent set of o,

* Ascbot(o) = {0 (i) | i € Asc(o)}, the ascent bottom set of o,

* Asctop(o) = {o(i+ 1) | i € Asc(o)}, the ascent top set of 0.

Note that Des(o) U Asc(o) = [|o| — 1], Destop(c) U Ascbot(c) = [|o|] \ {o(|o|)}, Desbot(o) U
Asctop(a) = [lo|]\ {o(1)}.

Dokos et al. [:9] showed that 132 &< 231 and 213 &% 312. We will briefly outline the proof of the first
statement, as the second one is very similar. It is well known that, for a nonempty permutation o, we have

o € Av(132) <= o = 231[0’,1,0"] for some o', 0" € Av(132),
o€ Av(231) < o =132[0’,1,0"] for some o', 0" € Av(231).

Then the following map ¢ : Av(132) — Av(231) is a Des-preserving bijection. Let o € Av(132), then
o=0oro=231[c’,1,0"] for some ¢, 0" € Av(132). Then we let ¢(f)) = 0, and

#(231[0",1,0"]) = 132[¢(0"), 1, p(c")] ifo # 0.

Indeed, o’ and ¢(o’) occupy the same positions, as do ¢” and ¢(c”), so their descent positions are
preserved under ¢. The only remaining descent exists if and only if ¢’ # (}, and is the position of the
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singleton 1 that corresponds to the top value |o| of both o and ¢(o), so that descent position is also
preserved.

Dokos et al. [g] also conjectured that 3142, 3241, 4132 are maj-Wilf equivalent, as are 1423, 2314,
2413, where maj(o) = ZieDeS(U) i is the major index of o. This was later refined by Bloom [8], who
showed that, in fact, 1423, 2314, 2413 are Des-Wilf equivalent, as are 3142, 3241, 4132.

In this paper, we will consider the distribution of Destop and Desbot on the same sets. We will show
that 132, 231, 312 are Destop-Wilf equivalent, and furthermore, that 231 and 312 are (Destop, Desbot)-
Wilf equivalent, then conjecture Destop- and (Destop, Desbot)-Wilf equivalences on permutations of
length 4.

Note that Desbot-Wilf equivalences follow from Destop-Wilf equivalences by symmetries of the
square. Define the following maps on S,, for each n > 0:

e reversal,r : 0 — o", where 0" (i) = oc(n+ 1 — 1),

* complement, c: o — o, where 6°(i) =n+ 1 — (i),

e inverse,o — o L.

The group of bijections generated by reversal, complement, and inverse are called symmetries of the
square. In particular, the reversal of complementr oc = cor : ¢ — "¢ givenby 6"°(i) = n+ 1 —
o(n 4+ 1 — i) maps descents to descents and ascents to ascents. More precisely,

i € Des(0) <= n —1i € Des(c"°),
i € Destop(o) <= n+1—1i € Desbot(c"¢),
i € Desbot(c) <= n+1—1i € Destop(c"¢),

and therefore,

Desto Desbot
P re rc

O & T &< 0 T°,

(Destop, Desbot) rc (Destop, Desbot)
(o Raand T Raaad T

rc

— 0

2 Destop- and Desbot-Wilf equivalence in S5

For patterns of length 3, our results below can be summarized as follows: patterns that have the same
descent top set (respectively, the same descent bottom set) are Destop-Wilf equivalent (respectively,
Desbot-Wilf equivalent). Moreover, patterns that have both the same descent top set and the same descent
bottom set are (Destop, Desbot)-Wilf equivalent.

Theorem 1. Patterns 132, 231, and 312 are Destop-Wilf equivalent. Equivalently, patterns 213, 231,
and 312 are Desbot-Wilf equivalent.

It is easy to see that these are the only Destop-Wilf equivalences in S3, since each of the remaining
patterns in S3 has a different set of descent tops, that is Destop(132) = Destop(231) = Destop(312) =
{3}, while Destop(123) = ), Destop(213) = {2}, Destop(321) = {2, 3}, so all other potential Destop-
Wilf equivalences fail at n = 3.

Proof: The Destop-preserving bijections in this proof are very similar to the Des-preserving bijection ¢
in the previous section.
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To show that 132 Destgp 231, we use the same block decomposition as for Des-Wilf equivalence. Let
o € Av(132), then ¢ = @ or o = 231[0’,1, "] for some o', 0" € Av(132). Then define a bijection
P : Av(132) — Av(231) recursively as follows. Let () = 0 if o = (), and

S’ D1)=d(")D1 ifo’ =0,
d(1od’)=10d(c") if o’ =0, (1)
®(231[0’,1,0"]) = 132[®(c"), 1, P(0")] if o/, 0" # 0.

Notice that this is different from the algorithm for ¢ in that there are three cases instead of one. This is
because, in order for ® to preserve descent tops, o’ and ¢’ only switch sides relative to the “1” (the top
entry in o) if both ¢’ and ¢’ are nonempty; otherwise, they must stay on the same side of the “1”. Notice
also that ® moves the blocks corresponding to ¢’ and ¢’ horizontally, whereas ¢ (and ¥ defined in (:_2:)
below) moves those blocks vertically.

Since any statistic is clearly preserved if ®(c) = o, we may assume that o, 0/, 0" # (). Indeed, ¢’ and
®(0’) contain the same interval of values, as do ¢’ and ®(¢”’), so their descent tops are preserved under
®. The only remaining descent top is the maximum value of o (and ®(¢)), which corresponds to the entry

“3” in both 132 and 231, so that descent top is also preserved.

To show that 132 Destge 312, we use a slightly different block decomposition. It is well-known that,

for a nonempty permutation o, we have
o€ Av(132) <= o = 312[¢’,0",1] for some ¢/, 0" € Av(132),
o € Av(312) <= o =132[¢',0", 1] for some o’,0" € Av(312).

Let 0 € Av(132), then 0 = () or 0 = 312[0’, 0", 1] for some ¢’,0” € Av(132). Define a bijection
U : Av(132) — Av(312) recursively as follows. Let ¥(0)) = (), and
[

W (312[0’,0”,1]) = 132[W(c”), ¥(0"), 1]. )

Again, assume that 0 # (). From the definition of ¥, we can see that ¥ preserves the rightmost entry of
the permutation o. Furthermore, o’ and ¥(o’) contain the same interval of values, as do ¢” and ¥ (o”),
so their descent tops are preserved under W. The only remaining descent top is the rightmost value of ¢/,
which is preserved by ¥, and is thus also the rightmost value of ¥(o’). Note that there is a descent from
the rightmost value of ¢’ to the leftmost value of ¢” @ 1 if and only if o’ # (}, and a descent from the
rightmost value of WU (o”) to the rightmost value of W(c) (which is, in fact, |o”| + 1) also if and only if
o' # (. Thus, if ¢’ # (), then the rightmost value of ¢’ (and of ¥ (")) is a descent top in both o and ¥ (c).
This ends the proof. o

As we mentioned before, more can be asserted for patterns 231 and 312. Before we proceed, we will
need another definition.

Definition 2. LetT = {t; < --- <t} and B = {b; < --- < by} be (possibly empty) sets of positive
integers with |T'| = |B| = k > 0. We call the pair (T, B) a descent matching of size k if k = 0 and
T=B=0ork>0andt; > b; foralli € [k].

Theorem 3. Patterns 231 and 312 are (Destop, Desbot)-Wilf equivalent. Moreover, if (T, B) is any
descent matching of size k, and n > max(T) if k > 0, orn > 0 if k = 0, then there is a unique
pair of permutations 0 € Av,(312) and © € Av,(231) such that Destop(o) = Destop(n) = T and
Desbot (o) = Desbot(n) = B.
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Av(23]) ———— Av(132) Av(132) ———— Av(312)
¢ * o Vlre)
1 AN Y/
Oo5 BOla)
o, fros 2 .
O Olr4) o W lra)
L =\V1) *\V2)

Fig. 2: Bijections ¢ and ¥ of Theorem :1: Only the case o', 0" # () is shown for ®. For the remaining cases, see
Figure :I:

Note that the bijection we will define in the proof (which begins on page '6) is different from ® o W1
(or ¥ o ®~1), which only preserves Destop but not Desbot.

In order to prove Theorem 3, it is helpful to restate it in terms of sets 7 = [n] \ T and B = [n] \ B.
Note that i € T if and only if 7 is an ascent bottom or is the rightmost entry in the permutation, and i € B
if and only if ¢ is an ascent top or is the leftmost entry in the permutation. Let us extend the definition of
descent runs to include descent runs of length 1, i.e. single entries that are neither descent tops nor descent
bottoms. Then B is the set of descent run tops, and T is the set of descent run bottoms, or, in other words,
the sets of initial and final entries, respectively, of descent runs (including those of length 1).

Lemma 4. An ordered pair of sets (T, B) is a descent matching if and only if for any n > max T there
exists a permutation o € Sy, such that T = Destop (o) and B = Desbot(o).

Proof: If T’ = B = (), thenlet 0 = ) € Sy. Now assume |T'| = |B| = k > 0 and let n > maxT.
Suppose that T' = {t; < --- < tx} and B = {b1 < --- < by}. Form non-singleton descent runs from
T and B so that, for each i € [k], the entry ¢; is followed by b;. For each value v in TN B, adjoin v as
a singleton descent run. Now concatenate all resulting descent runs in the increasing order of descent run
tops (alternatively, in the increasing order of descent run bottoms). It is easy to check that this yields a
permutation o € S,, with Destop (o) = T and Desbot(o) = B.

Conversely, let ¢ € S,, be a permutation with Destop(c) = T = {t; < --- < tx} and Desbot(o) =
B ={b; < --- < bg}. Leti € [k], and suppose that ¢; < b;. Then each of the values 1, ...,t; must
be followed by one of the values among b1, ..., b;_1, which is impossible by the pigeonhole principle.
Therefore, t; > b; for each i € [k], i.e. (T, B) is a descent matching. O

We also need to define left-to-right/right-to-left maxima/minima of a permutation. We say that an entry
o(i) of a permutation o € S,, is

* aleft-to-right maximumifi = 1 or o(j) < o (i) forall j < i.
) >

* aleft-to-right minimum if i = 1 or o(j) > o(i) forall j < i.
* a right-to-left maximum if i = n or o(j) < o(i) forall j > i.
* aright-to-left minimum if i = n or o(j) > o(¢) forall j > 1.

Let LRmax(o) be the set of left-to-right maxima of ¢, and define LRmin(c), RLmax(c), RLmin(o)
similarly.



6 Alexander Burstein

Lemma 5. For any permutation o € Av,(312), Desbot(o) = LRmax(c). Equivalently, for any permu-
tation o € Av,,(231), Destop(c) = RLmin(o).

Proof: If an element o (i) € Desbot(c), then (i — 1) > (i), so 0 ¢ LRmax(c). Thus, LRmax(c) C
Desbot (o).

Conversely, let 0 € Av,,(312) and suppose that elements of Desbot (o) occupy positions i; < - -+ < ip
in 0. We claim that 0(i1) < --- < o(i¢). Indeed, assume that o(i;) > o(ij41) for some j € [1,¢ —
1]. Since o(i;41) is not a descent bottom, it is an ascent top, i.e. o(i;41 — 1) < o(i;41). Therefore,
0(i;)0(ij41 — 1)o(ij41) is an instance of pattern 312. But this is impossible, since o € Av,(312).
Therefore, o(i1) < -+ < o(ig).

Now suppose that some o (¢;) ¢ LRmax(c) for some j € [1,], thatis o(i;) < o(¢’) for some i' < ;.
Then o(i’) belongs to some descent run of o with descent run top o(:”) for some ¢ < ¢’. But then
o(i") € Desbot(o), i < ij;, and o(i"") > o(i;), which is impossible by the argument in the previous
paragraph. Therefore, Desbot (o) € LRmax(o), and thus, Desbot(o) = LRmax(o)

Finally, we can obtain the second equality from the first by using the reverse complement opera-
tion. In other words, if 0 € Av,(231), then 0"° € Av,(312), so Desbot(c) = LRmax(o) and thus,
Destop(o) = Desbot(o7¢) = LRmax(c¢"¢) = RLmin(o). O

Proof of Theorem '_-3: Let (T, B) be a descent matching of size & > 0, and let n > max(T) if & > 0, or

n > 0if k = 0. As before, let T = [n] \ T, B = [n] \ B. Moreover, for eachi = 1,...,n, given a left

prefix (1) ...0(i — 1) of a permutation o, let 3; = {o(j) | 1 < j < i} (so X1 = 0),andlet T; = T\ %,
We claim that the following algorithm produces a permutation o € Av,,(312).

* Leto(1) = min B.
e Foreach i from1ton — 1:

- Ifo(i) € T, leto(i + 1) = min B;41.
- Ifo(i) €T leto(i +1) =max{m € Biy1 | m < o(i)}.

See Example 6 on page 8 for an example of the application of the above algorithm.

We claim that every o (i) for i € [n] is well-defined if (T, B) is a descent matching. Indeed, we have
max B < maxT < n,son € B, and thus B # ) and o(1) is well-defined. In particular, this claim is
true for n = 1. Let n > 2, and suppose this claim is true for n — 1. Let us construct ¢ € Av,,(312) that
corresponds to the pair (7', B). We know that (1) € B, so (1) ¢ B.

Case 1. Suppose o (1) ¢ Ty = T as well. Define sets 7" and B’ as follows:

T'={t|teTandt <o(l)}U{t—1|t€Tandt > o(1)}
B ' ={b|beBandb<o(1)}U{b—1|be Bandb> (1)},
so o is well-defined as well. Note that |T’| = |T'| = |B| = |B’|, so (T’, B’) is also a descent matching.

Let o’ € S,,_1 be the permutation of length n — 1 constructed from the pair (7", B’). By the induction hy-
pothesis, we know that ¢’ € Av,,_1(312), so, in particular, all the values in [1, ¢’(1)] occur in decreasing
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order from left to right in ¢’. Then

(i) o'(i —1), ifi >2ando’(i —1) < o(1),
o(i) =
o'(i—1)+1, ifi>2ando’(i—1) > o(1).

Thus, o € Av,,(312), since 0’ € Av,,_1(312) and no instance of pattern 312 can start with o(1).

Case 2. Now suppose that o(1) € 77 = T (in particular, this implies that o(1) > 2). Since o(1) =
min B, it follows that [1,0(1) — 1] € B, so 0(2) = o(1) — 1. With T = {t; < --- < t;} and
B = {by < --- < by} as before, suppose o(1) = ¢,. Then 0(2) = o(1) — 1 = b, for some s > r
(otherwise, if s < r, we would have o(1) = ¢, > b, > by = o(1) — 1, which is impossible). Define
T" ={t{,...,t}_y}and B” = {bf,...,b}_,} as follows:

t, ifi<r, b, ifi<s,
ti = tl L ifi and b/ ={" o
it1— 1, ifi>r, biy1 —1, ifi>s.

To see that t/ < --- < ¢}/, and b} < --- < b}_,, we only need to check that ¢/ > t!/_, and b > b7_,.
Indeed, ¢t = t,41 — 1>t > t,—1 =t/ andb! = b1 — 1 > bg > bs—1 = b/_;. Ttis also easy to
check that ¢t/ > b fori < r and ¢t > s. Moreover, for r < i < s, we have t] =t;4; —1>t, — 1 =
o(1) =1 =0bs > b =b/,s0t] > b forr <i < saswell. Thus, (", B”) is a descent matching.
Let o € S,_1 be the permutation of length n — 1 constructed from descent matching (7", B""). Then
0(2) = 0(1)—1=min B” since 0(1)—2 € Bif o(1) —1 > 1, and therefore, 0" (1) = ¢(2) = o(1) — 1.
By the induction hypothesis, we know that "’ € Av,,_1(312), so, in particular, all the values in [1, ¢/ (1)]
occur in decreasing order from left to right in ¢”’. Thus, as in Case 1, we have

» o’ (i — 1), ifi >2ando”(i — 1) < o(1),
ag\l) =
o"(i—1)+1, ifi>2ando”(i—1) > o(1).

Thus, o € Av,,(312), since 0" € Av,,_1(312) and no instance of pattern 312 can start with o(1).

This finishes the induction step, and therefore our claim is true for any n > 1.

Note that o(i + 1) € B and o(i) € T exactly when o(i) > o(i + 1), i.e. when ¢ € Des(o). Thus,
Destop(c) = T and Desbot (o) = B, and moreover, B = LRmax(c).

Finally, given a permutation 7 € Av(231), we have 77¢ € Av(312). Let T' = Destop(w), B =
Desbot(n), and define 7° = {n+1—i| i€ T}, B°={n+1—1i | i € B}, then Destop(n"®) = B,
Desbot(n"¢) = T, so 7"¢ is uniquely determined by the argument above, and thus, so is 7. o

In fact, given a descent matching (T, B), it is straightforward to see that we can find the associated
7w € Av(231) directly using the following algorithm. For each ¢ = 1,...,n, given a right suffix 7 (i +
1)...m(n) of a permutation 7, let II;;) = {m(j) | i < j < n} be the set of its letters (so IT(,y = 0),
and let T(l-) =T \ H(i), B(i) =B \ H(i), T(i) = T\ H(i), E(i) =B \ H(i). Note that T(l-) @] T(i) =
BuiyU B = [n]\ ) ={o(j) |1 <j <i}.

* Leto(n) = maxT.

* For each ¢ from n — 1 to 1 (in decreasing order):
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- If U(i + 1) € E(lqu), let U(Z) = maxT(i).
- Ifo(i + 1) € Bgiq1y, leto(i) = min {m € Ty | m > o(i +1)}.

Example 6. Let T = {2,5,8,9}, B ={1,2,3,7},and n = 9. Then (T, B) is a descent matching (since
2>1,5>2,8>3,9 > 7),so we obtain 0 = 453687921 € Avg(312) and 7 = 921534687 <
Avg(231) with Destop(c) = Destop(r) = T and Desbot(c) = Desbot(r) = B. Note also that
B = {4,5,6,8,9} = LRmax(0) and T = {1,3,4,6,7} = RLmin(x). See Figure § for permutation
diagrams of o and 7.

9 9

8 8

; \ 7\

; \ 6\

54 |

1o\ \ A

; \ 5\

2 2

1 1
1 2 3 45 6 7 8 9 1 2 3 45 6 7 8 9
o = 453687921 € Avg(312) T = 921534687 € Avy(231)

Fig. 3: An instance of (Destop, Desbot)-preserving bijection from Theorem 5 between Av(312) and Av(231) with
descent matching (7, B) = ({2,5,8,9},{1,2,3,7}) and sizen = 9.

3 Distribution of (231, 312)

In this section, we will generalize the results of Section:_z to find the joint distribution of a pair of vincular
(generalized) patterns on permutations with fixed sets of descent tops and descent bottoms. A pattern is
called vincular (or generalized) if some of its entries in consecutive positions must also occupy consec-
utive positions in its occurrences. For example, in patterns denoted 231 and 312 (in older notation, 2-31
and 31-2, respectively), the entries corresponding to “3” and “1” must be in consecutive position in its
occurrences. Moreover, let 2;31 and 312; be occurrences of patterns 231 and 312 where the “2” has value
i. Finally, given a pattern 7 and a permutation o, let (7)o be the number of occurrences of 7 in ¢. This
makes (7) a permutation statistic. Then,

(231) =) (2:31),  (312) =) (312)).
21 i>1

Clearly, (2;31) = 0 and (312;) = 0 when ¢ = 1 and ¢ = |7|, but we include these values so as to treat all
1 > 1 uniformly.
For a set X C Z, define

Xei={jeX|j<i}, Xai={jeX|j<i}.
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Given a descent matching (7, B) and n > |T'| = | B, define the signature function sg,, gy of a permu-
tation o € S, with (Destop, Desbot)o = (T, B) as follows:

sgn,(r,) (1) = [B<il = |[T<i| +1,  1<i<n 3)

This generalizes the signature function defined for Dumont permutations of the first kind in Burstein et
al. [/1]. Note that 8¢, (r,p)(1) = 1fori =1andi > maxT.
For an integer ¢ > 1, define

. b —q i i
[i]p.q = — = Z g
P=a >0

11 +io=1—1

Lemma 7. For any descent matching (T, B), any n > 0, any i € [n], and any o € S, such that
Destop(c) = T and Desbot(c) = B, we have

(2i31)0 + (312i)0 = sg,, (7,5) (1) — 1. )

Proof: The sum (2,31)0 + (312;)0 counts subsequences iba and bai of o such that a < ¢ < b and a
immediately follows b. Consider the number of descents ba such that a < ¢ < b. The number of descent
bottoms a such that a < i is |B;|. Of those descent bottoms, the ones with the corresponding descent
tops b < i do not contribute to occurrences of either (2;31)o or (312;)o. Thus, the number of descents
ba such that a < i < bis |[B<;| — |T<i| = sg,, (r,p)(i) — 1. Moreover, these descents partition the rest
of o (in one-line notation) into sg,, (T, B)( i) (p0551b1y empty) blocks, and 7 may occur in any one of these
blocks. Finally, note that if i occurs in block ¢; € [sg,, (7 p)(4)] from the left, then

(21£)U = Sgn,(T,B) (’L) — Cq, (221)0 = C; — 1. (5)
(]

Theorem 8. For any integer n > 0 and any descent matching (T, B), we have the following:

3 H( (290721207 = TTIstn ) (oo ©

ocES, i=1 =1
Destop(o)=T
Desbot(c)=B

Proof: For n = 0, the identity (6) just says that 1 = 1, since the products are empty. Let n > 1 and

leth = (h1,...,h,) = Sgn,(1,5)- We will show that every permutation o is determined uniquely by the

descent matching (T, B) = (Destop, Desbot)o and the n-tuple ¢ = (¢;)1<i<n such that ¢; € [h;] for all
€ [n]. Then

n

Z H ( (2:30)0 (512, )a) H Z P28l B120)0 H[h”i]piaqi'

€Sy i=1 €Sy i=1
Destop(o)=T Dcstop(cr) T
Desbot(c)=B Desbot(o)=B
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To prove this, we use a slightly modified version of the Frangon-Viennot ﬁ_lf_I] bijection. Consider an
arbitrary sequence (c1,...,¢,) such that ¢; € [h;] for each ¢ € [n]. Start with the empty permutation
€, represented by the string L, and iterate the following step for 7 = 1,2,...,n: replace c;-th leftmost
occurrence of L as follows:

i ifie B\ T,

i, ifi ¢ BUT,
L

i, ifie BNT,

i, ifi e T\ B.

Finally, delete the remaining L to the right of the resulting string to obtain the unique permutation o € .S,
that satisfies (8) for all i € [n].

Note that in Cases 3 and 4, wheni € BNT ori € T'\ B, the descent for which  is the descent top is not
part of the h; — 1 descents contained in an instance of 2;31 or 312;. Thus, the number of L= in those cases
before the insertion of ¢ is h; + 1, so the rightmost L~ (which is always at the end of the string) cannot
be replaced in Cases 3 and 4 (this is the difference from the Francon-Viennot bijection [:_1(_)']). However, in
Cases 1 and 2, wheni € B\ T ori ¢ B UT, the rightmost L4 may be replaced, and the number of L in
those cases is h;. In al_l the cases, the rightmost character of the string remains L, until it is deleted after
step n. See Example :_1(_)l for an instance of this mapping.

Note also that, the number of occurrences 2;31 or 312; is as in Equation (E), since every L except the
rightmost one corresponds to a descent in the resulting permutation o. This also means that, at every step,
there is a L to the right of all inserted letters.

It is straightforward to see that this mapping is a bijection. Indeed, given a permutation o, we can
recover its descent matching (7, B) and the n-tuple ¢ = (cy, . . ., ¢, ) and the corresponding replacement
cases as follows. Append - to the right of o, then for each ¢ from n down to 1, do the following. Let s;
be the substring of ¢ defined as follows:

¢ if ¢ is adjacent to . on the left and on the right,
(1S} if ¢ is adjacent to . only on the right,
S, =
’ g, if ¢ is adjacent to L4 only on the left,

1 if ¢ is not adjacent to L on either side.

3

Replace s; withi— and let ¢; = k if the new L is the k-th leftmost in the resulting string. (In Example :1-:,
this amounts to proceeding from bottom to top of the second table.)

Finally, note that the insertion of each ¢ € [n] contributes the factor of

§ : hi—c; ci—1 P —4;
A taqt = =" = h L
p’L q’L Di — G [ 1]171,7111

Ci:1

to the righthand side of Equation (6). o

The above proof lets us make the following observation. As before, let h; = sg, (p, B)(i) fori =
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1,...,n,h = (h1,...,h,),and let w = (w1, ..., w,) be a word on the alphabet {u, *, [, d} such that
u, ifie B\T,
I*, ifi¢ BUT,
l., ifieBNT,
d, ifieT\B.

w; =

Then the triple (w, h, ¢) is a restricted Laguerre history (see, for example, Chen and Fu [:_S] for all relevant
definitions). This corresponds to labeled 2-Motzkin path of length n from (0, 0) to (n,0) with unit steps
u=(1,1),1* =(1,0), l. = (1,0),d = (1, —1). Let the height of each edge w; be the second coordinate
of its left endpoint. Then for each edge w; € {u,l*,l,d},

b = height(w;) + 1, if w; € {u,*},
| height (w;), if w; € {l.,d},

and foreach ¢ = 1,...,n, the edge wj is labeled with some ¢; € [h;].

Theorem & implies, in particular, that statistics (231, 312) and (312, 231) are equidistributed on the set
{o € S,, | Destop(c) = T, Desbot(c) = B} for any descent matching (T, B). Moreover, avoiding the
vincular pattern 231 (respectively, 312) is equivalent to avoiding the classical pattern 231 (respectively,
312) as in Section :2:, which implies Theorem 5: as a corollary. Theorem '§: also generalizes [:2:, Theorem
2.4], which is a special case of Theorem '§: forn =2m, T = {2,4,...,2m}, and p; = ¢; = 1 for all
i € [n].

Letting p; = p, g; = g for all i € [n], we obtain the following immediate corollary.

Corollary 9. For any integer n > 0 and any descent matching (T, B), we have the following:

n

ST p®U7gE2e —TTsg, o1 gy (i)]pa- @

oESy i=1
Destop(o)=T
Desbot(c)=B

Example 10. Let T = {2,5,8,9}, B = {1,2,3,7},and n = 9, as in Example '@: Then we have

i | 1[2[3]4]5]6]7][8]9
[Boil [JO[1[2[3]3[3[3]4]4
T<| ofr|[1[1]|2[2(2[3[4
sgorm(@ | T T]2]3]2]22]2]1
SO
9
Z pﬁﬂ)gq(ﬂz)o = H[SgQ,({2,5,8,9}.,{1,2.,3,7})(i)]qu
1=1

g€Sy
Destop(c)={2,5,8,9}
Desbot(o)={1,2,3,7}

= [1]1074[1]1074[2]1074[3]p=q[2]p-,q[2]p-,q[2]p-,q[2]1074[1]1074
=1-1-p+ )@ +pe+ ) p+)p+ )+ alp+aq) -1
=p" +6p°q + 16p°¢” + 25p*q” + 25p°" + 16p°¢” + 6pg° + ¢".
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Note that the permutations o = 453687921 € Avo(312) and 7 = 921534687 € Avg(231) in Example &
correspond to the terms p” and ¢, respectively, or equivalently, to ¢ = (1,...,1)andc = h = S8n,(T,B)>
respectively.

Finally, let b = sgg (12 5.5.03.(1,2,3,71) = (1,1,2,3,2,2,2,1) and choose an n-tuple ¢ = (¢;)1<i<o =
(1,1,1,2,1,2,1,2,1) € H?:l[hi]' Then the quadruple (n,T, B, c), where n = 9, T = {2,5,8,9},

B ={1,2,3,7}, corresponds to permutation o = 534978216 € Sy obtained as follows (with the block
containing ¢ that replaced the ¢;_;-th L in iteration ¢ marked red):

i 0Bl [ Tl [ | hiflei|  oly | 2dDo | @G12)0 | hi—1
0 —

1 0 0 U 1 1 [y 0 0 0
2 1 1 L4 1 1 2] 0 0 0
3 2 1 u | 2 1 312114 1 0 1
4 3 1 * 13 2 1344214 1 1 2
5 3 2 d | 2 1 534142114 1 0 1
6 3 2 * |2 2 5341121614 0 1 1
7 3 2 u | 2 1 | 534171121614 1 0 1
8 4 3 d | 2 2 534117821614 0 1 1
9 4 4 d 1 1 53497821614 0 0 0

Here o[[; denotes the subsequence of o on values in [i], together with L indicating where greater values
will be inserted (except for the rightmost .=, where greater values simply may be inserted).

Thus, the restricted Laguerre history

l*

(w,hyc) = — L L
U, 1 1 d

corresponds to the permutation o = 534978216 € Sy, whose permutation diagram is given below.

\
\
\
\

N W ks Ot N o ©

1 2 3 45 6 7 8 9
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4 Destop-Wilf and Desbot-Wilf equivalence in S

We have several conjectures regarding Destop-Wilf and Desbot-Wilf equivalence for patterns of length
4. Their principal motivation comes from the following. A Dumont permutation of the first kind is a
permutation o of an even length 2n such that Destop(c) = {2i | i € [n]}. Jones [}l 1, Burstein and
Jones ['§], and Archer and Lauderdale [Q.'] together conjectured Wilf-equivalences of patterns of length
4 on Dumont permutations of the first kind. We generalize these conjectures by claiming that those are
exactly the nontrivial Destop-Wilf equivalences for patterns of length 4 on all permutations.

Conjecture 11. The non-singleton Destop-Wilf equivalence classes in Sy are:

{1243, 3412},

{1423,2413},

{2143, 3421},

{2314, 3124},

{2431, 3142, 3241, 4132}.

Taking the reverse complement of the above patterns yields an equivalent conjecture:

Conjecture 12. The non-singleton Desbot-Wilf equivalence classes in Sy are:

. {2134,3412},

{2314,2413},

{2143, 4312},

{1423, 1342},

{3142, 3241, 4132, 4213}.

Notice that Conjectures |I I and {2 imply that 3142, 3241, 4132 are both Destop-Wilf and Desbot-Wilf
equivalent. For those patterns, we have an even stronger conjecture.

Conjecture 13. Patterns 3142, 3241, 4132 are (Destop, Desbot)-Wilf equivalent.

Both Conjectures :_1-1: and :1-3_: have been verified for avoiders of length n < 10 with the help of Michael
Albert’s PermLab software, see Albert [:]:].

Note that Conjectures :1-1_:, :_1-2_:, and :_1-3_: together imply that {3142, 3241, 4132} is the unique non-singleton
(Destop, Desbot)-Wilf equivalence class in S;. Conjecture 3 also parallels the result of Bloom [5] that
patterns 3142, 3241, 4132 are Des-Wilf equivalent.

Two more cases of Conjecture :_1_1: appear to be part of families of Destop-Wilf equivalences, which we
conjecture to be, in fact, shape-Wilf equivalences, defined below following Stankova and West [:_1_ 3_:].

Let A = (A1, Aa, ..., Ap), where Ay > Ao > -+ > A > 0, be a partition of an integer n > 0. A Ferrers
board is a bottom-left justified arrangement of unit squares with A; squares in eachrow ¢ = 1, ..., k (with
rows numbered from the bottom up). A fraversal T of a Ferrers board F is a (0, 1)-filling of the cells of
F with exactly one 1 in each row and column. A subset of 1s of T' forms a submatrix of F' if all rows and
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columns of F' containing these 1s intersect inside F'. We say that some 1s of 7" form an occurrence of a
pattern o if the submatrix they form is equal to the permutation matrix M (o) of o (i.e. M (o) has 1s in
positions (i,0(i)) for i € [|o]|], with rows numbered from the bottom up and columns numbered left to
right). If a traversal T of a Ferrers board F' does not contain any submatrix equal to M (c), then we say
that 7" avoids o. We also denote the set of all traversals of F' that avoid o by Avp(o).

Definition 14. We say that patterns oy and o5 are shape-Wilf-equivalent if | Avp(o1)| = | Avp(o2)| for
any Ferrers board F'.

Note that the only boards F' of height k£ which contain a traversal (call those boards traversable) are
boards such A\; = k (in other words, row 1 and column 1 have the same length) and \; > k + 1 — ¢ for
i =1,...,k (in other words, F' contains the staircase shape (k,k —1,...,2,1)).

Backelin et al. ['E_’a'] proved the shape-Wilf equivalence of id; = 12...¢ and r(idg) = £...21 for any
¢ > 1, while Stankova and West [:l?z:] proved that 231 and 312 are shape-Wilf equivalent.

Now we can extend st-Wilf equivalence to Ferrers boards for all statistics st among Destop, Desbot,
Asctop, and Ascbot.

Given a traversable Ferrers board F', let Ay > Ao > --- > ); be its distinct part sizes, and let k; be the
multiplicity of A; for eachi = 1,...,1, so that the shape of F is A = (AP, A2 ARy and L &, =
k = A1. Let T be a traversal of F, and let 7 € Sj;, be a permutation such that T' = {(¢,7(¢)) | ¢ € [k]}.
(In what follows, we will identify 7" and 7 and say that 7 is a traversal of F'.)

For each j € [l], leti; = ki + --- + k; (so 4; = k), and insert a separator | after each 7(i;) for
j =1,...,1 (so the rightmost separator is at the end of 7). Call the resulting string 7r the F'-separation
of 7. Now define the following statistics on Tx:

* 7(3) is a descent top of Tp if 7(i)7(i + 1) is a block of 7r (so 7(¢) is not immediately followed by
a separator) and 7(2) > 7(i + 1),

* 7(3) is a descent bottom of Tp if 7(i — 1)7(¢) is a block of 7r (so 7(7) is not immediately preceded
by a separator) and 7(i — 1) > 7(¢), or |7(¢) is a block of 7p (so 7(¢) is immediately preceded by a
separator).

* 7(3) is a ascent top of 7p if T(i — 1)7(4) is a block of 7 (so 7(¢) is not immediately preceded by a
separator) and 7(i — 1) < 7(),

* 7(4) is a ascent bottom of Tp if 7(i)7(i + 1) is a block of Tr (so 7(¢) is not immediately followed

by a separator) and 7(i) < 7(i + 1), or 7(¢)| is a block of 7r (so 7(¢) is immediately followed by a
separator).

Now define Destop(7r), Desbot(7r), Asctop(7r), and Ascbot(7r) to be the sets of descent tops,
descent bottoms, ascent tops, and ascent bottoms of 7, respectively, and let Destop (1) = Destop(7r)
be the set of F'-descent tops of T, and similarly for the other statistics above.

Example 15. Let F be the Ferrers board for the partition (6, 6,5, 5,3, 3). Then (i1, 2,i3) = (2,4, 6), so
a traversal 7 = 465231 of F yields 7r = 46|52|31|, and thus

Destoppr(7) = {3, 5},

Desbotp(7) = {1,2,3,5},

Asctopp(r) = {6},

Ascbotr (1) = {1,2,4,6}.
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Now, for a statistic st € {Destop, Desbot, Asctop, Ascbot}, we say that o1 and oy are st-shape-
Wilf equivalent if, for each traversable board F, there exists a bijection © : Avp(o1) — Avp(oz) that
preserves the statistic stp, i.e. stp = stp 0 ©.

Note that line 4 of Conjecture }i i claims that 231 ® 1 and 312 & 1 are Destop-Wilf equivalent. We can
generalize this claim as follows.

Conjecture 16. Patterns 231 @ o and 312 & o are Destop-shape-Wilf equivalent for any permutation o.

Moreover, it appears that patterns 231 and 312 themselves are (Destop, Desbot)-shape-Wilf equiva-
lent.

Similarly, note that the first and third patterns in line 5 of Conjecture :_1-1: are 13261 and 2135 1. Taking
their complements (which turns descent tops into ascent bottoms), we obtain the claim that 312 & 1 and
231 @ 1 are Ascbot-shape-Wilf equivalent. We can generalize this claim as follows.

Conjecture 17. Patterns 231 @ o and 312 @ o are Ascbot-shape-Wilf equivalent for any permutation
o # 1.

Conjectures :_1-6 and :_l-j have been verified for o of size k¥ < 2 on avoiders of length n < 10.

4.1 Recent progress

There has been recent progress in proving parts of Conjecture :_1-]_; as well as Conjecture :_1-'3" Zhou et al. [:_1-{:]
proved the following results (related to one another by the reversal and complement maps).

Theorem 18. (Zhou et al. ['.Z%, Theorems 1.4, 1.5, 1.6])
* The patterns 3142 and 3241 are (Destop, Desbot, Asctop, Peak, LRmax)-Wilf-equivalent.
* The patterns 3142 and 4132 are (Destop, Desbot, Ascbot, Val, RLmin)-Wilf-equivalent.
o The patterns 2413 and 1423 are (Destop, Asctop, Ascbot, Peak, RLmax)-Wilf-equivalent.

Here Peak(c) = Destop(c) N Asctop(o) is the set of peak values of o , and Val(c) = Desbot(o) N
Ascbot(o) is the set of valley values of o (also known as pinnacles and vales of o, respectively). For
completeness, we add the following easy corollary.

Corollary 19. The patterns 2413 and 2314 are (Desbot, Asctop, Ascbot, Val, LRmin)-Wilf-equivalent.

Proof: Permutations avoiding 2413 and 2314 are exactly the reversals of those avoiding 3142 and 4132.
Applying the reversal yields the map

(Destop, Desbot, Ascbot, Val, RLmin) — (Asctop, Ascbot, Desbot, Val, LRmin)

on permutation statistics. O
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Shannon Entropy is the preeminent tool for measuring the level of uncertainty (and conversely, information content)
in a random variable. In the field of communications, entropy can be used to express the information content of given
signals (represented as time series) by considering random variables which sample from specified subsequences. In
this paper, we will discuss how an entropy variant, the permutation entropy can be used to study and classify radio
frequency signals in a noisy environment. The permutation entropy is the entropy of the random variable which
samples occurrences of permutation patterns from time series given a fixed window length, making it a function of
the distribution of permutation patterns. Since the permutation entropy is a function of the relative order of data, it is
(global) amplitude agnostic and thus allows for comparison between signals at different scales. This article is intended
to describe a permutation patterns approach to a data driven problem in radio frequency communications research, and
includes a primer on all non-permutation pattern specific background. An empirical analysis of the methods herein on
radio frequency data is included. No prior knowledge of signals analysis is assumed, and permutation pattern specific
notation will be included. This article serves as a self-contained introduction to the relationship between permutation
patterns, entropy, and signals analysis for studying radio frequency signals and includes results on a classification
task.

Keywords: Signal Analysis, Entropy, Permutations

1 Introduction

Shannon entropy was introduced in 1948 by Claude Shannon Shannon|(2001) to measure the uncertainty
of a random variable. Specifically, given a (discrete) random variable X with support X and PDF p(-),
the Shannon entropy of X is given by:

H(X) ==Y p(z)log, p(x)

zeX

and expresses the expected number of bits one needs to transmit to convey the outcome of X. Since the
standard use-case for the definition of entropy is in the unit of bits, logarithms are taken to be base 2
unless otherwise noted. Variants of Shannon entropy (e.g., Renyi entropy |Bromiley et al.| (2004), joint
entropy (Cover| (1999)) have been used to measure the information content of specific random variables in
signals processing [Hughes| (1993)), quantum physics|Van Herstraeten and Cerf] (2021), finance [Zhou et al.
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(2013) and many other application spaces. For a thorough treatment on the subject of entropy, we direct
the reader to |Cover| (1999). In this document, we focus on the so-called permutation entropy|Bandt and
Pompe| (2002) (PE) as applied to time series data.

Permutation entropy as a method extracts information from time series by considering only the distri-
bution of permutation patterns which occur in the data. In this way, PE demonstrates a concrete appli-
cation of permutation pattern methods to real world data analysis problems. For example, PE has shown
promise as a useful tool for signal processing with successful applications Amigo et al.|(2012)); Bariviera
et al.| (2018); |Cao et al.| (2004); Morabito et al.| (2012); (Garland et al.| (2018) ranging from biomedical
to financial to mechanical. Additionally, permutation entropy has been successfully used in some Radio
Frequency (RF) signal processing such as radio frequency fingerprint extraction (i.e, identifying physical
radio devices from signal measurements) Deng et al.|(2017) and detecting RF transients from their finger-
print [Yuan et al.| (2015)). In this work we highlight the relationship between permutation patterns and RF
communications modulation schemes, demonstrating the efficacy of permutation pattern-based methods
on a classification problem of common RF modulations. This proof-of-concept, while a notable data sci-
ence contribution in its own right, is intended to serve as a jumping off point for the use of permutation
patterns in data analytics for real world RF communications use cases. This document is intended to be
self-contained; the domain-specific vocabulary herein will be introduced before results are presented.

The structure of the remainder of this paper is as follows: Section [2] presents the relationships between
time series and permutation patterns of interest to this study, including the PE of time series data. Section[3]
serves as a primer on RF signals for the non-practitioner, describing all the preliminary subject matter
needed to understand our experimental results. Section 4] describes a method for using windowed PE to
study changing information content of RF signals, creating a workflow between an RF time series and
windowed PE. Section [5] uses the output of that workflow at multiple window sizes to perform an ML
classification task, demonstrating the efficacy of permutation entropy in capturing information content of
RF signals. We close with discussion in Section [6]

2 Time Series and Permutation Patterns

Our principal object of study is a signal. Using the definition from |Priemer (1991)), a signal is “a function
that conveys information about the behavior of a system or attributes of some phenomenon.” In this
document, signals will be represented by real valued vectors (or time series) x = (z1,...,7:) € RY,
where {z;}!_, are typically data points sampled at equal time intervals from some system or senso

Frequently, the (signed) magnitude of the values of x (i.e., amplitudes) are normalized, presenting an
additional preprocessing step to make them more comparable when they are structurally similar but have
very different scales. This normalization is often non-trivial due to the unknown global characteristics
of the signals. PE is a function of the relative positions of the entries of x to one another, and is thus
amplitude agnostic. Thus, PE is a function of relative patterns in a signal without suffering inefficiencies
of scale or amplitdudinal noise. We make the notion of a signal pattern precise in the following definition:

Definition 1 (Vector Pattern) Given a real valued vector x = (x1,...,x4) € R with distinct entries,
the pattern of x:

® Notationally, many of our definitions are greatly simplified by taking the starting index of 1, while much of the real world data we
examine comes 0-indexed. For symbolic definitions, we use 1-indexing, but specific data analysis is displayed using 0-indexing.
The indexing used will change as needed, but will be made clear from context whenever possible.
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m(X) == aras. .. a,

where {a;}i_, = [t] :={1,2,...,t}, and a; < a; if and only if x; < ;.

1 ) T3 Ty 5 6

Fig. 1: Example 6 possible permutation patterns for ¢ = 3.

Informally, 7r(x) is the permutation pattern of the symbols of x. We remark that in signals applications,
the assumption that the entries of x are distinct is unstated and is rather enforced by the nature of a physical
system where two high precision measurements being exactly the same is unlikely. In the event that a low
precision detector is used and ties occur, a sequence of observations can be made to fit the definition of
a vector pattern by breaking ties by the order in which they show up in the time series. For example, the
time series x = (1.2, 3.1, —4.9) has permutation pattern 74 given the 6 possible permutation patterns (¢!
possible patterns) for signals of length ¢ = 3 shown in Fig.

Given a real valued time series x = (x1,2,...,x¢), we are frequently interested in the set of per-
mutation patterns of specified subsequences of x. We include some convenient notation for denoting
specific subsequences of interest towards concisely stating the definition of permutation entropy. Let
{i1 <i2 <...<i,} = A C|[t], and denote:

XA = (Tiyy Tigy oo Ti,)

the subsequence of x induced by A. Each subset A of [t] induces a different subsequence of x which in
turn has a permutation pattern on the set of symbols [n)].

While we can consider arbitrary subsequences of x, permutation entropy is a function of subsequences
of a fixed size n (i.e., dimension) whose entries are equally spaced by 7 units (i.e., delay). To this end, for
n,7 € [tJand for 1 < k <t — (n — 1)7 we denote:

A’Ircz,‘r(x) = (J?k, Lht7) Lht275 - - - 7xk+(n71)‘r)'

Informally, A’;’T(x) is the subsequence of x which begins at index k and takes every 7-th entry of x
for n steps. For a fixed n, let {77} | be an enumeratio of the permutation patterns on the symbols
[n]. Denote the multiset:

O - (x) i={m:m=m(xax Jforl <k <t—(n—-1)7}

the n, T-permutation distribution of x. Informally, II,, -(x) is the collection of permutation patterns that
occur in x by taking n symbols at a time, each separated by 7 spaces, with multiplicity. For fixed n, 7, and
for each 77", let p™ (m}") be the probability that a permutation drawn uniformly at random from IT,, - (x)
has pattern 7;'. Then we have the following:

(i) The definitions herein are independent of the enumeration used, but in our examples we will use the lexicographic enumeration.
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Definition 2 (Permutation Entropy) Letx = (z1,...,2¢) € RY, andletn, T € [t|. The n,T permutation
entropy of X is given by:

ZP i) logy p " (7).

Note that H,, -(-) is maximized when the permutation distribution is uniform [Conrad| (2004) with a
value of log n!. Entropy is typically a number between 0 and 1; to this end, we introduce the normalized
n,T permutation entropy (NPE):

B (%) = logQH,Zp ) logy 7 ().

We suppress scripts n and 7 when they are clear from context. In Section [3] we provide a primer on RF
signals to serve as our primary use case for permutation entropic analysis.

In Fig. 22l we show an example permutation (k = 2) with n = 3 and 7 = 2 in a time series of length
t = 9. Additionally, in Fig. |2b| we show the distribution of occurrences of permutation patterns seen in
the exemplar time series from Fig. 2Jusing n = 3 and 7 = 2. There are 5 such permutations denoted in
the histogram. Here, we have p(m1) = 1/5, p(m2) = 0, p(n3) = 1/5, p(m4) = 2/5, p(75) = 1/5, and
p(ms) = 0. Recalling the convention 0log,(0) = 0 we have:

Hso = — ZP(W) log, (p(7:))

——llo 1 —110 ! _210 2 —llo 1
—5g255g255g255g25

1.922.

Q

The NPE can be computed as hy 3 = 0.744 similarly.

A:%’Q — M1

(a) Time series and permutation.  (b) Histogram of permutation patterns.

Fig. 2: An example time series x and histogram of permutation patterns Il »(x). The time series is
of length ¢ = 9 with example subsequence A%}Q with k = 2, n = 3, and 7 = 2 and corresponding
permutation pattern 7y.

In practice, the choice of n and 7 is not trivial Myers and Khasawneh| (2020); Staniek and Lehnertz
(2007). One remedy is to instead use Multi-Scale Permutation Entropy (MSPE) in which multiple com-
binations of 7 and n are used to compute a matrix of permutation entropy values. For example if we use
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the same signal as in Fig. 2a|but instead of a single n = 3 and 7 = 2 we choose n € [2,3] and T € [1, 2]
we get the MSPE matrix
Hy, Hz,Q] ~ [0.95 0.99} 0

HMS:{HSJ Hs o 1.84 1.92

where the rows are for each dimension n and the columns are for each delay 7. This matrix now holds
additional information that would have been lost through the choice of a single dimension and delay. For
the interested reader, an early application of multiscale entropy can be found in |Costa et al.|(2002) which
deals with physiological time series (e.g., heart rate). An early application of MSPE can be found in|Aziz
and Arif| (2005) with the same biomedical use case. This paper includes the first application of multi-scale
permutation entropy to the classification of RF signal modulations, which will be explained in Section 3}

3 REF signal processing background

Radio frequency (RF) waves model the oscillation of various media including electrical, electromagnetic,
or mechanical systems in the range of 30kHz to about 300GHz [Scarpati| (2021). Familiar applications of
RF signals include AM/FM radio, television, bluetooth, and internet communications. RF digital com-
munications are generated by modulating a binary sequence into a wave-form that can be transmitted and
received (see Fig. [3|for an example) to relay the desired information. We make this specification because
this use-case (e.g., sequences of bits) is pervasive, but also because entropy is a measurement of the com-
munication of information, and thus entropic quantification is a natural method for studying RF signals.
We will not go into details about specific frequencies or transmission methods— an introduction on RF
signals can be found here [Tse and Viswanath|(2005)). Rather, we provide a high level explanation of the
process for sending binary signals via RF signals to inform our experiments.

Broadcasting binary sequences via RF signals has two principal components. The first turns a binary
sequence into a wave form (via a modulation scheme), and the second turns a modulated wave form into
a binary sequence (via demodulation). The process of modulation/demodulation is commonplace (for
example, the familiar “modem” is a portmanteu of “modulator/demodulator”). Here we describe at a high
level how the commonly used binary phase shift key (BPSK) modulator/demodulator works.

BPSK modulators take as input a binary sequence and a carrier signal. Instances of the carrier signal
in two different phases are concatenated, with one phase representing 1 bits and another representing 0
bits. The modulated signal is transmitted, and the received signal (which is a close approximation of the
transmitted signal) is turned into a signal which is positive during periods meant to represent a 1, and
negative otherwise. The recovered signal is translated back to a binary string accordingly. For details
about the implementation of BPSK, see [Sklar| (2021). We have included a simple example in Figure 3]

More sophisticated modulation/demodulation schemes will be introduced in Section [5] where we show
that permutation entropy serves as a high fidelity input to a convolution neural network which classifies
signals by modulation mode.

4 Methods

The PE of a time series x is a single number which is a measure of the (lack of) information content of
x. For example, the permutation distribution II(x) is uniform if and only if 4(x) = 1. In the context
of PE, this fact can be reasonably interpreted as the statement “revealing the permutation pattern at any
given subsequence is minimally informative” in the sense that each pattern is equally likely to occur. In
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1 [ ] ® [ o o 2 [ o o 2 1
g -
o
019 o e o099 o -1+ . : :
01 2345678 9101112131415 0.0000 0.0005 0.0010 0.0015
Bit number t
(a) A binary signal (b) Modulated carrier signal
14 14 3 r o o o o
)
0 = e  Original bit stream
; Demodulated bit stream
[
-1 . . . O=t——e=ete e oo e
0.0000 0.0005 0.0010 0.0015 012345678 9101112131415
t Bit number
(c) Demodulated carrier signal (d) Reconstructed binary signal

Fig. 3: An example to illustrate Binary Phase Shift Key modulation. Figure (a) represents an input binary
signal. Figure (b) shows the input signal with the bits of the signal encoded by the phase of a carrier
signal. Figure (¢) shows the output of a demodulator, which interprets the phases of the modulated signal
as positive or negative. Figure (d) reconstructs the original binary signal from the demodulated signal.

many use cases, it is informative to study how the PE evolves over time. For example, suppose someone
is monitoring a frequency band which is expected to be random noise. The PE should be relatively high
as the set of permutation patterns that occur should be close to uniformly distributed. However, a sudden
drop in the PE could be indicative that a structured signal is being broadcast at this frequency. More
generally, a change in PE could indicate a change in information content of a signal, and causes of these
changes are frequently of interest to signal analysis practitioners. Any subsequence of x has coupled with
it a PE, and so choosing collections of subsequences of x whose PE is informative is an open research area.
Here, we focus on a standard method for generating a time evolving sequence of PEs of x by considering
a collection of intervals of x called windows. Similarly to this, it can be more informative to instead
look at an MSPE matrix of entropy values over various dimensions n and delays 7. This multi-scale
approach can capture more information about at what dimension and time scale the important changes
in information are happening at as well as different types of changes in the signal (e.g., a change in the
signal’s modulation method).

Given x = (1, 22,...,2), an integer 1 < k < ¢, and a proportion 0 < « < 1, define recursively the
starting index:

si=1l;s;=sj1+[1—a)k|for2<j<t—k

where [-] denotes the smallest integer strictly greater than the input real valu@ Then the jth k-window
with « overlap is defined:

wi OL(X) = (xsj’xsj"rl’ cee 7x5j+(]€71))

)

(i For our purposes, if (1 — )k is an integer, [(1 — a)k] = (1 — o)k + 1.
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Informally, the windows are intervals of length & which overlap by an « proportion. An example is
included in Figure

w3 4 (%) w3, 4(%)

X = (33175102;$375€479€57$6,$7,1‘87569,5610,1’11>$127$13,CL‘14)

wg, 4(x) w3 4(x)

Fig. 4: A length ¢ = 14 time series and length ¥ = 5 windows with overlap proportion o = .4. Since
ak = 2, consecutive windows overlap by two.

For a time series x, a fixed dimension n, delay 7, window size k£ and overlap proportion o we can com-
pute the NPE time series (hy, ..., hy) (called the (n, 7, k, «)-permutation entropy profile of x, denoted
R 7 k,a(x)), where:

hi ==l r (w%c,a (X)) .
<

Here, ¢ is the largest integer such that sy + (k — 1) < ¢. Informally, we window x and compute the
permutation entropy for each window. In this setup n, 7, k, and « are tuneable parameters. The parameters
n and 7 are frequently selected according to heuristics or are informed by domain knowledge. A collection
of automatic parameter selection tools for selecting n and 7 can be found in|Myers and Khasawneh|(2020).
Suitable choices for k and « vary based on use cases and available computation. In general, if & is too
small then the distribution of permutation patterns is not very informative, and if « is too small then
the sequence of permutation entropies is coarse and can vary greatly from term to term. However, the
computation of the permutation distribution scales with k£ and the number of windows scales with «, so
taking both k and « large can be computationally expensive.

Instead of choosing a single value for n, 7, k, and « one can choose multiple values of these parameters
to extract different permutation pattern distributions (i.e., MSPE). In Section [5] we show empirically
that the MSPE of a time series over multiple sizes of non-overlapping (e.g., @« = 0) windows yields an
accuracy performance increase in a classification problem over raw signal data.

5 Data and Results

We introduce in this section the dataset used to evaluate our MSPE approach, give futher detail about
our evaluation method, and present the results of a comparison study where modest Convolutional Neural
Networks (CNNs) were trained to classify modulation schemes when given MPSE, spectrogram, or raw
waveform data as input. The data we work with is the Panoradio data set introduced in |Scholl| (2019b))
and sourced at |Scholl (2019a) This dataset is an extension of a more standard modulation classifica-
tion dataset|O’Shea et al.| (2018)) which further incorporates different modes of communication and baud
rate Specifically, there are 18 different modulation modes in the data set that are shown in Table|l|in

(V) The purpose of this article is to show the connection between permutation patterns and signal analysis. To this end, we present
only a high level overview of the Panoradio data to demonstrate efficacy of permutation entropy on a classification task. However,
this data is thoroughly documented, and the interested reader is encouraged to explore the source material |Scholl| (2019b) Scholl
(2019a).

™ Baud rate: modulation rate in units of symbols-per-second
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the appendix with both the modulation method and the baud rate if applicable. Additionally, Fig. [/]of the
appendix provides example signals from each of the 18 modulation methods. These modes cover many
of the standard modulation methods used in modern RF signal processing. Plain text was encoded for
digital modes, speech and music were used for analog modes, and black and white images for fax data.
To make this simulated dataset more realistic there is additive white Gaussian noise at different levels,
non-coherent reception and receiver frequency mismatch, and random phase and frequency offsets.

When applying MSPE to the signals we used several non-overlapping windows of the signals. Specifi-
cally, we used the full signal, the signal split into two windows, and the signal split into 4 windows. For
each of these 7 windows we applied MSPE for n € [3,4,5,6,7] and 7 € [1,5, 10,15, 20, 30, 40, 50].
This resulted in in MSPE matrices of size (5 x 8), which were flattened into vectors of length 40 and
concatenated into a single vector of length 280. We then used these vectors of length 280 as input into our
CNN model described below. As a first point of comparison we also used the raw signal of length 2048 as
input to another CNN model. A third CNN was trained on three spectrogram representations of the signal
with the first spectrogram using 8 non-overlapping windows (o = 0) of the signal each of length 256,
the second using 16 non-overlapping windows each of length 128, and the third using 32 non-overlapping
windows each of length 64. All three of the spectrograms were then flattened and concatenated into a
single vector as input for the CNN.

The CNNs we use have two convolution layers, each followed by maximum pooling, and one fully
connected layer. We trained each CNN for 30 epochs with a batch size of 10. The CNN trained on the
raw signal, MSPE, and spectrograms had a total of 37.0K, 12.6K, and 36.5K parameters, respectively. In
comparison to the original Panoradio dataset [Scholl| (2019b) with approximately 1.4 million parameters
and 17 layers, these neural networks are significantly smaller and quicker to train.

Our first experiment emphasizes the ability for MSPE to capture the key characteristics between mod-
ulation modes in comparison to training on the raw signal. In Fig. |5| we provide confusion matrices
for the CNN trained on the signals directly, MSPE, and spectrograms. In summary, the MSPE CNN out-
performed both the signal and spectrogram CNNs with an average test accuracy of 94.2%, 48.4%, and
81.5%, respectively. In the original work classifying this dataset the authors found at a best performance
of approximately 98% using a ResNet with 41 layers and 1.4 million parameters and approximately 94%
using a standard CNN architecture that is similar but much larger than ours having 6 convolution layers
in comparison to our 2 convolution layers. In comparison, our CNN trained on the MSPE vectors is much
faster and comparable accurate to the classical CNN of Scholl. For the raw signal input, we believe the
smaller size of our CNN is the main cause for the significant decrease in classification accuracy (48.4%)
in comparison to Scholl’s classical CNN.

In Fig. it can be seen that the MSPE CNN does not perform as well when classifying between
RTTY-45 170 and RTTY-50 170 as well as USB and LSB signals. We hypothesize the difficulty between
RTTY-45 and RTTY-50 is due to only the slight differences in the signals being a baud rate difference of
5. Additionally, the difficulty in classifying between USB and LSB signals is due to their similarity in
signal structure with both having close to stochastic behavior with permutations not being able to clearly
detect differences between noise models. However, In comparison to the Res Net from Scholl, the MSPE
vectors are better at classifiying between PSK and QPSK modulation with their QPSK classification being
86% and ours at 97%. We believe thi is due to MSPE being able to measure the increase signal complexity

O heatmaps for matrices that are indexed by true labels and predicted labels and whose (4, j) entry counts the number of times
label 7 was true and label j was predicted. Diagonal entries of a confusion matrix represent correct predictions
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(a) Confusion matrix on CNN classifier trained on signal (b) Confusion matrix on CNN classifier trained on the
directly with an average classification accuracy of 48.4%. MSPE with an average classification accuracy of 94.4%.
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from PSK to QPSK.
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Fig. 6: Average classification accuracy over SNRs of CNN trained on MSPE (green circles), the raw
signal (red squares), and spectrograms (blue diamonds). Results from Scholl are shown for comparison:
classical CNN trained (black triangles) and Res Net (purple tringles).

Our second experiment is to determine the ability for the CNNs to operate when additive white Gaussian
noise is increased in the signal by decreasing the Signal to Noise Ratio (SNR). The SNR is calculated as

Asi na
SNR:QOloglo(Ag 1),

noise

where A for signal and noise are calculated as the root mean square of the noise-free signal and just the
additive noise, respectively. In Fig. [§] we show the classification accuracy of each CNN for each level of
noise with SNRs ranging from -10 to 25 dB.

As shown, the best performing CNN’s are from Scholl, but these are significantly larger and take
correspondingly longer to train. However, above 0 dB SNR both the MSPE and classical CNN perform
comparably. As a more fair comparison using just our CNN, we can see that when trained on the raw
signal the accuracy is 48.4% at 25 dB and then degrades slowly with decreasing logarithmic SNR, ending
in an accuracy of 28.4%. In comparison, the MSPE CNN had above 90% classification accuracy down
to an SNR of 5 dB and then quickly decreasing to 32.1% accuracy at -10 dB. Lastly, the CNN trained on
the spectrograms performed moderately well with a classification accuracy above 80% accuracy above 5
dB SNR and then only dropping to 57.8% accuracy at -10 dB SNR. These results showing the ability for
MSPE to outperform other data representations of the signals when using a comparable CNN suggests
that MSPE is a suitable tool for RF signal processing.

6 Discussion

In this article we discussed a connection between permutation patterns and the information content of
signals. We demonstrated that information content for RF signals can be captured by the distribution of
permutation patterns embedded in time series representations of the signals by showing that a classifi-
cation problem displayed a marked accuracy improvement when considering only multiple-scale permu-
tation entropy over the entire signal. Our simple CNN with 12.6K parameters trained on MSPE even
outperformed a CNN on 1.4 million parameters and a 41 layer ResNet with 1.4 million parameters both
trained on raw signal data.
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While the modulation classification performance serves as a proof-of-concept that the distribution of
permutation patterns which occur within time series signal data captures critical information about RF
signals (with simple MSPE models beating large CNN and ResNet models on raw data), modulation
dependent methods face limitations in practice. For example, the 18 modulations in the Panoradio data
set are in no way comprehensive; many use cases come with bespoke modulation schemes and adversarial
methods can be used to confound modulation detection schema |[Lin et al.|(2020) [Hameed et al.| (2020).
However, minor signal perturbations should not drastically affect the distribution of permutation patterns
within a signal. A qualitative analysis of which properties of a signal that MSPE methods capture is the
first step towards modulation agnostic signal information analysis which is an active and ongoing research
area.

7 Future Permutation Patterns Work

While our application herein has been RF specific, we remark here that our general approach of applied
permutation patterns gives rise to a set of tools with respect to pattern statistics in general time series, and
need not be focused on a specific use case. To this end, we lay out a collection of questions and future
directions in the more general regime to foster both theoretical work and follow on applications. Broadly,
given a time series x and choices of n, 7, k, and «, we ask questions about the set IT,, ,(x), the parameter
b, (x), and the statistic h,, -k o (%) (defined in Sectionand Section .

Recall that Shannon Entropy is uniquely maximized by the uniform distribution, and thus h,, - (x) =1
if and only if II,, - (x) is distributed uniformly as a multi-set. To this end, the set of pairs {(n;,7;)} for
which h,,, -, (x) = 1 provides a measure for zow uniform a time series is. Conversely, the set of symbols
{(n4, 1)} for which hy,, -, (x) # 1is a measure of the scales on which a time series is informative. To
this end, we ask the following two questions:

* Question 1: For which values of n and 7 is h,, - (x) = 1?

* Question 2: For which values of n and 7 is h,, - (x) # 1? For which values of n and 7 is h,, (x)
minimized?

We focus here on statistics of the multi-scale permutation entropy of a time series. For a collection of
choices of parameters {(n;, 7j, ks, a¢) }, {hn, =, (X)} is a collection of empirical observations of distribu-
tions IT,,, -, (x), and further {hy, +; k..o, (X)} is a set of sequences of observations of distributions. We
ask the following two questions:

* Question 3: Can one provide an approximation of a maximum likelihood estimator 6 given the
above sets of permutation entropy observations of various signal types (jointly and independently)?

* Question 4: Given a uniform prior distribution, can one find the posterior distribution of permutation
patterns of x?

Combinatorially, we find that the converse question of time series which are realizable given a distribu-
tion of permutation patterns has connections to covering, packing, and universal sequences|Godbole et al.
(2018). To this end, we ask:

* Question 5: Given a permutation pattern distribution II, for which sequences x do there exist pa-
rameters n and 7 such that II, -(x) = II? Which sequences are minimal in length with this
property?
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* Question 6: Given a real value h (resp. sequence of real values h), for which sequences x do there
exist parameters n, T (resp. n, T, k, ) for which the normalized permutation entropy h,, -(x) = h
(resp. normalized permutation entropy profile h,, ; k.o (x) = h. Which sequences are minimal in
length with this property?
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8 Appendix

Tab. 1: Modes in Panoradio dataset|Scholl|(2019a) with corresponding modulation method and baud rate.

Mode Modulation Baud Rate
Morse OOK Variable
PSK31 PSK 31
PSK63 PSK 63
QPSK31 QPSK 31
RTTY 45/170 FSK, 170 Hz shift 45
RTTY 50/170 FSK, 170 Hz shift 50
RTTY 100/850 FSK, 850 Hz shift 850
Olivia 8/250 8-MFSK 31
Olivia 16/500 16-MFSK 31
Olivia 16/1000 16-MFSK 62
Olivia 32/1000 32-MFSK 31
DominoEX 18-MFSK 11
MT63 /1000 multi-carrier 10

Navtex / Sitor-B FSK, 170 Hz shift 100
Single-Sideband (upper) USB -
Single-Sideband (lower) LSB -
AM broadcast AM -
HF/radiofax radiofax -
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Fig. 7: Example signals from each modulation modes at 25 dB SNR. The training data is generated by
modulating various signals. Plain text was encoded for digital modes, speech and music were used for
analog modes, and black and white images for fax data.
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of 1-interval rational parking functions with n cars and m spots are in bijection with the set of barred preferential
arrangements of [n] with m —n bars. This readily implies enumerative formulas. Further, in the case where £ = 1, we
recover the results of Hadaway and Harris that unit interval parking functions are in bijection with the set of Fubini
rankings, which are enumerated by the Fubini numbers.

Keywords: Parking function, interval parking function, (n,m)-parking function, Dyck path, (n,m)- Dyck path,
barred preferential arrangement, Fubini ranking, Fibonacci number, Fubini number

1 Introduction

Throughout, we let N = {0,1,2,3,...}, NT ={1,2,3,...},and forn € N*, welet [n] = {1,2,...,n}.
We begin by recalling a definition of parking functions, as introduced by Konheim and Weiss (1966).
With n € NT, a tuple « = (a1, as,...,a,) € [n|" is a parking function of length n if its nondecreasing
rearrangement o' = (a}, ab, ..., al) satisfies a; < i for all i € [n]. For example, o« = (3,1,1,3,4,5)
is a parking function of length six as its nondecreasing rearrangement o’ = (1,1, 3,3, 4,5) satisfies the
required inequality conditions. However, o = (2,3, 3, 3) is not a parking function, as its nondecreasing
rearrangement o’ = (2,3, 3,3) does not satisfy the inequality conditions: In particular, a; = 2 which
is not less than or equal to 1. Let PF,, C [n]™ denote the set of parking functions of length n. Several
authors have provided proofs that [PF,,| = (n + 1)"~1, see Konheim and Weiss (1966); Pyke (1959);
Stanley (2016a).

An alternative definition of parking functions is as follows. Let the tuple o = (a1, az,...,a,) € [n]"
encode the preferred parking spots of n cars, a; € [n] being the parking preference of car i, as the
cars attempt to park one after the other on a one-way street. In this sense, « is called a preference list.
Throughout the paper, when we refer to the standard parking procedure, we refer to the process that a car
employs whenever it enters the street in its attempt to park. Namely, when car i € [n] arrives, it attempts to
park in its preferred spot a;. If spot a; is unoccupied, car ¢ parks there. Otherwise, car ¢ continues driving
down the one-way street parking in the first unoccupied spot it encounters. If no such spot exists, then
car 7 is unable to park. If all cars are able to park given the preference «, then « is a parking function of
length n. Figure 1 illustrates the order in which cars park on the street when « = (3,1,1,3,4,5) € PFg.
When a € PF,,, we refer to the resulting parking order of the cars under « as the outcome of o, which
we denote by O(«). For a € PF,,, the outcome O(«) is an element of G,,, the set of permutations of [n].

- 2 3 1 4 5 6

Fig. 1: The parking outcome of the parking function o = (3,1, 1,3,4,5) € PFs.

Parking functions have numerous applications and connections to many fields in mathematics, including
computing volumes of flow polytopes, hyperplane arrangements, and the sorting algorithms Beck et al.
(2015); Benedetti et al. (2019); Harris et al. (2024). Work on parking functions includes the study of
discrete statistics Adeniran and Pudwell (2023); Gessel and Seo (2004/06); Schumacher (2018), families
of parking functions with particular desirable properties Aguillon et al. (2023); Elder et al. (2023b), and
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many generalizations of parking functions Colaric et al. (2021); Colmenarejo et al. (2021); Franks et al.
(2024); Harris et al. (2023). Our work is motivated by two generalizations of parking functions, which we
refer to as “rational” parking functions and interval parking functions. We describe those next.

First we consider the situation in which there are n € N cars and m > n parking spots on a one-way
street. In this case, a preference « is an element of [m]™, and the set PF,, ,,, consists of the preferences
allowing all n cars to park under the standard parking procedure. This generalization of parking functions
is known as (m, n)-parking functions. In the case of n and m being coprime, (m, n)-parking functions are
referred to as rational parking functions, see Armstrong et al. (2016). In the current work, we simply refer
to (m, n)-parking functions as rational parking functions without requiring m and n to be coprime. These
parking functions were enumerated during the onset of parking function studies (Konheim and Weiss,
1966, Lemma 2) and, implicitly, in the statistical work of Pyke (1959), giving

|PF,m|=(m+1—n)(m+1)"1. 0

Another generalization of parking functions are interval parking functions which describe the case
where cars have an interval of the street in which they want to park. Formally, interval parking functions
are defined by a pair («, 8), where « = (a1, a9, ...,a,) € PF, and 8 = (b1,bs,...,b,) € [n]", satisfy,
for all ¢ € [n], the inequality a; < b; < n. Fori € [n], we call a; the initial preference of car i, b; the
tolerance of car ¢ (as it is the highest numbered parking spot in which car ¢ would tolerate parking), and
the set {a;,a; + 1,...,b;} the preference interval for car i. Throughout, we refer to 3 as the tolerance
vector. If, for each i € [n], car i is able to park in its preference interval following the standard parking
procedure, then the pair («, ) is called an interval parking function. We let IPF,, denote the set of
interval parking functions of length n. Colaric, DeMuse, Martin, and Yin established (Colaric et al., 2021,
Proposition 3.2):

[IPF,| = n!(n+ 1)"" 1. )

Note that for 8 = (n,n,...,n) € [n]", the set of interval parking functions is precisely the set of parking
functions.

In the present work, we begin by generalizing interval parking functions to their rational analogue,
which we call interval rational parking functions. Here, there are n cars and m > n parking spots on
the street. In this case, we consider the pair of tuples (a, 8), where @ = (a1,as2,...,a,) € PF,
and 8 = (b1,bs,...,b,) € [m]" satisfying a; < b; < m. If, for each i € [n], car ¢ is able to park in
one of the spots numbered a;,a; + 1, ...,b; (following the standard parking procedure), then («, 3) is
an interval rational parking function. We let IPF,, ,,, denote the set of interval rational parking functions
with n cars and m spots. For example, ((3,5,7,1,1),(3,6,8,1,4)) € IPF5 g is a rational interval parking
function with five cars and eight parking spots whose parking outcome is illustrated in Figure 2. However,
((3,5,7,1,1),(3,6,8,1,1)) is not an interval rational parking function for any IPF5 ,,, with m > 8, as
car 5 would fail to park in the first spot, which is the only spot in its preference interval. In our first
result, we establish a formula for [IPF,, ,,,| as a sum over rational parking functions involving the parking
outcome, i.e. the order in which the cars park on the street (Theorem 3.4). Specializing m = n recovers
the formula in Equation (2) for the number of interval parking functions.

Next, we consider the subset IPFn,m(é) C IPF,, 1, which is defined via an integer parameter £ > 0,
and we refer to it as the set of ¢-interval rational parking functions. In this setting, every car must park
in its first preferred spot or at most ¢ spots away from it. That is, if « = (a1,4a2,...,an) € PFp m,
and if, for each i € [n], car i is able to park in one of the spots a;, a;+1,. .., min(a; + ¢, m) (following
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Fig. 2: The parking outcome of the interval rational parking function ((3,5,7,1,1), (3,6,8,1,4)) € IPFs s.

the standard parking procedure), then « is an /-interval rational parking function. If m = n, then we let
IPF,,(¢) be the set of ¢-interval parking functions of length n. The following is a list of our main results
as related to /-interval rational parking functions.

1. We establish recursive formulas for the number of /-interval rational parking functions with n cars
and m parking spots (Theorem 3.8 for n = m and Theorem 3.7 for n > m).

2. We give a recursive formula for the number of nondecreasing ¢-interval rational parking functions
with n cars and m parking spots (Theorem 4.1).

3. We define a bijection between the set of nondecreasing /-interval rational parking functions with n
cars and m parking spots and the set of (n, m)-Dyck paths with height ¢ + 1 (Theorem 4.7 when
n = m, and Theorem 4.14 when m > n). If n = m, this yields a enumeration through generating
functions (Corollary 4.8) and an open problem for m > n.

Fubini rankings and unit interval parking functions have received much recent attention in the literature.
In (Bradt et al., 2024, Theorem 2.9), the authors give a complete characterization of unit interval parking
functions. In Chaves Meyles et al. (2023), the authors establish that unit interval parking functions with
k unlucky cars (cars that do not park in their preference) are in bijection with the k-dimensional faces
of the permutohedron of order n. In Elder et al. (2023a), the authors consider the set of unit Fubini
rankings, which is the intersection of the set of unit interval parking functions of length n and the set of
Fubini rankings. Through the set of unit Fubini rankings and their parking interpretation, they establish a
complete characterization and enumeration for the total number of Boolean intervals in the weak Bruhat
order of the symmetric group on n letters, and the total number of Boolean intervals of rank £ in the same.
Motivated by these results, we establish the following.

(4) When m = n, we show that the set of nondecreasing ¢-interval parking functions which are also
Fubini rankings (Definition 2.3) are enumerated by a Fibonacci sequence of order £ + 1 (Theo-
rem 4.16).

(5) When ¢ = 1, we provide:

(a) A bijection between unit interval rational parking functions with n cars and m parking spots
and barred preferential arrangements with m — n bars (Theorem 5.17).

(b) The specialization of m = n is provided in Theorem 5.2, recovering the fact that unit interval
parking functions are enumerated by the Fubini numbers Hadaway (2022).

2 Background

In this section, we provide background related to rational parking functions, interval parking functions,
and unit interval parking functions.
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2.1 Rational parking functions

In this scenario, there are n cars and m > n parking spots. A preference list « € [m]™ permitting n
cars to park in m spots utilizing the standard parking procedure is called a rational parking function of
order (n,m). Throughout, we let PF,, ,,, denote the set of rational parking functions of order (n, m).
As the order of the parking function is presented as a subscript, we henceforth omit stating the order of
a rational parking function as it will be clear from context. Recall, that Equation (1) gives |PF,, ,,| =
(m+1—mn)(m + 1)"~. Moreover, if n = m, then PF,,,, = PF,, and thus PF,, C PF,, ,,, for all
m > n. In this way, rational parking functions generalize parking functions.

2.2 Interval parking functions

We begin by remarking that in Colaric et al. (2021), interval parking functions were only defined for
m = n. In this setting, interval parking functions are characterized as a pair (a, 8) € PF,, x [n]™, where
a = (ay,as,...,a,) € PF, and 8 = (b1, ba,...,b,) € [n]™ satisfies b; > a; forall 1 < i < n (Colaric
et al., 2021, Proposition 3.2). Given o € PF,, and 8 € [n]", car i enters the street and using the standard
parking procedure, attempts to park between spots a; and b; (inclusive), which we refer to as its preferred
interval. If all cars can park within their preferred interval utilizing the standard parking procedure, then
the pair («, 3) is an interval parking function. We let IPF,, denote the set of interval parking functions of
length n and recall Equation (2) gives [IPF,,| = n!(n + 1)" 1.

Note that if 8 = (b1, b2,...,b,) € [n]"® and (o, 8) € IPF,, then (o, 8’) € IPF,, for all 5/ =
(0,05, ...,b.) € [n]™ satisfying b; < b}, for all ¢ € [n]. In this case, 8" allows the cars to possibly park
further down the street. However, the converse is not necessarily true: for any interval parking function
(o, B) € IPF,, let B= (31,32, e ,En) be such that b; > b; for all i € [n]. Then («, B) may not be an
interval parking function, as the tolerance vector has possibly reduced the allowable parking spots a car
may tolerate. We illustrate this with the following example.

Example 2.1 Consider (o, 8) = ((1,2,2),(2,3,3)), which one can readily verify is in IPF3. IfB3 =
(2,3,2), then (o, B) is not an interval parking function since the third car fails to park in the second spot,
which is its only preferred parking spot.

2.3 Unit interval parking functions

Hadaway and Harris introduced unit interval parking functions, which are a subset of PF,, in which all
cars park in their preferred spot or one spot further down the street Hadaway (2022). Let UPF,, denote
the set of unit interval parking functions of length n. Note, (1,2,3,4,5), (1,1,3,4,5), (1,1,2,4,5) are
elements of UPF;5, whereas (1,1,1,1,1) is not a unit interval parking function as car three cannot park
in its preferred spot nor the one after it.

Hadaway and Harris established the following enumerative result.

Theorem 2.2 (Hadaway, 2022, Theorem 5.12) If n > 1, then
|UPF,,| = Fub,, 3)

where Fub,, denotes the nth Fubini number (OEIS A000670), which are known to satisfy

Fub, =Y k! S(n,k), “4)
k=1
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where S(n, k) are Stirling numbers of the second kind (OEIS A008277) and count the number of set
partitions of [n] with k nonempty parts.

To establish Theorem 2.2, Hadaway and Harris proved that the set of unit interval parking functions is
in bijection with the set of Fubini rankings (Hadaway, 2022, Theorem 5.12). As Fubini rankings play a
role in our work, we define them next.

Definition 2.3 A Fubini ranking of length n is a tuple r = (r1,72,...,7) € [n]™ that records a valid
ranking of n competitors with ties allowed (i.e., multiple competitors can be tied and have the same rank).
If k competitors are tied for rank i, the k — 1 subsequent ranks i +1,i+2, ..., i+ k — 1 are disallowed.?

For example, (8,1,2,5,6,2,2,6) is Fubini ranking, in which competitor one ranks eighth, competitor
two ranks first, competitors three, six, and seven tie at rank two, competitor four ranks fifth, and competi-
tors five and eight rank sixth. Note (1,1, 1,2) is not a Fubini ranking as the triple tie for rank one would
disallow ranks 2 and 3, making rank 4 the next available. We let FR,, denote the set of Fubini rankings of
length n. We remark that Cayley (2009) showed that |FR,,| = Fub,,; this together with the bijection of
Hadway and Harris, establishes Equation (3).

3 Interval and /-interval rational parking functions

In this section, we give a formula for the number of interval rational parking functions. We then give
recursive formulas for the number of ¢-interval rational parking functions by considering the cases where
m = n and m > n independently.

3.1 Interval rational parking functions.

Consider the set of interval rational parking functions, denoted by IPF), ,,, in which there are n cars and
m > n parking spots. Elements of IPF,, ,, are pairs of tuples («, /3), that allow all cars to park within
their tolerance when utilizing the standard parking procedure. We again call 3 the tolerance vector, as
defined for interval parking functions.

We now formally define the outcome of a rational parking function.

Definition 3.1 For a fixed number of spots m € NT, the outcome map of a rational parking function is
the function O, : PF,, ,, — {0,1,...,n}" given by O, () = (01,02, ...,0m) where
{jifcar J parks in spot i under o
g; =

0if no car parks in spot i under o.

Note that in the outcome map we omit the duplicate parenthesis to simplify the notation, i.e. we write
Onm(a) = O (1,00 ..., ap) instead of O, (1, g, . .. ().

We provide the following example to illustrate the outcome map.

Example 3.2 The parking outcome of (4,3,5,5,9) € PF5 10 is illustrated in Figure 3. Based on Figure 3
and by Definition 3.1, we have O10(4,3,5,5,9) = (0,0,2,1,3,4,0,0,5,0).

® As noted in Elder et al. (2023a): “One noteworthy instance of the tie condition of a Fubini ranking took place at the men’s high
jump event at the Summer 2020 Olympics Committee. In this competition, Mutaz Essa Barshim of Qatar and Gianmarco Tamberi
of Italy led the final round. Both athletes cleared 2.37 meters, but neither of them cleared 2.39 meters. Upon being presented the
option of a “jump-off” to determine the sole winner, they agreed to instead share the gold medal. The next best rank was held by
Maksim Nedasekau of Belarus, who obtained the bronze medal.”
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1 2 3 4 ) 6 7 8 9 10

Fig. 3: The parking outcome of the interval rational parking function (4, 3,5, 5,9) € PF5 10.

It will be important to know the parking spots that cars occupy after they all park with a given preference
list « € PF,, ,,. To keep track of this information, we let

I(a) = {i € [m] : 0; # 0 where Oy, () = (01,02,...,0m)} 5)
Note that for all @ € PF,, ,,,, we have |I(«)| = |[n]| = n, as I(«) keeps track of the spots occupied by
the n cars when parking under a.
Example 3.3 (Continuing Example 3.2) If o = (4,3,5,5,9) € PF5 10, then I(a) = {3,4,5,6,9}.
We now enumerate all interval rational parking functions.

Theorem 3.4 Ifm > n > 1, then

IPFoml= Y [T m—i+1)

a€PFnm \i€l(a)

Proof: For any o € PF,, ,,, let I(«) be as in Equation (5). As we noted above, if & € PF,, ,,, then
|I(«)] = n. Note thatif ¢ € I(«), then o; = j for a unique j € [n]. Then b, the jth entry of the tolerance
vector 3, must satisfy ¢ < b; < m. That gives m — ¢ 4 1 options for the possible value of b;. As the
tolerances of cars are independent, we can take the product of the possible values the tolerance can be.

Thus, there are
IT m-i+1)
i€ l(w)

total tolerances for each o € PF,, ,,,. The result follows from taking the sum of this product over all
possible rational parking functions o € PF,, ,,. O

By setting m = n in Theorem 3.4, we recover Equation (2). We state and prove this below.

Corollary 3.5 (Colaric et al., 2021, Proposition 3.2) If n > 1, then |IPF,,| = n!(n + 1)"~L.
Proof: Note that I («) = [n] for any a € PF,,. Thus, by Theorem 3.4, setting m = n we have that

IPF,| = > [ e-i+n|= > [ [[r-i+D|= > nl=n(n+1""

a€PF, \icI(a) a€PF, \i€[n] a€PF,

a
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3.2 (—interval parking functions

Letn € Nt and let ¢ € N. We now consider the (-interval rational parking functions « € IPF,,(¢), which
are parking functions where every car parks at most £ spots away from its preferred spot. We remark that
if £ = 1, then UIPF,, = IPF,,(1). Our main result gives a recursive formula for the number of ¢-interval
parking functions for any ¢ € N. We begin with the following remark.

Remark 3.6 Ifn € Nt and 0 < ¢ < n — 1, then IPF,,(¢) C IPF,,(¢ + 1). Moreover, if { > n — 1, then
IPF,,(¢) = PF,,. To see this, fix { satisfying 0 < £ < n — 1. If a € IPF,,({), then under « every car
parks in a spot that is at most € spots away from its preference. Thus, under o every car is able to park
in a spot that is at most { + 1 spots away from their preference, as this would simply give the cars more
tolerance for their parking. Thus, o € IPF,, (¢ + 1) as desired. Additionally, note that if £ > n — 1, then
every car tolerates parking from their initial preference until the end of the street, as there are n parking
spots on the street. Thus, in this case IPF,,(¢) = PF,,, which recovers the standard parking functions
PF,,, whenever £ > n — 1.

We now give a recursive formula for the number of ¢-interval parking functions of length n.
Theorem 3.7 Ifn € Nt and ¢ € N, then

n—1

IPF,(0)] = (” B 1) -min (z + 1,04 1) - [IPF,(¢)| - [TPF,,_1_.(¢)],
X
=0

with [TPFo(0)] = 1.

Proof: Fix an arbitrary z € [n]. We partition the set IPF,,(¢) into subsets .S, consisting of the elements
in IPF,,(¢) in which car n parks in spot z. This partition implies that

IPF, ()] = D IS
z=1

Note that the first n — 1 cars (numbered 1 through n — 1) have parked according to the standard parking
procedure and spot z remains unoccupied. Thus, there are z — 1 cars parked to the left of the empty
parking spot z and there are n — z cars parked to the right of the empty spot. There are (Z:}) ways to
select a subset J C [n — 1] of cars parking on the z — 1 spots to the left of the empty spot. For each such
subset J, the remaining cars in the set [n — 1] \ J park to the right of the empty spot. The number of
parking preferences of the cars in J which would result in those cars parking to the left of the empty spot
is given by |IPF,_;(¢)|. Similarly, the number of parking preferences of the cars in [n — 1] \ J which
would result in those cars parking to the right of the empty spot is given by |IPF,,_ (¢)|. Moreover, those
sets of preferences are independent of each other.

Now consider the possible preferences of car n so that it parks in spot z. Car n could prefer spot z
or any of the previous ¢ spots (if they exist) which are to the left of spot z. The only case in which the
previous ¢ spots do not all exist is if z < £ + 1. Thus, we must take the minimum of z and ¢ + 1 to find
the total number of preferences for car n. Note that this choice is also independent of all other choices.

Thus, we find that

-1
1S.| = (:_ 1> -min (2,04 1) - |[IPF._1(£)| - [IPF,,_.(¢)] .
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Summing over all 1 < z < n and reindexing over 0 < x < n — 1, we obtain

n—1

-1

umMm_E:c$>-mmwux+nﬂmum¢mmzlwh
=0

as desired. O

In Table 1, we give data for the cardinalities of the set IPF,,(¢) when 0 < n < 9and 0 < ¢ < 7.
Note that when ¢ = 0, [IPF,,(0)| corresponds to n!, as is expected since IPF,,(0) = &,,. When ¢ = 1,
|IPF,,(1)| corresponds to the Fubini numbers, also known as the ordered Bell numbers (OEIS A000670),
as expected since IPF,, (1) = UPF,, is the set of unit interval parking functions. The remaining OEIS
sequences linked in Table 1 were added to the OEIS by the authors. Moreover, by Remark 3.6, as ¢ gets
larger, the number in the table stabilize.

[An][t]
0 1

23] 4[5 [ 6 [ 7 [ 8 | 9 |
2] 6 | 24 | 120 | 720 | 5040 | 40320 | 362880
3| 13| 75 | 541 | 4683 | 47293 | 545835 | 7087261
3|16 | 109 | 918 | 9277 | 109438 | 1475691 | 22386070
3|16 | 125 | 1171 | 12965 | 166836 | 2455121 | 40675881
3
3
3
3

16 | 125 | 1296 | 15511 | 212978 | 3321091 | 58196400
16 | 125 | 1296 | 16807 | 245337 | 4023383 | 73652251
16 | 125 | 1296 | 16807 | 262144 | 4520825 | 86239758
16 | 125 | 1296 | 16807 | 262144 | 4782969 | 95217031

~| O\ N KW DN —
el el el el e e

Tab. 1: Cardinalities of the set IPF,,(¢) for 0 < n < 9and 0 < ¢ < 7, added by the authors to OIES as sequence
A365623.

3.3 (—interval rational parking functions

Let m,n € N* such that m > n and let £ € N. We now consider the (-interval rational parking functions
a € IPF,, ,,,(¢), which are rational parking functions where every car parks at most £ spots away from its
preferred spot. We generalize Theorem 3.7 as follows.

Theorem 3.8 Ifm,n € NT withm > nand £ € N, then

z—1

IPF 0 (0)] =

-1
(" B ) NPF 1 tms(0)] - F k),
z=1 k=0

where
k

P =3 (}) - @uin(e. 1) + 1) (PP, p2(0)] - [PTLO)

L=0

Proof: We proceed as in the proof of Theorem 3.7 and assume that the last car parks in spot z. There are
m > n parking spots where n is the number of cars. If car n parks in spot z, thereare 0 < k < z — 1
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cars parked to the left of spot z and the remaining n — 1 — k cars park to the right of spot z. There are
(”;1) ways to select the cars that park to the left of spot z. Before proceeding with the count, we need to
consider that the preference of car n which parks in spot z is dependent on the number of contiguous cars
which occupy spots immediately to the left of spot z, as then car n could prefer some of those parking
spots. Let L be the number of cars parked immediately to the left of spot z (from the k cars parked
somewhere to the left), with the previous spot empty. Note 0 < L < k and those cars occupy spots
z—L,z—L+1,...,2—1,and spot z — L — 1 is empty. From the k cars which parked to the left of
spot z, we must select L, which we can do in (E) ways. The L cars can have [IPF (¢)| = |IPFL(¢)]
possible preferences so as to park in the spots required. Then the remaining & — L cars must park in spots
1,2,...,2 — L — 2, as we must leave spot z — L — 1 empty. Those cars can have |IPFy_1 ,_1_2(¢)]
preferences. To ensure car n parks in spot z, we note that the possible preferences depend on both ¢ and
L. Namely, car n can have min(¢, L) + 1 preferences. Hence, the number of ways to park & cars to the
left of spot z so as to satisfy all of these conditions, and so that car n park in spot z, is given by

k
(n; 1) (Z (ﬁ) -(min(€, L) +1) - [PFx—p 21 -2(0)] - |IPFL(£)|> '
L=0

Next we consider the cars that park to the right of spot z. Note that those cars are predetermined by the
choice of the cars which park to the left of spot z. Namely, we need not select them, they simply are the
complement of the choice of the k cars which parked to the left of spot z. Those n — 1 — k cars park in
spots z + 1, z + 2, ..., m, hence the number of parking preferences is given by |IPF,,_1_ m—.(¢)|.

Now we must sum over 0 < k < z — 1 and over 1 < z < m which yields the desired formula. |

4 Nondecreasing /—interval rational parking functions

In this section, we give recursive formulas to enumerate the set IPF,TWZ(E) consisting of nondecreasing
{-interval rational parking functions. This enumeration relies on having some empty spots after cars have
parked, and thus requires the restriction that there are more spots than cars. The case in which the number
of cars equals the number of spots is treated separate and in connection to enumerating Dyck paths.

As before, we simplify notation and let IPF,TW(E) = IPF] (¢) when we have the same number of cars
as parking spots.

Utilizing the outcome map for rational parking functions (Definition 3.1), we can count nondecreasing
{-interval rational parking functions as follows.

Theorem 4.1 Let m,n € N* withm > nand ¢ € N. Then

m—n

IPE], . (0)] = > | | L S (4]
Z={z1<22<"<Zm—n}C[m] i=1

where |IPF}(0)] = 1.

Proof: Given that the preference lists are elements in [m]™ and are nondecreasing, the outcome map
consists of m — n zeros and the values in [n] appear in sequential order from left to right. Thus each
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subset Z of [m], with size m — n, gives a choice of indices where the zeros in the outcome map appear.
Then each car must prefer a spot in [m] \ Z to achieve the correct outcome.

More precisely, fix Z = {z1 < 20 < *++ < zZm—n} C [m]. We now count the preferences of the n
cars by considering the preferences of cars that park in consecutive spots. The number of cars parking
in consecutive spots is determined by the set Z. Namely, for each i € [m — n], the value z; — z;-1 — 1
(where zp = 0) accounts for the number of cars parked between zeros at position z;_; and z;.

Since the tuple is nondecreasing, we know the cars all park in sequential order on the street. Thus,
the preferences for the cars is the product of the number of nondecreasing /-interval parking functions on
parking lots with sizes given by the values z; — z;_1 — 1 foreach ¢ € [ — n].

Therefore, the total number of elements in IPF;_’n(K) is given by

m—n

[IPF], ., (0)] = > | L A ]
Z={z1<22<"<zZm—n}C[m] =1

Note that whenever z; = z_1 + 1, then |IPF] (0)| = |IPF{(£)| = 1 accounting for the empty

Z»;—Z»;—l—l
preference list. O
Note that Theorem 4.1 only works whenever m > n, as it requires the existence of a set of size m — n.
Hence, we now consider a classical bijection between parking functions and Dyck paths to give another
formula for |IPFL)m(€)| in both cases when m > n and m = n.

4.1 A connection to lattice paths

In light of the results presented in the previous section, we now connect our work on nondecreasing
{-interval parking functions with lattice paths.

Remark 4.2 It is well-known that nondecreasing parking functions of length n are in bijection with Dyck
paths of length 2n, which are counted by the nth Catalan number C,, = —L (2") see OEIS A000108.

ntil\n
This implies that |PF}| = C,,.

Inspired by Remark 4.2, we establish a bijection between IPFIL (¢) and Dyck paths of length 2n with a
maximal height ¢ + 1. Before doing so, we provide the following definitions and notation.

Definition 4.3 Recall that a Dyck path of length 2n is a lattice path from (0,0) to (n,n) consisting of
(1,0) and (0, 1) steps, respectively referred to as east and north steps, which lie above the diagonal y = x.
We let D,, denote the set of Dyck paths of length 2n. A Dyck path of length 2n is said to have height k if
all steps lie on or between the lines y = x and y = x + k, and at least one step touches the line y = x + k.
We let DY denote the set of all Dyck paths with length 2n and height at most k.

Remark 4.4 In the n x n lattice, step k of the Dyck path refers to entry wy, in the Dyck word associated
to w, which we define shortly. Note that the height of a Dyck path at step k is the number of North steps
minus the number of East steps in its first k steps. Moreover, the height of a Dyck path is its maximum
height over all of its steps.

Following Armstrong et al. (2016), we recall that Dyck paths can be encoded via a Dyck word of length
2n consisting of n letters IV, representing north steps, and n letters F, representing east steps, satisfying

1. the word begins with NV, and
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2. at every step the number of north steps is greater than or equal to the number of east steps.

In Figure 4, we provide two Dyck paths (as lattice paths) and their corresponding Dyck words. Note
that D; € D2, while Dy € D3.

D, = NENNENEENNEE Dy = NNNEENENENEE
Fig. 4: Examples of two Dyck paths and their corresponding Dyck words.

We now recall the classical bijection between Dyck paths and nondecreasing parking functions.

Definition 4.5 Let ¢ : D, — PF;FI be defined as follows: If w = wjws - --way, is the Dyck word
corresponding to the Dyck path D € D, then o(w) = (a1, az, ..., ay), where for each i € [n], we set a;
equal to one more than the number of east steps appearing to the left of the ith north step in w. Namely,
for each i € [n], if N(2) is the position of the ith north step in w, then

a;=14+|{j : § <N(@)and w; = E}|.

We illustrate the bijection in Definition 4.5 through the following example.

Example 4.6 We illustrate the map ¢ : D, — PF;[ of Definition 4.5 below:

o(NNNNEEEE) = (1,1,1,1), o(NNNENEEE) = (1,1,1,2),
o(NNNEENEE) = (1,1,1,3), @(NNENNEEE) = (1,1,2,2),
o(NENNNEEE) = (1,2,2,2), @(NNENENEE) = (1,1,2,3),
o(NNNEEENE) = (1,1,1,4), o(NENNENEE) = (1,2,2,3),
o(NNEENNEE) = (1,1,3,3), @(NNENEENE) = (1,1,2,4),
o(NNEENENE) = (1,1,3,4), o(NENNEENE) = (1,2,2,4),
o(NENENNEE) = (1,2,3,3), @(NENENENE) = (1,2,3,4)

Theorem 4.7 The sets IPFL (¢) and DEFY are in bijection.

Proof: We have that D51 C D, and IPF} (¢) C PF] for any £ > 0. Since ¢ : D, — PF] isa
bijection, we know that ¢ restricted to D51 bijects onto its image ¢(D%1). Hence, it suffices to show
that p(DET1) = IPF] (£). We prove this by showing both set containments:

1. o(D4Y) C IPF! (), and
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2. IPF] (£) C (D4,

For (1). Let D € D%+ with corresponding Dyck word w. Assume, for sake of contradiction, that in
o(w) there exists a car j € [n] (which is the first such car) parking further than ¢ spots away from its
preference a;. Recall that since ¢(w) is nondecreasing and a parking function, we must have a; < j,
as a; > j would imply the existence of a gap in the street and not all cars would park. Since p(w) is a
nondecreasing parking function, we know car j must park in spot j. However, by assumption

j—a; >0+1, (6)

as car j with preference a; parked further than £ spots from its preference. By definition of ¢, we know
a; =1+ |{z : £ < N(j) and w, = E}|. In what follows, let [{z : z < N(j) and w, = E}| = #E.
Replacing a; with #E + 1 in Equation (6) yields

J—#E-1>0+1. @)

At this point in w, we have taken j many NN steps and the height of our Dyck path at step j + #FE is
#N — #E. From inequality (7), this means that # N — #F —1 > ¢+ 1, which implies that #N — #FE >
¢ + 2. This contradicts that the height of this Dyck path is at most £ + 1. Therefore, ¢(w) € IPF] () as
desired.

For (2). Let o = (a1, as, . ..,a,) € IPF! (¢) C PF!. Then a; < a;,1 forall i € [n] and (as the cars
park in order 1 to n) we have that i — a; < ¢. For each i € [n], let

Bi=1|{j € [n]:a; =1}|
For each B; construct a subword consisting of | B;| north steps followed by an east step and denote it

z;=N---NE,
———

|Bi|
If B; = (0, then z; = E. We now construct w by concatenating x1, 2, - . . , Z, S0 that
W= T1To " Ty (8)

We now claim that:
(i) w is a Dyck word corresponding to a Dyck pathin D,
(ii) p(w) = a, and
(iii) w is a Dyck word corresponding to a Dyck path in D/ +1.

For (i): We need to check that w has length 2n, and that for any ¢ € [2n], there are more N (north steps)
than E east steps in wy - - -w;. Note that >_"" | |B;| = n means that w has n north steps IV, and for
every i € [n] we have inserted a single east step F. Thus w has length 2n. Moreover, given that « is an
{-interval parking function, it is a parking function, and hence w satisfies #N — #E > 0 at every step.
Thusw € D,,.
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For (ii). Given w as in Equation (8), define
a;=1+1{j €[2n]:j < N(i)andw; = E}|.

We claim a; = o for all ¢ € [n]. Let b; = |B;| for all i € [n]. The number of 1 entries in « is b;. Hence,
for 1 < 5 < by, the number of East steps preceding the jth North step is exactly 0. Thus a} =14+0=1
whenever 1 < j < by. Therefore a; = a;- forall 1 < j < b;. Now consider m = ap, 41 > ap, = 1. Inw
we have inserted m — 1 east steps F into w before the first IV is inserted from 5,,. However,

ap 1 =1+{je2n]:j <Nl +1)andw; = E}| =14 (m —1) =m = ap, 41,

as desired. Iterating this process for the remaining blocks B,,11,...,B,, yields that a; = a;- for all
remaining indices b1 + 1 < j < n.

For (iii). It now suffices to note that from part (1) in this proof, we have shown by contradiction that if
w does not correspond to a Dyck path with maximum height £ 4 1, then ¢(w) cannot be in IPF],(¢). O

The enumeration of Dyck paths based on their exact height is well-known (OEIS A080936) and is
credited to Grossman (1950), although we were unable to access the article to confirm this. Thanks to a
comment from Emeric Deutsch posted on OEIS A080936 we found the following: By (Kreweras, 1970b,
Page 37-38) the number of Dyck paths with semilength 2n and height at most %, denoted H (k), is given

by
=i ().

which is the coefficient of ¢* in the generating function fi(t)/fr+1(t), where fo(t) = fi(t) = 1 and
fe+1(t) = fr(t) —t - fr—1(t). Note that the recurrence relation for the polynomials fy(¢) was given in
(Kreweras, 1970b, Page 36, Equation 14).

Given the bijection between nondecreasing ¢-interval parking functions of length n and Dyck paths of
semilength 2n with height at most ¢ + 1, and Equation (9), we arrive at the following result.

Corollary 4.8 For k > 0, the number of nondecreasing {-interval parking functions of length n is H (£ +
1), as defined in Equation (9).

We can extend this result naturally to ¢/-interval rational parking functions, which are in bijection with
rational (n,m)-Dyck paths (see Ceballos and D’Le6n (2019) for an overview of rational Dyck paths
and other Catalan objects, and see Christensen et al. (2020) for a relationship between k-Naples parking
functions and k-lattice paths). Let us continue with some definitions and notation.

Definition 4.9 Recall that a (n, m)-Dyck path of length n + m is a lattice path from the origin (0,0)
fo the lattice point (m,n) consisting of (1,0) and (0,1) steps, respectively referred to as east and north
steps, which lie above the diagonal y = -x. We let D,, ,,, denote the set of Dyck paths of length n + m.

Definition 4.10 Given an (n, m)-Dyck path with corresponding word w = wiws . . . Wy 4m, the height of
w at step 1 < i < n+ m, is define by
hi)=9#{j:j<iandw; =N} —#{j: j <iandw; = E}.

Then the height of w is
h(w) = max h(i).

1<i<n+m

We let sz,m denote the set of all (n, m)-Dyck paths with length n + m and height at most k.



Interval and {-interval rational parking functions 15

Example 4.11 Figure 5 gives an example of a rational (5, 8)-Dyck path whose height is 2.

-
-

Fig. 5: A (5, 8)-Dyck path with word NENNEEENENEEE with height 2.

Definition 4.12 (Pages 761-762 in Ceballos and D’Leén (2019)) Let ¢ : D, ,, — PFILm be defined
as follows: If w = wiws - - - Wy, is the Dyck word corresponding to the Dybk path D € D,, ., then
o(w) = (a1,az,...,an), where for each i € [n], we set a; equal to one more than the number of east
steps appearing to the left of the ith north step in w. Namely, for each i € [n], if N(¢) is the position of
the ith north step in w, then

a; =1+ {j : j <N(i)and w; = E}|.
Example 4.13 (Example 4.11 continued) Observe

¢(NENNEEENENEEE) = (1,2,2,5,6) € PF} .

As expected, the function ¢ : D,, ,, — PFZ_’m is a bijection, and we omit the proof as it is analogous
to that of the case where n = m. We now focus on the following result.

Theorem 4.14 The sets IPFIMm(ﬁ) and DLYL are in bijection.

Proof: If n = m, the result is proven in Theorem 4.7. If n < m, we will use a similar argument as in
Theorem 4.7 to show that ¢ from Definition 4.12 applied to any D € D%*! will yield a preference list
of n cars parking on m spots, each car j displaced by at most ¢ spots from its preference a;. First, we
show that p(DAFLY) C IPFIL,m(Z)- Let D € D% L with corresponding word w. Assume there exists a car
j € @(w), such that j — a; > £ + 1. As in the proof of Theorem 4.7, this would imply that the height of
D is greater than ¢ + 1, contradicting D € fo,}t

To complete the proof it suffices to show that IPF! (¢) C o(D%1). The proof of this follows by an
analogous argument as that presented in part (2) within the proof of Theorem 4.7. The only difference is
that in the construction of the word w in Equation (8) there are n north steps and m east steps and the
Dyck path has height at most £ + 1. O

We were unable to find an enumeration of (n, m)-Dyck paths based on their height. It remains an open
problem to give a closed formula for the set of nondecreasing ¢-interval rational parking functions.
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4.2 The members of IPF] (¢) that are also Fubini rankings

We now consider the intersection of nondecreasing ¢-interval parking functions which are also Fubini
rankings (Definition 2.3). The motivation for considering these sets is the recent work of Elder, Harris,
Kretschmann, and Martinez Mori, who enumerated unit Fubini rankings which are unit interval parking
functions of length n that are also Fubini rankings. They established the following enumerative result
(Elder et al., 2023a, Theorem 3.3).

Theorem 4.15 The number of unit Fubini rankings on n competitors is given by the Fibonacci number
Fri1, where F 1 = F,, + F—1 for n > 3 with initial values Iy = 5 = 1.

Following that naming convention, we henceforth, refer to ¢-interval parking functions of length n which
are also Fubini rankings as ¢-interval Fubini rankings. We let FR,,(¢) denote the set of ¢-interval Fubini
rankings with n competitors and we let FR] (¢) denote the subset of FR,,(£) with nondecreasing entries.
We now provide an analogous enumerative result for the /-interval Fubini rankings, which are enumerated
by generalizations of the Fibbonacci numbers.

Theorem 4.16 Ifn € Nt and ¢ € Nwith { + 1 < n, then

J4
[FRL(O] = Y [FR] .1 (0)],
x=0

where |[FRo(£)| = 1.

Proof: To begin note that if n = 0, then FRo(¢) = {()} where () denotes the empty list. Thus |[FRo(¢)| =
1 as claimed. To count the elements of FRIL (¢) we consider the possible ending value a,, which is the
value at the nth coordinate. If 1 < a,, < n — ¢ — 1, then car n would park in spot n (as any nondecreasing
parking function parks the cars in order). This would mean car n parked at leastn — (n — ¢ —1) =¢+1
spots away from its preference, which would mean the tuple is not a ¢-interval parking function. However,
if n — ¢ < a,, < n, then car n would park at most ¢ spots away from its preference.

Now we can count the elements o € FRIL (£) by considering the value a,,. Either a,, is a tie or not. If
it is not a tie then a,, = n, and there are [FR] | (¢)| many possibilities for the values in the first n — 1
entries of a.. If a,, is a tie, then it can tie with at most £ other players, so that there are ¢ 4 1 entries in
« with that tied rank. Note that this ensures that as a parking function, a,, allows car n to park in spot n
which would be at most ¢ spots away from its preference. Now if x is the number of competitors that tie
with a,, (for a total of x + 1 tied competitors), then they all earn rank a,, = n — x + 1. Then, there are
[FR! ___,(¢)| many possibilities for the values in the first n —  — 1 entries of c. Thus, the number of
nondecreasing /-interval Fubini rankings is given by

¢
[FRL(O] =D IFR)_,_,(0)].
=0

d

In Table 2, we give data for the cardinalities of the set FRL () when0 <n <1land0 < ¢ < 6. We
direct interested readers to Miles (1960)).
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[A\n]1]2]3]4]5]6]7]8] 9 ]10]11] OES |
1 11 (2]3|5] 8 |13|21] 34 | 55 | 89 | A000045
13| 24 | 44 | 81 | 149 | 274 | A000073
1529 |56 | 108 | 208 | 401 | AO00078
16 | 31 | 61 | 120 | 236 | 464 | A001591
16 | 32 | 63 | 125 | 248 | 492 | A000383
16 | 32 | 64 | 127 | 253 | 504 | A122189
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Tab. 2: Cardinalities of the set FR}, (¢) for0 <n < 11and 0 < £ < 6.

Remark 4.17 As noted at the start of this section, Elder, Harris, Kretschmann, and Martinez Mori studied
the set FR,,(1) Elder et al. (2023a). They proved that |FR,,(1)| was equal to the number of Boolean
intervals in the weak order lattice of G, (Elder et al., 2023a, Theorem 1.2). It remains an open problem
to determine if there is some correspondence between the set FR,,(¢) and other structures in the weak
order lattice of G,,.

5 Unitinterval rational parking functions and preferential arrange-
ments

The main goal in this section is to establish a bijection between the set of unit interval rational parking
functions with n cars and m > n parking spots and the set of preferential arrangements on [n] with m —n
bars.

5.1 Preferential arrangements

Let n € N. A preferential arrangement on [n] is a tuple in [n]™ giving an ordered ranking of its elements.
Numbers tied in rank appear adjacent to each other and form a block. Parenthesis denote separate blocks
in ascending order of rank from left to right. The rank of a block (and that of its elements) is one plus the
number of elements in blocks to the left of it. The order of elements within a block does not matter. For
notational convenience, we write them in ascending order.

Example 5.1 The preferential arrangements of [3] are

(1)(2)3).  2)M)B),  2)B3) (1), BG)2)1),  B)(1)2). MEB)2), (12)3)
(13)(2),  (3)(12)., (23)(1), (1)E23). (2)(13) and (123).

Gross (1962) defines preferential arrangements as the number of ways n distinguishable objects can
be distributed into r distinguishable boxes where r varies 1 < r < n. Now recall that Fubini rankings
are rankings of n competitors in which ties are allowed (Definition 2.3). There is a bijection between
preferential arrangements and Fubini rankings, which we prove next in Theorem 5.2.

Theorem 5.2 Let n,r € Z4 and let FR,, , denote the set of Fubini rankings with n competitors and
r-distinct ranks, similarly let PA,, ,. denote the set of preferential arrangements of n objects into r boxes,
labeled and placed in order B1Bs -+ - B,.. If a = (a1,0a2,...,a,) € FRy, ., thenlet I(k) = {i € [n] :
a; = k}. The function ¢ : FR,, , — PA,, , where () = B1 B2 B3 - - - B, where the content of Bj is
given by I1(j) is a bijection.
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Proof: Note the function is well-defined as o € FR,, ,- then « consists of n indices whose values are be-
tween 1 and n, and there are exactly r distinct numbers present in «. This implies ¢ () places all indices
with the rank & into box By. The result arranges the n distinguishable objects (namely the numbers in
[n]) into the r boxes.

For injectivity: Let (o) = ¢(8) and assume for contradiction that « = (a1, as9,...,a,) # =
(b1,ba,...,by). Leti € [n] be the smallest index at which a; # b;. Then i is in B, in ¢(a), while i is in
By, in (). A contradiction, as we assumed that p(«) = ().

For surjectivity: Let By Bs - - - B, € PA,, .. We construct a tuple in [n]™ as follows: If i € By, then set
a; = 1. Ifi € Bjwith1 < j < r, thenseta; = 1+ 1_}|By|. Leta = (ay,as,...,a,). Claim:
a € FR,, ;. First note that « has length n as Z;Zl |B;| = n. By construction, the tuple « has precisely
r distinct values i.e.,  ranks. We need to show that the ranks in « satisfy the needed condition for a
Fubini ranking. Note that there are | B;| entries in o with value one. Then the next rank appearing in «
is precisely 1 + | By |, accounting for the fact that | By | competitors tied for rank one. Note that then rank
1+ |Bs| appears in « at index i whenever ¢ € Bs. Continuing in this fashion, we then guarantee that all r
ranks are utilized and that no ranks are skipped. Thus « is a Fubini ranking, as claimed. It suffices to show
that o(a) = By B3 - - - B, By definition, all the elements of « in I(1) will be placed in B;. Similarly, if
x is the next available rank in «, all the elements with rank = will be placed in Bs, repeating this process
for each of the r available ranks ensures that ¢(a)) = B1Bs - - - By, as claimed. O

Corollary 5.3 The set of preferential arrangements on [n] is in bijection with the set of Fubini rankings
with n competitors.

Proof: Given that PA,, = U’_,PA, , and FR,, = U’_,FR,, ,, and the fact that the function ¢ in
Theorem, 5.2 preserves the number of distinct ranks/boxes, we have that ¢ : FR,, — PA,, defined
analogously as in Theorem 5.2 is also a bijection. a

Example 5.4 We continue Example 5.1 and illustrate the bijection from Theorem 5.2 below.

((1,2,3)) = M2)B),  #((2,2,1)) = (3)(12),

e((2,1,3)) = (2)(1)(3).  ¢((3,1,1)) = (23)(1),
e((3,1,2)) = (2)(3)(1),  »((1,2,2)) = (1)(23),
e((3,2,1)) = (3)(2)(1),  »((1,3,1)) = (13)(2),
e((2,3,1)) = (3)(1)(2),  ¢((2,1,2)) = (2)(13),
e((1,3,2)) = (1)(3)(2),  ¢((1,1,1)) = (123),
90(( 7173)) = (1 2)(3)'

Theorem 5.2 and Theorem 2.2 imply the following result.
Corollary 5.5 Ifn > 1, then |PA,,| = Fub,, the nth Fubini number (OEIS A000670).

5.2 Unit interval rational parking functions and barred preferential arrange-
ments

From Bradt et al. (2024), we know that the set of Fubini rankings are in bijection with the unit interval
parking functions. In Theorem 5.2, we establish that Fubini rankings are also in bijection with preferential
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arrangements. Thus, preferential arrangements are in bijection with unit interval parking functions. In fact
more is true. In this section, we establish that unit rational parking functions are in bijection with barred
preferential arrangements.

Barred preferential arrangements were first introduced by Ahlbach et al. (2013) and have been also
studied by Nkonkobe et al. (2020) and they are a generalization of preferential arrangements, which we
define next.

Definition 5.6 (Barred Preferential Arrangements) Consider a preferential arrangement ¢ € PA,, and
let b € N. Separating the blocks of q with a total of b bars results in a barred preferential arrangement.

Note that every way of inserting b bars into ¢ (or into any preferential arrangement) yields a barred
preferential arrangement. We denote the set of all barred preferential arrangements on [n] with b bars by
BPA(n,b).

Example 5.7 Letn = 2. The elements of PAy are (12), (1)(2), and (2)(1). Let b = 2. Then the elements
of BPA(2,2) are

o The preferential arrangement (1 2) results in three barred preferential arrangements:
12, (@2, (12
* The preferential arrangement (1)(2) results in five barred preferential arrangements:
mE), 1MW),  ON), oI5 O, [(OE)-
* The preferential arrangement (2)(1) results in five barred preferential arrangements:

2@, 1@,  @NIw,  @IWL - @Ol (@A)

Thus, there are |BPA(2,2)| = 3 + 6 + 6 = 15 barred preferential arrangements of [2] with two bars.

We now extend the definition of unit interval parking functions to the case where there are possibly more
spots than cars.

Definition 5.8 Let n,m € NT. We define the set of unit interval rational parking functions with n cars

on m > n spots where all the cars park at most one spot away from their preference. We denote this as
IPF,, . (1).

We now illustrate a correspondence, that we prove shortly, between barred preferential arrangements
and unit interval rational parking functions.

Example 5.9 We can associate a unit interval rational parking function to the barred preferential ar-
rangement

q=(2)(35)(1) | (4) € BPA(5,3)

by letting both the parentheses and the bars denote the blocks. Parentheses denote nonempty blocks,
while bars denote empty blocks. We then number these blocks from left to right. In this case there would
be a total of 7 blocks: By = (2), By = |, Bs = (35), B4 = (1), Bs = |, Bs = |, Br = (4).
We let | B;| be the number of elements in the block, when B; = |, we define |B;| = 1. Then for any
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element i € [5] in a nonempty block B; with 1 < j < 7, we let a; = 1 + Zi;ll |Bi|, and we let
a = (a1,a2,as3,a4,as5). Note this is an analogous construction to the map defined in Theorem 5.2.
Thus, the unit interval rational parking function corresponding to the barred preferential arrangement q

s = (5, 1,3,8, 3) S IPF578(1)
We can now state and prove the main result of this section.

Definition 5.10 (Definition 2.7, Bradt et al. (2024)) Given a parking function o« = (aq, . ..,a,) € PF,,

leta/ = (a},...,al) be the weakly increasing rearrangement of . The partition of & as a concatenation
o = mi|ma| - |Tm, where T; begins at (and includes) the jth entry o satisfying o, = 1, is called the

block structure of . Each m; is called a block of a.

Under the correspondence between parking functions and Dyck paths, we remark that the start of each
block in the block structure of «, corresponds to a return to the diagonal in the Dyck path.
In the case of unit interval parking functions, the block structure has the following structure:

Corollary 5.11 (Corollary 3.1, Elder et al. (2023a)) Ler « € UPF,, and by |ba| - -+ | by, be its block
structure. For each j € [m), let i; be the minimal element of b;. Consider any j € [m — 1]. If |b;| = 1,
thenb; = (i;) andij41 = ij + 1. Otherwise, if |b;| = 2, then b; = (i;,4;) and ij11 = i; + 2. Otherwise,
|bJ| Z 3, bj = (ij,ij,ij + 1,ij + 2, AN .,ij + |bj| - 2) andij+1 = ij + |bJ|

bj|—2 terms
This definition generalizes to rational parking functions.

Definition 5.12 Let o € IPF,, ,,,(1) let o/ = (a},d},. .., ay) be its weakly increasing rearrangement.
We define the rational block structure of o as follows: w1 = a‘jay - --a), provided that ay = ay, a)j =
a1 +j—2forall 3 < j < kandapyr > ar + k — 2. Then my begins with aj_ ,, and is defined
analogously. Constructing all of the blocks in this way yields the block structure of o which we denote

M ToTs - + - Ty, fOr some integer v > 1.

Observe that we can then utilize Definition 3.1 of the outcome map to determine which spots remain
empty once the cars park.

Example 5.13 Consider the unit rational parking function o = (5,1,3,8,3,8,9) € IPF7 19(1), which
has rational block structure
™ = 1, T2 :33, T3 = 5, Ty = 889.

Now note that the outcome

O(a) = (27 07 37 57 17 07 07 4’ 67 7)
implies that spots 2,6, 7 remain empty.

We now define a map that uses the outcome and the rational block structure of a unit rational parking
function to construct a barred preferential arrangement.

Definition 5.14 Let n,m € Nt with m > n and let « € IPF,, ,,,(1) with rational block structure
mi7e - - - . Let |w;| denote the number of values in ; for all i € [r]. Let O(a) = (b1, ba, ..., by,) be the
outcome of o (Definition 3.1), noting that there will be m — n instances of zero in O(«). We define the
map

¥ IPF,, 1 (1) — BPA(n,m — n)
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for a € IPF,, 1, (1) with outcome O(«), construct a barred preferential arrangement through the follow-
ing steps:

1. Omit the parentheses and commas from the outcome O().

2. Replace all zeros with bars, which yields a word with letters 1,2, ..., n appearing exactly once and
with m — n bars interspersed.

3. Begin at the left of this word and place |1 | values in a set of parenthesis. Then place the next ||
values in a set of parenthesis. lIterate this process, for all i € [r], until all values have been placed
within a set of parenthesis.

Denote the result of this process by ¥(«).

Example 5.15 (Example 5.13 Continued) Recall that o = (5,1, 3,38, 3,8,9) satisfies
O(a) =(2,0,3,5,1,0,0,4,6,7),
and has rational block structure
m =1, mo =33, m3 =5, ™y = 889.

Then by Definition 5.14 we arrive at the following after each step:

1. 2035100467,

2. 2|351||467, and

3. (2)[(35)(1)]](467).

Thus,
da)=1(2)](35)(1) || (467) € BPA(T7,3).

Remark 5.16 Note that the rational block structure of a unit interval rational parking function o gives
information about the parking outcome. Namely, cars with preferences lying within the same block of o
consist of a sequence of parking preferences which ultimately park in consecutive order on the street, with
the first car parking in their preference and all subsequent cars being displaced by precisely one unit.
Note that the sum of sizes of the blocks is precisely n, and n is also the number of nonzero entries in the
outcome of a. So in Step 3 of Definition 5.14, we will be able to partition the n numbers from left to right
using the sizes of the blocks. Now suppose that under the map ¥, a bar is placed lying within a set of
parenthesis. This would imply that there was a block of cars with preferences aa(a+1) -+ - (a+ j), yetin
the outcome a spot among spots numbered a through a+ j+ 1 would be empty. This yields a contradiction
as cars with those preferences would have all parked in those spots. Therefore 9 places all bars outside
of all parenthesis, which ensures that the map and ¥ returns a barred preferential arrangement.

Theorem 5.17 For any n,m € N. The map ¥ : IPF,, ,,(1) — BPA(n, m — n) from Definition 5.14 is a
bijection.
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Proof: Well defined: Note that the process defining the map ¥ produces a barred preferential arrangement
since the outcome of any unit rational parking function will list every element in the set [n] exactly once,
all m —n instances of the value 0 become a bar, parenthesising using the sizes of the blocks in the rational
block structure of o, and noting (Remark 5.16) that no bars ever lie within a set of parenthesis, ensures
that ) produces a preferential arrangement. Thus, satisfying all requirements for (<) to be an element of
BPA(n, m — n), as desired.

Injective: Let o, 8 € IPF,, ,,,(1) and « # 5. We have the following cases: either @ and § have different
outcomes or the same outcome.

1. If o and 8 have different outcomes, then neither barring or parenthesization would produce the
same barred preferential arrangement. Therefore 9(«v) # 9(8).

2. Assume « and (8 have the same outcome. In this way step 1 yields the same word. Step 2 yields
the same barred word. And now we must consider the rational block structures of «, denoted
w7y - - -, and 3, denoted Ty 7 - - - 75. If 7 # s, then this implies that the parenthesization of step
3 would yield distinct barred preferential arrangements. Thus, ¥(«) # ¥(3). Further suppose that
r = s. If there exists a ¢ € [r] such that |m;| # |7;|, then again the parenthesization of step 3 would
yield distinct barred preferential arrangements. Implying, that J(«) # 9(3). Thus we must further
suppose that |7;| = |7;| forall ¢ € [r]. We now claim that in fact 7; = 7; for all ¢ € [r]. Suppose that
this is not the case and let j be the smallest index at which 7; # 7;. By construction of 7; and 7;, we
know that if 7r; # 7; then they must begin with a different value. Without loss of generality, assume
that min(7;) > min(7;). This implies that under « a car parks at spot min(7;). On the other hand,
based on the block structure of o and 8 matching up to the jth block, and min(7;) > min(n;),
implies that under 5 no car occupies spot min(7;). This contradicts the fact that O(a) = O().
Together this shows that ¢(«) # ¥(3), as desired.

Surjective: Let ¢ € BPA(n,m — n). Immediately from ¢ we can read off the outcome of a rational
parking function. Namely, removing the parenthesis from g, replacing bars in w with zeros, and plac-
ing commas between all values yields an outcome vector. Call this vector z(q) = (x1,Z2,...,Zm).
Moreover, let Z(q) denote the set of indices at which x(q) has zeros.

We construct the unit interval rational parking function «, as follows: For any ¢ € [n], define index(7)
as the index in which the value i appears in z:(¢). For all ¢ € [r], let m; = index(min(B;)), that is the
index at which the minimal value of a block appears in z(q).

Fix 4 and let B; be the unique block which contains 7. Then let

{mjifz' is the first entry in B;
a; = ’

m; + y — 2if 4 is the yth entry in B;.

Leta = (a1,a2,...,a,).
To finish the surjective proof, we must establish the following claims:

1. a € IPF,, (1),
2. O(a) = z(q), and
3. 9(a) =q.
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For (1): Note that o € IPF,, ,,,(1) because by construction its block structure satisfies the requirements
of Definition 5.12.

For (2): First we consider the outcome of «. If a; = m;j, meaning ¢ is the first entry in B;, then car %
parks in spot m;. To show that O(a) = z(q) we establish two things: both O(«) and x(g) have zeros at
the exact same indices, and then we establish that they both have the value i € [n] at the same index.
Claim 1: No car parks on a spot in Z(gq) under «.

This claim holds because to begin with we only define a; on the set of indices i € [m] \ Z(¢q). Hence
O(«) has zeros precisely at Z(q).

By Claim 1, we know that O(«) and z(q) have zeros at the exact same set of indices, denoted by Z(q).
Hence, we need only consider indices with nonzero values. Moreover note the remaining nonzero entries
in O() and z(g) consist of the values in the set [n]. Fix ¢ € [n]. It suffices to show that the value 4
appears in the same index in both O(«) and z(gq). Suppose that a3, = 4, that is i appears as the kth entry
in z(q). Note that a; is the preference of the ith car in a. By construction, there are two options for the
value of a; depending on whether it is the first entry in a block or a further along entry in a block. We
consider each case separately.

* Assume i is the first value in B;. Then a; = index(min(B;)). In this case car i is the first car (and
possibly the only car) with this preference. Implying that car ¢ parks in spot index(min(B;)). This
establishes that value ¢ appears in index(min(B;)) in O(«).

Now observe that since ¢ is the first entry in B; of ¢, then min(B;) = ¢ and hence index(min(B;)) =
index(i) = k. Thus value ¢ appears as the kth entry in both O(«) and z(q) as desired.

* Assume 1 is not the first value in Bj, but the yth value, with y > 2. Thena; = m; +y — 2 =
index(min(B;))+y—2. Note that by construction of e, car ¢ parks in spot index(min(B;))+y—1.
Thus ¢ appears as entry index(min(B;)) +y — 1 in O(«). Now lets consider the index at which
i appears in x(q). By assumption, ¢ appears as the yth entry in block B,. Thus, i appears as entry
index(min(B;)) +y — 1 in z(q).

For (3): using (1) and (2), all that we need to check is that the parenthesization of O(«) will produce g.
Let the rational block structure of o be 773 - - - 7. Reindex the nonbar boxes of ¢ by By, B, ... Bs.
In fact r = s, since by construction of «, each m; was constructed to have size B; (under the reindexing).
Now we put all the steps above together. Since O(a) = x(q), steps 1 and 2 ensure we have a barred
preferential arrangement in BPA(n, m — n). Then we add parenthesis satisfying |7;| = B; for all i € [r]
and so step 3 yields precisely the parenthesization of ¢q. Therefore, J(«) = gq. |

We conclude with some enumerative consequences of Theorem 5.17 and the work of Ahlbach et al.
(2013).
Theorem 5.18 (Ahlbach et al., 2013, Theorem 2) If m > 1, then

m—n

1 ,
[TIPF,, 1 (1) = P Fep ; s(m—n+1,i+ 1) [IPF, (1) (10)
s(n, k) is the unsigned Stirling number of the first kind (the number of permutations of n elements having
k cycles).



24 T. Aguilar-Fraga et al.

Theorem 5.19 (Ahlbach et al., 2013, Theorem 3) If m > 0 and n > 1, then

m—n+k> (11

IPF,, m = ! ,

IPF, (1] = Y- k() (™
k=0

where S(n, k) are Stirling numbers of the second kind (OEIS A008277).

Note that setting m = n in Theorem 11 recovers Theorem 2.2. We conclude with the following illustrative
example.

Example 5.20 In Example 5.7, we showed that BPA(2,2) = 15. Theorem 5.17 implies that |IPF3 4(1)| =
15. Using Theorems 5.18 and Theorem 2.2, we confirm

[IPF2,4(1)] = 53 (5(3,1) - [TPFa(D)] + 5(3,2) - [IPF5(1)] + 5(3,3) - [PF (1))
= %(2-3+3-13+1-75)
= 15.
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Two k-ary Fibonacci recurrences are ax(n) = ap(n—1) +k-ar(n—2) and by (n) = k- bp(n —1) +bp(n—2). We
provide a simple and direct proof that a(n) is the number of k-regular words over [n] = {1,2,...,n} that avoid
patterns {121,123, 132, 213} when using base cases ax(0) = ax(1) = 1 for any k > 1. This was previously proven
by Kuba and Panholzer in the context of Wilf-equivalence for restricted Stirling permutations, and it creates Simion
and Schmidt’s classic result on the Fibonacci sequence when & = 1, and the Jacobsthal sequence when k = 2. We
complement this theorem by proving that b (n) is the number of k-regular words over [n] that avoid {122, 213} with
br(0) = br(1) = 1 for any k > 2. Finally, we prove that |AvZ (121,123, 132,213)| = a1(n)? for n > 0. That is,
vincularizing the Stirling pattern in Kuba and Panholzer’s Jacobsthal result gives the Fibonacci-squared numbers.

Keywords: permutation patterns, pattern avoidance, regular words, uniform permutations, Stirling permutations,
Fibonacci sequence, Jacobsthal sequence

1 Introduction

The Fibonacci sequence is arguably the most famous integer sequence in mathematics, and the term gen-
eralized Fibonacci sequence has been used to describe an increasingly wide variety of related sequences.
Here we consider two families of generalizations involving a second parameter k.

Definition 1. The Fibonacci-k numbers are ar(n) = ax(n — 1) + k- ax(n — 2) with a;(0) = ax(1) = 1.
Definition 2. The k-Fibonacci numbers are by (n) =k - bp(n — 1) + bi(n — 2) with b, (0) = b(1) = 1.

We provide pattern avoidance results for the sequences {ay(n)},>0 and {bx(n)},>0. The objects are
k-regular words meaning that each symbol in [n] = {1,2,...,n} appears k times, and no subword can

have the same relative order as any of the patterns. We let S¥ be the set of k-regular words over [n] and
Avﬁ(m, T2, .., Tm) € SE be the subset that avoids all m patterns. We focus on two families of words.

Definition 3. The Fibonacci-k words of length kn are the words in Avﬁ(l21, 123,132,213) C Sk.
Definition 4. The k-Fibonacci words of length kn, are the words in AvF (122,213) C Sk,

We provide a simple proof that the Fibonacci-k words are counted by the Fibonacci-k numbers for & > 1.
This was previously proven by Kuba and Panholzer (see the C'y case of Theorem 3 in the citation).

ISSN 1365-8050 © 2025 by the author(s) Distributed under a Creative Commons Attribution 4.0 International License
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Theorem 1 (Kuba and Panholzer (2012)). ay(n) = |Av¥ (121,123,132,213)| forall k > 1 and n > 0.

For example, the Fibonacci-2 numbers a,(n) create OEIS® A001045 givenby 1,1,3,5,11,21,43,.. .,
and also known as the Jacobsthal sequence. Its first four terms count the Fibonacci-2 words in (1)—(4).

1= |Av2(121,123,132,213)| = |{e}| (1)
1= |Av2(121,123,132,213)| = |{11}] )
3 = |Av2(121,123,132,213)| = [{1122,2112, 2211} 3)
5 = |Av2(121,123,132,213)| = [{223311, 322311, 331122, 332112, 332211} (4)

Note that 233211 € S3 since it is a 2-regular word over [3]. However, 233211 ¢ Av3 (121,123,132, 213)
since its underlined subword 232 is order isomorphic to the pattern 121. Hence, it does not appear in (4).
Kuba and Panholzer previously proved Theorem 1 in a much broader context involving Stirling permu-
tations (see Section 1.4). Here we provide a simple and direct combinatorial proof. We also complement
their result for Fibonacci-k words with a new pattern avoidance result for k-Fibonacci words. More
specifically, we prove that the k-Fibonacci words are counted by the k-Fibonacci numbers for k£ > 2.

Theorem 2. by (n) = |Av¥ (122, 213)| for all k > 2 and n > 0.

For example, the 2-Fibonacci number sequence {b,, },>0is 1,1,3,7,17,41,99, 239,577, ... (A001333).
Its first four terms count the 2-Fibonacci words over [n] for n = 0, 1, 2, 3 as shown in (5)—(8).

1 =|Avg(122,213)| = [{e}| ®)
1= |AvI(122,213)] = |{11}] (6)
3 = |Av3(122,213)] = |{2112,2121,2211}| (7)
7 = |Av3(122,213)| = |{322311, 332112, 323112, 332211, 323211, 332121, 323121} (8)

Figure 1 provides Fibonacci words of both types for k£ = 3, and illustrates why Theorems 1 and 2 hold.
Readers who are ready to delve into the proofs of our two main results can safely skip ahead to Section 2.
The remainder of this section further contextualizes Theorems 1 and 2 and introduces one more result.

1.1 Classic Pattern Avoidance Results: Fibonacci and Catalan

Theorem 1 provides a k-ary generalization of the classic pattern avoidance result by Simion and Schmidt
involving permutations and the Fibonacci numbers. Their statement of the result is provided below.

Theorem 3 (Proposition 15 in Simion and Schmidt (1985)). For every n > 1,
|Av,,(123,132,213)| = F, 11 9)

where {F}, },>0 is the Fibonacci sequence, initialized by Fy = 0, F; = 1.

When comparing Theorems 1 and 3, note that permutations are 1-regular words, and they all avoid 121.
Thus, Av,,(123,132,213) = Av}(123,132,213) = Av}(121,123,132,213). In other words, the 121
pattern in Theorem 1 is hidden in the special case of & = 1 in Theorem 3. Also note that (9) has off-by-
one indexing (i.e., subscript n versus n + 1) and it holds for n = 0 despite the stated n > 1 bound.

An even earlier result on pattern avoiding permutations is stated below.

@ See the Online Encyclopedia of Integer Sequences (OEIS) OEIS Foundation Inc. (2025) for all sequence references.
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Theorem 4 (MacMahon (1915) and Knuth (1968)). For every n > 0,
|Av,,(123)| = C, and |Av,,(213)| = C, (10)

where {C, }n>0 is the Catalan sequence starting with Co = 1 and C; = 1.

Permutations avoid 122, so Av,,(213) = Av/, (122, 213). Thus, the patterns in Theorem 2 are equivalent
to those in Theorem 4 when k£ = 1. But Theorem 4 is not a special case of Theorem 2, as our new result
only holds when k£ > 2. This gap makes sense as the Catalan numbers do not follow a simple two term
recurrence like ag(n) or by (n), and the 1-Fibonacci words Av?: (122, 213) = Av,,(213) are Catalan words.

1.2 Base Cases: (0,1)-Based or (1,1)-Based

Simion and Schmidt’s result uses the customary base cases of £y = 0 and F; = 1 for Fibonacci numbers.
However, we use base cases of aj(0) = b,(0) = 1 and ax(1) = bx(1) = 1 in our k-ary generalizations.
The distinction between (0, 1)-based and (1, 1)-based sequences can be dismissed as cosmetic for the
Fibonacci-k recurrence ai(n) = ax(n — 1) + k - ax(n — 2) since the resulting sequences 0,1,1,k, ...
and 1,1, k, ... coincide from the first 1. The resulting sequences are indeed shifted by one index relative
to each other, which is important if we want to be sensitive to the off-by-one indexing issue found in (9).
In contrast, the n = 0 term is critical to the k-Fibonacci recurrence by, (n) = k - bp(n — 1) + b (n — 2)
since the (0, 1)-based sequence 0, 1, k, k> +1, ... and the (1, 1)-based sequence 1,1, k+1,k?>+k+1,...
diverge if k > 2. In particular, the well-known Pell sequence {P(n)},>0 (A000129) follows our by (n)
recurrence with P(0) = 0 and P(1) = 1, so it is not covered by our Theorem 2 as it is (0, 1)-based.
Hartung and Williams (2024) found pattern avoidance results for (1, b)-based Pell sequences with b > 2.
With apologies to the Pell numbers, we suggest that (1, 1)-based sequences are more natural, at least in
the context of pattern avoidance. This is due to the unique word of length n = 0 that avoids all patterns,
namely the empty word €. So an n = 0 term of 0 mistakenly counts a singleton set {e} as an empty set ().

1.3 Four Parameter Generalizations beyond k-Fibonacci and Fibonacci-k

As mentioned earlier, there are many different notions of generalized Fibonacci numbers. To better dis-
cuss similar sequences, it is helpful to define the (b, by )-based ki -Fibonacci-ky recurrence as follows,

f(n) =k - f(n—1)+ ks f(n—2) with f(0) = by and f(1) = b;. (11)

The resulting sequence {f(n)},>0 is the (bg, b1)-based ki-Fibonacci-ko sequence. When using these
terms, we omit k; and/or k5 when they are equal to 1. Thus, our Fibonacci-k numbers can be described
as the (1, 1)-based Fibonacci-k numbers, or as shifted (0, 1)-based Fibonacci-k numbers (as per Section
1.2). Likewise, our k-Fibonacci numbers can be described as (1, 1)-based k-Fibonacci numbers outside
of this paper, and they are not equivalent to (0, 1)-based k-Fibonacci numbers when k > 2.

Table 1 collects previously studied (bg, by )-based k;-Fibonacci-ko sequences that are not covered by
our work. For example, the aforementioned Pell sequence is the (0, 1)-based 2-Fibonacci sequence using
our terminology. More generally, the kth-Fibonacci sequences™ in Falcén and Plaza (2007) are the
(0, 1)-based k-Fibonacci sequences from the previous paragraph. When preparing Table 1 we found the
summary in Panwar (2021) to be very helpful. Also note that the same four parameters are used in Gupta
et al. (2012) with their generalized Fibonacci sequences being (a, b)-based p-Fibonacci-q sequences.

() Somewhat confusingly, the title of this well-cited paper is On the Fibonacci k-numbers and it contains a section titled k-Fibonacci
numbers, but the term used throughout the paper is kth Fibonacci sequence. We use the latter in Table 1.
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Name Bases ki1 ko Numbers OEIS Pattern Avoidance
Pell Av,, (123,2143, 3214)
(2nd Fibonacci) 0,1) 2 1 0,1,2,5,12,29,70,169, ... A000129 or AVn(217231,4321)
3rd Fibonacci  (0,1) 3 1 0,1,3,10,33,109, 360,1189, ... A006190
4th Fibonacci  (0,1) 4 1 0,1,4,17,72,305,1292,5473, ... A001076
5th Fibonacci  (0,1) 5 1  0,1,5,26,135,701, 3640, 18901, .
6th Fibonacci  (0,1) 6 1 0,1,6,37,228,1405, 8658, 53353, . A005668
7th Fibonacci  (0,1) 7 1 0,1,7,50,357,2549, 18200, 1299497 .
8th Fibonacci (0,1) 8 1 0,1,8,65,528,4289, 34840, 2830009, ...
9th Fibonacci  (0,1) 9 1 0,1,9,82,747,6805,61992, 564733, ... A099371
Mersenne (0,1) 3 -2 0,1,3,7,15,31,63,127, ... A000225 Avn(2i, 132,213)
Lucas (2,1) 1 1 2,1,3,4,7,11,18,29,... A000032 dn(2413)
Jacobsthal-Lucas (2,1) 1 2 2,1,5,7,17,31,65,127, ... A014551
Pell-Lucas (2,2) 2 1 2,2,6,14,34,82,198,478, ... A002203

Tab. 1: Previously studied (b, b1)-based k;-Fibonacci-ky sequences that are not ag(n) or bi(n). Each
row contains a sequence that is not covered by our results, along with its alternate name. For example,
the Mersenne numbers can also be described as the (0, 1)-based 3-Fibonacci-(—2) numbers. Avoidance
results are due to Barcucci et al. (2006), Baril (2011) (dotted), and Cratty et al. (2016) (double list d,,).

1.4 Pattern Avoidance with Stirling Words

A Stirling permutation is typically defined as a word with two copies of each value in [n] and the property
that for each ¢ € [n], the values between the two copies of i are larger than i. In other words, it is a
2-regular word over [n] that avoids 212. The Stirling permutations with n = 3 are given in (12).

Av2(212) = {112233,112332, 113322, 122133, 122331, 123321, 133122, 133221,

221133,221331,223311,233211,331122,331221,332211} (12)
Famously, Gessel and Stanley (1978) proved that |Av2(212)] = (2n — 1)!I. For example, (12) verifies
that there are 5!! = 5 -3 -1 = 15 such words for n = 3. Generalized k-Stirling words are the words in
Ava (212) using our notation, and were studied under the name r-multipermutations in Park (1994).
Kuba and Panholzer (2012) investigated Wilf-equivalence for k-Stirling words that avoid a subset of
patterns in S5. They proved that there are five N-Wilf classes' that avoid three such patterns. That is,
there are five counting functions parameterized by k for |Av¥ (212, a, 8,~)| with distinct o, 8,7 € Ss.
In particular, their class C' avoids A = {312,231,321} and is identical to Av; (121,123,132, 213) used
in our Theorem 1. This is because k-regular word classes respect the symmetries of the square, and
complementing our patterns results in 212 and \. Their proof of this case also uses the same recursive
decomposition as our proof of Theorem 1. However, its scope and approach obfuscate the simplicity of
this important special case. For example, the proof of their three-pattern result uses their two-pattern
result, so readers must process the special case in stages. The use of generating functions and partial
fraction expansions also belie the simple structure of the strings. Their representative patterns for C'y also
requires scaling-up subwords before prefixing 1s and 2s (cf., Figure 1a). For these reasons, our proof of
Theorem 1 is somewhat simpler, even though the same structure is used.

(iif) N-Wilf-equivalence means Wilf-equivalence for all k > 1. The other four classes are 0, n+k—1,1+k-(n—1), and ("ﬂz* 1) .
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Another result in Kuba and Panholzer (2012) involves the k-Catalan numbers Cy, ,,, which enumer-
ate k-ary trees with n nodes and generalize the standard Catalan numbers C,, = C,, from Section
1.1. The authors connect these generalized Catalan numbers to Stirling permutations by proving that
|AVE (212,312)| = Cpi 1., with the & = 1 case providing one generalization of Knuth’s contribution to
Theorem 4 (also see Section 1.5).

The aforementioned k-Catalan result was also obtained independently within the order theory com-
munity. In particular, the elements of the m-Tamari lattice introduced by Bergeron and Préville-Ratelle
(2012) are m-Dyck paths which are enumerated by C,;,+1,,,. As shown by Novelli and Thibon (2020), the
elements can also be viewed as equivalence classes of (m + 1)-Stirling words (using their 121-avoiding
representation) under a generalization of the sylvester congruence described by Hivert et al. (2005); rep-
resentatives of these classes are precisely those that avoid the appropriate pattern from S5. We also found
Pons (2015) and Ceballos and Pons (2024) to be helpful towards understanding these results.

Archer et al. (2018) introduced quasi-Stirling permutations: 2-regular words on [n] that avoid the pat-
terns 1212 and 2121. The paper shows a bijection between ordered rooted labeled trees and the set of
quasi-Stirling permutations, and finds the number of quasi-Stirling permutations that avoid between two
and five patterns of length 3. Elizalde and Luo (2024) consider nonnesting permutations: 2-regular words
on [n] that avoid 1221 and 2112, and gives enumeration results for the number of nonnesting permutations
that avoid at least two permutations of length 3.

1.5 Pattern Avoidance with Regular Words

There has been a relative lack of pattern avoidance results on non-Stirling regular words. Said another way,
most pattern avoidance results on regular words have (implicitly) assumed that 121 is avoided. Omitting
this assumption allowed us to discover Theorem 2 — which uses the non-Stirling pattern 122 — as a
natural companion to Theorem 1.

A significant pattern avoidance result for (non-Stirling) regular words involves the k-ary Catalan num-
bers Cj, ., which count k-ary trees with n nodes. While Theorem 4 shows that there are two distinct
patterns for C,, = Ca 5, (up to symmetries of the square), there are three distinct pairs for £ > 2.

« Kuba and Panholzer (2012) proved that |[AvF™!(212,312)| = Cj ..
« Defant and Kravitz (2020) proved that |AvF~1(221,231)| = Cj ..
« Williams (2023) proved that |AvF™1(112,123)| = Cy...

Note that the first two cases collapse into one case when & = 2 since complementing and reversing 312
gives 231, while the other pattern is hidden. Williams also observed that the three results are collectively
characterized by choosing a single pattern from S5 and a pattern of 1s and 2s that is consistent with it®™).

We mention that k-regular words arise elsewhere under a variety of names, including uniform per-
mutations, m-permutations, and fixed-frequency multiset permutations. For example, the middle levels
theorem by Miitze (2016, 2023) is conjectured to have a generalization to these words (see Shen and
Williams (2021)) and significant partial results were proven in a broader context by Gregor et al. (2023).

(V) The author was not initially aware of the Kuba and Panholzer result. The omission will be corrected in its extended version.
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1.5.1 Regular Words and Non-Classical Patterns

To our knowledge, regular words have not been combined with other well-known non-classical pattern
avoidance concepts™ (e.g., barred, dotted, mesh, etc). We argue that such combinations are promising by
contributing one more result involving (squared) Fibonacci numbers.

Definition 5. The Fibonacci-squared numbers are c¢(n) = a1(n)?.

In a fully vincularized pattern (also known as a consecutive pattern) all of the matching symbols must
have consecutive positions within the string (see Babson and Steingrimsson (2000)). In particular, 121 is
present in a string if and only if it contains three consecutive symbols of the form xyx with y > x.

Definition 6. The Fibonacci-squared words of length 2n are the words in AvZ (121,123,132,213) C S2.

Informally, the following theorem states that fully vincularizing the Stirling pattern in Theorem 1
changes the Jacobsthal sequence into the Fibonacci-squared sequence.

Theorem 5. ¢(n) = Av2 (121,123,132, 213) for all n > 0.

For example, the Fibonacci-squared sequence {c, }n>0is 1,1,4,9,25,64, 169,441, ... (A007598). Its
first four terms count the Fibonacci-squared words over [n] for n = 0, 1,2, 3 as shown in (13)—(16).

1 = |Av3(121,123,132,213)| = |{€}| (13)
1 = |Avi(121,123,132,213)| = [{11}| (14)
4 = |Av3(121,123,132,213)| = |{1122,1221,2112, 2211} (15)
9 = |Av3(121, 123,132, 213)| = |{223311, 233112, 233211, 322311, 323112,

331122, 331221, 332112, 332211} (16)

For example, note that 233112 appears in (16) but not in (4). This is because it contains the pattern
121 but not the consecutive pattern 121. Figure 2 provides Fibonacci-squared words up to n = 5, and
illustrates why Theorem 5 holds. We prove this result in Section 4 using a new recurrence for A007598.

1.6 Outline

Sections 2 and 3 prove Theorems 1 and 2, respectively. The proofs involve simple bijections which could
be suitable exercises for students and researchers interested in regular word pattern avoidance. Section 4
gives our vincular result on Fibonacci-squared numbers. Section 5 closes with final remarks.

As previously mentioned, Theorem 1 was proven in a broader context by Kuba and Panholzer (2012).
We encourage readers to investigate related results by Janson et al. (2011) and Kuba and Panholzer (2019).

2 Pattern Avoidance for Fibonacci-k Words

The Fibonacci-k sequences up to k = 9 are illustrated in Table 2.

Lemma 1. Suppose a € S¥ where o avoids the patterns 123, 132, 213 and let y € {2,3,...,n}. Then
the smallest symbol that can occur before y in o is y—1.

Proof: Let o € S* where v avoids 123, 132, 213 and suppose for contradiction that the symbol x occurs
before the symbol y in a, where z < y—1. Consider each of the relative positions of the symbol y—1:

™ For further background on pattern avoidance concepts we recommend Bevan (2015).
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Avi’(121, 123,132,213) AUS(lZl, 123,132,213) Av;rf(122, 213) Av§(122, 213)
333444|111222 111222 44 333 4|221112 221112
333444|211122 211122 44 333 4|221121 221121
333444|221112 221112 44 333 4]221211 221211
333444|222111 222111 44 333 4222111 222111
433344(111222 total: a3(2) =4 44(33|4(2223111 total: b3(2) =4
433344|211122 44(3314|2231112
433344|221112 44(33|4(2231121
433344(222111 44(3314(2231211
443334(111222 44(3314|2232111
443334(211122 44(3314|2321112
443334|221112 44(33|4(2321121
443334|222111 AU%(lZl, 123,132,213) 44|33(4(2321211
4441222333111 222333111 44(33|4(2322111
444(322233111 322233111 44(3314|3221112
444(332223111 332223111 44(3314|13221121
444(333111222 333111222 44(33|4(3221211
4441333211122 333211122 44133|4|3222111
444(333221112 333221112 441314]32223111
444(333222111 333222111 441314132231112
total: as(4) =19 total: a3(3) =7 44(314]32231121
] ] ] ] ] 441314132231211

(a) Fibonacci-k words for. k=3 ‘(1n lexicographic or- 44/314/32232111

der). These words contain k copies of [n] and avoid .

the patterns 121, 123, 132, and 213. Theorem 1 proves 441314/32321112

that they are enumerated by the (1, 1)-based Fibonacci-k 44/3|4132321121

numbers: ag(n) = a(n—1)+k-a(n—2) with base cases 44\314132321211

ar(0) = ar(1) = 1. The lists above show how the n = 4 4413|4(32322111

words are constructed from k& = 3 copies of the n = 2 441314|133221112

words (blue) and one copy of the n = 3 words (red). The 44(314|33221121

totals match az(4) = a3(3) +3-a3(2) =7+3-4 = 19. 44(314|33221211

The special case of k£ = 1 is a classic result for Fibonacci 441314133222111 Av§(122, 213)

numbers: Av,,(123,132,213) = F,,4+1 (see Section 1.1). 44 4 (332223111 339993111
44 41332231112 332231112

(b) k-Fibonacci words for k£ = 3 (in lexicographic order). 44 4 (332231121 332231121

These words contain k copies of [n] and avoid the patterns 44 41332231211 332231211

122 and 213. Theorem 2 proves that they are enumerated 44 41332232111 332232111

by the (1,1)-based k-Fibonacci numbers when & > 2: 44 4 1332321112 332321112

br(1) = 1. The lists to the right show how the n = 4 44 4 1332321211 3392321211

words are conjtructedlfrom one co;iy of the n = 2 words 44 4332392111 339322111

(blue) and & = 3 copies of the n = 3 words (red). The )

totals match b3 (4) = 3-b3(3) + b3(2) = 3-13+4 = 43. | 444333221112 333221112
44 41333221121 333221121
44 41333221211 333221211
44 4 (333222111 333222111

total: bs(4) = 43 total: b3(3) = 13

Fig. 1: Illustrating Theorems 1 and 2 and their proofs. (a) The Fibonacci-k words are k-regular words
avoiding {121,123,132,213} and they are enumerated by the Fibonacci-k numbers ay(n) for any k > 1.
(b) The k-Fibonacci words are k-regular words avoiding {122,213} and they are enumerated by the k-
Fibonacci numbers by, (n) for any k& > 2.
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Name Recurrence a(n) Numbers OEIS Pattern Avoidance
Fibonacci a(n—1)+ a(n—2) 1,1,2,3,5,8,13,21,. .. A0000457 Av,, (123,132, 213)
Jacobsthal a(n—1)+2 - a(n—2) 1,1,3,5,11,21,43,85, ... A001045T Av2(121,123,132,213)
Fibonacci-3 a(n—1)+3 - a(n—2) 1,1,4,7,19,40,97,217,...  A006130 AvZ(121,123,132,213)
Fibonacci-4 a(n—1)+4 - a(n—2) 1,1,5,9,297 65,181,441,...  A006131 Avi(121,123,132,213)
Fibonacci-5 a(n—1)+5 - a(n—2) 1,6,11,41,96,301,781,...  A015440 Av3(121,123,132,213)
Fibonacci-6 a(n—1)+6 - a(n—2) 1,1,7 13,55,133,463,1261,... A015441T AvS (121,123,132, 213)
Fibonacci-7 a(n—1)+7-a(n—2) 1,1,8,15,71,176,673,1905,... A015442" Av7(121,123,132,213)
Fibonacci-8 a(n—1)+8-a(n—2) 1,1,9,17,89,225 937,2737,... A015443 2(1217123, 132,213)
Fibonacci-9 a(n—1)+9-a(n—2) 1,1,10,19,109,280,1261,3781,... A015445 Av2(121,123,132,213)

Tab. 2: The Fibonacci-k numbers ax(n) = arp(n — 1) + k - ap(n — 2) with a5 (0) = 1 and ax(1) =1
for 1 < k < 9 with their sequences and our pattern avoidance results from Theorem 1. Previous pattern-
avoiding results are by Simion and Schmidt (1985) (k = 1) (see also Baril (2011) and Baril et al. (2019)),
Mansour and Robertson (2002) (k = 2), and Sun (2024) (k = 3). TOEIS entry starts with 0.

* (y—1)---x---y contains the pattern 213.
x---(y—1)-- -y contains the pattern 123.
e x---y---(y—1) contains the pattern 132.

Since each of these patterns must be avoided, we see that x cannot occur before y in a. O

Proposition 1. Letn > 2. Then o € Avﬁ(lQl7 123,132, 213) if and only if one of the following is true:
(1) o = nFry where y € Av¥_ (121,123,132, 213);

(2) & = nb(n—1)*n*"Yy where 0 < b < k and v € Av®_,(121,123,132, 213).

Proof: We start by proving that any element of Av¥(121,123,132,213) is of form (1) or (2) above.
Suppose & = ajas---a, € AvF(121,123,132,213). If the first k& symbols are not all n, let a; be
the first symbol of « that is not n, where 0 < ¢ < k. Since at least one copy of n must follow a;, a;
can only be equal to n—1 by Lemma 1. We claim that all £ — 1 remaining copies of n—1 must follow
immediately. Suppose for contradiction that a different symbol, ¢, appears before one of the copies of
n—1. Then ¢ cannot be equal to n, because more copies of n—1 must follow, creating the sub-permutation
(n—1)n(n—1), which is the forbidden pattern 121. Thus all copies of n—1 must precede the remaining
copies of n. The symbol ¢ cannot be less than n—1, because there are remaining copies of n to the right,
and by Lemma 1, the smallest symbol that can occur before n is n—1. Therefore, if « does not begin with
n*, then o must begin with b copies of n, followed by & copies of n—1, followed by k — b copies of n,
where 0 < b < k — 1.

We now show that any element described by (1) or (2) is a member of Avfl (121,123,132, 213). Observe
first that o« = n*y € AvF(121,123,132,213) if v € AvF_ (121,123,132, 213), since none of the pat-
terns we wish to avoid start with a largest symbol. Suppose that « is a word of the form n®(n—1)knF=t,
where v € AvF_,(121,123,132,213) and 0 < b < k. Observe that n(n—1)*n*~" does not contain the
pattern 121, and given that  also did not contain this pattern, « also cannot, since the symbols in ~y are all


https://oeis.org/A000045
https://oeis.org/A001045
https://oeis.org/A006130
https://oeis.org/A006131
https://oeis.org/A015440
https://oeis.org/A015441
https://oeis.org/A015442
https://oeis.org/A015443
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smaller than n and n—1. Similarly, the patterns 123, 132, and 213 also cannot occur in «, since the prefix
contains the largest values n and n—1, and the forbidden patterns did not occur in ~. O

The following remark and corollary complete our proof of Theorem 1 for Fibonacci-k words.
Remark 1. The ser Av(121,123,132,213) = {e}; the ser Av¥(121,123,132,213) = {1%}.
Corollary 1. The following holds for all k > 1 and n > 2 where |Avf (121,123,132, 213)| = 1 and
|AVF(121,123,132,213)| = 1,

|AVE (121,123,132,213) = |AvF_,(121,123,132,213)| + & - |[AVF_,(121,123,132,213)].  (17)

Proof: By Proposition 1, the elements of Avﬁ(l?l, 123,132, 213) can be constructed as follows:

« Create |AvF_(121,123,132,213)| elements of Av¥ (121,123,132, 213) by inserting n* in front of
each element of Av® | (121,123,132, 213);

« Create k- |Av?_,(121,123,132, 213)] elements of Av¥ (121,123,132, 213) by inserting a prefix of

the form n®(n — 1)¥n*~? in front of each element of Av¥ (121,123,132, 213) where 0 < b < k.
There are k such prefixes.

Therefore, with Remark 1 as a base case, we have our result. Note that in the second step of constructing
AvE(121,123,132,213) = {2°1%25=t . 0 < b < k}, we create k elements by placing 2°1¥2%~? in front
of the empty word, to obtain 201¥2F=t . ¢ = 201F2k=b foreach 0 < b < k. O

3 Pattern Avoidance for k-Fibonacci Words

The k-Fibonacci sequences up to k = 9 are illustrated in Table 3.

Lemma 2. Suppose 3 € AVZ(1227 213) withn > 2 and k > 2. Forany x,y € {1,2,...,n} withy > z,
at most one copy of y can occur to the right of x in (3.

Proof: Suppose to the contrary that 5 € Avfl(122, 213), and in 3, some symbol & < y occurs with
more than one copy of y to the right of x. Then S contains the pattern 122, which contradicts that
B e AvF(122,213). O

Lemma 3. Suppose 5 € Avfb(122, 213) withn > 2and k > 2 and y € {2,3,...,n}. Then the smallest
symbol that can occur before y in (3 is y—1.

Proof: Let 8 € Avﬁ(122, 213) and suppose that  occurs before y in 3, where < y—1. By Lemma 2,
at most one copy of y—1 occurs to the right of x, and thus at least £k — 1 copies of y—1 occur to the left of
x. But then  contains (y—1) - -z - - -y, which is 213. O

Let & = ajas - - - a,, be a word. We define o’ = insert(«, z, i) to be the result of inserting the symbol
x into position 4 of «. That is, insert(a, x,4) = ajag -+ - a;—1Ta; -+ - Ap.

Proposition 2. Letn > 2and k > 2. Then 8 € Av§(122, 213) if and only if one of the following is true:

(1) B =n*F"1/ for some o/ = insert(c,n,i+ 1) with0 <i <k —1and a € AV¥_,(122,213);
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Name Recurrence b(n) Numbers OEIS Pattern Avoidance

Catalan 1,1,2,5, 14,42, 132,429, . .. A000108 v, (132)
2-Fibonacci 2 - b(n—1) 4 b(n—2) 1,1,3,7,17,41,99,239, ... A001333 Avi(112 132)
3-Fibonacci 3 - b(n—1) + b(n—2) 1,1,4,13,43,142,469,1549,...  A003688 AV3 (112,132)
4-Fibonacci 4-b(n—1)+b(n—2)  1,1,5,21,89,377,1597,6765,...  A015448 Avi(112,132)
5-Fibonacci 5-b(n—1)+b(n—2) 1,1,6,31,161,836,4341,22541,...  A015449 AV3(112,132)
6-Fibonacci 6-b(n—1)+b(n—2) 1,1,7,43,265,1633,10063,62011,... A015451 AVS (112,132)
7-Fibonacei 7-b(n—1)+b(n—2) 1,1,8,57,407,2906,20749, 148149, ... A015453  Av’(112,132)
8-Fibonacci 8- b(n—1)+b(n—2) 1,1,9,73,593,4817,39129, 317849, ... A015454 Av8 (112,132)
9-Fibonacci 9-b(n—1)+b(n—2) 1,1,10,91, 829, 7552, 68797,626725, ... A015455 AvY(112,132)

Tab. 3: The k-Fibonacci numbers by (n) = k - bg(n — 1) + bi(n — 2) with bi(0) = 1 and b(1) = 1
for 2 < k < 9 with their sequences and our pattern avoidance results from Theorem 2. Previous pattern-
avoiding results for k¥ = 2 are by Gao and Niederhausen (2011), Kuba and Panholzer (2012), and Gao and
Chen (2014). The Catalan numbers do not follow a Fibonacci-style recurrence, and are not covered by
Theorem 2. However, they are included in the table as they count 1-regular words avoiding 112 and 132
(with the former hidden). Many pattern-avoiding results exist for the Catalan numbers, including Knuth
(1968), MacMahon (1915), and Baril (2011).

(2) B =nF"1(n=1)"ny where v € AVF_,(122,213).

Proof: We start by proving that any element of Av¥ (122, 213) is of form (1) or (2) above. Let 3 €
Ava(122, 213) where k > 2. By Lemma 2, for any « < n, at most one copy of n occurs to the right of
x, and thus at least k£ — 1 copies of n occur to the left of x. Therefore, 5 must begin with nk=1. Consider
the position of the kth copy of n. The smallest symbol that can be to its left is n—1 by Lemma 3. If all
k copies of n—1 occur before the kth copy of n, then 8 = n¥~1(n—1)*n~y where v € AvF_, (122, 213).
Otherwise, suppose ¢ < k copies of n—1 occur before the kth copy of n. Then § must begin with
n*~1(n—1)n(n—1)*"""1 since at least k— 1 copies of n—1 must precede all smaller symbols by Lemma
2. Note that any element o of Av® | (122, 213) begins with (n—1)*~1, again by Lemma 2. Therefore, 3
is of the form n*~1a/ for some o’ = insert(a,n,i + 1) with 0 <i < k — 1 and o € AV _|(122,213).
We now show that any element described by (1) or (2) is a member of Avfl(122, 213). Consider a
word of the form n*~!(n—1)¥ny where v € AvF_,(122,213). The prefix n*~!(n—1)*n does not
contain 122 or 213, and since only smaller symbols occur in 7y, n*~! (n—1)*n-y also avoids these patterns.
Therefore, n*~1(n—1)*ny e Av¥(122,213). Similarly, suppose «a is in Avk71(122,213), and o =
insert(c,n,i + 1), where 0 < i < k — 1. Consider n*~'a/. Since o € Avn 1(122,213), « avoids the
patterns 122 and 213. Inserting a copy of n within (nfl)k 1 to create o’ will not create either of these
patterns, nor will inserting n*~1 in front of o/. Thus, n*~!a’ € /—\vfl(1227 213). O

The following remark and corollary complete our proof of Theorem 2 for k-Fibonacci words.
Remark 2. The set Avi(122,213) = {e}, where € is the empty word. The set Av¥(122,213) = {1¥}.
Corollary 2. This holds for n. > 2 and k > 2 where |Avf(122,213)| = 1 and |Av¥(122,213)| =

IAVE(122,213) = k- |AVF | (122,213)] + |AVF_,(122,213)]. (18)

Proof: By Proposition 2, the elements of Av¥ ~(122,213) can be constructed as follows:
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« Create k - |AvF_| (122, 213)] elements of Av” (122,213) by placing ¥~ in front of each element

n—1

of o/ = insert(cv, n,i + 1), for each - € Av®_|(122,213) and each 0 < i < k — 1;

* Create |AvF_,(122,213)| elements of Av¥ (122, 213) by placing a prefix of the form n*~1(n—1)*n
in front of each element of Av¥ _,(122,213).

Therefore, with Remark 2 as a base case, we have our result. Note that in the second step of constructing
AvE(122,213) = {2F-11%21F~b . 0 < b < k}, we create |AvE(122,213)] = 1 element by placing
2F=11F2 in front of the empty word, to obtain 2¥~ 1152 . ¢ = 2F—11F2, O

4 Pattern Avoidance for the Fibonacci-Squared Sequence

One motivation of this paper is to promote the use of k-regular words in the pattern avoidance community.
To further this goal, we demonstrate here that k-regular words can be combined with non-classical patterns
to produce interesting enumeration results.

A vincular pattern allows pairs of adjacent symbols in the pattern to be specified as being attached,
meaning that a subword only contains the pattern if its corresponding pair of symbols are adjacent. The-
orem 5 (see Section 1.5.1) modifies Theorem 1 by forcing the 121 pattern in Avi(121, 123,132,213) to
be fully attached or consecutive (i.e., both 12 and 21 are attached), and states that the resulting Fibonacci-
squared words are counted by the Fibonacci-squared sequence c(n) = a1(n)?.

The Fibonacci-squared sequence is known to satisfy a number of different formulae, including the
following three term recurrence (see A007598).

dn)=2-d(n-1)+2-(n-2) — /(n—3) with ¢ (0) = (1) = 1 and ¢'(2) = 4. (19)

We begin this section by proving that the Fibonacci-squared sequence also obeys the following recurrence.

d'(n)="(n-1)+3-"(n-2)+2- Zc”(n —4) with ¢’(0) = ¢’ (1) = 1. (20)
i=3

Lemma 4. The Fibonacci-squared numbers follow the recurrences in (19) and (20). That is, ¢(n) =
d(n) = "(n) foralln > 0.

Proof: As previously mentioned, ¢(n) = ¢/(n) is known (see A007598) and we prove the second equality.
First observe that ¢/(0) = 1 = ¢”(0) and ¢/(1) = 1 = ¢”(1), and that ¢"(2) = ¢’(1) + 3¢”(0) = 4,
which is equal to ¢/(2). Suppose that ¢/(k) = ¢”’(k) for all k with 3 < k < n — 1 and consider
dn)=2-d(n—1)+2-(n—2)—c(n—3). This is equal to


https://oeis.org/A007598
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dn—1)4+2-(n—2)—c(n—3)+(n— 1), which by the inductive hypothesis,

=d"n-1)+2-"(n-2)—"(n-=3)+"(n—-1)

n—1
='n-1)+2-"n=2) =" (n=3)+"n—=2)+3-"(n=3)+2-Y '(n—1-1)
=3
n—1
='(n—-1)+3-"n-2)+2-"(n—3)+2-> "(n—1-1)
=3
=d'(n=1)+3-'(n=2)+2-> (n—i)="(n). O

=3

Ultimately, we will prove that Fibonacci-squared words can be decomposed into smaller words accord-
ing to (20). Towards this decomposition, we make several definitions involving regular words below.

Given a non-empty k-regular word over [n], its base is its longest suffix that is a k-regular word over [m)
for some m < n. That is, if v € Srlj is non-empty, then its base is the word 8 € Sﬁl that maximizes m
subject to v = a3 and 0 < m < n. The assumption that v € S* is non-empty is equivalent to n > 0
(with the implicit assumption that £ > 1). The base is well-defined for all non-empty k-regular words.
This is because all such « have a shortest suitable suffix, namely 5 = €. Our definition also ensures that
the base is a strict suffix (i.e., it is not equal to entire word). As a result, the remaining prefix is non-empty,
and we refer to it as the annex. Equivalently, the annex is the shortest non-empty prefix consisting of
k copies of each symbol in {n,n — 1,...,m + 1} for some m < n. Given a non-empty regular word
v € Sk, its standard partition is v = a3, where 3 is its base and « is its annex.

Standard partitions are illustrated for several regular words v below. When considering these examples,
remember that the base 3 is chosen to be as long as possible without equalling -y and that 5 = ¢ is allowed.

v=656556 443234322111 € S ~= 123456 €S ~v=333222111¢ S5
L = JL 5 ] L o "FI I_Ia I—Iﬂ

Now we return our attention to Fibonacci-squared words, which are a subset of the 2-regular words.
Since a Fibonacci-squared word avoids 121, 123, 132, 213, so too does every prefix and suffix of it. In
particular, the both the annex and the base of any Fibonacci-squared word avoid all four patterns. Due to
the structure of the patterns, the converse is also true. O

Lemma 5. If a non-empty 2-regular word ~y € S? has standard partition v = o3 and both o and 3 avoid
the patterns 121, 123, 132, 213, then v is a Fibonacci-squared word. Thatis, vy € Avi (ﬁ, 123,132, 213).

Proof: Each of the four patterns has a smaller symbol followed by a larger symbol. If « and 3 each avoid
these patterns, then it is impossible for « followed by ( to contain any of these patterns, since the symbols
in « are all larger than the symbols in (. O

Now we make final preparations before proving the main result of this section. Our proof considers
an arbitrary Fibonacci-squared word vy € Avi (121,123,132,213) from left-to-right. We argue that its
annex is either one of four special cases, or can be described as a path within a particular tree that we now
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define. The prefix-tree T, is a bi-rooted tree with 4(n — 1) vertices with labels taken from [n]. It contains
a primary path that follows a two steps forward one step back pattern from n down to 1.

nn—2n—1n—3n—2n—4n—3,...,56,4,53,4,2,3,1. 1)

Every second node ¢ on the primary path (i.e.,n —2,n—3,n—4,...,2,1) has an edge to another copy
of 7 which has an edge to another copy of 7 + 1. Finally, one root is labeled n and has an edge to another
copy of n — 1, while a second root is labeled n» — 1 and has an edge to another copy of n, and both of
these non-root nodes have an edge to the start of the primary path. In the prefix tree, the label 1 appears
twice, the labels 2 and n appear three times, and all other labels appear 4 times. Thus the tree contains
24+2-34+4(n—3)=8+4n — 12 =4(n — 1) vertices. Figure 2 illustrates T;, and T}.

Theorem 6. Any word v € Avi (121,123,132, 213) has the standard partition o3 where « is either a
root-to-leaf path on the prefix tree, or is one of the four special cases nn, (n—1)(n—1)nn, (n—1)nn(n—1),
n(n—1)(n—1)n.

Proof: We describe all possible annexes for a word v € Avi(m, 123,132,213). Observe first that nn
is an annex. Next suppose v € Avi (121,123,132,213) and ~ does not begin with nn. By Lemma I,
the only element that can precede n is n—1. We first consider length-4 prefixes where all symbols are
from {n—1,n}. There are 2%, = 6 possible such prefixes; 5 that do not start with nn. Of the remaining
possibilities, both (n—1)n(n—1)n and n(n—1)n(n—1) contain 121, and thus are excluded. This leaves
three possibilities, (n—1)(n—1)nn, (n—1)nn(n—1), and n(n—1)(n—1)n, which are all annexes.

The annexes described so far are the four special cases not generated by the prefix tree. Next suppose
v € AvZ2 (121,123,132, 213) and the first four symbols are not all from {n—1,n}. Both copies of 7 must
occur in the first four positions since the only symbol that can precede n is n—1. The only symbol that can
precede n—1 is n—2. Therefore, if v is not in one of the special cases, the first four symbols of ~ consist
of two copies of n, one copy of n—1, and one copy of n—2. Since n—2 cannot precede n, n—2 cannot
occur in the first two positions. Further, n—2 in the third position results in nn(n—2)(n—1), the already
considered annex nn. Thus, n—2 can only be in the fourth position. There are two ways to place n, n,
n — 1 in the first three positions that avoid the annex nn. Thus, if v does not begin with one of the four
special cases, then «y begins with (n—1)nn(n—2) or n(n—1)n(n—2). Observe that the only difference
between these two strings is whether the first two symbols are (n—1)n or n(n—1), the two roots of the
prefix tree.

Continuing from (n—1)n or n(n—1), the remaining copy of n—1 can only be preceded by n—2. Thus,
there are only two ways for v to continue: (n—2)(n—1) or (n—1). The first case results in the an-
nexes (n—1)nn(n—2)(n—2)(n—1) and n(n—1)n(n—2)(n—2)(n—1), corresponding with the first leaf
on the prefix tree. In the second case, (n—1)nn(n—2) or n(n—1)n(n—2) continues with (n—1). The
symbol n—2 is not yet paired, and another n—2 cannot follow immediately, because this would cre-
ate the forbidden 121. All copies of symbols greater than n—2 have already occurred, and the smallest
symbol that can proceed n—2 is n—3, so n—3 must be next. It can either be that both copies of n—3
precede the second copy of n—2, or a single copy precedes n—2. The first case creates the annexes
(n—1)nn(n—2)(n—1)(n—3)(n—3)(n—2) and n(n—1)n(n—2)(n—1)(n—3)(n—3)(n—2), correspond-
ing with the second leaf on the prefix tree. Otherwise, we continue down the primary path with a single
copy of n—3 preceding n—2.

We are now in the same position as in the previous step. The n—3 is unpaired, but placing n—3
immediately would create 121. We can either continue to the next leaf with (n—4)(n—4)(n—3), creating
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two annexes, or continue down the primary path with (n—4)(n—3), in which case we are in an equivalent
position.

At each step, root (n—1)nn--- or n(n—1)n--- ends with (n—k + 1)(n — k + 2), and can either
continue with the leaf (n—k)(n—k)(n—k + 1), or down the primary path with (n—k)(n—k + 1). The
first case creates two annexes. The second case, continues down the primary path and encounters an
equivalent pair of choices. This pattern continues down to k& = n—1, where the annex is now a word in
AV (121,123,132, 213), and the base is the empty word. We have found all possible annexes for v. [

Corollary 3 restates Theorem 5 using Lemma 4.

Corollary 3. ¢’ (n) = |Av? (121, 123,132, 213)| for all n > 0.

Proof: We proceed by strong induction on n. The base cases of n = 0 and n = 1 hold by the following.
« |AV3(121,123,132,213)| = [{e}| = 1 = ¢"(0).
o |AVE(121,123,132,213)| = [{11}| =1 = ¢"(1).

Now we must prove the following.

|Av; (121,123,132,213)| = ¢"(n) = " (n = 1) + 3 - ' (n — 2) + 2> _ "(n — ). (22)
=3

Consider each of the possible annexes for v € Avi (121,123,132, 213)|. Words of the form nn3 where
B e AvZ_,(121,123,132,213) give |AvZ_,(121,123,132,213)| elements to Av? (121,123,132, 213).
This accounts for the ¢’/ (n — 1) term in (22). The three annexes (n—1)(n—1)nn, (n—1)nn(n—1), and
n(n—1)(n—1)n each contribute [AvZ_,(T21, 123,132, 213)| elements to Av2 (121, 123,132, 213). This
accounts for the 3¢’ (n — 2) term in (22).

For each 2 < k < n — 1, there are two root-to-leaf paths in the prefix tree. These are the annexes
(n—1)nn---(n—k)(n—k)(n—k+1)and n(n—1)n- - - (n—k)(n—k)(n—k+1), each of which composes
with elements of Av2_, (121,123,132, 213). These are the root-to-leaf paths in the prefix tree, and

n

together, these contribute 2 - Z ' (n —1) to (22). O
i=3

5 Final Remarks

We considered three pattern avoiding results involving k-regular words and Fibonacci sequences. This
includes a simple proof of a known result for Fibonacci-k words, a new result for k-Fibonacci words,
and a new result for the Fibonacci-squared sequence. We hope that these results, together with those
for k-Catalan sequences (see Section 1.5) and new results on (1, b)-based Pell numbers by Hartung and
Williams (2024) will serve as inspiration for further study of pattern avoidance in regular words or even
non-regular words (see Burstein (1998)). We conclude with some additional comments and thoughts.
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Av2(121,123,132,213)  Av2(121,123,132,213) || n  n—1 [nn 4 3 [4a
33441122 ¢ | | n-in-1nnl|| | | (3344
3344[1221 total: ¢(0) =1 AT || IR EYTE
334412112 o n nn-1n-1n 4 4334
33442211 Av? (121,123,132, 213) | \ o
344223[11 11 n—2—n—2—mn—1 2—2—3
34423112 total: c(1) = 1 n |
34431122 ”‘_1 Z‘)’
34431221 n—3 —n—3—n—2 1 —1—2
3443[2112 |
344302211 Av3(121,123, 132, 213) ’”“2
4334[1122 1122 Med — A — n—3
43341221 1221 |
433412112 2112 n—3
43342211 2211 ‘
434223[11 total: ¢(2) = 4 :
43423112 Av2 (121,123,132, 213) b,
441223311 223311 |
441233112 233112 3
44[233211 233211 |
44(322311 322311 R
441323112 323112 (b) The prefix-tree T, (left). It is drawn with its
44331122 331122 two roots (n and n — 1) at the top, and its n — 2
441331221 331221 leaves on the right. The tree’s root-to-leaf paths en-
44332112 332112 code annexes. For example, the highlighted path encodes
44332211 332211 the annex o = nn—-1nn—-2n—1n—-3n—3n—2.
total: ¢(4) =25 total: ¢(3) =9 Thus, o/’ € Av2(121,123,132,213) for any 8’ €

(a) Fibonacci-squared words (in lexicographic order).

AvZ_ (121,123,132, 213) by Lemma 5. Starting at the
second copy of n the vertical edges follow a two steps

These words contain 2 copies of [n] and avoid the con- forward one step back pattern downward, and horizon-

secutive pattern 121 and the classic patterns 123, 132, and
213. Theorem 5 proves that they are enumerated by the
Fibonacci-squared numbers ¢(n) = a;(n)?, which satisfy
the recurrence ¢’(n) = ¢’'(n — 1) +3-c'(n —2) +
237" . c"(n — i) as proven in Lemma 4. The lists above
show how the n = 4 words are constructed from two copies
of the n — 4 = 0 words (grey), two copies of then —3 =1
words (green), three copies of the n — 2 = 2 words (blue),
and one copy of the n — 1 = 3 words (red). The totals
match ¢(4) = ¢(3) +3-¢(2) +2-¢(1) + 2 - ¢(0)
9+3-44+2-14+2-1=25.

tal edges complete the prefix with the two smallest and
yet-to-be paired values. The inset shows the four short
annexes (e.g., n n). The prefix-tree T, for n = 4 (right).
The four root-to-leaf paths give the annexes 434223,
344223, 43423112, and 34423112 found in (a). The
remaining annexes are the special cases 44 with 3344,
3443, and 4334.

Fig. 2: Ilustrating Theorem 5 and its proof. (a) The Fibonacci-squared words are 2-regular words avoiding
{121, 123,132,213} and they are enumerated by the Fibonacci-squared numbers c(n) (or equivalently,
¢’ (n)). Each word is written in its standard partition v = «/3 where « is the annex and S is the base.
The bases are smaller Fibonacci-squared words, while each annex is one of four special cases or can be
visualized as a labeled root-to-leaf path in the prefix-tree (b).
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5.1 Other Fibonacci Sequences with Parameter k

Pattern avoidance with k-regular words is particularly promising for sequence families with one parame-
ter. Other Fibonacci sequences with this property include those using base cases (1, k) or (k, 1) or (k, k).
Another natural target is the (1, 1)-based k-Fibonacci-k sequence, which satisfies the following formula.

di(n) =k -dig(n—1) + k- di(n —2) with di(0) = 1 and d(1) = 1. (23)

Interestingly, a pattern avoidance result for da(n) was established using d-permutations by Sun (2024).
More specifically, d2(n) is the number of 3-permutations of [n] avoiding 231 and 312. See Bonichon and
Morel (2022) for further information on d-permutations (which are not d-regular permutations). These
sequences are summarized in Table 4. Note dy(n) does not refer to the double list notion in Table 1.

Another single parameter generalization is the k-generalized Fibonacci numbers which involve sum-
ming the previous k entries in the sequence. Pattern avoidance results involving these numbers have been
considered by Egge and Mansour (2004).

Recurrence d(n) Numbers OEIs Pattern Avoidance

dn—1)+ d(n—2) 1,1,2,3,5,8,13,21, ... A0000457 Av,, (123, 132, 213)
2-d(n—1)+2-d(n—2) 1,1,4,10,28, 76,208, 568, . . . A026150 S2(231,312)
3-d(n—1)+3-d(n—2) 1,1,6,21,81,306, 1161,4401, . .. A134927
4-d(n—1)+4-d(n—2) 1,1,8,36, 176, 848, 4096, 19776, . . . A1645451
5-d(n—1)+5-d(n—2)  1,1,10,55,325,1900,11125,65125,...  Al188168
6-d(n—1)+6-d(n—2) 1,1,12,78,540, 3708, 25488, 175176, ...
7-dn—1)+7-d(n—2) 1,1,14,105,833,6566, 51793, 408513, . ..
8-d(n—1)+8-d(n—2) 1,1,16,136,1216, 10816, 96256, 856576, . ..
9-d(n—1)+9-d(n—2) 1,1,18,171, 1701, 16848, 166941, 1654101, . ..

Tab. 4: The k-Fibonacci-k sequences d(n) = k-di(n—1)+k-di(n—2) with di(0) = land di(1) = 1
provide an alternate way of parameterizing the Fibonacci numbers. A previous pattern-avoiding result for
k = 2 is by Sun (2024) where S? denotes pattern avoidance in 3-permutations. (Note that a 3-permutation
is not a 3-regular permutation but rather a pair of permutations and their 3-dimensional diagram Bonichon
and Morel (2022).) TOEIS entry starts with 0. *OEIS entry omits an initial 1.

5.2 Avoiding Patterns and Multi-Patterns

When working with regular words it is natural to avoid multi-patterns (i.e., patterns that have repeated
symbols). In particular, our three main theorems each included the avoidance of one multi-pattern. More
broadly, we can ask for regular word avoidance results for any subset of patterns and multi-patterns. To
aid in this discussion, let M7 be the set of strings of length n containing each symbol in [m] at least once.
For example, M2 = {112,121,122,211,212,221} is the set of multi-patterns with 2 distinct symbols
and length 3. Standard patterns arise when m = n (i.e., M = S,)).

One challenge in this direction of inquiry is the sheer number of possibilities. For example, if we
consider standard patterns and multi-patterns of length n = 3, then there are 2'? = 4096 different subsets
of S5 U MZ. Moreover, each of these subsets must be considered for regular words of various frequencies.
For this reason we must be conservative when trying to summarize all possible results of this type, even
when restricted to patterns of length three.


https://oeis.org/A000045
https://oeis.org/A026150
https://oeis.org/A134927
https://oeis.org/A164545
https://oeis.org/A188168
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a, B Parameterized Sequence Proof r=2 r=3 r=4 r=5 r=6 r=7 r=28
123,112 Williams (2023)
132,121 (r + 1)-Catalan Kuba and Panholzer (2012)  A001764 A002293 A002294 A002295 A002296 A007556 A059967
132,122 Defant and Kravitz (2020)
132,112 r-Fibonacci Theorem 2 A001333 A003688 A015448 A015449 A015451 A015453 A015454
132,221 (1,7 + 1)-based Pell Hartung and Williams (2024) A001333 A048654 A048655 A048693 A048694 A048695 A048696
132,211 r(n—1)+1 Hartung and Williams (2024) A005408 A016777 A016813 A016861 A016921 A016993 A017077
123,211 1,+1,0,0,0,... Hartung and Williams (2024)
123,121 & (7) ("““1) ‘ "*1) Conjecture 1 A109081 A161797 A321798 A321799
132,212 = 41 n—i

Tab. 5: Avoiding o € S5 and 3 € M3 in r-regular words: known results, new results, and a conjecture.
The |Ss| - [M3| = 36 pairs of (c, 8) partition into the 3¢ = 9 equivalence classes listed above based
on the symmetries of the square (e.g., {(123,121), (321,121), (123,212), (321, 212)} is represented by
(123, 121) above).

One manageable goal is to understand all possibilities of avoiding one standard pattern « € S5 and one
multi-pattern 3 € M. There are |Sy| - [M3|/4 = &8 = 9 distinct (cv, B) pairs to considewr up to the
symmetries of the square. Table 5 summarizes the known results, including our new result in Theorem 2.

When creating Table 5 we observed that there are two non-isomorphic case that are currently unre-
solved. Based on computational experiments involving generating and testing regular words (see Williams
(2009)), we feel comfortable in stating the following conjecture for the missing cases. While formula (24)

in Conjecture 1 is fairly complicated, Table 5 shows that there are existing OEIS entries for r = 2, 3,4, 5.

Conjecture 1. The number of r-regular words over [n] that avoid 123 and 121, or 132 and 212, is below.

. . (N [(nt(r—1)-i-1
|AV (123,121)] = |AV] (132,212)| = Zn_(lll< ( n_i, ) (24)
1=0
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